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Water Is a Cagey Liquid
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Physics & Astronomy, Stony Brook University, Stony Brook, New York 11794-5252, United States

Abstract

Liquid water is considered poorly understood. How are water’s physical properties encoded in its
molecular structure? We introduce a statistical mechanical model (CageWater) of water’s
hydrogen-bonding (HB) and Lennard—Jones (LJ) interactions. It predicts the energetic and
volumetric and anomalous properties accurately. Yet, because the model is analytical, it is
essentially instantaneous to compute. This model advances our understanding beyond current
molecular simulations and experiments. Water has long been regarded as a “2-density liquid”: a
dense LJ liquid and a looser HB one. Instead, we find here a different antagonism underlying
water structure—property relations: HBs in water—water pairs drive density, while HBs in
cooperative cages drive openness. The balance shifts strongly with temperature and pressure. This
model interprets the molecular structures underlying the liquid-liquid phase transition in
supercooled water. It may have value in geophysics, biomolecular modeling, and engineering of
materials for water purification and green chemistry.
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INTRODUCTION

A goal of material science is to model how the properties of materials derive from their
molecular structures. For liquid water, this has been difficult. Despite its importance and
extensive studies, liquid water is considered “poorly understood”.} Water has anomalous
properties (in its ambient and supercooled density, compressibility, expansion coefficient,
and heat capacity vs temperature and pressure). It is difficult to model because of water’s
strong cohesion and incommensurate forces. Like other molecules, water has radial repulsive
and attractive forces. However, unlike most others, water molecules also engage in strong
tetrahedral hydrogen bonding, which drives intermolecular heterogeneous cage-like
clustering.

While computer simulations of explicit water models such as TIP, SPC, ST2, and mw1-6
play an important role, simulations alone are not the “understanding” that is often sought.
From simulations, the chain of logic from molecules to macroscopics can be corrupted by
convergence and sampling errors, so such simulations are challenged to give derivative
properties such as heat capacities, compressibilities and expansion coefficients, structural
populations, free energies, and entropies and to sample weakly populated multibody
heterogeneous structures such as networks and cages. Yet, the alternative—theoretical
modeling®:"~34—rarely predicts properties with quantitative accuracy because of water’s
complexity.
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Theories dating back to 18923% explain liquid water’s anomalies as resulting from mixture of
high-density and low-density components.26:28.29.36-43 et no molecular theory addresses
these key questions: What are the structures and populations of those molecular assemblies?
How does molecular organization change with temperature and pressure? Do the
components ever become two distinct stable states, as has been postulated for the liquid
—liquid transition of supercooled water?’:26:28.29.36.41 Here, we develop a statistical
mechanical theory of liquid water (CageWater) based on radial contacts, tetrahedral
hydrogen bonding, and multiwater cages. It is analytical, so it computes properties
essentially instantaneously as derivatives of a partition function, predicts experiments to
within a few percent over the range of temperatures for which data is available, and gives
interpretations of bulk properties in terms of the molecular physics.

We model water molecules as spheres that can have radial contact interactions or tetrahedral
hydrogen bonds with neighboring water molecules, Figure 1.44-46 Two water molecules can
interact through a hydrogen bond (which depends on their relative orientations), interact
through a contact (which is orientation independent and occurs when they are close in space
and no HB is present), or be noninteracting (when they are far apart, as in van der Waals
gas). Hydrogen bonds are further parsed into two types: an HB can occur between 2 adjacent
waters that have no higher order structure or can occur within a 12-water hexagonal unit cell
(cage). The liquid state is assumed to have an underlying intrinsic hexagonal (ice Ih) lattice
structure, from which the liquid is a perturbation. We focus on a test molecule that occupies
one lattice site and its interaction with its clockwise next-neighbor.

i In pairwise hydrogen bond (2HB) the test water molecule can point one of its
four hydrogen-bonding arms at an angle &to within /3 of the center of its
neighbor water, which is equivalent to about one-fourth of its full solid angle.
4546 This water is considered to be H bonded to a neighboring water if each one
has an arm that is colinear with the other. The HB strength is maximal if the arms
are perfectly colinear and weakens as the angle between the arms increases
according to

