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Towards Computational and Sample Efficiency in Stochastic Optimization

Abstract

Stochastic optimization is a crucial tool in machine learning, statistics, and operations research,
and developing efficient algorithms for stochastic optimization is of great importance. This dissertation
focuses on stochastic composite optimization, where the objective function is composed of a smooth
expected value function and a deterministic non-smooth component. We propose a class of algorithms
called proximal averaged stochastic approximation (Prox-ASA), which estimates the gradient using
a moving average approach. We prove the theoretical convergence of Prox-ASA to a first-order
stationary point in different settings, including expectation, high probability, and almost surely
asymptotically. In addition, we show that Prox-ASA can be applied to address decentralized
problems and stochastic compositional optimization problems. For the non-convex constrained
setting with expensive projection, we propose a novel class of conditional gradient based algorithms
for solving stochastic multi-level compositional optimization problems that obtain the same sample
complexity of the single-level setting under standard assumptions. Lastly, we demonstrate that by
leveraging interpolation-like conditions satisfied by overparameterized models, we can improve the

oracle complexities of stochastic conditional gradient methods.
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CHAPTER 1

Overview of The Dissetation

Stochastic optimization is a branch of mathematical optimization that deals with optimizing a
function that involves random variables, which is widely used in machine learning, statistics, and
operations research. In this dissertation, we consider the following stochastic optimization problem:

(L.1) min, {0(z) = F(z) + (x)},  F(x) = Eeup[G(z,§)]

where F : R? — R is a continuously differentiable function and ¥ : R? — R U {+o0} is a simple but
possibly non-smooth function. Moreover, the function F(z) is an expected-valued function in the
form of F(x) = E¢up|G(x,&)], where the expectation is taken over the random vector ¢ € = with
an underlying distribution denoted by D. We aim to propose iterative algorithms that utilize the
information of G(x,&) to solve (1.1), assuming access to a sampling oracle of the random vector
&. In designing such algorithms, it is crucial to consider both the computational cost and the
sample complexity. To this end, this dissertation presents various theoretical contributions to the

computational and sample efficiency in the field of stochastic optimization.

1.1. Preliminaries

In this section, we introduce several preliminaries to establish the foundation for this dissertation.

1.1.1. Notations. All vectors considered in this dissertation are in Euclidean space. ||-|| denotes
the ¢o-norm for vectors and Frobenius norm for matrices. || -||2 denotes the spectral norm for matrices.
1 represents the all-one vector, and I is the identity matrix as a standard practice. For an extended
valued function W : R — R U {400}, its effective domain is written as dom(¥) = {z | ¥(x) < +oc}.
A function ¥ is said to be proper if dom(¥) is non-empty. For any proper closed convex function ¥,
x € R%, the proximal operator is defined as

: 1
(1.2) proxy(z) :argmln{2||y—x\2+\ll(y)}.
y€R4

1



For z,z € R? and ~ > 0, the proximal gradient mapping of z at z is defined as

1
(1.3) G(x,z,7) = S (z — prox},(z — vz)) .
For any convex and compact set X C R%, we define the indicator function as follows

0 ifxe X,
(1.4) Lizexy =
+oo ifxé¢ X.

Its corresponding proximal operator is the orthogonal projection onto the set X', which is denoted as

(1.5) projy(z) = argmin |y — [
y€ER4

All random objects are properly defined in a probability space (£, .#,P) and write z € H if z is
‘H-measurable given a sub-o-algebra H C .# and a random vector . We use o(-) to denote the

o-algebra generated by all the argument random vectors.

1.1.2. Function Class. We present the formal definition of various function classes that will

be discussed in the dissertation.

DEFINITION 1.1. Let f : R4 — R be a continuous differentiable function. Then, we say
(i) f(x) is convex if and only if
f@) 2 fy) +(Vf(y)x —y), Vo,yeR™
(i) f(x) is p-strongly convex (1> 0) if and only if
@) = f@) + (V@) a—y) + Slle =yl Vay R
(iii) f(x) is Ly-Lipschitz continuous (Ly > 0) if and only if
[f(@) = fy)| < Lz —yll, v,y eR7
() f(z) is Ly ¢-smooth if and only if V f(x) is Ly ¢-Lipschitz continuous, i.e.,

IVf(z) = Vi)l < Lygllz —yll, Va,y € RY
2



Equivalently, f(x) is Ly ¢-smooth if and only if

F(&) < 5w) + (VF@)w — ) + 3L o~ ylP, Vay €RE

1.1.3. Algorithm. Next, we present two fundamental classes of algorithms that this dissertation
builds upon and that have been extensively studied in the literature.

Gradient Descent-Type Methods. One of the most widely used optimization algorithms
to solve (1.1) when ¥(z) = 0 is Stochastic Gradient Descent (SGD), which is based on the idea of
iteratively moving in the direction of an estimator of the negative gradient of the objective function

to approach the minimum. Specifically, at each iteration k£ € N, (mini-batch) SGD finds the next

iterate £t based on the current iterate ¥ and gradient estimator z*:
i 1
(1.6) F =5 > VG(z,9),
Fleen,
(1.7) okt = gk — 2k,
where v > 0 is the step size and B = {Ef, e ,ﬁf%k'} is a batch of samples used to evaluate z*. For

any general proximable ¥(z), a natural extension of SGD is called stochastic proximal gradient

descent (Prox-SGD), in which the update rule (1.7) at the k-th iteration is replaced by
(1.8) gt = prox%\p(mk — r2R).

For the constrained case where ¥(x) = L¢zexy for a compact and convex set X' C R?, the update

rule in (1.8) yields
(1.9) ! = projy(z" — y2"),

which corresponds to the projected SGD for solving the constrained problem.

Conditional Gradient-Type Methods. The Conditional Gradient method, also known as
Frank-Wolfe (FW) method, was proposed first by [FW56] to solve the constrained optimization
problem. It has obtained renewed interest in the machine learning and optimization communities
due to their projection-free nature [Jagl3|. Its stochastic variants were also proposed and analyzed

subsequently [HL16|. Unlike the update rule in (1.9) that uses a projection step to satisfy the



constraints, the conditional gradient method finds the next iterate in the constraint set by

(1.10) d* = arg min <dk - iL'k,Zk> ,
dex
(1.11) ot = oF 4y (dF — b,

The step size 4, € (0,1) guarantees that 2*+t1 € X if zF

€ X. The conditional gradient-type
algorithms are more favorable than projection-based algorithms when computing d* in (1.10) is

much more efficient than solving the projection step; see Table 1 in [Jagl3].

1.1.4. Complexity. To analyze the complexity of iterative algorithms designed for solving
stochastic optimization problems, as described in (1.1), it is important to take into account not only
the iteration complexity (the number of iterations required to obtain a solution) and per-iteration
complexity (the computational complexity for each iteration), but also the sample complexity (the
number of samples needed to obtain a solution). In particular, we consider the following types of

oracles in this dissertation.

e Proximal Oracle (PO): Given 2 € R and a proper convex and closed function ¥ : R — RU{+o0},

we say a procedure is a Proximal Oracle if it computes the proximal mapping of x:

1
1.12 min < =|ly — z||? + ¥ ,
(1.12) i, {31y P + 9(0) |

When ¥ = 11,cx), then PO computes the orthogonal projection of x onto X.
e Linear Minimization Oracle (LMO): Given z € R? and a convex and compact set X C R, we say

a procedure is a Linear Minimization Oracle if it computes the solution of the following problem:

1.13 in (d,z).
(1.13) $$<,@

The Proximal Oracle is computationally efficient for some special cases. For example, when

V(z) = ||z|]1, the corresponding proximal mapping has the following analytical form:
zi—1, ifz>1,

(1.14) [prox,, (#)]i = S z; + 1, ifx <1,

0, otherwise.

4



This operator is also known as the soft thresholding operator [BLO8|. When ¥ = 1,cxy for a
convex and compact set X C R?, then PO computes the orthogonal projection of z onto X. In some
specific scenarios, such as when X represents a trace norm ball of matrices, the projection operator
may not be as computationally efficient as the Linear Minimization Oracle. While the projection
onto the trace norm ball requires the full singular value decomposition, LMO only calculates the top
eigenvalue (or singular value) using the standard Lanczos’ algorithm [Jagl3|. We also introduce
the Stochastic First-Order Oracle and Stochastic Zeroth-Order Oracle, which algorithms in the

dissertation build upon.

e Stochastic First-Order Oracle (SFO): Given a function G(xz,£), z € RY, and ¢ € Z, we say a

procedure is a Stochastic First-Order Oracle if it computes the gradient of G w.r.t. z, i.e.,
VG(z,§).

e Stochastic Zeroth-Order Oracle (SZO): Given a function G(z,¢), z € R%, and £ € Z, we say a

procedure is a Stochastic First-Order Oracle if it computes the function value:

G(x,¢).

In training artificial neural networks, the forward-backward pass provides an excellent example of
calling SZO and SFO methods for the loss function; see Figure 1.1. Designing algorithms with
fewer SFO and SZO becomes crucial as the time and space complexities for feedforward passes and

backward propagation increase significantly with deeper and wider neural networks.

1.1.5. Concentration Inequality. To ensure completeness, we offer a brief overview of sub-
Gaussian and sub-exponential random variables, which serve as the fundamentals for deriving

high-probability outcomes.

DEFINITION 1.2. (Sub-gaussian and Sub-exponential)
(a) A random variable X is K-sub-gaussian if there exists K > 0 such that Elexp(X?/K?)] < 2.

The sub-gaussian norm of X, denoted || X ||y, , is defined to be the smallest K. That is to say,

X |y, = inf {t > 0 : Elexp(X2/t2)] < 2}
)



Forward
| > G(6,¢)

input: weight & bias: 6

loss

G(0,8) = (y — f(x30))?

:: label y
Backward
veny |
FiGURE 1.1. The feedforward pass and backward propagation in a fully Connected

feed-forward network. With a slight abuse of notation, we denote the optimization
variable as 6 and the data sample as £ = (z,y).

(b) A random variable X is K -sub-exponential if there exists K > 0 such that Elexp(|X|/K)] < 2.
The sub-exponential norm of X, denoted || X ||y, , is defined to be the smallest K. That is to say,

[ X1y, = inf{t > 0: Elexp(|X|/t)] < 2}.

The above characterization is based on the so-called orlicz norm of a random variable. There are
equivalent definitions of sub-gaussian and sub-exponential random variables. We refer readers to
Proposition 2.5.2 and Proposition 2.7.1 in [Ver18|. In particular, we will also use another definition

of sub-gaussian random variables based on the moment-generating function given below.

LEMMA 1.1. (Sub-gaussian M.G.F. [Verl8|) If a random variable X is K-sub-gaussian with
E[X] =0, then Elexp(AX)] < exp(cA2K?) VA € R, where cx is a absolute constant.

The following two lemmas are essential in our proof.

LEMMA 1.2. (Sub-exponential is sub-gaussian squared [Ver18|) A random variable X is sub-

gaussian if and only if X? is sub-exponential. Moreover, || X?|y, = HXpr2

LEMMA 1.3. (Generalized Freedman-type Inequality [HLPR19|) Let (2, .7, (%), P) be a filtered

probability space, (X;) and (K;) be adapted to (%;), and n € N. Suppose for alli € [n], K;—1 >0,
6



E[X;|Zi—1] = 0, and E [exp(AX;)|.Fi—1] < exp(\2K?). Then for any t,b > 0,a > 0,

k k k
) t
(1.15) Pr U {ZlXiZt and 2;Ki—1§aZXi+b} < exp <_4a—|—86/t .

ke[n] \i= i i=1

1.2. Organization

We start with Chapter 2 by investigating a class of algorithms referred to as proximal averaged
stochastic approximation (Prox-ASA), which uses a moving average approach to estimate the
gradient in another sequence. We prove the theoretical convergence of Prox-ASA to a first-order
stationary point in expectation, with high probability, and almost surely asymptotically under
different conditions. Furthermore, it is worth noting that this algorithmic framework has the
potential to address stochastic compositional optimization problems and decentralized problems.
However, the specifics of these applications will be discussed in Chapter 3 and Chapter 4, respectively.

In Chapter 3, we extend Prox-ASA to solve decentralized optimization algorithms, where n
agents work together to optimize the objective function. We propose a class of single-time scale
algorithms that achieves the optimal sample complexity using constant batch sizes. Unlike prior
work, our algorithms have comparable complexity without requiring large batch sizes, more complex
per-iteration operations (such as double loops), or stronger assumptions. Our theoretical findings are
supported by extensive numerical experiments, which demonstrate the superiority of our algorithms
over previous approaches.

In Chapter 4, we extend Prox-ASA for solving non-convex constrained stochastic multi-level
compositional optimization problems, where the objective function is a nested composition of T’
functions with only noisy evaluations of the functions and their gradients being available. Leveraging
the technique of conditional gradient sliding, we propose the first class of projection-free algorithms
that obtain the same sample complexity of the single-level setting under standard assumptions.
Notably, the dependence of these complexity bounds on € and T are separate in the sense that
changing one does not impact the dependence of the bounds on the other. Moreover, our algorithm
is parameter-free and does not require any (increasing) order of mini-batches to converge, unlike the
common practice in the analysis of stochastic conditional gradient-type algorithms.

The last chapter of this dissertation is separate from the preceding topics. In Chapter 5, we

study the convergence of stochastic conditional gradient methods for overparametrized models. We



show that one could leverage the interpolation-like conditions satisfied by such models to obtain
improved oracle complexities. Specifically, when the objective function is convex, we show that
the conditional gradient method requires O(e~2) calls to the stochastic gradient oracle to find an
e-optimal solution. Furthermore, by including a gradient sliding step, we show that the number
of calls reduces to O(¢~1%). We also establish similar improved results in the zeroth-order setting,
where only noisy function evaluations are available. Notably, the above results are achieved without
any variance reduction techniques, thereby demonstrating the improved performance of vanilla

versions of conditional gradient methods for over-parametrized machine learning problems.



CHAPTER 2

Proximal Averaged Stochastic Approximation

2.1. Introduction
In this chapter, we investigate a class of proximal algorithms for solving the general non-convex
regularized stochastic optimization problem:

(2.1) min {®(x) = F(z) + ¥(2)},

zERY

where F : R? — R is a continously differentiable function and ¥ : R — R U {+o00} is a convex but
possibly non-smooth function. In addition, the function F'(x) is an expected-valued function in the
form of F(z) = E¢op[G(x, )], where the expectation is taken over the random vector { with an
underlying distribution denoted by D.

Since the analytical expression for VF(x) is often unknown, conventional gradient-based al-
gorithms for solving deterministic problems are not applicable. To tackle stochastic optimization
problems where ¥(z) = 0, stochastic gradient descent (SGD) [RM51]| serves as the foundation.

SGD employs the stochastic gradient by invoking SFO over a single random sample £#F1:
(2.2) gfHl = oF — 2k, P = VG(xk,§k+1).

The presence of a regularizer ¥(z) generalizes the smooth optimization problem where ¥(z) =0,
leading to numerous practical applications. For instance, the framework can be utilized for training
sparse models by incorporating a non-smooth L; regularizer on the weights. This is done to compress
models for deployment on memory-constrained devices, as outlined in [LWK17, WWW*16]. To
solve Problem (2.1), non-smoothness in W(x) can make the problem unsuitable for SGD, thereby
necessitating the use of subgradient approaches. However, such methods can adversely impact
convergence performance [BMO8|. Fortunately, when ¥ has a special structure, the problem can be

solved more efficiently. To be specific, if the proximal oracle for ¥ is computationally efficient, the



1.00 1 1.00
0.75 1 0.75
0.50 0.50 -
0.25 0.25 1
0.00 1 0.00 1
=0.25 1 -0.25 1
~0.50 - -0.50
~0.75 - -0.75
-1.00 . ; . —  -1.00 ; ; ; :
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

FIGURE 2.1. Level set plot of a quadratic function with the iterates of SGD (left)
with constant stepsize and ASA (right). The central point is the solution z,. Gaussian
noises are added to obtain the stochastic gradients.

stochastic proximal gradient algorithm (Prox-SGD) can be utilized to solve the problem:
(2.3) gkt = prox%q,(xk — "),

The literature contains extensive research on the convergence of proximal gradient algorithms
for deterministic (non)-convex problems, as demonstrated by studies such as [SRB11,CLK 12,
HZSL13, KNS16,SYVS21]|. Furthermore, several recent contributions have focused on the
stochastic setting. In particular, [AFM17, RV V20| provide proof of the convergence of Prox-SGG
in the convex setting, while [XJY19,GS21] establish (non)-asymptotic analyses of Prox-SGD for
minimizing general non-convex functions. Additionally, numerous studies have analyzed stochastic
proximal gradient-type methods in the finite-sum problem [SSZ12,SSZ14,Nit14|; however, we do
not delve into these studies since they are distinct from those in the stochastic setting.

The primary challenge associated with (Prox)-SGD is the presence of random noise. Merely
having an unbiased estimator of the gradient VF'(z) does not suffice to ensure convergence of the
iterates. Figure 2.1 (left) illustrates this point by plotting the iterates of SGD with a constant step
size used to minimize a quadratic function. As seen, the iterates of SGD do not converge to the
solution and instead form a cluster of points around the solution. SGD fails to converge in this
example because the stochastic gradients z* do not converge to zero. This is in contrast to GD,

where the algorithm terminates naturally as VF(z*) — 0 when z* — z,.
10



There are two classic techniques for addressing the variance in stochastic gradients: diminishing
stepsizes |RM51| and mini-batching. However, tuning the sequence of decreasing stepsizes is
challenging since the method may terminate early before reaching the solution or continue for
excessive time. Moreover, the per-iteration cost increases with the batch size. A large batch size
may prolong the duration of each iterate without updating optimization parameters frequently
enough. Moreover, several modern variance-reduced methods are proposed for finite-sum problems
to ensure that E[||z¥ — VF(2*)||?] — 0 as k — 400, including [SLRB17, DBLJ14,SSZ13,JZ13|.
In the stochastic setting, a commonly-used technique is aggregating past stochastic gradients
[Rus08, Xia09, GRW20]|. Specifically, [GRW20]| propose the Averaged Stochastic Approximation
(ASA) and prove its convergence to the first-order stationary point for non-convex objective functions.
As shown in Figure 2.1, ASA exhibits stable convergence in contrast to SGD. In the subsequent
sections, we extend ASA to solve general regularized non-convex stochastic optimization problems
described in (2.1) and establish theoretical convergence to a first-order stationary point in expectation,

with high probability, and almost surely.

