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The mechanism of formation of recently fabricated CdS-Ag2 S nanorod superlattices is considered and their elastic and electronic properties are predicted theoretically based on experimental
structural data. We consider different possible mechanisms for the spontaneous ordering observed
in these 1D nanostructures, such as diffusion-limited growth and ordering due to epitaxial strain.
A simplified model suggests that diffusion-limited growth can contribute to the observed ordering,
but cannot account for the full extent of the ordering alone. Elastic properties of bulk Ag2 S are
predicted using a first principles method and are fed into a classical valence force field (VFF) model
of the nanostructure. The VFF results show significant repulsion between Ag2 S segments, strongly
suggesting that the interplay between the chemical interface energy and strain due to the lattice
mismatch between the two materials drives the spontaneous pattern formation.
PACS numbers: 73.22.-f,71.15.Mb,79.60.Jv

I.

INTRODUCTION

There has been much recent progress in fabricating one dimensional (1D) superlattices (e.g. Si/SiGe,1
InAs/InP,2 and GaAs/GaP3 superlattice nanowires),
stimulated by interest in use of such nanostructures in
photonic and thermoelectric applications. The vaporliquid-solid (VLS) methods typically employed to grow
these structures are facile but often yield large feature
sizes.1–3 Adoption of colloidal methods for nanostructure fabrication has the potential advantages of lower
costs and achievement of smaller structures with enhanced and tunable quantum confinement effects that
can be utilized in optoelectronic devices such as lightemitting diodes and solar cells.4,5 However, to date, published preparations of 1D superlattices using colloidal
growth6 have been cumbersome with the resulting 1D
superlattices, which have only a few layers before the
procedure is too difficult.7 Therefore, instead of relying
on sequential methods which require iterated syntheses
to produce ordering, it is highly desirable to develop
spontaneous ordering methods, where a pattern of nanostructures emerges naturally due to intrinsic interactions
on the nanoscale. For instance, in growth of 2D and
3D structures, lattice strain has been used to drive pattern formation on the nanoscale, yielding self-assembled
quantum dots and their ordered arrays following epitaxial growth.8–13 In these experiments, strain fields created
by lattice mismatch between the deposited quantum dots
(QD) and the substrate (or the overlayer) influence the
deposition of subsequent QD layers, leading to formation of vertically ordered QD arrays. Another source of
spontaneous pattern formation in semiconductor nanostructures can be diffusion-limited ordering,14 where, in
principle, a regular pattern can form due to slow diffusion of atoms between growing islands.
We recently showed that partial cation exchange can

be used to introduce ordered Ag2 S segments into CdS
nanorods.15 During cation exchange, dissolved Ag ions
displace Cd cations from CdS nanorods also present in solution, resulting in islands of Ag2 S in the CdS nanorods.
As the reaction progresses, the growing Ag2 S islands
yield segments spanning the whole nanorod diameter and
spontaneously form ordered nanorod superlattices. A
transmission electron microscopy (TEM) image of such
nanorod superlattices is shown in Fig. 1(a), where a periodic arrangement of the dark Ag2 S segments within the
nanorods is visible. If excess of Ag+ cations are added,
eventually the whole CdS nanorod converts into a Ag2 S
nanorod, preserving shape and length. If however, only
a partial cation exchange is performed, the nanorod superlattices are formed and remain stable dried on a substrate for months. We hypothesized the formation of such
spontaneously ordered superlattices to be driven largely
by the lattice strain field created at the CdS-Ag2 S interfaces (see Ref. 15 for an introduction and brief discussion
of these ideas). The strain fields are expected to result
in repulsion between Ag2 S segments, which, operating in
concert with diffusion-limited Ostwald ripening, can yield
and stabilize the observed periodic patterns. In this paper, we present more detailed theoretical considerations
of the mechanism of formation as well as the structural
and elastic properties of the CdS nanorod superlattices.

In the next section, we outline the theoretical methods used. Section III discusses our results, beginning
with an overview of the superlattice formation process
and proceeding to modeling of the CdS-Ag2 S interface.
A detailed discussion of a proposed mechanism for spontaneous ordering is presented, along with numerical calculation of the expected strain fields in this system in
support of the mechanism. Section IV summarizes our
findings.
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II.

