
UC Santa Barbara
UC Santa Barbara Electronic Theses and Dissertations

Title
Deforming Geometries and Convex Projective Manifolds

Permalink
https://escholarship.org/uc/item/5938n3x1

Author
Shifley, Thomas H

Publication Date
2021
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/5938n3x1
https://escholarship.org
http://www.cdlib.org/


University of California
Santa Barbara

Deforming Geometries and Convex Projective

Manifolds

A dissertation submitted in partial satisfaction

of the requirements for the degree

Doctor of Philosophy

in

Mathematics

by

Thomas Howard Shifley

Committee in charge:

Professor Daryl Cooper, Chair
Professor Jon McCammond
Professor Darren Long

September 2021



The Dissertation of Thomas Howard Shifley is approved.

Professor Jon McCammond

Professor Darren Long

Professor Daryl Cooper, Committee Chair

July 2021



Deforming Geometries and Convex Projective Manifolds

Copyright © 2021

by

Thomas Howard Shifley

iii



For Kimberly. Thank you for sticking with me through it all.

For my mom who believed in me and expected nothing less.

Philippians 1:6. He started the work, and truly He finished it.

iv



Acknowledgements

The author would like to thank his advisor Daryl Cooper for his patient help in these

projects and all the conversations and ideas that ultimately led to both results. He

would also like to thank Steve Trettel for countless conversations that led to a deeper

understanding, especially of the background material.

v



Curriculum Vitæ
Thomas Howard Shifley

Education

2021 Ph.D. in Mathematics (Expected), University of California, Santa
Barbara.

• Thesis: Deforming Geometries and Convex Project Cone Man-
ifolds

• Advisor: Daryl Cooper

2017 M.A. in Mathematics, University of California, Santa Barbara.

2014 B.S. in Mathematics, Pepperdine University

Publications

Deformations of Properly Convex Projective Cone Surfaces. In Preparation, available
upon request.

Degenerations of the Product Geometries in Projective Space that Contain Nil. In Prepa-
ration, available upon request.

vi



Abstract

Deforming Geometries and Convex Projective Manifolds

by

Thomas Howard Shifley

This thesis contains two separate but related projects. Part I produces explicit con-

jugacy paths for the product geometries H2 × R and S2 × R that limit on Nil.

Part II gives a new definition of convex projective cone manifolds, that is stable under

small deformations. Deforming from cusps produces new discrete groups that arise as

the holonomies of properly convex projective orbifolds.
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Chapter 1

Introduction and Background

1.1 Introduction

It has long been known that there is a strong connection between geometry and topol-

ogy in low dimensions. For surfaces, the relationship between geometry and topology has

been completely understood for over a century: the uniformization theorem tells us that

every surface has a complete geometric structure that has either positive, negative, or

zero, constant curvature. Thurston’s famous geometrization conjecture, later proved by

Perelman, generalizes this to 3-manifolds, stating that every 3-manifold can be decom-

posed in a certain way such that each piece has precisely one of eight possible geometric

structures.

This changed the paradigm on how to study and classify 3-manifolds, and led to

the study of deformation and moduli spaces. By studying how geometric structures on

3-manifolds can deform as you approach the boundary of moduli space, one naturally

arrives at the idea of geometric transition, whose genesis can be seen in the work of

Ehresmann and Klein, but has more recently been reinvigorated by the work of Thurston

and Kerckhoff.
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Introduction and Background Chapter 1

This led Cooper, Danciger, and Wienhard to set up a general framework for what a

geometric transition is, following up work from Danciger’s thesis [11]. In [6], the authors

lay the groundwork for determining which Thurston geometries locally embed into con-

jugacy limits of the others. By using the characteristic polynomial of the associated Lie

algebras as an invariant under transition, as well as special matrix factorizations, they

are able to get an almost complete picture of the possibilities. In their follow up work [7]

they specifically ask the question: Given 2 Lie groups, G,G′ which are the isometries of

2 models of Thurston geometries inside of (PGL(4,R),RP3), does there exist a geometric

limit L of G, that contains a transitive subgroup of G′? The following table summarizes

the results.

From/To → H3 S3 S̃L2(R) H2 × R S2 × R E3 Nil Solv

H3 Yes No No No No Yes Yes Yes
S3 No Yes No No No Yes Yes No

S̃L2(R) No No Yes No No Yes Yes Yes
H2 × R No No No Yes No Yes ?? Yes
S2 × R No No No No Yes Yes ?? No
E3 No No No No No Yes Yes No
Nil No No No No No Yes Yes No
Solv No No No No No Yes Yes Yes

For the Thurston geometries which have isometry groups locally isomorphic to the

symmetric groups O(p, q), a complete picture of all possible degenerations is achieved

by investigating the partial flag of quadratic forms, and looking at diagonal paths of

conjugacy. For almost every other case, the eigenvalues of the associated characteristic

polynomials were able to rule out the possibility that a given geometry had any degen-

erations that contained a local embedding of a desired geometry. Using this algebraic

machinery, all but two cases were understood: Does Nil locally embed into any degen-

eration of either product geometry, X × R? Using another matrix factorization, and a

clever compactification of the parameter space, Trettel in [22] was able to rule out the

2



Introduction and Background Chapter 1

full isometry group of Nil locally embedding into any degeneration of Isom+(X×R) that

preserves the compactness of the point stabilizer. However, the question remained open

on whether it was possible to locally embed the transitive subgroup of Isom(Nil), i.e.

the Heisenberg group, into a degeneration of Isom+(X × R). In this thesis we provide

a new method to produce possible paths of conjugacy, and a new criterion to check if a

path works. Using this method we produce degenerations of the product geometries that

contain a subgeometry isomorphic to (Heis,A3). This gives us the main result of Part I:

Theorem 1.1.1. There exists degenerations of (Isom+(X × R), X × R) inside

(PGL(4,R),RP3) that contain a subgeometry isomorphic to the transitive subgroup of

Nilgeometry, where X is S2 or H2.

The explicit paths that give these degenerations are given in Theorem 2.3.6 and 2.3.9.

An unexpected result is that the geometric limit is not the usual representation of the

Heisenberg group, and not even conjugate to it.

In Part II of this thesis, we will discuss a different kind of transition. In the proof of

the Orbifold Theorem in [8], the authors used deformations of hyperbolic cone manifolds

to prove the existence of geometric structures on certain hyperbolic orbifolds, and thus

the existence of families of discrete groups. This thesis will extend this idea to projective

cone surfaces, which will be defined and discussed in great detail.

The main issue to overcome was the preservation of a properly convex domain.

Namely, if M is a projective cone surface with singular locus Σ and holonomy repre-

sentation ρ : π1(MrΣ) → SL(3,R), such that ρ(π1(MrΣ)) preserves a properly convex

domain Ω, then changing the holonomy even a small amount can blow up the developing

image so that it is no longer a properly convex domain.

A computer program that approximates the developing image for a projective struc-

3



Introduction and Background Chapter 1

ture on a once punctured torus T , shows that when the holonomy around the cone point

is a rotation of angle 2π/n, there is a very clear properly convex domain that is preserved.

Specifically, the program would take as input a given holonomy representation for the

fundamental group of the once punctured torus and produce an approximation of the de-

veloping image with that holonomy representation. We note that π1(T ) = 〈α, β〉, the free

group on two generators α and β. Thus the holonomy representation ρ : π1(T )→ SL(3,R)

is determined by ρ(α) and ρ(β). Setting

ρ(α) =


(1 +

√
2)2 0 0

0 1
48

(50−
√
−2304 + (50− 2 cosw)2 − 2 cosw) 0

0 0 1
(1+
√

2)2


and

ρ(β) =
1

1 +
√

2


1 + 2

√
2 5 1 +

√
2

3 1 + 3
√

2 3

1 +
√

2 5 1 + 2
√

2


for some real parameter w, we have that the commutator [ρ(α), ρ(β)] is equal to a rotation

of angle w. Thus setting w = 2π/n for some n ≥ 2, we get a holonomy representation

such that the loop around the cone point, which is equal to the commutator [α, β], is

sent to a rotation in SL(3,R) of angle 2π/n. However, changing the holonomy so that

the rotation angle is instead 2π/(n+ t) for some small t ∈ (0, 1), blows up the developing

image and no longer preserves a properly convex domain, even when t = 10−12. See

Figure 1.1 below.

The fact that no properly convex domain is preserved when the holonomy contains

an elliptic with rotation angle not equal to 2π/n is to be expected. We know that for

all w 6= 0, ρ(π1T ) = 〈ρ(α), ρ(β)〉 is not contained in a subgroup conjugate to SO(2, 1),

because the eigenvalues are off. If the elliptic [ρ(α), ρ(β)] ∈ ρ(π1T ) were to have rotation
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Introduction and Background Chapter 1

Figure 1.1: Approximation of developing image for once punctured torus when the
holonomy around the cone point is a rotation by angle 2π/n for n = 3 and n = 3.001

angle 6= 2π/n and preserve a domain, that domain would necessarily have to have for its

boundary a circle. The orbit of a point on the boundary under the subgroup generated

by [ρ(α), ρ(β)] would be a dense subset of the boundary, and would be projective circle.

This would imply that ρ(π1T ) is conjugate to a subgroup of SO(2, 1), a contradiction.

The surprising thing is that when the rotation angle is 2π/n, it does appear to preserve

a properly convex domain. This led to the hope that when the cone angles are 2π/n,

there could be a properly convex domain that is preserved by the holonomy, thus giving

new discrete groups. However, we would a more general definition of properly convex that

is preserved when the holonomy is changed a small amount. In [10], the authors define

a version of this generalization, called flow convexity, that works in the case when M is

a closed manifold. This thesis then extends this to the case of projective cone surfaces.

This new notion is called bundle convexity, and it is shown to be stable under small

changes to the holonomy. This ultimately leads to the main theorem of Part II:

Theorem 1.1.2. Suppose ρ : π1F → SO(2, 1) is the holonomy of a finite volume hy-

perbolic structure on a surface F with cusps. Then there exists a neighborhood U of ρ

in Hom(π1F, SL(3,R) such that if ρ′ ∈ U and for every peripheral element x of π1F ,

ρ′(x) has eigenvalues of 1 and exp(±2πi/n) for some n depending on x, then ρ′(π1F ) is

discrete and preserves a properly convex domain.

5



Introduction and Background Chapter 1

A special case of this theorem, using the language built up in Section 3.4, is given as

Theorem 3.4.16. Its statement and proof are given in the final subsection 3.4.4.

1.2 Background Material

This section will cover all the relevant background material in transitional geometry

and geometric topology. This is a very brief overview of only the necessary definitions,

all of which are taken from [6], [10], and [8]. For a much more in depth discussion see

[23], [13], [15], or [2].

1.2.1 (G,X)-Geometries

Following the work of Thurston and other geometric topologists, we will consider a

geometry in the sense of Klein’s Erlangen Program.

Definition 1.2.1. A geometry is a pair (G,X) whereG is a Lie group acting transitively

by analytic maps on a smooth, connected manifold X. We will denote the action by g.x

for all g ∈ G and for all x ∈ X. A subgeometry (H, Y ) of (G,X), is a geometry,

such that H is a closed subgroup of G, and Y is an open subset of X on which H acts

transitively. When the subgroup H acts transitively on X, we say that H ⊂ G is a

transitive subgroup.

Note that because the action is transitive, X can be identified with G/Gx, where Gx

is the point stabilizer for any x ∈ X.

Example 1.2.2. Real projective geometry as a (G,X) geometry, is given by (PGL(n+

1,R),RPn). Let R∗ := Rr 0, then recall that PGL(n+ 1,R) = GL(n+ 1,R)/R∗.I, is the

set of all scalar classes of n× n invertible matrices, and RPn = (Rn+1 \~0)/R∗, is the set

of all lines through the origin in Rn+1. Following standard notation, we will view points

6



Introduction and Background Chapter 1

in RPn in homogeneous coordinates, [~x] = [x1 : x2 : ... : xn+1], i.e. equivalence classes of

vectors in Rn+1 up to scaling. Note that PGL(n+ 1,R) acts transitively on RPn.

Example 1.2.3. A closely related geometry is positive projective geometry. As a

(G,X)-geometry, it is given by (SL±(n + 1,R),RPn+). Let R+ := {t ∈ R | t > 0}, then

RPn+ = (Rn+1r~0)/R+. The group SL±(n + 1,R) := {A ∈ GL(n + 1,R) | detA = ±1},

is the subgroup of the general linear group with determinant equal to plus or minus 1.

Points in positive projective space are denoted [~x]+ = [x1 : x2 : ... : xn+1]+, which are

equivalence classes of vectors in Rn+1\0 up to positive scaling.

Example 1.2.4. Euclidean geometry as a (G,X) geometry is simply (Isom(En),En),

where En is euclidean n-space (i.e. Rn), and Isom(En) ∼= O(n)nRn is its isometry group.

Let T n ⊂ Isom(En) denote the translation subgroup. This subgroup acts transitively on

all of En, and thus (T n,En) is a subgeometry of euclidean geometry, and T n is a transitive

subgroup of Isom(En).

Definition 1.2.5. Given two geometries (G,X) and (G′, X ′), a morphism between

them is given by a pair (Φ, F ) where Φ : G → G′ is a Lie group homomorphism such

that for some x ∈ X, there is an x′ ∈ G′, so that Φ(Gx) ⊂ G′x′ , and F : X → X ′ is an

analytic map such that F (x) = x′ and F is Φ-equivariant:

∀g ∈ G and ∀y ∈ X, F (g.y) = Φ(g).F (y)

By identifying X = G/Gx, then F is induced by the Lie group homomorphism Φ.

Thus there is no ambiguity in simply referring to the morphism between geometries as

Φ.

When Φ is surjective as a Lie group homomorphism, we say (G,X) fibers over

(G′, X ′). When Φ is injective as a Lie group homomorphism, we say (G,X) embeds in

7



Introduction and Background Chapter 1

(G′, X ′). When Φ is a Lie group isomorphism, and Φ(Gx) = G′x′ , then we say (G,X) is

isomorphic to (G′, X ′).

When a subgeometry (H,Y ) ⊂ (G,X) is isomorphic to a geometry (K,Z), then we

say (H,Y ) is a model of the geometry (K,Z) in the ambient geometry (G,X). This

is equivalent to saying the geometry (K,Z) embeds in (G,X).

Example 1.2.6. Affine geometry as a (G,X)-geometry is (Aff(n),En), where Aff(n)

denotes the affine transformations of euclidean n-space. Affine geometry embeds in real

projective geometry (PGL(n + 1,R),RPn) as (Aff(n),An) where the set An is an affine

patch and we identify

Aff(n) =

{A ~v

0 1

 ⊂ PGL(n+ 1,R) | A ∈ GL(n,R), ~v ∈ Rn

}

Definition 1.2.7. An affine patch of RPn is the complement of a hyperplane H.

Using homogeneous coordinates, choose coordinates on Rn+1 such that the hyperplane

H is given by xn+1 = 0, then An = {[x1 : x2 : ... : xn : 1] ∈ RPn} is an affine patch that

is isomorphic to En in the obvious way.

It is affine, because projective transformations P ∈ PGL(n + 1,R), that fix H are in

one to one correspondence with affine maps of Rn. In particular, denote Stab(H) = {P ∈

PGL(n+ 1,R) | P.H = H}, then (Stab(H),RPnrH) ∼= (Aff(n),An).

Example 1.2.8. Euclidean geometry embeds in (Aff(n),An), and thus in real projective

geometry, with

Isom(En) ∼=
{A ~v

0 1

 ⊂ PGL(n+ 1,R) | A ∈ O(n), ~v ∈ Rn

}

8



Introduction and Background Chapter 1

This is a closed subgroup of PGL(n+ 1,R) acting on RPn and preserves the affine patch

An. The action on the affine patch is transitive, so (abusing notation), (Isom(En),An) ⊂

(PGL(n+ 1,R),RPn) is a model of euclidean geometry inside of affine (projective) geom-

etry.

In order to consider models of the 8 Thurston geometries inside of real projective

geometry, we will require a looser definition of equivalence, defined on local data. In order

to define a local isomorphism of geometries, we recall that a local homomorphism

φ : G 99K G′, is a map defined on a neighborhood U 3 e, where e ∈ G is the identity,

such that φ(gh) = φ(g)φ(h) and φ(g−1) = φ(g)−1 whenever all terms are defined.

A local homomorphism is injective if it is injective as a map of sets when restricted to

some sufficiently small neighborhood of the identity. It is locally surjective if the image

contains some open set of the identity of the target group, and a local isomorphism if it

is both locally injective and surjective.

Definition 1.2.9. A local morphism of geometries (G,X) 99K (G′, X ′) is a local

homomorphism φ : G 99K G′ such that for some x ∈ X, there is an x′ ∈ X ′ with

the property that restriction of φ to Gx has image in G′x′ . The local homomorphism φ

induces a local analytic map F : X 99K X ′, defined on a neighborhood of x, which is

locally φ-equivariant, meaning F (g.y) = φ(g).F (y) whenever all terms are defined.

The local morphism is a local isomorphism if φ is a local isomorphism G 99K G′

and φ restricts to a local isomorphism Gx 99K G′x′ .

Note that if g and g′ are the Lie algebras of G and G′, respectively, then the derivative

of a local homomorphism φ : G 99K G′, given by φ∗ : g → g′ is a Lie algebra homomor-

phism. Moreover, if φ restricted to Gx maps into G′x′ , then φ∗(gx) ⊂ g′x′ . Conversely,

any Lie algebra homomorphism ψ : g→ g′ induces a local homomorphism Ψ : G 99K G′

defined on exp(g) ⊂ G. If ψ sends infinitesimal point stabilizers into infinitesimal point

9



Introduction and Background Chapter 1

stabilizers, then Ψ defines a local morphism of geometries. Applying this to a local

isomorphism, we get that the map φ : G 99K G′ determines a local isomorphism of

geometries if and only if φ∗ is an isomorphism and φ∗(gx) = g′x′ .

Definition 1.2.10. A geometry (K,Z) locally embeds in (G,X) if (K,Z) is locally

isomorphic to a subgeometry (H,Y ) ⊂ (G,X). We say that (H,Y ) is a local model of

(K,Z) in the ambient geometry (G,X)

All 8 Thurston geometries have a local model in (PGL(4,R),RP3), but not all can

embed.

Example 1.2.11. Spherical geometry as a Klein geometry is (O(n+ 1),Sn), with O(n+

1) = {A ∈ GL(n + 1,R) | AAT = I} and Sn the unit sphere in Rn+1. It locally embeds

in real projective geometry as (PO(n + 1),RPn) by quotienting out by the antipodal

map. However, spherical geometry does not embed as a subgeometry of real projective

geometry.

1.2.2 (G,X)-structures

A (G,X)-structure on a manifold M can be defined in one of two ways: One way is

using a maximal atlas of charts
⋃
φα : Uα → X, where the transition maps are in G. A

second way is via a developing pair, (dev, ρ), where dev : M̃ → X is a local diffeomor-

phism, that is equivariant with respect to a holonomy representation, ρ : π1M → G, in

the sense that

dev(τα.p̃) = ρ(α).dev(p̃)

for all α ∈ π1M and all P̃ ∈ M̃ , where τα is the deck transformation acting on M̃ corre-

sponding to α. The equivalence of the two definitions can be found in many resources,

including [21] and [13] Proposition 5.2.

10



Introduction and Background Chapter 1

Using the first definition, we can easily define maps between (G,X) manifolds M and

N .

Definition 1.2.12. Let M and N be (G,X) manifolds defined by maximal atlases of

charts
⋃
φα : Uα → X and

⋃
ψβ : Vβ → X, respectively. A map f : M → N is a

(G,X)-map if for all charts φα and ψβ, the restriction ψβfφ
−1
α : X → X is in G.

Having defined (G,X)-structures on a given manifold M , and the maps between

them, the question naturally arises as to when two (G,X)-structures are equivalent. A

succinct way to give an equivalence, as found in [9], is the following:

Definition 1.2.13. Let M1 and M2 be two (G,X) structures on a manifold M . The two

structures are equivalent if the identity map on M is a (G,X)-map.

From the development pair perspective, we can explore equivalence another way.

In the construction of the developing map in [21], the construction was unique, up to

choice of initial chart, U0. Different choices of initial chart U0 give different developing

maps, that come from the same (G,X)-structure. This implies that composition with an

element g ∈ G gives an equivalent developing map.