2.2. Methodology

In this section, we present Algorithm 1 - Proximal Averaged Stochastic Appro-ximation (Prox-
ASA), which leverages a common averaging technique in stochastic optimation [Rus08, MHK18a,
GRW20| to reduce the variance of gradient estimation. In particular, the algorithm generates two
sequences of variables, namely, the approximate solutions {z*} and approximate gradients {z*}. We
let .y = 0 and %, be the o-algebra generated by {z!, 2!, ..., 2% 2*} for k > 1. The update rule for

approximate gradients is given by
(2.4) A= (1 — )2+t e (0,1],

where E[v*T1.7,] = E[VG(2F, k)] = VF(2). Tt is easy to observe that z* is a biased estimator

of the gradient that aggregates k stochastic gradients computed over the previous samples when

20 =0, ie.,
k ' k—1 k
(2.5) 2k = Zaivz, where a; = 7;_1 H(l —75), Zai =1.
i=1 j=i i=1

11



Algorithm 1 Proximal Averaged Stochastic Approximation (Prox-ASA)

Input: zZ0 — 0,")/, {Tk}zo, N
for k=0,1,...,N—1do
y* = prox g (z* —~2z")
xk“ = (1 — Tk)xk + Tkyk
Obtain ¢! and compute the stochastic gradient v*T! = VG (2, ¢F+1)
Zk+1 = (1 — Tk)Zk + Tkvk+1
end for

k

Given the approximate gradient z* for each k, the approximate solution z* is updated as follows:

(2.6) Yk = Prox.y (l’k - 72’“) ,

(2.7) = (1-— Tk)l'k + ey

The update rule above comprises two components: (i) a proximal gradient descent step in Eq. (2.6)
that employs a biased gradient estimator and a constant stepsize, and (ii) a moving average step in
Eq. (2.7) that is sometimes referred to as a relaxation step or a damped update. It is worth noting
that Prox-ASA is a single time-scale algorithm that employs the same 73, for updating both z* and
2F. Tt is also possible to extend it to utilize two sets of weights {a7;} and {br;} with a constant
scaling factor a,b > 0; see [GRW20]. For simplicity, we employ the same weights throughout the

sequel to establish the convergence results.

2.3. Convergence Analysis

2.3.1. Convergence Criteria. We first discuss the convergence criteria in the following analysis.
Nonconvex optimization problems are NP-hard because finding a global minimum involves exploring
a large search space with many local minima, local maxima, and saddle points. This makes it
computationally infeasible to find an optimal solution in a reasonable amount of time, especially
for problems with high-dimensional input spaces. This chapter’s primary focus is to analyze an

algorithm’s effectiveness in discovering a first-order stationary point of (2.1).
DEFINITION 2.1 (First-Order Stationary Point). A point x, is stationary point of F(x)+ ¥ (z) if
Ty — proxy(z, — VF(z,)) =0,

i.e., 0 € VF(z,) + 0V(xy).
12



Empirical evidence suggests that an (approximate) first-order stationary point can be highly
effective in practice. For instance, deep neural networks often have a loss surface with numerous
local minima. These minima are believed to have varying degrees of flatness that may play a role in
generalization. To establish the non-asymptotic convergence results, we introduce the e-first-order

stationary point in which € > 0 measures the non-stationarity.

DEFINITION 2.2 (e-First-Order Stationary Point). A point & is e-stationary point of F(x)+ ¥(x)
if |7 — proxy (5 - VF(@)|? < e

It is worth noting that the stepsize does not play a role in the above definitions. This is due to
the following fact that characterizes the relations between proximal gradient mappings defined under

different stepsizes.

LEMMA 2.1. Let ¥ : R? — RU {400} be a proper convex and closed function. For any x,z € R?

and v > 0,

Hx — proxﬂ,(;v — vz)H

[l — proxy (z — 2)|

(2.8) min(1,7) < < max(1,7),

PROOF. Denote the subdifferential of ¥(x) as 0¥ (z) and y4(8) := proxgy (r —~z) for simplicity.
By the optimality condition, we have 0 is a subgradient of H(y) = (z,y — x) + ﬁHy —z|?+ ¥(y) at
y+(B), ie.,
0€ 2+ 87" (y+(8) — 2) + 0W(y+(B))-

Hence, there exists a subgradient of ¥(y) at y (), denoted by V¥(y,(8)), such that

VU(ys(B) = =z — B~ (y4+(B) — ).

By the convexity of ¥, we have for any y € R,

U(y) — Y(y+(8)) = <@‘I’(y+(ﬁ))7y - y+(ﬁ)> = (~2 =B (y+(B) — ),y —y+(8)),
Then, setting y = y4+(v),5 =1 and y = y+(1), 8 = v in the above inequality respectively, we obtain

U(y+(7) = ¥(y4+(1) = (=2 = (y+(1) = 2),y+(v) —y+(1)),

U(y4 (1) = U(y+(7) = (=2 =7 (e (v) — 2), 5+ (1) =y (7)) -
13



Adding the above equalities together, we obtain
((y+(1) =2) =7y (1) = 2), (y4(1) = 2) = (y+(7) — 2)) < 0.
This implies that
L+ Yy () = 2,94(1) = 2) =y (1) =2l + 97 lys () — 2%,

Using the Cauchy-Schwartz inequality and rearranging the terms, we get

lye) =21\ _ (y , o lwe) =2l
(eth=at) -a+pigy st +o=o

which is equivalent to
(Hy+(7) —af 7) (Hy+(v) —zf 1) <o.
ly+(1) — 2| ly+(1) — |

Ny (=2l 3¢ hotween 1 and . =

That is to say, Ty (D =z]

2.3.2. Assumption. Next, we list and discuss the assumptions made in this work.

ASSUMPTION 2.1. The functions F(x) and V(z) satisfy:

(1) ®(x) = F(z) + ¥(x) > &, > —oc0 for all z € R,
(2) F(z) is Lyp-smooth.

(8) ¥(x) is proper, convezx, and closed.

For stochastic oracles, we assume that the stochastic gradient VG(-, £¥*1) is unbiased conditioned

on the filtration .%y,.
ASSUMPTION 2.2 (Unbiasness). For any k > 0,2 € F, and 1 < i <n,
E [va(x,g’fﬂ)]%] — VF(z).
In addition, we consider three standard assumptions on the variance.
ASSUMPTION 2.3 (Bounded variance). For any k > 0,z € %,

E [HVG(Q;7gk+1) — vF(x)HZ’%] <o

14



AssuMPTION 2.4 (Bounded second-moment). For any k > 0,z € Fy,
2
| [vow.g| |7 <

ASSUMPTION 2.5 (Sub-gaussian noise). For any k >0,z € F, ||VG(x, 81 — VF(2)|| | Z is

K -sub-Gaussian.

The unbiasedness and bounded variance assumptions (Assumption 2.2 and 2.3) are standard
in the literature and also typically satisfied in several practical stochastic optimization problems
[Lan20]|. The assumption of the bounded second moment (Assumption 2.4), which implies the
Lipschitz continuity of F'(x), is considerably stronger than Assumption 2.3. It is also straightforward
to see that Assumption 2.3 together with the Lipschitz continuity of F(z) imply Assumption
2.4. The Assumption 2.5 is commonly used in the literature to derive high-probability bounds;
see [HK14, HLPR19,L020,ZCC™"18|. It is worth highlighting that we assume the noise vector to
be norm-sub-Gaussian rather than sub-Gaussian vectors to eliminate the dependence on dimensions
in our bounds [JNG*19]. Tt is also feasible to relax these assumptions for stochastic optimization in
scenarios with heavy tails [HM21]; however, our present theory is based on the standard assumptions

listed above.

2.3.3. Merit Function. Our proof relies on the merit function below:

2
(2.9) Wi(zF, 2F) = @@F) — o, +W(2®) —n(®, 2F) +2 HVF(xk) — zk‘ ,
. function value gap primal convergence dual convergence
where
(210) (,2) = min 4 {2, — ) + o}y — ol + ¥()
. z,z) =min < (z,y —z)+ —|ly —
U min | (=¥ 2 11Y y

Given that y* = Prox.y (xk — fyzk) is the minimizer of a 1/v-strongly convex function, we have
1 1
k ,k k k k2 k k k k2
— — — LG <y - — —
(.98 =) 4 oo = 2P 4+ W) < W) - oy -t

k k

which implies W(z*) — n(2*, 2%) > % |z* — kaQ = % |z* — prox,, (z H2

— yzk) Consequently,

the current merit function comprises three terms that constrain the gap in function value, the

convergence of iterates in the primal space x¥, and the convergence of dual variables z¥ to VI (x*),
15



respectively. The following lemma characterizes the smoothness of 7(-,-), which plays an important

role in the subsequent analysis.

LEMMA 2.2. Let U : RY — RU {+o0} be a closed proper convex function. Let n(z,z) be the

function defined in (2.10). Then, Vn is C-Lipschitz continuous where

(2.11) 07=2\/<1+i>2+(1+;)2.

PRrROOF. Recall that the Moreau envelope of a convex and closed function ¥ multiplied by a

scalar v is defined by

. 1
envy(2) = min {27 ly—z|? + w<y>} |

yERd

and its gradient is given by Venv,y(z) = 1 (2—prox. .y (z)) where prox. 4 (z) = arg min {% ly — | + \I/(y)}

v
y€Rd
Note that 7(z,2) = envyy (z —v2) — 3 ||2||%. Therefore, the partial gradients of i are given by

Ven(z,z) = —z -1 (prox,yq, (x—72)—z), V.n(z,2)= prox,y (z —v2) — .
Hence, for any (z,z) and (2/, 2'),

an(.’IJ,Z) - V”(l’/,z/)“ S Hv$n<$7z> - v:vn(xlaz/)H + Hvzn('xuz) - vzn(xlvz/)H

<21+ 1/y) ||z — 2|+ 2+7) ||z = || < Cy ||(z,2) — (&, 7).

2.3.4. Non-asymptotic Convergence. We state the non-asymptotic convergence results
in this subsection. The first results show that the randomly selected iterate from the sequences

generated by Prox-ASA is an e-first-order stationary point in expectation.

THEOREM 2.1 (Non-asymptotic convergence in expectation). Suppose Assumption 2.1, 2.2,

2.8 hold. Let vy >0, 7, = \/lﬁ, R be a random integer uniformly from {1,...,N}. Then, for any
sufficiently large N > No(v, Lvr), the sequences generated by Algorithm 1 satisfy

(Primal) E [[y® - 27|"] < (Dual) B [||s% — VF@EH)|*] <

=
=

16



which together tmply that
E [HxR — proxy (% — VF(:):R))Hﬂ < L
vN
i.e., x® and y® is an e-first-order stationary point in expectation if N > e 2.

Furthermore, if

Assumption 2.4 holds and V(x) is Lipschtiz continuous on its effective domain, then No(vy, Lvr) = 1.
We also establish the high probability convergence results in the next theorem.

THEOREM 2.2 (Non-asymptotic convergence with high probabiltiy). Suppose Assumption 2.1,

2.2, 2.5 hold. Lety >0, 7, = —=, R be a random integer uniformly from {1,...  N}. Then, for any

VN’
sufficiently large N > No(v, Ly, K), with probability 1 — ¢, the sequences generated by Algorithm 1

satisfy

o T By R
k=1

k=1

which together imply that

N
1 2 _ K?log(1/s
N ; ka — proxy (zF — VF(mk))H S jgﬁ(/)‘
2.3.5. Proof of Non-asymptotic Convergence. In this subsection, we present the proof
of Theorem 2.1 and 2.2. First, the following lemma plays an essential role in our analysis that

characterizes the decrease of the merit function.

LEMMA 2.3. Suppose Assumption 2.1 holds. Let W(-,-) be the merit function defined in (2.9)

for X > 0. The sequences {z*, zk}kzo generated by Algorithm 1 satisfy

Lyr+C 2
Wx(xkﬂ,zkﬂ) — W)\(a:k,zk) < 7 {—’yl + W + )\LQVF} ka — ka
2 IN) T2 2
(2.12) b {_H Cv;k} |vret -4+ w [Pl )

where C., is defined in (2.11), AL = oF*1 — VF(z), and

(2.13) rk+1 = <M+1, o~y 201 = ) + Oy (VF(:zk) - zk) 2 (VF(xk“) - VF($k)) >

17



PROOF. By the smoothness of F' (Assumption 2.1) and n (Lemma 2.2), we have

L 2
F(z"+) — F(zh) < <VF($k)7l,k+1 _xk> I ;F ka—i-l _wkH
Lyupt? 2
s - (oret =)+
and
ik, 28) = () < (<ak - g7y - ak), b - ) 4 (yF - k2 ke
# G (ot = o= 4)
2 (4,08 = ) et — P (0 )
C 2 2
= o (- o),

Since ¥ is the minimizer of a 1/y-strongly convex function, i.e.,

2

)

1 2 1
<zk,yk — 93’“> 3 Hy’“ — ka +U(yr) < V() - > Hyk — xk‘

which together with (2.15) gives
n(a®, 2%) — p(ah L A < -yl ka _ ka2 7 <Uk+17$k _ yk>
(2.16) +om, () — W) + % <T,§ | - kaQ - zkHQ) |
By the convexity of ¥, we have
(217) W) — U(zh) < (1 — 1) T(F) + T (yF) — U(z) = 7, <\Il(yk) - \Il(xk)) .

Combining (2.14), (2.16), and (2.17), we have
2
[(I)(karl) (Rt - n(ka?ZkH)} _ [(I)(xk) (k) - n(xk7zk)} <y ln ka _ ka
(2.18)
2

L C)1? 2
+ 75 <vk+1 — VF(xk),a:k — yk> + —( VF; )i Ha:k — ka + % szﬂ — zkH i

Noting that z¥+1 — 2% = 7, (VF(2F) — 2%) + 7, AF! where A = oF+1 — VF(2F), we can get

(2.19)

2R zkHQ = T]? {HVF(.Tk) —ZF ‘2 + HAkHHQ +2 <Ak+1,VF(xk) — zk>} .

18



In addition, by the update rule of z*, we have

HVF@&H)—J*wQ:Hﬂ—w@[VF@ﬁy—ﬁ]+VF@&H)—VF@$y+mA“4W
:’M1-@)[Vﬁxxh-—zﬂ-+Vukaﬂ) VF(z H +7-HAk+W‘—%ﬁ””
g(L—WWVF@ﬂ—zw HVF (@) = VF(z “+THAHW‘+0H1
(220) <1 —m) [VE@H) — |+ mLdp ||t — ot g ook
where 9% == 27 (AL (1 — 7)) [VF(2¥) — 2¥] + VF(a*1) — VF(a)).
Combining (2.18), (2.19), (2.20), and the definition of W (z*, 2¥) in (2.9), we have

1 Lvr + G

WA(ka,zkH) o WA(wk,zk) <7 {—7_ 5

2
+ )\LQVF} ka - ka

2 (C,+2))
oo S ety -+ G

where r#*1 is defined in (2.13).

Next, we shall demonstrate the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. For simplicity, set v = LéF and \ = S yeres . Then, we have
1)? 2 2 oL
(2.21) Cy =2 (1+> +(1+1> Sy a="NEL S 4y
v 2 Y c Lyr

1 Lyr CL%%

For k > 1, choosing 74 such that 75, < min{

4> 4cCy0 40,
k1 k+1 k ok Lor ||k k| k||
Wi(zPTH 28T — Wy (2, 2%) < =1 s —— ||z — y"|| + VF(z") -z
Ac 4LVF
(2.22) +%{C-+%HAMWI}+WT1

When k£ = 0, setting 79 = 1, we have

L C
Wi 2') = Wa(a®,2%) < {—7—1 y Lor+Gy) vet ) +AL%F} 2 =]

Q

(, +2A

(2.23) +{—)\ ;} IVE@) - 2| + ) |at? +

19

}, we can re-organize the terms in (2.12) as



Telescoping (2.22) from k = 1 to k = N, together with (2.23), (2.9), and 2" = 0, we have

N
L 2 2
Somd T ot - ot e [VEGR - | < 9) - @+ w60 - w)
k=1 4LVF

A+c-3 (0N 2 C 2
+{2CLVF+ : }Hx I+ S vFE)

(2.24) +Z {C—FC/LVF HA]HlHQ} +ZN:Tkrk+1
k=0

Setting 7, = \/iﬁ for all £ > 1, taking the expectation of the above inequality, and noting that under

Assumption 2.3
2
B[at]m] -0 &[|ar ] <o

16¢2C2 16C2L2
we have for N > Ny = max{16 cty viw}

) LZVF’ c2

N 2
R _ . R|2 _iz H Ko kH2 4e(CyLyrp +c)o

k=1
20{2[q>(x0)—<1>*+\11(x0)_\1/(y0)}+[(c+ ) Lyr + Gy [|[2° — 0| + C, ||V }
(2.25) + Tond
R 1 & R ri2] _ 4Lvr (CyLyr + c) o?

B[IvFe - ] = 5 LB [IvF6" -] < =200
(2.26)

+2Lw {2[<I>(:c0)—<1>*+\11(:c0)—x1/(y0)]+[(c+ VLyr + Gy |20 = °||> + C, | VF(9)|| }

VN

By the triangle inequality and the non-expansiveness of the proximal operator, we obtain
(2.27) kafproxw, ( —yVF(x )H < H ka +7HVF(3:k)fzkH.
Therefore, we can obtain

E [HazR — Prox,y (xR - 7VF($R)) H2] <2E [HxR - yRH2 + 72 HVF(HJR) — zRHQ}

1c{2[@(2%) = @, + W(@®) = W) + [(e+ 1 Lvr + O] o = 5|* + €, [ VF@0)|*}
<
B LypVN

20



8c (C'YLVF + C) O'2
+ )
LopVN

which completes the proof without assuming the bounded second moment of stochastic gradients.

(2.28)

We then prove the last part of Theorem 2.1. Firstly, if U(x) is Ly-Lipschitz continuous, then by the

optimality of ¥* we can have

1 2
o A IR G R R SRR PEE T at B  | Kas

)

which implies that
229 Jo# =t < (2o +[}])-

Noting that

k k—1 k
(2.30) ZF = Zai,kvi, where a; j, = Ti—1 H(l - 75), Z a;p =1,
i=1 J=i =1

we can further bound E [sz‘ﬂ using Assumption 2.4, i.e.,

(.31) |4 - ZE [ei)7] < o

Therefore, E [ka — yk‘ﬂ < 242 (L?I, + 0’2). Furthermore,

2
2 2 2
E [sz“ - zkH ] =7iE [Hv’f“ —zkH } <2 E [Hv’f“” } +E

k—1
§ : a@kv”l
1=0

(2.32)
kel -
< 277 {E [Hvk"_lH ] + ZQLICE [H'UZ'HH } } = 4r20°.
=0
With these results, we can then use (2.18) and (2.20) to obtain another basic inequality:
2 2
Wa(2H 1, 21— Wy (e, 24) < {(—7‘1 ML) o = | = A VRS - 2 }

2 (Lyp+C 2y C 2
(2.33) +T,3{A713HM+1H +(VF2+v>kaka }+2’YH2k+1zkH e
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where #Ft1 = (AMFL gk — gk 42X ((1 — 73,) [VF(2*) — 2*] + VF(2* ™) — VF(2%))). In this sce-
nario, the proof can be completed using analogous arguments when taking the expectation of (2.33)

without any restrictions on 7y, i.e., the convergence results hold for any N > 1. ]

In the high probability results, we aim to handle the tail probability for two terms involving the
mean-zero noise with the sub-gaussian norm, |A**1||2 and (AF1 AF), where (A¥) and (A*) are
adapted to (Z). Our proof leverages Lemma 1.2 and Lemma 1.3 to control the probability of these

two terms being too large.