METHODS

The experimental procedure for fabricating CdS-Ag2 S
nanorod superlattices has been published elsewhere.15
An image of the nanostructures modeled here is shown
in Fig. 1(a), where segments of Ag2 S have spontaneously
formed within CdS nanorods in a periodic arrangement.
In order to theoretically clarify the formation mechanism and properties of these structures, we use a combination of ab initio methods as well as the classical
valence force field (VFF) method. The first principles
calculations of the elastic properties of Ag2 S and CdSAg2 S interfaces and superlattices employed the VASP,16
and Petot packages.17 We used the generalized gradient
(GGA) as well as local density (LDA) approximations,
along with projector augmented wave (PAW) and normconserving pseudopotential methods. To study the role
that diffusion-limited island growth plays in producing
the observed ordering, we employ a simple kinetic model
in 1D, which describes Ostwald ripening due to diffusion
of atoms between the islands. The VFF model18 was
used to compute the lattice strain fields in the experimental size nanorod superlattices, with parameters obtained from fitting the Ag2 S elastic constants obtained
from the first principles calculations.

III.
A.

RESULTS AND DISCUSSION

An Overview of Formation of CdS-Ag2 S
Nanorod Superlattice

In the partial cation exchange experiments, the initial
colloidal CdS nanorods are fabricated to be very smooth
with small diameter dispersion (about 10%) with lengths
ranging between 30 and 100 nm. The colloidal CdS
nanorods are added to a solution of toluene, AgNO3 , and
methanol at -66◦ C in air.15 During the cation exchange
reaction, the Ag+ cations substitute for Cd2+ cations
within the nanorods, due to the preferential binding of
MeOH to the divalent Cd2 + ion than to Ag+ (here Me
stands for a methyl group).19 This solid-state exchange
reaction has been shown to take place on a millisecond
timescale19,20 on the nanoscale due to the small size of the
nanocrystals and the high mobilities of Ag+ and Cd2+
within the crystalline lattices. The process is facilitated
by the fact that both Ag+ and Cd2+ are fast diffusers
in CdS.21,22 The concentration of AgNO3 controls the
number of Ag+ cations and therefore defines the fraction of Cd2+ cations to be exchanged: an excess of Ag+
cations results in complete conversion of the CdS rods
into Ag2 S.19 At low Ag+ concentrations, the resulting
partial cation exchange reaction produces a random arrangement of Ag2 S islands embedded at the nanorod surfaces. At intermediate Ag+ concentrations, the islands
appear to have grown larger and into the nanorod interior, due to the additional Ag+ cations as well as the
the absorption of smaller islands by larger ones (Ostwald

ripening).
As islands grow, at some point, all surviving islands
will have come to span the entire nanorod diameter,
achieving a cylindrical, low interface energy geometry.
This arrangement is expected to be quite stable since
further diffusion of Ag+ ions between segments will not
change the interface area unless a whole segment is absorbed by the other segments. However, at this point,
the elastic repulsion between segments is expected to stabilize the islands against further ripening, as discussed
below. Furthermore, since Ag+ is able to easily diffuse
throughout the nanorod the segments are mobile, and
they move apart to minimize the repulsive strain interaction, thus spontaneously self-ordering. Thus, the periodic pattern of Ag2 S segments in the CdS nanorod (Fig.
1(a)) results from a sequence of initial nucleation and
ripening followed by elastically-driven local segregation
of of mobile Ag+ ions.

B.

CdS-Ag2 S Epitaxial Attachment

The experimental powder X-ray diffraction (XRD)
patterns reveal the superlattices to contain crystalline
regions of CdS (of the wurtzite form) and Ag2 S (of the
monoclinic form). The unit cell of the latter structure is shown in the Fig. 1(b). This monoclinic (low
temperature) phase of Ag2 S has been studied in the
literature23–25 both theoretically and experimentally. It
has been found to be a semiconductor with a measured
bandgap ranging from 0.78 to 1.0 eV25 (0.68 eV calculated within LDA24 ). The sulfur atoms in bulk Ag2 S
form a slightly distorted bcc lattice with silver atoms
occupying octahedral and tetrahedral sites of the sulfur
lattice.24 Considering the high mobility of Ag+ ions, considerable distortions and cation disorder with reference to
the bulk structure may be present in the highly strained,
high surface area nanorod superlattices.
The fully formed nanorod superlattices exhibit epitaxial attachment of Ag2 S and CdS regions. However, epitaxially attaching monoclinic Ag2 S to the CdS wurtzite
lattice, along the [0001] axis of the nanorod requires
significant distortions, particularly of the Ag2 S lattice.
Since the sulfur atoms in Ag2 S form a bcc lattice, we
can construct a supercell (Fig. 1(c)) directly from the
original monoclinic Ag2 S unit cell (Fig. 1(b)), where the
sulfur atoms corresponding to each other in the two lattices are numbered. This supercell can attach its (001)
plane (which is the (110) plane of a bcc lattice) to the
(0001) wurtzite plane of CdS (Fig. 1(d)), since both
have hexagonal symmetry. Such attachment, however
causes large distortions of both the Ag2 S and CdS lattices: namely, the Ag2 S lattice constant, in comparison
with that of CdS, is 4% smaller along the [100] supercell axis ([1000] wurtzite) and 15% larger along the [010]
supercell axis ([2100] wurtzite). Nevertheless, as noted
before,26,27 high strains in nanorod superlattices can exist without resulting in dislocation formation.

