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ABSTRACT OF THE DISSERTATION

The Dynamics of Irrigated Perennial Crop Production With Applications to
the Murray-Darling Basin of Australia

by

Bradley Scott Franklin

Doctor of Philosophy, Graduate Program in Economics
University of California, Riverside, June 2013

Drs. Keith Knapp and Kurt Schwabe, Co-Chairpersons

Perennial crop production is inherently dynamic due to several salient physical char-

acteristics including an establishment period of several years, long lives in commercial

production, and path-dependence of yields on input use and other exogenous factors

such as weather. While perennial crop production is properly regarded as a dynamic

investment under uncertainty, the literature on regional agricultural production is typi-

cally static, deterministic, and rarely are the dynamic biophysical elements of perennial

crops represented. This paper seeks to extend the literature by developing a dynamic

regional model of irrigated agriculture with representative perennial and annual crops.

The model explicitly accounts for the age composition of perennial stocks including crop

establishment period and age-dependent yields and input use.

The model is applied to wine grape production in the Riverland region of the Murray-

Darling Basin (MDB) in Australia using a representative agricultural household to ana-

lyze joint consumption and investment decisions. Borrowing is allowed but the assump-

tion of perfect capital markets is relaxed; the household faces an interest rate schedule

that is increasing in the amount of debt held. We explore the dynamic properties of

the model including the existence and uniqueness of a steady state and the conditions

required for convergence to the steady state. Because the state-space required for an

age-explicit regional model is too large for conventional dynamic programming meth-

ods, a running horizon algorithm is used to approximate an infinite horizon dynamic
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programming solution.

The effects of the age structure of initial perennial plantings are investigated. Start-

ing with an initial age distribution of grape stocks different from the steady state levels

leads to dampened oscillations in area planted by vintage with eventual convergence to a

steady state with an equal age distribution. The impact of water entitlement reductions

for several possible scenarios under the proposed MDB Plan are estimated under both

deterministic and stochastic frameworks, the latter of which is based on Monte Carlo

simulations that draw on the distribution of historical water diversions in the region.

Also, the long-run water demand for perennial crops is identified by systematically run-

ning simulations over varying water allocation levels and capturing the farmer’s marginal

willingness to pay for water.

vii



Contents

List of Figures x

List of Tables xi

List of Symbols xii

Chapter 1 Introduction 1

Chapter 2 Literature Review 4

Chapter 3 Analytical Model 6

Sequence problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

Dynamic Programming problem . . . . . . . . . . . . . . . . . . . . . . . . . 12

Faustmann rotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

Optimal steady state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

Chapter 4 Computational Analysis 26

Running Horizon algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

Model I. Pure perennial production . . . . . . . . . . . . . . . . . . . . . . . . 31

Model II. Assets included, no annuals . . . . . . . . . . . . . . . . . . . . . . 37

Model III. Annuals included, no assets . . . . . . . . . . . . . . . . . . . . . . 40

Model IV. Annuals and assets included . . . . . . . . . . . . . . . . . . . . . . 41

Sensitivity analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

Chapter 5 Policy Analysis 48

Policy context and data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

Water scarcity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Water variability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

Chapter 6 Conclusions 75

Appendix 78

References 85

viii



List of Figures

1 Model Timing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Interest rate schedule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 (i) Yield by age (tonnes/hectare) (ii) Profit by age (A$/ hectare) . . . . 9

4 Total discounted profits over life cycle . . . . . . . . . . . . . . . . . . . 20

5 Steady-state assets for given levels of subjective discount factor . . . . 21

6 Steady state debt as function of subjective discount factor . . . . . . . . 21

7 Land distributions generated using the beta binomial distribution . . . . 28

8 L1 norm for initial land distributions . . . . . . . . . . . . . . . . . . . . 29

9 Model I. Linear utility (i) Initial land distribution, (ii) Consumption, (iii)

New plantings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

10 Model I. Log utility (i) Initial land distribution, (ii) Consumption, (iii)

New plantings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

11 Model I. L1 norm for linear (blue) and log (purple) utility (i) Young (ii)

Peaked (iii) None . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

12 Model I. L1 norm for “Young” (blue) and “Old” (purple) utility . . . . 35

13 Effect of liquidity constraint on endogenous consumption in “None” scenario 37

14 II.(i) Initial land distribution, (ii) Consumption, (iii) New plantings (iv)

Assets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

15 L1 norm for I with linear (blue) and log utility (purple), II with log utility

(gold) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

16 Model III- 500 year plots (i) Initial perennial distribution (ii) Consump-

tion (iii) Perennial and annual land use (iv) L1 norm . . . . . . . . . . . 40

17 IV.(i) Initial land distribution, (ii) Consumption, (iii) Assets (iv) Peren-

nial and annual land area (v) L1 norm . . . . . . . . . . . . . . . . . . . 42

18 Sensitivity to discount rate (i) Low and high rh (ii) Low rh (iii) High rh 45

19 Riverland Wine Grape Farms (i) Size Distribution (ii) Total Area Planted

by Farm Size . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

20 Source: S.A. Winegrape Utilisation and Pricing Surveys 2000-2012 from

the Phylloxera Board . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

ix



21 Modeled diversions in South Australia . . . . . . . . . . . . . . . . . . . 53

22 Diversions for South Australia under alternate water scenarios . . . . . 53

23 Water demand curves: Short-run and long-run . . . . . . . . . . . . . . 54

24 Land use by water price (i) Short-run (ii) Long-run . . . . . . . . . . . . 55

25 Short and long-run (i) Consumption (ii) Profit . . . . . . . . . . . . . . 55

26 Clock-wise from upper left: short-run and long-run (i) annuals area (ii)

marginal profit of annual production (iii) L1 norm (iv) perennial area . 56

27 Time paths for (i) Assets, (ii) L1 norm . . . . . . . . . . . . . . . . . . . 57

28 Time paths for (i) Consumption, (ii) profits . . . . . . . . . . . . . . . . 57

29 Time paths for (i) Perennial area, (ii) annuals area . . . . . . . . . . . . 58

30 SR and LR shadow values by water allocation level . . . . . . . . . . . . 59

31 Long-run land use by water allocation level . . . . . . . . . . . . . . . . 59

32 Histogram of allocations pooled within each scenario . . . . . . . . . . . 63

33 Consumption under baseline (no reductions to entitlement) (i) Consump-

tion time paths for 2 MC runs (ii) Consumption time paths for all MC

runs (iii) Median consumption time path (iv) Box-and-whisker plot of

consumption time path with outliers . . . . . . . . . . . . . . . . . . . . 63

34 Consumption under baseline pooled across MC runs and time is clearly

non-normal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

35 Median time paths across all scenarios for (i) Consumption (ii) Profit . 65

36 Median time paths across all scenarios for (i) Perennials (ii) Annuals . . 65

37 Time path of median land use for (i) Baseline (ii) Moderate (iii) Severe

Green = Perennials, Yellow = Annuals, Orange-Brown = Fallow . . . . . . . . . . 65

38 Median time paths across all scenarios for (i) Assets (ii) Interest rate . . 66

39 Median time paths across all scenarios for (i) Oldest (ii) L1 Norm . . . . 67

40 Box-and-Whisker plot of baseline MC (i) Removals (ii) New plantings

over 100 years . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

41 Median Consumption for deterministic and Monte Carlo Models . . . . 73

42 Map of the Murray-Darling Basin . . . . . . . . . . . . . . . . . . . . . . 83

x



List of Tables

1 Model variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

2 Model parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

3 Agricultural programming models of arid and semi-arid regions . . . . . 5

4 Model Scenarios . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

5 Model I - Linear utility . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

6 Model I - Log utility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

7 Model II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

8 Model III . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

9 Model IV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

10 Mean Values for None scenario . . . . . . . . . . . . . . . . . . . . . . . 44

11 Terminal Values for None scenario . . . . . . . . . . . . . . . . . . . . . 44

12 Long-run values under water rationing . . . . . . . . . . . . . . . . . . . 60

13 Long-run values for water price scenarios . . . . . . . . . . . . . . . . . . 60

14 Statistical values for stochastic allocation data generated . . . . . . . . . 62

15 Mean (S.D.) values of data pooled across all MC runs and time periods

for each scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

16 % change relative to pooled mean values from baseline scenario . . . . . 68

17 100 year mean (S.D.) for baseline deterministic and Monte Carlo models 70

18 100 year mean (S.D.) for Moderate deterministic and Monte Carlo models 71

19 100 year mean (S.D.) for Severe deterministic and Monte Carlo models . 72

20 Baseline parameter values . . . . . . . . . . . . . . . . . . . . . . . . . . 78

21 Sensitivity Analysis for Model IV, None scenario: 50 Year mean values . 79

22 Sensitivity Analysis for Model IV, None scenario: 50 Year mean relative

to base mean . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

23 Sensitivity Analysis: Terminal period (T = 500) values . . . . . . . . . . 81

24 Sensitivity Analysis for Model IV, None scenario: Terminal period (T =

500) values relative to baseline . . . . . . . . . . . . . . . . . . . . . . . 82

25 AR(1) regression results for each water scenario . . . . . . . . . . . . . . 84

xi



List of Symbols

Variable Interpretation Units

ct Consumption (endogenous) $ per ha.

U(ct) Utility function

at Household assets $/ha.

r(at) Interest rate function

rb Borrowing interest rate

πt Agricultural profit $/ha.

π0,t Perennial planting cost $/ha.

πs,t Perennial profit $/ha.

πx,t Annuals profit $/ha.

Qst Quantity supplied of perennial crop tonnes/ha.

sk,t Perennial area for age k ha.

xt Annuals area ha.

zk,t Removals for age k ha.

Table 1: Model variables

All $ reported above are in Australian $ (A$).

xii



Parameter Interpretation Units

α Discount factor

rh Discount rate

ρ Inverse of intertemporal elasticity of substitution

β0 Intercept of borrowing rate

β1 Slope of borrowing rate

rs Savings rate

k Perennial age index {1, 2, ..,K}

γk Harvest cost for age k perennial $/ha.

γw Water delivery cost $/mL

γx Harvest cost for annuals $/ha.

ps Price of perennial crop $/tonne

px Price of annual crop $/tonne

q̄ Total water available (deterministic) mL

q̃t Total water available (stochastic) mL

wk Water required for age k perennial mL/ha.

wx Water required for annuals mL/ha.

yk Yield of age k perennial tonnes/ha.

yx Yield of annuals tonnes/ha.

πk Average profit from age k perennials $/ha.

Table 2: Model parameters.

All $ reported above are in Australian $ (A$).

xiii



Chapter 1 Introduction

The potential effects of climate variability and climate change on agricultural productivity is a well-

researched subject as evidenced by the studies of Adams et al. (1990), Rosenzweig and Parry (1994),

Rosegrant and Cline (2003), and Lobell et al. (2008) among others. The validity of the economic impacts

derived from such studies depends crucially on the accuracy of the characterization of the underlying

production processes. Accordingly, significant advances in the representation of the biophysical aspects

of agricultural production have been made in studies such as Letey, Dinar, and Knapp (1985), and

Kan, Schwabe, and Knapp (2002), and Schlenker and Roberts (2009). Unfortunately, similar advances

in the representation of the complexities of perennial production are not well captured by the existing

literature; consequently, the economics of perennial agriculture are poorly understood.1

Adequately modeling perennial crop production involves recognizing that it is inherently dynamic

due to several salient physical traits including an establishment period of multiple years before mar-

ketable yields are produced, a long life in commercial production of up to 50 or more years, and the

long-lasting impact of the pattern and timing of input use and other exogenous factors such as weather

on the productivity of the crop over its life. Furthermore, the hump-shaped age-yield relationship char-

acteristic of most perennial crops means that perennial production is essentially non-linear. Due to these

factors, perennial crop production is best represented as an investment under uncertainty characterized

by non-linear dynamics, a characterization not reflected by the current literature.

Whereas the long-lived nature of perennial crops differentiates them from annual crops, it suggests a

parallel with trees grown for timber and one might therefore expect the economics of perennial crops to

be similar to those of forestry. However, several characteristics of perennial crops complicate this anal-

ogy; whereas in forestry there is a one-time pay-off to the production process, this is not the case with

perennial crops. Aside from the period of establishment, perennial crops typically produce one or more

yields per year. Moreover, while in forestry harvesting is synonymous with the removal of the “crop,” in

perennial production harvests occur at regular intervals and are not related to the removal of the crop

except in that the value of the harvests gives some indication of the optimal time to remove the crop.

Or, put another way, assuming multiple rotations over time, in forestry the gestation/establishment

period is the same as the rotation length while with perennial crops the gestation period is always less

than the rotation length. Another key difference is that in forestry input use is minimal except during

the period of harvest and replanting but in perennial production input use over time is crucial and

affects current and future yields. The timing of input requirements reflects both the seasonality of the

1This critique of the literature, noted by Nerlove (1979) nearly 35 years ago, has been made as
recently as 2001 by Just and Pope who make the claim, “.. the work of French, King, and Minami
(1985) is essentially the last substantive work on perennial crops.”
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production process as well as growth over the life cycle of the crop, which is the salient characteristic

in forestry. Because of gestation periods and the fact that input use, yields, and production shocks all

follow a seasonal pattern, perennial crop production is naturally modelled as a discrete time process

whereas it is more natural to model forestry as a continuous time process.

Given that perennial crop production is significantly different from that of both annual crops and

timber, the question remains of how to best model it. Because yields and input use vary over the life

cycle of perennial crops, any reasonable model must address the underlying age structure of the peren-

nial stocks in production. In light of this, efforts to study perennial production by econometric methods

are severely constrained by data limitations since the age distribution of the crop is rarely known. It is

also very difficult, if not impossible, to determine this distribution from time series data on production

levels due to the heterogeneous effects of weather and disease on perennial stocks, the possibility that it

may be optimal to not harvest (i.e., mothball) or partially harvest in a given year, and the constantly

changing mix of different varieties in production (Nerlove 1979). Given the difficulties inherent in an

econometric approach, one would think that programming studies would be numerous but few such

studies exist.

Moreover, when one considers the value of perennial crops and the role they play in times of drought

and potentially under climate change, it is clear that a more realistic representation is needed. While only

approximately 9% of global crop area is devoted to perennial shrubs and trees (Monfreda, Ramankutty,

and Foley 2008), regions with Mediterranean climates often devote a large amount of agricultural land

to high-value perennial crops such as citrus, stone fruits, almonds, avocadoes, and grapes. These peren-

nial crops often constitute a large percentage of gross value of farm production in such regions. For

example, perennials constituted over 1/3 of total crop value in California in 2011-12 (California Agri-

cultural Statistics Service 2012) and perennial fruit crops, including grapes, represented approximately

41% of gross value of irrigated agriculture in the Murray-Darling Basin (MDB) of Australia in 2009-

2010 (Australian Bureau of Statistics 2009). Additionally, for crops such as wine grapes there are often

large associated industries including tourism that are vital to the local economy (MKF Research, 2007).

Furthermore, it is clear that in times of drought water markets allow water to move to its highest valued

use, which in many circumstances means moving towards perennials (e.g., Connor et al., 2009).

This study is concerned with perennial production in arid and semi-arid regions where irrigation is

common and, therefore focuses on the effects of water supply variability on farm management decisions

which affect perennial stocks. The particular application we focus on is wine grape production in the

Riverland region of South Australia in the MDB. The MDB is the main area of irrigated agriculture in

Australia, using over 70% of the nation’s irrigation water (Appels, Douglas, and Dwyer 2004). Recently,

the MDB experienced the worst drought in recorded history, which put severe stress on the agricultural

2



sector and perennial horticulture in particular (Grant et al., 2007). The vast majority of perennial pro-

duction depends on irrigation– 87% of fruit and over 96% of grape production was irrigated in 2009-10

(Australian Bureau of Statistics 2011, Australian Bureau of Statistics 2009). Perennial farmers adapted

to the drought in several ways including securing additional water through trade, deficit irrigation,

mothballing, and removal of existing perennial stocks.

To better understand dynamic land use patterns and quantify water demand in the midst of drought

and possible climate change, it is necessary to develop models that can both account for the benefits

of re-allocating water between annuals and perennials as well as the costs of under-watering perennials.

This paper attempts such an analysis by developing a dynamic regional model of irrigated agriculture

with representative perennial and annual crops. The age composition of perennial stocks is accounted

for explicitly as are the effects of the crop establishment period and age-dependent yields and input use.

Because the state space required for an age-explicit regional model is too large for conventional dynamic

programming methods (i.e., the curse of dimensionality), a running horizon algorithm is used to approx-

imate an infinite horizon dynamic programming solution. The impacts from changes in economic and

biophysical characteristics are estimated under both deterministic and stochastic frameworks, the latter

of which is based on a time series of water diversions within the region. The long-run water demand for

agriculture is identified, as are implications of changes in model parameters. For instance, results from

the deterministic model suggest that starting with an age distribution of grapevine stocks outside the

steady state leads to cycles in area planted by vintage and quantity supplied of wine grapes. Over very

long time horizons the cycles in area planted are shown to be dampened oscillations which eventually

converge to a steady-state with an equal age distribution.

The next chapter provides a brief literature review. Chapter three details an analytical description

of the model and the optimal steady state is characterized, followed by chapter four which explores,

computationally, its dynamic properties. The conditions required for convergence to the steady state

and length of time required to reach it are determined for various versions of the model. The effects of

liquidity constraints and annual crop cultivation on the dynamics of the model are explored as well. The

fifth chapter considers some of the potential impacts to agricultural producers of permanent reductions

to agricultural water entitlements, which is inspired by the proposed MDB Plan. The model is used

to analyze the impact on the Riverland region of South Australia, where perennial crops are dominant

and are completely dependent on irrigation. The sixth chapter draws conclusions and suggests possible

directions for future research.
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Chapter 2 Literature Review

Much of the literature on perennial supply is comprised of extensions to the seminal model of an-

nual crop supply by Nerlove (1956, 1958). The Nerlove model is a partial adjustment model with price

expectations and is typically estimated as a reduced form econometric model in which area cultivated

is regressed on past crop areas and prices (Askari and Cummings 1977). However, there are serious

limitations to reduced form studies; chief among them is the fact that they do not allow for the recovery

of the underlying structural parameters that drive perennial supply. While some papers such as Hartley,

Nerlove, and Peters (1987) and Akiyama and Trivedi (1987) have used relatively more detailed datasets

to estimate structural models, for perennial crops in most regions of the world detailed datasets large

enough to support sophisticated econometric studies simply do not exist. A few studies use innovative

methods to deal with data limitations; Kalaitzandonakes and Shonkwiler (1992) use a dynamic unob-

served components model and, in the programming literature, Knapp and Konyar (1991) use a Kalman

filter to recover the age distribution of perennial crops.

