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ABSTRACT OF THE DISSERTATION

Exotic quantum magnetism and superfluidity in optical lattices
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Professor Congjun Wu, Chair

The progress of ultracold atoms renders numerous possibilities to investi-

gate exotic magnetism and superfluidity, which are rarely observed in solid state

systems. In this thesis, we will introduce two novel physical descriptions: ”frus-

trated Cooper pairing” and ”large-hyperfine spin physics”. Geometric frustration

in quantum magnetism refers to which magnetic interactions on different bonds

cannot be simultaneously minimized, and usually Cooper pairing favors uniform

phases among different lattice sites. Here, we introduce ”frustration” in Cooper

pairing in a fermionic p-orbital model. By mean-field calculations, we show that

the system exhibits behavior analogous to frustrated magnetism, and an uncon-

ventional supersolid state with the f -wave symmetry.
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Next, we introduce large-spin physics. In usual condensed matter systems,

large spin is not intriguing because large values of spin suppress quantum fluctu-

ations. In contrast, in ultracold fermion systems, large-hyperfine spin enhances

quantum fluctuations and brings exotic quantum magnetism. Here the simplest

large-spin fermionic system, a spin-3/2 exchange system is proposed, which can be

characterized by an Sp(4)/SO(5) symmetry. In one dimension, the ground states

exhibit either a dimerized state with a finite spin gap or a gapless spin liquid state

by means of the density matrix renormalization group method. In the latter case,

the spin-spin correlation functions are identified to have 4-site periodicities, which

behaves similarly to the SU(4) chain. In two dimension, we infer that there exist

three competing phases: Neel ordering, columnar dimerization and 2 × 2 plaque-

tte formation, in the thermodynamic limit by exact diagonalization calculation on

small sizes.

Finally we perform the projector Quantum Monte Carlo method to study

another large-spin system: the half-filled SU(N) Hubbard model. We show that

at half-filling there is no sign problem such that our simulations are accurate. By

finite size scalings, it is clearly found that the magnetic Néel ordering can exist

not only for N = 2 but also in the N = 4 case at strong interactions. For N ≥ 6

or N = 4 at small U , the numerical results do not have any prominent signal that

the long-range ordering exists in the thermodynamic limit. Due to strong finite

size effects and finite numerical accuracy, however, we are unable to make any

conclusion to identify the physics in the regimes.

xix



Chapter 1

Introduction

During the last decade, the development of ultracold atom field has made

huge progress and become an important subject in modern phyiscs. By lowering

temperature, people can have accessibility to discover unprecedent phenomena.

The first breakthrough on the cold atom community is to explicitly observe the

Bose-Einstein condensation (BEC) [AEM+95] in a vapor of 87Rb atoms at 170 nK.

The occurrence of narrow peaks are centered at the zero velocity distribution and

the fraction of the atoms with such low-velocity increases upon lowering the system

temperature. This indicates a property that the atoms accumulate in the quantum

ground state. Moreover, at magnetic fields beyond the Feshbach resonance, it

has been observed the BCS (Bardeen-Cooper-Schrieffer)-BEC crossover in pairs

of fermionic atoms in ultracold 6Li and 40K gases [ZSS+04, RGJ04, CSTL05].

Compared to traditional solid state materials, ultracold atom systems provide an

extraordinary workshop to investigate novel quantum matters.

1.1 Optical lattices

One of milestones for the cold atom progress is the invention of optical

lattices. The optical lattices are artificial crystals; meaning that crystals are ar-

tificially generated by laser beams instead of natural growth. Two laser beams

1
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with opposite propagating directions and coherent phase can have interference to

form a standing wave. The interference provides periodic potentials. Atoms are

subject to the electric fields given by the laser and can have dipole interactions to

be trapped in the potentials. By moderately choosing the frequency of light, the

atoms are controlled to accommodate in the regions of high-intensity (maximum

potential) or low-intensity (minimum potential) and form a one (1D), two (2D)

or three-dimensional (3D) lattice-like geometry [Gre08]. (c.f. Fig. 1.1) There are

Figure 1.1: (a) The 2D optical lattices. Such interference pattern confines the
atoms to move only in 1D which equivalently provides 1D systems. (b) The 3D
optical lattices. This schematic illustration is used from Ref. [Blo05].

many advantages of the optical lattices compared to traditional solid materials.

First, in optical lattices we do not have to worry about impurity and disorder

effect which are usually inevitable to exist in solid state materials. This pro-
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vides us an excellent platform for theorists and experimenters to study simplified

models for condensed matter physics. Second, in optical lattices many physical

parameters are tunable. By changing intensities of laser beams, we can adjust the

strengths of trapped potentials. Once the laser intensity is increased, we increase

the potential barriers between neighboring sites such that the atoms have more

difficulty to tunnel, which equivalently provides stronger interactions, i.e. increas-

ing U/t. Third, by arranging laser beams, one can create more complicated lattice

geometries not just simple crystals. The examples include triangle [BSPK+10],

honeycomb [GLV+93, BSPK+10] and Kogome lattices [SBC+04]. (c.f. Fig. 1.2)

Figure 1.2: (a) The 2D triangular optical lattice. (b) The 2D honeycomb optical
lattice. This schematic illustration is used from Ref. [BSPK+10].

Such versatile lattice patterns can bring fruitful interesting physics beyond

usual solid state materials. For example, in the honeycomb lattice, the 2D p-band

system has a flat band [Wu08a] which can provide itinerant ferromagnetism in

the cold atom system [ZhHW10]. The Cooper pairing also has f -wave symmetry

[LWS10]. Furthermore, with onsite rotations the system behaves topologically non-
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trivial and can be reduced to the Haldane’s quantum Hall state [WS08, ZhHW10].

In Chap. 3, we shall consider a p-band system with attractive interactions on a

triangular optical lattice. It is found that the Cooper pairing is frustrating instead

of uniformly distributing and there exists a f -wave supersolid state, showing un-

conventional superfluid behavior. This gives us an example that optical lattices

can provide exotic quantum phases.

1.2 Optical lattices and strongly correlated sys-

tems

Due to the excellent controlling capability, optical lattices can play a role to

simulate quantum systems; we call it a quantum simulator [JZ05, LSA+07, BN09].

Most condensed matter problems still have difficulty to solve by nowaday classical

computers due to the exponential scaling on computational resources. However,

the cold atoms in optical lattices can be used as a quantum computer, and by

investigating bosonic and fermionic cold atoms in a desired lattice geometry, one

can examine theorists’ simplified models [Gre08] and simulate the quantum many-

body systems [Llo96], as suggested by R. P. Feynman [Fey82].

The pioneer of optical lattices to be a quantum simulator and connect

to strongly correlated systems is the observation of the superfluid-Mott insulator

quantum phase transition of 87Rb atomic gas in a 3D optical lattice [GME+02].

This many-body effect has been theoretically predicted in the Bose-Hubbard model

[FWGF89]. The bosonic atomic gas is prepared to have a Bose-Einstein condensa-

tion and trapped in a periodic potential with repulsive interactions to form lattice

sites. With weak interactions, small U/t, the ground state is a superfluid state and

all atoms are delocalized over the entire lattice (c.f. Fig. 1.3 (a)). Since all the

atoms in this case have a coherent phase, the corresponding momentum pattern

shows that there only exits few prominent peaks. On the other hand, with strong



5

Figure 1.3: The real space and the time-of-flight patterns for (a) the superfluid
state and (b) the Mott-insulator state. This schematic illustration is used from
Ref. [Blo04].

interactions, i.e. big U/t, the ground state is a Mott-insulator and each atom is

localized at the lattice site and the phases are no longer coherent (c.f. Fig. 1.3

(b)). Thus it indicates a blur distribution in the momentum space. By tuning U/t,

M. Greiner et al. successfully observed the transition and verified the physics of

the Bose-Hubbard model.

Not only the bosonic system, fermionic gases can be also studied in optical

lattices. The fermionic Hubbard model is believed to be one of candidates to

interpret high-temperature superconductivity and people attempt to generate cold

atom systems to simulate the Hubbard model [HCZ+02]. However, unlike bosonic

systems, for most fermionic systems, the current cooling techniques are facing the

fundamental difficulty to lower temperature to observe the exotic states, such as

d-wave pairing and antiferromagnetism. The energy scale required for using optical
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lattices to investigate the Hubbard model is typically nanoKelvin, which is much

lower than that in solid materials [MD11]. Up to now, only the transition from

metal to the Mott-insulating state of fermionic 40K atoms in optical lattices is

observed [JSG+08, SHW+08]. To detect Neel ordering, we need new schemes to

lower temperature. One of proposed possibility [MCT10] is to use spin-changing

collisions in multi-component spin fermionic gases to reduce the entropy below

the required value for spin-1/2 (s/kB ≃ 0.35) [WPGH05]. Therefore, studying

large-spin physics becomes urgent and necessary in the ultracold atoms.

In addition to the Hubbard models, recently it has been reported that

optical lattices can be used to simulate other many-body systems, such as an an-

tiferromagnetic spin chain [SBM+11], topological insulators [MBG+11], quantum

computation with topological orders [DDL03, MBZ06] and even fractional quan-

tum Hall states [WG00, CWG01, PFCZ01].

1.3 Large-spin physics

Large-spin systems are not only useful to cool down fermionic gases, but

also provide exotic quantum phases. Very recently, ultracold large-hyperfine spin

systems have begun to draw people’s attention [DYM+10, TTS+10, Wu10, Wu06].

In the past, large-spin problems are usually ignored in condensed matter systems

since quantum fluctuations are suppressed in the large values of spin. For exam-

ple, in transition metal oxides, a large spin on each cation site is usually referred

as an effective spin S composed of 2S electrons whose spin orientations align in

parallel by Hund’s rule. The spin exchange between such two sites at the leading

order of the perturbation theory only involves swapping one pair of electrons. Ir-

respective of the values S, the variation of Sz is always ±1, as interpreted in Fig.

1.4 (a). Therefore large S will suppress quantum fluctuations, which is known

as the 1/S-effect. In contrast, in ultracold fermion systems, large-hyperfine spin

enhances quantum fluctuations. At very low-temperature there exists strong hy-
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Figure 1.4: The exchange mechanism between two sites for (a) solid state ma-
terials and (b) cold atom systems. In the former an atom is composed of several
blue or red spins, whereas in the latter case an atom is represented by a single blue
or red spin. Note that in (a) the spin exchange only swaps a pair of spins whereas
in (b) it switches the whole subjects. This illustrative picture is used from Ref.
[Wu10].

perfine coupling between electrons and atomic nucleus such that swapping a pair

of electrons becomes not energetically economic. Each atom will move as an en-

tire object with large-hyperfine spin and cannot be regarded as an effective spin.

The spin exchanging between the cold fermions can completely change the entire

hyperfine-spin configuration (c.f. Fig. 1.4) (b) and therefore quantum fluctuations

are no longer suppressed. In other words, large-spin physics in most condensed

matter systems is usually in the large S-limit, while in cold atom systems it is

in the large N limit where N is the number of fermion components (spin flavors)

2F + 1 [Wu10]. In the following through this thesis, we use F to denote the total

hyperfine-spin of the atom.
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1.4 Large-spin and high-dimensional symmetry

Such a system can bring fruitful intriguing features of quantum magnetism

which do not exhibit in usual solid state systems and the exotic behavior is relevant

to high-dimensional symmetry group. For example, in certain cases, F = 3
2

can

be described by the SU(4) symmetry and under such a symmetry four particles

are required to form an SU(4) singlet, thus its quantum magnetism is character-

ized by the 4-site correlation instead of two sites. Such a state is the analogy to

the three-quark color singlet baryon state with the SU(3) group in quantum chro-

modynamics. It is also the magnetism counterpart of the 4-fermion quartetting

instability with attractive interactions [Wu06]. The possible ferromagnetic states

have also been studied for the SU(6) symmetric system of 173Yb [CHU09]. More

recently the mixed quantum degenerate Fermi gas of 171Yb and 173Yb, which car-

ries F = 1
2

and F = 5
2

respectively, is realized as an SU(2)×SU(6) Hubbard model

[TTS+10]. This mixture provides possibility to study spinor BCS-like fermionic

superfluid.

Furthermore, SU(N) models have been proposed for the alkaline-earth

fermion atoms since their interactions are insensitive to their nuclear spins. It

is a special case of the Sp(N) model by further tuning interaction parameters of

spin singlet and multiplet channels to be the same [GHG+10, HGR09, Xu10]. A

detailed summary is presented in a review Ref. [Wu06] and a non-technique in-

troduction is published in Ref. [Wu10]. In a different context of heavy fermion

systems, the effects of sympletic symmetry to quantum magnetism have also been

studied in Ref. [FDC08, FC09].

In Chap. 4, we introduce the simplest large-spin fermionic system: the

spin-3/2 exchange model. Due to interactions, this system breaks the SU(4) sym-

metry down to the Sp(4) symmetry. Compared to usual spin-1/2 exchange models,

the spin-3/2 model has more fruitful phase diagrams in 1D and 2D. In 1D there

are two competing phases: a gapped dimer phase with spin gap and a gapless
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spin liquid. In the gapless spin liquid phase, the static correlation functions decay

algebraically with four-site periodicity oscillations. In 2D, such system can pro-

vide exotic quantum magnetism: the SU(4) plaquette-type and Sp(4) Neel order

states. We infer that there are three competing correlations: Néel-type, plaquette

formation and columnar spin-Peierls dimerization, depending on the ratio of bond-

singlet and bond-quintet exchanges. Such observation in the finite size study may

have corresponding phase behavior in the thermodynamic limit. We will analyze

the system from the group-theoretical and numerical viewpoints.

In Chap. 5, we study another large-spin system with high-dimensional

symmetry group description, the SU(N) Hubbard model at half filling, by means of

quantum Monte Carlo methods. To study the T = 0 limit, the projector algorithm

is applied in the simulations. It is obvious to see that the long-range Néel state

exists not only in the N = 2 case and but also for N = 4. For other cases it is not

clear whether there is such long-range order existing due to finite size effects and

limited machine accuracy. The presence of the antiferromagnetic ordering in the

SU(4) case provides novel quantum magnetism.



Chapter 2

Numerical Methods

In many condensed matter systems, the physics involves man-body degrees

of freedom with strong correlation. Such correlation and complexity prevent us

against discovering the ground state (GS) properties and mostly analytical studies

are not visible. Therefore, we have to resort to numerical simulations to investigate

the systems approximately. In the following sections, we will introduce three nu-

merical algorithms: exact diagonalization, density matrix renormalization groups

(DMRG) and determinant quantum Monte Carlo (QMC) method. Each of them

has its own advantages and drawbacks. Exact daigonalization provides exact in-

formation but is constrained with small size clusters. DMRG is powerful in one

dimension (1D) up to hundreds even thousands and without notorious sign prob-

lems, but in two dimension (2D) it is not sufficiently accurate. In Chap. 4, we will

use these methods to study the spin-3
2

exchange model in 1D and 2D. QMC can

accurately deal with 2D electron problems with particle-hole symmetry (usually

at half filling) but has notorious sign problems away half-filling. In Chap. 5, we

will study on the SU(N) Hubbard model by means of QMC simulations.

For the first two, we demonstrate by testing a strongly correlated model, the

1D spin-1/2 antiferromagnetic Heisenberg chain (AFHC), which was exactly solved

by the well-known Bethe-Ansatz [Bet31] and is easily accessible. Such exact result

10
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provides us a criterion so that we can estimate numerical errors of the algorithms.

The AFHC Hamiltonian reads

Ĥ = J

L∑

i=1

~S(i) · ~S(i+ 1)

= J
L∑

i=1

{Sz(i)Sz(i+ 1) +
1

2
(S+(i)S−(i+ 1) + h.c.)}, (2.1)

where J is positive; Sα = σα/2, α = x, y, z, where σα are the well-known Pauli

matrices. In units of J = 1, the exact result of the GS energy per site is e0 =

− ln 2 + 1/4 = −0.44314718 · · · and it has been also proved that there are no

long-range magnetic orders existing in this system [Bet31].

The third one, the determinant QMC method is designed to study electron

models such as the Hubbard model. The spin-1
2

Hubbard model Hamiltonian reads

as

Ĥ = −t
∑

i,j,σ

(c†σ(i)cσ(j) + h.c.) + U
∑

i

n̂↑(i)n̂↓(i) − µ
∑

i,σ

n̂σ(i), (2.2)

where σ runs over ↑ and ↓; t is the hopping integral; n̂σ(i) = c†σ(i)cσ(i). µ is

the chemical potential to determine filling. This model is only exactly solvable in

1D [LW68], but not in higher dimension than 1D. Usually QMC methods suffer

sign problems in electron correlated systems; however, in the case of systems with

particle-hole symmetry and at half-filling (
∑

i,σ nσ(i) = N), it is easy to show that

there is no sign problem in the determinant scheme. Thus, we can still employ this

algorithm to study the electron models to obtain reliable results.

2.1 Exact diagonalization

Exact diagonalization (or named Lanczos diagonalization) is a numerical

tool to study quantum many-body systems by solving eigenproblems: Ĥ|Ψ0〉 =

E0|Ψ0〉. Due to the fact that upon increasing system sizes the Hilbert space grows

up exponentially, the size of subjects we target, unfortunately, is quite limited.
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For example, for a spin-1/2 system with N sites, the Hilbert space dimension D is

2N . This algorithm, however, is still worthy discussing since it provides a criterion

to examine the accuracy of QMC or DMRG and it can be applied to any systems

without suffering notorious sign problems in fermion systems.

2.1.1 Lanczos procedure

The Lanczos algorithm [Lan50] is a successive approach projecting an arbi-

trary state onto the GS, only if the trial wave function is non-orthogonal to the GS

wave function |Ψ0〉. The best strategy is to choose coefficients of each component

of the trial wave function by random numbers [Teu]; any biased trial wave func-

tion may lead to incorrect projection. The Lanczos algorithm is more efficient than

power method [Cap00, Gol]; it provides faster convergence. The Lanczos vectors

are generated by the following relation,

|φn+1〉 = Ĥ|φn〉 − an|φn〉 − b2n|φn−1〉, (2.3)

and an and bn satisfy

an =
〈φn|Ĥ|φn〉
〈φn|φn〉

,

b2n =
〈φn|φn〉

〈φn−1|φn−1〉
, (2.4)

where b0 ≡ 0 and |φ−1〉 ≡ 0. |φ0〉 is a trial wave function and 〈φi|φj〉 = cδi,j.

Note that all |φi〉 mentioned above are not normalized. By further considering the

normalized Lanczos vectors |φ̃i〉 = |φi〉/
√
〈φi|φi〉, we obtain

an = 〈φ̃n|Ĥ|φ̃n〉,

bn = 〈φ̃n−1|Ĥ|φ̃n〉. (2.5)



13

To derive the above we have used bn =
√

〈φn|φn〉/〈φn−1|φn−1〉 from Eq. (2.4), and,

given by Eq. (2.3) we have

b2n =
〈φn−1|Ĥ|φn〉
〈φn−1|φn−1〉

=
√

〈φn−1|φn−1〉
〈φ̃n−1|Ĥ|φ̃n〉
〈φn−1|φn−1〉

√
〈φn|φn〉

= 〈φ̃n−1|Ĥ|φ̃n〉
√

〈φn|φn〉
〈φn−1|φn−1〉

= 〈φ̃n−1|Ĥ|φ̃n〉 · bn. (2.6)

The complete set {|φ̃i〉} spans the Krylov space and under the basis the Hamilto-

nian can be represented as a tridiagonal matrix

Ĥ =




|φ̃0〉 |φ̃1〉 |φ̃2〉 · · · |φ̃n〉
〈φ̃0| a0 b1 0 · · · 0

〈φ̃1| b1 a1 b2 · · · 0

〈φ̃2| 0 b2 a2 b3 0
...

...
. . . . . . . . . bn

〈φ̃n| 0 0 0 bn an




, (2.7)

whose diagonal and off-diagonal terms are an and bn, respectively.

The Lanczos iteration reduces computational burden by projecting the large

dimensional Hilbert space (D = 2N) onto the Krylov space which usually has much

smaller dimensions [Lan50, Pai72, CW85]. At the n-th iteration, the Hamiltonian

is a n × n tridiagonal matrix (n can be of the order of several hundreds or even

more if systems are near phase boundaries.). While the difference of the lowest

eigenvalues λn
0 at the n-th iteration and λn+1

0 at the n+1-th iteration is smaller than

the accuracy we request (we often take 10−12), then the iteration stops. At this

time the lowest eigenvalue, i.e. the GS energy, of the Hamiltonian is determined

as λn
0 .

The GS wave function can be obtained by running the above iteration pro-

cedures twice [Dag94]. In the first-run iteration, we determine the eigenvector as-

sociated with the lowest eigenvalue λn
0 in the Krylov space, i.e. |v0〉 =

∑
m cm|φ̃m〉,

where cm is the coefficient corresponding to |φ̃m〉. Then in the second-run we deter-

mine the relation between |φ̃m〉 and the spin basis, e.g. |φ̃m〉 =
∑

n dn|sn〉, where
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for example |s〉 = | ↑ ↓ ↑ · · · ↓↓ 〉 etc. Once we obtain |Ψ0〉 = |v0〉, we can measure

anything such as local order parameters 〈Ô〉 and correlations 〈Ô1Ô2〉. The appli-

cation of the Lanczos method includes spin systems [NT86, TH89, SZ92, SZP96],

electron systems [LHS88, Dag94, Lin91, FOP92, BPS00, TITM05] and even the

quantum Hall states [RJMH03].

2.1.2 Utilization of U(1) symmetry

Due to limited computational resources, it becomes almost impossible to

solve eigenproblems in the full Hilbert space whose dimension exponentially grows

up; for the spin-1/2 model D = 2N and for the Hubbard model D = 4N , where N is

the number of sites. One can employ U(1) symmetries to thin out the entire Hilbert

space since most systems are block-diagonal under this symmetry (c.f. Fig. 2.1).

In usual Heisenberg spin models, since [M,H] = 0, where M = Stot
z =

∑N
i=1 Sz(i)

M=0

M= 1

M=1

Figure 2.1: The schematic picture of a block-diagonal matrix composed of differ-
ent sectors.

we can have a U(1) symmetry that M is invariant. For the GS we can apply the

Lieb-Mattis theorem [LM62] which states that the GS exists in the subspace of

M = 0 if the model is a bipartite lattice, such that we can only target numerical

diagonalization in the M = 0 sector. In correlated electron systems one can further

have another U(1) symmetry,
∑

i n(i) = Ne, in that the number of electrons Ne

conserves in most fermionic systems (but not necessary for bosonic systems). For
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example, for the Hubbard model on 16 sites (N = 16) and 3/8-filling (Ne = 12, i.e.

12 electrons), we only need to focus the eigenproblem in the subspace of M = 0

and Ne = 12. One can refer to a review article [Mal03] for more details. In the

following we shall simply introduce how to use these two symmetries in spin and

Hubbard models in a practical way.

Consider a spin-1/2 spin ring with four sites (N = L = 4), only with nearest

neighboring interactions and periodic boundary conditions (PBC) are used, i.e.

~Si+4 = ~Si. The Hamiltonian is ĤL=4 = J
∑4

i=1
~Si · ~Si+1. The complete Hilbert

space is spanned by 24 = 16 basis states |s〉 which are, respectively, | ↑↑↑↑ 〉,
| ↑↑↑↓ 〉, | ↑↑↓↑ 〉, · · · , and | ↓↓↓↓ 〉, as listed in Eq.(5.12) of Ref. [Mal03]. Each

spin basis state can be described by translating decimal digits to binary digits with

| ↑〉 = 1 and | ↓〉 = 0; e.g. | ↑↓↓↑ 〉 gives 9 = 1 × 23 + 0 × 22 + 0 × 21 + 1 × 20. We

then use these 16 basis states to build up the Hamiltonian as a 16×16 matrix and

this matrix denotes the representation of ĤL=4 in the full Hilbert space before any

symmetry is applied. We rewrite ~Si · ~Si+1 as Sz
i S

z
i+1 + 1

2
(S+

i S
−
i+1 +S−

i S
+
i+1) and then

apply to all basis states to acquire the Hamiltonian matrix elements 〈s|ĤL=4|s′〉.
For example,

ĤL=4| ↑↓↑↓ 〉 = −| ↑↓↑↓ 〉 +
1

2
(| ↓↑↑↓ 〉 + | ↑↑↓↓ 〉 + | ↑↓↓↑ 〉 + | ↓↓↑↑ 〉), (2.8)

so that the matrix elements of ĤL=4 are 〈↑↑↑↓ |ĤL=4| ↑↓↑↓〉 = 0, 〈↑↓↑↓ |ĤL=4| ↑↓↑↓
〉 = −1, and 〈↑↑↓↓ |ĤL=4| ↑↓↑↓〉 = 1

2
and so on. After this we can diagonalize the

16 × 16 matrix to obtain all energy levels.

By considering the U(1) symmetry ĤL=4 will exhibit a block-diagonal form

(c.f. Fig. 2.1). Since we are only concerned about the GS, now, we only target

our eigenproblem in the M = 0 sector1. In this case, the dimension of the Hilbert

1According to the Lieb-Mattis theorem [LM62], for a general antiferromagnetic exchange
Hamiltonian in bipartite lattices, we have E(S + 1) > E(S) for S ≥ 0; thus the GS has S = 0
and only exists in the sector of M = 0. There is no analogous theorem to prove excited states.
However, for the first excited state of the entire Hilbert space E1, empirically we can only focus
diagonalization in the sector of M = Stot

z
= ±1 and usually E0(S = 1) = E1. But for safety,

we have to examine the lowest excited state of the M = 0 sector, E1(S = 0), and compare with
E0(S = 1) to determine the genuine lowest excited state.
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space reduces to 6 whose basis states are listed in the below table. Note that all

of these states satisfy the condition: M = Stot
z = 0, in which two are up-spins

whereas the others are down-spins. As a result, the Hamiltonian in this sector

Table 2.1: 6 basis states with M = 0 in the spin-1/2 Heisenberg ring on 4 sites.

Label |1〉 |2〉 |3〉 |4〉 |5〉 |6〉
State | ↑↑↓↓ 〉 | ↑↓↑↓ 〉 | ↑↓↓↑ 〉 | ↓↑↑↓ 〉 | ↓↑↓↑ 〉 | ↓↓↑↑ 〉

constructed by these 6 basis states can be written as a 6 × 6 matrix. It reads as

[Haa95]:

ĤL=4 =




|1〉 |2〉 |3〉 |4〉 |5〉 |6〉
〈1| 0 1/2 0 0 1/2 0

〈2| 1/2 -1 1/2 1/2 0 1/2

〈3| 0 1/2 0 0 1/2 0

〈4| 0 1/2 0 0 1/2 0

〈5| 1/2 0 1/2 1/2 -1 1/2

〈6| 0 1/2 0 0 1/2 0




, (2.9)

which gives the lowest eigenvalue −2. Therefore the GS energy of ĤL=4 is E0 =

−2J . The corresponding GS wave function is |Ψ0〉 = 1/
√

12{|1〉 − 2|2〉 + |3〉 +

|4〉 − 2|5〉 + |6〉}. On the other hand, the first excited state energy E1 = −J and

|Ψ1〉 = 1/
√

2{|2〉 − |5〉}.
Now we turn to play another toy example, a half-filling Hubbard dimer

(L = 2) [ZOHB01]. The Hamiltonian is Ĥhub = −t∑σ{c
†
1,σc2,σ + c†2,σc1,σ}. The

dimension of the full Hilbert space is 42 = 16. By considering the complete U(1)

symmetry, i.e. M = 0 and Ne = 2 simultaneously, however, the dimension of the

Hilbert space reduces from 16 to 4. They are labeled in the table below. Note

that in the electron model we are allowed to have the double occupancy | ↑↓〉 and

empty states |⊘〉. The matrix representation of the system Hamiltonian on the
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Table 2.2: 4 basis states with M = 0 and Ne = 2 in the L = 2 Hubbard dimer.

Label |1〉 |2〉 |3〉 |4〉
State | ↑↓,⊘〉 | ↑, ↓〉 |⊘, ↑↓〉 | ↓, ↑〉

above basis becomes

Ĥhub =




|1〉 |2〉 |3〉 |4〉
〈1| 0 -t 0 -t

〈2| -t 0 -t 0

〈3| 0 -t 0 -t

〈4| -t 0 -t 0




. (2.10)

Then we just diagonalize the above matrix to obtain the GS energy for the system

at half-filling.

2.1.3 Utilization of translational symmetry

In cases of systems with PBC, the translational symmetry (TS) can be

used easily since the translational operators T , in general, commute with Hamil-

tonian, i.e. [T,H] = 0, (except inhomogeneous or anisotropic systems) such that

the translation operator and Hamiltonian have simultaneous eigenvectors and the

Bloch theorem ψ(~r + ~a) = ψ(~r), where ~a is a unit lattice constant vector, can be

satisfied. This approximately brings the dimension of the Hilbert space a reduction

by a factor of N ; thus speeding up calculations.

In the following we demonstrate the application of the TS on lattices. Sim-

ilarly to the previous case, we still consider ĤL=4. With the U(1) symmetry,

the dimension of the Hilbert space is 6. By further applying TS, however, these

states are classified only two different groups, that are represented by | ↓↓↑↑ 〉 and

| ↓↑↓↑ 〉. Hence, now, the dimension of the Hilbert space reduces to 2 and the

matrix representation is 2 × 2. We meant that | ↓↓↑↑ 〉 and | ↓↑↓↑ 〉 represent

different groups since anyone of them cannot be obtained by applying any trans-
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lational operator T to the other. We can classify the primitive 6 basis states to be

two different groups by employing translational operators on all basis states. For

example, T | ↓↓↑↑ 〉 = | ↓↑↑↓ 〉 and T | ↓↑↓↑ 〉 = | ↑↓↑↓ 〉 and so on. We present

all resulting basis states applied by the operator T as follows. Based on the above

Table 2.3: The resultant states applied by the translational operator T .

Original | ↑↑↓↓ 〉 | ↑↓↑↓ 〉 | ↑↓↓↑ 〉 | ↓↑↑↓ 〉 | ↓↑↓↑ 〉 | ↓↓↑↑ 〉
by T | ↑↓↓↑ 〉 | ↓↑↓↑ 〉 | ↓↓↑↑ 〉 | ↑↑↓↓ 〉 | ↑↓↑↓ 〉 | ↓↑↑↓ 〉

table, it is evident that, | ↑↑↓↓ 〉, | ↑↓↓↑ 〉, | ↓↑↑↓ 〉 and | ↓↓↑↑ 〉 belong to the same

group, that we call group α, whereas the group composed of | ↑↓↑↓ 〉 and | ↓↑↓↑ 〉
is called β. An arbitrary representative (state) |n, ~K〉 of the group n is written by

the Bloch State [Leu92]

|n, ~K〉 =
1

Nnor

N−1∑

l=0

e−i ~K·~RlTl|s〉, (2.11)

where Nnor =
√∑

l |e−i ~K·~Rl |2 is a normalized constant which depends on the index

of n and ~K and the summation runs over all possible translation operations. In

a 1D homogeneous chain, ~K = 2πm/aL (m is an integer and a is the lattice

constant.) is just a wave number since the translation only goes one way Tl = (Tx)
l

such that ~Rl = la.

In a 2D L×L square lattice, there are N = L2 translations and ~K = (kx, ky)

is a 2D wave vector (kx = 2πm/aL and ky = 2πn/aL). ~Rl = (Ia,Ja) and Tl =

(Tx)
I(Ty)

J, where the Tx and Ty operators separately translate the system a lattice

constant along the corresponding x and y direction, and Tl moves every point ~r to

~r+ ~Rl. The eigenvalues of the translational operator Tl on the Bloch state |n, ~K〉 is

e−i ~K·~Rl . Note that periodic conditions give (Tl)
L = e−i~k·~RlL = e−i( 2πmI

L
+ 2πnJ

L
)L = 1

since mI and nJ are always integers. In Chap. 4 we will study a 2D spin-

3/2 system on a 4 × 4 square lattice by using TS in the exact diagonalization

calculations.