Following [21], a (G,X)-structure on M is complete, if dev : M̃ → X is a covering

map. Recall that the action of G on X is free, if it has no fixed points, i.e. g.x = x iff

g is the identity. If X is locally compact, the action is properly discontinuous if for

every compact subset K ⊂ X, the set {g ∈ G | g.K ∩K 6=} is finite. By Proposition 19

in [23], when X is simply connected, a complete (G,X)-structure on M is isomorphic to

the quotient X/Γ, where Γ ⊂ G acts freely and properly discontinuously on X.

We also can also ask the question of homeomorphisms of M affect the (G,X)-

structure. This leads to the definition of marked (G,X)-structures.

Definition 1.2.14. Let M be a closed manifold or the interior of a compact manifold

with boundary. Then a marked (G,X)-structure on M is a pair (N, f), where N is

11



Introduction and Background Chapter 1

manifold with a (G,X) structure, and f is a diffeomorphism from N to M . The pair

(N, f) is called the marking.

Given a (G,X)-structure on M , we can also “wiggle” the structure on it. This is

made precise by isotopy.

Definition 1.2.15. Let M be a manifold, and f, g : M →M homeomorphisms. We say

that f is isotopic to g if they are homotopic via homeomorphisms, i.e. there exists a

continuous family of maps, Ft : M →M for t ∈ [0, 1], such that F0 = f and F1 = g, and

Ft is a homeomorphism for each t ∈ [0, 1]. The family of maps Ft is called an isotopy.

Definition 1.2.16. Given a manifold M , we will define an equivalence relation ∼ on

the set of developing pairs (dev, ρ), such that when (dev′, ρ′) ∼ (dev, ρ), then they give

equivalent (G,X)-structures on M . The equivalence relation is generated by the following

three operations:

1. Conjugation: For all g ∈ G, we have (g.dev, gρg−1) ∼ (dev, ρ)

2. Isotopy: For any f : M → M that is isotopic to the identity map, we can lift to

f̃ : M̃ → M̃ , and then (dev ◦ f̃ , ρ) ∼ (dev, ρ).

3. Shrinking: This applies specifically when M is not closed. If there exists a sub-

manifold N , such that M = N ∪ ∂N × [0, 1), then there exists a homeomorphism

h : M → N̊ . We can lift to h̃ : M̃ → ˜̊
N , and then (dev ◦ h̃, ρ) ∼ (dev, ρ).

Any composition of the previous three operations on (dev, ρ), will produce an equiv-

alent geometric structure to (dev, ρ). The first two operations, conjugation and isotopy,

are fairly standard in the literature, for instance in [14]. The third operation is possibly

less familiar ([4] explores the idea), and is important for defining equivalent structures

on open punctured disks, which are the building blocks for constructing cone structures.

12



Introduction and Background Chapter 1

1.2.3 Hyperbolic Geometry

Hyperbolic geometry plays an important role in geometric topology, and in this dis-

sertation in particular. Here we record some of the important definitions, assuming some

familiarity with the topic. For a more detailed discussion, see [21]. Hyperbolic geometry

as a Klein geometry is (Isom(Hn),Hn), where Hn is n-dimensional hyperbolic space, and

Isom(Hn) its group of isometries. Restricting to orientation preserving isometries, we get

the subgeometry (Isom+(Hn),Hn).

We are particularly interested in two dimensional hyperbolic geometry,

(Isom(H2),H2). There are many different models of the hyperbolic plane in [21], but we

will focus on three.

Definition 1.2.17. Let H2 := {[x : y : 1]+ ∈ RP2
+ | x2 + y2 < 1} and O+(2, 1) := {A ∈

SL(3,R) | AJAT = J}, where J = diag(1, 1,−1), is the diagonal matrix of signature

(2,1), thus O+(2, 1) is the group of orthogonal matrices with determinant equal to 1 that

preserve the quadratic form of signature (2,1).

The Klein disk model of two dimensional hyperbolic geometry, is then

(O+(2, 1),H2), viewed as a subgeometry of positive projective geometry.

The Klein disk model, also referred to as the projective model, is more commonly

viewed as a subgeometry of projective geometry (PGL(3,R),RP2), which is double covered

by positive projective space. Viewing the hyperbolic plane inside of positive projective

space allows to work with actual matrices, as opposed to scalar classes of matrices. With

the eventual goal of working with projective structures (and viewing hyperbolic structures

as a subset or projective structures), we note that by [10] Proposition 1.1, which states

that every projective structure on a manifold M lifts to a positive projective structure,

we do not lose any generality by working with positive projective geometry, and viewing

hyperbolic geometry as a subgeometry therein.

13



Introduction and Background Chapter 1

Closely related to the Klein disk model, is the hyperboloid model.

Definition 1.2.18. Let H2 be the upper sheet of the hyperboloid in R3 given by the

following equation z2 = 1+x2+y2, with z > 0. This is a quadratic form of signature (2,1)

and so is preserved by the group O+(2, 1). Then the geometry (O+(2, 1), H2), with action

given by left matrix multiplication, is the hyperboloid model of hyperbolic geometry.

Example 1.2.19. These two models of hyperbolic geometry are easily seen as isomorphic

via the morphism (id, πξ), where πξ : R3
0 → RP2

+ is the tautological line projection,

sending ~x 7→ [~x]+. This projection is injective when restricted to H2, and πξ(H
2) = H2,

giving us the desired isomorphism of geometries. The tautological line projection is

clearly not injective on all of R3
0, and so does not have a well-defined inverse. However,

when restricted to the hyperboloid, there does exist an inverse. This map is of particular

use later, so we record it here. Let κ : H2 → H2 be the analytic map given by

κ[x : y : 1]+ =

(
x√

1− x2 − y2
,

y√
1− x2 − y2

,
1√

1− x2 − y2

)
(1.1)

The final model that we will define here is the upper half-plane model.

Definition 1.2.20. Let C+ denote the subset of the complex plane with positive imag-

inary part, i.e. C+ := {z ∈ C | Im(z) > 0}. Recall PSL(2,R) = SL(2,R)/±I. Define

an action of PSL(2,R) on C+ given by A.z = a11z+a12
a21z+a22

for A ∈ PSL(2,R) and z ∈ C+.

Then (PSL(2,R),C+), with this action, is the upper half-plane model of hyperbolic

geometry.

Example 1.2.21. Just as before, we would like a morphism (φ, F ) from the upper half-

plane model to the Klein disk model. To that end, define φ : PSL(2,R)→ O+(2, 1), such

14
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that

φ

a b

c d

 =


ad+ bc −ac+ bd −ac− bd

−ab+ cd 1
2
(a2 − b2 − c2 + d2) 1

2
(a2 + b2 − c2 − d2)

−ab− cd 1
2
(a2 − b2 + c2 − d2) 1

2
(a2 + b2 + c2 + d2)

 (1.2)

A simple calculation shows that this is indeed an injective homomorphism.

To define F : C+ → H2, we can first set F (i) = [0 : 0 : 1]+, and then expand using

equivariance of F with respect to φ. Explicitly, since

{λ t

0 λ−1

 ∣∣ λ > 0, t ∈ R
}

acts simply transitively on C+, then we can write any z = x + iy as z = P.i where

P =

y1/2 xy−1/2

0 y−1/2

. Thus

F (z) = φ(P ).[0 : 0 : 1]+ =

[
−2x

1 + x2 + y2
: 1− 2

1 + x2 + y2
: 1

]
+

(1.3)

All three models are convenient for different uses, and we will jump between them

throughout the dissertation when useful.

Recall that there are three different types of orientation preserving isometries of the

hyperbolic plane: hyperbolic, parabolic and elliptic, that fix 2, 1, and 0 points on the

boundary at infinity, respectively. It is particularly convenient to classify the isometries

in the upper half-plane model using the absolute value of the trace. For A ∈ PSL(2,R),

|trA| < 2, |trA| = 2, and |trA| > 2, correspond to A being elliptic, parabolic, or hyper-

bolic.

Parabolics play an important role in this dissertation, where we can think of them

as a limit of elliptics, where the fixed point of the elliptic moves out to infinity. The

following example shows a specific path exhibiting this.

15
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Example 1.2.22. Let At be the following path in PSL(2,R),

At :=

 t −1

1− t2 t

 for t ∈ [0, 1]

For t < 1, |trAt| = 2t < 2, so At is an elliptic. A quick calculation shows that At fixes

the point zt = i
1−t2 . Thus for t < 1, At fixes a point in C+, and lim

t→1
zt =∞, is the fixed

point of the parabolic A1.

Recall that a horocycle (or horosphere in higher dimensions) is a curve (hyper-

surface) whose normal geodesics all converge asymptotically to the same point on the

sphere at infinity. A horocycle can also be described as the limit of circles that share

a tangent at a given point, as their radii go towards infinity. In the Klein disk model

the horocycles are circles tangent to the boundary circle. In the upper half-plane model

the horocycles are circles tangent to the x-axis, and lines parallel to the x-axis. In the

hyperboloid model they are intersections of the hyperboloid with planes whose normal

vector lies on the light cone. Explicit formulas for these curves in the hyperboloid case

can be found in [19].

A horocycle is the boundary of a horoball. In the Klein disk model, a horoball is the

disk tangent to the boundary circle. In the upper half-plane model, a horoball is a disk

tangent to the real line, or the region above a horizontal line z = y0i. In the hyperboloid

model, a horoball is the region on the hyperboloid above the horocycle.

Given a parabolic A, the orbits of the subgroup generated by A lie on horocycles. This

implies that for any parabolic A, there exists a horoball B, such that A maps B → B.

16
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1.2.4 Projective Geometry

Projective geometry plays an especially central role in this dissertation. Here we

record some of the important definitions.

Definition 1.2.23. A subset Ω ⊂ RPn is convex, if for every pair of points x and y in Ω,

the projective segment between x and y is contained in Ω. A convex subset Ω is properly

convex if cl Ω does not contain a projective line. If in addition, Ω is open, then Ω is

a properly convex domain. Equivalently, a convex open subset Ω is properly convex

iff cl Ω is disjoint from some hyperplane H. Moreover, this implies that every properly

convex domain lies in some affine patch.

A strictly convex domain, is a properly convex domain whose boundary does not

contain a segment.

An important example of a strictly convex domain (and thus a properly convex do-

main), is the Klein disk H2 ⊂ RP2.

17



Chapter 2

Part I: Limits of Geometries

2.1 Degenerations

This part of the dissertation is concerned with geometric transitions, which are limits

of geometries in a specific sense. We will briefly recount the pertinent definitions. See

[6] for a more detailed discussion.

Definition 2.1.1. A sequence of closed subgroup Ht ⊂ G converges geometrically to

a closed subgroup L if and only if every l ∈ L is the limit of some sequence ht ∈ Ht and

every accumulation point of every sequence ht ∈ Ht is in L. If these hold, we say that L

is the geometric limit of the sequence of closed subgroups Ht.

In the case that the sequence Ht is a sequence of conjugates of a fixed closed sub-

group H, i.e. ∃Pt ∈ G such that Ht = PtHP
−1
t for all t > 0, and PtHP

−1
t converges

geometrically to L, then we say that L is a conjugacy limit of H.

Moreover, we define the connected geometric limit to be the identity component

of the geometric limit, noting that it is locally isomorphic to the geometric limit (but is

in general different than the geometric limit of the identity component of G).

Definition 2.1.2. The space C(G) is the set of closed subgroups ofG with the Chabauty

18



Part I: Limits of Geometries Chapter 2

topology, defined as follows:

Choose a compact neighborhood K of the identity in G. Then the Chabauty topol-

ogy is the Hausdorff topology on intersections of closed subgroups with the compact

neighborhood K.

We note that geometric convergence is equivalent to saying that the sequence of

subgroups Ht converges to L in the Chabauty topology. Though we will not make use of

this equivalence often, we do have the following useful fact:

Observation 2.1.3. The space C(G) of all closed subgroups of G, is compact in the

Chabauty topology. Thus every sequence of groups Ht has a subsequence that converges

to some closed subgroup L ⊂ G. See [3] for more details.

Though this fact implies that a sequence of closed subgroups always has a geometric

limit, it may be of higher dimension, or have infinitely many topological components, as

examples in [6] show. In these cases, the limit group L is not algebraic. However, in the

cases we are concerned with, namely conjugacy limits of Thurston geometries, these kind

of pathological limits don’t occur. We have the following:

Theorem 2.1.4. (Cooper, Danciger, and Wienhard) Let G be an algebraic group.

Suppose that H is an algebraic subgroup, and L a conjugacy limit of H. Then L is

algebraic and dimL = dimH.

This theorem implies that in the case of the Thurston geometries we can always

extract a limit. Specifically, let G = PGL(4,R) and H ∼= Isom(X), for X equal to one of

the eight Thurston geometries. Then any path of conjugates PtHP
−1
t has a limit L with

dimL = dimH. Moreover, this theorem allows one to calculate limits from a simpler

object, the algebraic limit.
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Definition 2.1.5. Let g, h be the Lie algebras of G and H, respectively. Let Pt ∈ G

be a sequence of closed subgroups, then the Lie algebra limit of PthP
−1
t is the Lie

algebra l, which can be viewed as the limit in the standard topology of the Grassmannian

Gr(dim h, dim g).

Exponentiating l, and taking its closure in G, we get the algebraic limit.

In general, the algebraic limit may be of strictly smaller dimension than the conjugacy

limit, and thus not even be locally isomorphic it. However, in our case, we get the

following corollary:

Corollary 2.1.6. Let G be an algebraic group, and H an algebraic subgroup. Let L =

limPtHP
−1
t be a conjugacy limit of H. Then L is locally isomorphic to the algebraic limit

exp(limPthP−1
t ).

Proof. By compactness of the Grassmannian Gr(dim h, dim g), PthP
−1
t converges (after

possibly passing to a subsequence) to some Lie subalgebra a ⊂ g. By definition of

convergence in the Chabauty topology, exp(a) ⊂ L. Taking its closure, we get that the

algebraic limit is contained in the identity component of L. But by Theorem 2.1.4, this

subgroup has the same dimension as L and so must be the entire connected component

of the identity. Thus the algebraic limit is equal to the connected conjugacy limit, and

the claim is proved.

Having defined geometric transitions on the level of Lie groups, we now present the

relevant definitions that include the homogeneous spaces.

Definition 2.1.7. A sequence of subgeometries (Ht, Yt) ⊂ (G,X) converges to the

subgeometry (L,Z) ⊂ (G,X) if and only if Ht converges geometrically to L and ∃z ∈ Z

such that z ∈ Yt for all sufficiently large n. We say that (L,Z) is the limit of the sequence

of subgeometries (Ht, Yt).
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In the case that the sequence of subgeometries is a sequence of conjugates of a

fixed subgeometry H, i.e. ∃Pt ∈ G such that (Ht, Yt) = (PtHP
−1
t , Pt.Y ) for all n and

(PtHP
−1
t , Pt.Y ) converges to (L, Y ), we say that (L, Y ) is a conjugacy limit.

Using the terminology of [7], we will refer to conjugacy limits of a fixed subgeometry

(H, Y ) ⊂ (PGL(4,R),RP3) as degenerations.

Often we will refer to (G,X) as the initial geometry, and its degeneration (or a

subgeometry thereof) as the target geometry.

Our goal is to exhibit a transitive subgroup of Nilgeometry that embeds in a degen-

eration of the product geometries. Thus we will now take a closer look at these three

Thurston geometries and their (local) models within (PGL(4,R),RP3).

2.2 Relevant Thurston Geometries

2.2.1 S2 × R Geometry

The first Thurston geometry we will look at is S2 × R. It is a product geometry,

with isometry group naturally isomorphic to Isom(S2)× Isom(R), where Isom(S2) ∼= O(3)

and Isom(R) ∼= R o Z2. Since we require only a local model of the isometry group, we

restrict ourselves to orientation preserving isometries. Thus we get that Isom+(S2×R) ∼=

SO(3)× R.

Let (ω, t) ∈ SO(3) × R and (γ, s) ∈ S2 × R. The action of Isom+(S2 × R) on S2 × R

is then just (ω(γ), t+ s). The point stabilizer of ((0, 0, 1), 0) is isomorphic to SO(2), and

thus by transitivity, the stabilizer of any point (γ, s) is isomorphic to SO(2).

Proposition 2.2.1. The Lie algebra of Isom+(S2 × R) is so(3) × R. We claim this is
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isomorphic to the following Lie subalgebra of pgl(4,R):

isom+(S2 × R) =



0 x1 x2 0

−x1 0 x3 0

−x2 −x3 0 0

0 0 0 x4


Moreover, this isomorphism preserves infinitesimal point stabilizers, and thus induces a

local isomorphism from Isom+(S2 × R) 99K exp(isom+(S2 × R)).

Proof. For each equivalence class [a] ∈ isom+(S2 ×R), we can take the unique represen-

tative with zero trace, and view isom+(S2×R) ⊂ sl(4,R). This representation is messier,

but allows us to build an explicit injective map φ : so(3) × R → sl(4,R), that is easily

checked to be a Lie algebra homomorphism. To that end, we give so(3)×R coordinates:

so(3)× R =

(
0 x1 x2

−x1 0 x3

−x2 −x3 0

 , x4

)

Let φ be the map that sends the above to the following subset of sl(4,R):

φ(so(3)× R) =



−x4
4

x1 x2 0

−x1
−x4

4
x3 0

−x2 −x3
−x4

4
0

0 0 0 3x4
4


This is clearly an injective linear map, so it remains to show that it respects the Lie

bracket. Elements of the form (a, 0) ∈ so(3) × R have Lie bracket [(a, 0), (a′, 0)] =

([a, a′], 0) = (aa′ − a′a, 0), and this is preserved, φ([(a, 0), (a′, 0)]) = φ(a, 0)φ(a′, 0) −
22
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φ(a′, 0)φ(a, 0). Similarly for elements of the form (~0, t) ∈ so(3) × R. Finally, a simple

calculation shows that φ([(a, 0), (0, t)]) = φ(a, 0)φ(0, t) − φ(0, t)φ(a, 0) = ~0. Thus φ

preserves the Lie bracket and is an injective Lie algebra homomorphism, with image in

sl(4,R) isomorphic to isom+(S2 × R) ⊂ pgl(4,R).

Let K ⊂ SO(3) × R denote the point stabilizer of of ((0, 0, 1), 0) ∈ S2 × R, and

K ′ ⊂ exp(isom+(S2 ×R)) denote the point stabilizer of [0 : 0 : 1 : 1] ∈ RP3. Then in the

coordinates above, their Lie algebras have the following representations in so(3)×R and

sl(4,R) respectively:

k =

(
0 x1 0

−x1 0 0

0 0 0

 , 0

)
, k′ =



0 x1 0 0

−x1 0 0 0

0 0 0 0

0 0 0 0


Clearly φ(k) = k′, and so φ induces a local isomorphism from Isom+(S2 × R) 99K

exp(isom+(S2 × R).

Abusing notation, we will refer to this local representation as Isom+(S2×R). This Lie

subgroup of PGL(4,R) preserves an open domain homeomorphic to RP2 × R. In coordi-

nates, the open domain is the set {[x : y : z : w] ∈ RP3 | w > 0 and at least one of x, y, z

6= 0}. We will refer to this domain as RP2 × R. Thus our local model of S2 × R as a

subgeometry of (PGL(4,R),RP3) will be referred to as (Isom+(S2 × R),RP2 × R).

2.2.2 H2 × R Geometry

The next Thurston geometry, H2×R, has many similarities to the previous geometry.

Being a product geometry as well, its isometry group is also naturally isomorphic to

Isom(H2)× Isom(R).
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Two dimensional hyperbolic geometry has many models, but for the purposes of this

paper, we will use the projective model. The projective representaiton of Isom(H2) is

given by PO(2, 1) := {A ∈ PGL(3,R) | AJAT = J} for J = Diag(1, 1,−1), i.e. the

subgroup of matrices that preserve the quadratic form of signature (2, 1). This group

preserves the Klein disk, D := {[x : y : 1] ∈ RP2 | x2 + y2 < 1}. Thus the projective

model of hyperbolic two space, often referred to as the Beltrami-Klein model, is given by

(PO(2, 1),D).

Using this projective model for Isom(H2), the isometry group for H2 × R is then

isomorphic to PO(2, 1) × R × Z2. We can again restrict to the orientation preserving

isometries, thus Isom+(H2 × R) ∼= PSO(2, 1)× R.

