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Abstract

In the present study we are interested in the Davey-Stewartson equations
(DSE) that model packets of surface and capillary-gravity waves. We focus on
the elliptic-elliptic case, for which it is known that DSE may develop a finite-time
singularity. We propose three systems of non-viscous regularization to the DSE
in variety of parameter regimes under which the finite blow-up of solutions
to the DSE occurs. We establish the global well-posedness of the regularized
systems for all initial data. The regularized systems, which are inspired by
the a-models of turbulence and therefore are called the a-regularized DSE, are
also viewed as unbounded, singularly perturbed DSE. Therefore, we also derive
reduced systems of ordinary differential equations for the a-regularized DSE
by using the modulation theory to investigate the mechanism with which the
proposed non-viscous regularization prevents the formation of the singularities
in the regularized DSE. This is a follow-up of the work [3] [4] on the non-viscous
a-regularization of the nonlinear Schrodinger equation.
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1 Introduction
The Davey-Stewartson equations (DSE) are given by:

vy + Av + Blv*v — pdv =0
Pua + Vyy = (|U|2)x (1.1)
'U(ZL',y,O) - ’U()(Zlf,y)

for the spacial variables (z,y) € R? and the time variable ¢t € R, with zero
boundary condition at infinity, where the complex-valued function v(x,y,t) represents
the amplitude of a wave packet, and the real-valued function ¢(x,y,t) stands for
the free long wave mode. This system can be classified as the elliptic-elliptic type
for position v, and the elliptic-hyperbolic type for negative v. System (I.I]) was first
introduced by Davey and Stewartson [9], and later by Djordjevic and Redekopp [10] to
model propagation of weakly nonlinear water waves that travels predominantly in one
direction, but in which the wave amplitude is modulated slowly in two horizontal
directions. System ([LI) is a Hamiltonian system, which has certain conserved
quantities: the L?-energy as well as the Hamiltonian #:

H(v) = /R2 {\Vu\z — g\v|4 + g (qf)?c + 1/(;55) dxdy. (1.2)

Ghidaglia and Saut proved the local well-posedness of the DSE (L)) with v > 0
for the initial data vg € H'(R?) in [I3]. Moreover, for 8 < min(p,0), the solution
in the elliptic-elliptic case exists globally in time, whereas for 5 > min(p,0), it has a
finite maximum lifespan (cf. [13]). Also, the well-posedness and the scattering of a
more general and abstract class of the DSE was investigated in [L1].

The ground-state solutions (also known as standing-wave solutions) of the DSE
() in the elliptic-elliptic case are solutions of the form v(z,y,t) = e R(x,y) and
¢(z,y,t) = F(x,y), where R and F are real-valued functions with A > 0. Accordingly,
the ground-state functions R and F' satisfy the following coupled nonlinear elliptic
eigenvalue problem:

AR — 3 _ pRF, =
{R AR+ BR?® — pRE, =0 13)

Foyw +VFyy = (R2)x

where v > 0, with zero boundary condition at infinity. The existence of ground-state
solutions was established by Cipolatti in [8]. An alternative way of characterizing
the solution of (3] is presented in [19] and it is shown that the solution of the
DSE (1)) exists globally in time provided that the initial value vy € H'(IR?) satisfies
|vo|lL2m2y < || R||z2(r2) where R is the ground-state solution of (L3]). In [I], Ablowitz
et. al. explored necessary conditions for wave collapse in the DSE (II) by using the
global existence theory and numerical calculations of the ground-state.

The aim of our paper is to introduce three special non-viscous, Hamiltonian
regularizations to the nonlinear terms in the elliptic-elliptic DSE (1)) in various
parameter regimes, and establish the global well-posedness of these regularized
systems. These regularizations are in the spirit of the a—models of turbulence. We will
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follow the approach in [3, 4] in which an a-regularized nonlinear Schrédinger equation
(NLS) was investigated. See also references to the a-models of turbulence in [3].
The two-dimensional cubic NLS equation is given by:

vy + Av + |[v]*o = 0 (1.4)

with the initial condition v(z, y,0) = vo(z,y), where v is a complex-valued function. It
is a model for the propagation of a laser beam in an optical Kerr medium, or a model
for water waves at the free surface of an ideal fluid as well as plasma waves (see, e.g.,
[17, 22] and references therein). It is well known that the 2d cubic NLS (I4]) blows
up in finite time (see, e.g., [5], [0, [7, 14], 15, 16, 22, 23] and references therein). Notice
that the 2d cubic NLS is the deep water limit of the DSE. On the other hand, the
DSE can be regarded as a perturbation of the 2d cubic NLS, and this perturbation
does not effect the blow up rate [12], 19].

In 3], 4], the following non-viscous regularized system of the cubic NLS equation
(T4 is investigated:

{ivt+Av+uv:O (1.5)

u— a?Au = |v|?

with the initial condition v(z, y,0) = vo(x, y), with zero boundary condition at infinity,
where o > 0 is the regularization parameter. Notice that when a = 0, (LLE) reduces
to (L4). It is shown in [3] that the Cauchy problem (L) is globally well-posed.
Moreover, by regarding system ([LH]) as a perturbation of the cubic NLS equation
(L4), and by adopting the modulation theory, different scenarios are demonstrated in
[4] of how the regularization prevents the formation of the singularities of the cubic
NLS equation.

This paper consists of five sections.  Section 2 introduces notations, and
summarizes some embedding and interpolation theorems, as well as properties of
certain elementary operators. In section 3, we briefly introduce three different
non-viscous Helmholtz type of a-regularizations to the DSE in the elliptic-elliptic
case and state the global well-posedness of these a-regularized systems. In section
4, we prove the local well-posedness of these a-regularized systems by a fixed point
argument, as well as the extension to global solutions by using the conservation of the
L?-energy and the Hamiltonian. In section 5, we apply modulation theory following
ideas from [4, 12| 19, 22], to shed light on the mechanism of how these regularizations
prevent the formation of the singularities in the regularized DSE.

2 Notations and preliminaries

The following notations are used throughout the paper.

Azamm+ayy7 AI/ :amm"'_l/ayy;

L= LYR?), |||, denotes LY — norm;

H? = HYR?), |||z« denotes HY— Sobolev norm;

W?2P = W?P(R?), || -|lwz» denotes WP — Sobolev norm;

LIL, = LYI; L") (I =[0,T],z= (z,9)), |||rq denotes L{L] —norm.
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Next, we recall some classical two-dimensional Gagliardo-Nirenberg and Sobolev
inequalities, as well as elementary interpolation estimates (see, e.g., [2]):

() lolly < Clold ol hweH%0<%ﬁs1 (2.1)
2) |vlly < Cllvllweze forv € W?P 1 < p<yq, (2.2)
(3) vllg < Ol forv € H', 2 < ¢ < o0, (2.3)
@) |oll, < Cllollme  forve H? 2<q< oo, (2.4)
(5) l[vleg < Cllolle  forv e B, k=(q—1)/q <2, (2.5)
6) lolm < llolZallol,®  forv e H2 k<2 (2.6)

In addition, for the elliptic Helmholtz equation ¢ — oA = W, its solution will be
denoted as 1» = B(¥) where

B =(Id—a*A), (2.7)
where Id represents the identity operator. By Plancherel identity, for ¥ € L?, one has
IB(V)l2 < [[W]]2. (2.8)

Also, for ¥ € LP, 1 < p < 00, the following regularity property of elliptic operators is
standard (see, e.g. [I8 20, 24] 25]):
| B(Y)||wze < Copl|Vl,, forl<p< oo, (2.9)

where C,, , depends on a and p, and C,, ~ 1/a?, as a — 0T.