One theoretical paper used to validate the present study is Mitra, Ray, and Roy (1991) [MRR].

MRR explores an orchard problem as a class of point input, flow outputs vintage capital model. They

characterize the age composition of the optimal stationary forest (OSF) and, given an arbitrary initial

forest, determine if the optimal management program will converge to the OSF. Bellman and Hartley

(1985) describe a theoretical dynamic programming (DP) model of perennial supply that accounts for

all previous input decisions. However, their model would be difficult to implement in practice due to

the large number of state variables required to capture the history of normally long-lived crops and no

studies we know of attempt to follow their approach directly. Knapp (1987) is one applied study fol-

lowing Bellman and Hartley which uses explicitly defined age classes but does not consider the dynamic

biophysical processes central to their paper.

As shown in Table 3, most programming studies of agricultural supply treat perennial crop pro-

duction as tantamount to annual crop production, rarely attempting dynamic analyses. The regional

agricultural literature often focuses on institutional or physical factors affecting agricultural land and

water use and typically ignores any complications that might arise due to the presence of perennial

crops. There is no study we know of which incorporates a detailed perennial production sector in a

fully dynamic analysis of regional agricultural production. Among the models that at least recognize

some of the characteristics of perennial crops, Rosegrant et al. (2000) and Ward and Michelsen (2002)

acknowledge that water demand for and the profitability of perennials may differ from other crops but

no attempt is made to model perennial stocks. Howitt et al. (2010) put a lower bound on perennial

crop area based on expected perennial crop retirements but otherwise treat annual and perennial crops

as interchangeable.

4



Study Region Perennials Dynamic?

modeled?

Booker and Young (1994) Colorado River No No

Connor et al. (2009) Murray-Darling, Australia Yes Yes (2-stage)

Howitt et al. (2010) California No No

Marques et al. (2005) California Yes Yes (2-stage)

Rosegrant et al. (2000) Maipo Valley, Chile No No

Ward and Michelsen (2002) Rio Grande No No

Table 3: Agricultural programming models of arid and semi-arid regions

Amongst the few regional programming studies that model perennials at all, Marques, Lund, and

Howitt (2005) model perennial crop production but the analysis is limited to a two-stage, Dantzig-style

stochastic DP model with all permanent decisions on the level of investment in irrigation technology

and perennial crops made in the first stage. In the second stage, annual crop choices are made as well as

adjustments to irrigation techniques used. The model explicitly allows for deficit irrigation of perennials

in years of drought and uses a linear penalty term to model the amount of the stock that is lost due

to excessive stress. Similarly, Connor et al. (2009) conduct a study of irrigated agriculture in the lower

Murray-Darling Basin in which they test irrigator adaptation to different climate change scenarios. The

model also employs a two-stage non-linear programming (NLP) approach and simple future yield penal-

ties that account for deficit irrigation.

5



Chapter 3 Analytical Model

In this chapter, we set up the household model in a dynamic optimization framework and then explore

it analytically via the First Order Conditions. We characterize the optimal perennial rotation length

and the optimal steady state conditional on the rotation length. We will wait until the next chapter to

explore issues of convergence to the steady state and stability of the steady state.

Since the vast majority of agricultural enterprises in Australia are family-owned (Barclay, Foskey, and

Reeve 2007), we use a utility-maximizing representative agricultural household to analyze joint con-

sumption and investment decisions. This is consistent with (Pope, LaFrance, and Just 2011) who note

that the literature on risk in agricultural production lends credence to “a more integrative examination

of the broader portfolio problem in agriculture that includes consumption, investment, and other risk

sharing activities as well as production.” Within this framework, borrowing is allowed but the assump-

tion of perfect capital markets is relaxed; the household faces an interest rate schedule that is increasing

in the amount of debt held. Total income in any period is equal to profits from agricultural production

net of new perennial planting costs plus the returns (costs) from previous savings (borrowing). The

household’s income is then either used for consumption or invested in financial assets.

Sequence problem

The model assumes that costs accrue at the beginning of the time period and revenue is acquired at

the end of the time period after harvesting. The household then makes consumption and investment

decisions. For simplicity, each time period is partitioned into a first and second stage such that all

decisions within each stage are considered as happening simultaneously. Figure 1 shows the assumed

model timing within the season.

Jan
Water allocation, prices announced.

6/4/2012
Revenue received.

2/8/2012
Land use decisions made, costs incurred.

3/22/2012
Crops watered.

Beginning of Period End of Period

6/16/2012
Consumption, investment

decisions made.

5/6/2012
Crops harvested.

Figure 1: Model Timing

The mathematical description of the non-linear programming (NLP) model is specified below with a

table of symbols given in Tables 1 and 2 for later reference. U(ct) is the instantaneous utility function

which is assumed to be one of the class of CRRA utility functions, ct is current period consumption, c is
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the subsistence level of consumption, α = 1
1+rh

is the subjective discount factor, and rh is the household

discount rate. Agricultural households are assumed to maximize the discounted net present value of

utility as follows:

Max
ct,s0,t,xt,zk,t

∞∑
t=1

αt−1U(ct) (1)

U(ct) =
(ct − c)1−ρ

1− ρ (2)

ct = (1 + r(at))at − at+1 + πt (3)

The choice variables in the model are given by {ct, s0,t, xt, zk,t} representing consumption, new peren-

nial plantings, annual plantings, and perennial removals by age class respectively. Perennial crop age is

indexed by k = 0, 1, ..,K.

The budget constraint is given by (3) where at denotes the financial assets held by the household and

the term πt denotes profits from agricultural production. The standard assumption of perfect capital

markets is relaxed as is reflected by the interest rate schedule r(at) having a higher interest rate for

borrowing than saving. To mimic increasing interest rates for borrowing as debt levels increase, the

interest rate for borrowing and corresponding first derivative are expressed as

rb(at) = β0 + β1a
2
t (4)

r′b(at) = 2β1at (5)

where β0 and β1 > 0. The interest rate for saving (rs) is constant and β0 > rs > 0. One possible

parameterization of the interest rate function is shown below:

Profits from agricultural production are given by (6)-(9) and are comprised of profits from existing

perennials (πs,t derived from sk,t where 1 ≤ k ≤ K) net of the cost of new plantings (π0,t) plus annual

crop profits (πx,t). Note that annual and perennial cost terms are brought forward once within the

respective profit sub-functions to reflect the timing of the model. Costs are incurred up front and profit

is calculated at the end of the time period, which implies that consumption also occurs at the end of

the period.

πt = π0,t + πs,t + πx,t (6)

π0,t = − 1

α
(γww0 + γ0) s0,t (7)
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Figure 2: Interest rate schedule

πs,t =

K∑
k=1

1

α
((αpsyk − γwwk − γk) (sk,t − zk,t)− γzzk,t) (8)

πx,t =

(
pxyx −

1

α
(γwwx + γxxt)

)
xt (9)

Cost terms include water costs per unit land (γw) and removal costs (γz) corresponding to the area

of age k removed (zk,t). The water use coefficients per unit of land (wk, wx) and annual yield per unit

of land (yx) are taken as exogenous. The price of perennial and annual crops (ps and px respectively)

are assumed to be time-invariant. Moreover, it is assumed that the spacing of the perennial crops is

also exogenous; i.e. in the case of grapes, the trellis system and width between rows are assumed to be

uniform and fixed.

Perennial yields (yk), water requirements (wk), and non-water variable costs (γk) are all a function

of crop age. The functional form used for each of the age-dependent functions is based on a review of

the viticulture literature, regional production surveys, gross margin spreadsheets, and informal farmer

interviews. In general terms, water requirements are monotonically increasing in age while non-water

production costs are monotonically decreasing with age where planting costs are ascribed to the first

period and removal costs are ascribed to age at removal. Yields are strictly monotonically increasing

during establishment (y0 = 0 < y1 < .. < y
k
′ ) then remain level before decreasing beyond a certain

age (y
k
′ = .. = y

k
′′ > y

k
′′

+1
.. > yK) where k

′
and k

′′
represent age of maturity and age of decline

respectively.

This specification is equivalent to the yield profile as specified in 2.1 of Mitra, Ray, and Roy (1991)

(hereafter, MRR) with weak inequalities replaced by strict ones. Production costs, including those

associated with irrigation, also vary with the age of the crop. It is assumed that yields, removal costs,

8



and replanting costs dominate such that

π0 < π1 < .. < π
k
′ = .. = π

k
′′ > π

k
′′

+1
.. > πK (10)

where πk = psyk − 1
α

(γwwk + γk) is average profit per unit of land by age class. Note that because the

perennial profit equation is linear average profit equals marginal profit, i.e., πk = π′k. The yield and

profit functions are illustrated below under certain parameter assumptions for the numerical model.

10 20 30 40
Age

5

10

15

20

Yield

k' k'' K

10 20 30 40
Age

-5000

5000

10 000
Profit

DΠ>0 DΠ=0 DΠ<0

Figure 3: (i) Yield by age (tonnes/hectare) (ii) Profit by age (A$/ hectare)
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Removals are restricted such that z0,t = 0, which implies that one cannot first plant and then remove

the same plot in the same season. This choice could never be economically optimal since removals occur

at the beginning of the time period and, even if this were not so, there are no yields in the first period.

In addition, the final age class possible, if still in production, must be removed:

zK,t = sK,t ∀t (11)

These restrictions on the first and last age class reduce the dimension of the control space by two vari-

ables; there are K−1 removal variables in addition to consumption, perennial planting area, and annuals

planting area, adding up to K + 2 control variables in total. The state variables are at and sk,t ∀k > 0,

representing assets and area of land devoted to perennials by age class except for the first age class

(s0,t), which is a choice variable. The number of state variables is therefore K + 1. For a perennial such

as wine grapes that may remain in production for 40 years2 (Mullins, Bouquet, and Williams 1992), this

implies 42 control variables and 41 state variables. Clearly, this leads to a high-dimensional optimization

problem that cannot be analyzed using traditional DP methods. Instead, as is discussed later, a running

horizon (RH) algorithm which approximates an infinite horizon DP algorithm is applied to make the

problem computationally feasible.

The law of motion for financial assets is given by re-writing the budget constraint as (12) with

the interpretation being that next period’s assets are equal to current period assets with interest plus

profits from agricultural production less total consumption. Equation (13) defines the law of motion for

perennial stocks, indicating that the future area devoted to an age class is equal to previous period level

of the next youngest age class less removals of that class.

at+1 = (1 + r(at))at + πt − ct ∀t (12)

sk+1,t+1 = sk,t − zk,t ∀k, t (13)

Equations (14) and (15) are resource constraints for regional land use and regional water use re-

spectively where regional land available is normalized to one unit and q̄ represents total water volume

available for irrigation.

K∑
k=0

(sk,t − zk,t) + xt ≤ 1 ∀t (14)

2In principle, grapevines can stay in production for up to 100 years or more. However, yields decline
significantly beyond a certain age, making older vines unsuitable for production except in the case of
boutique wines that can command a premium price. This study seeks to understand mainstream wine
production and the region the model is applied to is known for mid-priced, not fine, wines.
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K∑
k=0

wk(sk,t − zk,t) + wxxt ≤ q̄ ∀t (15)

Note that, as previously mentioned, the timing of removals is such that they occur at the beginning

of the time period rather than the end. This is captured by the term sk,t − zk,t in (8), (14), and (15)

and is required for running simulations in which low water allocation levels may necessitate perennial

removals to meet the water constraint.

Aside from (13), several rotation constraints must be specified for a complete representation of the

dynamics of perennial production. New plantings are constrained by (14) to be no greater than total

land available given existing vintages net of removals and annual plantings. As Wan (1994) and others

point out, theoretical models of forestry are closely related to standard growth theory models with a key

difference being the so-called “cross-vintage constraint.” This constraint ensures that the area devoted

to a given vintage must be greater than or equal to the area subsequently devoted to the same vintage

one period later. This point applies equally to perennial crop production and is formally stated here as

sk+1,t+1 ≤ sk,t ∀k < K, t (16)

Mathematically, this is equivalent to putting the appropriate bounds on removals as follows:

0 ≤ zk,t ≤ sk,t ∀ 1 ≤ k ≤ K − 1, t (17)

Consumption must be greater than or equal to some subsistence level c which is strictly positive. The

initial stock of land devoted to perennial vintages and all the remaining variables except for assets are

constrained to be non-negative as well.

ct ≥ c, xt ≥ 0 ∀t (18)

sk,t ≥ 0 ∀k, t (19)

The debt collateral constraint or no-Ponzi game condition is

at +

K∑
n=1

πs,t+n
(1 + r(at+n))n

≥ 0 ∀t (20)

This condition means that debt will never exceed the net present value of the profit stream which

may be generated by the remaining perennial stock discounted at the interest rate corresponding to the

debt level in each period. This ensures that if the representative farmer were to continue production

over the economically productive life cycle of remaining perennials he or she would be able to repay

the debt plus interest given that the interest rate will decrease as debt is paid off. Whereas many
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theoretical models require that debt be non-negative as a terminal condition, one may argue that allow-

ing persistent, manageable levels of debt is much more realistic for models of small agricultural producers.

Dynamic Programming problem

For the purposes of derivations, we will use the Dynamic Programming formulation of the model pre-

sented above. Rewriting (1) in Bellman form we have the following where V (θt) is the value function,

θ2,t = 〈θ1,t, θ2,t〉 is the vector of choice variables (θ1,t = ct, s0,t, xt, z1,t, .., zK−1,t) and state variables

(θ2,t = at, s1,t, .., sK,t), and f(θt) = 〈f1(θt), f2(θt)〉 is a vector function given by (12) and (13) respec-

tively.

V (θ2,t) = Max
θ1,t

U(ct) + αV (f(θt)) (21)

The problem is subject to the constraints given by (14)-(19) which are denoted here as

gj(θt) ≥ 0 (22)

Given the above, the Lagrangian can be written compactly using j=1,..,6 constraints as

L (θt, λj,t) = U(ct) + αV (f(θt)) +

6∑
j=1

λj,tgj(θt) (23)

and expressed fully as

L (θt, λj,t) =
(πt + (1 + r(at))at − at+1 − c)1−ρ

1− ρ + αV (f(θt))

+ λ1,t

[
1−

K∑
k=0

(sk,t − zk,t)− xt

]
+ λ2,t

[
q̄ −

K∑
k=0

wk(sk,t − zk,t)− wxxt

]

+

K−1∑
k=1

λ3,k,tzk,t +

K−1∑
k=1

λ4,k,t(sk,t − zk,t) + λ5,txt +

K∑
k=0

λ6,k,tsk,t

The Karush-Kuhn-Tucker conditions are specified as follows:

at+1 : −(c∗t − c)−ρ + α
∂V (·)
∂f1(·)

∂f1 (·)
∂a∗t+1

= 0

(24)

s0,t : −(c∗t − c)−ρ
(γww0 + γ0

α

)
+ α

∂V (·)
∂f2(·)

∂f2 (·)
∂s∗0,t

− λ∗1,t − λ∗2,tw0 + λ∗6,0,t = 0

(25)
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xt : (c∗t − c)−ρ
(
pxyx −

1

α
(γwwx + 2γxxt)

)
− λ∗1,t − λ∗2,twx + λ5,t = 0 (26)

zk,t :

− 1

α
(c∗t − c)−ρ(αpsy1 − γww1 − γ1 − γz) + λ∗1,t + λ∗2,tw1 + λ∗3,1,t − λ∗4,1,t = 0

..

− 1

α
(c∗t − c)−ρ(αpsyK−1 − γwwK−1 − γK−1 − γz) + λ∗1,t + λ∗2,twK−1 + λ∗3,K−1,t − λ∗4,K−1,t = 0


K-1 equations

(27)

λ∗1,t

(
1−

K∑
k=1

(s∗k,t − z∗k,t)− x∗t

)
= 0 , λ∗1,t ≥ 0 (28)

λ∗2,t

(
q̄ −

K∑
1

wk(sk,t − z∗k,t)− wxxt

)
= 0 , λ∗2,t ≥ 0 (29)

λ∗3,k,tz
∗
k,t = 0 , λ∗3,k,t ≥ 0 ∀1 ≤ k ≤ K − 1 (30)

λ∗4,k,t(s
∗
k,t − z∗k,t) = 0 , λ∗4,k,t ≥ 0 ∀1 ≤ k ≤ K − 1 (31)

λ∗5,tx
∗
t = 0 , λ∗5,t ≥ 0 (32)

λ∗6,k,ts
∗
k,t = 0 , λ∗6,k,t ≥ 0 ∀k (33)

gj(θ
∗
t ) ≥ 0 j = 1, .., 6 (34)

where (24)-(27) give the first order conditions, (28)-(33) specify the complementary slackness conditions,

and (34) are the constraints evaluated at the optimal level of the choice variables.