19

Let us come back to our example. In the L = 4 AFHC, two Bloch states

(representative states) are written as

|α,K〉 ∼ | ↓↓↑↑ 〉 + e−iK | ↓↑↑↓ 〉 + e−2iK | ↑↑↓↓ 〉 + e−3iK | ↑↓↓↑ 〉,

|β,K〉 ∼ | ↓↑↓↑ 〉 + e−iK | ↑↓↑↓ 〉 + e−2iK | ↓↑↓↑ 〉 + e−3iK | ↑↓↑↓ 〉. (2.12)

The normalized constants, Nnor, of |α〉 and |β〉 are respectively
√

4 and
√

8 for

K = 0 or π. Numerically, it is customary and convenient to select the basis

state, whose configuration corresponds to the minimal integer in binary-digit in a

group, to be the representative state [SZP96]. For instance, in the present example,

|α,K〉 = | ↓↓↑↑ 〉 and |β,K〉 = | ↓↑↓↑ 〉 are the representative states of the group

α and β. The Hamiltonian matrix element in the symmetrized basis {|α〉, |β〉} in

the sector of K is

hmn = 〈m,K|Ĥ|n,K〉 =
Nm

Nn

[
∑

j

e−iKj] · smn, m, n = α, β, (2.13)

where smn represents the resulting coefficients of |m〉 produced by Hamiltonian

acting on certain configuration |n〉. The summation in Eq. (2.13) runs over all

possible configurations which belong to the same group. However, we have to

realize that Ĥ|n,K〉 will produce resultant states which are not the representative

states. For example, we will have

ĤL=4|α〉 = ĤL=4| ↓↓↑↑ 〉

=
1

2
| ↑↓↑↓ 〉 +

1

2
| ↓↑↓↑ 〉,

ĤL=4|β〉 = ĤL=4| ↓↑↓↑ 〉

= −| ↓↑↓↑ 〉 +
1

2
(| ↓↑↑↓ 〉 + | ↑↓↓↑ 〉 + | ↑↑↓↓ 〉 + | ↓↓↑↑ 〉). (2.14)

We recognize that the state | ↑↓↑↓ 〉, | ↓↑↑↓ 〉, | ↑↑↓↓ 〉 and | ↑↓↓↑ 〉 are not

representative states in the symmetrized basis, so we must transfer them to the

representative states, i.e. | ↓↓↑↑ 〉 and | ↓↑↓↑ 〉. There should exist a phase factor,

e−iKn, between a non-representative state and the corresponding representative
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state. For example, | ↑↓↓↑ 〉 = T 3| ↓↓↑↑ 〉, such that its phase factor is e−3ik.

Therefore, Eq. (2.14) becomes

ĤL=4|α〉 =
1

2
e−iK | ↓↑↓↑ 〉 +

1

2
| ↓↑↓↑ 〉,

ĤL=4|β〉 = −| ↓↑↓↑ 〉

+
1

2

{
e−iK | ↓↓↑↑ 〉 + e−3iK | ↓↓↑↑ 〉 + e−2iK | ↓↓↑↑ 〉 + | ↓↓↑↑ 〉

}
.

(2.15)

Substituting into Eq. (2.13), we have sαα = 0, sβα = 1/2, sββ = −1 and sαβ = 1/2.

For K = 0, ĤL=4|α〉 = | ↓↑↓↑ 〉 and ĤL=4|β〉 = −| ↓↑↓↑ 〉 + 2| ↓↓↑↑ 〉. On

the other hand, if K = π, ĤL=4|α〉 = 0 and ĤL=4|β〉 = −| ↓↑↓↑ 〉. Considering the

additional ratio of normalized constants: Nα =
√

4 and Nβ =
√

8, the Hamiltonian

matrices for k = 0 and k = π are respectively

ĤL=4(0) =




|α〉 |β〉
〈α| 0

√
2

〈β|
√

2 −1


 , ĤL=4(π) =




|α〉 |β〉
〈α| 0 0

〈β| 0 −1


 . (2.16)

They provide respectively the lowest eigenvalues λ = −2 and λ = −1, respectively,

which correspond to the GS energy E0 and the first excited state energy E1 of the

L = 4 AFHC.

Therefore, by applying symmetries, we can reduce dimensions of the Hilbert

space and then use the Lanczos iteration to obtain GS in the corresponding sector.

Uses of applicable symmetries are dependent on systems and lattice geometries.

In this case we can attack problems even with Hilbert space dimensions up to 107.

Here we present the GS energy per site e0 = E0/L vs 1/L2 in Fig. 2.2. The results

are considered under PBC, and translational, spin inversion and C2 point group

symmetries are applied. The finite size scaling indicates the extrapolated result

for the thermodynamic limit is in good agreement with the exact solution given

by the Bethe Ansatz [Bet31].
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Figure 2.2: The GS energy per site e0 as a function of 1/L2 in a 1D AFHC up
to L = 36 sites. The solid dot denotes the exact result e0 = − ln 2 + 1

4
= −0.44314

given by the Bethe Ansatz.

2.2 Density matrix renormalization groups

The essence of the numerical renormalization group (NRG) method is to

successively perform basis transformation, until finding proper basis sets to de-

scribe our systems. In other words, the renormalization is an approach to present

an infinite Hilbert space by finite basis states, i.e.

|Ψ〉 =
D→∞∑

i=1

ci|φi〉 ≈
m∑

i=1

c̃i|φ̃i〉,

where m is a finite number number of states we want to keep and {|φ̃i〉} is the

effective basis set with associated coefficient c̃i. Therefore, the essential point is

how to find an effective way to perform the transformation.

In the K.G. Wilson’s RG scheme, we discard high-energy states, only keep-

ing states with low-energy contribution [Wil75]. While the success on the Kondo

model has excited a lot of further investigations, it failed to numerically apply

to other quantum models, such as the Hubbard model and the Anderson model

[CB78, Chu80, DP81, Ma82], that physicists are concerned. The progress was still
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frustrating until S. R. White invented the density matrix renormalization groups

(DMRG) in 1992 [Whi92, Whi93]. During the decades, this novel numerical RG

approach has been proven to have excellent performance to study low-dimensional

strongly correlated systems.

2.2.1 NRG procedure

As we described above, simply speaking, NRG is achieved by successively

iterative transformation on the basis. The basis transformation procedures are

depicted as follows. Suppose that a system C is composed of A and B, we can

construct the whole system Hamiltonian as matrix direct product forms like

C

BA

[HC ] = [HA] ⊗ I + I ⊗ [HB] + [Or,A] ⊗ [Ol,B], (2.17)

where I is an identity matrix and [Or,A] ([Ol,B]) represents the operator of the

rightmost (leftmost) site of the left block A (right block B). For example, for an

Ising interaction Sz(i)Sz(j), [Or,A] ⊗ [Ol,B] = [Sz(A)] ⊗ [Sz(B)]. If [HA] and [Or,A]

are represented as m×m matrices whereas [HB] and [Ol,B] by D ×D, then [HC ]

and [Or,C ] = I ⊗ [Or,B] (or [Ol,C ] = [Ol,A] ⊗ I) are matrices with the dimension

of mD × mD. Here we denote [Ol,A] ([Or,B]) as the operator of the leftmost

(rightmost) site of the left block A (right block B).

We can diagonalize [HC ] to obtain all mD eigenvalues and the associated

eigenstates. The way K. G. Wilson used to carry out the basis transformation is

to choose the m lowest eigenstates and throw away other high energy states as the

cutoff [Wil75]. In this case, we will have a transformation matrix T with mD×m.

Then we do basis transformation on the Hamiltonian [HC ] and operators [Or,C ]
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and [Ol,C ] as follows

[H ′
C ] = T †[HC ]T, [O′

r(l),C ] = T †[Or(l),C ]T. (2.18)

Then [HA] = [HB] = [H ′
C ] and [Or(l),A] = [Or(l),B] = [O′

r(l),C ] are ready to use in

Eq. (2.17) for the next iteration. Unfortunately, such scheme only works well in

the Kondo model based on some reasons.

2.2.2 The density matrix scheme

There are two reasons for the success of DMRG. First, at each iteration only

two new sites are added to system blocks in this approach rather than doubling

systems in Wilson’s RG. Thus in the DMRG, the entire system (called superblock)

includes two blocks and two added sites located between two blocks, i.e. � • •�,

where � represents a block.

Second, instead of choosing eigenstates of the Hamiltonian, the eigenvectors

of the reduced density matrix are used to construct transformation matrices in

the DMRG scheme. An arbitrary state of the superblock can be expressed as

combinations of a direct product form of the left and right block

|Ψ〉 =
∑

L,R

ΨL,R|L〉 ⊗ |R〉.

The braket notations |L〉 and |R〉 represent complete sets of states of the left and

right block, respectively. The reduced density matrices (RDM) of the left block

are given by partially tracing out the right block:

ρL = TrR|Ψ〉〈Ψ| =
∑

R

∑

L,L′

Ψ∗
L′,RΨL,R|L〉〈L′|. (2.19)

In the above, we have used TrRA =
∑

R〈R|A|R〉 and the orthogonality relation

〈i|j〉 = δij. So the matrix element of the RDM of the left block is

ρL
k,l =

∑

R,L,L′

Ψ∗
L′,RΨL,R〈k|L〉〈L′|l〉 =

∑

R

Ψ∗
k,RΨl,R. (2.20)
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Similarly, the matrix elements of the RDM of the right block [Shi03] can be ob-

tained by partially tracing out the left block and written as

ρR
k,l =

∑

L

Ψ∗
L,kΨL,l. (2.21)

The state |Ψ〉 used to construct the RDM is called target state. If merely the GS

properties of systems are required, then we only need the GS wave function of

[HBB] by using Lanczos algorithm instead of fully diagonalizing [HBB] to obtain

all eigenstates.

Once RDM is prepared, we diagonalize the RDM: ρ|φi〉 = wi|φi〉 and then

take advantage of the eigenvectors {φ1, φ2, φ3 · · · } associated with m largest eigen-

values w1 ≥ w2 ≥ w3 · · · of RDM to construct the transformation matrix T as

the cutoff to proceed renormalization. The physical meaning of the eigenvalues of

RDM is the probability of states existing in the system [Fey72] and therefore we

should have
∑

i∈all wi = 1.

2.2.3 The infinite algorithm

There are two parts in the DMRG, one is the infinite algorithm (warm up)

and the other is the finite algorithm (sweep). In any case, the former is necessary

since it initializes systems to appropriate sizes we request. We briefly introduce

both algorithms by taking the spin-1/2 model as an example in the following.

The infinite DMRG scheme is shown in Fig. 2.3. At each iteration, the

two blocks grow up with a new added site. The superblock is composed of two

blocks with the same lengths and two added sites. At the beginning, each block

only comprises one site such that there are four sites in the superblock. Before

constructing the superblock, we have the enlarged left and right block Hamiltonian,

[HB•] and [H•B], respectively, which are given by

[HB•] = [HL
B] ⊗ I + I ⊗ [H•] + [HB−•], (2.22)
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..............

Figure 2.3: The infinite DMRG procedure scheme. At each iteration two new
sites are added between the blocks.

block

block

[H•B] = I ⊗ [HR
B ] + [H•] ⊗ I + [H•−B], (2.23)

where [HB−•] and [H•−B] represent the couplings between the blocks B and the

single site •. For example, for the spin-1/2 model, the coupling is ~Si · ~Sj =

Sz(i)Sz(j) + 1
2
(S+(i)S−(j) + h.c.) and for the Hubbard model, c†σ(i)cσ(j) + h.c..

For the spin model, the coupling terms in Eq. (2.22) and (2.23) are represented as

[HB−•] = [Sz
r ] ⊗ [Sz

• ] +
1

2
([S+

r ] ⊗ [S−
• ] + h.c.),

[H•−B] = [Sz
• ] ⊗ [Sz

l ] +
1

2
([S+

• ] ⊗ [S−
l ] + h.c.),

where [Sz
• ] and [S+

• ] = 1
2
([Sx

• ] + i[Sy
• ]) denote the operators for the new added

site and are 2 × 2 Pauli matrices. In Eq. (2.22) and (2.23), [HL,R
B ] denote the

renormalized left and right block Hamiltonian represented by m ×m matrices,

and [H•] comes from on-site terms; for example, if we have hSz(i) in Eq. (2.1),

[H•] = h[Sz
• ]. Here renormalized means that the Hamiltonian is obtained from

basis transformation, e.g. Eq. (2.18). [Sz
l ] and [Sz

r ] denote the renormalized

Sz operators for the leftmost and rightmost sites of the right and left blocks,

respectively.
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Then we construct the superblock Hamiltonian [HBB]. Here we only have

two spins involved in the couplings between two blocks in the DMRG (c.f. Fig.

2.3). Therefore [HBB] reads as

[HBB] = [HB•] ⊗ I + I ⊗ [H•B] + [H•−•], (2.24)

where

[H•−•] = I ⊗ [Sz
• ] ⊗ [Sz

• ] ⊗ I +
1

2
(I ⊗ [S+

• ] ⊗ [S−
• ] ⊗ I + h.c.). (2.25)

The dimension of the superblock Hamiltonian [HBB] turns out to be (m × 2) ×
(2 × m) = 4m2. The GS energy E0 and wave function |Ψ0〉 can be obtained by

diagonalizing the superblock Hamiltonian: [HBB]|Ψ0〉 = E0|Ψ0〉 and RDM can be

constructed by partially tracing |Ψ0〉〈Ψ0| using Eq. (2.20) and (2.21). Similarly to

the NRG, then we renormalize the enlarged operators

[S̃z
r ] = T †(I ⊗ [Sz

• ])T, [S̃z
l ] = T †([Sz

• ] ⊗ I)T, (2.26)

and the block Hamiltonian

[H̃L
B] = T †[HB•]T, [H̃R

B ] = T †[H•B]T, (2.27)

where the transformation matrix T is obtained from the eigenstates of RDM. Then

these renormalized operators and block Hamiltonian are recycled to use in Eq.

(2.22) and Eq. (2.23) for the next iteration. We repeat the above procedures until

E0/N is convergent2.

2.2.4 The finite algorithm

The second part of DMRG is the finite algorithm [Whi93]. In this approach

the construction of superblocks and the enlarging block is the same as the infinite

2In fact, in the infinite algorithm, as S. R. White suggested [Whi92], we determine the E0/N in
the thermodynamic limit by comparing the energy differences between [E0(N +4)−E0(N +2)]/2
and [E0(N + 2) − E0(N)]/2 instead of comparing E0(N + 2)/(N + 2) and E0(N)/N . This can
avoid the edge effect from the boundaries.
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one, but it is necessary to additionally store all operators of each site (not only the

rightmost or leftmost site). The sweep stage is designed to enhance the accuracy

of the system, including GS energies and other measurements.

After system sizes are achieved by using the infinite algorithm, we fix the

sizes of superblocks. Then the two middle sites between left and right blocks move

from left to right (c.f. Fig. 2.4). At each step, the left block shrinks whereas the

.......

.......

Figure 2.4: The schematic illustration of a sweep from the left to right.

right one grows up until the size of the right blocks is composed of only one spin.

Then the middle sites move from right to left until the left block has only one spin.

Schematically, the two middle sites move forth and back, like a sweep through the

chain, so it is called sweep. The Hamiltonian is constructed in the similar manner

to Eq. (2.22) and (2.23):

[HB•] = [HL
B,x] ⊗ I + I ⊗ [H•] + [HB−•],

[H•B] = I ⊗ [HR
B,y] + [H•] ⊗ I + [H•−B],

and

[HB−•] = [Sz
r,x] ⊗ [Sz

• ] +
1

2
([S+

r,x] ⊗ [S−
• ] + h.c.),

[H•−B] = [Sz
• ] ⊗ [Sz

l,y] +
1

2
([S+

• ] ⊗ [S−
l,y] + h.c.),

and the superblock Hamiltonian [HBB] is constructed as Eq. (2.24). Note that all

renormalized operators and block Hamiltonian shown above are associated with

size indices which obey the constraint x + y + 2 = L, where x, y are the sizes of
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the left and right block, and L is the size of the superblock. They stem from the

storage in previous sweeps or the warmup step.

One feature of the DMRG algorithm is that we can keep track of the ac-

curacy in our computation. From the above explanation,
∑2m

i=1wi = 1 due to the

conserved total probability, where the number of states kept in each block is m.

We can define the truncation error

Terr =
2m∑

i=m+1

wi,

where it sums over all weights of the states which are thrown away in the DMRG

truncation. This quantity reflects how much important information we discard.

If Terr is large, usually the DMRG computation is not accurate. In the examples

shown in Fig. 2.6, within m = 120 the truncation error is 10−8 for the spin-

1/2 AFHC and even smaller than 10−10 for the spin-1 AFHC, which implies that

we keep most significant states. Thus the RDM plays a key role to filter out

unimportant states. Usually if we require with the same accuracy, the number of

states kept m increases if the degree of freedom per site q increases. For example,

to reach the same accuracy, we need to keep more states per block in the Hubbard

model (q = 4) or in the spin-2 AFHC (q = 5) than that in the spin-1/2 AFHC

(q = 2). In addition, note that based upon specific reasons, in all the NRG

algorithm the numerical results under open boundary conditions (OBC) are more

accurate than those under PBC [Whi93].

To explicitly explain how the RDM efficiently choose significant states, we

present the eigenvalues of the RDM for the 1D spin systems Eq. (2.1) with different

spin-S and boundary conditions in Fig. 2.5. For comparison, the system sizes are

fixed on N = 32 and the eigenvalues are denoted by solid and open symbols for

OBC and PBC, respectively. First, we note that the wi’s under OBC decrease more

rapidly than those under PBC, regardless of S. This means that with the same

number of states kept per block m, we keep more important states for OBC than

for PBC. This interprets that the DMRG algorithm is more efficient for systems
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Figure 2.5: The eigenvalues of RDM of the 1D AFHC with different spin-S and
boundary conditions on the size of N = 32.

under OBC than those under PBC. Second, it is obvious to see that larger S,

slower decay on wi. Therefore we have to increase the number of states kept for

larger S if we expect to remain the same accuracy. For example, for the spin-1/2

case, if we choose m = 20 and throw away others, we only drop the states with

weights below 10−7. For the spin-2 case (q = 5), however, choosing m = 20 will

lose states with weights up to 10−3 and results in huge truncation error Terr.

2.2.5 Numerical demonstration

In this subsection we present DMRG studies on two systems. The first one

is the Heisenberg spin exchange model, AFHC, and the second is a 1D Hubbard-like

model, called the hybridized sp-band model.

a. Spin chains

The infinite DMRG results for the AFHC are presented in Fig. 2.6. In

the following we take J = 1 as a unit. The systems are considered under OBC.

In addition to spin-1/2, we also apply to the spin-1 systems. The extrapolation
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Figure 2.6: The GS energy per site es given by the DMRG for (a) spin-1/2 (b)
spin-1 AFHC. m is the number of states kept.

1/m → 0 is regarded as the limit without the basis cutoff. Both simulations

are given by targeting the lowest states in the sector of Stot
z = 0. Although the

exact solution for the spin-1 AFHC is still unavailable, the GS energy per site in

the thermodynamic limit is believed to be accurately estimated as −1.40148, by

other reliable numerical methods, such as Exact Diagonalization [GJL94], QMC

[Tak89] and DMRG [WH93]. Compared to the known Bethe-ansatz result that

es= 1

2
= −0.443147181 [Bet31] for spin-1/2 and reliable numerical studies giving

es=1 = −1.401484038971 [Tak89, WH93, GJL94] for spin-1, obviously, our DMRG

results are considerably consistent with es= 1

2
and es=1. The computations are

well-convergent upon increasing the number of states kept m.

DMRG can deal with not only the GS, but also low-lying excited states.

To find the lowest excited state in the AFHC, we can target states in the sector of

Stot
z = ±1. As conjectured by F. D. M. Haldane [Hal83a, Hal83b], the AFHC with

half-integer spin is gapless whereas gapped with integer spin. Therefore spin-1/2

and spin-1 AFHC will exhibit gapless and gapped modes in the thermodynamic

limit and the spin gap of the spin-1 AFHC was estimated as 0.41 [WH93, GJL94].

In Fig. 5.10, the spin gap ∆ is defined as the energy difference between the GS
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Figure 2.7: The finite size scaling of the spin gap ∆ for the spin-1/2 and spin-1
AFHC. N denotes the number of sites.

and the lowest excited state. It is evident to see that the ∆ of the spin-1/2 AFHC

vanishes in the thermodynamic limit (1/N → 0) whereas for spin-1 the ∆ saturates

to a finite value at 0.41. Such finite size scaling in exact diagonalizaltion is not as

easily accessible as in the DMRG calculations due to finite memory limits. The

scaling behavior in Fig. 5.10 verifies the Haldane’s conjecture.

DMRG can also accurately calculate spin-spin correlations. As is well

known, the spin-spin correlations 〈~S(i) · ~S(j)〉 for the half-integer AFHC behaves

algebraically. One can express

〈~S(i) · ~S(j)〉 ∼ r−η (2.28)

with r = |i − j|. In [LP75], A. Luther pointed out that the exponent in Eq.

(2.28) for spin-1/2 is η = 1. For spin-3/2 a DMRG study accurately provides

η = 1.02 ± 0.02 [HWHM96]. On the other hand, 〈~S(i) · ~S(j)〉 for spin-1 AFHC

decays exponentially with r. Therefore we have

〈~S(i) · ~S(j)〉 ∼ e−
r
ξ , (2.29)

where ξ denotes the correlation length. ξ ≃ 6.03. We also demonstrate the loga-

rithm scaling behavior of 〈~S(i)·~S(j)〉 for the spin-1/2 and spin-1 AFHC as functions
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Figure 2.8: (a) log10 |〈~S(i) · ~S(j)〉| versus log10 r for the spin-1/2 AFHC and (b)

ln |〈~S(i) · ~S(j)〉| vs r for spin-1 AFHC.

of log10 r and r in Fig. 2.8 (a) and (b), respectively. Both plots exhibit linear re-

lations and are consistent with the scaling behavior as previous theoretical and

numerical studies. For the spin-2 AFHC, the correlation length was identified as

ξ = 49 in [SGJ96]. In Chap. 4, we will use the DMRG method to study the Sp(4)

spin-3/2 magnetic exchange chain at quarter-filling. By means of DMRG, the 1D

phase diagram can be well-justified in the thermodynamic limit.

b. Electron models

DMRG can deal with electron models such as the Hubabrd model and

Kondo model as well. As a demonstration example, we present some results on the
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hybridized sp-band model in 1D [ZHH+10]. This model can be carried by totally

filling fermions with spin ↑ to the s-band and partially filling to the p-band, and

spin ↓ to the s-band as depicted in Fig. 2.9. The Hamiltonian reads

Momentum

E
ne
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y

µs

µp

ks kF↓

kF↑ kp

s band ↓ Fermions
p band ↑ Fermions
Paired Fermions
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Figure 2.9: The schematic illustration of the Fermi surface on the 1D hybridized
sp-band model. ↑-spin fermions denoted by the green color are fully loaded in the
lower s-band and partially in the p-band. ↓-spin fermions denoted by the red color
are only loaded in the s-band.

Hsp = −
∑

〈ij〉

{
t‖ss

†(i)s(j) − t‖pp
†(i)p(j) + h.c.

}

− µs

∑

i

n̂s(i) − µp

∑

i

n̂p(i) + ∆B

∑

i

n̂p(i) + Usp

∑

i

n̂s(i)n̂p(i),

where j = i+1. Here, t
‖
s, t

‖
p are the hopping amplitudes along the parallel direction

for the s- and p-band fermions respectively. In 1D only p = px (along the chain

direction) has contribution to t
‖
p and the transverse directions hopping amplitudes

t⊥p = 0 due to the anisotropic shape of px-orbital. s(i) (p(i)) is the annihilation

operator at lattice site i for s band ↓ (p band ↑) fermions. n̂s(i) = s†(i)s(i) and

n̂p(i) = p†(i)p(i) are the number operators in the s and p-band, respectively, and

µs and µp are the corresponding chemical potentials. Usp is the attractive on-

site interaction between s- and p-band fermions, and can be tuned by changing

the scattering length using Feshbach resonance. ∆B gives s and p-band gap. We

assume ∆B ≫ Usp, and consequently the spin-↑ fermions which are fully filled in
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the s-band are inert, such that Usp acts as an interaction between spin-↑ fermions

in the p-band and spin-↓ fermions in the s-band.

In the paper we consider the pairing problem. The Cooper pairs induced

by negative Usp have to carry finite center-of-mass momentum (CMM) due to the

Fermi surface mismatch and have a p-wave symmetry. Note that the dispersion

of the p-band is inverted with respect to the s-band (c.f. Fig. 2.9), such that

the pairing occurs between fermions with momenta of the same sign but opposite

group velocities. The CMM of the pair should be the sum of two Fermi momenta,

Q = ks + kp = kF↓ + kF↑, (2.30)

different from the usual spin imbalanced fermions within the same band, where

the FFLO pair has momentum |kF↑ − kF↓|.
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Figure 2.10: The spatial variation of the the pairing correlation C(x) for Ns =
13 and Np = 43 according to DMRG. The dot line is the fitting using function
A cos(qx)/xη, where the oscillation wave number is q = 0.492π/a.

We used DMRG to compute the pair correlation function for a chain of

L = 60 sites with OBC. In the numerical calculations, we used parameters t
‖
s = 1,

t
‖
p = 8, µs = 1.7, µp − ∆B = −11, and Usp = −9, which are chosen according to

tight-binding criteria. The filling number is determined by the mean field analysis

[ZHH+10] and the truncation error are controlled in order of 10−7 or less. Eq.
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Figure 2.11: The DMRG results of Cq for a 1D chain of total L = 60 sites. The

expected Q = (N−Np)π

(L+1)a
+ Nsπ
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is in good agreement with the peak positions in the

plot.

(2.30) predicts kF↑ = (L−Np)π

(L+1)a
and kF↓ = Nsπ

(L+1)a
3 such that Q = kF↑ + kF↓ =

0.492π/a. Fig 2.10 shows the onsite pairing-pairing correlation function in real

space Cij = 〈∆̂†(i)∆̂(j)〉 = 〈s†(i)p†(i)p(j)s(j)〉 as a function of x = |i − j|, where

the indices i and j are real space positions. ∆̂†(i) = s†(i)p†(i) is the onsite pairing

operator between the fermions in the s-band and the p-band. Since the 1D system

behaves algebraically, C(x) has a power-law decay with x. However, there are

oscillations. A fitting curve with formula C(x) = A cos(qx)/xη, shown in Fig 2.10,

yields a modulation with the period of 0.492π/a which is in a good agreement with

Q given by Eq. (2.30).

To see this more clearly, we perform the Fourier transform of the pair cor-

relation function

Cq =
1

N

∑

i,j

eiq(i−j)Cij. (2.31)

We consider three different cases: (i) Ns = Np = 28 (ii) Ns = 20 and Np = 36

and (iii) Ns = 13 and Np = 43, which are expected to render Q = π/a, 44π/61a

and 30π/61a, respectively. In Fig. 2.11 all the cases show very good agreement

3Note that here we use OBC, therefore k = mπ/(L + 1), where m = 1, · · · , L.
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for the peak positions at the Q’s. By fast sweeping the magnetic field from the

BCS region to the deep BEC region across a Feshbach resonance, the BCS pairs

are projected onto Feshbach molecules, which can be further probed for example

by time-of-flight images [LW06]. Here we use a simplified model [DH04, AV05] to

evaluate the momentum distribution of molecules after projection

nq =
∑

k,k′

f ∗
kfk′〈s†

k+q/2p
†
−k+q/2p−k′+q/2sk′+q/2〉, (2.32)

where fk is the molecular wave function. For fast sweeps, the molecular size is

small compared to lattice constant and its wave function can be approximated by

a delta function in real space (a constant
√

1/N in momentum space). By this

assumption, nq is the same quantity as Cq in Eq. (2.31).

c. Other applications

In addition to 1D problems, DMRG can also attack 2D problems by adding

pin fields on boundaries [WC07] and other more complicated models. Readers can

refer to the review article [Sch05]. DMRG can target a state not only in a fixed

U(1) sector, but also with a fixed total spin (SU(2) symmetry) [MG01, MG02].

Moreover, it has been shown that DMRG can easily be applied to study time-

evolution problems [WF04] and is relevant to the Matrix-product state algorithm

[Sch07, Sch11].

2.3 Determinant quantum Monte Carlo methods

In this section we introduce the determinant QMC method. The determi-

nant QMC was originally designed to simulate the Hubbard model

Ĥ = −t
∑

i,j,σ

c†σ(i)cσ(j) + U
∑

i

n̂↑(i)n̂↓(i) − µ
∑

i,σ

n̂σ(i), (2.33)
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where here we only consider on-site interactions. For any observable, Ô, we are

concerned about its expectation value, defined as

〈Ô〉 =
TrÔe−βĤ

Tre−βĤ
, (2.34)

where Tr sums over all possible states, TrÂ =
∑

i〈φi|Â|φi〉, which is usually be-

yond human’s ability. β = 1/T , where T represents the temperature. Z = Tre−βĤ

denotes the partition function and the determination of Z is also a challenging is-

sue. However, we can choose important states to find the average by Monte Carlo

sampling rather than running over all possible states (obtained from numerical

diagonalization). In this case we can rewrite

〈Ô〉 =

∑
c p[c]O[c]∑

c p[c]
, (2.35)

where p[c] is the probability of the configuration c to have the value of O[c]. The

configurations {c} = c1, c2 · · · are successively generated from a Markov-chain

process via a proper description on the transition probability W (ci → ci+1). This

is called important sampling. One of strategies to satisfy the detailed balance

principle is the Metropolis algorithm [MRR+53]. In the classical systems, we use

the Boltzmann distribution p[c] = e−βE[c]. When probability ratio p[c′]/p[c] > 1 we

accept the new configuration c′ whereas when p[c′]/p[c] < 1 we still allow certain

probability to determine whether accept or reject updating from c to c′ [BH97].

However, for quantum systems, E[c] is very difficult to evaluate; usually we

need to diagonalize Hamiltonian, as described in Sec. 2.1. By the Path-Integral

formulism, we can discretize Z

Z = Tr(e−∆τĤ)M = Tr

M∏

l=1

e−∆τĤl = Tr

M∏

l=1

e−∆τ(Ĥt
l
+ĤU

l
), (2.36)

where β = ∆τ · M and l denotes the imaginary time steps. Ĥl = Ĥ t
l + ĤU

l is

separated into two parts: Ĥ t
l = −t

∑
i,j,σ c

†
σ(i)cσ(j) and ĤU

l = U
∑

i n̂↑(i)n̂↓(i) −
µ

∑
i,σ n̂σ(i). By applying the first and second order Suzuki-Trotter decomposition
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[Tro59, Suz76], the partition function can be, respectively, written as

Z = Tr

M∏

l=1

e−∆τĤt
l e−∆τĤU

l +O((∆τ)2tU),

Z = Tr

M∏

l=1

e−∆τ
Ĥt

l
2 e−∆τĤU

l e−∆τ
Ĥt

l
2 +O((∆τ)3tU). (2.37)

If ∆τ is small, the evaluation of Z in Eq. (2.37) will be a good approximation. We

denote Bσ
l = e−∆τĤt

l e−∆τĤU
l or Bσ

l = e−∆τ
Ĥt

l
2 e−∆τĤU

l e−∆τ
Ĥt

l
2 as the single-particle

propagator at the l-th time step4. In the following discussion, we use the former

one in the single-particle propagator. e−∆τĤt
l is easy to write as an exponential of

the matrix kernel Kσ represented by single-particle basis:

e−∆τĤt
l = e−∆τ(K↑+K↓) = e−∆τ

P

i,j,σ c†σ(i)Kσ
ijcσ(j), (2.38)

where Kσ
ij = −t, if i and j are connected by a bond; otherwise Kσ

ij = 0. Note that

in the Hubbard model K↑ = K↓ are independent of spin flavors. For e−∆τĤU
l , how-

ever, we have trouble to evaluate since it involves 4 fermion operators: n̂↑(i)n̂↓(i).

To fit in the single-particle basis, we resort to the Hubbard-Stratonovich (HS)

transformation [Hub59, BSS81] to convert the 4 fermion operators to 2 fermion

operators.