3

Experiment
10x10 nm Ag2S
5x5 nm Ag2S
2.5x2.5 nm Ag2S

Intensity [arb. units]

(a)

(b)
(c)
(d)
20

FIG. 1: (color online) (a) Experimental TEM image of CdSAg2 S nanorod superlattices fabricated by partial cation exchange. The dark regions are the Ag2 S segments embedded
in the CdS nanorods. (b) Monoclinic phase of Ag2 S unit
cell matching the experimental XRD data (corresponding to
Table I). (c) Orthorhombic Ag2 S supercell, built from monoclinic unit cells (b), used to epitaxially attach to wurtzite CdS
in the [0001] direction (d). The numbered atoms in (b) and (c)
show the construction of the orthorhombic cell from the monoclinic unit cell. In order to epitaxially attach, both CdS and
Ag2 S must distort. The lattice mismatch between wurtzite
CdS and the orthorhombic supercell of Ag2 S is +4% tension
along the [100] Ag2 S supercell axis ([1000] wurtzite) and 15% compression along the [010] Ag2 S supercell axis ([2100]
wurtzite). This creates large strain when both lattices distort,
relaxing into the lowest energy geometry.

In order to confirm the crystal structure we have simulated the XRD pattern expected from a powder mixture
of Ag2 S nanocubes and CdS nanorods. Several nanorod
and nanocube sizes were considered. In Fig. 2, we show
the measured XRD spectrum (Fig. 2(a)) along with the
patterns computed for 5.3×11 nm CdS nanorods and
Ag2 S cubes with sides of 10×10 nm, 5×5 nm, and 2.5×2.5
nm (Fig. 2(b,c,d, respectively)). For a given geometry,
all pairwise atomic distances, rij , were computed. Then,
the XRD intensity pattern can be obtained as
Fi (S)Fj (S) X sin(2πrij S)
I(S) ∝
,
S
rij

(1)

i6=j

where, S = 2 sin(Θ)/λ is a scattering parameter, I(S)
is the computed intensity, Θ is the angle of diffraction,
λ is the wavelength of incident X-rays, and Fk (S) is the
atomic structure factor for the k-th atom in the nanostructure. We find a good qualitative agreement with
the experimental pattern for the wurtzite structure of
CdS, and the monoclinic structure of Ag2 S listed in Table I. The best match is for 5.3×11 nm CdS nanorods
and 5×5 nm Ag2 S nanocubes, which corresponds to the
experimental nanorod diameters with an average centerto-center separation of 16 nm between Ag2 S segments.
The Ag2 S peaks in the experimental data are broader
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FIG. 2: (color online) The experimental XRD diffraction pattern from CdS-Ag2 S nanorod superlattices (black line) and
three simulated XRD patterns. The simulated patterns are
obtained by summing the pattern predicted for 5.3×11 nm
CdS nanorods with the predicted pattern for Ag2 S cubes with
sides of 5×5 nm (thick red line), 10×10 nm (dashed green
line), and 2.5×2.5 nm (dash-dotted blue line). The simulation is performed for the Ag2 S structure described in Table
I and Fig. 1(b). The case of 5×5 nm Ag2 S cubes qualitatively matches the experiment. Ag2 S peaks are broader in
experimental data due to the presence of strain created by
the CdS-Ag2 S interfaces.

than the computed ones, possibly due to strain created
at the CdS-Ag2 S interfaces, which was not included in
this calculation. The Ag2 S structure listed in Table I is
similar to the previously reported structural data of bulk
Ag2 S, but with slightly different Ag atoms positions.
The large strains are likely a key requirement for the
formation of the periodic pattern observed in nanorod
superlattices. As we show here, the strain fields created
by this lattice mismatch at the interface lead to a repulsive interaction between adjacent Ag2 S segments. This
repulsion, coupled with the segments’ mobility leads to
ordering of segments, and stabilization of the structure.

C.