Using the envelope condition, the standard Euler consumption equation corresponding to (24) is

(c∗t − c)−ρ = α(c∗t+1 − c)−ρ(1 + r(a∗t+1) + r′(a∗t+1)a∗t+1) (35)

Equation (35) simply means that on the optimal consumption path the marginal utility of current

consumption must be equal to the discounted marginal utility of next period consumption adjusted for

borrowing or saving between the two periods. Re-arranging terms and substituting for the interest rate

terms, when borrowing is optimal we have

13



(
c∗t+1 − c

c∗t − c

)ρ
= α(1 + β0 + 3β1a

∗2
t+1) (36)

and for the case of saving we have

(
c∗t+1 − c

c∗t − c

)ρ
= α(1 + rs) (37)

which indicates that the intertemporal marginal rate of substitution is equal to the discounted marginal

cost (benefit) of borrowing (saving) between the two periods. Because of the vintage structure of the

perennial, the Euler equation corresponding to (25) is more complicated. Knapp (1983) derives the

analog of the envelope theorem for problems with inequality constraints. Applying equation (13) from

Knapp to the area of the second perennial age class gives the envelope equation for this problem:

∂V (·)
∂s∗1,t

=
1

α
(c∗t − c)−ρ (αpsy1 − γww1 − γ1) + α

∂V (·)
∂s∗2,t+1

− λ∗1,t − λ∗2,tw1 + λ∗4,t + λ∗6,1,t (38)

Iterating forward one period and substituting into (25) gives the Euler equation

(c∗t − c)−ρ(γww0 + γ0) + λ∗1,t + λ∗2,tw0 − λ∗6,0,t =

α

(
1

α
(c∗t+1 − c)−ρ (αpsy1 − γww1 − γ1) + α

∂V (·)
∂s∗2,t+2

− λ∗1,t+1 − λ∗2,t+1w1 + λ∗4,1,t+1 + λ∗6,1,t+1

)
(39)

Notice that this equation still depends on the derivative of the unknown value function which repre-

sents the marginal value of the perennial stock. Due to the vintage structure, the value function cannot

be substituted out except recursively by using the whole set of equations as follows:

∂V (·)
∂s∗1,t+1

= (c∗t+1 − c)−ρπ1 + α
∂V (·)
∂s∗2,t+2

− λ∗1,t+1 − λ∗2,t+1w1 + λ∗4,1,t+1 + λ∗6,1,t+1

..

∂V (·)
∂s∗K−1,t+K

= (c∗t+K − c)−ρπK−1 + α
∂V (·)

∂s∗K,t+K+1

− λ∗1,t+K − λ∗2,t+Kw1 + λ∗4,K−1,t+K + λ∗6,K−1,t+K

∂V (·)
∂s∗K,t+K+1

= 0



K-1 eqtns

(40)
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This can be written more succinctly as

∂V (·)
∂s∗1,t+1

=

K−1∑
n=1

αn−1
[
(c∗t+n − c)−ρπn − λ∗1,t+n − λ∗2,t+nwn + λ∗4,t+n + λ∗6,n,t+n

]
(41)

The recursive nature of the Euler equation is indicative of the vintage structure of the perennial crop

and the stream of revenues that the initial investment may provide over the life of the crop. As MRR

put it, this is a “point-input, flow-output” capital problem. However, the presence of future Lagrange

multipliers also points out the dependence of future production levels on scarce and sometimes variable

inputs such as irrigation water.

We can now substitute (41) into (25) to obtain

K−1∑
n=1

αn
[
(c∗t+n − c)−ρπn − λ∗1,t+n − λ∗2,t+nwn + λ∗4,t+n + λ∗6,n,t+n

]
=

1

α
(c∗t−c)−ρ(γww0+γ0)+λ∗1,t+λ

∗
2,tw0−λ∗6,0,t

(42)

which indicates that the discounted marginal benefit of the perennial plantings over its productive life

must be equal to the full cost of planting as measured by the marginal utility of forgone consumption

and the marginal opportunity costs of resources used. Re-arranging (26), we have

pxyx −
1

α
(γwwx + 2γxxt) =

λ∗1,t + λ∗2,twx − λ5,t

(c∗t − c)−ρ
(43)

which indicates that the marginal profit of the production of annuals must equal the marginal oppor-

tunity cost of resources used in dollar terms. Likewise for removals, the set of equations in (44) implies

that the marginal cost of removal must equal the marginal benefit of relaxing the resource and removal

constraints valued in dollar terms.

psy1 −
1

α
(γww1 + γ1 + γz) =

λ∗1,t + λ∗2,tw1 − λ∗3,1,t + λ∗4,1,t
(c∗t − c)−ρ

..

psyK−1 −
1

α
(γwwK−1 + γK−1 + γz) =

λ∗1,t + λ∗2,twK−1 − λ∗3,K−1,t + λ∗4,K−1,t

(c∗t − c)−ρ


K-1 equations (44)

Assuming an interior solution in which the land constraint is binding and that of water is not, we see

that the Euler equation for the area of new perennial plantings can be equated to the FOC for annuals

to obtain
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K−1∑
n=1

αn
[
(c∗t+n − c)−ρπn − λ∗1,t+n

]
− 1

α
(c∗t − c)−ρ(γww0 + γ0) = (c∗t − c)−ρ

(
pxyx −

1

α
(γwwx + 2γxx

∗
t )

)
(45)

which tells us that the marginal net benefits to new perennial plantings must equal those of annual

production. We can now solve for the area devoted to annuals as

x∗t =
α

2γx

[(
pxyx −

γwwx
α

)
−

(
(c∗t − c)ρ

K−1∑
n=1

αn
[
(c∗t+n − c)−ρπn − λ∗1,t+n

]
− 1

α
(γww0 + γ0)

)]
(46)

which after substitution simplifies further to

x∗t = − 1

π′′x

[(
pxyx −

γwwx
α

)
−

(
K−1∑
n=1

[
αn
U ′ct+nπ

′
n − λ∗1,t+n
U ′ct

]
+ π′0

)]
(47)

This can be interpreted as indicating that the area planted in annuals is determined by the difference

in marginal net benefits between annuals and new perennial plantings, accounting for all future benefits

over the life cycle of the perennial. Note that since the second derivative of profits from annual produc-

tion (π′′x ) is negative the coefficient for this expression will be positive.

For a given age class k of perennials, we have the marginal value of the perennial stock

∂V (·)
∂s∗k+1,t+1

=

K−1∑
n=k+1

αn−k−1
[
(c∗t+n−k − c)−ρπn − λ∗1,t+n−k − λ∗2,t+n−kwn + λ∗4,t+n−k + λ∗6,n,t+n−k

]
(48)

and using the assumptions above we obtain the following envelope condition by differentiating the

Lagrangian with respect to the perennial stock

(c∗t − c)−ρ
(
psyk −

1

α
(γwwk + γk)

)
+

K−1∑
n=k+1

αn−k
[
(c∗t+n−k − c)−ρπn − λ∗1,t+n−k

]
− λ∗1,t = 0 (49)

which we can use to solve for the area devoted to annuals in terms of the perennial plantings of age class

k:
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x∗t =
α

2γx

[(
pxyx −

γwwx
α

)
−

(
(c∗t − c)ρ

K−1∑
n=k+1

αn−k
[
(c∗t+n−k − c)−ρπn − λ∗1,t+n−k

]
+ psyk −

1

α
(γwwk + γk)

)]
(50)

which is more easily interpreted after making a few substitutions:

x∗t = − 1

π′′x

[
pxyx −

γwwx
α
−

(
K−1∑
n=k+1

αn−k
(
U ′ct+n−kπ

′
n − λ∗1,t+n−k
U ′ct

)
+ π′sk,t

)]
(51)

This means that the annual area will be determined by the difference in marginal net benefits between

annuals and leaving the perennial age class k in the ground.

Faustmann rotation

As discussed in the introduction, the long-lived nature of perennial crops suggests some parallels to

forestry economics. In particular, it would helpful if we could derive a rule for the optimal rotation of

perennials analogous to the Faustmann rule of forestry economics. In this vein, 47 and 51 derived in the

previous section together suggest a Faustmann rule for perennials:

K−1∑
n=1

[
αn
U ′ct+nπ

′
n − λ∗1,t+n
U ′ct

]
+ π′0 =

K−1∑
n=k+1

αn−k
[
U ′ct+n−kπ

′
n − λ∗1,t+n−k
U ′ct

]
+ π′sk,t (52)

This means that at an optimal interior solution with land being the constrained resource it must be the

case that the marginal net benefits of new perennial plantings are equal to the marginal net benefits of

keeping the perennial stock of age k in production. If the LHS is greater than the RHS for some age

class k′, then any area devoted to that age class must be cleared to make room for new plantings. If we

take the minimum of all such 1 ≤ k′ ≤ K then we obtain the optimal removal age k∗.

Let us now see if we can simplify this expression to gain any insight. Letting n − k → n in the

rightmost summation and changing the limits on the summation results in

π′sk,t − π
′
0 =

K−1∑
n=1

[
αn
U ′ct+nπ

′
n − λ∗1,t+n
U ′ct

]
−
K−1−k∑
n=1

αn
[
U ′ct+nπ

′
n+k − λ∗1,t+n
U ′ct

]
(53)

which can be re-grouped as

π′sk,t − π
′
0 =

K−1−k∑
n=1

(
αnU ′ct+n
U ′ct

)(
π′n − π′n+k

)
+

K−1∑
n=K−k

[
αn
U ′ct+nπ

′
n − λ∗1,t+n
U ′ct

]
(54)

17



Re-organizing then results in

π′0 +

K−1∑
n=1

(
αnU ′ct+nπ

′
n

U ′ct

)
= π′sk,t +

K−1−k∑
n=1

(
αnU ′ct+nπ

′
n+k

U ′ct

)
+

K−1∑
n=K−k

(
αnλ∗1,t+n
U ′ct

)
(55)

The interpretation then is that the marginal net benefits from a new perennial plantings must be equal

to those of the existing area devoted to age class k plus the value of keeping land in production of the

new crop beyond the productive life of age k. This expression re-states 52 with redundant Lagrange

multipliers for land removed, thus highlighting that the opportunity cost of land used for the new plant-

ings beyond those needed for maintaining the existing stock for the rest of its productive life cycle must

be accounted for.

A note of caution is required here as the marginal utility terms in the above analysis depend on all

the terms in the intertemporal budget constraint including the production of annual crops and household

assets. Although we have solved for the optimal area devoted to annuals above given some assumptions,

it cannot be easily substituted for given that it also relies on the marginal utility of consumption. If, as

in MRR, we restrict ourselves to a simplified version of the model in which there is no annual production

or household assets, then, assuming that the household either has some initial perennial holdings or an

exogenous income source, the above conditions could be simplified to derive an exact Faustmann rule. In

such a scenario, we can also derive the Faustmann rule by choosing the optimal removal age k∗ directly.

The single rotation Faustmann rule, assuming bare land initially, can be found by solving the following

for the optimal rotation length.

k∗ = argmax
0<k≤K

k∗∑
k=0

αkπk (56)

where πk = psyk − 1
α

(γwwk + γk) is the average profit from perennials of age class k as defined earlier

and the costs associated with the final age in the rotation, γk∗ , is defined to include both removal and

replanting costs. To derive the multiple rotation Faustmann rule for an infinite horizon, we use the

single rotation solution to express the infinite series as

J =

k∗∑
k=0

αkπk +

2k∗+1∑
k=k∗+1

αkπk +

3k∗+2∑
k=2k∗+2

αkπk +

4k∗+3∑
k=3k∗+3

αkπk + ... (57)

We now change the index of each sum, starting with the second one, using the commutative law of sums

(Graham, Knuth, and Patashnik 1994). We substitute for k and change the boundary conditions to

obtain

J =

k∗∑
k=0

αkπk +

k∗∑
k=0

αk+k∗+1πk+k∗+1 +

k∗∑
k=0

αk+2k∗+2πk+2k∗+2 + ... (58)
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Making use of the fact that profits are the same for a given age class irrespective of timing, i.e. profits

by age are a periodic function (πk = πk+i(k∗+1) ∀i = 1, 2, ... ), we can simplify this to

J =

k∗∑
k=0

αkπk +

k∗∑
k=0

αk+k∗+1πk +

k∗∑
k=0

αk+2k∗+2πk ... (59)

Re-organizing, we have

J =

k∗∑
k=0

αkπk + αk
∗+1

k∗∑
k=0

αkπk + α2k∗+2
k∗∑
k=0

αkπk ... (60)

which equals

J =

∞∑
j=0

αj(k
∗+1)

k∗∑
k=0

αkπk (61)

which, by the properties of geometric series, means that k∗ solves the multiple rotation Faustmann rule

k∗ = argmax
0<k≤K

k∗∑
k=0

αkπk

1− αk∗+1
(62)

Note that, notational differences aside, this is identical to (3.1) in MRR except that the strict inequality

in the age interval 0 < k ≤ K excludes the possibility of planting and removing the crop in the same

year (effectively cultivating an annual crop) owing to the timing of the model stipulating that removals

occur at the beginning of the period. Given the assumption of strict rather than weak inequalities for

yields as discussed previously, k∗ will be unique rather than have two possible optimal removal ages as

found in MRR. Below is a plot showing the results of a simulation of the model using the parameters

for wine grapes in the Riverland region, which shows an optimal removal age of 32 years old.
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Figure 4: Total discounted profits over life cycle

Optimal steady state

The steady state conditional on the optimal rotation age is given by evaluating the FOC’s, envelope

equations, laws of motion, constraints, and complementary slackness conditions at the steady-state values

of all variables, i.e., where 〈a∗, s∗〉 = f(a∗, s∗) and x∗, z∗k are constant. In describing the optimal steady

state below, we assume that the Faustmann rule is independent of annual production and household

borrowing or saving. The constraints and complementary slackness follow exactly as in (28)-(34) when

evaluated at the steady state levels of the variables. The steady state budget constraint and Euler

equation of consumption respectively become

c∗ =


(β0 + β1a

∗2)a∗ + π∗ a∗ < 0

π∗ a∗ = 0

rsa
∗ + π∗ a∗ > 0

(63)

1 + r(a∗) + r′(a∗)a∗ =
1

α
(64)

The optimal steady-state asset level depends on the relationship between the subjective discount fac-

tor and the interest rate schedule. In general, the range of possible optimal steady-state asset levels is

shown as a function of the subjective discount factor and interest rate schedule as
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Figure 5: Steady-state assets for given levels of subjective discount factor

Whereas steady-state savings cannot be uniquely determined from (64) due to the flat interest rate

for saving, given (4) and (5) the steady-state debt has two possible solutions:

a∗ = ±

√
1− α− αβ0

3αβ1
(65)

but since assets must be negative for debt only the negative solution is feasible. Note that for α > 1
1+β0

this will give a complex root. However, such values of α mean that the representative farmer is either

more patient than the market or would like to borrow at unavailable interest rates in the range (rs, β0)

and hence will not be a borrower. The optimal steady-state asset debt level over the range of subjective

discount factors for a given set of model parameters can be illustrated as:

0.80 0.85 0.90 0.95 1.00
Α0

2000

4000
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10 000

12 000

Debt per unit land

1

1 + Β0

1

1 + rs

Figure 6: Steady state debt as function of subjective discount factor

β0= .06, β1 = 4.5−10 , rs = .04

The steady-state area planted in annuals can be defined solely as a function of shadow values and

model parameters using the derivations detailed in the appendices. The steady-state law of motion for
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perennials (13) is s∗k+1 = s∗k − z∗k ∀k which given the existence of k∗ implies that

s∗k+1 =


s∗k ∀k ≤ k∗

0 ∀k > k∗
(66)

z∗k =


0 ∀k 6= k∗

s∗k k = k∗
(67)

This means that at the optimal steady state the area devoted to different perennial vintages will be

equal for new plantings through the optimal removal age k∗ and zero for any older age. Also, removals

will be zero for all age classes except k∗, which will be cleared in its entirety.

The rest of the FOC’s at the steady state are as follows:

1

α
(c∗ − c)−ρ(γww0 + γ0) + λ∗1 + λ∗2w0 − λ∗6,0 = α

∂V (f(a∗, s∗))

∂s∗1
(68)

pxyx −
1

α
(γwwx + 2γxx

∗) =
λ∗1 + λ∗2wx − λ∗5

(c∗ − c)−ρ
(69)

psy1 −
1

α
(γww1 + γ1 + γz) =

λ∗1 + λ∗2w1 − λ∗3,1 + λ∗4,1
(c∗ − c)−ρ

..

psyK−1 −
1

α
(γwwK−1 + γK−1 + γz) =

λ∗1 + λ∗2wK−1 − λ∗3,K−1 + λ∗4,K−1

(c∗ − c)−ρ


K-1 equations (70)

and the analog of the envelope theorem for perennial area at the steady state is given by the following

∂V (·)
∂s∗1

=

k∗∑
n=1

αn−1
[
(c∗ − c)−ρπn − λ∗1 − λ∗2wn + λ∗4,n + λ∗6,n

]
(71)

which substituted into (68) yields

1

α
(c∗ − c)−ρ(γww0 + γ0) + λ∗1 + λ∗2w0 − λ∗6,0 = (c∗ − c)−ρ

k∗∑
n=1

αn [πn − λ∗1 − λ∗2wn + λ∗4,n + λ∗6,n] (72)

This simplifies to

c∗ =


k∗∑
n=1

αn [πn − λ∗1 − λ∗2wn + λ∗4,n + λ∗6,n]− 1
α

(γww0 + γ0)

λ∗1 + λ∗2w0 − λ∗6,0


1
ρ

+ c (73)
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which defines steady-state consumption as a function of the Lagrange multipliers and model parameters.

Equation (69) can also be solved for steady-state annuals crop area using the following:

x∗ =
α

2γx

(
pxyx −

γwwx
α
− λ∗1 + λ∗2wx − λ∗5

(c∗ − c)−ρ

)
(74)

and substituting in (73) gives

x∗ =
α

2γx

pxyx − γwwx
α
−

(λ1 + λ2wx − λ5)
(∑k∗

n=1 α
n(πn + λ6,n − λ1 + λ4,n + λ2wn)− γ0+w0γw

α

)
λ1 + λ2 − λ6,0w0


(75)

Let us now simplify the problem by assuming the land constraint is binding while the water con-

straint is not (λ∗1 > 0 and λ∗2 = 0) and furthermore that we do not have a corner solution in which

either annuals or perennials are not cultivated. Then, given (66) and (67), the equivalent of the optimal

stationary forest discussed in MRR adjusted for the alternate land use of annual production is the vector

s∗ =

〈
1− x∗

k∗ + 1
,

1− x∗

k∗ + 1
, ..,

1− x∗

k∗ + 1
; 0, .., 0

〉
(76)

which implies that the vector of optimal removals is given by

z∗ =

〈
0, .., 0,

1− x∗

k∗ + 1
, 0, .., 0

〉
(77)

where the only non-zero removal level occurs at k∗. For initial perennial stocks that include vintages

older than k∗, convergence to the steady state would require that the oldest vintages, starting with k∗,

be removed using the following rule:

z∗t = 〈0, .., 0; sk∗,t, .., sK,t〉 (78)

Using (76) and (77), the steady-state profit equation is

π∗ =
1

α

(
1− x∗

k∗ + 1

)( k∗∑
k=1

(αpsyk − (γwwk + γk))− (γww0 + γ0 + γz)

)
+(pxyx−

1

α
(γwwx+γxx

∗))x∗ (79)

which accounts for constant costs corresponding to equal plantings and removals each period.