2.3.1 Hubbard-Stratonovich transformation

The HS transformation originates from the Gaussian Integral

e
g2

4f =

√
f

π

∫ ∞

−∞
e−fx2+gxdx, (2.39)

where x is called the auxiliary field or external HS field. Inspired by this, we can

rewrite the interaction term

Un̂↑(i)n̂↓(i) = −U
2

{
[n̂↑(i) − n̂↓(i)]

2 − [n̂↑(i) + n̂↓(i)]
}

(2.40)

4Note that our decomposition uses the same convention as [Mur98, dS03]. But in Ref. [JG92]

they used e−∆τĤl ≃ e−∆τĤ
U

l e−∆τĤ
t

l . Such discrepancy will bring slight difference on the Green’s
function and other update formalisms.
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to make a perfect square. By choosing g = ∆τ
√
U [n̂↑(i) − n̂↓(i)] and f = ∆τ

2
, we

can recast the quartic term n̂↑(i)n̂↓(i) of e−∆τĤU
l to a quadratic form coupling with

the time-dependent continuous auxiliary field xl(i) as [BSS81, Mur98]

e
U∆τ

2
[n̂↑(i)−n̂↓(i)]2 =

√
∆τ

2π

∫ ∞

−∞
dxl(i)e

−∆τ
2

xl(i)
2+∆τ

√
U [n̂↑(i)−n̂↓(i)]xl(i). (2.41)

The above procedure transforms the 4 fermion operator term n̂↑(i)n̂↓(i) to n̂↑(i)−
n̂↓(i) which only involves 2 fermion operators and can be represented by the single-

particle basis. The values of the auxiliary field xl(i) depending on site i and the

l-th imaginary time step can be determined by Monte Carlo sampling. Similarly,

for U = −|U | < 0, we can rewrite

−|U |n̂↑(i)n̂↓(i) = −|U |
2

{
[n̂↑(i) + n̂↓(i)]

2 − [n̂↑(i) + n̂↓(i)]
}
, (2.42)

and then we can have another HS transformation

e
|U|∆τ

2
[n̂↑(i)+n̂↓(i)]2 =

√
∆τ

2π

∫ ∞

−∞
dxl(i)e

−∆τ
2

xl(i)
2+∆τ

√
|U |[n̂↑(i)+n̂↓(i)]xl(i). (2.43)

Note that in the case of repulsive interactions, since the systems usually be-

have with spin-density-wave, we make the HS transformation: e−∆τUn̂↑(i)n̂↓(i) ∼
e

U∆τ
2

[n̂↑(i)−n̂↓(i)]2 = e
U∆τ

2
[mz(i)]2 → e∆τ

√
Umz(i)xl(i) such that the magnetization mz(i)

couples to the HS fields. On the other hand, in the case of attractive inter-

actions, there exists a charge-density-wave and thus we make e−∆τUn̂↑(i)n̂↓(i) ∼
e

|U|∆τ

2
[n̂↑(i)+n̂↓(i)]2 = e

|U|∆τ

2
[n̂(i)]2 → e∆τ

√
Un̂(i)xl(i) such that the density fluctuation

n̂(i) couples to the HS fields.

Now we can evaluate e−∆τĤU
l as

e−∆τĤU
l = e

U∆τ
2

P

i[n̂↑(i)−n̂↓(i)]2

= (
∆τ

2π
)

N
2

N∏

i=1

∫ ∞

−∞
dxl(i)e

−∆τ
2

xl(i)
2

e∆τ
√

U [n̂↑(i)−n̂↓(i)]xl(i)

= (
∆τ

2π
)

N
2

N∏

i=1

∫ ∞

−∞
dxl(i)e

−∆τ
2

xl(i)
2

∏

σ=↑,↓
e∆τ

√
Uσxl(i)c

†
σ(i)cσ(i), (2.44)
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where σ = 1 for up-spin and −1 for down-spin. The partition function now can be

expressed as

Z = (
∆τ

2π
)

NM
2 Tr

M∏

l=1

∫ ∞

−∞
dxl(1) · · · dxl(N)e−

∆τ
2

P

i xl(i)
2

×
∏

σ=↑,↓
e−∆τ

P

i,j c†σ(i)Kσ
ijcσ(j)e

P

i c†σ(i)V σ
l

(i)cσ(i)

= (
∆τ

2π
)

NM
2

∫ ∞

−∞
Dxe−

∆τ
2

P

i,l xl(i)
2

∏

σ=↑,↓
Tr

M∏

l=1

B̂σ
l , (2.45)

where V σ
l (i) = ∆τ

√
Uσxl(i) and Dx = dxl(1) · · · dxl(N). B̂σ

l is the singlet-particle

propagator operator composed of Ĥ t
σ and ĤU

σ which can be further expressed as

B̂σ
l = e−∆τ

P

i,j c†σ(i)Kσ
ijcσ(j)e

P

i c†σ(i)V σ
l

(i)cσ(i). (2.46)

The trace Tr sums over all fermionic degrees of freedom and for the Fermionic case

we have the formulism

Tr
M∏

l=1

B̂σ
l = det[1 +Bσ

M · · ·Bσ
1 ] = detOσ({x}), (2.47)

where Bσ
l = e−∆τKσ

eV σ
l is a N × N matrix. Oσ({x}) is also a N × N matrix

and implicitly has the external HS field configuration {x}. This scheme needs a

lot computational resources to determine the continuous values of {x} in order to

reach the equilibrium status. Fortunately we can have another HS transformation

which can express the partition function with discrete auxiliary fields and reduce

the sampling space.

2.3.2 Discrete HS transformation

In a seminal paper, J. E. Hirsch proposed a clever scheme which can make

the Monte Carlo sampling more efficient [Hir83a, Hir83b, Hir85]. He chose Ising

spin sl(i) = ±1 instead of the continuous −∞ < xl(i) <∞ in the HS transforma-
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tion. In the case of repulsive interactions, i.e. U > 0, he gave

e−∆τUn̂↑(i)n̂↓(i) =
1

2
Trse

−sl(i)λ(n̂↑(i)−n̂↓(i))−U∆τ
2

(n̂↑(i)+n̂↓(i))

=
1

2

∑

s=±1

∏

σ=↑,↓
e−(σsl(i)λ+U∆τ

2
)n̂σ(i), (2.48)

where λ is given by

λ = cosh−1 (e
|U|∆τ

2 ). (2.49)

On the other hand, such discrete HS transformation can also be applied to the

case of negative interactions, i.e. U < 0, and we can have

e∆τ |U |n̂↑(i)n̂↓(i) =
1

2

∑

s=±1

∏

σ=↑,↓
e(sl(i)λ+

|U|∆τ

2
)(n̂σ(i)− 1

2
). (2.50)

In the following we focus our discussion on the case of U > 0. With the fermionic

trace, the partition function can be given as

Z = (
1

2
)NMTr

∑

{s}

M∏

l=1

∏

σ=↑,↓
e−∆τ

P

i,j c†σ(i)Kσ
ijcσ(j)e

P

i c†σ(i)V σ
l

(i)cσ(i)

= (
1

2
)NM

∑

{s}

∏

σ=↑,↓
detOσ({s}), (2.51)

where V σ
l (i) = −(σsl(i)λ+ ∆τU

2
−∆τµ) (for U > 0) and Oσ({s}) is evaluated as in

Eq. (2.47). In contrary to Eq. (2.45), here we have MN external HS Ising spins

{s} rather than continuous fields {x} to determine through Monte Carlo sampling.

Comparing the above expression with Eq. (2.35), we have that

p[c] =
∏

σ=↑,↓
detOσ({s}) (2.52)

is the probability for the Ising-spin configuration {s} in the Metropolis algorithm.

If at l-th time step a spin is flipped, sl(i) → sl(i)
′ = −sl(i), then the corresponding

single-particle propagator becomes (Bσ
l )′ and the probability ratio is5

R[c′; c] =
p[c′]

p[c]
=

∏

σ=↑,↓

det[1 +Bσ
M · · · (Bσ

l )′ · · ·Bσ
1 ]

det[1 +Bσ
M · · ·Bσ

l · · ·Bσ
1 ]

. (2.53)

5Note that all discussion here are based on repulsive interactions. For attractive interactions,
there exists an extra phase in Eq. (2.51) as well as the probability ratio.
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It seems that it is tedious to determine the probability ratio. However, we can

have a special formulism [BSS81] to reduce the calculation on R[c′; c] instead of

seriously calculating the determinants [dS03, JG92, Mur98]:

det[1 +Bσ
M · · · (Bσ

l )′ · · ·Bσ
1 ]

det[1 +Bσ
M · · ·Bσ

l · · ·Bσ
1 ]

= 1 + (1 − [Gσ
l ]ii)(e

2λσsl(i) − 1), (2.54)

where [Gσ
l ]ij = 〈cσ(i)c†σ(j)〉 is the equal time Green’s function of the l-th time step

which will be introduced in the next section. Therefore Eq. (2.54) reduces the

tedious matrix multiplication calculation to a simple scalar calculation.

We have one point to remark here. In Eq. (2.48) the SU(2) symmetry is

explicitly broken for such a single term (note that there exists a σ term in front of

n̂σ(i)); only after the sampling summation
∑

{s} the symmetry is preserved. For

this, F. F. Assaad proposed another discrete HS transformation with an explicit

SU(2) symmetry [Ass98]

e∆τλ(n̂(i))2 =
∑

s=±1,±2

γ(s)eη(s)
√

∆τλn̂(i) +O((∆τ)4), (2.55)

where

γ(±1) = 1 +

√
6

3
, γ(±2) = 1 −

√
6

3

η(±1) = ±
√

2(3 −
√

6), η(±2) = ±
√

2(3 +
√

6) (2.56)

involve 4-component Ising-spins. Note that unlike Eq. (2.48), Eq. (5.10) is not an

exact relation. However, since we already have the error from the Suzuki-Trotter

procedure Eq. (2.37) which gives (∆τ)2 or (∆τ)3, such a HS transformation can

be considered to be good enough. Also note that for repulsive interactions, U > 0,

then we have λ = −U such that
√
−∆τU = i

√
∆τ |U | and detOσ({s}) will involve

complex numbers. In Chap. 5, we consider such decomposition to study the

SU(N) Hubbard model.
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2.3.3 Green’s function and measurement

In determinant QMC simulations the equal time single-particle Green’s

function plays an essential role. It serves the calculations of the probability ratio

R[c′; c] and measurements. It is defined as

[Gσ
l ]ij = 〈cσ(i)c†σ(j)〉{s} =

Trcσ(i)c†σ(j)e−βĤ

Tre−βĤ
. (2.57)

The subscript {s} denotes that the Green’s function is given with the HS field

configuration. Unlike classical systems, once a spin is flipped, we have to update

the Green’s function under new HS Ising spin configurations {s′}. This perspective

suggests that in quantum systems a local change will bring global influence. It is

easy to show [Hir85] that

[Gσ
l ]ij = [(1 +Bσ

l−1 · · ·Bσ
1B

σ
M · · ·Bσ

l )−1]ij. (2.58)

Within the same time step, instead of recalculating Gσ
l as shown in Eq. (2.58),

the Green’s function can be updated as (during the lattice sweep)

[Gσ
l ]jk → [Gσ

l ]′jk = [Gσ
l ]jk −

{
δji − [Gσ

l ]ji

}
γσ

l (i)[Gσ
l ]ik

1 +
{

1 − [Gσ
l ]ii

}
γσ

l (i)
, (2.59)

where γσ
l (i) = e2λσsl(i) − 1. After a complete lattice sweep, the random walk has

to time evolve to the next time step, say from the l-th to (l + 1)-th. Then Gσ
l+1

can be prepared as

Gσ
l+1 = Bσ

l G
σ
l (Bσ

l )−1. (2.60)

However, this step cannot guarantee the accuracy after few time evolution steps;

in particular for large β. To make calculations numerically stable, we need to

recalculate Gσ
l by using Eq. (2.58) again.

Any observable like spin-spin or density-density correlations and so on which

involve more than 2 fermionic operators can be expressed in terms of the Green’s

functions by Wick’s theorem. The Wick’s theorem states

〈ABCD〉 = 〈AB〉〈CD〉 + 〈AD〉〈BC〉 − 〈AC〉〈BD〉. (2.61)
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For example, (for simplicity we ignore the time step index l)

〈n̂σ(i)n̂σ(j)〉{s} = 〈n̂σ(i)〉{s}〈n̂σ(j)〉{s} + (δij − 〈cσ(j)c†σ(i)〉{s})〈cσ(i)c†σ(j)〉{s}

= (1 −Gσ
ii)(1 −Gσ

jj) + (δij −Gσ
ji)G

σ
ij,

〈n̂σ(i)n̂σ̄(j)〉{s} = 〈n̂σ(i)〉{s}〈n̂σ̄(j)〉{s} = (1 −Gσ
ii)(1 −Gσ̄

jj),

〈S+(i)S−(j)〉{s} = 〈c†↑(i)c↓(i)c
†
↓(j)c↑(j)〉{s} = 〈c†↑(i)c↑(j)〉{s}〈c↓(i)c

†
↓(j)〉{s}

= (δij −G↑
ji)G

↓
ij. (2.62)

Then the true expectation values in the grand canonical ensembles are obtained

by statistical averages during the Monte Carlo sampling. Suppose that we have

Nm measurements, then

〈n̂σ(i)〉 =
1

Nm

∑

{s}
〈n̂σ(i)〉{s} =

1

Nm

∑

{s}
(1 −Gσ

ii),

〈n̂σ(i)n̂σ(j)〉 =
1

Nm

∑

{s}
〈n̂σ(i)n̂σ(j)〉{s}

=
1

Nm

∑

{s}

{
(1 −Gσ

ii)(1 −Gσ
jj) + (δij −Gσ

ji)G
σ
ij

}
. (2.63)

Note in Eq. (2.47) and (2.58) for large β there are many Bσ
l matrices

multiplying to form the determinant. For example, β = 20 and ∆τ = 0.1 (in units

where t = 1), then we have M = 200. Such matrix multiplication is numerically

unstable such that our samplings and Green’s functions are ill-conditioned due the

limited precision in our computers. Without any optimization, the determinant

QMC can only attack the problems, at most, up to β = 5, which obviously does not

belong to the low-temperature regime. Fortunately we have two ways to solve the

difficulty. The first one is proposed by J. E. Hirsch [Hir88]. He extended the space

formulism to the space-time formulism. The alternative remedy is to apply the

modified Gram-Schmidt factorization on the matrix multiplication of Bσ
l−1 · · ·Bσ

l

[JG89, WSS+89, IH89, JG92]. This method involves repeated orthonormalization

procedures. With such optimization, the low-temperature like β = 20 is available

to simulate.
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2.3.4 The simulation

In this section we describe the determinant QMC simulation procedures. At

the beginning we generate an initial configuration {s} which are composed of MN

Ising spins chosen randomly. Each Monte Carlo (MC) step includes a space-time

sweep. In each sweep we attempt to flip each Ising spin sl(i) → s′l(i) and calculate

the probability ratio R = R↑R↓ = p[c′]/p[c] (as shown in Eq. (2.54)) between the

updated c′ = {s′} and original c = {s}. The probability ratio plays a key role to

determine whether or not the updated configuration is accepted. As long as the

HS configuration is updated, we must update the Green’s function by using Eq.

(2.59). After a complete lattice sweep, we move to the next time step and prepare

the Green’s fucntion by using Eq. (2.60).

There are two sampling algorithms to determine the acceptance proce-

dure in the Markov process. The first one is the Metropolis algorithm [MRR+53]

as described at the beginning of this section. Once R > 1 then we immedi-

ately accept the new configuration: {· · · , sl(i), · · · } → {s′} = {· · · , s′l(i), · · · } =

{· · · ,−sl(i), · · · }. If R < 1, we generate another random number r and compare

it with R. Once R > r we still accept the new configuration; otherwise not thing

is changed [BH97]. The alternative one is the heat-bath algorithm [BH97, LB00].

Instead of directly using R, we calculate R′ = R/(1 + R) and compare it with

another random number r. Once R′ > r the update configuration is accepted,

otherwise remaining the original one.

There are NM samplings in a MC step. Before we start to collect measure-

ments, we take few thousand MC steps to warm up to make the system be in the

equilibrium. Then we run few thousand or more MC steps to find statistical aver-

ages; in the following we denote NMC as the number of MC steps. The expectation

value of an observable Ô after Nm measurements is evaluated as

〈Ô〉 =
1

Nm

∑

{s}
〈Ô〉{s} =

1

Nm

Nm∑

i=1

O(i), (2.64)
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where O(i) = 〈Ô〉{s} can be expressed in terms of the Green’s function, like Eq.

(2.62). To avoid correlations between two successive measurements we can collect

O(i) for every few, say 5 or 10 steps.

In QMC simulations, we have a criterion to estimate our statistical uncer-

tainties, which are relevant to the sample standard deviation. We usually have 10

or 20 runs (Nbin = 10 or 20) in each of which there are Nm measurements such

that we can have 10 or 20 ensemble averages 〈Ô〉, designated as Oi, where i = 10

or 20. For these Nbin ensembles, we can have the statistical average

Ō =
1

Nbin

Nbin∑

i=1

Oi. (2.65)

Then the sample standard deviation of Eq. (2.65) can be estimated as

σssd =

√∑
i(Oi − Ō)2

Nbin − 1

=

√∑
i(O

2
i + (Ō)2 − 2OiŌ)

Nbin − 1

=

√∑
iO

2
i +Nbin(Ō)2 − 2(NbinŌ)Ō

Nbin − 1

=
√
Nbin

√
P

i O2
i

Nbin
− (Ō)2

Nbin − 1

=
√
Nbin · σ(O), (2.66)

which is proportional to the statistical uncertainties σ(O), mentioned in Eq. (3.23)

of Ref. [JG92] with a factor of
√
Nbin. In Monte Carlo simulations, we use σ(O)

to represent the statistical error.

We present the benchmark results for the 2D Hubbard model Eq. (4.4)

with repulsive interactions up to N = 10 × 10. For convenience we take t = 1 as

a unit hereafter. In the following sections all numerical demonstrations

are done with considering Hirsch’s decomposition, i.e. Eq. (2.48), to

decouple the Hubbard on-site interaction. We first measure the averaged

internal energy per site E/N , where E = 〈Ĥ +µN̂〉 and present in Fig. 2.12. The
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Figure 2.12: The averaged internal energy per site E/N vs β for (a) U = 2 (b)
U = 4 and (c) U = 8. The zero temperature limit can be obtained by extrapolating
β → ∞.

warmup step is 1000 and NMC is chosen as 8000. ∆τ = 0.1 and the first order

Suzuki-Trotter decomposition is used. As is seen, upon increasing β (decreasing

temperature) E/N converges to certain values whose extrapolations at β → ∞ are

believed as the GS energy E0 at zero temperature. Exact diagonalization methods

on the 4× 4 cluster give E0 = −1.126098, −0.851366 and −0.529305, respectively

[PSB+89, SBCP89, DMO+92]. The determinant QMC at large β provides good

agreement compared with the exact diagonalization results.

Next we show the spin-spin correlation functions in monentum space, i.e.

the antiferromagnetic structure form factor S(π, π), in Fig. 2.13. The definition

of structure form factor S(~q) reads as [HT89]

S(~q) =
1

N

∑

i,j

ei~q·(~ri−~rj)〈(n̂↑(i) − n̂↓(i))(n̂↑(j) − n̂↓(j))〉 (2.67)

with ~q = (π, π). If the Neel ordering is present, S(π, π)/N will remain finite values

in the thermodynamic limit (N → ∞). In Ref. [HT89], J. E. Hirsch proved that

the 2D Hubbard model certainly exists a long-ranged Neel ordering by finite size

scaling on S(π π)/N . Once away the half-filling it is believed that the system

does not have the magnetic ordering [Hir85]. In the plots, the values of S(π, π)
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Figure 2.13: The structure form factor S(π, π) vs β for (a) U = 2 (b) U = 4 (c)
U = 8 on a 2D Hubbard model at half-filling.

show to saturate to certain values upon increasing β indicating the existence of

antiferromagnetic correlations at the low temperatures. Note that S(π, π) shows

stronger fluctuations than E/N . Also, upon increasing β or U , both observables

E/N and S(π, π) reveal stronger statistical errors and uncertainties which originate

from quantum fluctuations.

As mentioned in Eq. (2.37), we discretize the imaginary time scale β to

evaluate the partition functions with finite but small ∆τ . The generic thermody-

namic limit, however, should be obtained in the ∆τ → 0 limit. In the following

we shall present the analysis of ∆τ dependence of measurements in Fig. 2.14 and

reveal that, by comparing with finite ∆τ scaling to ∆τ → 0 the QMC still provides

well-convergent results in the 2D Hubbard model. The simulations are performed

by using U = 4. It has been proven that the free energy and measurements have

(∆τ)2 dependence in the determinant QMC by R. M. Fye [Fye86]. Our numerical

demonstrations in Fig. 2.14 show the (∆τ)2 relation on both E/N and S(π, π)

[HT89], and also confirm that such dependence is irrespective of the size and β.
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Figure 2.14: The ∆τ dependence of the internal energy E/N (a) and (c) and
the structure factor S(π, π) (b) and (d) for the 4 × 4 and 6 × 6 clusters on the
half-filling 2D Hubbard model at β = 2 (black), 4 (red) and 8 (blue).

2.3.5 The minus-sign problem

As is well known, QMC suffers serious sign problems in most electron models

since the probability p[c] =
∏

σ detOσ({s}) cannot be guaranteed to be positive-

definite. This is the well-known minus-sign problem. Such ambiguous negative

probability brings uncertainties to our measurements in numerical simulations.

However, in the case of particle-hole symmetry and half-filling, one can always

prove that
∏

σ detOσ({s}) is positive-definite. In the determinant QMC, p[c] is
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always given by

p[c] = detO↑({s})detO↓({s})

= Tr
M∏

l=1

e−∆τK↑

e
P

i c†↑(i)V ↑
l

(i)c↑(i) · e−∆τK↓

e
P

i c†↓(i)V ↓
l

(i)c↓(i), (2.68)

where V ↑
l (i) = −(sl(i)λ + ∆τU

2
− ∆τµ) and V ↓

l (i) = −(−sl(i)λ + ∆τU
2

− ∆τµ) for

U > 0. At half-filling we have µ = U
2
, such that V ↑

l (i) = −sl(i)λ and V ↓
l (i) = sl(i)λ.

With the particle-hole transformation, we apply cσ(i) → (−1)id†σ(i) to the down-

spin and keep the up-spin one unchanged in the above. We obtain

e−∆τK↓

= e−∆τ
P

i,j c†↓(i)K↓
ijc↓(j) → e−∆τ

P

i,j(−1)i+jd↓(i)K↓
ijd†↓(j)

eV ↓

= e
P

i c†↓(i)V ↓
l

(i)c↓(i) → e
P

i d↓(i)(sl(i)λ)d†↓(i). (2.69)

In the bipartite lattice, like a square lattice, we always have j = i + x̂ or j =

i + ŷ such that (−1)i+j = (−1). We also have the anti-commutation relation:

d↓(i)d
†
↓(j) = −d†↓(j)d↓(i) and d↓(i)d

†
↓(i) = 1 − d†↓(i)d↓(i) and recall that Kσ is

σ-independent. After that we have

e−∆τK↓ → e−∆τ
P

i,j d†↓(i)K↓
ijd↓(j)

eV ↓ → e
P

i d†↓(i)(−sl(i)λ)d↓(i)eλ
P

i sl(i). (2.70)

Thus, in addition to eλ
P

i sl(i), now the detO↓ has the same expression as detO↑.

The probability of the Ising spin configuration c = {s} becomes

p[c] = (detO↑)2eλ
P

i sl(i), (2.71)

which can guarantee to be positive-definite since eλ
P

i sl(i) > 0 with real λ
∑

i sl(i).

Based the similar argument, for the case of U < 0, we have V ↑
l (i) = V ↓

i (i) =

(sl(i)λ + ∆τ |U |
2

+ ∆τµ) such that p[c] can be naturally written as a square of the

determinants and thus be positive-definite. Hence there is no minus-sign problem

for attractive interactions at arbitrary fillings.
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Away half-filling, p[c] cannot be guaranteed to be positive-definite. Recall

that the expectation value of an observable is

〈Ô〉 =

∑
c p[c]O[c]∑

c p[c]
. (2.72)

However, now p[c] can be negative. We can re-express p[c] = s(c)|p[c]| = s(c)p′[c]

[SBCP89, FI91a, EYLGS+90], where s(c) = ±1 denoting the sign; then we have

〈Ô〉 =

∑
c s(c)|p[c]|O[c]∑

c s(c)|p[c]|
=

∑
c p

′[c]
{
s(c)O[c]

}

∑
c p

′[c]s(c)
=

〈sÔ〉
〈s〉 . (2.73)

This indicates that the expectation value 〈Ô〉 has an uncertainty with respect to

the averaged sign 〈s〉. Only with 〈s〉 = 1 simulations are reliable.

To observe the influence away the half-filling, in the following, we present

simulations to study the variation of sign problems as a function of filling n for

different sizes, interactions and temperatures in Fig. 2.15 (a), (b) and (c), respec-

tively. ∆τ = 0.1 is used. It is evident that once away n = 1, 〈s〉 6= 1 in most cases.

But roughly speaking, for low-density regime, the sign problems are not as severe

as the slightly doping regimes. From (a), we see that the sign problem only slightly

depends on the system sizes. From (b), we can see that stronger interactions, more

severe sign problems. At U = 2, 〈s〉 ≃ 1 and in contrary, at U = 8, the uncertain

〈s〉 is huge! This brings a lot of quantum fluctuations and explains the occurrence

of big errors in our simulations [e.g. Fig. 2.13 (c)]. From (c), we also see that

lower temperature (larger β), bigger variations on 〈s〉 due to stronger quantum

fluctuations.

In Ref. [EYLGS+90, dS03], the relation between 〈s〉 and β is estimated as

〈s〉 ∼ e−βNγ, (2.74)

where γ is a constant depending on U and filling. This indicates that lower tem-

perature results in more severe sign problems. They also calculated the d-wave

pairing susceptibility and numerically compared the results with considering and

neglecting signs of the determinants, and concluded that neglecting the signs makes
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calculation unreliable [EYLGS+90, LGS+05]. Note that in Fig. 2.15 (a) for the

4 × 4 cluster at n = 10/16 = 0.625, 〈sign〉 = 1 indicating that there is no sign

problem! The reason is that at this filling the electrons form a closed shell without

any degeneracy [dS03]. Similarly, in Fig. 2.15 (c) for the 6 × 6 cluster at the

closed shells, n = 18/36 and 26/36, 〈sign〉’s behave better than other fillings. This

observation has been also found in Ref. [Ass02] and implies that the degeneracy

in GS’s will deteriorate signs.

2.3.6 The zero-temperature (projector) algorithm

All above discussions are based on finite temperature calculations. For the

T = 0 limit, the GS wave function can be obtained by the so-called power method

which projects a trial wave function |ΨT 〉 in the following way [Mur98]:

lim
Θ→∞

e−ΘĤ |ΨT 〉 = lim
Θ→∞

∑

n

e−ΘĤ |Ψn〉〈Ψn|ΨT 〉

= lim
Θ→∞

∑

n

e−ΘEn|Ψn〉〈Ψn|ΨT 〉

= lim
Θ→∞

e−ΘE0

{
|Ψ0〉〈Ψ0| +

∑

n6=0

e−Θ(En−E0)|Ψn〉〈Ψn|
}
|ΨT 〉.

(2.75)

|ΨT 〉 is required to be nonorthogonal to |Ψ0〉. As Θ is large, such projection

procedure can filter out states other than the GS. Here we use the symbol Θ

instead of β to distinguish that Θ plays a role as the projector parameter not the

inverse temperature. The projector algorithm was first developed by G. Sugiyama

and S. E. Koonin [SK86] and then S. Sorella et al. [STB+88, SBCP89, WSS+89].

The expectation value in the T = 0 limit is defined as

〈Ô〉 =
〈Ψ0|Ô|Ψ0〉
〈Ψ0|Ψ0〉

=
〈ΨT |e−

Θ

2
ĤÔe−

Θ

2
Ĥ |ΨT 〉

〈ΨT |e−ΘĤ |ΨT 〉
. (2.76)

Compared to the thermodynamic definition

〈Ô〉 =
TrÔe−βĤ

Tre−βĤ
=
TrÔe−βĤ

Z
(2.77)
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and e−ΘĤ = (e−∆τ )M , we can have Z = 〈ΨT |e−ΘĤ |ΨT 〉 and a corresponding anal-

ogy between the zero temperature and the finite temperature algorithms. Thus

similar to the finite temperature scheme, the zero temperature problem can be

formulated as the determinant QMC method with Suzuki-Trotter decompositions

and auxiliary fields {s}, called projector quantum Monte Carlo (PQMC).

For the 2D Hubbard model with two spin species, the trial wave function

can be simply considered as |ΨT 〉 = |Ψ↑
s〉 ⊗ |Ψ↓

s〉, where |Ψσ
s 〉 denotes a Slater

determinant. For free electrons, we have the GS written as

|Ψσ
s 〉 =

∏

k≤kF

c†k1σc
†
k2σ · · · c

†
kNσ σ|Ω〉, (2.78)

where c†kσ = 1√
N

∑
r e

−ik·rc†rσ; Nσ is the number of electrons with σ spin and kF

denotes the Fermi wave vector. Substituting the Fourier transform into Eq. (2.78)

the free electron GS wave function can be expressed as

|Ψσ
s 〉 ∼ (e−ik1·r1c†r1σ + e−ik1·r2c†r2σ + · · · e−ik1·rN c†rNσ) ×

(e−ik2·r1c†r1σ + e−ik2·r2c†r2σ + · · · e−ik2·rN c†rNσ) × · · ·

(e−ikNσ ·r1c†r1σ + e−ikNσ ·r2c†r2σ + · · · e−ikNσ ·rN c†rNσ)|Ω〉

= (P σ
11c

†
r1σ + P σ

21c
†
r2σ + · · ·P σ

N1c
†
rNσ) ×

(P σ
12c

†
r1σ + P σ

22c
†
r2σ + · · ·P σ

N2c
†
rNσ) × · · ·

(P σ
1Nσ

c†r1σ + P σ
2Nσ

c†r2σ + · · ·P σ
NNσ

c†rNσ)|Ω〉

=
Nσ∏

j=1

{ N∑

i=1

P σ
ijc

†
i

}
|0〉, (2.79)

where P σ
ij = e−ikj ·ri . This state can be written as a N × Nσ determinant, as

known the Slater determinant. This wave function is fully anti-symmetric and

satisfies that swapping two fermions will obtain a minus sign. It has also been

proven that the action of the propagator on the wave function, e−ΘĤ |ΨT 〉, is still

a Slater determinant [RvdL91]. Under such a trial wave function, Eq. (2.75) can

be interpreted as the imaginary time evolution of the non-interacting system with

the auxiliary fields {s} [Mur98].
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In addition to P σ
ij = e−ikj ·ri in the free particle case, the trial wave function

|Ψσ
s 〉 can be also chosen as P σ

ij =
√

1−dk

2
eikj ·ri ±

√
1+dk

2
ei(kj+Q)·ri , where dk =

Ek√
(∆s)2+E2

k

and ∆s is the order parameter, to consider possible spin-density-waves

[IH89]. For the Neel ordered state, Q = (π, π). We can even use the eigenstate

obtained from diagonalizing the bare non-interacting part
∑

ijσ c
†
σ(i)cσ(j) or even

considering self-consistency as the initial trial wave function [FI91b]. Furthermore,

we can add a small dimerization term in the no-interacting part to produce a non-

degenerate trial wave function [Ass02]. The choice of trial wave functions is very

important in the PQMC. We will come back to this point latter.

Recalled that for the determinant QMC, from the partition function Z =

(1
2
)NM

∑
{s}

∏
σ=↑,↓ detOσ({s}), we have the probability for a given Ising-spin con-

figuration c = {s} written as

p[c] =
∏

σ=↑↓
detOσ({s}). (2.80)

Similarly, in the PQMC, we have the analogous partition function, named projector

partition function (the terminology was given in Ref. [SBCP89])

Z = 〈ΨT |e−ΘĤ |ΨT 〉

= 〈ΨT |
M∏

l=1

e−∆τĤl|ΨT 〉 (2.81)

and then it was proven that the probability for a given configuration can be inter-

preted as [JG92, Mur98, Ass02]

p[c] =
∏

σ=↑,↓
det(P σ

LB
σ
M · · ·Bσ

1P
σ
R), (2.82)

where Bσ
l = e−∆τKσ

l eV σ
l denotes the single-particle propagator; [P σ

R]ij = P σ
ij de-

pending on the trail wave functions we choose, and P σ
L = (P σ

R)† is a Nσ × N

matrix. For convenience, we define Lσ = P σ
LB

σ
M · · ·Bσ

l and Rσ = Bσ
l−1 · · ·Bσ

1P
σ
R.