(@) = —epp + k(1 +cos0)’,0<0<x/3 (1)

where eyp is an HB energy constant of the maximal HB strength and 4; is the
angular spring constant. There are no donors or acceptors; the strength depends
only on the angle of alignment.

ii. In pairwise contact (c) the test water forms a contact with its clockwise neighbor
but no hydrogen bond. The energy of this state is

u(0) = —€,0<0<z/3 (2

independent of orientation when two molecules are in contact.
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iii.  Pairwise noninteraction (0) occurs with energy ¢y(6) = 0.

iv. A hydrogen-bonded cage (cage) is a water unit cell, which has 12 hydrogen
bonds. We assume the same HB potential as above, except with a larger volume
and an additional favorable cooperativity energy; see eq 3.

Now, for each of the 4 states—a 2-water HB (2HB), a cage HB (cage), a contact (c), or a
noninteraction (0)—we construct a Boltzmann factor from the energy above and integrate
over all angles ¢, 6, and y and over all of the separations x; y, and zof the test molecule that
satisfy the limits defined above to obtain, in each case, an isobaric— isothermal ensemble
component partition function Aypg, Acages Ac, OF Ag; see SI A for details. We then sum them
as follows into a total partition function, A, for the 12 test waters forming 15 hydrogen bonds

15 15 15
AT, p) = (A + A +A,)7 — Ajpp + 64 3)

cage

where & = exp(—Becor) is the Boltzmann factor for the cooperativity energy, ecqr, that applies
only when 12 water molecules form a full cage of 15 hydrogen bonds. The term Al%,g is
subtracted here to avoid double counting of HBs that are in cages. On one hand, we are not
aware of experimental evidence specifically showing 12-mer cages in liquid water. On the
other hand, our 12-mers are just a convenient way to invoke a single term in an analytical
model to capture experimentally known cage-like cooperativities beyond dimers. Moreover,
the lack of experimental evidence is to be expected since a key conclusion that we will find
here is the prediction that large thermodynamic consequences of cages arise from very small
populations of them.

Now we combine the Boltzmann factors for the individual water molecules to get the
partition function for the whole system of A particles; the population of different states can
be calculated*4—46 as well as all of the other thermodynamic properties from simple
derivations of the partition function as described previously.#4-48 The attraction beyond the
pair level is treated in the mean field as an attractive energy,*® - Nav, among hexagons,
where ais the van der Waals dispersion parameter44748 and v is the average molar volume.
Parameters needed for calculations were obtained by getting good agreement with a
temperature dependence of the density at normal pressure and of boiling point position and
are presented in Table S1. Finally, all of the volumetric and energetic properties of liquid
water in the model are calculated directly using standard statistical thermodynamics
derivatives of the partition function.>®

RESULTS AND DISCUSSION

Comparing the model to experiments and atomistic simulations. Here, we compare the
measured properties over water’s liquid range to those predicted by CageWater experiment
and by best practices water simulation models: TIP4P/2005, TIP3P, SPC, and mW (see Sl
section B).
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Volumetric and Thermal Properties, Including Anomalies, of Liquid Water.

Temperature Dependences of the Volumetric Properties.—Figure 2 shows the
temperature dependences over the normal liquid water range of the four main thermal and
volumetric properties of water: the density, p, the thermal expansion coefficient, a, the
isothermal compressibility, x, and the heat capacity, C, (Figure 2a). The black line shows
the model predictions, the red triangles are the experimental data, and the lines show
published simulation results from TIP4P/2005,* TIP3P, and SPC water® and the mW model.
6 Compared to experiments, the present model gives equal or better agreement than the
simulational models over the normal and supercooled liquid temperature range and does not
have the fluctuation errors that simulations have.

