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Optimal Average Success Probabilities of Binary

(n,n —1) and (n,n — 2) Quantum Random Access
Codes

Shuo Tan and Syed A. Jafar

Department of Electrical Engineering and Computer Science,
University of California, Irvine, California 92697, USA

A binary (n,m) quantum random access code (QRAC) compresses an
n-bit classical string into an m-qubit quantum state, from which a decoder
attempts to recover a randomly selected target bit. Of particular interest
is the optimal average probability of success, Pf;?;f;"g")pt. The square-root
expression % + %\/m/ n was conjectured to upper-bound this quantity, and
recent constructions of (n,n — 1) QRACs by Suzuki and (n,n — 2) QRACs by
Akibue et al. meet it exactly. In this work, we prove that these constructions
are optimal, thereby determining ngﬁ%om and Pg;ﬁ’%ppt. The proof uses the
local-to-global reconstruction framework of Lin and de Wolf, based on the pretty
good measurement (PGM), together with dimensional and positive-semidefinite
(PSD) constraints on the induced channel. Based on these constraints, we also
derive an efficient linear-programming (LP) converse for general binary (n,m)
QRACs. We evaluate this converse in closed form for two infinite parameter
families and prove that it is strictly tighter than Akibue et al’s bound at every
point in those families except (n,m) = (3, 1), where the two coincide.

1 Introduction

The fundamental limits of data compression are a central theme in quantum information
theory. Holevo’s theorem [1] shows that the accessible classical information carried by an
m~qubit system is at most m bits, but this global limitation does not fully capture how
reliably individual bits of a classical string can be accessed when n bits are compressed
into m qubits. Quantum random access codes (QRACs), introduced by Ambainis et al. [2],
formalize this tradeoff between compressibility and retrievability. In an (n,m) binary
QRAC, a classical string = € {0,1}" is encoded into an m-qubit state p, from which a
decoder attempts to recover a randomly selected target bit as reliably as possible. To avoid
degenerate cases, we assume throughout that 0 < m < n. A key performance metric is the
optimal average probability of success, P,g;ﬁvg’om.

Beyond this coding interpretation, random access codes (RACs) also provide an opera-
tional framework for probing the boundary between quantum and post-quantum nonsignal-
ing correlations. The RAC task underlies the principle of information causality [3], which
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requires that the sum of the information a receiver can gain about a sender’s indepen-
dent bits not exceed the number of classical bits communicated. This principle recovers
Tsirelson’s bound for the CHSH inequality and excludes certain stronger-than-quantum
nonsignaling correlations [3]. QRACs provide the corresponding prepare-and-measure
quantum formulation, with their optimal success probabilities quantifying the limits of
selective retrieval from finite-dimensional quantum encodings. Beyond this foundational
role, QRAC techniques yield lower bounds in one-way quantum communication complexity
[4, 5] and quantum network coding [6], as well as bounds for locally decodable codes [7] and
private information retrieval [8]. They also arise in dimension witnessing [9], semi-device-
independent cryptography [10-12], high-dimensional communication [13], and self-testing
[14]. These foundational and operational connections motivate a precise characterization
of Paveort,

1.1 Prior work and problem status

While much progress has been made through various bounds and QRAC constructions [2, 14—
23], exact characterizations of Pﬁ;ﬁvgvol’t were previously known only in a handful of cases.
The values for (n,m) = (2,1),(3,1) follow from [2, 16]. For (n,m) = (3,2), (4,2), (6,2),
the constructions of Imamichi and Raymond [17] meet the m = 2 converse of Mané¢inska
and Storgaard [18]. Thus,

v 1 1 /m
PTLQ,;Z BOPL — §+§ gv (n’m) € {(271)7(3’1)7(3’2)7(47 2)’(672)}' (1)
Remarkably, the same form also appears in a numerically conjectured general upper bound
noted in [21, 22]:
71 1 /m

Pmeovt < > T3V (2)

It is known that the bound (2) holds if m € {1,2}, because the bound PZavecpt <

3+ 3y 2”;_1 is established in [18], and for m € {1,2} we have 2"~ 1 = m.

Although Liu’s classical random access code (RAC) counterexamples rule out (2) as
a universal upper bound [24], the high-rate cases m € {n — 1,n — 2} remain of interest
because known QRAC constructions attain the square-root value. Specifically the (n,n—1)

QRACs constructed by Suzuki in [21], and the (n,n —2) QRACSs constructed by Akibue et
al. in [22], achieve average success probability 3 + %\/% form=n—-1and m=n-2,

respectively. Thus, if the conjectured bound (2) can be proved for m € {n — 1,n — 2},
then it would prove the optimality of both constructions, and thus determine the precise
values of P,gfi’%ppt and Pg,’f‘z%’om. Indeed, a proof of (2) for m € {n —1,n — 2} is the
main contribution of this work.

1.2 Main results and proof idea

Our first result answers this question and determines the optimum for both families:

1 1
pﬁg\@,opt:2+2\/f’ m € {n—l,n—Q}. (3)

Our converse utilizes a translation from local to global reconstruction via pretty good
measurement (PGM), that is studied in [20]. The full-string PGM [25, 26] produces an
entire candidate string YSPGM for the uniform string X encoded by a QRAC €. Lin and
de Wolf in [20, Theorem 2] show that reducing the outcome of the full-string PGM to the




1th bit by summing over the possible outcomes for other bits, induces exactly the one-bit
PGM for the ith bit.