Then the probability can be recast as p[c] =
∏

σ det(LσRσ). The expectation value

of an observable becomes

〈Ô〉 =
〈ΨT |e−

Θ

2
ĤÔe−

Θ

2
Ĥ |ΨT 〉

〈ΨT |e−ΘĤ |ΨT 〉
=

∑
c p[c]O[c]∑

c p[c]
. (2.83)
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Note that P σ
LB

σ
M · · ·Bσ

1P
σ
R is a Nσ × N matrix and the Monte Carlo sam-

pling is fixed in the sector of Nσ. This indicates that the projector algorithm is

established in the canonical ensemble, which is different from the finite temperature

case in the grand canonical ensemble [vdL92]. In the finite temperature algorithm

the particle number is allowed to fluctuate.6 Once any Ising spin is flipped, it is

shown that the probability ratio is still equal to [Mur98, JG92, Ass02]

Rσ[c′; c] =
det[P σ

LB
σ
M · · · (Bσ

l )′ · · ·Bσ
1P

σ
R]

det[P σ
LB

σ
M · · ·Bσ

l · · ·Bσ
1P

σ
R]

= 1 + (1 − [Gσ
l ]ii)(e

2λσsl(i) − 1). (2.84)

The Green’s function can be given by

Gσ
l = 1 −Rσ(LσRσ)−1Lσ. (2.85)

The update strategy for the Green’s function during space-time sweeps is the same

as described in Sec 2.3.3.

The measurement approach is also similar to the finite temperature algo-

rithm; we use the Wick’s theorem to decompose averages of observables into the

multiplication of averaged pairs, as same as shown in Eq. (2.61). However, in-

stead of 〈Ô〉 = 1
Nm

∑
{s}〈Ô〉{s} where we sum over all ergodic configurations, in the

PQMC we carry out the measurement as

〈Ô〉 =
1

2K + 1

m=K∑

m=−K

〈ΨT |
{∏M

l=M
2

+m e
−∆τĤl

}
Ô

{∏M
2

+m

l=1 e−∆τĤl

}
|ΨT 〉

〈ΨT |
∏M

l=1 e
−∆τĤl|ΨT 〉

.

(2.86)

This means that we collect measurements around the middle way of the whole

space-time: M
2

+ K ≤ l ≤ M
2
− K [Ass02]. (M

2
− K)∆τ is called the projector

parameter. Usually we choose K < M
2

for more efficient projection process to

obtain more reliable results.

6The particle number fluctuation is particularly obvious to observe in the attractive interaction
cases due to charge-density-wave ordering.
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We present the benchmark results for both the finite and zero temperature

algorithms. In Fig. 2.16 (a) and (b) we carry out the averaged internal energy

E/N and antiferromagnetic structure form factor S(π, π) defined in Eq. (2.67) on a

4×4 Hubbard model at half-filling and U = 4. For comparison, in both (a) and (b)
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Figure 2.16: The comparison between the finite temperature algorithm versus β
and zero temperature algorithm versus Θ for (a) the internal energy 〈Ĥ + µN̂〉
and (b) structure form factor S(π, π). The simulation is done on a 4× 4 cluster at
U = 4 and 〈n〉 = 1. The exact diagonalization results are indicated by solid lines.

we also provide the exact diagonalization results eexact = −0.85137 and Sexact =

3.64753 denoted by solid lines. ∆τ = 0.1 is used. In the projector algorithm,

we compare both the first order and second order Suzuki-Trotter decomposition:
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Bσ
l = e−∆τKσ

eV σ
l and Bσ

l = e−∆τKσ/2eV σ
l e−∆τKσ/2, and use the free particle Slater

determinant, i.e. P σ
ij = e−ikj ·ri , as the trial wave function |ΨT 〉. The projector

parameter is chosen as K = 1
∆τ

providing the effective projection be Θ
2
− 1. For

comparison, the scalings of β and Θ are the same. In both plots, it is evident

that the PQMC provides faster convergent than the finite temperature one, and

the second order Suzuki-Trotter decomposition has better performance than the

first order. Moreover, even at larger β (Θ), E/N and S(π, π) still behave stably

and are consistent with eexact and Sexact, respectively. This implies the excellent

numerical stability in the projector algorithm.

Although the numerical performance shown in Fig. 2.16 on the projector

algorithm seems good, empirically it is shown that the free particle Slater deter-

minant is not a good choice to be a trial wave function. The degeneracy of the

trial wave function will deteriorate minus-sign problems and result in numerical

instabilities. To explicitly explain this concept, Fig. 2.17 presents the numerical

comparison of the projector algorithm using different trial wave functions and the

finite temperature algorithm. Free and Hartree denote choosing the free particle

and the GS of the kinetic energy part plus dimerizations of the Hubbard model

as the trail wave functions, respectively. The latter choice is able to remove de-

generacy and forms a spin-singlet wave function [AI96b, Ass02]. Using this wave

function, the probability ratio through the Monte Carlo sampling is numerically

shown to be positive-definite such that there is no sign problem. All calculations

are obtained with considering the second-order Suzuki-Trotter decomposition on

the half-filled 6 × 6 cluster; ∆τ = 0.1 and U = 4. The numerical results can be

compared with Ref. [AI96b]. The results on both observables show that using the

spin-singlet state as the trail wave function can obtain faster convergence in the

T = 0 limit than the other. This example reveals the essence of choosing the trial

wave function in the projector algorithm.

The PQMC can not only measure observables like 〈OiPj · · · 〉, but also cal-

culate the single particle excitation gap and spin gap. Both are obtained from
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Figure 2.17: The comparison of the (a) internal energy E/N and (b) structure
factor S(π, π)/N between the projector algorithm using different trial wave func-
tions (denoted Free and Hartree) and the finite temperature algorithm (finite-T).
The simulations are done in the 6 × 6 Hubbard model at U = 4.

calculating the imaginary time displaced Green’s functions. The unequal time

Green’s function is defined as

Gσ(i, j; τ) = Θ(τ)
〈Ψ0|cσ(i, τ)c†σ(j)|Ψ0〉

〈Ψ0|Ψ0〉
− Θ(−τ)〈Ψ0|c†σ(j,−τ)cσ(i)|Ψ0〉

〈Ψ0|Ψ0〉
,

(2.87)

where cσ(i, τ) = eτĤcσ(i)e−τĤ . The imaginary time displaced Green’s function for

τ > 0 can be further given by [Ass02]

Gσ(i, j; τ) = [Bσ(Θ + τ,Θ)Gσ(Θ,Θ)]ij, (2.88)

where Gσ(Θ,Θ) is the equal time Green’s function at time step Θ as defined in
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Eq. (2.85) with l = Θ, and

Bσ(Θ + τ,Θ) =
Θ+τ∏

l=Θ+∆τ

e−∆τKσ/2eV σ
l e−∆τKσ/2 (2.89)

is the single-particle propagator with the second order Suzuki-Trotter decomposi-

tion to time proceed with τ .

The charge gap is defined as the energy cost to add a particle in the system

composed of N particles. Assume that we have Ĥ|ΨN+1
n 〉 = EN+1

n |ΨN+1
n 〉 and

Ĥ|ΨN
n 〉 = EN

n |ΨN
n 〉, then the charge gap ∆c ≡ EN+1

0 − EN
0 . The on-site time

displaced Green’s function for τ > 0 of the sector of N particles [AI96b] (consider

〈Ψ0|Ψ0〉 = 1) reads

G(~r = 0, τ) =
1

N

∑

i,σ

Gσ(i, i; τ)

=
1

N

∑

i,σ

〈ΨN
0 |c(i, τ)c†(i)|ΨN

0 〉

=
1

N

∑

i,σ

〈ΨN
0 |eτĤc(i)e−τĤc†(i)|ΨN

0 〉. (2.90)

By inserting the complete set I =
∑

n |ΨN+1
n 〉〈ΨN+1

n |, the above becomes

G(~r = 0, τ) =
1

N

∑

n,i,σ

〈ΨN
0 |eτĤc(i)e−τĤ |ΨN+1

n 〉〈ΨN+1
n |c†(i)|ΨN

0 〉

=
1

N

∑

n,i,σ

e−τ(EN+1
n −EN

0 )〈ΨN
0 |c(i)|ΨN+1

n 〉〈ΨN+1
n |c†(i)|ΨN

0 〉

=
1

N

∑

n,i,σ

e−τ(EN+1
n −EN

0 )|〈ΨN
0 |c(i)|ΨN+1

n 〉|2. (2.91)

Therefore, at large τ , we have G(~r = 0, τ) ∼ e−τ∆c to estimate the values of ∆c.

It has been shown that this approach can accurately estimate the charge gap of

the 2D Hubbard model at U = 4 indicating that the system is a Mott-insulator

[AI96b, AI96a].

The behavior of the imaginary time displaced Green’s function is described

in Fig. 5.9 (a). The numerical results are done on the half-filling Hubbard model
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at U = 4 up to the 10 × 10 cluster. It is evident that irrespective of sizes, the

logarithmic time displaced Green’s functions are linear to τ at larger τ , implying

the scale of e−τ∆c in the unequal time Green’s functions. The on-site time displaced

Green’s functions are defined as G(~r = 0, τ) = 1
N

∑
i,σ G

σ(i, i; τ). In such plots we

can determine the charge gaps from the slops for different sizes and the charge gap

in the thermodynamic limit can be obtained from the extrapolation shown in Fig.

5.9 (b). The value of ∆c is estimated as 0.69 ± 0.02 which is close to the estimate

given by F. F. Assaad and M. Imada [AI96a]. The finite value of ∆c indicates the
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Figure 2.18: (a) lnG(~r = 0, τ) as a function of τ for different sizes. (b) The
resultant charge gaps for different sizes and the extrapolation result.

insulating nature of the system.

Note that under the definition of Eq. (2.88) the imaginary time displaced

Green’s function involves matrix multiplication of Bσ
l and is expected to be numeri-

cally unstable. Instead of using the successive matrix multiplication, M. Feldbacher

and F. F. Assaad proposed an alternative approach to calculate the time displaced

Green’s function which is much more efficient than using Eq. (2.88) [FA01]. They

proved that the equal time Green’s function in the PQMC is a projector, i.e.
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[Gσ(Θ,Θ)]2 = Gσ(Θ,Θ) and then we can have

Gσ(Θ3,Θ1) = B(Θ3,Θ1)G
σ(Θ1,Θ1)

= Bσ(Θ3,Θ1)[G
σ(Θ1,Θ1)]

2

= Gσ(Θ3,Θ1)G
σ(Θ1,Θ1)

= Gσ(Θ3,Θ1)[B
σ(Θ2,Θ1)]

−1B(Θ2,Θ1)G
σ(Θ1,Θ1)

= Gσ(Θ3,Θ2)G
σ(Θ2,Θ1). (2.92)

This suggests that the imaginary time displaced Green’s function can be iteratively

obtained as

Gσ(i, j; τ) =
n∏

l=1

Gσ(Θ + lτ1,Θ + (l − 1)τ1), (2.93)

where nτ1 = τ . When τ1 is small enough, then at each step the Green’s function

multiplication is bound to unit and numerically stable such that we can accurately

calculate the time displaced Green’s function. Note that here τ1 is not necessarily

equal to ∆τ .

On the other hand, the spin gap ∆s can be obtained by calculating unequal

time spin-spin correlation functions 〈~S(i, τ) · ~S(j, 0)〉. Then we perform the Fourier

transformation

S(~q, τ) =
1

N

∑

~ri,~rj

ei~q·(~ri−~rj)〈~S(i, τ) · ~S(j, 0)〉. (2.94)

Similarly, at large τ , S(~q, τ) ∼ e−τ∆s . Usually the spin gap is determined at

~q = (π, π). The articles Ref. [Ass99, MLW+10] provide more detailed descriptions

for the procedure.
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Chapter 3

Frustrated Cooper Pairing and

the f-wave Supersolidity

Frustration is one of the fundamental challenges in classic and quantum

magnetism [Die05]. For the antiferromagnetic states in non-bipartite lattices, such

as triangular, Kagome and pyrochlore, it is impossible to simultaneously minimize

the magnetic energy of each bond. Consequentially, the ground state configurations

are heavily degenerate. The enhanced thermal and quantum fluctuations strongly

suppress spin ordering. The ultimate orderings often occur at much lower temper-

atures than the energy scale of the antiferromagnetic coupling through the “order

from disorder mechanism” [She82, Hen89]. Furthermore, frustration provides a

promising way to reach the spin liquid states, which exhibit exotic properties in-

cluding topological ordering and fractionalization [Mis08].

In the usual superfluid states of paired fermions and bosons, a uniform

distribution of the superfluid phase over the lattice sites is favored in order to

maximally facilitate phase coherence. However, frustration can indeed occur un-

der certain conditions. It has been found that in the disordered superconductors

near the superconductor-insulator transition, the fluctuations of the superfluid

density can result in frustrated Josephson coupling among superconducting grains

64
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[SK91, ZS98, ZB98]. Recently, the striped superconductivity [BFK09, BFKT09]

has been proposed for the high Tc compound La2−xBaxCuO4. The Josephson cou-

pling between two adjacent superconducting stripes is like in the π-junction leading

to the opposite signs of the pairing phases across the junction. The mechanism for

the frustrated coupling arises from the interplay between superconductivity and

antiferromagnetism in doped Mott insulators. However, an intuitive picture of the

microscopic origin of this exotic phase is still needed.

On the other hand, cold atom optical lattices have opened up a new op-

portunity to investigate novel features of orbital physics which do not exhibit

in usual orbital systems of transition metal oxides. Bosons have been pumped

into the excited p-orbital bands experimentally with a long life time [MWB07,

WÖH11, MÖH11]. This metastable excited state of bosons does not obey the

“no-node” theory and exhibits the unconventional superfluidity with complex-

valued many-body wavefunctions breaking time-reversal symmetry spontaneously

[IG05, LW06, CWS06, Wu09], which has already been observed [WÖH11, MÖH11].

For orbital fermions, large progress has been made in the px,y-orbital bands in

the hexagonal lattices, whose physics is fundamentally different from that in the

pz-orbital system of graphene. The interesting physics includes the flat band

structure [CWS07], the consequential non-perturbative strong correlation effects

(e.g. Wigner crystal [WS08] and ferromagnetism [ZhHW10]), frustrated orbital

exchange interaction [Wu08b], quantum anomalous Hall effect [Wu08a], and the

unconventional f -wave Cooper pairing [LZX11].

We are interested in bridging the above important research directions to-

gether by introducing frustration to Cooper pairing as a new feature of orbital

physics. In this chapter, we introduce a novel physics which can be carried out

in optical lattices: the “frustrated Cooper pairing”. The system is able to be de-

scribed by the magnetism counterpart: the spin-1/2 Ising-like Heisenberg model

with external fields. It is found the coexistence of charge density wave and super-

fluidity of Cooper pairs with a non-uniform phase pattern, called the supersolid
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state. The Cooper pairing of this supersolid state exhibits the f -wave pairing

symmetry in the triangular lattice within a large range of particle density.

3.1 Frustrated Cooper pairing

In this section we introduce the concept of frustrated Cooper pairing. Before

we introduce the frustrated Cooper pairing, we start our discussion from the non-

frustrated case, i.e. uniform phase distribution. Consider the attractive s-band

Hubbard model and loaded with spinful fermions, the Hamiltonian reads as

Ĥ = −t
∑

i,j,σ

c†σ(i)cσ(j) − |U |
∑

i

n̂↑(i)n̂↓(i) − µ
∑

i,σ

n̂σ(i). (3.1)

Due to the attractive interactions, two fermions carrying different spins prefer to

occupy at the same sites to form a Cooper pair ∆̂† = c†↑c
†
↓. The on-site pairing

order parameter is described as ∆i = 〈c↓(i)c↑(i)〉 = |∆i|eiφi . The Cooper pair can

tunnel from sites to sites. In this case the energy cost for this procedure is given

by

∆E = J cos δφ, (3.2)

where J is the Josephson coupling and δφ = φ′−φ denotes the phase change before

and after hopping. Through the standard second order perturbation (c.f. Fig. 3.1)

Figure 3.1: The schematic illustration of the second order perturbation procedure
in the attractive Hubbard model Eq. (3.1).

the Josephson coupling turns out to be

J ∼ (−t) · (−t)
−|U | = − t2

|U | < 0. (3.3)
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In this procedure, δφ = 0 is most energetically favorable. Therefore the Cooper

pairing remains the same phase and distributes uniformly during hopping. Since

the hopping term −t∑i,j,σ c
†
σ(i)cσ(j) is independent of spin flavors and bond ori-

entation in the s-band model, this feature is independent of lattice geometry and

spin configurations.

In contrary, if such a procedure is considered in an attractive px,y-band

Hubbard model with spinless fermions, the story will be different. Similarly, the

on-site Cooper pairing is represented as ∆̂† = p†xp
†
y. Due to the odd parity nature

of the px,y-orbitals, however, the Josephson coupling of the on-site Cooper pairing

is frustrated, which means that Cooper pairs change the phases once they tunnel

to the neighboring sites. As depicted in Fig. 3.2, the hopping along x-direction

t

−t

+_ _ +
+

_

+

_

Figure 3.2: The σ-bonding and π-bonding of the p-orbitals have opposite signs
due its odd parity nature.

between px and px has a positive hopping integral t‖ > 0 (σ-bond hopping) whereas

that between py and py a negative one −t⊥ (π-bond hopping), where t⊥ > 0. In

the tunneling procedure, the Josephson coupling becomes

J ∼ (t‖) · (−t⊥)

−|U | =
t‖t⊥
|U | > 0. (3.4)

The positive J implies that δφ = π is most energetically favorable. Therefore the

Cooper pairing prefers to change the phase with π while the Cooper pair tunnels

to the neighboring sites. If the p-band Hubbard model is built on bipartite optical

lattices, such as a square lattice or a honeycomb lattice, the phase pattern can
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be arranged as the classical Neel pattern {φ = 0, π, 0, π · · · } without frustration.

However, if the proposed tunneling scheme is considered on non-bipartite lattices,

such as a triangular lattice, then we face frustration, as depicted in Fig. 3.3. In the

following sections, we will analyze the novel physics feature via the strong coupling

limit and intermediate coupling with Mean-filed calculation. It is shown that such

frustrated Cooper pairing can render novel superfluid states.

nonbipartite 

?

00

0

bipartite 

Figure 3.3: The phase distribution of frustrated Cooper pairing in the bipartite
and non-bipartite lattices.

Before we move on, let us explain some conceptual subtleties. One might

wonder how to justify the validity of “frustration” of Cooper pairs which are usually

an extended objects. Indeed, frustration is mostly commonly defined in antifer-

romagnetism of local spin moments. However, frustration does not necessarily

mean “on-site” physics even in the context of antiferromagnetism in non-bipartite

lattices. For example, antiferromagnetic orders can be considered as pairing be-

tween particles and holes in the spin triplet channel carrying nonzero momentum,

i.e., spin density waves. In the strong coupling limit, the particle-hole pairs are

strongly bound to be on-site, then the physics reduces to local moments described

by the Heisenberg model. However, in the weak and intermediate coupling regimes

with small charge gaps, the systems are still locally itinerant. The spatial exten-

sions of the particle-hole bound states are beyond one lattice site. If the lattice

is non-bipartite, we still have frustrated magnetism with extended particle-hole

pairs. For example, this picture applies to the intermediate coupling regime of

the Hubbard model at half-filling in the triangular lattice. In our case, we will
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consider the Cooper pairing at intermediate and strong coupling regimes. In the

strong coupling limit, Cooper pairs are bound on a single site, whose exchange

physics can be described by the antiferromagnetic pseudospin Heisenberg model in

the charge channel. In the intermediate coupling regime, although a Cooper pair

is an extended objects covering several lattice constants, its location can still be

defined by its center of mass. The associated physical quantity is the pairing order

parameter at each lattice site in the mean-filed theory. This physics can be best

explained in terms of the anomalous Green’s function F (~R,~r;ω), where ~R is the

center of mass coordinate, and ~r is the relative coordinate. The order parameter

∆(~R) corresponds to F (~R, 0;ω = 0), while the size of Cooper pairing is determined

by the decay length of F (~R,~r′;ω = 0) with respect to r. In our context, frustration

refers to center of mass motion of ∆(~R).

3.2 The model Hamiltonian

We consider our problem on a 2D triangular lattice, which has been con-

structed experimentally by three coplanar laser beams [BSPK+10]. The optical

potential on each site is approximated by a 3D anisotropic harmonic potential

with frequencies ωz ≫ ωx = ωy. After the lowest s-band is fulfilled, the active

orbital bands become px,y. The pz-band remains empty and is neglected. The

free part of the px,y-orbital band Hamiltonian in the triangular lattice filled with

spinless fermions reads

H0 = t‖
∑

~r,i=1∼3

(p†L,~r,ipL,~r+aêi,i + h.c.)

− t⊥
∑

~r,i=1∼3

(p†T,~r,ipT,~r+aêi,i + h.c.) − µ
∑

~r

n~r, (3.5)

where ~r runs over all the sites; ê1 = êx, ê2,3 = −1
2
êx±

√
3

2
êy are the three unit vectors

along bond directions. pL,i ≡ (pxêx + pyêy) · êi are the longitudinal projections of

the p-orbitals along the êi direction; pL,1 = px and pL,2(3) = −1
2
px ±

√
3

2
py. The
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transverse projections of the p-orbitals along the bond read pT,i ≡ (pxêx + pyêy) ·
(ẑ × êi). n~r = nx + ny = p†xpx + p†ypy is the particle number operator, 0 ≤ n ≤ 2;

µ is the chemical potential.

K2

ky

kx

K1

Figure 3.4: The first Brillouin zone of the triangular lattice is a regular hexagon.
K1,2 = (±4π

3a
, 0) represent two non-equivalent vertices, and other four are equivalent

to K1,2.

The σ-bonding t‖ and π-bonding t⊥ describe the hoppings between p-

orbitals along and perpendicular to the bond direction, respectively, as depicted

in Fig. 3.2. t‖ is positive due to the odd parity nature of the p-orbitals. t⊥ is usu-

ally much smaller than t‖ because of the anisotropy of the p-orbitals. The orbital

anisotropy also results in different hopping behaviors along three sides (ê1,2,3) in

a triangle. This feature is contrary to the usual Hubbard model, where hopping

integrals are always −t, irrespective of bond orientations. The first Brillouin zone

(BZ) of the triangular lattice is a regular hexagon as plotted in Fig. 3.4. The edge

length of the first BZ is 4π
3a

, where a is the lattice constant.

The band structure of the noninteracting Hamiltonian Eq. (3.5) is displayed

in Fig. 3.5 with the value of t⊥/t‖ chosen as 0.2. The band width is around 6t‖.

There is no particle-hole symmetry with respect to the zero-energy point, which

hints an asymmetric phase diagram and frustrated behavior with respect to half-

filling for the interacting Hamiltonian introduced in Sect. 3.3. In momentum

space, we define the two-component spinor ψ(~k) = (px(~k), py(~k))
T for the px and
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py-orbitals. The Hamiltonian Eq. (3.5) reads as

H =
∑

k

ψ†
α(~k)

{
Hαβ(~k) − µδαβ

}
ψβ(~k), (3.6)

where the 2 × 2 matrix kernel Hαβ(~k) takes the structure of

H(~k) = f(~k) + g1(~k)τ1 + g3(~k)τ3, (3.7)

where τ1,3 are the Pauli matrices defined for the basis of px, py for the spinor of

ψ(~k); the expressions of f(~k), g1(~k) and g2(~k) are

f(~k) = (1 − t⊥)
∑

i

cos~k · êi,

g1(~k) = −
√

3

2
(1 + t⊥)(cos~k · ê2 − cos~k · ê3),

g3(~k) = −1

2
(1 + t⊥)(cos~k · ê2 + cos~k · ê3) + (1 + t⊥) cos~k · ê1. (3.8)

After diagonalization we have the dispersions of two bands as

E± = f(~k) ± (1 + t⊥)

√∑

i

cos2 ~k · êi −
∑

1≤a<b≤3

cos~k · êa · cos~k · êb. (3.9)

These two bands touch each other at two Dirac points located at K1,2 and at the

center of the BZ with a qudratic touching. When the Fermi energy locates at the

Dirac points, the other band contributes a large connected branch Fermi surface,

thus its contributions to thermodynamic quantities dominate over those from the

Dirac points.

The topology of the Fermi surfaces varies at different filling levels. The

energy minima of Eq. (3.5) are three-fold degenerate located at the middle points

of the BZ edges. The middle points of the opposite edges are equivalent up to a

reciprocal lattice vector. Around the band bottom, the Fermi surfaces only cut

the first band and form three disconnected elliptical pockets. As filling increases,

these pockets become connected forming a large Fermi surface around the center

of the BZ. At the same time, the two Dirac cones contribute two Fermi surfaces
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Figure 3.5: The Band structure of the Hamiltonian Eq. (3.5).

around the K1,2 points, which shrink to two points when Fermi energy is right at

the Dirac points. As approaching the band top where a quadratic band touching

exists, there are two Fermi surfaces around the center of the BZ.

In the following we additionally consider the Hubbard attractive interaction

between spinless fermions in the px,y-orbital bands

Ĥint = −U
∑

~r

n~r,xn~r,y, (3.10)

where U is positive. Such attraction induces the Cooper pairing between px and

py bands. In the next section we will consider the system Ĥ0 + Ĥint in the strong

coupling limit.
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3.3 Strong coupling analysis

The frustrated nature of Cooper pairing can be easily explained in the

strong coupling limit of U ≫ t‖. The low energy Hilbert space in each site consists

of the doubly occupied state and the empty state, which play the roles of “up”

| ⇑〉pseudo = p†xp
†
y|Ω〉 and “down” | ⇓〉pseudo = |Ω〉 states respectively. We can

introduce the well-known pseudospin algebra denoted [Aue94] as

ηx =
1

2
(p†xp

†
y + pypx) =

1

2
(∆† + ∆),

ηy = − i

2
(p†xp

†
y − pypx) =

i

2
(∆† − ∆),

ηz =
1

2
(n̂− 1), (3.11)

such that η+| ⇓〉 = (ηx + iηy)| ⇓〉 = | ⇑〉 and ηz| ⇑⇓〉 = ±1
2
| ⇑,⇓〉 which are the

same as the usual SU(2) algebra. Up to a normalization factor, they are the real

and imaginary parts of the pairing operator ∆ = pypx, and the particle density

operator n̂, respectively. As a result, we can have

〈ηx〉 = Re∆,

〈ηy〉 = Im∆,

〈ηz〉 =
1

2
(n− 1), (3.12)

and the pairing order parameter and particle number on each site can be described

as a three dimensional pseudo-spin vector ~η = (ηx, ηy, ηz).

This super-exchange interaction of the pseudo-spin has a remarkable fea-

ture that a π-phase difference is favored between pairing order parameters ηx,y on

neighboring sites. As a pair hops to the neighboring site, it gains a π-phase shift as

depicted in Sec. 3.1, because the σ-bonding and π-bonding terms are with opposite

signs. The perturbation theory gives rise to the anisotropic “antiferromagnetic”
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A

B C

Figure 3.6: The pattern of 〈~η〉 at h = 0: the unit cell of three sites exhibiting the
supersolid ordering.

Heisenberg model (AAFHM) in the “external magnetic field”,

Heff =
∑

ij

J‖
{
ηx(i)ηx(j) + ηy(i)ηy(j)

}

+ Jzηz(i)ηz(j) − h
∑

i

ηz(i), (3.13)

where J‖ = (4t⊥t‖)/|U | > 0 and Jz = [2(t2⊥ + t2‖)]/|U | > 0, h = 2µ is the external

magnetic field1. This mode is Ising-like anisotropy because Jz ≥ J‖. Similar

models apply to pairing problem of spinless fermions in the px,y-orbital of the

bipartite lattices of square [FF09] and hexagonal [LZX11] which are not frustrated

because a canonical transformation can change J‖ to −J‖.
Note that the s-band Hubbard model Eq. (3.1) in the strong coupling

limit can also be mapped onto an anisotropic Heisenberg spin model. However,

compared to Eq. (3.13) its off-diagonal exchange J‖ = −4t2/|U | < 0 such that the

spin model is non-frustrated. QMC simulation on such model does not suffer any

sign problem.

Eq. (3.13) can be interpreted as a hard core boson model with the frus-

trated hopping J‖ and the nearest neighbor repulsion Jz. It has been studied

at the zero external field in Ref. [HCJB09, WV09] which shows a supersolid

ordering[AL69, Che70] with a three-site unit cell as depicted in Fig. 3.6. Site

A has no superfluid component, i.e., ~η ‖ ẑ; sites B and C develop superfluid

1See Appendix A.
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orders with a π-phase difference. However, the experimental realization of hard

core bosons with frustrated hopping is difficult. In comparison, our idea of the

frustrated Cooper pairing of fermions is very natural in the px,y-orbital bands.

Furthermore, previous studies [HCJB09, WV09] focus on the pseudo-spin model

Eq. (3.13) completely neglecting the fermion degree of freedom. In the following,

instead of using Eq. (3.13), we directly study the Cooper pairing problem with the

fermion Hamiltonian in the entire filling range from 0 to 2 by means of Mean-field

calculation.

3.4 Mean-field theory at intermediate couplings

Below we will focus on the intermediate coupling regime and perform the

self-consistent mean-field theory to the fermionic Hubbard model Eq. (3.5) and

Eq. (3.10). Unlike the positive-U Hubbard model with doping, in which the

mean-field theory is unreliable, in our case of negative-U Hubbard model, the

mean-field theory gives qualitatively correct results for the competition between

Cooper pairing and charge density wave (CDW). For a detailed review, pleas refer

to Ref. [RMR90].

To decouple Hint, we assume the pairing and CDW ordering taking an

enlarged unit cell of three sites, and define

∆I = 〈p~r∈I,yp~r∈I,x〉, NI =
1

2
〈n̂~r∈I〉, (3.14)

where I = A,B,C refer to the sublattice index; 〈...〉 = 〈G|...|G〉 means the average

over the mean-field ground state. Without the loss of generality, we can allow

∆A 6= ∆B 6= ∆C and NA 6= NB 6= NC . The mean-field interaction Hamiltonian in

a unit cell becomes:

Hmf
int = −U

∑

I=A,B,C

{
∆∗

Ip~r∈I,yp~r∈I,x + h.c
}

+ NI

{
p†~r∈I,xp~r∈I,x + p†~r∈I,yp~r∈I,y

}
, (3.15)
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K2
K1Reduced 

     BZ

Figure 3.7: The RBZ associated with the enlarged three-site unit cell compared
with the original BZ. The six vertices of the RBZ are located at the centers of
the six regular triangles composed of the center of the BZ and the vertices of the
original BZ.

where the former part describes the superfluidity whereas the latter CDW channel.

Due to the enlarged unit cell, now the Brillouin zone (BZ) is shrunk to 1
3

of the

original BZ as shown in Fig. 3.7. Combining Eqs. (3.5) and (3.15) and performing

Fourier transformation to momentum space, we can obtain the resulting mean-field

Hamiltonian as:

H =
′∑

~k

Ψ̂†(~k)


 Ĥs(~k) D̂(~k)

D̂†(~k) −Ĥ∗
s (−~k)


 Ψ̂(~k) (3.16)

where
∑′

~k means the summation only cover half of the reduced Brillouin zone;

Ψ̂(~k) is a 12-component spinor defined as

Ψ̂(~k) = (φ(~k)T , φ(−~k)†), (3.17)

where φ(~k) = [pA,x(~k), pA,y(~k), pB,x(~k), pB,y(~k), pC,x(~k), pC,y(~k)]; Hs contains the

free Hamiltonian Eq. (3.5) combined with the CDW decoupling; D(~k) is the

pairing part. The order parameters are obtained self-consistently. As mentioned

in the last section, the order parameters are related to the pseudospin as

〈ηx(~r ∈ I)〉 = Re∆I ,

〈ηy(~r ∈ I)〉 = Im∆I ,

〈ηz(~r ∈ I)〉 =
1

2
(NI − 1). (3.18)
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Figure 3.8: The avarge fermion number per site n versus the chemical potential
µ at U/t‖ = 6 and t⊥/t‖ = 0.2.