Let (ω, t) ∈ PSO(2, 1) × R and (γ, s) ∈ H2 × R. The action of Isom+(H2 × R) on

H2 × R is then just (ω(γ), t + s). The point stabilizer of ([0 : 0 : 1], 0) is isomorphic to

PSO(2), and thus the stabilizer of any point (γ, s) is isomorphic to PSO(2).

Proposition 2.2.2. The Lie algebra of Isom+(H2×R) is so(2, 1)×R, which is isomorphic

to the following Lie subalgebra of pgl(4,R):

isom+(H2 × R) =



0 x1 x2 0

−x1 0 x3 0

x2 x3 0 0

0 0 0 x4


Moreover, this isomorphism preserves infinitesimal point stabilizers, and thus induces a

local isomorphism from Isom+(H2 × R) 99K exp(isom+(H2 × R)).

Proof. The proof is nearly identical to the S2 × R case, and is omitted for brevity.

Again, abusing notation, we will refer to this local representation as Isom+(H2 × R).

This Lie subgroup of PGL(4,R) preserves an open domain homeomorphic to D × R. In
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coordinates, the open domain is the set {[x : y : 1 : z] ∈ RP3 | z > 0 and x2 + y2 < 0}.

We will refer to this domain as D×R. Thus our local model of H2×R as a subgeometry

of (PGL(4,R),RP3) will be referred to as (Isom+(H2 × R),D× R).

2.2.3 Nilgeometry

Nilgeometry is the third Thurston geometry we will use extensively through out, and

so here we will give a brief overview. More details can be found in [Porti 02],[Scott 83]

and [Thurston 97].

Nilgeometry is the geometry of the Heisenberg group. As a manifold, Nil is just

R3, but as a Lie group, it is commonly viewed as the subgroup of SL(3,R) of unipotent

upper triangular matrices, i.e. the Heisenberg group. Following [Porti 02], we will work

with the model of Nil given by the following multiplication on R3:

(x, y, z) ∗ (a, b, c) = (x+ a, y + b, z + c+ bx− ay)

The isometry group of Nil is 4 dimensional, with point stabilizers isomorphic to

SO(2). Thus Isom(Nil) ∼= SO(2) nNil.

The Lie algebra of Isom(Nil) will be referred to as isom(Nil) and has the following

representation inside of pgl(4,R):

isom(Nil) =



0 x1 x2 x3

0 0 x4 −x2

0 −x4 0 x1

0 0 0 0


Exponentiating isom(Nil), we get a representation of Isom(Nil) ⊂ PGL(4,R), which

we will simply refer to as Isom(Nil). Thus Nilgeometry viewed as a subgeometry of
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(PGL(4,R),RP3) will be given by (Isom(Nil),A3), with A3 = {[z : y : x : 1] ∈ RP3}, i.e.

the affine patch inside of RP3 where the fourth coordinate (after possible rescaling) is 1.

The transitive subgroup of Isom(Nil), i.e. the Heisenberg group, will be referred to as

Heis, its Lie algebra will be referred to as heis. They have the following representations

in pgl(4,R) and PGL(4,R) respectively:

heis =



0 x1 x2 x3

0 0 0 −x2

0 0 0 x1

0 0 0 0


, Heis =



1 x1 x2 x3

0 1 0 −x2

0 0 1 x1

0 0 0 1


The transitive subgeometry of Nilgeometry will be referred to as (Heis,A3).

2.3 Degeneration of Product Geometries containing

Nil

Using the notation built in previous section, and letting (Isom+(X × R), X × R) ⊂

(PGL(4,R),RP3) denote either (Isom+(S2 ×R),RP2 ×R) or (Isom+(H2 ×R),D×R), we

are now in position to precisely state the question:

Question 2.3.1. Does there exist a degeneration (L, Y ), of (Isom+(X×R), X×R), such

that (L, Y ) contains a subgeometry isomorphic to (Heis,A3)?

The answer is yes, and we claim that (after first conjugating the initial geometry by
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a fixed matrix R ∈ GL(4,R)) the following path of matrices:

Dt =



1
t2

0 0 0

0 1
t

0 0

0 0 1
t

0

0 0 0 1


achieves the desired limit. In order to prove this result, we first present some preliminary

results that will culminate with a criterion for checking if the geometric limit L contains

a subgroup isomorphic to Heis.

First we present a fact that allows one to pin down a subgroup isomorphic to the

Heisenberg group, by checking properties that exclusively define the group.

Lemma 2.3.2. The Heisenberg group is the only three dimensional nilpotent but non-

abelian, connected and simply connected real Lie group.

Proof. This is stated in [21] without proof, but follows from the classification of three

dimensional real Lie algebras. There is only one nilpotent yet non-abelian three dime-

sional real Lie algebra, the Heisenberg Lie algebra, heis. So by Theorem 9.5.4 in [16],

any connected, simply connected Lie group with Lie algebra heis, will be isomorphic to

the Heisenberg group.

In general it is easier to check if a given Lie algebra contains a Lie subalgebra isomor-

phic to heis. Because Isom+(X×R) is an algebraic subgroup of PGL(4,R), then Corollary

1.13 applies, and the connected component L0 of L will be equal to the algebraic limit.

Thus if we have a path Pt such that limt→0Ptisom+(X × R)P−1
t contains a Lie subalge-

bra h ∼= heis, we could exponentiate and take its closure, and get a three dimensional

nilpotent but non-abelian, connected real Lie group. In general, this Lie group generated
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by the exponential map need not be simply connected. But because we are in the case of

matrix Lie groups, the exponential map is the matrix exponential map. Moreover, it is

a polynomial map because h is nilpotent. We have the following lemma for polynomial

maps:

Lemma 2.3.3. Let f : Rm → Rn be a polynomial map, and p ∈ Rm. Then if f−1{p} is

discrete, it is finite.

Proof. Let f = (f1, . . . fn), p = (p1, . . . , Pt) ∈ Rn, and note that the hypersurface of

points in Rm whose image under f has jth coordinate pj is the algebraic variety V (fj =

pj). Thus, the preimage of p is the intersection of these varieties for each i.

f−1{p} =
n⋂
i=1

V (fj = pj)

By assumption this preimage is discrete and so the polynomials fj − pj have no common

factor. Bezout’s theorem then lets us count the points in this intersection (projectively,

with multiplicity, over C), which gives us a finite upper bound for the number of solutions

over R. Precisely,

|f−1{p}| ≤
n∏
i=1

deg(fi)

Using this fact of polynomial maps, we can rule out the possibility that the subgroup

generated by h is not simply-connected and thus must be isomorphic to Heis.

Lemma 2.3.4. Let h < gl(n;R) be a Lie subalgebra isomorphic to heis, and H = 〈exp h〉

the corresponding Lie subgroup of GL(n,R). Then H is isomorphic to the Heisenberg

group Heis.

Proof. Because H is a connected nilpotent Lie group, by Theorem 11.2.10 in [16], H ∼=
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Heis/Γ where Γ ⊂ Z(Heis) is a discrete subgroup. But in our particular case, we know

that exponential map from h → H is a matrix exponential map. And because h is

nilpotent, it is polynomial map. Since Γ is a discrete subgroup of Heis and Heis is torsion

free, then if Γ 6= 〈id〉, Γ must necessarily be infinite. But Γ = ker(exp(h)), and exp is a

polynomial map, so its fibers must be finite. Thus Γ must be trivial and H ∼= Heis.

This lemma allows us to completely transfer the problem of determining whether L

contains a subgroup isomorphic to Heis from the Lie group setting to the Lie algebra

setting. Even in the Lie algebra setting, trying to directly determine if Ptisom+(X ×

R)P−1
t contains a subalgebra isomorphic to heis is difficult. Instead we leverage the fact

that if we have three linear independent vectors in isom+(X×R) being conjugated in the

limit to three vectors that satisfy the commutator relations of heis, then the subspace

generated by these vectors is isomorphic to heis. By matrix exponentiating this subspace,

we get a representation of the Heisenberg group inside of our limit group L. Thus we get

the following theorem:

Theorem 2.3.5. (Path checking Criterion for Groups) Let G ⊂ PGL(4,R), be an alge-

braic Lie subgroup of PGL(4,R), with Lie algebra g. Let L be the connected conjugacy

limit of G by a path of matrices Pt. Then if there exists two linearly independent vec-

tors a and b ∈ g such that [a, b] is linearly independent of Span{a, b} and such that

Pt(ta)P−1
t → l1, Pt(tb)P

−1
t → l2, and Pt(t

2[a, b])P−1
t → l3 as t → 0, and [l1, l2] = l3 and

[l1, l3] = [l2, l3] = 0, then L contains a subgroup isomorphic to the Heisenberg group.

Proof. By our assumption that G is an algebraic Lie subgroup, Corollary 2.1.6 applies,

and the connected geometric limit, L, is equal to the exponentiation of the Lie algebra

limit l, so it suffices to work on the Lie algebra level.

By the commutator relations, it is clear that the Lie algebra h = Span{l1, l2, l3} is

isomorphic to the Heisenberg Lie algebra. Thus by Lemma 2.3.4, if h ⊂ l, L must contain
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a subgroup isomorphic to the Heisenberg group. To that end, it remains to show that

h is contained in the limit points of the set {PtgP−1
t | g ∈ g}. However this follows from

the fact that conjugation is a linear map. Therefore Pt(k1at + k2bt + k3[at, bt])P
−1
t =

k1PtatP
−1
t + k2PtbtP

−1
t + k3Pt[at, bt]P

−1
t for all t, and any scalars k1, k2 and k3. Thus

taking the limit as t→ 0 we get h contained in the limit points of {PtgP−1
t | g ∈ g}.

We are now in position to prove the main theorems of Part I. We will prove the two

cases of (Isom+(H2 × R),D× R) and (Isom+(S2 × R),RP2 × R) separately.

2.3.1 H2 × R Limiting to Heis1

First we look at the case of (Isom+(H2×R),H2×R). We will work with the conjugate

model (R(Isom+(H2 × R))R−1, R.(H2 × R)) where R is the following fixed matrix in

GL(4,R):

R =



0 −2 2 −1

−1
2

−1
2

0 1
2

3
2

3
2
−2 1

2

−1 −1 2 0


Then we claim the following path of matrices:

Dt =



1
t2

0 0 0

0 1
t

0 0

0 0 1
t

0

0 0 0 1


will achieve the desired conjugacy limit.

Theorem 2.3.6. Let Dt and R ∈ GL(4,R) for t ∈ (0, 1] be as above. Then

(DtR(Isom+(H2 × R))R−1D−1
t , DtR.(D × R)) converges to (L, Y ) as t → 0 and (L, Y )
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contains a subgeometry isomorphic to the transitive subgeometry of Nilgeometry.

Proof. First we note that by compactness and Theorem 2.1.4, DtR(Isom+(H2×R))R−1D−1
t

must converge to some group L ⊂ PGL(4,R), and that dimL = dim Isom+(H2 ×R) = 4.

Next we prove that L contains a subgroup isomorphic to the Heisenberg group. By The-

orem 2.3.5, it suffices to check that there exist a, b ∈ isom+(H2 × R), such that [a, b] /∈

Span{a, b} andDtR(ta)R−1D−1
t → l1, DtR(tb)R−1D−1

t → l2, andDtR(t2[a, b])R−1D−1
t →

l3 each converge as t→ 0, and that the limits satisfy the commutator relations. To that

end let

a =



0 0 1 0

0 0 0 0

1 0 0 0

0 0 0 1


, b =



0 0 0 0

0 0 1 0

0 1 0 0

0 0 0 −1


, [a, b] =



0 1 0 0

−1 0 0 0

0 0 0 0

0 0 0 0


Then it is clear that the commutator is linearly independent from the two vectors a

and b. Taking three paths ta, tb, and t2[a, b] in isom+(H2 × R) for t ∈ (0, 1], we record

their conjugate paths:

DtR(ta)R−1D−1
t =



t −1 1 0

0 3t
4

t
4

0

−t2 −t
4

−3t
4

1

t3 t2

2
3t2

2
0



DtR(tb)R−1D−1
t =



−t 0 0 0

0 −t
4

−3t
4
−1

t2 3t
4

t
4

0

−t3 −3t2

2
−t2

2
0
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DtR(t2[a, b])R−1D−1
t =



t2 0 2t 1

t3

2
t2

2
t2

2
0

−3t3

2
−3t2

2
−3t2 0

t4 t3 t3 0


Taking the limit of each of these as t→ 0 gives us the following elements:

l1 =



0 −1 1 0

0 0 0 0

0 0 0 1

0 0 0 0


, l2 =



0 0 0 0

0 0 0 −1

0 0 0 0

0 0 0 0


, l3 =



0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0


A simple calculation shows that they do in fact satisfy the commutator relations.

And so the Lie algebra they span exponentiates to an isomorphic copy of the Heisenberg

group inside of L. The representation of the Heisenberg group we get inside of PGL(4,R)

by matrix exponentiating Span{l1, l2, l3} is the following:

Heis1 =



1 −x x x2

2
+ xy

2
+ z

0 1 0 −y

0 0 1 x

0 0 0 1


We have shown that DtR(Isom+(H2×R))R−1D−1

t converges geometrically to a group

L that contains a subgroup Heis1 that is isomorphic to the Heisenberg group. Now it

remains to show the limit exists for the homogeneous spaces.

Let u = [1
2

: 1
2

: 1 : 1] ∈ D × R be our fixed base point. Then DtR.u = [0 : 0 : 0 : 1]

for all t ∈ (0, 1]. Thus DtR.(D× R) contains the point v = [0 : 0 : 0 : 1] for all t ∈ (0, 1].

By Definition 2.1.7, setting Y equal to the orbit of L on the point v will make (L, Y )
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the limit of (DtR(Isom+(H2 × R))R−1D−1
t , DtR.D × R) as t → 0. Thus it remains to

show that the orbit of Heis1 on v is an open subset of Y . To that end we calculate

Heis1.[0 : 0 : 0 : 1] = [x
2

2
+ xy

2
+ z : −y : x : 1].

Let F : R3 → R3 be the map such that F (z, y, x) = (x
2

2
+ xy

2
+ z,−y, x). Clearly F

is bijective, so that the orbit of Heis1 on v is the entire affine patch A3 = [z : y : x : 1],

which is an open subset of Y . Because F is bijective, this implies that Heis1 acts simply

transitively on A3. Thus (Heis1,A3) is a subgeometry of the limit geometry (L, Y ) and

we are done.

However, there is a slight issue: though we get an isomorphic copy of the Heisenberg

group, it is not the representation we were aiming for. The target representation of the

Heisenberg group inside of PGL(4,R) is given by:

Heis =



1 x y z

0 1 0 −y

0 0 1 x

0 0 0 1


Proposition 2.3.7. The representations of the Heisenberg group, Heis and Heis1, are not

conjugate within PGL(4,R).

Proof. Consider the Lie algebras of Heis and Heis1:

heis =



0 x y z

0 0 0 −y

0 0 0 x

0 0 0 0


, heis1 =



0 −x x z

0 0 0 −y

0 0 0 x

0 0 0 0


Exponentiating any one dimensional subalgebra of heis will result in a one parameter
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subgroup of Heis whose orbit of the basepoint [0 : 0 : 0 : 1] is contained in a projective line.

Let C ∈ PGL(4,R). The conjugate group C(Heis)C−1 acts on the homogeneous space

C.A3 in the conjugate geometry. Thus the orbits of the basepoint C.[0 : 0 : 0 : 1] ∈ C.A3

being acted on by one parameter subgroups of C(Heis)C1 are equal to C(Heis.[0 : 0 :

0 : 1]), which is the image of Heis.[0 : 0 : 0 : 1] under the projective transformation C.

Because C is a projective transformation, it sends projective lines to projective lines.

Therefore the orbit of C.[0 : 0 : 0 : 1] by C(Heis)C−1 must be contained in a projective

line.

The one dimensional subalgebra of heis1 spanned by l1, when y = z = 0, exponentiates

to a one parameter subgroup of Heis1 that when acting on the basepoint [0 : 0 : 0 : 1] has

the following orbit [x
2

2
: 0 : x : 1] in A3. This is not a subset of any projective line in RP3

because of the quadratic term. Thus Heis cannot be conjugate to Heis1 in PGL(4,R).

This was an unexpected result that leads to the following question:

Question 2.3.8. How many non-conjugate representations of the Heisenberg group do

there exist inside of PGL(4,R)?

2.3.2 S2 × R Limiting to Heis2

Now we will prove the (Isom+(S2 × R),RP2 × R) case. Similar to the H2 × R case,

we will work in a conjugate model, (R(Isom+(S2×R))R−1, R.(RP2×R)), where R is the

following fixed matrix in GL(4,R):

R =



−1 0 0 1

−2
3

−2
3

1
3

1

−1
3

−1
3

−1
3

1

1
3

1
3

1
3

0
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Then we claim the same path of matrices as before:

Dt =



1
t2

0 0 0

0 1
t

0 0

0 0 1
t

0

0 0 0 1


will achieve the desired conjugacy limit.

Theorem 2.3.9. Let Dt and R ∈ GL(4,R) for t ∈ (0, 1] be as above. Then

(DtR(Isom+(S2 × R))R−1D−1
t , DtR.(RP2 × R)) converges to (L, Y ) as t→ 0 and (L, Y )

contains a subgeometry isomorphic to the transitive subgeometry of Nilgeometry.

Proof. Just as before, we note that DtR(Isom+(S2 ×R))R−1D−1
t → L and dimL = 4 by

Theoreom 1.11. Again, by Theorem 2.3.5, it suffices to check that DtR(ta)R−1D−1
t → l1,

DtR(tb)R−1D−1
t → l2, and DtR(t2[a, b])R−1D−1

t → l3, for sufficient vectors a,b, and [a, b],

each converge as t → 0, and that the limits satisfy the commutator relations. To that

end let:

a =



0 0 1 0

0 0 0 0

−1 0 0 0

0 0 0 1


, b =



0 0 0 0

0 0 1 0

0 −1 0 0

0 0 0 0


, [a, b] =



0 −1 0 0

1 0 0 0

0 0 0 0

0 0 0 0


be our 3 vectors in isom+(S2×R), where Span{a, b, [a, b]} is three dimensional. Next we
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calculate their conjugate paths:

DtR(ta)R−1D−1
t =



0 −1 2 0

t2

3
−2t

3
4t
3

0

−t2
3

−t
3

5t
3

1

t3

3
t2

3
−2t2

3
0



DtR(tb)R−1D−1
t =



0 0 0 0

−t2
3

−t
3

2t
3
−1

t2

3
−2t

3
t
3

0

−t3
3

2t2

3
−t2

3
0



DtR(t2[a, b])R−1D−1
t =



t2 −t 0 1

4t3

3
−2t2

3
−2t2

3
0

2t3

3
−t2

3
−t2

3
0

−2t4

3
t3

3
t3

3
0


Taking the limit of each of these as t→ 0 gives us the following elements:

l1 =



0 −1 2 0

0 0 0 0

0 0 0 1

0 0 0 0


, l2 =



0 0 0 0

0 0 0 −1

0 0 0 0

0 0 0 0


, l3 =



0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0


A simple calculation shows that they do in fact satisfy the commutator relations.

And so the Lie algebra they span exponentiates to an isomorphic copy of the Heisenberg

group inside of L. The representation of the Heisenberg group we get inside of PGL(4,R)
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by matrix exponentiating Span{l1, l2, l3} is the following:

Heis2 =



1 −x 2x x2 + xy
2

+ z

0 1 0 −y

0 0 1 x

0 0 0 1


We have shown that DtR(Isom+(H2×R))R−1D−1

t converges geometrically to a group

L that contains a subgroup Heis2 that is isomorphic to the Heisenberg group. Now it

remains to show the limit exists for the homogeneous spaces. Let u = [1 : 1 : 1 : 1] ∈

RP2 × R be our fixed base point. Then DtR.u = [0 : 0 : 0 : 1] for all t ∈ (0, 1]. Thus

setting Y equal to the orbit of L on the point v = [0 : 0 : 0 : 1], we can again check if the

orbit of v under Heis2 is an open subset of Y

To that end we calculate Heis2.v = [x2 + xy
2

+ z : −y : x : 1]. For the same reasons

as before, it is clear that this is all of the affine patch A3, which is an open subset of Y .

