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EPIGRAPH

All models are approximations. Essentially, all models are wrong, but some are useful. However, the

approximate nature of the model must always be borne in mind.

—George Box
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Mathematical models are indispensable for understanding the architecture and behavior of bio-

logical systems using engineering science approaches. Systems biology, analogous to reaction network

theory in chemical engineering, enables researchers to investigate the dynamics and behaviors of biological

systems beyond what is experimentally feasible. However, despite the successful application of systems

biology to studying numerous biological systems, three key challenges limit the predictability of models,

including epistemic uncertainty, uncertain model parameters, and incorporation of noisy and sparse experi-

mental data. In this thesis, we propose that uncertainty quantification (UQ)—the field of computational
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mathematics that models uncertainties—can address these challenges. Recent advances in fluorescent

microscopy and protein engineering, which enable near-real-time biological measurements, provide data

with the resolution necessary to apply UQ methods.

First, we address the estimation of model parameters from noisy and sparse experimental data.

To investigate this, we examined the effects of data noise, data quality, parameter identifiability, and

parameter sensitivity on our ability to estimate model parameters. In doing so, we developed a framework

for parameter estimation that leverages identifiability and sensitivity analysis to pre-process the parameter

space and then applies Bayesian inference to learn model parameters.

Second, we address the problem of epistemic uncertainty, which commonly arises because our

understanding of biology is still evolving. This often leads to the availability of multiple models of the

same system. To make predictions with multiple models, we applied a methodology called Bayesian

multimodel inference, which combines the specified models to yield a single consensus estimator. We

found that multimodel inference increases the certainty of systems biology models by reducing predictive

variance, increasing robustness to poor-quality data, and selecting models that best explain the data.

Third, we demonstrate how UQ enables the modeling of a system for which we have experimental

data, but few published models exist. Specifically, we leveraged high-quality experimental measurements

from the Jin Zhang lab (UCSD Dept. of Pharmacology) and applied the methods established in the first

two sections to develop a new model of the AMP-activated protein kinase signaling pathway.

Through these interdisciplinary studies, we find that UQ addresses key challenges in systems

biology, enabling data-informed modeling. Together, these methods constitute a broadly applicable

workflow for UQ in systems biology and computational modeling applications. Uncertainty quantification

has the potential to drive new biological discoveries by enhancing mechanistic predictability through

principled incorporation of experimental data and systematic accounting of uncertainties.
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Chapter 1

Introduction–Why do we need uncertainty

quantification in systems biology?

Engineering science has a long history of applying mathematical and computational models to

study complex physical systems. In this thesis, I apply an engineering sciences approach to studying a

complex system in biology, that is intracellular signaling. Mathematical and computational modeling has

long been an essential component of the systems biology toolkit to comprehend and explain observed

biological phenomena [1]–[3]. However, as experimental techniques become ever more advanced and we

enter into a world of big-data biology, mathematical biologists face the challenge of integrating this data

into their models [4]. This thesis explores a workflow to begin to address this challenge. Here, we take the

viewpoint of data-informed modeling, where we combine mechanistic representations with available data.

We leverage tools from uncertainty quantification, a field of computational science and engineering [5], to

enable data-informed systems biology. The work is further enabled by the availability of high-quality data,

which has only recently been made available by ongoing developments in microscopy, biosensors, and
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molecular biology [6]–[8]. In this chapter, we first introduce computational systems biology models of

intracellular signaling in Section 1.1 and then briefly review modern experimental approaches to study

intracellular signaling in Section 1.2. Next, we discuss uncertainty in systems biology in Section 1.3

and introduce the Bayesian perspective to UQ in Section 1.4. We end with a brief note on mathematical

preliminaries in Section 1.5 and summarize the remainder of this thesis in Section 1.6.

1.1 Computational systems biology–the study biological systems with math-

ematical models

Systems biology is the study of the structure and function of biological systems at the level of

an entire biological system [1], [9]. Importantly, experimental systems biology approaches probe the

entire system while it is functioning and have revealed the complex interactions and regulatory networks

underlying cellular and tissue functions [10], [11]. While the system-level approach has been crucial

to understanding how organisms function, it also complicates our ability to determine a mechanism for

observed phenomena [1], [10], [12]. To address this challenge, computational models enable researchers to

hypothesize a mechanism of the observed phenomena and run in silico experiments to validate the proposed

hypothesis against experimental data [13]. System biology models leverage a variety of mathematical

and computational frameworks, including mechanistic ordinary differential equations (ODEs), rule-based

ODEs, delay-differential equations, stochastic differential equations, agent-based models, and partial

differential equations [14]–[17]. Often these equations include functions that are nonlinear in both the

state variables and parameters to capture complex biochemical interactions [2]. After a proposed model,

and with it the proposed mechanism, have been validated against experimental data, that model can then

be used to run additional simulations which generate experimentally testable predictions [1], [10], [13].
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Computational models of biological systems span a wide range of biological systems and therefore a range

of spatial and temporal scales [14]. Because of the ability to interpret and explain experimental findings,

models have been widely used in the field of systems biology to reveal the underlying mechanisms of how

cells execute various biological functions [1], [10], [18]–[20].

1.1.1 Intracellular signal transduction processes information at multiple time-scales

In this work, we focus on intracellular signal transduction systems that enable cells to sense,

process, and react to external cues [21], [22]. Cells contain extracellular-facing, membrane-bound receptors

that detect extracellular biochemical signals by binding a matching ligand, which induces a biochemical

change in the receptor [21]. Ligand-binding induces a cascade of intracellular biochemical reactions

that act to amplify [23]–[25], process [26]–[29], and respond to signals [30]–[32]. These cascades of

biochemical reactions inherently span multiple temporal scales with individual reactions occurring over

micro-to-millisecond timescales and pathway responses over second-to-hour timescales [33]–[36]. In this

work, we model signaling phenomena that span second timescales (CaMKK2 and AMPK signaling) to

hour timescales (ERK and AMPK; Figure 1.1). Mathematical models allow us to simulate multi-scale

systems and probe components that evolve across scales.

Figure 1.1: We investigate ERK signaling in Chapters 2 and 3, CaMKK2 signaling in 2 and 4, and
AMPK signaling in Chapter 4.
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Researchers have developed models for various well-known signaling pathways. For example,

signaling pathways that regulate cell proliferation, apoptosis, inflammation response, metastasis, differenti-

ation [37], including, EGFR [38], NF¨B [39], [40], Ca2+ [41], cAMP [42], PI3K [43], ERK [38], [44],

[45], YAP/TAZ [46]–[48] pathways. Models have helped elucidate mechanisms in pathways that regulate

cellular metabolism, including AMPK [49]–[51], mTOR [51], and insulin signaling [24]. Additionally,

mathematical models have been used to study aberrant signaling in a variety of disease states, including

cancer [52], [53] and diabetes [54]–[56]. Finally, models have been used to understand the coupling

between cell mechanics and biochemistry [57] with applications in mechanosensing and mechanotransduc-

tion [48] and the interplay between signaling and cell shape [58]–[60]. With these models, researchers have

revealed the underlying mechanisms that give rise to physiological and pathological intracellular signaling.

1.1.2 A continuum perspective to modeling biochemical reactions

The models we focus on in this work aim to mathematically represent the mechanisms of biochem-

ical reactions within a signaling network. Mechanistic models leverage parametric nonlinear ODEs to

describe biochemical reactions through time [61], [62]. We will use an illustrative example to introduce

the basic concepts of constructing a mechanistic model. Consider the elementary reaction where species A

binds reversibly to species B with a rate of kon to form complex AB, and AB dissociates with a rate of koff.

The reaction

A+B
konω↑↑↑↑ε
koff

AB

describes the formation of complex AB. We assume that species A, B, and AB are abundant enough to

be represented using concentrations (quantity/volume) as opposed to individual copy numbers (quantity).

This allows us to take a continuum approach, which assumes that the rates of change vary continuously

with time and leverages ordinary differential equations. To build a model for this example, we can assume
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the Law of Mass Action 1, to prescribe the flux kon[A][B] for the forward reaction and the flux koff[AB] for

the reverse 2. The model is then defined as

d[A]

dt
=↑kon[A][B]+ koff[AB] (1.1a)

d[B]
dt

=↑kon[A][B]+ koff[AB] (1.1b)

d[AB]
dt

= kon[A][B]↑ koff[AB]. (1.1c)

Applying such strategies to larger reaction networks allows one to develop models of various biochemical

phenomena. We refer the reader to [1], [2], [61]–[63] for further information on model construction.

We typically compose models of individual reactions, such as Eq. (1.1a), to mathematically

represent an entire signaling pathway. In general, systems biology models can be defined as

dx(t)
dt

= f(x(t); !) , (1.2)

where x ↓ Rd is the vector of states and ! ↓ Rp is the vector of model parameter. The states x often

represent physical quantities such as chemical concentrations or copy numbers, so they are restricted to

Rd
↔0. The function f(·; ·) : Rd ↗Rp ↘ Rd is the vector field that governs the dynamics of the states. Due to

the nature of possible reaction mechanisms, f is often nonlinear in both the states and model parameters

and often contains polynomial and rational nonlinearities; see, e.g., Eq (1.1a). Additional examples include

Michaelis-Menten and Hill-type kinetics, which both contain rational nonlinearities [64].
1The Law of Mass-Action states that the rate of a chemical reaction is proportional to the product of the concentrations of the

reactants.
2The notation [S] denotes the concentration of species S
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1.2 Recent experimental innovations enable near-real-time observations of

intracellular signaling

Intracellular signaling phenomena involve numerous coupled biochemical events that evolve over

a range of timescales and occur across both cellular and subcellular scales. Traditional experimental

approaches for studying intracellular biochemistry sacrifice resolution across all three axes [7]. For

example, the Western blot allows researchers to quantify the relative abundance of a target protein (e.g.,

a phosphorylated protein in a signaling pathway), but it requires large quantities of substrate from an

entire batch of cells and is extremely time-consuming. To that end, the best observations using traditional

approaches can be made on the order of every 10 minutes of a reaction, only capture a few target molecules,

and do not have single-cell resolution. Our ability to observe more biochemical species has vastly improved

over the past few decades with the rapid advancement of mass-spec and sequencing methods for -omics [65].

Recently, these methods have even been extended to single-cell resolutions [66]. However, -omics-based

approaches typically cannot observe cell signaling in real-time [7]. Concurrent advancements in protein

engineering and molecular biology stemming from the discovery of green fluorescent protein [67], have

led to the introduction of modern fluorescent protein biosensors [68]. These tools can be expressed within

a cell and used to quantify signaling events in near-real-time at the single-cell [6], [7], [69], [70] and

subcellular resolutions [8], [71], [72]. This high-resolution data provides the temporal resolution necessary

to combine with mathematical models [73], [74].

1.3 Uncertainty in systems biology

Handling uncertainties is a key challenge of systems biology modeling [75], [76]. There are many

sources of uncertainty in mechanistic modeling of signal transduction, including the model structure itself,
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the distribution of the model parameters, and the quality of the data used for model calibration [75]–[77].

Uncertainty in the model structure arises because models are built from incomplete knowledge of a

biological system using a set of assumptions. As discussed above, reaction fluxes for many biochemical

reactions can be established in terms of different choices of rate equations [61]–[63], but they could also

be formulated using alternative phenomenological representations such as generalized Hill equations [78].

This uncertainty in the model equations is known as model form or topological uncertainty and can drive

significant uncertainty in model predictions [79]–[82]. Once a model form has been established, one must

determine suitable model parameters, including the kinetic rate constants, for various flux terms [75],

[83]. While model parameters represent biological quantities such as reaction rates, direct experimental

measurement of these parameters often occurs in isolated reaction systems and does not capture the

complexity of the entire network of reactions represented by the models. Therefore, we must rely on

methods to infer and estimate parameter values from data. This is complicated by the strong nonlinearity

in the states and parameters, as well as the large parameter count relative to the number of states, which

collectively result in parameter spaces that are difficult to explore with estimation algorithms. Estimation

and identification of the kinetic parameters associated with these reactions and quantifying the associated

uncertainty requires selecting a statistical model and then learning the distribution of these parameters

from available data [5], [83]–[87]. However, addressing model form uncertainty and parameter estimation

is complicated by the noisy, temporally sparse, and incomplete nature of data found in systems biology

(few or select readouts due to experimental limitations) that introduce uncertainties in the biological

parameters [87]–[90]. Uncertainty exists in experimental measurements for several reasons, including

physical limitations such as the diffraction limit of light [91], inability to directly measure concentrations

of biological species [6], [7], and intrinsic and extrinsic noise [92]. Reducing this uncertainty can increase

trustworthiness in model predictions and help to drive model-based predictions.

7



1.4 Uncertainty quantification—A Bayesian perspective

Uncertainty quantification determines how model assumptions, inferred quantities, and data

uncertainties impact model predictions. UQ methods and applications embrace the reality that model

predictions and experimental observations are inherently uncertain and aim to include more than just

deterministic equations with point estimates. Uncertainties are naturally represented using probabilities [84].

Therefore, UQ can be characterized by the bridging of computational mathematics with probability and

statistics [5]. UQ was originally developed for traditional engineering and national security applications,

where models are heavily relied upon for decision making [5]. A complete handling of UQ goes far

beyond this thesis, but some key applications include inverse problems [93]–[97], risk estimation [98],

rare events modeling [99], sensitivity analysis [100], [101], model form uncertainty [79], [102], and

surrogate/reduced-order modeling [79], [103]–[107]. Due to the nature of systems biology models and the

problems that arise, we focus on three of these UQ tasks: inverse problems (parameter estimation) and

sensitivity analysis.

A brief introduction to inference: Frequentist vs. Bayes Here, we make an effort to describe

the fundamentals of statistical inference for a general model ŷ = g(!) with model parameter ! and available

data Y . Statistical inference aims to solve the inverse problem that answers: Which value (or values) of

theta best recapitulate the data? [84], [93]. The frequentist approach treats this as an optimization problem,

which is defined as

!̂ = argmin
!

J(! ,Y ), (1.3)

where J(! ,Y ) is an objective function that measures the discrepancy between model predictions and data,

and !̂ is the best-fit point estimate for the unknown parameters. For example, the objective function could

be the sum of squared errors, which is defined as J(! ,Y ) := !N
i (g(!)↑ yi)2, for data Y = (y1,dots,yN).
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Alternatively, Bayesian inference aims to learn a probability density for the unknown parameters condi-

tioned on the data, p(! |Y ), called the posterior density. Bayes’ Rule allows one to equate the posterior

density to a product of the prior density p(!) and the likelihood function p(Y |!) normalized by the

evidence p(Y ), and is defined as

p(! |Y ) :=
p(!)p(Y |!)

p(Y )
. (1.4)

Here, the prior density encodes assumptions about the parameters before observing any data, and the

likelihood function measures the probability of correctly predicting data. The evidence is often intractable

and is therefore dropped, replacing equality for proportionality in Eq (1.4). There are several excellent

texts on Bayesian inference that provide in-depth theory beyond what is covered here, including [108].

Importantly, Bayesian methods are always subjective, with beliefs encoded in the prior and likelihood

densities; these beliefs will only be overcome in the limit of infinite data [108].

A key difference between traditional modeling and modeling with UQ is how unknown quantities

are handled and inferred from data. More traditionally, inference is approached using frequentist statistics,

where unknowns are thought to have a single true value that we aim to infer from data [5]. Here, inference

is typically posed as an optimization problem where the objective to find the values for unknown parameters

the minimize the discrepancy between model predictions and data. In the frequentist setting, it is possible

to estimate predictive uncertainties using quantities such as confidence intervals. On the contrary, UQ

come more naturally when unknown quantities are treated as random variable where the goal of inference

is to characterize their probability densities conditioned on data [84]. From the Bayesian perspective, the

resulting probability density conveys all of th necessary information to quantify predictive uncertainty. In

the remainder of this section, we briefly introduce both points of view.
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1.5 Mathematical preliminaries

This work assumes the reader has a working knowledge of differential equations and dynamical

systems, which are typically covered in a standard undergraduate degree in engineering or applied

mathematics. The reader should be familiar with numerical schemes for solving nonlinear differential

equations (for reference, see [109]). Additionally, the reader should be comfortable with concepts in

probability and statistics, including random variables and Monte Carlo estimation. There are countless

books on these topics; however, I found the following resources particularly valuable [84], [110]–[112]. A

strong foundation in a scripting language with a strong statistics community, such as R, Python, or Julia, is

essential.

1.6 Summary of Thesis

This thesis addresses uncertainties in biology by answering three questions. First in Chapter 2, we

ask: Given a system of equations, how do we best estimate uncertain model parameters from available

data? Next, in Chapter 3, we ask: How do we make predictions if we have multiple models of the same

system? Finally, in Chapter 4, we ask: How do we build a new model for a system where we have

experimental data, but few published models exist? We also highlight how UQ methods can be applied

beyond systems biology to diabetes care (Chapter 5).
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Chapter 2

A Bayesian Framework for Parameter

Estimation of Dynamical Models in Systems

Biology

2.1 Introduction

Mathematical modeling is an integral part of systems biology; indeed, the use of approaches

from dynamical systems analyses resulted in a paradigmatic shift in our understanding of biochemical

signal transduction and enabled the identification of the emergent properties of a signaling network [29],

[113]–[115]. Additionally, mathematical models allow us to investigate the dynamics of biological systems

beyond what is experimentally possible [116]–[119]. A classical approach to modeling the dynamics of

signal transduction is the use of systems of ordinary differential equations (ODEs) [61], [62]. Often these

equations include nonlinear functions to capture complex biochemical interactions using Michaelis-Menten
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kinetics and Hill functions for cooperative binding [2]. One of the ongoing challenges in developing and

constraining predictive models of signal transduction has been the estimation and identification of the

kinetic parameters associated with these reactions and quantifying the associated uncertainty [85]–[87].

The use of rigorous, quantitative approaches to estimate kinetic parameters and their uncertainties is in its

early stages in systems biology [83], [85], [120]–[122] even though such methods are far more prevalent in

the greater computational science community under the field of uncertainty quantification (UQ) [5], [93],

[123], [124].

There are many sources of uncertainty in dynamical systems modeling of signal transduction,

including the model structure itself, the values of model parameters, and the quality of the data used

for model calibration. Uncertainty in the model equations, known as model form or topological uncer-

tainty [79]–[82] often arises during model development. However, the reaction fluxes for many biochemical

reactions (ODE formulations) can be established in terms of classical rate equations [2], [61], [62]. The

more significant challenge is establishing suitable model parameters, including the kinetic rate constants,

for various flux terms [83]. Direct measurement of these parameters often occurs in isolated reaction

systems and does not capture the complexity of the entire network of reactions represented by the models.

Estimating these biological parameters and identifying any remaining uncertainties requires selecting a

statistical model and then learning the distribution of these parameters from available data [5], [84]. From

this viewpoint, the biological parameters are random variables that either have parametric or nonparametric

distributions. However, parameter estimation is complicated by the noisy, sparse (few time points), and

incomplete nature of data found in systems biology (few or select readouts due to experimental limitations)

that introduce uncertainties in the biological parameters [87]–[90], [125]. In the face of these complicating

factors, there is a need for statistical modeling of parameters that enables uncertainty quantification.

A comprehensive parameter estimation and UQ framework should consider the impact of structural
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parameter identifiability and parameter sensitivity [83], [89], [126]–[128]. Structural parameter identifia-

bility analysis reveals which of the parameters can be estimated given a specific dynamical systems model

and a set of measurable outputs [88], [89], [129], [130]. A parameter is globally structurally identifiable

if there is only one unique model output for each value of that parameter [89]. Parameters that do not

meet this criterion are deemed structurally nonidentifiable and cannot successfully be estimated from the

specified model outputs. Structural nonidentifiabilities can arise due to complex nonlinear equations and

incomplete experimental data that only measures a subset of the system’s states. Additionally, parametric

sensitivity analysis [5], [131], [132] quantifies how sensitive a model output is to variations in the model

parameters. Gutenkunst et al. [88] found that most models in systems biology contain parameters with a

wide range of sensitivities, which they termed ‘sloppy’. Despite this challenge, sensitivity analysis helps

rank the set of identifiable parameters by their contributions to specified model outputs, [133] as was done

in Mortlock et al. [134] for the prolactin-mediated JAK-STAT signaling pathway. This analysis enabled

them to select a subset of 33 out of 60 total parameters that significantly contribute to variations in the

model outputs.

Commonly used methods to estimate parameters for systems biology models include frequen-

tist [121] and Bayesian approaches [122]. In the frequentist setting, parameter estimation is formulated as

an optimization problem, and the solution to the parameter estimation problem is the set of parameters that

best recapitulates the data [5]. Additionally, frequentist approaches quantify uncertainty via estimated con-

fidence intervals around the optimal parameters [5], [135], [136]. In contrast, in the Bayesian perspective,

parameters are assumed to be random variables whose unknown probability distributions, called posterior

distributions, quantify the probability of assuming any value in the parameter space [5], [84], [93]. The

advantage of Bayesian approaches comes from their ability to characterize the entire posterior distribution

and quantify the uncertainty in parameter estimates via credible intervals [84]. Many methods have been
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developed for Bayesian parameter estimation [122], [137]–[143] that all aim to characterize the posterior

distribution, by leveraging Bayes’ rule [5], [84]. For example, Mortlock et al. [134] successfully used

Bayesian estimation to study the uncertainty in the model predictions and assess the statistical significance

of their modeling results.

Despite the successes of Bayesian parameter estimation in systems biology [83], [85], [120], [122],

failure to account for all sources of uncertainty in a model can significantly inhibit parameter estimation and

uncertainty quantification [82], [83], [88]. Thus, a comprehensive framework for UQ in systems biology

should include rigorous accounting of uncertainties in the model structure, nonidentifiable parameters,

mixed parameter sensitivities, and noisy, sparse, or incomplete experimental data. While identifiability

and sensitivity analyses are typically performed prior to parameter estimation [83], [89], accounting for

model form uncertainty requires us to consider a stochastic model instead of a deterministic one [79], [82],

[90], [144]. One promising approach to account for model form uncertainty is the Unscented Kalman filter

Markov chain Monte Carlo (UKF-MCMC) method [82], [145]. This method includes statistical models for

noisy data and model form uncertainty simultaneously; however, it has not been adapted for dealing with

the unique challenges in system biology. Similarly, the parameter estimation and model selection method

in [90] accounts for model form uncertainty with extended Kalman filtering but does not provide complete

uncertainty estimates because it takes a frequentist approach for parameter estimation. Thus, there is a need

for a framework that combines structural identifiability analysis, global sensitivity analysis, a statistical

model for data and model form uncertainty, and Bayesian parameter estimation for comprehensive UQ of

dynamical models in systems biology.

The novelty of this work lies in the comprehensive workflow we have developed to advance

the current state of the art for uncertainty quantification in systems biology. Additionally, the proposed

framework accounts for uncertainty in the data and model structure by building on the Bayesian framework
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and the UKF-MCMC method [82], [145]. Our proposed workflow begins with structural identifiability

analysis [130], [146] and global sensitivity analysis [131], [147] to eliminate parameters that cannot be

learned from the measurements or that are not affecting the model outputs and then extends UKF-MCMC

for systems biology by leveraging the constrained interval unscented Kalman filter (CIUKF) [148]. Taken

together, each of these steps quantitatively addresses uncertainties encountered during model development

and calibration to improve predictive modeling in systems biology.

The remainder of this paper details our comprehensive workflow for uncertainty quantification in

systems biology and presents several examples to highlight this analysis. First, in Section 4.2 we introduce

the proposed framework and provide the mathematical details needed to understand and apply the approach.

Next, in Section 2.3 we apply this framework to three systems biology models of increasing complexity,

including a simple two-state model [149], a model of the core mitogen-activated protein kinase (MAPK)

signaling pathway [150], and a phenomenological model of synaptic plasticity to capture long-term

potentiation/depression [151]. We found that even in simple models, estimation of parameters depends on

the level of data noise and data sparsity. Finally, the framework enables uncertainty quantification for model

structures that include non-linearities and multistability. In all of these cases, we leverage identifiability

and sensitivity analyses to narrow the subset of parameters for estimation and then use Bayesian estimation

to determine the role of model structure in parameter estimation. These results establish an uncertainty

quantification-focused approach to systems biology that can enable rigorous parameter estimation and

analysis. Lastly, in Section 4.3.5 we discuss these findings in the context of the three examples, address

challenges in applying Bayesian methods, and provide directions for future UQ in systems biology.
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2.2 Methods

This section describes the technical details of the comprehensive framework for uncertainty

quantification (see Fig 2.1) proposed in Section 2.2.1. Next, Section 2.2.2 introduces dynamical systems

biology models and the parameter estimation problem. Sections 2.2.3 and 2.2.4 respectively overview

structural identifiability and global sensitivity analyses to reduce the dimension of the parameter space.

Then Section 2.2.5 introduces Bayesian estimation, Section 2.2.6 outlines the CIUKF-MCMC algorithm,

and Section 2.2.7 describes the constrained interval unscented Kalman filter in detail. Following this,

Section 2.2.8 discusses how to construct prior distributions and Section 2.2.9 details Markov chain Monte

Carlo sampling. Lastly, Section 2.2.10 discusses output uncertainty propagation with ensemble modeling,

Section 2.2.11 highlights choosing point estimators for the parameters, Section 2.2.12 delineates synthetic

data generation and Section 2.2.13 outlines limit cycle analysis.

2.2.1 Framework for comprehensive uncertainty quantification for dynamical models in

systems biology

This section previews the proposed comprehensive framework for parameter estimation and

uncertainty quantification of dynamical models in systems biology. Figure 2.1 outlines the framework and

its components, which are then described in much more detail in the subsequent sections. The proposed

framework follows three main steps. First, we assume that dynamical models of intracellular signal

transduction (Fig 2.1A1) use classical biochemical rate laws, such as mass action kinetics, Michaelis-

Menten kinetics, and Hill functions [2], [61], [62] (Fig 2.1A2). The key challenge to applying these models

is estimating the associated parameters, such as the rate constants k and Vmax, equilibrium coefficients

Km and KA, and Hill coefficients n in Fig 2.1A2, from available experimental data (Fig 2.1A4). The

comprehensive framework uses Bayesian inference to estimate a statistical model (a probability distribution;
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Figure 2.1: (A) Model development in systems biology begins with model construction and data
collection. Dynamical models in systems biology typically involve a system of ODEs that capture the
dynamics of the concentrations of different chemical species in the system (A1). The reaction rates
associated with these concentration changes are usually mass action, Michaelis Menten kinetics, or
cooperative kinetics represented by the Hill equation (A2). The free parameters in these models include
kinetic rate constants, e.g. k, Vmax, equilibrium constants, e.g. Km, KA, and Hill coefficients, e.g. n.
These parameters are first constrained by best guess values based on physiological ranges and typical
values of model parameters from the literature (A3). Finally, the model needs experimental data for
validation; this data can either be from published work or new experiments. (B) Parameter preprocessing
and Bayesian parameter estimation with the CIUKF-MCMC algorithm. First structural identifiability
and global sensitivity analyses on the entire parameter set reduce the set of free parameters that can be
estimated (B1). Next, we perform Bayesian parameter estimation for this reduced set of parameters to
learn their posterior distributions. The posterior distribution is the parameter distribution conditioned on
the data (B2). Bayes’ rule relates the posterior distribution to the product of the prior distribution and
the likelihood function. The prior distribution encodes known information about the parameters and the
likelihood function (which requires simulating the model) measures the misfit between predictions and
the data. A state-constrained Unscented Kalman filter approximates the likelihood function to account
for uncertainty in the model equations. Although Bayes’ rule provides a means to evaluate the posterior
distribution at specific points in the parameter space, we use Markov chain Monte Carlo (MCMC)
sampling (B3) to characterize the entire distribution. (C) The posterior distributions enable uncertainty
analysis of model outputs through ensemble simulation. We perform simulations using the posterior
parameter samples to propagate parameter uncertainty through the model (C1). Statistical analysis of the
ensemble enables us to compute uncertainty intervals and study various system behaviors, for example,
the statistics of the steady state values (C2).

see Fig 2.1B) for the model parameters given a set of noisy measurement data and a specific model form.

We argue that identifiability and sensitivity analysis are necessary steps to perform before parameter
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estimation (Fig 2.1B1). To eliminate uncertainty due to nonidentifiable parameters, we perform global

structural identifiability analysis using the Structural Identifiability Analyzer (SIAN) [130], [146] (see

Section 2.2.3 for details). The nonidentifiable parameters are fixed to their nominal values from the

literature or based on their physiological ranges. Next, variance-based global sensitivity analysis [5],

[131] is performed to rank the identifiable parameters in order of their contributions to the variance of

the model outputs (see section 2.2.4 for details). A subset of the identifiable parameters with the largest

sensitivity indices is selected for parameter estimation. The remaining model parameters are then fixed to

their nominal values in the same fashion as nonidentifiable parameters.

Bayesian parameter estimation completely characterizes uncertainty in the model parameters

by estimating a nonparametric statistical model. Bayes’ rule (see Fig 2.1B2) provides the best guess

distribution, called the posterior distribution, for the parameters starting from an initial guess (the prior

distribution) that is transformed by the available experimental data with the likelihood function. The

likelihood function measures the mismatch between the data and the model predictions and returns higher

probabilities for parameter sets that produce outputs closer to the data. We use the CIUKF-MCMC

algorithm [82], [145] to approximate the likelihood function and account for uncertainty in the model

formulation, data, and parameters. Markov chain Monte Carlo sampling, with either delayed rejection

adaptive Metropolis [152] or the affine invariant ensemble sampler [153], generates a set of samples that

represents the posterior distribution (Fig 2.1B3).

Lastly, we leverage the posterior distribution to quantify how uncertainty in the model parameters

affects uncertainty in the model predictions (Fig 2.1C). An ensemble simulation with the parameter

samples generates sets of trajectories (see Fig 2.1C1) that capture the uncertainty in the predicted dynamics.

Computing uncertainty intervals such as the 95% credible intervals presented in Fig 2.1C2 provides

a visualization of this uncertainty. Notably, credible intervals are different from confidence intervals
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because credible intervals capture a specified percentage of the samples whereas confidence intervals

are random variables that capture regions where estimators will lie at a specified probability level [84]

(see Fig 2.2 for an example of a credible interval). Additionally, statistical analysis of the ensemble

enables quantitative analysis of computational modeling results in the same way that running multiple

experimental trials enables analysis of experimental results. Before discussing the methods that enable

comprehensive uncertainty quantification in the following sections, the next section formally introduces

parameter estimation for dynamical models in systems biology.

2.2.2 Parameter estimation for systems biology models in the form of partially-observed

systems of ordinary differential equations

We consider nonlinear ordinary differential equation models of the form

dx(t)
dt

= !
i

fi (x(t); ! f ) (2.1)

y(t) = h(x(t); ! h)+∀(t), ∀(t)≃ N (0,∀(! ∀)) , (2.2)

where x ↓ Rd
↔0 is the state vector of nonnegative species concentrations and y ↓ Rm is the vector

of potentially incomplete, m ⇐ d, measurements of x. The functions fi(·; ·) : Rd ↗Rp ↘ Rd govern the

rates of the involved biochemical reactions and are derived using biochemical theory (see Fig 2.1A2 for

example terms). Further, ! f ↓ Rp f is the vector of biological model parameters, including but not limited

to rate constants, binding coefficients, and equilibrium coefficients. The function h(·; ·) : Rd ↗Rp ↘ Rm is

the measurement function that maps from the states to the set of observables (experimental data), where

! h is the vector of associated parameters. Lastly, the measurements y(t) are corrupted by independently

19



and identically distributed (iid) Gaussian measurement noise ∀(t) ↓ Rm with zero mean and covariance

matrix ∀ ↓ Rm↗m. The covariance matrix is parameterized by ! ∀ ↓ Rm such that ∀(! ∀) = diag(! ∀). The

parameter space is then defined as the multidimensional space of all possible values of ! = [! f , ! ∀], e.g.,

! ↓ Rp f +m.

In this work, we make several simplifying assumptions to the model in Eqs (2.1)–(2.2). First,

we assume that the measurement function h(·; ·) is linear and that all the parameters in ! h are known, so

Eq (2.2) becomes

y(t) = Hx(t)+∀(t), (2.3)

with H ↓ Rm↗d . Second, we assume that the initial condition x(t = 0) = x0 is known, so it is excluded

from parameter estimation.

Although Eqs (2.1)–(2.2) define a continuous-time dynamical system, we mostly deal with discrete

observations. The set of n measurements Yn = {y1, . . . ,yn} denotes the experimental data taken at time

instances t1,⇐ t2, . . . ,⇐ tn, where yk = Hxk +∀k. In this discrete setting, xk is the state vector at time tk and

∀k is an independent realization of the measurement noise. Additionally, the set of states at the discrete

measurement times defined above is Xn = {x1, . . . ,xn}. Note that the full (internal) states may not be

available for estimation, only the measurements.

We can now define the problem setting of the proposed parameter estimation framework. This

work assumes that the model form is known and seeks to estimate the model parameters and associated

uncertainties by learning a probability distribution for the parameters. The following problem statement

formalizes the parameter estimation problem.
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Problem 1. Given a known model form as in Eq (2.1) and a set of noisy, sparse and incomplete,

experimental measurements Yn = {y1, . . . ,yn} at time instances t1 ⇐ t2, . . . ,⇐ tn, estimate the complete

probability distribution, p(! |Yn), for the model parameters ! = [! f , ! ∀]⇒.

The next section outlines the structural identifiability and global sensitivity analyses performed to

reduce the dimension of ! before estimating parameters.

2.2.3 Global structural identifiability analysis with the structural identifiability analyzer

(SIAN)

Structural identifiability analysis determines if parameters can be uniquely estimated from the

available measurement function [89]. Structural identifiability is a mathematical property of the model

itself and does not consider the quality or quantity of the available experimental data. The following

definition from [154] provides an intuitive condition for global structural identifiability and can be shown

to be equivalent to alternative definitions [127], [130].

Definition 1 (Global structural identifiability [154]). A parameter !i is globally structurally identifiable if,

for almost all ! ↓ Rp and for all times t > 0,

y(t,! ⇑) = y(t,!) =⇓ ! ⇑
i = !i,

where ! ⇑ = [! ⇑
1, . . . ,! ⇑

i , . . . ,! ⇑
p]
⇒ and ! = [!1, . . . ,!i, . . . ,!p]⇒.

Global structural identifiability, as in Definition 1, implies that a parameter !i can be uniquely

identified from data. If a parameter is globally structurally identifiable, then there is a single unique

value of that parameter that gives each observed output value with the same initial conditions [130].
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Alternatively, a parameter may be locally structurally identifiable if the condition in Definition 1 only

holds in a local neighborhood, V (!i), of parameter space around !i, e.g., for !i ↓ V (!i) [89], [127], [130].

This condition implies that a finite number of values of a locally identifiable parameter can give the same

output values [130]. Lastly, if a parameter is nonidentifiable, then infinitely many values of that parameter

can give the same model output. While models with locally structurally identifiable and nonidentifiable

parameters are still valid over the entire parameter space, the existence of such parameters can confound

successful parameter estimation. Many computational methods have been developed to assess structural

identifiability [89], [127], [130], [155] for ODE-based models. In this work, we use the differential algebra

and power series-based approach presented in [130], [146], because the method specifically assesses

global identifiability. The SIAN (Structural Identifiability ANalyser) software [146] provides a numerical

implementation of the approach proposed in [130]. The SIAN algorithm for assessing global structural

identifiability uses a combination of symbolic and probabilistic computation [130], [146]. First, SIAN uses

Taylor expansions of the model equations to obtain a polynomial representation of the system. Second,

the algorithm truncates the polynomial system to produce a minimal system containing all parameter

identifiability information. Third, SIAN solves the identifiability problem for a single parameter set that

is randomly selected to guarantee correctness up to a user-specified probability level p (see Theorem 5

in [130]). Fourth, the algorithm uses the results in the third step to separate the parameters into globally

identifiable, locally identifiable, and nonidentifiable sets. SIAN is implemented in Maple (Maplesoft,

Waterloo, ON) and Julia (The Julia Project [156]). We refer the reader to [130] for additional mathematical

details on SIAN.

We use the Julia implementation of the SIAN algorithm with the default probability of correct-

ness, p = 0.99 (available at https://github.com/alexeyovchinnikov/SIAN-Julia). Furthermore, we set the

additional p_mod parameter to 229 ↑3 to enable the algorithm to run faster [157]. Any parameters that
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are not globally structurally identifiable are fixed to nominal values informed by the available literature

following identifiability analysis. While these parameters may convey meaningful biological information,

nonidentifiability implies that it is mathematically impossible to identify them from the available data.

Next, global sensitivity analysis is used to further reduce the set of identifiable parameters.

2.2.4 Variance-based global sensitivity analysis

Parametric sensitivity analysis quantifies the contributions of the model parameters to variations

in the model output [5], [131]. Specifically, global sensitivity analysis aims to quantify the effects of the

model parameters on the output quantity of interest over the entire parameter space [5], [131] and is well

suited for studying parameters in nonlinear models [126], [131]. This work applies Sobol’s method [147]

for variance-based sensitivity analysis because it provides a quantitative output to rank parameters and

leverages the prior distributions defined for the parameters. Sobol sensitivity analysis decomposes the

variance of model outputs based on contributions from individual parameters and interactions between

parameters [131], [147]. The total variance of the output quantity f (!) is

D =
∫

Rp
f 2(!)d! ↑ f 2

0 , (2.4)

where f0 :=
∫
Rp f (!)d! is the mean of the output. The following definition for the analysis of variance

(ANOVA) representation provides an expansion for the output variance in a high-dimensional representation

(HDMR), also known as a Sobol representation [5], [147].

Definition 2 (Analysis of variance (ANOVA) representation [5], [131], [147]). The ANOVA expansion

states that the output function f (!), for ! ↓ Rp defined as ! = [!1, !2, . . . , !p]⇒, can be represented as
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f (!) = !
i

fi(!i)+!
i< j

fi, j(!i,! j)+ . . .+ f1,2,...,p(!1,!2, . . . ,!p),

where the zero-, first-, and second-order terms are defined recursively as

f0 =
∫

Rp
f (!)d!

fi(!i) =
∫

Rp
f (!)d!≃i ↑ f0

fi, j(!i,! j) =
∫

Rp
f (!)d!≃{i, j}↑ fi(!i)↑ f j(! j)↑ f0,

respectively. The recursion is extended further for increasing numbers of parameters to compute

higher-order terms. This definition assumes that the contribution terms are orthogonal (see Def 1 in [147]),

and the notation ≃ i refers to the set excluding index i, for example: d!≃i = {d!1, . . ., d!i↑1, d!i+1, . . .,

d!p}.

The ANOVA representation (see Def 2) expands the total variance, Eq (2.4), as

D =
p

!
i=1

Di + !
1⇐i< j⇐p

Di, j, (2.5)

where the variances Di and Di, j are

Di =
∫

Rp
f 2
i (!i)d!i and Di, j =

∫ ∫

Rp
f 2
i, j(!i,! j)d!id! j.

Note that it is possible to compute higher-order variances by increasing the dimension of the integral and

following the recursion in Def 2, however we limit our discussion to second-order or lower variances for
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brevity. The first and second-order Sobol sensitivity indices are then defined using the variance terms in

Eq (2.5) as

Si =
Di

D
and Si, j =

Di, j

D
.

The first-order sensitivity index Si quantifies the fraction of the total variance attributed to parameter

!i, and the second-order sensitivity index Si, j quantifies this for the interactions between !i and ! j. Lastly,

the total-order sensitivity is

STi = Si +
p

!
j=1

Si, j,

which quantifies all contributions from parameter !i on the output variance.

This work uses the UQLab toolbox [158], [159] to perform Sobol sensitivity analysis in Matlab

(MathWorks, Natick, MA) and the DifferentialEquations.jl package [160] for analysis in Julia. Both

softwares use Monte Carlo estimators to compute Sobol sensitivity indices from parameter samples (see [5],

[131] and references therein for details). In Matlab, unless otherwise specified, first and total sensitivity

indices are computed using Sobol pseudo-random sampling (e.g. SOpts.Sobol.Sampling = ‘sobol’)

and the default estimator (SOpts.Sobol.Sampling = ‘janon’), see [159] for details. Additionally,

the number of samples, SOpts.Sobol.SampleSize, is set specifically for each problem in Section 2.3.

In Julia, we perform similar Sobol sampling with QuasiMonteCarlo.jl (https://github.com/SciML/

QuasiMonteCarlo.jl) with the SobolSample() sampler, and the default estimator for the sensitivity indices,

e.g. Ei_estimator set to :jansen1999.

Sobol sensitivity analysis computes sensitivity indices for scalar output quantities rather than

for an entire trajectory. Thus, we define quantities of interest (QoI) for each problem that capture the
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biologically relevant information in a trajectory, such as the steady state value of a certain biochemical

species. Using the computed sensitivity indices for the given QoI, we rank the parameters and aim to

find the most influential parameters by selecting those with the greatest sensitivity indices. The critical

challenge is selecting a cutoff point that separates the influential parameters from the complete set. To do

so, we chose a threshold corresponding to a pronounced decline in the sensitivity index value or a logical

value of that index, for example, Si ↔ 0.1. All parameters with sensitivity indices above the cutoff value

are left free for estimation, and the remaining parameters are fixed to their nominal values. The following

section recasts the parameter estimation problem (Problem 1) in the Bayesian framework to estimate the

free, influential parameters.

2.2.5 Bayesian parameter estimation

Bayesian parameter estimation solves Problem 1 by considering the model parameters, ! , as

random variables that do not have a pre-specified parametric distribution. Note that parametric distributions

have probability density functions that are fully described by a closed-form parametric equation, such as a

normal distribution that is characterized by its mean and variance. The approach characterizes the posterior

probability distribution for the parameters p(! |Yn) conditioned on a given dataset Yn and provides the

best guess probability distribution for ! given the data. We can use Bayes’ rule to express the posterior

distribution as

p(! |Yn) # p(!)L (! ;Yn), (2.6)

where p(!) is known as the prior distribution, and L (! ;Yn) is the likelihood function (see Fig 2.1B2 for

a visual representation of Bayes’ rule).

Intuitively, Bayes’ rule updates our best guess about the distribution of the model parameters as

new data is being incorporated. The prior distribution p(!) represents the best guess before any data
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are collected and encodes any assumptions on the parameters. For instance, the prior may convey the

physiological ranges for parameter values or may weigh known values more heavily (see Section 2.2.8).

The likelihood function L (! ;Yn) = p(Yn|!) updates our belief state by measuring the misfit between the

data and model predictions with a specific parameter set. Parameter sets that are more likely to occur will

produce model predictions that better match the data and thus have higher likelihood probabilities. For

example, although the prior in Fig 2.1B2 places more probability on smaller values of ! , the likelihood in

Fig 2.1B2 places more probability mass towards larger values. It is important to note that evaluation of the

likelihood function requires model simulations. For example, assuming Gaussian measurement noise with

zero mean, a possible likelihood function is

L (! ;Yn) =
1

(2#)m
2 |∀| 1

2

n

∃
k=1

exp
(
↑1

2
||yk ↑Hx̂k||2∀

)
, (2.7)

where x̂k is the predicted state at time tk with the parameters ! , | · | denotes the matrix determinant, and the

C-weighted norm is defined as ||a||2C := a⇒C↑1a, where C is a symmetric positive definite matrix. Lastly,

the posterior distribution conveys the best guess after collecting and incorporating the data Yn into the

statistical model and can be further refined if more data are included. In Fig 2.1B2, the posterior illustrates

how the likelihood function re-weights the prior to update our belief state.