Moreover, the Poisson-like equation A,y = W, for v > 0, can be solved in terms
of U, and we denote by, 1, = F(V), where the singular integral operator F is defined
via the Fourier transform by

E o) = b F(€6,6). 2.10
Nt = g all6.6) (210)

Once again, due to Plancherel identity, for ¥ € L2, one has
IE(P) |2 < [[¥]]>. (2.11)

Also, since the operator F is of order zero, then by the Calderon-Zygmund theorem

(see, e.g, [20 21]) we have
IE(Y)]l, < Cpl|¥[p, for 1 <p < oo, (2.12)

where (), depends on p.
As usual, throughout the paper, the constant C' may vary from line to line.

3 Helmholtz a-regularized Davey-Stewartson
equations

In this section, inspired by the inviscid a-regularization of the cubic NLS introduced in
[3,4] (see also references therein), we propose three different regularizations of the DSE
(LI) of the elliptic-elliptic type (i.e. v > 0) in the parameter regime § > min(p,0)
where the finite-time blow-up takes place [13]. We also state the global well-posedness
of these a-regularized systems.



3.1 Casel: p>0and >0

Under this scenario, by the conservation of the Hamiltonian (I.2]) of DSE (IL1]), we see
that the cubic nonlinearity Slv|?v in (LI tends to amplify the H'-norm, while the
nonlocal term —p¢,v can be viewed as a dissipation. Consequently, the finite-time
blow-up of the H'-norm of the DSE (L)) is caused by the growth of the local term
B|v|?v, which should be regularized to guarantee global existence in H'. As a result,
we introduce the first a-regularized Davey-Stewartson equations (RDS1):

i’l}t—‘—A'U—‘—ﬁu'U_pan'U - 0) AV¢: (|,U|2)1"
u— o?Au = |v]? (3.1)
U(I,y,()) = ’Uo(l',y),

where v > 0, a« > 0, p > 0 and § > 0. Notice that system (BI) reduces to the DSE
(1) when o = 0. Formally, system (BI]) has two conserved quantities: the L?-energy
and the Hamiltonian,

Hq(v) = /RZ [|Vv|2 - gu v]? + g (02 +ve))| dudy. (3.2)

The RDS1 system (B.0]) is globally well-posed in H'. In particular, we have

Theorem 3.1 Let vy € H!, then there exists a unique global solution of system RDS1
(21), for allt € R, such that v € C(R,H') N CY R, H™'), and V¢ € C(R, L?), for
p > 1. Moreover, the energy N'(v) = ||[v||3 and the Hamiltonian H,(v) are conserved
in time. In addition, the solution depends continuously on the initial data.

3.2 Case2: p<f<0

In this case, by the structure of the Hamiltonian (I2]) of DSE (I.1J), we notice that the
nonlocal term —p¢,v in DSE () may amplify the H'-norm, while the nonlinearity
B|v|?v can be considered as a dissipation. Furthermore, since p < 3 < 0, the nonlocal
term overcomes the cubic nonlinearity, leading to a finite-time blow-up [13]. Therefore,
in order to obtain the global existence of solutions, the nonlocal term —pv¢, should

be smoothed. We introduce the second a-regularized Davey-Stewartson equations
(RDS2) as follows:

v + Av + BlvfPv — ppv =0, Ay = uy,
u—a?Au=|v]®, ©—a?Ap =1, (3.3)
U([L’,y,O) = 'U()(flf,y),

where v > 0, @ > 0 and 0 > § > p. Here the RDS2 system (B.3]) reduces to the DSE
(L) when o = 0. Formally, system (B.3)) has two conserved quantities: the L*-energy
and the Hamiltonian:

Hy(v) = / {|Vv|2 — gw + g (V2 +v))| dady. (3.4)
R
The following result states that the RDS2 (B.3) is globally well-posed in H*.
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Theorem 3.2 Let vy € H', then there exists a unique global solution of the system
RDS2 ([33), for allt € R, such thatv € C(R, H')N CYR, H™'), and Vi € C(R, WP)
for p > 1. Moreover, the energy N(v) = |[v|3 and the Hamiltonian Hy(v) are
conserved in time. In addition, the solution depends continuously on the initial data.

3.3 Case3: p<0and >0

Notice that each of the two nonlinear terms individually may cause the blow-up of DSE
(1), and thus both of them should be smoothed in order to prevent the development
of singularity. As a result, the third a-regularized Davey-Stewartson equations (RDS3)
is given by:

1wy + Av + Puv — ppv =0, A = uy,,
u—a?Au=|v]?, ¢—a?Ap =1, (3.5)
'U(ZIZ','y,O) = UO(zay)a

where v > 0, a > 0, p < 0 and f > 0. As in previous cases, the RDS3 system
(33) reduces to the DSE (1)) when a = 0. Formally, system (B.5) has two conserved
quantities: the L?—energy and the Hamiltonian:

Hi(v) = /R [\WP — gu\v|2 + g (V2 +v?)| dady. (3.6)

The following theorem states that the RDS3 (B.5) is globally well-posed in H*.

Theorem 3.3 Let vy € H', then there exists a unique global solution of system RDSS3
(23), for allt € R, such that v € C(R, H*) N C*(R, H™'), and Vi € C(R,W*P), for
p > 1. Moreover, the energy N'(v) = ||v||3 and the Hamiltonian Hz(v) are conserved
in time. In addition, the solution depends continuously on the initial data.

4 Proof of the global well-posedness of the
a-regularized Davey-Stewartson equations

This section is devoted to prove the global well-posedness of the various a-regularized
Davey-Stewartson equations proposed in section Bl The proof for all the three
regularized systems can be presented in a similar manner, so we only demonstrate
the proof for Theorem B.3] i.e. for the system RDS3 (B.3) in the case: p < 0 and
£ > 0. As we have discussed in section [ under this scenario, both nonlinear terms
Blv]*v and —pvg, in the DSE () are regularized. In the following subsections, we
shall study the local existence and uniqueness of solutions to ([3.5) in H! and H?, the
continuous dependence on initial data in H', energy and Hamiltonian conservation, as
well as the extension to global solutions in H'. In order to make sure that the proof
can be readily adjusted to handle the systems RDS1 (B1]) and RDS2 ([B3)) as well,
we intentionally avoid using the smoothing property of the a-regularization operator
in justifying the local well-posedness. The smoothing property is solely used when
studying the extension to global solutions.
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4.1 Short-time existence and uniqueness of solutions in H'!

We follow the approach in [13] [16] to establish short-time existence and uniqueness of
solutions to the RDS3 system (3.H) by using a fixed-point argument. In particular, we
will prove the following theorem:

Theorem 4.1 Let vy € H', then there exists a unique solution of the RDS3 system
(2:3) on I =1(0,T), for some T(||vo|| 1) > 0, such that v € C(I, H')N C*(I, H™), and
Vo e C(I,W*), for p > 1. Moreover, the energy N'(v) = ||v||3 is conserved on [0, T).

To begin with, by using the operators B and E defined in (7)) and (I0),
respectively, we write the RDS3 system (B.3) as

ive + Av + F(v) = 0, (4.1)
where the nonlinearity
F(v) = BB(|v]*)v — pB(E(B([v[*)))v, (4.2)

where 3 > 0 and p < 0. Next, by Duhamel’s principle, we convert equation (1]) into
an equivalent integral equation

u(t) = Govg + iG o F(v) (4.3)

where Gy, G are linear operators given by

(Gow)(t) = ePw,  (Gf)(t) = /0 =98 £ () ds. (4.4)

Some well-known properties of the operators Gy and G are given in the Appendix A.
Before proving Theorem [A.1], we will study the properties of the maps F and Go F.
Set z = (z,y) € R? and let t € [0,T]. We introduce the following function spaces:

X =LXL2NLIL and Xo = LL:N L L C X, (4.5)
with their relevant norms
[v][x = max{{|v]|200, [V]|laa} and [v]lx, = max{|[v[l2,co, [[0]l4,00}-
Also, we denote by Bgr(Xy) the closed ball in Xy, with center at 0 and radius R, i.e.,
Br(Xo) ={v e Xo: ||v]|x, < R}.
The following result states some properties of the nonlinear operator G o F.