Building on this foundation, we find upper and lower bounds on the expected Hamming
distance ASPEM .= E[dy(X,YSPEM)]. For the upper bound, if a given QRAC ¢ has
average success probability P%, then by averaging over one-bit PGMs we show that

2
AGPGM < 5 (1 — <2P¢ — 1) ) For the lower bound, based on the full-string PGM we

show that when m € {n — 1,n — 2}, then A%PEM > %57, Combining these bounds
produces the desired proof of (2) with m € {n —1,n — 2} for the QRAC €. Since the
bound holds for any (n, m) QRAC € with m € {n — 1,n — 2}, it also holds for the optimal
average success probability.

This approach extends to general binary (n,m) QRACs through an LP that lower-
bounds the PGM distortion. The LP combines the encoding-dimension bound with
the full family of Krawtchouk inequalities, including the parity constraint used in the
(n,n —2) converse. We show that this LP has the same optimal value as the corresponding
Delsarte LP for the minimum average distance of binary codes [27-29]. Applying Mounits’s
bounds [28, Theorem 12] then yields closed-form QRAC converses for two infinite parameter
families. At (n,m) = (6,3), the upper bound matches a QRAC construction, determining
the exact optimal average success probability.

For comparison, we place the LP converse alongside the general analytic bounds of
Nayak [15], Mancinska and Storgaard [18], and Akibue et al. [22]. The resulting curves show
that the LP converse and Akibue et al’s bound are complementary across parameter regimes.
On the two closed-form families, however, the comparison can be settled analytically: the
LP converse is strictly tighter at every admissible point except (n,m) = (3,1), where the
two bounds coincide.

2 QRACGs and the Full-String PGM

2.1 Average-case QRAC model

Let [n] = {1,...,n}. A binary (n,m) QRAC € is specified as a tuple ({p%},e(0,1}n
{M, 0|zv Mﬁi}ie[n])> where {p$},c0,13n is an ensemble of quantum states on a Hilbert space

of dimension at most 2™, and {Mochv Mﬁz
(POVM) for decoding the ith bit. The encoder obtains a uniformly random binary string
X € {0,1}" and maps any realization X = x = z1x2 - -z, to the corresponding quantum
state p%. The decoder is given the encoded quantum state, along with an independently
generated uniformly random index Z € [n]. Given p& and the realization Z = i, the decoder
produces Y% as the measurement outcome of the POVM {M ¢ M 6‘ } applied to p¢. Define

the coordmate -wise success probability of € as

ps ::]P(Y@—X \I:z‘)

} is a binary positive operator-valued measure

— > PYF=X;|X=2TI=i
xE{O 1}n

o > Tr(pSME), (4)
1‘6{0 1}

and the average success probability (ASP) of € as

1.
—niz::lpi- (5)




Define the coordinate-wise success probability of €, optimized over all POVMs for the ith
bit decoding, as

O L Tr 6
Pi POVM: {MOIleM} xe{zo:l}" ( xt‘l) ( )

The optimal ASP for the entire class of (n,m) QRACS, P,%%Vg’(’pt is defined as in [21],

P@ave.opt . — max p® (7)
n,m ¢
= n Z Z Tr( pa M, . (8)
{Pz} {Mb|2} n2 6{0 1}71 i=1 ( )

2.2 The full-string PGM and Hamming distortion
The full-string PGM is defined from the average state

> ra 9)

ze€{0,1}"

as in [20] with uniform X as follows.
Qy=27"() P02y e {01y (10)

where inverse powers are taken on supp(ﬁ ) and are zero on the orthogonal complement.
Then 3°, QS Supp( p¢) is the orthogonal projection matrix onto supp(p %), and {Qg}y is
a POVM on supp(p%); if desired as a POVM on the whole ambient Hilbert space, it may
be completed arbitrarily on supp(p ) This completlon does not affect the probabilities
below, because all code states are supported on supp(p%). Let Y&PGM € {0, 1}" denote
the PGM output when the input is X € {0,1}".

For z,y € {0,1}", write

du(z,y) = [{i € [n] : zi # yi}|

for their Hamming distance. For the random pair (X, Y EPGM) - define the PGM distortion
by

ASPEM = Bldy (X, YEPEM)). (11)

The full-string PGM induces a classical channel T’ Q%P GM with input « € {0,1}", output
y € {0,1}™, and the transition probabilities,

TEPOM _ Py CPCM _ | ¥ — 4] = Tr(p2QY). (12)

3 Main Results

We start with three useful lemmas. The first lemma produces an upper bound on the
expected Hamming distance, ASPGM between X and the full-string PGM output Y.

Lemma 1. For the full-string PGM output y&PGM

AGPGM < g (1-@Pt-1)?). (13)




Proof. From Lin and de Wolf [20, Proof of Theorem 2], let us recall that reducing the
outcome of the full-string PGM to the ith bit by summing over the possible outcomes for
other bits, induces exactly the one-bit PGM for the ith bit. Thus, the i¢th coordinate of
the full-string PGM output YSPSM namely Yf’PGM, represents the output of a one-bit
PGM for the ith bit from the binary marginal ensemble {(1/2, O'EO), (1/2, agl)}, where

agb::2n_1 >, be {0,1}. (14)
z€{0,1}:2;,=b

This allows us to apply Renes’s refined PGM bound [30, Eq. (12)] for a one-bit PGM to
obtain,

PlYS"M = X)) > (pF)? + (1 - p¥*)? (15)