A fundamental difficulty in Bayesian parameter estimation is that Bayes’ rule only enables

evaluating the posterior distribution at specific points in parameter space. This is in contrast to, for example,

the formula for a Gaussian distribution (with mean µ and standard deviation ∃ )

p(x) =
1⇔

2#∃2
exp

(
↑(x↑µ)2

∃2

)

that can be analytically evaluated at all values of x. Therefore, parameter samples are drawn from
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the posterior help to characterize the distribution over the entire parameter space. Markov chain Monte

Carlo (MCMC) algorithms enable sampling from arbitrary distributions, such as the posterior distribution

(see Section 2.2.9 for details). Before performing Bayesian estimation the next section introduces the

constrained interval unscented Kalman filter Markov chain Monte Carlo (CIUKF-MCMC) algorithm that

accounts for uncertainty in the model and the data.

2.2.6 Constrained interval unscented Kalman filter Markov chain Monte Carlo (CIUKF-

MCMC)

Complete uncertainty quantification of dynamical models in systems biology must account for

uncertainty in the model form, parameters and noisy data. In [82], Galioto and Gorodetsky suggest adding

a process noise term to Eq (2.1) to account for model form uncertainty in the system. Following this

suggestion, the model in Eqs (2.1-2.2) is recast as a discrete time stochastic process

xk = % (xk↑1; ! f )+& k, & k ≃ N (0,%(! %)) (2.8)

yk = Hxk +∀k, ∀k ≃ N (0,∀(! ∀)) , (2.9)

where k is the discrete time index for tk, and %(·; ·) is the discrete state propagator that evolves the state

from time tk↑1 to time tk. Additionally, & k and ∀k are Gaussian process and measurement noise (stochastic

noise processes) with covariances %(! %) and ∀(! ∀), respectively. The discrete state propagator %(·; ·) in

Eq (2.8) is the discrete operator that evolves the state according to the differential equation in Eq (2.1),

and, for example, could be a forward-Euler finite-difference approximation. This work deploys the Matlab

function ode15s() to construct a state propagator that guarantees the necessary stability to handle systems

biology models.
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Bayesian estimation of the model parameters, ! = [! f , ! %, ! ∀]⇒, of the extended system in

Eqs (2.8)–(2.9) accounts for uncertainty in the data, model, and parameters. The introduction of process

noise increases the dimension of the parameters to estimate by requiring estimates for ! %. Further, the

addition of stochastic process noise means the state variables are random variables; Bayes’ rule for this

system becomes

p(! ,Xn|Yn) # p(!)L (! ;Yn,Xn), (2.10)

to account for the additional uncertainty in the states. The key step of the UKF-MCMC algorithm is the

marginalization of uncertainty in the states out of Eq (2.10) to enable estimation of the parameter posterior

distribution [82].

The UKF-MCMC algorithm begins by constructing an expression for the joint likelihood of the

states and the parameters, L (! ;Yn,Xn). Two probability distributions implied by the stochastic system

in Eqs (2.8-2.9) are needed to define an expression for the joint likelihood. First, the probability of the

current state xk given the past state xk↑1 is

p(xk|xk↑1,! f ,%(! %)) =
exp

(
↑ 1

2

∣∣∣∣xk ↑%(xk↑1,! f )
∣∣∣∣2

%

)

(2#) d
2 |%(! %)|

1
2

, (2.11)

where the norm
∣∣∣∣xk ↑%(xk↑1,! f )

∣∣∣∣2
% quantifies the misfit between the past state and the predicted current

state. Next, the probability of a measurement yk given xk is

p(yk|xk,∀(! ∀)) =
exp

(
↑ 1

2 ||yk ↑Hxk||2∀
)

(2#)m
2 |∀(! ∀)|

1
2

, (2.12)

where the norm ||yk ↑Hxk||2∀ quantifies the residual between the measurement and the true states. By

29



combining Eq (2.11) and Eq (2.12) the joint likelihood is

L (! ;Yn,Xn) =
n

∃
k=1




exp

(
↑ 1

2

∣∣∣∣xk ↑%(xk↑1,! f )
∣∣∣∣2

%

)

(2#) d
2 |%(! %)|

1
2

↗
exp

(
↑1

2 ||yk ↑Hxk||2∀
)

(2#)m
2 |∀(! ∀)|

1
2



 . (2.13)

Marginalizing out the uncertain states by integration yields the likelihood for the uncertain parameters

L (! ;Yn) =
∫

Rd
↔0

· · ·
∫

Rd
↔0

L (! ;Yn,Xn)dx1 . . .dxn. (2.14)

However, there is no obvious computationally tractable approach to integrate over a set of uncertain states

directly. Theorem 1, stated below, provides a recursive algorithm to marginalize the states out of the

likelihood, e.g., to perform the integration in Eq (2.14). Although Theorem 1 assumes that the initial

condition is uncertain (and it is therefore estimated), we do not use that estimate in this work, as we start

with a known initial condition x0.

Theorem 1 (Marginal likelihood (Theorem 1 of [82] and 12.1 of [161])). Let Yk denote the set of all

observations up to time tk as defined in Section 2.2.2. Let the initial condition be uncertain with distribution

p(x0|!). Then the marginal likelihood is defined recursively in three stages:

for k = 1,2, . . .

1. Predict the new state from previous data

p
(
xk+1

∣∣! ,Yk
)
=

∫

Rd
↔0

p
(
xk
∣∣! ,Yk

) exp
(
↑ 1

2

∣∣∣∣xk+1 ↑%(xk,! f )
∣∣∣∣2

%

)

(2#) d
2 |%(! %)|

1
2

dxk,

2. update the prediction with the current data
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p
(
xk+1

∣∣! ,Yk+1
)
= p

(
xk+1

∣∣! ,Yk
) exp

(
↑ 1

2 ||yk+1 ↑Hxk+1||2∀
)

(2#)m
2 |∀(! ∀)|

1
2

,

3. and marginalize out uncertainty in the states

Lk+1
(
!
∣∣Yk+1

)
=

∫

Rd
↔0

p
(
xk+1

∣∣! ,Yk
) exp

(
↑1

2 ||yk+1 ↑Hxk+1||2∀
)

(2#)m
2 |∀(! ∀)|

1
2

dxk+1.

The recursion defined in Theorem 1 closely resembles a Bayesian filter [161]; thus, it is evaluated

with Kalman filtering algorithms [82]. For linear models, the standard linear Gaussian Kalman filter can be

used to evaluate the recursion (see Algorithm 2 in [82]). However, exact solutions to the recursion are not

possible if the model or measurement processes are nonlinear. Therefore, approximations such as extended

Kalman filters (EKF), unscented Kalman filters (UKF), or ensemble Kalman filters (EnKF) [82], [161]

must be employed. The original implementations of the UKF-MCMC algorithm use the UKF [162] for

this approximation because the UKF is generally stable and can handle nonlinear models and measurement

processes [82], [145]. However, the UKF is not suitable for systems biology models because it ignores

constraints on the state variables, such as the nonnegativity of chemical concentrations. Section 2.2.7

describes the constrained interval unscented Kalman filter (CIUKF) [148] implemented in this work to

enforce state constraints during filtering. Thus, we refer to the UKF-MCMC from [82] that uses the

constrained interval unscented Kalman filter [148] as CIUKF-MCMC.

2.2.7 Constrained interval unscented Kalman filter (CIUKF)

We implement the constrained interval Unscented Kalman filter (CIUKF) [148], [163] algorithm

to enforce all state constraints in CIUKF-MCMC. This algorithm assumes that the state is subject to

an interval constraint xLB ⇐ x ⇐ xUB. Since we only seek to enforce nonnegativity in systems biology,
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the interval constraint is 0 ⇐ x ⇐ &. We choose the CIUKF over alternative state constrained Kalman

filters [148], [164] because it enforces constraints in both the predict and update steps of the algorithm and

retains the same structure as the standard UKF [161]. We outline the steps of the CIUKF below.

The CIUKF algorithm predicts the state xk+1 from all preceding measurement data Yn. Following

the structure of the linear Kalman filter, CIUKF is a recursive algorithm that iterates over all data and

performs prediction and update steps at each time point [161]. For simplicity, we outline a single iteration

of the CIUKF that moves the state forward in time from xk to xk+1. Let Cxx
k be the state covariance matrix

at time tk, %(! %) be the process noise covariance matrix, ∀(! ∀) be the measurement noise covariance

matrix, and ! f be the model parameters. There are two steps to the CIUKF, prediction, and update.

First, the prediction step uses the the interval constrained unscented transform [148], [163] (the

state-constrained equivalent to the unscented transform [162], [165]) to predict the state and its covariance

matrix at the next time point after propagation by the nonlinear model, e.g., Eq (2.8). The interval

constrained unscented transform constructs a set of sigma points that capture the covariance Cxx
k at time

tk. Each sigma point is propagated in time by the nonlinear model to approximate the new state and its

covariance at the next time tk+1. The set of 2d +1 sigma points, X , is given by

X (0)
k = xk (2.15a)

X (i)
k = xk +&i[

√
Cxx

k ]i (2.15b)

X (i+d)
k = xk ↑&i+d [

√
Cxx

k ]i, (2.15c)

where &i is the ith sigma point coefficient, [A]i is the ith column of A,
⇔

A is the matrix square root of A,

and i = 1, . . . d. The sigma point coefficients &i control the distances of the sigma points around the initial
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state xk and are chosen to ensure that no sigma points violate the state constraints. They are

&i = min([∋]i) (2.16)

∋(i, j) :=






⇔
d +∋ if S(i, j) = 0

min
(⇔

d +∋ , xLB↑xk
S(i, j)

)
if S(i, j)< 0

min
(⇔

d +∋ , xUB↑xk
S(i, j)

)
if S(i, j)> 0

(2.17)

S :=




Cxx
k ↑


Cxx

k


, (2.18)

where ∋ is a parameter of the algorithm. Alternatively, in the standard unscented transform, the coefficients

are all equal to
⇔

d +∋ [162], [165]. Next, a set of weights, wi, are assigned to each sigma point as

w0 = b (2.19a)

wi = a&i +b (2.19b)

a :=
2∋ ↑1

2(d +∋ )
(
!d

i=1 &i ↑ (2d +1)
⇔

d +∋
) (2.19c)

b :=
1

2(d +∋ )
↑ 2∋ ↑1

2
⇔

d +∋
(
!d

i=1 &i ↑ (2d +1)
⇔

d +∋
) , (2.19d)

where &i are as defined in Eqs (2.16-2.18). Importantly the sum of the weights equals one, !2d
i=0 wi = 1.

The prediction step then uses the nonlinear model, Eq (2.8), to propagate each sigma point forward in time

X̂ (i)
k = %

(
X (i)

k ,! f

)
(2.20)
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for i = 0, . . . ,2d. The prediction mean x→k and covariance C→xx
k are then respectively computed as

x→k =
2n

!
i=0

wiX̂
(i)

k (2.21)

Cxx→
k =

2n

!
i=0

wi


X̂ (i)

k ↑x→k


X̂ (i)
k ↑x→k

⇒
+%(! %). (2.22)

Equations (2.15)-(2.22) describe the constrained interval unscented transform that approximates the mean

and covariance of the state after propagation by the nonlinear model. The prediction mean, Eq (2.21), and

covariance, Eq (2.22), provide the predicted state and its covariance, respectively, that are then updated

using the available data yk.

The update step begins by constructing a new set of sigma points centered around x→k , where

X →(0)
k = x→k (2.23a)

X →(i)
k = x→k +


n+∋

√
Cxx→

k



i
(2.23b)

X →(i+d)
k = x→k ↑


n+∋

√
Cxx→

k



i
. (2.23c)

Additionally, a new set of weights are

w(m)
0 =

∋
d +∋

, w(m)
i =

1
2(d +∋ )

,

w(c)
0 =

∋
d +∋

+(1↑(2 +) ), w(c)
i =

1
2(d +∋ )

,

where {w(m)
i } are used to compute the mean and {w(c)

i } are used to compute the covariance matrix. These

weights are indeed equal for all sigma points and are equivalent to those used in the standard UKF. Next,
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the measurement function is applied to each sigma point, yielding a set of predicted measurements

Y →(i)
k = h

(
X →(i)

k ,! h

)
,

where the measurement function h(·; ·) is possibly nonlinear with parameters ! h. Then the mean and

covariance matrices of the predicted measurements are computed with the weighted sums,

y→k =
2n

!
i=0

w(m)
i Y →(i)

k

Cyy→
k =

2n

!
i=0

w(c)
i


Y →(i)

k ↑y→k


Y →(i)
k ↑y→k

⇒
+∀

Cxy→
k =

2n

!
i=0

w(c)
i


X →(i)

k ↑x→k


Y →(i)
k ↑y→k

⇒
,

and the Kalman gain is

Kk = Cxy→
k

(
Cyy→

k

)↑1
.

Lastly, the updated state xk+1 is found by solving the following constrained nonlinear optimization problem,

xk+1 = argmin
x

f (x) (2.24a)

subject to xLB ⇐ x ⇐ xUB, (2.24b)

where the objective function is

f (x) = [yk ↑h(x,! h)]∀↑1 [yk ↑h(x,! h)]
⇒+[xk ↑x→k ] (Cxx→

k )↑1 [xk ↑x→k ]
⇒ . (2.25)
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This optimization problem can be solved in Matlab using the fmincon() optimizer. Additionally, the

updated covariance matrix is given by

Cxx
k+1 = Cxx→

k ↑KkCyy→
k K⇒

k .

In offline state estimation problems, such as CIUKF-MCMC, this filter is iterated over all available data,

e.g. from time t0 to time tn if n data points are available [82], [145].

In practice, the CIUKF algorithm is substantially more compute-intensive than the standard

UKF [148] because the CIUKF update step involves solving a constrained nonlinear optimization problem,

e.g., Eq (2.24). However, the objective function in Eq (2.25) can be simplified given the linear measurement

assumptions made in Section 2.2.2. The simplified objective function becomes

f (x) = [yk ↑Hx]∀↑1 [yk ↑Hx]⇒+[xk ↑x→k ] (Cxx→
k )↑1 [xk ↑x→k ]

⇒ . (2.26)

Expanding this and recognizing that minimizing f (x) = y(x)+b is equivalent to minimizing f (x) = y(x),

gives

f →(x) = x⇒

H⇒∀↑1H+(Cxx→

k )↑1


x↑2

y⇒k ∀↑1H+x→kCxx→

k


x, (2.27)

which is equivalent objective function to Eq (2.26) and is a quadratic form. Thus, the constrained

optimization problem in Eq (2.24) becomes a quadratic program when using Eq (2.27) as the objective

function. We use the quadprog() function in Matlab to solve the quadratic program with the ‘Algorithm’

option set to ‘trust-region-reflective’. We keep all other settings for the solver as defaults. As

expected, solving the quadratic program is substantially more efficient than solving the general nonlinear

problem.
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Throughout this work, we set ∋ = 1, ( = 1↗10↑3, and ) = 1 for the CIUKF. Furthermore the

Cholesky decomposition, A = LL⇒, is used to compute the matrix square roots in Eq (2.15) and Eq (2.23),

because covariance matrices are always positive definite. Additionally, we compute all covariance matrices

as P→ = 1
2(P+P⇒)+ ∗I, where ∗ = 1↗10↑10, to ensure all they remain symmetric positive definite. The

next section discusses how to choose prior distributions for Bayesian estimation.

2.2.8 Prior distribution

The prior distribution, p(!) encodes our belief state about parameters before collecting data and

performing Bayesian estimation [5], [84]. The form of the prior distribution allows us to incorporate

varying levels of prior knowledge into our models. If the values of a parameter are known, informative

priors can be used to shift to the possible values for that parameter towards the known values [84]; for

example, a log-normal prior distribution can be used to center the prior around experimental measurements

of a parameter [166]. However, the Bayesian inference literature often warns that informative priors should

only be used in combination with good information on the parameter values [84] as it can take a large

amount of data to overcome a “bad" prior. Alternatively, noninformative or weakly-informative priors

reflect a lack of good prior knowledge about the parameters. For example, if we only know a parameter’s

physiological ranges, we could construct a uniform prior that states there is an equal probability of any

parameter value within this range. Noninformative or weakly-informative priors rely on the data to provide

information on the parameters, so the choice of such priors is often safer when prior knowledge of the

parameters is limited [84].

In applying the CIUKF-MCMC algorithm, this work constructs prior distributions for two sets

of parameters, the biological model parameters, and the noise covariance parameters. We choose to use

uniform priors for the biological model parameters, ! f , to replicate the typical modeling setting where
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only the possible ranges for model parameters are known. Supplemental Tables in A.2 list the upper and

lower bounds of all biological model parameters. Furthermore, we follow the choices in [82] and use right-

half-normal priors for the measurement and process noise covariance parameters, ! % and ! ∀, respectively

(this is further motivated in section 7.1 of [167]). The choice of covariance and upper bound of these

priors was found to significantly affect the convergence of MCMC sampling. Thus, the prior distributions

for the noise covariance parameters were scaled to match the respective state variable. For example, the

prior for a measurement noise covariance !%i that corresponds to measurements {yi
1,y

i
2, . . . ,y

i
n} would be a

right-half-normal distribution with mean zero and standard deviation equal to a fraction of the standard

deviation ∃yi of the data. The prior is then !%i ≃ Right-Half-Normal(0,b∃xi) truncated to [0, ∃xi ]⇒, where

b < 1 and ∃xi is the standard deviation of the state xi. We chose b = 1
3 unless otherwise specified. These

choices are motivated by the observation that measurement noise and process noise covariances will always

be smaller than or equal to the covariance of the available data if there is any meaningful information in the

data. The next section introduces MCMC sampling to characterize posterior distributions that use CIUKF

to approximate the likelihood function.

2.2.9 Markov chain Monte Carlo sampling

Markov chain Monte Carlo (MCMC) algorithms enable sampling from arbitrary probability

distributions [5], [110], [168], [169]. The key idea of MCMC is to construct a Markov chain of samples

! 1, ! 2, . . . ,! N whose distribution converges to the target distribution, #(!), that we wish to sample [84],

[110]. We apply MCMC sampling to Bayesian parameter estimation by constructing a Markov chain where

the target distribution is the posterior distribution, that is #(!) = p(! |Yn). In this work, we use two MCMC

sampling algorithms, delayed rejection adaptive Metropolis (DRAM) [152] and affine invariant ensemble

sampler (AIES) [153]. These samplers build upon the classical Metropolis-Hastings algorithm [170], [171]
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that we introduce in Section 2.2.9. We outline DRAM in Section 2.2.9 and AIES Section 2.2.9. Lastly, we

discuss convergence assessment with the integrated autocorrelation time [153] in Section 2.2.9. We focus

these discussions on the practical aspects of MCMC and refer the reader to [5], [84], [110] for additional

theoretical details.

Metropolis-Hastings

The Metropolis-Hastings (MH) algorithm [170], [171] constructs a Markov chain whose probability

distribution is guaranteed to converge to the target distribution and forms the foundation for a large family

of MCMC samplers [84], [110]. The MH algorithm consists of two steps, a proposal and an accept-reject

step, repeated to draw the set of samples ! 1, ! 2, . . . ,! N . The Markov chain starts with an initial sample

! 0 that the user chooses. We outline one iteration of the MH algorithm moving from step i to step i+1.

The first step in Metropolis-Hastings, called the proposal step, is to propose a new sample ! →. We

draw ! → from the proposal distribution q(! →|! i). The proposal distribution is specific to each MCMC

algorithm, but, for example, could be a normal distribution centered around the previous sample such that

! → ≃ N
(
! i,∃2I

)
where ∃ is specified (this is random walk Metropolis (RWM) [110]).

Next, the accept-reject step decides if the proposal is accepted, set ! i+1 = ! →, or rejected, set

! i+1 = ! i. In the MH algorithm, this decision is probabilistic, e.g., the proposal is accepted or rejected

with acceptance probability ((! →|! i). The acceptance probability is

((! →|! i) = min
(

1,
#(! →)

#(! i)

q(! i|! →)

q(! →|! i)

)
, (2.28)

which guarantees that the stationary distribution of the samples (the distribution that the samples converge

to in the infinite sample limit) equals the target distribution [84], [110]. These steps, propose and accept-

reject, are repeated until the distribution of the set of samples has converged to its stationary distribution.
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Although convergence is guaranteed in the infinite sample limit [84], [110], assessing convergence in

practice is nontrivial. We chose to use an approach from [153] that uses the integrated autocorrelation time

to asses convergence as outlined in Section 2.2.9 (see [5], [84], [110] for additional approaches).

Delayed rejection adaptive Metropolis (DRAM)

The delayed rejection adaptive Metropolis (DRAM) algorithm is based on the random walk

Metropolis algorithm and combines delayed rejection with adaptive Metropolis [152]. DRAM closely

follows the Metropolis-Hastings algorithm but specifically uses a Gaussian proposal distribution such that

! → ≃ N
(
! i,C

)
, where C is the covariance matrix. Delayed rejection (DR) [152], [172] and adaptive

Metropolis (AM) [152], [173] are two modifications to the random walk Metropolis algorithm that help to

improve the convergence rate of the Markov chain.

First, delayed rejection adds an additional round of Metropolis-Hastings (propose and accept-reject)

if the first proposal is rejected. That is, if ! → is rejected a new proposal, ! →2 ≃ q2(! →2|! →,! i) is drawn,

where q2(·) is the new proposal distribution. The new proposal distribution is also Gaussian, however the

covariance is scaled to a fraction of the original proposal covariance, e.g. q2(! →2|! →,! i) = N
(
! i,+C

)
,

where + < 1 and is a tuning parameter of the algorithm [152] . Thus the second proposal is closer

to the previous point and is more likely to be accepted. DRAM evaluates the new proposal with a

Metropolis-Hastings accept-reject step with the acceptance probability

(2(! →2|! →,! i) = min


1,

#(! →2)

#(! i)

q(! →|! →2)

q(! →|! i)

(
1↑((! →|! →2)

)
(
1↑((! →|! i)

)

,

where ((·|·⇑) is as defined in Eq (2.28). Although most implementations impose a single DR

step [5], delayed rejection can be repeated more than once, where the proposal distribution and acceptance
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probability are modified accordingly at additional each round.

Adaptive Metropolis acts separately from delayed rejection and aims to move the proposal

distribution closer to the target distribution [152], by replacing the covariance matrix of the proposal, C,

with the covariance matrix of the samples. In practice, adaptation begins after a set number of i0 samples

have been drawn and updates the covariance matrix at every step as

Ci =






C0 i ⇐ i0

spCov[! 1, . . . ,! i]+ sp∗I i > i0,

where C0 is the initial covariance matrix, sp is an algorithm tuning parameter that is often set to

sp = 2.382/p [152], [168] where p is the dimension of ! , and ∗ is a small positive number.

We implement the DRAM algorithm with a single round of delayed rejection following [82] with

+ = 0.01, i0 = 200, and ∗ = 1↗10↑10. Furthermore, the initial covariance matrix C0 is tuned to accept

between 20–40% of proposals. We refer the reader to [5], [152] for further details on DRAM and tuning

the initial covariance matrix. Additionally, each Markov chain is initialized to the MAP point by using

fmincon() (default options except: ‘UseParallel’ set to true and ‘MaxFunctionEvaluations’ set

to 10,000) in Matlab to minimize the negative log-posterior (equivalent to maximizing the posterior) as

in [82].

Affine invariant ensemble sampler (AIES)

While random walk Metropolis-based algorithms such as DRAM can adequately sample complex

posterior distributions, these methods will show very slow convergence when the target distribution is

highly anisotropic [153]. The posterior distribution with CIUKF-MCMC in systems biology are anisotropic

because the scales of model parameters can vary by several orders of magnitude, and the noise covariance
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parameters often have different scaling than the model parameters. Fortunately, AIES provides an algorithm

to sample such anisotropic distributions [153] effectively. The motivation for affine invariance is that

anisotropic distributions can be transformed to isotropic distributions with an affine transformation. Thus

an algorithm that is invariant to such transformations will effectively sample an isotropic distribution when

sampling an anisotropic distribution [153].

The AIES algorithm differs from DRAM and random walk Metropolis because it leverages an

ensemble of Markov chains rather than a single chain. Each chain in the ensemble of Ne Markov chains is

called a walker, and we denote the set of walkers at step i with {! i
1, . . . ,! i

Ne} where the subscript is the

walker index and the superscript is the step-index. Note that the number of walkers must be larger than the

dimension of ! that is Ne > p, for ! ↓Rp. At the end of N steps, a set of Ne Markov chains with N samples

is obtained. The first chain in the ensemble is, for example, ! 1
1,! 2

1, . . . ,! N
1 . Note that the total ensemble

will have N ·Ne samples. Each step of the AIES algorithm involves a proposal and a Metropolis-Hastings

update for each chain in the ensemble. One iteration of these steps to move from i to i+1 for a single

walker, ! i
n, is outlined below and these steps are repeated to update the entire ensemble.

First, a proposal for the current walker ! i
n is chosen using the stretch move [153] that ensures

affine invariance of the sampler. The stretch move proposes a new point that lies along the line

! →
n = ! i

k +Z · (! i
n ↑! i

k)

that connects the current walker ! i
n and another walker in ! i

k randomly chosen from the ensemble.

Here, Z is a random variable that is sampled following
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g(z) =






1⇔
z if 1

a ⇐ z ⇐ a

0 else,

where a > 1 is an algorithm tuning parameter that the user must specify.

Second, the proposal is accepted or rejected using a Metropolis-Hastings-like accept-reject step.

The acceptance probability is

((! →
n|! i

n) = min
(

1,Zp↑1 #(! →
n)

#(! i
n)

)
,

where Z is as defined above, and p is the dimension of ! . This formulation of the acceptance

probability guarantees convergence to the target distribution [153].

We use the Matlab implementation of the AIES algorithm [174] from the UQLab toolbox [158].

Unless otherwise specified, the ensemble size is Ne = 150 because we observed improved sampling with a

large ensemble. To accelerate sampling, the likelihood is evaluated for each ensemble member in parallel

using a parallel for loop (e.g., parfor in Matlab) with at most 24 parallel threads. Additionally, default

value of a = 2 is used for the stretch move tuning parameter. Lastly, each Markov chain in the ensemble is

initialized to a random point drawn uniformly over the support of the prior.

Markov chain burn-in

In MCMC, Markov chains (or ensembles of chains) often display an initial transient, called

burn-in, before converging to their stationary distributions [5], [84], [169]. Importantly, these samples

during burn-in are not distributed according to the stationary distribution and should therefore be excluded

from the final set of samples. Common practice in the MCMC literature is to simply discard these initial

samples to remove the effects of burn-in [5], [84]. The choice of the burn-in length is often nontrivial
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and is best informed by an analysis of the Markov chain [169]. Unless otherwise specified the integrated

autocorrelation time (described below) dictates the number of samples to discard as burn-in in this work.

Specifically, we compute the integrated autocorrelation time after collecting many samples and set the

burn-in length to 5–10 times the computed value.

Convergence assessment with the integrated autocorrelation time

A key challenge in Markov chain Monte Carlo sampling is determining the appropriate number of

samples N to collect. In this work, we use the integrated autocorrelation time [153], [169] to determine

when the Markov chain has approximately converged to its stationary distribution. We outline the theory

and motivation behind the integrated autocorrelation time for a single Markov chain and refer the reader

to [153] for a discussion of ensemble methods. The use of the integrated autocorrelation time is motivated

by the typical use of MCMC sampling to compute an expectation

E[x] =
∫

x#(x)dx.

Given a Markov chain of length N, we can estimate the expectation with the Monte Carlo estimator

µ̂ =
1
N

N

!
i=1

xi.

In general it is common to consider the variance of µ̂ , var(µ̂), as the estimation error [153]. This

variance is given by

var(µ̂) = var(x)
N/,s

,

where the integrated autocorrelation time ,s is given by
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,s =
&

!
T=↑&

Cs(T )
Cs(0)

.

Here, the autocovariance function Cs(T ) with lag T ↓ N is given by

Cs(T ) = lim
t→↘&

cov[xt→+T , xT ],

where t→ ↓ N. Thus, the Monte Carlo estimation error is proportional to integrated autocorrelation

time for a fixed chain length. The integrated autocorrelation time can be interpreted as the time it takes

for the samples in a Markov chain to become uncorrelated [169]. Additionally, the effective number of

samples, Neff, can be defined using the integrated autocorrelation time as, Neff = N/,s.

In this work, we use the integrated autocorrelation time for two purposes. First, the computation of

the integrated autocorrelation time is used to choose the correct burn-in length. We compute the integrated

autocorrelation time after collecting many samples and then discard between 5–10 times ,s as burn-in.

Second, after discarding the initial samples, the integrated autocorrelation time helps to determine if enough

samples have been collected, e.g., Neff is large. Should the effective sample size be small, the MCMC

sampler is run longer to collect more samples. We compute the integrated autocorrelation time using a

Matlab function associated with [175] (available at https://www.physik.hu-berlin.de/de/com/UWerr_fft.m)

with default algorithm parameters. We compute ,s for each parameter and take the maximum of these

values. For an ensemble, we compute the mean ,s for the walkers of each parameter and take the maximum

value of the means. After completing MCMC and evaluating the chains, we leverage the posterior samples

to quantify uncertainty in model predictions.
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2.2.10 Ensemble simulation and output uncertainty analysis

Markov chain Monte Carlo sampling provides a set of samples, {!̂ 1, . . . !̂ n}, that converge in

distribution to the posterior distribution (e.g. Fig 2.1B3). One is often interested in how uncertainty in

the parameter estimates, which is conveyed by the posterior distribution, propagates to uncertainty in

the model predictions. Fortunately, an ensemble of simulations (see Fig 2.1B1) distributed according

to the posterior can be run using the posterior samples. This approach to uncertainty propagation is

known as sampling-based uncertainty propagation [5] and is feasible because the simulation of dynamical

systems biology models is computationally efficient. We refer the reader to [134], [176] for examples of

sampling-based uncertainty propagation in systems biology.

Each simulation is run by solving the differential equation with the ode15s() integrator in Matlab

with a unique sample from {!̂ 1, . . . !̂ n} for the parameters. We use default tolerances for the integrator and

supply the Jacobian matrix (specify the ‘Jacobian’ option) to improve computations. We compute the

Jacobian by hand and evaluate it with the same parameter as the differential equation.

Following ensemble simulation, statistical analyses of the ensemble of predicted trajectories

and any relevant quantities of interest (QoI) can be performed. For example, Fig 2.1B2 highlights the

uncertainty in the trajectory with 95% credible intervals to show the region where 95% of the trajectories

fall. Additionally, we compute the statistics of relevant QoIs, such as the steady state values or limit cycle

period, from the ensemble. The next section discusses how to choose single point estimates that best

represents the estimated parameters.

2.2.11 Parameter point estimates from posterior samples

One often wants to compute a point estimate for each of the parameters in addition to characterizing

the entire posterior distribution (black line in Fig 2.2). Common choices for point estimates in Bayesian
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Figure 2.2: The MAP (maximum a posteriori) point is located at the most probable point (blue dashed
line). The long tail of the distribution shifts the mean (gray dotted line) away from the MAP point.
Secondary modes (red dashed-dotted line) can effect the quality of a point estimate. Additionally,
the green shaded region highlights the 95% credible interval, the region between the 2.5th and 97.5th
percentiles, that is used to capture the uncertainty in an estimate.

statistics include the mean, median, or mode of the posterior distribution [84]. Fig 2.2 highlights the mean

and mode (denoted MAP), along with a secondary mode that may confound choosing a point estimator.

The mode of the posterior distribution is a strong choice because it provides the most probable set of

parameters and is often called the maximum a posteriori (MAP) point. However, the mean or median may

provide better point estimates when the posterior is multimodal (there are multiple modes).

These point estimates are computed from posterior samples acquired via MCMC sampling. While

sample statistics, such as the mean and median, are computed directly from the samples, computing the

MAP point requires estimating the posterior of the probability density function and finding the maximal

point. Direct computation of the sample mode will not yield the MAP point because the parameters are

continuous random variables, so no two-parameter samples are expected to be identical. One approach

to estimate the MAP point involves computing a histogram of samples and using the center of the bin

with the most associated probability as the MAP. However, we found that the histogram of posterior

samples is often noisy and can be sensitive to the bin size, so that the MAP estimate may be erroneous.

We chose to take an alternative approach that fits a kernel density estimator [177] to approximate the

posterior distribution and subsequently computes that MAP point. The kernel density estimator provides a
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non-parametric approximation of the posterior distribution and, intuitively, smooths the posterior histogram.

We use the ksdensity() function for kernel density estimation in Matlab. The ‘support’ option is

set to be the region bounded by the prior distribution and the ‘BoundaryCorrection’ option is set to

use the ‘reflection’ method to account for these bounds. Lastly, we use the default values for the

‘Bandwidth’ unless otherwise specified. All other options are kept to the defaults as defined in the Matlab

documentation. The MAP point is the point with maximum probability in the ksdensity() output. The

next section moves from the details of CIUKF-MCMC and Bayesian estimation to outline how synthetic

data is generated for the examples in this paper.

2.2.12 Synthetic data generation for numerical experiments

The synthetic data in this work aims to replicate noisy data found in biological experiments. We

generate noisy synthetic data by drawing samples from deterministic model simulations and simulate

measurement noise by adding independently and identically distributed (iid) perturbations to each sample.

First, a nominal set of biological model parameters and an initial condition are chosen for data generation.

These values become the ground truth for the estimation problem, and are informed by the available

literature when possible. Next, a numerical solution to the system provides true trajectories of the state

variables. Unless otherwise specified the ode15s() integrator in Matlab is used with default tolerances,

and the Jacobian matrix is supplied (specify the ‘Jacobian’ option with the analytical Jacobian Matrix)

to improve computations. We then apply the measurement function and sub-sample the true trajectory to

simulate sparse sampling. Lastly, we corrupt the data by adding a realization of an iid noise stochastic

process to each sample. To meet the assumptions of the CIUKF-MCMC algorithm (see Section 2.2.6) we

use mean-zero, normally distributed perturbations with the diagonal covariance matrix, ∀. We chose the

entries of ∀ to be proportional to the variances of the respective state variables, e.g.
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
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0, . . . ,x
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. . .

0 var(xd
0 , . . . ,x

d
n)





,

where b is a positive constant typically chosen to be less than one that controls the noise level. The

last section discusses how to compute the amplitude and period of a limit cycle oscillation.

2.2.13 Limit cycle analysis

Limit cycle amplitude and period are used to characterize limit cycle oscillations for global

sensitivity and output uncertainty analysis. These quantities are relevant in intracellular signaling because

the strength and timing of signals, amplitude and period, respectively, are thought to encode different

inputs [178]. The limit cycle amplitude, ylca, quantifies the difference between the maximum and minimum

values of the oscillations and is defined as

ylca := xmax ↑ xmin, (2.29)

where xmin and xmax denote the minimum and maximum values of the state x over a single complete

oscillation. Further, the limit cycle period, yperiod, is the time to complete an oscillation and is defined as

yperiod := t→ ↖⇓ x(t) = x(t + t→) for all t. (2.30)

To compute these quantities we find trajectories that show limit cycle oscillations and then extract the two

quantities of interest. This approach leverages the findpeaks() function that returns the locations of the

local maxima (peaks) in a trajectory for these computations in Matlab. The findpeaks() function can
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also find the local minima by applying it to the negative of the trajectory.

The first task in computing the limit cycle features is to detect actual limit cycle oscillations. A

trajectory is discarded if it reaches a fixed point (steady state) when no peaks are detected (findpeaks()

returns an empty set). Next, the difference between the heights of the identified peaks is used to discard

trajectories that show decaying oscillations to a fixed point. A threshold on one half of this difference,

called for the helpPeakThreshold, is set to 17.0 unless otherwise specified; a trajectory is discarded if its

difference in peak values exceeds this threshold. Any remaining trajectories will show limit cycles or will

contain numerical artifacts which are falsely detected as limit cycles.

Lastly, the limit cycle amplitude and period are computed. The limit cycle amplitude is the mean

difference between each pair of detected peaks and minima that correspond to one oscillation of the

limit cycle. The limit cycle period is then computed as the mean time between two peaks and the time

between two minima. Trajectories with numerical artifacts are eliminated by discarding those with a limit

cycle amplitude that is smaller than the LCAminThresh, with a range of limit cycle values greater than

the Decaythresh or those that return no limit cycle period (e.g., the empty matrix on Matlab). Unless

otherwise specified, we set the LCAminThresh to 1.0 and the Decaythresh to 5.0. These computations

assume that the period of the limit cycle is stable and that no frequency modulation occurs. We note that a

small number of oscillating trajectories can be misclassified as fixed points due to numerical errors in the

simulated trajectory. We specifically observed this when there was large peak-to-peak variability. However,

misclassification is rare, so we do not attempt manual relabelling of these trajectories.

2.3 Results

We applied the Bayesian parameter estimation framework to three different models that represent

signal transduction cascades of increasing biological and mathematical complexity. Section 2.3.1 uses
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the first model, a simple kinetic scheme, to describe a series of computational experiments that illustrate

the effects of measurement noise and data sparsity on estimation uncertainty (Fig 2.3). Next, we tested

our framework on two models that are more representative of the nonlinearities and overparameterization

observed in systems biology models. Section 2.3.2 analyzes a representative model of the mitogen-

activated protein kinase (MAPK) pathway [150] that exhibits multistability depending on the choice of

model parameters, and Supplemental Section 2.3.3 uses this model to illustrate the necessity of structural

identifiability and global sensitivity analyses. Finally, Section 2.3.4 analyzes a simplified model of synaptic

plasticity [151] that illustrates the effects of higher parameter uncertainty even in phenomenological

biological representations.

2.3.1 Measurement noise and sparsity increase estimation uncertainty in a simple model

of signal transduction

The first model we consider is a relatively simple two-state model from [149] shown in Fig 2.3A.

The governing equations for this model are

dx1(t)
dt

=↑(k1e + k12) · x1(t)+ k21 · x2(t)+b ·u(t) (2.31a)

dx2(t)
dt

= k12 · x1(t)↑ k21 · x2(t), (2.31b)

where the states are x(t) = [x1(t), x2(t)]⇒, the biological model parameters are ! f = [k1e, k12, k21, b]⇒,

and u(t) is the input function. The input function (illustrated in Fig 2.3A)

u(t) =






t +0.5 if 0 ⇐ t ⇐ 1

1.5e1↑t if t > 1

,
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Figure 2.3: (A) Top row: Network diagram of the two-state model with states, x1(t), x2(t), input function
u(t), and four unknown parameters, ! f = [k1e, k12, k21, b]⇒. Bottom row: Trajectories of the input
function u(t) and corresponding state trajectories. The input has at least one non-zero derivative to
ensure that all model parameters are globally structurally identifiable following [149]. (B) Marginal
posterior distributions of the model parameters show increasing uncertainty in the parameter estimates
(e.g. widening and flattening) with increasing levels of additive normally distributed measurement noise
with mean zero. We control the noise level by setting the noise covariances to the specified percentage of
the standard deviation of each state variable. The dashed black vertical lines indicate each parameter’s
nominal (true) value. Marginal posteriors are visualized by fitting a kernel density estimator to 20,000
MCMC samples obtained using CIUKF-MCMC with the delayed rejection adaptive Metropolis (DRAM)
MCMC algorithm after discarding the first 10,000 samples as burn-in. (C) Posterior distributions of the
trajectory of x1(t) reflect increasing parameter estimation uncertainty in panel B. The true trajectory (solid
black line) shows the dynamics with the nominal parameters, dashed black lines show that trajectory
with the most probable set of parameters (MAP point), and the empty circles show the noisy data at the
specified noise level. The 95% credible interval shows the region between the 2.5th and 97.5th percentiles
that contains 95% of the 5,000 trajectories. (D) Marginal posterior distributions of the model parameters
show increasing uncertainty (widening and flattening) with increasing data sparsity (fewer samples). We
simulate data sparsity by sampling the simulation from 0 ⇐ t ⇐ 2 with three time steps, (t = 0.05 (40
experimental samples), (t = 0.1 (20 experimental samples) and (t = 0.2 (10 experimental samples).
Marginal posteriors are fit to 20,000 MCMC samples obtained as in panel B. (E) Posterior distributions
of the trajectory of x1(t) reflect increasing parameter estimation uncertainty seen in panel (D).
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ensures that all four biological model parameters are structurally identifiable because the input function

has at least one nonzero derivative [149]. Supplemental Table A.1 lists the nominal parameter values and

the initial condition was x0 = [0.5, 0.5]⇒. Sensitivity analysis was not performed on this model because

the state variables are linearly dependent on the parameters.

Synthetic data with full state measurements (see Section 2.2.12) was used to perform two parameter

estimation experiments—one with increasingly noisy data and another with increasingly sparse data—to

investigate how measurement noise and data sparsity affect parameter and output uncertainty. The noise

levels of each dataset were controlled by taking a fraction of the maximum values of the true trajectory

for the corresponding state variables. In each estimation experiment, we chose the prior distributions as

outlined in Section 2.2.8 and used CIUKF-MCMC (Section 2.2.6) with DRAM (Section 2.2.9) to draw

30,000 posterior samples conditioned on this noisy data. To ensure sample counts were constant across

noise and sparsity levels, we chose a constant burn-in length of 10,000 samples to discard from every

Markov chain (see Section 2.2.9 for details). Supplemental Fig A.2 shows the Markov chains for the

measurement noise experiments, and Supplemental Fig A.3 shows those for data sparsity experiments. The

following remark highlights an important distinction between data points and MCMC samples.

Remark 1. Data points are different than MCMC samples. The experiments in this work produce at most

40 (simulated) data points, i.e., noisy measurements of the states, for parameter estimation. However,

MCMC algorithms draw 10,000s-1,000,000s of sample parameter sets to characterize the posterior

distribution, which requires evaluating the likelihood and, therefore, simulating the model.

A first hypothesis we tested was that noisy data increases uncertainty because measurement noise

limits the ability to constrain the dynamics of the state variables. To test this hypothesis, we performed

Bayesian parameter estimation from synthetic data with increasing measurement noise (circle marks in

Fig 2.3C). We observed that the marginal posterior distributions in Fig 2.3B (kernel density estimator fit
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to the posterior samples as in Section 2.2.11) widen and flatten with increasing noise levels, indicating

increased uncertainty. However, the most probable value for each parameter, the MAP point, lies close

to the nominal parameter values (dashed lines in Fig 2.3B) for every noise level, suggesting that the data

provide information about the parameter irrespective of the noise level. Additionally, Fig 2.3C shows

that the width of the 95% credible interval for the dynamics of x1(t) grew as the noise increased from the

lowest level (2.5%) to 5.0% and then remained similarly wide at the highest values (see Supplemental

Fig A.1A for the respective trajectories of x2(t)). While the uncertainty bound did not widen above the

5.0% noise level, the shape of the trajectories began to shift further from the truth (dotted line in Fig 2.3C),

indicating the estimates began to take on a bias. These experiments validated our hypothesis that even in a

simple dynamical system measurement noise increases estimation uncertainty of kinetic parameters.