Interface Formation Energy

During the initial stages of growth, when Ostwald
ripening is dominant, the larger regions of Ag2 S absorb
smaller islands. The direction of the process is determined by the interface formation energy, which is the energy difference between the CdS-Ag2 S interface and the
corresponding Ag2 S and CdS bulk structures. A positive
interface formation energy will result in Ostwald ripening, merging smaller islands into larger ones to a lower
surface area, and thus lower the total energy. In order
to clarify this, we calculated the CdS-Ag2 S interface formation energy in the supercell geometry constructed as
in Fig. 1(c,d). The CdS and Ag2 S slab sizes were 19.4
Å and 15.2 Å, respectively, in the z-direction of the supercell, and infinite in the xy plane. The structure was
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TABLE I: Crystal data of monoclinic phase of Ag2 S. The
modeled XRD pattern for this structure matches the experimental XRD pattern of Ag2 S segments in the formed CdSAg2 S nanorod superlattice.
(a) Lattice parameters (in Å) and angle
a
b
c
4.231
6.93
9.526

β
125.29◦

(b) Atomic
Atom
S
S
S
S
Ag
Ag
Ag
Ag
Ag
Ag
Ag
Ag

z
0.3694
0.8694
0.6306
0.1306
0.3075
0.4362
0.1925
0.6925
0.8075
0.0638
0.5638
0.9362

positions
x
0.5
0.5
0.5
0.5
0.0712
0.7259
0.9288
0.9288
0.0712
0.2741
0.2741
0.7259

y
0.7383
0.7617
0.2617
0.2383
0.0169
0.3213
0.5169
0.9831
0.4831
0.8213
0.6787
0.1787

relaxed with respect to internal degrees of freedom, lattice parameters in xy plane, and the distance between
slabs. The interface formation energy computed from
the ab initio total energies is given by
X
Ef orm = Et −
Ni µi .
(2)
i

Here, Et is the total energy of the supercell, Ni is the
number of atoms of the type i in the cell, and µi is the
chemical potential of the i-th atom. The supercell was
large enough so the interaction between the two adjacent
interfaces is negligible. Our first principles calculations
result in a CdS-Ag2 S interface formation energy of +1.68
eV per primitive interface containing one Cd-S-Ag unit.
Therefore, it is energetically favorable to merge small islands into large ones. A critical size is reached when
an island spans the entire nanorod diameter, forming an
Ag2 S segment. In this case, exchange of atoms between
formed segments does not change the Ag2 S segment surface area and surface energy.

D.

Diffusion

Pattern formation in systems away from equilibrium
has been extensively studied in the past.28 In reactiondiffusion systems, a pattern can form due to a Turing
instability: a solution which is stable and uniform in the
absence of diffusion becomes unstable and produces patterns when conditions are altered to allow diffusion.29

During the formation of CdS-Ag2 S nanorod superlattices, the reaction-diffusion system is out of equilibrium and results in periodic patterns with intrinsic wavelengths which are longer than (and consequently, dependent upon) the physical dimensions of the system, i.e.,
the nanorod diameter. Within this viewpoint, the involvement of a Turing instability in the evolution of CdSAg2 S nanorod superlattice appears possible. However,
the observed nucleation and ripening does not seem to be
qualitatively consistent with a Turing instability. During
a reaction displaying a Turing instability, a final pattern
appears from the beginning, with its amplitude increasing with time. Meanwhile, assuming that the structures
obtained at different concentrations also correspond to
different stages in the evolution of the superlattices at
a fixed concentration, islands appear to ripen and the
segments appear to be mobile. In addition, the initial
distribution of Ag2 S regions does not show periodicity.
Thus, the pattern of segments seems to change until a
periodic spacing of islands is achieved and the observed
ordering does not support a Turing model.
Spontaneous ordering on the nanoscale due to limited
diffusion of adatoms has been studied in the past. Concerning 3D systems, several theories of kinetic ordering
of islands have been proposed.30 (Also see Ref. 8, and
references therein). They might be adequate only at the
initial stages of growth, since they ignore the influence of
strain created by islands on the diffusion of atoms, which
was pointed out to be important in 2D and 3D island
growth.31 The possibility of producing ordered patterns
solely due to diffusion limited aggregation in 1D has been
addressed theoretically,14 where modeling the deposition
of particles along a line results in regular patterns.
Here, we study this possibility in 1D by modeling the
diffusion of Ag atoms between islands and ripening of
islands at the expense of each other. Initially, islands of
Ag2 S are randomly distributed along a 1D array, and are
assigned random small sizes. Inside the CdS solid, there
is a small number of free Ag atoms, which reach nearequilibrium with the Ag2 S islands. Islands can lose or
gain Ag atoms from the CdS solid, and a representation
of this process is allowed in the numerical model with
the direction of the process defined by the energy balance
described below.
We model the nanorod as an array of sites, here i is
indexing all sites in CdS host, while l is indexing islands,
i(l) is the site index of the l-th island. The energy cost to
add one Ag atom to the l-th island located at the i(l)-th
site is approximated by the expression


xi(l)
−1/3
∆El = −EAg + βml
− kT ln
(3)
(1 − xi(l) )
where, ml is the number of atoms in the l-th island, xi(l)
is the concentration of Ag atoms at the i(l)-th site, EAg
is Ag2 S chemical formation energy (compared to free Ag
atoms in CdS), and β is a constant that dictates the magnitude of the interfacial energy. The first term, −EAg is
negative, corresponding to the observation that segrega-
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ml (t + 1) = ml (t) ∓ αxi(l) e− kT