The optimized POVM in (6) is at least as good as choosing the better of the POVM
prescribed by € and its swapped version, i.e.,

pF* > max{pf,1—pf} >1/2. (16)

Recognizing that the function 22 + (1 — 2)? is increasing for z > 1/2, we combine (15) and
(16) to obtain,

]P)[Y;Q’PGM _ Xz]
> (max{p},1 —pi})* + (1 — max{p{,1—p{}) (17)
= (pf)* + (1 — p})? (18)

which is equivalently expressed as
PGM
PV # X < 2pf (1 - pf). (19)
Summing over all i € [n] yields,

A€,PGM — ]E[dH (X, YG,PGM)]

= > PPN 2 xj] (20)
i€[n]

< > 20 (1 - pf) (21)
i€[n]

< 2nP%(1 — P%). (22)

Step (22) follows from an application of Jensen’s inequality, recognizing that z(1 — z) is a
concave function of z. Finally, rearranging the bound A%PEM < 25 P¢(1 — P%) yields the
desired bound (13).

L]

The second lemma establishes that the matrix of transition probabilities for the channel
TEPGM defined in (12) is positive semidefinite (PSD).

Lemma 2. The matriz TSPSM s positive semidefinite.

Proof. Define

Ag — (ﬁ6)71/4pg(ﬁ€)71/4 (23)




and note that the cyclicity of trace implies

Tyw M = Tr(pgQy) (24)
= Tr(p52 " (p%) o5 () /%) (25)
= 27" Tr(ASA}) (26)

Thus, TféPGM =2"" Tr(A%Ag) is a real symmetric Gram matrix in the Hilbert-Schmidt
inner product, which makes it positive semidefinite.
O

The third lemma bounds the probability that the Hamming distance between X and
the full-string PGM output is odd, essentially by showing that for any n-bit random strings
X and Y, if the matrix representation of their joint probability mass function is positive
semidefinite, then the Hamming distance between X and Y is not more likely to be odd
than it is to be even.

Lemma 3. We have the following bound,

Pldy (X, YEPM) s odd) < (27)

N =

Proof. Let s : {0,1}® — {—1,1} be defined by s(z) = (—1)!*l, where |z| denotes the
Hamming weight of . Using the fact established in Lemma 2, i.e., T¢PSM = 0 we have

0<2 "Z 2)Te,"Ms(y) (28)
=27" Z PIYSPOM =y | X = 2]s(y) (29)
= Z PIYSPOM — ¢, X = a]s(y) (30)
[ (X)s(Y&PEM] (31)
E[(—1) XY (32)
E[(— 1)t XY (33)

Pldy (X, YEPM) is even]
— Pldu(X, YEPM) is 0dd)] (34)
=1 — 2P[dg (X, YEPEM) is 0dd] (35)

Step (29) follows from (12). Step (30) follows from the uniform distribution on X. Step
(33) follows from the fact that (|| + |y|) mod 2 is equal to dy(x,y) mod 2. Rearranging
(35) yields the desired bound (27). O

Main Result.— Our main result appears in the following theorem.

Theorem 1. For m € {n — 1,n — 2}, every binary (n,m) QRAC € has average success

probability bounded as
1 1
P¢§§+§,/% (36)

Consequently Eq. (2) holds for Pﬁ?;iivg’om.




Proof. By relabeling the two outcomes of each coordinate POVM if necessary, we may
assume without loss of generality that pg > 1/2 for all i. This is because relabeling
leaves the encoding ensemble, and hence the full-string PGM channel and ASPGM —
E[du (X, YEPEM)] unchanged, while it can only increase the ASP.

It will be useful to recall Nayak’s result in [15, Theorem 2.4, Part 2] which directly
implies that P[Y = X]| < 2™ " if Y € {0,1}" is obtained by making any measurement
(not restricted to PGM) of an m-qubit encoding of a uniform X € {0,1}". In particular,
this implies

P[y&PEM — x| < om—n, (37)

Case 1: For m = n — 1 we have,

ASPOM = 37 PPN £ Xi) (38)
1€[n]

> P[ySPOM £ X (39)

>1/2 (40)

Step (40) follows by applying (37) with m =n — 1.
Case 2: Now consider m = n — 2. For compact notation let us define gy :=
Pldg (X, YEPEM) = 0] and goqq := P[du(X, YEPEM) s odd].

ATPGM _ g (X, y©PGM)] (41)
> Pldu (X, YEPEM) is odd] (42)

+ 2P[dp (X, YEPEM) s nonzero and even)
= qodd + 2(1 — g0 — goda) (43)
=2 —2¢0 — Godd (44)
>2-2(1/4) = (1/2) (45)
—1 (46)

Step (42) uses the fact that odd values of the Hamming distance must be at least one, and
nonzero even values of the Hamming distance must be at least 2. Step (45) applies the
bound ¢g < 1/4 which follows from (37) for m = n — 2, and the bound goqq < 1/2 which
follows from Lemma 3.

Thus ASPEM > (n —m)/2 in both cases. Applying Lemma 1 and substituting this into
(13) yields

< % (1 — (2P - 1)2) (47)
m (48)

Since P = 137 | p¢ > 1/2 as assumed without loss of generality, for m € {n — 1,n — 2}
we obtain the desired bound

o2 (49)

O

The exact values of Pg;%vgppt for m € {n — 1,n — 2} now follow as a corollary.