Next, we hypothesized that data sparsity (fewer data points) would increase the uncertainty in

parameter estimates. To test this, we fixed the measurement noise to the 2.5% level (see Fig 2.3) and varied

the number of measurements (e.g., the sampling rate) that were included in the data used for estimation. We

tested three sparsity levels with 40 experimental samples ((t = 0.05), 20 experimental samples ((t = 0.1)

and 10 experimental samples ((t = 0.2) over the simulation time 0 ⇐ t ⇐ 2. Fig 2.3D highlights the

widening of the estimated marginal posterior distributions for each model parameter as we decreased the

number of data points (increased sparsity). Additionally, Fig 2.3E shows that the increased parameter

estimation uncertainty translates to increased uncertainty (wider 95% credible interval) in the trajectory of

x1(t) (see Supplemental Fig A.1B for the trajectories of x2(t)). In both of these experiments, the proposed

uncertainty quantification framework qualitatively and quantitatively confirmed that increasing the noise or

sparsity level increases estimation uncertainty.
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2.3.2 Parameter estimation for a model of the MAPK cascade

We chose a simplified model of the highly conserved mitogen-activated protein kinase (MAPK;

also known as the MEK/ERK cascade) signaling pathway [179] as a second test case for our parameter

estimation framework. This pathway is known to exhibit bifurcations in its dynamical behavior [178],

[180]; the system can reach a stable steady state or exhibit limit cycle oscillations. We focused on a

phenomenological model of the MAPK pathway from [150] (see diagram in Fig 2.4A) that includes the

mixed feedback (negative and positive feedback) necessary to predict the range of dynamical behavior

observed in experiments. This model has three states, x1(t), x2(t), x3(t) that correspond to phosphorylated

RAF, MEK, and MAPK/ERK, respectively [35], [181] and 14 model parameters. The differential equations

are

dx1(t)
dt

= k1 · (S1t ↑ x1(t)) ·


Kn1
1

Kn1
1 + x3(t)n1


↑ k2 · x1(t) (2.32a)

dx2(t)
dt

= k3 · (S2t ↑ x2(t)) · x1(t) ·


1+
( · x3(t)n2

Kn2
2 + x3(t)n2


↑ k4 · x2(t) (2.32b)

dx3(t)
dt

= k5 · (S3t ↑ x3(t)) · x2(t)↑ k6 · x3(t), (2.32c)

with the biological model parameters ! f = [k1, k2, k3, k4, k5, k6, K1, K2 S1t , S2t , S3t , ( , n1, n2]⇒. A previous

analysis of the model in [150] found that it can predict three regimes of dynamical behavior that depend on

the model parameters; these regimes are limit cycle oscillations, bistability and mixed multistability. Here

we focus on using CIUKF-MCMC to estimate model parameters that produce two of the three dynamical

regimes–bistability and limit cycle oscillations (see Fig 2.4B for example trajectories). Supplemental

Tables A.2 and A.3 list the nominal parameter values and initial conditions (as defined in [150]) used to

produce each of these dynamics.

First, we performed identifiability and sensitivity analysis to find the subsets of relevant parameters
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to estimate each dynamical regime. The SIAN software [146] (see Section 2.2.3) showed that 12 of the 14

biological model parameters are structurally identifiable from measurements of all three state variables;

however, K1 and K2 are only locally structurally identifiable. SIAN cannot assess parameters that appear in

an exponent [130], [146], so we fixed n1 and n2 to their nominal values listed in Supplemental Table A.2.

To avoid global versus local identifiability complications, we fixed K1 and K2 to their nominal values.

Additionally, we omitted the total concentration parameters, S1t , S2t , and S3t , from further analysis because

we assume they would be specified according to the cell type that corresponds to the available data. As a

result, we narrowed the free parameters down to a set of 9 parameters, from a set of 14 originally.

Next, we used global sensitivity analysis as described in Section 2.2.4 to further reduce the

number of free parameters. We choose the quantities of interest for sensitivity analysis for the bistable and

oscillatory regimes separately. The quantities of interest for the bistable regime are the steady state values

of x2 and x3 (the values at t = 30 min). Those for the oscillatory regime are the limit cycle amplitude and

limit cycle period (computed following Section 2.2.13). In the computations, we allowed the biological

model parameters to vary uniformly over the ranges listed in Supplemental Table A.2 with 5,000 samples

for the bistable cases and 15,000 samples for the limit cycle regime. Figures 2.4C and 2.4D show the

computed Sobol sensitivity indices for the parameters ranked by decreasing sensitivity index. We selected

the parameters with the greatest sensitivity indices, that is, the parameters to which the output quantities of

interest are most sensitive. For the bistable case, we selected the four most sensitive parameters, which

were k2, k4, k5, and k6. For the oscillatory case, we selected the parameters with a first-order sensitivity

index Si greater than 10↑3, which were k2, k4, k6, and ( . All remaining biological model parameters were

fixed to the nominal values listed in Supplemental Table A.2. Sensitivity analysis highlighted that k2, k4,

and k6 are important in predicting both dynamical regimes. Meanwhile, parameters such as k5 and ( are

only important for the bistable and oscillatory regimes, respectively.
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Figure 2.4: (A) Network diagram of the model of the core MAPK signaling cascade. The red line
indicates inhibition; the black lines indicate activation. (B) Trajectories of x3(t) with the sets of nominal
parameters that produce bistability (top) and limit cycle oscillations (bottom). The two dynamical regimes
correspond to two different sets of nominal parameter values. The low (black dashed line) and high
(solid green line) steady states are reached by manipulating the initial condition x0. The initial condition
for the high steady state is x0,high = [0.1245, 2.4870, 31.2623]⇒ and that for the low steady state is
x0,low = [0.0015, 3.6678, 28.7307]⇒. (C and D) Sobol sensitivity for the MAPK model parameters. All
parameters except the total concentrations, S1t , S2t and S3t , exponents, n1 and n2, and locally identifiable
K1 and K2, are varied uniformly over the identified ranges (see Supplemental Table A.2). We use 5,000
and 15,000 samples for the bistable and limit cycle regimes, respectively. (C) Sensitivity indices for
bistable behavior dynamics. We use the steady state value of x2(t) and x3(t) for both the high and
low steady states as quantities of interest. By selecting the two most sensitive parameters for the four
quantities of interest, we reduce the set of free parameters to ! f = [k2, k4, k5, k6]⇒. (D) Sobol sensitivity
indices for a set of free parameters that contribute to limit cycle behavior. We show the first-order
sensitivity indices Si and the total-order indices STi for the limit cycle amplitude and period of x3(t). We
reduce the number of free parameters by selecting those with Si > 10↑3 across both output quantities,
that is, ! f = [k2, k6, k4, (]⇒.
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After identifiability and sensitivity analyses, we applied the CIUKF-MCMC method to estimate

model parameters that predict the correct steady state in the bistable case. To simulate noisy experimental

data, we generated two synthetic datasets (see Section 2.2.12), sampled from the high steady state and

the low steady state (circle and square markers in Fig 2.4B). Each dataset had 30 full-state measurements

evenly spaced over 0 ⇐ t ⇐ 30 (min) with measurement noise covariances set to 2.5% of the variances

of the true trajectories. The prior assumptions were specified according to Section 2.2.8 for all model

parameters with the bounds listed in Supplemental Table A.2. Using the CIUKF-MCMC algorithm with

AIES (Section 2.2.9), we ran an ensemble of 150 Markov chains with 3,500 samples per chain (525,000

total samples) for each of the datasets (as shown in Supplemental Fig A.10A-B). The maximum integrated

autocorrelation times (Section 2.2.9) were 120.06 for the low steady state and 169.03 for the high steady

state, leading us to discard 840 samples for the low steady state and 1,183 samples for the high steady state

as burn-in.
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Figure 2.5: (A) Marginal posterior distributions of the model parameters for parameter estimation from
noisy data of the low steady state. Posterior distributions are visualized by fitting a kernel density estimator
to 325,200 (150 walkers with 2,660 steps each) MCMC samples obtained using CIUKF-MCMC with the
affine invariant ensemble sampler (AIES) for MCMC after discarding the first 840 samples per walker as
burn-in. (B) Marginal posterior distributions of the model parameters for parameter estimation from noisy
data of the high steady state reveal larger uncertainty in the model parameters when compared to the low
steady state. We visualize distributions by fitting a kernel density estimator to 347,700 (150 walkers with
2,644 steps each) MCMC samples obtained using CIUKF-MCMC with the affine invariant ensemble
sampler (AIES) for MCMC after discarding the first 856 samples per walker as burn-in. (C) Posterior
distribution of the trajectory of x3(t) with initial conditions that yield the low steady state highlights low
uncertainty in the predicted dynamics. The true trajectory (dashed black line) shows the dynamics with
the nominal parameters, the dotted blue line shows the trajectory evaluated at the MAP point, and the
empty circles show the noisy data (covariance is 50% of the standard deviation of the true trajectory).
The 95% credible interval shows the region between the 2.5th and 97.5th percentiles that contains 95%
of 30,000 posterior trajectories. (D) Posterior distribution of the trajectory of x3(t) with initial conditions
that yield the high steady state highlights the ambiguity between which steady state is reached. All lines
and computations are the same as in panel (A), except simulations were run using an initial condition that
results in the high steady state.
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The estimated marginal posterior distributions (solid black line; Fig 2.5A and Fig 2.5B for the low

and high steady states, respectively) indicated varying levels of uncertainty between the model parameters

and across the two steady states. For example, in both the low and high steady states, the marginal posterior

for k2 has most of its probability mass centered around the nominal value (dashed black lines), while that

for k6 has probability mass spread over a broader range of the prior support (range of the prior bounds).

Additionally, the MAP points (dotted blue line) for the low steady state closely correspond to the nominal

values for all model parameters, whereas there is a significant discrepancy between the MAP and the

nominal values for k4, k5 and k6 in the high steady state case.

An ensemble of 30,000 simulations with randomly selected posterior samples (see Section 2.2.10)

represented the posterior distributions of the dynamics for both steady states. For the low steady state, the

trajectory evaluated at the MAP point (dotted blue line in Fig 2.5C) closely matches the true trajectory

(dashed black line) and the 95% credible interval (green shaded region) tightly constrains these trajectories.

However, the trajectory at the MAP point for the high steady state (Fig 2.5D) reaches the low steady state

rather than the high steady state (solid green line). Furthermore, the 95% credible interval for the high

steady state closely follows the initial transient (0 ⇐ t ⇐ 10 (min)), but it covers both steady states by

the end of the simulation, e.g., for 10 ⇐ t (min). The considerable uncertainty and bias in the estimated

dynamics of the high steady state are unsurprising, given the uncertainty observed in the marginal posterior

distributions. This comprehensive uncertainty analysis of the bistable MAPK dynamics showed that the

presence of multiple steady states makes parameter estimation harder for the same set of parameters and

governing equations. In particular, the estimation uncertainty is much lower when data from the low steady

state is supplied for estimation than when data from the high steady state is used.

Next, we used CIUKF-MCMC to estimate posterior distributions for the reduced set of model

parameters that predict limit cycle oscillations in x3(t). Synthetic data with 15 samples evenly spaced over
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30 ⇐ t ⇐ 60 (min) simulated noisy measurements from the oscillating trajectory at a noise level of 1% of

the variance of the true trajectory (circle markers in Fig 2.7A). We refer to this data as the oscillations

only data, because it only includes samples from the limit cycle and not from the initial transient. Using

CIUKF-MCMC with AIES, we ran 30 Markov chains (shown in Supplemental Fig A.11) with 51,000

steps per chain to sample the parameter posterior distributions. We discarded 7,477 samples per chain,

seven times the integrated autocorrelation time of 1,068, to account for burn-in. The marginal posterior

distributions estimated from the remaining posterior samples (Fig 2.6A) tightly concentrate the probability

around the nominal parameter values. This high level of certainty in the parameter values leads to a

posterior distribution of x3(t) (represented with an ensemble of 30,000 simulations in Figure 2.6B) that

closely follows the true limit cycle oscillations (see Supplemental Fig A.4C for those of x1(t) and x2(t)).

Additionally, the trajectory evaluated at the MAP point (dotted blue line) follows the true trajectory (dashed

black line) and shows very similar oscillations.

Closer examination of a subset of 50 out of the 30,000 posterior trajectories (green lines in

Fig 2.6C) revealed that the 95% credible interval includes many limit cycles that are similar to the true

trajectory (dashed black lines), a smaller number of limit cycles that do not match the true oscillations,

and yet an even smaller number of trajectories that reach fixed points (for example, the dotted blue line

in Fig 2.6C). We further leveraged the posterior samples to quantify the variability in the predicted limit

cycles. First, we characterized all of the trajectories in the ensemble (Fig 2.6D) and found that 90.6%

(27,182 samples) correctly produce limit cycle oscillations while 9.6% (2,818 samples) reach a fixed point.

Quantification of the limit cycle amplitude and period for each of the 27,182 oscillating trajectories showed

that despite the small uncertainties in model parameters, we still observe variability in the characteristics

of predicted limit cycles. We find that the most probable limit cycle amplitude and period (see histograms

in Fig 2.6E) are close to the true values (26.12 for the amplitude and 13.04 for the period; indicated by
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vertical dashed black lines). However, we still observe variability in these quantities despite the high level

of certainty in the parameter estimates. Specifically, we find that the limit cycle amplitude often deviates
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Figure 2.6: (A) Marginal posterior distributions of the model parameters. Distributions are visualized
by fitting a kernel density estimator to 1,305,720 (30 walkers with 43,524 steps each) MCMC samples
obtained using CIUKF-MCMC with the affine invariant ensemble sampler (AIES) after discarding the
first 7,447 samples per walker as burn-in. (B) Posterior distribution of the trajectory of x3(t) in the limit
cycle regime. The true trajectory (dashed black line) shows the dynamics with the nominal parameters,
the dotted blue line shows the trajectory evaluated at the MAP point, and the points show the noisy data
(covariance is 1% of the variance of the true trajectory). The 95% credible interval shows the region
between the 2.5th and 97.5th percentiles that contains 95% of 30,000 posterior trajectories. (C) Sample
posterior trajectories (50 out of 30,000 total) reveal that most trajectories closely match the true limit
cycles. Additionally, several trajectories that reach a fixed point are shown. (D) Quantification of the
fraction of the 30,000 sample trajectories that produce limit cycles oscillations, 90.6% (27,182 samples),
or reach a fixed point, 9.4% (2,818 samples). (E) Histograms quantify the variability in limit cycle
amplitude and period for the 27,182 trajectories that show limit cycle oscillations. We define the limit
cycle amplitude as the peak-to-peak difference for one oscillation, and the period is the time to complete
an oscillation. The vertical black lines show these quantities for the true trajectory.
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by up to 30% (10 nM) from the true amplitude. While the period deviates by a smaller amount, up to 15%

(2 min), we find that its distribution is skewed to periods that are shorter than the true period. Based on

these findings, we conclude that small uncertainties in the model parameters result in limit cycles with

varied amplitudes and periods, but do not strongly affect our ability to predict oscillatory dynamics.

Next, we investigated whether the nature of the data supplied for estimation affects our ability to

predict limit cycle oscillations. To investigate this, we repeated parameter estimation with two additional

noisy limit cycle data sets (shown in Fig 2.7A with the noise level set to 1% of the variance of the true

trajectory). We refer to these new data as the equidistant sampling data and the non-equidistant sampling

data. The equidistant sampling data includes 20 samples taken every two minutes over 0 < t ⇐ 60 minutes

and covers the initial transient and several periods of oscillations (see Fig 2.7A). The non-equidistant

sampling data also covers the first 60 minutes, however it only has five samples taken every five minutes

for the initial transient (the first 30 minutes) and the same 15 samples taken every two minutes for the

remaining 30 minutes (20 samples in total). We compared this to the results for the oscillations only data

(Fig 2.6) to investigate how samples from the initial transient affects estimation. We performed MCMC

with 150 walkers for 22,500 steps for the equidistant sampling data (Supplemental Fig A.12) and 30 AIES

walkers for 36,500 steps for the non-equidistant sampling data (Supplemental Fig A.13). To account for

the MCMC burn in, we discarded the first 5,669 samples per chain for the equidistant data and 11,065

samples for the non-equidistant data. Additionally, we simulated ensembles of 30,000 trajectories with

random posterior samples for the two new data sets; Supplemental Fig A.5 shows the resulting posterior

distributions of the dynamics.

Comparison of the fraction of the 30,000 simulated trajectories that show oscillations clearly

indicates that the input data affects our ability to predict limit cycles (see Fig 2.7B). As a baseline, we

compare the three data sets to simulations with samples from the prior distribution, which we think of
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Figure 2.7: (A) The equidistant sampling data includes 30 samples taken every 2 minutes over 0 < t ⇐ 60
(min). The non-equidistant sampling data includes 20 total samples with two sampling rates; there are
5 samples taken every 5 minute for the first 30 minutes and 15 samples taken every 2 minutes for 30
additional minutes. The oscillations only data set only includes samples from the oscillations with 15
samples taken every two minutes over the interval t ↓ (30,60]. (B) The fraction of the 30,000 simulations
that yield limit cycle or fixed point trajectories, with parameter samples from the prior, and the posterior
distribution associated with each data set. (C–E) Marginal posterior distributions of the model parameters.
Distributions are visualized by fitting a kernel density estimator to 2,524,800 samples for the equidistant
sampling data, 763,080 for the non-equidistant sampling data, and 1,305,720 for the oscillations only
data. (F–H) Two-dimensional scatter plots reveal relationships between k4 and ( that are necessary
to produce limit oscillations. Simulations with blue points produce limit cycle oscillations, and those
with red points produce fixed points. Darker regions indicate a higher probability of observing the
corresponding parameter values.
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as the setting where no data are provided. Figure 2.7B shows that all cases with data predict a higher

faction of limit cycle trajectories than the prior samples, where only 17.6% of simulations oscillated. We

found that only 45.9% (13,794 samples) of the simulations corresponding to the equidistant sampling

data show sustained oscillations. However as the number of samples from the initial transient (data from

0 to 30 minutes) is decreased, the fraction of oscillating simulations increased; 63.1% (18.921 samples)

and 90.6% (27,182 samples) of the simulations corresponding to the non-equidistant sampling and the

oscillation only data, respectively, showed limit cycle oscillations.

We additionally found that uncertainty in the nature of the dynamics is closely tied to the uncertainty

in the model parameters. Figure 2.7C-E shows the marginal posterior distributions corresponding to the

equidistant sampling, non-equidistant sampling, and oscillations only data, respectively. Specifically,

we observed that we can always predict k2 with high certainty, but the amount of uncertainty in k4, k6

and ( varies between the three data sets. For example, for the equidistant sampling data, the marginal

distribution for k4 (Fig 2.7C) has three distinct peaks of high probability (modes); one concentrated at

very small values, another centered near the nominal value and a wider mode at higher values. The k4

marginal distribution for the non-equidistant sampling data in Fig 2.7D places less probability at the two

modes far from the nominal value, but the mode near the nominal value is shifted towards higher values

of k4. Lastly, for the oscillations only data, we see only one prominent mode for k4 that is very close

to the nominal value (Fig 2.7E). Similar trends are seen for the ( marginal distributions. The posterior

distribution of dynamics in Supplemental Fig A.5 and the distributions of the limit cycle characteristics in

Supplemental Fig A.6 show that the increased uncertainty in these model parameters increases variability

in the predicted dynamics. In cases with high uncertainty in the model parameters, the 95% credible

intervals for x3(t), for example in Supplemental Fig A.5A, do not tightly constrain the dynamics, and the

limit cycle characteristics vary more (Supplemental Fig A.6A).
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Lastly, we used the results of our Bayesian analysis to discover relationships between parameter

pairs and the nature of the corresponding predicted dynamics. Based on observations that increased

uncertainty in both k4 and ( results in higher fractions of incorrectly predicted fixed point trajectories and

prior knowledge of how the model parameters interact to control the interplay of positive and negative

feedback [150], we hypothesized that we might observe correlations between pairs of model parameters

and the predicted dynamics. To test this, we plotted two-dimensional scatter plots of all pairs of parameters

for each data set in Supplemental Fig A.7, Supplemental Fig A.8, and Supplemental Fig A.9, and for k4

and ( in Fig 2.7F–H. The points are colored blue if the corresponding trajectory produced a limit cycle

and red if the trajectory reached a fixed point. We observed the strongest correlation between k4 and ( ,

where, for the equidistant sampling data, (see Fig 2.7F), the values of both parameters needed to be above

the smallest values, but not too large, to produce oscillations. The plots for the non-equidistant sampling

data (Fig 2.7G) and oscillations only data (Fig 2.7H) further highlight the relationship between k4 and

( . Based on these results, we conclude that k4 and ( are correlated such that their values must be within

specific ranges to produce limit cycles. We note that we were able to discover this correlation through a

Bayesian analysis; while, it is visually most apparent for the equidistant sampling data due to the high

estimation uncertainty, it is a property of the model itself and not of the data.

In summary, comprehensive UQ for the MAPK model highlighted how the existence of multi-

stability introduces additional uncertainties into parameter estimation. Specifically, sensitivity analysis

identified two parameters of the MAPK model, k5 and ( , that were only important for the bistable dynamics

and the oscillatory dynamics, respectively. In both cases, Bayesian parameter estimation was able to

predict the correct type of dynamics but showed remaining uncertainty in the specific characteristics of the

dynamics. By varying the data supplied for estimation, we found that the nature of the data set provided

to CIUKF-MCMC affects our ability to predict limit cycles. Interestingly, we found that more data does
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not always improve estimation and that having less data that is more focused on the limit cycles reduced

estimation uncertainties and gave better posterior parameter distributions. Additionally, we discovered

that the values of both k4 and ( need to be within a certain range to predict oscillatory MAPK dynamics.

Overall, the proposed framework for comprehensive UQ found parameters that were important to each

dynamical regime and directly quantified how uncertainties in these parameters contributes to uncertainty

in the dynamics.

2.3.3 Structural identifiability and global sensitivity analyses are key to successful param-

eter estimation

In the previous section, we applied structural identifiability and global sensitivity analysis to

reduce the number of parameters to be estimated. We found that this preprocessing was necessary, because

failing to reduce the parameter set to the identifiable and influential parameters led to a more difficult

estimation problem and increased parameter uncertainty. To demonstrate these effects, we varied the

preprocessing analysis that we used to reduce the set of free parameters for the MAPK model in the bistable

regime. In particular, we tested two additional cases; one where we only used structural identifiability

analysis to reduce the parameter space and another where we did not perform any preprocessing. Based on

our previous experience, we predicted that parameter uncertainty would increase as we eliminated each

parameter reduction preprocessing step.

Based on the marginal parameter distributions in Figure 2.8, we conclude that structural identi-

fiability and global sensitivity analysis are necessary for practical parameter estimation and uncertainty

quantification. We estimated all parameters from the same data set generated from the MAPK low steady

state in the bistable regime (results shown in Fig 2.5). The posterior distributions of the reduced set of

free model parameters ! f = [k2, k4, k5, k6]⇒ that we found by applying the complete proposed framework
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Figure 2.8: We visualize all distributions by fitting a kernel density estimator to MCMC samples.
The grey-shaded distributions, labeled “full UQ framework," are the posterior distributions for the
estimated parameters after applying the entire proposed UQ framework to reduce the free parame-
ters to ! f = [k2, k4, k5, k6]⇒. The blue-shaded distributions, labeled “only structural identifiabil-
ity analysis," are the posterior distributions after using only structural identifiability analysis to re-
duce the parameter set to ! no GSA

f = [k1, k2, k3 k4, k5, k6, (]⇒. The green-shaded distributions, la-
beled “no parameter space reduction," are the posterior distributions for the full set of free parameters
! no reduction

f = [k1, k2, k3 k4, k5, k6, K1, K2, (]⇒. We only show the distributions for the four parameters
that are common to all three analyses. In each case, we used CIUKF-MCMC with AIES to draw 3,500
MCMC samples with 150 walkers. We discarded 840, 1,342, and 1,485 samples per walker as burn-in
for the full framework, structural identifiability only, and no reduction cases, respectively.

(black line with grey shading) have peaks well-aligned with the nominal parameter values. Repeating the

estimation with the set of free parameters ! no GSA
f = [k1, k2, k3 k4, k5, k6, (]⇒ that we found by only

using structural identifiability analysis for parameter reduction yields estimated posterior distributions

(blue line and shading) with much greater uncertainties. Here, the peaks of the distributions for k2 and

k4 do not align with the nominal values, and all four distributions are wider than in the previous case.

Lastly, estimation of the full set of free model parameters (no preprocessing to reduce the parameter

set) ! no reduction
f = [k1, k2, k3 k4, k5, k6, K1, K2, (]⇒ resulted in posterior distributions with even greater

uncertainty which indicate lack of MCMC convergence. In this case, the posterior distributions place

little probability on the nominal values of k2 and k4; thus, the predictions for these parameters would

be incorrect. We used AIES for MCMC with 3,500 samples and 150 walkers for all three cases. These

standard MCMC settings highlight how reducing the parameter space with structural identifiability and

global sensitivity analyses lead to a better-posed estimation problem. Overall, each preprocessing step

improves MCMC convergence and reduces uncertainty in the estimated parameters.
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2.3.4 Parameter estimation in a phenomenological model of long-term potentia-

tion/depression

A phenomenological model of coupled kinase and phosphatase switches whose activities affect the

level of membrane-bound AMPAR (alpha-amino-3-hydroxy-5-methyl-4-isoxazolepropionic acid receptor)

as a reporter of synaptic plasticity was proposed in [151] to capture the key events in synaptic plasticity.

This kinase-phosphatase model has three states pK(t), P(t), and A(t) that correspond to active forms of

kinase (CaMKII in [151]), phosphatase (PP2A in [151]), and membrane-bound AMPAR, respectively. The

differential equations are

dpK(t)
dt

= k1 · pK(t) · Ktot ↑ pK(t)
Km1 +(Ktot ↑ pK(t))

↑ k2 · (P(t)+P0) ·
pK(t)

Km2 + pK(t)

+ k3 ·K0 + k4 · (Ktot ↑ pK(t)) · Ca2+(t)4

K4
m3

+Ca2+(t)4

(2.33a)

dP(t)
dt

= k5 ·P(t)
Ptot ↑P(t)

Km4 +(Ptot ↑P(t))
↑ k6 · (pK(t)+K0) ·

P(t)
Km5 +P(t)

+ k7 ·P0 ↑ k8 · (Ptot ↑P(t)) · Ca2+(t)3

K3
m3

+Ca2+(t)3

(2.33b)

dA(t)
dt

= (c1 · pK(t)+ c3) · (Atot ↑A(t))↑ (c2 ·P(t)+ c4) ·A(t), (2.33c)

where the 24 biological model parameters are ! f = [k1, k2, k3, k4, k5, k6, k7, k8, Km1 , Km2 , Km3 , Km4 , Km5 ,

K0, P0, Ktot, Ptot, Atot, c1, c2, c3, c4]⇒. The nominal values and physiological ranges for these parameters

are listed in Supplemental Table A.4.

This model predicts tristability (three steady states) in the level of excitatory postsynaptic potential

(EPSP) as a function of the calcium Ca2+(t) input. The normalized EPSP is the membrane-bound AMPAR

A(t) level, normalized to the initial condition, e.g., normalized EPSP = A(t)/A(t = 0), as defined in [151].

Fig 2.9B shows simulations of the three expected responses with the nominal parameter values from [151].
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The initial condition x0 = [0.0228, 0.0017, 0.4294]⇒ used for all simulations was determined by allowing

the system to reach steady state with the baseline Ca2+(t) level of Ca2+(t)↙ 0.1 [µM]⇒. The three steady

states are the initial baseline, the higher long-term potentiation state (LTP; trajectory depicted in dashed

black Fig 2.9B), and the lower long-term depression state (LTD; trajectory depicted in solid green Fig 2.9B).

The LTP state is obtained by applying a constant stimulus of Ca2+(t)↙ 4.0 [µM] from 1 ⇐ t ⇐ 3 (sec),

while the LTD state is reached by applying a constant stimulus of Ca2+(t)↙ 2.2 [µM] in the same time

interval; Ca2+(t) is set to the baseline level before (t < 1 (sec)) and after (t > 3 (sec)) the stimulus is

applied. We investigated how well the proposed uncertainty quantification framework could estimate the

model parameters for LTP and LTD from synthetic data of an LTP-inducing calcium input.
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Figure 2.9: (A) Network diagram of the simplified coupled kinase-phosphatase signaling model where
calcium Ca2+(t) acts as the input. (B) Trajectories of the three state variables in response to long-term
potentiation (LTP; pulse of Ca2+(t)↙ 4.0 [µM] from 2 ⇐ t ⇐ 3 (sec)) and long-term depression (LTD;
pulse of Ca2+(t)↙ 2.2 [µM] from 2 ⇐ t ⇐ 3(sec)) inducing calcium inputs. The calcium level is set to a
baseline of Ca2+(t)↙ 0.1 [µM] before and after stimulus. We compute normalized EPSP by normalizing
A(t) to its initial condition as described in [151]. The synthetic noisy data for the LTP and LTD cases are
indicated by the black square and green circle marks, respectively, with the noise covariance equal to 1%
of the variance of the data. (C and D) Sobol sensitivity indices for all free model parameters in response
to LTP-inducing and LTD-inducing inputs, respectively. The quantities of interest are the steady state
values of each state variable. We show both the first-order sensitivity indices Si and the total-order indices
STi . We select a reduced set of free parameters by choosing the parameters whose first-order sensitivity
index is greater than 0.05, e.g., Si > 0.05. This gives us the same set of free parameters, ! f = [k2, k6,
K0, P0, Ktot, Ptot, Atot]⇒, for both the LTP and LTD cases. Remaining model parameters are fixed to the
nominal values in Supplemental Table A.4.
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Following the proposed framework, the parameter space is reduced by performing identifiability

and sensitivity analysis. First, identifiability analysis showed that all model parameters are globally

structurally identifiable from full-state measurements. Next, global sensitivity analysis of the steady states

in response to an LTP-inducing and an LTD-inducing input ranked the 22 globally identifiable model

parameters. All free parameters were uniformly varied over two orders of magnitude centered around the

nominal values, ! →
i , for each parameter, e.g. !i ≃ U (0.1 ·! →

i , 10 ·! →
i ). In order to maintain conservation

of mass, the lower bounds of the total concentration parameters, Ktot, Ptot, Atot, were chosen to be greater

than or equal to the initial condition. Figure 2.9C shows the computed Sobol sensitivity indices for the

LTP-inducing input and Fig 2.9D shows those for the LTD-inducing input. The sensitivity analyses point

to the same group of seven model parameters for both the LTP-inducing and LTD-inducing inputs. These

are ! f = [k2, k6, K0, P0, Ktot, Ptot, Atot]⇒, whose first-order indices were greater than 0.05, e.g., Si > 0.05.

We chose to estimate these seven parameters and fix the remaining model parameters to the nominal values

listed in Supplemental Table A.4.

Next, we used the CIUKF-MCMC algorithm with AIES to estimate the posterior distribution for

the reduced set of parameters. The parameters were estimated from noisy synthetic data with 36 full-state

measurements of the LTP response. The data are spread uniformly over the domain 0 ⇐ t ⇐ 9 (sec) at a

noise level of 1% of the variance of the true trajectory for the respective states. The maximum integrated

autocorrelation time of the ensemble 150 Markov chains with 8,000 steps per chain was 621.58, leading

us to discard 4,351 samples as burn-in. Traces of the ensemble of Markov chains for all parameters are

shown in Supplemental Fig A.14. Figure 2.10A shows the estimated marginal posterior distributions

for the free model parameters, k2, k6, P0, K0, Ptot, Ktot, Atot. We observed different levels of uncertainty

across the estimated parameters. For instance, the marginal posterior for Atot indicated a very high level

of certainty with almost all of the probability mass, and thus the MAP point, aligned to the nominal
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value. However, the marginal posterior distributions for P0 and K0 show much more significant uncertainty

because we observe posterior probability spread over the entire support of the prior. Additionally, the

marginal posterior distributions for k2, k6, Ptot, and Ktot show a large mode around the MAP point that is

shifted from the nominal value and a smaller mode at the nominal value.

Using the posterior samples, an ensemble of 30,000 simulations (see Section 2.2.10) represented

the posterior distribution of the predicted dynamics in response to an LTP-inducing input, as shown

in Fig 2.10B. We observed that the 95% credible interval for the normalized EPSP covered both LTP

(normalized EPSP > 1) and LTD (normalized EPSP < 1) responses even though the input was LTP-

inducing. However, the trajectory evaluated at the MAP point (dotted blue line) matched the true trajectory

(dashed black line), indicating that most trajectories align with the expected LTP response. Examination

of the individual trajectories within the ensemble simulation (Fig 2.10C, top row) and the normalized

EPSP steady state values (Fig 2.10D, top row) confirmed that there are both LTP (blue traces) and LTD

(black traces) responses to the LTP-inducing input. Specifically, we found that 76.59% (22,972 samples)

of the responses correctly predict LTP, and 23.41% (7,024 samples) of response incorrectly predict LTD

(Fig 2.10E). Therefore, despite the high-quality data (many measurements and low noise), we still observed

substantial uncertainty in the predicted normalized EPSP.
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Figure 2.10: (A) We estimated marginal posterior distributions of the model parameters from noisy data
with an LTP-inducing calcium input. Distributions are visualized by fitting a kernel density estimator to
547,500 (150 walkers with 3,649 steps each) MCMC samples obtained using CIUKF-MCMC with AIES
for MCMC after discarding the first 4,351 samples per walker as burn-in. (B) Posterior distribution of
the trajectories of the state variables show LTP (normalized EPSP > 1) and LTD (normalized EPSP < 1)
responses for an LTP inducing input. The true trajectory (dashed black line) shows the dynamics with
the nominal parameters, the dotted blue line shows the trajectory evaluated at the MAP point, and the
points show the noisy data (covariance is 1% of the variance of the true trajectory). The 95% credible
interval shows the region between the 2.5th and 97.5th percentiles that contains 95% of 30,000 posterior
trajectories. (C) Sample posterior trajectories (100 out of 30,000 total) highlight the LTP (blue lines)
and LTD (black lines) in response to the LTP inducing input (top) and the LTD inducing input (bottom).
The dashed green lines show the true trajectories for the respective calcium inputs. (D) Histograms
reveal the distribution of the long-term responses to the LTP-inducing input (top) and the LTD-inducing
input (bottom). The dashed black lines show the true response for the respective calcium inputs. (E)
Quantifying the percentage of the 30,000 sample trajectories that produce LTD and LTP responses for
each calcium input. The LTP-inducing input yields 76.59% (22,972 samples) of the responses in the
LTP state and 23.41% (7,024 samples) in the LTD state. The LTD inducing input yields 68.93% (20,680
samples) of the responses in the LTP state and 31.07% (9,320 samples) in the LTD state.
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Lastly, we investigated if the posterior distribution estimated in the LTP regime can predict the

response to an LTD-inducing input. An initial hypothesis was that in response to an LTD-inducing input,

most trajectories would predict LTD, but a significant subset would predict the incorrect response, LTP.

An additional ensemble of 30,000 simulations, with an LTD-inducing input of Ca2+(t)↙ 2.2 [µM] (pulse

from 2 ⇐ t ⇐ 3 (sec)) was used to determine the posterior distribution of the dynamics. Visualization of

100 of the 30,000 trajectories in Fig 2.10C (bottom row) again showed both LTP (blue) and LTD (black)

responses; however, we unexpectedly observed more LTP than LTD in response to the LTD-inducing input.

The distribution of normalized EPSP responses (bottom row of Fig 2.10D) confirms that there are a large

number of responses in the LTP regime with a minor mode around the correct response. Quantification

of these results highlights that only 31.07% (9,320 samples) of responses are in the LTD state (expected

response) while 68.93% (20,680 samples) of the responses are in the LTP state (unexpected response).

In summary, this model formulation can correctly capture the same LTP behavior over a range of model

parameters while losing the ability to predict LTD behavior.

Despite the LTP and LTD responses being sensitive to the same set of parameters (see Fig 2.9C-D),

the posterior distribution estimated from measurements of LTP places more probability on parameter sets

that robustly predict LTP over those that correctly predict both responses. From these results, we conclude

that for this model, we need to learn the model parameters with a high degree of certainty in order to

disambiguate the LTP versus the LTD response because sensitivity analyses revealed that the same set

of parameters governs these two different outputs. This finding highlights that sensitivity analyses are

not sufficient to distinguish parameter uncertainty for systems with multistability and a comprehensive

framework as outlined here is necessary to shed light on such model complexities.
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2.4 Discussion

In this work, we developed a framework (see Section 2.2.1) for comprehensive uncertainty

quantification of dynamical models in systems biology. The proposed framework leverages identifiability

and sensitivity analysis to reduce the parameter space (sections 2.2.3 and 2.2.4) followed by Bayesian

parameter estimation with CIUKF-MCMC (Section 2.2.6). We applied this framework to three systems

biology models to demonstrate its applicability and highlight how a focus on uncertainty can transform

modeling-based studies. First, we performed two computational experiments on a simple two-state model

that showed how noise and data sparsity contribute to estimation uncertainty. Next, we applied our

framework to two models, the MAPK and the synaptic plasticity models, which better resemble the models

used to capture biological readouts. Using these models, we highlight how comprehensive uncertainty

quantification enables quantitative analysis of two biologically relevant dynamical behaviors, limit cycles

and steady state responses. We also found that good quality data cannot always overcome uncertainty due

to the model structure. These examples provide an essential starting point for applying our framework in

practice and interpreting systems biology studies under uncertainty.

Our results highlight how a focus on uncertainty quantification can give new insights in modeling-

based studies. For example, in Section 2.3.2 we were able to learn a posterior distribution for the parameters

that predict limit cycles with high probability. The posterior distribution is our best guess for the distribution

of the model parameters after incorporating the available data into the statistical model. Therefore, the

posterior distribution for the dynamics (approximated via an ensemble simulation as in Section 2.2.10)

provides our best guess for the dynamics, given everything we know about the model and the data. For the

MAPK limit cycle oscillations, this best guess includes dynamics with a range of limit cycle properties.

Additional analysis of the parameters that produce limit cycle oscillations revealed correlations between k4

and ( and that their values must both be within a certain range to produce the expected dynamics. Therefore,
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incorporating uncertainty quantification into modeling provides additional context and understanding of

the system of interest.

We also observe that predictions do not always capture the correct bistability in the example of

high MAPK steady state (Section 2.3.2) and the LTP/LTD response (Section 2.3.4). In both cases, the 95%

credible intervals of the ensemble of predicted dynamics cover both the higher and lower steady states (LTP

and LTD in the synaptic plasticity example). These results imply that the estimated posterior distributions

for these models include parameter sets that no longer show bistability at the specified input (the initial

condition for the MAPK model or the calcium level for the synaptic plasticity model). Further analysis of

these systems could test if these parameter sets lead to a complete loss of bistability or merely shift the

bifurcation point, the value of the input that changes which steady state is reached. Overall our results

point to a complex interplay between model parameters and inputs that potentially confounds parameter

estimation of multistable systems.

As highlighted in Sections 2.3.1 and 2.3.2, we showed that estimation uncertainty is a result of

the quality, quantity, and nature of the available experimental data. As expected, we demonstrated, for

the simple two state model (Fig 2.3,) that data with more noise and fewer samples leads to estimates with

wider uncertainty intervals. Furthermore, for the MAPK oscillations (Fig 2.7), we found that the sampling

strategy, either including data from the initial transient or focusing on sampling from the oscillations,

drastically affects estimation uncertainty. This finding contradicts the common intuition that more data

is always better, as we had the smallest estimation uncertainty in predictions made using data that had

the fewest samples, the oscillations only data. We suspect that these observations can be understood by

considering that the likelihood function measures the mismatch between the data and estimated trajectory

with an l2-like norm, for example see Eq (2.12). When we include data from both the initial transient

and oscillations, as in the equidistant and non-equidistant sampling cases in Section 2.3.2, the likelihood
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probability is similar for all trajectories that capture the initial transient, regardless of whether they oscillate

or reach a fixed point. However, the oscillations only data focuses the likelihood on the long-time dynamics

and places lower probability on trajectories that reach a fixed point. While l2-norm-based likelihood

functions are often used in Bayesian methods, one can also design a likelihood function to explicitly

determine if a trajectory displays the same features of the data, such as the feature-based approach in [182].

These findings imply that thoughtful experimental design can reduce unnecessary and potentially costly

data collection and can increase certainty in parameter estimates and model predictions.

In the proposed framework, we stress that global identifiability and sensitivity analyses are essential

to practical parameter estimation and uncertainty quantification. By running variations of the proposed

framework without these analyses in Supplemental Section 2.3.3, we found that each analysis reduces

estimation uncertainty and leads to an easier estimation problem. In the complete framework, we isolate

globally identifiable parameters and choose a cutoff value of the Sobol sensitivity index (see Section 2.2.4)

to select the influential parameter subset. Throughout this work, we choose a logical sensitivity index

threshold that corresponds either to a sharp drop in or a logical value of the sensitivity index, such as the

Si ↔ 0.1 criterion that we apply in several of the example problems. However, we caution that selecting

the subset of influential parameters is an intricate problem that requires users to decide the acceptable

amount of information to discard from the uncertainty analysis [183], [184]. Alternative methods to

the thresholding approach include those discussed in [183], group sensitivity analysis [131] or lasso

regression [185]. While these methods aim to select a subset of influential parameters, they are similar to

the thresholding approach in that each method hinges upon determining the acceptable number of degrees

of freedom to exclude from the analysis. Future research should develop methods for fully quantitative

parameter subset selection methods.

While the computations remained tractable for the three example models in this paper, it is essential
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to consider how complete uncertainty quantification can increase the computational costs of parameter

estimation. In [82], the authors showed that the original UKF-MCMC algorithm required more floating

point operations than methods that do not account for all sources of uncertainty. Similarly, we found

(see Supplemental Section A.1.1) the a single CIUKF likelihood evaluation takes 81 times longer than

an evaluation of a similar likelihood function that does not account for uncertainty in the model form.

A deeper look into the execution of the CIUKF likelihood function revealed that approximately 60% of

the runtime was spent on calls to ode15s(), which we use to discretize the differential equation model.

The added computational cost of CIUKF may be reduced in the future by developing optimized codes for

discretizing the differential equation model and evaluating the likelihood function.

Bayesian methods, such as CIUKF-MCMC, enable complete uncertainty quantification; however,

the need for MCMC sampling and the associated repeated likelihood evaluations can pose an increased

computational expense. In particular, as models include greater numbers of state variables and parameters,

the added expense of simulation, the increased dimensionality, and the potentially complex geometry of the

posterior distributions can challenge standard MCMC approaches. Innovative methods from the broader

UQ community, combined with the increasing accessibility of high-performance computing resources,

enable Bayesian analysis of models with large numbers of state variables and parameters [5], [186], [187] .

Additionally, while we showed that identifiability and sensitivity analyses could significantly reduce the

dimensionality of the parameter space, this reduced space may remain relatively high dimensional for

specific applications. Many MCMC sampling algorithms that incorporate information about the geometry

of the distribution or run parallel Markov chains can sample high-dimensional and possibly complex

posterior distributions. These methods include parallel MCMC samplers [188], [189], Hamiltonian Monte

Carlo [84] and dimension independent, likelihood-informed methods [190]. Although comprehensive

uncertainty quantification comes with added computational costs, recent innovations in UQ methods can
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alleviate some of the added computational burdens of comprehensive analysis.