Thus (Heis2,A3) is a subgeometry of the limit geometry (L, Y ) and we are done.

It is clear that Heis2 is not conjugate to our original representation of Heis for the

same reason that Heis1 is not. But the same reasoning does not rule out the possibility

that Heis1 and Heis2 are conjugate representations. At the moment it is not immediately

clear whether they are conjugate. It leads to the following:

Question 2.3.10. Do there exist conjugacy limits of Isom(H2 × R) and Isom(S2 × R)

that contain the same (up to conjugacy in PGL(4,R)) representation of the Heisenberg

group?

Now we will look at some motivation for where these conjugating paths came from.
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2.3.3 Gradient Descent to Approximate a Path

The way we went about getting a handle on finding this one-parameter family of

conjugating matrices, Pt, was by using a computer program in Mathematica, that would

approximate these matrices, using gradient descent. The program would start with a

random 4× 4 numerical matrix P (with entry absolute values ≤ 1), and then conjugate

isom+(H2 × R) by P . Then viewing P (isom+(H2 × R))P−1 as a 4-dimensional vector

subspace in R16, the program would find the 3 vectors in this subspace that were closest

to the 3 basis vectors that spanned the vector subspace of R16 corresponding to the Lie

algebra for the translation subgroup of Isom(Nil), i.e. the Lie algebra of the Heisenberg

group. Using the representation of Isom(Nil) found in [18], we get the following 3 basis

vectors inside of GL(4,R):

n1 =



0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0


n2 =



0 0 1 0

0 0 0 −1

0 0 0 0

0 0 0 0


n3



0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0


After finding 3 vectors in P (isom+(H2 × R))P−1, that each minimize the Euclidean

distance with these 3 basis vectors, respectively, the program would return the sum of

the 3 Euclidean distances. All of this was used to program a function, f [P ] : R16 → R≥0,

that took as input a numerical 4×4 matrix (viewed as a vector in R16), and gave as output

the sum of these 3 distances. Using gradient descent, we approximate the gradient of

our function, then move a small step size in the negative of the gradient direction. And

continuing this process iteratively, we would get a matrix P , such that f [P ] (i.e. the

distance) would get closer and closer to 0. This process would converge extremely slowly,

as the magnitude of the gradient would rapidly approach 0 as f [P ] got smaller. But doing

38



Part I: Limits of Geometries Chapter 2

this gradient descent with several different random starting matrices, P , and around 1000

or so iterative steps, we would get matrices that would get f [P ] to around .03, giving

hope that there really could be a conjugacy limit that did what we want.

The next step was to examine the 3 matrices in P (isom+(H2 × R))P−1 that were

getting close to the basis vectors for our target Lie algebra, to get a clue as to what

subspace in isom+(H2×R) was being expanded by the family of conjugating matrices, to

become the 3-dimensional vector subspace we wanted. To do this, we took the 3 matrices,

and exponentiated them to get the 3 corresponding elements in Isom+(H2×R). Looking

at these 3 Lie group elements, we tried to build a geometric picture of what this limiting

process looked like. It turned out that Lie group elements that were getting close to n1,

n2, and n3 by conjugating with P corresponded to very specific isometries of H2×R. The

isometry that got close to n1 when conjugated with P , was a small hyperbolic translation

in the H2 component, a small negative translation in the R component. Similarly, the

isometry that got close to n2 was also a small hyperbolic translation in a different direction

in the H2 component, and a small positive translation in the R component. And the final

element turned out to be the commutator of the first 2, and so a very small rotation in

the H2 and no movement in the R component. This was the key geometric insight, since

the Lie group element corresponding to n3 is the commutator of n1 and n2.

After determining which directions in isom+(H2×R) were being conjugated to the 3

directions in heis, it was then a matter of finding the path that would do it. Because Pt

would necessarily have to blow up, we would need to have the 3 directions in the initial

Lie algebra shrink at a commensurable rate, so that the conjugates would converge as

t → 0. This shrinking subspace in the initial Lie algebra corresponds to a shrinking

region in the initial Lie group. The idea is then to explicitly build a path Pt that takes

this shrinking region in the initial Lie group, to corresponding region in the target Lie

group.
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2.3.4 Method for Constructing Pt

In this section we discuss how to build an algorithm that produces Pt in general.

The following method was motivated by studying the case of H2×R degenerating to the

transitive subgroup ofNil, but it works in the case thatG is any algebraic closed subgroup

of PGL(4,R). First we will give a summary of the algorithm that produces possible paths

Pt, and then provide the geometric motivation that makes this a reasonable thing to do.

We will fix the target geometry to be (Heis,A3). Let

N1 =



1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1


N2 =



1 0 1 0

0 1 0 −1

0 0 1 0

0 0 0 1


N3 =



1 0 0 1

0 1 0 0

0 0 1 0

0 0 0 1


be the 3 fixed isometries in the target Lie group, and let v = [0 : 0 : 0 : 1] ∈ A3

be the fixed base point in the target space. Then given an algebraic closed subgroup,

G ⊂ PGL(4,R), with Lie algebra g, acting transitively on an open domain X ⊂ RP3, we

can build a candidate path in three steps:

1. Pick two elements a, b in g, and set at = ta , bt = tb for a real parameter t, such

that Span{at, bt, [at, bt]} is three dimensional.

2. Pick a base point u ∈ X, such that exp(at) = At, exp(bt) = Bt, and

exp([at, bt]) = Ct acting on u has 3-dimensional orbit.

3. Finally set Pt to the linear transformation such that

Pt(u) = v, Pt(At.u) = N1.v, Pt(Bt.u) = N2.v, and Pt(Ct.u) = N3.v, ∀t ∈ R
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Taking the scalar class of Pt gives us a path in PGL(4,R). This gives us a possible path of

degeneration. It still needs to be checked whether limt→0 PtGP
−1
t will contain a subgroup

isomorphic to Heis. But first we will take a quick detour to motivate where this path Pt

came from.

2.3.5 Geometric Motivation: G-Box, X-Box

For generality, we will be working in the ambient geometry (PGL(n + 1,R),RPn).

Given a (G,X) geometry inside of (PGL(n+1,R),RPn), we have the following definitions:

Definition 2.3.11. Let In be the unit n-cube in Rn and let Gi(x) for i = 1 . . . n be one

parameter subgroups of G. Then a G-Box is the image of a map φ : In → G; where

φ(x1, x2, . . . , xn) = Gn(xn)Gn−1(xn−1) . . . G1(x1)

Thus a G-Box is the following set:

{Gn(xn)Gn−1(xn−1) . . . G1(x1) ∈ G | 0 ≤ xi ≤ 1 ∀i = 1, . . . , n}

Because our Lie group G is in general non-abelian, the order of the Gi(x) matters, so

thus the definition of a G-Box implies an ordering.

The goal is to conjugate our Lie group G by a one-parameter family of matrices

Pt ∈ PGL(n + 1,R) such that the limit group L contains a target subgroup T . Because

T is not conjugate to a subgroup of G, a path of elements gt ∈ G that will limit to an

element l ∈ T when conjugated by Pt, will necessarily have to either go to the identity

or expand without bound. Since we are concerned with conjugacy limits, we will only

deal with gt → id as t → 0. The paths of elements we will deal with in general are

one parameter subgroups, Gi(x), which represent a family of isometries of our model
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geometry, scaled by the parameter x. Let {Ti | i = 1, . . . , n} be a basis for our subgroup

T, of dimension n. Fixing some order, we can take the G-Box of these one parameter

subgroups, and this will be the target G-Box. The goal then becomes to find an initial

G-Box in our domain Lie Group G, such that Pt conjugates our initial G-box to the

target G-box. But Pt will blow up as t→ 0 so this requires our initial G-Box to shrink,

which motivates our next definition.

Definition 2.3.12. A parametrized n-cube, with fixed real parameter t > 0, will be

denoted by t.In. It is the real n-cube scaled by the parameter t. Thus

t.In = {(x1, x2, . . . , xn) ∈ Rn | 0 ≤ xi ≤ t ∀i = 1, . . . , n}

Definition 2.3.13. A parametrized G-Box, with fixed real parameter t > 0, is the

image of the map φt : t.In → G where

φt(x1, x2, . . . , xn) = Gn(xn)Gn−1(xn−1) . . . G1(x1)

Thus a parametrized G-Box is given by the following set:

{Gn(xn)Gn−1(xn−1) . . . G1(x1) ∈ G | 0 ≤ xi ≤ t ∀i = 1, . . . , n} for some fixed t > 0

Thinking of the one parameter subgroups Gi(x) that make up our G-Box as different

families of isometries, then the parametrized G-Box consists of all isometries that start

with moving by G1 up to a distance t, and then moving by G2 up to a distance t, and

so on, up to Gn. Thus our shrinking region in G is realized by a path of parametrized

G-Boxes, where we take the parameter t→ 0.

Definition 2.3.14. A shrinking G-Box is the image of the path Φ : (0, 1]→ 2G, where
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2G is the power set, such that for each s ∈ (0, 1]

Φ(s) = {Gn(xn)Gn−1(xn−1) . . . G1(x1) ∈ G | 0 ≤ xi ≤ s ∀i = 1, . . . , n}

Thus for each s ∈ (0, 1], Φ(s) is a parametrized G-Box with fixed parameter s. The

collection of all the parametrized G-Boxes for 0 < s ≤ 1 gives a path from a unit length

G-Box to an arbitrarily small G-Box.

Our new goal is to conjugate each parametrized G-Box in the shrinking initial G-Box

to our target unit length G-Box, by some path of matrices Pt in PGL(n+ 1,R). If Gi are

the isometries in the initial G-Box, and Hi are the isometries in the target G-Box, then

Pt would conjugate the shrinking Gi, which are each collapsing to the identity, to their

corresponding unit length isometry, Hi, in the target group. Thus we try and solve the

equation limt→0 PtGi(t)P
−1
t = Hi simultaneously for each i = 1, . . . , n. In general this is

a very difficult problem that cannot be solved, assuming we even know which shrinking

isometries in our initial Lie group we want to take over to corresponding unit length

isometries in our target Lie group. Although we cannot directly solve this algebraic

problem, we can leverage the fact that these Lie groups represent isometry groups and

thus act on a homogeneous space. The idea is to transfer the problem from the Lie group

setting, to the setting of homogeneous spaces, where linear algebra is available to us.

This motivates the following definition:

Definition 2.3.15. Fixing a base point u ∈ X, and a G-Box in G, we call the orbit of

the G-Box based at the point u, a X-Box. I.e. the set:

{Gn(xn)Gn−1(xn−1) . . . G1(x1).u ∈ RPn | 0 ≤ xi ≤ 1 ∀i = 1, . . . , n}

We have a similar definition for a parametrized X-Box:
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Definition 2.3.16. Fixing a base point u ∈ X, and a parametrized G-Box with fixed

parameter t > 0 in G, we call the orbit of the parametrized G-Box based at the point u

a parametrized X-Box. I.e. the set:

{Gn(xn)Gn−1(xn−1) . . . G1(x1).u ∈ RPn | 0 ≤ xi ≤ t ∀i = 1, . . . , n}

Definition 2.3.17. Fixing a base point u ∈ X and a shrinking G-Box, we call the path of

parametrized X-Boxes a shrinking X-Box. It is the image of the path Φ : (0, 1]→ 2X

such that for each s ∈ (0, 1]

Φ(s) = {Gn(xn)Gn−1(xn−1) . . . G1(x1).u ∈ G | 0 ≤ xi ≤ s ∀i = 1, . . . , n}

Thus by picking a base point u in our initial space, we can reframe our problem.

Instead of trying to find a path Pt that sends a shrinking region in the initial Lie group

G (i.e. the shrinking G-Box), to a fixed region in the target Lie group T (i.e. the target

G-Box), we can instead build a possible path by taking the linear transformation that

sends the shrinking region in the initial subset of RPn (i.e. the shrinking X-Box) to the

fixed target region (i.e. the target X-Box).

In order for such a linear transformation to exist, we will require that each

parametrized X-Box in a shrinking X-Box have dimension n as a subset of RPn. This

will then give us n+1 linear independent vectors in Rn+1, which will allow us to uniquely

determine Pt.

Specifically by picking n corners in our initial shrinking X-Box and n corners in the

target X-Box, we can build our map Pt. These corners correspond to actual corners in

the n-cube, that have been mapped into the G-Box, and then after acting on the base

point, lead to corners in the X-Box. The n corners we choose in our initial X-Box, will
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get mapped to their corresponding corner in the target X-Box. If u1, u2, . . . , un are the

n corners in the initial X-Box, and v1, v2, . . . , vn are the corresponding corners in the

target X-Box, then we set Pt to be the linear map from Rn → Rn such that Pt(ui) = vi

for all i = 1, . . . , n. Note that the parameter t comes from the ui, since they come from

a parametrized X-Box. Thus we get a path of matrices Pt such that Pt(ui) = vi for all

i = 1, . . . , n, and for all t.

In general we could choose any corners of the respective X-Boxes to build our matrix

Pt. If we call the base points of our initial and target X-Box, u and v respectively, and

the one parameter subgroups Gi(t) and Ti, then the canonical choice of corners will be

u and Gi(t).u, v and Ti.v for i = 1, . . . , n. And then Pt will be the linear map such

that Pt(u) = v and Pt(Gi(t).u) = Ti.v for all t and i = 1, . . . , n. The reason for these

canonical choice of corners (other than it being the simplest), is that these corners will

be in the respective X-Boxes, regardless of the choice of ordering. Thus the ordering is

only necessary to visualize the actual boxes. In practice, this ordering doesn’t matter,

because we will pick these canonical corners that appear in any ordering.

Applying this methodology to our specific case of Isom+(X × R) and Heis, gives us

the algorithm for producing Pt from above.
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Chapter 3

Part II: Projective Cone Manifolds

and Convexity

In this part we will develop a theory of projective structures on surfaces with cone points,

and generalize properly convex to this setting. This will involve non-discrete groups, but

when the cone angles are of the form 2π/n, we will get holonomies with discrete image.

Cooper, Hodgson, and Kerckhoff in [8] give an inductive combinatorial definition of an

n-dimensional cone manifold based on a certain triangulation. Restricting our attention

to surfaces for the purpose of this paper, we will first define a topological cone surface,

and then a general geometric (G,X) structure on the cone surface.

We can view a cone surface as a generalization of an orbifold whose singular locus

consists of “cone like singularities”, i.e. each singular point has an orbifold chart such

that the local model orbifold is Euclidean space quotiented by the action by a rotation

of angle 2π/m, i.e. C/e 2πi
m . We can think of a cone surface as something akin to this

situation, but where the cone angle can be any θ ≥ 0. A cone angle of 0 will be parabolic.

Let us recall some of the basics of orbifold theory first.
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3.1 Orbifolds

We will follow the notation and definitions in [13], [20] and [23]. Informally, an

orbifold is a manifold with “mild singularities”, points that have neighborhoods locally

modeled on Rn quotiented by the action of a finite group.

Definition 3.1.1. A local orbifold chart is a quadruple (Ũ , U,Γ, φ), where Ũ ⊂ Rn is

open, and Γ is a finite group that acts on Ũ via diffeomorphisms, and φ : U → Ũ/Γ is a

homeomorphism.

The set Ũ with the action by Γ is called the local model of U .

Example 3.1.2. The first and most important example for this thesis is the quotient

of the Euclidean plane by a rotation around the origin. A local orbifold chart for this

is given by (R2, U, e
2πi
m , φ). Here we abuse notation and identify C with R2, and e

2πi
m , is

really 〈e 2πi
m 〉, for some integer m ≥ 1, the finite group generated by rotating around the

origin counter clockwise by an angle of 2π/m. We can set U = C/e 2πi
m , and then φ is

just the identity. If U was a neighborhood in a larger orbifold M , then φ : U → C/e 2πi
m

would be homeomorphism identifying U with C/e 2πi
m .

The goal is to define an orbifold atlas using the local orbifold charts, which requires

a certain compatibility condition. The most succinct way to do this is to define a local

orbifold map between orbifold charts.

Definition 3.1.3. A local orbifold map between local orbifold charts (Ũ , U,Γ1, φ1)

and (Ṽ , V,Γ2, φ2) is a pair (f̃ , ψ) such that ψ : Γ1 → Γ2 is a group homomorphism, and

f̃ : Ũ → Ṽ is a smooth map that is ψ-equivariant. The map f̃ induces a map f : U → V .

The local orbifold map (f̃ , ψ) is a local orbifold isomorphism if ψ is injective, and f̃

is injective.
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Conversely, a map f : U → V lifts to a local orbifold map if there exists local

models of U, V and a local orbifold map (f̃ , ψ) between them.

Using a local orbifold map, we can succinctly say when orbifold charts are compat-

ible.

Definition 3.1.4. Let V ⊂ U and (Ũ , U,Γ1, φ1) and (Ṽ , V,Γ2, φ2) two local orbifold

charts. They are compatible if the inclusion ι : U ↪→ V lifts to a local orbifold isomor-

phism.

Now we can define an orbifold atlas.

Definition 3.1.5. An orbifold atlas of charts for a topological space X is an open

cover U =
⋃
Uα that is closed under finite intersections, such that for each Uα ∈ U ,

there is an associated local orbifold chart (Uα, Ũα,Γα, φα), and whenever Uα ⊂ Uβ, the

associated local orbifold charts are compatible in the sense of Definition 3.1.4.

Definition 3.1.6. An orbifold is a pair (M,U), where M is paracompact Hausdorff

space, and U is a maximal orbifold atlas of charts for M . The space M is called the

underlying space. We will often abuse notation, and refer to the orbifold as simply M .

Each m ∈ M is contained in some chart (U, Ũ ,Γ, φ), and the isotropy group at

m, Is(m), is then equal to subgroup of Γ that fixes the preimage of m ∈ Ũ . By the

compatibility condition of the atlas, Is(m) is unique up to isomorphism. The point m is

called a smooth point if Is(m) = {1}. A point σ ∈ M such that Is(σ) 6= {1} is called

a singular point. The set of singular points Σ = {σ ∈ M | Is(σ) 6= {1}} is called the

singular locus.

Now let us define maps between orbifolds.

Definition 3.1.7. Let (M,U) and (N,V) be two orbifolds. An orbifold map is a map

f between underlying spaces M and N , such that for each m ∈ M , f(m) ∈ N , there
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exists neighborhoods U 3 m and V 3 f(m), such that f |U : U → N lifts to a local

orbifold map between local models of U and V .

Using this definition of maps between orbifolds, we can now define orbifold covering

and all the corresponding covering space theory.

Definition 3.1.8. Let (M,U) and (N,V) be two orbifolds. An orbifold cover is the

pair (N, p), where p : N →M is an orbifold map such that for every m ∈M , there exists

a local orbifold chart (U, Ũ ,Γ, φ), with m ∈ U , such that the preimage p−1(U) is a disjoint

union of components Vi that each have local orbifold charts given by (Vi, Ũ , Gi, φi), with

Gi < Γ, and p|Vi : Vi → U is the natural projection from Ũ/Gi → Ũ/Γ.

The universal orbifold cover is a pair (M̃, p), where p : M̃ → M is an orbifold

cover such that if q : N →M is another orbifold cover, then there is an orbifold covering

r : M̃ → N such that q ◦ r = p.

Definition 3.1.9. A deck transformation for an orbifold cover p : N → M , is a

homeomorphism f : N → N such that p ◦ f = p. The group of all such transformations

f is denoted Aut(N, p). The orbifold fundamental group, πorb1 M , is defined as the

group of deck transformations of the universal orbifold cover, thus πorb1 M := Aut(M̃, p)

An orbifold M that is covered by a manifold is called good, and if it is finitely

covered by a manifold, it is called very good. Because of the existence of a universal

orbifold cover, and its corresponding orbifold fundamental group, we have a Galois

correspondence just as in the non-singular case. Namely, for every subgroup Γ <

πorb1 M , there exists an orbifold cover (N, p) such that p∗π
orb
1 N is conjugate to Γ.

Example 3.1.10. Let U ∼= C/e 2πi
m as in Example 3.1.2. Then U is a very good orbifold,

since it is finitely covered by C. In face C is the m-sheeted branched cover of U , as

we will define in the next section. The surface C is the universal orbifold cover for U ,
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and πorb1 U ∼= Z/mZ. The deck transformation corresponding to the generator α ∈ πorb1 U

rotates a fundamental domain in C by the angle 2π/m, so its clear that αm = 1. We

can identify U with a fundamental domain in C that has sides glued together by α. See

Figure 3.1 below.