The model allows us to parse the experimental observables into hydrogen-bonding, caging,
van der Waals, and noninteracting molecular components. Water is known to have a high
heat capacity (ability to absorb thermal energy upon heating) among liquids of similar
molecular size. Here are the main conclusions from Figure 2b. (1) In the normal liquid
range, the high heat capacity comes from the breaking of two types of bonds: pairwise H
bonds and Lennard—Jones-like contacts. (2) Heating hot water near the boiling point leads to
lower density, as it would for any LJ fluid, because heating hot water changes the contact
interactions more than the H bonds.

Temperature Dependences of Hydrogen Bonding.—Additional experiments show
how water’s hydrogen bonding depends on temperature. Figure 3a compares the computed
fraction of hydrogen bonds that are broken as a function of temperature with Raman
experiments of Hare and Sorensen®® in the OH stretch region of water (2900-3800 cm™1).
Figure 3b—d shows a related quantity, the average number of hydrogen bonds made per
water molecule, vs temperature. Figure 3b shows the temperature dependence of the average
number of H bonds per water molecule, rqg. While the experiments and atomistic
simulations have inevitable scatter, the CageWater model, because it is analytical, does not.
N4 at room temperature varies from 2 to 4. This scatter can be attributed to a number of
factors, such as differences in the definition of the HB, limitations in experimental/
simulation techniques, different experimental conditions, and ambiguities in the
interpretation of experimental data.52-60 Spectroscopic experiments require assigning
spectral features to whether or not a hydrogen bond is formed. This can involve some
arbitrary choices. Also, it can depend on whether a hydrogen bond is defined structurally or
energetically. Figure 3¢ shows differences and a changing tendency of /4 estimated from
molecular simulations and spectrum studies. Nevertheless, irrespective of the details, /g
generally decreases with increasing temperature.

Pressure Dependences of the Volumetric Properties.—Figure 2¢ shows the same
bulk properties as in Figure 2a except now computed as a function of pressure, not
temperature. As increasing pressure squeezes water to become more compact (density
increases and compressibility decreases), it crumples the hexagonal water cages breaking
them into component pieces that just have pairwise water—water hydrogen bonding with
little change to LJ and noninteracting water populations. Pressure decreases the heat
capacity (bond-breaking capability) because although it melts out some cages it is also
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“freezing in” some pairwise H bonds. The thermal expansion coefficient increases with
pressure because pressure melts out the rigid cages into fragmented H-bond pairs, which can
be more readily squeezed together by pressure.

Supercooled Water and the Putative Liquid-Liquid Phase Transition.

Here, we seek insights into the widely discussed issue of whether supercooled water
undergoes a liquid-liquid phase transition. Model studies have explored how liquid-liquid
phase behavior depends on the balance of LJ and H-bond interactions2® as we also do here.
In supercooling, water is prevented from freezing below its normal freezing point by
carefully avoiding nucleation, presently to around —45 °C.52 The central observation is that
lowering the temperature to supercool water below its freezing point leads to a decreased
density and thermal expansion coefficient (which is negative in that region) and to an
increasing divergence of isothermal compressibility x and isobaric heat capacity C, (see
Figure 2 for the data and atomistic simulations).142:63 These divergences have been
explained either as water reaching a spinodal point, beyond which there is no further
metastable liquid phase and only the solid frozen phase, or a phase transition between two
different metastable liquid phases.1:64-68 Common to these two explanations is the existence
of singularities associated with diverging density fluctuations at low temperatures. Sastry et
al.”89 showed that the simplest interpretation of the behavior of supercooled water
consistent with experimental observations is free of singularities. The two phases have been
postulated to be a high-density liquid (HDL) and a low-density liquid (LDL).%471 Although
Limmer and Chandler56 explained this transition as crystallization, rather than as a liquid
—liquid change, Palmer and co-workers’%72 have shown decisively that the crystallization
interpretation is an artifact of an error in the Monte Carlo codes of Limmer and Chandler.
Hence, evidence is now quite clear that supercooling entails a liquid-liquid transition.

Getting definitive answers is challenging for experiments because of the difficulty in cooling
supercooled water to even lower temperatures without freezing.”3 Also, it is challenging for
molecular simulations because of the small model system sizes (typically a few hundred
waters), the slow speeds, and poor convergence in determining state populations in these
cold low-barrier phase equilibria.*374-83 |n addition, of course, the water models used in
simulations are only imperfect models of reality. Thus, in this controversy simulation models
are called “water-like”. In that same spirit, we regard CageWater too as water-like.