Corollary 1. Form € {n—1,n — 2},

1 1 /m
pr%zvgppt — 5 + 3 /E' (50)

Proof. The upper bound follows by Theorem 1. For m = n — 1, Suzuki’s (n,n — 1)
construction achieves the right-hand side [21]. For m = n — 2 the (n,n — 2) construction
of Akibue et al. achieves the right-hand side [22]. O

4 An LP Extension

The (n,n — 1) and (n,n — 2) converses above used only the bound ¢y < 2™~ and the
parity bound goqq < 1/2. For a general binary (n,m) QRAC, we retain the full family of
PSD constraints at the Hamming-distance distribution level, reducing the original matrix
problem to an LP with n + 1 variables and only O(n) constraints. We then show that
the diagonal-mass constraint is saturated at every optimal solution, which is the key to
transforming the LP into the Delsarte LP. This identification allows existing analytic
results for the Delsarte LP to be transferred directly to QRAC converses, thereby building
a bridge between QRAC analysis and established classical coding theory.

4.1 The PSD structure of the PGM-induced joint probability matrix

The three lemmas above and the dimension bound underlying (37) do not require the
encoding dimension to be a power of two. We therefore allow an encoding system of
dimension at most a positive integer D; the m-qubit setting corresponds to D = 2™.

Write NV := 2" and define the joint probability matrix of the uniform input and the
full-string PGM output by

1
Joy M= PIX =0, YOO =y = SRy € {0,137, (51)

Writing J := JOPGM = N—1TEPCGM e obtain directly from the channel definition (12),
Lemma 2, and the dimension bound above that

Joy >0, J=JT, J=0, (52)
1 D

1=—1 TrJ < —.

J1= 1, J< (53)

We next use these matrix constraints to derive an LP for the Hamming-distance distribution.

4.2  From the joint probability matrix to a distance LP

For a joint probability matrix J indexed by {0,1}"™ x {0,1}", define its Hamming-distance
distribution by
a(J) = Z Jzy, 0<k<n.
x,y€e{0,1}"
dy (z,y)=k
For J = JPGM the vector ¢(J) = (qo(J),--.,qn(J)) is the probability distribution of
du(X,YEPEM) I particular,

(1) =0, Y a())=1,  qo(J)="TrJ,
k=0

8



and .
ACPOM _ S kg, (7).
k=0

We next extract from J > 0 a family of inequalities that depends only on the distance
distribution ¢(J). For S C [n], define the binary character

xs(z) = (~1)2es®, gz e {0,117,

and view xg as a vector indexed by {0,1}". Since J > 0, for every S C [n],
XEJXS = Z XS(x)XS(y)ny
z,y€e{0,1}7
= Z (_1)Zies($i@yi)ny > 0.

z,y€{0,1}7

(54)

The fixed-distance averages of these characters are described by the binary Krawtchouk
polynomials. For 0 < j, k < n, define the degree-j binary Krawtchouk polynomial [31] as

follows:
j n—
KM (k) =Y (1) (E) (j. } f) (55)

=0

We use the normalized form

/ign)(k) = , (56)

for which /15-”) (0) =1.
To see directly why these polynomials arise, fix j € {1,...,n} and suppose that
dy(z,y) = k. The vector x @ y then has exactly k£ nonzero coordinates. If a set S C [n]

of size j contains exactly ¢ of these coordinates, then (—I)Zies(xi@yi) _ (_1)4 There are
(fj) (n_k) such sets S. Therefore,

j—t
RIS SO S SR WY k) <”—"?>
P 52 ()G
S1= (57)

Thus, Iﬂg-n)(k) is precisely the average of all binary characters xg with |S| = j, evaluated
on a pair of strings at Hamming distance k.
Averaging (54) over all (’;) subsets S of size j, and then using (57), gives

1
OSW Z XEJXS
J

S Toy s (du(z,y))

z,y€{0,1}"

- f: a(DE(R),  1<j<n (58)
k=0




We refer to (58) as the normalized Krawtchouk inequalities. They are the consequences of
J = 0 that remain after J is reduced to its Hamming-distance distribution.

The case j = 0 provides no additional constraint, since Hén)(k) =land >} oq(J) =

At the other extreme, when j = n, Ky(bn)(k:) = (—1)*. Hence (58) reduces to >_1_o(—1)*qr(J) >
0, which is precisely the parity inequality used in Lemma 3.
Motivated by these necessary conditions, define
n
A =
Lp(n, D) min > kax (59)
k=0
subject to
qk = 0, 0<k<n,
n
D
>oa=1 @<, (60)
k=0
n
S aslE) 20, 1<j<n. (61)
k=0

Thus, App(n, D) is the minimum mean Hamming distance permitted by the relaxation
consisting of the diagonal-mass constraint and the normalized Krawtchouk inequalities.

For a positive integer D, let P2#V8:°Pt( D) denote the optimum in (8) when the encoding
states act on a Hilbert space of dimension at most D. In particular,

Q,avg,0pt (9my _ pQ,avg,opt
Pn (2 ) - Pn,m .

Consequently, any uniform lower bound on the PGM distortion gives an upper bound
on the optimal ASP. More precisely, suppose L € [0,n/2] satisfies

AQ,PGM > [ (62)

for every binary QRAC € whose encoding dimension is at most D. Combining this bound
with Lemma 1 gives

‘2P¢—1’§ 2

n

for every such €. Maximizing over all such QRACs therefore gives

1 2L
Pr?’an’om(D) < 5 (1 + F) . (63)
n

Since the right-hand side of (63) is decreasing in L, a stronger uniform lower bound on the
PGM distortion yields a stronger QRAC converse.