The optimal rotation strategy has implications for the Lagrange multipliers. Because removals are

all or nothing, exactly one of the two multipliers for removals (λ∗3,k and λ∗4,k ∀1 ≤ k ≤ K − 1) will be
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binding at the steady state. Furthermore, since the λ∗6,k terms correspond to the lower bound on the

perennial area by age class, (76) implies that these must be equal to zero for all age classes included

in the rotation and positive for older age classes. The two vectors of multipliers for removals can be

written as

λ∗3 = 〈λ∗3,1, .., λ∗3,k∗−1, 0, λ
∗
3,k∗+1, .., λ

∗
3,K−1〉 (80)

λ∗4 = 〈0, .., 0, λ∗4,k∗ , 0, .., 0〉 (81)

and, using (44), the value of the multipliers can be expressed as

λ∗3,k =


λ∗1 − (c∗ − c)−ρ(psyk − 1

α
(γwwk + γk + γz)) ∀k 6= k∗

0 k = k∗
(82)

λ∗4,k =


0 ∀k 6= k∗

−λ∗1 + (c∗ − c)−ρ(psyk − 1
α

(γwwk + γk + γz)) k = k∗
(83)

while the vector of perennial stock multipliers is

λ∗6 = 〈0, .., 0, λ∗6,k∗ , λ∗6,k∗+1, .., λ
∗
6,K〉 (84)

Given the restrictions on the multipliers, (73) and (75) can be re-written as

c∗ =


k∗∑
n=1

αn−1 [πn − λ∗1 + λ∗4,n]− 1
α

(γww0 + γ0)

λ∗1


1
ρ

+ c (85)

x∗ =
α

2γx

(
pxyx −

γwwx
α
−

(
k∗∑
n=1

αn(πn − λ1 + λ4,n)− γ0 + w0γw
α

))
(86)

While this description of the steady state is simplified, it still relies on the Lagrange multipliers for

land and removals, making it difficult to give a numerical example of what the steady state looks like.

However, we can look at the effect of perturbations of some key parameters at the steady state. For

instance, area devoted to annuals displays the following properties

∂x∗

∂ps
= −

∑k∗

n=1 α
n+1yn

2γx
< 0 (87)

∂x∗

∂px
=
αpxyx
2γx

> 0 (88)
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which indicates that area for annual crops will decrease in response to an increase in perennial prices

and increase due to an increase in its own price as one would expect. The effect of a change in the

subjective discount factor

(
∂x∗

∂α

)
is a long expression that depends on the Lagrange multipliers but has

a negative sign for any plausible values. Intuitively, this implies that if the farmer became more (less)

patient, she would keep a longer (shorter) perennial rotation, thus devoting less (more) land to annuals.

Summary

We have elaborated a utility-maximizing household model of irrigated agricultural production with

perennial crops treated as vintage capital. In addition to farming, the household may borrow or save

in an imperfect capital market in which the borrowing interest rate is an increasing function of the

amount of debt held. While the model as presented captures some of the realities faced by agricultural

households, the amount of realism severely complicates our ability to characterize the model analytically.

In particular, the vintage structure of the perennial crop is recursive in nature, which means that the

optimal area devoted to a given age class of perennials depends on shadow values in future periods.

In addition, utility maximization, as opposed to profit maximization, and imperfect capital markets

mean that the investment and production decisions are generally non-separable. Nevertheless, under a

number of assumptions we are able to characterize an optimal perennial rotation length and optimal

steady state given that rotation length. In the following chapter, we will explore the model numerically

in order to explore the impact of the initial conditions, the conditions under which the model converges

to the steady state, the rate of convergence to the steady state, and the sensitivity of the steady state

to the model parameters.

25



Chapter 4 Computational Analysis

Given the analytical exploration of the model in the previous chapter, we now conduct a computa-

tional exploration of the model.3 We start with a simplified model analogous to that of MRR which

is characterized by a household that is completely dependent on perennial crop cultivation; there are

no annuals, no household assets, and water is assumed to be plentiful. We validate the results of the

model against the findings of MRR and then systematically explore more complicated versions of the

model, including the full model under the assumption of plentiful water. The table below depicts the

main scenarios covered by the model, ignoring the possibility of alternate specifications for the utility

function.

Land Constrained Water Constrained

No Annuals I. No Assets (MRR) V. No Assets

II. With Assets VI. With Assets

With Annuals III. No Assets VII. No Assets

IV. With Assets VIII. With Assets

Table 4: Model Scenarios

The two columns represent which resource constraint is binding- land or water. Throughout this

chapter, the water constraint is assumed to be non-binding4; the following chapter elaborates an applied

policy analysis that explores the role of water scarcity and variability on land use and household welfare.

The bottom half of the table allows for the planting of annuals (x ≥ 0) while the top half allows only

perennial production. Within the top and bottom halves there are separate scenarios which allow for

borrowing and savings (a 6= 0) or not (a = 0). The MRR model approximately corresponds to Model I

above, which serves as the baseline for the other versions of the model (II-IV) considered in this chapter.

Since a key motivation for this chapter is the validation of the various versions of the model against the

findings of MRR, it is worth considering in some detail how they set up their analytical model, what

findings of theirs are important to this analysis, and what differences exist between their model and

Model I.

3We will be using the Conopt 3 solver in GAMS throughout this chapter.
4In principle, one doesn’t know a priori which resource is binding and it is possible that both resource

constraints might bind. However, by setting the baseline water allocation to the mean water use level we
have found that, for the parameters used, the water resource constraint is only binding when allocation
levels drop below 90% of the baseline.
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The MRR model assumes a unit of land and no other inputs with the total stock of trees held fixed.

The only use for land is perennial production and any land cleared is automatically replanted with new

crops. It is assumed that there are ages P and Q such that yields are monotonically increasing before

age P, then constant through age Q, and monotonically decreasing thereafter. Amongst the key findings,

the authors conclude that the optimal stationary forest (OSF) is invariant to the utility function used so

long as it is twice continuously differentiable and concave. The growth pattern over the life of the crop

and the discount factor determine the characterization of the OSF. Given a linear utility function, an

arbitrary forest will not converge to the OSF whereas, given some restrictions on the discount factor, the

optimal program combined with a strictly concave utility function will always converge. One difference

between MRR and the present model is that the profits by age in the present model are more restrictive

in the sense that the present model assumes strict inequalities of returns during establishment while

MRR assume only that there must be one strict inequality. Also, the present model is less flexible with

respect to age of maturity and decline in that the age of maturity and decline, P and Q respectively, are

assumed to be distinct with both less than the oldest possible age class. Since the present model is less

general in these ways, all proofs from MRR should apply a fortiori to the relevant case of the present

model, which is characterized by pure perennial production with no capital markets. However, there

is one major aspect in which MRR is very unrealistic; they normalize returns by age such that there

are never negative returns to perennial plantings. High fixed costs and lags in production are salient

characteristics of perennial crop production and ignoring these traits means that MRR’s findings may

not hold in Model I and especially in more general models which include borrowing and saving (e.g. II

and IV).

Initial land distribution

The initial distribution of perennial stocks is of importance when exploring whether the model con-

verges to the steady state and, if it does, how long it takes to reach the steady state. In order to

explore a wide range of initial perennial plantings, we use a beta binomial discrete distribution as a data

generating mechanism. The PDF is given as

f(x) =
xα−1(1− x)β−1

B(α, β)
(89)

where B(α, β) is the Beta function dependent on shape parameters α and β and the number of “trials”

n = 0, .., 30. This results in 31 age classes for the initial land distributions; this number is chosen because

the model parameters cause it to be optimal to remove the vines in the 32nd period. Since removals are

at the beginning of the period this means the vines actually remain in production for 31 years and hence

31 initial age classes is appropriate. The shape parameters can take any value in the range (0,∞) but for

our purposes we consider it sufficient to use all combinations of α and β in { 0.25, 0.5, 0.75, 1, 1.5, 2, 3 }.

This gives 49 possible combinations to which we add the scenario of no initial perennials for a total of 50
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initial land distributions. Below is a plot of some convenient land distributions, including the uniform

land distribution which holds at the steady state, and the parameter values used to create them.

5 10 15 20 25 30
k

0.02

0.04

0.06

0.08

Sk,0

Α=1,Β=1

Α=1,Β=3 Α=3,Β=1Α=3,Β=3

Figure 7: Land distributions generated using the beta binomial distribution

After investigating the effect of the initial perennial stocks on the results using all 50 of the above

land distributions, 5 of the 50 possible initial land distributions were chosen for extensive testing across

all model versions. These 5 distributions correspond to the 4 shown above plus the case of no initial

perennial stocks. Of these 5 distributions, the results of 3 are reported in this chapter. As a shorthand,

we name these distributions as follows:

• “Young” corresponds to a distribution with most of the mass in the young age classes (α = 1,

β = 3).

• “Peaked” corresponds to a distribution with most of the mass in the middle aged perennials

(α = 3, β = 3).

• “None” corresponds to a distribution with zero initial perennial stocks.

These 3 distributions succinctly capture the impact of initial land use on the model, including the

question of how long it takes for the model to reach a steady state. The “None” scenario is most useful

in this regard as it corresponds to the most extreme case and therefore the largest deviation from the

steady state.

Difference from the steady state

It is necessary to apply some sort of metric in order to quantify the differences between the distribution

of perennial land use at any given point in time and the steady state distribution as well as to describe
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the evolution of this divergence over time. For this purponse, we use the L1 norm as follows:

dss,t =

40∑
k=1

|sk,t − s∗k| (90)

where sk,t is the land devoted to age k at any given time and s∗k is the steady-state land distribution

(α = 1, β = 1) given the model parameters. A plot of the L1 norms relative to the steady state for the

50 initial land distributions using the beta binomial distribution is shown below.
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Figure 8: L1 norm for initial land distributions

The symmetry of the plot results directly from the way in which the tuples of the shape parameters

are used. Note that the 25th vector generated is the steady-state land distribution and hence has a

norm of zero.

Running Horizon algorithm

Let us denote a time horizon which we are interested in optimizing over as t = 1,2, ..,T. The previ-

ously described NLP model is defined over its own time horizon τ = 1,2, ..,T(c) which may be called

relative or artificial time. Given the NLP model and an initial value of the variables for t = 0 denoted

as sk,0, we may solve the model repeatedly in a loop of length T using updated initial values each time.

For the first iteration, the initial values of the NLP model are specified as ŝ(1)k,0 = sk,0 and after the

first iteration the initial values for subsequent iterations are set to the value of the optimally chosen

variables at τ = 1 from the previous iteration of the NLP model. That is, if the optimal values of the

variables for a given iteration t are denoted as ŝ(t)k,τ then we first make the assignment s∗k,t = ŝ(t)k,1 and

then update the initial value for the next iteration via the assignment ŝ(t+1)
k,0 = s∗k,t. In this way, we

may use the forward-looking NLP model to approximate the solution of an infinite horizon dynamic pro-
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gramming model.5 The end result is a vector of variables corresponding to each period 1,2,..,T denoted as

< s∗k,1, s
∗
k,2, .., s

∗
k,T >=< ŝ(1)k,1, ŝ

(2)

k,1, .., ŝ
(T )
k,1 >,∀ k in 1,2,..,K.

No-Ponzi game conditions for RH algorithm

Because the RH algorithm is an approximation to an infinite horizon DP algorithm it is not possible to

implement the usual NPG conditions directly. Instead, the approach taken here it to have a traditional

NPG condition for the last period of relative time ( T(c)) and combine this with a check in the last

period of the simulation model (T) to ensure that simulation does not allow debt to exceed the so-called

natural debt limit which in this case is equal to the NPV of profits from perennial stocks at time T

(sk,T ). The reason this is necessary is that because the model is effectively re-optimized after each period

in the simulation it is possible for the economic agent to hold persistent debt so long as at the end of

the planning horizon assets are non-negative. That is, for the planning horizon (relative, or artificial,

time) we enforce

aT (c) ≥ 0 (91)

and for the simulation in real time we check that the following natural debt limit condition holds:

aT ≥
−

K∑
n=1

πs,T+n

r(aT )
(92)

This condition means that debt in the last period must not be more than the net present value of

profits from remaining perennial stocks discounted at the interest rate prevailing at that debt level. This

ensures that if the representative farmer were to continue production over the economically productive

life cycle of remaining perennial stocks he or she would be able to repay the debt plus interest at the rate

prevailing in the last time period. Whereas many theoretical models disallow any debt in the last period,

one may argue that allowing persistent, manageable levels of debt is much more realistic for models at

any level of aggregation (consumer, household, industry, region, nation, etc.). Moreover, persistent debt

is certainly the norm for agricultural producers in the region under consideration here.

5Note that this approximation is possible due to the effect of discounting over a long time horizon;
because periods in the distant horizon are so heavily discounted the effect of the terminal period on the
first period decisions is negligible. However, a refinement of the algorithm that may merit inclusion in
future research would be to assign a scrap value to the terminal period perennial stocks.
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Parameter values and initial conditions

In the versions of the model explored here that do not allow for borrowing (e.g. Model I), the

household may face a liquidity constraint that limits agricultural production levels due to the large fixed

costs for new perennial plantings and the lag in production for young perennial crops. This problem

arises in the case that the utility function of the household is concave and the initial perennial area

is zero, i.e. the “None” initial perennial land scenario. In this case, the household may be caught in

a poverty trap, making it impossible to run the optimization model. To avoid this, it is necessary to

provide an exogenous income stream, which is set to c0 = 1.0 for all model versions explored in this

section.6 In Model I, we explore both linear and concave utility functions to validate the model against

the findings of MRR. However, for all other versions of the model we consider only a concave utility

function (specifically, log utility) due to fact that households typically seek to smooth consumption over

time. Also, using linear utility amounts to assuming the existence of perfect capital markets, which

directly conflicts with our desire to investigate the effects of imperfect capital markets on household

production levels.

See Table 20 in the appendices for a complete list of the baseline parameter values. The discount

rate used throughout is rh = .05 except where noted. Also, note that Qst represents the quantity of the

perennial crop supplied in year t. All monetary values such as consumption are reported in $1, 000 per

hectare and all land use variables such as new plantings are given as a fraction of the normalized land

available; i.e. all land used in each period is ≤ 1.0 hectare. Unless otherwise noted, all model runs are

over a 1,000 year horizon.

Model I. Pure perennial production

For the pure perennial problem, the only means of the household obtaining an income is by growing

perennial crops. There are no annual crops and borrowing is not allowed. We explore both linear and

log utility functions here.

Linear utility

Linear utility is time-additive separable with an infinite intertemporal elasticity of substitution and

therefore effectively equivalent to the case of perfect capital markets. Simulations for the first 100 years

of a 1,000 year time horizon are shown here:

6Note that this is effectively a negative subsistence level of consumption; i.e., c < 0. Unless otherwise
noted, consumption levels generated by the computational model represent endogenous consumption
only.
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Figure 9: Model I. Linear utility (i) Initial land distribution, (ii) Consumption, (iii) New
plantings

The perennial planting schedules in the “Young” and “Peaked” scenarios show that the household

effectively follows a Faustmann rule, replacing perennial stocks as necessary. The effect is that the

shape of the initial age distribution is preserved with the distribution shifting right each period, which

results in cycles in consumption levels. In the “None” scenario, the household chooses to plant all land

in perennials as quickly as possible, thereby exploiting the fact that linear utility is equivalent to the

assumption of perfect capital markets. This appears in the negative consumption levels initially, which

corresponds to a period of borrowing. In all scenarios, consumption and new plantings always move in

opposite directions and there is no tendency for perennial plantings to smooth out over time. The L1

norm is constant for each of the initial distributions as can be seen in Table 5 below. The L1 norm over

the whole 1,000 year run is constant for each scenario, as is seen by the fact the standard deviation is

zero in each case. For the “Young” and “Peaked” scenarios, the oldest age class in production remains

constant at 31 years of age (meaning it is removed at the beginning of the 32 year) whereas for the

“None” scenario the oldest age class is constantly varying due to the fact that the whole land area is

replanted en masse according to the Faustmann rotation. The extreme replanting schedule leads to

very high variability in consumption and quantity of perennial crop supplied for the “None” scenario

relative to the other two scenarios. However, the mean consumption levels are nearly identical across

each of the scenarios, which is largely due to the long, flat, deterministic age-yield relationship and the

fact that other land uses are not possible. Not only are these results compatible with MRR but, in the

“None” case, they also agree with the findings of Mitra and Wan (1985) for a regional forestry model
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with discounting. In that study, they find that the optimal program will lead to a periodic solution as

is found here.