PROOF OF THEOREM 2.2. We start with presenting the lemma below, which leverages con-
centration inequalities to show a high-probability upper bound for terms involved in the previous

analysis.

LEMMA 2.4. Suppose Assumption 2.2 and 2.5 hold. For any 01,682,a > 0, we have

(a) with probability at least 1 — d1, Zivzo T2 HAk+1H2 < K?log(2/61) Zszo T2
(b) with probability at least 1 — ds,

N

kZ:OTk (AR E — b A0 = ) + Cymd (VE(@R) = 24) 4 22 (VF() = VF@h)) )
< 4dalog(1/d2) + 602{2 i'r,? {(1 + 4N IE ) ka — kaQ + (4X% + C,%) HVF(xk) - zkH2} .
k=0

We first show (a). Using the law of total expectation, we have

||TkAk+1H2>]
E [eXp < <2,
7']3[(2

which implies that |7,A¥+1||2 is 72 K2-sub-exponential. Thus, we have with probability at least
1— 6,

N 9 N
(2.34) ks HAkﬂ H < K2log(2/61) Y 72,
k=0 k=0
22



To prove (b), we apply Lemma 1.1 and Lemma 1.3 with

X; =7 <Ak+1, o —yF 201 — ) + o (VF(xk) _ zk) 12 <VF(xk+1) - VF(xk)>> :

K, = K, ka — oy 201 = 7) + Cy7) (VF(xk) . zk) +2) (VF(:U]H'I) - VF(a:k)> H ,

b=0,t=4alog(1/d2).
We obtain that for all @ > 0 with probability at least 1 — da, Zﬁio X; < 4alog(1/62) and
N N )
Y x < 287 Z 2 ka —yF 201 — 7) + Oy (VF(xk) - zk) +2) <VF($k+1) . VF(:ck)> H
=0 k=0
A 2 2 k||? 272 |k k|
< 0K Z k{H P+ a3 ) ||[vreh) - |+ axi fo — f }

where the second inequality comes from the Lipschitzness of VF'.

With the above lemma, we can now complete the proof of Theorem 2.2 by setting 6; = dy = §/2

and following the similar arguments as in the proof of Theorem 2.1.

2.3.6. Almost Surely Asymptotic Convergence. In this subsection, we also establish the

asymptotic convergence of Prox-ASA. We select any time-varying positive {7} that satisf
ymp g Yy ymng p Yy

o0 o0
(2.35) Zrk =oo and ZT]? < 0.
k=0 k=0

These two requirements are standard in the examination of stochastic approximation [RM51,BT00].
The first condition is necessary to move away from the initial point as much as desired, while the
second condition is necessary to maintain control over the variance of the noise. In the following

theorem, we derive the almost surely asymptotic convergence under above conditions.

THEOREM 2.3 (Almost Surely Asymptotic Convergence). Suppose Assumption 2.1, 2.2, 2.3 hold.
Ify>0 and Y52 Tk = 00 and > pe o T < o0, then with probability 1, the sequences generated by
Algorithm 1 satisfy

lim ||y* — 2| =0,
k—o00

lim ||2* — VF(2%)|| = 0,
k—o0
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klim |z* — proxg (z¥ — VF(z*))|| = 0.
—00

The proof of the above outcomes can be traced back to [RM51]. Nonetheless, we will simplify

the lengthy proof for better understanding as follows.

PROOF OF THEOREM 2.3. Noting that by (2.24), with the conditon that > 3o, 72 < oo, we

have
o 2 (e.0) o 2 o, ¢]

(236) S nE [H”f'“ _ ka } $Y <o, S nE [vak) _ ZkH } <SS < oo,
k=0 k=0 k=0 k=0

which implies that >7° 7 [|#* — kaZ < oo and Y37 7 | VF(z*) — zkHQ < oo with probability
1. From these inequality and the condition that ) 7> ;7 = 0o, we can derive the fact that with
probability 1

(2.37) hmmf H -y H lim inf HVF(xk)—zkH2:0

k—o0

It remains to show limsupy,_,, ||* — kaQ = limsup,_,, | VF(zF) — zk||2 = 0. As it turns out,
the lemma below from [Ora20] is essentially all that we require. This lemma can be proved by

contradiction assuming limsup;_,, by = A € (0, +00). For simplicity, we will omit its proof.

LEMMA 2.5 ( |Ora20|). Let {by}r>1,{Tk}r>1 be two non-negative sequences and {uk}kzl a

sequence of vectors in R%. Let p > 1 and assume Pyl lkap < o0 and Y g2 T = oo. If there

exists M > 0 such that |byyy — bg| < M (Ek+t Lrib + HZkH L ), where {uF} is such that

szo:l TzukH < 00, then by converges to 0.

With this lemma, we can now check the asymptotic convergence of {ka — ka , HVF(mk —2F) H }

Observe that by the triangle inequality and non-expansiveness of the proximal operator,

[ bl L |

< H(ajmt - yk—l-t) _ (xk - yk)H < ka+t - ka I Hyk+t _ ka

-1 ktt—1
§2H$k+t—$kH+’YH2k+t ‘ <9 Z |2t = 2| + Z (L — 41
i=k
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k+t—1 ' 4 k=1 '
< max{2,v} { Z Ti Hm’ - ylH + Z (7 — 2 }
i=k 1=k
k+t—1 ' ‘ ‘ A k+t—1
(2.38) < max{2,v} { Z T (sz _ yZH + HVF(a?Z) _ ZZH) + Z TL (Uk—s—l _ VF(xk)) H}
i=k i=k

Moreover, by the smoothness of F(z)

< H(VF(xk‘-‘rt) _ kY (VR — Zk)H < Lop Hmk+t _ a:kH 4 sz—i-t _ ZkH

‘HVF(IJC+I‘/) _ ZkthH _ HVF(Q:’“) _ Lk

ktt—1 o . ‘ k-1
(2.39) < max{l,Lyp} { Z T (sz _ yzH + HVF(:L‘Z) - zZH) + Z Tk (Uk—s—l _ VF(ack)) H}
i=k 1=k

Thus, combing (2.38) and (2.39) and apply the triangle inequality again, we have

k+t—1 k+t—1 '
‘kart_bk‘ SM( Z 7;b; + Z ut ) ,
i=k i=k

where

by = ka — ka + HVF(xk) —2F, W =" —VF(r), M =max{2 Lyr,7}.

Note that {Zizquo Tkuk}N:Ql,m is a martingale whose variance is bounded by &2 Yoo 7',? < 0.
Hence, {Z]kV:O muf} N—o1,.. is a martingale in L2, so it converges in L? with probability 1. Overall,
with probability 1 the assumptions of Lemma 2.5 are verified with p = 2. Therefore, with probability
1, we have

lim ka—ka:O, lim HVF(m’f)—z’fHZO,

k—o0 k—o0

which together implies that

lim ka — proxy (zF — VF(xk))H = 0.

k—o0

2.4. Discussion and Conclusion

In this chapter, we introduce and examine a novel class of proximal gradient methods, Prox-ASA,

to solve non-convex stochastic optimization problems. Despite the absence of theoretical improvement
25



in the convergence rate when compared to (Prox-)SGD, Prox-ASA exhibits a decreasing variance
of the gradient estimator z*, ensuring that E {sz - VF(:Ek)HQ} — 0 as k — +o0o. Consequently,
a reliable terminating criterion of Hprox\p(:ﬁk —2F) — ka can be employed. Additionally, this
algorithm class matches the lower bound of the sample complexity established for smooth problems
(¢ = 0) [ACD*%19|. Finally, this algorithm class can be further extended to tackle numerous
challenging problems in which (Prox-)SGD may not yield satisfactory results, which we will illustrate

in the next two chapters.
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CHAPTER 3

Decentralized Proximal Averaged Stochastic Approximation

3.1. Introduction

Decentralized optimization is a flexible paradigm for solving complex optimization problems in a
distributed manner, and has numerous applications in fields such as machine learning, robotics, and
control systems. It has attracted increased attention due to the following benefits: (i) Robustness:
Decentralized optimization is more robust than centralized optimization because each agent can
operate independently, making the system more resilient to failures compared to a centralized system
where a coordinator failure or overload can halt the entire system. (ii) Privacy: Decentralized
optimization can provide greater privacy because each agent only has access to a limited subset
of observations, which may help to protect sensitive information. (iii) Scalability: Decentralized
optimization is highly scalable as it can handle a large datasets in a distributed manner, thereby
solving complex optimization problems that are difficult or even impossible to solve in a centralized
setting.

Specifically, we consider the following decentralized composite optimization problems in which n
agents collaborate to solve

(3.1) min B(2) i= F(z) + ¥(o), Flz) = % > Fia),

where each function Fj(x) is a smooth function only known to the agent i; ¥(x) is non-smooth,
convex, and shared across all agents; ®(z) is bounded below by ®, > —oo. We consider the stochastic
setting where the exact function values and derivatives of F;’s are not available. In particular, we
assume that Fj(z) = E¢,~p,[Gi(z,&)], where & is a random vector and D; is the distribution used
to generate samples for agent 7. The agents form a connected and undirected network and can
communicate with their neighbors to cooperatively solve (3.1). The communication network can be
represented with G = (V, W) where V = {v1,v2,...,v,} denotes all devices and W = [w;;] € R™*"

is the weighted adjacency matrix indicating how two agents are connected.
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A majority of the existing decentralized stochastic algorithms for solving (3.1), require large
batch sizes to achieve convergence. The few algorithms that operate with constant batch sizes
mainly rely on complicated variance reduction techniques and require stronger assumptions to
establish convergence results. To the best of our knowledge, the question of whether it’s possible to
develop decentralized stochastic optimization algorithms to solve (3.1) without the above mentioned
limitations, remains unresolved.

To address this, we propose the two decentralized stochastic proximal algorithms, Prox-DASA

and Prox-DASA-GT, for solving (3.1) and make the following contributions:

e We show that Prox-DASA is capable of achieving convergence in both homogenous and
bounded heterogeneous settings while Prox-DASA-GT works for general decentralized het-
erogeneous problems.

e We show that both algorithms find an e-stationary point in O(n~'e2) iterations using
only O(1) stochastic gradient samples per agent and m communication rounds at each
iteration, where m can be any positive integer. A topology-independent transient time
can be achieved by setting m = [ﬁ}, where p is the second-largest eigenvalue of the
communication matrix.

e Through extensive experiments we demonstrate the superiority of our algorithms over prior

works.

A summary of our results and comparison to prior work is provided in Table 3.1.

3.1.1. Related Works on Decentralized Composite Optimization. Motivated by wide
applications in constrained optimization [LIN13, MFGP17| and non-smooth problems with a
composite structure as (3.1), arising in signal processing [LT10, MBG10, PEK14| and machine
learning [FSS15, HHZ17]|, several works have studied the decentralized composite optimization
problem in (3.1), a natural generalization of smooth optimization. For example, [SLWY15,LSY19,
AYS19,YZLZ20,XTSS21,LLT"21,SSD22, WL22]| studied (3.1) in the convex setting. Further-
more, [FSS15, DLS16, HHZ17,ZY18,SS19| studied (3.1) in the deterministic setting.

Although there has been a lot of research investigating decentralized composite optimization,
the stochastic non-convex setting, which is more broadly applicable, still lacks a full understanding.

[WZC21] proposes SPPDM, which uses a proximal primal-dual approach to achieve O(e~2) sample
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TABLE 3.1. Comparison of decentralized proximal gradient based algorithms to
find an e-stationary solution to stochastic composite optimization in the nonconvex
setting. The sample complexity is defined as the number of required samples per
agent to obtain an e-stationary point (see Definition 3.1). We omit a comparison with
SPPDM [WZC™'21] as their definition of stationarity differs from ours; see Appendix
A.3 for further discussions.

. . Sample Communication Linear

Algorithm Batch Size Complexity Complexity Speedup? Remark
ProxGT-SA 1 1.2 N—1

[XDKK21| O(e™) O(n~'e?) O(log(n)e™) 4
ProxGT-SR-0 ) 115 _1 (i) double-loop;
[XDKK21| O(e™) O(n="e™") Olog(n)e™) v (i) mean-squared smoothness

O(¢75) then O(1)* O(n~le15) O(n~le19) v ) (i) two time-scale;
DEEPSTORM (ii) mean-squared smoothness;
[MBMXC22] (iii) double gradient evaluations
o(1) O(e 9] log e ~1%) | O(e~15| log | ~1%) X per iteration
Prox-DASA (Alg. 2) o0(1) O(n~1e?) O(n~te?) v bounded heterogeneity
Prox-DASA-GT (Alg. 3) O (1) O(n~'e?) O(n~te?) v

* Tt requires O(e~%®) batch size in the first iteration and then O(1) for the rest (see mg in Algorithm 1
in [MBMXC22)).

complexity. ProxGT-SA and ProxGT-SR-0 [XDKK21| incorporate stochastic gradient tracking
and multi-consensus update in proximal gradient methods and obtain O(n~'e=2) and O(n~te 1?)
sample complexity respectively, where the latter further uses a SARAH type variance reduction
method [PNPTD20,WJZ"19|. A recent work [MBMXC22| proposes DEEPSTORM, which leverages
a STORM type of variance reduction technique [CO19| and gradient tracking to obtain O(n~te=1?)
and (7)(6*1'5) sample complexity under different stepsize choices. Nevertheless, existing works either

require stronger assumptions [MBMXC22]| or increasing batch sizes [WZCT21, XDKK21].

3.1.2. Notations. || - || denotes the ¢3-norm for vectors and Frobenius norm for matrices. || - ||2
denotes the spectral norm for matrices. 1 represents the all-one vector, and I is the identity matrix

as a standard practice. We identify vectors at agent ¢ in the subscript and use the superscript for

the algorithm step. For example, the optimization variable of agent ¢ at step k is denoted as xf, and
zf is the corresponding dual variable. We use uppercase bold letters to represent the matrix that
collects all the variables from nodes (corresponding lowercase) as columns. We add an overbar to a

letter to denote the average over all nodes. For example, we denote the optimization variables over
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all nodes at step k as X = [:z:]f, . ,a:fl] . The corresponding average over all nodes can be thereby

defined as

n

1 1 _ 1
Tk = - fo =Xl X = [ZF,... ) =zF1T = ﬁxklﬂ.
=1

For an extended valued function ¥ : R — R U {+oc}, its effective domain is written as dom(¥) =
{z | ¥(z) < +o0}. A function ¥ is said to be proper if dom(¥) is nonempty. For any proper closed

convex function ¥, x € R?, and scalar v > 0, the proximal operator is defined as

. 1
prox. g (r) = arg min {Hy —z|* + \I/(y)} )
yERd 2")/

For z,z € R? and ~ > 0, the proximal gradient mapping of z at z is defined as

1
g(fI,',Z,")/) = ; (JJ - pI‘OX,Y\I,(J,' - fyz)) .

All random objects are properly defined in a probability space (£, #,P) and write z € H if z is
‘H-measurable given a sub-o-algebra H C .# and a random vector . We use o(-) to denote the

o-algebra generated by all the agument random vectors.

3.1.3. Assumptions. Next, we list and discuss the assumptions made in this work.

ASSUMPTION 3.1. The weighted adjacency matric W = (w;;) € R™™ is symmetric and doubly

stochastic, i.e.,

W=W'" Wi1,=1,, w;>0,Vij
and its eigenvalues satisfy 1 = A1 > Ao > -+ > Ay, and p = max{| 2|, |A\n|} < 1.

ASSUMPTION 3.2. All functions {F;}1<i<n have Lipschitz continuous gradients with Lipschitz

constants Ly, respectively. Therefore, VF' is Ly p-Lipchitz continous with Lyr = maxi<i<n{LvFE,}.
ASSUMPTION 3.3. The function ¥ : R — RU {400} is a closed proper convex function.

For stochastic oracles, we assume that each node i at every iteration k is able to obtain a local

random data vector 55. The induced natural filtration is given by %, = {0, Q} and

Fp=0(&|i=1,...,n,t=1,...,k) ,Vk > 1.
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We require that the stochastic gradient VG, (-, §f+1) is unbiased conditioned on the filteration .%y,.

AsSUMPTION 3.4 (Unbiasness). For any k > 0,2 € F, and 1 <i <mn,
E [VGi(:z:,gfﬂ)‘ﬁk] — VFi(x).

AssuMPTION 3.5 (Independence). For any k > 0,1 <1i,5 <n,i# j, ff“ is independent of Fy,

and ff“ is independent of f;““,

In addition, we consider two standard assumptions on the variance and heterogeneity of stochastic

gradients.

ASSUMPTION 3.6 (Bounded variance). For any k > 0,2 € %y, and 1 <i <n,
2
E [ch;i(x,gf“) - VFi(x)H ‘%] < o2,
Let o =150 52,

AssuMPTION 3.7 (Gradient heterogeneity). There exists a constant v > 0 such that for all

1<i<n,zeRY |VFE(z) - VF(z)|| < v

REMARK. The above assumption of gradient heterogeneity is standard [LZZ* 17| and less strict
than the bounded second moment assumption on stochastic gradients which implies lipschtizness of
functions {F;}. However, this assumption is only required for the convergence analysis of Proz-DASA

and can be bypassed by employing a gradient tracking step.

3.2. Methodology

Several algorithms have been developed to solve Problem (3.1) in the stochastic setting; see Table
3.1. However, the most recent two types of algorithms that achieve (near)-optimal sample complexities
have certain drawbacks: (i) increasing batch sizes: ProxGT-SA, Prox-SR-0, and DEEPSTORM with
constant step sizes (Theorem 1 in [MBMXC22|) require batches of stochastic gradients with
batch sizes inverse proportional to tolerance €; (ii) algorithmic complexities: ProxGT-SR-0 and
DEEPSTORM are either double-looped or two-time-scale, and require stochastic gradients evaluated
at different parameter values over the same sample, i.e., VG;(z, &) and VG;(2/, ). These variance

reduction techniques are unfavorable when gradient evaluations are computationally expensive such
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as forward-backward steps for deep neural networks. (iii) theoretical weakness: the convergence
analyses of ProxGT-SR-0 and DEEPSTORM are established under the stronger assumption of mean-
squared lipschtizness of stochastic gradients. In addition, Theorem 2 in [MBMXC22] fails to

provide linear-speedup results for one-sample variant of DEEPSTORM with diminishing stepsizes.