Proposition 4.2 Let T' > 0 be given. The nonlinear operator G o F : Xy — X 1s
bounded and locally Lipschitz continuous. Moreover, on each ball Br(Xy), G o F is a
contraction mapping in the metric of X, provided T is sufficiently small.



Proof Recall from (I2) that F(v) = BB(|v|*)v — pB(E(B(|[v|*)))v, where 8 > 0
and p < 0, and the operators B and E defined in (2.7)) and (2I0), respectively. By
using Holder’s inequality and the properties of B and E given in (2.8) and (2.11),
respectively, we have

IF@)ls < BIB(v)lzlvlla + 1ol BEB(v)):llv]l4
< BlllvPll2llvlls + lolllloPll2llvlla < (8 + LoD lv]l3- (4.6)

N

By Lemma [ATlin Appendix A, as well as inequality (£8]), we have

1G o F(v)llx = max{[[G o F(v)[l2,00, [|G 0 F(v)[|44}
3 3
<ANE@)las <ATHB+ lpDlvllio <T5B +oDlvI%,-  (47)

Consequently, the nonlinear operator G o F': Xy — X is bounded.

Next, we show that GG o F' is a continuous operator mapping from X into X, and
on each ball Br(Xj) the operator G o F' is a contraction mapping, with respect to the
norm of X, provided 7" is sufficiently small. To this end, we let v, w € Bgr(Xy), i.e.
max{||v||2.00, [|V]|4.00s [|W]|2.00, |W]]4.00} < R. Since G is linear, we use Lemma [A.]] to
obtain

|G o F(v) = G o F(w)|x = |GIF(v) = F(w)]llx <|[F(v) = Fw)llss.  (48)
We decompose || F(v) — F(w)||%7% as
|F() = Fw)llss < B+ B) + |pl(Ts + L), (4.9)
and claim
L= || B(jo? = Jwl*)olls s < AR?min{T> [[v = wllga, T[[v = w]|100}, (4.10)
I = || B(lwP)(v = w)ls s < R2min{T?|[v = wllsa, T*[v = w10}, (4.11)
Iy := | BEEB(|v]* = [w]*)))vlls s < AR*min{T v — w||ss, T o = wllsoc}, (4.12)
I := | B(E(B(jw])) (v = w33 < R min{T?|Jv = wl|ss, T30 — wlgac}.  (4.13)

All of the inequalities (£10)-(@I3)) can be proved in a similar manner, so we just
demonstrate the proof of (LI2)). By Holder inequality, as well as (Z.8) and (2.I1]), we
have

4 T 4 4
I3 S/O IB(E(B(Jv|* = [w*))I3 [|v]l5 dt

L. 251115
S/IWI—WHmwmﬁ

0

T 4 4 4
S/IWHMMWW—MMMMﬁ

0

8
3

. 2 4 1
< ([[olla,0e + [[wlla00)3 Min{T5 |lo — wl|3y, Tljv — wl[{ &},



which implies ([L.I2]) due to the fact ||v][s00 + ||w]l100 < 2R.
Combining (4.9) and (ZI0)-(AI3) gives us

|F(v) = Fw)llss <58+ |p)) R min{T?|[v = w]las, Tt v = wlaoe} — (4.14)
By (A8]) and (£I4) it follows that

IG o F(v) — G o F(w)x <5y(8 + o) BT v — wl|x,, (4.15)
IG o F(v) — Go F(w)||x < 5v(8 + |p|) R*T? |Jv — w]x. (4.16)

Notice that (£I5) implies that G o F': Xy — X is locally Lipschitz continuous. Also,
(414)) shows that on each ball Br(Xj), the operator G o F' is a contraction mapping
with respect to the metric of X, provided T < 1/(5v(8 + |p|) R?)?. O

Next, we introduce the following spaces:
Y={veX: VveX}CL>®I,H"), where X = L*L2N L}L},
where I = [0, 7], with the norms
[0llx = max{[[v][2.00, [[V]laa} and [jo]ly = max{|[v]x, [[Vvllx}.
Also, we set
Y = {feX: VfeXY, where X' = L'[2+ L3, (4.17)
with the norms
[ fllxr = nf{[|gllza + [|plls 4 - f =g+ h} and |[fllyr = max{[|fllx, [V f]lx}-
Recall the nonlinear operator F is defined in [2) by F(v) = BB([v]*)v —

pB(E(B(|v]*)))v, where 3 > 0 and p < 0. Then the following result holds for F.

Proposition 4.3 The nonlinear operator F 1Y — Y' is bounded satisfying
3
IF @)y < C(B+ )Tl for vey. (4.18)

Proof Let v € Y, ie., v € X with Vv € X. We aim to show that F'(v) € X’ and

VF(v) € X' such that max{||F(v)|x, |[VE®)|x} < C(8+ |p))T7|v||2. By virtue
41

of (4], one has F'(v) € L} Lj such that

3 3
IF@)lls s <T3(B + lpDlvllio < T8+ lo))llv]%,- (4.19)

Notice that Y C L®(I, H') C Xo = L{°L2 N L LY due to the imbedding H' — L.
Thus [|v]|x, < C||v|ly, and along with (£I9), we deduce

IF@)x < [F@)ls.s <TIB+ lpD0l%, < CTHB+ [p)o]3- (4.20)



Next, we show that VF(v) € X’. We denote 7, the spatial translation by h € R?,
i.e., mv(x) = v(x + h). Note that the function spaces considered are translation
invariant in spatial variables. Denote the identity operator by Id, then applying (4.14))
gives us

[(rn = I)F()lls s = [[F(mmv) = F(v)]4 s

< 5(8+ )T [ol3, 1 (7 — Td)olla4. (4.21)

ol
SV

Now, dividing ([@21]) by |h|, and then taking the limit as |h| — 0 gives

IVE@)|lx < [VF@)]l21 <58+ [p)T2 [[0]%, [V0llaa < CB + [p) T |[v]|3-(4.22)

44
3'3

Estimate (I8 follows from equations (A.20) and ([A22]). O

In order to prove Theorem E.1] for each vy € H*, we define operator 7 : Y — Y
by
T(U) = GQUQ + iG o F(U)

Since vy € H', we have Govg € Y due to Lemma [A.2l Then, we define
BR(GQUQ,Y) = {U eY: ||’U — G()UQHY < R} (423)

The following result states a contraction mapping property of 7.

Lemma 4.4 Let vy € H' and R > 0 be fived. Then there exists T(||vol|g1, R) > 0
sufficiently small so that T : Br(Govo,Y) — Br(Govo,Y) is a contraction mapping
in the metric of the space X.

Proof Let v € Br(Govg,Y), then by Lemma [A.T] Proposition and Lemma [A.2]
we deduce

3
1T (v) = Govolly = |G o F(v)lly <AIF()[lyr <AC(B+ |p)T|v[fy
< C(B+ |p)T(|lv — Govolly + |Govolly)?®
< C(B+p)THR+ [Govolly)* < C(B+ oD TH(R + clluol)* < R,
provided T is sufficiently small, i.e., T < [RC™(8 + |p|)*(R + c||vo||zr:)3]5. This
shows that 7 maps Br(Govg,Y) into Br(Govg,Y), if T' is sufficiently small.

Next, we show that 7 : Br(Govo,Y) — Bgr(Govo,Y) is a contraction mapping.
Let v € Br(Govo, Y), i.e., |[v — Gowvglly < R. It follows that

[v]lxe < [Jv = Govollx, + [[Govoll x,
S C(H’U — G()UQHY + ||G()’U()||y) S C(R + CH'UOHHl) =: Rl, (424)

which shows that v € Bg, (Xy) = {v € Xy : ||v]|x, < R1}. By Propositiond.2] Go F' is
a contraction mapping on Bg, (Xj) in the metric of X provided T is sufficiently small.
Moreover, it follows that T : Br(Govo,Y) — Bgr(Govy, Y) is a contraction mapping
with respect to the metric of X, provided T is small enough. O
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Finally we complete the proof of Theorem [Z.1] as follows.