Figure 3.1: The orbifold U ∼= C/e
2πi
m , with m = 9 in orange, and copies of the

fundamental domain under the action of πorb1 U in red.
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Here is a more artistic version of an orbifold and its developing image in the Poincare

disk. The famous Angels and Demons painting by M.C. Escher.

Figure 3.2: A hyperbolic tiling, that is in fact an orbifold.
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3.2 Cone Surfaces and (G,X)-structures

In this section, we will define cone surfaces topologically, and then define what a

geometric structure on a cone surface is via a developing pair.

3.2.1 Topological Cone Surface

Definition 3.2.1. Formally, a cone surface is a triple (M,Σ, θ), where M is a closed

surface, called the underlying surface, Σ ⊂M a finite set of points called the singular

locus, and θ : Σ→ [0,∞) the cone angle marking. Each point σ ∈ Σ is called a cone

singularity, and has a corresponding real number θ(σ) = θσ ∈ [0,∞), called the cone

angle. A small neighborhood U centered around σ is called a cone neighborhood. The

cone surface and the underlying closed surface are both referred to as M , with context

making it clear which we are referring to.

Topologically, a cone surface (M,Σ, θ) is no different than its underlying closed sur-

face. It is a combinatorial object given by a closed surface, and set of points that are

marked with non-negative numbers. Any combination of closed surface M , singular locus

Σ, and cone angle marking θ gives a topological cone surface.

Example 3.2.2. A cone surface can be given diagrammatically. Let M be a torus,

with a single cone point σ, and cone angle θσ. The following diagram in Figure 3.3

represents it. We note that α and β represent two non-homotopic loops in M, and that

their commutator αβα−1β−1 represents a loop around σ in MrΣ.

In order for the cone angles θσ to actually mean something, requires more than just

a topological cone surface. It requires equipping M with a geometric structure, i.e. a

(G,X)-structure. Informally, we can think of a (G,X)-structure on a cone surface as

locally given by charts from M into X, with transition maps in G. A neighborhood of a
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Figure 3.3: Torus with single cone point, labeled by its cone angle.
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non-singular point develops into X exactly the same as in a regular (G,X)-structure. A

neighborhood around a cone point can be thought of as a triangle ∆ ⊂ X with two sides

identified via an element in G, that fixes the vertex between them.

This can be done explicitly by defining a developing pair (dev, ρ) for the cone surface

M . This structure is called a (G,X)-cone structure. The developing map, dev, will

have as its domain the universal branched cover M̂ , and the holonomy will have as

its domain the cone fundamental group, πcone1 M , both of which we will now define.

3.2.2 Branched Covers

For this section, we will fix the following: Let (M,Σ, θ) be a cone surface and let

N = MrΣ.

Definition 3.2.3. The cone fundamental group is πcone1 M := π1N .

We use this terminology to differentiate it from the regular fundamental group π1M

of the underlying closed surface.

Definition 3.2.4. A branched cover is a pair (B, p), where p : B → M is a map

satisfying the following:

1. p|p−1(N) is a covering map.

2. If N is given an arbitrary Riemannian metric with completion M , and that metric

is lifted to N ′ = p−1(N), then B is the metric completion of N ′

3. Additionally, if p|p−1(N) is a universal cover of N , then (B, p) is a universal

branched cover. In this case we will use the notation (M̂, p) for the univer-

sal branched cover.
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We note that the resulting topological space B does not depend on the choice of metric.

Namely, if N ′ and N ′′ are homeomorphic covers of N with different Riemannian metrics,

then their metric completions, B and B∗, are homeomorphic as well.

The map p is the branched covering, and the space B is the branched covering

space. Frequently we will abuse notation and simply refer to the branched cover as B.

Branched coverings in general form a very rich and interesting theory, and can be

somewhat difficult thing to fully classify, see [12] or [17]. For the purpose of this dis-

sertation, we will be interested in the universal branched cover and its covering

transformations. The universal branched cover M̂ is a branched cover that is universal

in the following sense: if (B, p′) is a branched cover of M , then (M̂, p) covers (B, p′), i.e.

there exists a branched covering map h : M̂ → B, such that h ◦ p′ = p.

Now we can extend the familiar definitions of deck transformation, regular cover,

and fundamental domain to the case of branched covers.

Definition 3.2.5. A deck transformation for a branched cover (B, p), is a homeo-

morphism f : B → B such that p ◦ f = p. The group of all such transformations f is

denoted Aut(B, p).

The group Aut(B, p) acts on each fiber p−1(m) ⊂ B for each m ∈ M , by extending

continuously the action of Aut(B′, p′) on B′.

Definition 3.2.6. A branched cover (B, p) is regular if the group Aut(B, p) acts tran-

sitively on each fiber p−1(m).

By construction, if (B′, p′) is a regular cover of N , then (B, p) is a regular branched

cover. Thus viewing B as the metric completion of a regular cover B′, we can naturally

extend the action of πcone1 M = π1N on B′ to an action on B. For each α ∈ πcone1 M , let

τα : Ñ → Ñ denote the deck transformation corresponding to α. We can continuously
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extend the action to M̂ , then for each σ ∈ Σ, τα.p
−1(σ) ⊂ p−1(σ).

By the discussion above, we can identify πcone1 M with Aut(M̂, p̂), by extending the

action of π1N on Ñ to an action of πcone1 M on M̂ , such that for each σ ∈ Σ, and each

α ∈ πcone1 M , τα.p
−1(σ) ⊂ p−1(σ).

The action being transitive on the fibers allows us to apply the usual definition of a

fundamental domain, which we record here.

Definition 3.2.7. Let M be a topological space, and G a group acting on M via home-

omorphisms. A fundamental domain is a closed connected subset X ⊂M such that

• ∂X = X ∩ cl (MrX)

•
⋃
α∈G

α.X = M

• If α 6= 1, then α.X ∩X ⊂ ∂X

3.2.3 (G,X)-cone structures

Now that we have defined the domain objects for our new developing pair, we are in

position to define a (G,X)-cone structure. First let us recall topological conjugacy.

Definition 3.2.8. Let X, Y be two topological spaces, with continuous maps f : X → X

and g : Y → Y . The maps f and g are topologically conjugate if there exists a

homeomorphism h : X → Y such that h ◦ f = g ◦ h.

Topological conjugacy gives us a succinct and formal way to say that two maps act

on spaces in the same way.

Let (M,Σ, θ) be a cone surface, and (G,X) a Klein geometry. For each σ ∈ Σ, let

γσ ∈ πcone1 M represent a small loop centered around σ that goes around once, i.e. a loop

that contains no other cone singularities, and is null-homotopic in the underlying surface

M .
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Definition 3.2.9. Let R ⊂ G be a subgroup. Then R is a rotation subgroup, if

∃x ∈ X and a set U 3 x, such that ∀r ∈ R, r fixes x and preserves U , and r : U → U is

topologically conjugate to rθ(σ) : D2 → D2, where D2 is an open disk in R2, and rθ(σ) is

a counter-clockwise rotation of angle θ(σ).

Let P ⊂ G be a subgroup. Then P is a parabolic subgroup if ∃x ∈ X and a set

U 3 x, such that ∀p ∈ P , p fixes x and preserves U , and p : U → U is topologically

conjugate to a parabolic isometry A acting on a horoball B ⊂ H2. Using the upper

half-space model, A =

1 1

0 1

 and B = {z ∈ C+ | Im(z) > 1} ∪ {∞}.

Elements in a subgroup R are called rotations and elements in a subgroup P are

called parabolics, because they are topologically conjugate to rotations and parabolics,

respectively.

A developing (G,X) map with holonomy ρ : πcone1 M → G in this context is a local

diffeomorphism dev : M̂ → X, that is equivariant. In other words,

for every α ∈ πcone1 M and m̂ ∈M , dev(τα.m̂) = ρ(α).dev(m̂)

where we identify πcone1 M with the group of deck transformations on M̂ .

Definition 3.2.10. The developing pair (dev, ρ) defines a (G,X)-cone structure if it

satisfies the following:

• (dev|Ñ , ρ) is a (G,X)-structure on N = MrΣ (where ρ has domain π1N).

• For each σ ∈ p−1(Σ), if θ(σ) > 0, then there exists a rotation subgroup R = R(σ)

such that ρ(γσ) ∈ R and ρ(γσ) is conjugate to a rotation by angle θ(σ), and if

θ(σ) = 0, then there exists a parabolic subgroup P = P (σ) such that ρ(γσ) ∈ P .
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Before turning to examples, let us first define the two most important (G,X)-cone

structures for our purposes.

Definition 3.2.11. Let (M,Σ, θ) be a cone surface. A hyperbolic cone structure on

M is an (O+(2, 1),H2)-cone structure, given by a developing pair (dev, ρ). A cone surface

M with this structure, is called a hyperbolic cone surface.

In the case of a hyperbolic cone structure, the rotations are subgroups of elliptics.

Technically speaking, there are no parabolics in an (O+(2, 1),H2)-cone structure, because

parabolics fix a point in H2
and not in H2, and O+(2, 1) does not act transitively on H2

.

To fix this problem, we instead consider projective cone structures.

Definition 3.2.12. Let (M,Σ, θ) be a cone surface. A projective cone structure on

M is a (PGL(3,R),RP2)-cone structure, given by a developing pair (dev, ρ). Then M with

this structure is a projective cone surface. A positive projective cone structure

on M is an (SL±(3,R),RP2
+)- cone structure, given by a developing pair (dev, ρ). Because

every projective structure lifts to a positive projective structure, we will drop the term

positive, and refer to them as simply projective cone structures and projective cone

surfaces.

In order to define the group R ⊂ SL±(3,R), we first define what a rotation in SL±(3,R)

is and what the subset U preserved by every r ∈ R.

A transformation A ∈ SL±(3,R) is elliptic if it conjugate in SL±(3,R) to a standard

rotation matrix of the form: 
cos θ − sin θ 0

sin θ cos θ 0

0 0 1


We note that this is equivalent to A being diagonalizable and having eigenvalues of 1 and

cos θ ± i sin θ. In particular, a hyperbolic rotation in O+(2, 1) ⊂ SL±(3,R) is an elliptic
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projective transformation. And we also note that this implies there exists U ⊂ RP2

preserved by A, that is projectively equivalent to a disk.

Though there is a generalized version of a parabolic transformation in the projective

setting, for instance laid out in [1], in this paper we will only be concerned with parabolics

in the usual sense, namely a parabolic isometry of the hyperbolic plane, viewed as an

element of O+(2, 1) ⊂ SL±(3,R), i.e. a parabolic isometry A is conjugate to


1 1 0

0 1 1

0 0 1

.

Using these two definitions for elliptics and parabolics, R ⊂ SL±(3,R) is the chosen

subgroup of elliptics that fix a point in RP2, and P ⊂ O+(2, 1) ⊂ SL±(3,R) is the

subgroup of parabolics fixing a point in RP2.

The following two examples of hyperbolic cone structures are the motivation for the

general definition of a (G,X)-cone structure. They act as the standard developing pair

for a cone neighborhood when θ > 0 and θ = 0, respectively. We construct them explicitly

by first defining an incomplete structure on the punctured neighborhood, and completing

it.

Example 3.2.13. Standard Elliptic Neighborhood. Let U be an open punctured

disk. Topologically we can view U = S1 × (0, 1). We can then identify the universal

cover Ũ with the universal cover of S1×(0, 1) = R×(0, 1). Viewing π1U as the group

of deck transformations of R × (0, 1), we can identify the equivalence class [γ], for the

loop going around the puncture counterclockwise one time, with the deck transformation

τ : R× (0, 1)→ R× (0, 1), τ(x, y) = (x+ 1, y). Thus our covering map p : R× (0, 1)→

S1 × (0, 1) is defined such that p(x, y) = (cos(2πx), sin(2πx), y).

We now will give an explicit developing pair (devθ, ρθ) for an incomplete hyperbolic

structure on U , with parameter θ > 0. See Figure 3.4 below. Using the Klein disk model

of the hyperbolic plane as a subgeometry of positive projective geometry, (O+(2, 1),H2) ⊂
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(SL±(3,R),RP2
+), define devθ : R × (0, 1) → H2 such that devθ(x, y) = [1

2
y cos(x · θ) :

1
2
y sin(x · θ) : 1]+ and ρ : π1U → O+(2, 1), such that

ρ(τ) =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1


To show that this defines a projective structure on U , let u ∈ U . Then ũ = (x, y) ∈

R × (0, 1), and dev(ũ) = [1
2
y cos(x · θ) : 1

2
y sin(x · θ) : 1]+. Viewing dev(ũ) as a column

vector, then the left action of ρ(τ) by matrix multiplication gives us

ρ(τ).dev(ũ) =

[
1

2
y cos(θ) cos(x · θ)− 1

2
y sin(θ) sin(x · θ), 1

2
y cos(θ) sin(x · θ) +

1

2
y sin(θ) cos(x · θ), 1]+

Using simple trig identities, it is clear that this is equal to

[
1

2
y cos(θ(x+ 1)),

1

2
y sin(θ(x+ 1)), 1]+ = dev(τ(ũ))

Thus ρ(τ).dev(ũ) = dev(τ(ũ)) for all ũ ∈ Ũ , and (dev, ρ) is the developing pair for a

projective structure on U . This projective structure will play a major role in construct-

ing projective cone structures in general. It is referred to as the standard elliptic

structure. When referring to the punctured open disk U , equipped with this particular

developing pair, we will call it the standard elliptic open neighborhood.

Figure 3.4 shows the image of [0, 3]× (0, 1) ⊂ R× (0, 1) under dev, for some θ < 2π/3.

Choosing 0 × (0, 1) as our starting point, each fundamental domain Ũz, is [z, z + 1] ×

(0, 1), with z ∈ Z. Three colored fundamental domains are shown in Figure 2. Each

fundamental domain Ũz is mapped diffeomorphically to a fundamental domain in H2.
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Figure 3.4: Developing map with developing image of three fundamental domains with
small θ
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Moreover, dev(Ũz) with sides identified by ρ(τ), which we will denote as dev(Ũz)/∼, is

homeomorphic to U . We can view the developing map as “rolling” or “developing” each

fundamental domain into H2.

Unlike the case of a complete structure, where we can identify the surface with H2/Γ

(which denotes H2 quotiented by the faithful free action of a discrete group Γ), we have

to make a choice of fundamental domain Ũz, such that the surface U identifies with

dev(Ũz)/∼, i.e. dev(Ũz)/∼ is homeomorphic to U . This requires the cone angle to be

< 2π, as noted in the figure below. There is no ambiguity, since each image dev(Uz) is

mapped isometrically to dev(Uz′) via ρ(τzz′), where τzz′ is the deck transformation such

that sends the fundamental domain Ũz to the fundamental domain Ũz′ , thus for any

choice of fundamental domain, we get the same projective structure.

Figure 3.5: θ large Figure 3.6: θ > 2π

Figure 3.5 shows what the developing image of three fundamental domains looks like

when 2π > θ > 2π/3. Because (dev, ρ) gives an incomplete projective structure on U , the

developing map is not injective, and only a local diffeomorphism. Whenever θ 6= 2π/m

for some m ∈ Z0, then the images dev(Ũz) will only partially overlap, such as in Figure
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3 where θ = 2π · 4
9
. Let Γ = 〈ρ(τ)〉. In this case, U cannot be identified with (H2r0)/Γ,

so it cannot be the geometric structure for an orbifold. However, when θ = 2π/m for

some m ∈ Z0, then we can identify U with (H2r0)/Γ, and (dev, ρ) can be extended to an

orbifold structure on Uσ = U t σ = D2. We want a way to extend the structure (dev, ρ)

to Uσ for any θ, not just when θ = 2π/m. This is a projective cone structure as defined

above, constructed below explicitly.

Figure 3.6 is an example of how the projective structure on U defined by (dev, ρ) is

not determined exclusively by the holonomy representation. In particular, for any k ∈ Z,

θ and θ + 2πk have the same holonomy representation, but different developing maps.

When |θ| > 2π, then dev is not injective on a fundamental domain Ũz, and we have the

unfortunate consequence that U cannot be identified with dev(Ũz)/∼.

Example 3.2.14. Standard Parabolic Neighborhood. Let U , Ũ , and τ ∈ π1U be

the same as for the above example. Namely, U is a punctured open disk, Ũ = R× (0, 1)

and τ(x, y) = (x+ 1, y). We can define another projective structure on U , but this time

with ρ(τ) a parabolic. To build a projective structure on U with parabolic holonomy, it

is easier to first do so using the upper half-space model (PSL(2,R),C+), and then map

into (O+(2, 1),H2) using an injective morphism of geometries. Every parabolic isometry

is conjugate in the upper half-space model to one of the form

A =

1 1

0 1

 or A−1 =

1 −1

0 1


and A.z = z + 1 for all z ∈ C+. Let (dev′, ρ′) be the developing pair for the hyperbolic

structure on U with codomain in C+ and PSL(2,R), respectively. Choosing ρ′(τ) = A,

for ρ′ : π1U → PSL(2,R), is conjugate to any other choice of parabolic holonomy, and

thus equivalent.
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For our developing map dev′ : R× (0, 1)→ C+, we would like the developing image to

get arbitrarily close to the fixed point at∞. A simple map that does this can be defined

as follows: dev′(x, y) = x+iy−1, for all (x, y) ∈ R×(0, 1). Because τ(x, y) = (x+1, y), it is

clear that dev′ is equivariant with respect to ρ′, and (dev′, ρ′) indeed defines a hyperbolic

structure on U with parabolic holonomy. See Figure 3.7 below.

Figure 3.7: Developing map with developing image of three fundamental domains in
upper half-plane model

We can now compose with the morphism (φ, F ) : (PSL(2,R),C+) → (O+(2, 1),H2),

from Example 1.2.21 to get a structure with codomain in our desired model of hyperbolic

geometry.

Setting dev = F ◦ dev′ : Ũ → H2, with F from equation 1.3, we get that dev is
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a developing map such that dev(x, y) = [ −2x
1+x2+y−2 : 1 − 2

1+x2+y−2 : 1]+ and dev(Ũ) is

a horoball tangent to [0 : 1 : 1]+, with boundary horocycle going through the origin

[0 : 0 : 1]+, see Figure 3.8 below. Similarly, we set ρ = φ ◦ ρ′ : π1U → O+(2, 1), where φ

is from equation 1.2, then ρ is the holonomy representation such that

ρ(τ) = φ(A) =


1 1 −1

−1 1
2

1
2

−1 −1
2

3
2


Thus we can build a projective geometric structure on U with parabolic holonomy via

a developing pair (dev, ρ), where the codomains are in positive projective space. This

projective structure will also play an important role in defining projective cone structures

in general. We will refer to is the standard parabolic structure. Similarly, U equipped

with this structure is referred to as the standard parabolic neighborhood. In this

case, the action of Γ = 〈ρ(τ)〉 is free and properly discontinuous, and dev is injective, so

we can identify U with dev(Ũ)/Γ.

For the purpose of constructing projective cone manifolds in general, the standard

elliptic and parabolic neighborhoods are the simplest developing pairs of a cone neighbor-

hood minus the cone point. Because we are viewing these neighborhoods and structures

as part of a larger cone manifold and structure, it is important that our developing map

send loops getting closer to the puncture in U to segments getting closer to the fixed point

in RP2
+. Thus it comes equipped with a natural marking on the ends. Specifically, the

outer boundary of U is distinct from the inner boundary. We could build another geomet-

ric structure on U , where we precompose dev with the reflection Λ : R×(0, 1)→ R×(0, 1)

such that Λ(x, y) = (x, 1 − y). This would create a developing pair (dev ◦ Λ, ρ) that is

not equivalent (dev, ρ) via conjugacy, isotopy, or shrinking. It is equivalent if we allow
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Figure 3.8: Developing map with developing image of three fundamental domains
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for arbitrary homeomorphisms of U . However, viewing U as a part of a larger whole, we

fix the marking of the ends as inner and outer, and have the following:

Proposition 3.2.15. Let (dev∗, ρ∗) be a marked projective structure distinguishing the

inner and outer loops on U , such that ρ∗(τ) is parabolic. We claim that (dev∗, ρ∗) is

equivalent to (dev, ρ) the standard parabolic structure, in the sense of equivalence relation,

∼, given in Definition 1.2.16.