Table 5: Model I - Linear utility

Variable Units Young Peaked None

ct $1,000/ha. 7.85 7.85 7.82

(0.87) (0.63) (3.74)∑K
0 sk,t ha. 1 1 1

(0) (0) (0)

Qst tonnes/ha. 18.6 18.6 18.56

(1.12) (0.82) (4.45)

oldest years 31 31 15.9

(0) (0) (8.98)

L1t 0.74 0.52 1.94

(0) (0) (0)

Mean (S.D.) for key variables over 1,000 year horizon
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Log utility

Given a strictly concave utility function, the model should converge to the steady state in order to

agree with MRR. The 100 year plots shown below do show substantial smoothing in consumption and

planting over time but do not come close to converging to the steady state.
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Figure 10: Model I. Log utility (i) Initial land distribution, (ii) Consumption, (iii) New
plantings

However, when one inspects the 1,000 year plot of the L1 norm there is a clear trend toward conver-

gence with all three scenarios below 0.17 in the last period. The time path for both linear and log utility

are contrasted below:
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Figure 11: Model I. L1 norm for linear (blue) and log (purple) utility (i) Young (ii)
Peaked (iii) None

While convergence to the steady state does not quite occur in this time frame, this, in itself, does not

contradict MRR since they make no effort to determine how long convergence might take in practice.
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From these plots, we clearly see that the closer the initial land distribution is to the steady state the

quicker it will converge. Although not shown here, it is worth noting that for both linear and log utility

starting with the steady-state land distribution simply results in maintaining the status quo, resulting in

a null vector for the L1 norm over the whole time horizon. More generally, the time to convergence should

vary with the discount rate used and the details of the age-yield relationship specified, which together

will determine the optimal rotation length. The essential trade-off here is between the consumption level

and the desire to smooth consumption over time. The household will not sacrifice profits by deviating

from the optimal rotation length; however, it will smooth out the re-planting schedule so as to eventually

lead to constant consumption at the steady state.

Another point to note is that the “Young” and the heretofore unnamed“Old” distributions are exactly

symmetric (α = 1, β = 3 and α = 3, β = 1 respectively) and have the same constant L1 norm in the

linear case. In the log utility case, the young distribution shows more rapid convergence toward the

steady state. While log utility causes smoothing in both cases, this difference appears to be a result

of the greater need to replant earlier in the case of the old distribution as opposed to the young. The

delayed replanting schedule for the young distribution means that discounting will have a greater effect,

diminishing the difference between the net present value of area replanted in successive years and thus

resulting in a smoother replanting schedule.
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Figure 12: Model I. L1 norm for “Young” (blue) and “Old” (purple) utility

Looking at the 1,000 year statistics for the 3 main scenarios, a few thing stand out. As compared to

the linear utility case, the standard deviation of consumption and quantity of perennials supplied are

much lower across all scenarios. The mean oldest age class increases markedly for the “None” scenario

and slightly for the other two scenarios but, conversely, the standard deviation of the oldest age class
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decreases for the “None” scenario and increase from zero for the other two. All of these results follow

from the effects of consumption smoothing.

Table 6: Model I - Log utility

Variable Units Young Peaked None

ct $1,000/ha. 7.84 7.84 7.79

(0.30) (0.28) (0.81)∑K
0 sk,t ha. 1 1 1

(0) (0) (0.05 )

Qst tonnes/ha. 18.6 18.6 18.48

(0.39) (0.36) (1.44)

oldest years 31.7 31.7 30.9

(0.49) (0.44) (3.62)

L1t 0.23 0.22 0.37

(0.14) (0.09) (0.30)

Mean (S.D.) for key variables over 1,000 year horizon

One other thing to note is the previously remarked upon possibility of a liquidity constraint. Looking

at the time paths for the “None” scenario, it is evident that this is at play. The first period new plantings

in the log utility model are a mere 0.082 due to the fact that there is little money available to invest

in perennials. The household uses most of the exogenous consumption (c0 = 1) to finance perennial

planting in the first few periods. Whereas in the other two scenarios consumption starts at a very high

level due to the endowment of perennial stocks, in the “None” scenario endogenous consumption starts

off taking negative values. The plot below shows that endogenous consumption starts at a minimum of

-0.69 in the first period and it becomes positive only the fourth period:
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Figure 13: Effect of liquidity constraint on endogenous consumption in “None” scenario

Model II. Assets included, no annuals

Having established that, in contrast to log utility, for linear utility there is no convergence to the

steady state, we will only consider log utility functions from this point on unless otherwise noted. Model

II represents the case in which the household can borrow and save in addition to producing perennials.

Recall that the budget constraint is defined as

ct = (1 + r(at))at − at+1 + πt (93)

with the standard assumption of perfect capital markets relaxed as is reflected by the interest rate

schedule r(at) having a higher interest rate for borrowing than saving and by the non-linear interest

rate schedule for debt held:

rd(at) = β0 + β1a
2
t (94)

While this increases the realism of the model, computational issues arise due to the discontinuous, non-

linear interest rate schedule specified above. Specifically, because discontinuous functions are difficult

for gradient-based solvers to handle one needs to use a continuous non-linear approximation around

the zero asset level. While this strategy works for solving the model, due to the extreme curvature it

takes a long time to solve. Therefore, we have re-formulated the problem by explicitly splitting assets

into savings and debt with the relevant interest rate function specified for each. Assets are now defined

as savings (vt) less debt (dt): at = vt − dt. Given that both savings and debt are restricted to be

non-negative, the budget constraint is re-written as:
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ct = (1 + rv)vt − (1 + rd)dt − at+1 + πt (95)

Specified this way, the model solution is much easier for the solver to compute and the interest rates

used are exactly as specified above rather than an approximation for asset values near zero.

While there appears to be some smoothing of perennial plantings in Figure 14, in the “None” scenario

new plantings very nearly follow the same pattern as in Model I with linear utility with essentially

all land being planted and re-planted at once. The time paths of assets quickly approach zero for the

“Young” and “Peaked” scenarios due to the fact that the household discount rate rh = 0.05 will cause

the optimal steady-state asset to be zero. However, the asset levels vary greatly in the “None” scenario

and do not approach zero. This is due to the need to borrow in order to plant all, or nearly all, land at

once. This occurs because ability to borrow allows the household to escape the liquidity constraint as

seen in Model I with log utility. The household quickly ramps up consumption levels at the expense of

consumption smoothing over time.
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Figure 14: II.(i) Initial land distribution, (ii) Consumption, (iii) New plantings (iv)
Assets
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The rate of convergence to the steady state is shown to be slower than in Model I with log utility in

the plot below:
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Figure 15: L1 norm for I with linear (blue) and log utility (purple), II with log utility
(gold)

Table 7 reveals some subtle differences from the statistics from Model I with log utility. Although, as

we’ve seen, for the “None” scenario convergence to the steady state land distribution is much slower in

Model II consumption is actually smoother than in Model I with log utility (σ = 0.58 versus σ = 0.81

respectively). The reason this occurs is that assets are used to smooth consumption more so than the

replanting of perennials. While the variability of quantity supplied is much greater in the “None” sce-

nario of Model II, the accrual of savings serves as a buffer that dampens the oscillations in consumption.

Table 7: Model II

Variable Units Young Peaked None

ct $1,000/ha. 7.85 7.85 7.95

(0.26) (0.22) (0.58)

at $1,000/ha. 0.03 0.14 3.42

(0.34) (0.34) (5.91)∑K
0 sk,t ha. 1 1 1

(0) (0) (0 )

Qst tonnes/ha. 18.59 18.59 18.56

(0.45) (0.40) (3.72)

oldest years 31.6 31.6 25.4

(0.49) (0.49) (7.31)

L1t 0.27 0.23 1.63

(0.17) (0.08) (0.13)

Mean (S.D.) for key variables over 1,000 year horizon
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Model III. Annuals included, no assets

Model III includes annual production but excludes the possibility of borrowing and saving. The inclu-

sion of annuals results in the model converging to the steady state more quickly than any of the models

considered so far. As can be seen in the time paths below, the model essentially reaches the steady state

by the year 500:
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Figure 16: Model III- 500 year plots (i) Initial perennial distribution (ii) Consumption
(iii) Perennial and annual land use (iv) L1 norm

The balance between perennial and annual production starts around a ratio of 2:1 and, after some

mild oscillations, settles down around that ratio. This can be attributed to the use of quadratic variable

costs in annual crop production in order to calibrate the model to reproduce the observed average land

use in the Riverland region. The effect of adding annuals both adds about $500 to mean consumption

levels and allows for significant reductions in the variance of consumption across the three scenarios.

Overall, it appears that, for the model parameters used here, the flexibility allowed by annual crop

production is much more beneficial than allowing for borrowing and saving as in Model II.
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Table 8: Model III

Variable Units Young Peaked None

ct $1,000/ha. 8.42 8.42 8.42

(0.122) (0.09) (0.32)

xt ha. 0.32 0.32 0.32

(0.01) (0.01) (0.03)∑K
0 sk,t ha. 0.68 0.68 0.68

(0.01) (0.01) (0.03)

Qst tonnes/ha. 12.7 12.69 12.66

(0.34) (0.24) (0.85)

oldest years 31 31 30.6

(0.14) (0.1) (3.05)

L1t 0.06 0.05 0.10

(0.10) (0.07) (0.19)

Mean (S.D.) for key variables over 1,000 year horizon

Model IV. Annuals and assets included

Model IV constitutes the full model in which both annual crop production and borrowing and saving

are allowed. Overall, the time paths in the plots below are quite similar to those of Model III. One

difference is that the introduction of borrowing and saving somewhat decreases the rate of convergence

to the steady state across all scenarios relative to Model III. Assets held follows a similar pattern to

Model II except that they converge to zero much more quickly due to the added flexibility of allowing

annual crop production.
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Figure 17: IV.(i) Initial land distribution, (ii) Consumption, (iii) Assets (iv) Perennial
and annual land area (v) L1 norm

Table 9 are overall very similar to those of Model III for both mean levels and variability of consump-

tion, land use, and quantity supplied of perennials. Although assets appear to be somewhat important

initially in the “None” scenario, the statistics below show that they are a non-factor in the long run.

Essentially, the results here indicate that the ability to borrow and save adds little or no benefit beyond

those gained by allowing annual crop production. The differences between Tables 8 and 9 are so slight

that they could easily be attributed to numerical error.
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Table 9: Model IV

Variable Units Young Peaked None

ct $1,000/ha. 8.42 8.42 8.41

(0.12) (0.09) (0.25)

at $1,000/ha. 0 0 0.02

(0.04) (0) (0.62)

xt ha. 0.32 0.32 0.32

(0.01) (0.01) (0.02)∑K
0 sk,t ha. 0.68 0.68 0.68

(0.01) (0.01) (0.02)

Qst tonnes/ha. 12.69 12.69 12.68

(0.34) (0.24) (0.86)

oldest years 31 31 30.6

(0.15) (0.11) (3.05)

L1t 0.06 0.05 0.13

(0.10) (0.07) (0.24)

Mean (S.D.) for key variables over 1,000 year horizon

Comparing Models I-IV above has shown that over the long run the three scenarios explored have very

similar mean results. Unsurprisingly, the “None” scenario displays the most variability and sensitivity to

changes in the model. For that reason, we facilitate the comparison across models by summarizing the

statistical tables for the mean values of the “None” scenario. Looking from left to right, it is apparent

that the mean value of consumption increases across model runs, indicating that allowing the household

more flexibility results in better outcomes.
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Table 10: Mean Values for None scenario

Variable I Linear I Log II III IV

ct 7.82 7.79 7.95 8.42 8.41

at - - 3.42 - 0.02

xt - - - 0.32 0.32∑K
0 sk,t 1 1 1 0.68 0.68

Qst 18.56 18.48 18.56 12.66 12.68

oldest 15.9 30.9 25.4 30.6 30.6

L1t 1.94 0.37 1.63 0.10 0.13

Mean for key variables over 1,000 year horizon

In addition, we report the terminal values for the “None” scenario across all models to see what

additional insight they might shed. The terminal values are perhaps most useful in that they make it

quite clear that Models III and IV do converge to the steady-state land distribution within 1,000 years

whereas the others do not. As we’ve seen, for linear utility convergence will never occur but for Model I

with log utility it and Model II it appears likely that both would converge to the steady state over some

very long horizons.

Table 11: Terminal Values for None scenario

Variable I Linear I Log II III IV

cT 8.92 7.68 8.07 8.42 8.42

aT - - 0 - 0

xT - - - 0.32 0.32∑K
0 sk,T 1 1 1 0.68 0.68

QsT 20 18.38 19.04 12.69 12.68

oldest 8 32 32 31 31

L1T 1.94 0.17 1.47 0.01 0.01

T = 1, 000
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Sensitivity analysis

We conduct a sensitivity analysis of the full model using the “None” scenario. A baseline is estab-

lished for a 500 year horizon using the parameter values in Table 20. We then change each parameter

of interest in isolation and run the model again over the same 500 year horizon. This horizon length

is used as it is typically long enough for the model to converge to a steady state. We then record the

mean values over the first 50 years of the horizon (Table 21) as well as the terminal values (Table 23).

This allows us to see the initial effects of a perturbation of the parameters as well as any difference

in the steady state that results. In addition, we report the mean and terminal values relative to the

corresponding baseline values (Tables 22 and 24 respectively)7. The parameters used for this analysis

fall into 3 categories: household preferences, financial, and agricultural.

Household preferences

The household parameters of interest include the discount rate (rh) and the inverse of intertemporal

elasticity of substitution (ρ). Changing the discount rate has a profound effect on model behavior as

can be seen below:
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Figure 18: Sensitivity to discount rate (i) Low and high rh (ii) Low rh (iii) High rh

For the low discount rate, the household initially consumes very little as it builds up savings. Con-

versely, under the high discount rate the household uses debt to finance early consumption. Around year

30, the consumption paths cross as the high discount rate consumption paths heads toward a steady

state while the under the low discount rate the consumption levels increase exponentially as savings

are constantly increasing. Also, land use patterns are slightly different as a low discount rate leads to

slightly more perennials than the baseline while the opposite is true in the case of the high discount rate.

A very similar pattern of land use occurs for the cases of low and high values of ρ. The low value of

7We should note that in the baseline negative asset levels close to zero are observed for the 50 year
mean. This causes some unexpectedly high values for the relative asset levels as well as sign changes for
scenarios in which positive asset levels occur. Also, the baseline terminal values for assets are zero so
the relative asset levels are not recorded in Table 24.
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ρ = 0 corresponds to linear utility but, due to the presence of household assets and annual production,

there is only a very small change in the L1 norm. Changes in all mean variables relative to the baseline

are very slight and the terminal values are identical to those of the baseline.

Financial

Financial parameters used include the initial household assets (a0) and the intercept and slope of

the borrowing interest rate (β0 and β1 respectively). Low or high initial asset levels lead to lower or

higher mean consumption levels than in the baseline as assets quickly converge to zero. The other mean

variables show little difference from the baseline and the terminal values for all variables are identical to

those of the baseline. The main effect of lowering the intercept of the borrowing interest rate function

(β0) is to cause the household to become a net borrower in the short run and long run. Raising it

has little effect because even in the baseline it is higher than the household discount rate. Similarly,

changing the slope term (β1) of the interest rate function has a small effect on mean asset levels as some

borrowing is required initially due to the use of the “None” initial perennial land distribution. In the

long run, all values are identical to those of the baseline for any change in the intercept or slope terms

except for the case of a low intercept as previously noted.

Agricultural

The agricultural parameters of interest include the perennial price (ps) and annual crop water co-

efficient (wx). Altering the perennial price leads to a predictable shift in land use toward more or

less perennial area based on profitability, which in turn affects quantity supplied of the perennial crop,

profits, and consumption. It is interesting to note that although the magnitude of change of the price

parameter is roughly +/ − 20% the shift in land use is lower with a 13% decrease in perennials (from

.67 to .59 ha.) due to a price decrease and a 14.7% increase (from .68 to .78 ha.) corresponding to a

price increase. Moreover, in the case of a price decrease the shift toward annual production (0.7 ha.) is

not enough to keep all land in production. This may stem from the use of quadratic variable costs for

annual crop production to calibrate the model. For the case of low annual crop water requirements, the

annual crop still requires more than water than mature perennials (4.88 vs. 4.4 ml/ha.) but it does lead

to an increase in annual production from .32 to .40 ha. Similar to the increase in the perennial price,

an increase in water requirements for annuals leads to a larger than symmetric gain for perennials, with

perennial area expanding from .68 to .79 ha. Again, we suspect that the quadratic variable cost term

may penalize annual production too much.
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Summary

In this chapter, we have attempted a systematic exploration of the computational model, considering

four versions of the model in which land is the constrained resource. The most restricted form of the

model is compared to the theoretical model of Mitra et al. (1992) and is found to be in agreement with

several of their key results despite the more realistic representation of perennial production in the current

model. Specifically, we find that for any initial age distribution the model will converge to the steady state

assuming strictly concave (log) utility and that for linear utility there is no convergence. Oscillations in

consumption, profits, and assets occur due to the difference between the perennial stock age distribution

and the steady-state age distribution. In the case of linear utility, these oscillations continue forever

but for log utility perennials are replanted in such a way that the perennial age distribution converges

to the steady-state distribution. The resulting production smoothing causes the oscillations to dampen

and the system to eventually reach a steady state. Allowing household borrowing and saving slows the

convergence to the steady state as assets are used to increase and smooth consumption rather than to

smooth production. In contrast, allowing annual crop production but not assets leads to much faster

convergence to the steady state with the land use mix between perennials and annuals settling at the

observed levels in the region the model parameters come from. Allowing household assets in addition

to annual production provides little benefit to the household beyond that of allowing for annual crop

production alone and convergence to the steady state happens at roughly the same rate. Whether

the limited benefits of including borrowing and saving is due to imperfect capital markets or possibly

depends on the model parameters used here is an open question.

We also conduct a sensitivity analysis of the full model that, overall, gives predictable and consistent

results. Changes to the 50 year mean and terminal values are not dramatic except for the case of a

low discount rate, in which case there no longer exists a steady state. Otherwise, each change in model

parameters results in the model reaching a steady state close to the end of the 500 year horizon. The

tolerance level of a 0.01% change in variable levels may arguably be too conservative but, in any case,

we have already seen that the “None” scenario used here takes a very long time to reach the steady

state.
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Chapter 5 Policy Analysis

In this chapter, we apply the computational model we have developed to an analysis of proposed

water policy changes in the Murray-Darling Basin. Specifically, we focus on the Riverland region of

South Australia (shown in Figure 42). This region is in some ways an ideal one for the application of

our model. Most importantly, perennial crop production dominates irrigated agriculture in the region

and perennial production is almost totally reliant on access to irrigation water. Also, some sources of

heterogeneity that might be problematic for our analysis are either absent or not very pronounced in

the Riverland:

• The irrigation systems in use across the region are generally very high efficiency.