Proof We recognize that Br(Govp, Y') with respect to X-metric is a complete metric
space, so by virtue of Lemma [£.4] and the Contraction Mapping Theorem, we obtain
that 7 has a unique fixed point v € Y. Consequently, v = 7T (v) is the unique solution
of (A3)) in the space Y, provided T is small enough.

Next, we show that the solution v € C(I, H'). Indeed, if we introduce the spaces

Y={veX, Vve X} CC(I,H"), where X =C(I,L2)NL!L}, (4.25)

then by Lemma [A-2] and Proposition @3, we obtain that Gyvy € Y since vy € H', and
G o F(v) € Y since v € Y, and it follows that v = T (v) = Govg +iG o F(v) € Y C
C(I,H"). By the equation (B.1]) we also have v; € C(I, H1).

Moreover, we claim that Vo € C(I,W*?) for p > 1. Indeed, since p, =
B(E(B(|v|?))) and v € C(I,H"), we obtain that ¢, € C(I,W*?), for p > 1, by
using (23)), (29), and (ZI2). A similar argument works for ¢,.

Finally we prove the conservation of the energy N(v) = ||v]|3. Since v €

C(I,H )N CYI,H ') and Vi € C(I, W*?) for p > 1, we can take the duality pairing
of the RDS3 ([B.3]) with v, and it follows that

(v, V) g5t = —||Vv||§ — 5/ u|v|2d:vdy+p/ <px|v|2dxdy. (4.26)
R2 R2

Notice that the right-hand side of (£.20]) is a real number, thus we take the imaginary
part of both sides of (£20]). Then

1d

Re <Ut>@>H*1><H1 = 5@”“”% =0.

This shows that the energy ||v||3 is invariant in time.

4.2 Continuous dependence on initial data in H'

This subsection is devoted to prove that the map vy — (v, Vo) is continuous from H*
into C(I, H') x C(I, W*P), for p > 1, for system (B.5). More precisely, we have the
following result.

Theorem 4.5 Let v € C(I, H') and Vi € C(I, W*P), for p > 1, be the solution of
the RDSS3 system (3.3) with the initial data v(0) = w € H'. Let w, — w in H* and
(Un, Vo) be the solution of (3.4) with the initial value v, (0) = w,. Then (v,, Vi,)
is defined on I = [0,T), for sufficiently large n. Moreover, v, — v in C(I, H') and
Vo, — Vo in C(I, W), forp > 1.

Proof The proof adopts the idea in [I6]. Let w € H'. By Theorem ], there exists
a unique solution (v, Vi) of the RDS3 system (B.35]), on I = [0,7], with the initial
value v(0) = w, such that v € C(I, H') N C'(I, H™') and Vo € C(I, W*?), for p > 1.
Let {w,} C H' be a sequence of functions such that w, — w in H'. Then there
exists a sequence of solutions (v,, V¢,) to the system ([B.1) on I, = [0,7,] such that
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v,(0) = w,. Notice that T" and T,, depends on ||w||g: and ||w,]|| g1, respectively, and
since w,, — w in H', we see that, for sufficiently large n, say n > ng, one may take
T, =T. That is, v and {v,} all define on I = [0,T7], for n > ny.

Now, we show that v, — v in Y C C(I, H'). Indeed, since v, and v satisfy (3,
one has

v, — v = Go(w, —w) +1i[G o F(v,) — G o F(v)]. (4.27)
Take the X —norm on both sides of ([27) and apply Lemma [A. Tl We obtain

lvn = vllx < {|Go(wn —w)l[x + |G o Fva) = G o Fv)]|x
< Alwn — wlls + |G o F(v,) — Go F)| x. (4.28)

We shall estimate the second term on the right-hand side of (4.28). By the construction
of the solutions v, and v, we know that v, € Br(Gow,,Y) and v € Br(Gow,Y). Since
w, — w in H', we see that v, € Byr(Gow,Y) for sufficiently large n. As a result, by
([Z.24)), there exists Ry > 0 such that v,, v € Bg,(Xy). Therefore, by (4.I6]), we have

|G o F(v,) = G o F(v)llx < 5(8 + o)) RIT v, — v,
and along with ([Z2§), it follows that
1
lva = vllx < Yllwa = wllz + 57(8 + [p) RIT=||v — v]x. (4.29)

Next we take the gradient on both sides of (L.27]) and notice that Gy and G are
linear operators. One has

Vu, — Vv =Gy (Vw, — Vw) +i |G (VF(v,) — VF(v))]. (4.30)

By taking the X —norm on both sides of ([£30) and applying Lemma [A.T] it follows
that

[Von = Vollx < |[Go (Vw, = V) |x + |G (VE(v) = VE(0)) ||x
<ANVw, = Vol +9[|VE(0n) = VE()]ls 4. (4.31)

We shall estimate the second term on the right-hand side of (4.31]). Notice

L= [V (B([oa[* = [oP)va)lls 5 < CT2R3|lv, — 0]y, (4.33)
L == | V(B(|v]*)(vn = v)) |12 < CT2R3||vy — ]|y, (4.34)
Ly == |V (B(E(B(|val” = [v]*)))vn) | 1.2 < CT?R3[v, = vlly, (4.35)
Ly := [V (B(E(B(Jo)) (vn = 0))[3.2 < CT? R3|vn = vlly, (4.36)
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for some Ry > 0. All of the inequalities (A33])-([30]) can be justified similarly, so we
solely demonstrate the proof for (£35]). In fact, by using Holder’s inequality as well

as (2.8)) and ([2.I1)), we deduce
I < | B(E(B(V|va|* = V[ol*)))vall 2.4 + | BIE(B(joal? = [0*)) Von| 1

4
'3
g 2 2 23 3
S(Z:HVWA kubmmum) +( lfo —W|MHVMM$H)- (4.37)
5.)

Notice that |V]v,|? — V|v]?| = |V (v,
It follows that

V(vo)| < 2|V, — Vu||lv,| + 2|v, — v|| V).

IV]oal* = VIo[ll2 < 2[[Vvn = Vollvnlllz + 2] [vn — v][V][l2
< 2[[Vvn = Vollal[onlls + 2[lvn — o[l Vo]l4, (4.38)

for all t € [0, 7). By (@37) and (4.38)), we deduce
I3 < CT3 [||Vo, = Vollaal[vall} o + on = 0lla.0o | V0 laallonl1.00

+ (lvnllaco + 10lla.00) 1 = vlla,00 VUnll4]

1
< CT2 (|Jvalli so + 10l 0o + IVallig + [IV0II30) (V00 = VUllaa + llon = vllas0) -

Since v,, v € Byr(Gow,Y') for sufficiently large n, there exists Ry > 0 such that
|Vn 4,005 [0]]4.00s IV ||44, | VV||l44 < Ry for all n. Consequently,

I; < CT2R%||v, — vy
By virtue of (£31))-(&.36), we obtain

IV, — Vollx <A Vwn — Vwlla + Cy(8 + |p)) T2 Rl — vy (4.39)
Combining (Z29) and ([Z39) yields
v = vlly < Allwn — ]l + Cy(B + o) T2 (RZ + B2)|[on — vlly- (4.40)

If T < T*, where T* satisfies C(8 + |p|)(T*)2 (R? + R%) = %, then
[on = vlly < 29[lwn — wllz.