Theorem 2. FEvery binary QRAC € whose encoding dimension is at most D satisfies

ASFPEM > App(n, D). (64)

<1+\/1—2ALPR(”’D)). (65)

10

Consequently,

PT?’an’Opt(D) <

N | =




Proof. For J = JSPGM the preceding derivation shows that its distance distribution ¢(.J)
satisfies (61). Moreover,

D

so q(J) also satisfies (60). It is therefore feasible for the LP (59), and its objective value is
n
3" haul() = ACFON,
k=0

By the definition of the minimum,
ASPEM > Arp(n, D),
which proves (64). Equation (65) then follows from (63) with L = Ayp(n, D). O

In particular, App(n,2" ') = 1/2 and App(n,2"2) = 1, so Theorem 2 recovers the
high-rate converses of Theorem 1.

4.3 Identification with the Delsarte LP

For fixed length n and code size M, the classical minimum-average-distance problem asks for
the smallest possible average Hamming distance between two independently and uniformly
chosen codewords of a binary code C' C {0,1}" with |C| = M [27]. The Delsarte distance-
distribution LP approach relaxes this problem by optimizing over distance distributions
subject to the corresponding Krawtchouk inequalities [27, 31]. This is directly comparable
with the QRAC distance LP in (59)-(61), which has the same distance objective and the
same Krawtchouk inequalities.

To make this comparison explicit, let C' C {0,1}" be a binary code with |C| = M, and
let U,V be independently and uniformly distributed over C. Following [29], define the
distance distribution of C by

7 (C) = Pldy (U, V) = k] = #\{(u,v) €C? du(uv) =k}, O0<k<n. (66

Then m,(C) > 0, 33— m(C) = 1, mo(C) = ;. According to [29], the distance distribution
satisfies the Krawtchouk inequalities, Y ;_, mx(C) K J(")(k:) > 0. Since K ](n)(k) = (’;) mgn)(k),
this is equivalently >°7_, wk(C)mgn)(k‘) >0,1<j<n.

Motivated by these necessary conditions, call a vector m = (m, ..., m,) a formal distance
distribution of size M if

m > 0, 0<k<n,
iw 1 T L
k=4 0— 7>
k=0 M
Zﬂ'klﬁgn)(lﬁ) >0, 1<j<n. (67)

The Delsarte LP retains these linear constraints while dropping the requirement that = be
realized by an actual binary code. Its minimum-average-distance value is

Apei(n, M) := min Z kg, (68)
k=0

11



where the minimum is over all 7 satisfying (67)

Now set D = 2™, M = 2" ™, Then —n = ﬁ Comparing (67) with the QRAC
constraints (60)—(61), all constraints agree term by term except at zero distance: the
Delsarte LP requires my = ﬁ, whereas the QRAC distance LP only imposes gy < ﬁ The
following proposition shows that this inequality is saturated at every optimal solution.
Consequently, on the saturated face gy = 1/M, the two LPs coincide under the variable
identification 7 = qi, 0 < k < n.

Proposition 1 (Identification with the Delsarte LP). For 0 <m <mn and M :=2"""™,
Arp(n,2™) = Ape(n, M). (69)

Proof. Since D = 2™, the diagonal-mass constraint is go < 1/M. Suppose that a feasible ¢
satisfies go < 1/M. Let

1/M—QO

eo := (1,0,...,0), 0:=

q:= (1 — H)q—i— 960.
Because ¢y < 1/M < 1, we have 0 < # < 1. Hence ¢ is a probability distribution with

go = 1/M. Moreover, since /ig-n) (0)=1,

Yask=1-0)Y ek +6>0, 1<j<n

Thus g remains feasible. Since gop < 1, we have Y_;_; gx > 0, and consequently > 1_, kqgx > 0.

Therefore,
Zkﬁ%— (1-0 Zk% < zk%

No feasible point with gy < 1/M can therefore be optimal. Hence every optimal solution
of the QRAC distance LP satisfies gy = ﬁ

On this saturated face, the QRAC constraints (60)—(61) coincide exactly with (67)
under the identity 7 = qr, 0 < k < n. Their objectives coincide as well:

Z qu = Z kﬂ'k.
k=0 k=0

Thus restricting the QRAC distance LP to its saturated face does not change its optimal
value and yields precisely the probability-normalized Delsarte LP. This proves (69). [

Proposition 1 identifies the two distance-distribution LP relaxations. Thus, an evalua-
tion of Apei(n, M) gives Arp(n,2™) and, through Theorem 2, yields a converse for binary
QRAC:s.

4.4 Two closed-form families

Write m = n — r, so that the effective size is M = 2". The choices n = 2" — 1 and n =
2" — 2 give M = n+ 1 and M = n + 2, respectively. In both cases, Proposition 1
reduces the evaluation of the QRAC distance LP to the corresponding Delsarte minimum-
average-distance LP. A lower bound follows by specializing an LP bound of Mounits [28,
Theorem 12], and we then show that it is attained by an explicit formal distance distribution
supported on distances 0, 1,2. This gives the following exact LP values.
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Theorem 3. Let m=n—1r and D = 2™.

1. Ifr>2andn=2"—1, then

Arp(n,D) = ot (70)

PRmveort < % (1 - Zé) : (71)
2. Ifr >3 andn=2"—2, then

Avp(n, D) = n2+"2, (72)

Psert < % (1 + Z;;) : (73)

Proof. Write n = 2" — ¢, ¢ € {1,2}, so that M = 2" = n 4 ¢. Since D = 2™ and
m = n — r, Proposition 1 gives App(n, D) = Ape(n, M). It therefore suffices to evaluate
the corresponding Delsarte LP.