3.2.1. Decentralized Proximal Averaged Stochastic Approximation. To address the
above limitations, we propose Decentralized Proximal Averaged Stochastic Appro-ximation
(Prox-DASA) which leverages a common averaging technique in stochastic optimation [Rus08,
MHK18a, GRW20| to reduce the error of gradient estimation. In particular, the sequences of dual

variables ZF = [z{“, e sz that aim to approximate gradients are defined in the following recursion:

Zk+1 _ {(1 _ Oék)zk + Oéka+1} WM

VAL = [kt o1

R A B

where each vf“ is the local stochastic gradient evaluated at the local variable xf For complete
graphs where each pair of graph vertices is connected by an edge and there is no consensus error for
optimization variables, i.e., W = %11T and xf = xf,Vi, j, the averaged dual variable over nodes 2"

follows the same averaging rule as in centralized algorithms:
= (1 ag) 2 + ottt
E[o*1.7) = VE(ZY).

To further control the consensus errors, we employ a multiple consensus step for both primal and

dual iterates {z¥, ¥} which multiply the matrix of variables from all nodes by the weight matrix m

197

times. A pseudo code of Prox-DASA is given in Algorithm 2.

3.2.2. Gradient Tracking. The constant v defined in Assumption 3.7 measures the het-
erogeneity between local gradients and global gradients, and hence the variance of datasets of
different agents. To remove v in the complexity bound, [TLY 18] proposed the D? algorithm,
which modifies the x update in D-PSGD [LZZ'17]. However, it requires one additional assump-
tion on the eigenvalues of the mixing matrix W. Here we adopt the gradient tracking technique,
which was first introduced to deterministic distributed optimization to improve the convergence

rate [XZSX15,DLS16,NOS17,QL17|, and was later proved to be useful in removing the data
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Algorithm 2 Prox-DASA

Input: 79 = 29 = 0,7, {ax}>0,m
for k=0,1,...,K —1do
# Local Update
for i =1,2,...,n (in parallel) do
yf = prox,y (zf —72f)
ff“ =(1- ak)ﬂsf + akyf
# Compute stochastic gradient
oft = VG (ak, &)

k41 _ k k+1
Z = (1= )z + agy;
end for
# Communication
k+1 ~ k41 ~
[:c1+ e ,xf{“‘l] = [331+ e ,xﬁH]Wm
k+1 ~k+1 ~
(27T 2R = L AW
end for

variance (i.e., v) dependency in the stochastic case [ZY19,LZSH19,PN21, KLS21]. In the conver-
gence analysis of Prox-DASA, an essential step is to control the heterogeneity of stochastic gradients,
ie., E[|[VFH! — \_fk+1“2}, which requires bounded heterogeneity of local gradients (Assumption 3.7).
To pypass this assumption, we employ a gradient tracking step by replacing VF*! with pseudo

stochastic gradients UF! = [uf*! .. wF*+1]) which is updated as follows:
UM = (UF 4 VA - vE w

Provided that U® = V? and W1 = 1, one can show that @* = o* at each step k. In addition, with the
consensus procedure over U*, the heterogeneity of pseudo stochastic gradients IE)[HU’“Jrl — Ukt HQ]
can be bounded above. The proposed algorithm, which we name as Prox-DASA with Gradient

Tracking (Prox-DASA-GT), is presented in Algorithm 3.

3.2.3. Consensus Algorithm. In practice, we can leverage accelerated consensus algorithms,
e.g., [LM11,01s17], to speed up the multiple consensus step W™ to achieve improved communication

complexities when m > 1. Specifically, we can replace W™ by a Chebyshev-type polynomial of W,

which can improve the p-dependency of the communication complexity from a factor of 1%,) to \/ll_ip.

Then, we have the following lemma.
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Algorithm 3 Prox-DASA-GT

Input: 20 = u) =20 = 0,7, {or}>0,m

for k=0,1,...,K do
# Local Update
for i =1,2,...,n (in parallel) do
yf = prox,y (zf —72f)
ff“ =(1- ak)ﬂsf + akyf
# Compute stochastic gradient
oft = VG (ak, &)
a;c-&-l _ uf Lokt gk

i v
k41 _ k ~k+1
Z = (1= o)z + gty
end for
# Communication
k+1 ~k+1 ~
[x1+ - ,zﬁ“‘l] = [9:1+ Y ,foJrl]Wm
k+1 ~L+1 -
[u/%Jr Ve ,ufﬁl] = [uk1+ e ,quH]Wm
1 ~k+1 ~
(27T, 2R = L AW
end for

Algorithm 4 Chebyshev Mixing Protocol
Input: Matrix X, mixing matrix W, rounds m Set Ag = X, A; = XW,p =
max{[A2(W)], [A(W)[} < Lpo = 1,11 =
fort=1,...,m—1do
e %Mt — MHt—1

2 Ht—1
A= 2B AW — BIZLA,
1 = pppg It iy D31

end for
Output: A,,

LEMMA 3.1. Suppose W satisfies Assumption 3.1. Let Ag, A, be the input and output matriz

of Algorithm 4 respectively. Then, we have

[~ Anll <2(1-vI=5)" 40 Ao

Hence, we obtain a linear convergence rate of (1 —+/1— p) instead of p. By virtue of that, we

can set m = | \/11_7] to obtain a topology-independent iteration complexity.

3.3. Convergence Analysis

3.3.1. Notion of Stationarity. For centralized optimization problems with non-convex ob-

jective function F'(z), a standard measure of non-stationarity of a point Z is the squared norm of
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proximal gradient mapping of VF(Z) at Z, i.e.,

2

6@ vF@.IF =

> (z — prox, g (z —yVF(Z)))

For the smooth case where ¥(z) = 0, the above measure is reduced to ||VF(z)|*.
However, in the decentralized setting with a connected network G, we solve the following
equivalent reformulated consensus optimization problem:
1 n
min - Z {Fi(x;) + ¥(x;)}
(32) 331:--~75En€R i=1

s.t. x; = xj, Y(i,7).

To measure the non-stationarity in Problem (3.2), one should not only consider the stationarity
violation at each node but also the consensus errors over the network. Therefore, [XDKK21]

and [MBMXC22| define an e-stationary point X = [x1,...,z,] of Problem 3.2 as

(3.3) E

Ly X A 2 2 a2
nZﬂW%Ww»w+¢wmzmﬂge

=1

In this work, we use a general measure as follows.

DEFINITION 3.1. Let X = [z1,...,x,] be random vectors generated by a decentralized algorithm

to solve Problem 3.2 and & = %Z?:l x;. We say that X is an e-stationary point of Problem 3.2 if

E [||g(:z, VF(&‘C),*y)HQ] <, (stationarity violation)
LY |12
E | —= HX — XH <e (consensus error)
n

The next inequality characterizes the difference between the gradient mapping at z and z;, which

relates our definition to (3.3). Noting that by non-expansiveness of the proximal operator, we have

2+~Lyr
Y

1G(i, VE(2i),7) = G(2, VF(Z),7)] < [z — |l

which implies that
1 - 2 < — — 2 1 < |12
n =1 7

3.3.2. Main Results. We present the complexity results of our algorithms below.
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THEOREM 3.1. Suppose Assumption 3.1, 3.2, 8.8, 3.4, 3.5, 3.6 hold and the total number of
iterations K > Ky, where Ky is a constant that only depends on constants (n, Lvp, o(m),7), where
o(m) = %. Let Cy be some initialization-dependent constant and R be a random integer
uniformly distributed over {1,2,..., K}. Suppose we set oy, < \/%,’y = ﬁ.

(Prox-DASA) Suppose Assumption 3.7 also holds. Then, for Algorithm 2 we have

~10) + o2 . n(0? +~v~2v2)o(m)

VnK K ’
n(o? + 7 2)o(m)
% .

E[llg@", vrE, ] <2

2
B |7 |xn - Xl | <
n

(Prox-DASA-GT) For Algorithm 3, we have

7~ 1Co + o? N no?o(m)

vnK K ’
LQVF 2 no?o(m)
IE[ : HXR—XRH],SK .

E[[g@" VEE"),)|] <

In Theorem 3.1 for simplicity we assume v =< LV%F’ which can be relaxed to v > 0. We have the
following corollary characterizing the complexity of Algorithm 2 and 3 for finding e-stationary points.

The proof is immediate.

COROLLARY 3.1. Under the same conditions of Theorem 3.1, provided that K > n3o(m), for
any € > 0 the sample complexity per agent for finding e-stationary points in Algorithm 2 and 3 are

O(max{n~te=2 Kr}) where the transient time K1 =< max{Ko,n3o(m)}.

REMARK (Sample Complexity). For a sufficiently small € > 0, Corrollary 3.1 implies that the
sample complexity of Algorithm 2 and 8 matches the optimal lower bound O(n~'e=?) in decentralized

smooth stochastic non-convexr optimization [LDS21].

REMARK (Transient Time and Communication Complexity). Our algorithms are able to achieve
convergence with a single communication round per iteration, i.e., m = 1, leading to a topology-
independent O(n~'e=2) communication complexity. In this case, however, the transient time K
still depends on p, as is also the case for smooth optimization problems [XKK21|]. If we consider
multiple consensus steps per iteration with the communication complezity being O(mn~te=2), setting

m = (?lp] (or m =< [\/11_7] for accelerated consensus algorithms) results in a topology-independent

transient time given that o(m) < 1.
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3.3.3. Proof Sketch. Here, we present a sketch of our convergence analyses and defer details

to Appendix. Our proof relies on the merit function below:

W@k 2 = ok - o, -l-\IJ(:ik)—n(ik,ék)+)\“VF(§:k)—EkHz,

Vv
function value gap primal convergence

dual convergence

i 1 2 ko._ —k -k
where n(z, z) = ynel]lR% {(z,y — ) + 5 lly —xlIF + \I/(y)} . Let 3 = prox.y (z* — vzF). Then, the
proximal gradient mapping of 2¥ at z* is G(z¥, 2%, v) = %(i’k — yﬁ) Since yﬂ“r is the minimizer of a

1/~-strongly convex function, we have
1 1
sk, k =k k =k k =k k =k
(o = 7)ok = M7 + W) < W) - ok - P,

which implies W (z*) — n(z*,z%) > 3 Hg(ick,ik,’y)‘f.
Following standard practices in optimization, we set v = Lv%p below for simplicity. However, our
algorithms do not require any restriction on the choice of +.
Step 1: Leveraging the merit function with A < v, we can first obtain an essential lemma
k Lk

(Lemma 11 in Appendix) in our analyses, which says that for sequences {7, 2’ }1<i<n x>0 generated

by Prox-DASA(-GT) (Algorithm 2 or 3) with oy, < min{1, (1 +~)72,7%(1 4+ v) =2}, we have

W (a2 W (55, 2F) < —ag {©F 4 TF 4 R R

where E[r*1 | Z,] = 0, AF < y || AR 2,

1 2
S A (GO

eF <
_ 1 _
A A
n ny

and AFFL = ghtl — LS G E (k) = abtt — L5 VE(aF) (for Prox-DASA-GT). Thus, by

telescoping and taking expectation with respect to %, we have

K 2 2
s ety
k=0

& K E[X—X 2, 20z, — 7 2”
< AW (20, 2°) + 4202 Zof +Zak{ H k an v H i kH |
k=0 k=0
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Step 2: We then analyze the consensus errors. Without loss of generality, we consider X =

X, = 0, i.e., all nodes have the same initialization at 0. For m € N, define

2m\ 2m
o(m) = (L+p™")p

(1—p*m)?
Then, we have the following fact:
e o(m) is monotonically decreasing with the maximum value being o(1) = ((lltp;))f = 01;
e o(m) < 1if and only if p*™ < %

With the definition of g(m) and assuming 0 < ag+1 < ag < 1, we can show the consensus errors
have the following upper bounds.

Prox-DASA: Let oy < g(m)fé, we have

K K

K
(3.5) Z%E[ka—xkuﬂsz” E (]2 - 2] S (430 + v2)o(m)| 3 |

k=0 k=0 k=0

Prox-DASA-GT: Let o < min{o(m)~1, Q(m)_%}, we have

K K

o _
>S7TSEE [|IX — Xl
n

k=0 -0

E [1Z — Zk|?]

(3.6)

S olm)? Y ad|{2?0* + afE [|2* - "] }.

We can also see that to obtain a topology-independent iteration complexity, the number of commu-

nication rounds can be set as m = (QI?g i)], which implies o(m) < 1.

In addition, we have the following fact that relates the consensus error of Y to the consensus

errors of X and Z:

2 1 ~ 2 9 _ _
(3.7) Hyﬁ—ka —i—EHYk—YkHZZ* ylk—y.kﬁH Sﬁ{”Xk_Xk”Q‘i"YQHZk_ZkHZ}-

Step 3: Let R be a random integer with

1823

Zf:l ak’
38
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and dividing both sides of (3.5) by Zﬁ(zl oy, we can obtain that for Prox-DASA, the consensus error

of X g satisfies

Zk 00%

HxR XRH] (%% 1 P)olm) S

Moreover, noting that
2 T - 1|12
6@ VE@ I Sz 4l -t + o -} + e -

and combining (3.4) with (3.5), we can get

W (zY, 20 a? a3
(e Y0 o P RUA AT § R P =T 3 N RN A por T 4
K
YD k=1 % ”Zk 1 %%k Zk 1%k
initialization-related term  variance-related term consensus error

Thus, setting ay < /%, we obtain the convergence results of Prox-DASA:

B [lg@h vr@h). 7] g THEEIEe  me e
n(o? +y72v2)o(m)
_etm)

1 _
B | o X - Xl

For Prox-DASA-GT, we can complete the proof with similar arguments by combining (3.6) with (3.4)

and noting that o(m)?aj} < 1.

3.4. Experiments

3.4.1. Synthetic Data. To demonstrate the effectiveness of our algorithms, we first evaluate
our algorithms using synthetic data for solving sparse single index models [AB13] in the decentralized
setting. We consider the homogeneous setting where the data sample at each node £ = (X,Y) is
generated from the same single index model Y = g(X "6,) + ¢, where X,0 € R? and E[¢|X] = 0. In

this case, we solve the following L-regularized least square problems:

n

1
in — E (Y —g(XT0)*|+ A0
min 230 B (¥ —a(xT0)] + ol

In particular, we set 6, € R to be a sparse vector and g(-) = (-)? which corresponds to the sparse
phase retrieval problem [JEH16|. We simulate streaming data samples with batch size = 1 for

training and 10,000 data samples per node for evaluations, where X and € are sampled independently
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FIGURE 3.1. Linear-speedup performance of Prox-DASA for decentralized online
sparse phase retrievel problems. (Prox-DASA-GT has relatively the same plots)

from two gaussian distributions. We employ a ring topology for the network where self-weighting
and neighbor weights are set to be 1/3. We set the penalty parameter A = 0.01, the total number
of iterations K = 10,000, oy = W, v = 0.01, and the number of communication rounds per
iteration m = [ﬁ} We plot the test loss and the norm of proximal gradient mapping in the log
scale against the number of iterations in Figure 3.1, which shows that our decentralized algorithms
have an additional linear speed-up with respect to n. In other words, the algorithms become faster

as more agents are added to the network.

3.4.2. Real-World Data. Following [MBMXC22|, we consider solving the classification

problem

(33 mi %Z o] 2, U004

on a9a and MNIST datasets'. Here, £; denotes the cross entropy loss and f represents a neural
network parameterized by 6 with x being its input. D; is the training set only available to agent i.
The L; regularization term is used to impose a sparsity structure on the neural network. We use the
code in [MBMXC22| for SPPDM, ProxGT-SR-0/E, DEEPSTORM, and then implement Prox-DASA and
Prox-DASA-GT under their framework, which mainly utilizes PyTorch [PGM"19] and mpi4py [DF21].
We use a 2-layer perception model on a9a and the LeNet architecture [L*15] for the MNIST dataset.
We have 8 agents which connect in the form of a ring for a9a and a random graph for MNIST. To

L Available at https://www.openml.org.
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FIGURE 3.2. Comparisons between SPPDM [WZC" 21|, ProxGT-SR-E [XDKK21|,
DEEPSTORM [MBMXC22|, Prox-DASA 2, and Prox-DASA-GT 3. The first two rows
correspond to a9a and the last two rows correspond to MNIST. The results are
averaged over 10 trials, and the shaded regions represent confidence intervals. The
vertical axes in the third column are log-scale. It should be noted that ProxGT-SR-E
maintains another hyperparameter ¢ (see, e.g., Algorithm 4 and Theorem 3 in
[XDKK21|) and computes gradients using a full batch every ¢ iterations. For
simplicity, we do not include that amount of epochs when we plot this figure. In
other words, the real number of epochs required to obtain a point on ProxGT-SR is
larger than plotted in the figures in the second and fourth rows. We include the plots
that take ¢ into account in Figure A.2. 41



demonstrate the performance of our algorithms in the constant batch size setting, the batch size is
chosen to be 4 for a9a and 32 for MNIST for all algorithms. The number of communication rounds
per iteration m is set to be 1 for all algorithms. We evaluate the model performance periodically
during training, and then plot the results in Figure 3.2, from which we observe that both Prox-DASA
and Prox-DASA-GT have considerably good performance with small variance in terms of test accuracy,
training loss, and stationarity. In particular, it should be noted that although DEEPSTORM achieves
better stationarity in Figure 3.2(1) and 3.2(i), training a neural network by using DEEPSTORM takes
longer time than Prox-DASA and Prox-DASA-GT since it uses the momentum-based variance reduction
technique, which requires two forward-backward passes (see, e.g., Eq. (10) and Algorithm 1
in [MBMXC22|) to compute the gradients in one iteration per agent while ours only require one,
which saves a large amount of time (see Table A.1 in Appendix). We include further details of our

experiments in Appendix A.1.

3.5. Discussion and Conclusion

In this work, we propose and analyze a class of single time-scale decentralized proximal algorithms
(Prox-DASA-(GT)) for non-convex stochastic composite optimization in the form of (3.1). We show
that our algorithms achieve linear speed-up with respect to the number of agents using an O(1)
batch size per iteration under mild assumptions. Furthermore, we demonstrate the efficiency and
effectiveness of our algorithms through extensive experiments, in which our algorithms achieve
relatively better results with less training time using a small batch size comparing to existing

methods.
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CHAPTER 4
Conditional Gradient-Based Nested Averaged Stochastic
Approximation

4.1. Introduction

We study projection-free algorithms for solving the following stochastic multi-level composition

optimization problem

(4.1) min  F(z):= fio---o fp(z),
reX
where f; : R% — R%-1,j=1,-.. T (dy = 1) are continuously differentiable functions, the composite

function F is bounded below by F* > —oo and X C R? is a closed convex set. We assume that
the exact function values and derivatives of f;’s are not available. In particular, we assume that
fily) = E¢,[Gi(y,&)] for some random variable §. Our goal is to solve the above optimization
problem, given access to noisy evaluations of V f;’s and f;’s.