Since w, — w in H', we obtain v, — v in Y C C(I,H'). If T* is shorter than
the life span of the solution v, the above argument can be iterated. Finally, it is
straightforward to deduce that (¢,), = B(E(B(|v.|?)) — ¢. = B(E(B(|v]?))) in
C(I,W*P) for p > 1 by using v, — v in C(I, H'). O

4.3 Short-time existence and uniqueness of solutions in H?>

Let z = (z,y) and t € [ = [0,T], we introduce the function spaces:

Z={veX:veX, Ave L}, where X = L*L2NL{LL, (4.41)

Z={veX:veX, AveC(,L*}, where X =C(I,L*)NL}L%, (4.42)
4 4

={feL*L?: fie X'}, where X'=L/L2+L}L3, (4.43)
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with the norm

[0]lz = max{[Jvllx, llvellx, [[Avllzec},  fllz = max{|[ 200, | fellx-}-

Recall that [[v]| = max{[|v|l2.0c, [[v]l4a} and |[fllxr = nf{[[gllas+[[klls 2 = f = g+h}.
Also, note that v € Z may also be characterized by v € L>(I, H?) and v, € X [16].

Theorem 4.6 Let vy € H?. Then there exists a unique solution (v, Vo) of the RDS3
system (3.3), with the initial value v(0) = vy, on the time interval I = [0,T], for some
T(||vollg2) > 0, such that v € C(I, H?), v, € C(I,L?), and Vi € C(I, H®).

Proof We follow the approach in [I6]. Define the closed ball Bg(Z) = {v € Z :
|v]|z < R}. Let vy € H? and define the set A as

A={ve Ba(Z): v(0)=u.

Also, we define the operator T : Z — Z by T (v) = Govg +iG o F(v), where the linear
operators Gy and G are defined in (£.4).

We shall show that 7(A) C A provided R is large enough and T is sufficiently
small. Let v € A. Applying Lemma [A.3] we estimate

IT()llz < Govollz + |G o F(v)|
< [|[Gowol|z + [|G(F(v) = F(vo))llz + |G (F (o))l 2
< Allvollmz + (2 + DIF(v) = Fvo)llz + (2 + DI[F(vo)llz. (4.44)
We shall evaluate the last two terms on the right-hand side of (£.44]). Note that F'(vy)
is independent of time, so by using (2.4), (2.8) and (ZI1]), we obtain

1E'(wo)llz2 = 11F(wo) |2 < BIB(lvol*)lllvolle + 1ol BE(B(vg))2llvollo
< C(B+ [pDllvol*llzllvoll 22 = C(B + lpD)llvollFlvoll 2 < C(B + lpDlvollz2-  (4.45)

Next, we estimate || F'(v) — F'(vo)||z. Indeed, by Lemma 3.3 in [16], we have

—1 k
lo(t) = v(s)ll2p < Clt = s’|lv]lz, for k= pT, f=1-3. (4.46)

By using Holder inequality, along with (29), (212) and ([£46), we evaluate

[£(v) = F(vo)ll2
< BIB(vl* = o) lsllvlls + 1B (Jvol*)llsllv — volle)
+ 1ol (IBEB(vl* = lwol))lIsllvlls + I BUEB(lvol*))Isllv = volls)
< CB (IIlvf* = lvol*llsllvlls + llvol*[lsllv — volls)
+ Clol (I[of* = vol*Isllvlls + lvol*[lsllv — volls)
< B (lllo] + lvolllsllv = vollslvlls + llvollglv — volls)
+ Clol (Illo] + lvolllsllv = vollslvlls + llvoll§lv — volls)
< B+ lpl) (Ioll§ + lvolls) v — volls
< C(B+ o)) (I0l§ + loollg) 3 [[vl 7, for all ¢ € [0, 7).
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It follows that

|F(0) = F(vo)ll20e < C(B + o) (1% + llvoll3) TH o]l 2
< C(B+1p)) (R + llooll32) TSR. (4.47)

44

Recall X' = L] L2+ L} L3, with the norm || f||x = inf{||g]|2,1+||h||%,% . f=g+h}.
Thus [|0y(F(v) = F(vo))llx» < 0:(F(v) = F(vo))lla s = |0:F (v)]|1 4. We denote by 7
the shift of time by s € R, i.e., 7,0(t) = v(t+s). Also, we denote the identity operator
by Id, then by applying ([EI4), we deduce

|(7s = 1) F(0)l|2,2 = | F(e0) = F(v)l3, < 58 + o)) l0]%, T2 11 (7s = Td)o]s.a.

wls

4
'3
Dividing by |s| and letting s — 0, one has
1055 < 58+ 1) 0%, T ol
This shows that
10 F (v) = Fuo)lxr <508+ |pD)llvl3, T2 lluillx < C(B+ [p)TZRE. (4.48)
Combining ([@47) and ([A48)) yields
IF (v) = F(vo)llz < C(B + [p)[(R? + |woll%2) TSR+ T2 R?]. (4.49)
By (£44)) , (£45) and (£49), we obtain
1T )2 < Allvollaz + (27 + DCB + [pD[(R? + l[voll %) T3 R+ T2 R® + [[uofe)-

If we let R > ~||vollm2 + (27 + 1)C(B + |p])||vol|3;2, and choose T sufficiently small,
then the above estimate implies ||T(v)||z < R. Also, notice that 7 (v)(0) = vy. So
T(A) C A

Next, we let v, w € A, and using Lemma [A. Tl and ([£I4), we deduce

1T () = T(w)lx = [G(F(v) = F(w))|x <AIF©) = F(w)]s s
< 59(8 + |p|) max{[|o]%,, |wl|%,}T% v — w]lsa < CY(B + |p|) R2T2 [[v — wl|x.

Consequently, 7 : A — A is a contraction mapping in the norm of X, provided
T is sufficiently small. It follows that 7 has a unique fixed point in the set A
with respect to the metric of X by virtue of the contraction mapping theorem, i.e,
there exists v € A such that v = T(v) = Govg + iG o F(v) € Z, due to Lemma
A3l Therefore, v € C(I,H?) and v, € C(I,L?). Finally, v € C(I,H?) implies
lv|> € C(I,H?) since the spatial dimension is two, and thus by (Z9) and 2II),
one has ¢, = B(E(B(|v?*]))) € C(I, H®). O
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4.4 Conservation of the Hamiltonian

Theorem 4.7 Assume the initial datum vy € H'. Let v € C(I, H')NCY (I, H™') with
Vo e C(I,W*P), p > 1, be the solution of RDSS system (334). Then the Hamiltonian

Hs(v) = /R2 |:‘VU‘2 - §u|v\2 + g (V2 4+ v}) | dady

18 conserved in time.

Proof First, we assume vy € H?, then by Theorem L8, the RDS3 system (B.5) has
a unique solution v € C(I, H?) with v; € C(I, L?) and V¢ € C(I, H%). Therefore it is
legitimate to take the inner product of the equation (B.5) with v; to obtain

Z/ v ddy —/ Vu - Vvtda:dy+ﬁ/ uvtydrdy — ,0/ prvvdady = 0. (4.50)
R2 R2 R2 R2

Now we take the real part of each term in the above equality. Clearly,

1d
Re | Vv Vodedy = ~— [ |Vo|*dzdy. (4.51)
R2 2 dt R2

Moreover, since u — a?Au = |v|?, we see that u is real-valued, and thus

1 1
Re/ wotydrdy = —/ ud;(|v]?)drdy = —/ u(uy — o Auy)dzdy
R2 2 R2 2 R2
1d

1d 1d
= 1% (v + o?|Vul) dody = —=— [ (v* — o*uAu) dady = ~— [ ulv]*dzdy.
R2

4 dt RZ 4 dt RZ
(4.52)

Recall from system (3.3 that ¢ — a?Ap = ¢ and A, = u,. Also, since ¢ is
real-valued, we deduce that

1 1
Re/ Y0 drdy = —/ ©0.01(|v]})dxdy = —/ 0.0 (u — o®Au)dzdy
R2 2 RrR2 2 R2

1 1 1
=—= / (0 — 2 AQ)ugdrdy = —= / OAdrdy — 24 / (42 + v42) dady.
R2 2 R2 4 dt R2 Y

2
(4.53)

By (E50)-(£53), we conclude that

d / \Vv\2d:cdy—é/ u\v|2d:cdy—|—£/ (V2 +vl) dady | =0,
dt R2 2 R2 2 R2 Y

i.e. 47{3(v) = 0. This shows Hs(v) is invariant in time provided v € C(I, H?) with
v € C(I, L?).