We first establish the lower bound. For any 7 satisfying (67), define its unnormalized

Krawtchouk transform by B; := Y}, WkKJ(n)(k), 0 < j < n. Since K](n)(k:) = (?)H§n)(/€),
the normalized Krawtchouk inequalities in (67) imply that B; > 0. Moreover, By = 1, and,

since Kfn)(k:) =n—2k, By =n—2>}_,kmi. Equivalently,

n TL—Bl

> k= 5 (74)

The dual-polynomial criterion of Mounits [28, Theorem 9 and Corollary 2] uses a

polynomial a(z) = 377 ozjKJ(.n) (x) satisfying a1 =1, a; >0 (2<j <n), alk) <0 (1<

k < n). For every 7 satisfying (67), these conditions give

ap+ B < Zaij = Z?Tka(k) < moa(0) = (1]540) (75)
=0 k=0

Combining this with (74) yields

n 1
Zkﬂkz(n—i-ao—Oé(())).
= 2 M

In particular, this argument uses only the formal Delsarte constraints and does not require
7 to be realized by an actual binary code.
According to the dual polynomials constructed in Mounits [28, Theorem 12], we have

a(0) =2(n+1) and o = S0t for ¢ = 1, whereas a(0) = 2n and a9 = % — n for

n+3 n+2
¢ = 2. Substituting these parameters into the general bound yields
3n+1) n+1 .
— c =
n+3 M’ ’
Apel(n, M) > (76)

3n n 5

- — c=2.
n+2 M’

13



Since M = n + ¢, this simplifies directly to

2n
A M)> ———. 77
pei(n, )_n+4—c (77)
To show that this LP lower bound is tight, set ¢x = 0 for k£ > 3 and define
< 1 4n n(n —1) ) B
n+1l'(n+1)n+3) n+1)(n+3)) — 7
(40,01, 42) = (n+1)(n+3)" (n+1)(n+3)
( 1 2 n-— 1) 9
c=2.
n+2'n+2'n+2/)’
In either case, the entries are nonnegative,
1 n
q9 = 77> =1
M k=0
Using
(n) () gy - =2 (n) gy _ (M= 2)* —n
0)=1 (1) = 2
O =1 A= e = R
a direct substitution gives
n . .
(n) n—2j4+2—-c)(n—2j+4—2c¢) ,
lg]%] () (n+2—-c)(n+4—c) J
For every integer j € {0,...,n}, the two numerator factors are adjacent even integers and

hence cannot have opposite nonzero signs. Their product is therefore nonnegative. Since
the denominator is strictly positive, all normalized Krawtchouk inequalities are satisfied.
Thus ¢ is feasible for the Delsarte LP.

Its objective value is

“ 2n
Zk(ﬂc =q1+2q2 = T
= n c
Together with (77), this proves
2n
A M)= ——.
pel (1, M) n+4—c
Proposition 1 now gives
2n
A D)= —F.
we(n, D) n+4d—c

Finally, Theorem 2 yields

Q,avg,opt
n,;z—r7 <

N —

G*W‘22n>

nn+4—c
1 n-—c

=—11 _ .
2( +\/n+4—c>

Taking ¢ = 1 and ¢ = 2 gives (71) and (73), respectively. O
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For n = 2" — ¢ with ¢ € {1, 2}, classical (n,n —r) RAC constructions based on binary
Hamming codes achieve an ASP of 1 — .— 2 - [23 32]. Because the set of QRACs naturally
subsumes all classical RACs [23], this achievable classical ASP serves as an immediate

lower bound for PnQnaV§ °P! " Combining this with the analytic upper bound of Theorem 3

gives
1

1 n-—c
__— < pRavsopt o - [ — . 78
n+2—c— M7 T2 + n+4—c (78)

Therefore, quantum resources can improve upon these optimal classical constructions by
at most O(n~2). For r = 3 and ¢ = 2, the upper bound is exactly attained by a QRAC,
yielding the optimal (6,3) value below.

4.5 An exact consequence: the (6,3) QRAC
Corollary 2. The optimal average success probability of a binary (6,3) QRAC is

v 1 1
PEg™ et = o (1 - \/5) . (79)

Proof. Setting r = 3 in Theorem 3 gives n = 6 and m = 3, and hence

1 1
L <1+ ﬂ)

For achievability, partition the six input bits into three pairs and encode each pair using the

(2,1) QRAC of Ambainis et al. [2, Lemma 3.1]. The tensor product of the three one-qubit

encodings recovers every target bit with probability cos? (g) = % (1 + %) , which attains

the upper bound.

4.6 Comparison with general analytic converses

We finally compare the LP converse with the general analytic converses. In our notation,
Nayak’s entropy bound [15] and the bound of Mancinska and Storgaard [18] are

Bx(n,m) := hy! <1 — 7:) , Byis(n,m) := min {1,; (1 + 212_1) } , (80)

where ha(p) := —plogsp — (1 — p)logy(1 — p) and the inverse is taken on [1/2,1]. The
finite-size refinement of the Nayak bound due to Akibue et al. [22, Theorem 2] is

. 1/(20)
1+m€u%>1<2n+12< )n—Zk ) : (81)

The choice ¢ = 1 gives Byg before truncation at one, so the optimization in (81) subsumes
that bound. We write the LP converse as

Bip(n,m) = % (1 + \/1 - W) . (82)

Ba(n,m) = B

n

For the two closed-form families, the comparison with Akibue et al’s bound can be
settled analytically.
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Proposition 2 (Comparison with Akibue et al’s bound). Let m = n — r. If either
n=2"—1withr>2 orn=2"—2 withr > 3, then

Brp(n,m) < Ba(n,m),
with equality if and only if (n,m) = (3,1).