Throughout this work, we make several assumptions regarding the availability of the model

equations and the statistical properties of associated errors. First, we assume that the model equations are

known prior to parameter estimation. This assumption reflects standard modeling practices where models

use biochemical theories that assume equations for the kinetics of biochemical reactions. In using the

CIUKF-MCMC we somewhat weaken this assumption because it introduces process noise to account for

uncertainty in the model form [82]. In reality, all models have some level of uncertainty because they

rely on assumptions about the system. Therefore, accounting for model form uncertainty regularizes the

dynamics to account for a mismatch between the predicted dynamics and the data [82]. However, in cases

where the model is not known a priori, it may be necessary to estimate the model structure and parameters

from the data simultaneously. One approach to disambiguate a model structure is to learn the biochemical

reaction network [191], [192] or the mathematical model directly from data [193]–[197]. Additionally, it is

possible to cast these problems in the Bayesian perspective to learn the model form and the associated

uncertainties [82], [198].

Furthermore, we make several assumptions when choosing statistical models for measurement and

process noise and simulating biological measurement data. First, we assume Gaussian measurement and

process noises in applying the CIUKF-MCMC method. Standard Kalman filtering approaches revolve

around assumptions of normally distributed noise processes [161]. However, we may be better able

to describe noise in biological systems and experiments with alternate probability distributions (see,

e.g., [140]). Assuming a non-Gaussian distribution for the measurement noise would require reformulating

the likelihood function (it would alter the distribution in Eq (2.12)); however, incorporating alternative

distributions for the process noise would require approximations for the marginal likelihood that go

beyond Kalman filtering. Next, this work considers linear measurement functions, e.g., Eq (2.3), but
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CIUKF-MCMC is also well-suited to handle nonlinear measurement functions [82]. Lastly, we assume

that we only have access to a single time series of measurements, e.g., one trial of an experiment; however,

most experiments in biology perform several repeated trials. A straightforward approach to incorporate

all available data to inform the statistical model would use the mean of each time point and estimate

parameters from the time series of means. Additionally, one could estimate parameters from each time

series separately and then analyze several posterior distributions that one could merge via meta-analysis or

information fusion principles [199]–[201], or construct a statistical model that accounts for the multiple

time series [84] simultaneously.

The framework introduced in this work can be applied and extended to enable comprehensive

uncertainty quantification for most dynamical models encountered in systems biology. Future research

should focus on rigorous methods for parameter subset selection, applying MCMC samplers that are well

suited for complex, high-dimensional distributions to systems biology, and incorporating more specific

statistical models of biological data and noise. In summary, research at the intersection of uncertainty

quantification and systems biology modeling will strengthen parameter estimation and enable models that

more accurately predict the dynamics observed in experimental measurements.

2.5 Code availability statement

The code necessary to reproduce this work is available on GitHub at https://github.com/

RangamaniLabUCSD/CIUKF-MCMC. We store all models in the systems biology markup language

(SBML) for reproducibility and provide a function to translate these to MATLAB. Additionally, we

provide a tutorial in the GitHub as a starting point for future applications of the proposed uncertainty

quantification framework. In the tutorial, we also list Python and Julia-based software for parameter

estimation and sensitivity analysis as alternatives to the MATLAB-based software we use in this study.
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Chapter 3

Increasing Certainty in Systems Biology

Models using Bayesian Multimodel

Inference

3.1 Introduction

Current innovations in molecular tools [69], [70] and high-resolution microscopy [91], [202]

have led to discoveries in intracellular signal transduction, such as the spatial regulation of signaling

pathways. These discoveries often require new mathematical models to give rise to mechanistic insights.

Furthermore, mathematical models also enable the generation of experimentally testable predictions of

intracellular signaling [9], [36], [203]. However, one key challenge in systems biology is formulating a

model when there are many unknowns, and the available data do not observe every species in a system. As

a result, different mathematical models that vary in their simplifying assumptions and model formulations
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can describe the same signaling pathway. For example, searching the popular BioModels database for

models of the extracellular-regulated kinase (ERK) signaling cascade yields over 125 results for models

that use ordinary differential equations [204], [205]. While each model was developed for specific

experimental observations, accounting for the range of simplifying assumptions can help improve the

certainty and accuracy of resulting predictions. In this work, we explore two important questions: (1) How

can we quantify the effects of uncertainty in the model formulation, called model uncertainty, on model

predictions? and (2) How can we reduce model choice uncertainty to increase the certainty of intracellular

signaling predictions? Using ERK signaling as our model system, we show that Bayesian multimodel

inference (MMI) helps to address model uncertainty by leveraging the available data and accounting for all

user-specified models.

Uncertainty quantification in systems biology aims to understand how model assumptions, inferred

quantities, and data uncertainties impact model predictions [206], [207]. Bayesian parameter estimation

quantitatively assesses parametric uncertainty by estimating a probability distribution for unknown pa-

rameters, such as reaction rate constants and equilibrium coefficients, from training data [206], [208],

[209]. However, at the model level, explicit approaches to handle model uncertainty are yet to be routinely

employed in systems biology. Model selection using information criteria, such as the Akaike information

criterion (AIC), [210], [211] or Bayes Factors [212] has been the preferred approach in systems biology to

select a single “best” model when multiple models are available [210], [213]. Reasoning with a single

set of predictions, traditionally from a single model, is much easier than with predictions from multiple

models. However, given that the available experimental data are often sparse and noisy, these approaches

may limit predictive performance by introducing selection biases and misrepresenting uncertainty [210],

[214].

Multimodel inference reduces selection biases and accounts for model uncertainty by including
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contributions from every specified model [209], [210], [214]–[217]. Theoretical results have shown that

MMI can improve predictive performance by reducing uncertainty and increasing robustness to modeling

assumptions [210], [214], [218]–[220]. MMI methods combine model predictions by taking a weighted

average over all supplied models [219]–[221]. Methods for choosing the weights range from parametric

consensus estimation [219], [220] and frequentist Akaike-weighing [210] to Bayesian model averaging

(BMA) [215], pseudo-Bayesian model averaging (pseudo-BMA) [214], [218], and stacking of predictive

densities (stacking) [218].

Previous applications of MMI to systems biology have focused on a limited subset of the available

methods, primarily information-criterion-based and Bayesian model averaging approaches. Stumpf et al.

conducted a theoretical analysis of MMI for biological network inference, where the network structure

was inferred from data [216], [217]. Based on these analyses and limited applications to protein-protein

interaction data, the authors concluded that choosing a good set of models is generally important for

constructing accurate MMI estimates and that MMI could improve predictions of the biological network

structures even when the true networks were not among the set of candidate models. More recently, Beik

et al. utilized MMI with BMA to select candidate tumor growth mechanisms consistent with several

experimental datasets [222]. However, MMI has not yet been investigated to increase the certainty of

intracellular signaling predictions in systems biology.

In this work, we expand the Bayesian systems biology toolkit to employ MMI as a powerful

approach to address model uncertainty. We apply MMI to extracellular-regulated kinase signaling (ERK)

as an example problem for deeper analysis. Specifically, we select ten ERK signaling models that

emphasize the core of the ERK pathway and estimate the kinetic parameters with Bayesian inference using

experimental data from Keyes et al. [223]. First, we show that MMI increases the certainty of model

predictions using several different experimental and synthetic datasets. Next, we show that MMI-based
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predictions are robust to changes in the composition of the set of supplied ERK models and to increases in

data uncertainty. Finally, we apply MMI to study the mechanisms driving ERK activity, which is localized

to subcellular locations observed by Keyes et al. [223]. We refer to this ERK activity as subcellular

location-specific ERK activity. Subcellular localization of intracellular signaling is hypothesized to play a

role in differentiating cellular responses to heterogeneous stimuli and is observable using modern molecular

tools [223]. We find that Bayesian MMI enables us to compare hypotheses about what drives location-

specific ERK signaling and, in doing so, suggests that location-specific differences in both Rap1 activation

and negative feedback strength are necessary to capture the observed dynamics. We conclude that MMI

increases predictive certainty when multiple models of the same signaling pathway are available via a

structured approach to handle model uncertainty and selection simultaneously.

3.2 Materials and Methods

3.2.1 Standardized EGF-inputs

To standardize the EGF input across models, we modified all model formulations to include EGF

as a state variable. Then, we set the time derivative of EGF to zero to simulate a sustained EGF stimulus,

which assumes that modeled reactions do not deplete extracellular EGF pools. Additionally, we define all

EGF stimuli in nanomolar (nM) concentrations. To convert from concentrations in ng/mL or pg/mL to

nM we assume EGF has a molecular weight of 6,048 g/mol [224]. Additionally, to convert from nM to

molecules/cell we assume a cell volume of 1 nanoliter (nL) [225]. Lastly, in models that include additional

growth factors, we set the concentrations of the corresponding receptors to zero. Specifically, in Birtwistle

et al. 2007 [226] we fixed concentrations for H, E3, and E4, and in von Kreigsheim et al. 2009 [227] we

fixed the NGF and NGFR concentrations.
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Experimental data preprocessing From live-cell fluorescence microscopy experiments, Keyes

et al. report all EKAR measurements as the YFP/CFP emission ratio, R(t) [223]. In Figure 3.3 and

Supplemental Figure B.3, we normalize each cell-wise trajectory by removing the cell-wise minimum

and dividing by the difference in the cell-wise maximum and minimum. Further, in Figure 3.8, we define

the normalized EKAR4 data as R̃(t) := R(t)/Rmax, where R(t) is the EKAR4 emission ratio, and Rmax

is the mean (across all cells with and without Rap1 inhibition) of the maximum (in time) emission ratio.

This normalization choice retains location-specific differences in ERK signaling and the effects of Rap1

inhibition. All original data are reported as measurements over individual cells; thus, to yield a single

dataset with an uncertainty estimate, we computed the average and standard deviation over all cells (e.g.,

black and red curves in Figure 3.8A). We found that normalization introduced substantial uncertainty in

Rap1 inhibition data, so in constructing a likelihood model, we took the standard deviation of the data to

be one-half of that computed directly (shown as gray and red bars in Figure 3.8A). To ensure that the data

and model predictions were on the same scale, we similarly normalized model predictions of active ERK

to the trajectory-wise maximum.

Synthetic data generation We generated two experimentally realistic synthetic datasets to

analyze MMI. First, using the H’ 1996 model, we recreated the EGF-ERK dose-response curve shown in

Figure 2B of [228] by varying the input EGF concentration from 0.001 nM to 0.106 nM over 10 levels and

computing the resulting steady-state ERK activity (Figure B.4A). The range of EGF input concentrations

is also similar to experiments in [229]. Specifically, we normalized each response to the maximum across

input levels and denoted this by the % maximal ERK activity. Further, we assumed that each measurement

is subject to mean-zero independent Gaussian measurement error with a standard deviation of 0.1, similar

to measurement uncertainties observed in experiments [228], [229]. To account for differences in the total

available ERK concentration across models and ensure that model predictions are on the same scale of the
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data, we computed the % maximal ERK activity by normalizing each predicted dose-response curve to the

maximum ERK activity in that curve.

3.2.2 Bayesian parameter estimation and sequential Monte Carlo

In this section, we provide a brief overview of Bayesian parameter estimation. For more details in

the context of systems biology, see [207], [208], and more theory in general, see [206], [209].

Systems biology models use systems of ordinary differential equations (ODEs) to describe the

rates of change in the concentration of included biochemical species. For a particular signaling pathway,

we often have a set of K models, MK = {M1, . . . ,MK}, that vary in their representation of the system.

Each model connects the dynamics of the state variables xk(t) ↓ Rnk
+ , (R+ = [0,&) are the nonnegative

real numbers) which correspond to the concentration of biochemical species, to observations ŷk(t) ↓ Rmk
+

using the system of equations

dxk(t)
dt

= fk(xk(t);! k), (3.1)

ŷk(t) = hk(xk(t);! k)+∀(t), ∀(t)≃ N (0,∀), (3.2)

where fk(·; ·) : Rnk
+ ↗Rpk

+ ↘ Rnk
+ , and hk(·; ·) : Rnk

+ ↗Rpk
+ ↘ Rmk

+ . The model parameters ! k ↓ )k ∝ Rpk
+

control model predictions and include quantities such as reaction rates and equilibrium coefficients.

We additionally assume that a Gaussian measurement noise process ∀(t) ↓ Rmk with covariance matrix

∀ ↓ Rmk↗mk reflects uncertainty in the measurements. Beyond predictions of the observations, we assume

that each model predicts a biologically relevant quantity of interest (QoI) q(t) ↓ R. The QoI is predicted

by a function of the internal states and parameters, q̂k = gk(xk(t),! k), where q̂k is the QoI prediction with

model Mk, and gk(·, ·) : Rnk
+ ↗Rpk

+ ↘ R.
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Bayesian parameter estimation learns a probability density for the parameters of each model

conditioned on the training data p(! k|Dtrain,Mk) [206], [209]. The training data Dtrain = {y1, . . . ,yNtrain}

consists of Ntrain noisy experimental observations, and can correspond to time points ti in dynamic responses

yi = y(ti) or to input stimuli ui in dose-response curves yi = y(ui). Bayesian estimation applies Bayes’ rule

p(! k|Dtrain,Mk)  
posterior

# p(! k|Mk)  
prior

p(Dtrain|! k)  
likelihood

, (3.3)

which relates the posterior probability density of the model parameters, p(! k|Dtrain,Mk), to the product of

the prior density p(! k|Mk) and the likelihood function p(Dtrain|! k). The posterior density is the probability

density of the model parameters given the available training data and the model. The prior density encodes

assumptions about the parameters before considering training data. The likelihood function measures the

probability that model predictions match the training data and is a function of the model parameters. In

most systems biology problems, we do not have a closed-form equation to evaluate the posterior density

directly, so we instead must rely on methods such as Markov chain Monte Carlo (MCMC) [206], [208],

[209] or sequential Monte Carlo (SMC) [230], [231] to characterize the posterior through the S samples

drawn from it, {! 1
k , . . . ,! S

k}≃ p(! k|Dtrain,Mk).

This work uses log-normal prior densities for all unknown model parameters. To let the data inform

the estimation procedure, we choose to center the mean of each prior on the logarithm of the nominal

values for the unknown parameters ! nominal
k and let the standard deviation be suitably large such that 95%

of the probability mass of the prior is in the range [10↑2 ↗! nominal
k ,102 ↗! nominal

k ]. One can show that this

corresponds to setting the prior standard deviation to 2.350. Substantial empirical evidence suggests that

wide, weakly informative priors such as the lognormal prior with wide variance greatly enable sampling

of the posterior density compared to completely uninformative priors such as the uniform prior [209].
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Next, the likelihood function is a Gaussian density because we assume a Gaussian measurement noise in

Eq. (4.2) [208]. We use the PyMC probabilistic programming library in Python to build statistical models

efficiently and enable posterior sampling [232].

We use sequential Monte Carlo to sample from the posterior density because it estimates the

marginal likelihood without additional computation [230], [231]. SMC is a particle-based sampler that

sequentially adapts the particles from prior samples to posterior samples using a tempering scheme.

The particles are weighted and mutated at each sampler stage with an importance sampling step. At

the final stage, the weights assigned to the particles correspond to the marginal likelihood and can be

averaged to provide a marginal likelihood estimate. We use the implementation provided by the PyMC

python package with the independent Metropolis-Hastings transition kernel. Additionally, we set the

correlation_threshold parameter to 0.01 and the threshold parameter to 0.85. Unless otherwise

noted, we run four independent SMC chains with at least 500 posterior samples per chain.

3.2.3 Forward uncertainty propagation with ensemble simulation

Given S samples from the posterior density, we perform ensemble simulations to propagate

uncertainty forward to model predictions. Specifically, we solve the ODE model with each of the S

posterior samples to generate a set of ODE solutions for resulting predictive densities. There are three

important predictive densities that we use to assess predictive uncertainty. First, the posterior push-forward

density of the QoI (also called the predictive density of the QoI) is defined as

p(q̂k|Dtrain,Mk) :=
∫

)k

gk(xk(t),! k)p(! k|Dtrain,MK)d! k (3.4)

and directly propagates parametric uncertainty to the QoI. To sample from the posterior push-forward

density of the QoI, we evaluate the QoI function gk(·, ·) at each sample, yielding a set of QoI samples
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{q̂1
k , . . . , q̂

S
k}≃ p(q̂k|Dtrain,Mk). Next, the posterior push-forward density of the measurements,

p(ŷ(t)k|Dtrain,Mk) :=
∫

)k

hk(xk(t))p(! k|Dtrain,MK)d! k, (3.5)

similarly propagates parametric uncertainty to the measurements. We evaluate the measurement function

at each ODE solution to sample from the posterior push-forward density of the measurements. Lastly, the

posterior predictive density is defined as

p(D̃train|Dtrain,Mk) :=
∫

)k

p(Dtrain|! k,Mk)p(! k|Dtrain,MK)d! k, (3.6)

and accounts for both parametric and data uncertainty. To obtain posterior predictive samples, we sample

the posterior push-forward density of the measurements and subsequently add independent samples from

the measurement noise process defined in Eq. (4.1). We refer the reader to [233] and [209] for more details

on predictive densities and Bayesian model analysis in general.

In this work, we use both the posterior push forward of the QoI and the posterior predictive

density where appropriate. In Figures 3.3, 3.4, 3.5 and Supplemental Figures B.3, B.5, and B.8 we use the

posterior push forward of the QoI. Alternatively, we use the posterior predictive density in Figure 3.8 and

Supplemental Figures B.4.

3.2.4 Bayesian model averaging

Bayesian model averaging weighs each model with the model probability wBMA
k =

p(Mk|Dtrain) [215]. Notably, the model probability is the realization of a discrete probability

mass function over the set of models. The model probability is computed by applying Bayes’ rule a second
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time (the first time is for model parameter estimation) at the model level, that is

p(Mk|Dtrain) =
p(Dtrain|Mk)p(Mk)

!K
l=1 p(Dtrain|Ml)p(Ml)

, (3.7)

where p(Mk) is the prior model probability and p(Dtrain|Mk) is the marginal likelihood. Importantly, the

marginal likelihood is included in Eq. (3.7) because it depends on the model, whereas we exclude the

denominator in parameter estimation and replace equality with proportionality in Eq. (4.3). The marginal

likelihood,

p(D |Mk) =
∫

)k

p(D |! k,Mk)p(! k|Mk)d! k, (3.8)

quantifies the probability of observing the data under model Mk. Direct computation of Eq. (3.8) can be-

come intractable because the integral is often over a high-dimension space and thus requires approximations

by Monte Carlo integration, Bridge Sampling, or sequential Monte Carlo [215], [234]–[236]. In this work,

we use the PyMC implementation of sequential Monte Carlo, which estimates the log marginal likelihood

alongside posterior samples [230]–[232]. PyMC returns a log marginal likelihood estimate for each inde-

pendent chain, so we take the average over all chains to generate an estimate for that model. Additionally,

we assume that each model is equally probable a priori with prior model probability p(Mk) = 1/K. We

employ the log-sum exponential trick to avoid numerical overflow in evaluating Eq. (3.7), which involves

computing the sum of the exponent of log marginal likelihoods. That is, given log marginal likelihoods,

Eq. (3.7) can be written abstractly as

p(Mk|Dtrain) =
exp(xk)

!K
l=1 exp(xl)

, (3.9)
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where xk = log(p(Dtrain|Mk)p(Mk)) can be quite large and thus Eq. (3.9) is susceptible to overflow errors.

We can rearrange Eq. (3.9) to

p(Mi|Dtrain) = exp


xi ↑ log

K

!
l=1

exp(xl)


, (3.10)

where we use the log-sum-exponential trick

log
K

!
l=1

exp(xl) = c+ log
K

!
l=1

exp(xl ↑ c), (3.11)

with c = max[x1, . . . ,xK ] for numerical stability.

3.2.5 Pseudo-Bayesian model averaging

Pseudo-Bayesian model averaging weighs models based on the expected predictive performance

of future data measured with the expected log pointwise predictive density (ELPD). Similar to Akaike-type

weighting, which uses the Akaike information criterion instead of the ELPD [210], we define the scalar

pseudo-BMA weights as

wpBMA
k :=

exp(⊋ELPDMk)

!K
i=1 exp(⊋ELPDMk)

, (3.12)

given an estimate of the ELPD for each model ⊋ELPDMk . Further, we stabilize Eq. (3.12) with the log-sum-

exponential trick as in the previous section. To account for uncertainty in the ELPD estimates, we use the

Bayesian bootstrap as was done in [218], [237].

We adapt the definitions from [214] to introduce approximations to the ELPD that can be used for

pseudo-BMA. First, we let the training data Dtrain = {y1, . . . ,yNtrain} consist of statistically independent

data points. It follows that p(Dtrain|! k,Mk) = ∃Ntrain
i=1 p(yi|! k,Mk) due to the independence of the data.
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The expected log pointwise predictive density of model Mk is defined as

ELPDMk :=
Ntrain

!
i=1

∫
log p(ỹi|Dtrain,Mk)ptrue(ỹi)dỹi, (3.13)

and quantifies the expected predictive performance of the model compared to the true data generating

distribution ptrue(ỹi). The log posterior predictive density for model Mk and new data-point ỹi is defined as

log p(ỹi|Dtrain,Mk) := log
∫

)k

p(ỹi|! k,Mk)p(! k|Dtrain,Mk)d! k (3.14)

and measures the log probability of observing the new data point. Given S posterior samples !̂ s
k, the log

posterior predictive density can be approximated with

log p(ỹi|Dtrain,Mk)′ log
1
S

S

!
i=1

p(ỹi|!̂
s
k,Mk). (3.15)

In general, we do not know the true probability of the data ptrue(ỹi), so we must rely on approximations

to the ELPD such as the leave-one-out cross-validation estimator (LOO-CV) [214], which we use in this

work, or the widely applicable information criterion (WAIC) [238].

The simplest approximation to the ELPD, called the sample-approximated log pointwise predictive

density (LPD), is simply the sum of Eq. (3.15) over all data points,

LPDMk =
Ntrain

!
i=1

log
1
S

S

!
s=1

p(yi|!̂
s
k,Mk); (3.16)

however, the LPD is known to overestimate the ELPD [214]. Thus, we can use LOO-CV to approximate
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the ELPD as

⊋ELPD
LOO
k :=

n

!
i=1

logp(yi|D↑i
train,Mk), (3.17)

where the leave-one-out predictive density is defined as

p(yi|D↑i
train,Mk) :=

∫
p(yi|! k,Mk)p(! k|D↑i

train)d! k. (3.18)

Here, D↑i
train := {y1, . . . ,yi↑1,yi+1, . . . ,yNtrain} indicates all of the training data Dtrain excluding point yi. We

refer the reader to Vehtari et al. [214] for further details and motivation. This work uses the LOO-CV-

based approximation to the ELPD because both approximations provided similar weights for each model

(results not shown here). However, direct computation of Eq. (3.18) can be prohibitively computationally

expensive because it requires repeating parameter estimation for each held-out data point. To enable

efficient computation of the LOO-CV ELPD estimator, we use Pareto smoothed importance sampling [214],

[239], the details of which we omit for brevity. We denote the Pareto smoothed importance sampling

leave-one-out cross-validation estimator of the ELPD as PSIS-LOO-CV.

In this work, we use the ArviZ Python library [240] to compute the PSIS-LOO-CV and the

resulting model weights. Given a dictionary of inference data objects with log-likelihood samples for

each model, we use the Arviz.compare() function with the ic parameter set to loo and the method

parameter set to BB-pseudo-BMA. We use default settings for all computations. To ensure that PSIS-LOO-

CV accurately estimates the LOO-CV estimator, we compared PSIS-LOO-CV to direct leave-one-out

cross-validation (LOO-CV) for the S’ 2014 model using synthetic dose-response data (Figure B.4A).

Notably, the ELPD predictions for PSIS-LOO-CV and LOO-CV are within five percent, predicting ↑5.69

and ↑5.43, respectively.
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3.2.6 Stacking of predictive densities

Stacking of predictive densities [218] aims to assign scalar weights wstack
k to each model such

that the new estimator is optimal according to a specified optimality criterion. The stacking optimization

problem

max
{wstack

k }
S


K

!
k=1

wstack
k p(D̃ |Dtrain,Mk),ptrue(D̃)


(3.19)

aims to maximize a score, S(·, ·) : P ↗∗ ↘ R, where P is a probabilistic forecast and ∗ is the sample

space on which the true predictive density is defined (see [218] for a more detailed definition). The score is

computed between the consensus predictive density evaluated at new data D̃ and the true predictive density.

However, the true predictive density is unknown, so Yao et al. [218] suggest using a logarithmic scoring

rule and replacing the predictive density evaluated at new data with the LOO estimator. The approximate

stacking optimization problem becomes

max
{wstack

k }

1
n

n

!
i=1

log
K

!
k=1

wstack
k p(yi|D↑i

train,Mk), (3.20)

where the LOO-CV predictive density p(yi|D↑i
train,Mk) can again be estimated with PSIS-LOO-CV as in

the previous section.

We again use the ArviZ Python package [240] to compute the stacking weights in this work.

Specifically, we use the Arviz.compare() function with the ic parameter set to loo and the method

parameter set to stacking. All other parameters are set to the defaults.

3.2.7 Numerical solution of ODEs and steady-state simulation

As systems biology models are often stiff ODE systems, we solve all systems of ordinary differ-

ential equations with the Kvaerno 4/5 implicit Runge-Kutta method that is implemented in the Diffrax
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Python package and is well-suited for integrating stiff systems of ODEs [241], [242]. Unless otherwise

stated, we set the maximum number of solver steps, max_steps, to 6↗ 106. To account for potential

stiffness, in conjunction with the implicit scheme, we use a PID controller-based method for adaptive time

stepping [243]–[245] with tolerances atol=1e-6 and rtol=1e-6 for all problems unless otherwise noted

in Supplemental Table B.2. Such tolerances are suggested to provide sufficient accuracy when solving

most systems. We run the solver from the initial condition to the desired time point to obtain the entire

solution over time. However, we choose the following methods to balance accuracy and computational

efficiency to obtain each model’s steady-state solution. The first approach runs the ODE solver until the

solution and time derivative satisfy ||dx(t)/dt||2 ⇐ atol+ rtol||x(t)||2, where || · ||2 is the standard vector

two-norm. To evaluate this criterion, we use a Diffrax SteadyStateEvent with tolerances atol=1e-5

and rtol=1e-6 for all problems unless stated otherwise in Supplemental Table B.2. The second approach

uses Newton’s method to directly solve dx(t)/dt = 0. We use the standard Newton method implemented in

the Optimistix Python library [246] with max_steps = 100 and tolerances atol=1e-10 and rtol=1e-10.

To mitigate convergence issues, we initialize the Newton solver at a point along the solution of the ODE by

running the previous ODE-based steady-state method with crude tolerances atol=1e-5 and rtol=1e-5

for all problems unless stated otherwise in Supplemental Table B.2.

3.2.8 Structural Identifiability Analysis

We perform an a priori local structural identifiability analysis to reduce the unknown model pa-

rameters with unique values given the observables. We refer the reader to [247], [248] for background and

mathematical details on structural identifiability analysis. We perform a local analysis instead of a global

analysis as suggested in our previous work [208], because computing global identifiability proved compu-

tationally intractable for larger models such as H’ 2005 and B’ 2007. Specifically, we used the structural
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identifiability analysis method from [248] that is implemented in the StructuralIdentifiability.jl package

in the Julia programming language. We use default settings for the assess_local_identifiability()

function, and set the probability of correctness to p = 0.99 for all models except Birtwistle et al. 2007 [226],

for which we take p = 0.95 to improve computational efficiency. Additionally, due to further software

limitations, we exclude any parameters in exponents from the identifiability analysis. If these parameters

are integers, we fix them to their nominal value, otherwise we set them to 1.0. Specifically, for Hornberg et

al. 2005 [249] we fix n to 1.0, and for von Kreigsheim et al. 2009 [227] we fix k57, k61, k64, k66, k70, and

k72 to 1.0.

3.2.9 Global Sensitivity Analysis

We use the Morris screening method for global sensitivity analysis [250], [251]. First, we assume

that all parameters vary independently and can take on values in the range [10↑2 ↗! nominal,102 ↗! nominal]

(nominal values are listed in Supplemental Materials). We then use the steady-state activated ERK

concentration as the quantity of interest for models that predict sustained ERK activation at the nominal

parameter values, i.e., H’ 1996, O’ 2009, S’ 2014 , R’ 2015, and K’ 2017, or the maximal activated ERK

concentration as the QoI for models that predict a transient activation, i.e., K’ 2000, L’ 2000, H’ 2005,

B’ 2007, and vK’ 2009. Additionally, we assume that the EGF concentration is fixed at 0.1 nM for all

models. To perform the Morris screening, we use the SALib Python package [252], [253] with the method of

Morris sampler (SALib.sample.morris.sample()) and analysis (SALib.sample.moris.analyze())

functions with default settings. We draw 256 samples per parameter direction for all models except

H’ 2005 and B’ 2007, for which we use 30 and 10 samples, respectively. Morris screening provides two

measures of sensitivity, the mean of the distribution of the absolute value of elementary effects µ→ and the

standard deviation of the distribution of elementary effects ∃ [251]. We refer the reader to [100], [251] for
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more details. We assume that parameters are influential to ERK activation when µ→
i /max{µ→

i }> 0.1 or

∃i/max{∃→
i }> 0.1.

3.2.10 Error and uncertainty metrics

We measure predictive error with either the root mean square error (RMSE) or the relative error.

Given a prediction ŷ and a reference (ground truth) y, the RMSE is defined as,

RMSE :=

√
!N

i=1(ŷi ↑ yi)2

N
, (3.21)

where y ↓ RN , and yi is the ith element of y. We additionally define the relative error as

Relative Error :=
||ŷ↑y||2
||y||2

, (3.22)

where the norm is the standard vector two-norm, ||a||2 =
√

!N
i=1 a2

i .

We measure predictive uncertainty using the average width of the 95% credible interval. Given a

set of predictive samples prediction, ŷ1, . . . , ŷS, we define the 95% credible interval as the interval between

the 2.5th and 97.5th percentiles,

95% credible interval := [P2.5,P97.5], (3.23)

where Pi denotes the element-wise ith percentile of the set of samples. Each element of Pi is the percentile

of the corresponding set of elements from the set of vector-valued predictive samples. We define the

average width of the 95% credible interval as the mean over all elements of the difference between P97.5

and P2.5.
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3.3 Results

3.3.1 Bayesian multimodel inference

Bayesian multimodel inference systematically constructs a new consensus estimator of important

systems biology quantities of interest (QoIs) that accounts for model uncertainty. Here, we consider ODE-

based intracellular signaling models, Mk, with fixed model structure and unknown model parameters. We

leverage the Bayesian framework to estimate unknown parameters and characterize predictive uncertainty

through predictive probability densities [206], [209] (see Methods and Materials for more details). The

training data, Dtrain = {y1, . . . ,yNtrain}, consists of Ntrain noisy experimental observations (or synthetic

data), and can correspond to time points ti in dynamic responses yi = y(ti) or to input stimuli ui in dose-

response curves yi = y(ui). Given that we use Bayesian methods to estimate unknown model parameters

from training data, each model predicts a probability density for the QoI, p(q̂k) [108], [208]. The goal of

Bayesian MMI is to build a multimodel estimate of the QoI, q, defined as p(q|Dtrain,MK), that leverages the

entire set of specified models, MK = {M1, . . . ,MK} [210], [215], [218], [254]. For intracellular signaling,

the QoIs can be either the time-varying trajectories of activities or concentrations of key biochemical

species (q(t) at time t) or the steady-state dose-response curve (q(ui) where ui is a stimulus concentration,

and ui < ui+1). Time-varying trajectories characterize the dynamic response of a signaling network to

prescribed stimuli. On the other hand, dose-response curves capture the input-output response of the

entire signaling network over a range of stimuli concentrations. Measurements of both quantities are

fundamental to experimentally characterizing intracellular signaling; for example, see [228] for EGF-ERK

dose-response data, and see [223] for time-varying ERK activity data.

The Bayesian multimodel inference workflow used in this work is shown in Figure 3.1, where we

first calibrate available models to training data by estimating unknown model parameters with Bayesian
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Figure 3.1: First, we use Bayesian parameter estimation to calibrate the parameters in each model to
the training data. Each calibrated model can then be used to predict biological quantities; however, the
accuracy and uncertainty of each model’s predictions may vary due to differences in the model structure
and mathematical formulation. Next, Bayesian MMI constructs a new estimator by combining specified
models based on how well each predicts the training data or based on the expected predictive performance
of future data. Finally, the multimodel inference-based estimator improves predictive accuracy and
robustness compared to individual models. In this work, we use models of extracellular-regulated kinase
signaling (ERK) to apply Bayesian MMI for systems biology. The models vary in mathematical and
biological complexity. The Bayesian MMI workflow is broadly applicable whenever multiple models are
available.

inference, then we combine the resulting predictive probability densities using MMI, and finally provide

improved multimodel predictions of important quantities in systems biology studies. Bayesian multimodel

inference constructs predictors by taking a linear combination of predictive densities from each model,

p(q|Dtrain,MK) :=
K

!
k=1

wkp(qk|Mk,Dtrain), (3.24)

with weights wk ↔ 0 and !K
k wk = 1 [210], [215], [221], [233], [254]. We note that the weights can

either be scalars or realizations of a probability mass function defined over the set of models. The key

challenge is estimating the weight to assign each predictive density. Here, we compare three methods for
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choosing the weights, wk: Bayesian model averaging (BMA) [215], pseudo-Bayesian model averaging

(pseudo-BMA) [218], [254], and stacking of predictive densities (stacking) [218]. Notably, the potential for

MMI to bring new insights into intracellular signaling has not previously been explored, and because each

method for MMI has distinct advantages and disadvantages, we chose to compare all three. We briefly

summarize the methods below. Importantly, the MMI workflow and methods we investigate in this work

broadly apply beyond systems biology whenever a set of candidate models are available.

Bayesian model averaging uses the probability of each model conditioned on the training data to

assign weights wBMA
k = p(Mk|Dtrain) [215] to each model. The model probability quantifies the probability

of model Mk correctly predicting the training data relative to the other models in the set. While BMA

is the natural Bayesian approach to MMI, the method suffers from several key challenges, including the

necessary computation of the marginal likelihood, strong dependence on prior information, and reliance on

data-fit alone instead of on predictive performance [209], [215], [218], [255]. Furthermore, as with all

fully Bayesian methods, the resulting BMA weights vary with the amount of training data provided, and in

the limit of infinite data, the weights converge to a single model [218]. Due to these potential challenges of

BMA, we also investigate pseudo-BMA and stacking.

Pseudo-Bayesian model averaging assigns model weights based on the expected predictive perfor-

mance of unseen data measured with the expected log pointwise predictive density (ELPD) [214], [218].

The ELPD quantifies expected predictive performance on new data by computing the distance between the

predictive and true data-generating densities and is defined as

ELPDMk :=
Ntrain

!
i=1

∫
log p(ỹi|Dtrain,Mk)ptrue(ỹi)dỹi, (3.25)

where Mk is the kth model and ptrue(ỹi) true data generating distribution ptrue(ỹi). Higher ELPD values in-
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dicate a greater probability of correctly predicting unseen data and, therefore, better predictive performance.

Notably, the ELPD is a direct estimate of the predictive performance of a model and does not suffer from

the same challenges that affect the marginal likelihood in BMA [214], [218], [256]. However, the ELPD

is intractable directly because we do not know the true data-generating density. Instead, we estimate the

ELPD with Pareto smoothed importance sampling leave-one-out cross-validation (PSIS-LOO-CV) [214].

Pseudo-BMA constructs model weights, wpBMA
k , by normalizing the estimated ELPD of each model,

⊋ELPD
LOO
k , to the sum of that quantity across all models. The two key challenges of pseudo-BMA are that

it relies on potentially erroneous estimates of the ELPD, such as PSIS-LOO-CV, and that pseudo-BMA

weights do not account for correlations between individual model predictions [218].

Stacking of predictive densities selects optimal model weights, wstack
k , to maximize the ELPD

of the consensus density. We follow the approach introduced in [218], which maximizes the log score

between the consensus predictive density and the true data-generating distribution estimated by the ELPD.

In contrast to BMA and pseudo-BMA, which weigh models independently, stacking weighs all models

simultaneously [233]. Thus, stacking finds the best-estimating density that is closest (in terms of the log

scoring rule used to define the optimality criterion) to the data-generating process [218]. However, similar

to pseudo-BMA, stacking relies on ELPD estimates for MMI.

3.3.2 Variations in ERK signaling models show model form uncertainty

Extracellular-regulated kinase signaling plays a key role in controlling many cellular processes,

including proliferation, growth, metabolism, and differentiation [32], [257]. Due to this widespread

importance, ERK is one of the most extensively modeled intracellular signaling pathways [258]. As a

test problem for MMI, we specified a set of ten models of the core ERK signaling network [226]–[228],

[249], [259]–[264]. Throughout this work, we refer to each model by the first letter of the first author’s last
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name and the publication year, e.g., Huang and Ferrell 1996 [228] is H’ 1996. Even though each model

was initially used to answer different research questions, we chose these ten because each one represents

the ERK signaling pathway from input to ERK activation. Figure 3.2 depicts the epidermal growth factor

(EGF)-to-ERK signaling network spanned by each model and denotes which model includes specific

structural components. We note that in addition to each model containing a subset of the complete ERK

signaling network, the models also vary in mechanistic complexity and the mathematical formulation used

to represent the reaction kinetics. Examples of these variations include using only mass action kinetics in

H’ 1996 while K’ 2017 combines Michaelis-Menten and Hill-equations. Additionally, all models use single

equation representations of EGF-EGFR interactions, except for H’ 2005 and B’ 2007, which use detailed

multi-step ligand-binding and receptor internalization mechanisms. Supplemental Table B.1 highlights

how extensive variations in the number of model parameters and state variables reflect the variations in the

model formulation. Furthermore, each model’s equations were readily available from original or secondary

sources. Therefore, these models exemplify real-world uncertainties while remaining comparable in their

representation of the ERK signaling pathway. Thus, we reasoned that this set of ERK models serves as a

good test case for MMI.

We previously showed that a priori structural identifiability and global sensitivity analyses are

critical to successful Bayesian parameter estimation for intracellular signaling models [208]. Therefore,

we performed local structural identifiability analysis on each model to determine which parameters can

be uniquely identified locally in parameter space. Next, we performed global sensitivity analysis on each

model using Morris screening [100] to determine which identifiable parameters significantly influence

predicted ERK activity (Supplemental Figure B.1). Based on the results of both analyses, we reduced the

number of free parameters by fixing all nonidentifiable and noninfluential parameters to nominal values

from the literature. Supplemental Table B.1 shows the number of parameters remaining after each of these
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Figure 3.2: Parentheses list the models that include a representation of each component. Abbreviations
for models show the first letter of the first author’s last name and the publication year, e.g., H’ 1996
corresponds to Huang and Ferrell 1996 [228]. Supplemental Table B.1 lists the abbreviations and
references for all models.

a priori analyses. We only estimated the remaining free parameters.

3.3.3 Bayesian MMI increases certainty in ERK activity predictions

As a first test, we applied MMI to predict EGF-induced ERK activity from experimental observa-

tions of cytoplasmic ERK kinase activity from Keyes et al. [223]. Here, we sought to understand better

how model averaging with MMI impacts predictions of time-varying EGF-induced ERK activity. Using an

improved ERK kinase activity reporter called EKAR4, Keyes et al. measured ERK activity at subcellular

locations, including the cytoplasm (Figure 3.3A) and plasma membrane (Supplemental Figure B.3A).

Using the cytoplasmic ERK activity, we separately estimated the parameters of the ten ERK signaling

models. Figure 3.3B shows the resulting posterior densities for the ERK activity predictions with four of

the ten models (Supplemental Figure B.2A shows the densities for all ten models). All ten models predict
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the cytoplasmic ERK activity data qualitatively well. We attribute minor variations in the predictions to

differences in the formulation of each model.

Figure 3.3: (A) Normalized experimental measurements of cytoplasmic ERK activity. Mean (black
trace) and standard deviation (grey bars) show statistics computed across all single-cell trajectories. Data
originally presented in figure 1 of [223]. (B) Posterior densities of cytoplasmic ERK activity trajectories
for four out of nine models ordered by decreasing expected log pointwise predictive density (ELPD).
Additional densities are shown in Supplemental Figure B.2A. Shaded regions show the 95% credible
interval (the interval between 2.5th and 97.5th percentiles) of the posterior, while the solid line shows the
posterior mean. Densities are estimated from 2,000 posterior samples. (C) ELPD values for all models
computed using Pareto smoothed importance sampling leave-one-out cross-validation (PSIS-LOO-CV).
Models with higher relative ELPD are more likely to predict future data correctly. Estimated ELPD values
are used to construct MMI estimates with pseudo-Bayesian model averaging (pseudo-BMA) and stacking
of predictive densities (stacking). (D) Model probabilities are computed using sequential Monte Carlo
estimates of the marginal likelihood. The model probability is the probability of each model conditioned
on the training data and is used for MMI with Bayesian model averaging (BMA). (E) MMI model weights
for all models using pseudo-BMA, BMA, and stacking. (F) Root mean square error (RMSE) of the
posterior mean cytoplasmic ERK activity prediction. The dashed black line shows the lowest RMSE of
any single model. (G) Posterior uncertainty measured by the mean 95% credible interval width in time.
The dashed black line shows the lowest uncertainty of any single model.

Each of the three MMI methods distributed MMI weights differently between the models, but the
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MMI predictions are similar. The ranking of the models using the ELPD values (Figure 3.3C) and the

model probabilities (Figure 3.3D) varies between the two methods, despite the overall trends remaining

similar. We observe that the models that predict cytoplasmic ERK activity qualitatively better had higher

ELPD values and higher model probability than those that did poorly. Both pseudo-BMA and BMA

assigned non-zero weights to more than one model, but they weighed different subsets of the model set

(Figure 3.3E). Meanwhile, stacking placed all weight on the O’ 2009 model. Despite the different weight

distributions, each of the three MMI methods predicted trajectories of cytoplasmic ERK activity that all

appear qualitatively similar to the data (Supplemental Figure B.2B). Interestingly, the models with higher

ELPD values were not necessarily the most complex or the models with the most free parameters. The

best models, O’ 2009 and K‘ 2017, had a moderate number of states and included components such as

intermediate species and negative feedback (Figure 3.2). This implies that there is minimal mechanistic

complexity which is required to capture time-varying cytoplasmic ERK activity.

Quantitative differences in the predictions for each method show that only pseudo-BMA and BMA

increased predictive certainty. The root mean square error (RMSE) of the posterior mean and the predictive

uncertainty measured by the average width of the posterior 95% credible interval are slightly lower than

that of the best model for pseudo-BMA and BMA (Figure 3.3F–3.3G). However, these quantities are the

same as the best model for stacking, which only weighs a single model. These results show that MMI

predictions of cytoplasmic ERK activity retain the predictive accuracy of the best models and can also

yield reductions in uncertainty when a weighted average is used.