Next, we consider the general initial data: vy € H'. Take a sequence of functions
{w,} € H? such that w, — vy in H'. Then by Theorem [, there exists a sequence
of solutions {v,} of BA) on I, = [0,7,], with the initial value v,(0) = w,, such
that v, € C(I,, H?), Oy, € C(I,,L?) and Ve, € C(I,, H°). By the above result, we
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know that Hs(v,) is conserved in time. Moreover, by Theorem [LH5] we see that, for
sufficiently large n, we have v, is defined on I = [0, T}, such that v, — v in C(I, H'),
Ve, = Vo in C(I, W*?). If follows that w, — u in C(I, H*) and V¢, — V4 in
C(I,W?P), for p > 1. As a result, we conclude that Hz(v,) — Hs(v) on [0, 7], and
thus H3(v) is conserved in time.

4.5 The extension to global solutions in H'

In the proof of the short-time existence and uniqueness theorem for the RDS3
system (BH) in section [l we have produced the estimates that are necessary for
implementing the contraction mapping argument, on the time interval [0, T'], where T
is taken to be small enough depending on the initial data. The solution of the RDS3
B3) established in Theorem [4.1] can be extended to a maximal interval of existence
0, Thnax ), where T,y might be finite or infinite. In this section, we establish the global
existence of solutions to the Cauchy problem (B.3H), by using the conservation of the
energy and the Hamiltonian. To do this, we focus attention on the maximal interval
of existence [0, Thyax). If Thax = 00, then the solutions exist globally in time. On the
other hand, if T}, < 0o, then one has

lim sup [|v ()| g1 = o0, (4.54)
t—Tax
otherwise, one can extend the solution, beyond T},.., which contradicts the fact that
Tinax is the maximal time of the existence. This argument is used to prove the global
existence theorem in this section, hence we assume by contradiction that 7)., < oo
and then show that (£54)) does not hold, which implies that T}, = oo.
Now we present the proof for the extension to global solutions for the system
RDS3 (3.3]), which completes the proof of the global well-posedness of ([B.3]) stated in
Theorem [3.3]

Proof Let [0, Thax) be the maximal interval of existence of the solution established in
Theorem LIl We assume Tj,ax < 00. It has been shown that the energy N(v) = ||v]|3,
and the Hamiltonian

Hs(v) = /}R2 [|Vv|2 — §u|v\2 + g (V2 + v} | dady (4.55)

remains constant for all ¢ € [0, Tiax). We aim to derive a uniform bound of ||v|| g1 by
using the conservation of the energy and the Hamiltonian. Indeed, it can be readily

seen from (L.55) that
p P
IVolls = Ha(v) + 5 . ulo]® dedy — 5 (142l + vy l3) (4.56)

Recall that u — aAu = |v]?, ie.,, v = B([v|?). By using 1)), 4) and Z3), we

estimate
/RQ ulv|* dedy < |[ul| = |[v]l3 < Cllul|g=||v]13 = ClIB(|v]?)||m=lv]3

< CallloPll2llvllz = Callvllillvllz < Callvllmlvll3, (4.57)
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where C, ~ 1/a?, as a — 07,

By system (B.5]) one has A 1) = u,, it follows that ¢, = F(u) where the operator
E is defined in (2I0). Since u = B(|v]?), we obtain ¢, = E(B(|v|*)). We estimate
|92]]2 in the frequency space:

3 1 —
(@ v (L oy MO e

[W]2(&)]? d&d&, < ||UH§/}RQ AEXEEE d§1d&y = @HUH;
(4.58)

a1 = 1Bl = |
1
< | e

where we have used above the convolution theorem and Young inequality for
convolution to obtain |[v|2(€)] = |(v-2)(&)| = |(0 * 0)(€)| < ||v]|3, for every & € R2.
Similarly,

C
ol < S22

By (58), (L57), [E58) and @5D), one has

p

2
1

< Ha(vo) + 5 l0(0) 3 +

lvllz. (4.59)

IVo@)l; < Hs(v(t) + 5 Callv(®)lm v (@) + ‘O%‘Cullv(t)ﬂé‘

52 |p]
gCiHvoHS + @Cullvoﬂé‘,

due to the Young inequality as well as the conservation of the energy ||v||2 and the
Hamiltonian Hz(v). Since |[v]|3, = ||v]|3 + ||[Vv]]3, it follows that

? 2|p|
IVu(t)|I5 < 2Hs(vo) + [lvoll3 + ZCiHvoHS + gCquoH%,

for all t € [0, T},40). Consequently,

limsup ||v(t)|| g1 < o0,
t—Tmax

which contradicts (£.54]), and hence the solution exists globally in time. O

5 Modulation theory

Modulation theory is introduced in order to explain the role of the regularization,
through perturbation of a system that develops a singularity, in preventing singularity
formation of the original system. The intention of this theory is that the profiles of the
perturbed system’s solutions are asymptotic to some rescaled profiles of the original
system’s solutions near the singularity. By this approach, a perturbed system can be
reduced into a simpler system of ordinary differential equations that do not depend
on the spatial variables, and are easier to analyze both analytically and numerically.
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Hence, in this section, we will apply modulation theory to the RDS3 system (B.3])
by following the ideas in [12] [19, 22] (see also [3]) for the purpose of observing the
prevention mechanism of the singularities.

First, we review some main results on an asymptotic construction of blow-up
solutions for the DSE presented in [19, 22]. It is convenient to rewrite the DSE
(LI in the terms of the amplitude v and the longitudinal velocity u; = ¢, in the form

{ivt+Av+ﬁ|v\2v—pulv =0 (5.1)

Ajuy = (|U‘2)m

It is shown in [I9] 22] that blow-up solutions of system (G.I) have the following
asymptotic form near the singularity:

i(r(t)—a ‘7‘2
{v(x,y,tmﬁe“ﬂ OEOP (1], b(t)) (5.2)

ul(x7y7t> ~ _L+(15)(_AV)_1(‘P|2>7717717

where = (n1,m2) = (£, %), n = L™%, a = —L,L and b = a® + a, =~ a?, which satisfies
b, ~ —e VA, Also, to leading order at the limit as 7 — oo, one has b ~ ﬁ The

steady system of (5.1) reads (see [19] 22])
{AP — P+ 2P +ivh (% - 1) P+ B|P*P — pPQ =0
AQ = (|P‘2p)mm

where p > 1. Note that in the limit, b — 0 and p — 1, as 7 — o0, and (P, Q) tends
to (S, X)), a solution of

(5.3)

_ 3 _ _
{AS S+ BS? — pSX =0, (54)

AX = (Sz)mmv

with zero boundary conditions at infinity. It is also obtained in [19, 22] that, as b
tends to 0, one has 1 — % ~ \/%e_ﬁ and the scaling factor L(t) approaches zero, in the

case of self-focusing of the original system, like L(t) ~ (t* —t)2 (Inln - t)_% :
Observe that the singularity in the original system (B5.I]) is manifested by the fact
that L(t) tends to 0, as t — t*. Thus, our goal is now to show how the regularization
mechanism prevents L(t) from collapsing to zero.
We adopt a similar strategy as in [19, 22]. The following arguments are formal
and have not been placed on the level of mathematical rigor. For small values of the
parameter «, the RDS3 system (B.5]) can be regarded as a perturbation of the DSE

(LI). To see this, we define
¢ = Py U = 1y,

for the sake of convenience. Then equation (B.5) becomes

{ivt +Av+ fuv — p®v =0, AV = u,,, (5.5)

u—a?Au=|v]?, ®—a’Ad =17,
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and u and ® can be formally expanded in leading order a? as:

u=|v]*+ a*Au = |v|* + 2A(Jv)? + o?Au) = |v|* + *AJv]* + O(a?)
® =T+ a’Ad = ¥ + *A(V + o*AdD) = U + o*AV + O(a?).