Proof. Since ρ∗(τ) ∈ O+(2, 1) is parabolic, it is conjugate to ρ(τ). This follows from

the fact that any parabolic in PSL(2,R) is conjugate to A or A−1 as defined in Example

3.2.14, which implies that any parabolic mapped via φ into O+(2, 1), is conjugate to φ(A)

or φ(A−1). However, in O+(2, 1), φ(A) and φ(A−1) are conjugate via a reflection map. Let

g ∈ O+(2, 1) be the isometry such that gρ∗(τ)g−1 = ρ(τ), and denote g.dev∗ = dev∗. Thus

(dev∗, ρ∗) ∼ (g.dev∗, gρg
−1) = (dev∗, ρ), and without loss of generality we can assume that

ρ∗(τ) = ρ(τ) = φ(A).

To show that the developing maps are equivalent, we will do it in two steps: Step

1 shows that dev∗ is equivalent, via isotopy, to a developing map dev′, with developing

image of a band R × (y1, y2) equal to the region between two horocycles tangent to

[0 : 1 : 1]+. Step 2 shows that dev is equivalent, via shrinking, to dev′.

Step 1 : Let α and β be two horocycles tangent to [0 : 1 : 1]+ in dev∗(Ũ), with

preimages dev∗−1(α) and dev∗−1(β). Because of the marking, without loss of generality,

we can assume that α is closer to [0 : 1 : 1]+, and thus dev∗−1(α) is closer to R× 0. We

can project dev∗−1(α) and dev∗−1(β) into U via the covering map p : Ũ → U . The images

p(dev∗−1(α)) and p(dev∗−1(β)) will then be loops in U that are isotopic to circles that

are evenly covered by intervals of the form (a, a+ 1)× y1 and (b, b+ 1)× y2, respectively,

with a, b ∈ Z and yi ∈ (0, 1) and y1 < y2. Thus after isotopy f : U → U , dev∗ ◦ f̃ = dev′

maps R× (y1, y2) to a region between two horocycles tangent to [0 : 1 : 1]+.
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Step 2 : Now we will show dev is equivalent to dev′ via shrinking. First we note that

dev ∼ dev′′ where dev′′ has image equal to all of H2 (for instance dev′′(x, y) = (x,

√
1−y2
y

)

in the upper half-space model, then map into H2 as in Example 1.2.21). Then, since α

and β are contained in dev′′(Ũ), we can shrink again and get that dev′′ ∼ dev′. This

implies that dev ∼ dev′, and we are done.

Figure 3.9: Developing image with two fundamental domains highlighted being trans-
formed to standard parabolic using equivalences

3.2.4 Explicitly Constructing Cone Structures

The previous two examples 3.2.13 and 3.2.14, of a standard elliptic neighborhood

and a standard parabolic neighborhood, are the building blocks for constructing an

(SL±(3,R),RP2
+)-cone structure on an open disk from an incomplete structure on the

punctured disk. Namely we would like a way to extend the developing map to include

the fixed point of ρ(τ) in both cases. This can be done in a succinct way by explic-

itly constructing the universal branched cover over an open disk, with the center a cone

singularity, σ.

Lemma 3.2.16. The universal branch cover for the open disk Uσ can be embedded in R2

Proof. Let U , Ũ , and τ ∈ π1U be as above in the previous two examples. Let σ denote the

puncture point of U . Then Uσ := Utσ ∼= D2, is an open disk. We construct the universal
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branched cover of Uσ, denoted Û . As a set, define Û := Ũ t σ̂. The topology of Û is

identical to Ũ for all points in Ûrσ̂, i.e. with basis of open balls in R× (0, 1). The basic

open neighborhoods of σ̂ are defined as Wr = R× (0, r)t σ̂ for 0 < r < 1. Topologically,

this makes Û homeomorphic to a subset of R2. This can be seen by collapsing the line

R× 0 to a single point. Specifically, we can embed Û → R2 such that for all (x, y) ∈ Ũ ,

(x, y) 7→ (xy, y) and σ̂ 7→ (0, 0). Then Û = {(x, y) ∈ R2 | 0 < y ≤ 1} ∪ {(0, 0)} See the

Figure 3.10 below.

Figure 3.10: Homeomorphic representations of the universal branched cover Û

We note that this is a branched covering in the sense defined above, with p : Û → Uσ,

given by p(x, y) = ye2πix, is a covering map everywhere, except for at σ = (0, 0), where
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p−1(σ) = σ̂. It is universal in the sense that if q : B → Uσ is another branched cover,

then p covers q, i.e. there exists a branched covering f : Û → B, such that q ◦ f = p.

Having constructed the universal branched covering of Uσ, it is straight forward to

extend dev : Ũ → H2 continuously to d̂ev : Û → H2. (Note here that we have extended

the codomain to include the boundary of the Klein disk to allow for the case when the

fixed point is on the light cone). Namely define d̂ev := dev when restricted to Ũ ⊂ Û ,

and d̂ev(σ̂) = y, then d̂ev is continuous at σ̂. In the case of Example 3.2.13, then

y = [0 : 0 : 1]+, and for Example 3.2.14 y = [0 : 1 : 1]+. In general, for any development

pair (dev, ρ) on an open punctured disk U , where ρ(τ) ∈ O+(2, 1) is elliptic or parabolic,

then d̂ev(σ̂) = yτ , where yτ is the fixed point of ρ(τ) in H2.

In both cases, when ρ(τ) is elliptic or parabolic, τ still acts on Û the same way it did on

Ũ , with the added condition that τ(σ̂) = σ̂. Thus we can set the cone fundamental group,

πcone1 (Uσ) := π1U , where we can view πcone1 (Uσ) as the group of deck transformations of

Û . This allows us to define the holonomy map ρ̂ : πcone1 (Uσ)→ O+(2, 1) as just ρ̂ = ρ.

Now (d̂ev, ρ̂) is a projective cone structure on Uσ, specifically an (SL±(3,R),RP2
+)-

cone structure.

Definition 3.2.17. Standard Cone Neighborhoods. When (dev, ρ) is a standard

open elliptic structure or a standard parabolic structure, then (d̂ev, ρ̂) is a standard

elliptic cone structure or standard parabolic cone structure, respectively, and

Uσ with the extended structure (d̂ev, ρ̂), is referred to as a standard elliptic cone

neighborhood or standard parabolic cone neighborhood.

The standard parabolic cone neighborhood can be viewed as a limit of the standard

elliptic cone neighborhood, where the cone angle approaches 0.

Lemma 3.2.18. (Continuous path from elliptic structure to parabolic structure). There

exists a continuous path of (SL±(3,R),RP2
+)-cone structures given by (devt, ρt), such that
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for 0 < t < 1, (devt, ρt) is equivalent (in the sense of Definition 1.2.16) to a standard

elliptic cone structure, and (dev1, ρ1) is equivalent to a standard parabolic cone structure.

Proof. Let Uσ be be the open disk with cone point σ, and fix Û .

Using the path of elliptics At ∈ PSL(2,R) in Example 1.2.22, we can get a path

(dev′t, ρ
′
t) of (PSL(2,R),C+)-cone structures on Uσ for t < 1, such that ρ′t(γσ) = At,

dev′t(σ̂) = i
1−t2 and dev′t(Û) is a hyperbolic ball in C+, centered around i

1−t2 , with hyper-

bolic radius commensurable to ln 2
1−t2 . As t→ 1, dev′t(σ̂)→∞, and so in the upper half-

plane model, the structures do not converge do a cone structure on Uσ. We can use the

morphism of geometries (φ, F ) from Example 1.2.21, and set (devt, ρt) = (F ◦dev′t, φ◦ρ′t).

Then (devt, ρt) is a (SL±(3,R),RP2
+)-cone structure on Uσ for all 0 < t < 1, that is equiv-

alent to the standard elliptic cone structure via shrinking and conjugacy moving the fixed

point from the origin. Moreover, as t → 1, devt(σ̂) → [0 : 1 : 1]+, which is contained in

RP2
+ (but not contained in hyperbolic space H2), and ρt(γσ)→ φ(A1) =


1 1 −1

−1 1
2

1
2

−1 −1
2

3
2

.

Then (devt, ρt) is a continuous path of cone structures on Uσ for 0 < t ≤ 1, such that

(dev1, ρ1) is equivalent to the standard parabolic cone structure, as desired. See the fig-

ures 3.11,3.12 below for the developing images in both the upper half-plane model and

the projective model.
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Figure 3.11: Continuous family of developing images in the upper half-plane model,
with im(dev1) being a horoball.
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Figure 3.12: Continuous family of developing images in the Klein disk model, with
im(dev1) being a horoball.
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3.3 Tautological Bundle and Convexity

In this section we will recount the pertinent definitions of convexity for the case when

M is a closed projective manifold. All definitions are taken from [10] and [9].

Let M be a projective manifold with (SL±(n + 1,R),RPn+)-structure given by a de-

veloping pair (dev, ρ), and fix a universal cover (M̃, p).

If Ω ⊂ RPn+ is a properly convex domain, let Aut(Ω) ⊂ SL±(n + 1,R) be the subset

of projective transformations that preserve Ω.

Definition 3.3.1. A projective manifold M is properly convex, if there exists a prop-

erly convex domain Ω ⊂ RPn+ such that dev(M̃) = Ω and ρ(π1M) = Γ ⊂ Aut(Ω) and

M ∼= Ω/Γ.

[10] gives a generalization of properly convex for a projective manifold M , that is a

condition on the tautological line bundle over M .

Recall the tautological bundle over RPn+ is πξ : Rn+1
0 → RPn+, where πξ(x) =

x/ ‖x‖.

Definition 3.3.2. The tautological line bundle over M̃ is π̃ξ : ξM̃ → M̃ , where

ξM̃ := {(m̃, x) ∈ M̃ × Rn+1
0 | πξ(x) = dev(m̃)} , π̃ξ(m̃, x) = m̃

It is the pull-back bundle for the developing map.

For each α ∈ π1M , let τα be the corresponding deck transformation of M̃ , and

ρ(α) ∈ SL±(n+ 1,R) the holonomy representation, then we have the following action of

π1M on ξM̃ :

∀(m̃, x) ∈ ξM̃ and ∀α ∈ π1M, α · (m̃, x) := (τα.m̃, ρ(α).x)
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Definition 3.3.3. The tautological line bundle over M is ξM : ξM →M , where ξM

is the quotient of ξM̃ by the action of π1M . Let [m̃, x] ∈ ξM represent an equivalence

class under this identification. Then the bundle map is given by ξM [m̃, x] = p(m̃).

The tautological line bundle ξM is a trivial line bundle homeomorphic to M × R.

When M has a complete properly convex projective structure, such that M ∼= Ω/Γ, then

the developing map is injective, and we can identify ξM̃ with the cone on Ω, CΩ := {x ∈

Rn+1
0 | πξ(x) ∈ Ω}, which is homeomorphic to M̃ × R. The action of Γ on Ω extends to

an action on CΩ that preserves this product structure, and M ∼= CΩ/Γ. Let us look at

two examples.

Example 3.3.4. Tautological line bundle over 1-manifold. The simplest case is

when M is projective 1-manifold. Let H1 = {[x : 1]+ ∈ RP1
+ | − 1 < x < 1} and

Γ =

〈cosh 1 sinh 1

sinh 1 cosh 1

〉 ⊂ SL±(2,R). Setting M = H1/Γ, then M is topologically a

circle with a complete properly convex projective structure (in fact hyperbolic structure).

We can identify the tautological line bundle ξM with CH1/Γ. A possible choice of

fundamental domain of the action of Γ on H1 is U = {[x : 1]+ ∈ RP1
+ | 0 ≤ x ≤ tanh 1.

Then we can view ξM as CU , with sides identified by Γ. See the figure below.

The action of Γ on R2
0 actually preserves more than just CH1, it preserves a foliation

of hyperbolas of the form y = (x2 + t2)1/2 for t > 0. Let H1
t = {(x, (x2 + t2)1/2)} ⊂ CH1.

Then Γ.H1
t = H1

t for each t > 0, and H1
t/Γ
∼= M . These are convex and project to circles

in ξM that are strictly convex and foliate ξM . Each one is convex section of the line

bundle CU/Γ in a certain sense we will explore further below, but first we look at a two

dimensional example.

Example 3.3.5. Tautological line bundle over a surface. Let M be a genus two

surface, equipped with a (O+(2, 1),H2) structure given by a developing pair (dev, ρ). Let
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Figure 3.13: Tautological line bundle over M = H1/Γ

Γ = ρ(π1M), then M can be identified with H2/Γ. The Klein disk H2 is a strictly convex

domain in RP2, so M is a properly convex projective surface. Taking the cone on the

Klein disk, CH2, we can quotient by the action of Γ to get the line bundle M×R ∼= CH2/Γ.

For each t ∈ R+, we can develop M×t onto the hyperboloid in R3 defined by the equation

z = (x2 + y2 + t2)1/2, which we denote as H2
t = {(x, y, (x2 + y2 + t2)1/2)} ⊂ CH2. The

following figure 3.14 shows a cartoon version of M × R, where four subsurfaces M × θ

are drawn in red. The developing image of M ×R into the cone on the Klein disk, CH2,

is shown on the right. An octagonal fundamental region for the action of Γ on 3 distinct

hyperboloids, and also on the Klein disk itself are shown in red. The action of Γ glues

the sides of the octagon in the Klein disk together, which corresponds to a gluing of rays

coming from the origin that pass through the sides in the Klein disk. Two such sides are

high-lighted in green.

Following [9], we will use a covering space trick to make ξM a compact manifold,

so the Ehresmann Thurston principal applies. This is done by quotienting ξM by a
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Figure 3.14: M × R and its developing image in the cone on the Klein disk, with
fundamental domains in red, and gluing action on two sides high-lighted in green.
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radial flow, giving a tautological circle bundle.

Definition 3.3.6. A radial flow on ξM̂ and ξM is given by Φt(m̂, x) = (m̂, e−tx) and

Φt[m̂, x] = [m̂, e−tx], respectively. We can quotient out by Φ1, so that ξ1M = ξM/Φ1

is the tautological circle bundle over M . This is a trivial circle bundle, and hence

homeomorphic to M × S1

The tautological circle bundle ξ1M has a natural affine structure on it, referred to as

flow product structure in [10], which we now define.

Let R+ := {x ∈ R : x > 0}, and S1 = R+/ exp(Z), with universal cover R+.

Regarding π1S1 = Z, then the action of π1S1 on R+ is given by t.x := etx. Regarding

R+ ⊂ GL(1,R), then FG(n) := SL±(n,R) ⊕ R+ ⊂ GL(n + 1,R). Then flow geometry

is the subgeometry (FG(n),Rn
0 ) ⊂ (GL(n + 1,R),RPn) of projective geometry where

Rn
0 := {[x : 1] : x ∈ Rn

0} ⊂ RPn. Note that we will bounce between Rn
0 with coordinates

as n-tuples, or with projective coordinates, without mention when convenient.

The two projections πhor : FG(n)→ SL±(n,R) and πrad : FG(3)→ R+, are called the

horizontal holonomy and radial holonomy, respectively. Then we have the following

definition:

Definition 3.3.7. Let M be a closed properly convex projective n-manifold. A flow

product structure on M × S1 is a (FG(n + 1),Rn+1
0 ) structure on M × S1, given by a

development pair (dev, ρ), that satisfies the following:

• dev(m̃, t) = t−1 · dev(m, 1) where (m̃, t) ∈ M̃ × R+

• πrad(ρ(π1(M))) = 1 regarding π1M ⊂ π1(M × S1)

• ρ(π1S1) = I ⊕ expZ regarding π1S1 ⊂ π1(M × S1)

Viewing ξM̃ as M̃ × R+, the universal cover of ξ1M (viewed as M × S1), we get

a developing map devξ : ξM̃ → Rn+1
0 where devξ(m̃, x) = x. To define the holonomy
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we note that the action of π1M on ξM̃ commutes with the radial flow. The group

generated by π1M and Φ1 is equal to the fundamental group of M × S1, viewed as deck

transformations of ξM̃ , and is isomorphic to π1M⊕Z. Then ρξ : π1(M×S1)→ FG(n+1),

with

ρξ(α) =

ρ(α) 0

0 1

 ∀α ∈ π1M and ρξ(Φ1) =

In×n 0

0 e


Thus, the tautological circle bundle over M gives us a canonical way to equip M ×S1

with a flow product cone structure. Conversely, given a flow product structure (dev, ρ)

on M × S1, then (πξ ◦ dev, πhor ◦ ρ) is a projective structure on M .

Example 3.3.8. Let M = H1/Γ as in Example 3.3.4 above. Viewing ξM = CH1/Γ, with

CH1 ⊂ R2
0 thought of as a subset of RP2

+, we can construct ξ1M by quotienting ξM̃ by the

following group: Let Γ′ = Γ′⊕1 ⊂ FG(2), and note that Φ1 = exp Diag(0, 0, 0, 1) ⊂ FG(2).

Then let Γ1 = 〈Γ′,Φ1〉 ∼= π1M ⊕Z. Then ξM̃/Γ1 = ξ1M is the tautological circle bundle

over M . We note that the developing maps for ξ1M and ξM are exactly the same, with

devξ : ξM̃ → R2
0 such that devξ(m̃, x) = x. The holonomy ρξ : π1(M × S1) → FG(2) is

such that ρ(α) =


cosh 1 sinh 1 0

sinh 1 cosh 1 0

0 0 1

, where α ∈ π1M represents a single loop in the

M component, and ρ(Φ1) =


1 0 0

0 1 0

0 0 e

. Then (devξ, ρξ) is a flow product structure on

M .

As discussed in Example 3.3.4, the action of Γ preserves more than just the flow lines,

but preserves a foliation of hyperbolas H1
t . Quotienting by the radial flow identifies H1

t

with H1
e−1t and thus preserves the foliation. Each hyperbola quotiented by Γ, H1

t/Γ, is

a section of the bundle ξ1M , and is a convex submanifold in the following sense: for
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every [m̃, x] ∈ H1
t/Γ, there exists a local supporting affine hyperplane (line in this case)

H ⊂ ξ1M , such that H ∩ H1
t/Γ = [m̃, x] and H1

t lies entirely above H. See Figure 3.15

below.

Figure 3.15: The tautological circle bundle ξ1M = C/Γ1, and two convex sections H1
t

and H1
e−1t with a supporting affine line H at m ∈ H1

e−1t/Γ
∼= M

The existence of this convex section of M ×S1 is called flow convexity in [10]. Flow

convexity is a consequence of M being properly convex. When M is closed, the converse

is also true: M × S1 being flow convex implies that M is properly convex. Here we

record the relevant definitions.

Definition 3.3.9. Let W be an affine n-manifold, and x ∈ W a point. A local affine

plane H at x is a small (n− 1)-disk containing x such that dev(H) (here H is viewed as

a subset of W̃ ) is contained in a hyperplane in Rn
0 .

Definition 3.3.10. Let W be an affine n-manifold, and S a codimension 1 submanifold.

Let x ∈ S, then a local supporting affine hyperplane H, at x, is a small (n− 1)-disk
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in W , such that H ∩ S = K, where K is a compact set containing x, and SrK lies

on one side of H, and dev(H) (here H is viewed as a subset of W̃ ) is contained in a

hyperplane in Rn
0 . We note that this definition of supporting affine hyperplane allows S

to be a piecewise linear (PL) submanifold, and convexity still make sense.

The submanifold S is a convex hypersurface and locally convex if for every x ∈ S,

there exists a local supporting affine hyperplane H at x. If, in addition, every maximal

flat subset of S̃ is compact, then S is strongly locally convex. Additionally, we say S

is outwards strongly locally convex if dev(S̃) is convex away from 0 in Rn.

Now we will define a convexity condition on ξM (or ξ1M) using a section s : M → ξM .

Recall a section is a continuous partial inverse of the bundle map, namely ξM ◦ s = idM .

Definition 3.3.11. (Definition 3.3 in [10]) The projective n-manifold M is flow convex

if there exists a section S = s(M) ⊂ ξM that is outwards strongly locally convex.

Example 3.3.12. Let us revisit Example 3.3.5 to show M = H2/Γ is flow convex. Each

M × t = H2
t/Γ is an outwards strongly locally convex subsurface of M × R because for

each m ∈ M × t, there exists a local supporting affine plane H at m. To produce this

plane H, we note that dev(m̃) (here we have chosen a particular lift m̃ ∈ H2
t = M̃ × t)

lies on the hyperboloid H2
t , so setting H = p(dev−1(U)), where U is a small subset of the

plane tangent to H2
t at dev(m), will suffice. See Figure 3.16 below.