There are two main challenges to address in developing efficient projection-free algorithms for
solving (4.1). First, note that denoting the transpose of the Jacobian of f; by V f;, the gradient of
the objective function F(z) in (4.1), is given by VF(x) = V fr(yr)V fr—1(yr—1) - - - V f1(y1), where
Yi = fix1 0o fr(z) for 1 <i < T, and yr = z. Because of the nested nature of the gradient
V F(z), obtaining an unbiased gradient estimator in the stochastic first-order setting, with controlled
moments, becomes non-trivial. Using naive stochastic gradient estimators lead to oracle complexities
that depend exponentially on 7' (in terms of the accuracy parameter). Next, even when 7' = 1
in the stochastic setting, projection-free algorithms like the conditional gradient method or its
sliding variants invariably require increasing order of mini-batches! [LZ16, RSPS16, HL16, QLX18,
YSC19|, which make their practical implementation infeasible. In the general T-level setting, using

naive stochastic gradient estimator would lead to mini-batch order that depends exponentially on 7.

LWe discuss in detail about some recent works that avoid requiring increasing mini-batches, albeit under stronger
assumptions, in Section 4.1.3.
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In this work, we propose a projection-free conditional gradient-type algorithm that achieves
level-independent oracle complexities (i.e., the dependence of the complexities on the target accuracy
is independent of T') using only one sample of (&;)1<i<7 in each iteration, thereby addressing both
of the above challenges. Our algorithm uses moving-average based stochastic estimators of the
gradient and function values, also used recently by [GRW20| and [BGIN22|, along with an inexact
conditional gradient method used by [BG22| (which in turn is inspired by the sliding method
by [LZ16]). In order to establish our oracle complexity results, we use a novel merit function based
convergence analysis. To the best of our knowledge, such an analysis technique is used for the first

time in the context of analyzing stochastic conditional gradient-type algorithms.

4.1.1. Motivating Examples. Problems of the form in (4.1) are generalizations of the stan-
dard constrained stochastic optimization problem, which is obtained when T = 1, and arise
in several machine learning applications. Some examples include sparse additive modeling in
non-parametric statistics [WFL17, Section 4.1], Bayesian optimization [AF21]|, model-agnostic
meta-learning [CSY21,FMO21], distributionally robust optimization [QGX™"21], training graph
neural networks [CFKM20|, reinforcement learning [WLF16, Setion 1.1] and AUPRC maximiza-
tion |QLX ™21, WYZY22, QHZ"22|. Below, we provide a concrete motivating example from the
field of risk-averse stochastic optimization [RS06].

The mean-deviation risk-averse optimization is given by the following optimization problem

max {E[U(2,)] - oE [{E[U(z, )] - U=, )} }.

reX

As noted by [YWF19|, [Rus21| and [BGN22]|, the above problem is a stochastic 3-level composition

optimization problem with

f3:=E[U(z,§)] foz,2) = E[{z — U(z,€)}?] fi((y1,92)) =1 — Vy2 +6.

Here, § > 0 is added to make the square root function smooth. In particular, we consider a semi-
parametric data generating process given by a sparse single-index model of the form b = g({a, z*)) +(,
where g : R — R is called the link function, 2* € R? is assumed to be a sparse vector and (+, )
represents the Euclidean inner-product between two vectors. Such single-index models are widely
used in statistics, machine learning and economics [RWCO03|. A standard choices of the link

function g is the square function, in which case, the model is also called as the sparse phase retrieval
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model [WGE17|. Here, a is the input data which is assumed to be independent of the noise ¢. In
this case, £ := (a,b) and the if we consider the squared-loss, then U(z,¢) := (b — ((a,x))?)? and is
non-convex in x. The goal is to estimate the sparse index vector x* in a risk-averse manner, as they
are well-known to provide stable solutions [YWF19|. To encourage sparsity, the set X is the ¢,
ball [Jag13|.

4.1.2. Preliminaries and Main Contributions. We now introduce the technical preliminaries
required to state and highlight the main contributions of this work. Throughout this work, || - ||
denotes the Euclidean norm for vectors and the Frobenius norm for matrices. We first describe the

set of assumptions on the objective functions and the constraint set.
ASSUMPTION 4.1 (Constraint set). The set X C R? is convex and closed with max, lx—y| < Dx.
x,ye

ASSUMPTION 4.2 (Smoothness). All functions fi,..., fr and their derivatives are Lipschitz

continuous with Lipschitz constants Ly, and Lyy,, respectively.

The above assumptions on the constraint set and the objective function are standard in the
literature on stochastic optimization, and in particular in the analysis of conditional gradient
algorithms and multi-level optimization; see, for example, |[LZ16|, [YWF19| and [ BGN22|. We
emphasize here that the above smoothness assumptions are made only on the functions (f;)i<i<r
and not on the stochastic functions (G;)i1<i<r (which would be a stronger assumption). Moreover,
the Lipschitz continuity of f;’s are implied by the Assumption 4.1 and assuming the functions are
continuously differentiable. However, for sake of illustration, we state both assumptions separately.
In addition to these assumptions, we also make unbiasedness and bounded-variance assumptions on
the stochastic first-order oracle. Due to its technical nature, we state the precise details later in
Section 4.3 (see Assumption 4.3).

We next turn our attention to the convergence criterion that we use in this work to evaluate the
performance of the proposed algorithm. Gradient-based algorithms iteratively solve sub-problems in
the form of

(4.2) argmin{(g,u)+ §||u—a:||2},
ueX
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for some § > 0, g € R and € X. Denoting the optimal solution of the above problem by

Px(z,g, ) and noting its optimality condition, one can easily show that
~VF(@) € N(@) + B(0.llg - VF(@)|Dx + Bllz — Pr(z.g. 8)(Dx + [VF(@)]/5)).

where Ny (Z) is the normal cone to X at Z and B(0,r) denotes a ball centered at the origin with
radius r. Thus, reducing the radius of the ball in the above relation will result in finding an
approximate first-order stationary point of the problem for non-convex constrained minimization

problems. Motivated by this fact, we can define the gradient mapping at point £ € X as

(13)  Gale. VF(@).6) = 0z ~ Pe(a. TF(@),5) = 5 (2~ proiy (2 - 59F(@) ) ).

where projy(y) denotes the Euclidean projection of the vector y onto the set X'. The gradient
mapping is a classical measure has been widely used in the literature as a convergence criterion
when solving nonconvex constrained problems [N*18]. It plays an analogous role of the gradient for
constrained optimization problems; in fact when the set X = R¢ the gradient mapping just reduces
to VF(z). It should be emphasized that while the gradient mapping cannot be computed in the
stochastic setting, it still serves as a measure of convergence. Our main goal in this work is to find

an e-stationary solution to (4.1), in the sense described below.

DEFINITION 4.1. A point & € X generated by an algorithm for solving (4.1) is called an e-
stationary point, if we have E[||Gx(z, VF(z), 8)||%] < €, where the expectation is taken over all the

randomness involved in the problem.

In the literature on conditional gradient methods for the nonconvex setting, the so-called Frank-
Wolfe gap is also widely used to provide convergence analysis. The Frank-Wolfe Gap is defined
formally as

(4.4) 9@, VF(2)) i= max (VF(@).2 ~ )

As pointed out by [BG22|, the gradient mapping criterion and the Frank-Wolfe gap are related to

each other in the following sense.
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PROPOSITION 4.1. [BG22| Let gx(+) be the Frank-Wolfe gap defined in (4.4) and Gx(-) be the gra-
dient mapping defined in (4.3). Then, we have ||Gx(z, VF(z), B)||? < gx(x, VF(x)),Yz € X. More-
over, under Assumption 4.1, 4.2, we have gx(z,VF(z)) < [(1/5) H;‘F:;[ Ly, + Dx| ||Gx(z, VF(x), )|

For stochastic conditional gradient-type algorithms, the oracle complexity is measured in terms
of number of calls to the Stochastic First-order Oracle (SFO) and the Linear Minimization Oracle
(LMO) used to the solve the sub-problems (that are of the form of minimizing a linear function over
the convex feasible set) arising in the algorithm. In this work, we hence measure the number of calls
to SFO and LMO required by the proposed algorithm to obtain an e-stationary solution in the sense

of Definition 4.1. We now highlight our main contributions:

e We propose a projection-free conditional gradient-type method (Algorithm 5) for solving (4.1).
In Theorem 4.1, we show that the SFO and LMO complexities of this algorithm, in order to
achieve an e-stationary solution in the sense of Definition 4.1, are of order O(e=2) and O(e~3),
respectively.

e The above SFO and LMO complexities are in particular level-independent (i.e., the dependence
of the complexities on the target accuracy is independent of T'). The proposed algorithm is
parameter-free and does not require any mini-batches, making it applicable for the online setting.

e When considering the case of T' < 2, we present a simplified method (Algorithm 7 and 8) to obtain
the same oracle complexities. Intriguingly, while this simplified method is still parameter-free for
T =1, it is not when T" = 2 (see Theorem 4.2 and Remark 4.3.1). Furthermore, for the case of

T = 1, we also establish high-probability bounds (see Theorem 4.3).

A summary of oracle complexities for stochastic conditional gradient-type algorithms is in Table 4.1.

4.1.3. Related Work. Conditional Gradient-Type Method. The conditional gradient
algorithm [FW56, LP66|, has had a renewed interest in the machine learning and optimization
communities in the past decade; see [Mig94,Jagl3, HIN15,LJJ15 BS17, GKS21| for a partial list
of recent works. Considering the stochastic convex setup, [HK12, HL16| provided expected oracle
complexity results for the stochastic conditional gradient algorithm. The complexities were further
improved by a sliding procedure in [LZ16], based on Nesterov’s acceleration method. [RSPS16,

YSC19,HL16] considered variance reduced stochastic conditional gradient algorithms, and provided
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Algorithm Criterion | # of levels | Batch size SFO LMO

SPIFER-SFW [YSC19| FW-gap 1 O(e 1) O(e) | O(e?)
1-SFW [ZSM*20] FW-gap 1 1 O(e3) | O(e3)
SCFW [ABTR21] FW-gap 2 1 O(e3) | O3
SCGS [QLX18] GM 1 O(e 1) O(e?) | O(e?)
SGD+ICG [BG22] GM 1 O(e™ 1) O(e? O(e?

LiINASA+ICG (Algorithm 5) GM T 1 Or(e ?) | Or(e73)

TABLE 4.1. Complexity results for stochastic conditional gradient type algorithms to
find an e-stationary solution in the nonconvex setting. FW-Gap and GM stands for
Frank-Wolfe Gap (see (4.4)) and Gradient Mapping (see (4.3)) respectively. Or hides
constants in 7. Existing one-sample based stochastic conditional gradient algorithms
are either (i) not applicable to the case of general T > 1, or (ii) require strong
assumptions [ZSM™20], or (iii) are not truly online [ABTR21]; see Section 4.1.3 for
detailed discussion. The results in [BG22]| are actually presented for the zeroth-order
setting; however the above stated first-order complexities follow immediately.

expected oracle complexities in the non-convex setting. [QLX18| analyzed the sliding algorithm
in the non-convex setting and provided results for the gradient mapping criterion. All of the above
works require increasing orders of mini-batches to obtain their oracle complexity results.

[IMHK20| and [ZSM™20] proposed a stochastic conditional gradient-type algorithm with
moving-average gradient estimator for the convex and non-convex setting that uses only one-sample
in each iteration. However, [MHK20| and |[ZSM™ 20| require several restrictive assumptions, which
we explain next (focusing on [ZSM™ 20| which considers the nonconvex case). Specifically, [ZSM™ 20|
requires that the stochastic function G (x,&;) has uniformly bounded function value, gradient-norm,
and Hessian spectral-norm, and the distribution of the random vector &; has an absolutely continuous
density p such that the norm of the gradient of logp and spectral norm of the Hessian of logp
has finite fourth and second-moments respectively. In contrasts, we do not require such stringent
assumptions. Next, all of the above works focus only on the case of T' = 1. [ABTR21| considered
stochastic conditional gradient algorithm for solving (4.1), with 7" = 2. However, |[ABTR21]|
also makes stringent assumptions: (i) the stochastic objective functions Gi(z,&1) and Ga(x, &)
themselves have Lipschitz gradients almost surely and (ii) for a given instance of random vectors &;
and &5, one could query the oracle at the current and previous iterations, which makes the algorithm

not to be truly online. See Table 4.1 for a summary.
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Stochastic Multi-level Composition Optimization. Compositional optimization problems
of the form in (4.1) have been considered as early as 1970s by [Erm76|. Recently, there has
been a renewed interest on this problem. [EN13| and [DPR17]| considered a sample-average
approximation approach for solving (4.1) and established several asymptotic results. For the case
of T'=2, [WFL17|, [WLF16| and [BGI'T17| proposed and analyzed stochastic gradient descent-
type algorithms in the smooth setting. [DD19] and [DR18]| considered the non-smooth setting
and established oracle complexity results. Furthermore, [HZCH20]| proposed algorithms when
the randomness between the two levels are not necessarily independent. For the general case of
T > 1, [YWF19| proposed stochastic gradient descent-type algorithms and established oracle
complexities established that depend exponentially on T" and are hence sub-optimal. Indeed, large
deviation and Central Limit Theorem results established in [EN13, DPR17]|, respectively, show
that in the sample-average approximation setting, the arg min of the problem in (4.1) based on n
samples, converges at a level-independent rate (i.e., dependence of the convergence rate on the target
accuracy is independent of 7T") to the true minimizer, under suitable regularity conditions.

[GRW 20| proposed a single time-scale Nested Averaged Stochastic Approximation (NASA)
algorithm and established optimal rates for the cases of T' = 1,2. For the general case of T" >
1, [BGIN22]| proposed a linearized NASA algorithm and established level-independent and optimal
convergence rates. Concurrently, [Rus21| considered the case when the function f; are non-smooth
and established asymptotic convergence results. [ZX21] also established non-asymptotic level-
independent oracle complexities, however, under stronger assumptions than that in [BGN22|.
Firstly, they assumed that for a fixed batch of samples, one could query the oracle on different points,
which is not suited for the general online stochastic optimization setup. Next, they assume a much
stronger mean-square Lipschitz smoothness assumption on the individual functions f; and their
gradients. Finally, they required mini-batches sizes that depend exponentially on 7', which makes
their method impractical. Concurrent to [BGIN22], level-independent rates were also obtained for
unconstrained problems by [CSY21]|, albeit, under the stronger assumption that the stochastic
functions Gj(x,&;) are Lipschitz, almost surely. It is also worth mentioning that while some of the
above papers considered constrained problems, the algorithms proposed and analyzed in the above

works are not projection-free, which is the main focus of this work.
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4.2. Methodology

In this section, we present our projection-free algorithm for solving problem (4.1). The method
generates three random sequences, namely, approximate solutions {azk}, average gradients {zk},
and average function values {u"*}, defined on a certain probability space (Q2,.%,P). We let %y
to be the o-algebra generated by {z°,... 2% 20 ... 2F w9 ... ol ... Jud, . ,u?} The overall
method is given in Algorithm 5. In (4.7), the stochastic Jacobians Jf“ € R%*di-1 and the product
HZ'T:1 Jéﬂﬂ. is calculated as Jé?“.]éfﬂ L JEFL e RIrxdr = RaTx1 [ (4.8), we use the notation
(-,-) to represent both matrix-vector multiplication and vector-vector inner product. There are two
aspects of the algorithm that we highlight specifically: (i) In addition to estimating the gradient of
F, we also estimate a stochastic linear approximation of the inner functions f; by a moving-average
technique. In the multi-level setting we consider, it helps us to avoid the accumulation of bias,
when estimating the f; directly. Linearization techniques were used in the stochastic optimization
since the work of [Rus87|. A similar approach was used in [BGN22] in the context of projected-
based methods for solving (4.1). It is also worth mentioning that other linearization techniques
have been used in [DD19| and [DR18]| for estimating the stochastic inner function values for
weakly convex two-level composition problems, and (ii) The ICG method given in Algorithm 6 is
essentially applying deterministic conditional gradient method with the exact line search for solving

the quadratic minimization subproblem in (4.2) with the estimated gradient z; in (4.7). It was also

used in [BG22]| as a sub-routine and is motivated by the sliding approach of [LZ16|.

4.3. Convergence Analysis

In this section, we present our main result on the oracle complexity of Algorithm 5. Before we

proceed, we present our assumptions on the stochastic first-order oracle.

ASSUMPTION 4.3 (Stochastic First-Order Oracle). Denote u%.,, = z*. For each k, uf, | being

the input, the stochastic oracle outputs Gf“ € R% and Jf“ such that given Fy and for any

ie{l,...,T}
(a) ELJFZ) = Vi(ub,y), EIGETZ] = fi(ub,,),

(6) EIGEH! — filuf )P 73] < 02, BN =V fi(ubi)IP1F3] < 03,
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Algorithm 5 Linearized NASA with Inexact Conditional Gradient Method (LiNASA+ICG)

Input: 20 ¢ X, 2° =0 R, W) e RY i =1,....T, B >0, 1, > 0, 74, € (0,1], § > 0.
for k=0,1,2,...,N do
1. Update the solution:

(4.5) 7" = 1CG(a", 2, By, tr., 6),

"t =2k 4 (g — o),

and compute stochastic Jacobians JZ-kH, and function values Gf“ at uf q fore=1,...,T.

2. Update average gradients z and function value estimates w; for each level : = 1,...,T

T
(4.7) A =1 )+ H waﬁ_i,
=1
(4.8) ui™h = (U= muf + mGE (= ).

end for
Output: (zf, 2% uf, ... ,u?), where R is uniformly distributed over {1,2,..., N}

Algorithm 6 Inexact Conditional Gradient Method (ICG)
Input: (z,z,5,M,d)
Set w’ = x.
fort=0,1,2,...,M do
1. Find v' € X with a quantity § > 0 such that

(2 + B(w' —2),0") <min (24 flu’ —2),0) + il?zé.

2. Set w'! = (1 — pp)w’ + ppv’ with py = min {1, e }

Bllvt—wt][
end for
Output: w™

(¢) The outputs of the stochastic oracle at level i, Gf“ and Jf“, are independent. The outputs of
the stochastic oracle are independent between levels, i.e., {Gf+1}i:1,...7T are independent and so

are {Jzk+1}i=17--~7T'

Parts (a) and (b) in Assumption 4.3 are standard unbiasedness and bounded variance assumptions
on the stochastic gradient, common in the literature. Part (c) is essential to establish the convergence
results in the multi-level case. Similar assumptions have been made, for example, in [YWF19|
and [BGIN22|. We also emphasize that unlike some prior works (see e.g., [ZSM*20]), Assumption 4.3
allows the case of endogenous uncertainty, and we do not require the distribution of the random

variables (§;)1<i<7 to be independent of the distribution of the decision variables (u;)i<i<7.
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REMARK. Under Assumption 4.2, and 4.3, we can immediately conclude that E[HJfHHZ\fk] =
E[|[JFY — Y fi(uf, )2 ] + IV filuf )II? < o5 + L?ci := 65 In the sequel, 65 will be used to

simplify the presentation.