To test if MMI improves predictions for additional ERK signaling data, we repeated MMI for the

same set of models using experimental measurements of plasma membrane ERK activity (Figure B.3A) and

synthetic EGF-ERK dose-response curve data (Supplemental Figure B.4A). For both of these new datasets,

predictions varied between individual models and thus, the ELPD estimates and model probabilities
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varied as well (Supplemental Figure B.3B–B.3D and B.4B–B.4D). Accordingly, each MMI method

yields different weight assignments (Supplemental Figure B.3E and and B.4E). We note that several

models in the dose-response example, e.g., O’ 2009, failed to capture the trends in the dose-response data

(Supplemental Figure B.4B). Importantly, these models received nearly no weight in the MMI averages

and do not contribute to MMI predictions. For both datasets, MMI predictions had predictive errors on

par with the best individual models. Additionally, MMI predictions had uncertainty that was lower than

that of individual models when multiple models were combined via weighted averaging (Supplemental

Figure B.3F–B.3G and B.4F–B.4G). Therefore, we concluded that MMI handles model uncertainty in the

set of specified models for predictions of plasma membrane ERK activity and the EGF-ERK dose-response

curve in addition to cytoplasmic ERK activity. Importantly, from all three datasets, MMI predictions had

lower errors than choosing a model at random and showed reduced uncertainty when using pseudo-BMA

and BMA. Thus, MMI can increase predictive certainty for this set of models across multiple types of data.

3.3.4 MMI increases robustness to model form uncertainty

To understand how increasing model uncertainty affects model-averaged MMI predictions, we

systematically varied the composition of the model set. Specifically, we asked how (i) adding an ill-fitting

model, (ii) removing the best model, and (iii) changing the size of the model set affects MMI predictive

performance.

First, we found that single-model perturbations to the model set tended to have minor effects on the

performance of MMI predictions. To test this for predictions of cytoplasmic ERK activity, we first excluded

the worst-fit model, R’ 2015 (lowest ELPD in Figure 3.3C) and computed the MMI weights (Figure 3.4A).

Adding the bad model back to the set resulted in little change to the MMI weights (Figure 3.4B), and

thus, had minimal impact on the predictive error (Figure 3.4D) and the posterior uncertainty (Figure 3.4E)
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because the additional bad model received nearly no weight. Next, we removed the best-fit model, O’

2009, (highest ELPD in Figure 3.3C) and recomputed the MMI weights (Figure 3.4C). Without the best

model, stacking reassigned all weight to K’ 2017, the next best model, while BMA redistributed the

weight across K’ 2017 and B’ 2007. Pseudo-BMA redistributed weight away from O’ 2009 across several

other models. Accordingly, the predictive error increased only a small amount because all models predict

cytoplasmic ERK activity similarly well. Despite the small increases in error, removing the model with the

Figure 3.4: (A)–(C) Weights assigned to models in three model sets: (A) excluding the worst-fit model,
R’ 2015, (B) all models, (C) excluding the best-fit, O’ 2009. (D) RMSE of the posterior mean cytoplasmic
ERK activity prediction for each MMI method and model set. Dotted patterning corresponds to (A), no
patterning to (B), and dashed patterning to (C). The dashed horizontal line is the RMSE of the model
with the lowest average error, HF’ 1996. (E) Posterior uncertainty is measured by the mean of the 95%
credible interval taken over all EGF levels. (F) Relative error of the posterior mean for MMI predictions
with increasing model set size. All possible combinations of models were tested at each size. The
dashed blue line shows 5% relative error (0.05), and the dashed black line shows the lowest error of any
single model, HF’ 1996. (G) Average posterior uncertainty of ERK response for MMI predictions with
increasing numbers of models. The dashed black line shows the uncertainty of the best model, R’ 2015.
(F),(G) Boxplots show the mean and interquartile range, and whiskers show the 95% credible interval.
Open circles show outliers.
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highest ELPD model had little effect on MMI predictive uncertainty (Figure 3.4E). We repeated MMI with

these single-model perturbations to the model set using both the plasma membrane data (Supplemental

Figure B.5A–B.5E, and the synthetic EGF-ERK dose-response data (Supplemental Figure B.6A–B.6E).

We observed similar results for both additional datasets; however, the predictive error increased when we

removed the best model for the dose-response example because the difference in the performance of the

best and next-best models was bigger for that example. Therefore, these results show that MMI predictions

of ERK activity are robust to changes in this model set because including an additional bad model had

little effect, and excluding the best model led to relatively small changes in uncertainty and accuracy.

Next, we investigated how many models are necessary for effective MMI and how the number of

models in the model set affects MMI predictive performance. We constructed model sets with all possible

combinations of the nine ERK models ranging from sets of two to sets of eight models for all three datasets,

cytoplasmic ERK activity (Figure 3.4F), plasma membrane ERK activity (Supplemental Figure B.5F)

and EGF-ERK dose-response data (Supplemental Figure B.6F). First, we found that the error of MMI

predictions on average decreases and approaches the lowest error of any individual model as the number of

models increases for all three datasets. In particular, the errors of pseudo-BMA and stacking predictions

tended to decrease faster, while the errors of BMA predictions remained elevated even with larger model

set sizes. In particular, for BMA predictions of the EGF-ERK dose-response curve, the relative error

remains centered around 5%, which is well above the error of the best individual model (Supplemental

Figure B.6F). Based on these findings, we conclude that MMI can increase the probability of correct

predictions beyond single models, even with just two specified models. However, the improvements were

much greater with pseudo-BMA and stacking than with BMA.

How does the number of models affect MMI predictive uncertainty? For all three datasets, the

predictive uncertainty decreased as model set size was increased for pseudo-BMA and BMA, but not
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for stacking (cytoplasmic ERK activity, Figure 3.4G; plasma membrane ERK activity, Supplemental

Figure B.5G; EGF-ERK dose-response Supplemental Figure B.6G). For pseudo-BMA and BMA, the

uncertainty approached a level that is below that of the best model (i.e., the dashed black line in Figure 3.4G)

as the number of models increased. However, for stacking, the uncertainty is similar to the prediction

made with the model with the greatest ELPD, even after more than three models are used. Therefore, we

conclude that MMI reduces uncertainty even with a moderate number of models and that more models

lead to greater uncertainty reductions for pseudo-BMA and BMA in these three examples. Additionally,

these results show that even with the increased model uncertainty from having more models, MMI can

reliably increase predictive certainty and generate predictions as accurately as the best single models.

3.3.5 MMI is robust to increased training data uncertainty

We have previously observed that data uncertainty can greatly impact predictive uncertainty in

intracellular signaling models [208]. Furthermore, the quantity and quality of training data affect how

different MMI methods weigh models [218]. To explore how MMI performs in the presence of data

uncertainties, we simulated increasing data uncertainty by decreasing the quantity and quality of the

training data supplied for MMI.

First, we found that MMI predictions of future cytoplasmic ERK activity have lower uncertainty

than single-model predictions. We varied the length of the training data by truncating the original 40-minute

long recordings at the 10-, 20-, and 30-minute time points (Figure 3.5A), and used MMI to predict the

remainder of the trajectory up to 40 minutes. We evaluated the predictions by assessing the testing error

and uncertainty on the final 10 minutes of the trajectory, which was not used for parameter estimation.

Similar to all individual models, the posterior uncertainty for the best single model, O’ 2009, increased

with decreasing training data length (top row in Figure 3.5B; additional individual model predictions are

111



shown in Supplemental Figure B.7). However, the pseudo-BMA predictions showed substantially lower

predictive uncertainty at all data lengths (bottom row in Figure 3.5B). Quantitatively, the testing error of

MMI predictions is on par with that of the lowest-error models at all training data lengths (Figure 3.5C), and

Figure 3.5: (A) Shorter training data was constructed by truncating the original 40-minute cytoplasmic
ERK trajectories at the 10-, 20-, and 30-minute time points (mean, black trace; and standard deviation,
grey bars). Predictive performance was assessed by computing errors and uncertainties in the final 10
minutes (red box). (B) Posterior predictions from decreased training data for the best model, O’ 2009
(highest ELPD across all training datasets), and MMI with pseudo-BMA. Predictions for additional
models and MMI methods are shown in Supplemental Figure B.7. (C) Predictive error (relative error)
for the final 10 minutes (t = 30 ↘ t = 40 min) of cytoplasmic ERK activity. (D) Predictive uncertainty
(average width of the 95% credible interval) for the final 10 minutes of cytoplasmic ERK activity. (E)
Lower-quality training data was generated by averaging random subsets of 10, 20, 40, and 60 imaged
cells. The black trace shows an original average of 76 cells. Colored traces show averages of 40 replicate
random subsets. (F) The predictive error (relative error) of cytoplasmic ERK activity with lower quality
data compared to average activity trajectory using all cells. (G) Predictive uncertainty of cytoplasmic
ERK activity with lower quality data. (F),(G) Filled circles indicate an average error of 40 replicates
for individual models and triangles for MMI predictions. Error bars show the standard deviation over
replicates. Blue markers show the error of the raw training data at each subset size compared to the
original full-data mean.
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the testing uncertainty of MMI predictions is substantially lower than the best single models (Figure 3.5D).

We note that at the 10- and 20-minute data lengths, the L’ 2000, K’ 2000, and H’ 2005 predictions have

lower uncertainty than those for MMI. However, they are highly erroneous, with almost all simulations

predicting maximal activation after 40 minutes (Supplemental Figure B.7). We additionally repeated the

same simulations with data from the plasma membrane. We observed similar trends as with cytoplasm

data (Supplemental Figures B.8A–B.8E). Together, these results show that MMI increases the certainty

and accuracy of out-of-sample predictions of future ERK activity from shorter training data than single

models alone.

Second, MMI predictions showed lower predictive error and uncertainty than single-model pre-

dictions from lower-quality data. We generated lower-quality training data by decreasing the number of

individual cells we averaged over to create the normalized data. Specifically, we drew 40 random subsets of

10, 20, 40, and 60 of the 76 original single-cell recordings of cytoplasmic ERK activity and computed the

cell-wise average and standard deviation (Figure 3.5F). Data created with lower cell counts (10 or 20 cells)

was of lower quality than data with higher counts (40 or 60 cells) because the lower-count data had greater

error compared to the original 76-cell dataset and had more variation in the standard deviation (not shown).

To reduce the computational burden of repeated parameter estimation, we constructed MMI estimates using

five of the ten models, K’ 2000, O’ 2009, S’ 2014, R’ 2015, and K’ 2017, because these models had the

shortest inference times (Supplemental Table B.3). The predictive testing error, computed as the relative

error of model predictions compared to the original 76-cell dataset, shows that MMI predictions are more

accurate than most of the individual models (Figure 3.5G). Additionally, the BMA and pseudo-BMA MMI

predictions had lower predictive uncertainty across all subset sizes (Figure 3.5H). We repeated the same

simulations with data from the plasma membrane. Similarly, we found that MMI is robust to lower-quality

data (Supplemental Figures B.8F–B.8G). Based on these results, we conclude that MMI predictions are
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more robust to uncertainties due to reduced data quality than single-model predictions.

3.3.6 MMI improves out-of-sample predictions of ERK activity

Figure 3.6

In the previous results, we focused on fitting models to data on one type (either trajectory or

dose-response) and generating predictions of the same type of behavior. Here, we asked how MMI can

improve out-of-sample predictions. Specifically, we fit the models to synthetic data of one type, either

dose-response data or trajectory data (Figure 3.7A), and predicted the other response type. Interestingly,

we found that none of the models trained on dose-response data could predict the dynamic responses with

any reasonable efficacy (Figure 3.6). This is not surprising because dose-response data do not inform the

kinetics of the response, only the steady-state levels. We did not apply MMI for this case because the

predictions were so poor for all models.

On the other hand, we found that a subset of the models trained on synthetic trajectory data were
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able to predict the dose-response curve (Figure 3.7C). This is further captured by the range of ELPDs

between the models (Figure 3.7C). Interestingly, in this case the model probability is placed entirely on

one model (Figure 3.7E). This is likely an effect of the fact that model probabilities are known to converge

to the best model with increasing data [265], and this example has the mode data points. The resulting

model weights reflect the ELPD and model probabilities, with pBMA weighing two models and Stacking

and BMA only weighing one (Figure 3.7F). This highlights how these methods can select the best models

when there are many poor predictors. Finally, we see that the accuracy (Figure 3.7D) and uncertainty

of the MMI predictions are similar to those for the models selected by those methods, because MMI is

not taking weighted averages here. This shows that MMI can enable out-of-sample predictions and is

especially robust when many input models are very poor predictors. However, this example also highlights

that MMI predictions are only as good as the candidate models.
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Figure 3.7: (A) Synthetic trajectory data was generated by simulating the H’ 1996 mode for 30 minutes
at three EGF input levels (0.001, 0.005, and 0.106 mM). (B) Posterior densities of trajectories for a subset
of models ordered by ELPD. (C) Posterior densities of predicted dose-response curves using models
trained on trajectory data. (D) ELPD of models. (E) Model probabilities. (F) Model weights. Note that
D-F were calculated based on fits to trajectory training data. (G) RMSE of posterior dose-response
predictions. (H) Uncertainty of posterior dose-response predictions.

116



3.3.7 Subcellular ERK activity depends on Rap1 and negative feedback

Keyes et al. previously revealed spatiotemporal differences between cytoplasmic and plasma

membrane ERK signaling [223]. Specifically, the authors observed that ERK activity is more sustained at

the plasma membrane compared to the cytoplasm (Figure 3.8A, black traces; data reproduced from figures

1C and 1D of [223]). Furthermore, Keyes et al. showed that plasma membrane ERK activity depended

strongly on the non-canonical ERK activator Rap1, but cytoplasmic activity did not (figures 3C and 3D

from [223]). Here, we used MMI to investigate whether subcellular differences in the model parameters

could predict subcellular variations in ERK activity by selecting models that accurately explain the data.

Initially, we hypothesized that location-specific probability densities for model parameters could

explain location-specific ERK activity observed by Keyes et al. [223]. In the previous sections, we

observed that the same models could predict both cytoplasmic and plasma membrane ERK activity well

when all parameters can vary independently between the two compartments (Figure 3.3B and Supplemental

Figure B.3B). Supplemental Figure B.9 highlights each model’s most significant subcellular specific

parameter estimates. For example, there were subcellular differences in Raf deactivation, EGFR dynamics,

ERK activation, and total kinase concentrations. However, since we allowed all model parameters to vary

independently between compartments, these findings show which subcellular parameter differences can

lead to more accurate predictions of subcellular ERK activity but do not show which specific combinations

of independent parameters are required to capture the data.

To explore which combinations of location-specific parameters could capture location-specific

ERK activity, we used Bayesian MMI to evaluate all possible combinations of parameters varying between

compartments. Specifically, we focused on the O’ 2009, S’ 2014, and R’ 2015 models because these three

models comprehensively cover the core ERK network. Furthermore, limiting the investigation to three

models ensured the computations remained tractable. In these three models, we observed that the parameters
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that control Raf deactivation, ERK phosphorylation, ERK dephosphorylation, ERK negative feedback, and

Rap1 activity varied significantly between compartments for these three models (Supplemental Figure B.9

and Supplemental Materials). Therefore, we allowed combinations of the related parameters to vary

between compartments. Since the Rap1-dependence of plasma membrane ERK activity was a key finding

of Keyes et al. [223], we introduced a Rap1-like activator into the S’ 2014 and R’ 2015 models, such that

all three models could be used to predict ERK activity after Rap1 inhibition. To do so, we assumed that

active EGFR activates Rap1, which in turn activates downstream Raf kinase, and that Rap1 activation is

not modulated by negative feedback from active ERK [266]. We then performed 94 sets of parameter

estimation, allowing every combination of the relevant parameters to either vary independently between

compartments or remain the same globally. We fit the models under each hypothesis to EKAR4-only and

EKAR4 with Rap1 inhibitor (Rap1GAP) data (Figure 3.8A). To simulate Rap1 inhibition, we set the total

Rap1 concentration to zero.

Next, we used MMI to compare which of the combinations of location-specific parameter esti-

mation best captured the subcellular ERK activity data. MMI weighted various parameter combinations

(Supplemental Table B.4 shows the best and worst ten). Eight parameter combinations received weights

greater than 0.01. These all similarly allowed ERK phosphorylation and/or ERK dephosphorylation

parameters to vary between compartments. Additional combinations of location-specific parameters in-

cluded Rap1 activation, ERK (-) feedback, and Raf deactivation (Supplemental Figure B.4). The identified

location-specific parameters controlling ERK phosphorylation can indicate species not included in the

models are responsible for location-specific dynamics, such as potential cross-talk or other feedback

mechanisms. However, it is also possible that these parameters are simply the easiest to estimate. Thus,

the location-specific differences may not represent biologically realistic mechanisms because of the known

ability of systems biology models to fit a wide range of data [267].

118



To further refine our understanding of location-specific parameters that can capture the exper-

imental data, we used MMI to compare a smaller set of hypotheses about which parameters impact

location-specific ERK activity based on what is known to be biologically realistic [223], [266], [268].

Specifically, we focused on the noncanonical ERK activator Rap1 and ERK negative feedback. We hypoth-

esized that Rap1 signaling would vary between compartments because Keyes et al. [223] found that plasma

membrane ERK activity depends on Rap1 while cytoplasmic activity does not (Figure 3 from [223]).

Additionally, we hypothesized that ERK negative feedback could vary between compartments because

previous findings suggest that the strength of ERK negative feedback can drive differences in sustained

versus transient ERK activity [266], [268]. To test these hypotheses about location-specific signaling,

we performed nine sets of parameter estimation in which we allowed only the Rap1 parameters (Rap1

diff.), only the ERK negative feedback parameters ((-)FB diff.), or both Rap1 and ERK negative feedback

parameters (Rap1 & (-)FB diff.) to vary independently between locations. Parameters not associated with

Rap1 or ERK negative feedback were assumed to not vary between locations, and a single probability

density was estimated for those parameters.

Location-specific Rap1 signaling and ERK negative feedback were both necessary to predict ERK

activity’s subcellular variability. Qualitatively, the posterior predictive distributions of the models that

allowed only ERK negative feedback parameters to vary between locations ((-)FB diff.) predict the data

worse, while those that allowed Rap1 parameters to vary (Rap1 diff.) predict the data more accurately. The

models that allow both Rap1 and ERK negative feedback parameters to vary, Rap1 & (-)FB diff., appeared

to predict the data best (Figure 3.8C and Supplemental Figure B.10). The predicted ELPDs show that Rap1

& (-)FB diff. models do indeed predict the data best, followed by Rap1 diff. and (-)FB diff., respectively

(Figure 3.8C). Furthermore, all three MMI methods only assign weight to hypotheses that allow both Rap1

and negative feedback differences simultaneously (Figure 3.8D). Interestingly, pseudo-BMA and stacking
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Figure 3.8: (A) EKAR4 measurements from [223] Figure 3C–3D normalized to the average maximum
EKAR4 emission ratio in each location separately. Mean and standard deviation for EKAR4-only (black)
and EKAR4 with Rap1 inhibition measurements (+Rap1GAP; red). (B) Posterior predictions for the
best and worst models indicated by ELPD, i.e., O’ 2009 with location differences in Rap1 and negative
feedback (O’ 2009 Rap1 & (-)FB diff.) and S’ 2014 with location differences in negative feedback
(S’ 2014 (-)FB diff.), respectively. Predictions from all models are shown in Supplemental Figure B.10.
(C) ELPD values for all models. (D) MMI weights assigned to all models using pseudo-BMA, stacking,
and BMA. (E) Marginal posterior densities for the Rap1 activation/deactivation and ERK negative
feedback parameters in each location for the O’ 2009 and R’ 2015 models with Rap1 and negative
feedback location differences selected by MMI. Cytoplasm densities (CYTO) are blue, and those for
the plasma membrane (PM) are black. All densities are statistically independent between locations
(p < 0.005 by the Kolmogorov-Smirnov test with a two-sided hypothesis). (F) Posterior predictions
for selected models with negative feedback inhibition alone ((-)FB inhib.) and simultaneous Rap1 and
negative feedback inhibition (Rap1 inhibition + (-)FB inhib.). (G) The proposed mechanism of subcellular
differences in ERK activity discovered using MMI. Rap1 activation is stronger at the plasma membrane,
while negative feedback is stronger in the cytoplasm.
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select both the O’ 2009- and R’2015-based models, while BMA selects the O’ 2009-based model. This

suggests that location-specific ERK negative feedback plays a role in location-specific ERK activity in

addition to the Rap1 dependence at the plasma membrane.

Interestingly, in the hypotheses selected by MMI, Rap1 activation is stronger at the plasma

membrane, and ERK negative feedback is stronger in the cytoplasm as indicated by the marginal posterior

densities of the associated parameters (Figure 3.8E). Specifically, the deactivation rate of the Rap1 activator

C3G (k1C3G↑deact.) is lower in the plasma membrane for the O’ 2009 model, and the Rap1–Raf equilibrium

constant activation rate (Km,Raf,Rap1) is lower at the plasma membrane for the R’ 2015 model. Additionally,

the parameter estimates suggest stronger ERK negative feedback in the cytoplasm than in the plasma

membrane. These results led us to conclude that stronger Rap1 activity drives sustained plasma membrane

ERK activity, while stronger negative feedback is necessary for transient cytoplasmic ERK activity. Indeed,

inhibition of ERK negative feedback nearly eliminates location-specific differences in ERK activity

(Figure 3.8F). Inhibiting ERK negative feedback at the cytoplasm leads to ERK activation for both models

and, therefore, to the loss of location-specific signaling. However, at the plasma membrane, negative

feedback inhibition had little effect on ERK activity. Thus, these results show that ERK negative feedback

and Rap1 activity are necessary for location-specific ERK activity.

Here, MMI allowed us to select hypotheses that best agreed with the data from a set of preselected,

biologically relevant hypotheses. These findings suggest that cytoplasmic ERK activity depends on

ERK negative feedback, while plasma membrane ERK activity depends on Rap1. Based on the MMI-

selected hypothesis, we propose a new ERK negative feedback- and Rap1-dependent model for subcellular

variability in ERK activity (Figure 3.8F).
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3.4 Discussion

In this study, we demonstrate a novel application of Bayesian multimodel inference to the ERK

signaling pathway. MMI enabled us to account for model form uncertainty in systems biology, specifically

when multiple models of the same system were available. We compared three methods for MMI—Bayesian

model averaging, pseudo-Bayesian model averaging, and stacking of predictive densities. Using ten ERK

signaling models, we applied Bayesian MMI for two fundamental tasks: model averaging and model

selection. We found that MMI for model averaging reduced predictive uncertainty by combining multiple

models (Figure 3.3 and Supplemental Figures B.3, B.4), retained the accuracy of the best individual

models and was robust to perturbations in the set of models (Figure 3.4 and Supplemental Figure B.5).

We also found that MMI predictions were more robust to additional data uncertainty than individual

models (Figure 3.5) and that MMI enabled better out-of-sample forecasts (Figure 3.5). Finally, when used

for model selection, MMI allowed us to systematically compare many hypotheses and select the most

consistent with the data (Figure 3.8). While our findings are based on a set of analyses that use ERK

signaling as an example problem, the implications of this work—that leveraging multiple models can

improve predictions and increase robustness—are likely to have impacts across systems biology and the

broader modeling community.

It is standard to choose a good model based on the biological assumptions and scope of the

model without assessing predictive performance. In contrast to using a single model for predictions, we

found that Bayesian multimodel inference has several advantages. MMI increases the chances of making

accurate predictions by weighting models based on predictive performance. Further, we found that MMI

predictions show reduced uncertainty when averaged over multiple models. Therefore, the contribution

to the overall uncertainty due to parameter estimation and model structure will be reduced. Posterior

predictive simulations (Eq. (3.6) in Methods and Materials) show the total uncertainty, which includes
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posterior uncertainty and data uncertainty [209]. We note that we only show posterior densities in this work

to better highlight differences between models. This was especially prevalent when the models were used

to predict future ERK activity (Figure 3.5 and Supplemental Figure B.8). Finally, we found that MMI is

robust to model misspecifications and erroneous assumptions because it discards predictions from the worst

models. For example, our predictions of the EGF-ERK dose response would have been very poor if we had

chosen only to use the O’ 2009 model—a reasonable and well-justified choice—(Supplemental Figure B.4);

however, MMI assigned nearly no weight to that model. These findings show how MMI accounts for

model uncertainty by leveraging all user-specified models and can increase predictive certainty.

Is there a best Bayesian multimodel inference method for systems biology? Here, we found

that pseudo-BMA, which is widely applicable whenever any Bayesian inference method is used [214],

yielded the most accurate and certain predictions. Stacking tended to only select the model with the

highest ELPD in our examples except when multiple data were included, such as in Figure 3.8). It is

important to note that stacking may only weight a single model when all of the models make similar

predictions [269] (see, e.g., Figure 3.3). Finally, we found that BMA, although effective at model averaging,

could substantially reduce predictive uncertainty while increasing predictive error beyond the best models

(see, e.g., Figure B.4). Additionally, BMA requires using specific samplers such as sequential Monte Carlo

or additional computations to estimate the marginal likelihood [215], [218]. While pseudo-BMA tended to

perform well for model averaging and is more widely applicable than BMA, both methods demonstrated

benefits over utilizing single models. Furthermore, for model selection, we found that including multiple

MMI methods for model selection applications increased confidence in the selected models or hypotheses

(see, e.g., Figure 3.8). Therefore, based on our findings, we conclude that pseudo-BMA is a good general

approach for Bayesian MMI and recommend using more than one method for model selection. We also

note that directly comparing Bayesian and frequentist approaches can improve our understanding of the
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available MMI toolkit.

Notably, there are alternatives to the three MMI methods analyzed in this work. First, we chose to

focus on Bayesian methods and exclude frequentist approaches that utilize metrics such as the Akaike or

Bayesian information criteria [210], [214] because the uncertainty quantification provided by Bayesian

methods is most appropriate for the limited-data regimes in systems biology. In the Bayesian literature,

methods including stochastic search variable selection [270], probability density fusion [220], and reversible

jump MCMC [271] have also been proposed for MMI (see references within [215] and [214] for additional

methods). Methods such as ensemble estimation [272] can yield predictions similar to MMI. Causal

inference [273], and sparsity-promoting inference [97], [274]–[276] can more-directly select models or

mechanisms from data. A comparison between MMI-based model selection and alternative data-driven

methods could further expand the tools available in systems biology.

How much data are needed for effective multimodel inference? While we found that MMI estimates

are robust to the amount of training data provided, the minimum amount of required data will likely vary

between applications and model sets. In this work, we used data that directly measured the QoI; however,

MMI with data that do not measure the QoI directly might prove more challenging or result in predictions

with higher uncertainty. In general, we note that the certainty and accuracy of MMI predictions are directly

tied to the quality of the individual model predictions, which is well-known to improve with increasing data,

e.g., [208]. One possible approach to assessing how the amount of available data impacts MMI predictions

is to include uncertainties in the model weights. For example, Yao et al. [218] utilize the Bayesian bootstrap

to assess model weight uncertainty by sampling the approximate distribution of possible pseudo-BMA

model weights. Furthermore, in this work, MMI is based on metrics that assess predictive performance

using a single dataset, and incorporating multiple datasets can potentially improve the confidence in and

accuracy of MMI predictions. Such efforts may require multi-data multimodel inference, which could take
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inspiration from meta-modeling to weigh datasets and models.

Future development of MMI for systems biology should focus on utilizing computationally effi-

cient methods for parameter estimation and applying methods to learn time-varying MMI weights. MMI

requires repeating Bayesian parameter estimation for every specified model, which can introduce a sub-

stantial computational burden to a modeling study (e.g., inference run times in Supplemental Table B.3).

Approaches to accelerate Bayesian estimation such as variational inference [277] or Laplace approxima-

tion [108] can enable MMI with expensive-to-estimate models while providing approximate uncertainty

quantification. Additionally, we presented MMI in a framework where the weights on each model do not

vary over time. However, in settings with significant time-dependent changes, such as cell-fate transitions

or development, one might expect that the underlying mechanism driving the biological process. Thus, the

most applicable model could change over time. In those cases, extensions to the MMI framework, such

as dynamic BMA [212] or sequential data assimilation with multiple models [278], can potentially learn

model weights that are time-varying to allow for the MMI estimator to change over time.

As mathematical models continue to make critical contributions to studying biological systems, it

is essential to account for model assumptions rigorously. While one of the gold standards in modeling is to

develop a model that perfectly captures biological reality, limitations in our understanding of biological

processes require us to rely on simplifying assumptions to build more tractable, simplified models.

Furthermore, developing and working with complex, hyper-realistic models requires the ability to collect

large quantities of very high-quality data to enable parameter estimation and make accurate predictions.

Given that we often work with incomplete knowledge and limited data, we need to be able to make

predictions that account for and are robust to uncertainties related to modeling assumptions. Thus, in

these regimes, we propose that Bayesian multimodel inference provides a rigorous approach to handling

model uncertainty that can potentially improve systems biology predictions and drive future biological
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discoveries whenever multiple models of the same system are available. Additionally, when we have access

to large datasets, MMI could be the starting point for developing detailed, biologically realistic models by

determining the components of simpler models most consistent with the data. In summary, we conclude

that MMI is a powerful approach to account for modeling assumptions in systems biology and can improve

predictive certainty and inform future model development.

3.5 Data availability

All data supporting the findings of this study are available in the paper and the supplement. Original

subcellular ERK activity data are available from Keyes et al. [223] and the associated supplementary

materials.

3.6 Code availability

All code required to reproduce this work is available on Zenodo at .

3.7 Acknowledgments

Chapter 3, in full, is a modified reprint of the material as it appears in Increasing certainty in

systems biology models using Bayesian multimodel inference. Nathaniel Linden-Santangeli, Jin Zhang,

Boris Krämer, and Padmini Rangamani, In review, 2025.

126

https://doi.org/10.5281/zenodo.15129141


Chapter 4

Systems modeling of AMP-activated protein

kinase signaling using uncertainty

quantification reveals exercise-type and

duration-dependent input integration

Abstract

AMP-activated protein kinase (AMPK) plays a key role in restoring cellular metabolic homeostasis

after energy stress. Importantly, AMPK acts as a hub of metabolic signaling, integrating multiple inputs

and acting on numerous downstream targets to activate catabolic processes and inhibit anabolic ones.

Despite the importance of AMPK signaling, unlike other well-studied pathways, such as MAPK/ERK

or NF-−B, only a handful of mechanistic models of AMPK signaling have been developed. Epistemic
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uncertainty in the biochemical mechanism of AMPK activity, combined with the complexity of the AMPK

pathway, makes model development particularly challenging. Here, we leveraged uncertainty quantification

methods and recently developed AMPK biosensors to construct a new, data-informed model of AMPK

signaling. Specifically, we applied Bayesian parameter estimation and model selection to ensure that

model predictions and assumptions are well-constrained to measurements of AMPK activity using recently

developed AMPK biosensors. As an application of the new model, we predicted AMPK activity in response

to exercise-like stimuli. We found that AMPK acts as a time- and exercise-dependent integrator of its

input. Our results highlight how uncertainty quantification can facilitate model development and address

epistemic uncertainty in a complex signaling pathway, such as AMPK. This work shows the potential for

future applications of uncertainty quantification in systems biology to drive new biological insights by

incorporating state-of-the-art experimental data at all stages of model development.

4.1 Introduction

AMP-activated protein kinase (AMPK) is a master regulator of cellular metabolism that maintains

energy homeostasis [279]–[284]. AMPK senses and responds to decreasing cellular energy availabil-

ity [281], [282]. As a hub of metabolic signaling, AMPK integrates numerous inputs and acts on a large

number of downstream targets [51], [285]–[289]. Inputs to AMPK include cellular energy status [282],

[286], intracellular calcium [290]–[292], and glucose levels [280]. AMPK is a heterotrimeric protein

comprising an ΅-catalytic subunit and two regulatory subunits, the !- and ῭-subunits [293], [294]. Phos-

phorylation of a key threonine residue, Thr172, on the ῭-subunit leads to a 100-fold increase in the AMPK

kinase activity and is catalyzed by many upstream kinases, such as LKB1 and CaMKK2 [283], [293].

Phosphorylated AMPK (pAMPK) is additionally dephosphorylated by phosphatases that include PP2A.

Upon activation, AMPK phosphorylates a wide range of targets to promote catabolic processes and restore
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falling ATP levels [279], [281], [282], including acetyl-CoA carboxylase (ACC) [295], ULK1 [296], and

RAPTOR [297]. The centrality of AMPK makes it a critical drug target [298], with well-known drugs

including metformin [299], [300] and salicylate (Aspirin) [301] that act as AMPK activators.

A wide range of experimental approaches that include traditional molecular biology, modern omics,

and structural biology have been used extensively to study the AMPK signaling network at the systems

level [283], [285], [286], [302]. These studies have led to significant findings, such as the specificity of

AMPK targets [286], [303], the mechanism of adenine nucleotide regulation of AMPK activity [293],

and the in vivo response of AMPK to physiological stimuli such as exercise [302] (Figure 4.1). However,

unlike other well-studied pathways such as MAPK/ERK [44], [77] or NF-−B [40], which have 10s–100s of

published mathematical models, fewer than five robust mechanistic models of AMPK signaling have been

published [49], [50]. Several previous intracellular signaling models of metabolic pathways have embedded

AMPK in a larger signaling network sonntagModelling2012, [51], [287], [288]; however, these models

often leverage phenomenological representations of AMPK activation as a function of select inputs and do

not yet capture the regulation of AMPK activity in mechanistic detail. Alternatively, mechanistic models,

such as those developed by Connolly et al. [50] and Coccimiglio et al. [49], aim to capture the details

of AMPK activation and its interactions with adenine nucleotides in the contexts of neurotoxicity [50]

and exercise [49]. While these previous models of AMPK signaling make well-justified assumptions,

they were not rigorously constrained to high-quality AMPK signaling data from experiments. Here,

we leveraged AMPK activity data measured using a recently developed fluorescent AMPK biosensor,

ExRai-AMPKAR [304], to inform model development. These fluorescent biosensors are AMPK substrates

and report relative phosphorylation by AMPK [7], [304], [305].
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Figure 4.1: Changes in intracellular adenine nucleotide concentrations, AMP/ATP and ADP/ATP, activate
AMPK in three ways: (i) AMP acts as a direct allosteric activator of AMPK. (ii) AMP and ADP promote
phosphorylation (activation) of AMPK by inducing conformational changes to the AMPK complex.
(iii) AMP and ADP protect phosphorylated pAMPK from dephosphorylation. AMPK phosphorylates
several downstream targets to promote catabolic and inhibit anabolic processes. AMPK activity can be
measured using fluorescent kinase activity reporters such as ExRai-AMPKAR. These activity reporters
are substrates of AMPK and report relative levels of phosphorylated by AMPK. Created in https:
//BioRender.com.

Model development for signaling networks typically leverages literature and domain expertise to

identify relevant biochemical reactions and formulate a series of modeling assumptions [14], [77], [306].

These assumptions are then encoded into mathematical equations by prescribing kinetic terms, such as

mass action or Michaelis-Menten kinetics, to represent reaction fluxes [64]. While such a workflow has

led to numerous successful models, applying this approach to systems like AMPK, where new biology is

still being discovered, can lead to a strong reliance on model assumptions. Recent research has introduced

approaches for data-informed model development that leverage uncertainty quantification (UQ) [307] to

ensure that models are well constrained to experimental measurements [308]–[310]. Here, we applied

uncertainty quantification methods, including identifiability analysis [311], sensitivity analysis [100],

Bayesian parameter estimation [308]–[310], and Bayesian model selection [77], [312], [313] to leverage

AMPK activity data throughout the model development process.

In this work, we developed a set of related AMPK signaling models that vary in their mechanistic

assumptions. Using Bayesian UQ, we estimated the associated kinetic parameters of these models
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using experimental data from Schmitt et al. [72], and selected the model that best captured the data.

We then applied the new model to investigate AMPK signaling in the context of exercise. AMPK,

which is thought to be activated during exercise, plays a multifaceted and complex role in regulating

metabolism mcconellSkeletalMuscleAMPK2020, mcconellItsWellTruly2020 and modulating post-

exercise adaptation hoffmanGlobalPhosphoproteomicAnalysis2015, kjobstedAMPKTBC1D1Regulate2019,

lantierAMPKControlsExercise2014, [302]. We therefore simulated different exercise regimes to

generate physiologically relevant inputs to the AMPK signaling network. We found that AMPK

is a robust integrator of high-frequency inputs, but shows exercise-dependent responses to longer

timescale, low-frequency inputs. Our findings highlight how uncertainty quantification enables rigorous,

data-informed predictive modeling for a system like AMPK, where our understanding of the biology is

still evolving.

4.2 Methods and Materials

4.2.1 Workflow for model development with rigorous uncertainty quantification

Uncertainty quantification (UQ) aims to understand how errors in the data and models impact

model predictions [307]. Recently, UQ methods for identifiability analysis [311], [314], sensitivity

analysis [100], parameter estimation [308], [315], and multimodel inference [77], [313], [316] have been

applied in systems biology. Here, we leverage an end-to-end model development workflow to ensure that

both model assumptions and predictions are constrained by available data (Figure 4.2). First, we developed

a set of models that vary in the assumed mechanism and in the kinetic formulation used to represent

the AMPK signaling system (Figure 4.2A). Next, we leveraged our previously developed approach for

Bayesian parameter estimation that begins by reducing the dimensionality of the free parameter space using
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structural identifiability and global sensitivity analyses [308] (Figure 4.2B). In this work, we added the step

of prior elicitation and refinement to ensure that parameters can only vary over regions of parameter space

that lead to reasonable model predictions. Finally, we propagated uncertainty in the parameters forward to

predictions by running ensembles of simulations, and used Bayesian model selection to choose the model

that is most consistent with the data (Figure 4.2B). We summarize the details of each of these methods

below. Supplemental Section C.1.3 also highlights prior elicitation and refinement in more detail.

Figure 4.2: (A) First, we developed a set of AMPK signaling models based on available literature. The
models vary in the assumed mechanism and the kinetic formulation. (B) Next, we estimated model
parameters from experimental AMPK signaling data using Bayesian inference. We performed a priori
identifiability and sensitivity analyses to reduce the dimension of the parameter space. Prior elicitation
was used to ensure that priors lead to reasonable model predictions. (C) Finally, we used Bayesian model
selection to select the best model based on predictive performance.

Local structural identifiability analysis

Local structural identifiability implies that a parameter can be uniquely identified within a local

region of parameter space space [311], [317]. In this work, we used the StructuralIdentifiability.jl package

in the Julia programming language for local structural identifiability analysis [318]. Specifically, we

used default settings for the assess_local_identifiability() function, and set the probability of

correctness to p = 0.99 for all models. We fixed the parameters for the metabolism module and calcium-

calmodulin-CaMKK2 reactions to nominal values. Supplemental Table C.6 lists the identifiability of each
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model. We fix all nonidentifiable parameters to nominal values, which are potentially refined following the

iterative process in Supplemental Section C.1.3.

Prior elicitation

We used direct prior elicitation [319] to find prior densities for free parameters such that 95% of

the probability density falls between a specified range. Specifically, we solved an optimization problem

for the prior hyperparameters that seeks to find the prior with the highest entropy that meets the 95%

probability bounds using the Preliz Python library Icazatti_2023. We specified the bounds to vary by

several orders of magnitude around nominal values (Supplemental Table 4.1). We then ran prior predictive

samples and performed prior predictive elicitation to refine the priors if the initial densities did not yield

reasonable predictions Icazatti_2023, [319]. We detail this iterative refinement procedure in Supplemental

Section C.1.3. We used lognormal prior densities for all parameters.

Global sensitivity analysis

Sobol global sensitivity analysis (GSA) partitions the total variance of an output quantity into

the contributions of varying the uncertain model parameters over specified ranges [100]. Here we used

the SALib Python library for GSA [252], [253]. Specifically, we allowed identifiable parameters to vary

over ranges defined by the 90% highest-density interval of the prior density. Next, we generated a set

of N random parameter samples from those ranges, where N is given by N = 256(p+ 1) and p is the

number of free parameters. We then simulated the models with these free parameters and calculated the

maximum AMPKAR activation and time to half-maximum activation for the wild-type, LKB1 knockout,

and CaMKK2 knockout conditions. Finally, we computed the Sobol total sensitivity index for each of the

six quantities of interest (Supplemental Tables C.7–C.12). We considered a parameter to be sensitive if it
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had a total sensitivity greater than 0.01 for any of the quantities. After this, the non-sensitive parameters

were fixed to nominal values.

Bayesian parameter estimation

In this section, we provide a brief overview of Bayesian parameter estimation. For more details in

the context of systems biology, see [308], [315], and for general theory, see [307], [309]. We model the

AMPK signaling network with a system of parametric ordinary differential equations (ODEs) that describe

the rates of change of signaling species. Specifically, the models are defined as

dx(t)
dt

= f (x(t);!), (4.1)

ŷ(t) = h(x(t);!)+∀(t), ∀(t)≃ N (0,+). (4.2)

Here, the state variables, x(t) ↓ Rn
+, correspond to the concentration of biochemical species (R+ = [0,&)

are the nonnegative real numbers). The observations, ŷ(t) ↓ [0,1], are the fraction of activated AMPKAR

biosensor. We assume that an independent and identically distributed Gaussian noise process, ∀(t) ↓ R

with variance + ↓ R. The function f (·; ·) : Rn
+↗Rp

+ ↘ Rn
+ describes the system dynamics, and h(·; ·) :

Rn
+↗Rp

+ ↘ Rm
+ maps from states to observables. The model parameters ! ↓ ) ∝ Rp

+ include reaction

rates, equilibrium coefficients and other quantities that control model behavior.

Bayesian inference characterizes a probability density for the unknown model parameters con-

ditioned on available data, p(! |Y ) [307], [309]. In this work, the training data, Y = {y1, . . . ,yNtrain}

consists of Ntrain noisy experimental ExRai-AMPKAR observations. The probability density of the model

parameters conditioned on data, called the posterior density, is learned using Bayes’ rule, which is defined
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as,

p(! |Y )  
posterior

# p(!)
prior

p(Y |!)  
likelihood

. (4.3)

Here, p(!) is the prior density which encodes assumptions about parameters before data is considered, and

p(Y |!) is the likelihood function that measures the probability that the model correctly predicts the training

data. Because the models are nonlinear, we cannot evaluate the posterior density directly, so we instead

must rely on methods such as Markov chain Monte Carlo (MCMC) [307]–[309] or variational inference

(VI) [277] to characterize the posterior through the S samples drawn from it, {! 1, . . . ,! S}≃ p(! |Y ). In

this work, we use the Pathfinder algorithm for VI [320], which approximates the posterior density with an

easier-to-sample approximation by solving an optimization problem, because variational inference can be

more computationally efficient than MCMC [277], [320]. We then draw samples from this approximating

density. For a review of variational inference, see [277]. We implement all probabilistic models in the

PyMC probabilistic programming language [232] and use default settings for the Pathfinder algorithm.

Bayesian model selection

We use the expected log pointwise predictive density (ELPD) to assess predictive performance and

direct model selection [309], [321]. Larger ELPD values indicate better predictive performance because

they indicate a higher probability of correctly predicting out-of-sample data. We assume that the training

data Y consist of statistically independent data points, such that p(Y |!) = ∃Ntrain
i=1 p(yi|!). The ELPD is

defined as

ELPD :=
Ntrain

!
i=1

∫
log p(ỹi|Y )ptrue(ỹi)dỹi, (4.4)

and quantifies the expected predictive performance of the model compared to the true data-generating

distribution ptrue(ỹi), where p(ỹi|Y ) is the posterior predictive density of out-of-sample data point ỹi. In
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general, the ELPD is computationally intractable because we do not know the true data-generating density,

ptrue(ỹi), so instead we approximate the ELPD using the leave-one-out cross-validation estimator (LOO-

CV) [321]. Specifically, we use the ArviZ Python library [240], which uses Pareto-smoothed importance

sampling to compute the LOO-CV estimator [322]. We use default settings for all computations.