(4)
(5)

describe the exchange of Ag atoms between the islands
ml and the CdS solid xi at i(l)-th site. Here the concentration of Ag atoms in the CdS solid, xi , is increasing
(i.e. choosing + sign in Eq. 4 and − sign in Eq. 5) if ∆El
is positive. This corresponds to an island losing atoms to
the CdS, increasing its concentration by an amount proportional to α. We assume the energy activation barrier,
Eb , to leave the island into the CdS matrix is independent
of the island size, therefore adding a value proportional
to Ag atom concentration xi(l) at a given temperature.
The direction is reversed if ∆El is negative. The process is mediated by the diffusion of Ag atoms in the CdS
defined by gradients of concentration xi
xi (t + 1) = xi (t) + D [xi+1 (t) + xi−1 (t) − 2xi (t)]

(6)

where D is the diffusion coefficient. The conservation
of mass is enforced by limiting the diffusion direction
at the boundaries toward the center of the rod. The
parameters are chosen to model the experimental conditions and results, i.e., formation of islands, ripening,
and maintaining a low concentration of Ag in the CdS
matrix. This is primarily achieved by choosing an opEb
timal α/De− kT ratio, which controls the diffusion and
ripening rates. The term ∆El is only indicating the direction of the ripening process for a given island, and its
values are unimportant. The CdS solid and the islands
reach thermodynamic quasi-equilibrium between islands
and their surrounding xi very quickly. Then the smaller
islands slowly lose atoms to bigger islands, since the second term in the Eq. 3 favors larger islands. Eventually,
larger islands absorb the smaller islands entirely modeling the Ostwald ripening, and reach the critical size mc ,
beyond which the segment is formed and the second term
in Eq. 3 disappears.
Typical results of the modeling are shown in Figure
3, where we show the island weight and position on a
typical 50 nm long nanorod. Initially, island were distributed randomly along the 1D nanorod and assigned
small random sizes. The simulation then demonstrates
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xi(l) (t + 1) = xi(l) (t) ± αxi(l) e− kT

(a)

150

Mass of islands ml [arb.un.]

tion of Ag+ into Ag2 S islands appears to be favorable.
The last term is the entropy of a mixture of Ag atoms
in the CdS solid that depends on temperature, kT , and
the Ag atoms concentration xi . If the energy, ∆El , is
negative then it is favorable for the l-th island (at i-th
site) to absorb Ag atoms, if it is positive then this island
will lose atoms. We also set the second term in Eq. 3 to
zero after an island reaches some critical mass, for when
the segment is fully formed, spanning the whole nanorod
diameter, the exchange of atoms with the environment
results in no change of the surface energy.
The model evolves with time according to the following
three equations. The first two equations,

0
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Z-axis of the nanorod [nm]

40
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FIG. 3: The islands initially randomly formed in the one dimensional rod. The growth of the larger islands at the expense of the smaller islands (i.e. Ostwald ripening) leads to
the formation of ordered islands due to diffusion. The length
of bars shows the relative number of Ag atoms in an island
situated along the long axis of the nanorod (horizontal axis
of the plot). The critical island size is mc = 100. The panels
(a), (b), (c), (d) show four different results of modeling for different initial random distributions of small islands. Diffusion
alone is producing somewhat ordered islands, but the ordering
is typically poor. The results presented here are typical for
diffusion-limited ordering. Panels (a) and (b) show relatively
ordered patterns, while (c) and (d) are rather disordered, all
patterns have similar probabilities of forming, showing poor
ordering solely due to diffusion.

behavior typical for Ostwald ripening, where larger islands grow at the expense of the smaller islands. The
four panels show the resulting patterns after the Ostwald ripening is finished. All the islands have reached
critical sizes where the energy balance will not change
as a result of Ag exchange between islands. Figure 3,
presenting a typical diffusion limited ordering scenario,
shows that the islands are ordered poorly. Running a
number of simulations for the geometry considered, even
in somewhat ordered cases shown in panels (a) and (b),
there are always a few large islands located close to each
other. In addition, equally probable are the cases where
the ordering is very poor, as shown in Fig. 3 (c) and
(d). Therefore, if spontaneous ordering were driven by
diffusion alone, we would expect experiments to produce
rods with several out-of-place Ag2 S segments in practically every nanorod. In addition, a large number of fairly
disordered nanorods would be expected. That, however,
is not the case; experimentally, Ag2 S segments are very
well ordered (Fig. 1(a)), indicating that diffusion-limited
growth alone does not account for the formation of the
CdS-Ag2 S nanorod superlattices. In order to produce
such an ordered state, there must exist a repulsive interaction between the fully formed CdS-Ag2 S segments,
which drives them apart. (The Ag2 S segments are mobile
due to the exchange between Ag and Cd ions).