Nevertheless, the present model gives new insights here because (i) it samples state
populations completely and with no sampling errors, so it allows for definitive conclusions
about whether or not the model predicts a true thermodynamic phase transition and critical
point, (ii) it is not limited by slow kinetics, (iii) in the normal liquid region, it fits the full
pVT profiles as accurately as TIP4P/2005, which is regarded as the current best model for
pure water, and (iv) it is not confounded by a freezing transition because CageWater only
models the liquid state. Here are the model predictions.

First, Figure 4 shows that CageWater accurately reproduces the anomalous hallmark thermal
and volumetric signatures of the LLPT, namely, the divergent increasing heat capacity and
compressibility with lowered temperature. Moreover, this model gives the microscopic
components of those observables. We find that the large diverging heat capacity is due to the
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water cages, which have dominant populations in cold and supercooled water. The heat
capacity is the sum of two contributions for each state: the population of that state multiplied
by the individual heat capacity. We also find that the negative thermal expansion of
supercooled water is dominated by the cage term. Heating supercooled water shrinks the
average volume by melting the cages, which are voluminous, and converts them to smaller
H-bonded fragments, like breaking a glass jar into shards that pack more compactly. This
same physics is reflected in the peak of the compressibility at the supercooling peak
temperature. Our model indicates that the two liquids that are in equilibrium around -50 °C
are cage structures and broken H-bonded pieces, 2HB.’

Second, CageWater predicts a liquid-liquid phase transition with a critical point. Figure 5a
shows the temperature dependence of the average number of hydrogen bonds. At pressures
above about 100 MPa, there is a sharp, nearly discontinuous change from 4 to 3.6 hydrogen
bonds upon warming supercold water. At higher temperatures, above the liquid-liquid
critical point, the average number of HBs changes more continuously. Figure 5b shows the
corresponding changes in the chemical potential. The model predicts a first-order liquid
-liquid pressure-driven phase transition at 3.6 hydrogen bonds per water molecule. The
figures also show that for pressures above 1000 MPa the model no longer predicts a
transition. At those extreme pressures even the coldest temperatures cannot stabilize the
cages relative to more compact crunched-down structures.

Third, Figure 5c and 5d gives two views of the model’s liquid-liquid phase transition and
critical point: temperature vs density and pressure vs temperature. It compares the
predictions of CageWater (black) and TIP4P/200582 (green). While both models show a 2-
phase transition ending in a critical point, they disagree numerically. The critical point is
given by TIP4P/2005 as (7, p) = (=80 °C, 174 MPa) and by CageWater as (-150 °C, 394
MPa). It is not clear whether this discrepancy is because of inaccuracies in CageWater in
supercooled water or limitations, for example, in sampling, in the TIP simulations.

Another test of the CageWater model is its prediction of stretched water, i.e., at negative
pressures. Figure 6 shows experiments on the TMD (temperatures of maximum density,
measured by sound velocities) for pressures between =100 and 0 MPa®* in comparison to
simulations of the TIP4P/2005 model8° and our CageWater modeling here.86-89 While the
models diverge from each other at the extremes, both models are consistent with the data
over its range.

We note that our CageWater model has more parameters (11, Table S1) than TIP4P/2005 (8,
Table S2), a standard in the field. This may account for its good prediction accuracy.
However, we note that all of the parameters are physical and that the CageWater model
contains simple approximations to physics that TIP4P leaves out, namely, a nonelectrostatic
component to the angle dependence of H bonds and a correlation strength among H-bonded
waters.
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CONCLUSIONS