The existence of the hyperboloids H2
t inside of CH2 implies that any closed hyperbolic

surface M will be flow convex, because there will always exists sections of the tautological

line bundle that develop onto a hyperboloid, giving us an outwards strongly convex

section. Flow convexity holds even when the Klein disk H2 is replaced by any properly

convex domain Ω, and M has a complete (Aut(Ω),Ω)-structure. This is due to Theorem

3.5 in [10], where they use the existence of a characteristic hypersurface (found in
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Figure 3.16: M ×R and its developing image in the CH2, with local supporting affine
plane H at (m, t) ∈ M × t, with the developing image dev(H) = U tangent to the
hyperboloid H2

t .
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Vinberg’s paper [24]), to show that any properly convex closed n-manifold M is flow

convex.

The authors in [10] also make use of a PL version of convexity, which we record now.

Definition 3.3.13. LetW be an affine n-manifold, and let σ, τ ⊂ W be 2 (n−1)-simplices

such that σ ∩ τ 6= ∅. They are coplanar if they have lifts σ̃, τ̃ ⊂ W̃ with σ̃ ∩ τ̃ 6= ∅ and

dev(σ̃ ∪ τ̃) is contained in a hyperplane. A hypersurface S ⊂ W is simplicial if it has a

triangulation by flat simplices.

The simplicial hypersurface S is generic convex if it is locally convex and whenever

two (n− 1)-simplices intersect, they are not coplanar.

3.4 Generalizing Convexity in Cone Setting

Now that we have all the relevant definitions of convexity in the case where M is a

properly convex projective manifold, we will now generalize them to the case where M

is a projective cone surface, as opposed to a closed n-manifold.

In this setting, we need to define what a flow product cone structure is on the

tautological circle bundle over M , ξ1M , which we view as M ×S1. The analogue of flow

convexity is called bundle convexity. Thus a flow product cone structure, given

by a developing pair (devξ, ρξ) on ξ1M , is bundle convex if it contains a section that

is cone convex, which is the generalization of strongly locally convex, to allow for

cone points.

3.4.1 Flow Product Cone Structure

Given a projective cone surface M , with developing pair (dev, ρ), we want a way to

canonically define an affine structure on M × S1. It also needs to be defined in such a
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way, that if we deformed the structure on M × S1, we would have a way to identify it

with a deformed structure on M . This is done in the non-cone case by equipping the

tautological circle bundle ξ1M with a flow product structure, as we did in the previous

section. Thus we need to define tautological line and circle bundle when M is a

projective cone surface, and we need to define the analogous structure on it, which we

call flow product cone structure. The definitions for the bundles are exactly the

same, though more abstract since they, in general, cannot be identified with a subset of

R3. The flow product cone structure is slightly more technical, so we will define it first,

and then show how we equip ξ1M with this structure.

The motivating idea for a flow product cone structure on M × S1 is that it is exactly

the same as a regular flow product structure away from the cone locus Σ × S1. In later

examples we will explicitly construct a flow product cone structure, by extending the

flow product structure on (MrΣ)× S1. Now to the definition.

Let (M,Σ, θ) be a cone surface, with N = MrΣ, and universal branched cover

M̂ . Let M̂ × R+ be the trivial line bundle, with fiber R+ and base space M̂ . Define

πcone1 (M × S1) := π1(N × S1) = π1N ⊕ Z, as the cone fundamental group of M × S1.

Identify the universal cover of N×S1 with Ñ×R+ ⊂ M̂×R+. This gives us an action of

πcone1 (M ×S1) on M̂ ×R+, defined as follows: ∀(α, t) ∈ πcone1 (M ×S1), where α ∈ πcone1 M

and t ∈ Z = π1S, and ∀(m̂, z) ∈ M̂ × R+

(τα, e
t).(m̂, z) := (τα.m̂, e

tz).

A developing pair (dev, ρ) in this context is a local homeomorphism

dev : M̂ × R+ → R3
0
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and a continuous map

ρ : πcone1 (M × S1)→ FG(3)

such that the development map is equivariant with respect to the holonomy. Explicitly,

∀(α, t) ∈ πcone1 (M × S1) and ∀(m̂, z) ∈ M̂ × R+

dev(τα.m̂, e
tz) = ρ(α, t).dev(m̂, z)

For each σ ∈ Σ, let γσ ∈ π1(N × S1) represent a small loop going around σ × S1 once in

the M component. We define two subgroups R,P ⊂ FG(3) such that:

• If r ∈ R, then πhor(r) ∈ SL±(3,R) is an elliptic projective transformation.

• If p ∈ P , then πhor(p) ∈ SL±(3,R) is a parabolic projective transformation.

Definition 3.4.1. The developing pair (dev, ρ) defines a flow product cone structure

on M × S1 if it satisfies the following:

• (dev|Ñ×R+ , ρ) is a flow product structure on N × S1.

• For each σ ∈ Σ, if θ(σ) > 0, then ρ(γσ) ∈ R.

• For each σ ∈ Σ, if θ(σ) = 0, then ρ(γσ) ∈ P .

Example 3.4.2. Let us give an example of a flow product structure on an open manifold

U ×S1, that we will then extend to a flow product cone structure by “filling in the hole”.

Let U be a standard elliptic open neighborhood, with (devθ, ρθ) as in Example 3.2.13.

Regarding S1 = R+/ expZ, we can identify Ũ × S1 = R × (0, 1) × R+. Then we can

identify π1(U×S1) with the group of deck transformations acting on R×(0, 1)×R+, with

τ1(x, y, t) = (x+1, y, t) corresponding to [γ] ∈ π1U ⊂ π1(U×S1), the equivalence class of

the loop going around once in the U direction, and τ2(x, y, t) = (x, y, et) corresponding
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to [β] ∈ π1S1 ⊂ π1(U × S1), the equivalence class of the loop going around once in the

S1 direction. Thus we can view π1(U × S1) = 〈τ1, τ2〉. With these identifications, we can

explicitly define a developing pair (dev∗θ, ρ
∗
θ) on U × S1.

To that end, let ρ∗θ : π1(U × S1)→ FG(3), such that

ρ∗θ(τ1) =



cos θ − sin θ 0 0

sin θ cos θ 0 0

0 0 1 0

0 0 0 1


and ρ∗θ(τ2) =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 e



In order to define a developing map on Ũ × S1, we can take the developing map on Ũ ,

and change the codomain from RP2
+ to R3

0. This will give us the developing image of

Ũ × 1 and we can extend to all of Ũ × S1 using the equivariance of dev∗θ with respect to

ρ∗θ. Thus dev∗θ(x, y, t) = [1
2
y cos(x · θ) : 1

2
y sin(x · θ) : 1 : t], which in affine coordinates is

t−1 · dev∗θ(x, y, 1). Thus, as t increases, the developing image moves towards the origin.

It is clear that (dev∗θ, ρ
∗
θ) satisfies all the properties of Definition 3.3.7 , so we can

extend it to a flow product cone structure on Uσ × S1.

First, we note that a fundamental domain of the action of 〈τ1, τ2〉 on R× (0, 1)×R+

is given by [x, x + 1] × (0, 1) × [et, et+1]. Using the notation from Example 3.2.13, this

is Ũz × [et, et+1]. When θ ∈ (0, 2π), we have the dev∗θ is injective on each fundamental

domain. In particular dev∗θ(Ũz) with sides identified by ρ∗θ(τ1) and ρ∗θ(τ2) is homeomorphic

to U × S1. See Figure 3.17 below.

To extend (dev∗θ, ρ
∗
θ), recall πcone1 (Uσ×S1) := π1(U×S1), so then ρ̂∗θ : πcone1 (Uσ×S1)→

FG(3) is the holonomy representation.

Let Û denote the universal branched cover for Uσ, constructed as in Example 3.2.16.

Doing this for each (Uσ, t) for all t ∈ R+, we get the line bundle over the universal
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Figure 3.17: Universal cover of U × S1 and developing image of one fundamental
domain, Ũz × [et, et+1]
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branched cover, which we will denote Û ×R+. We can extend dev∗θ to d̂ev∗θ : Û ×R+ via

continuity, and then d̂ev∗θ(x̂, t) = t−1d̂ev∗θ(x̂, 1) = t−1 · yγ, where yγ is the fixed point of

πhor(ρ̂∗θ(γ)) for generator γ representing the loop around the cone axis σ×S1 in Uσ×S1.

Now (d̂ev∗θ, ρ̂
∗
θ) is a flow product cone structure on Uσ × S1.

Example 3.4.3. Let us construct another flow product cone structure, but this time

with Uσ as a standard parabolic cone neighborhood as in Definition 3.2.17. Viewing

π1(U × S1) = 〈τ1, τ2〉 as above, we can define ρ∗ : π1(U × S1)→ FG(3) such that

ρ∗(τ1) =



1 1 −1 0

−1 1
2

1
2

0

−1 −1
2

3
2

0

0 0 0 1


and ρ∗(τ2) =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 e



Viewing Ũ × S1 = R× (0, 1)× R+, we can define dev∗ : Ũ × S1 → R3
0 such that for each

t ∈ R+, dev∗(Ũ × t) is a hyperboloid in R3
0. This will ensure that dev∗ is equivariant with

respect to ρ∗, since the action of ρ∗(τ1) preserves a foliation of hyperboloids in R3
0. To

that end, we can take the developing map from Example 3.2.14, dev : R × (0, 1) → H2,

given by dev(x, y) = [ −2x
1+x2+y2

: 1 − 2
1+x2+y2

: 1]+. Then we can use map κ : H2 → H2,

from Example 1.2.19, equation 1.1, to get the developing image onto the hyperboloid.

Then

κ(dev(x, y)) = (−xy, 1− y2 + x2y2

2y
, (1 + (xy)2 + (

1− y2 + x2y2

2y
)2)1/2)

and thus

dev∗(x, y, t) = [−xy, 1− y2 + x2y2

2y
, (1 + (xy)2 + (

1− y2 + x2y2

2y
)2)1/2, t]+
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The image of dev∗ is cone on a horoball B, where B is the image of standard parabolic

structure from Example 3.2.14. Just as in the example above, it is straight forward to

check that (dev∗, ρ∗) satisfies all the properties required to be extended to a flow product

cone structure (d̂ev∗, ρ̂∗) on Uσ × S1.

3.4.2 Tautological Line/Circle Bundle for Cone Surface

Given a cone surface (M,Σ, θ) equipped with an (SL±(3,R),RP2
+) structure via a

developing pair (dev, ρ), we want to construct from the projective structure on M , a flow

product cone structure on M × S1. To that end, we will construct the tautological

circle bundle for a cone surface (M,Σ, θ), extending what we did in section 3.3.

Let (M,Σ, θ) be a cone surface and fix a universal branched cover (M̂ . Let (dev, ρ) be

a developing pair for an (SL±(3,R),RP2
+)-cone structure on M . Recall the tautological

line projection πξ : R3
0 → RP2

+ from Example 1.2.19. The tautological line bundle

over M̂ , π̂ξ : ξM̂ → M̂ , is the pull-back bundle for the developing map. Explicitly:

ξM̂ := {(m̂, x) ∈ M̂ × R3
0 | πξ(x) = dev(m̂)} , π̂ξ(m̂, x) = m̂

For every α ∈ πcone1 M , we have an action on ξM̂ given by

α · (m̂, x) := (τα.m̂, ρ(α).x)

where τα is the deck transformation corresponding to α.

Quotienting ξM̂ by the action of πcone1 M , we get the tautological line bundle over

M , ξM . Let [m̂, x] ∈ ξM represent an equivalent class under this identification. The

bundle map ξM : ξM →M is then given by ξM [m̂, x] = p(m̂).

There is a radial flow on ξM̂ and ξM given by Φt(m̂, x) = (m̂, e−tx) and Φt[m̂, x] =
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[m̂, e−tx], respectively. We can quotient out by Φ1, so that ξ1M = ξM/Φ1 is the tauto-

logical circle bundle over M . This is a trivial circle bundle, and hence homeomorphic

to M × S1, and comes equipped with a flow product cone structure (devξ, ρξ), defined

in the following way. Viewing ξM̂ as the trivial line bundle over the universal branched

cover of M , we get a developing map devξ : ξM̂ → R3
0 where devξ(m̂, x) = x. To define

the holonomy we note that the action of πcone1 M on ξM̂ commutes with the radial flow.

The group generated by πcone1 M and Φ1 is equal to the cone fundamental group of M×S1,

and is isomorphic to πcone1 M ⊕ Z. Then ρξ : πcone1 (M × S1)→ FG(3), with

ρξ(α) =

ρ(α) 0

0 1

 ∀α ∈ π1M and ρξ(Φ1) =

I3×3 0

0 e


Thus, the tautological circle bundle over M gives us a canonical way to equip M×S1 with

a flow product cone structure. Conversely, given a flow product cone structure (dev, ρ)

on M × S1, then (πξ ◦ dev, πhor ◦ ρ) is a projective cone structure on M .

Example 3.4.4. Elliptic Slice of Cake. Let Uσ be the standard elliptic cone neighbor-

hood, with developing pair (devθ, ρθ) as in Example 3.2.13, viewed as a (SL±(3,R),RP2
+)-

cone structure. Because we will be directly constructing the tautological line bundle from

the universal branched cover (as opposed to constructing it first for the universal cover

of the open manifold N and then completing it) it will be advantageous for us to choose

the universal branched cover Û to be embedded in R2, as in Example 3.2.16. To that end

let Û = (0, 0)∪ {(x, y) ∈ R2 | 0 < y < 1}, with deck transformation τ : Û → Û such that

τ(x, y) = (x+y, y), generating the deck group acting on Û . With this choice of universal

branched cover, the holonomy remains the same, but the developing map is now given

by

devθ(x, y) = [
1

2
y cos(

x

y
· θ) :

1

2
y sin(

x

y
· θ) : 1]+ , devθ(0, 0) = [0 : 0 : 1]+
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which is just the original developing map, precomposed with the map sending (x, y) 7→

(x
y
, y), which maps the embedded version of Û to the version given in Example 3.2.13.

With this choice, the tautological line bundle over Û is

ξÛ = {(û, ~v) ∈ Ûσ × R3
0 | devθ(û) = πξ(~v)}

Let α ∈ πcone1 Uσ represent a loop going around σ one time. Then it corresponds to the

deck transformation τ and the action of πcone1 Uσ on ξÛ , where û = (x, y), is given by

α.(û, ~v) = (τ.(x, y), ρ(τ).~v) = (x+ y, y, (v1 cos θ + v2 sin θ,−v1 sin θ + v2 cos θ, v3))

where ~v = (v1, v2, v3) ∈ R3
0.

We then quotient ξÛ by this action of πcone1 Uσ, and get the tautological line bundle

over Uσ, ξUσ = ξÛ/πcone1 Uσ. The bundle projection is given by ξUσ : ξUσ → Uσ, such

that ξUσ [û, ~v] = p(û).

We can quotient ξUσ by the radial flow Ψ1, to get the tautological circle bundle ξ1Uσ.

The flow product cone structure on ξ1Uσ is given by the developing pair (devξ, ρξ), where

devξ : ξÛ → R3
0 such that devξ(û, ~v) = ~v and ρξ : πcone1 (Uσ × S1)→ FG(3) such that

ρξ(α) =



cos θ − sin θ 0 0

sin θ cos θ 0 0

0 0 1 0

0 0 0 1


and ρξ(Φ1) =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 e


We note this is the same holonomy as in Example 3.4.2, as desired.

When θ ∈ (0, 2π), then devξ maps a fundamental domain W ⊂ ξÛ diffeomorphically

onto its image devξ(W ) ⊂ R3
0. The line bundle ξUσ can be thought as all the rays from
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the origin that intersect πξ(devξ(W )) = Uα, with sides identified by the action of ρ(α)

on RP2
+. Equivalently, it can be thought of as the cone on the set Uα, CUα, with sides

identified by ρξ(α). The subset devξ(W ) with sides identified this way is homeomorphic

to ξUσ, and will be referred to as a slice of cake. See the following, Figure 3.18. From

Figure 3.18: Slice of cake in R3
0

the slice of cake, we can quotient by the homothety ρξ(Φ1) to get the compact circle

bundle.

3.4.3 Bundle and Cone Convexity

Now we will define a convexity condition on ξM (or ξ1M) using a section s : M → ξM .
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Because flow geometry is a subset of affine geometry, we can use affine notions. Let

S = s(M) ⊂ ξM be a section. Our goal is define what it means for S to be a cone

convex subsurface of ξM . Locally it means that every point on S has a supporting

affine plane that lies completely on one side of the surface. Because ξM is an affine

manifold away from the singular locus, every [m̂, x] ∈ ξM such that p(m̂) /∈ Σ, has a

neighborhood that embeds under the developing map into R3
0, and so the notion of a

local affine plane containing [m̂, x] is the same as it was in Definition 3.3.10. Let us now

define a local affine plane at a cone point.

Definition 3.4.5. Let [m̂, x] ∈ ξM with p(m̂) ∈ Σ, and let S ⊂ ξM be a subsurface

containing [m̂, x]. A local affine plane at [m̂, x], is a disk or segmentH ⊂ ξM containing

[m̂, x], such that devξ(Ĥ) is contained in affine plane H ⊂ R3
0, where Ĥ ⊂ ξM̂ is a

connected component p−1(H). The local affine plane H is a segment iff θ(p(m̂) = 0.

Additionally, if H ∩ S = K is a compact set containing [m̂, x], and SrK lies on one

side of H, then H is a local supporting affine plane at [m̂, x].

We note that we allow for H to be a segment in order to prove the existence of a local

affine plane at a parabolic cone point. We have the following Lemma:

Lemma 3.4.6 (Existence of local affine planes). For every [m̂, x] ∈ ξ1M , there exists

a local affine plane H at [m̂, x].

Proof. Let (M,Σ, θ) be a cone surface with a (SL±(3,R),RP2
+)-structure given by (dev, ρ),

and let ξ1M be the tautological circle bundle with flow product cone structure given by

(devξ, ρξ). For all [m̂, x] ∈ ξ1M away from the singular locus (i.e. p(m̂) /∈ Σ), there exists

a neighborhood U ⊂ ξ1M containing [m̂, x] that is mapped diffeomorphically into R3
0,

and so [m̂, x] has local affine planes in all directions.

So let [m̂, x] ∈ ξM with p(m̂) ∈ Σ. Let α ∈ πcone1 M represent the loop going around

p(m̂) once. Now there are two cases, θ(p(m̂)) > 0 and θ(p(m̂) = 0:
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1. Let θ(p(m̂)) > 0. Then ρξ(α) is a rotation in R3, that fixes a line l containing

devξ(m̂, x). Set H to the plane containing devξ(m̂, x) preserved by rotation around

the line l. Then there exists some disk U contained in H ∩ devξ(ξM̂), such that

H = dev−1
ξ U is a disk in ξ1M containing [m̂, x].

2. Let θ(p(m̂)) = 0. Then ρξ(α) is a parabolic transformation, whose action on R3
0

preserves a hyperboloid H2. Because ρξ(α) is parabolic, it fixes a line l on the light

cone z = (x2 + y2)1/2 that contains the point devξ(m̂, x), and in fact preserves a

plane tangent to the light cone for any (x, y, z) on the line l, as shown in [19]. Set

H to this plane containing devξ(m̂, x) tangent to the light cone. Then there exists

a segment l′ contained in H∩devξ(ξM̂), such that H = dev−1
ξ l′ is a segment in ξ1M

containing [m̂, x].

The local affine plane at a parabolic cone point can be viewed as a limit of local affine

planes as the cone angle goes to zero.

Example 3.4.7. Let Uσ be the open disk with cone point σ, and let (devt, ρt) be the

continuous path of (SL±(3,R),RP2
+)-cone structures from Example 3.2.18 for t ∈ [0, 1].

Let α ∈ π1U represent the loop going once counter clockwise around σ. For each t ∈ [0, 1],

let Ut ⊂ RP2
+ be a fundamental domain for the action of ρt(α). Since ρt(α) is an elliptic

with rotation angle ≤ π/2 for t ∈ [0, 1), and ρ1(α) is parabolic, we can identify the sides

of Ut via ρt(α), which we will denote Ut/ρt(α), and note that it is homeomorphic to Uσ.