6
E.

Strain

As established above, the nanorod superlattice formation mechanism, which results in a regular Ag2 S segment
pattern, implies a repulsive interaction between mobile
segments. Among possible candidates for such interaction are (i) direct Coulomb repulsion, (ii) dipole-dipole
interaction, and (iii) interaction due to strain. We address and discount the first two of these possibilities below.
(i) The Ag2 S segments exhibit photoluminescence
(blue shifted due to quantum confinement15 ), indicating no large number of dangling bond states in the band
gap. This, along with TEM images and XRD data, indicate a well formed Ag2 S crystal, which is expected to
be charge neutral. Therefore, direct Coulomb repulsion
between Ag2 S segments is unlikely.
(ii) To estimate the possible dipole-dipole interaction,
we have performed ab initio calculations for CdS-Ag2 S
superlattices with alternating Ag2 S and CdS slabs in the
z-direction and infinite cross section in xy-directions. We
used 30 Å thick Ag2 S slabs (9 atomic layers) and the 42
Å thick slabs (12 atomic layers) of CdS. The lattice and
the atoms in the 3 layers adjacent to the interfaces were
relaxed. The results of the calculation give an electrostatic potential gradient inside the Ag2 S slabs of the superlattice, from which a dipole moment can be deduced.
For an experimental nanorod of 4.8 nm diameter and
Ag2 S segment of 3 nm length, it yields a dipole moment
of approximately 290 Debye. If the symmetry of the lattice in the neighboring segments is the same, these dipole
moments will point in the same direction. This interaction, first of all, cannot be used as an ordering mechanism, as it is attractive; secondly, its magnitude is very
small (0.04 eV).
(iii) Due to a very large lattice mismatch, significant
strain fields are created inside the nanorod. Therefore,
the strain is a likely candidate for the repulsive interaction in CdS-Ag2 S nanorod superlattice. Using a VFF
model and the elastic parameters, we explain and quantify this repulsion force between the Ag2 S segments.
In order to study the strain and elastic properties of
the CdS-Ag2 S nanorod superlattices, we first calculate
the elastic constants of the Ag2 S using ab initio methods.
Although the orthorhombic supercell technically has nine
independent elastic constants, in the case of the Ag2 S
lattice attachment to wurtzite shown in Fig. 1(c,d) the
distortions the Ag2 S lattice undergoes are mainly due to
orthogonal uniaxial strain. Thus the shear elastic constants c44 , c55 , and c66 may be neglected in a basic treatment of the distortions, and therefore were not fitted. We
only need the six remaining elastic constants c11 , c22 , c33 ,
c12 , c13 , and c23 . We relax the atomic structure of the
Ag2 S unit, apply a small (within a few percent) strains δi
to the equilibrium lattice and compute the resulting total
energies (following Ref. 32). The total energy, assuming
linear elasticity up to the limits of distortions, is fitted
into a second order expansion in powers of strain tensor

components around the equilibrium energy E0 :
P
E(δ) = E0 + 12 V0 ij cij δi δj + O[δ 3 ],

(7)

where, V0 is equilibrium volume. We need only consider
diagonal strain tensor e (with three diagonal components
e1 , e2 , e3 ), so we apply distortions to the primitive vectors
ai transforming them as

 

a1
a′1

 ′  
(8)
 a2  =  a2  · (I + e)
a′3
a3

(I is the 3×3 identity matrix) fitting the total energy
curves into Eq. 7 and extracting the coefficients at the
second order term. To find the elastic constants c11 , c22 ,
and c33 , three linear tetragonal distortions are applied to
the lattice with the strain tensor components equaling,
respectively,
e1 = δ1 , e2 = e3 = 0,

(9)

e2 = δ2 , e1 = e3 = 0,

(10)

e3 = δ3 , e1 = e2 = 0.