The proof is deferred to Appendix A. Proposition 2 shows that the closed-form LP
converses are strictly tighter than Akibue et al’s bound throughout both families, with
equality only at (n,m) = (3,1).

Outside the two closed-form families, neither bound dominates globally. To illustrate
their complementary regimes, we compare the bounds over three slices of the (n,m) plane:
fixed n, fixed m, and fixed redundancy n — m. These respectively vary the coding rate
at fixed input length, increase the input length at a fixed qubit budget, and approach
the high-rate regime while n — m remains fixed. In each figure, the upper panel shows
these bounds, while the lower panel plots By — Brp; positive values indicate that the LP
converse is tighter. The binary specializations of de Vicente [33] and Farkas et al. [19] are
omitted because they are no stronger than Bys.

Fixed input length n =30

1.0 A
%
3
E: 0.9
S
[aH
5
- 0.8
o
=
o
Q
o 0.7 1
& /. mmOme By b (this work) Bys (Mancinska-Storgaard)
) . === B, (Akibue et al.) ¢  Exact
0.6 —-— By (Nayak)
0.020 _ T T T T T T T
. |
q 0.010 //W\_/\—/_\
| |

-0.010

1 5 10 15 20 25 29
Encoding length m (qubits)

Figure 1: Comparison of converse bounds on Pg%:i;’g’OPt for 1 < m < 30. The lower panel shows
Ba — Brp. The diamonds at m € {28,29} mark the exact values from Corollary 1.

For fixed input length n = 30, Akibue et al’s bound is tighter for 3 < m < 5, while the
LP converse is tighter for 6 < m < 30 and is tight at m € {28,29}.
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Fixed encoding length m =3

1.001 X ==O===Byp (this work)  ------ Bys (Mancinska-Storgaard)
£ 95 \’u‘ —0— B, (Akibueetal) ¢ Exact
%5: : \ —.— By (Nayak)
X 0.90 A
g
< 0.851
&
3
2 0.80-
g
Q. 0.75 A
o
]
0.70 4
0.020
: ]
& 0.010 1
| ]
Ca: 0.000 1
-0.010 T T T T T T
4 6 10 14 18 22
Input length n (bits)
Figure 2: Comparison of converse bounds on P,?éavg’om for 4 < n < 22. The lower panel shows

By — Brp. The diamonds at n € {4,5,6} mark the exact values from Corollary 1 and Corollary 2.

For a fixed three-qubit encoding (m = 3), the ordering reverses as n grows: the LP
converse is tighter for 4 < n < 13, whereas Akibue et al’s bound is tighter for 14 < n < 22.
The LP converse is tight at n € {4,5,6}.

Fixed redundancy n —m=5

1.00 4
k)
S 095
i
2 0.90
=
o
= 0.85 1
g
Iy
a 0.80 A
[
a 0.75 - I ==O==_DBpp (this work)  ------ Buys (Mancinska-Storgaard)
S‘ —0= B, (Akibue et al.) ¢ Closed LP value
0.70 - —— By (Nayak)
0‘020 _ T T T T T T T
0 0105/—’\_\\
m .
) |
EEC 0.000
0.010 T T T T T T T
1 5 10 20 30 40 50

Encoding length m (qubits)

Figure 3: Comparison of converse bounds on ngg%pt along the fixed-redundancy slice n — m = 5,
for 1 < m < 50. The lower panel shows By — Brp. The diamonds at m = 25 and m = 26 mark the

closed-form LP converse values at (n,m) = (30,25) and (31,26) from Theorem 3.

Along the fixed-redundancy slice n — m = 5, the LP converse is strictly tighter at
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every displayed point with 3 < m < 50, including the two closed-form points m = 25 and
m = 26.

5 Discussion

In this paper, we determined the exact values of the optimal average success probability for
binary (n,n—1) and (n,n—2) QRACs. The converse is driven by the PSD structure of the
joint probability matrix of the uniform input X and the full-string PGM output Y&PEM
together with the encoding-dimension bound on its trace. Although Theorem 1 is stated
for dimensions D = 2™, the argument itself does not require D to be a power of two. For
example, if n = 4 and D = 6, then the trace bound in (53) and Lemma 3 give ¢p < 6/16 and
Godd < 1/2, respectively. The odd—even decomposition in the proof of Theorem 1 therefore

yields ASPOM > 3/4 and Eq. (63) with L = 3/4 yields PZ*"&°P!(6) < 1 (1 n @) . This

is strictly smaller than % (1 + /log,(6)/ 4), obtained by formally replacing m with logy D
in the square-root expression. Thus, even near the high-rate regime, direct logarithmic
interpolation in the encoding dimension need not be tight.