Thus we can rewrite equation (5.0) to the leading order of o as

{ivt+Av+ﬁ\v|2v—p\va+oz2 (BuAJv|> — pvA¥) =0 (5.6)

AV = (|U|2)m + azA(|U|2):c:c'

The numerical simulations [19] suggest that the blow-up of the DSE (1)) is very
similar to that of the critical NLS (I4]) and the typical scales remain comparable in

the x and y directions. Therefore we choose to use the same scaling factor L(t) in
both directions. As in [19] 22], we define

vy [
flzm, f2—m7 T—/OLQ—(S)CZS,
U(£17£27T) = L(t)v(x,y,t); W(£17£277—> = L2(T,)\I’(l’,y,t)

Since U and W depend on the new variables &1, & and 7, in what follows we denote

V= (85178&)7 A= aﬁlﬁl + 852527 A, = aﬁlﬁl + Vaﬁziz'

Notice that v, = 0y [%} = 5 U +a(U+¢-VU)], where a = —LyL and

¢ = (&1,&). Then equation (B.6]) can be written as
iU, +ia(U +€-VU) + AU + BIUPU — pWU + e (BUA|U|? — pUAW) = 0
AW = ([UP)ae + AU e,

where € = . Inspired by (£.2) we set

€]

. 2
Ug,m) =T 0V(ET),
and let b = a, + a®. Therefore

{ZVT +AV =V 4 2RV 4 BVIEV — pWV + e(BVA|V]? — pVAW) = 0

(5.7)
AVW = (|V|2)€1£1 + EA(|‘/|2)§1§1'

We observe that, on one hand, equation (5.1) becomes the rescaled form of the
RDS1 system (B.)) if the terms —epVAW and eA(|V|*)¢,¢, are neglected. On the
other hand, if the term ¢SV A|V|? is omitted from (5.7), the equation becomes the
rescaled form of the RDS2 system (3.3]). Therefore, the argument in this section can
also be applied to the RDS1 and RDS2 systems in a straightforward manner.

Analogously to [19, 22], we formally modulate the degree of the nonlinearity, and
introduce the steady state system (similar to (53)))

AV = VO 4 BEPVO 4 BIVORVO — pWOVO /b (L~ 1) V0
+e(BVOA|VO2 — pVOATVO) = 0, (5.8)
AVWO = (|V0|2p)€1€1 + 6A(|V0|2p)€1€1a
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with p > 1 and b > 0, where VO(|£|,b(7), e(7)) and WO(|£|, b(7), e()) are quasi-steady
in 7.
At this stage, we expand V9 and WY with respect to small values of b and e:

{Vo = S(I€) + b(r)G(&]) + e(r) H(I€]) + Ob*, €?)

WO = X(I€) + H(r)Y (€]) + () Z(€]) + O(E2, &), (59)

We consider the condition p(b(7)) — 17, as 7 — oo, then the equations for (S5, X) are
given by

AS — 5 pSX =
S —S+pS°—pS 0 (5.10)
AX - (52)5151 =0
and the equations for (G,Y) are
AG — G +38GS* — p(SY + GX) = —1|¢]2S (5.11)
AY —2(GS)ee, =0 '

with zero boundary conditions at infinity.

Notice that (5.I0) is a system of nonlinear PDEs, which is essentially identical to
the system (L3), whose solutions are ground states (standing waves) of DSE, and the
existence, regularity, and asymptotics of the ground states have been studied in [§].
On the other hand, (5.I1)) is a system of linear equations, and due to the Fredholm
alternative, (B.I1) is solvable provided the vector determined by the right-hand side
of the system is orthogonal to the kernel of the adjoint of the operator arising in the
left-hand side. In particular, the vector (—3|¢[*S, 0) needs to be orthogonal to the
solution set of the equation

~ . ~ =~ 2 o = _ \/ —
{AG G +38GS* — pGX — 25V, =0 (5.12)

AY —pSG =0.

By virtue of (51I0)), the solution set of (5.12) is spanned by

e ) (26 )} 519

where (X1)g, = X and (X2)ee, = X, As a result, the solvability condition of system
m is fRQ |€|2SS§J. d€1d€2 = O, ] = 1,2, that iS,

/ 5% dédéy =0, j=1,2.
R2
This condition is satisfied since S is symmetric with respect to the variables & and

&, which is confirmed by numerical simulations [19] 22].
Moreover, the equations for (H, Z) are

{AH — H+3B8HS? — p(SZ + HX) = —BSA(S?) + pSAX (514

AyZ —2(SH)ee, = A(S)ese, s
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with zero boundary conditions at infinity. Existence of solutions for (5.I4) requires
that the right-hand side of (5.I4]) be orthogonal to the kernel of the adjoint of the
operator arising in the left-hand side, which is also spanned by the vectors given in
(E13). The solvability condition of system (514 thus reads

[ [P0, (5%) + 0, (S)AX + pA(S*) Xy ) dada =0,
R2
for j = 1,2, which can be reduced to,

/ A(S%)e. () dérdey = 0,
R2

which is valid since S is symmetric with respect to & and &,.
Next, we consider the unsteady problem (5.7). Let V = VO4+V!and W = WO+ W
Using (5.7) and (58], we obtain a system for the remainder V! and W'

AV — VI 2PV 4 g (VO + VIR(VO+ V) — VOV
— p(WIVO L WOV 4 W) 4 eB[(VO + VHA[VO 4+ V12 — VOA[VO]
— ep(VOAW! £ VIAWO + VIAWY) = iv/h (L = 1) VO = i(VO 4+ V1),

AWE= (VO VI = [VOP)ee, + eA(IVO + VI = [VOP)gyg,.

By the mean value theorem, |[V9? — [VO|% ~ (1 — p)|V°?In|V°]? due to the fact
p — 17 as 7 — oo. Also we assume that, as 7 — oo, [V < [VO| and |[W} < [W9).
Then using (59), to the lowest order, as 7 — o0, the above system reduces to

AVE =V BS22VE+ V1Y) + B(1 — p) (S 5?) — p(W'S + X V1)
— ivh (% - 1) S —i(b;G + e H),
AWE=[S(VE4+ VY + (1 - p)(S?In S?))e,e,.

Substituting V! = V; + iV} yields

AV — Vi + 3852V — p(WLS + XV)) = B(p — 1)(S3In S?),
AV; = Vs + B2V, = pXVo = VB (L= 1) S = (b:G + e H), (5.15)
AW =2(SVi)ee, = (1= p)(S?In 5%y,

Note that (5I5), (the 2nd equation in (B.13))) is decoupled from (B.13)); and (B.15)s.
Concerning the system comprised of equations (5.15); and (5153, the existence of

solutions again requires the right-hand side of the system be orthogonal to the kernel
of the adjoint of the operator arising in the left-hand side, which is spanned by the
vectors given in (B.I3). Therefore, the solvability condition of the system comprised

of equations (5.13); and (5.15); reads

iﬁ(p — 1)/ (5%, In S* d&ydés + g(p —1) [ X(5%InS?), d§idés =0,
R2 R2
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for j = 1, 2, which is satisfied provided S is symmetric and X is even in & and &,.
Also notice that, due to (5.I0), S satisfies the left-hand side of equation (B.153])s, and
it follows that the solvability condition for (5.15]), reads

/LEG_Qy—mw—wmymmzo (5.16)
R2

p

From Appendix B, we know that
1
¢ = [ sGagde = ¢ [ 1ePstdds >0
R2 16 Jg2

- Y 2 -
Ch —/RZ SH d&déy = - < 1+I/) /R |VS?|? dgydy > 0 (5.17)

since p < 0 and B > 0. Thus (B.I06) can be written as
1
Cibr + Coer + V0 (1 - ]—9) 15]12 = 0.