• There is only one class of water rights- “high security”- that entitles each claimant to a propor-

tional share of total water supply.

• Although wine grapes are the dominant perennial crop in the region and quality considerations are

often paramount in the wine industry, the reality is that wines from the Riverland are generally

not competitive in the low quality nor the super-premium wine categories. This leads to grape

producers getting paid to meet a certain quality threshold but finding it difficult, if not impossible,

to get paid for further quality improvements. This effectively leads to an industry structure in

which producers compete on quantity subject to a quality threshold, thus mitigating quality

considerations.

We will next briefly discuss the policy context and regional agricultural characteristics of relevance to

our analysis before applying the model to deterministic and stochastic analyses of water policy changes.

This will include simulating the effects of a water price increase in order to generate water demand curves

for the region as well as looking at various levels of uncompensated reductions to water entitlements

to investigate the potential effects on household welfare, land use, and production levels. Note that, as

indicated previously in Tables 1 and 2, all $ values reported are in Australian $.

Policy context

Aside from the MDB being the most important agricultural area in Australia (see map in Figure

42), the cities of Adelaide and Canberra depend on its river flows as do the 16 Ramsar listed wetlands

in the basin (Pittock and Connell 2010). The high level of dependence on the rivers of the MDB is

problematic as they are among the most variable in the world when measured by the ratio of maximum

to minimum annual flows. One way to manage this variability has been to build as much storage as

possible; the MDB currently has enough storage to handle over twice the average annual river flow

(Chartres and Williams 2006). However, exacerbating the issue of variability is the fact that water

rights were previously over-allocated based on optimistic estimates of normal annual flows. As a result

of the water rights structure and the pattern of development, irrigation has received higher priority
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than the environment for much of history of European settlement (Connell 2007). With substantial

population growth over the 20th century, the basin began experiencing increased environmental damage

and threatened urban water supplies. In response, the government worked out an agreement to cap water

diversions across the basin at 1995 levels. However, after implementing the cap there was an increase in

the use of previously under-used groundwater and surface water entitlements, which highlights the need

to manage groundwater and surface water together (Chartres and Williams 2006).

Recognition that the constituent parts of the basin are interdependent and therefore need to be

managed as a whole (i.e., integrated catchment management) go back at least a century but attempts to

act upon this realization have been consistently thwarted by the self-interested actions of local and state

governments (Connell 2007). Or, in the words of Pittock and Connell (p. 572, 2010), “.. the Basin’s

management is a history of cultural resistance to the natural variability, with drought-induced crises

triggering institutional reforms so far largely at the margins.” The last crisis was the extreme Millennium

Drought from 1997-2009 and the latest attempts at reform are embodied in the National Water Initiative

of 2004, the Water Act of 2007, and the proposed MDB Plan released in 2010. The MDB Plan has

undergone intense public debate and several revisions; originally, basin-wide reductions of diversions of

up to approximately 31% of current use (4,000 gigaliters per year (GL/yr.)) were called for but the most

recent policy discussion proposes a reduction of only 22% of current use (2,750 GL/yr)(Lamontagne et

al. 2012). The final level of the Sustainable Diversion Limits (SDL’s) set by the Plan remains under

debate as the SDL’s will not take effect until 2019 (Pittock and Connell 2010). Furthermore, no version

of the plan considers the potential impact of climate change even though the most thorough study of

climate change in Australia to date suggests that under a median climate scenario there will be a 10%

reduction in runoff across the basin by 2030 (CSIRO 2008).

Data

Wine grapes

Wine grape production is very important to the economy of the Riverland, constituting over 40% of

irrigated area in a given year (Riverland Winegrape Grower’s Association 2012). The Riverland produces

more wine grapes than any other region in Australia and more than half of farm gate receipts in the

region come from wine grapes. In addition, wine making is the biggest employer in the manufacturing

sector of the region (Riverland Winegrape Grower’s Association 2012). As can be seen in the figure

below, many of the wine grape growers in the Riverland region have vineyards that are quite small.

While most of the household farms have significant off-farm income, those less than 10 hectares in size

are likely to be “hobby farms.” While there are many such farms, the second chart makes it clear that

most of the area planted is on larger farms: 46% of farms are 50 hectares or larger and 61% are at least

25 hectares in area (Phylloxera and Grape Industry Board of South Autralia 2012)[Phylloxera Board].

To give some sense of the viability of relying on the proceeds of a farming operation with 25 hectares of
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vines, it is useful to note that average annual revenue over a 20 year period for this size farm assuming

mature but relatively young vines would be $298,753.8 While some of the grapes in a given year are

grown by the wineries themselves, they typically constitute a small fraction of total production. In 2011,

for example, independent growers produced 82.5% of the total grape crush (Phylloxera Board).
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Figure 19: Riverland Wine Grape Farms (i) Size Distribution (ii) Total Area Planted
by Farm Size

In order to determine the average farm debt level per unit land for the representative farming house-

hold, it is necessary to determine the average farm size. Given the presence of many smaller farms that

may not rely on income from the farm itself, we exclude farms under 10 hectares in size and then use

the average of the remaining farms. Doing so results in an average farm size of 38 hectares. Using data

from Ashton, Hooper, and Oliver (2010), an estimate of debt held by farming households for the year

2007-08 can be determined. While the data is at the level of the whole basin, it distinguishes between

horticulture, broadacre, and dairy farms. Horticultural operations held an average debt of just over

$275,000. Given an average farm size of 38 hectares derived above, this implies and average debt per

hectare of $7,250. This will serve as the initial debt level per hectare in the model.

Age distribution calculation

From the Phylloxera Board, we obtained data on total area planted and new plantings by year for

1996-2011 with partial data extending back to 1992. Using this data and assuming an initially even

distribution across age classes up to the optimal removal age given the model parameters (the beginning

of the 32nd year), we derive an estimate of the age composition of vines using a simple area equation:

8The revenue calculated based on Phylloxera Board data as 25 hectares∗18.609 tonnes per hectare∗
$661.37 per tonne = $298, 753. The average yield and price data are based on the Riverland production
of cabernet sauvignon, chardonnay, and shiraz for the period 1992-2011. Note that $ figures are reported
in nominal Australian $.
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Figure 20: Source: S.A. Winegrape Utilisation and Pricing Surveys 2000-2012 from the
Phylloxera Board

st = st−1 + s0,t − zt (96)

where st is total vine area in year t, s0,t is new plantings, and zt is total removals and all terms except

removals are observed from 1996 onward. However, using this equation reveals serious questions about

the data as for numerous years this equation implies negative removals. After trying to impose some

consistency on the data, we decided on a simple strategy for inferring the region’s age composition. We

assume that the year 2011 total area data is correct and that all new plantings from previous years

remain intact and constitute a fraction of the 2011 total. We then subtract the total new plantings from

the previous step from total area in 2011 to determine total area of older vines planted in 1995 or earlier.

The area devoted to old vines planted before 1995 is then divided equally across age classes 21-31. The

resulting age distribution is then representative of the vine age composition as of the beginning of the

2012 growing year. This distribution is obviously a simplified representation of the true age composition

given that removals regularly occur for younger age classes due to vine health problems or the need to

change varieties due to market pressures. Also, there are clearly any number of plots with vines older

than 32 years old. However, given the data available and the need to make some simplifying assumptions

we believe that this estimated age distribution is adequate as it clearly captures the boom in new grape

area during the period of 1996-2003.

Potatoes

Australia trades very few potatoes internationally and South Australia, including the Riverland, is

the primary producer of potatoes for domestic consumption due to advantages of sandy soils and the

availability of irrigation water. Additionally, potato cultivation is one of the biggest uses of irrigated

land in the Riverland and is the most valuable irrigated horticulture crop next to wine grapes in the
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region (PIRSA Industry Structure and Strategy Team 2005). For that reason, we use potatoes as a

representative annual crop. We assume that potato production is subject to increasing marginal costs,

which allows us to calibrate the model to the baseline land use scenario in which 68% of total irrigated

area is devoted to perennials 32% to annuals. Data for prices and average area devoted to potatoes

are drawn from data in Australian Bureau of Statistics (2009) and an estimate of the South Australian

potato supply elasticity is taken from Mules and Jarrett (1966).

Water use

Wine grapes use less water than potatoes; the model uses parameter values of 4.4 mL per hectare

(mL/ha.) for mature wine grapes and 6.1 (mL/ha.) for potatoes. Over 86% of South Australian

vineyards use high efficiency drip or micro spray irrigation systems (Australian Bureau of Statistics

2009) whereas center pivot is the dominant form of irrigation for potatoes (Department of Primary

Industries 2011). The irrigation system is accordingly assumed fixed for both crops with annualized

costs of $4,000 and $2,000 per hectare for drip and center pivot systems respectively.

Diversions

Figure 21 is a graph of modeled historical annual irrigation diversions under current water entitlement

rules and levels of development for a 110 year period in the South Australian MDB obtained from Connor

et al. (2011). While the time series exhibits some volatility, it is much less variable than the underlying

river flows with the main reason being that dam storage helps smooth water supply across years. Another

reason is that in the past very little importance was given to maintaining sufficient river flows to maintain

the health of ecosystems that depend on the river. Note that diversions are endogenous and ideally we

would have a similar time series for allocations.9 However, due to the prioritization of irrigation over

the environment, irrigators have received 100% water allocations up until the recent drought, the vast

majority of which has actually been diverted. The marked decrease at the end of the time series is due

to the extremely severe Millennium Drought which put severe strain on irrigators and ecosystems alike.

The data in Figure 21 is historical and therefore provides a baseline to which other water availabil-

ity scenarios may be compared. In addition, we have alternate, hypothetical diversion time series for

South Australia, which are derived from a basin-wide hydrological balance model from Connor et al.

(2011). The diversions are modeled in the same manner as the historical baseline except for the further

assumption that permanent basin-wide water reductions had been in place over the entire 110 year his-

9Each holder of water rights has a permanent entitlement, which determines his or her share of the
available water supply in a given year. The amount of water alloted to an irrigator in any given year
based on seasonal conditions and dam storage is known as an allocation. The actual amount of water
diverted from the river may be more or less than the allocation depending on water trade and the
irrigator’s preferences.
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Figure 21: Modeled diversions in South Australia

tory. Aside from the baseline historical series, we use two levels of permanent reductions corresponding

to 23% (3,000 GL) and 31% (4,000 GL) reductions across the basin. The net effect of the basin-wide

reductions is somewhat higher in South Australia than the basin as a whole; basin-wide reductions of

approximately 23% and 31% correspond to 32% and 42% reductions in median South Australian diver-

sions respectively. To avoid confusion due to the differences in basin-wide and regional reductions, we

will hereafter refer to the alternate scenarios as “Moderate” and “Severe” for reductions of 32% and 42%

in South Australia respectively. 10 These time series maintain the same hydrological sequence but vary

institutional rules in a way that results in nearly parallel downward shifts of the baseline time series as

can be seen below:
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Figure 22: Diversions for South Australia under alternate water scenarios

10The Riverland is the dominant area for irrigated agriculture in South Australia that uses water from
the Murray-Darling system. Therefore, we make the minor assumption that the variability of Riverland
diversion levels mirrors that of South Australian diversions as a whole.
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These three time series will serve as the baseline and alternate water scenarios when we do a Monte

Carlo analysis to investigate the combined impact of water reductions and variability on Riverland

farmers.

Water scarcity

Given the parameters specific to the Riverland, the model can be used to analyze the effects of permanent

reductions to agricultural water entitlements. Household consumption and debt as well changes in land

use can be evaluated for alternate levels of reductions. Alternatively, one could vary the price of water

to similar effect. We explore both possibilities here.

Water price increase

We estimate short-run and long-run agricultural water demand in the Riverland by running the opti-

mization model with successively higher water prices and capturing the resulting amount of water used.

We vary the water price in $40 increments from zero to $2,000 per mL, which roughly corresponds to

the highest spot price experienced in the region during the Millennium Drought. For each increment in

the water price, the model is allowed to run for 500 years, which is sufficiently long to reach a steady

state. We consider the first and last periods of the 500 year optimization as representing the short

and long run respectively. The amount of water used in these periods therefore determines a point on

either the short or long run water demand curves. The following results were obtained from the full

model (Models IV and VIII) under the assumption that the household starts with no initial debt. We

make this assumption to mitigate the impact of household debt dynamics on our estimate of the will-

ingness to pay for water. Note though that the household is still allowed to borrow or save if it so chooses.
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Figure 23: Water demand curves: Short-run and long-run
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Based on economic theory, we would expect the long-run demand curve to be more elastic than that

of the short run. In the results shown above, this is not quite the case; for water prices between $680

and $1,720 per mL the long-run demand curve lies above, and is more inelastic than, the short-run

curve. Outside this price range, the demand curves are more in line with expectations based on eco-

nomic theory. Below $680, the demand for water is lower in the long run than in the short run. Above

$1,720, it is not profitable to continue perennial production in the long run and the demand function

collapses to zero; however, in the short run, the household continues perennial production long enough

to take advantage of the existing perennial stocks. This is shown in Figure 24 11 and indirectly reflected

in Figure 25, where we see that long-run consumption and profits are higher up until $1,720, where the

short-run levels exceed them owing to the ability to run off the existing perennial stocks.

Figure 24: Land use by water price (i) Short-run (ii) Long-run
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Figure 25: Short and long-run (i) Consumption (ii) Profit

Several features of the model could help explain why demand might be more inelastic in the long run

for some range of prices. A permanent change in water prices results in a substitution away from more

water-intensive annual crops up to the point that the reduction in marginal costs of annual production

result in it being more profitable to keep land in annual production. In Figure 26, this is seen in the top

11Note that, starting at the origin, the water price along the x-axis decreases from left to right.
Although perhaps slightly curious, this will allow us to more easily compare these plots to those generated
in the next section, in which water entitlements increase from 50 – 100% moving from left to right.
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two plots where long-run annual crop production is lower, and marginal profits to annual production

therefore higher, across a wide range of water prices. The lower two plots show the tendency of the

model to switch to perennial production and smooth the perennial age distribution up to the point that

it is no longer profitable to continue perennial production in the long run. The lower L1 norm in the

long run up to $1,720 highlights the fact that changes in the composition of the perennial stock may

also contribute to unexpected divergences in the demand curves.
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Figure 26: Clock-wise from upper left: short-run and long-run (i) annuals area (ii)
marginal profit of annual production (iii) L1 norm (iv) perennial area

Figure 27 shows the time paths of assets and the L1 norms. The L1 norms are notable because they

show that in the absence of a water price full production smoothing occurs but in the presence of a

significant water price (time paths for $1,000 and $1,720 per mL are shown) the model converges to

a steady state in which perennial production occurs but it is no longer optimal to even out perennial

stocks such that a smooth quantity is produced over time. The time path of assets, on the other hand,

is notable because, although the model starts with no initial assets and the discount rate is such that it

is optimal to hold no assets at the steady state, the household still chooses to borrow and save to some

degree over the first 100 years. The combination of non-zero asset levels and the non-linear interest rate

function may therefore be another source of the unexpected relationship between the demand curves.
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Figure 27: Time paths for (i) Assets, (ii) L1 norm

Aside from the potential reasons for the peculiarities of the demand curves already mentioned, it is

important to note that the ability of the household to adapt to the water price in both the short and long

run is limited significantly by the inability to deficit irrigate, the lack of other annual crops that might

be less water-intensive than potatoes, the inability to improve water efficiency for the annual crops, the

lack of other water sources such as groundwater, and the lack of inter-regional water trade in the model.

While these limitations are real, they are beyond the scope of the present study.12 However, we may be

reassured about the model’s behavior by the fact that the time paths corresponding to different water

prices conform to basic economic intuition. Figure 28 shows that consumption and profits both decrease

monotonically with an increase in the water price while Figure 29 shows how land use shifts away from

the more water-intensive annual production as water price increases.
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Figure 28: Time paths for (i) Consumption, (ii) profits

12We might also add that it is possible that the running horizon algorithm may be problematic in this
regard. Unfortunately, this too lies outside the scope of the present study.
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Figure 29: Time paths for (i) Perennial area, (ii) annuals area

Reductions to water entitlements

We investigate the effects of permanent, uncompensated reductions to entitlements, which result in

entitlement levels ranging from 50 – 100% of the baseline level. Similar to the water price change sce-

nario, we run the optimization model at varying water allocation levels for 500 years, which is sufficient

to reach a steady state. The following results were obtained from the full model (Models IV and VIII).

Figure 30 shows how shadow values on the land and water resource constraints change from the short

run to the long run. While the water shadow value (λw) uniformly decreases as allocations increase, the

land shadow value (λL) increases for allocation levels above 90%.13 14 We can see the shift in relative

resource scarcity by looking at the point of intersection of the shadow values in the short run and how

that point shifts to the left in the long run. The point of intersection in the short run is roughly 5%

higher than in the long run (approximately 97% vs. 92% of the full allocation). This reflects the long-run

land use shift away from water-intensive annuals to perennials as can be seen in Figure 31. As water

allocations are reduced, annuals are taken out of production up until the point that the land left in

annual crop production is very profitable due to its quadratic cost curve. Beyond that point, perennial

stocks must be removed. Again, note that this overstates the likely impact of such reductions because

deficit irrigation is not allowed by the model.

13The distinction between entitlements and allocations is somewhat blurred here. Because of the
reduction in entitlements and the fact that this is a deterministic model, water allocations each year are
permanently reduced. Thus, we use the terms interchangeably in this section.