The same trace and PSD constraints also yield the LP converse for general binary (n, m)
QRACs. After restricting the distance LP to its saturated face and setting the effective
size M = 2"~ Proposition 1 identifies the resulting face of the QRAC distance LP with
the Delsarte minimum-average-distance LP. This yields the two closed-form families in
Theorem 3. On both families, the resulting analytic bound is strictly tighter than that of
Akibue et al., except at (3,1), where the two coincide; it also determines the exact value
at (6,3). Outside these families, the two bounds are complementary. More broadly, these
closed-form families represent only two instances enabled by the Delsarte identification;
indeed, a much broader class of converses can be unlocked through this bridge, highlighting
the rich potential of leveraging classical coding theory to establish sharper analytical
bounds for QRACs.

The present LP retains the diagonal-mass constraint and the full distance-level content
of J = 0, but it does not characterize which feasible distance distributions can actually
arise from a QRAC. Incorporating this missing realizability structure may lead to stronger
converses. The resulting optimization, however, would generally be semidefinite or nonlinear
rather than linear, making it less amenable to closed-form analysis.
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A Proof of the Comparison with Akibue et al.'s Bound

Proof of Proposition 2. Write n = 2" — ¢ with ¢ € {1,2} and set b := 7% Let S, =
€1+ ---+ep, where €1, ..., &, are independent random variables with P(e; = +1) = P(¢g; =

—1) = . Since Y7_, (1) (n — 2k)% = 2"E[S%], Eq. (81) and Theorem 3 give
2Ba(n,n—1)—1=+b inf £/,
2Brp(n,n—r)—1= b,

where . y
2n—r—lg

py o 2 EISY]
n2fpt

Thus the desired comparison is equivalent to showing inf,>; Fgl/ 26 > 1, with equality only
at the endpoint. For the non-endpoint cases, we first establish Fy; > 1 for each ¢ > 1; the
passage to a strict infimum is justified at the end of the proof.

For (¢,7) = (1,2), we have n = 3 and b= 1/3, so

Y4 —
UL
4

with equality at £ = 1. This proves the endpoint equality. Henceforth assume (c, r) # (1, 2);
then r» > 3. Set
3(n+c)

8 )
We use complementary estimates for 1 </ < K and ¢ > L.

L:=3.2"3 = K:=L-1.

Moderate values of £. For 1 < ¢ < K, retain from the expansion of S’?f the terms in which
¢ distinct indices each occur twice. This gives
271 (n), (20 — )N Ciy1 (n—0)(20+1)

Fr2Coi= n20pt ’ Cr n2

where (n)y = n(n—1)---(n — €+ 1). For n > 14, the function ¢t — (n —¢)(2t + 1) is
increasing on [0,3n/8], and hence, for 1 </ < K,
1502 5n  on—2

= < < n2b.
39 T <MLy 2=n

(n—20)(20+1) <
The same conclusion follows directly from the ratio formula for n € {6,7}. Therefore

Cor>Cgforl </{<K.
Let o := K/n < 3/8. The elementary sum—integral comparisons

K-1 . K .
a 27 —1 K 2t

E log (1 — j) > n/ log(1 —t) dt, E log ( J ) > / log () dt

=0 n 0 j=1 " 0 "

yield, using 2" =n +c and b < 1,

log C > nh(a) —log(2(n + ¢)),

where
h(a) :=1log2 — (1 — a)log(l — o) + alog(2cr) — 2a.
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Since h'(a) = log(2a(1 — a)) < 0 on (0,3/8] and h(3/8) > 1/10,
en/lO
— > 1 > 62).
CK>2(n+c)> (n=62)

For the remaining admissible lengths n € {6,7,14,15,30,31}, direct evaluation gives
Ck > 10/9. Consequently,
F, > 1, 1</<K.

Large values of £. The two extreme nonzero levels satisfy
P(|S,| =n) = 27", P(|S,| =n —2) = n2'"".

Retaining only these levels gives

l 0 2
1 2
FgZEg::%, T = < y::a, a:-(l—).

A direct calculation gives

(_ 1-0 o3 ¢~ 1
Expw>E <<= o< ——= n
n(b—a) " , c=2.
n—2
For c=1,
1
ab < e b o732 o 2 o 1

2 " 2n-—13
whereas for ¢ = 2 the threshold n/(n — 2) is larger than one. Thus Ej is nondecreasing for
(> L.
It remains to verify Ep > 1. Write xt =1+ u and y = 1 — 2. The inequalities

2u
log(1 > 1-2)f>1-1
ogl+u) 2 S (1-2)b 21— L
imply
2Lu
(n+c)Er > exp <2+u> +n(1— Lz).
If c=1, then
4 4(2n — 3) 2Lu 3
u = s z = s = -,
n—1 n?(n—1) 24+u 2
and

@n—3)(n+1) 21
Lz = (3] n +— P
nhE= a9 g an—1 10

Since €3/ > 67/16 > 83/20 > 1 + 3g,,, we obtain (n+ 1)E > n+ 1. If c = 2, then

4 4 2Lu  3(n+2) _ 3
22727 q:= = > a)
n 24w 2n 2

and nLz = q. Hence
n+2)EL >el+n—qg>n+2,

where the last inequality follows from €4 > 1+ g + ¢%/2 > 2 + q. Therefore,

Fy>1, (> L.
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Fel/(%)

The two regimes show that > 1 for every £ > 1. Moreover,

(n—r—1)/(2¢)
FHen _ 2 Snlloe 1y

Vb n Vb

because ||Sp|l2¢ = ||Snllcc = m. The tail is therefore bounded away from one, while only
finitely many smaller values of ¢ remain. Hence

inf /%9 > 1.
>1

Combining this with the normalized identities at the beginning of the proof gives the strict

inequality in all non-endpoint cases. O
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