Since p > 1 and b > 0, we obtain that
Cle + 0267— < 0.

Integrating from 0 to 7 gives

Clb + CQE < Cg,
for some constant Cs = (C1b + Cqe)|,—¢. Recall that b = a® + a,, with a = —L;L and
7= Jy g2 ds, thus b= —L3Ly,. Also recall that € = 9. Tt follows that

2
(6%
—ClLsLtt + CQﬁ < C3 . (518)

The above can be written as Ly > Cé—‘fL‘5 — g—fL_?’, then multiply both sides by
2L; < 0, we obtain (L?), < —0220‘112 (L), + &(L7?),. Integrating from 0 to ¢ gives

(&1
02042 1 Cg
LPL? < — W + 51 + CyL? (5.19)

where Cy = L?(0) + %OfL_A‘(O) — $L7%(0) . Therefore the scaling factor L can not
approach zero since C, Cy, a > 0. This explains the prevention of the singularity
formation, at this leading order in the expansion.

Remark A similar procedure for handling singularities can also be applied to the
RDS1 system ([B.1). When epV AW and eA(|V]?)¢, are neglected in (5.7), then Cy
defined in (5IT7) becomes Cy = £ [, |VS??d&dé, > 0, since 8 > 0. Furthermore,
for the RDS2 system (B3), when ¢3VA|V|? is neglected in (571), we have Cy =
— 265 Jgo VS22 dg1de, > 0, since p < 0. Therefore, these regularizations also
prevent the singularity formation of the DSE (I.1J).
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Appendix A

The aim of this Appendix is to state some well-known results in the theory of
the Schrodinger equation concerning the operators Gy (t) = e®) and Gf(t) =
f(f e't=3)2 f(s) ds in the 2-dimensional space (see, e.g., [13] 16, 22]):

Lemma A.1 Let r € [2,00), q € (2,00), such that % —i—% = % Then the following
estimates hold:

|GotllLawzry < YlYll2, 1GotbllLoo@izzy < Y|¢]l2,
1Gfllza@ery <A flliwzeys NG fllraery < ANl 2w @iprys
||Gf||L°°(]R;L2) < 7||f||Lq’(R;LT’)-

Here ¢ and r' are the dual pair of g and r, respectively.

Recall the spaces X’ and Y are defined in ([fI7), and the spaces X and Y are
defined in (£.2H).

Lemma A.2 Gy is bounded from L? into X and bounded from H' into Y. G is
bounded from X' into X and bounded from Y' into Y. The associated norms are
independent of T

Recall the spaces Z, Z and Z' are defined in (@A), (EZ2) and ([EZ3), respectively.

Lemma A.3 Gy is bounded from H? into Z and G is bounded from Z' into Z such
that

1Gotllz < Yl ae
IGfllz < @y +DlIfllz, if T<1.

Appendix B

This appendix is aimed to prove

_ L 2 q2

. SG d&déy = 16 /R2 |€]S* d&1dEs (B.1)
1 2 212

. SH d&déy = 1 < g V) /R2 |VS<|° d&idEs (B.2)

which were introduced in section

The proofs for these two formulas are similar. So we only justify (B.2)) in details.
Our argument follows the approach in [19].

Recall that (S, X) satisfies

_ 3 _ _
{AS S+ BS?— pSX =0 (B3)

AX — (52)5151 =0,
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and (H, Z) satisfies

(B.4)

AH — H +3BHS? — p(SZ + HX) = —BSA(S?) + pSAX
AyZ —2(SH)ee, = A(S?)¢ye, -

Multiplying (B3); by H, (B4);, by S, subtracting and integrating over R?, we
obtain

/ (2BS°H — pS*Z + BS*A(S?) — pS?AX) d&1dés = 0. (B.5)
RZ

Also, multiplying ([B.3): by (&1,&2)-VH, (B.A): by (&1, &) VS, adding and integrating
over R?, it follows that

/1@2 <4SH —2BS*H + pSH(2X + & Xe, + &Xg,) + %SQ(ZZ + & Z¢, + 52252)) dédés
= %/w ([£1(5%)e, + &(S%)e)(—BA(S?) + pAX)) d&rdEs - (B.6)
At this stage, let us define
(X1)ae = X, (Z1)ees = Z.

Multiplying (B3)2 by (£1,&2) - VZ; and integrating over R? yield

[ (X =802+ 62 + 62e) derdss

R

+ V/R2 X[2(Z)es + &(Z1)aee + &(Z1)0ee] dSi1dés =0 (B.7)

Notice that
/R2 vX(Z1)es, d61dEs = /R2 vXeye, 71 d§1dEs = /Rz[(sz)sl&l — Xei)| 21 d&1dés
= / (S? — X)Z d&d&s
R2

which can be substitute into (B.7), and it follows that

/Rz(X — S?)(&1Z¢, + E2Z¢,) dE1dEs + V/R2 X[E1(Z1)er606, + €2(Z21)er606,) dE1dEa =0 .

(B.8)
Also, multiplying ([B.4l); by (£1,&) - VX, and integrating yields
| 1225 - ASIEX + 6 + 6Xe,) désd
R2
o [ Zeale (X + &(X0)e] dadey = 0. (B9)
R2
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Now substituting
/R2 Zereo[61(X1)e +&(X1)e] d&rdEy = — /R2 X[6(Z1)aee + &(Z1)aes] d6idés
into (B.9)) yields
/RQ [Z = 2SH — A(S*)](2X + &1 Xe, + &Xe,) d6rdé

—v | X[§1(Z1)e16060 T+ E2(Z1)enene,] d61dE2 =0 (B.10)

RQ

Adding (B.8) and (BI0) gives us

X = 8062 + a2 desi

R2
+/ [Z —2SH — A(S2)](2X + &6 X, + & Xe,) d6idé =0,
RQ
and since
/ X(£1Z§1 + ng&) = _/ Z(QX + £1X51 + £2X§2) dgldg?v

R2 R2

we obtain that
/ 52(£1Z§1 + & ¢, ) d&idés +/ [2SH + A(S2)](2X + 6 X, + 6 Xe,) d§1déy = 0.
R2 R2
(B.11)

Multiplying (B.II)) by £ and substituting the result into the sum of (B.J) and (B.G),
it follows that

/R (4SH + BSPA(S?) — 28 AX — L(A(S?) (6 Xe + &Xe)) drdes

1

=3 /R (6(e + &Sl (=BASY) + pAX)) dGudss (B.12)

Note that
6056 + &aS)ela(s?) derdes
= /R2 [£1(5%)6, (S%)ere1 + €2(5%)e,(S%)erer + £1(5%)e1 (5%)eney + €2(5%)e, (5%)ere,] dErdEs

1

= [ [0+ M5+ 5506 - 25| atte =0,
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Consequently, (B.12)) can be reduced to

4 / SH dé,dé,
R2

= B/ (VS22 dédéy + 2p/ SZAX dédE,
RZ ]R2

p

T3 /R . (A(S?)(&1Xe, + &Xe,) + [E1(S5?)e, + &(5?)e,]AX) dErdéy

=B [ |VS??d&de, + 2p/ SEAX dédE, . (B.13)
R2 R2

Since S and X are symmetric and A, X = (5%)¢,¢,, we obtain that (1 +v)AX = AS?
which implies that

/ SPAX déydés = b (VS22 dé,dé, . (B.14)
R2 1 + v R2

Substituting (B.I4) into (B.13) yields

_1 _ 2p 212
AQSHd51d52—4( —Hy) /R VS deydes .
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