When the system only indicates the CDW order without superfluidity, the pseudo-

spin only has z-component. On the other hand, if only pairing is induced, the

pseudo-spin lies on the x − y plane. We will show that in most regimes, the

CDW and superfluidity can coexist. In this case, the ground state is called the

supersolid state.

Different from the ordinary BCS problem, the pairing of Eq. (3.5) is not an

infinitesimal instability but occurs at the finite attraction strength. It is because

the eigen-states of the two time-reversal partners with momentum ~k and −~k of the

free Hamiltonian Eq. (3.5) have the same real polar orbital configuration. This

suppresses pairing at weak interactions because attraction only exits in orthog-

onal orbitals. With intermediate and strong interactions, the band structure is

significantly modified and Cooper pairing develops. Below we present results for

t⊥/t‖ = 0.2 and an intermediate coupling and U/t‖ = 6. This corresponds to the

effective AAFHM with the Ising anisotropy of Jz/Jx,y = 2.6.
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3.4.1 The ground state phase diagram

We discuss our mean-field results in terms of the pseudospin orientations

at the three sublattices A,B,C. Fig. 3.8 shows the total fermion number per

site n = (NA + NB + NC)/3 as a function of chemical potential µ, which is the

counterpart of the magnetization in the AAFHM. The first prominent feature is the

plateaus occurring at n = 2
3

and 4
3
, which is corresponding to those at 〈ηz〉 = ±1

6
,

the 1
3

magnetization plateau observed in the study of classical ground state of the

AAFHM [Miy86, NM86]. These two plateaus are corresponding to CDW insulating

states without superfluidity. As shown in Fig. 4.2, the corresponding pseudospin

orientation for CDW insulating states is that all the pseudospins are fully polarized

along the ẑ axis with two of sublattice along the same direction and the remaining

one along the opposite direction.

Although Fig. 3.8 resembles the behaviors of the magnetization obtained

by the AAFHM [Miy86], two major differences exist. First, the widths of the two

CDW plateaus in Fig. 3.8 are different while those of the AAFHAM are the same.

We attribute this discrepancy to the different symmetry properties between the

AAFHM and the Hubbard model of Eq. (3.5) and Eq. (3.10) with the asym-

metric band structure shown in Fig. 3.5. The AAFHM has the symmetry

of the rotation of 180◦ around the x-axis, i.e., ηx → ηx, ηy, ηz → −ηy,−ηz and

h→ −h. Such an operator corresponds to the particle-hole transformation at the

fermion level as px → ip†y and p†y → ipx, which is not kept in the triangular lattice.

As a result, for the AAFHM, the magnetization should be an odd function with

respect to h so that the lengths of the plateaus are the same. This kind of behavior

is not expected in Fig. 3.8. The other difference is that at h = 0, the ferrimagnetic

state is found in the AAFHM, and our results show the ’paramagnetic’ behavior,

i.e., there is no jump around n = 1. This is due to the quantum fluctuations arising

from the singly occupied states as discussed below.

Fig. 4.2 plots the pseudospin orientations on three sublattices at some rep-
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(G) n=4/3

(F) n=1.2

(I) n=2(H) n=1.41

(E) n=0.8(D) n=0.683

(C) n=2/3(B) n=0.585
z
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Figure 3.9: The real space configurations of pseudospin ~η on the xz plane at
various fillings n from (A) to (I). A) and (I) indicate fully polarized states. (B)
and (H) show three titled vectors, where two of them have a relative π-phase to
the third one. (C) and (G) depict the CDW insulating state. (D) and (F) exhibit
an umbrella-like shape with opposite orientation. Two of them have a π-phase
difference and the third one does not own superfluid component. (E) denotes an
intermediate configuration between (D) and (F).

resentative filling levels. Except the CDW insulating states at n = 2
3
, 4

3
, we find

that the pseudospins have non-zero 〈ηx〉 and 〈ηz〉 in the most part of the phase dia-

gram, indicating the frustrated supersolid states with non-uniform Cooper pairing

density and phase. Moreover, the phase diagram can be well-understood by the

rotations of pseudospin orientation under the magnetic field h = 2µ. At n = 0, h is
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large along the −ẑ direction so that all the pseudospins are completely polarized.

As n increases, the magnitude of h decreases so that the pseudospins gradually

rotate upward with one of the pseudospins (~η(A)) having much faster rotating

rate. They become fully polarized again as arriving at the CDW insulating state

at n = 2
3

with ηz(A) reaching the maximal value +1
2

and both ηz(B) and ηz(C)

reaching minimal value −1
2
. As n increases further, since ηz(A) can not increase

anymore, ~η(B) and ~η(C) gradually turn upward leaving ~ηA unchanged.

After a critical value nc ∼ 0.7, all the pseudospins start to rotate simulta-

neously and continuously evolve from (D) to (F) in Fig. 4.2. A detailed process

of the evolution is plotted in Fig. 3.10 from n = 0.68 to n = 1. This continuous

evolution of the ground state is not present in the AAFHM since its ground state

is ferrimagnetic at zero field. This deviation is because the AAFHAM model is

only justified at the strong coupling limit. The larger kinetic energy in this region

leads to the less stringent assumption of the strong-coupling. Consequently, the

quantum fluctuations arising from the singly occupied states are enhanced, which

are in disfavor of CDW but in favor of uniform superfluidity. The continuous evo-

lution also explains why there is no jump at n = 1 in Fig. 3.8. Finally, the rest

part of the phase diagram can be easily understood by rotating all the pseudospins

upward, and eventually all the pseudospins are fully polarized along +ẑ direction

at n = 2.

3.4.2 The f-wave supersolid state

One remarkable feature in Fig. 4.2 is that for a wide region of n (0.67 ≤
n ≤ 0.7, 1 ≤ n ≤ 1.3), we find 〈ηx(A)〉 = 0 and 〈ηx(B)〉 = −〈ηx(C)〉 = ∆. As

shown in Fig. 3.11 (a), for this type of solutions the pairing order parameters in

the real space change signs under 60◦ rotation with respect to the center chosen to

be one site of sublattice A, indicating that the pairing symmetry is in fact f -wave.

To confirm the f -wave symmetry, we calculate the intra-band pairing functions
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(I) n=0.875(H) n=0.85(G) n=0.825

(F) n=0.8

(C) n=0.725

(E) n=0.775(D) n=0.75

(B) n=0.7

Z

X

(A) n=0.68

(M) n=1

(L) n=0.95(K) n=0.925(J) n=0.9

Figure 3.10: The smooth evolution of the two opposite umbrella-like configura-
tions (a) and (m), which correspond to n = 0.68 and n = 1, respectively.
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Figure 3.11: The f -wave pairing pattern in (A) real space and (B) momentum
space. The rotation of 60◦ around the center site O in A) (denoted by the hollow
circle) in real space or around the center of the reduced BZ in momentum space is
equivalent to reverse the sign of the pairing order parameters.

∆nn in the momentum space by projecting the pairing potential in Eq. (3.15) to

the band eigen-basis as:

′∑

~k

6∑

m,n=1

∆∗
nm(~k)ψn(~k)ψm(−~k) + h.c, (3.19)

where

∆nm(~k) =
[
Û †(~k)D(~k)Û∗(−~k)

]
nm
, (3.20)

Û(~k) is the unitary matrix such that

Û †(~k)Hs(~k)Û(~k) = diag[E1(~k), ..., E6(~k)], (3.21)

and Hs(~k), D(~k) are given in Eq. (3.16). We have confirmed that all six intra-band

pairing functions have three nodal lines and sign changes under 60◦ rotation.

As a specific example, we present the results of the selfconsistent mean-field

theory for the filling n = 1.07 and other parameters t⊥/t‖ = 0.2 and U/t‖ = 6 as

before. The system exhibits the three-site pattern of the CDW order as NA =
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NC = 1.52 and NB = 0.154, and the pairing order parameters in the real space are

∆A = ∆C = 0.345 and ∆B = 0. We plot the band structure with the above CDW

order parameter but set the gap functions to zero. The reduced BZ is only 1/3

of the original BZ, and there are six bands in total as plotted in Fig. 3.12. The

-2 0 2
kx

-2
0

2
ky

-4

-2

0

2

Figure 3.12: The six bands in the reduced BZ with the three-site CDW pattern
of NA = NC = 1.52, and NB = 0.154 for t⊥/t‖ = 0.2 and U/t‖ = 6. The chemical
potential µ is reset to zero.

chemical potential µ is reset to 0, which lies in the gap between the fourth and fifth

bands and has no crossing with the band spectra. As a result, although the gap

functions have node lines due to the f -wave symmetry, the Bogoliubov excitations

remain fully gapped due to the existence of the gap between these bands. We plot

the gap function of ∆44 in Fig. 3.11 for demonstration purposes.

The nodal lines are the three lines connecting the middle points of the

opposite edges of BZ. Thus this is an unconventional supersolid state of frustrated

Cooper pairing with the f -wave pairing symmetry. Another interesting feature is

that the gap function ∆44 even changes sign along the radial direction. It would

also be instructive to compare our f -wave pairing supersolid state of Cooper pairs
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with the Fulde-Ferrell- Larkin-Ovchinnikov (FFLO) state [FF64, LO65]. Both

cases exhibit nonuniform distributions of pairing phase in real space. However, the

FFLO state completely breaks rotational symmetry. Its pairing pattern does not

form a well-defined representation of the lattice point group in momentum space.

In our case, it has a well-defined f -wave symmetry.

We also consider the extreme anisotropy limit of the vanishing π-bonding

strength, i.e., t⊥ = 0. The bond superexchange only results in the Jz-term at the

second order perturbation level in Eq. (3.13). The leading order of the hopping of

the Cooper pairs occurs through the three-site ring exchange

∆H = −
∑

ijk

J ′[ηx(i)ηx(j) + ηy(i)ηy(j)]ηz(k) (3.22)

where J ′ = 9
2

t3
‖

U2 . The hopping is frustrated for a plaquette with only one site

occupied, but it is unfrustrated for a plaquette with two sites occupied. This

means that at low fillings the phase diagram does not change much from the case

of nonzero t⊥, while the system finally evolves to a uniform pairing phase at n

close 2. A more detailed analysis will be presented in a later publication.

3.5 Summary

In summary, we introduce the concept of “frustrated Cooper pairing” of

spinless fermions in the p-orbital band in optical lattices. The frustration occurs

naturally from the odd parity of the p-orbitals and is a new feature of orbital

physics. Exotic supersolid states of Cooper pairs with nonuniform distributions

of pair density and phase are obtained with an unconventional f -wave symmetry.

This opens up a new opportunity to study the physics of frustrated magnet by

using the pseudo-spin algebra of the charge and pair degrees of freedom of Cooper

pairs. This idea can also be applied to other even more frustrated lattices, such as

Kagome and pyrochlore. In considering the possibility of the existence of exciting
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spin liquid states therein, their counterparts in terms of “frustrated Cooper pairs”

is another interesting direction for further exploration.
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Chapter 4

Quantum Magnetism in spin-3/2

Systems with Symplectic

Symmetry

Ultracold fermion systems with large hyperfine spins have aroused a great

deal of theoretical interests. Early work studied the rich structures of the Fermi

liquid theory [YH99] and the Cooper pairing structures [HY99]. Considerable

progress has been made in the simplest large hyperfine spin systems with F = 3
2
,

whose possible candidate atoms are 132Cs, 9Be, 135Ba, 137Ba and 201Hg. These

include both alkaline-earth-like atoms with zero electron spin due to the fully

filled electron shells, and non-alkaline-earth atoms with nonzero electron spins

[Wu06, CWZW05, XW08]. In both cases, a generic Sp(4), or, isomorphically,

SO(5) symmetry is proved without fine tuning. Such a high symmetry without

fine-tuning is rare in both condensed matter and cold atom systems. It brings

hidden degeneracy in the collective modes in the Fermi liquid theory [WSFZ07],

fruitful patterns of quantum magnetism [WHZ03, Wu06, Wu05, CWZW05, XW08]

and Cooper pairing with large internal spin degrees of freedom [WHZ10, XW08].

Further investigations in the community include the study of Mott insulating

86
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states [TZY06, TZY07, ZZXL11, ZJWZ10, LZX11, SL11], Beth-ansatz solution

[CT06, JCW10], Kondo effect [Hat05], and the 4-fermion quartetting superfluidity

[LBA05, LAB08, Lee07].

In this chapter, we cast our focus on an F = 3
2

magnetic spin exchange

model. This system is considered in an F = 3
2

Hubbard model at quarter filling

under strong on-site interactions and was also proved to have a high-dimensional

symmetry: the Sp(4)/SO(5) symmetry. In one dimension (1D), such a system

was shown to have competing phases including the gapless Luttinger liquid, spin

gapped Luther-Emery liquid with Cooper pairing instability, and 4-fermion quar-

tetting superfluid at incommensurate fillings by means of bosonization [Wu05]. At

commensurate fillings with strong repulsive interactions, a charge gap opens and

the systems become Mott-insulating. The gapless Luttinger liquid phase becomes

a gapless spin liquid phase at quarter-filling and dimerized at half-filling, respec-

tively [Wu06]. The Luther-Emery phase becomes the gapped Sp(4) dimer phase

at quarter-filling and the on-site singlet phase at half-filling, respectively [Wu06].

On the other hand, the two dimension (2D) Sp(4) Heisenberg model is still

far away from clear understanding. Recently a magnetic phase diagram in a spa-

tially anisotropic square lattice of the Sp(4) quantum magnetism is provided by

means of large-N field-theoretical approach [KV11]. A phase transition between

the long-range Neel order state and the disordered valence bond solid phase is dis-

covered by the perturbative renormalization group equations. However, the model

on an isotropic square lattice is still unexplored. In particular, QMC methods for

this model suffer notorious sign problems except in the special case where only the

singlet bond exchange exists.

In the following sections we will present a systematically numerical study for

this model by means of the density matrix renormalization group method (DMRG)

and exact diagonalization. In 1D, we confirm that the ground state (GS) is either

a gapped dimerized state or a gapless spin liquid. In 2D, we infer that there

exist three compositing phases: Neel ordering, columnar dimerization and 2 × 2
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plaquette formation, in the thermodynamic limit.

4.1 Symplectic symmetry in spin-3
2 systems

In this section we will show the hidden Sp(4)/SO(5) symmetry in the spin-

3
2

system and explain why it is intrinsic. The Sp(4) algebra is also introduced.

Then we will derive the magnetic exchange model for the spin-3
2

system at quarter

filling. At two special points the Sp(4) symmetry can be recovered to the SU(4)

symmetry.

4.1.1 The origin of the Sp(4) symmetry with F = 3
2

We start our discussion from the generic s-band Hubbard model loaded

with spin-3
2

fermions. For F = 3
2
, there are four spin flavors Fz = ±3

2
, ±1

2
. In

optical lattices, we can tune the laser intensities and lattice constants such that

only on-site interactions play an important role and thus we can neglect long-range

Coulomb interactions in the system. In this case, the Hamiltonian reads as

Ĥ = −t
∑

〈ij〉,σ
(ψ†

iσψjσ + h.c.) − µ
∑

iσ

ψ†
iσψiσ +

U

2

∑

i

n̂(i)(n̂(i) − 1),

(4.1)

where 〈ij〉 denotes the nearest neighboring hopping; σ runs over four spin flavors;

µ is the chemical potential. ψ†
σ(i) (ψσ(i)) is the standard second quantization

operator to create (annihilate) a fermion with spin σ at site i. n̂(i) =
∑

σ ψ
†
σ(i)ψσ(i)

is the number of particles at site i. The Hamiltonian Eq. (4.1) explicitly has an

SU(4) symmetry since the 4-component fermions are equivalent to each other

in the kinetic energy term. The well-known Pauli’s exclusion principle prohibits

two fermions to occupy the same quantum number states. Therefore, the on-site

interactions will enforce the spin wave functions of two on-site fermions to be

antisymmetric. For F = 3
2
, only singlet (ST = 0) and quintet (ST = 2) provide
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antisymmetric wave functions. On the other hand, the total spins with ST = 1

and ST = 3 which render symmetric wave functions are prohibited. Therefore, the

Hamiltonian can be further reduced to

Ĥ = −t
∑

〈ij〉,σ
(ψ†

iσψjσ + h.c.) − µ
∑

iσ

ψ†
iσψiσ

+ U
∑

i

P †
0 (i)P0(i) + U

∑

i

2∑

m=−2

P †
2m(i)P2m(i),

(4.2)

where P †
0 and P †

2,m are the singlet and quintet pairing operators which are defined

through Clebsch-Gordon coefficients as

P †
0 (i) =

∑

αβ

〈00|3
2

3

2
αβ〉ψ†

α(i)ψ†
β(i),

P †
2m(i) =

∑

αβ

〈2m|3
2

3

2
αβ〉ψ†

α(i)ψ†
β(i). (4.3)

Furthermore, we can assign two independent interaction parameters U0 and

U2 to describe the singlet and quintet channels, respectively. The Hamiltonian is

written as

Ĥ = −t
∑

〈ij〉,σ
(ψ†

iσψjσ + h.c.) − µ
∑

iσ

ψ†
iσψiσ

+ U0

∑

i

P †
0 (i)P0(i) + U2

∑

i,m=−2,..,2

P †
2m(i)P2m(i).

(4.4)

Within this Hamiltonian, the SU(4) symmetry breaks down to Sp(4) symmetry,

or, isomorphically, SO(5) symmetry in algebra. This hidden symmetry is exact

and intrinsic in the spin-3
2

systems. The existence of such symmetry is independent

of lattice geometries, dimensionality and potential types. A simple physics picture

for the symmetry can be easily captured in the following way. For a two spin-3
2

body problem, there are totally 4 × 4 = 16 energy levels. However, under the

on-site interactions, the absence of ST = 1 and ST = 3 implies the hidden 10-fold
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degeneracy which corresponds to the number of generators of the Sp(4) symmetry.

A familiar analogy is the spin-1
2

Heisenberg exchange J ~S1 · ~S2. The system has

an SU(2) symmetry and the energy spectra have a singlet with E = −0.75J and

three triplet states with E = 0.25J . The three-fold degeneracy corresponds to

the number of generators for the SU(2)/SO(3) and suggests the existence of such

symmetry.

4.1.2 The Sp(4) algebra

The Sp(4) symmetry gives more constraints than the SU(2) symmetry such

that it can bring more interesting physics in the spin-3
2

system rather than usual

spin-1
2

systems. For the SU(2) symmetry, a density operator and 3-component

spin Fx, Fy, Fz operators are sufficient to describe the group. The 4 × 4 matrix

kernels of the spin operators are

Fz =




3
2

0 0 0

0 1
2

0 0

0 0 −1
2

0

0 0 0 −3
2



, Fx =




0
√

3
2

0 0
√

3
2

0 1 0

0 1 0
√

3
2

0 0
√

3
2

0



. (4.5)

However, for the Sp(4) group, the density and 3-component spin Fx, Fy, Fz opera-

tors do not form a complete set. For two 4-component fermions in the particle-hole

channel, any 4 × 4 Hermitian matrices Mαβ (α, β = ±3
2
,±1

2
) should be repre-

sented by 16 bases and serve as matrix kernels for the bi-linear operators, i.e.,

ψ†
αMαβψβ. The other 12 operators are required from higher rank spin tensors,

including 5-component spin-quadrupoles and 7-component spin-octupoles. The

spin-quadrupoles and spin-octupoles are rank-2 and rank-3 tensors and can be

written as ξa
ijFiFj and ξL

ijkFiFjFk respectively, where the detailed form of ξa
ij and

ξL
ijk can be found in Ref. [MNZ04]. The 5-component spin-quadrupole operators



91

are defined as

Γ1 =
1√
3
(FxFy + FyFx), Γ2 =

1√
3
(FzFx + FxFz),

Γ3 =
1√
3
(FzFy + FyFz), Γ4 = (F 2

z − 5

4
),

Γ5 =
1√
3
(F 2

x − F 2
y ). (4.6)

They anti-commute with each other, and have the same algebra as the set of

Dirac-Γ matrices. Their kernel matrix forms are expressed as

Γ1 =


0 −iI
iI 0


 , Γ2,3,4 =


~σ 0

0 −~σ


 , Γ5 =


0 I

I 0


 , (4.7)

where I and ~σ are the 2 × 2 identity and Pauli matrices, respectively. The 3

spin operators Fx, Fy, Fz (rank-1 tensors) and 7 spin-octupole operators (rank-3

tensors) together can be generated from the commutation relations among the 5

Γ-matrices as

Γab = − i

2
[Γa,Γb] (1 ≤ a, b ≤ 5). (4.8)

Consequently, we can classify these 16 bilinear operators as

n(i) = ψ†
α(i)ψα(i),

na(i) =
1

2
ψ†

α(i)Γa
αβψβ(i),

Lab(i) = −1

2
ψ†

α(i)Γab
αβψβ(i), (4.9)

where n is the density operator; na’s are 5-component spin-quadrupole oper-

ators; Lab’s are 10-component given by 3 spin and 7 spin-octupole operators

[WHZ03, Wu06]. Reversely the spin SU(2) generators Fx,y,z can be written as

F+ =
√

3(−L34 + iL24) − (L12 + iL25) + i(L13 + iL35) and Fz = L23 + 2L15.

The 15 operators of na and Lab together are generators of the SU(4) group

and span the SU(4) algebra. Among them, the 10 Lab operators are odd ranks

tensors (rank-1 and rank-3), and thus time-reversal (TR) odd. On the other hand,
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the 5-component na’s are rank-2 tensors and TR even. The TR odd Lab’s form a

closed sub-algebra of SU(4) and span another group, called Sp(4) group, which is a

subgroup of the SU(4) group. In contrast, the TR even operators of na cannot form

a closed algebra but transform as a 5-dimensional vector under the Sp(4) group. In

this sense, Sp(4) is isomorphic to SO(5), where the SO(5) group is a 5-dimensional

axis rotation group. But rigorously speaking, the fermion spinor representations of

Sp(4) are not representations of SO(5) although they have isomorphic Lie algebra.

Their relation is the same as that between SU(2) and SO(3). In the following

context we still use the terms of Sp(4) and SO(5) interchangeably.

Here we can have another intuitive understanding for the SO(5)/Sp(4)

symmetry in Eq. (4.4) of the spin-3
2

systems. The fundamental representation of

the Sp(4) group is the 4-component spinor representation which can be formed by

spin-3
2

fermions. This makes the Sp(4) symmetry intrinsic in the spin-3
2

systems.

Moreover, as shown in the Hamiltonian Eq. (4.4), interactions break the SU(4)

symmetry down to SO(5). The singlet and quintet channels form the identity and

5-dimensional vector representations for the SO(5) group, respectively; hence Eq.

(4.4) is SO(5)/Sp(4) invariant without any fine-tuning.

4.1.3 The Sp(4) Cartan subalgebra and Casimir

The commensurate fillings of the Hubbard model Hamiltonian Eq. (4.4) are

quarter-filling and half-filling, which corresponds to averagely loading one and two

particles on each site, respectively. At half-filling a mean-field phase diagram has

been provided [Wu06]. For quarter-filling the quantum fluctuations are stronger

and QMC methods suffer notorious sign problems such that understanding the

quantum magnetism is a challenging issue.

In the present study, we only consider the magnetic exchange given by

strong coupling limit of the Hamiltonian Eq. (4.4) at quarter filling. In this case,

each site is exactly occupied by one spin-3
2

fermion and no hopping is allowed.
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The dimension of the entire Hilbert space is 4N , where N is the number of sites.

Such huge dimension prevents us against diagonalizing the Hamiltonian matrix.

Fortunately, like U(1) symmetry in usual spin systems (as introduced in Chap. 2),

here we can also have 2 good quantum numbers available to reduce the dimension

of the Hilbert space.

In the Sp(4)/SO(5) group language, there are two diagonal operators com-

muting with each other to form a rank-2 Cartan subalgebra. Withe the definition

of Eq. (4.6) and (4.8), they are

L15 =
1

2
(n 3

2
+ n 1

2
− n− 1

2
− n− 3

2
),

L23 =
1

2
(n 3

2
− n 1

2
+ n− 1

2
− n− 3

2
). (4.10)

Corresponding to the spin language, each single-site basis state can be labeled in

terms of these two quantum numbers as |Fz〉 = |L15, L23〉: | ± 3
2
〉 = | ± 1

2
,±1

2
〉

and | ± 1
2
〉 = | ± 1

2
,∓1

2
〉. As a consequence, for an arbitrary many-body state

under the Sp(4) symmetry, we have two conserved quantities: Ltot
15 =

∑
i L15(i)

and Ltot
23 =

∑
i L23(i) rather than only one good quantum number: F tot

z =
∑

i Fz(i)

which is usually used in SU(2) cases. This is helpful to reduce dimensions of the

Hilbert space in practical numerical calculations.

In addition to Ltot
15 and Ltot

23 , the Sp(4) Casimir denoted by C of the entire

system is also a conserved quantity in the spin-3
2

system. It is expressed in terms

of 10 Sp(4) generators as

C =
∑

1≤a<b≤5

{∑

i

Lab(i)
}2

. (4.11)

Each many-body energy eigenstate can be labeled by C. In SU(2) systems the

Casimir is equal to the well-known total spin, written as

(~S)2 =
{∑

i

~S(i)
}2

=
∑

α=x,y,z

{∑

i

Sα(i)
}2

(4.12)

since Sx,y,z are generators of the SU(2) group. Like the total spin in SU(2) cases,

the Casimiar is tedious to apply in practical numerical calculation to reduce the
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dimension of the Hilbert space. Instead, this quantum number can be used to

identify the dimension of the representation (degeneracy). As shown in the table

B.2 in the Appendix, while C = 0, the state is an Sp(4) singlet and unique whereas

while C > 0 the state is multiplet and has degeneracy which is equal to the

dimension of the associated representation. Also note that for the Sp(4) symmetry,

the total spin Eq. (4.12) is not a good quantum number; thus the values of total

spin will not indicate as good integer numbers.

4.2 Sp(4) magnetic exchange model at quarter-

filling

Mott-insulating states appear at commensurate fillings with strong repulsive

interactions. In this section we focus on the magnetic exchange at quarter filling,

i.e., one fermion per site. The magnetic exchange Hamiltonian has been obtained

in Ref. [CWZW05] through the second-order perturbation procedure. This is

similar to the spin-1
2

Heisenberg exchange J ~Si · ~Sj, where J = 4t2/U comes from

the spin-1
2

Hubbard model at large U . The exchange energies are J0 = 4t2/U0 for

the bond spin singlet channel and J2 = 4t2/U2 for the bond spin quintet channel.

For the bond spin triplet and septet channels, J1 = J3 = 0 since these two channels

are prohibited in Eq. (4.4). This exchange model can be written in terms of bi-

linear (~Fi · ~Fj), bi-quadratic (~Fi · ~Fj)
2 and bi-cubic Heisenberg exchange (~Fi · ~Fj)

3

and the Hamiltonian reads as

Ĥex =
∑

〈i,j〉
a(~Fi · ~Fj) + b(~Fi · ~Fj)

2 + c(~Fi · ~Fj)
3 + d, (4.13)

where Fx,y,z are usual 4 × 4 spin operators shown in Eq. (4.5). To determine

the coefficients a, b, c and d, we re-express ~Fi · ~Fj = (~F 2 − ~F 2
1 − ~F 2

2 )/2, where

~F 2 = (~F1 + ~F2)
2 = F (F +1) is the square of the total spin and ~F 2

1 = ~F 2
2 = 3

2
(3

2
+1).

Then we can solve the equations: while F = 0 and 2, Hex = J0 and J2; F = 1 and 3,
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Hex = 0, respectively. The coefficients can be obtained as a = − 1
96

(31J0 + 23J2),

b = 1
72

(5J0 + 17J2), c = 1
18

(J0 + J2) and d = 1
16

(J0 + 5J2). Eq. (4.13) can be

simplified into a more elegant form with the explicitly SO(5) symmetry [Wu06].

Without the irrelevant constant d, it is written as

Ĥex =
∑

〈i,j〉

{J0 + J2

4

∑

1≤a<b≤5

Lab(i)Lab(j) +
3J2 − J0

4

5∑

a=1

na(i)na(j)
}
.(4.14)

In this Hamiltonian, the first term is composed of 10 Sp(4) generators while the

second one transforms as a 5-dimensional vector in Sp(4) which is Sp(4) invariant.

In the following context we study this Sp(4) invariant model Hamiltonian instead

of Eq. (4.13).

There exist two special points with two different SU(4) symmetries in the

magnetic exchange model Hamiltonian Eq. (4.14). At J0 = J2 = J , it reduces to

the SU(4) Heisenberg model,

Ĥ =
∑

〈i,j〉

J

2

{
Lab(i)Lab(j) + na(i)na(j)

}
. (4.15)

In this case each site is in the fundamental representation of the SU(4) group.

Below we denote this symmetry as SU(4)A. There are three Cartan operators in

the SU(4) group; thus in addition to L15 and L23 there exits another good quantum

number n4,

n4 =
1

2
(n 3

2
− n 1

2
− n− 1

2
+ n− 3

2
). (4.16)

This SU(4) model is equivalent to the Kugel-Khomskii type model [KK82, Sut75]

and is used to study the physics with interplay between orbital and spin degree of

freedom [LMSZ98, BZM00, vdBALM01]. On the other hand, at J2 = 0, Eq. (4.14)

shows another SU(4) symmetry in the bipartite lattice, denoted SU(4)B below.

In this case, we perform the particle-hole transformation to one of sublattices and

remain the other one unchanged. The particle-hole transformation is defined as
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ψα → Rαβψ
†
β where R is the charge conjugation matrix

R =


 0 iσ2

iσ2 0


 . (4.17)

This transformation converts the fundamental representation to anti-fundamental

representation and the Sp(4) generators and vectors transform as L′
ab = R†LabR =

Lab and n′
a = R†naR = −na, respectively. As a result, Eq. (4.14) can be recast to

Ĥ =
∑

〈i,j〉

J

2

(
L′

ab(i)Lab(j) + n′
a(i)na(j)

)
, (4.18)

which shows SU(4) invariant as well. Therefore in SU(4)B, the fundamental and

anti-fundamental representation exists alternatively in a bipartite lattice [AA88].

Although we call both SU(4) symmetry, SU(4)A and SU(4)B exhibit very

different physical properties. In SU(4)A, unlike SU(2), two sites are not enough

to form an SU(4) singlet. It at least needs four sites to form an SU(4) singlet as

1√
4!

∑

αβγδ

ǫαβγδψ
†
α(1)ψ†

β(2)ψ†
γ(3)ψ†

δ(4)|Ω〉, (4.19)

where ǫαβγδ is the rank-4 fully antisymmetric tensor. Magnetic properties like

spin-spin correlations are characterized by four-site periodicity. This behavior has

been observed in 1D by DMRG. For 2D, QMC suffers notorious sign problems and

thus in the thermodynamic limit the GS profile is still not clear. So far, it only

has been conjectured that the GS of such a system on a 2D square lattice may

be a plaquette SU(4) singlet state without magnetic long-ranged ordering based

on small size calculations [BZM00, MMZ02]. The two-body Young tableaux is

depicted in Fig. 5.1 (a). The 16 energy levels are split to a 6-fold degenerate state

with E = −0.625J and a 10-fold degenerate state E = 0.375J , respectively, and

thus two particles cannot form a singlet.

On the other hand, for the SU(4)B case, two sites are sufficient to serve an

SU(4) singlet as Rαβψ
†
α(1)ψ†

β(2). In the 2D square lattice, a long-ranged Néel order

is identified by QMC simulations [HKT03] and large N limit [RS90]. The staggered



97

:
:

x

+

+

x *(b)

(a)

=

=

=x

:

Figure 4.1: Young tableaux for (a) SU(4)A and (b) SU(4)B symmetry. For
SU(4)B, the second box is applied a particle-hole transformation. The description
of all boxes in the same columnar (row) represents a fully anti-symmetric (sym-
metric) wave function. For the two-site problem the SU(4) singlet is only available
in (b).

magnetization is numerically given as ms = 0.091, which is small compared to that

of the SU(2) Néel order state withms ≃ 0.3 [Man91, WC07]. Fig. 5.1 (b) describes

the Young pattern for SU(4)B. Note that in this Young tableaux the second box

labeled with a start symbol has the particle-hole transformation. The resultant 16

energy levels are split to a singlet with E = −0.9375J0 and a 15-fold degenerate

state with E = 0.0625J0, respectively, which explicitly indicate different behavior

compared to SU(4)A.