4.2.2 ODE simulation

We solved all differential equations numerically using the Kvaerno 4/5-order implicit Runge Kutta

method, which is implemented in the Diffrax Python library [241], [323]. Additionally, we used a PID

controller-based adaptive time-stepping algorithm with tolerances atol=1e-6 and rtol=1e-6 [243], [244].

We chose the Diffrax library because it enables us to compute gradients of the ODE solution with respect

to the model parameters using autodifferentiation, which is necessary for employing Pathfinder VI for

parameter estimation.

4.2.3 Experimental data pre-processing

The ExRai-AMPKAR AMPK kinase activity reporter, developed in [72], is a ratiometric biosensor

in which the ratio of emission intensities at two excitation wavelengths increases as the sensor is phospho-

rylated by active AMPK. Therefore, the emission intensity ratio is considered to vary with the degree of

AMPK kinase activity. We aimed to calibrate the ratiometric readout to the fraction of phosphorylated

sensor, which can be computed from model outputs. Similar normalizations are reviewed in [70], [324].

To normalize the data, we assumed that (i) the concentration of phosphorylated ExRai-AMPKAR is

negligible before 2-DG stimulation, (ii) nearly all expressed ExRai-AMPKAR is phosphorylated when the

ratiometric signal is at its maximum, and (iii) the fraction of phosphorylated sensor varies proportionally

to the ratiometric signal. Based on these assumptions, we renormalized the average normalized ratiometric

136



AMPKAR data, defined as R(t), using the normalization

Rnorm(t) :=
R(t)↑Rmin

Rmax ↑Rmin
,

where Rmin and Rmax are the minima and maxima of the signal in time. We additionally normalized the

variance of the signaling by the same normalization factor. We used the minimum and maximum signals

from the wild-type condition to normalize the kinase knockout conditions. To predict the renormalized

signals from our models, we assume that

Rnorm(t)′
[pAMPKAR](t)
[AMPKAR]total

, (4.5)

where [pAMPKAR](t) is the time-varying concentration of the phosphorylated biosensor, and

[AMPKAR]total is the total concentration of both active and inactive ExRai-AMPKAR. We drop “ExRai-”

for brevity.

4.2.4 Statistical comparison

We use the pairwise Student’s t-tests with the Bonferroni correction to adjust for multiple compar-

isons to test for statistical significance of the difference between population means. We assess significance

at a level of ( = 0.05. To effectively summarize comparisons between multiple groups, we employ a

compact letter display, where groups with the same letter do not exhibit statistically significant differences

in their means.
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4.3 Results

4.3.1 Model development

To capture AMPK activation in response to energy stresses, we developed a set of six mechanistic

models of the AMPK signaling pathway (Figure 4.1) using the UQ workflow outlined in Figure 4.2. We

included a minimal representation of metabolic processes, including glycolysis, oxidative phosphorylation,

and ATP hydrolysis, and captured key mechanisms of AMPK activation and regulation, including AMPK

phosphorylation and interactions with adenine nucleotides [279], [283]. Although we used previous models,

including [49], [51], during model development, our new models differ in several ways. First, we included

the specific mechanisms by which adenine nucleotides regulate AMPK activity in our models. Second, we

explicitly included the upstream kinases, LKB1 and CaMKK2, to capture AMPK activation due to energy

stress and calcium signaling. These kinases are known to activate AMPK via phosphorylation [290]–[292],

[325]. Third, we varied the associated mechanisms between the six models to investigate how adenine

nucleotide binding to AMPK affects AMPK phosphorylation and activity. Importantly, we investigated

models that employ different kinetic formulations for the reaction rates before constructing models of

AMPK signaling. The remainder of this section delineates key model assumptions and describes our

models.

Kinetic formulations impact parameter identifiability and predictive accuracy

Models of intracellular signaling typically prescribe kinetic equations, including mass action,

Michaelis-Menten, and Hill-type, to describe the dynamics of biochemical reactions [64], [306]. If

the reaction mechanism is well known, then the best practice is to choose the corresponding kinetic

formulation, for example, prescribing Hill-type kinetics when a reaction is cooperative [64]. However,

when little is known about a reaction mechanism, kinetic formulations are often prescribed in an ad hoc or
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phenomenological fashion to ensure that a model retains the flexibility to capture available experimental

observations [306]. However, if these modeling choices are made while considering impacts on parameter

and predictive uncertainties, then subsequent parameter estimation will be more successful [308].

Figure 4.3: Model equations: mass action, Michaelis-Menten, and Hill-type kinetics can be used to for-
mulate differential equation models of a single enzyme-catalyzed reaction. Uncertain free parameters are
shown in blue. Identifiability: Different kinetic formulations yield different structural local identifiability
from direct observations of the concentration of the product (yobs = [P]) and more experimentally feasible
observations of the ratio of product to total substrate (yobs =

[P]
[S]tot

). Parameter estimates: All free model
parameters are estimated from data of the ratio of product to total substrate shown in red. Black traces
show the posterior mean and gray shading shows the 95% posterior credible interval computed using
8,000 posterior samples.

To understand how different kinetic formulations impact parameter estimation and model pre-

dictions, we first modeled a single enzyme-catalyzed reaction using mass action, Michaelis-Menten, and

Hill-type kinetics. The reaction

S+E
krω↑↑ε
k f

ES
kcat↑↑↘ P+E, (4.6)

describes the formation of product P from substrate S, catalyzed by conserved enzyme E. The reaction rates

k f , kr, and kcat describe the rate of substrate-enzyme binding and unbinding, and the rate of formation of
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the product, respectively. In Figure 4.3 we show the three models; we note that the number of equations and

free parameters varied between the models. Interestingly, the local identifiability of the model parameters

was different for these different reaction rate formulations (Figure 4.3). We found that all model parameters

for the three models are locally identifiable when the product concentration is observed directly, yobs = [P].

However, the identifiability differed between the model formulations when the ratio of the concentration of

product to the total concentration of substrate, yobs = [P]/[S]tot, was observed. Notably, two of the three

parameters of the mass action model were locally identifiable, while none of the Michaelis-Menten or the

Hill-type models were identifiable.

Next, to assess how structural nonidentifiabilities impacted parameter estimation, we fit the three

models to experimental data of the phosphorylation reaction catalyzed by pyruvate kinase from [326].

In the reaction, phosphoenolpyruvate is converted to pyruvate by the pyruvate kinase enzyme, which,

under the experimental conditions, can be considered a single-substrate, single-enzyme reaction. We

estimated the distribution of all model parameters using Bayesian inference to gain a better understanding

of how nonidentifiabilities affect the estimates. Specifically, we normalized the data to a total substrate

concentration of 0.195 mM used in the experiments [326] to mimic the data that observes the product as a

fraction of the total substrate. In each of the models, we were able to estimate certain parameters with

high certainty (k f and Vmax) and others with low certainty (kr and Km; Figure 4.3). Next, we simulated

the models using the posterior parameter samples to propagate the parametric uncertainty forward to

predictions (Figure 4.3). The mass action model had the highest probability of correctly predicting future

data measured by the expected log pointwise predictive density (ELPD; see Eq (4.4) for the definition;

ELPD = 29.09). The Hill-type model was next best (ELPD = 25.35), and the Michaelis-Menten model was

the worst of the three (ELPD = 17.87).

Since systems biology models typically involve cascades of coupled biochemical reactions, we
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constructed nine models of the two-reaction system in which a substrate is phosphorylated by a kinase to

form a product, which is then dephosphorylated (Supplemental Section C.1.1). Interestingly, we found

that structural identifiability of the model parameters is not impacted by the coupling of two reactions

(Supplemental Table C.2). For example, the identifiability of the model parameters for the model that

uses mass action kinetics for both the phosphorylation and dephosphorylation reactions (Supplemental

Table C.2) was the same as the identifiability for the single reaction mass action model (Figure 4.3).

Overall, for the single-reaction system, the three model formulations were all limited in their ability

to capture the pyruvate kinase reaction without introducing structural nonidentifiabilities or increasing

the number of equations and parameters in the model. The mass action formulation appeared to be a

safe choice because it had the most favorable identifiability, and the additional reaction (and equation)

did not introduce a significant computational burden. Contrary to common belief, the Michaelis-Menten

formulation did not seem to be the best choice for this example, because it had the lowest predictive

accuracy (lowest ELPD). The Hill-type model was almost as good as the mass action model in terms of

predictive performance; however, we found that the inclusion of the Hill coefficient, n, made parameter

estimation more difficult [308]. Therefore, we concluded that for these simple reactions, the mass action

models had more favorable identifiability and yielded higher-quality predictions. However, despite the

nonidentifiabilities, we could still estimate the parameters of the Michaelis-Menten and Hill-type models.

Proposed AMPK signaling models describe a range of regulation and signaling mechanisms

Since we did not find a best kinetic formulation for describing reaction rates in terms of identifia-

bility in the previous section, we built six related models that use either mass action or Michaelis-Menten

kinetics. Additionally, the models differed in their AMPK regulatory mechanisms. Table 4.1 highlights

the differences between the models. Each model consisted of three core modules: (i) cellular energetics

141



and metabolism, (ii) AMPK regulation, and (iii) AMPK kinase activity and biosensor. In this section, we

outline our assumptions and summarize the three core modules. We provide the model equations and initial

conditions in the Systems Biology Markup Language (SBML) format, as well as Python functions, in the

available code. We list nominal parameters in Supplemental Tables C.4–C.5.

Module 1: Cellular metabolism and energy stress AMPK senses changes in the cellular

energy state through changes in adenine nucleotide levels [279], [283]. Cellular metabolism is a highly

regulated process that tightly controls the production of ATP and the conversion between ADP and

AMP [281]. To ensure that our models maintain physiologically consistent adenine nucleotide levels, we

adapted the simplified metabolism models from Coccimiglio et al. [49] and Lueng et al. [51] to model

cellular ATP production, consumption, and conversion between AMP, ADP, and ATP. We modeled ATP

generation by both oxidative phosphorylation and glycolysis, and ATP consumption via a global hydrolysis

reaction. Additionally, we included the adenylate cyclase and the creatine kinase reactions to ensure

that the appropriate stoichiometry is maintained between adenine nucleotides. Throughout this work, we

assumed that the initial concentrations of AMP, ADP, and ATP are 7.03 mM, 1.11 mM, and 7.9↗10↑2 mM,

respectively, which we found to be a steady state of the metabolism model (Supplemental Figure C.1A).

We modeled energy stresses due to the 2-deoxyglucose (2-DG) stimulus applied in [72] by decreasing the

rate of glycolytic ATP production 100-fold (Supplemental Figure C.1B–D). Additionally, we modeled

energy stress due to increased ATP consumption, such as during exercise, by increasing the ATP hydrolysis

rate khydro or by prescribing an additional negative ATP flux. We used the same metabolism module across

all the models that we developed. Supplemental Section C.1.2 describes the metabolism model in more

detail, and Supplemental Tables C.3– C.4 provide the flux equations and reaction parameters, respectively.
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Module 2: Adenine nucleotide binding and AMPK phosphorylation AMPK activity is

regulated by changes in adenine nucleotide concentrations through a tripartite mechanism that modulates

net AMPK phosphorylation and directly activates AMPK (Figure 4.1) [279], [281], [283], [293], [294]. Net

AMPK phosphorylation is regulated by several effects of AMP and ADP binding that induce conformational

changes to the AMPK complex, including promoting phosphorylation at Thr172 and protecting from

dephosphorylation (Figure 4.1). Adenine nucleotides can bind to four cystathionine-!synthase (CBS)

repeats on the ῭-subunit of AMPK [283], [293]. However, recent evidence suggests that only binding

in the third CBS repeat regulates AMPK activity [283]. Thus, we only accounted for single adenine

nucleotide-AMPK binding interactions and assumed that adenine nucleotides can bind and unbind from

AMPK.

We modeled each of the three parts of the tripartite AMPK regulatory mechanism (Figure 4.1).

First, AMP allosterically activates AMPK, in which AMP-AMPK binding has been found to result in

a 10-fold activation in AMPK kinase activity [293], [295], [327]–[329]. Second, AMP and possibly

ADP binding have been found to promote AMPK phosphorylation by upstream kinases by inducing

conformational changes that expose Thr172 to these kinases [293], [330], [331]. Third, AMP and ADP

binding protect Thr172 from dephosphorylation [293], [327], [329]. Notably, ATP is thought to antagonize

the effects by competing for the third CBS binding site and induce inhibitory effects on AMPK [283],

[294], [298]. Thus, AMPK is sensitive to the AMP/ATP and ADP/ATP ratios.

We constructed three sets of models that make distinct assumptions about the mechanism of

adenine nucleotide binding interactions, all of which are potentially valid according to recent literature. In

our models, LKB1 activity remains constant, and only interactions between adenine nucleotides and AMPK

regulate net LKB1-mediated phosphorylation. We assumed that AMP and ADP are essential activators of

LKB1 in Models 1 and 2, where AMP or ADP binding is necessary for LKB1 to phosphorylate AMPK [64].
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Table 4.1: Set of AMPK models vary in assumed reaction mechanisms.

Model
Number

Kinetics
Allosteric
activation by
AMP

Promotion of
phosphoryla-
tion

Protection
from dephos-
phorylation

Antagonism by
ATP

1 mass action
(MA)

AMP-pAMPK
is the only
active kinase

only AMP/ADP-
AMPK are
phosphorylated
by LKB1

AMP-pAMPK
and
ADP-pAMPK
cannot be de-
phosphorylated

ATP-AMPK not
phosphorylated
by LKB1 &
ATP-pAMPK
not active

2 Michaelis-
Menten
(MM)

same as 1 same as 1 same as 1 same as 1

3 MA

AMP is a
nonessential act.
(activity
enhanced by
)AMP ↔ 1)

AMP/ADP
reduce
LKB1-AMPK
Kd by
(LKB1 < 1

AMP/ADP
increase
PP-pAMPK Kd
by (PP > 1

same as 1

4 MM same as 3 same as 3 same as 3 same as 1

5 MM

AMP is a
nonessential act.
(activity
enhanced by
)AMP ↔ 1)

AMP/ADP
increase LKB1
phosphorylation
rate by
)LKB1 > 1

AMP/ADP
decrease PP
phosphorylation
rate by )PP < 1

n/a

6 MM same as 5 same as 5 same as 5 same as 5

Alternatively, in Models 3–6, we assumed that AMP and ADP are nonessential activators of LKB1, where

AMP and ADP binding either decrease the Kd of LKB1 binding (Models 3 and 4) or increase the rate at

which LKB1 phosphorylates the AMPK complex (Models 5 and 5) [64]. In addition to LKB1, we included

CaMKK2, which is known to phosphorylate AMPK in a Ca2+-dependent manner [291], [301]. We assumed

that CaMKK2 activity depends on the intracellular Ca2+ concentration through calcium-calmodulin binding

with the kinetics from [58], [332]. In Models 1–4, we assumed that adenine nucleotide binding does not

affect CaMKK2-mediated phosphorylation, such that all AMPK complexes are phosphorylated with the

same kinetics, because there has been debate as to whether CaMKK2 activity is impacted by adenine

nucleotide binding [283], [286], [293], [298], [327]. However, to capture the possibility that AMP and
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ADP promote CaMKK2-, in addition to LKB1-, mediated AMPK phosphorylation, in Models 5 and 6,

we modeled these reactions with a nonessential activation mechanism. Lastly, we modeled the net

dephosphorylation of phosphorylated pAMPK with a single dephosphorylation reaction, assuming that

AMP and ADP, but not ATP, protect from dephosphorylation. In Models 1 and 2, we assumed that AMP

and ADP binding completely protect pAMPK from dephosphorylation while free pAMPK and ATP-bound

pAMPK are susceptible to dephosphorylation. In Models 3–6, we assumed that AMP and ADP binding

reduce the effectiveness of pAMPK dephosphorylation via nonessential inhibition [64]. We assumed the

total enzyme concentrations and initial conditions are the same across all six models.

Module 3: AMPK kinase activity and fluorescent biosensor Phosphorylated AMPK is an

active kinase with many downstream targets [285]. As its name suggests, AMPK is activated nearly 10-fold

by AMP binding [293], [295], [327]–[329]. Here, we modeled AMP as either an essential activator of

AMPK (Models 1 and 2) or a nonessential activator of AMPK (Models 3–6). To enable direct calibration of

our models to fluorescent microscopy data of AMPK activity from [72], we explicitly modeled the AMPK

activity biosensor, ExRai-AMPKAR, as an AMPK substrate [70], [324]. We refer to the ExRai-AMPKAR

biosensor as AMPKAR for brevity. In all the models, we assumed that active AMPK phosphorylates

AMPKAR [7], [72], [305]. Additionally, we modeled net phosphorylated pAMPKAR dephosphorylation

with a single dephosphorylation reaction. We assumed that the fraction of pAMPKAR to total AMPKAR

is directly equivalent to the fraction of the above baseline fluorescent sensor response (Eq (4.5)).

4.3.2 Application of the UQ framework suggests that AMP and ADP act as nonessential

activators of AMPK

Having developed a set of AMPK signaling models that reflect possible AMPK regulatory mecha-

nisms, we applied the UQ-based model development workflow shown in Figure 4.2. First, we estimated
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model parameters to constrain the model predictions to experimental data. Although there are some direct

experimental observations of the activities of LKB1, CaMKK2, AMPK, and the related phosphatases, and

with AMPK adenine nucleotide binding affinities, these data were not collected in the same cellular context

as the available experimental data [293], [325], [328], [333]. Therefore, we aimed to estimate unknown

model parameters using physiologically relevant data of energy-stress induced AMPK activity [72]. The

number of free parameters ranged from 16 to 25 Model 1 and Model 5, respectively. Here, we used

Bayesian parameter estimation because it allows us to leverage previous knowledge of parameters to

inform the parameter estimates and to quantify uncertainty in estimates [307]–[309]. Bayesian estimation

represents unknown parameters as random variables and aims to infer their probability densities conditioned

on experimental data and prior knowledge (see Section 4.2.1).

We have previously found that restricting the set of estimated parameters to identifiable and

influential parameters is necessary for successful parameter estimation [308]. So, we performed structural

identifiability and global sensitivity analyses before estimating any parameter (Supplemental Table C.6).

For the structural identifiability analysis, we fixed the metabolism and calcium-calmodulin model param-

eters to the nominal values listed in Supplemental Table 4.1, because we had well-established models

for those components [49], [51], [58], [332]. Interestingly, contrary to the results for the single-enzyme

reactions, we found that all of the mass action model parameters (Models 1, 3, and 5) were structurally

locally identifiable. Most of the Michael-Menten model parameters (Models 2, 5, and 6) were identifiable,

except for those that control AMPK phosphorylation of the sensor and sensor dephosphorylation. For the

subsequent analyses and parameter estimation, we fixed nonidentifiable parameters to the nominal values

listed in Supplemental Table 4.1.

Next, we performed global sensitivity analysis using Sobol sensitivity analysis to determine

which uncertain parameters have the greatest influence on model predictions in response to a severe
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energy-stress-like stimulus [100]. We specified the plausible ranges for parameters spanned by several

orders of magnitude around the nominal parameters (Supplemental Table 4.1). However, as these ranges

Figure 4.4: (A-C) Estimated probability densities of key quantities-of-interest of the prior predictive
density of the mass action model before (black) and after (blue) refining priors with predictive prior elici-
tation. Priors were refined to ensure the densities placed probability mass on desired values. Supplemental
Figure C.3 shows samples from the prior predictive distribution that were used to generate densities of
key quantities. (D) Experimental data of AMPK activity in response to 2-deoxyglucose (2-DG) induced
energy stress. Data shows the normalized ExRai-AMPKAR signal, which captures AMPK activity by
varying proportionally to the fraction of biosensor phosphorylated by upstream AMPK. Experimental
conditions include wild type, LKB1 knockout mutants (LKB1 KO), and CaMKK2 knockout mutants
(CaMKK2 KO). Data originally from [72]. (E) Predictive performance is quantified by the expected log
pointwise predictive density (ELPD) across conditions in the data. Higher ELPD values indicate better
predictive performance and lower uncertainty. Models were calibrated to data from all three experimental
conditions. (F) Posterior predictions generated using 1000 posterior samples from Model 6, which had
the highest total ELPD. The dashed black line shows the data for each condition. The solid green line
shows the posterior mean, and the shaded band shows the 95% posterior credible interval.
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were loosely based on experimental evidence, we utilized prior predictive simulations to determine if the

chosen parameter ranges and nominal values for nonidentifiable parameters were reasonable [309], [319]

(see Section 4.2.1). We found that initial parameter ranges and the nominal values for nonidentifiable

parameters did not necessarily lead to reasonable predictions (Supplemental Figure C.3). For example, for

Model 1, the distribution of initial values was, as expected, mostly centered around zero (Figure 4.4A);

however, although the distribution of final values was well spread between zero and one, most of the

predictions reached the maximum value too quickly (Figure 4.4B and 4.4C). We hypothesized that a

combination of unfeasible parameter ranges for the free parameters and incorrect nominal values for

the fixed nonidentifiable parameters was responsible for the poor predictions. Therefore, we took an

iterative approach to refine the parameter ranges and nominal values such that the prior predictive density

of predictions was reasonable (Supplemental Section C.1.3 and Supplemental Figures C.2 and C.3). After

refining the parameter ranges, we analyzed the total sensitivity of the maximum predicted AMPK sensor

response and the time to half-maximum for three scenarios: (i) wild-type kinase activity, (ii) LKB1

knockout in which only CaMKK2 is active, and (iii) CaMKK2 knockout (Supplemental Tables C.7–C.12).

We found that most free parameters influenced at least one of the quantities since they have a total Sobol

sensitivity greater than 0.01. We fixed any parameters not meeting this threshold to their corresponding

nominal values and left the remaining parameters free for parameter estimation.

After determining which parameters are identifiable and influential, we used Bayesian inference to

estimate probability densities for the uncertain parameters conditioned on fluorescence microscopy AMPK

activity data from Schmitt et al. [72]. We used the recordings of cytosolic AMPK activity (Figure 4.4A)

for parameter estimation, and we simulated the 2-deoxyglucose (2-DG) stimulus from experiments by

decreasing the rate of ATP production via glycolysis 100-fold from 0.5 1/s to 0.005 1/s, because 2-DG

blocks glycolysis. Initially, we aimed to estimate model parameters from the wild-type data alone; however,
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we found that this data did not inform the individual LKB1 and CaMKK2 activities, so the calibrated

models could not accurately predict the kinase knockout conditions (Supplemental Figure C.4). Therefore,

we used the data from all three conditions for parameter estimation.

After successfully estimating posterior densities for the parameters (Supplemental Figures C.5

and C.6), we used Bayesian model selection to determine which reaction mechanism and kinetic formu-

lation best capture the data [77], [312], [321]. Specifically, we computed the expected log pointwise

predictive density (ELPD; defined in Eq. (4.4)) of each model, which quantifies the probability of correctly

predicting unseen data [312], [321]. Higher ELPD values indicate better predictive performance. We

found that only Model 6 could predict all three conditions well, so the total ELPD for that model was the

greatest (total ELPD=138.25; Figure 4.4E). The next best model, Model 2 (total ELPD=66.48), could

not capture the CaMKK2 knockout condition, which suggests that the essential activation mechanism of

LKB1-mediated phosphorylation is incorrect in that model. Furthermore, Model 5, which used mass action

kinetics and had similar nonessential mechanisms to Model 6, showed poorer predictions than Model 6.

Figure 4.4F shows the posterior predictions using Model 6. These results suggest that AMP and ADP act

as nonessential activators of AMPK, increasing net AMPK phosphorylation and AMPK kinase activity.

Furthermore, in general, the models that prescribed the Michaelis-Menten kinetics performed better than

those that used mass action. Based on these results, we used Model 6 for subsequent simulations.

4.3.3 AMPK activity is sensitive to the timing of input stimuli

Next, we sought to understand how stimulus strength and timing affect AMPK activity. We

previously predicted the fraction of active AMPKAR for parameter estimation; however, net AMPK

activity is more physiologically relevant. To establish AMPK activity as a valid readout, we sought to

verify how the AMPKAR sensor response correlates with AMPK kinase activity. For Model 6, we defined
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the net AMPK activity as

pAMPK activity = kphos,AMPK ()AMPK[AMP-pAMPK]+ [ADP-pAMPK]+ [ATP-pAMPK]+ [pAMPK]) ,

where the parameters kphos,AMPK and )AMPK were sampled from the posterior distribution. First, we found

that the strength of ATP hydrolysis and calcium stimuli led to proportional increases in AMPK activity

and decreases in the time-to-half max (Figure 4.5A–D). For a range of energy stress levels and calcium

concentrations, the net AMPK kinase activity appeared to be more sensitive to changes in stimulus strength,

did not saturate over relevant stimuli, and had faster kinetics than the AMPKAR sensor. Additionally,

the response strength and timing were proportional for the AMPKAR and AMPK activity responses over

moderate stimuli (Supplement Figure 4.5E-F); however, the sensor response began to saturate at higher

input levels, whereas AMPK activity did not.
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Figure 4.5: (A-B) Maximum fraction of activated AMPKAR sensor (left) and maximum pAMPK
activity (right) as a function of ATP hydrolysis rate with fixed calcium (A) and as a function of calcium
concentration with fixed ATP hydrolysis rate (B). (C-D) Time to half-maximum fraction of activated
AMPKAR sensor (left) and maximum pAMPK activity (right) as a function of ATP hydrolysis rate with
fixed calcium (C) and as a function of calcium concentration with fixed ATP hydrolysis rate (D). (E-F)
Direct comparison of maximum values (left) and time to half-maximum values (right) as a function of
ATP hydrolysis rate (E) and calcium concentration (F).

To understand how AMPK activity responds to more physiologically-relevant stimuli than 2-DG,

we simulated transient increases in ATP hydrolysis and intracellular calcium. To do so, we applied a

five-second pulse of increased intracellular calcium and ATP hydrolysis and let the system evolve for a

total of 40 seconds (Figure 4.6A). We found that the area under the curve of pAMPK activity over the

entire 40-second simulation was proportional to the calcium level, but not to the ATP hydrolysis level

(Figure 4.6B). Interestingly, there appeared to be a threshold level of increased ATP hydrolysis between 2.0
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and 5.0 mM/s that is necessary for the stimulus to begin to increase AMPK activity. We hypothesized that

this discrepancy might be caused by slower dynamics in the metabolism module than in calcium-driven

AMPK activation.

Next, the discrepancy between the effect of ATP hydrolysis and calcium led us to explore how

the duration of a transient input affects AMPK activity. To do so, we fixed the strength of ATP hydrolysis

input to 2.0 mM/s and the calcium input to 0.1 µM and varied the input duration from 0.5 to 30 seconds.

We found that increasing the duration of the input led to proportional increases in AMPK activity, which

were only obtained with calcium inputs at higher concentrations with a 5-second stimulus (Figure 4.6C).

Additionally, we repeated these simulations, with either ATP hydrolysis or calcium fixed at baseline, to

determine whether energy stress or calcium is more important during longer-duration stimuli. We found

that calcium elevations appear to be responsible for most of the AMPK activity at short and moderate

durations (0.5–10.0 seconds; Supplemental FigureC.8). However, at longer durations, total AMPK activity

with simultaneous stimuli appeared to be greater than the sum of the individual stimuli. This effect is

likely because an increase in AMP concentration due to ATP depletion increases the effectiveness of

calcium-induced CaMKK2 activity (Supplemental Figure C.6) and thus increases AMPK activity.

Figure 4.6: (A) Example of 10-second pulses of increased intracellular calcium and ATP flux and the
corresponding trajectory of AMPK activity in the following 40 seconds. Blue shading indicates the time
during which the stimulus is active. (B) Total AMPK kinase activity over 10 minutes as measured by the
area under the curve of active pAMPK and AMP-pAMPK multiplied by the corresponding rate constants
as a function of calcium and ATP flux stimuli. (C) Area under the curve of AMPK activity over 10
minutes as a function of stimulation duration for a fixed stimulus strength with [Ca2+] = 0.1 µM and
ATP flux = 0.1 mM/s.
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Finally, we investigated how AMPK responds to periodic inputs, which are inspired by physio-

logical signals in the myocyte during exercise calderon2014excitation. To do so, we fixed the strength

of ATP hydrolysis input to either 0.1 mM/s (low) or 1.0 mM/s (high) and the calcium input to 0.1 µM

(low) or 0.25 µM (high) and varied the stimulus period over two timescales. On the shorter timescale, with

higher frequencies, we applied a five-millisecond pulse and varied the period between the pulses from

0.006–0.2 seconds for a total of 10 seconds (Figure 4.7A). On the longer timescale, with lower frequencies,

we applied a 5-second pulse for a total of 10 minutes (Figure 4.7D). For both timescales, we found that

total AMPK activity measured by the area under the curve increases proportionally, but nonlinearly, with

the input frequency (Figure 4.7B,D). However, at the high stimulus level, the total AMPK activity began

to saturate for the short timescale inputs, but not for the long timescale inputs. These results suggest that

AMPK responds proportionally to the input frequency.
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Figure 4.7: Short-timescale: (A) Example of the first 2.5 seconds of a 10-second-long 10 Hz (top) and
40 Hz (bottom) Ca2+ stimuli. All pulses are 5 ms long. (B) AUC of AMPK activity over the 10 seconds
as a function of stimulus frequency for a low-strength stimulus (left) and a high-strength stimulus (right).
Long-timescale: (A) Example of the first 15 minutes of a 30-minute-long 0.6 min↑1 (top) and 3 min↑1

(bottom) Ca2+ stimuli. All pulses are 5 s long. (B) AUC of AMPK activity over the 30 minutes as a
function of stimulus frequency for a low-strength stimulus (left) and a high-strength stimulus (right). For
all panels, the low-strength stimulus is [Ca2+] = 0.1 µM and ATP flux = 0.1 mM/s, and the high-strength
stimulus is [Ca2+] = 0.25 µM and ATP flux = 1.0 mM/s.

4.3.4 AMPK acts as an input signal integrator during short-timescale exercise

Finally, to demonstrate the applicability of our calibrated AMPK signaling model, we used the

model to predict myocyte AMPK activity during exercise. Although AMPK is activated by a combination of

energy stress and intracellular Ca2+, the role of AMPK in regulating metabolism in the muscle remains con-

tested, with recent evidence suggesting that AMPK does not modulate glucose uptake and lipid metabolism

during exercise mcconellSkeletalMuscleAMPK2020, mcconellItsWellTruly2020. However, AMPK

is responsible for post-exercise metabolic adaptation hoffmanGlobalPhosphoproteomicAnalysis2015,

kjobstedAMPKTBC1D1Regulate2019, lantierAMPKControlsExercise2014, [302]. Here, we investi-

gated how AMPK would be activated by physiologically relevant energy stresses and Ca2+ inputs during
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simulated exercise.

Muscle activation is an inherently multiscale process that involves coordination between muscle

fibers, myocytes, and motor units uchida2021biomechanics. At the cellular level, muscle activation is

driven by rapid, high-frequency neurological inputs that induce rapid changes in intracellular Ca2+ to

drive force generation and, in turn, rapid changes in ATP consumption calderon2014excitation. On a

macroscopic scale, muscle contraction requires lower-frequency, slower bouts of increased myocyte activity,

such as during a running stride or one repetition of a resistance exercise. Therefore, exercise induces

changes in intracellular calcium that evolve over multiple timescales and can include high-frequency

information of myocyte activation and lower-frequency information of muscle contraction. Different

exercise conditions induce different myocyte activations at varying frequencies. For example, resistance

training ranges from 10 to 50 Hz, and high-intensity interval training ranges from 60 to 180 Hz [334].

First, we simulated how AMPK responds to rapid changes in calcium and ATP hydrolysis during

short-time-scale muscle activations. To do so, we simulated muscle activation during a resistance-like

(Figure 4.8A) and a running-like (Figure 4.8B) stimulus using a detailed model of exercise-driven calcium

signaling developed by Francis et al Francis2025.05.22.655415. Briefly, this multicompartmental model

captures action-potential-driven calcium dynamics and includes store-operated calcium release and cross-

bridge cycling. Applying the predicted calcium and ATP hydrolysis transient to our AMPK signaling

model allowed us to determine how AMPK responds to physiological inputs. The resistance stimulus

consisted of 10 sets of 3 seconds of 40 Hz activation, followed by 3 seconds of rest, for a total of 60

seconds. The running stimulus was 0.1625 seconds of 100 Hz activation for each 0.65-second stride,

repeated for a total of 60 seconds. We predicted AMPK activity in response to these exercise stimuli by

simulating our model using the predicted calcium and ATP hydrolysis rates as inputs.

Interestingly, the entire AMPK signaling pathway acted as a low-pass filter on the input signals.
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Upstream AMP, ATP, and active CaMKK2 only responded to slower variations in calcium and ATP

hydrolysis induced by repetitions of contraction (resistance) or stride (running; Figure 4.8B). This aligns

with previous findings that ligand-activated kinases, such as CaMKK2, can act as integrators and, thus,

low-pass filter input signals [26]. In response, the predicted AMPK activity was nearly identical for the

two exercise conditions (Figure 4.8C). Interestingly, the predicted AMPK activity trajectory only showed

minor oscillations during the resistance condition. Quantitatively, the maximum AMPK activity was not

significantly different in both conditions (WT; Figure 4.8C). Additionally, we found that exercise-induced

AMPK activity depended strongly on CaMKK2, with CaMKK2 knockout abolishing nearly all AMPK

activity (CaMKK2 KO; Figure 4.8C). These results suggest that they respond to exercise-related inputs in

a manner that is robust to the high-frequency information in the signal.
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Figure 4.8: (A) Trajectories of [Ca]2+ and ATP hydrolysis rate during simulated resistance (left) and
running (right) like stimuli. Simulations from myocyte exercise model from Francis2025.05.22.655415.
The inlay shows the first three seconds of the calcium. (B) Predicted ATP, AMP and activated CaMKK2
concentrations for each exercise type. (C) Posterior densities of predicted pAMPK activity during exercise
stimuli. (D) Maximum pAMPK activity during exercise for wild-type and CaMKK2 KO conditions.
Letters indicate statistical significance; groups with different letters are significantly different, and groups
with like letters are significantly different. Significance was evaluated with a pairwise t-test and assessed
at the level of 0.05.
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4.3.5 AMPK activity is exercise-type dependent during long-timescale exercise

Finally, we investigated how AMPK responds to exercise-related stimuli at longer timescales.

Sprint, endurance, and resistance exercise on the minute-to-hours scale have been shown to induce varied

levels of AMPK activation both in vivo [302] and computationally leung2023computational. In these

studies, endurance training induced greater AMPK activity than resistance training, which was greater than

that induced by sprinting. Here, we aimed to investigate AMPK activity in response to similar stimuli using

our model. To do so, we simulated the three exercise conditions (Figure 4.9A), which mimic the timing of

those prescribed in [302] and have levels informed by the average values of the stimuli in Figure 4.8A.

The sprint condition was three 30-second intervals with a Ca2+ concentration of 10 µM and a rate of ATP

hydrolysis of 3 1/s. The resistance condition was six 1-minute intervals with a Ca2+ concentration of 3 µM

and a rate of ATP hydrolysis of 1 1/s. The endurance condition was one 90-minute interval with a Ca2+

concentration of 0.5 µM and a rate of ATP hydrolysis of 0.25 1/s.

Interestingly, these longer-timescale exercise stimuli induced stimulus-dependent AMPK activity.

All three stimuli were slow enough to induce oscillatory (sprint and resistance) or step-wise (endurance)

responses in AMP, ATP, and active CaMKK2 (Figure 4.9A). The subsequent trajectories of AMPK activity

appeared to vary as a function of stimulus duration. Sprint induced a short and weaker response, resistance

induced a stronger response, and endurance induced a moderate response. In all three trajectories, AMPK

activity decreased to baseline after the stimulus duration. Resistance led to the highest maximum AMPK

activity (WT; Figure 4.9A). Interestingly, endurance had higher maximum activity than sprint, even

though the strength of the sprint stimulus was more than 10 times larger than the endurance stimulus. We

additionally observed that AMPK activity depended strongly on CaMKK2 (CaMKK2 KO; Figure 4.9A).

This result further suggests that AMPK integrates upstream signals and responds proportionally to the

duration of the stimulus.
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Figure 4.9: (A) Long-time scale exercise stimuli during sprint (3 x 30s), resistance (6 x 1min) and
endurance (1 x 90min). (B) Predicted ATP, AMP, and activated CaMKK2 concentrations for each exercise
type. (C) Posterior densities of predicted pAMPK activity during exercise stimuli. (D) Maximum
pAMPK activity during exercise for wild-type and CaMKK2 KO conditions. Letters indicate statistical
significance; groups with different letters are significantly different, and groups with like letters are
significantly different. Significance was evaluated with a pairwise t-test and assessed at the level of 0.05.

Discussion

In this work, we developed a new mechanistic model of AMPK activation during energy stress.

We took a data-informed approach to model development and applied Bayesian uncertainty quantification
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(Figure 4.2) to leverage recent high-quality experimental AMPK activity data [72]. First, we found that the

choice of kinetic formulation used in a model impacted parameter identifiability and that there is no clear

best formulation from that viewpoint. Next, we developed six related AMPK signaling models and found

that the model using Michaelis-Menten kinetics and assuming that AMP and ADP act through nonessential

mechanisms to modulate AMPK activity was most consistent with the data. Using this best fit model, we

found that AMPK was sensitive to the timing of input stimuli, especially for energy-stress inducing inputs.

In the context of exercise, we found that AMPK was robust to high-frequency variations in the input signal

over short timescales but showed exercise dependence over longer timescales.

Uncertainty quantification, including identifiability analysis, prior elicitation, Bayesian parameter

estimation, and Bayesian model selection, played a key role in developing the new model of AMPK

signaling. In particular, UQ methods allowed us to utilize available experimental data to select a model and

constrain its predictions. While previous applications of UQ in systems biology have enabled parameter

estimation [308], [335], [336] and model selection [77], [316], [337], this work is unique in that we apply

an end-to-end UQ workflow during the entire model development process. A key advancement here is the

use of predictive prior elicitation and prior predictive sampling to iteratively refine the prior densities and

values of the nonidentifiable parameters (Supplemental Section C.1.3). This additional step addressed two

challenges of our previously developed Bayesian parameter estimation workflow. First, predictive prior

elicitation provided a structured approach to construct semi-informative priors when very little information

is known about model parameters a priori. Second, iterative refinement of fixed nominal values allowed us

to update nominal values for parameters that are mathematically nonidentifiable but still influence model

predictions. While the UQ workflow presented here provided an end-to-end approach for data-informed

model development, we did not close the loop and use the findings to update the model structures. To that

end, all of the predictions were only as good as the set of input models. Methods for data-driven modeling,
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such as model discovery [338], hybrid mechanistic neural network models [339], and continuous model

exploration with jump MCMC andrieuJointBayesianModel1999, can enable model development directly

from data.

The mechanistic AMPK models capture AMPK activation by upstream kinases (LKB1 and

CaMKK2) and activity control by adenine nucleotides. We chose to limit the model’s scope to the

core of the AMPK signaling pathway to investigate the mechanisms by which adenine nucleotides

control AMPK. However, as a hub of metabolic signaling, AMPK acts on several targets that can in-

duce feedback to modulate AMPK activity, especially during longer timescale signaling events. For

example, feedback through ULK1 and mTOR signaling could lead to net changes in AMPK acti-

vation garza-lomboMTORAMPKSignaling2018, [51]. Furthermore, through its action on STIM1,

AMPK could modulate Ca2+ signaling, which could, in turn, affect calcium-driven AMPK activa-

tion nelsonPhosphoproteomicsRevealsConserved2019. Future modeling efforts should focus on embed-

ding mechanistic AMPK signaling models into the larger metabolic signaling system, which could be

achieved, for example, by replacing the phenomenological representation with our mechanistic model [51],

[287], [288]. Additionally, the role of AMPK activation in modulating energy uptake during exercise

remains debated mcconellItsWellTruly2020, so it is important to consider our predictions of exercise-

induced AMPK activity fit into the broader myocyte metabolic signaling network. To better understand

this, further modeling efforts should incorporate the relevant mechanisms and data necessary to investigate

the roles of AMPK during exercise.

As experimental capabilities continue to improve, there is an ever-growing need to develop

well-constrained models to integrate and interpret available data. Here, we showed how uncertainty

quantification enables data-informed model development for signaling pathways where few previously

developed models had been published. We believe that this work serves as a starting point for future
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modeling and development of new UQ methods in systems biology. As we showed here, the application of

UQ in systems biology has the potential to improve modeling and better constrain model-based predictions

to experimental data and drive new discoveries in intracellular signaling.

Code Availability

We provide all the code and instructions to reproduce these results in the following GitHub

repository https://github.com/natejlinden/AMPK.
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Chapter 5

Miscellanea: Quantifying heterogeneity in

predictions of beta-cell insulin sensitivity

5.1 Introduction

Early diagnosis and intervention is essential to limiting Type 2 diabetes progression. Type 2

diabetes (T2D) is a growing health concern in the United States that has affected nearly 37.3 million

Americans in 2022 [340]; this figure is expected to grow in future years [341]. T2D is characterized by an

inability to maintain homeostatic levels of plasma glucose and often begins with changes in pancreatic

!-cells that can eventually lead to complications across the body [342], [343]. The hallmarks T2D onset

often include impaired fasting glucose (IFG) and impaired glucose tolerance (IGT), both of which are

signs of the inability to control plasma glucose with !-cell insulin secretion [341], [344]. A growing

body of evidence suggests that early diagnosis and intervention is crucial for limiting the progression

of T2D [345], [346] and reducing the risk of diabetes-related complications, including nephropathy,

retinopathy, and cardiovascular disease [343], [347], [348]. Despite the importance of early action, 20–50%
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of patients with diabetes remain undiagnosed [340], [341], and a significant proportion of those that receive

a diagnosis present with substantial disease progression at diagnosis [349]. While increased screening

will alleviate some missed diagnoses, predicting disease progression and treatment effectiveness from

available clinical data is equally important to improving diabetes care. For instance, many clinical trials and

screening protocols rely on glucose challenge tests such as the oral glucose tolerance test (OGTT) and the

intravenous glucose tolerance test (IVGTT) to probe pancreatic function and predict diabetes progression.

Here, we address the increasing incidence of T2D and the need for improved disease monitoring tools by

substantially improving the quality and trustworthiness of predictions of metabolic function from clinical

tests.

Predictive mathematical modeling is a promising approach for inferring pancreatic function from

clinical tests. Mathematical and data-driven models can predict metrics of pancreatic function from clinical

data that are not directly evident from the data [350]–[352]. These predictions are vitally important for

making clinical decisions, assessing impacts of novel therapeutics on pancreatic function [353], and on

classifying diabetes subtypes [354]. A classical example of mathematical modeling in diabetes is the

glucose minimal model which has been successfully applied to estimate insulin resistance from IVGTT

data since its introduction in 1979 [353], [355]–[357]. Despite the successes of these models, uncertainties

due to ad hoc modeling assumptions, intrapatient and interpatient variability, and limited access to clinical

measurements, limit the level of confidence that can be placed on predictions [353]. Specifically, it is

unknown whether clinicians should rely on predictions from a single occurrence of a clinical test or if

multiple repeated tests are necessary to ensure predictions accurately reflect a patient’s true pancreatic

function. Outside of diabetes care, when diagnosing male hypogonadism, known variability in a patient’s

testosterone levels often necessitates consecutive measurements of low testosterone to make a diagnosis

confidently. In diabetes care, we do not have the same understanding of how variability in predictions
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affects the quality of a single prediction.