(11)

and

To find elastic constants c12 , c13 , and c23 , the orthorhombic strains are applied by using distortion matrices (I + e)γ and strain tensor components
e1 = δ1 , e2 = −δ1 , e3 = 0, γ = (1 − δ12 )−1/3

(12)

e1 = δ2 , e2 = 0, e3 = −δ2 , γ = (1 − δ22 )−1/3

(13)

e1 = 0, e2 = δ3 , e3 = −δ3 , γ = (1 − δ32 )−1/3 .

(14)

and

The resulting elastic constants are listed in the Table
II. We feed these bulk elastic constants into the VFF
TABLE II: Elastic constants cij (using Voigt notation) of orthorhombic cell of Ag2 S in units of [1011 dyne/cm2 ] from first
principles GGA calculations. We also list experimental33 elastic constants of CdS for comparison.
Reference
Ag2 S
Present
CdS Experiment33

c11
c22
c33
c12
c13
c23
8.02 9.76 11.57 2.59 3.49 4.36
8.57
9.36 5.21 4.61

calculation for a nanostructure with a realistic number
of atoms in order to study the influence of strain on the
lattice mismatched nanorod superlattices.
The VFF model18,34 is a classical atomistic model for
atomic relaxation which treats atoms as points connected
by elastic bonds, and in our implementation34 takes into
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j,k>j

where, ∆Rij = Rj − Ri , dij is the ideal bond length
between the i-th and j-th atom, θijk is the ideal bond
angle, and αij and βijk are the elastic constants of the
model which are fitted to the elastic constants of the bulk
Ag2 S and CdS. The summation over j and k indices is
performed over nearest neighbors only, while index i runs
over all atoms in the nanostructure. The elastic constants
α and β can be found from constants cij ,34 computed
from first principles for Ag2 S and fitted to experiment
for CdS, and are (in units of [103 dyne/cm]) α = 29.60
and β = 9.23 for Ag2 S, and α = 26.57 and β = 4.76 for
CdS. For a given nanostructure, the energy functional of
Eq. 15 is minimized with respect to {Ri }, yielding the
atomic structure that has the lowest elastic energy for a
given arrangement of atoms.
In the geometry studied here, the CdS-Ag2 S interface
has a lattice mismatch which is different in the x and y
directions, as discussed in Section IIIB (Fig. 1). Therefore, upon VFF relaxation, a nanorod will expand and
contract along two perpendicular radial directions. We
performed VFF calculations for CdS nanorod superlattices with diameters of 4.8 nm and 6 nm, which have
two 4 nm thick Ag2 S segments at varying separations.
The surfaces of the nanorods were passivated.35 The rod
lengths varied with the segment separation from 30 nm
to 42 nm, keeping the distances between segments and
nanorod ends constant in order to fix any possible rod
end contribution to the elastic energy. The number of
atoms in studied structures ranged from 25228 to 57201.
The resulting elastic energies as functions of the segments separation are shown in Figure 4, for a 6 nm diameter nanorod (a), and a 4.8 nm diameter nanorod (b). The
elastic energies decrease with increasing separation between the segments indicating elastic repulsion between
the segments. The insets show blow-ups of the tail of the
curves with the same x-axis scaling, showing exponential
decay of the interaction energy. Due to the increased interfacial area for larger diameter rods, the strain present
in the 6 nm rods is greater than that in the 4.8 nm diameter rods, resulting in larger elastic energies. For very
small separations, the elastic energy in Fig. 4 is lowered,
which will be explained when we examine the nature of
the repulsive interaction (see below).
Strain fields, created by the lattice mismatch at the
interface, decay both into the CdS regions and Ag2 S segments. Therefore, just as the elastic energy decreases
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account bond stretching and bond angle bending but not
bond breaking. The VFF strain energy functional is written in terms of atomic positions Ri and their elastic interaction with the nearest neighbors only, within a harmonic
approximation:
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FIG. 4: (color online) Elastic energies of CdS nanorod superlattices containing two Ag2 S segments calculated with the
VFF model. (a) 6 nm diameter nanorod, (b) 4.8 nm diameter nanorod. The energies decay with growing separation
showing the elastic interaction between Ag2 S segments.

with the length of the CdS regions separating the two
CdS-Ag2 S interfaces, it also decreases with Ag2 S segment size. Thus, for a given number of segments, the
elastic energy is minimized when the sizes of all CdS
regions are maximal, and the adjacent Ag2 S segments
are equidistant from each other. Similarly, the Ag2 S
segments also have equal sizes, maximizing the separations between CdS-Ag2 S interfaces within the segments.
Indeed, introducing asymmetry into the Ag2 S segment
TABLE III: Introducing asymmetry into the VFF calculations, the elastic energies (in eV) and sizes of two Ag2 S segments (in nm), with 4 nm separation. The growth of one
segment at the expense of the other is energetically unfavorable.
Segment 1
4
3
2