Once the values of J0 and J2 are away these two points, the SU(4) symmetry

breaks down to the Sp(4) symmetry. The 16 energy levels in this two site problem

will be split into a singlet (identity representation), a 5-fold degenerate state (vec-

tor representation) and a 10-fold degenerate state (adjoint representation). The

corresponding energy are given as E0 = − 5
16

(3J0 − J2), E1 = 1
16

(J0 − 11J2) and

E3 = 1
16

(J0 + 5J2), respectively.
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4.3 Numerical results

In this section we will present numerical results for the spin-3
2

magnetic

exchange model Eq. (4.14) on a 1D chain and a 2D square lattice. We describe

the GS phase diagrams in terms of bond singlet channel J0 and bond quintet

channel J2. For 1D, we perform exact diagonalization methods and DMRG to

study low-energy spectra and measure order parameters in the thermodynamic

limit. For 2D, we only study a 4 × 4 cluster by means of exact diagonalization.

Although such size is subject to strong finite size effects the study is still worth

since it is able to provide hint about the GS profiles. In the future, we can use

variational Monte Carlo or tensor-product-state algorithm to put good initial trial

wave function to study larger clusters.

4.3.1 Quantum magnetism in 1D chains

The phase diagram of the 1D spin-3
2

Hubbard model Eq. (4.4) was provided

by using bosonization [Wu05, Wu06]. At the quarter-filling (one particle per site)

and with repulsive interactions (U0,2 > 0), the 4kf -Umklapp term opens a charge

gap as Kc <
1
2
. In this case, the system can be described by the exchange model of

Eq. (4.14). The GS is either a gapless spin liquid phase in the regime of J0/J2 ≤ 1

or a dimerized ordered state in the regime of J0/J2 > 1. The 1D phase diagram is

shown in Fig. 4.2 [Wu05]. In the following, we use exact diagonalization techniques

and DMRG not only identify these two competing phases but also demonstrate

the GS profiles and 4-site periodicity in spin-spin correlations. We consider the 1D

Sp(4) spin-3
2

chains with nearest neighbor exchange interactions only and with site

numbers N = 4m, where m is an integer. For convenience, we put J0 =
√

2 sin θ

and J2 =
√

2 cos θ and instead use θ to describe the ratio of J0/J2. We have

numerically checked that regardless of θ and sizes N , the ground states (GS) can

always be obtained in the (Ltot
15 , L

tot
23 ) = (0, 0) sector.
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SU(4)B

dimerization

gapless spin liquid

SU(4)A line

J2

J0

Figure 4.2: Phase diagram of the 1D chain in terms of the singlet and quintet
channel interaction J0 and J2. In this context, θ is the angle defined by θ =
tan−1(J0/J2). The SU(4)A type (θ = 45◦) denoted by the dot line belongs to
the gapless spin liquid state whereas SU(4)B along J2 = 0. The phase boundary
separating the dimerization phase and the gapless liquid state is the SU(4)A line.

a. Low-lying energy spectra

We present the energy spectra of several low-lying states of the 12 site

system under open and periodic boundary conditions in Fig. 4.3 (a) and (b),

respectively. Regardless of θ and boundary conditions, the GS’s are always Sp(4)

singlet with Casimir C = 0. At two special points: θ = 45◦ (SU(4)A) and θ = 90◦

(SU(4)B) the GS become an SU(4) singlet. For the low-lying energy states, let us

first examine the regime of 45◦ < θ < 90◦, i.e., J0/J2 > 1. With open boundary

conditions (OBC), the lowest excited states (LES) are 5-fold degenerate; therefore

they are in the Sp(4) 5-dimensional vector representation with the Casimir C = 4.

The next lowest excited states (NLES) are 10-fold degenerate and belong to the

10-dimensional Sp(4) adjoint representation with C = 6. The LES and NLES

intercept at both of the SU(4)A (θ = 45◦) and SU(4)B (θ = 90◦) symmetry points,

and become 15-fold degenerate (5 + 10 = 15). This corresponds to the SU(4)
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Figure 4.3: The exact diagonalization on the 1D spin-3
2

chain with 12 sites for
(a) open and (b) periodic boundary conditions. The dispersion of the GS and low
excited states, and the dimensions d of their corresponding representations of the
Sp(4) group are shown.

adjoint representation with C = 8. In the regime of 0◦ < θ < 45◦, i.e., J0/J2 < 1,

several excited states are close to each other and all belong to Sp(4) multiplets.

Among them, the LES’s are in the 10d Sp(4) adjoint representation.

With periodic boundary conditions (PBC), the energy spectrum behavior

of the 5-vector and the 10-fold states is similar to the OBC case in the regime

of 45◦ < θ < 90◦. However, a marked difference is that there appears another

new Sp(4) singlet state as the LES at 50◦ < θ < 90◦. In particular, it is nearly

degenerate with the GS (which is the lowest Sp(4) singlet) at θ = 50◦ ∼ 60◦. At

0◦ < θ < 45◦, there are two competing LES’s: either the 14-dimensional symmetric

tensor representation of Sp(4) or the 10d adjoint one.

The discrepancy between the existence of two nearly degenerate Sp(4) sin-

glets at 50◦ < θ < 90◦ with PBC but not with OBC can be understood in the

perspective of dimerization. In the thermodynamic limit, the dimerized GS will

have double degeneracy corresponding to two different dimer configurations; by
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shifting the entire system with a lattice constant one can obtain another dimer-

ization pattern. [c.f. Fig. 4.4 (a)] Both dimerized states spontaneously break the

translational symmetry. The OBC pins down the dimerization and favors only

one of the dimer configurations. In the finite system with PBC, these two dimer

patterns can tunnel between each other, which results in two nearly degenerate

Sp(4) singlet states. We further perform exact diagonalization to calculate the

singlet-singlet gap between them, denoted by ∆ss, at θ > 45◦ under PBC up to 16

sites.

As depicted in Fig. 4.4 (b), ∆ss disappears in the thermodynamic limit

by using the finite size scaling. This is due to the existence of a twofold degener-

acy. Such a feature has also been similarly observed in the two-leg SU(4) ladder

[vdBALM01]. On the other hand, the spin gap (singlet-multiplet gap) exists in

this parameter regime. This was confirmed by DMRG simulations in Sec. 4.3.1

and is presented in Fig. 4.5. It is interesting to compared such behavior with

the Lieb-Schultz-Mattis theorem [LSM61]. The theorem states that for the SU(2)

case, the GS of half-integer spin chains with translational and rotational symme-

tries is gapless, or gapped with breaking translational symmetry. For the Sp(4)

spin chain our results also agree with this theorem. The nature of the GS in the

parameter regime 0◦ < θ < 45◦ will be discussed in Sec. 4.3.1.

b. DMRG simulations on the Sp(4) spin chain

Next, we will present the DMRG results on the GS properties of the Sp(4)

chain up to 80 sites with OBC. The spin gap ∆sp shown in Fig. 4.5 is defined

as the energy difference between the GS and the lowest Sp(4) multiplet. With

even number of sites, the GS (which is always Sp(4) singlet) is obtained with

quantum number Ltot
15 = Ltot

23 = 0, whereas the lowest Sp(4) multiplet states with

quantum numbers (Ltot
15 = ±1, Ltot

23 = 0) or (Ltot
15 = 0, Ltot

23 = ±1). States with

the same values of (Ltot
15 , L

tot
23 ) may belong to different Sp(4) representations, which

can be characterized by their Sp(4) Casimirs. This is similar to SU(2) cases. We
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Figure 4.4: (a) Two degenerate dimerization patterns. (b) Exact diagonalization
results on the Sp(4) singlet-singlet gap with J0/J2 > 1 (θ = 60◦ and 75◦) and
periodic boundary conditions with N = 8, 12 and 16 sites. Finite size scaling
shows the vanishing of the singlet-singlet gap ∆ss for both cases.
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Figure 4.5: The finite size scaling of the spin gap ∆sp of the Sp(4) spin chain vs
1/N at various values of θ. θ is defined as θ = tan−1(J0/J2) and N is the system
size.

can target our calculation with Stot
z = 1, but the total spin could be any integer

numbers S ≥ 1. Practically, we only need to focus our calculation in the sectors

which have small integer values of (Ltot
15 , L

tot
23 ) to determine the spin gaps.

For the cases of θ > 45◦, i.e., (J0/J2 > 1), ∆sps saturate to nonzero values

as 1/N → 0, indicating the opening of spin gaps. On the other hand, ∆sp’s vanish

at θ ≤ 45◦, which shows that the GS is gapless. These results agree with the

bosonization analysis [Wu05], which shows that the phase boundary located at

θ = 45◦ with the SU(4)A symmetry is also gapless. This gapless behavior on the

SU(4)A line has been also numerically studied in Ref. [YSU98, AGLN99]. The

gapless mode below θ = 45◦ suggests that in this regime the GS may have similar

characters as SU(4)A. We will present more evidence in the following.

To further explore the GS profile, we measure the nearest neighbor (NN)

correlation functions of the Sp(4) generators for a chain with 80 sites. This NN

correlation function is the bonding strength and defined as 〈X̂(i)X̂(i+ 1)〉, where
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Figure 4.6: The NN correlation of 〈L15(i)L15(i + 1)〉 with OBC for (a) θ = 60◦

and (b) θ = 30◦, respectively. The dimer ordering is long-ranged in (a) but absent
in (b). Note the 2-site periodicity oscillations in (a) and the 4-site periodicity in
(b).

X̂ are Sp(4) generators and 〈· · · 〉 denotes the mean values over the GS. Here

we only present 〈L15(i)L15(i + 1)〉 in Fig. 4.6 as the representative, since the

correlation functions given by other generators should be the same due to the

Sp(4) symmetry. This is similar to SU(2) cases for GS’s where usually we have

〈Sz(i)Sz(j)〉 = 〈Sx(i)Sx(j)〉 = 〈Sy(i)Sy(j)〉.
At θ = 60◦, i.e., J0/J2 =

√
3, 〈L15(i)L15(i + 1)〉 in Fig. 4.6 (a) exhibits

the prominent 2-site periodicity oscillations without noticeable decay from the

edge through the whole system. This indicates a strong dimer pattern and the
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dimerization is long-range-ordered in agreement with the bosonization analysis

[Wu06]. In contrast, at θ◦ = 30◦, i.e., J0/J2 = 1/
√

3, 〈L15(i)L15(i + 1)〉 in Fig.

4.6 (b) exhibits 4-site periodicity oscillations and a characteristic power-law decay

from the edges to the middle of the chain. The 4-site periodicity can even be

observed at other θ’s for θ ≤ 45◦, same as ones presented in the bosonization

analysis.

The dimerization behavior in the thermodynamic limit is also examined. We

use the definition for the dimer order parameter suggested by [FLS01, HGCY06]

DX = |〈X̂(
N

2
− 1)X̂(

N

2
)〉 − 〈X̂(

N

2
)X̂(

N

2
+ 1)〉|. (4.20)

Similar to the above discussion, X̂’s can be Sp(4) generators and vectors in the
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Figure 4.7: The finite size scaling for the dimer order parameters (a) DL15
and

(b) Dn4
vs 1/N at various θ’s.

Sp(4) spin chain. Without loss of generality, we choose two non-equivalent classes

as X̂ = L15 and n4 to represent Sp(4) generators and vectors, respectively, and

show the numerical results in Fig. 4.7 (a) and (b) up to 100 sites. OBC can

provide an external field to pin down the dimer orders and lifts the two degenerate

dimerized patterns as discussed in the last section. To avoid finite size effects, we

choose the dimer orders of the two middle bonds and do the finite size scaling
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1/N at various θ’s. It is evident that in the regime of θ > 45◦ both of DL15
and

Dn4
are still finite upon 1/N → 0 whereas extrapolate to zero for θ ≤ 45◦. The

variations of the spin gap and dimer order parameters DL15
in the thermodynamic

limit (extrapolating the values for N → ∞) vs θ are also depicted in Fig. 4.8.

Roughly speaking, the variation of the spin gaps in magnitude accompanies with
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0.05

0.10

0.15

0.20

0.25

o o

  

 

 

 spin gap
 dimer-order

 
o oo oo

Figure 4.8: The variation of the spin gaps ∆sp and dimer order parameters DL15

as N → ∞ vs θ.

that of the dimer orders. This suggests the spin gaps originate from excitations

of the dimers. Interestingly, we found that the most strong dimerization occurs

around θ = 60◦ rather than θ = 90◦. But it is still obvious to see that once θ > 45◦

DL15
develops. As a result, we can arrive at a conclusion that the GS for the regime

of J0/J2 > 1 is the dimer phase.

Next we measure the two-point correlation functions of 〈X̂(i)X̂(j)〉, where

X̂ is L15 and n4, in Fig. 4.9 (a) and (b), respectively. At θ = 60◦ where the

GS is a dimerized phase, both correlation functions exhibit exponential decays.

In the spin-liquid regime of θ ≤ 45◦, however, all the correlation functions show

the power-law decay behavior and have the same 2kf oscillations with the 4-site
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Figure 4.9: (a) The two-point correlations 〈L15(i0)L15(i)〉 at θ = 0◦,15◦, 30◦,
45◦ and 60◦. The dot line is plotted by the fitting result using cos(π

2
s)/x1.52. (b)

〈n4(i0)n4(i)〉 at θ = 0◦,15◦, 30◦ and 60◦ and the fitting uses κ = 1.55. In both
cases, we choose the middlemost site as the reference point, i.e. i0 = 40 for the
chain on 80 sites. The inset in (a) indicates that all S(q) for θ ≤ 45◦ peak at
q = 41π/81 ∼ π/2 whereas π for θ = 60◦. This implies the existence of 2kf and
4kf charge-density waves for θ ≤ 45◦ and θ > 45◦, respectively.
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periodicity. Their asymptotic behavior can be written as

〈X(i0)X(i)〉 ∝ cos π
2
x

xκ
, (4.21)

where x = |i0 − i|. Along the θ = 45◦ line, the correlations of L15 and n4 are

degenerate since in SU(4)A symmetry all generators are equivalent. The power

can be fitted as κ ≈ 1.52, which is in good agreement with the value of 1.5 from

bosonization analysis and numerical studies [Aff86, Wu05, YSU98, AGLN99]. As

θ deviates away 45◦, the SU(4) symmetry is broken. For the correlations of L15,

the values of κ decrease as decreasing θ, which can be fitted as κ = 1.41, 1.34, 1.30

for θ = 30◦, 15◦, 0◦, respectively. On the other hand, for the correlations of n4, the

values of κ can be fitted as κ = 1.55, 1.65, 1.60 for θ = 30◦, 15◦, 0◦, respectively.

We also perform the Fourier transforms of the correlations of 〈L15(i0)L15(i)〉,
S(q), and present the results in the inset of Fig. 4.9 (a). S(q) is defined as

S(q) =
1

N

∑

i,j

eiq(ri−rj)〈L15(ri)L15(rj)〉. (4.22)

For OBC, q = mπ/(N + 1), where m = 1, 2 · · · , N are integers. Clearly, in the

regime of θ ≤ 45◦ all the peaks are located at q = 41π/81 ∼ π/2, indicating a

2kf charge density wave. (For a spin-3/2 chain, at half-filling kf = π/2 whereas at

quarter filling kf = π/4.) On the other hand, S(q) at θ = 60◦ peaks at π, which

denotes a 4kf charge density wave and is characteristic of two-site periodicity in

the dimerization phase.

4.3.2 Quantum magnetism in 2D square lattices

The Sp(4) quantum magnetism of Eq. (4.14) in purely 2D is a very chal-

lenging problem. Up to now, a systematic study is still void except on the special

SU(4)B line, i.e. J2 = 0. In the square lattice, QMC simulations are free of the sign

problem due to the bipartite property. It has been shown that there exists a long-

range-Néel ordering but with very small Néel moments n4 = (−)iL15 = (−)iL23 ≈
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0.05 [HKT03]. This result agrees with the previous large-N -limit study [ZS01].

The Goldstone manifold is characterized as CP (3) = SU(4)/[U(1) ⊗ SU(3)] =

U(4)/[U(1) ⊗ U(3)] with 6 branches of spin-waves.

On the other hand, on the SU(4)A line with J0 = J2, an exact diagonaliza-

tion study on the 4 × 4 sites suggests the existence of the four-site SU(4) singlet

plaquette ordering [BZM00]; at least it is unlikely that there exists a magnetic

order in this case. Larger size simulations are too difficult to verify this conjec-

ture. A variational Monte Carlo study based on the Majorana representation of

spin operators suggests a spin-liquid state at the SU(4)A line [WV09]. Recently,

Chen et al. [CWZW05] constructed an SU(4) Majumdar-Ghosh model in a two-leg

spin-3/2 ladder. The GS is exactly solvable and exhibits this plaquette ordering

state. On the other hand, an SU(4) resonant plaquette model in 3D have also

been constructed and investigated [XW08, PMS07].

SU(4)B

C B A

SU(4)A line

J2

J0

Figure 4.10: Speculated phase diagram of the Sp(4) magnetic spin-3/2 model Eq.
(4.14) on a 2D square lattice [Wu06]. θ = tan−1(J0/J2). The SU(4)A symmetry
drawn by the dot line is at J0 = J2 (θ = 45◦) whereas SU(4)B at J2 = 0 (θ = 90◦).
Bold letters A, B, and C represent the plaquette, columnar dimerized and Néel
order states, respectively.
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Based on these available knowledge, a speculated phase diagram was pro-

posed in Ref. [Wu06] and shown in Fig. 4.10. The Néel order state C is expected

to extend to a region with finite J2 instead of only along the SU(4)B line. Fur-

thermore, the plaquette order phase A exists not only along the SU(4)A line but

also covers a finite range including θ = 45◦. Between A and C, we conjecture an

intermediate phase B existing which is composed of ordered two-sites spin singlet

dimers. However, these features have not been systematically studied due to the

lack of controllable analytic and numerical methods for the 2D strongly correlation

systems. In particular, QMC methods suffer notorious sign problems at J2 6= 0.

In this section, we attempt to conduct a systematically study. We begin

our discussion with the cluster of 2× 2 whose GS can be solved analytically. Then

we perform exact diagonalization techniques on the 4 × 4 cluster and analyze the

associated GS profiles at different θ’s. Even though the considered 4 × 4 cluster

is too small to make any conclusion in the thermodynamic limit, it still provides

valuable information on the GS properties and is able to guide other numerical

algorithms with right physics in the near future.

a. The 2 × 2 cluster

For the 2 × 2 cluster, the GS can be easily solved analytically for all the

values of θ. Such a system can be spanned by three different Sp(4) two-site sin-

glet patterns. These Sp(4) singlets can be conveniently represented in terms of

the dimer states with the horizontal, vertical, and cross diagonal configurations

depicted in Fig. 4.11 (a) as

|H〉 =
1

4

∑

αβγδ

Rαβψ
†
α(4)ψ†

β(1)Rγδψ
†
γ(2)ψ†

δ(3)|Ω〉,

|V 〉 =
1

4

∑

αβγδ

Rαβψ
†
α(1)ψ†

β(2)Rγδψ
†
γ(3)ψ†

δ(4)|Ω〉,

|C〉 =
1

4

∑

αβγδ

Rαβψ
†
α(1)ψ†

β(3)Rγδψ
†
γ(2)ψ†

δ(4)|Ω〉, (4.23)
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where R is the charge conjugation matrix define in Eq. (4.17). The indices α,β,γ,δ

run over ±3
2
,±1

2
and |Ω〉 represents the vacuum state. These states are linearly

4
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21

Figure 4.11: (a) The GS wave functions of the 2× 2 cluster at various θ. a and b
are coefficients depending on θ and the thick bonds denote the two-site Sp(4) spin
singlet states. |H〉, |V 〉 and |C〉 are defined in Eq. (4.23) (b) The position indices
before and after the permutation P2341.

independent but are not orthogonal to each other, satisfying 〈H|V 〉 = 〈V |C〉 =

〈C|H〉 = −1
4
. Under the permutation of the four sites P(2341), or a rotation at 90◦

as shown in Fig. 4.11 (b), they transform as

P2341|H〉 = |V 〉, P2341|V 〉 = |H〉, P2341|C〉 = |C〉. (4.24)

At θ = 45◦, i.e., the SU(4)A case, the GS is exactly an SU(4) singlet which

necessarily involves 4 sites [LMSZ98, CWZW05] and written as

|ΨSU(4)〉 =
1√
4!

∑

µντξ

εµντξψ
†
µ(1)ψ†

ν(2)ψ†
τ (3)ψ†

ξ(4)|Ω〉, (4.25)

where the indices µ,ν,τ ,ξ run over ±3
2
,±1

2
. εµντξ is a rank-four fully antisymmetric

tensor: ενµτξ = −εµντξ = εµνξτ = 1, and εµµτξ = 0 etc. The SU(4) singlet wave

function |ΨSU(4)〉 can also be represented as the linear combination of the dimer

states as

|ΨSU(4)〉 =

√
2

3

(
|H〉 + |V 〉 + |C〉

)
, (4.26)
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which is even under the rotation operation P2341. We found that in the entire range

of 0 ≤ θ < 54◦, the GS wave functions remain even under the rotation P2341 and

thus is s-wave like. The corresponding wave functions can be represented as

|Ψθ<54◦〉 = a
(
|H〉 + |V 〉

)
+ b|C〉, (4.27)

where a and b are coefficients depending on the values of θ. In fact, we have

numerically examined that the overlaps between |Ψθ<54◦〉 and the SU(4) singlet

state |ΨSU(4)〉 are larger than 0.98 in the whole regime of 0◦ ≤ θ < 54◦.

On the other hand, roughly beyond 54◦, the GS shows a very different uni-

versal class from the plaquette-type phase. Tuning up θ until θ > 54◦, the overlaps

between the corresponding GS and |ΨSU(4)〉 suddenly drop to zero. Therefore we

expect that a level crossing occurs. Irrespective of the values of θ, the GS wave

function changes to

|ΨNeel〉 =

√
2

3

(
|H〉 − |V 〉

)
. (4.28)

It is odd under the rotation P2341 and thus it is d-wave like. This wave function

indicates an implicit signal of the existence of Néel-type states, since in terms of

the spin language the wave function components corresponding to the classical

Néel-order basis states (e.g. |σ1, σ2, σ3, σ4〉 = |3
2
,−3

2
, 3

2
,−3

2
〉 and |1

2
,−1

2
, 1

2
,−1

2
〉)

have larger weights than others.

Combining the above observations, we identify that there are two competing

states in the system. The boundary is located at θ = 54◦. Next we turn to analyze

large size systems.

b. Low-lying energy spectra for the 4 × 4 cluster

Next we turn to study a larger system size of N = 4 × 4. As we have

mentioned in Sec. 4.1.3, both Ltot
15 =

∑
i L15(i) and Ltot

23 =
∑

i L23(i) are good

quantum numbers to help reduce the Hilbert space dimension (D). However, the

dimension of the Hilbert space in the (Ltot
15 , L

tot
23 ) = (0, 0) sector still goes up to
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165 million (D=1,6563,6900). On the other hand, the lowest multiplet states are

located in the sector of (Ltot
15 , L

tot
23 ) = (0,±1) or (±1, 0) and the corresponding

dimension is about 147 million. The dimensions of the subspace are too large to

perform diagonalization.

Fortunately, in the square lattice, we have the lattice group to apply the

translational symmetry. The detail how to employ translation invariant in exact

diagonalization has been discussed in Sec. 2.1. By considering such a symmetry,

the dimension of the Hilbert space reduces to 10 million such that numerical diag-

onalization becomes doable. (For the total momentum ~K = (0, 0), D=1035,3252

and ~K = (π, π), D=1035,3216.) We found that in the 4 × 4 cluster the GS’s are

always in the sector of ~K = (0, 0). We can even apply the spin-inversion symmetry

which can roughly reduce the dimension by a factor of 2. For example, with fixed

~K = (0, 0), the Hilbert space dimensions become D=518,2866 and D=517,0386 for

even and odd parity, respectively. In the following, except for the specific mention

in Sec. 4.3.2, the systems are considered under PBC.

The low-lying energy spectra for the N = 4 × 4 clusters for 0 < θ < 90◦

are displayed in Fig. 4.12 (a). The GS’s for all the values of θ are Sp(4) singlets

with Casimir C = 0, and that at θ = 45◦ or θ = 90◦ turns out to be an SU(4)

singlet. The lowest excited states (LES) are also Sp(4) singlet states at θ < 63◦.

The lowest multiplets are the 14-fold degenerate Sp(4) symmetric tensor states

with C = 10. A level crossing of the LES occurs around θ = 63◦, which implies

that there exists competing phases nearby. Beyond θ > 63◦, LES become 5-fold

degenerate Sp(4)-vector representation with the Casimir C = 4. Another 10-fold

degenerate states, which belong to the Sp(4) adjoint representation with C = 10,

are the next LES and very close to the 5-fold degenerate Sp(4)-vector states in

energy. At the SU(4)B line, i.e., θ = 90◦, these two states merge into the 15-fold

degenerate states to form the adjoint representation of the SU(4) group whose

SU(4) Casimir is C = 8.

In Sec. 4.3.1, the energy spectrum analysis in small size clusters indicates
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Figure 4.12: (a) The low-lying states for the 4 × 4 cluster at various values of θ.
The dimensions of the corresponding Sp(4) representations are marked as d. The
GS wave functions are always Sp(4) singlets. (b) The zooming-in around θ ≈ 63◦

exhibiting various energy level crossings.

that both of GS and LES are Sp(4) singlets. Latter in Sec. 4.3.1, DMRG cal-

culations confirm that these two Sp(4) singlet states become degenerate in the

thermodynamic limit. Such behavior was identified by the existence of the dimer-

ization. Based on the similar argument, here we infer that in the 4 × 4 cluster

at θ < 63◦, the Sp(4) singlet LES suggests a spin disordered ground state with

broken translational symmetry in the thermodynamic limit. In particular, the gap

between the GS and the singlet LES is very small in a narrow regime (roughly

50◦ ∼ 60◦), which implies that an intermediate phase may exist exhibiting a trans-

lational symmetry breaking pattern different from that at small θ’s. However,

unlike the 1D case where we can justify the dimer ordering through finite-size

scaling on the vanishing of the Sp(4) singlet-singlet gap ∆ss and dimer order pa-

rameters DX , it is impossible for the 2D case to determine the presence of the

dimer states or plaquette states from the exact diagonalization results. Thus we

will resort to other approaches to investigate the GS profile in the following.

To further clarify, we present the energy dispersion given by the energy
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Figure 4.13: The energy dispersion E( ~K) − E0 v.s. θ for the 4 × 4 cluster. Γ,
M, X are the high symmetry points for the many-body ground state momenta,
corresponding to ~K = (0, 0), (π, π) and (π, 0) respectively, in the first Brillouin
zone.

difference between the lowest energy E( ~K) at each crystal momentum of Γ = (0, 0),

X = (π, 0), and M = (π, π) with respect to the GS energy E0. The GS’s always

occur at ~K = (0, 0); thus E(Γ) − E0 = 0 for all θ’s. Fig. 4.13 shows that

at θ ≤ 63◦, the states at the X-point are lower than those at M -point, which are

Sp(4) singlets with the Casimir C = 0. These lowest singlet excitations along (π, 0)

or (0, π) would allow the GS to shift a lattice constant along x or y-direction, if the

gap between these singlets vanishes in the thermodynamic limit. It will render a

four-fold degenerate states which in the thermodynamic limit break translational

symmetry; each of them corresponds to one of four plaquette configurations as

shown in Fig. 4.14. This is similar to which in the 1D chain the vanishing single-

single gaps allows the GS to shift a lattice constant, as depicted in Fig. 4.4 (a).

In comparison, as θ ≥ 72◦, the energy of states at the M -point are lower

than those at the X-point, which are spin multiplet with 10-fold degeneracy and

belong to the Sp(4) adjoint representation with the Casimir C = 6. Actually, these

states are not the LES which are 5-fold degenerate located at the Γ-point denoted

by blue upper triangles in Fig. 4.12 (b). Nevertheless, the energy splitting between
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Figure 4.14: Four possible plaquette arrangements.

the 10-fold adjoint representation and 5-fold Sp(4) vector states is very small. In

the thermodynamic limit, inspired by the QMC result of the occurrence of the

long-range ordering in the SU(4)B case, we infer that there exists a long-range

staggered Néel ordering of the Sp(4) spin operators Lab and a long-range uniform

ordering of Sp(4) vector operators na in this regime. Thus we conjecture a phase

transition from the spin disordered ground state to the Néel-like state breaking

Sp(4) symmetry around θ = 72◦.

We compared this observation with the 2D spin-1
2
J1-J2 model [DM89a,

DM89b]. In that case, the behavior of the low-lying energy levels indicates that

the LESs with nonzero momentum are triplet while the system is a magnetic Néel

(J2/J1 . 0.4) and collinear state (J2/J1 & 0.6), corresponding to K = (π, π) and

(π, 0), respectively. However, there exists an intermediate phase in 0.4 < J2/J1 <

0.6, where the GS is a magnetic disordered state and LES is singlet with nonzero

momentum of ~K = (π, 0). In this region it has been conjectured that the GS is a

dimerization state or a spin-liquid (resonated-valence-bond state).

Similarly, the low-lying energy behavior in our model implies that the GS is
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Figure 4.15: The energy dispersion E( ~K)−E0 as a function of θ. Note the level
crossing between C = 0 and C = 6 around θ = 72◦.

non-magnetic at θ < 63◦ since LES is singlet with ~K = (π, 0). On the other hand,

at θ ≥ 63◦, the GS has spin excitations and LES is multiplet. This implies that the

GS is relevant to the Néel state. To be more clear, we present the energy dispersion

E( ~K) − E0 as a function of θ in Fig. 4.15. Note that beyond θ > 72◦ LES is the

5-fold degenerate Sp(4)-vector state at ~K = (0, 0); not the 10-fold degenerate one

at ~K = (π, π) indicated by dark green triangles in the plot. However, they are

close in energy as shown in Fig. 4.12 (b) and belong to multiplet. We infer that

these two states become degenerate in the thermodynamic limit and provide spin

excitations.

c. The magnetic structure form factor

In this subsection, we present the results of the magnetic structure form

factors for the N = 4× 4 cluster. We measure two different structure form factors

SL(~q) and Sn(~q) which are defined for the Sp(4) generator Lab and vector na
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channels, respectively, as

SL(~q) =
1

gLN2

∑

i,j,1≤a<b≤5

ei~q·(~ri−~rj)〈Lab(i)Lab(j)〉,

Sn(~q) =
1

gnN2

∑

i,j,a=1∼5

ei~q·(~ri−~rj)〈na(i)na(j)〉, (4.29)

where the normalization constants gL = 10 and gn = 5. SL(~q) and Sn(~q) are

analogous to the Fourier transformation of 〈~Si · ~Sj〉 in SU(2) systems. If there

exists the long-range magnetic order, the magnetic structure factor converges to

a finite value in the thermodynamic limit and the corresponding magnetic order

parameters are the square root of S(~q) [Hir89, SZ92, HKT03].

The ED results of SL(~q) for the 4 × 4 cluster are presented in Fig. 4.16

(a). In the regime of θ . 60◦, SL(~q) distributes smoothly over all the momenta,

and its maximum is located at ~q = (π, π
2
), which is merely slightly larger than

other values of ~q. In contrast, when 60◦ . θ ≤ 90◦, SL(~q) prominently peaks

at ~KM = (π, π). The Sp(4) vector channel structure factor Sn(~q) is depicted in

Fig. 4.16 (b). At small values of θ, it peaks at the M-point exhibiting a dominate

correlation at the momentum (π, π). As θ & 60◦, the peak shifts to the Γ point

and the M -point becomes a minimum. It seems that the behaviors of SL(~q) and

Sn(~q) are supplementary in this regime.

Along the SU(4)B line with θ = 90◦, Sn(~q) = SL(~q + ~KM) due to the

staggered definition of Sp(4) vectors na in Eq. (4.18): Lab(i) → Lab(i) and na(i) →
(−1)ina(i) . This relation between Sn(~q) and SL(~q + ~KM) is consistent with the

previous observation on the low-energy spectra in Fig. 4.12. As θ ≥ 60◦ there are

two nearly degenerate excited states beyond the GS, having the total momentum

of (0, 0) and (π, π). They correspond to the 5d vector representation with C = 4

and the 10d tensor representation with C = 6 in the Sp(4) symmetry, respectively.