14Note that total regional irrigated land area is truly limited by the physical configuration of the
irrigation infrastructure in the Riverland. It would be neither economically nor politically feasible to
extend the infrastructure. Hence, a hard constraint on irrigated area is justified although, in practice,
on-farm irrigation management could allow for some expansion of irrigated area. At the aggregate level,
such expansion is likely to be modest.
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Figure 31: Long-run land use by water allocation level

It is interesting to note the stark difference in long-run land use as seen in Figures 24 and 31. Re-

ducing water allocations results in a much smoother land use transition relative to increasing water

prices. While the water allocation level is not lowered enough to result in the massive fallowing that

occurs for very high water prices, one might expect to see a more gradual transition to fallowing for

somewhat lower water prices. Table 12 summarizes the long run variable levels corresponding to a select

number of water allocation levels. This table reflects the land use changes seen in Figure 31 and gives

the accompanying consumption and asset levels. While consumption decreases smoothly with reduced

water allocations, assets are always zero as expected. Table 13 picks a few results from different water

price scenarios, which have been chosen to match the consumption levels in 12 as closely as possible

given the $40 price increments used. The interesting thing to note is how completely different the land

and water use patterns are in the two tables. A water price of up to $840 results in no fallowing of land

and only a modest shift away from annuals towards perennials with 9% of total land switching from

one use to the other. Conversely, a permanent 10% reduction in water allocations results in a whopping

24% of regional land dropping out of annual crop production with all but 1% switching to perennials.

Water use falls very little across water price scenarios with only a 3% reduction occurring as a result of
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a water price of $840. This insensitivity to water price appears to be a result of inelastic demand that

follows from the inability to reduce water use intensity as well as the need to keep long-lived, high-value

perennials in production almost irrespective of water costs.

Allocation % Consumption Assets Perennial area Annuals area Fallow

100 8.4 0 0.68 0.32 0

90 8.1 0 0.91 0.08 0.01

80 7.2 0 0.80 0.08 0.12

70 6.3 0 0.68 0.08 0.24

60 5.4 0 0.57 0.08 0.35

50 4.5 0 0.46 0.08 0.46

Table 12: Long-run values under water rationing

Water Price Consumption Assets Perennial area Annuals area Fallow

(Allocation %)*

0 (100) 8.4 0 0.68 0.32 0

0.08 (100) 8.04 0 0.68 0.32 0

0.24 (100) 7.28 0 0.68 0.32 0

0.44 (99) 6.32 0 0.70 0.30 0

0.64 (98) 5.4 0 0.73 0.27 0

0.84 (97) 4.5 0 0.77 0.23 0

Table 13: Long-run values for water price scenarios

*(Allocation %) represents the equivalent percentage of the full allocation level used in production

given the water price. Price and consumption reported are in $1,000.

While not included in these tables, variables related to the composition of perennial stocks and rotation

length appear to be irrelevant to the land use transitions seen here. The L1 norms differ slightly across

scenarios in the two tables but are, in any case, less than 0.10 for all scenarios. Similarly, the oldest

age class is identical (removal at the beginning of the 32nd year) for all scenarios across both tables.

Furthermore, since assets are zero across all scenarios profits are equal to consumption in both tables.

Therefore, the only difference across the tables is the pattern of water and land use. It seems that

although raising water prices represents an input tax the net effect on production levels is more like
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a tax on profits, owing to inelastic water demand. Household consumption drops significantly but

production decisions remain nearly constant unless water prices are raised to extremely high levels.

Water variability

Monte Carlo procedure

We conducted a basic time series analysis to characterize the variability of the diversion data for the

three time series (baseline, moderate, severe) used in Monte Carlo simulations. After inspection of the

auto-correlation and partial auto-correlation functions for the three time series, we determined that it

was most appropriate to model them as AR(1) processes and we found no evidence of a unit root for

any of three. The regression results for each time series are given in Table 25 in the appendices. A

Jarque-Bera test was conducted for each, revealing that the residuals were very likely non-normal. We

then fit a distribution to the residuals and use them to derive a distribution of water supply shocks

for use in the simulations. To generate a synthetic time series with stochastic shocks drawn from the

distribution of residuals, we use the following equation:

q̃t = ψ̂0 + ψ̂1qt−1 + ε̃t (97)

where q̃t represents the stochastic water quantity, the ψ terms are the coefficients estimated in the

regression, and the term ε̃t is a random shock drawn from the fitted distribution. The result is a

time series which displays auto-correlation similar to the original time series. We then take a random

draw from the values in the original time series and use it as the initial value in the equation above in

combination with a random draw from the shock distribution. This gives a forecasted value with noise

which is then used as the lagged term in the next iteration of the equation. In this manner, we construct

the data necessary for a Markov Chain Monte Carlo analysis. The data are then used to fix the water

allocation in the NLP model for each period (qt):

K∑
k=0

wk(sk,t − zk,t) + wxxt ≤ qt ∀t (98)

Using the Monte Carlo procedure, we investigate the effect of stochastic water allocations on con-

sumption, land use, and quantity supplied under the baseline and alternate water reduction levels in the

next section.

Monte Carlo simulation results

We use Equation 97 to generate time series sufficient to run the Monte Carlo simulations for the

baseline, moderate, and severe scenarios. Table 14 shows summary statistics of the data including the

median allocation from the two alternate scenarios as a proportion of the median baseline allocation

from the data, which has been pooled across all Monte Carlo runs and all time periods. Note that
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median level relative to the baseline for the moderate case is slightly higher than that of the original

data (72% vs. 68%) and for the severe case it is slightly lower (52% vs. 58%). This is likely caused

by the somewhat slow convergence of the generated data to the true mean of the Monte Carlo Markov

Chain. For our purposes here, these median values are close enough.

Scenario Mean Median Median as S.D.

% of Baseline

Baseline 4.72 4.8 100 0.97

Moderate 3.36 3.45 72 0.79

Severe 2.43 2.52 52 0.59

Table 14: Statistical values for stochastic allocation data generated

Figure 32 shows a histogram of these water allocations pooled across all Monte Carlo runs. Since the

water allocations are exogenous, we can pool them together to create useful histograms; however, for

endogenous variables such plots would notbe appropriate because the time path for a given variable in a

single model run reflects intertemporal trade-offs. Pooling together plots of endogenous variables across

model runs would obliterate any economic content represented by the individual runs. Note that the

analysis in this section is conducted using 100 Monte Carlo runs of 100 years each, resulting in 10,000

total allocations in the pooled distributions. Also, because the “artificial” planning horizon in each run

of the running horizon algorithm is 64 years (long enough for two perennial rotations), the total number

of draws used to construct the Markov chains used was 640,000 for each of the three water scenarios.

Since only the values from the first year of each run through the algorithm is retained, the vast majority

of these values are not reported.

For endogenous variables, we considered some alternative ways of viewing the simulation results. Fig-

ure 33 illustrates the results for consumption under the baseline water scenario. The upper left quadrant

shows the first two time paths generated by the simulation while the upper right quadrant shows the

noisy mass created by displaying all 100 time paths in one plot. By pooling across each Monte Carlo

run for a given time period, we create what we refer to as the “median time path” as shown in the

lower left quadrant. This plot shows the median level of the variable for each time period, giving us a

smoothed level of consumption due to the pooling by time period. We use the median value because

there are many low outliers as can be seen by the black dots in the box-and-whisker plot in the lower

right quadrant. The large degree of dispersion within each time period is likely caused by the lack of

flexibility of Leontief production in a stochastic simulation combined with a lack of other adaptation

measures that might be available to the farmer. Lastly, we note that the data pooled across all runs and
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Figure 32: Histogram of allocations pooled within each scenario

time periods appears to be non-normal as can be seen in the fitted probability distribution in Figure

34. This is not surprising given that the shocks to the water allocations are non-normal but it means

that we should exercise caution when thinking of the standard deviation as giving a confidence interval

around the variable mean in the results that follow.
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Figure 33: Consumption under baseline (no reductions to entitlement)
(i) Consumption time paths for 2 MC runs
(ii) Consumption time paths for all MC runs
(iii) Median consumption time path
(iv) Box-and-whisker plot of consumption time path with outliers
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Figure 34: Consumption under baseline pooled across MC runs and time is clearly
non-normal

Looking at the median time paths for selected variables across all water scenarios shows the joint

effects of water reductions and variability. In Figure 35 , there is a near parallel downward shift for

consumption and profits from the baseline to the moderate scenarios that is significantly larger than

the downward shift from moderate to severe scenarios. Similarly, in Figure 36 we see a downward shift

across scenarios for the perennial area paths. The baseline time path shows a slight upward trend

from the first period onward while the annuals plot shows a corresponding downward trend, making it

apparent that the household is responding to water variability by shifting away from the more water-

intensive annuals to the less water-intensive perennials. In contrast, the moderate time path more or

less maintains the initial perennial area but significantly decreases the area devoted to annuals with

the time trend remaining basically constant over the whole path. The severe time paths show a big

decrease in perennial area but, except for in the initial periods, very little decrease in annual crop

area. These two paths show that, similar to the deterministic water reduction analysis, the household

will respond to permanent water reductions first by decreasing annual production and then, when the

marginal profitability of annuals is very high, decrease perennial production.
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Figure 35: Median time paths across all scenarios for (i) Consumption (ii) Profit
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Figure 36: Median time paths across all scenarios for (i) Perennials (ii) Annuals

To help see the effect of water reductions on total land use, Figure 37 displays the land use of all

three scenarios. The top of each plot shows fallowed land in orange-brown. Moving from left to right,

the change in quantity of fallowed land is striking. While the change in land use is likely overstated

for several reasons already discussed, this chart highlights the fact that permanent water reductions

may lead to a large number of farms exiting the industry with possibly severe impacts to related local

industries.

Figure 37: Time path of median land use for (i) Baseline (ii) Moderate (iii) Severe
Green = Perennials, Yellow = Annuals, Orange-Brown = Fallow
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Figure 38 shows that initially the household tries to pay off the debt that it starts off with and then

settles into a relatively costant time path across scenarios. In the baseline case, the household some-

times saves and sometime borrows but in the moderate and severe scenarios the household is always a

borrower. By construction, the interest rates track the asset levels with the baseline scenario’s interest

rate path frequently hitting the saving rate of 0.04. The other two scenarios hover around the 0.06

level, which is the intercept for the borrowing rate function. Because of the discontinuity at zero, the

interest rate for the baseline appears to follow a jagged pattern, flipping from borrower to saver and

back, while the path of the moderate and severe scenarios appears to rest on the peaks of the baseline

path. The time paths for the oldest age class in production (Figure 39 ) also follow jagged paths due

to the discrete nature of the age classes. While there is a steady descent to somewhere in the range of

24-26 years for the moderate and severe scenarios, the baseline path makes a gentle decrease to around

30 years. Meanwhile, the L1 norms of the three scenarios all increase over the time paths, indicating a

more unequal age distribution as time progresses.15
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Figure 38: Median time paths across all scenarios for (i) Assets (ii) Interest rate

15While this could follow from the occasional need to remove perennials when a very big water shock
hits the household, it appears that there is a slight error in the calculation of the L1 norm. In the
deterministic analysis, there is very little or no variation in the optimal removal age, so the L1 norms
are calculated with respect to the known optimal steady-state rotation length. In the stochastic analysis,
there are large adjustments away from the initial age distribution toward steady states with a shorter
rotation length but the L1 norm is still calculated using the rotation length from the deterministic model.
It is debatable how to correct this; if you allow the reference rotation length in the calculation to vary
from year to year with the oldest current period age class then the L1 norm will display more volatility.
An alternative solution would be to solve for the approximate steady state rotation length ex ante using
either a deterministic model with the same median water allocation level as the relevant Monte Carlo
scenario or a sample of the Monte Carlo allocation time paths and then to use this approximation as
the target rotation length in the L1 norm calculations.
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Figure 39: Median time paths across all scenarios for (i) Oldest (ii) L1 Norm

Tables 15 and 16 highlight the change in mean values of key variables across the baseline, moderate,

and severe reduction scenarios. Notice that consumption drops significantly as allocations are reduced

with decreases relative to the baseline of 26% and 42% for the moderate and severe scenarios respec-

tively. Also, note that assets are very volatile with change in the mean levels of over 500% and 600%

owing to the fact that the baseline asset levels are very close to zero. It appears that the household

may be using debt to smooth consumption in the face of water variability whereas in the deterministic

model there is no reason to hold debt given the household discount factor. In the presence of imperfect

capital markets, this may imply that the government could subsidize loans to help stabilize the irrigated

agriculture sector.16 Lastly, rotation lengths shorten significantly in the moderate and severe scenarios,

likely reflecting the fact that when a large water shock occurs the household first removes the oldest age

classes since they have relatively lower net present values compared to younger vines.

16We could test this hypothesis directly if we extended the present model to allow the household to
exit the industry.
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Variable Baseline Moderate Severe

Consumption 7.69 5.67 4.5

(1.08) (1.18) (0.97)

Assets -0.17 -1.08 -1.26

(2.25) (2.46) (2.19)

Profit 7.8 5.83 4.67

(1.41) (1.49) (1.25)

Perennial Area 0.72 0.63 0.50

(0.09) (0.12) (0.11)

Annuals Area 0.23 0.13 0.11

(0.11) (0.11) (0.09)

L1 Norm 1.02 1.02 0.83

(0.20) (0.20) (0.17)

oldest 29.42 24.77 23.96

(4.15) (6.24) (6.46)

Table 15: Mean (S.D.) values of data pooled across all MC runs and time periods for
each scenario

Variable Moderate Severe

Consumption -26 -42

Assets 523 627

Profit -25 -40

Perennial Area -12 -30

Annuals Area -44 -53

L1 Norm 0 -18

Oldest Age -16 -19

Table 16: % change relative to pooled mean values from baseline scenario
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Comparison of deterministic and stochastic water reduction analyses

The Monte Carlo results we generated in the last section use variable water supplies under different

reduction scenarios. We may be able to differentiate between the effects of variability and mean reduc-

tions by comparing those results to the analogous version of the deterministic model. We therefore run

the deterministic model over 100 years with allocation levels corresponding to those of the median from

the baseline, moderate, and severe Monte Carlo simulations. The baseline allocation scenarios from the

deterministic and Monte Carlo models (Table 17 ) show how much the household loses as a result of more

variable water supplies. Mean consumption decreases $630 per hectare (8%) as a result of introducing

variability. It is important to note that the deterministic model results exhibit variability over the first

100 years due to the difference between the initial conditions and the steady state. The stochastic model

also reflects this effect on top of the variability stemming from water supplies. For that reason, it is not

surprising that the standard deviation of all variables from the stochastic model is much higher than

those of the deterministic model. Looking at the variability of consumption in the stochastic model, we

see that the standard deviation of consumption (1.08) is lower than assets (2.25) and profits (1.41). This

may, in part, reflect the tendency to smooth consumption via changes in production and assets although

it is difficult to determine the extent of this given the smoothing effect of pooling over time periods and

Monte Carlo runs. Interestingly, consumption in the deterministic model is actually more variable than

profits (0.38 vs. 0.27). This may occur because the household pays off the initial debt held as quickly as

possible, resulting in lower initial levels of consumption relative to later years. It is interesting to note

that debt is somewhat higher in the deterministic model (29%), which may be a result of the sequence

of random draws used in the Monte Carlo simulation. As we will see, this does not continue to be the

case when we look at the other water reduction scenarios.

In terms of land use, it is apparent that water variability leads to less total land in production (-5%)

and a shift away from more water-intensive annuals (-28%) to less water-intensive perennials (+6%)

relative to the deterministic model. In addition, the perennial rotation is slightly shorter (6%) and the

L1 norm is much higher (325%). The change in perennial age distribution may be caused by periodic

large water shocks combined with a lack of adaptation measures, which is supported by Figure 40. The

box-and-whisker plots clearly show that large removals are much more likely to occur than new plantings

in any given year.
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Variable Deterministic Stochastic % ∆µ

Consumption 8.32 7.69 8

(0.38) (1.08)

Assets -0.24 -0.17 29

(1.12) (2.25)

Profit 8.41 7.8 7

(0.27) (1.41)

Perennial Area 0.68 0.72 -6

(0.02) (0.09)

Annuals Area 0.32 0.23 28

(0.02) (0.11)

L1 Norm 0.24 1.02 -325

(0.09) (0.20)

Oldest 31.2 29.42 6

0.40 (4.15)

Table 17: 100 year mean (S.D.) for baseline deterministic and Monte Carlo models

µd = deterministic mean, µs = Monte Carlo mean, % ∆µ = 100× µd−µs
µd
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Figure 40: Box-and-Whisker plot of baseline MC (i) Removals (ii) New plantings over
100 years

As we see in Table 18, the difference in mean consumption between the deterministic and stochas-

tic models increases slightly to 10% in the moderate reduction scenario. Whereas the amount of debt

held in the baseline and moderate scenarios of the deterministic model is very nearly the same (-0.24

and -0.25 respectively), we see that debt increases greatly in the stochastic model (-1.08) relative to
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the baseline scenario (-0.17). Whereas in the baseline scenario the stochastic model shifts away from

water-intensive annuals in response to water variability, in the moderate scenario we see the opposite is

true. Perennial area is 10% lower in the stochastic model and annuals area is 44% higher with total area

cultivated slightly less (76%) than in the deterministic model (79%). The difference in age distributions

again skews younger for the stochastic model with the L1 norm more than 200% higher and the rota-

tion length 20% lower than the deterministic model. Since the mean oldest age class in production is

only slightly lower in the deterministic model for the moderate scenario (30.9) compared to the baseline

scenario (31.2), the widening divergence in oldest perennials between the deterministic and stochastic

models appears to be caused by more common large water shocks.