We develop an analytical theory of water (CageWater) and apply it to explaining how the
pVT properties of liquid water arise from water’s hydrogen bonding and contacts. It predicts
volumetrics and energetics more accurately than explicit simulation models yet is much
faster to compute. Its simplicity and predictive power come from representing water using
only three factors in the partition function, 2-body H bonds, 2-body contacts, and 12-body
cooperative cages, rather than as a more extensive density expansion, for example.
CageWater advances our understanding of water’s structure—property relations in showing
that (i) water’s long-known 2-density behavior is encoded in relatively infrequent cages (ii)
which melt out strongly with temperature and pressure and remarkably (iii) the balance of
forces—particularly in the supercooled liquid—is not water’s pairwise hydrogen bonds
against van der Waals contacts but against the hydrogen bonds inside the cooperative cages.
This understanding of water structure—property relations may aid in engineering filtration,
osmosis, and desalination materials, in better solvation models for drugs and biomolecule
actions, and for interpreting planetary geochemistry and hydrological cycles.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1.
Model states: (a) pairwise hydrogen bond (2HB); (b) pairwise contact, no hydrogen bond

(c); (c) noninteracting (0); (d) cage structure (cage).
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Experimental liquid water properties vs model predictions and computer simulations. (a)
Temperature dependence of liquid water’s density, thermal expansion coefficient, isothermal
compressibility, and heat capacity at 1 bar pressure. Experiments from ref 9. Computer
simulations from refs 4 and 5, and mW model predictions from ref 6. (b) Molecular
constituents of water at different temperatures: 2HB (pairwise hydrogen-bonded waters),
cage (12-mer hexagons), and ¢ (waters in contact but not hydrogen bonded). (c) Pressure
dependences of the same properties and their constituents at a temperature of 273 K.
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Figure 3.
Liquid water hydrogen bonding decreases with temperature: theory vs experiments. ()

Fraction of hydrogen bonds made in liquid water vs temperature. Data is Raman
spectroscopy of the OH stretch region (2900-3800 cm™1) by Hare and Sorensen.?? (b)
Number of hydrogen bonds per water (the theory line is plotted only up to water’s boiling
point).52-80 (¢) Number of hydrogen bonds per water, at high pressure (100 MPa):
CageWater vs TIP4P simulation®? vs X-ray diffraction.>3 (d) Computer simulations of
SPC/E water shows the variance in interpretation that results from different definitions of
what constitutes a hydrogen bond compared to our definition.5!
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0 200 400 600

p/ MPa

Molecular components of supercooled water vary with temperature and pressure. Colored
lines show the components 2HB (pairwise H bonded), cage (12-mer cages), ¢ (waters in
pairwise contact), 0 (waters separated and noncontacting). Black line is the sum of all
components. Pressure dependence calculated at —35 °C. Temperature dependence at 0.1
MPa (1 atm). Most definitive features are the strong variations of the balance of molecular
components with 7and pand how strongly the caging behaviors are opposed by the
pairwise hydrogen-bonded waters.

JAm Chem Soc. Author manuscript; available in PMC 2019 December 12.



1duosnuely Joyiny 1duosnue Joyiny
\\X

1duosnuepy Joyiny

1duosnue Joyiny

Urbic and Dill

nHB
N

V.

—-200 0 2

100  —

400
500
1000  —

T/°C

N
w
I

HB

Figure5.

Supercooled water has a phase transition with a critical point. (a) Number of hydrogen
bonds per water undergoes a sharp change in cold water for a range of high pressures
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(pressure is reported in MPa). (b) Reduced excess chemical potential (¢* = (4l eyg) shows a
first-order liquid—liquid pressure-driven phase transition at about 3.6 hydrogen bonds per

water molecule. (c) Densities of coexistence of the two liquids from TIP4P/2005
simulations82 (green solid line) and CageWater (black solid line). (d) Coexistence pressure
as a function of temperature for TIP4P/2005 (green solid line) and CageWater (black solid

line). Each curve in d terminates in a critical point at the right end. We are unaware of

experimental data to test ¢ and d.
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Figure 6.

pT behavior of stretched water (i.e., below 0 pressure). Lines of extrema in density from the
sound velocity measurements (red solid curve)84 are consistent with CageWater predictions
(black solid line) as well as simulations of TIP4P/2005 (green line).8°
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