We start with the merit function used in this work and its connection to the gradient mapping

criterion. Our proof leverages the following merit function:

T
(49)  Wanl(z,z,u) = F(z) = F* =z, 2) + ol VF(z) = 21> + Y il filuier) — will?,
i=1

where «, {vi}1<i<r are positive constants and

(4.10) ofe2) = mig{ H.2,8) = (eoy = a) + Gl -1}

Compared to [BGN22]|, we require the additional term |[VF(x) — z||?, which turns out to be
essential in our proof due to the ICG routine. The following proposition relates the merit function

above to the gradient mapping.

PROPOSITION 4.2. Let Gx(-) be the gradient mapping defined in (4.3) and n(-,-) be defined in
(4.10). For any pair of (x,z) and B > 0, we have ||Gx(x, VF (z), B)||> < —4Bn(z, 2) +2||VF(z) — 2||?.

PRrROOF. By expanding the square, and using the properties of projection operation, we have

;stux—@—;aw—ul

B

. 1 , 1
| PPOJx(UC—Bz) — | + [ projy(z — 2) — (z — 2%

8

1

g” projy(z — 52) — z||2. The proof is completed immediately by noting

Thus, we have n(z,z) < —
that [|G(z, VF(), B)|* < 26%(| projx(z — §2) — x> + 2||VF(x) — 2[|*. 0

We now present out main result on the oracle complexity of Algorithm5.

THEOREM 4.1. Under Assumption 4.1, 4.2, 4.3, let {a%, 2 {uf}1<icr}r>0 be the sequence

generated by Algorithm 5 with N > 1 and

1
4.11 =6>0, 0=1tg=0, T=—, tp=[Vk], Vk>1,
(4.11) Br =8 0 0 k= b [VE]
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where 3 is an arbitrary positive constant. Provided that the merit function Wo (x, z,u) is defined as

(4.9) with

s s B :
(4.12) a:ma M=o T 2a+4aL2VF (T—l)C'j2+§, 2<j<T,
we have,

25 + L) [2Wi (a0, 20, %) + B(S, 0, L, Do, T, )]

i ;

(4.13)  E[|Gx (2", VF(™),8)]?] <

2Wa’7(:z0, 20,u%) + B(B,0%,L,Dx,T,0)

414)  E[Ifi(uiy) —uf|?] < BVN :

1< < T

2
where ury1 = x,B(B,02%, L, Dy, T,8) = 46% + 328D%(1 + 6) (% + 5%¥F), and 62 is a constant
depending on the parameters (3,02, L, Dy, T) given in (B.26). The expectation is taken with respect
to all random sequences generated by the method and an independent random integer number R

uniformly distributed over {1,...,N}. That is to say, the number of calls to SFO and LMO to get

an e-stationary point is upper bounded by Or(e~2), Op(e3) respectively.

REMARK. The constant B(3,02, L, Dx,T,6) is O(T) given the definition of 6> and the value of
v; in (4.12), which further implies that the total number of calls to SFO and LMO of Algorithm 5 for
finding an e-stationary point of (4.1), are bounded by O(T%¢=2) = Or(e2) and O(T3¢=3) = Op(e73)
respectively. Furthermore, it is worth noting that this complexity bound for Algorithm 5 is obtained
without any dependence of the parameter B on Lipschitz constants due to the choice of arbitrary
positive constant B in (4.11), and T, ty, depend only on the number of iterations N and k respectively.

This makes Algorithm 5 parameter-free and easy to implement.

REMARK. As discussed in Section 4.2, the ICG routine given in Algorithm 6 is a deterministic
method with the estimated gradient zy in (4.7). The number of iterations, ty, required to run Algorithm
6 is given byt = [\/E] That is, we require more precise solutions for the ICG routine, only for later
outer iterations. Furthermore, due to the deterministic nature of the ICG routine, further advances
i the analysis of deterministic conditional gradient methods under additional assumptions on the
constraint set X (see, for example, [GH15, GW21]) could be leveraged to improve the overall LMO

complexity.
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4.3.1. The special cases of T' =1 and T = 2. We now discuss several intriguing points
regarding the choice of tuning parameter 3, for the case of T'= 2, and the more standard case of
T = 1. Specifically, the linearization technique used in Algorithm 5 turns out to be not necessary for
the case of T'= 2 and T = 1 to obtain similar rates. However, without linearization, the choice of 3
is dependent on the problem parameters for T' = 2. Whereas it turns out to be independent of the
problem parameters (similar to Algorithm 5 and Theorem 4.1 which holds for all ' > 1) for T'= 1.

k+1

As the outer function value estimates (i.e., uy"" sequence) are not required for the convergence

analysis, we remove them in Algorithms 7 and 8.

Algorithm 7 NASA with Inexact Conditional Gradient Method (NASA+ICG) for 1" = 2
Replace Step 2 of Algorithm 5 with the following;:

2’. Update the average gradient z and the function value estimate ug respectively as:

LRl — (1-— Tk)zk + TkJ§+1Jf+l and u§+1 =(1- Tk)uk + TkGIQH—l

Algorithm 8 ASA with Inexact Conditional Gradient Method (ASA+ICG) for T' =1
Replace Step 2 of Algorithm 5 with the following:

2”. Update the average gradient z as: 21 = (1 — 1)2% 4+ 7 JFTL.

THEOREM 4.2. Let Assumptions 4.1, 4.2, 4.3 be satisfied by the optimization problem (4.1).

Let C1,Co and Cs be some constants depending on the parameters (3,02, L, Dx,6), as defined in

(B.38) and (B.46). Let 19 = 1,tg =0, 7, = \/—lﬁ,tk = [Vk],Vk > 1, where N is the total number of

iterations.

(a) Let T =2, and let {x*, 2F uk}1>0 be the sequence generated by Algorithm 7 with
2
(4.15) Bk =B =>6pLyr + (2p+ %)LVﬁL?z’ p > 0.

Then, we have VN > 1,

o C:

E [ng(xR,VF(.IR),IB)HQ] < \/N
54

;o E[lfE") —uff)?] <
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(b) Let T =1 and let {x*, 2}~ be the sequence generated by Algorithm 8 with B = B > 0. Then,
we have VN > 1,
Cs
E [||Gx (2%, VF(zT), 8)|?] < —==.
[1IG( ("), B)II7] JN
All expectations are taken with respect to all random sequences generated by the respective algorithms
and an independent random integer number R uniformly distributed over {1,...,N}. In both cases,

the number of calls to SFO and LMO to get an e-stationary point is upper bounded by O(e~2), O(e~3)

respectively.

REMARK. While we can obtain the same complexities without using the linear approximation of
the inner function for T = 2, it seems necessary to have a parameter-free algorithm as the choice of
B in (4.15) depends on the knowledge of the problem parameters. Indeed, the linearization term in
(4.8) helps use to better exploit the Lipschitz smoothness of the gradients get an error bound in the
order of T2||d¥||? for estimating the inner function values. Without this term, we are only able to use
the Lipschitz continuity of the inner functions and so the error estimate will increase to the order of
mi||d¥||. Hence, we need to choose a larger beta (as in (4.15)) to reduce ||d*|| and handle the error
term without compromising the complezities. However, this is not the case for T =1 as it can be
seen as a two-level problem whose inner function is exactly known (the identity map). In this case,

the choice of B is independent of the problem parameters with or without the linearization term.

4.3.2. High-Probability Convergence for T' = 1. In this subsection, we establish an oracle
complexity result with high-probability for the case of 7' = 1. We first provide a notion of (e, d)-

stationary point and a related tail assumption on the stochastic first-order oracle below.

DEFINITION 4.2. A point T € X generated by an algorithm for solving (4.1) is called an (e, 9)-

stationary point, if we have ||Gx(z, VF(z), 8)||?> < € with probability 1 — 4.

ASSUMPTION 4.4. Let AFt1 = VF(2F) — J for k > 0. For each k, given F we have

E[AFL|.%,] = 0 and || AR ‘ﬂ’k is K-sub-Gaussian.

The above assumption is commonly used in the literature; see [HK14, HLPR19,L.020,ZCC"18|.
We also refer to [Ver18| and Appendix B.4 for additional details. The high-probability bound for

solving non-convex constrained problems by Algorithm 8 is given below.
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THEOREM 4.3. Let Assumptions 4.1, 4.2, 4.4 be satisfied by the optimization problem (4.1) with
T=1. Lettg=1,tg=0, 7, = \/Lﬁ,tk = [Vk],Vk > 1, where N is the total number of iterations.
Let T =1 and let {z*, zk}kzo be the sequence generated by Algorithm 8 with B, = 8 > 0. Then, we
have VN > 1,8 > 0, with probability at least 1 — 0,

K? log(l/é))

LS Joxtat vreh ) <o
=1 NI

Therefore, the number of calls to SFO and LMO to get an (€,0)-stationary point is upper bounded by
O(e210g?(1/6)), O(e 3 log3(1/8)) respectively.

REMARK. To the best of our knowledge, the above result is (i) the first high-probability bound for
one-sample stochastic conditional gradient-type algorithm for the case of T' =1, and (ii) the first
high-probability bound for constrained stochastic optimization algorithms in the non-convex setting;

see Appendiz J of [MDB21].

4.3.3. Proof Sketch of Main Results. In this section, we only present the proof sketch. The
complete proofs are provided in the appendix. For convenience, let ury1 = z, and we denote Hy as

the function value of the subproblem at step k, y* as the optimal solution of the subproblem i.e.,

(4.16) Hi(y) == H(y; 2", 2% Br), " =arg min Hy(y).
ye

Then, the proof of Theorem 4.1 proceeds via the following steps:

(1) We first leverage the merit function Wy, := W, (z*, 2%, u*) defined in (4.9) with appropriate

choices of a, v for any 8 > 0 to obtain

B
2012,

T
Tk
Wipr = Wi < = 5 (/3 [Hd’“uz + > [ fiufir) —uf|?| +

i=1

IVF(z*) —Z’“H2>

12 20L2
+ Ry + 7 <+ VE

5 32

where Ry, is the residual term (see (B.15)) and E[Ry|%;] < 6272, as shown in Proposition B.1.
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(2) Telescoping the above inequality, in Lemma B.6 we obtain the following:

N T
S [/3 <Hd’“ll2 + 3 i) uﬂr?) +sorr IVFGH) - z’“HQ]
k=1 VF

i=1

il 24 4003, &
<owy 2 Rk (54 20 Y (164 - b)) vN =L
k=0 k=0

(3) To further control the error term Hy(§*) — Hy(y*) introduced by the ICG method, we set ¢, the

number of iterations in ICG method at step k, to (\/ﬂ By Lemma B.3, we therefore have

28D} (1+6) _ 28D3(1+9)
tp + 2 - \/E ’

Hy,(§%) — Hi(y*) < Vk > 1.

Also, with the choice of 7, = —= and 2" = 0, we can conclude that

VN

N 21+5)N 1
7 ( He(§%) — Hi(y%) g—zﬂ x( — < 4BD3(1+9).
kzok(ky () < AL > 75 <99%

(4) Then, taking expectation of both sides and by the definition of random integer R, we have

T
E [,8 <||dRH2 + Ay - uﬁ!P) + 2052 IVE(z") - zRP] < 2Wo + B,
=1 VF

VN > 1, where B is a constant depending on the problem parameters (3,02, L, Dx, T, 6).
(5) As a result, we can obtain (4.13) and (4.14) by noting that Vk > 1
2

IG(a*, VF(a*), B)|I* < 26%|1d*||* + 252 3

projy (:ck - 1VF(:z:k)> — projy <a:k - ;zk>

< 282 d*|)* + 2|V F (2*) — 2F|1%.
where the second inequality follows the non-expansiveness of the projection operator.

The proofs of Theorems 4.2 and 4.3 follow the same argument with appropriate modifications. The
high-probability convergence proof of Theorem 4.3 mainly consists of controlling the tail probability

of the residual term Ry being large.

4.4. Numerical Experiments for 7' =1

To demonstrate the effectiveness and efficiency of proposed algorithms compared to 1-SFW

[ZSM*20] for T = 1, we consider the following matrix-valued single-index model [YBL17] with
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FIGURE 4.1. ASA+ICG vs. 1-SFW

low-rank constraints:

y=|(A, B> +e, rank(B*)<s,

where A, B € R™*" e ~ N(0,0?%), (-,-)  denotes the Frobenius inner product, and s is some positive
integer strictly less than m and n. To recover a low-rank matrix B, one can optimize the mean
squared loss with nuclear norm constraint, in which the Frank-Wolfe update is much cheaper than
the projection operator especially with large-scale matrices [Jagl3|. Formally, our problem can be

written as

min F(B) =Ea, [(y — [(4, B)r|*)?] st.|B|. <s.

We evaluate the performance of ASA+ICG (Algorithm 8) and 1-SFW on a toy example where B* =
vo! /|lvvT | is a 4 by 4 rank-1 matrix. The matrix A is generated as A = I + F where E; ; S
N(0,0.3). The stepsize parameter 3 = 1 for ASA+ICG, and all the parameters in 1-SFW is set according
to Theorem 2 in [ZSM™120]. As the exact gradient of F' is unavailable, we estimate the gradient
mapping by using averaged stochastic gradients. In Figure 4.1, we plot the value of gradient mapping

versus the number of iterations, which demonstrates the superior of our proposed method for T'= 1

in the one-sample setting.

4.5. Discussion and Conclusion

In this work, we propose and analyze projection-free conditional gradient-type algorithms for

constrained stochastic multi-level composition optimization of the form in (4.1). We show that the
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oracle complexity of the proposed algorithms is level-independent in terms of the target accuracy.
Furthermore, our algorithm does not require any increasing order of mini-batches under standard
unbiasedness and bounded second-moment assumptions on the stochastic first-order oracle, and is
parameter-free. Some open questions for future research: (i) Considering the one-sample setting,
either improving the LMO complexity from O(e~3) to O(e~2) for general closed convex constraint
sets or establishing lower bounds showing that O(e~3) is necessary while keeping the SFO in the
order of O(e~2), is extremely interesting; and (ii) Providing high-probability bounds for stochastic
multi-level composition problems (7" > 1) and under sub-Gaussian or heavy-tail assumptions (as

in [MDB21,LZW22]) is interesting to explore.
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CHAPTER 5

Stochastic Conditional Gradient Methods under Interpolation-like

Conditions

5.1. Introduction

Consider the following constrained stochastic optimization problem:

(5.1) min - {f(z) = B¢ [F(2,)]},

e

where f: R — R and Q € R? is a closed and convex set and ¢ is a random vector characterizing the
stochasticity in the problem. In a machine learning setup, the function F' could be interpreted as the
loss function associated with a sample £ and the function f could represent the risk, which is defined
as the expected loss. Such constrained stochastic optimization problems arise frequently in statistical
machine learning applications. The conditional gradient algorithm, also called as the Frank-Wolfe
algorithm, is an efficient method for solving constrained optimization problems of the form in (5.1)
due to their projection-free nature [Jagl3, HIJN15 FGM17,LPZZ17, BZK18 RDLS18|. In each
step of the conditional gradient method, it is only required to minimize a linear objective over the set
Q. This operation could be implemented efficiently for a variety of sets arising in statistical machine
learning, compared to the operation of projecting onto the set €2, which is required for example by
the projected gradient method. Hence, the conditional gradient method has regained popularity in
the last decade in the optimization and machine learning community.

There has been extensive work in the past decade on analyzing the stochastic conditional gradient
algorithm for optimization problems of the form in (5.1); see for example [GH13, HL16,LZ16,
RSPS16,Ghal9|. However, existing works do not take into account certain favorable structures
that are naturally available in modern over-parametrized machine learning problems. Specifically, it
has been noted that modern machine learning models predict well on unseen data, despite fitting the
training data perfectly [ZBH"16, HLVDMW17,LR18, MBB18, MRSY19, HMRT19|. Examples

include logistic regression or support vector machine with squared-hinge loss that are trained with
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linearly separable data [VBS19, VML*19, MVL™"20| and deep neural networks [VBS19, BBM18|.
From an optimization point of view, for the problem in (5.1) with Q = R?, the above interpolation
condition means that at the optimal point, the gradient is not only zero (or close to zero) with
respect to the risk function f but is also almost surely equal to zero for the random loss function
F'. Such a scenario helps to reduce the stochasticity in the gradient estimation process which in
turn results in improved complexity results for several stochastic optimization procedures. Indeed in
the recent past, several works have provided improved rates for algorithms like stochastic gradient
descent [NWS14, MBB18, BBM18, GLQ"19,VBS19, VML'19| and sub-sampled Newton’s
method [MVL'20|. In particular, for several settings, the above works demonstrate that the
stochastic algorithm may perform as well as the corresponding deterministic counterpart. However,
such works only study unconstrained optimization problems and do not have any consequences for
constrained stochastic optimization problems of the form in (5.1).

Hence, in this work we consider the following question: Can we obtain improvements in the
oracle complexity of algorithms used for projection-free constrained stochastic optimization problems
arising in the context of over-parametrized machine learning models, that are capable of perfectly
interpolating the training data? We give a positive answer to the above question by demonstrating
that the stochastic conditional gradient method, a projection-free technique for solving constrained
stochastic optimization problems, also enjoy improved oracle complexities when they are used to solve
constrained stochastic optimization problems of the form in (5.1) under certain interpolation-like
conditions. We elaborate on the specific form of improvement observed below. For stochastic
conditional gradient algorithms, the oracle complexity is measured in terms of number of calls to
the Stochastic First-order Oracle (SFO) and the Linear Minimization Oracle (LMO) used to the
solve the subproblems (that are of the form of minimizing a linear function over the convex feasible
set) arising in the algorithm. In this work, we make the following contribution to the literature on
conditional gradient methods under interpolation-like assumptions (see Section 5.2 for the exact

definitions) on the stochastic gradient:

(1) For the case of convex f in (5.1), we show that the number of calls to the SFO for the vanilla

stochastic conditional gradient method and stochastic conditional gradient sliding methods are

—15). For comparison, without such assumptions, the
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corresponding complexities are O(e~3) and O(e~?) respectively. The number of calls to the
linear minimization oracle (LMO) is of the order O(¢~1), in both cases.

(2) We also demonstrate similar improvements in the context of zeroth-order conditional gradient
methods, where one only observes noisy evaluations of the function being optimized. Specifically,
the number of calls to the stochastic zeroth-order oracle for the vanilla stochastic conditional
gradient method and stochastic conditional gradient sliding methods are given respectively by

O(de=?) and O(de~ 1), with the same LMO complexity as the first-order setting.

We emphasize that, notably the above improvements are achieved without incorporating any
double-loop based existing variance reduction techniques, for example SVRF [RSPS16]| or SPIDER-
FW [YSC19|. It is also worth noting that [DB19,Sch20| argue that variance reduction techniques
(at the least existing ones) are ineffective in the context of modern deep learning models which are
invariably over-parametrized. We also remark that, in contrast to stochastic gradient methods for
unconstrained optimization [VBS19, BBM18|, the above improved results still do not match the

corresponding deterministic rates highlighting the subtlety with projection-free optimization.