Variable Deterministic Stochastic % ∆µ

Consumption 6.33 5.67 10

(0.34) (1.18)

Assets -0.25 -1.08 -332

(1.1) (2.46)

Profit 6.42 5.83 9

(0.22) (1.49)

Perennial Area 0.70 0.63 10

(0.03) (0.12)

Annuals Area 0.09 0.13 -44

(0.02) (0.11)

L1 Norm 0.32 1.02 -219

(0.13) (0.20)

Oldest 30.9 24.77 20

(0.54) (6.24)

Table 18: 100 year mean (S.D.) for Moderate deterministic and Monte Carlo models
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Under the severe scenario, the differences in consumption (3%) and profits (1%) between the deter-

ministic and stochastic versions of the model are very low despite higher mean total land use in the

stochastic model (61% vs. 56%). The reason for this discrepancy appears to be the much higher debt

level (332%) and shorter rotation length (-20%) in the stochastic model, which are both likely the result

of the shocks to water allocations. While debt is used to smooth consumption, perennial plantings need

to be replenished after severe water shocks cause the need for removals. However, overall, water vari-

ability appears to have much less of a negative impact on the household in the severe scenario, which

may stem from the specific sequence of water shocks. It is also possibly because the distribution of

water allocations is bounded at the low end by zero and therefore increasingly stricter water reduction

scenarios result in tighter distributions. This has the effect of decreasing the impact of variability rel-

ative to the impact of water scarcity. While conducting more Monte Carlo runs would help to discern

the true cause of this phenomenon, it is undoubtedly the case that beyond some threshold level of water

reductions the expected value of continued production will be so low as to make variability practically

irrelevant. In a larger, more flexible model this would likely result in more land being used in flexible,

less water-intensive activities such as pasture crops and in many households exiting the irrigated agri-

culture sector entirely.

Variable Deterministic Stochastic ∆µ

Consumption 4.62 4.5 3

(0.28) (0.97)

Assets -0.16 -1.26 -688

(1.32) (2.19)

Profit 4.71 4.67 1

(0.34) (1.25)

Perennial Area 0.49 0.50 -2

(0.04) (0.11)

Annuals Area 0.07 0.11 -57

(0.03) (0.09)

L1 Norm 0.48 0.83 -73

(0.07) (0.17)

Oldest 29.85 23.96 20

(2.74) (6.46)

Table 19: 100 year mean (S.D.) for Severe deterministic and Monte Carlo models
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Figure 41 draws from Tables 17–19 to illustrate how the median consumption level changes as the me-

dian allocation level changes for the corresponding deterministic and stochastic models. The difference

between the two lines gives us some indication of the willingness to pay to avoid variability in water

supplies. For the baseline (4.8 mL/ha.) and moderate (3.45 mL/ha.) scenarios, this difference is quite

significant, amounting to $420 and $550 per ha. respectively. However, for the severe scenario (2.52

mL/ha.) there is no premium for more reliable water supplies. This may mean that at that allocation

level the effects of water scarcity are far more damaging than the amount of variability or it could be

the case that the draws for the Monte Carlo simulation were quite favorable. Conducting Monte Carlo

simulations with a much larger number of runs should shed light on this point.
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Median

Allocation
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Figure 41: Median Consumption for deterministic and Monte Carlo Models
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Summary

We explore the effects of changes in water allocations in three ways: by using a water price in a

deterministic framework and by rationing water via an uncompensated permanent reduction to water

entitlements in both deterministic and stochastic settings. Varying water prices allows for the derivation

of agricultural water demand curves but the short-run and long-run water demand curves prove difficult

to interpret. Over a large range of prices the long run demand curve is higher and more inelastic than

the short run curve. We identify several features of the model that might help explain this behavior

including the impact of imperfect capital markets and the fact that the initial conditions are far from

the steady state. In addition, the adaptation measures available to the household in the long run are

quite restricted. A more detailed policy analysis might obtain more realistic demand curves by allowing

for deficit irrigation, alternate annual crops, and inter-regional water trade among other options.

Exploring the effects of permanent, uncompensated water entitlement reductions in a deterministic

setting sheds light on how land use changes in the short and long run. The household responds to water

reductions by first decreasing annuals because they are more water-intensive. However, because we use

quadratic land costs for annual production, beyond a certain point the marginal profits from annual crop

production rise enough that it becomes more advantageous to keep some annuals in production and start

removing perennial crops. The oldest age classes of perennial crops are then removed as needed for water

reductions beyond that amount. When comparing the effects of water rationing to the use of water prices,

the difference in land use patterns is striking. Whereas land use is very responsive to water rationing

it barely responds to water price increases. This may result due to very inelastic water demand, which

results from, among other things, Leontief production. While it is expected that treating perennial crops

as vintage capital may introduce rigidities that would make land use less responsive to water prices, at

least in the short run, it is evident that the limitations of the representation of the production technology

play a significant role in this result. In addition, it may be the case that imperfect capital markets play

some role in the divergence of these results.

In the stochastic analysis, the household reacts to permanent water reductions by shifting production

away from water-intensive annuals but not to the extent that occurs in the deterministic analysis. This

likely follows from the flexibility of annual crop production in the face of water supply variability.

Perennial rotation lengths and household assets both decrease markedly across reduction scenarios as

water becomes more scarce. This may reflect the role of debt in smoothing consumption and the

negative effects of abnormally low water allocations causing removals of large areas of perennial crops.

Water variability has large negative effects on household consumption when comparing the baseline and

moderate deterministic and stochastic scenarios. However, the negative effect in the severe scenario is

very low or non-existent, perhaps indicating that water scarcity effects dominate, that the Monte Carlo

draws were relatively favorable, or some combination of the two. More Monte Carlo runs are needed to

determine the exact cause of this phenomenon.
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Chapter 6 Conclusions

Perennial crops are important to the Murray-Darling Basin and many other arid and semi-arid regions

in which agriculture depends on irrigation. Due to their long-lived nature and often high value in pro-

duction, perennial crop production faces some management challenges that don’t exist for annual crops.

Scarce and variable water supplies may cause farmers to reallocate water from annuals to perennials

in the short run in order to protect their investments. Changes in water supply and expectations of

future prices may lead to shifts in land use between perennial and annual crops. Such changes have

ramifications for the economic welfare of the irrigated agriculture sector and therefore agricultural water

demand. This study develops a dynamic model of irrigated perennial production of a representative

farming household and, in so doing, advances the literature on the economics of perennial supply as

well as the literature on regional agricultural programming models. While others have made advances

in addressing the potential impacts of water reform in the face of climate variability and/or climate

change, the present study appears to be the only one to address such issues in the context of a fully

dynamic model of perennial crop production.

The model is explored analytically using a dynamic programming formulation and the optimal steady

state conditional an optimal removal age is characterized. The model is then implemented in a dynamic

optimization framework in GAMS. The computational analysis allows us to quantify the rate of conver-

gence to the steady state and test the sensitivity of the model to the initial conditions, i.e. the amount

and age composition of the perennial stocks and the amount of assets held by the household. Under

the assumption of log utility, the qualitative features of the optimal steady state are largely driven by

the goal of consumption smoothing and we find that the steady state is always reached except for the

case that the household discount rate is below that of the interest rate for saving, in which case there

is explosive growth in assets and consumption. Although convergence to the steady state is almost

always assured, in practice it takes a very long time for the model to reach the steady state, which

appears to follow directly from the long life in commercial production of the perennial crop combined

with the difference between the initial conditions and the steady state. Consumption smoothing and the

optimal rotation length act as counterweights; reducing the variability of consumption over time leads

the household to smooth the age distribution of perennial stocks but seeking the highest consumption

path possible causes it to extract as much value as possible from the existing perennials. In essence,

there is a mean-variance trade-off that occurs even in the deterministic model, which is caused by the

heterogeneity of vintage capital stocks. The fact that, even in the best case, convergence to the steady

state takes over a century underscores the need for the development of models such as this one, which

are capable of representing the transitional dynamics of agricultural land use in areas where perennial

production is important.
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Once the basic model properties are established, we investigate the effects of reduced water allocations

on a representative farming household in the Riverland region of South Australia. We explore the effects

of changes in water policy in three ways: by including a water price, by rationing water in a deterministic

setting, and by rationing water in a stochastic setting. Whereas economic theory indicates that quantity

restrictions and price changes are dual problems that should give the same results by equating shadow

values and prices, this is not the case in our results due to the features of the model. The divergence in

results is likely caused by both the fact that the initial conditions differ from the optimal steady state

and that there are imperfections in the capital market. Because imperfections are prevalent in real-

world capital markets, this finding may have implications for policy, including the effects of extending

subsidized lines of credit to farming households or the willingness to accept exit grants to sell water

rights and cease farming. This study also contributes to the water policy debate in the Murray-Darling

Basin by introducing stochastic water allocations in a dynamic model.17 The results from the stochastic

model show how the household is negatively affected by the combination of mean water reductions and

variability, indicating that the household is likely to take on significant debt as a result of variability.

Comparing the results of the stochastic analysis with that of the deterministic model provides us with

an estimate of the reduction in household consumption due to water variability, which is significant

for the baseline and moderate scenarios but not in the severe scenario. In addition, stochastic water

supplies disrupt the perennial planting rotation and the model shows no tendency to converge to the

steady state, reinforcing the need for analysis capable of representing transitional dynamics.

Although the emphasis in the current study on the vintage structure of perennial stocks introduces

more realism than is commonly found in the literature, the model in its current form is limited in

several respects and any quantitative results should be treated with caution. Perhaps the most obvious

way in which the current model should be extended is by altering the crop production functions to

allow for deficit irrigation.18 This fact combined with the absence of alternate crops, alternate water

sources, and inter-regional water trade all tend to bias the results by limiting farmer flexibility. Hence,

the quantitative findings presented here suggest an upper bound on the likely impacts of water policy

reform and stochastic water supply. However, despite these limitations, the present model exhibits

a degree of complexity uncommon to the literature, which unfortunately makes isolating the effects

of different model components difficult even after examining alternate versions of the computational

model. By simplifying the model in certain ways, one could disentangle some of the myriad factors that

shape the model behavior and extend the literature in several directions. For instance, the presence

of imperfect capital markets could be used to build an alternate version of the model which allows

17The proposed MDB Plan only addresses long run average flows despite the fact that the rivers in
the basin are among the most variable in the world, irrespective of climate change.

18Unfortunately, we know of no existing rigorous economic studies on the interseasonal impacts of
deficit irrigation on perennial crops.
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debt dynamics to determine whether or not the household remains in the irrigated agriculture sector.

We could then investigate the potential impact of subsidized interest rates or exit grants in a dynamic

framework, which few other studies have attempted. Another research avenue would be to focus on the

profit maximization problem. By reducing the number of age classes present in the model, we could fully

characterize the dynamics of the problem in an analytical manner and then compare those results to the

known results from the forestry literature. A profit maximization model with perfect capital markets

would greatly simplify the analysis of water demand and allow for an exploration of the impacts of

existing perennial stocks on short-run water demand.

Aside from deficit irrigation, there are many other potentially fruitful extensions to the present study.

The model could be readily integrated into a larger basin-wide hydro-economic optimization model. In-

cluding alternate water supplies such as groundwater and modelling water storage and carry-over would

allow for more realistic adaptation to drought by perennial and annual crop producers, and better es-

timates of agricultural water demand. While salinity is an important and ever-present concern in the

MDB, it is not considered in the present model. Introducing salinity in a larger hydro-economic model

with perennial production and groundwater would be very policy-relevant for the MDB and could also

be adapted to analyze other regions where irrigated perennials and salinity are important such as Cali-

fornia’s Central Valley. In general, the model presented here could benefit from being incorporated into

a more integrated hydro-economic model and, in turn, enrich the analysis from such a model.
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Appendix

Parameter Value Units

rh 0.05

ρ 1

β0 0.06

β1 9× 10−4

rs 0.04

K 40

γk 7,700 for k = 0 $/ha.

2,931 for k > 0 $/ha.

γw 49.78 $/mL

γx 5,681 $/ha.

ps 622 $/tonne

px 360 $/tonne

wk 1.8 for k = 0 mL/ha.

2.4 for k = 1 mL/ha.

3.6 for k = 2 mL/ha.

4.4 for k ≥ 3 mL/ha.

wx 6.1 mL/ha.

yk 0 for k = 0 tonnes/ha.

6 for k = 1 tonnes/ha.

12 for k = 2 tonnes/ha.

20 for k ≥ 3 tonnes/ha.

yx 33 tonnes/ha.

q̄ 4.8 mL

Table 20: Baseline parameter values
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Sensitivity analysis

Variables

Parameter Value ct at πt Qst k∗
∑

k sk,t xt L1t

Baseline 8.14 -0.15 8.17 12.38 21.94 0.68 0.32 0.94

rh .01 6.88 141.2 8.33 12.71 21.7 0.70 0.3 1.00

.10 7.73 -4.01 7.96 12.06 22.3 0.67 0.33 0.90

ρ 0 8.20 -0.02 8.20 12.75 21.8 0.70 0.30 1.07

2 8.11 -0.33 8.16 12.32 21.92 0.68 0.32 0.91

ps 0.50 6.66 -0.44 6.70 10.72 21.76 0.59 0.39 0.78

0.75 9.91 0.27 9.94 14.16 21.86 0.78 0.22 1.06

β0 0.04 8.12 -1.81 8.17 12.39 21.92 0.68 0.32 0.94

0.08 8.14 0.20 8.17 12.36 21.92 0.68 0.32 0.93

β1 4.5× 10−4 8.13 -0.38 8.17 12.44 21.92 0.69 0.31 0.95

13.5× 10−4 8.14 -0.03 8.18 12.34 21.94 0.68 0.32 0.93

a0 -2.50 8.06 -0.36 8.16 12.29 21.92 0.68 0.32 0.91

2.50 8.21 0.089 8.18 12.46 21.92 0.69 0.31 0.96

wx 4.88 8.20 -0.02 8.23 10.89 21.88 0.60 0.40 0.97

7.32 8.02 0.05 8.05 14.37 21.90 0.79 0.21 1.04

Table 21: Sensitivity Analysis for Model IV, None scenario: 50 Year mean values
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Variables

Parameter Value ct at πt Qst k∗
∑

k sk,t xt L1t

Baseline 1 1 1 1 1 1 1 1

rh .01 0.85 -948.1 1.01 1.03 0.99 1.02 0.95 1.06

.10 0.95 26.96 0.97 0.97 1.02 0.98 1.04 0.95

ρ 0 1.01 0.13 1 1.03 1 1.03 0.94 1.14

2 1 2.24 1 1 1 1 1.01 0.97

ps 0.50 0.822 2.94 0.82 0.87 0.99 0.86 1.22 0.83

0.75 1.22 -1.83 1.22 1.14 1 1.14 0.7 1.13

β0 0.04 1 12.17 1 1 1 1 1 1

0.08 1 -1.33 1 1 1 1 1 0.99

β1 4.5× 10−4 1 2.57 1 1.01 1 1 0.99 1.02

13.5× 10−4 1 0.18 1 1 1 1 1.01 0.99

a0 -2.50 0.99 2.44 1 0.99 1 0.99 1.01 0.97

2.50 1.01 -0.60 1 1.01 1 1.01 0.99 1.03

wx 4.88 1.01 0.11 1.01 0.88 1 0.88 1.27 1.03

7.32 0.99 -0.33 0.99 1.16 1 1.16 0.66 1.11

Table 22: Sensitivity Analysis for Model IV, None scenario: 50 Year mean relative to
base mean
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Note: time to steady-state is calculated using a tolerance level of 0.1% for all variables. The variables

considered when determining the proximity to the steady state include consumption, assets, total peren-

nial area, new plantings, annuals area, and oldest perennial age class. The model is considered to have

reached the steady state when for all variables listed above (vt), we have
∆vt,t+1

vt
≤ 0.001.

Variables

Parameter Value c∗ a∗ π∗ Qs∗ k∗
∑

k
s∗k x∗ Tss

Baseline 8.40 0 8.40 12.63 32 0.68 0.32 498

rh .01 43,270 1.98× 106 8.51 12.58 32 0.68 0.32 -

.10 7.99 -3.88 8.29 12.78 33 0.69 0.31 499

ρ 0 8.38 0 8.38 12.58 32 0.68 0.32 499

2 8.40 0 8.40 12.63 32 0.68 0.32 499

ps 0.50 6.86 0 6.86 11.84 32 0.64 0.35 443

0.75 10.25 0 10.25 15.04 32 0.81 0.19 499

β0 0.04 8.32 -1.89 8.40 12.62 32 0.68 0.32 498

0.08 8.40 0 8.40 12.63 32 0.68 0.32 498

β1 4.5× 10−4 8.40 0 8.40 12.62 32 0.68 0.32 499

13.5× 10−4 8.40 0 8.40 12.63 32 0.68 0.32 499

a0 -2.50 8.40 0 8.40 12.63 32 0.68 0.32 498

2.50 8.40 0 8.40 12.62 32 0.68 0.32 499

wx 4.88 8.41 0 8.41 11.45 32 0.62 0.38 495

7.32 8.32 0 8.32 14.95 32 0.81 0.19 499

Table 23: Sensitivity Analysis: Terminal period (T = 500) values
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Variables

Parameter Value c∗ π∗ Qs∗ k∗
∑

k
s∗k x∗

Baseline .01 1 1 1 1 1 1

rh .01 5152 1.01 1 1 1 1

.10 0.95 0.98 1.01 1.03 1.01 0.98

ρ 0 1 1 1 1 1 1

2 1 1 1 1 1 1

ps 0.50 0.82 0.82 0.94 1 0.94 1.09

0.75 1.22 1.22 1.19 1 1.19 0.6

β0 0.04 0.99 1 1 1 1 1

0.08 1 1 1 1 1 1

β1 4.5× 10−4 1 1 1 1 1 1

13.5× 10−4 1 1 1 1 1 1

a0 -2.50 1 1 1 1 1 1

2.50 1 1 1 1 1 1

wx 4.88 1 1 0.91 1 0.91 1.2

7.32 0.99 1 1.18 1 1.18 0.61

Table 24: Sensitivity Analysis for Model IV, None scenario: Terminal period (T = 500)
values relative to baseline
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Figure 42: Map of the Murray-Darling Basin

Riverland circled in red.

(Murray-Darling Basin Authority 2012)
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Water Scenario ψ̂0 ψ̂1 AIC r̄2 JB

(S.E.) (S.E.)

Baseline 102.23 0.79 1206.99 0.41 215.00

(47.08) (0.09)

−23% 75.39 0.77 1166.79 0.47 205.44

(27.11) (0.08)

−31% 60.06 0.78 1127.37 0.50 169.85

(22.02) (0.08)

Table 25: AR(1) regression results for each water scenario
qt = ψ0 + ψ1qt−1 + εt

AIC = Akaike Information Criteria, JB = Jarque-Bera
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