Moreover, we can take the cone on Ut, which is CUt ⊂ R3
0, and identify the sides via

ρtξ(α), and denote it CUt/ρtξ(α). This is a slice of cake, as defined in Example 3.4.4, and

we note that CUt/ρξ(α) ∼= ξUσ, the tautological line bundle over Uσ. The hyperboloid

H2 = {(x, y, z) ∈ R3
0 | z = (1 + x2 + y2)1/2} is preserved by the action of ρtξ(α) on R3

0,
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and moreover the part of the hyperboloid inside of the slice of cake, with sides identified,

is a section of the line bundle, and we will abuse notation and denote it Ut as well.

For all t ∈ [0, 1), the holonomy ρtξ(α) fixes a ray lt from the origin that intersects the

hyperboloid H2 at the point xt. The local supporting affine plane Ht at xt is then a

triangle tangent to the hyperboloid, contained in the slice of cake CUt/ρtξ(α). As t gets

closer and closer to 1, this triangle tangent to the hyperboloid inside the slice of cake

becomes thinner and thinner, until it degenerates to a line segment on the light cone at

t = 1. Figure 3.19 below show this degeneration.

Figure 3.19: Path of slices of cake, with local supporting affine plane shrinking to a
segment as t→ 1 from left to right.

Definition 3.4.8. The section S is cone convex if for every point [m̂, x] ∈ S ⊂ ξM ,

there exists a local supporting plane H at [m̂, x].

We note that this definition allows for S to be a simplicial surface, triangulated by

compact, flat simplices. The definition of coplanar is the same as in the smooth case,

and so we have an analogous definition of generic convex in the cone setting, that mirrors

Definition 3.3.13.

95



Part II: Projective Cone Manifolds and Convexity Chapter 3

Definition 3.4.9. A section S is generic cone convex, if it a simplicial subsurface

that is cone convex, and whenever two 2-simplices intersect, they are not coplanar.

Generic cone convexity is the PL version of convexity in the cone setting. Just as in

the smooth setting, a simplicial subsurface being generic cone convex is stable under small

enough perturbations to the vertices. We have the following lemma, whose statement

and proof are heavily influenced by Lemma 3.7 in [10].

Lemma 3.4.10. Let (M,Σ, θ) be a projective cone surface. If a section S ⊂ ξ1M is a

generic cone convex simplicial subsurface, then for each vertex v ∈ S, there is a neigh-

borhood U(v) ⊂ ξ1M when πξ(v) /∈ Σ, or a segment U(v) ⊂ Σ×S1 when πξ(v) ∈ Σ, such

that the simplicial subsurface S ′ obtained by moving each vertex v inside U(v) is generic

cone convex.

Proof. Let S ⊂ ξ1M be a generic cone convex simplicial subsurface. The proof has

two cases, depending on whether or not v is in the singular locus, i.e. whether or not

πξ(v) ∈ Σ. In the case that the vertex v is not on the singular locus, then the proof

of Lemma 3.7 in [10] applies. So without loss of generality, we assume that v is on the

singular locus. S being generic cone convex at v is equivalent to v having a local affine

supporting plane plus satisyfing a condition on the positivity of certain determinants.

Let us record this condition:

Let K be the union of simplices in S that contain the vertex v. Then dimK = 2. Let

τ ⊂ K be a 2-simplex. Let {v, v1, v2} be the vertices of τ . Then generic cone convexity

of S at the vertex v is succinctly determined by the sign of the following function,

f(u) = det(v − u, v1 − u, v2 − u). Namely S is generic cone convex at v iff the sign of

f(u) is constant as u ranges over all vertices in the link of K that are not in τ . Doing

this for every vertex in S gives us generic cone convexity on the entire simplicial surface.

Because generic cone convexity is equivalent to the functions f being positive, we
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can move the vertices in S a sufficiently small amount, and the functions f will still be

positive. The fact that there still exists a local supporting affine plane for all v′ ∈ U(v)

is due to Lemma 3.4.6, since each v′ is on the singular locus by definition. Thus S ′,

the simplicial subsurface obtained from moving all the vertices in S, is generic cone

convex.

We are now in position to define the main convexity condition for a projective cone

surface M , bundle convexity.

Definition 3.4.11. A projective cone surface M is bundle convex, if there exists a

section s : M → ξM , such that S = s(M) is cone convex.

3.4.4 Using Bundle Convexity

Now that we have built up all this machinery for cone surfaces, we use it to prove the

following main theorem of Part II:

Theorem 3.4.16 (Existence of Discrete Groups). For every projective cone surface

(M,Σ, θ), with MrΣ properly convex, and θ(σ) = 0 for all σ ∈ Σ, and holonomy ρ :

π1(MrΣ)→ SL±(3,R), there exists an infinite family of discrete groups Γn ⊂ SL±(3,R),

where Γn = ρn(πorb1 M), and ρn → ρ.

The proof boils down to three main steps that can be succinctly and informally

summarized as:

1. Existence of Bundle Convexity

2. Openness/Stability of Bundle Convexity

3. Bundle Convexity + Orbifold =⇒ Properly Convex
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The first step is to show the existence of bundle convexity for specific cone surfaces. This

is Theorem 3.4.13, which shows that if M is a projective cone surface where all the cone

angles θ(σ) = 0, then M is bundle convex. The basic idea is that around each cone point,

we can construct by hand a cone convex section S of the tautological circle bundle over

the cone neighborhood, and then using a gluing theorem from [9], combine the structures

in such a way that produces a cone convex section for the tautological circle bundle on

all of M .

The second step is to show that a bundle convex structure on M is stable under small

perturbations of the holonomy, i.e. that bundle convexity is an open condition. This

is shown in Theorem 3.4.14, and it closely follows the argument of Theorem 3.8 in [10].

The main idea is that we can triangulate the tautological circle bundle ξ1M in such a

way, that there is a subcomplex W that is a generic cone convex. This means it is built

of 2-simplices that have dihedral angles < π on the convex side. Then deforming the

holonomy a small amount (using the Euclidean topology on the representation variety),

we can construct a nearby developing map that glues together the simplices using the

deformed holonomy. The vertices in the subcomplex W are moved only a small amount,

so all the angles between adjacent simplices remain strictly less than π, and thus under

the nearby developing map, the new subcomplex W ′ remains generic cone convex, and

so the nearby developing pair is bundle convex.

The final step is to prove Theorem 3.4.15, which states that when the holonomy of a

bundle convex cone structure has discrete angles of 2π/m, then it is a properly convex

orbifold, and is thus a quotient of a properly convex domain Ω by a discrete group

Γ = ρ(πorb1 M).

Thus starting with a bundle convex structure on M where the cone angles are all 0,

we can use openness to find nearby bundle convex structures with cone angles 2π/n for

sufficiently large n. Then the image of the holonomy in this case, Γ = ρ(πorb1 M) is in fact
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a discrete group.

Now we will go through each step in detail. In order to prove existence of a bundle

convex structure when (M,Σ, θ) has cone angles of 0, we can first prove it for a standard

parabolic cone neighborhood because for each σ ∈ Σ, we can cut out a small cone

neighborhood, and the resulting compact surface with boundary will be flow convex, so

it suffices to show that each parabolic cone neighborhood is bundle convex. Then using

Theorem 0.3 in [9], we can glue the structures together to show that M is bundle convex.

To that end we have the following lemma.

Lemma 3.4.12. The standard parabolic cone neighborhood is bundle convex.

Proof. For a cone point σ ∈ Σ, let Uσ be the standard parabolic cone neighborhood as

in Definition 3.2.17, with developing pair (d̂ev, ρ̂), and let ξ1Uσ be the tautological circle

bundle with developing pair (devξ, ρξ). Let U = Uσrσ be the set of smooth points.

For every u ∈ U , we can choose a representative [û, x] ∈ ξ1Uσ so that dev(û, x) = x

lies on the hyperboloid H2
1 := {(x, y, z) ∈ R3

0 | z = (x2 + y2 + 1)1/2}. However, the

developing image of [σ̂, x] ∈ ξ1Uσ lies on the light cone, and not the hyperboloid, so we

will instead construct a section S by cutting out a horoball and coning the boundary

horocycle on H2
1 to a point on the light cone. Refer to Figure 3.20.

To that end, let B ⊂ H2 be the closure of the horoball containing [0 : 0 : 1]+ and

[0 : 1 : 1]+, and let ∂B denote the boundary horocycle minus the point at infinity,

[0 : 1 : 1]+. Denote B0 = Br∂B, then note that d̂ev(Ûσ) = B0, and thus we can identify

ξÛσ with CB0.

Let κ(∂B) be the image of the horocycle on the hyperboloid H2
1, where κ : H2 → H2

1

is the map from the Klein disk to the hyperboloid from Example 1.2.19, equation 1.1.

As noted in the proof of Lemma 3.4.6, κ(∂B) is the intersection of a plane and the

hyperboloid. Let l be the ray in R3
0 fixed by the parabolic ρξ(α), i.e. l = π−1

ξ σ. Choose
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any v on l, and set S ′ to be the cone from κ(∂B) to v, thus

S ′ := {x ∈ R3
0 | x is contained in a segment from κ(∂B) to v}

Set Ŝ = S ′∩CB0, then we note that since κ(∂B) is preserved by the action of ρξ(α), then

so is Ŝ. Thus quotienting CB0 by Γ = 〈ρξ(α)〉, we get the line bundle ξUσ = CB0/Γ, and

contained in the line bundle is S = Ŝ/Γ. See Figure 3.20 below. We claim that S is a

Figure 3.20: Cone convex section Ŝ ⊂ R3
0, with projection onto Klein disk

cone convex section. We note that since the tautological circle bundle, ξ1Uσ = CB0/Γ1,

where Γ1 = 〈ρξ(α), ρξ(Φ1)〉, is obtained by quotienting by the radial flow, S being a cone

convex section of ξUσ implies it is a cone convex section of ξ1Uσ.
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Under our identifications, clearly Ŝ is a section of ξÛσ since each segment in Ŝ cor-

responds to exactly one segment in the Klein disk. Thus quotienting by Γ, we have that

S = Ŝ/Γ ∼= Uσ, and is a section of ξUσ.

For every [û, x] ∈ S not on the line l, the existence of a local supporting affine plane

is implied by the fact that dev(Ŝ) is the cone on a convex curve κ(∂B) and thus a convex

surface in R3, and we can take the preimage under the developing map of a small subset

of the plane tangent to dev(Ŝ) at dev(û, x) = x.

For the cone point [σ̂, v] ∈ S, the existence of a local affine plane is implied by Lemma

3.4.6, and the fact that it is a supporting affine plane is implied by the fact that dev(Ŝ)

lies on one side of the light cone.

Thus S is a cone convex section of ξ1Uσ, and the parabolic cone neighborhood Uσ is

bundle convex.

We also note that we could also construct a generic cone convex subsurface W in a

very similar matter, where instead of coning to v from the boundary horocycle ∂B, we

take a PL approximation of ∂B by taking the orbit of [0 : 0 : 1]+ under the action of

ρξ(α). Thus W ⊂ ξ1M is a single 2-simplex with sides identified by ρξ(α).

Now we use this lemma to prove the following theorem:

Theorem 3.4.13 (Bundle Convexity of Parabolic Cone Surface). Let (M,Σ, θ) be

a projective cone surface such that MrΣ is properly convex and θ(σ) = 0 for all σ ∈ Σ.

Then M is bundle convex.

Proof. Let (dev, ρ) be the developing pair for the projective structure on M , and let

(devξ, ρξ) be the developing pair for the flow product cone structure on ξ1M . By defi-

nition, since each θ(σ) = 0, we note that dev(M̂) ⊂ Ω, where Ω is the closure of some

properly convex domain Ω. Let N ′ = MrΣ, and for each σ ∈ Σ, let Uσ be a small cone
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neighborhood centered at σ. Set N = Mr
⋃
σ∈Σ

Uσ. Then N is a compact surface with

boundary and no cone points. By definition, (devξ, ρξ) restricted to ξ1N
′ is a flow prod-

uct structure, and thus it is a flow product structure when restricted to ξ1N . Because

dev(M̂) ⊂ Ω, then dev(Ñ) ⊂ Ω and thus (dev, ρ) is a properly convex structure when

restricted to N . Thus by Theorem 3.5 in [10], N × S1 = ξ1N is flow convex.

For each Uσ, we note that by Proposition 3.2.15, (dev, ρ) restricted to Uσ is equivalent

to the standard parabolic cone structure. Thus by Lemma 3.4.12, each Uσ is bundle

convex.

We can glue the structures of each Uσ together with N , using Theorem 0.3 in [9], and

thus M is bundle convex.

We note that an alternate proof for the above theorem can also be found in [5].

Now we want to show that bundle convexity is a stable condition, namely that if

you change the holonomy a little bit, you will still have a nearby developing pair that is

bundle convex. The following statement and proof closely follows [10].

Theorem 3.4.14 (Openness of Bundle Convexity). Suppose (M,Σ, θ) is a projective

cone surface. The subset RepB(M) of Rep(M) = Hom(πcone1 M, SL±(3,R)) consisting of

the holonomies of bundle convex structures on (M,Σ, θ) is open in the Euclidean topology.

Proof. Suppose (dev0, ρ0) is the holonomy of a bundle convex structure on M . Let G be

the group of deck transformations of ξM̂ . We identify this as G = π1((M \ Σ) × S1) ∼=

πcone1 M⊕Z. Choose a triangulation T of ξ1M ∼= M×S1 such that Σ×S1 is a subcomplex.

We may also arrange that the cone convex section S ⊂ ξ1M is a subcomplex W , that

is generic cone convex. This is covered by a triangulation T̂ of the universal branched

cover ξM̂ . We may choose T̂ so that under dev0 each simplex maps to an affine simplex.

Let K ⊂ ξM̂ be compact such that G · K = ξM̂ and let D be a connected finite

subcomplex in T̂ that contains K. Thus D contains a fundamental domain for the

102



Part II: Projective Cone Manifolds and Convexity Chapter 3

action of G on ξM̂ , and M is obtained from D by identifying simplices in the same

G-orbit. Let V be the set of vertices of D and choose a subset V− ⊂ V that consists of

one point in each G-orbit.

For each v ∈ V there is a unique gv ∈ πcone1 M such that gvv ∈ V−. Given v ∈ V define

fv : Rep(M)→ R3
0 by

fv(ρ) = ρ(g−1
v )ρ0(gv)dev0(v) (3.1)

for ρ ∈ Rep(M). This is continuous and fv(ρ0) = v. Define V(ρ) = {fv(ρ) : v ∈ V},

then V(ρ0) = V . If ρ is close enough to ρ0, there is a simplicial complex D(ρ) ⊂ R3 with

vertex set V(ρ), and a simplicial homeomorphism F : D → D(ρ) defined as follows.

If X ⊂ D a map F : X → R3 is called ρ-equivariant if whenever a, b ∈ X and

g ∈ πcone1 M and g(a) = b then ρ(g)F (a) = F (b).

Define F : V → V(ρ) by F (v) = fv(ρ). Two vertices u, v ∈ V have the same image in

ξ1M if and only if ρ0(gv)v = ρ0(gu)u. Since ρ0(gv)v = ρ(gv)fv(ρ) it follows from 3.1 that

ρ(gv)fv(ρ) = ρ(gu)fu(ρ), thus ρ(gv)F (v) = ρ(gu)F (u). Hence F is equivariant. Extend F

over each simplex σ ∈ D using the affine map determined by the images of the vertices.

This extension is equivariant. If ρ is close enough to ρ0 then F is a homeomorphism.

Whenever g ∈ πcone1 M , and ρ0(g) identifies two simplices in ∂D, we use ρ(g) to identify

the corresponding simplices of D(ρ). Now ξ1M = D/ ∼ and define N = D(ρ)/ ∼. Then

F covers a simplicial homeomorphism f : ξ1M → N . It follows that N is an affine

structure on ξ1M for some developing pair (dev, ρ) with dev|D = F. Since K ⊂ D, by

choosing ρ close enough to ρ0, then dev|K is close to dev0|K . By choosing K large enough,

Lemma 3.4.10 implies the subcomplex W is generic cone convex. Thus (dev, ρ) is a bundle

convex structure on M .

Now that we have shown that bundle convexity is an open condition, we want to

leverage that to show the existence of families of discrete groups. In order to do this, we
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need to show that when the cone angles are 2π/n, we actually have a properly convex

orbifold.

Theorem 3.4.15 (Bundle Convex Orbifold is Properly Convex). Let (M,Σ, θ)

be a projective cone surface with underlying surface M not homeomorphic to S2, or if

M ∼= S2, then |Σ| > 3 or if |Σ| = 3, then 1/n1 +1/n2 +1/n3 < 1, such that for all σ ∈ Σ,

there exists an integer nσ ≥ 2, and θ(σ) = 2π/nσ. Then if M is bundle convex, M is a

properly convex projective orbifold, i.e. M ∼= Ω/Γ.

Proof. By our assumption that θ(σ) = 2π/nσ for all σ ∈ Σ, it is straightforward to show

that M is a projective orbifold. For each σ ∈ Σ, let λσ ∈ πcone1 M represent a small loop

going around σ once. By definition of a (SL±(3,R),RP2)-cone surface, each σ ∈ Σ has a

cone neighborhood Vσ = p(dev−1(Uσ))), where Uσ ⊂ RP2 is preserved by the holonomy

ρ(λσ). Moreover the action of ρ(λσ) on Uσ is a rotation by an angle of 2π/nσ, and thus

Uσ/〈ρ(λσ)〉 ∼= C/e
2πi
nσ , and in particular Vσ is a local orbifold chart for each σ ∈ Σ. The

fact that N = MrΣ has, by definition, a (SL±(3,R),RP2)-structure, implies that the

compatibility requirements of the local orbifold charts is met, and thus M is a projective

orbifold with a (SL±(3,R),RP2)-structure.

We now show that bundle convexity implies properly convex. By the assumption

that the underlying surface M is not homeomorphic S2, or if it is, then the number of

cone points is strictly greater than 3, or the sum of the inverses of the cone angles is

less than one, we know that as an orbifold, M is not a teardrop or spindle or a spherical

triangle group. Thus, as pointed out in [20], or Proposition 5 in [23], M is a very good

orbifold, and thus finitely covered by a manifold M ′. This implies that ξ1M is finitely

covered by ξ1M
′, and in particular ξ1M

′ contains a outwards strongly locally convex

section, that is just the lift of the the cone convex section S ⊂ ξ1M . Thus M ′ is a

flow convex compact manifold, and thus by Theorem 3.4 in [10], M ′ is properly convex.
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Therefore there exists a properly convex domain Ω ⊂ RP2
+ such that M ′ ∼= Ω/Γ, where

Γ = ρ(π1(M ′)), where we can view π1(M ′) ⊂ πorb1 M via the Galois correspondence. This

imples that M ′/Γ1
∼= Ω/Γ1

∼= M , where Γ1 = ρ(πorb1 M , and thus M is a properly convex

orbifold.

Putting all this together, we get the existence of new discrete groups Γ ⊂ SL±(3,R).

Theorem 3.4.16 (Existence of Discrete Groups). For every projective cone surface

(M,Σ, θ), with MrΣ properly convex, and θ(σ) = 0 for all σ ∈ Σ, and holonomy ρ :

π1(MrΣ)→ SL±(3,R), there exists an infinite family of discrete groups Γn ⊂ SL±(3,R),

where Γn = ρn(πorb1 M), and ρn → ρ.

Proof. Let (M,Σ, θ) be a projective cone surface such that MrΣ is properly convex and

θ(σ) = 0 for all σ ∈ Σ. Let the (SL±(3,R),RP2
+-cone structure given by (dev, ρ). By

Theorem 3.4.13, M is bundle convex.

For each σ ∈ Σ, let γσ ∈ πcone1 M denote a loop going once counter clockwise around

σ. Thus by Theorem 3.4.14, there exists a nearby bundle convex structure (dev′, ρ′) such

that ρ′(γσ) is conjugate in SL±(3,R) to a rotation of angle 2π/nσ, for sufficiently large

nσ. Thus by Theorem 3.4.15, (dev′, ρ′) is a properly convex orbifold structure on M , and

Γα = ρ′(πorb1 M) is a discrete group. Since we can do this for all sufficiently large nσ, this

gives us an infinite family of discrete groups Γα.
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