5.1.1. Related Work. The conditional gradient method or the Frank-Wolfe method was
proposed first by [FW56]. It has obtained renewed interest in the machine learning and optimization
communities due to their projection-free nature. We refer the reader to [Jagl3, HJN15,LJJ15,
BS17, GSK18], for a partial list of recent works predominantly in the deterministic setting. For the
stochastic setting that we consider, in each step of the conditional gradient method, the algorithm
requires access to a stochastic first-order oracle (SFO) and a linear minimization oracle (LMO). The
complexity of conditional gradient method is hence measured by the number of calls to both oracles.

Convex Setting. Considering the convex setup, [HL16| showed that to obtain an e-optimal
point, the number of calls to SFO and LMO are given respectively by O(1/€) and O(1/e!).
Furthermore, [LZ16| proposed Conditional Gradient Sliding (CGS), a modified Frank-Wolfe method
by Nesterov’s acceleration, that improves the number of calls to the SFO to O(1/¢®) while keeping the
number of calls to LMO the same. The above methods require an increasing batch size, in each step,
to obtain the above mentioned complexities. Recently, [MHK18b, HKMS19, ZSM* 19| addressed
the issue of increasing batch size. But these works require potentially restrictive assumptions and
in particular [MHK18b| and [ZSM™19] also require an increased number of calls to the LMO.

We highlight that [YSC19] used the SPIDER technique, and showed that one could improve the
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Extra Conditions Flrst-Order
SFO LMO
Vanilla-SFW - O(e3) O
SPIDER-SFW | Mean-square gradient-smoothness | O(e=2)  O(e™!)
Vanilla-SFW Interpolation-like O(?) O™
Vanilla-SCGS - O(e?) 0™
SPIDER-SCGS | Mean-square gradient-smoothness | O(e=2)  O(e™!)
Vanilla-SCGS Interpolation-like O(e 1) O(e™)

TABLE 5.1. Comparison of the oracle complexities of conditional gradient methods
under various assumptions in the first-order setting. All methods require the gradient-
smoothness condition: ||V f(z) — Vf(y)l|l2 < L|jz — y||. Mean-square gradient-
smoothness refers to E¢||VF (z,€) — VF(y,€)||13 < L|lz — y||3 and is stronger than
gradient-smoothness condition. SFO refers to number of calls to the stochastic
first order oracle. LMO refers to the number of calls to the linear minimization
oracle. The results for vanilla-SFW are from [HL16| and [RSPS16|. The results for
vanilla-SCGS are from [LZ16|. The results for SPIDER-SFW and SPIDER-SCGS are
from [YSC19]|. The results highlighted in blue are our results. Finally, in this work,
we also obtain complexities under the zeroth-order setting which are not highlighted
in this table, for simplicity.

SFO complexity from O(1/€3) to O(1/€%) while mainting the number of calls to the LMO at O(1/e).
However, to obtain this improved complexities, the SPIDER technique requires double-loop based
variance reduction techniques, and hence they are harder to implement in practice compared to the
vanilla methods. Furthermore, the SPIDER technique requires the stronger mean-square Lipschitz
gradient assumption.

Comparison to 1-sample SFW from [ZSM™19]. While above discussed methods require
increasing batch-size with the number of iterations, we highlight that recently [ZSM*19| proposed
1-sample SFW which does not require increasing batch size. The results in [ZSMT19] for the 1-
sample SFW method has an SFO complexity of O(1/€2) for the convex setting, the same complexity
we present in this work. However, the LMO complexity of 1-sample SFW is O(1/€?), and they
require additional smoothness assumption on F'. We emphasize that increasing batch size setting is
commonly used in the literature of conditional gradient methods and obtaining methods without

this requirement under milder assumptions are interesting future work. In this work, we leverage the
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standard setting of SFW with increasing batch sizes, and focus on the improved oracle complexities
of vanilla SFW methods under certain favorable structures.

Interpolation. In the interpolation regime, [MBB18| showed that mini-batch stochastic
gradient descent (SGD) algorithm enjoys exponential rates of convergence for unconstrained strongly-
convex optimization problems; see also [SV09, NWS14]| for related earlier work. For the non-convex
setting, [BBM18| analyze SGD for non-convex functions satisfying the Polyak-Lojasiewicz (PL)
inequality ( [Pol63|) under the interpolation condition and show that SGD can achieve a linear
convergence rate. Later, [VBS19] introduced a more practical form of interpolation condition, and
prove that the constant step-size SGD can obtain the optimal convergence rate for strongly-convex
and smooth convex functions. They also show the first results in the non-convex setting that
the constant step-size SGD can obtain the deterministic rate O(1/t) in the interpolation regime.
Subsequently, [MVL"20] investigate the regularized subsampled Newton method (R-SSN) and
the stochastic BFGS algorithm under the interpolation-like conditions. Very recently,  RBGM20]
showed that for non-convex problems, one could escape saddle-points and converge to local-minimizers
faster under SGC condition. We emphasize that all the above works consider only unconstrained
stochastic optimization problems, while we consider the more challenging constrained stochastic

optimization problems.

5.2. Preliminaries and Assumptions

We now list and discuss the set of assumptions made in our work. We first list some regularity

assumptions on the function f and the set (2.

ASSUMPTION 5.1. The function f has L-Lipschitz gradient V f, i.e., for any pair of points x,y € 2,
we have ||V f(z) — V()| < Lz —yl|, and the feasible set Q C R? is bounded, i.e.,ma}é |z —y|| <
w?ye
D.

The above set of assumptions are standard in the analysis of stochastic conditional gradient methods
and has been used in prior works in the literature; see for example [GL13|. We make the above
assumptions for both the first-order setting. We also require the following smoothness assumption in

the zeroth-order setting.
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ASSUMPTION 5.2. The function F' has Lipschitz continuous gradient with constant L, almost surely

for any &, i.e., for any x,y € RY, i.c., almost surely we have |[VF(z,&) — VF(y,€)|| < Lz —y||.

Note that the above assumption is stronger than the first statement of Assumption 5.1 and

implies it. However, we only use Assumption 5.2 for the analysis of zeroth-order algorithms.

5.2.1. Growth Conditions in the Convex Constrained Setting. We now state the main
interpolation-like assumptions that we make in our work when f is convex and provide the main

intuition behind such an assumption.

ASsSUMPTION 5.3 (Moment-based Weak Growth Condition). Let x* be the minimum point of f.
We say that f satisfies the Moment-based Weak Growth Condition (WGC) with constant p, if for any

point x € , we have

(5-2) Ee |VF(z,6)|* < 2oL [f(2) — f(z")]-

ASSUMPTION 5.4 (Variance-based Weak Growth Condition). Let z* be the minimum point of
f. We say that the function f satisfies the Variance-based Weak Growth Condition (WGC) with

constant p, if for any point x € ), we have

(5.3) E¢ |VF(z,€) = Vf()|* < 2pL[f(2) — f(a*)].

The above conditions are motivated by the so-called strong growth condition: E||VF(z,&)||* <
ollV£(z)]|?, used in [VBS19] for obtaining faster rates of convergence for stochastic gradient method
in the unconstrained setting. Notice that in the interpolation setting, when V f(z*) = 0, we have
VF(z*, &) = 0, almost surely. Thus, the strong growth condition is defined exactly to take advantage
of this situation. Furthermore, in the smooth convex setting, [VBS19| showed that the strong-growth
condition is equivalent to the moment-based weak growth condition in Assumption 5.3. However,
the moment-based weak growth condition as proposed in [VBS19] is not directly suited for the
constrained stochastic setting that we consider in this work. It is easy to construct examples for
which there exists stationary point at the boundary of 2 with non-zero (stochastic) gradient, i.e.,
E||VF(x,£)||? could remain positive while the right hand side goes to 0 and hence the assumption is

not satisfied. In order to resolve this issue, for the constrained setting, we relax the moment-based
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growth conditions to the variance-based versions. Note that we have
E[|VF(z,&) = Vf(@)|? =E|VF (2,8 - [V f(2)|*> <E|VF(x, )|

Thus variance-based growth conditions naturally become the substitute for the moment-based version
in constrained problems and could hold even the moment-based conditions do not hold. As they are
also motivated by the interpolation assumption, we refer to these conditions as interpolation-like
conditions. Formally, under the variance-based growth conditions for a convex f, if we attain an
optimal point z* € €2, the variance of the stochastic first-order oracle will be almost surely zero, i.e.,
VF(z*, &) = Vf(z*) almost surely. This property eventually leads to the improvements in the query
complexity that we demonstrate. We emphasize that it is natural to construct counter-examples
that violate Assumption 5.4. In those cases, the improved query complexities that we demonstrate
are simply not applicable. Finally, we also have the following natural relationships between the two

conditions.

PROPOSITION 5.1. The Weak Growth Conditions defined above have the following relations:
(a) If f satisfies the Moment-based WGC' (5.3) with p, then f satisfies the Variance-based WGC
(5.4) with p and there exists x* € Q such that V f(z*) = 0.

(b) If f satisfies the Variance-based WGC (5.4) with p and there exists x* € Q such that V f(z*) = 0,
then f satisfies the Moment-based WGC' (5.3) with p+ 1.

5.2.2. Growth Conditions in the Zeroth-Order Constrained Setting. In the zeroth-order
setting, we only assume availability of the noisy function evaluations. This oracle setting is motivated
by several applications where only noisy function queries of problem (5.1) is available, such as
reinforcement learning [SHC™17, CRS"18a, CRS"18b|, hyperparameter tuning [SLA12], and
black-box attacks to deep networks [CZS*17,SZK19|. Hence, we use the Gaussian Stein’s identity
based random gradient estimator, a standard gradient estimator in the zeroth-order optimization

literature [GL13,DJWW15 NS17,BG21|:

Uj,

Gy(z) = % Eb: Flo+ Vuj’ij) — F(x,&)
j=1
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where uq, ..., up are i.i.d. samples from N(0,1;). The above gradient estimator is a biased estimator
of the true gradient V f(z), and was also used in [BG21|, to develop zeroth-order conditional gradient
descent algorithms.

While for the first-order setting, we use the relatively weaker variance-based conditions to obtain
the improved bounds, in the zeroth-order setting, it turns out the stronger moment-based conditions
are required. The reason is that the mean square error of the biased zeroth-order gradient estimator
is bounded above by E|VF(z,&)||?. Hence, to obtain improved rates, it makes it necessary to
make assumptions on the moments of the stochastic gradient directly. We emphasize that this is
required only for the constrained problems, since the moment-based conditions are equivalent to
the variance-based conditions when there exists one zero-gradient point in the constraint set (see
Proposition 5.1). In particular, we show in Appendix C.3 that a zeroth-order version of Theorem 3
from [VBS19], for stochastic gradient descent, to bound the gradient size in the nonconvex setting

could be proved just under the variance-based growth conditions.

5.2.3. Motivating Examples. Before we present our main results in the next section, we
briefly discuss some motivating examples of constrained stochastic optimization problems that arise
in modern machine learning. In the convex setting, it is easy to see that kernel regression [LR18|,
squared-Hinge loss based linear SVM classifier or logistic regression on linearly separable data could
be considered as operating in the over-parametrized regime and hence satisfy interpolation-like
conditions [VBS19,MVL™"20].

However, without any constraints, such predictors might be biased against certain sensitive
features like race or gender. One way to build fair predictors is to explicitly encode fairness constraints
with respect to certain pre-defined sensitive features [DOBD*18, ABD'18|. Specifically, it was
shown in [ABD™18] that several standard and well-accepted notions of fairness in classification
setting, including equalized odds [HPS16|, demographic parity [DIKL18|, balance for the negative
class [KMR16], treatment equality [BHJ 18] could be formulated as empirical risk minimization
problems subjected linear inequality constraints. In this case, the problem is exactly of the form
in (5.1) with © being a polytope. Furthermore, [DOBD" 18] also proposed a general approach
for fair empirical risk minimization. Similar to [ABD"18|, the fundamental idea is to enforce

constraints such that the conditional risk of a predictor is not varying much with respect to the
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sensitive features associated with the problem. Such formulations of fair empirical risk minimization
in the interpolation regime also fall under the class of problems in (5.1).

Squared hinge loss with linearly separable data. As a concrete example, we extend the
unconstrained examples presented in [VBS19| to the constrained setting we consider. Assuming a
finite support of features and the linearly separable data, it has been shown that the squared-hinge
loss satisfies SGC with p = ¢/72 where ¢ is the cardinality of the support and 7 is the margin
(Lemma 1 in [VBS19]). In the above regime, the optimal classifier that minimizes the loss and
achieves a stationary point with zero gradient is not always unique. In practice, to construct a fair
classifier, enforcing constraints is a natural approach. Note that if there exists an x* € €2, by the

convexity and the L-smoothness of f, we have

(5-4) IVF(@)* < 2L(f(x) — f(2)).

That is to say, for linearly separable data with margin 7 and a finite support of size ¢, if there exists

one z* € ), the squared-hinge loss satisfies Assumption 5.3 with p = ¢/72.

5.3. Improved Complexities for Stochastic Conditional Gradient Methods

We now provide improved complexities for stochastic conditional gradient methods under the
interpolation-like assumption in Section 5.2. For convenience, we first introduce the following
mini-batch stochastic gradients with first-order and zeroth-order oracle access: at t-th iteration, we

uniformly pick i.i.d. samples {&:1, ..., &5, } and estimate the gradient by

bt bt
~ 1 _ 1 3 _ . ) — F _ .
Vi > VF(xi1,&), Ghi=—> (@1 vung, ) = F (e 1’&4)ut,j
—

b v
[

where w1, ..., upp, are i.i.d. samples from N (0, 1,).

5.3.1. Stochastic Frank-Wolfe. In this section, we studied the oracle complexity of the vanilla
stochastic Frank-Wolfe algorithm under the weak interpolation-like conditions in Assumption 5.4

and 5.3.

THEOREM 5.1. Consider solving problem (5.1), by Algorithm 9, under Assumption 5.1 with f

being convex.
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Algorithm 9 Stochastic Frank-Wolfe

Input: zp € Q, number of iterations T', v € [0, 1], minibatch size b,
fort=1,2,...,7T do
Compute the gradient g; as follows:
Set g; = V; (for the first-order setting).
Set g, = G!, (for the zeroth-order setting).
Compute d; = arg mingeq (d, g¢)
xp = -1 + Ye(de — v4-1)
end for
Output: x7

(a) Assuming access to stochastic first-order oracle, under Assumption 5.4, setting

4

M= m7 by = [(t+3)/21,

we have the following convergence rate:

2(f (w0) = f(*) +8(p + DLD?

E[f(z:) — f(z*)] < t+3

Hence, the total number of calls to the stochastic first-order oracle and linear minimization oracle

required to be solved to find an e-optimal point of problem (5.1) are, respectively, bounded by
O (6_2) , O (e_l) .

(b) Assuming access to stochastic zeroth-order oracle, under Assumptions 5.3 and 5.2, setting

4 D
"= bp=(t+3)(d+4), v= (T+3)(d+6)3/2

t4+3

we have
2(f(x0) — f(2*)) +8(p+ p~ " + 1)LD?
t+3 ’

E[f(z) = f(z7)] <

Hence, the total number of calls to the stochastic zeroth-order oracle and linear minimization oracle

required to be solved to find an e-optimal point of problem (5.1) are, respectively, bounded by
O (Cl€72> , O (671) .

The above oracle complexities in the first-order setting, match the results obtained by [YSC19,
ZSM*19|. However, the above works require double-loop based variance reduction techniques which

in turn require the stronger mean-square gradient-Lipschitz assumption. Furthermore, the use of
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the variance reduction technique results in the increased wall-clock running time of the algorithm.
Our result here is applicable to the vanilla version of the stochastic conditional gradient method, as
long as the problem satisfies the interpolation-like conditions observed in modern machine learning

problems.

5.3.2. Stochastic Conditional Gradient Sliding. In this section, we analyze the complexity
of the stochastic gradient sliding (SCGS) algorithm under the weak growth condition. The SCGS
was first proposed and thoroughly analyzed in [LZ16]. It is a fundamental modification of the
conditional gradient algorithm that achieved improved oracle complexities without relying on any
variance reduction techniques. Below, we show that under the interpolation-like assumptions in
Section 5.2, the oracle complexity of the SCGS could be further improved compared in both the

first-order and zeroth-order methods.

Algorithm 10 Stochastic Conditional Gradient Sliding (SCGS)
IHPUt: To € Qv Tv Bt € RJF? Ve € [07 1]7 btv Yo = Zo

fort=1,2,...,7 do
Set 2t = (1 — v)@e—1 + Vey—1
Compute the gradient g; as follows:
Set g; = V; (first-order).
Set g; = G!, (zeroth-order).
Solve
ye = ICG(gt, Yit—1, B, mt)
by Algorithm 11

Set xy = (1 — v)xi—1 + Yy
end for

Output: z7
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Algorithm 11 Inexact Conditional Gradient Method (ICG)
Input: QaU,ﬁﬂ% up =u, k=1

1. Let v, be an optimal solution for the subproblem

(5.5) max{hy(v) = (g + Blur —u), up — )}

2. If hi(vk) <, terminate and output wuy.

3. upr1 = (1 — ag)ug + agv, with

ox =min 1, =) g —u

B v, — ug?

4. Set k < k+ 1 and go to step 1.

THEOREM 5.2. Consider solving problem (5.1), by Algorithm 10, under Assumption 5.1 with f
being convex.

(a) Assuming access to stochastic first-order oracle, under Assumption 5.4, setting

4L 3 LD?
—— = b, = [3pt(t + 1
Nt D)’ ¢ [P( + ﬂ

we have
6LD?  15LD? + 3||Vf(z*)||D
(t+2)2 (t+1)(t+2)

Hence, the total number of calls to the stochastic first-order oracle and linear minimization oracle

E[f(ze) = f(z7)] <

required to be solved to find an e-optimal point of problem (5.1) are, respectively, bounded by
O(c15), o).

(b) Assuming access to stochastic zeroth-order oracle, in addition, with Assumption 5.3, 5.2, setting

LD? D

4L 3
_t+27 7t_t+2,

Bt

we have

8LD? N 32LD?
(t+2)2  (t+1)(t+2)
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FIGURE 5.1. The convergence behaviors of SFW for linearly (in)-separable data. The
right panel visualizes the first 2 dimensions of the synthetic data used for numerical
analyses.

Hence, the total number of calls to the stochastic zeroth-order oracle and linear minimization oracle

required to be solved to find an e-optimal point of problem (5.1) are, respectively, bounded by
@) (de_l'S) , O (6_1) .

To the best of our knowledge, the above complexity of @(e~1) is not achieved for any variance
reduced versions of stochastic Frank-Wolfe methods. This improvement is solely obtained by the
SCGS algorithm of [LZ16] under the interpolation-like assumptions which are natural in modern
machine learning problems, without any variance reduction methods. We also highlight that, in
the unconstrained setting, the stochastic gradient method performs as well as its deterministic
counterpart. However, the above result still falls short of the corresponding deterministic complexity
of conditional gradient sliding, which is of the order O(¢~%?) [LZ16]. This highlights the intrinsic

difficulty associated with projection-free methods for constrained stochastic optimization problems.