Uncertainties are introduced into predictions of pancreatic function due to modeling assumptions,

variations in clinical tests, and intrapatient variabilities in clinical measurements. While we can derive

detailed mechanistic models of diabetes physiology, such as !-cell insulin secretion [358], due to their

complexity and multi-scale nature, these models due not adequately scale to provide predictions of diabetes

status at the patient-level in clinical settings [350], [352]. Thus, we must often rely on phenomenological

models that assume a mathematical formulation without adhering to physiological reality. In addition to

model uncertainty, significant variations in clinical data have been observed between patient demograph-

ics [359] and between test occurrences for the same patient [360], [361]. As stressed by an American

diabetes Association consensus panel [351], [362], [363], it is of utmost importance to account for all

sources of error and uncertainty when deploying models in clinical settings. Therefore, we hypothesize that

these sources of uncertainty—ad hoc modeling assumptions, variability in clinical data and non-uniformity

in clinical protocols—introduce unknown and unaccounted errors in model-based predictions. We will

provide significant advancements in predictions of pancreatic function in diabetes care by developing new

methods to quantify the uncertainties effecting these predictions and by providing a new recommendation

as to level of certainty to place in these predictions.

In this work, we conduct a series of uncertainty quantification studies that applied predictive

models to clinical diabetes-related data. Specifically, investigated uncertainties that impact model-based

predictions of beta-cell sensitivity to glucose using oral glucose tolerance data. Using Bayesian MMI, we

found that different models are better suited for healthy, prediabetic, and diabetic subjects. We additionally

found that data uncertainty due to sparse temporal hinders our ability to differentiate between healthy and

diabetic subjects.
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5.2 Methods

5.3 Oral glucose tolerance test: C-peptide kinetics

5.3.1 The C-peptide model family

In this section we present a family of phenomenological models that estimate of a patient’s

pancreatic health from the oral glucose tolerance test (OGTT). These models predict glucose-stimulated

C-peptide release during the OGTT from which indices of !-cell function can be derived. The oral

glucose tolerance test is widely used to aid the clinical diagnosis of glucose metabolic disorders, such

as type-II Diabetes Mellitus (T2D) gavin1997report, american2003report. During an OGTT patient’s

blood glucose, insulin, and often C-peptide levels are monitored following standardized oral load of 75g

glucose [357]. Patients with impaired glucose regulation will show high blood glucose levels during the

OGTT gavin1997report, american2003report.

In addition to determining a patient’s glucose tolerance status, mathematical modeling in con-

junction with the OGTT can help determine a patient’s !-cell function [356], [357]. Here we study three

phenomenological models of glucose-stimulated C-peptide release during the OGTT: a Hovorka et al. [364],

Cretti et al. [365], Breda et al. [366], which we refer to as the Hovorka 1998, Cretti 2001, and Breda 2001

models, respectively. All three models share the two-compartment structure

dx1(t)
dt

=↑(k01 + k21)x1(t)+ k12x2(t)+u(g(t), t) (5.1a)

dx2(t)
dt

= k21x1(t)↑ k12x2(t), (5.1b)

where x1(t) is the concentration of C-peptide (nmol/L) in the accessible compartment (or that concentra-

tion above baseline) and x2(t) is the concentration of C-peptide (nmol/L) in an inaccessible peripheral
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compartment. The parameter, k01 is the loss rate (1/min) of C-peptide from the accessible compartment,

and k12 and k21 are the transport rates (1/min) between the two compartments. The function u(g(t), t)

captures the time-varying glucose-stimulated C-peptide secretion rate by the pancreatic !-cells, and is a

function of both time and the measured plasma glucose concentration (mmol/L).

The three models differ in their formulation of u. The Hovorka 1998 model assumes that C-peptide

secretion varies linearly with g(t) [364], proposing that

u(g(t), t) =






MI (g(t)↑gb)+M0gb if MI(g(t)↑gb)+M0gb > 0

0 else.

This formulation introduces three parameters: the baseline plasma glucose concentration gb = g(t = 0),

the post-stimulus sensitivity MI (1/min), and the basal sensitivity M0 (1/min). We note that the Hovorka

1998 model was originally proposed for the meal tolerance test, however we adapt it here for the OGTT as

these tests are similar. The Cretti 2001 model assumes that the C-peptide secretion rate is the sum of a

basal secretion rate B-ISR and a dynamic, glucose-dependent, secretion rate OG-SR(t), such that

u(g(t), t) = B-ISR+OG-SR(g(t), t) .

The basal secretion rate B-ISR = [basal C-peptide]k01 (pmol/L/min), where [basal C-peptide] is the C-

peptide concentration at baseline. The dynamic secretion rate OG-SR(g(t), t) = ,↑1X(t) (pmol/L/min),

where the additional variable X(t) is governed by

dX(t)
dt

=↑,↑1X(t)+∃ (g(t)↑!) , X(0) = 0.

167



Here, the constant ∃ (pmol/L/min per mmol/L), the apparent glucose threshold ! (mmol/L), and the

time constant , , control C-peptide release by pancreatic !-cells. Finally, the Breda 2001 model similarly

partitions the C-peptide secretion rate into a static component SRs(t) and a dynamic component SRd(t),

such that

u(g(t), t) = SRs(t)+SRd(t). (5.2)

The static component SRs(t) = X(t) (pmol/L/min), where the additional variable X(t) is governed by

dX(t)
dt

= ( [X(t)↑) (g(t)↑h))] , X(0) = 0.

The dynamic component SRd(t) is taken to vary with the derivative of the plasma glucose ġ(t) following

SRd(t) =






k(g(t))ġ(t) if ġ(t)> 0

0 if ġ(t)⇐ 0,

where

k(g(t)) =






Kd

(
1↑ g(t)↑gb

gt↑gb

)
if gb ⇐ g(t)< gt

0 else.

Here, the constant ( (min), the static sensitivity index !(1/min), the static secretion threshold h (mmol/L),

the constant Kd (UNITS), the baseline glucose gb (mmol/L), and dynamic threshold gt (mmol/L) control

the secretion rate.

In the original papers, each model was associated with a model-specific !-cell sensitivity, such as

the post-stimulus sensitivity MI in the Hovorka 1998 model [364], the global !-index in the Cretti 2001

model [365], and the static .s and the dynamic .d sensitivities in the Breda 2001 model (see respective
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papers for definitions and derivations). However, to enable multimodel inference of a !-cell sensitivity

index, we derive !-cell sensitivity to glucose index . for each model following the original derivation

for the Breda 2001 model global index. The !-cell sensitivity index . is defined as the ratio of the total

C-peptide secretion to the total glucose above threshold

. =

∫ &
0 u(t)dt

∫ &
0 [g(t)↑!thresh]dt

, (5.3)

where !thresh is the threshold parameter for each model, which is gb, ! , and h for the Hovorka 1998, Cretti

2001, and Breda 2001 models, respectively.

Following the derivations of [366] we can derive the sensitivity index for the Breda 2001 model

.Breda2001 as

.Breda2001 =

∫ &
0 SRs(t)dt

∫ in f ty
0 [g(t)↑h]dt

+

∫ &
0 SRd(t)dt

∫ &
0 [g(t)↑h]dt

.

First, we evaluate
∫ &

0 SRs(t)dt, by first taking the integral

∫ &

0
Ẋ(t)dt =

∫ &

0
dX(t) = X(&)↑X(0)

=↑(
∫ &

0
X(t)dt +()

∫ &

0
[g(t)↑h]dt.

Noting that X(0) = X(&) because we assume that the system returns to basal values as time after the

OGTT goes to infinity, we find that

(
∫ &

0
X(t)dt = ()

∫ &

0
[g(t)↑h]dt =⇓

∫ &

0
X(t)dt = )

∫ &

0
[g(t)↑h]dt,
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and therefore

∫ &

0
SRs(t)dt = )

∫ &

0
[g(t)↑h]dt.

Next, we evaluate
∫ &

0 SRd(t)dt directly, such that

∫ &

0
SRd(t)dt =

∫ Gmax

Gb

k (g(t))dG,

where Gmax is the maximum glucose concentration measured during the OGTT, because k (G(t)) is

non-zero for G(t)> Gb and only defined up to Gmax. Thus, we find that

∫ Gmax

Gb

k (g(t))dG =






Kd(Gmax ↑Gb)

1↑ (Gmax↑Gb)

2(Gt↑Gb)


if Gt > Gmax

Kd(Gt↑Gb)
2 if Gt ⇐ Gmax,

omitting the necessary algebra for brevity. Therefore, we find that

.Breda2001 = ) +
1∫ &

0 [g(t)↑h]dt






Kd(Gmax ↑Gb)

1↑ (Gmax↑Gb)

2(Gt↑Gb)


if Gt > Gmax

Kd(Gt↑Gb)
2 if Gt ⇐ Gmax.

(5.4)

We apply the same formula to find . for the Hovorka 1998 model, and find that

.Hovorka1998 =

∫ &
0 MI[g(t)↑gb]dt
∫ &

0 [g(t)↑gb]dt
= MI. (5.5)

Noting that we dropped the M0gb term in u(t) for Hovorka 1998 from the integral, because . characterizes

C-peptide secretion above baseline, and that term models baseline secretion. Lastly, for the Cretti 2001
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model, we similarly apply the derivation from the Breda 2001 model, taking

.Cretti2001 =

∫ &
0 OG-SR(t)dt
∫ &

0 [g(t)↑! ]dt
.

Once again assuming that the system return to the basal values after the OGTT, we can find
∫ &

0 OG-SR(t)dt

by letting

∫ &

0
Ẋ(t)dt =

∫ &

0
dX(t) = X(&)↑X(0) = 0

=↑,↑1
∫ &

0
X(t)dt +∃

∫ &

0
[g(t)↑! ]dt

=⇓
∫ &

0
X(t)dt = ∃,

∫ &

0
[g(t)↑! ]dt.

Thus,

∫ &

0
OG-SR(t)dt = ,↑1int&

0 X(t)dt = ∃
∫ &

0
[g(t)↑! ]dt,

by definition, then

.Cretti2001 =
∃
∫ &

0 [g(t)↑! ]dt
∫ &

0 [g(t)↑! ]dt
= ∃ . (5.6)

We once again drop the basal secretion term in u(t), because the sensitivity index is only concerned with

secretion above baseline.
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5.4 Results

5.4.1 Model uncertainty impact predictions of !-cell glucose sensitivity from OGTT data

As a preliminary study with the OGTT, we fit the three C-peptide models to population-averaged

OGTT data presented in figure 2 of Hovorka et al. [364]. The data, shown in Figure 5.1A–B, contain

average OGTT measurements over a population of 16 patients with NGT and 16 patients with T2D. We

initially hypothesized that multimodel predictions of !-cell sensitivity would better discriminate between

patients with T2D and patients with NGT.

We fit each C-peptide model described in Section 5.3.1 to the data from each patient population

using MCMC. After verifying that the MCMC sampling converged, we ran an ensemble of simulations for

each model. Figure 5.1C–H, shows the mean and 95% credible intervals for each model and populations.

Notably, all models tend to capture equally well the trends in the two sets of data, with some notable

exceptions such as the Breda 2001 model performing poorly on the NGT data in Figure 5.1E. Next, we

constructed approximated probability densities for !-cell sensitivity index . by fitting kernel density

estimators to each model’s posterior samples. Figure 5.1I shows the resulting densities for all models and

both patient populations. For the NGT population, all models predict similar densities for . , with the

Breda 2001 model shifted to larger values than the other models. However, for the T2D population, the

predicted densities show greater variation with the Cretti 2001 model placing almost all probability on

values less then 10, while the other two models spread probability upwards to 20.

We then used two methods for multimodel inference (see Chapter 3) to combine the predicted

densities from all three c-peptide models. Figure 5.1J shows the combined densities using each method.

For the NGT population, both multimodel inference methods yield similar predicted densities, because the

underlying densities from each model were similar. For the T2D population, we find that model fusion
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biases the combined prediction towards the predicted density from Cretti 2001, as that density has smallest

variance, while pseudo Bayesian model averaging predicts a combined density that places more probability

towards larger values as predicted by the Hovorka 1998 and Breda 2001 models.

Next, we asked if we could similarly discriminate between NGT, IGT and T2D populations in

the Hall et al. [367] dataset that only includes a 2-hr OGTT with three timepoints. Figure 5.2A–B shows

the averaged OGTT data for each population with the standard deviation shown as shaded regions. We

hypothesized that the smaller number of timepoints would reduce our ability to discriminate between

populations using individual models, but multimodel inference would bring an improvement.

To test this, we again fit the three c-peptide models to each population’s data using MCMC. After

ensuring MCMC convergence, we ran ensemble simulations for each model. Figure 5.2C–E shows the

posterior predictions for each model and population, with the lines showing the median and the shaded

regions showing the 95% credible intervals. We observe that all three models provide reasonable fits to the

data, with minor variations in the predicted C-peptide dynamics and the level of certainty.

5.4.2 OGTT sampling strategy affects predictions

Clinical data in diabetes, such as OGTT and IVGTT measurements, are subject to substantial

variability due to heterogeneity between patients, external factors such as exercise and diet, environmental

factors, and differences in laboratory procedures [359], [361], [368]. We previously showed that data quality

can impact predictive uncertainty [208]. Specifically, we found that increasing measurement error and

uncertainty due to the process of data collection reduces predictive certainty. For example, we found that

increasing the noise added to measurements drastically increased the uncertainty in predictions made with

that noisy data. Furthermore, we found that our ability to make meaningful predictions depended strongly

on the quality and information content of the data. In the context of predictive modeling in diabetes, these
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Figure 5.1: (A–B) Population averaged OGTT data from [364]. (C,F) Posterior predictions from the
Hovorka 1998 model calibrated to NGT and T2D data, respectively. (D,G) Posterior predictions from the
Cretti 2001 model calibrated to NGT and T2D data, respectively. (E,H) Posterior predictions from the
Breda 2001 model calibrated to NGT and T2D data, respectively. (I) Approximated probability densities
for !-cell sensitivity index . from each model for the NGT (solid line) and T2D (dashed line) populations.
(J) Combined probability densities for !-cell sensitivity index . using pseudo Bayesian model averaging
(pseudoBMA; black) and model fusion (red). (K–L) Log pointwise predictive densities evaluated at the
ith observation yi show the quality of each model’s pointwise c-peptide predictions over the course of the
OGTT. Values are averaged over posterior samples.
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Figure 5.2: (A–B) Population averaged OGTT data from [367].

175



findings highlight the potential for uncertainties in clinical data to cause substantial predictive uncertainty

and error. Clinical protocols for the OGTT often differ in the duration and frequency of sampling. For

A

B

Figure 5.3: (A) Depiction of the five simulated OGTT protocols where we increased sparsity and reduced
the total number of samples. (B) Predicted !-cell sensitivity probability densities highlight how protocols
with fewer time points lead to greater uncertainty.

example, the common 2-hour OGTT protocol used in the diabetes Prevention Program [345] only collects

two or three samples, whereas longer duration protocols, such as the 3-hour OGTT in the RISE studies

utilize larger sample counts [369]. To test the effects of OGTT duration and sampling, we simulated five

OGTT protocols [364], [367], [369] by resampling the population averaged data in Hovorka et al [364].

Figure 5.3A, shows the different sampling schemes and durations, with each marker indicating the time

point when a sample taken. We then applied our previously developed method for Bayesian multimodel

inference to predict !-cell sensitivities for NGT and T2D populations. Figure 5.3B, shows the predicted

probability densities for each population using the different datasets. Notably, we find that decreasing the

OGTT duration and/or the number of samples leads to more spread in the predicted densities, indicating

decreased certainty in the predictions. Furthermore, the sparsely and very sparsely sampled datasets tend

to introduce systematic errors in the predictions, as indicated by the overall shift of the predicted densities

176



for these cases. These results support our hypothesis that data variability effects model-based predictions

by demonstrating that the information content of the data has significant impacts on predictions.

5.5 Discussion

Our findings demonstrate that model and data uncertainty significantly impact the reliability of

!-cell glucose sensitivity predictions from OGTT data, with important implications for clinical diabetes

assessment. First, Multimodel inference revealed substantial variation in predicted !-cell sensitivity

across the three phenomenological models, particularly for T2D populations, where the Cretti 2001 model

predicted markedly lower sensitivity values compared to the Hovorka 1998 and Breda 2001 models. The

observation that pseudo-Bayesian model averaging and model fusion yield different combined predictions

further underscores the complexity of integrating multiple modeling perspectives. Furthermore, we found

that the OGTT sampling strategy dramatically affected prediction quality, with sparse sampling protocols

introducing both increased uncertainty and systematic bias in !-cell sensitivity estimates.

These findings have several key clinical implications. First, model-dependent variation highlights

a critical limitation in current clinical practice, where reliance on a single modeling approach may

lead to inconsistent patient assessments. Second, the finding that reduced sampling frequency and

duration lead to broader prediction intervals and shifted probability densities suggests that commonly used

abbreviated OGTT protocols may compromise diagnostic accuracy. These results support the hypothesis

that unaccounted uncertainties from model assumptions, data variability, and clinical protocols substantially

impact the trustworthiness of mathematical predictions in diabetes care, indicating an urgent need for

uncertainty quantification methods to guide clinical decision-making and determine when additional testing

may be necessary to ensure reliable patient assessment.

177



Chapter 6

Conclusion–An expanded UQ workflow and

the future of UQ in systems biology

6.1 Summary and future directions

Mathematical models of intracellular systems have been integral in driving biological discovery

in recent years [14]. In particular, modeling enables researchers to go beyond what is experimentally

observable to interpret, explain, and predict biological function. However, uncertainty is inevitable in

modeling biology because models are built with incomplete system knowledge and necessarily rely on

uncertain data [75]–[77], [308]. As a result, three central questions arise in addressing uncertainty: (i)

How can we formulate a model given incomplete knowledge? (ii) Given a model, how can we leverage

noisy and sparse experimental data to calibrate its predictions? (iii) How do uncertainties in the data used

for model calibration affect downstream predictions? Uncertainty quantification, which was originally

developed alongside computational engineering, provides a methodological framework to address such

questions [5]. Despite the relative maturity of UQ in other fields, it is only just being applied to systems
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biology models [75], [105], [120], [308], [310], [370].

In this thesis, we investigate a series of methods to expand the systems biology UQ toolkit. First,

we investigated how identifiability and sensitivity analyses combined with Bayesian parameter estimation

enabled parameter estimation from low-dimensional, noisy experimental data (Section 2). Second, we

leveraged Bayesian multimodel inference to account for model uncertainty, which arises through multiple

models of the same biological system (Section 3). Third, we applied these methods to develop a new

data-informed model of AMPK signaling (Chapter 4). Finally, we highlighted how these methods are

applicable beyond systems biology by applying them to models of insulin-glucose dynamics (Section 5).

In this chapter, I summarize the contributions of this thesis and discuss possible future avenues for research

at the interface of computational mathematics and systems biology.

6.1.1 Thesis summary

Bayesian methods enable UQ from noisy and sparse experimental data

Statistical inference is critical to addressing the parameter estimation problem in systems biol-

ogy. Experiments provide limited information about model parameters, so we often need to estimate

parameters from available data. This task is complicated by the nature of systems biology models and the

nature of available experimental data. Although traditional frequentist inference methods have been used

widely in systems biology [76], [308], [371], [372], these methods do not provide a complete account of

uncertainty [5] and can struggle in settings with limited data [84].

We showed how Bayesian parameter estimation can address the challenges of parameter esti-

mation and simultaneously quantify uncertainty in a probabilistic manner. First, we found that a priori

identifiability and sensitivity analyses enabled successful parameter estimation (Figure 2.8) by reducing

the dimension of the parameter space. This a priori parameter analysis likely improves the posedness of
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the inverse problem and therefore leads to more successful inference [93]. Next, we saw how Bayesian

posterior densities can highlight uncertainty in training data (Figure 2.3) and that more data is not always

better (Figure 2.7). Moving beyond the toy models of Chapter 2, we showed how the Bayesian parameter

estimation workflow can be applied to larger models of the ERK signaling pathway with 10s–100s of

uncertain parameters. Finally, we addressed a key shortcoming of the original workflow, that is, what

happens if a parameter is nonidentifiable, but its value impacts model prediction? To do so, we introduced

an iterative refinement procedure in Chapter 4 that leverages prior predictive samples to test whether fixed

quantities yield reasonable predictions. Taken together, these results show how Bayesian inference enables

successful parameter estimation for a wide range of systems biology models and lays the groundwork for

future applications.

A multimodel viewpoint accounts for model form uncertainty and allows for data-informed modeling

Model uncertainty is inevitable in systems biology because modeling relies on assumptions and

incomplete knowledge for model development [313], [373]. There have been a number of attempts to

address model uncertainty in the broader UQ community by extending statistical models to account for

the discrepancy between a model and physical reality [79], [374]. However, model uncertainty in systems

biology typically arises in having (or being able to construct) multiple models of the same system, each

with its own set of assumptions [77], [313], [375]. In this work, we investigated how to take advantage of

these multiple models to address model uncertainty. To do so, we leveraged an approach called multimodel

inference that constructs new estimates by taking a weighted average of preexisting models (Chapter 3).

Importantly, we found that MMI enabled us to account for model form uncertainty in systems biology,

specifically when multiple models of the same system were available. Furthermore, we applied Bayesian

model comparison (the core tool used to compute the weights on each model) to enable data-informed
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selection of a best model of AMPK signaling. While MMI can increase the computational demands and

complexity of a model discovery, we found that it allowed us to justify modeling decisions with data,

which was especially important when few models had been previously published.

A workflow for UQ in systems biology

Multimodel 
inference & model 

selection

2.

0 10 20
0

1

Develop set of plausible 
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Bayesian inference
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Figure 6.1: (1) Models are either developed or collected using available literature. If multiple models exist,
they often vary in model assumptions and kinetic formulation. (2) Next, Bayesian inference combined
with a priori parameter analysis is used to estimate uncertain model parameters from experimental data.
(3) Parametric uncertainty is then propagated forward to model predictions by running ensembles of
simulations. (4) Finally, Bayesian multimodel inference can address model uncertainty if multiple models
have been calibrated.

In this thesis, we investigated new extensions to the systems biology modeling workflow to

enable uncertainty quantification. All-in-all, these extensions combine into a new UQ-based workflow

for systems biology (Figure 6.1). In Chapters 2 and 3 we laid the groundwork for the workflow, and in

Chapter 4 we applied it to study a new signaling pathway. The workflow begins with model development

or curation, where we construct a model (or models) using literature and domain knowledge. Next, we

obtain experimental data and apply the Bayesian parameter estimation approach introduced in Chapter 2.

We then leverage the resulting posterior density to propagate uncertainty to model predictions. Finally, we
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used Bayesian multimodel inference and model selection to address model uncertainty if multiple models

were calibrated. This workflow is broadly applicable in systems biology and beyond whenever parametric

models and data are available (see Chapter 5 for an application outside of systems biology).

6.1.2 Future directions

Application to study spatiotemporal signaling

Intracellular signaling occurs over several spatial scales in addition to temporal scales. At the

sub-cellular level, signaling has been found to be localized to distinct sub-cellular locations, which are

hypothesized to play a role in coordinating distinct cellular responses [7], [8], [71], [304]. Further-

more, subcellular spatial features and geometry can introduce spatiotemporal heterogeneity in signaling

responses [57]. Modeling such phenomena requires moving beyond the well-mixed ODE framework inves-

tigated to incorporate spatial information using compartmental and partial differential equation models [16].

To enable Bayesian parameter estimation for PDE systems biology models, several parameter-related

questions need to be addressed, in addition to several technical developments. A typical practice for

parameter estimation of spatial models is to first estimate the parameters of the well-mixed ODE model

and then use those parameter estimates for the spatial model [47], [376], [377]; however, this approach

ignores potential issues with identifiability [378] or changes in parameter behavior that occur due to the

introduction of spatial information into the model. A key question is how introducing spatial information

into a model affects the parameter identifiability and estimates compared to well-mixed ODE models.

Furthermore, PDE-based reaction-diffusion models are computationally more expensive to solve

than ODEs, which introduces new computational challenges when applying Bayesian inference methods.

Methods and software frameworks that estimate the parameters of PDE models abound in engineering and

computational science [379]–[381], and have recently been developed in the Rangamani lab for systems
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biology [17]. For example, ensemble Kalman methods are routinely used to infer parameters of climate and

weather models from atmospheric measurements [382] and randomize-then-optimize methods can estimate

geophysical properties from measurement data [95]. Furthermore, parametric reduced-order modeling will

likely be necessary to accelerate outer-loop tasks such as Markov chain Monte Carlo Sampling [383]–[386].

An additional avenue to address the computational challenges of calibrating PDE models is to develop

a randomize-then-optimize approach for approximate posterior sampling [95], [187]. The extension of

Bayesian UQ methods to study spatiotemporal signaling will bring many interesting challenges and lead to

technological advancements and new biological understanding.

Incorporation of scientific machine learning to enhance systems biology models

There is no escaping machine learning or artificial intelligence in the science landscape 2025.

While these fields make up a vast domain of methodologies, a handful of them have the greatest potential

to enhance systems biology. These include data-driven equation discovery [97], [194], [275], universal

differential equations [160], neural ODEs [323], and foundation modeling [387]. Data-driven equation

discovery enables one to select model terms from a prescribed library that best fit the data using sparse

regression [97], [194], [275]. Such models retain the interpretability of a traditional mechanistic model,

because the sparse regression framework highlights which terms should be combined into the final model.

Universal differential equations retain the structure of a mechanistic model but append a purely data-driven

universal approximator (neural network or Guassian process) to learn interactions and features that may be

missing from the original equations [160]. Neural ODEs take this concept one step further and replace

the entire right-hand-side of the ODE with a machine-learned function approximator [323]. Finally,

foundation models are very large deep learning models that are trained on a vast collection of data [387].

In systems biology, these models have the potential to map from experimental measurements to model
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structures or from network diagrams to predictive models. All-in-all, as datasets become larger and more

complex, data-driven modeling has the potential to allow systems biology models to keep up and match

the complexity of an entire biological system.

Robust software for UQ in systems biology

A number of software tools have been developed to make systems biology more accessible and

enable “reproducible” modeling, including VCell (), Copasi (https://copasi.org/), SymBiology (https:

//www.mathworks.com/products/simbiology.html), BioNetGen (https://bionetgen.org/) and Tellurium

(https://tellurium.analogmachine.org/). While these are mature software projects that are generally well

regarded, they are limited in their ability to interface with modern tools for machine learning, and Bayesian

statistics, including Jax (https://docs.jax.dev/), PyTorch (https://pytorch.org/), Stan (https://mc-stan.org/),

and PyMC (https://www.pymc.io/welcome.html). For that reason, we manually programmed all models in

this thesis and did not rely on any of the systems biology software tools. A new generation of systems

biology software should leverage these modern software tools to a wide range of users to apply cutting-edge

UQ and ML algorithms to their models.

6.2 Closing Remarks

The application of uncertainty quantification to systems biology models of intracellular signaling

has led to a rich line of research that has yielded both methodological and biological discoveries. Working

at this interface is made possible by interdisciplinary collaboration between experimentalists, modelers, and

computational scientists. As we move into an age of big-data biology, such interdisciplinary collaborations

will become increasingly important to driving new biological insights from data. I believe that this thesis

serves as a starting point for future efforts to apply uncertainty quantification to the biological sciences. The
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direct application and extension of the approaches presented here will enable a multitude of data-informed

and data-driven studies both within systems biology and in the broader biological and medical sciences.
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Appendix A

Supplemental Materials for Chapter 2

A.1 Supplemental Text

A.1.1 Runtime analysis of the CIUKF-based likelihood function

UKF-MCMC, and thus CIUKF-MCMC, poses an increased computational cost compared to

estimation methods that do not consider all sources of uncertainty [82]. To better understand how this

increased computational burden affects parameter estimation, we used the timeit() function in Matlab

to time the execution of a CIUKF-based likelihood function and a Gaussian likelihood function Eq (2.7)

that ignores model form uncertainty and that is representative of standard approaches [5], [134], [140],

[142]. Specifically, we ran timeit() 20 times for each likelihood function evaluated for the MAPK model

with the data from the low steady state, seen in Fig 2.5A. We found that, on average, the CIUKF-based

likelihood function takes 81 times longer (0.278 seconds) than the Gaussian likelihood (0.0034 seconds).

All timing was performed on a laptop with a 2.6Ghz 6-core Intel Core i7 (Intel Corporation, Santa Clara,

CA) processor with 32 GB of RAM.

To better understand what computations contribute to the observed runtimes of the CIUKF-based
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likelihood, we used the profiler in Matlab to analyze a single call to the likelihood function. We found

that the CIUKF-based likelihood execution spent approximately 60% of the time on calls to ode15s(),

which we used to discretize the ordinary differential equation model. Additionally, another 30% of the

time was spent running quadprog() during the update step of the constrained interval unscented Kalman

filter. Based on these findings, we conclude that developing better-optimized codes for these steps will

likely accelerate the CIUKF-based likelihood function and, thus, shorten MCMC runtimes.

A.2 Supplemental Tables

This section provides supplemental tables.

Table A.1: All listed values have units of one over time.

Parameter Nominal Value Range
k1e 1 [0, 5]
k12 1 [0, 5]
k21 1 [0, 5]
b 2 [0, 10]
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Table A.2: Note: For the oscillatory dynamics, the range for k5 is [1↗10↑5 0.05].

Parameter Nominal Value: Limit-cycle Nominal Value: Bistable Range
S1t 100 nM 0.22 nM [0, 100]
S2t 100 nM 10 nM [0, 100]
S3t 100 nM 53 nM [0, 100]
k1 0.1 nM · s↑1 0.0012 nM · s↑1 [0, 0.05]
k2 0.01 nM · s↑1 0.006 nM · s↑1 [0, 0.1]
k3 0.01 nM · s↑1 0.049 nM · s↑1 [0, 0.05]
k4 0.01 nM · s↑1 0.084 nM · s↑1 [0, 0.1]
k5 0.01 nM · s↑1 0.043 nM · s↑1 [0, 0.05]
k6 0.01 nM · s↑1 0.066 nM · s↑1 [0, 0.1]
n1 10 5 [5, 10]
K1 1 nM 9.5 nM [0, 10]
n2 15 10 [5, 10]
K2 8 nM 15 nM [0, 20]
( 10 95 [0, 100]

Table A.3: Placeholder. Placeholder. Placeholder. Placeholder.

State-variable Limit cycle Bistable: low steady state Bistable: high steady state
x1(0) 10 nM 0.0015 nM 0.1245 nM

x2(0) 80 nM 3.6678 nM 2.4870 nM

x3(0) 80 nM 28.7307 nM 31.2623 nM
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Table A.4: The ranges are given by [0.1 ·! →
i , 10 ·! →I], where ! →

i is the nominal value. Note: we do not
include ranges for n1 and n2 because these parameters are always set to the nominal values.

Parameter Nominal Value Range
k1 2 s↑1 [0.2, 20]
k2 15 s↑1 [1.5, 150]
k3 1 s↑1 [0.1, 100]
k4 120 s↑1 [12, 1200]
k5 2 s↑1 [0.2, 20]
k6 15 s↑1 [1.5, 150]
k7 1 s↑1 [0.1, 10]
k8 80 s↑1 [8.0, 800]
c1 1 [0.1, 10]
c2 1 [0.1, 10]
c3 6 s↑1 [0.6, 60]
c4 8 s↑1 [0.8, 80]

Km1 10 µM [1.0, 100]
Km2 0.3 µM [0.03, 3]
Km3 4 µM [0.4, 40]
Km4 10 µM [1.0, 100]
Km5 1 µM [0.1, 10]
K0 0.5 µM [0.05, 5]
P0 0.5 µM [0.05, 5]

Ktot 20 µM [2, 200]
Ptot 20 µM [2, 200]
Atot 1 [0.1, 10]
n1 4 –
n2 3 –
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A.3 Supplemental Figures

This section provides supplemental figures.
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Figure A.1: (A) corresponds to the measurement noise experiment, Fig 2.3C. We observe that increasing
the data noise level increased the uncertainty in the predicted dynamics. We control the noise level by
setting the noise covariances to the specified percentage of the standard deviation of each state variable.
The dashed black vertical lines indicate each parameter’s nominal (true) value. (B) corresponds to the
data sparsity experiment, Fig 2.3E. We observe that decreasing the number of experimental samples
supplied for estimation increased estimation uncertainty. The noise level in the data was fixed to the 2.5%
level shown above.
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Figure A.2: Each row corresponds to a noise level; noise increases down the figure. The red boxes
indicate samples discarded as burn-in.
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Figure A.4: (A) Trajectories for the high steady-state; corresponds to Fig 2.5D. (B) Trajectories for the
low steady-state; corresponds to Fig 2.5C. (C) Trajectories for limit cycle oscillations; corresponds to
Fig 2.6B.
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Figure A.5: (A) Distributions for the data with equidistant sampling; corresponds to Fig 2.7C. (B)
Distributions for the data with non-equidistant sampling; corresponds to Fig 2.7D.
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Figure A.6: (A) Corresponds to Fig 2.7C and Supplemental Fig A.5A. (B) Corresponds to Fig 2.7D and
Supplemental Fig A.5B.

Figure A.7: Each plot has 30,000 points that are colored according to the nature of the simulated
dynamics with that parameter set. Simulations with blue points produce limit cycle oscillations, and
those with red points produce fixed points. Darker regions indicate a higher probability of observing the
corresponding parameter values.
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Figure A.8: Each plot has 30,000 points that are colored according to the nature of the simulated
dynamics with that parameter set. Simulations with blue points produce limit cycle oscillations, and
those with red points produce fixed points. Darker regions indicate a higher probability of observing the
corresponding parameter values.

195



Figure A.9: Each plot has 30,000 points that are colored according to the nature of the simulated
dynamics with that parameter set. Simulations with blue points produce limit cycle oscillations, and
those with red points produce fixed points. Darker regions indicate a higher probability of observing the
corresponding parameter values.
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Figure A.10: (A) Low steady-state, Fig 2.5A. (B) High steady-state, Fig 2.5B. The process noise
covariances are !∀i and !%i are the measurement noise covariances. The red boxes indicate samples
discarded as burn-in.
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Figure A.11: The process noise covariances are !∀i and !%i are the measurement noise covariances. The
red boxes indicate 7,477 samples per chain discarded as burn-in.

Figure A.12: The process noise covariances are !∀i and !%i are the measurement noise covariances. The
red boxes indicate 5,669 samples per chain discarded as burn-in.
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Figure A.13: The process noise covariances are !∀i and !%i are the measurement noise covariances. The
red boxes indicate 11,065 samples per chain discarded as burn-in.

199



Figure A.14: The red boxes indicate samples discarded as burn-in.
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B.1 Supplemental Tables

Table B.1: The number of state variables (# states (nk)) represents the number of biochemical species in
the model and the number of parameters (# parameters (pk)) is the total number of free model parameters.
The number of locally identifiable (# locally ID) is the number of parameters kept free after local
identifiability analysis, and the number of sensitive parameters (# sensitive) is the number of parameters
kept free after global sensitivity analysis.

Model Name # states (nk) # parameters (pk) # locally ID # sensitive

H’ 1996 [228] 16 36 36 26
K’ 2000 [260] 6 25 8 6
L’ 2000 [259] 27 40 40 25
H’ 2005 [249] 103 96 94 28
B’ 2007 [226] 117 216 90 20
O’ 2009 [266] 26 59 7 5
vK’ 2009 [227] 37 77 31 18
S’ 2014 [262] 7 20 7 7
R’ 2015 [263] 17 45 5 5
K’ 2017 [264] 35 23 14 11

Table B.2: We either use an ODE-solver or Newton iteration to find the steady-state solution. Steady-state
ODE tolerances are used to assess the convergence of ODE-based solutions for either approach. We
do not compute steady-states for the H’ 1996 model, so we omit the corresponding hyperparameters.
ODE-based solutions are solved until steady-state convergence or t = tmax.

Model ODE tols
(atol; rtol)

steady-state
method

steady-state tols
(atol; rtol)

time units tmax

H’ 1996 1e-6; 1e-6 – – sec –
K’ 2000 1e-6; 1e-6 Newton 1e-6; 1e-6 sec &
L’ 2000 1e-6; 1e-6 ODE 1e-10; 1e-10 sec 100,000 (s)
H’ 2005 1e-6; 1e-6 ODE 1e-10; 1e-10 sec 12,000
B’ 2007 1e-6; 1e-6 ODE 1e-5; 1e-6 sec 10,000
O’ 2009 1e-6; 1e-6 ODE 1e-5; 1e-6 min 1,400
vK’ 2009 1e-6; 1e-6 ODE 1e-5; 1e-6 sec 5,400
S’ 2014 1e-6; 1e-6 Newton 1e-6; 1e-6 min &
R’ 2015 1e-6; 1e-6 Newton 1e-5; 1e-5 min 540
K’ 2017 1e-6; 1e-6 Newton 1e-6; 1e-6 sec 10,800
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Table B.3: Wall-clock times are shown in hours. Parentheses show: (# of chains and # number of
samples/chain) if those values differ from: # of chains = 4 and # number of samples/chain = 500, i.e. (4;
500). Sampling for Figure 3.3 and Supplemental Figures B.3–B.4 was performed on a Linux Workstation
with dual Intel Xeon 2.60GHz processors and 123Gb of DDR3 RAM. Sampling for Figure 3.8 was
performed on a Macbook Pro with the Apple M3 Pro CPU and 18Gb of DDR5 RAM.

Model Figure 3.3 Supp. Figure B.3 Supp. Figure B.4 Figure 3.8

H’ 1996 10.68 0.24 - -
K’ 2000 0.04 0.04 1.72 (4; 1000) -
L’ 2000 0.07 0.08 8.65 (4; 200) -
H’ 2005 1.97 (8; 100) 1.88 (8; 100) 110.66 (4; 100) -
B’ 2007 1.73 1.77 167.87 (4; 100) -
O’ 2009 0.11 0.12 2.10 (4; 250) -
vK’ 2009 0.31 0.40 0.86 (4; 100) -
S’ 2014 0.07 0.07 16.90 (4; 1000) -
R’ 2015 0.04 0.04 18.64 (4; 1000) -
K’ 2017 0.19 0.22 222.76 (4; 1000) -
O’ 2009

Rap1 diff.
- - - 0.66

O’ 2009
(-)FB diff.

- - - 0.58

O’ 2009
Rap1 and (-)FB diff.

- - - 0.65

S’ 2014
Rap1 diff.

- - - 0.21

S’ 2014
(-)FB diff.

- - - 0.16

S’ 2014
Rap1 and (-)FB diff.

- - - 0.19

R’ 2015
Rap1 diff.

- - - 0.37

R’ 2015
(-)FB diff.

- - - 0.33

R’ 2015
Rap1 and (-)FB diff.

- - - 0.66
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Table B.4: Model predictive performance (ELPD) and MMI weights of the top and bottom ten
models of the 94 total compartment-specific parameter combinations. Additional models are not
shown. Bold entries indicate weight greater than 0.01 by any MMI method.

Model ELPD pseudo-BMA

weight

stacking

weight

model

probability

Top ten models:

O’ 2009

Rap1, ppMEK-ERK &

ppERK-pASE diff.

343.585 0.404 0.882 0.343

O’ 2009

all diff.

343.406 0.337 0.0 0.093

O’ 2009

Rap1, (-)FB &

ppERK-pASE diff.

341.456 0.072 0.0 0.16

O’ 2009

Rap1 & ppERK-pASE diff.

341.371 0.08 0.0 0.402

R’ 2015

Rap1 & (-)FB diff.

339.737 0.065 0.054 0.0

Continued on next page
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Table B.4: Continued: Model predictive performance (ELPD) and MMI weights of the top and
bottom ten models of the 94 total compartment-specific parameter combinations. Additional models
are not shown. Bold entries indicate weight greater than 0.01 by any MMI method.

Model ELPD pseudo-BMA

weight

stacking

weight

model

probability

R’ 2015

Rap1, (-)FB &

ppERK-pASE diff.

337.448 0.037 0.063 0.0

O’ 2009

(-)FB, ppMEK-ERK &

ppERK-pASE diff.

337.233 0.002 0.0 0.001

O’ 2009

Rap1 & (-)FB diff.

336.723 0.001 0.0 0.001

O’ 2009

Rap1, (-)FB & ppMEK-ERK diff.

335.841 0.0 0.0 0.0

S’ 2014

Rap1, (-)FB, Raf-deact. &

ppERK-dephos. diff.

335.068 0.0 0.0 0.0

Bottom ten models:

Continued on next page
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Table B.4: Continued: Model predictive performance (ELPD) and MMI weights of the top and
bottom ten models of the 94 total compartment-specific parameter combinations. Additional models
are not shown. Bold entries indicate weight greater than 0.01 by any MMI method.

Model ELPD pseudo-BMA

weight

stacking

weight

model

probability

R’ 2015

all diff.

278.966 0.0 0.0 0.0

R’ 2015

(-)FB & ppERK-pASE diff.

276.007 0.0 0.0 0.0

S’ 2014

(-)FB & Raf-deact. diff.

262.615 0.0 0.0 0.0

S’ 2014

Raf-deact. diff.

260.414 0.0 0.0 0.0

S’ 2014

(-)FB diff.

245.325 0.0 0.0 0.0

R’ 2015

ppMEK-ERK diff.

208.882 0.0 0.0 0.0

R’ 2015

(-)FB & ppMEK-ERK diff.

201.588 0.0 0.0 0.0

Continued on next page
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Table B.4: Continued: Model predictive performance (ELPD) and MMI weights of the top and
bottom ten models of the 94 total compartment-specific parameter combinations. Additional models
are not shown. Bold entries indicate weight greater than 0.01 by any MMI method.

Model ELPD pseudo-BMA

weight

stacking

weight

model

probability

R’ 2015

(-)FB, ppMEK-ERK & ppERK-pASE diff.

201.08 0.0 0.0 0.0

R’ 2015

Rap1, ppMEK-ERK & ppERK-pASE diff.

175.419 0.0 0.0 0.0

R’ 2015

ppMEK-ERK & ppERK-pASE diff.