The contributions of Sn( ~KΓ) and SL( ~KM) mainly come from the matrix elements

between the GS and the 5d vector states, and 10d antisymmetric tensor states,

respectively. This interprets that SL(~q) peaks at (π, π) whereas Sn(~q) at (0, 0) in
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Figure 4.16: The magnetic structure factors for the 4×4 cluster. (a) The structure
factors SL(~q) for the Sp(4) generator sector. The inset is the comparison between
the variations of SL(π, 0) and SL(π, π) vs θ. (b) The Sp(4) vector structure factor
Sn(~q).

the Néel-state-like regime. On the other hand, in the case of SU(4)A with θ = 45◦,

there is no such staggered definition; thus Sn(~q) = SL(~q) for each ~q.

These features highlight that the dominant Néel correlation of the Sp(4)
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generators Lab’s not only exhibits along the SU(4)B line but also extends to a

finite regime with non-zero values of J2. In the same parameter regime, the Sp(4)

vectors na’s exhibit dominant uniform correlations. The critical value of θ of the

onset of the outstanding SL(π, π) is in good agreement with the location of the

level crossing shown in Fig. 4.12, implying a transition of the GS from a non-Néel

state to a Néel type. The inset in Fig. 4.16 (a) compares the SL(~q) behavior at

~q = (π, 0) and (π, π) versus θ. SL(π, 0) changes little as varying θ. Therefore, it

is inferred that only the Néel-type order exists in the regime of 60◦ ≤ θ ≤ 90◦.

The collinear magnetic ordering modulated with (π, 0) is unlikely to exist in the

2D Sp(4) system.

Next one may raise a natural question: what is the spin pattern for the

Néel-order state as θ → 90◦? According to Eq. (4.18), its classic energy can be

minimized by choosing a staggered configuration for 〈L15(i)〉 = 〈L23(i)〉 = (−)i 1
2

and a uniform configuration of 〈n4(i)〉 = ±1
2
. Translated to the spin language:

Fz = L23 + 2L15, it corresponds to the staggered arrangement in the 2D lattice as

Fz(i) = (−1)i 3
2
, or (−1)i 1

2
. The two different classic Néel states can be connected

by an Sp(4) rotation.

d. The columnar dimer correlations

In this subsection, we discuss the possibility of the dimer-ordered state at

intermediate values of θ. We define the susceptibility for a symmetry breaking

perturbation as

χ(δ) = −2[e(δ) − e(0)]

δ2
, (4.30)

where e(0) is the GS energy per site given by the Hamiltonian Eq. (4.14) and e(δ) is

Eq. (4.14) plus the corresponding perturbation term −δÔ [SSG+99, Cap00]. In the

presence of long-range ordering, the corresponding susceptibility χ = limδ→0 χ(δ)

will diverge in the thermodynamic limit. The behavior of order parameter 〈O〉 can

be justified by estimating the χ. This perturbation approach has been success-
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fully used to distinguish the dimerized and non-dimerized phases in the 1D J1-J2

spin-1
2

chain [Cap00], in which the phase boundary between these two phases is

determined as J2/J1 ≈ 0.24 .

Here we employ the same method to study the dimerization correlations.

Although with small size calculations, we are unable to determine the existence of
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Figure 4.17: The susceptibility χ(δ) versus δ at (a) θ = 60◦ and (b) θ = 30◦

in the 1D Sp(4) chain. N is the length of the systems and note that in all these
calculations PBC are applied.

long range order, it is still instructive to observe the feature of χ. We have used it

to test the 1D Sp(4) system with the perturbation term of Ô =
∑

i(−1)iHex(i, i+1)

and present in Fig. 4.17. At θ = 60◦, we found the dramatic growing behavior of

χ(δ) upon decreasing δ and increasing the system size, which we expect a divergent

χ in the thermodynamic limit. On the other hand, χ(δ) at θ = 30◦ has no tendency

of divergence over decreasing δ. This observation is consistent with our previous

analytical and numerical studies in the previous section: the 1D Sp(4) system

is either a gapless uniform liquid as θ ≤ 45◦ or a gapped dimerized state with

breaking the translation symmetry at θ > 45◦.

Next we apply this method to the 2D system with the size of 4 × 4 to

measure two susceptibilities χdim( ~Q) and χrot by considering two perturbations of



122

Ôdim( ~Q) and Ôrot defined as

Ôdim( ~Q) =
∑

i

cos( ~Q · ~ri)Hex(i, i+ x̂), (4.31)

Ôrot =
∑

i

[Hex(i, i+ x̂) −Hex(i, i+ ŷ)], (4.32)

where Hex(i, j) is defined as one bond of the Hamiltonian Eq. (4.14) connecting

i and j. At ~Q = (π, 0), χdim(π, 0) corresponds to the instability to the columnar

dimer configuration. Eq. (4.31) and Eq. (4.32) explicitly break the translational

symmetry along the x-direction and rotational symmetry, respectively. If the GS

has the plaquette ordering which is the 4-fold rotational invariant, we will have the

divergence on χdim(π, 0) but not on χrot. The ED results for the susceptibilities

with respect to the two perturbations versus θ in Fig. 4.18 (a) and (b), respectively.

A small value of δ = 0.01 is taken. Both susceptibilities exhibit a peak at θ from
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Figure 4.18: The susceptibilities defined in Eq. (4.30) with respect to the pertur-

bations Odim and Orot for the N = 4×4 cluster. (a) χdim( ~Q) versus θ at ~Q = (π, 0);

(b) χrot versus θ; (c) χdim( ~Q) versus θ at ~Q = (π, π). In all cases, a small value of
δ = 0.01 is taken to evaluate the susceptibilities. Both the susceptibilities in (a)
and (b) exhibit peaks around θ ≈ 60◦ ∼ 70◦.

60◦ to 70◦, which implies a tendency to breaking both translational and rotational

symmetries (c.f. the phase B in Fig. 4.10). By this numerical evidence, we infer

that the instability of the columnar dimerization instead of the plaquette ordering
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is promising in this regime in the thermodynamic limit. We also calculated the

susceptibility of χdim( ~Q) for ~Q = (π, π) which corresponds to the instability to the

staggered dimer configuration in Fig. 4.18 (c). Although it seems that χdim(π, π)

suddenly raises up around θ = 60◦, the magnitudes of χdim(π, π) and the relative

variation are small compared to those of χdim(π, 0) and χrot.

e. The plaquette form factor

Finally, let us consider the plaquette type correlation. At θ ≥ 63◦ the LES

are spin multiplet with ~K = (π, π); on the other hand, as θ . 60◦ LES remain

Sp(4) singlets with ~K = (π, 0) or (0, π). Hence at θ . 60◦ the GS signals a different

class from that at θ ≥ 63◦. To further elucidate the GS profile, we define the local

Casimir for the plaquette centered at ~r,

C(~r) = 〈
∑

1≤a<b≤5

{ ∑

i

Lab(i)
}2〉, (4.33)

where i runs over the four sites of this plaquette. The SU(2) version of Eq. (4.33)

is equal to the local total spin and has been used to distinguish competing dimer

and plaquette orders in a dimer-plaquette chain [RI96]. If the GS exhibits a strong

plaquette pattern, for instance, indicated as phase A in Fig. 4.10, the magnitudes

of C(~r) will have obvious spatial variations between two nearest-neighboring pla-

quette. This is analogous to the 1D dimerization picture in Fig. 4.6 (a), where the

nearest-neighboring spin-spin correlations exhibit strong and weak alternately in

magnitude. When the spins around a plaquette ~r are strongly bound to form an

SU(4) singlet, C(~r) should be close to zero.

Fig. 4.19 depicts the variations of C(~r) as a function of θ for the 4 × 4

cluster at various plaquette locations. Note that in order to explicitly reflect the

plaquette formation, here we use OBC rather than PBC since open boundaries

can pin down the plaquette patterns and lift possible degeneracy. In this case only

C4 point group symmetry is applicable in the exact diagonalization calculation

and the GS is in the sector of positive parity under the x and y-direction mirror
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B and C are defined on the right schematics. A (blue) is located at the corner
whereas C (black) in the most middle one.

symmetry. We found that the C(~r) for the corner plaquette A is much smaller

than 1/5 of those at the center C and the middle of the edge B for small values of

θ. This is in sharp contrast to the 2D spin-1
2

model which renders C(A) = 0.545,

C(B) = 1.015 and C(C) = 1.282, which only show the difference in the order of

1. The comparison suggests the pinning-down plaquette state in the 2D Sp(4)

system under the open boundary. Moreover, it is observed that C(A) and C(B)

decrease while θ goes beyond 60◦. It accounts for the formation of the plaquette-

type pattern weakens or even vanishes since the GS turns to be Néel-type.

Combined the above observations, it is likely that for θ < 60◦ the GS

has a strong plaquette-like correlation, that could be the resonate plaquette state

proposed by Bossche et al. [BZM00] or a certain spin-liquid. It does survive not

only along the SU(4)A line but also in a finite regime. Nevertheless, we have to

emphasize that this picture cannot be conclusively determined due to finite size

effects and further larger size calculations are needed to confirm.
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4.4 Summary

In conclusion, we study an Sp(4)/SO(5) spin Heisenberg model which can

be realized by the large spin ultra-cold fermions with F = 3
2
. The Sp(4) Heisenberg

model describing the magnetic exchange at the insulating state of quarter-filling

is simulated by exact diagonalization and DMRG. In 1D, our numerical results

are in agreement with previous analytic studies. There are two competing phases:

a gapped dimer phase with spin gap at θ > 45◦ and a gapless spin liquid at

θ ≤ 45◦. The phase boundary is identified as θ = 45◦ which belongs to SU(4)A-

type symmetry. In the gapless spin liquid phase, the static correlation functions

decay algebraically with four-site periodicity oscillations.

We also investigate the Sp(4) spin model on a 2D square lattice up to 16

sites by means of exact diagonalization methods. Our numerical results show three

competing correlations: Néel-type, plaquette formation and columnar spin-Peierls

dimerization, depending on θ’s. Such observation can have phase behavior analogy

in comparison with the speculated phase diagram depicted in Fig. 4.10. Due to the

finite size effects, however, we are unable to conclusively identify the existence of

these phases and the phase boundaries based on the small cluster. More numerical

studies are necessary to further explore the phase diagram in the thermodynamic

limit.
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Chapter 5

The SU(N) Hubbard Model

5.1 Introduction

As we introduced in the last chapter, large-spin cold atomic systems can

provide much more fruitful phase diagrams than SU(2) cases due to stronger quan-

tum fluctuations. In particular, such systems are usually connected with high-

dimensional symmetry group description; for our previous example, the spin-3/2

system with the Sp(N) group for N = 4. In this chapter, we will study other

large-spin systems with another high-dimensional symmetry group, the SU(N)

symmetry group. By means of controllable numerical simulations, we will indicate

another possibly existing quantum magnetism, the SU(4) Néel ordered state.

SU(N) group is a Lie group composed of N2 − 1 traceless generators. The

simplest SU(N) correlated system is the consideration of Heisenberg exchanges in

the large-N limit [RS90]. The SU(N) Heisenberg exchange model Hamiltonian

reads as

Ĥ =
J

N

∑

〈i,j〉

N∑

α,β=1

Sβ
α(i)Sα

β (j), (5.1)

where

Sβ
α(i) = c†i,αci,β − 1

N
δα,β

N∑

σ=1

c†i,σci,σ (5.2)
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are traceless generators of the SU(N) symmetry group and have the commutation

relation as

[Sβ
α(i), Sδ

γ(j)] = δi,j[S
δ
α(i)δβγ − Sγ

β(i)δαδ]. (5.3)

There are two different types in the SU(N) Heisenberg model. The first one is

that each site is in the fundamental representation whose Young tableaux is shown

in Fig. 5.1 (a). The energy degeneracies in the exchange system are identified as

:
:

x

+

+

x *(b)

(a)

=

=

=x

:

Figure 5.1: Young tableaux for (a) SU(N)A and (b) SU(N)B symmetry. For
SU(N)B, the second box is applied a particle-hole transformation. The descrip-
tion of all boxes in the same columnar (row) represents a fully anti-symmetric
(symmetric) wave function. For the two-site problem the SU(N) singlet is only
available in (b).

N ⊗N =
N(N − 1)

2
⊕ N(N + 1)

2
. (5.4)

Beyond N = 2, there is no identity representation and therefore two sites are

unable to form an SU(N) singlet. The other is that one of sublattices is in the

fundamental representation but the other belongs to the adjoint representation.

Therefore the fundamental and anti-fundamental representation exist alternatively

in a bipartite lattice. As shown in Fig. 5.1 (b), the energy levels are split as

N ⊗N = 1 ⊕ (N + 1)N · · · 1
N(N − 2) · · · 1 , (5.5)
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and in this type two sites are able to form an SU(N) singlet [AA88]. Based

on this perspective, these two SU(N) types can provide very different quantum

magnetism.

The SU(N) magnetism for N = 4 has been studied. The model with

the SU(4)A symmetry, called the Kugel-Khomskii model [KK82, Sut75], is used

to study the physics with interplay between orbital and spin degrees of freedom

[LMSZ98, BZM00, vdBALM01]. The ground state has no long-ranged order and

may be a spin liquid state. Due to the presence of sign problems in this model,

however, the conclusive picture of the system is still unclear. On the other hand,

for the SU(4)B symmetry in the two-dimensional (2D) square lattice, a long-ranged

Néel order is identified by Quantum Monte Carlo simulations for N ≤ 4 [HKT03,

KT07]. The staggered magnetization is numerically given as ms = 0.091, which

is small compared to that of the SU(2) Néel order state with ms ≃ 0.3 [Man91,

WC07].

5.2 The model Hamiltonian

Instead of the magnetic exchange model, here, we are interested in electron

correlated systems, called the SU(N) Hubbard model. The Hamiltonian of the

SU(N) Hubbard model reads

H = −t
∑

〈i,j〉,σ
c†i,σcj,σ +

U

2

∑

i

(n̂i − ρN)2 − µ
∑

i

n̂i, (5.6)

where 〈i, j〉 denotes the summation over nearest neighboring bonds and σ =

1, 2, · · · , N representing N spin flavors. Note that N must be an even number

for free sign problems. n̂i =
∑

i,σ c
†
i,σci,σ is the particle number operator. We focus

our discussion on repulsive interactions, i.e. U/t > 0. The model is considered

on a 2D square lattice. At half-filling, µ = 0 and ρ = 1
2
; averagely there are N/2

fermions loaded at each site. It is easy to prove that in the case of even N and

at half-filling, there is a particle-hole symmetry and the sign problem vanishes.
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At N = 2, it reduces to the spin-1/2 Hubbard model and it has been shown that

the system has the antiferromagnetic nesting at (π, π) and has long-ranged Neel

ordering at finite U .

In the following we perform the projector algorithm to study the system at

the zero temperature. At half filling the model is in the self-adjoint representa-

tion. This is different from the SU(N) Heisenberg model which is obtained from

considering the Hubbard model at ρ = 1/N filling and in the strong coupling limit

U → ∞. The corresponding Young tableaux is depicted in Fig. 5.2.

....+::

: :

+

+

=x
:

....

Figure 5.2: Young tableaux for the SU(N) self-adjoint representation.

According to the Young pattern, the resultant representation includes an

identity, and other higher dimensional representations. Thus at half-filling the

SU(N) Hubbard model can provide more fruitful magnetic exchange properties

compared to the 1/N -filling SU(N) Heisenberg magnetism. This model has been

analytically studied by using renormalization and mean-field. At small N , up

to N ≤ 6, the dominant tendency is towards breaking the SU(N) symmetry

with staggered two-sublattices [HH04]. Note that our study focuses on the ”pure”

Hubbard model, where there is only an on-site interaction U
2
(n̂i − N

2
)2 considered.

In physics, this model can behave differently from the SU(N) Hubbard-Heisenberg

model and have different phase diagrams [Ass05], whose Hamiltonian reads

H = −t
∑

〈i,j〉,σ
c†i,σcj,σ +

J

N

∑

i

Ŝ(i) · Ŝ(j) − µ
∑

i

n̂i. (5.7)
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This model is the SU(N) analogy of the SU(2) Hubbard-Heisenberg model and

has been studied to make the connection to the coppper-oxide materials [AM88,

MA89].

5.3 The Monte Carlo simulations

We study the repulsive SU(N) Hubbard model by using determinant quan-

tum Monte Carlo method [BSS81, Hir85] with the projection onto the ground state

(GS), called projector quantum Monte Carlo (PQMC) [SK86, STB+88, Ass02].

The interaction term U (n̂i − N
2
)2 of the SU(N) Hubbard model Hamiltonian Eq.

(5.6) is quartic. For an arbitrary observable Ô, the expectation value is

〈Ô〉 = lim
Θ→∞

〈ΨT |e−
Θ

2
ĤÔe−

Θ

2
Ĥ |ΨT 〉

〈ΨT |e−ΘĤ |ΨT 〉
, (5.8)

where |ΨT 〉 is the trail wave function and Θ denotes the projection parameter.

Similar to the finite temperature algorithm, for the projector algorithm we can

write the partition function with the second order Suzuki-Trotter decomposition

as

Z = 〈ΨT |e−ΘĤ |ΨT 〉

= 〈ΨT |
M∏

l=1

e−∆τHt
l
/2e−∆τHU

l e−∆τHt
l
/2|ΨT 〉 +O(∆τ 3), (5.9)

where H t
l = −t∑〈i,j〉,σ c

†
i,σcj,σ and HU

l = U
2

∑
i(n̂i − N/2)2. To integrate out the

fermion degrees of freedom, we have to apply the Hubbard-Stratonovich (HS) trans-

formation to transform quartic terms in HU
l to a quardtic form [Hub59, BSS81,

Hir83a, Hir85] coupling to auxiliary fields. Instead of using the HS transformation

proposed by J. E. Hirsch [Hir83a] which considers 2-component Ising-spins as the

auxiliary fields, in the SU(N) Hubbard model we employ [Ass98]

e−∆τ U
2

(n̂−1)2 =
∑

s=±1,±2

γ(s)eiη(s)
√

∆τU/2(n̂−1) +O(∆τ 4), (5.10)
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where

γ(±1) = 1 +

√
6

3
, γ(±2) = 1 −

√
6

3
,

η(±1) = ±
√

2(3 −
√

6), η(±2) = ±
√

2(3 +
√

6) (5.11)

involve 4-component Ising-spins η(s). This transformation explicitly preserves the

SU(2) symmetry. The equality in Eq. (5.10) has errors in the orders of ∆τ 4;

however, due to the presence of the symmetric errors ∆τ 3 from the second order

Suzuki-Trotter decomposition, such transformation can be considered to be good

enough. The auxiliary filed configurations {s1, s2, · · · } are determined by Monte

Carlo samplings.

With the HS transformation, the partition function becomes

Z =
∑

{s}

∏

i,l

γl(s)
∏

σ=↑,↓
〈ΨT |

M∏

l=1

e−∆τKσ/2eV σ
l e−∆τKσ/2|ΨT 〉

=
∑

{s}

∏

i,l

γl(s)
∏

σ=↑,↓
det(P σ

LB
σ
M · · ·Bσ

1P
σ
R), (5.12)

where Bσ
l = e−∆τKσ/2eV σ

l e−∆τKσ/2 is the single-particle propagator. The kinetic

matrix kernels Kσ and V σ
l =

∑
i iηl(s)

√
∆τU/2(n̂i,σ−1/2) are independent of spin

flavors; P σ
R is the trail wave function and is a Slater determinant. The probability

for a given configuration in the PQMC can be interpreted as

p[c] ∼
∏

σ=↑,↓
det(P σ

LB
σ
M · · ·Bσ

1P
σ
R)

= det(O↑) · det(O↓), (5.13)

where det(Oσ) denotes the determinant of the matrix Oσ = P σ
LB

σ
M · · ·Bσ

1P
σ
R. In

contrary to the finite-temperature algorithm [Hir83a] which allows particle num-

bers to fluctuate, the sampling in the PQMC is constrained in a sector with fixed

electron numbers, depending on the forms of P σ
R. In other words, the finite-

temperature algorithm is applied in Grand canonical ensembles, whereas PQMC

in canonical ensembles. The detail of the PQMC algorithm can be referred in Ref.

[Ass02, JG92, Mur98] and Sec. 2.3.6.
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5.3.1 The SU(2) case

At half-filling and N = 2, due to the existence of the particle-hole symme-

try, the sign problem is absent in PQMC simulations even using the complex HS

decomposition Eq. (5.10). To explicitly see why there is no sign problem in the

problem, we can remain the terms with spin-↑ flavor unchanged but perform the

particle-hole symmetry to spin-↓ operators

ci,↓ → (−1)id†i,↓. (5.14)

Under this operation, the kinetic matrix kernel K↓ transforms as

c†i,↓cj,↓ → (−1)i+jdi,↓d
†
j,↓. (5.15)

In the bipartite lattice, we always have (−1)i+j = −1 such that

∑

〈i,j〉
(−1)i+jdi,↓d

†
j,↓ =

∑

〈i,j〉
d†j,↓di,↓. (5.16)

Thus K↓ is invariant under the particle-hole symmetry. However, for the on-site

Hubbard interaction term we have

ni,↓ = c†i,↓ci,↓ → di,↓d
†
i,↓ = 1 − d†i,↓di,↓, (5.17)

such that

V ↓
l =

∑

i

−iηl(s)
√

∆τU/2(n̂i,↓ −
1

2
), (5.18)

where here n̂i,↓ = d†i,↓di,↓. Recall that for spin-↑ flavor V ↑
l =

∑
i iηl(s)

√
∆τU/2(n̂i,↑−

1
2
). As a result, the probability can be expressed as

p[c] = det(O↑) · det(O↑)∗ = |det(O↑)|2, (5.19)

which is still a positive-definite real number. Thus there is no sign problem in our

case.
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The trail wave function of the SU(2) Hubbard model can be factorized as

a direct product of trail wave function of each spin flavor

|ΨT 〉 = |Ψ↑
T 〉 ⊗ |Ψ↓

T 〉. (5.20)

Due to the SU(2) symmetry we simply have |Ψ↑
T 〉 = |Ψ↓

T 〉. The single-component

trial wave function |Ψi
T 〉 is chosen by the single-particle eigenstate of the free-

fermion Hamiltonian with considering weak dimerizations,

Ĥ0 =
∑

〈i,j〉
tijc

†
icj, (5.21)

where, for i, j = i+ax̂, ti,j = −t(1± δ) for site i located at the odd-th and even-th

columns, respectively, and for any i, j = i + aŷ ti,j = −t(1 + δ), where t ≫ δ. In

contrary to the free particle Slater determinant, such trial wave function is non-

degenerate at half-filling and shown as a good candidate to produce good results

in the SU(2) Hubbard model [Ass02, Ass03].

5.3.2 General SU(N) cases

The above descriptions are based on the SU(2) Hubbard model. For the

SU(N) Hubbard model, we can generalize all the descriptions to the SU(N) case,

where N is an even number. With the SU(N) symmetry, the probability in our

model becomes [Ass05]

p[c] =
∏

σ=1,··· ,N
det(P σ

LB
σ
M · · ·Bσ

1P
σ
R)

=
{ ∏

σ=↑,↓
det(P σ

LB
σ
M · · ·Bσ

1P
σ
R)

}N
2

, (5.22)

where we regard the spin flavors 1, 2, · · · , N/2 as spin-↑, whereas N/2 + 1, · · · , N
as spin-↓. Since for SU(2) it has been shown p[c] = |detO|2, here for SU(N),

p[c] =
{
|detO|2

}N
2

(5.23)
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is still positive-definite. The trail wave function of the SU(N) Hubbard model can

be factorized as a direct product of the trail wave function of each spin flavor

|ΨT 〉 = |Ψ1
T 〉 ⊗ |Ψ2

T 〉 ⊗ · · · ⊗ |ΨN
T 〉 (5.24)

and simply |Ψ1
T 〉 = |Ψ2

T 〉 = · · · |ΨN
T 〉 due to the SU(N) symmetry. Then the PQMC

algorithm becomes applicable to the SU(N) cases for any even N without any sign

problems.

5.4 Numerical results

5.4.1 The magnetization structures

We consider the following observables. First we study the magnetic prop-

erties and measure the spin-spin correlations. The spin-spin correlations for the

SU(N) Hubbard model are defined as

Csp(i, j) =
N

N2 − 1

N∑

α,β=1

〈Sβ
α(i)Sα

β (j)〉. (5.25)

For the SU(2) case, the spin-spin correlation simply obtains 4〈Sz(i)Sz(j)〉. For

more generalized SU(N) case, 〈Sβ
α(i)Sα

β (j)〉 can be written in terms of N diagonal

correlations with same flavors and N2 −N off-diagonal correlations with different

flavors, i.e.

Csp(i, j) =
N

N2 − 1

{ N∑

α=1

〈Sα
α(i)Sα

α(j)〉 +
∑

α 6=β

〈Sβ
α(i)Sα

β (j)〉
}
. (5.26)

By the Wick’s theorem, we can evaluate the spin-spin correlations under the aux-

iliary field configurations {s} as

〈Sα
α(i)Sα

α(j)〉{s} = 〈c†α(i)cα(i)c†α(j)cα(j)〉

= (1 −Gα
i,i)(1 −Gα

j,j) + (δij −Gα
j,i)G

α
i,j,

〈Sβ
α(i)Sα

β (j)〉{s} = 〈c†α(i)cβ(i)c†β(j)cα(j)〉

= (δij −Gα
j,i)G

β
i,j. (5.27)
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Due to the SU(N) symmetry, we have Gα
i,j = Gβ

i,j, i.e. the Green’s function is inde-

pendent of spin flavors. The spin-spin correlation in momentum space (magnetic

structure factor) is defined by performing Fourier transformation

S(~q) =
1

Ns

∑

i,j

Csp(i, j)e
i~q·(~ri−~rj), (5.28)

where Ns denotes the number of sites and L is the length. For a 2D square lattice,

Ns = L× L and the spin-spin correlations between the two farthest points in the

square lattice are denoted as CL/2,L/2. We perform numerical calculation mostly

on L = 12, and, for SU(4), L is up to 16. The thermodynamic limit is given by

considering the extrapolation for L→ ∞.

As are shown in the previous studies [LH87, HT89, HKT03], finite values

of SAF/Ns = S( ~Q)/Ns at ~Q = (π, π) in the thermodynamic limit indicate the ex-

istence of the magnetic Néel ordering. In this limit, SAF/Ns is equal to the square

of the staggered magnetization. Furthermore, it has been numerically indicated

that for the SU(2) case, CL/2,L/2 will converges to the square of the staggered mag-

netization [WSS+89]. In the following we perform the PQMC to study magnetic

properties of the SU(N) Hubbard model at half-filling. Unless specific mention,

all measurements are obtained using ∆τt = 0.05. we have examined that Θt = 40

is sufficient to obtain convergent ground state properties.

a. The SU(2) case

First we re-examined the behaviors of the SU(N) magnetic structure factor

and CL/2,L/2 for N = 2. The spin-1/2 Hubbard model has been studied for several

decades and it is well-known that the spin-1/2 Hubbard model at half-filling and

finite U has a long-ranged Néel ordering. As shown in Fig. 5.3, except for the case

of U/t = 1 and U/t = 2 (unclear), upon 1/L → 0, the values of SAF/Ns for other

values of U/t saturate to the finite values which are the same as those of CL/2,L/2,

respectively. The unclear small U results may be attributed to numerical errors

due to finite machine digits. This indicates a message that the SU(2) Hubbard
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model has the Néel ordering. Upon increasing U/t, the Néel correlations become

stronger and the SU(2) Hubbard model is more likely to behave as the Heisenberg

exchange model with J = 4t2/U . On the other hand, at U/t = 0 the SAF/Ns

vanishes as 1/L→ 0 [LH87].
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Figure 5.3: The 1/L finite size scalings of the antiferromagnetic structure form
factors per site SAF = S(π, π)/Ns (upper) and the farthest two-point SU(2) spin-
spin correlations CL/2,L/2 (lower). Ns = L× L is the number of sites.

Our extrapolation results at U/t = 2 and U/t = 4 are consistent with the

estimates in Fig. 5 (b) of Ref. [LH87] and Fig. 4 of Ref. [WSS+89], respectively.

In the thermodynamic limit, the same values of saturated SAF/Ns and CL/2,L/2

implies the existence of the long-ranged ordering [HT89]. The finite size scalings

are obtained by using the second-order polynomial fitting on 1/L.
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b. The SU(4) case

Next we study the magnetic property for SU(4). First, we study the mo-

mentum space spin-spin correlations, i.e. the SU(4) structurer form factor S(~q)

defined in Eq. (5.28). Similar to the SU(2) case, we found that for the SU(4)

case S(~q) peaks at ~q = ~Q = (π, π) for all interaction regimes. The representative

results for U/t = 4 and U/t = 16 are shown in Fig. 5.4 and the system size used

is L = 12.
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Figure 5.4: The SU(4) structure form factors at U/t = 4 and U/t = 16. For both

cases, S(~q) show prominent peaks at ~q = ~Q = (π, π).
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Therefore, the magnetic feature which is dominant in the SU(4) case is the

Néel-type state. To detect the presence of the Néel ordering in the thermodynamic

limit, we evaluate SAF = S( ~Q) and CL/2,L/2 for different values of U/t and sizes,

and perform the finite size scaling on 1/L. The numerical results are shown in

Fig. 5.5. Upon increasing interaction strengths U/t, spin-spin correlations as well
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Figure 5.5: The finite size scalings of the SU(4) structure form factors per site
SAF/Ns (upper) and farthest two-point spin-spin correlations CL/2,L/2 (lower) vs
1/L.

as SAF/Ns grow up. Moreover, at very strong interactions, like U/t = 12 and

16, SAF/Ns’s at L → ∞ saturate to finite values S0 = SAF/Ns ∼ 0.03(2), which

indicates the possible existence of the Néel ordering. The extrapolated CL/2,L/2 as

1/L→ 0 also shows the finite values which are very close to S0. Note that in order

to clearly confirm the extrapolated behavior, in the calculation at U/t = 16, the

system sizes are used up to Ns = 16 × 16. Below U/t = 8, the values of SAF/Ns
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and CL/2,L/2 show prominently vanishing behavior in the thermodynamic limit; the

Néel correlations in the weaker interaction regime are not as strong as in the large

U/t regime. However, we are unable to arrive at any conclusion that the magnetic

order does not exist at U/t ≤ 8 in the thermodynamic limit. Such fitting behavior

may be subject to numerical errors or finite size effects, just as indicated in the

SU(2) case with U/t = 1, 2 in the above subsection.

Based on this observation, we can further examine the asymptotic behavior

of the real space spin-spin correlations in the large U/t regime. If there exists a

long-ranged Néel ordering, the real space spin-spin correlation will have a power-

law decay and finally saturates to a finite value at L→ ∞. In this case, the scaling

behavior can be described as

Csp(i, j) = C0 +
A

|ri − rj|η
, (5.29)

where C0 is the extrapolation value given by the value of CL/2,L/2 at 1/L → 0.

From Fig. 5.5 (b), at U/t = 16, we have C0 ≃ 0.03542.

To retrieve the exponent η, we plot the logarithmic two-point spin-spin

correlation, ln (|C(r)| − C0), as a function of the logarithmic separation, ln r, in

Fig. 5.6 (a). C(r) = Csp(i, j) and r = |~ri − ~rj| is the separation of the two

points. We consider strong interaction with U/t = 16 and the system size is used

on L = 16. In such a size, it should be large enough to study the scaling behavior

of the two-point spin-spin correlations. In Fig. 5.6 (a) after subtracting C0, the

logarithmic spin-spin correlation shows linear dependence with the logarithmic

distance and the fitting line is obtained as η ≃ 0.9539 < 1. This implies that

excluding the saturated value the spin-spin correlation has a power-law decay.

To further verify the asymptotic property Eq. (5.29), we plot the function

Eq. (5.29) with the parameters C0 = 0.03542, η = 0.954 and A = 0.155 to compare

with our PQMC results. In Fig. 5.6 (b) the solid dots denote the numerical results,

whereas the blue and red lines represent the fitting results. It is evident to see the

antiferromagnetic spin-spin correlation, that the nearest-neighboring correlation
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Figure 5.6: (a) The logarithmic two-point spin-spin correlation ln (|C(r)| − C0)
as a function of the logarithmic distance ln (r) for SU(4) at U/t = 16. The red
straight line provides a slope of η ≃ 0.954. (b) Black solid circles: the real space
spin-spin correlation functions vs distance for SU(4) at U/t = 16 given by PQMC.
The blue and red lines depict the fitting results on C̃(r) = ±(C0 + A

rη ) respectively,
where η = 0.954 and A = 0.155.

is antiferromagnetic and the next-nearest-neighboring correlation is ferromagnetic

and so on. Moreover, the behavior of the fitting results based on Eq. (5.29) is in

very good agreement with the PQMC results. This verifies that the asymptotic

behavior of C(r) can be described by Eq. (5.29), and the spin-spin correlation

certainly saturates to a finite value in the thermodynamic limit. Such feature

also provides the evidence for the existence of the long-ranged antiferromagnetic
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ordering.