Segment 2
4
5
6

Energy
158.83
159.25
160.49

sizes results in higher elastic energies. For instance, the
results of VFF calculations for the 4.8 nm diameter rods,
with two asymmetric Ag2 S segments is presented in Table
III. This indicates that diffusion of Ag+ ions and growth
of one fully formed segment at the expense of another
is energetically unfavorable. The lowest elastic energy is
reached when all the segments in the nanorod have the
same size. This is consistent with the experimental finding of spontaneous ordering of Ag2 S segments, as well as
the narrow distribution of Ag2 S segment sizes.15
It should be noted that the resulting superlattice is a
metastable structure. The lowest energy structure would
consist of two regions, Ag2 S and CdS with a single interface, as this would minimize both the interface formation and strain energies. Such state however cannot be
reached because once a segment is fully formed, diffusion

8
of Ag+ ions will not lower the interfacial energy until the
two segments fully merge. That, in turn, is unfavorable
because of the repulsion between segments due to strain.

that strains in z-direction created by the two neighboring
segments are the result of bonds stretched in opposite directions. However, the x−y direction stretching from the
two segments match each other, for small segment separations. This cooperation lowers the strain energy and
leads to an energy decrease at small segment separations
as shown in Figure 4.
It is important to note that our VFF calculations for a
variety of lattice mismatched hybrid nanorod structures
indicate that such strain-mediated repulsive interaction
is a general effect. For a pair of lattice mismatched materials, it is always present in nanostructures, resulting in
energy curves similar to the ones in Figure 4, and should
play an important part in the formation of lattice mismatched hybrid nanostructures.

IV.
FIG. 5: (color online) Color maps of z-component of strain
of the interatomic bonds, for the 4.8 nm diameter nanorod.
The segment separations are 6, 8, 10 nm, the color map limits
indicate strain of -2% (compression) to +2% (tension) for blue
and red, respectively. The blow-up on the right shows two
layers of CdS adjacent to the Ag2 S segment, illustrating CdS
planes acquiring a convex shape. The atoms are pulled in
opposite directions (indicated by the black lines at the center
of the second rod), which leads to increased interaction energy
when segments separation decreases.

To illustrate the elastic interaction between the two
segments, we plot color coded maps of the z-component
of the bond strain for the 4.8 nm diameter nanorod with
segment separations of 6, 8, 10 nm, in Figure 5. The
three nanorods demonstrate greater overlaps of z-strain
with decreasing Ag2 S segment separation. The VFF relaxation predicts the 3D strain field resulting from the
lattice mismatch at the interface. Although the full strain
is a tensor field, the interaction can be demonstrated by
looking at the z-axis strain fields. The red regions between the segments, decay away from the segment indicating that the interatomic bonds are stretched in the
z-direction, with such distortion increasing toward the
central axis of the rod. This results in overall deformation of CdS interatomic layers in the xy plane from flat
to convex, as demonstrated by a two layer CdS cutout
in Figure 5. Since the central xy plane must be flat,
the deformations exemplified by the curved planes create competing forces, as schematically shown in Figure
5, resulting in a repulsive interaction.
This model also explains why for small separations between Ag2 S segments, i.e. below 4 nm for 6 nm diameter
rods, and below 2 nm for 4.8 diameter rods the elastic
energy actually decreases (Fig. 4). This is due to the fact
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CONCLUSIONS

In this work, we have performed an analysis of the
structural and elastic properties of the recently synthesized CdS-Ag2 S nanorod superlattices. Using experimental XRD data, we deduce the lattice geometry for the epitaxial attachment of monoclinic Ag2 S and wurtzite CdS.
Using first principles methods, we calculate the formation energy of the CdS-Ag2 S interface, which indicates
Ostwald ripening during the initial stages of Ag2 S nucleation and growth. A simple model of Ag+ diffusion
shows that the Ag2 S islands will condense into a number
of segments, rather than divide a rod into two (or a few)
large segregated parts of Ag2 S and CdS. This model also
shows that during diffusion-limited growth of the Ag2 S
islands can only lead to partial ordering and cannot account for the observed ordered structures alone. The
epitaxial attachment of Ag2 S and CdS in the nanorod
leads to significant amounts of strain due to a significant
lattice mismatch. Our VFF calculations show that this
results in significant elastic repulsion between neighboring Ag2 S segments. This interaction due to strain is likely
crucial to the formation of nanorod superlattices since it
can lead to spontaneous ordering of Ag2 S segments. This
should be a general effect in evolution of chemically transformed nanostructures, i.e. similar repulsive interactions
will always exist wherever there is a mismatch between
components in a hybrid nanostructure.
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