172.626 0.0 0.0 0.0

B.2 Supplemental Figures
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Figure B.1: Scatter plots of Morris effect ∃ and µ→ normalized to the maximum of each effect inde-
pendently for all models. Blue points with labels show influential parameters determined by ∃i ⇐ 0.1
or µ→

i ↔ 0.1 for each parameter !i. Black points are noninfluential parameters that do not meet the
thresholds.
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Figure B.2: (A) Posterior densities of cytoplasmic ERK activity trajectories for all models. (B)–(D)
MMI predictions of cytoplasmic ERK activity using pseudo-BMA, stacking, and BMA, respectively.
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Figure B.3: (A) Normalized experimental measurements of plasma membrane ERK activity. Mean
(black trace) and standard deviation (grey bars) show statistics computed across all single-cell trajectories.
Data originally presented in figure 1 of [223]. (B) Posterior densities of plasma membrane ERK activity
trajectories for four out of nine models were ordered by decreasing ELPD. (C) ELPD values for all models.
(D) Model probabilities for all models. (E) MMI model weights for all models using pseudo-BMA,
BMA, and stacking. (F) RMSE of the posterior mean plasma membrane ERK activity predictions for
each model and the multimodel predictions. The dashed black line shows the lowest RMSE of any single
model. (G) Posterior uncertainty measured by the mean 95% credible interval width in time. The dashed
black line shows the lowest uncertainty of any single model.
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Figure B.4: (A) Synthetic EGF-ERK dose-response curve. Markers show the mean and error bars show
plus or minus one standard deviation. (B) Posterior densities of the EGF-ERK dose-response for four out
of nine models ordered by decreasing ELPD (additional models not shown). Boxplots show the mean
and interquartile range, and whiskers show the 95% credible interval. Data from A are reproduced in
each panel. (C) ELPD values for all models. (D) Model probabilities for all models. (E) MMI model
weights for all models using pseudo-BMA, BMA, and stacking. (F) RMSE of the posterior-predictive
mean dose-response prediction for each model and the multimodel predictions. The dashed black line
shows the lowest RMSE of any single model. (G) Posterior uncertainty is measured by the mean 95%
credible interval width over all EGF levels. The dashed black line shows the lowest uncertainty of any
single model.
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Figure B.5: (A)–(C) Weights assigned to models in three model sets: (A) excluding the worst-fit model,
R’ 2015, (B) all models, (C) excluding the best-fit, O’ 2009. (D) RMSE of the posterior mean cytoplasmic
ERK activity prediction for each MMI method and model set. Dotted patterning corresponds to (A), no
patterning to (B), and dashed patterning to (C). The dashed horizontal line is the RMSE of the model
with the lowest average error, HF’ 1996. (E) Posterior uncertainty is measured by the mean of the 95%
credible interval taken over all EGF levels. (F) Relative error of the posterior mean for MMI predictions
with increasing model set size. All possible combinations of models were tested at each size. The
dashed blue line shows 5% relative error (0.05), and the dashed black line shows the lowest error of any
single model, HF’ 1996. (G) Average posterior uncertainty of ERK response for MMI predictions with
increasing numbers of models. The dashed black line shows the uncertainty of the best model. (F),(G)
Boxplots show the mean and interquartile range, and whiskers show the 95% credible interval. Open
circles show outliers.
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Figure B.6: (A)–(C) Weights assigned to models in three model sets: (A) excluding the worst-fit model,
O’ 2009, (B) all models, (C) excluding the best-fit, K’ 2017. (D) RMSE of the posterior mean dose-
response prediction for each MMI method and model set. Dotted patterning corresponds to (A), no
patterning to (B), and dashed patterning to (C). The dashed horizontal line is the RMSE of the best-fit
model, K’ 2017. (E) Posterior uncertainty is measured by the mean of the 95% credible interval taken
over all EGF levels. (F) Relative error of the posterior mean for MMI predictions with increasing model
set size. All possible combinations of models were tested at each size. The dashed blue line shows 5%
relative error (0.05), and the dashed black line shows the lowest error of any single model, K’ 2017. (G)
Average posterior uncertainty of ERK response for MMI predictions with increasing numbers of models.
The dashed black line shows the uncertainty of the best model, R’ 2015. (F),(G) Boxplots show the mean
and interquartile range, and whiskers show the 95% credible interval. Open circles show outliers.
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Figure B.7: Black dashed line shows the data with error bars indicating the standard deviation. Solid
colored line shows the posterior predictive mean trajectory. Shaded band shows the 95% credible interval
of the posterior predictive density.
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Figure B.8: Effects of decreasing data length. (A) Shorter training data was constructed by truncating the
original 40-minute plasma membrane ERK trajectories at the 10-, 20-, and 30-minute time points (mean,
black trace; and standard deviation, grey bars). Predictive performance was assessed by computing
errors and uncertainties in the final 10 minutes (red box). (B) Posterior predictions from decreased
training data for the best model O’ 2009 (highest ELPD across all training datasets) and MMI with
pseudo-BMA. Predictions for additional models and MMI methods are shown in Supplemental Figure B.7.
(C) Predictive error (relative error) for the final 10 minutes (t = 30 ↘ t = 40 min) of plasma membrane
ERK activity. (D) Predictive uncertainty (average width of the 95 % credible interval) for the final 10
minutes of plasma membrane ERK activity. (E) Lower-quality training data was generated by averaging
over random subsets of 10, 20, 60, and 60 imaged cells. The black trace shows an original average of 76
cells. Colored traces show averages of 40 replicate random subsets. (F) The predictive error (relative
error) of plasma membrane ERK activity with lower quality data compared to average activity trajectory
using all cells. (G) Predictive uncertainty of plasma membrane ERK activity with lower quality data.
(F),(G) Filled circles indicate average error of 40 replicates for individual models and triangles for MMI
predictions. Error bars show the standard deviation over replicates. Blue markers show the error of the
raw training data at each subset size compared to the original full-data mean.
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Figure B.9: Figure shows estimated empirical cumulative density functions (eCDF) for the model
parameters that showed the greatest variation between locations. All densities are statistically significantly
different between locations (p < 0.05 by the Mann-Whitney U-test with a two-sided hypothesis). Blue
indicates the cytoplasm, and black indicates the plasma membrane. Supplemental Table B.3 lists the
sample sizes for each model.
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Figure B.10: Black dashed line shows the data with error bars indicating the standard deviation. Solid
colored line shows the posterior predictive mean trajectory. Shaded band shows the 95% credible interval
of the posterior predictive density. Corresponds to Figure 3.8.
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B.3 Supplemental Files

We provide an Excel file that details the nominal parameters and initial conditions for all 10 ERK

signaling models used in this work. The file is available for download from our GitHub repository at this

link.
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Appendix C

Supplemental Materials for Chapter 4

C.1 Supplemental Text

C.1.1 Two-reaction models

To further investigate how the choice of kinetic formulation affects parameter identifiability, we

examined models of a two-reaction loop that was inspired by a phosphorylation-dephosphorylation loop.

The models represented the reactions

S+E1
kr,1
ω↑↑↑↑ε
k f ,1

E1S
kcat,1↑↑↑↘ P+E1

P+E2
kr,2
ω↑↑↑↑ε
k f ,2

E2S
kcat,2↑↑↑↘ pS+E2,

where S is the substrate, E1 and E2 are the enzymes, and P is the product. The product of the first reaction is

the substrate of the second P and the product of the second reaction is the original substrate S. To investigate

the effects of the kinetic formulation, we constructed nine sets of models that represented the two-reaction

systems. The models differed in the kinetic formulation used to represent either reaction, specifically mass
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action, Michaelis-Menten, or Hill-type. For example, one of the models employed mass action kinetics for

both reactions, while another used mass action for the first reaction and the Michaelis-Menten equation for

the second. Supplemental Table C.2 summarizes the models and the identifiability results.

C.1.2 AMPK model details

In this section, we provide additional rationale and derivations for the six AMPK signaling models.

Unless otherwise noted, all relevant assumptions are outlined in the manuscript.

Module 1: Cellular metabolism and energy stress

We adapted the simplified metabolism models from Coccimiglio et al. [49] and Lueng et al. [51].

Our metabolism model includes phenomenological representations of oxidative phosphorylation, glycolysis,

ATP hydrolysis, adenylate kinase, and creatine kinase. First, we represented ATP generation by oxidative

phosphorylation with a first-order irreversible reaction from ADP to ATP, which we modeled with the

Hill-type equation originally derived in [388]. Second, we represented glycolysis with an irreversible

first-order reaction from ADP to ATP, which we modeled with mass action kinetics. Third, we represented

net ATP consumption due to hydrolysis with a single hydrolysis reaction from ATP to ADP, which we

modeled with mass action kinetics. Fourth, we included both the adenylate and the creatine kinase reactions

to ensure the correct buffering of adenine ratios [389]. The adenylate kinase reaction is

ATP+AMP
JAK,for↑↑↑ϑϖ↑↑↑
JAK,rev

2ADP,
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which we modeled with a bi-bi reaction mechanism originally derived in [389]. Finally, the reversible

creatine kinase reaction is

ADP+PCr
JCK,for↑↑↑ϑϖ↑↑↑
JCK,rev

ATP+Cr,

which we modeled with a Cleland bi-bi reaction that was originally derived in [389]. Table C.3 lists the

fluxes, JOhPhos, JGly, etc., for these reactions.

The associated differential equations for ATP, ADP, AMP, and PCr, are defined as,

d[AMP]/dt =↑JAK (C.1a)

d[ADP]/dt =↑Jglycolysis ↑ JOxPhos + Jhydro + JCK +2JAK (C.1b)

d[ATP]/dt = Jglycolysis + JOxPhos ↑ Jhydro ↑ JCK ↑ JAK (C.1c)

d[PCr]/dt = JCK. (C.1d)

Throughout this work, we assume that the initial concentrations of AMP, ADP, and ATP are 7.03 mM,

1.11 mM, and 7.9↗10↑2 mM, respectively. Supplemental Figure C.1A shows transient AMP, ADP, and

ATP concentrations from an arbitrary initial condition to the steady state taken as the initial condition in this

work. The cellular metabolism model is the same across all models that we develop. Table C.4 provides

values for all of the Module 1 parameters. All parameter values were taken from sources, except for the

rate of ATP production by glycolysis. We derived the glycolysis rate kglycolysis roughly on experimental

measurements of glycolytic flux from Salti et al. [390] Figure 2. In MEF cells, those authors measured

a flux of 9.16 pmol/ATP/103 cells, which we converted to mM/s by assuming a cellular volume of 4000

µm3, which gives approximately 22 mM/s. We divided by twice initial concentration of ATP (7.03 mM)
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and rounded down to yield kgly =1.5 1/s.

Module 2: Adenine nucleotide binding and AMPK phosphorylation

The models include adenine nucleotide binding to AMPK, phosphorylation of AMPK, and

dephosphorylation of AMPK. In this section, we describe additional model assumptions and outline the

nonessential and essential activation/inhibition mechanisms used in the models.

Adenine nucleotide binding We assumed that adenine nucleotide binding kinetics do not vary

depending on the phosphorylation or binding state of AMPK. For example, in the models, the reactions

AMP+AMPK
KAMPK

d,AMP
ω↑↑↑↑↑↑↑↑↑↑ε AMP–AMPK,

AMP+pAMPK
KAMPK

d,AMP
ω↑↑↑↑↑↑↑↑↑↑ε AMP–pAMPK, and

AMP+LKB1–AMPK
KAMPK

d,AMP
ω↑↑↑↑↑↑↑↑↑↑ε AMP–LKB1–AMPK

all occur with the same kinetics. We used the binding coefficients from [293] as initial values when

constructing prior densities for these parameters.

AMPK phosphorylation by upstream kinases LKB1 and CaMKK2 We assumed that AMPK

phosphorylation by LKB1 and CaMKK2 occurs as a standard enzyme-mediated reaction [64]. For example,

phosphorylation by LKB1 would be described as

AMPK+LKB1
KAMPK

d,LKB1
ω↑↑↑↑↑↑↑↑↑↑ε LKB1–AMPK

kAMPK
phos,LKB1↑↑↑↑↑↑↑↘ pAMPK+LKB1.
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In order to capture the substrate-mediated effects of AXP binding, we assumed that AMP and ADP

act as either essential activators (Models 1 and 2) or nonessential activators (Models 4–6) of upstream

kinases. Essential activation assumes that the activator must be bound to the substrate for the reaction to

proceed [64]. For example,

AMP+AMPK
koff,AMP
ω↑↑↑↑↑↑↑↑↑↑ε
kon,AMP

AMP-AMPK

AMP-AMPK+LKB1
koff,LKB1
ω↑↑↑↑↑↑↑↑↑↑↑↑ε
kon,LKB1

LKB1-AMP-AMPK

LKB1-AMP-AMPK
kphos,LKB1↑↑↑↑↑↑↑↘ LKB1+AMP-pAMPK,

assumes that AMP is the essential activator of LKB1-induced phosphorylation. Alternatively, nonessential

activation assumes that the activator increases the reaction rate or decreases the Kd between the enzyme

and substrate [64]. For example, in the reaction

AMP+AMPK
koff,AMP
ω↑↑↑↑↑↑↑↑ε
kon,AMP

AMP-AMPK (C.2)

AMPK+LKB1
koff,LKB1
ω↑↑↑↑↑↑↑↑ε
kon,LKB1

LKB1-AMPK (C.3)

AMP-AMPK+LKB1
(LKB1koff,LKB1
ω↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑ε

kon,LKB1

LKB1-AMP-AMPK (C.4)

LKB1-AMPK
kphos,LKB1↑↑↑↑↑↘ LKB1+pAMPK (C.5)

LKB1-AMP-AMPK
kphos,LKB1↑↑↑↑↑↘ LKB1+AMP-pAMPK (C.6)

the activator AMP decreases the Kd by a factor of (LKB1 ⇐ 1.

AMPK dephosphorylation Similar to phosphorylation, we assumed that dephosphorylation of

phosphorylated pAMPK occurs as a standard enzyme-mediated reaction. In Models 1 and 2, we assumed
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that AMP and ADP act as essential inhibitors of the dephosphorylation reaction, where AMP-pAMPK

and ADP-pAMPK are not dephosphorylated. In Models 3–6, we assumed that AMP and ADP acts as

nonessential inhibitors of the dephosphorylation reaction, either increasing the Kd (Models 3 and 4) or

decreasing the reaction rate (Models 5 and 6).

C.1.3 Predictive prior elicitation and prior refinement

We encountered two key challenges in constructing prior densities for model parameters: (i)

choosing priors that yield reasonable predictions when little prior information is available and (ii) assigning

values to nonidentifiable parameters that we fix before estimation. Here, we took an approach that

combined predictive prior elicitation with iterative updating of fixed parameters. Predictive prior elicitation

is a qualitative approach that allows us to adjust the parameters of the prior densities such that the prior

predictive distribution appears reasonable [319]. This allows us to refine our prior beliefs without utilizing

any data. Briefly, the prior predictive distribution shows the distribution of data generated by the model

given assumed prior densities [309]. In the remainder of this section, we outline the process used to refine

prior densities and select values for non-identifiable parameters, using Model 2 as an example.

We began by using direct prior elicitation to choose default priors for uncertain parameters by

specifying a range of plausible values (see Section 4.2) [319]. Using these priors for Model 2, we observed

that the prior predictive density was unreasonable, because all of the predicted simulations were constantly

zero (Supplemental Figure C.2A). We hypothesized that the values of the nonidentifiable parameters,

which we fixed to nominal values, could account for the observed behavior. To address this, we varied

each of the five nonidentifiable parameters independently over several orders of magnitude and simulated

the corresponding prior predictive densities. Supplemental Figure C.2B shows the cumulative density

functions of the final value of the predicted sensor response. We found that only kAMPK affected the
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predictions, so we updated the nominal value for that parameter to 0.192 because that value yielded

more reasonable predictions. We repeated this process for the remaining parameters and found that we

only needed one additional iteration of updates, because only kCaMKK affected predictions (Supplemental

Figure C.2C). Given that we were satisfied with the updated nominal values for nonidentifiable parameters,

we next chose to refine the priors using predictive prior elicitation. Here, we simulated the prior density

and iteratively updated the hyperparameters of the priors to yield more reasonable predictions. We refer

the reader to the tutorial in the Preliz Python package, at the following link https://preliz.readthedocs.io/

en/latest/examples/gallery/predictive_explorer.html for more details. Supplemental Figure C.2D shows

the resulting prior predictive distribution and Supplemental Figure C.2E shows the densities of the final

value in the simulation and the time to half max. We repeated this process for all six AMPK models

(Supplemental Figure C.3).
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C.2 Supplemental Figures

Figure C.1: (A) AMP, ADP, and ATP transients from arbitrary initial conditions to steady state values
with basal ATP production. (B) Effect of energy stress due to decreasing the rate of glycolytic ATP
production on AMP, ADP, and ATP concentrations over time. The rate of glycolysis is changed from
the basal value at t = 0. (C) Effect of energy stress on transient AMP/ATP (blue) and ATP/ADP (black)
ratios. Stimuli are the same as in B. (D) Percent change in AMP/ATP and ADP/ATP ratios from basal
due to increased energy stress.

C.3 Supplemental Tables
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Figure C.2: (A) Prior predictive distribution of predictions for priors based-on parameter ranges before
any refinement. All simulations are nearly zero for all time. (B) Empirical cumulative density functions
(CDF) for the final fraction of activated AMPKAR from prior predictive samples with single-parameter
variations of nonidentifiable parameters. Only kAMPK affects the strength of AMPKAR response. (C)
Empirical CDFs for the final fraction of activated AMPKAR from prior predictive samples with single-
parameter variations of nonidentifiable parameters with kAMPK fixed to 0.192. Only kCaMKK affects the
strength of AMPKAR response. (D) Prior predictive distribution of predictions for refined priors and
updated values for kAMPK and kCaMKK. (E) Estimated probability densities of key quantities after prior
refinement.
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Figure C.3: Dashed black line shows the data mean. Transparent blue lines show simulations with 400
prior samples.
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Figure C.4: Dashed black lines show the data mean. Solid colored lines show the posterior mean,
the shaded band shows the 95% credible interval, and the transparent lines show 10 samples from the
posterior density. LKB1 and CaMKK2 knockout conditions are forward predictions.
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Figure C.5: Densities were estimated by fitting a kernel density estimator to 1000 posterior samples.
Posterior was sampled using the Pathfinder variational inference algorithm [320].
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Figure C.6: Densities were estimated by fitting a kernel density estimator to 1000 posterior samples.
Posterior was sampled using the Pathfinder variational inference algorithm [320].
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Figure C.7: Dashed black lines show the data mean. Solid colored lines show the posterior mean,
the shaded band shows the 95% credible interval, and the transparent lines show 10 samples from the
posterior density.

Figure C.8: Stimuli strengths were either [Ca2+] = 0.1 µM (Ca2+ only), ATP flux = 2.0 mM/s (ATP
hydrolysis only), or both (combined).
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Table C.1

Model Parameter Units Prior

Mass action k f 1/(mM s) Gamma (( =
3.14,) = 33.01)

Mass action kr 1/s Gamma (( =
3.14,) = 132.04)

Mass action kcat 1/s Gamma (( =
3.14,) = 33.01)

Michaelis-Menten Vmax 1/s Gamma (( =
4.45,) = 420.00)

Michaelis-Menten Km mM Gamma (( =
4.45,) = 1680.00)

Hill-type Vmax 1/s Gamma (( =
4.45,) = 4200.00)

Hill-type Km mM Gamma (( =
3.14,) = 132.04)

Hill-type n unitless
TruncatedNormal→ (µ =

1.39,∃ = 0.36, lb =
1,ub = &)

→ truncated normal distribution is truncated at one, so support is over [1,&)
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Table C.2: Naming indicates the kinetic formulation used for the first model and the second reaction,
respectively. For example, mass action-mass action uses mass action kinetics for both reactions. Abbrevi-
ations: MA–mass action, MM–Michaelis-Menten, Hill–Hill-type.

Model
Locally

identifiable
yobs = [P]

NOT identifiable
yobs = [P]

Locally
identifiable
yobs =

[P]
[S]tot

NOT identifiable
yobs =

[P]
[S]tot

MA–MA
k f ,1, kr,1,

kcat,1,k f ,2, kr,2,
kcat,2

– kr,1, kcat,1, kr,2,
kcat,2

k f ,1, k f ,2

MA–MM k f ,1, kr,1, kcat,1,
Vmax,2, Km,2

– kr,1, kcat,1 k f ,1, Vmax,2, Km,2

MA–Hill k f ,1, kr,1, kcat,1,
Vmax,2, Km,2

– kr,1, kcat,1 k f ,1, Vmax,2, Km,2

MM–MM Vmax,1, Km,1,
Vmax,2, Km,2

– – Vmax,1, Km,1,
Vmax,2, Km,2

MM–MA Vmax,1, Km,1, k f ,2,
kr,2, kcat,2

– Vmax,1, Km,1, k f ,2,
kr,2, kcat,2

–

MM–Hill Vmax,1, Km,1,
Vmax,2, Km,2

– – Vmax,1, Km,1,
Vmax,2, Km,2

Hill–Hill Vmax,1, Km,1,
Vmax,2, Km,2

– – Vmax,1, Km,1,
Vmax,2, Km,2

Hill–MA Vmax,1, Km,1, k f ,2,
kr,2, kcat,2

– kr,2, kcat,2 Vmax,1, Km,1, k f ,2

Hill–MM Vmax,1, Km,1,
Vmax,2, Km,2

– – Vmax,1, Km,1,
Vmax,2, Km,2
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Table C.3

Reaction Flux Reference

Oxidative phos. JOxPhos =
Vmax,OxPhos

(
[ADP]
KADP

)n

1+
(

[ADP]
KADP

)n [388]

Glycolysis Jglycolysis = kglycolysis[ADP] n/a

ATP Hydrolysis Jhydro = khydro[ATP] [49]

Adenylate kinase
(forward)

JAK,for =
VAK,for [ATP][AMP]

kmt↗kmm

1+ [ATP]
kmt +

[AMP]
kmm + [ATP][AMP]

kmt↗kmm + 2[ADP]
kmd + [ADP]2

kmd2

[389]

Adenylate kinase
(reverse)→

JAK,rev =
VAK,rev [ADP]2

kmd2

1+ [ATP]
kmt +

[AMP]
kmm + [ATP][AMP]

kmt↗kmm + 2[ADP]
kmd + [ADP]2

kmd2

[389]

Adenylate kinase JAK = JAK,for ↑ JAK,rev [389]

Creatine kinase
(forward)

JCK,for =
VCK,forKiqKp [ADP][PCr]

KiaKb

1+ [ADP]
Kia

+ [PCr]
Kib

+ [ATP]
Kiq

+ [ADP][PCr]
KiaKb

+
([Cr]total↑[PCr])[ATP]

KiqKp

[389]

Creatine kinase
(reverse)→→

JCK,rev =

VCK,rev([Cr]total↑[PCr])[ATP]
KiqKp

1+ [ADP]
Kia

+ [PCr]
Kib

+ [ATP]
Kiq

+ [ADP][PCr]
KiaKb

+
([Cr]total↑[PCr])[ATP]

KiqKp

[389]

Creatine kinase JCK = JCK,rev ↑ JCK,for [389]

→ VAK,rev := VAK,for↗kmd2

KeqAK↗kmt↗kmm
→→ VCK,rev := VCK,forKiqKp

KeqCKKiaKb
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Table C.4

Reaction Parameter Units Nominal value
Reference/
Rationale

Oxidative phos.
Vmax,OxPhos mM/s 0.5 [49], [388]

KADP mM 5.8 ↗10↑2 [49], [388]

n unitless 2.568 [49], [388]

Glycolysis kGly mM/s 0.5 derived→

ATP Hydrolysis khydro 1/s 1.5↗10↑1 tuned

Adenylate kinase

VAK,for mM/s 14.66 [49], [389]

kmt mM 0.27 [49], [389]

kmm mM 0.32 [49], [389]

kmd mM 0.35 [49], [389]

KeqAK unitless 2.221 [49], [389]

Creatine kinase

VCK,for mM/s 1↗102 [49], [388]

Kb mM 1.11 [49], [388]

Kia mM 0.135 [49], [388]

Kib mM 3.9 [49], [388]

Kiq mM 3.5 [49], [388]

Kp mM 3.8 [49], [388]

KeqCK unitless 1.77↗10(9↑pH)

assume pH = 7
[49], [388]

[Cr]total mM 39.0 [49], [388]
→ See note in Supplemental Section C.1.2.
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Table C.5: Nominal values and bounds.

Parameter units nominal value bounds
kOnAMP 1/(mM ↗ s) 1.0 –
kOffAMP 1/s 2.5±0.6 [293]a [2.5e-9, 25]
kOnADP 1/(mM ↗ s) 1.0 –
kOffADP 1/s 1.5±0.4 [293] [1.5e-9, 15]
kOnATP 1/(mM ↗ s) 1.0 –
kOffATP 1/s 1.7±0.5 [293] [1.7e-9, 17]
kon,LKB1 1/(mM ↗ s) 1.0 –
koff,LKB1 1/s approx. from Mich. Ment. [0.001396, 1396.0]

kphos,LKB1 1/s 3.92 ↗10↑2 [3.92e-06, 0.392]
kLKB1 1/s 3.92↗10↑2 ±3.4↗10↑3 [49], [325]→→ [3.92e-06, 0.392]

Km,LKB1 mM 1.4±0.24 [49], [325]b [0.00139992, 1,396.392]
(LKB1 – – [1e-4, 1.0]
)LKB1 – – [0.95, 113.03]

kon,CaMKK 1/(mM ↗ s) 1.0 –
koff,CaMKK 1/s approx. from Mich. Ment. [1.11e-05, 1.11]

kphos,CaMKK 1/s 3.92e-2c [3.92e-05, 0.392]
kCaMKK 1/s 3.92e-2c [3.92e-05, 0.392]

Km,CaMKK µM 15 [5.03e-5, 1.502]
)CaMKK – – [0.95, 113.03]
kon,PP 1/(mM ↗ s) 1.0 –
koff,PP 1/s approx. from Mich. Ment. [5.6e-06, 5.6]

kdephos,PP 1/s 1.1e-1d [1.1e-06, 0.11]
kPP 1/s 1.1↗10↑1 ±4.0↗10↑3 [49], [333]d [1.1e-06, 0.11]

Km,PP mM 6.7↗10↑2 ±1.3↗10↑2 [49], [333] [6.7e-6, 5.71]
(PP – – [1.0, 100.0]

kon,PP1 1/(mM ↗ s) 1.0 –
koff,PP1 1/s approx. from Mich. Ment.e [5.6e-06, 5.6]

kdephos,PP1 1/s 1.1e-1e [1.1e-06, 0.11]
kPP1 1/s e [1.1e-06, 0.11]

Km,PP1 mM e [6.7e-6, 5.71]
kon,AMPK 1/(mM ↗ s) 1.0 –
koff,AMPK 1/s approx. from Mich. Ment. [0.000301, 301.0]

kphos,AMPK 1/s 6.33±0.29 [303]f [0.00633, 6330.0]
kAMPK 1/s 6.33±0.29 [303] [0.00633, 6330.0]

Km,AMPK µM 4.67±1.48 [303]f [0.006631, 6,631]
)AMPK – – [1.0, 100.0]
)AMP – – [0.95, 113.03]

a Kd for strong binding site from [293]
b Set to Vmax (assume enzyme concentration of 1.0 mM). Originally from [325]. Converted by [49].

c Assume same as LKB1.
d Set to Vmax (assume enzyme concentration of 1.0 mM). The original nominal value had units of µM/min/mg [333]. The conversion was done

by [49] using unknown conversion factors.
e Same as PP.

f Values based on Table 1 of [303].
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Table C.6

Model Locally Identifiable NOT Locally Identifiable

1

kOnAMP, kOffAMP, kOnADP, kOffADP,
kOnATP, kOffATP, kOnCaMKK,

kOffCaMKK, kPhosCaMKK, kOnLKB1,
kOffLKB1, kPhosLKB1, kOnPP, kOffPP,

kDephosPP, kOnAMPK, kOffAMPK,
kPhosAMPK, kOnPP1, kOffPP1,

kDephosPP1

2
kOnAMP, kOffAMP, kOnADP, kOffADP,
kOnATP, kOffATP, KmCaMKK, kLKB1,

KmLKB1, kPP, KmPP

kCaMKK, kAMPK, KmAMPK, kPP1,
KmPP1

3

kOnAMP, kOffAMP, kOnADP, kOffADP,
kOnATP, kOffATP, kOnCaMKK,

kOffCaMKK, kPhosCaMKK, kOnLKB1,
kOffLKB1, alphaLKB1, kPhosLKB1,
kOnPP, kOffPP, alphaPP, kDephosPP,

kOnAMPK, kOffAMPK, kPhosAMPK,
betaAMP, kOnPP1, kOffPP1, kDephosPP1

4

kOnAMP, kOffAMP, kOnADP, kOffADP,
kOnATP, kOffATP, KmCaMKK, kLKB1,

KmLKB1, alphaLKB1, kPP, KmPP, alphaPP,
betaAMP

kCaMKK, kAMPK, KmAMPK, kPP1,
KmPP1

5

kOnAMP, kOffAMP, kOnADP, kOffADP,
kOnATP, kOffATP, kOnCaMKK,

kOffCaMKK, kPhosCaMKK, kOnLKB1,
kOffLKB1, kPhosLKB1, kOnPP, kOffPP,

kDephosPP, kOnAMPK, kOffAMPK,
kPhosAMPK, kOnPP1, kOffPP1,
kDephosPP1, alphaPP, betaAMP,

betaCaMKK, betaLKB1

6

kOnAMP, kOffAMP, kOnADP, kOffADP,
kOnATP, kOffATP, KmCaMKK, kLKB1,

KmLKB1, kPP, KmPP, betaAMPK,
betaLKB1, betaCaMKK, alphaPP

kCaMKK, kAMPK, KmAMPK, kPP1,
KmPP1
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Table C.7: Bold values indicate influential parameters with a mean index greater than or equal to 0.01.

max fraction act. AMPKAR Time to half-max

Parameter Function WT LKB1
KO

CaMKK2
KO WT LKB1

KO
CaMKK2

KO

kOffAMP
AMP

binding
0.135±
0.043

0.151±
0.044

0.151±
0.048

0.067±
0.017

0.056±
0.012

0.073±
0.015

kOffADP
ADP

binding
0.087±
0.035

0.082±
0.034

0.085±
0.037

0.059±
0.018

0.095±
0.033

0.056±
0.018

kOffATP
ATP

binding
0.219±
0.071

0.207±
0.059

0.184±
0.062

0.407±
0.118

0.342±
0.095

0.359±
0.098

kOffCaMKK NaN 0.001±
0.001

0.010±
0.004

0.000±
0.000

0.001±
0.001

0.019±
0.007

0.000±
0.000

kPhosCaMKK
AMPK
phos.

0.003±
0.003

0.084±
0.045

0.000±
0.000

0.004±
0.002

0.155±
0.051

0.000±
0.000

kOffLKB1
AMPK
phos.

0.001±
0.001

0.000±
0.000

0.007±
0.003

0.005±
0.001

0.000±
0.000

0.023±
0.010

kPhosLKB1
AMPK
phos.

0.004±
0.003

0.000±
0.000

0.076±
0.044

0.021±
0.008

0.000±
0.000

0.126±
0.057

kOffPP
AMPK
dephos.

0.004±
0.003

0.005±
0.003

0.002±
0.002

0.002±
0.001

0.004±
0.002

0.000±
0.000

kDephosPP
AMPK
dephos.

0.003±
0.003

0.003±
0.002

0.001±
0.001

0.001±
0.001

0.001±
0.001

0.001±
0.000

kOffAMPK

AMPK
kinase

act.

0.183±
0.055

0.166±
0.050

0.177±
0.053

0.108±
0.023

0.085±
0.020

0.106±
0.028

kPhosAMPK

AMPK
kinase

act.

0.516±
0.108

0.454±
0.084

0.480±
0.096

0.545±
0.120

0.514±
0.122

0.493±
0.101

kOffPP1
AMKPAR
dephos.

0.002±
0.001

0.002±
0.001

0.002±
0.001

0.003±
0.003

0.003±
0.003

0.002±
0.001

kDephos,PP1
AMKPAR
dephos.

0.007±
0.002

0.006±
0.001

0.007±
0.002

0.003±
0.001

0.004±
0.002

0.003±
0.001
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Table C.8: Bold values indicate influential parameters with a mean index greater than or equal to 0.01.

max fraction act. AMPKAR Time to half-max

Parameter Function WT LKB1
KO

CaMKK2
KO WT LKB1

KO
CaMKK2

KO

kOffAMP
AMP

binding
0.498±
0.089

0.509±
0.098

0.724±
0.158

0.806±
0.135

0.776±
0.131

0.478±
0.144

kOffADP
ADP

binding
0.174±
0.063

0.163±
0.054

0.038±
0.022

0.144±
0.056

0.158±
0.062

0.218±
0.091

kOffATP
ATP

binding
0.327±
0.086

0.310±
0.081

0.155±
0.076

0.255±
0.085

0.237±
0.088

0.242±
0.115

Km,CaMKK
AMPK
phos.

0.127±
0.043

0.147±
0.046

0.000±
0.000

0.149±
0.048

0.197±
0.068

0.000±
0.000

kLKB1
AMPK
phos.

0.004±
0.003

0.000±
0.000

0.215±
0.114

0.007±
0.004

0.000±
0.000

0.260±
0.093

Km,LKB1
AMPK
phos.

0.011±
0.005

0.000±
0.000

0.233±
0.079

0.018±
0.011

0.000±
0.000

0.557±
0.286

kPP
AMPK
dephos.

0.035±
0.016

0.037±
0.015

0.012±
0.007

0.017±
0.009

0.020±
0.011

0.085±
0.044

Km,PP
AMPK
dephos.

0.024±
0.009

0.024±
0.010

0.009±
0.005

0.022±
0.011

0.025±
0.014

0.036±
0.018
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Table C.9: Bold values indicate influential parameters with a mean index greater than or equal to 0.01.

max fraction act. AMPKAR Time to half-max

Parameter Function WT LKB1
KO

CaMKK2
KO WT LKB1

KO
CaMKK2

KO

kOffAMP
AMP

binding
0.198±
0.053

0.227±
0.064

0.208±
0.055

0.416±
0.108

0.454±
0.133

0.415±
0.125

kOffADP
ADP

binding
0.086±
0.038

0.072±
0.040

0.081±
0.031

0.057±
0.024

0.028±
0.012

0.063±
0.031

kOffATP
ATP

binding
0.075±
0.036

0.082±
0.046

0.074±
0.032

0.584±
0.210

0.348±
0.145

0.517±
0.152

kOffCaMKK NaN 0.001±
0.000

0.007±
0.004

0.000±
0.000

0.002±
0.001

0.023±
0.013

0.000±
0.000

kPhosCaMKK
AMPK
phos.

0.002±
0.001

0.055±
0.026

0.000±
0.000

0.025±
0.027

0.248±
0.102

0.000±
0.000

kOffLKB1
AMPK
phos.

0.002±
0.001

0.000±
0.000

0.007±
0.005

0.010±
0.004

0.000±
0.000

0.047±
0.052

kPhosLKB1
AMPK
phos.

0.007±
0.004

0.000±
0.000

0.026±
0.015

0.045±
0.023

0.000±
0.000

0.150±
0.087

kOffPP
AMPK
dephos.

0.002±
0.002

0.004±
0.002

0.002±
0.002

0.005±
0.005

0.016±
0.014

0.005±
0.005

kDephosPP
AMPK
dephos.

0.001±
0.000

0.003±
0.002

0.001±
0.000

0.002±
0.002

0.011±
0.010

0.002±
0.002

kOffAMPK

AMPK
kinase

act.

0.036±
0.012

0.036±
0.015

0.036±
0.013

0.052±
0.037

0.081±
0.065

0.044±
0.029

kPhosAMPK

AMPK
kinase

act.

0.135±
0.070

0.123±
0.075

0.134±
0.071

0.036±
0.028

0.020±
0.014

0.034±
0.026

kOffPP1
AMKPAR
dephos.

0.030±
0.008

0.029±
0.010

0.031±
0.011

0.022±
0.012

0.014±
0.009

0.023±
0.013

kDephos,PP1
AMKPAR
dephos.

0.501±
0.109

0.471±
0.128

0.508±
0.107

0.087±
0.054

0.057±
0.048

0.072±
0.037

(LKB1
AMPK
phos.

0.001±
0.000

0.000±
0.000

0.004±
0.004

0.004±
0.002

0.000±
0.000

0.015±
0.009

(PP
AMPK
dephos.

0.002±
0.001

0.003±
0.002

0.002±
0.001

0.002±
0.002

0.005±
0.003

0.002±
0.001

)AMP

AMPK
kinase

act.

0.106±
0.046

0.090±
0.044

0.105±
0.050

0.056±
0.050

0.037±
0.034

0.050±
0.038
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Table C.10: Bold values indicate influential parameters with a mean index greater than or equal to 0.01.

max fraction act. AMPKAR Time to half-max

Parameter Function WT LKB1
KO

CaMKK2
KO WT LKB1

KO
CaMKK2

KO

kOffAMP
AMP

binding
2.38e9±
2.79e9

2.69e9±
2.91e9

0.111±
0.112

0.070±
0.055

0.044±
0.033

0.139±
0.042

kOffADP
ADP

binding
0.014±
0.010

0.014±
0.011

0.025±
0.034

0.020±
0.022

0.006±
0.006

0.019±
0.010

kOffATP
ATP

binding
0.860±
3.147

0.852±
2.769

0.240±
0.179

0.601±
0.980

0.604±
1.048

0.263±
0.094

Km,CaMKK
AMPK
phos.

0.341±
0.372

0.344±
0.343

0.000±
0.000

0.166±
0.176

0.210±
0.165

0.000±
0.000

kLKB1
AMPK
phos.

0.000±
0.000

0.000±
0.000

0.324±
0.220

0.039±
0.046

0.000±
0.000

0.404±
0.113

Km,LKB1
AMPK
phos.

0.000±
0.000

0.000±
0.000

0.223±
0.184

0.053±
0.060

0.000±
0.000

0.184±
0.060

kPP
AMPK
dephos.

0.000±
0.000

0.000±
0.000

0.179±
0.141

0.046±
0.053

0.000±
0.000

0.177±
0.083

KM,PP
AMPK
dephos.

0.014±
0.010

0.014±
0.009

0.074±
0.070

0.010±
0.005

0.007±
0.004

0.023±
0.011

(LKB1
AMPK
phos.

0.475±
0.455

0.479±
0.412

0.107±
0.107

0.212±
0.228

0.224±
0.254

0.051±
0.034

(PP
AMPK
dephos.

0.457±
0.431

0.461±
0.392

0.129±
0.135

0.200±
0.206

0.204±
0.232

0.039±
0.023

)AMP

AMPK
kinase

act.

0.882±
0.471

0.887±
0.416

0.385±
0.284

0.573±
0.261

0.618±
0.289

0.206±
0.054
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Table C.11: Bold values indicate influential parameters with a mean index greater than or equal to 0.01.

max fraction act. AMPKAR Time to half-max

Parameter Function WT LKB1
KO

CaMKK2
KO WT LKB1

KO
CaMKK2

KO

kO f f AMP
AMP

binding
0.092±
0.027

0.089±
0.023

0.090±
0.026

0.181±
0.102

0.136±
0.111

0.169±
0.081

kO f f ADP
ADP

binding
0.127±
0.042

0.054±
0.023

0.125±
0.044

0.195±
0.146

0.082±
0.059

0.186±
0.118

kO f f AT P
ATP

binding
0.246±
0.059

0.131±
0.048

0.249±
0.076

0.447±
0.269

0.148±
0.100

0.425±
0.188

kO f fCaMKK NaN 0.000±
0.000

0.002±
0.001

0.000±
0.000

0.001±
0.001

0.005±
0.003

0.000±
0.000

kPhosCaMKK
AMPK
phos.

0.002±
0.002

0.011±
0.007

0.000±
0.000

0.004±
0.002

0.014±
0.009

0.000±
0.000

kO f f LKB1
AMPK
phos.

0.003±
0.002

0.000±
0.000

0.006±
0.003

0.014±
0.007

0.000±
0.000

0.021±
0.010

kPhosLKB1
AMPK
phos.

0.012±
0.008

0.000±
0.000

0.023±
0.010

0.037±
0.012

0.000±
0.000

0.060±
0.025

kO f f PP
AMPK
dephos.

0.036±
0.019

0.036±
0.012

0.035±
0.018

0.457±
0.268

0.549±
0.367

0.375±
0.219

kDephosPP
AMPK
dephos.

0.026±
0.019

0.070±
0.023

0.027±
0.020

0.084±
0.038

0.193±
0.177

0.085±
0.049

kO f f AMPK

AMPK
kinase

act.

0.024±
0.013

0.031±
0.019

0.024±
0.013

0.156±
0.081

0.183±
0.193

0.155±
0.090

kPhosAMPK

AMPK
kinase

act.

0.197±
0.058

0.118±
0.041

0.187±
0.050

0.321±
0.115

0.061±
0.040

0.318±
0.140

kO f f PP1
AMKPAR
dephos.

0.095±
0.025

0.084±
0.024

0.090±
0.025

0.191±
0.096

0.050±
0.052

0.196±
0.110

kDephosPP1
AMKPAR
dephos.

0.398±
0.094

0.500±
0.098

0.387±
0.088

0.328±
0.144

0.066±
0.049

0.311±
0.130

(PP
AMPK
dephos.

0.040±
0.018

0.113±
0.041

0.043±
0.019

0.187±
0.194

0.369±
0.232

0.143±
0.136

)AMP

AMPK
kinase

act.

0.071±
0.030

0.046±
0.024

0.069±
0.033

0.086±
0.041

0.012±
0.011

0.085±
0.043

)LKB1
AMPK
phos.

0.022±
0.011

0.010±
0.009

0.044±
0.027

0.028±
0.023

0.004±
0.004

0.038±
0.026

)CaMKK
AMPK
phos.

0.000±
0.000

0.000±
0.000

0.000±
0.000

0.000±
0.000

0.000±
0.000

0.000±
0.000
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Table C.12: Bold values indicate influential parameters with a mean index greater than or equal to 0.01.

max fraction act. AMPKAR Time to half-max

Parameter Function WT LKB1
KO

CaMKK2
KO WT LKB1

KO
CaMKK2

KO

kOffAMP
AMP

binding
0.196±
0.071

0.261±
0.075

0.198±
0.072

0.271±
0.060

0.401±
0.171

0.270±
0.055

kOffADP
ADP

binding
0.174±
0.080

0.075±
0.035

0.173±
0.062

0.114±
0.037

0.076±
0.050

0.114±
0.034

kOffATP
ATP

binding
0.271±
0.084

0.139±
0.059

0.273±
0.086

0.414±
0.126

0.243±
0.160

0.412±
0.117

Km,CaMKK
AMPK
phos.

0.000±
0.000

0.311±
0.110

0.000±
0.000

0.000±
0.000

0.403±
0.249

0.000±
0.000

kLKB1
AMPK
phos.

0.018±
0.029

0.000±
0.000

0.020±
0.037

0.016±
0.010

0.000±
0.000

0.016±
0.010

Km,LKB1
AMPK
phos.

0.017±
0.029

0.000±
0.000

0.020±
0.037

0.006±
0.007

0.000±
0.000

0.006±
0.007

kPP
AMPK
dephos.

0.000±
0.000

0.003±
0.002

0.000±
0.001

0.000±
0.000

0.054±
0.038

0.000±
0.000

KM,PP
AMPK
dephos.

0.004±
0.004

0.006±
0.003

0.003±
0.004

0.001±
0.001

0.233±
0.116

0.001±
0.001

(PP
AMPK
dephos.

0.598±
0.127

0.271±
0.108

0.595±
0.130

0.595±
0.110

0.250±
0.161

0.595±
0.097

)AMP

AMPK
kinase

act.

0.001±
0.001

0.000±
0.000

0.001±
0.001

0.002±
0.002

0.000±
0.000

0.002±
0.002

)LKB1
AMPK
phos.

0.000±
0.000

0.258±
0.095

0.000±
0.000

0.000±
0.000

0.392±
0.237

0.000±
0.000

)CaMKK
AMPK
phos.

0.000±
0.000

0.000±
0.000

0.000±
0.000

0.000±
0.000

0.012±
0.007

0.000±
0.000
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