On the other hand, we show the real space spin-spin correlation function

for SU(4) at U/t = 4 in Fig. 5.7. It is evident to observe faster decay than that

at U/t = 16, which indicates weaker antiferromagnetic correlation. However, we

have to emphasize again that due to finite numerical accuracy, we are unable to

determine the physics for SU(4) at U/t = 4.
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separation 

Figure 5.7: The real space spin-spin correlation functions vs distance for SU(4)
at U/t = 4, given by PQMC simulation.

c. SU(N) for N ≥ 6

We also examined the magnetic properties for N = 6 and N = 8 in Fig.

5.8. For N = 6 and up to U/t = 16, it is evident to see that SAF/Ns as well

as CL/2,L/2 still go to zero in the thermodynamic limit. For N = 8, such decay

is even more rapid than N = 6. This observation can be interpreted as which

larger N results in stronger quantum fluctuations to destroy the antiferromagnetic

correlations. Therefore, it indicates that up to U/t = 16, for N ≥ 6, we do not

observe any signal of long-ranged Néel order existing with the current numerical

accuracy. The scaling behaviors are obtained by using the second-order polynomial
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Figure 5.8: The finite size scalings of the SU(N) structure form factors for (a)
N = 6 and (b) N = 8 vs 1/L, respectively. The finite size scalings of the farthest
spin-spin correlation functions CL/2,L/2 for (c) N = 6 and (d) N = 8 vs 1/L,
respectively.

fitting on 1/L.

5.4.2 The single-particle excitation

In this subsection, we present the behavior of the single-particle excitation

(charge gap) ∆c in Fig. 5.9. The definition reads ∆c = Ep+1
0 − Ep

0 , where p =
∑

σ Nσ is the number of particles. For half-filled, p = NsN/2. It can be obtained

via calculating the on-site time-displaced Green’s functions which is written as

G(~r = 0, τ) =
1

Ns

∑

i,σ

Gσ(i, i; τ), (5.30)

and then find the slope of lnG(~r = 0, τ) at large τ . Ref. [AI96b] and [AI96a]

provide the descriptions and we have demonstrated the detailed procedure in Sec.
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2.3.6. By this approach, F. F. Assaad and M. Imada showed that the SU(2)

Hubbard model at U/t = 4 is an insulator [AI96a].
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Figure 5.9: The single-particle excitation ∆c for (a) N = 4 and (b) N = 6. The
system sizes are up to L = 12.

For N = 4 [Fig. 5.9 (a)], it seems that there exists single-particle excitation

beyond U/t = 4 as L → ∞, implying the insulating nature. For N = 6, it

is not clear whether or not, at small U , the values of ∆c are still finite in the

thermodynamic limit. However, we can still clearly see the saturated ∆c beyond

U/t = 16, indicating that the GS in this regime is an insulating state.

5.4.3 The spin excitation

Next, we study the behavior of the spin gap, which is the energy cost to

excite a magnon and defined as

∆s = E0(S = 1) − E0(S = 0), (5.31)
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where S denotes the total spin. To retrieve ∆s, we first calculate the time-displaced

spin-spin correlation functions in momentum space 〈~S(~q, τ) · ~S(−~q, 0)〉 [Ass98],

which just comes from the Fourier transformation of the real space unequal time

spin-spin correlations

〈~S(~q, τ) · ~S(−~q, 0)〉 = S(~q, τ) =
1

Ns

∑

~ri,~rj

ei~q·(~ri−~rj)〈~S(i, τ) · ~S(j, 0)〉. (5.32)

At large τ , S(~q, τ) ∼ e−τ∆s and the spin gap is usually obtained by the slope at

~q = ~Q = (π, π) [Ass99, MLW+10]. In Fig. 5.10 (a), it seems that the spin gaps with
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Figure 5.10: The spin excitation ∆s for (a) N = 4 and (b) N = 6. The system
sizes are up to L = 12. The inset in (a) indicates the decay behavior of the unequal

time spin-spin correlations at ~Q = (π, π) for N = 4.
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strong interactions (e.g. U/t = 12 and U/t = 16) for N = 4 are approaching to

zero upon increasing L. This feature is consistent with our observation of SAF/Ns

and CL/2,L/2. As is well known, as there exists a long-ranged Néel ordering, there

is no spin excitation in the thermodynamic limit. The inset of Fig. 5.10 (a) depicts

the logarithmic behavior of S( ~Q, τ) vs τ . At large τ , lnS( ~Q, τ) is linear to τ . On

the other hands, for N = 6 in Fig. 5.10 (b), based on the finite size effects, we

cannot make any conclusion for the behavior of the spin gap in the thermodynamic

limit. We will provide more clear analysis in the future.

5.4.4 Numerical error analysis

a. ∆τ dependence
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Figure 5.11: The ∆τ dependence of the structure form factor SAF/Ns of the
SU(N) Hubbard model at U/t = 16 for (a) N = 4 and (b) N = 6.

In all the above calculations, we used ∆τt = 0.05. Seriously speaking, how-

ever, genuine physics quantities in the thermodynamic limit should be considered

by extrapolating to the ∆τ → 0 limit. Fig. 5.11 and 5.12 show that the magnetic

structure factors and the spin-spin correlations have the ∆τ 2 dependence and well-

convergent behavior compared with the ∆τ → 0 limit. Therefore, for any N , it

is convincing to use the results of SAF/Ns and CL/2,L/2 with ∆τt = 0.05 as the
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Figure 5.12: The ∆τ dependence of the spin-spin correlations CL/2,L/2 of the
SU(N) Hubbard model at U/t = 16 for (a) N = 4 and (b) N = 6.

thermodynamic limit measurements.

Also note that the ∆τ dependence is irrespective of system sizes. We found

that for the sizes 4×4 up to 10×10, all of the measurements show linear relations

with respect to ∆τ 2. Such ∆τ 2-dependence behavior is similar to the observation

on the Grand canonical ensemble Monte Carlo simulations [Fye86, HT89].

b. β dependence

Next, to examine the selection on the trial wave function |ΨT 〉 [Eq. (5.24)],

we study the SAF behavior of the SU(N) Hubbard model at finite temperatures

by means of grand canonical ensemble QMC (GCQMC) [BSS81, Hir83a]. In the

PQMC, improper trial wave functions may give wrong projection results. There-

fore, it is necessary to check the correctness of selecting Eq. (5.24) as the trial

wave function. Upon lowering temperature, i.e. increasing β = 1/T , we expect

that all physical observables should be monotonically approaching to those in the

T = 0 limit, which are provided by PQMC.

We have calculated SAF ’s for different values of β and compared them with

those obtained from the PQMC. ∆τt = 0.1 is chosen in the finite temperature

algorithm. The results are shown in Fig. 5.13. The data labeled by solid symbols
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Figure 5.13: The β dependence of the structure form factor SAF of the SU(N)
Hubbard model at different values of U/t for (a) N = 4 and (b) N = 6. Solid
symbols denote results given by GCQMC whereas the hallow ones denote the
PQMC results.

at βt ≤ 20 are obtained by GCQMC simulations whereas the hallow symbols

at βt = 22 represent the PQMC results. Note that since in the PQMC we use

∆τt = 0.05 different from ∆τt = 0.1 in the GCQMC, the values of SAF at large

β and those given by PQMC may have tiny discrepancy. For both SU(4) and

SU(6), the values of SAF at large β given by GCQMC are consistent with those

by PQMC. This indicates the correctness of choosing Eq. (5.24) as |ΨT 〉 in the

PQMC simulations and verify the magnetic behavior as in the ground state.

5.5 Summary

We study the 2D half-filled SU(N) Hubbard model, by means of the PQMC

approach. It is proved that there does not exist sign problems due to the particle-

hole symmetry. Our numerical evidence suggests that the long-range Néel state

exists not only in the N = 2 case and but also for N = 4 at large U , where we used

U/t = 12 and U/t = 16. We have calculated the magnetic structure factor per site

SAF/Ns and the farthest two-point spin-spin correlation functions CL/2,L/2, both
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of which saturate to finite values in the thermodynamic limit. In this regime, the

single-particle excitation is finite but the spin gaps vanish implying that the GS is

an insulating state without magnon excitation. These features are consistent with

the presence of the Néel state. The antiferromagnetic ordering in the SU(4) case

can provide novel quantum magnetism.

For N = 4 at small U and N ≥ 6, we are not clear whether there is such

long-range order existing or a phase transition due to finite size effects and limited

machine accuracy. In the near future we will present more numerical calculation

to explore the system.



Chapter 6

Conclusion and Future Outlook

In this dissertation, we study two kinds of fundamental but novel physics,

orbital physics and large-spin physics, which are usually inactive in conventional

solid state systems but accessible in cold atom systems. As is introduced in

Chap. 1, cold atoms in optical lattices have the excellent tunability on interaction

strengths and lattice geometries. Moreover, there is no need to consider impurity

and disorder effect in optical lattices. Such properties provide a nice workshop

to study strongly correlated behavior and even open up opportunities to discover

novel many-body effects in condensed matter physics. By means of mean-field

and numerical analysis, we study the orbital physics and large-spin physics with

considering strong correlation.

First, we introduce orbital physics in optical lattices. The novel “frus-

trated” Cooper pairing is considered into a p-orbital band system loaded with

spinless fermions. The frustration occurs naturally from the odd parity of the

p-orbital, rather than the even parity of the s-orbital. Such pairing mechanism

brings a new exotic supersolid state, and the phases are showed to have an uncon-

ventional f -wave symmetry. This creates a new opportunity to study the physics

of frustrated magnetism by considering its counterpart: the pseudo-spin algebra

of attractive spinless fermionic systems with the charge and pairing degrees of

149
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freedom. This idea can also be applied to other even more frustrated geometries,

such as Kagome and pyrochlore. In searching for the existence of spin liquid states,

their counterparts in terms of “frustrated Cooper pairs” will be another interesting

direction.

Furthermore, we found that in the limit of vanishing π-bonding, i.e. t⊥ = 0,

there possibly exists “ferromagnetic”-like exchanges. The leading order of the hop-

ping of the Cooper pairs occurs through the three-site ring exchange. The hopping

is frustrated for a plaquette with only one site occupied, but it is unfrustrated for

a plaquette with two sites occupied. In future, we wish to present more numerical

works to elucidate the ground state behavior.

Second, we discuss the large-spin physics in optical lattices. We study an

Sp(4)/SO(5) spin Heisenberg model which can be realized by the large spin ultra-

cold fermions with F = 3
2
. The Sp(4) magentic exchange model at the insulating

state of quarter-filling is simulated by exact diagonalization and DMRG. In 1D, our

numerical results are in agreement with previous analytic studies. There are two

competing phases: a gapped dimer phase with spin gap at θ > 45◦ and a gapless

spin liquid at θ ≤ 45◦. The phase boundary is identified as θ = 45◦ which belongs

to SU(4)A-type symmetry. In the gapless spin liquid phase, the static correlation

functions decay algebraically with four-site periodicity oscillations.

We also investigate the Sp(4) spin model on a 2D square lattice up to 16

sites by means of exact diagonalization methods. Our numerical results show three

competing correlations: Néel-type, plaquette formation and columnar spin-Peierls

dimerization, depending on θ’s. Such observation can have phase behavior analogy

in comparison with the speculated phase diagram depicted in Fig. 4.10. However,

based on the finite size effects, we are unable to conclusively identify the existence

of these phases and the phase boundaries based on the small cluster. We wish to

perform more numerical studies to further explore the 2D phase diagram in the

thermodynamic limit. Possible directions include using variational Monte Carlo,

the tensor-network algorithm or other controllable approaches. It is also interesting
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to consider the system under doping, i.e. the Sp(4) t− J model. We will present

the relevant results in the near future.

Finally we investigate the 2D SU(N) Hubbard model at half filling, by

means of projector Quantum Monte Carlo method. Our numerical results indicate

that for N = 4 at large U , there exists a long-range Néel order. By the finite size

scalings, it is found that the magnetic structure factor per site and farthest two-

point spin-spin correlation functions are saturated to finite values, and the spin

gaps vanish in the thermodynamic limit. Such observations support the existence

of the Néel state. For N = 4 at small U and N ≥ 6, however, we are not

clear whether there is such long-range order existing due to finite size effects and

machine accuracy. In addition, it is natural to ask, except for the Néel state,

whether there exist other phases, such as dimer phases and d-density wave state,

in these regimes. In the near future we will perform more numerical calculations

to address this question.



Appendix A

The strong coupling limit of the

p-band Hubbard model

Here we will describe how to derive the effective spin exchange Hamiltonian

Eq. (3.13) by considering the Hubbard model Eq. (3.5) in the strong coupling limit.

Considered the σ-bond hopping along x-direction (c.f. Fig. 3.2), the attractive p-

orbital Hubbard model Hamiltonian is written as

Ĥ = t‖
∑

i,j

{
p†x(i)px(j) + h.c.

}
− t⊥

∑

i,j

{
p†y(i)py(j) + h.c.

}

− |U |
∑

i

nx(i)ny(i) − µ
∑

i

ni

= H0 − |U |
∑

i

nx(i)ny(i) − µ
∑

i

ni, (A.1)

where n = p†xpx + p†ypy and H0 denotes the hopping term. In the strong coupling

limit |U | ≫ t‖,t⊥, the energetically favorable states are double occupancy and

empty states which can represent pseudo-spin states

| ⇑〉 = p†xp
†
y|Ω〉, | ⇓〉 = |Ω〉. (A.2)

With the definition of the pseudo-spin operators

η+ = p†xp
†
y, η− = pypx, ηz =

1

2
(n− 1), (A.3)
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we have an SU(2) pseudo-spin algebra

η+| ⇑〉 = 0, η+| ⇓〉 = | ⇑〉, ηz| ⇑ (⇓)〉 = ±1

2
| ⇑ (⇓)〉. (A.4)

Assume that the effective pseudo-spin exchange Hamiltonian has a form as follows

Heff =
J‖
2

{
η+(1)η−(2) + h.c.

}
+ Jzηz(1)ηz(2) − h(ηz(1) + ηz(2))

= J‖

{
~η(1) · ~η(2) − 1

4

}
+ (Jz − J‖)ηz(1)ηz(2) − h

∑

i

ηz(i)

= Hoff +Hdiag − h
∑

i

ηz(i), (A.5)

where Hoff = J‖

{
~η(1) ·~η(2)− 1

4

}
and Hdiag = (Jz −J‖)ηz(1)ηz(2). Compared with

Eq. (A.1), we have hηz = h
2
(n− 1) = µn; thus h = 2µ.

To determine the J‖ term, we need to compare the off-diagonal contributions

of the Hubbard model and the effective spin model. In the Hubbard model, the

Cooper pair tunneling process: p†x(1)p†y(1)|Ω〉 → p†x(2)p†y(2)|Ω〉 corresponds to the

superexchange: | ⇑1⇓2〉 → | ⇓1⇑2〉. By the second order perturbation procedure,

the reduced kinetic energy is

∆Es,t =
∑

m

〈s, t|H0|m〉〈m|H0|s, t〉
Es,t − Em

, (A.6)

wherem = ± denotes the intermediate state: |±〉 = 1√
2
(p†x(1)p†y(2)±p†x(2)p†y(1))|Ω〉;

Es,t = −|U | and E± = 0. |s, t〉 = 1√
2
[p†x(1)p†y(1) ∓ p†x(2)p†y(2)]|Ω〉 = 1√

2
(| ⇑1⇓2

〉∓| ⇓1⇑2〉) are singlet and triplet eigenstates of ~η(1) ·~η(2). Then it is easy to show

H0|s〉 = −(t‖ + t⊥)|−〉,

H0|t〉 = −(t‖ − t⊥)|+〉. (A.7)

Therefore, we have ∆Es = (t2‖ + t2⊥)2/(−|U |) and ∆Et = (t2‖ − t2⊥)2/(−|U |). Note

that applying H0 to | ⇑1⇑2〉 and | ⇓1⇓2〉 will give zero, so that ∆E⇑,⇓ = 0. They

are prohibited by the Pauli’s exclusion principle.

On the other hand, for the effective spin model, we also have

〈s|Hoff |s〉 = −J‖,

〈t|Hoff |t〉 = 0, (A.8)
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and

〈⇑1⇑2 |Hoff | ⇑1⇑2〉 = 〈⇓1⇓2 |Hoff | ⇓1⇓2〉 = 0. (A.9)

The energy difference between these two different models should be the same. Then

we have

−J‖ − 0 = ∆Es − ∆Et = −4t‖t⊥
|U | , (A.10)

therefore we have J‖ = 4t‖t⊥/|U | > 0, which is frustrated.

For the diagonal exchange Jz, we instead compare the energy difference

between ∆Et given by H0|t〉 and ∆E⇑ (or ∆E⇓) given by H0| ⇑1⇑2〉 (or H0| ⇓1⇓2〉).
We do not compare ∆Es and ∆E⇑ since their difference also involves off-diagonal

contribution. From the spin model, we have

〈s, t|Hdiag|s, t〉 = −1

4
(Jz − J‖), (A.11)

and

〈⇑1⇑2 |Hdiag| ⇑1⇑2〉 =
1

4
(Jz − J‖). (A.12)

Setting the energy difference given by both models is equal,

{
− 1

4
(Jz − J‖)

}
−

{1

4
(Jz − J‖)

}
= ∆Et − ∆E⇑, (A.13)

we obtain Jz = 2(t2‖ + t2⊥)/|U | > 0.

Note that for the s-band Hubbard model, we substitute t‖ = −t and t⊥ = t;

then we have J‖ = −4t2/|U | < 0 and Jz = 4t2/|U | > 0. Thus the effective spin

model of the s-band Hubbard under strong couplings is unfrustrated due to J‖ < 0.



Appendix B

The Lie group and Lie algebras

B.1 Representation theory of the simple Lie groups

and algebras

The representation theory of Lie groups and algebras can be found in stan-

dard group theory textbooks [Ma08]. Here we give a brief pedagogical introduc-

tion. Among the group generators, we choose the maximal set of generators that

commute with each other as the Cartan sub-algebra {Hi, (i = 1, ...k)}, where k is

called the rank of the Lie algebra. For example, the SU(2) algebra is rank one,

whose Cartan sub-algebra only contains Sz. All other generators can be organized

as eigen-operators of each generator in the Cartan sub-algebra, which are called

roots. Roots always appear in terms of Hermitian conjugate pairs as Ej± with the

relation Ej− = E†
j+. They satisfy the commutation relations of

[Hi, E±j] = α±j(i) E±j, (B.1)

with ~αj = −~α−j, where the i-th elements of the vectors ~α±j are the eigenvalue

of E±j with respect to Hi. For example, for the simplest SU(2) case, the roots

are S± = Sx ± iSy and [Sz, S±] = ±S±, where α± only have one component with

α± = ±1.
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Among all the roots, we fix the convention to use E+j for positive roots,

which means the first non-zero components of their ~α+j are positive. Positive

roots can be decomposed into the linear combinations of simple roots with non-

negative integer coefficients. The number of simple roots of a simple Lie algebra

equals to its rank. The Cartan matrix A of a simple Lie algebra is defined as

Aij = 2
(~αi, ~αj)

(~αi, ~αi)
, (i, j = 1, ..., k), (B.2)

where ~αi is the vector of eigenvalues of the simple root Ei; the inner products of

α-vectors is defined as

(~αi, ~αj) =
k∑

l=1

αi(l)αj(l). (B.3)

The dimension of the Cartan matrix is the same as the Cartan sub-algebra. For

the SU(2) group, the only positive and simple root is S+, and the 1 × 1 Cartan

matrix A = 2.

An important concept of the representations of the simple Lie algebra is

weight. For a rank-k simple Lie algebra, its fundamental weights can be solved

through its k × k Cartan matrix

~Mi =
∑

j

~αj(A
−1)ji, (i = 1, ..., k). (B.4)

Any irreducible representation of a simple Lie algebra is uniquely determined by

its highest weight ~M∗, which can be written as a linear combination of the funda-

mental weights ~Mi

~M∗ =
∑

i

µi
~Mi, (i = 1, ..., k), (B.5)

where µ’s are non-negative integers. The dimension of the representation M∗ is

d(M∗) =
∏

positive roots

[
1 +

( ~M∗, ~αi)

(~R, ~αi)

]
, (B.6)
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with

~R =
1

2

∑

positive roots

~αi. (B.7)

Please notice that the product in Eq. B.6 and summation in Eq. B.7 take over

all the positive roots. The value of the Casimir operator for the representation

denoted by M∗ is

C( ~M∗) = ( ~M∗, ~M∗ + 2~R). (B.8)

For the simplest example of SU(2), the only fundamental weight M = 1
2
. The

highest weights is just M∗ = S, where S takes half-integer and integer numbers.

Obviously, d(S) = 2S + 1 and C(S) = S(S + 1) as expected.

B.2 The Sp(4) (SO(5)) algebra

For convenience, we use the following symbols to represent the Sp(4)(SO(5))

generators Lab(1 ≤ a < b ≤ 5) defined in Eq. (4.9) as

Lab =




0 Reπx Reπy Reπz Q

0 −Sz Sy Imπx

0 −Sx Imπy

0 Imπz

0




, (B.9)
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where

π†
x = Reπx + iImπx = ψ†

3

2

ψ− 3

2
+ ψ†

1

2

ψ− 1

2
,

πx = Reπx − iImπx = ψ†
−3

2

ψ 3

2
+ ψ†

− 1

2

ψ 1

2
,

π†
y = Reπy + iImπy = −i(ψ†

3

2

ψ− 3

2
− ψ†

1

2

ψ− 1

2
),

πy = Reπy − iImπy = i(ψ†
−3

2

ψ 3

2
− ψ†

− 1

2

ψ 1

2
),

π†
z = Reπz + iImπz = ψ†

3

2

ψ− 1

2
− ψ†

1

2

ψ− 3

2
,

πz = Reπz − iImπz = ψ†
− 1

2

ψ 3

2
− ψ†

− 3

2

ψ 1

2
,

S+ = Sx + iSy = ψ†
3

2

ψ 1

2
− ψ†

− 1

2

ψ− 3

2
,

S− = Sx − iSy = ψ†
1

2

ψ 3

2
− ψ†

− 3

2

ψ− 1

2
,

Sz =
1

2
(ψ†

3

2

ψ 3

2
− ψ†

1

2

ψ 1

2
+ ψ†

− 1

2

ψ− 1

2
− ψ†

− 3

2

ψ− 3

2
),

Q =
1

2
(ψ†

3

2

ψ 3

2
+ ψ†

1

2

ψ 1

2
− ψ†

− 1

2

ψ− 1

2
− ψ†

− 3

2

ψ− 3

2
).

(B.10)

Table B.1: Cartan sub-algebra and its roots. [E1, E−1] = 1
6
(Q− Sz), [E2, E−2] =

1
6
Sz, [E3, E−3] = 1

6
(Q+ Sz), [E4, E−4] = 1

6
Q.

(Q,Sz) Roots
α±1 = ±(1,−1) E1 = 1√

24
(π†

x − iπ†
y);E−1 = 1√

24
(πx + iπy)

α±2 = ±(0, 1) E2 = 1√
12

(Sx + iSy);E−2 = 1√
12

(Sx − iSy)

α±3 = ±(1, 1) E3 = 1√
24

(π†
x + iπ†

y);E−3 = 1√
24

(πx − iπy)

α±4 = ±(1, 0) E4 = 1√
12
π†

z;E−4 = 1√
12
πz

The ten operators of Sp(4) satisfy the commutation relations

[Lab, Lcd] = −i(δbcLad + δadLbc − δacLbd − δbdLac), (B.11)

which is rank-2 Lie algebra. Its Cartan sub-algebra only contains two commutable

generators Hi(i = 1, 2), which can be chosen as (H1 = Sz, H2 = Q). We group the

other 8 generators as their eigen-operators, i.e., roots as representedE±1, E±2, E±3, E±4,

whose eigenvalue vectors ~α±j are presented in Tab. I. The simple roots are E1 with
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Table B.2: Some irreducible representations of the Sp(4)/SO(5) group: the high-
est weights, dimensions and Casimirs.

(µ1, µ2) M∗ d(M∗) C( ~M∗)
1 (0,0) (0,0) 1 0
2 (0,1) (1

2
, 1

2
) 4 5

2

3 (1,0) (1,0) 5 4
4 (0,2) (1,1) 10 6
5 (2,0) (2,0) 14 10
6 (1,1) (3

2
, 1

2
) 16 15

2

7 (1,2) (2,1) 35 12
8 (0,3) (3

2
, 3

2
) 20 21

2

~α1 = (1,−1) and and E2 with ~α2 = (0, 1). The other roots can be represented as

E3 = E1 + 2E2, E4 = E1 + E2. The Sp(4)/SO(5) Cartan matrix reads

A =


 2 −1

−2 2


 . (B.12)

We solve the fundamental weights as ~M1 = (1, 0), ~M2 = (1
2
, 1

2
) from Eq.

B.4. The highest weight ~M∗ can be written as

~M∗ = (m1,m2) = (µ1 +
µ2

2
,
µ2

2
), (B.13)

where µ1,2 are non-negative integers. The dimension of the corresponding repre-

sentation is

d(µ1, µ2) = (1 + µ1)(1 + µ2)(1 +
2µ1 + µ2

3
)

× (1 +
µ1 + µ2

2
). (B.14)

The representation (µ1, µ2) belongs to the category of tensor or spinor representa-

tions of Sp(4) when µ2 is even or odd, respectively. The Casimir operator reads

C( ~M∗) =
∑

a<b

L2
ab = Q2 + S2

z + 6
∑

α

{Eα, E−α}

= m1(m1 + 3) +m2(m2 + 1). (B.15)

We summarize some frequently used representations of Sp(4)(SO(5)) in

Table II. The representations with indices 1 to 5 are particularly useful. They
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are the identity (1d), the fundamental spinor (4d), vector (5d), adjoint (10d),

symmetric traceless tensor (14d) representations of the SO(5) group, respectively.

B.3 The SU(4) (SO(6)) algebra

The SU(4) group is isomorphic to SO(6). Their relation is similar to that

between SU(2) and SO(3), or Sp(4) and SO(5). As represented in Eq. (4.9),

Lab and the five spin-quadrapole operators na = ψ†
αΓa

αβψβ together form the 15

generators of the SU(4) group. Explicitly, the generators of nas are written as

n1 =
i

2
(ψ†

3

2

ψ− 1

2
+ ψ†

1

2

ψ− 3

2
− ψ†

− 1

2

ψ 3

2
− ψ†

− 3

2

ψ 1

2
),

n2 =
1

2
(ψ†

3

2

ψ 1

2
+ ψ†

1

2

ψ 3

2
− ψ†

− 1

2

ψ− 3

2
− ψ†

− 3

2

ψ− 1

2
)

n3 = − i

2
(ψ†

3

2

ψ 1

2
− ψ†

1

2

ψ 3

2
− ψ†

− 1

2

ψ− 3

2
+ ψ†

− 3

2

ψ− 1

2
)

n4 =
1

2
(ψ†

3

2

ψ 3

2
− ψ†

1

2

ψ 1

2
− ψ†

− 1

2

ψ− 1

2
+ ψ†

− 3

2

ψ− 3

2
)

n5 = −1

2
(ψ†

3

2

ψ− 1

2
+ ψ†

1

2

ψ− 3

2
+ ψ†

− 1

2

ψ 3

2
+ ψ†

− 3

2

ψ 1

2
).

(B.16)

The rank of the SU(4) group is three. We choose (Q,Sz, n4) as Cartan sub-algebra

and group the other 12 generators as roots as shown in Tab. III.

Table B.3: Cartan sub-algebra and its roots. [F1, F−1] = 1
8
(Q − Sz), [F2, F−2] =

1
8
(Sz − n4), [F3, F−3] = 1

8
(Sz + n4), [F4, F−4] = 1

8
(Q + Sz), [F5, F−5] = 1

8
(Q +

n4), [F6, F−6] = 1
8
(Q− n4).

(Q,Sz, n4) roots

α±1 = ±(1,−1, 0) F1 = 1√
32

(π†
x − iπ†

y) = 1√
8
ψ†

1

2

ψ− 1

2

α±2 = ±(0, 1,−1) F2 = (Sx+iSy)−(n2+in3)√
32

= 1√
8
ψ†
− 1

2

ψ− 3

2

α±3 = ±(0, 1, 1) F3 = 1√
32

(Sx + iSy + n2 + in3) = 1√
8
ψ†

3

2

ψ 1

2

α±4 = ±(1, 1, 0) F4 = 1√
32

(π†
x + iπ†

y) = 1√
8
ψ†

3

2

ψ− 3

2

α±5 = ±(1, 0, 1) F5 = 1√
32

(π†
z − i(n1 − in5)) = 1√

8
ψ†

3

2

ψ− 1

2

α±6 = ±(1, 0,−1) F6 = 1√
32

(π†
z + i(n1 − in5)) = −1√

8
ψ†

1

2

ψ− 3

2
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The simple roots are F1, F2 and F3 with the eigenvalue vectors ~α1 = (1,−1, 0),

~α2 = (0, 1,−1), ~α3 = (0, 1, 1), respectively. The other positive roots are represented

as F4 = F1 + F2 + F3, F5 = F1 + F3 and F6 = F1 + F2. The SU(4)/SO(6) Cartan

matrix reads

A =




2 −1 −1

−1 2 0

−1 0 2


 . (B.17)

The fundamental weights can be solved by using Eq. B.4 as

~M1 = (1, 0, 0), ~M2 = (
1

2
,
1

2
,−1

2
), ~M3 = (

1

2
,
1

2
,
1

2
). (B.18)

The highest weight ~M∗ of each representation can be chosen as

~M∗ = (m1,m2,m3) = µ1
~M1 + µ2

~M2 + µ3
~M3

= (µ1 +
µ2

2
+
µ3

2
,
µ2

2
+
µ3

2
,−µ2

2
+
µ3

2
). (B.19)

The dimension and Casimir of the representation ~M∗ are represented as

d( ~M∗) = (1 + µ1)(1 + µ1)(1 + µ1)(1 +
µ1 + µ2

2
)

× (1 +
µ1 + µ3

2
)(1 +

µ1 + µ2 + µ3

3
), (B.20)

C( ~M∗) = H2
1 +H2

2 +H2
3 + 8

∑

∆+

{
Fα, F−α

}

= m1(m1 + 4) +m2(m2 + 2) +m2
3. (B.21)

We summarize some frequently used representations of SU(4)(SO(6)) in

Tab. IV. Representations with indices from 1 to 6 are the identity (1d), the fun-

damental spinor (4d) and its complex conjugation (4d), the rank-2 anti-symmetric

tensor (6d), the rank-2 symmetric tensor (10d) and its complex conjugation (10d),

the adjoint (15d) representations, respectively. On the other hand, the Young

pattern is often convenient for the representations of SU(N) group. The Young

patterns of the representations from 1 to 8 in Tab. IV are shown in Fig. B.1.
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Table B.4: Some frequently used irreducible representations of the SO(6) or
SU(4) group: the highest weight, dimension and Casimir.

Rep (µ1, µ2, µ3) M∗(m1,m2,m3) d(M∗) Casimir
1 (0,0,0) (0,0,0) 1 0
2 (0,0,1) (1

2
, 1

2
, 1

2
) 4 15

4

3 (0,1,0) (1
2
, 1

2
, −1

2
) 4 15

4

4 (1,0,0) (1,0,0) 6 5
5 (0,0,2) (1,1,1) 10 9
6 (0,2,0) (1,1,-1) 10 9
7 (0,1,1) (1,1,0) 15 8
8 (2,0,0) (2,0,0) 20 12

6:10d

7:15d 8:20d

5:10d4:6d

*
3:4d1:1d 2:4d

=

Figure B.1: The Young patterns of the SU(4) representations 1 to 8 presented
in Tab. IV.
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