5.4. Experiments

We generate synthetic binary classification datasets with two isotropic Gaussian blobs symmetric
with respect to the origin, with the sample size n = 100,000 and the dimension d = 500. We
ensure that two blobs are linearly separable with a positive margin for one dataset while the
other has an overlap. We seek to find a hyperplane w 'z that minimizes the squared-hinge loss
flw) =313 fi(w) = 237" max(0,1 —y; - w'x;)? satisfying the constraint [|w|; < 1. Note
that f(w) satisfies the weak growth condition for linearly separable data in view of sampling only a
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mini-batch of gradient (with replacement) in each iteration, and the parameter p = Ly,ax/L; see
Proposition 2 in [VBS19|, and Ly, is the largest Lipschitz constant for V f;(w). In Figure 5.1, we
plot the suboptimality f(w) — f* versus the number of iterations and the number of calls to the
SFO. The results are obtained by averaging over 100 runs with random initialization wgy. We observe

that SF'W converges essentially faster for linearly separable data than the inseparable case.

5.5. Discussion and Conclusion

We briefly discuss extensions of our results to the nonconvex setting. Our proposed assumption
is motivated by the notion of Frank-Wolfe gap [DR70, Hea82|, which is defined as G¢(z) =
maxyeq(V f(r),x —y). With this, a nonconvex function f satisfies Constrained Growth Condition
with constant p, if for any point z € Q, E¢ [|[VF(z,€) — Vf(z)|* < 2pLGs(x). Note that if f
is convex, then G¢(x) > f(x) — f(«*). Hence, this generalizes Assumption 5.4 defined for the
convex setting. Under this assumption in the nonconvex setting, it could be shown that the vanilla
stochastic Frank-Wolfe algorithm can find an e-stationary point of the problem within at most
(@) (1 / 63) and O (1 / 62) number of calls to the SFO linear subproblem solver, respectively. However,
although existence of functions satisfying the above asssumption could be shown, it is not clear if
practical nonconvex functions appearing in machine learning context satisfy it. It would be extremely
interesting to examine this as future work.

In a nutshell, considering convex constrained stochastic optimization problems, we show improved
complexity bounds for the vanilla stochastic conditional gradient method under certain interpolation-
like conditions that occur naturally in over-parametrized models that are common in machine
learning. Our results do not require any double-loop based variance reduction techniques and
is hence easily implementable. Furthermore, apart from the batch-size parameter for stochastic
conditional gradient sliding method (Algorithm 10), the tuning parameters of the algorithm are

independent of the parameter p characterizing the interpolation-like conditions.
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APPENDIX A

Appendix of Chapter 3

A.1. Experimental Details

All experiments are conducted on a laptop with Intel Core i7-11370H Processor and Windows 11
operating system. The total iteration numbers for a9a and MNIST are 10000 and 3000 respectively.
The graph that represents the network topology is set to be ring (or cycle in graph theory) for a9a
and random graph (given by [MBMXC22]|) for MNIST (See Figure A.1). To demonstrate the
performance of our algorithms in a constant batch size setting, the batch sizes are chosen to be
4 for a9a and 32 for MNIST in all algorithms. We adjust the learning rates provided in the code
of [IMBMXC22]| accordingly and select the ones that have the best performance. For Prox-DASA
and Prox-DASA-GT we choose a diminishing stepsize sequence, namely, a; = min {a\/% , 1} for all
k > 0. Note that the same complexity (up to logarithmic factors) bounds can be obtained by directly
plugging in the aforementioned expressions for aj in Section 4.3. Then we tune v € {1, 3,10} and
a € {0.3,1.0,3.0}. The penalty parameter X is chosen to be 0.0001 for all experiments.

We summarize the outputs of all experiments in Table A.1, from which we can tell Prox-DASA
and Prox-DASA-GT achieve good performance in a relatively short amount of time. The stationarity
is defined as ||G(z*, VF(Z*),1)||? + || X% — X4||?, which is the same as that in [MBMXC22|. As
mentioned in the caption of Figure 2 in the main paper, there is an extra hyperparameter ¢ in
ProxGT-SR-E, and we found that large ¢ already works well for a9a experiment, but ¢ has to be
small in the MNIST experiment otherwise the final accuracy will be much smaller than the one
presented in Table A.1. Hence in ProxGT-SR-E we choose ¢ = 1000 for a9a and g = 32 for MNIST,

and the plots that take this amount of epochs into account are in Figure A.2.

A.2. Proof of Theorem 3.1

We present the complete proof in this section. In the sequel, || - || denotes the fo-norm for

vectors and Frobenius norm for matrices. || - ||2 denotes the spectral norm for matrices. 1 represents
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TABLE A.1. Comparisons between all algorithms

. o . . Communication Computation Total time
Algorithm | Accuracy | Training Loss | Stationarity time per iteration (s) | time per iteration (s) | per iteration (s)
a9a
SPPDM 84.64% 0.3340 0.0174 0.0260 0.0305 0.0565
ProxGT-SR-E 76.38% 0.6528 0.0797 0.0521 0.0394 0.0915
DEEPSTORM v2 | 84.90% 0.3274 0.0029 0.0525 0.0398 0.0923
Prox-DASA 84.71% 0.3338 0.0017 0.0360 0.0298 0.0658
Prox-DASA-GT 84.69% 0.3342 0.0017 0.0390 0.0301 0.0691
MNIST
SPPDM 76.54% 0.7854 0.0436 0.1587 0.1246 0.2833
ProxGT-SR-E 92.26% 0.3042 0.0250 0.1771 0.3368 0.5139
DEEPSTORM v2 | 94.52% 0.1759 0.0016 0.1758 0.2030 0.3788
Prox-DASA 96.74% 0.1469 0.0081 0.1912 0.1299 0.3211
Prox-DASA-GT | 96.84% 0.1460 0.0058 0.1935 0.1317 0.3252
T~ R~

\

\/

\
/

/
\

\/

FicURE A.1. Network topology. The left represents the ring topology and the right
represents the random graph.
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FIGURE A.2. Comparisons between SPPDM [WZC 21|, ProxGT-SR-E [XDKK21],
DEEPSTORM [MBMXC22|, Prox-DASA 2, and Prox-DASA-GT 3. In each experiments
ProxGT-SR-E computes 1 more epoch than other algorithms every ¢ iterations. ¢ is
chosen to be 1000 for a9a and 32 for MNIST.
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the all-one vector. We identify vectors at agent i in the subscript and use the superscript for the
algorithm step. For example, the optimization variable of agent ¢ at step k is denoted as xf, and
zf is the corresponding dual variable. We use uppercase bold letters to represent the matrix that

collects all the variables from agents (corresponding lowercase) as columns. To be specific,
X = [xlf,,xk} , L= {zlf, zk} , Y= [ylf,...,yfb] , Vigp = vf“,...,v,’i“
We add an overbar to a letter to denote the average over all agents. For example,

1 & 1 _ 1
¢ = - § xr = ~Xpl, Xp= [ZF, ... =zk1T = ExknT
=1

Hence, the consensus errors for iterates {#¥} and dual variables {2¥} can be written as

n 9 1 B 1 n
af =2t = S X = XeP D

1
>3 =

i=1 i=1

A =z -z

We denote Lyp = max {Lvr,} for ease of presentation. Our proof heavily relies on the merit
<i<n

function below:

2
(A1) Wk, 2 = o) — @, +0(@) — n(@*, 7) +A HVF(:E’“) - zkH ,
function value gap primal cggvergence

dual convergence

where

(A2) ole.2) = min { ey =) + oy -7+ 90) .

A.2.1. Technical Lemmas.

LEMMA A.1. For any p,q,r € Ny and matrizx A € RP*9 B € R?*", we have:
|AB] < min (| Al B |A] - [BT]).

LEMMA A.2. Suppose W satisfies Assumption 3.1. For any m € Ny, we have

me e E p"
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LEMMA A.3. Suppose we are given three sequences {an}o2 5, {bn}s0, {mn} and a constant

oo
n=—1»

r satisfying
(A3) Ap41 < ra —i—bk, a > 0, bk > O, 0=71< Th+1 <7 < 1,

for all k > 0. Then for any K > 0, we have

K 1 K
ZTkak < 1-, (7'0@0 + Zkak>
k=0 k=0

PROOF. Note that we have

K K K K K
(1—7“)27%@;6§Z7’k(ak—ak+1+bk ZTk_Tk 1 ak—TKaK+1—|—Zkak<7'0a0+27'kbk,

k=0 k=0 k=0 k=0 k=0
where the inequalities use (A.3), and the equality uses summation by parts. O

LEMMA A.4. Let ¥ : R? — RU {+o00} be a closed proper convex function.

(a) Let n(x,z) be the function defined in (A.2). Then, Vn is C,-Lipschitz continuous where

(A4) c, :2\/(1+i)2+(1+ %)2.

(b) Forz,z € R and~ € R, letyy = proxy,(z—yz) = arggilin {(z,y —x) + %Hy — x| + \Il(y)},
ye
then for any y € R, we have

U(yy) = U(y) < (47" (yr —2),y — ys)
PROOF. We prove (a) at first. Recall that the Moreau envelope of a convex and closed function
W multiplied by a scalar v is defined by

. 1
env g (z) = min {27 ly—z|? + %)} ,

y€ER4

and its gradient is given by Venv., g (x) = %(:cfproxyp(x)) where proxy,(z) = arg min {% ly —z)* + \If(y)}
y€R4
Note that n(z,2) = envyy (z —v2) — 3 ||2||%. Therefore, the partial gradients of 7 are given by

(A.5) Van(z,2) = —2 — v~ ! (proxy, (x —vz) —x), V.n(z,2) = proxy, (z —7z) — z.
7



Hence, for any (z,z) and (2/, 2/),

HV?](.%’,Z) - V”(JU/,Z/)H < Hvz"?(iﬁaz) - Vﬂ?@/:z/)“ =+ HvZn(xaz) - Vzn(xlvz/)H

<21+ 1/9) ||z = 2|+ 2+7) ||z = || < Cy ||(z,2) — (&, 7).

To prove (b), denote the subdifferential of ¥(z) as ¥ (x). By the optimality condition, we have 0 is

a subgradient of H(y) = (z,y — x) + %Hy —z|? + ¥(y) at yq, ie.,
0€z+7y yr — )+ 0¥(yy).
Hence, there exists a subgradient of ¥(y) at y,, denoted by V¥ (i), such that
VU(yy) ==z =7 (ys — ).
Finally, by the convexity of ¥, we have for any y € R?,
U(y) — U(ys+) > <Wf(y+),y - y+> = (=2 =7 y+ —2),y —y+),
which completes the proof. (|

A.2.2. Building Blocks of Main Proof. The following lemma connects the consensus error

of Y to the consensus errors of X and Z.
LEMMA A.5. Let yﬁ = prox(zF —yz¥). Then for any k > 0 and v > 0, we have

2 9 _ _
of | = 2 U = Xl 2212 - 22}

ot -7+ Ll = 1y
Yy — Yy n k Ell = n 2
=1
PROOF. By the non-expansiveness of proximal operator, we have
Iy = el < llaf = &% = (2F = 2°) | < ok = 2] + )12f = 2
Hence we know the consensus error of y can be bounded

1 _ 1 & B 1 & 1 &
IV = YEP = =P = Dl kY Wk )P
i—1 i—1 J=1

1 « 1 1 «
D Dl T i R S (LR el I R S 7 &
=1 =1

j=1
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2 _ _
= {I1X5 — Xpl? + 7)1 Zx — Zi||*}

where the third equality uses the fact that

2

1 n 1 n n
o2 |- EZW ZH uill* =
=1 j=1 ]:1
for any vectors v; (1 <1i < n). O

The following technical lemma explicitly characterizes the consensus error.

LEMMA A.6 (Conensus Error of Algorithm 2: Prox-DASA). Suppose Assumptions 3.1, 3.4, 3.5,
3.6, and 3.7 hold. Let o(m) = W00 - ond p,m and «y satisfy

(1*027”)2 )
1 1
(A.6) o(m)ai < mln{ } , 0=a1 <apy1 <o <1
8 2412 .2

for any k > 0. Then in Algorithm 2 for any p > 0, we have

K p

o _
D EE[IIXy - XilP] < 49%(0® + 3LGp17)0 Zapw’
k=0 "

M=
3 |

E [||Zx — Z|’] < 4(0® +3L%p1?)e ZQPHV

b
Il

0

PRrROOF. By Assumption 3.1, the iterates in Algorithm 2 satisfy
Xpy1 = (1 — ak)Xka + oYL W™, gt = (1 - Ozk).fk + akgk,
(A.7)
Zi 1= (1 — Ozk)szm + akaHWm, Rl = (1 - Oék)ik + O[k@k+1.

Hence, for the consensus error of iterates {z¥}, we have

[ Xps1 — Xk+1H2

_ _ 11T 2
— H <(1 - Oék) (Xk - Xk) + o (Yk _ Yk) > <Wm . n>
1— 2m B 9 om, )
LU . (1
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where the first inequality uses Lemma A.1 and A.2. Combining (A.6), (A.8), and Lemma A.5, we

have

B 1+ 2m B 1— 2m _ B
E [|[Xg41 = Xppa|’] < (;)E [1X5 — Xl*] + WE [1Xk = Xell* + 11 Z — Zi||*]

_ B+

B 1— 2m\ A2 _
Tk (1%~ %) + L2 g 7, - 2,7

4

p
Using Lemma A.3 in the above inequality with 7, = % for any fixed p > 0 we know

K ap ~ K '}’ p
(A.9) > #CE Xk — Xel?] <D - R [[|Zx — Zi|?] -
k=0 k=0

Similarly to (A.8), we can obtain the following results on the consensus error of dual variables {2}

1 + me)pQ

2§(1+p : e
—p

(A10) | Zasr — Zi 12— 2> + | 02 [Vias —

Using (A.6) and Lemma A.3 in (A.10) with 75, = %z, we have

K ap K Oép+2
A1l LB [||Z), — Zg]?] <2 k Vi1 — Vieetl?].
(&.11) ;;) R (12 - Zi))?] < "(m)kz:o * B[ Vi = Vi ]

To bound || V41 — V1] we first notice that

R iz o E [0 5]
TE [} .7| - VR () + VE(aY) - VF(@*) + VF(E") - % zn:ﬂ«: Bt
=
_ <1 - i) (5 ~E [ 5]) - i;(vﬁl ~E[u17))
+(1- 1) (VREh - V@) + TREH - VFEH + > (v - vEL)

which gives
|:||Uk+1 7k+1H2}

_ <1 B 711>2 [Hkarl [Uerl’ﬂk} ||2] T % Zn:E [Hu;?“ ~E {U;Hl’ﬂk} ||2]

JF
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n —
J#i

1 2
<o® 4+ 3T%p (1—) ok~ 402 LS et )
"

where the first equality uses Assumption 3.5, and the second inequality uses Cauchy-Schwarz

inequality, Assumptions 3.2, 3.6, and 3.7. Hence we have
(A.12) E [[|[Vis1 — Vig1|?] < 6LGRE [|Xk — Xil|?] +no® + 3nL3 g

Combining (A.11) and (A.12), we have
(A.13)

K K +2
g 12— Z4)7] <20(m) > SEEEOE g (1%, — K, + (02 + 812 pt2
. k k <2p0(m Z n k k + (o° + VFIJ Za
k=0 k=0

K
<Y {120(m)a} L v} ’“E[HXk—XkH ] +2(0% +3LG )0 Zap“
k=0

bS]

@ 2
ﬁE 1Zi — Zi|1*] + 2(0® + 3LGpr?)0 Zaer ;

Mx

k=0

where the second inequality uses (A.6). By (A.9) and (A.13) we can finally obtain that

K P
(A.14) Z—k [1X5 — Xi|?] < 492(0” + 3L pr?)o Zap+2,,
k=0
K ap ~
(A.15) > ;’fﬂa 1Zs, — Z.||*] < 4(0* + 3L p1?)0 Za””,.
k=0

LEMMA A.7 (Conensus Error of Algorithm 3: Prox-DASA-GT). Suppose Assumptions 3.1, 3.4,

3.6 and 3.5 hold. Let o(m) = %, and p,m and oy, satisfy

(A.16) o(m)ai < ,0=a1 <apy1 <o <1

ES
9Lv
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for any k > 0, and the initialization satisfies u) = v? = 0 for all i. Then in Algorithm 3 for any

p > 0 we have

K p

o _
Z;kE [I1Xs, — Xl?] < 40¢%0(m Zap+2{ A [ka —y’“\ﬂ +202},
k=0
- aj 5 +2 2 k k2 2

Sk R (124 — Zi||?] < 400( P{ E[*—*}z}.
gn [1Z1, — Zi||*] < 400(m Za CraiE |2 — 3P| + 20

PRrROOF. The updates in Algorithm 3 take the form:
X1 = (1 — ap) XpgW™ + a, Y, W™, 28 = (1 — o) 7" + g9,
(A17) Uit = W™ + (Vg — V)W, @bt = ab 57+ — o,
Zii1 = (1 — ap)ZyW™ + o, U, W™, 2F = (1 — )28 + .
Setting u? = U? , we can prove by induction that ¥ = ©*. To analyze the consensus error of Uy, we
first notice:
Ujr1 — Upig

= Tkl | <7k m 117
:(Uk—UkJrVkH—Vk—V +V) W

= <U,€ — U+ (Vig1 — Vi) <I — 11;)) <Wm — 1{)

which gives

|Uks1 — U |I?

1— p2m _ 9 2p2m 9
<{<1+ 2me)Huk—uku+(1+1_pf2muvm—vku pm

1+ — 2 (1+
R N\
Using Lemma A.3, we know for any k£ > 0 and p > 0,
K K
(A.18) D b UL = Ugl* < 20(m) > [ Vigr — Viel®.
k=0 k=0
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Note that we also have

Vit1 — Vi =V —E [V ] — (Vi = E[Vi]|Fr_1])

+ E[Vig1Z] — VE(@Y) + VF(z%) — VF(Z 1) + VF(@" ) — E [V Zi_1]

where we overload the notation and define VF(z) = [VFi(z), ..., VE,(z)]. Hence we know

(A.19)
E [|[Vis1 — Vil?]

§5{E IVit1 — E[Via| Z] 2] + E [V — E [Vi| Zia] IIP] +E

Y IVE(at) - VFZ-@’“)H?]
i=1
VE S IVAGEEY - VRE)P

|

<5 (2007 + L3 pE || X5 — X2 + X571 = XA 4 oy 25! - 1))

B | IVA@E) - VR

where the first inequality uses Cauchy-Schwarz inequality, and the second inequality uses Lipschitz

1

continuity of V f; and (A.17). For simplicity we set z; ~ = y: 1 =0 for all 7 so that it is easy to check

the above inequality holds for all £ > 0. Using (A.18) and (A.19) we know:
(A.20)

>

k=0

Uk — Uygl?

= 5

K
") S ol (2m0? + L pE [ K2 4 XA - KENP oyl - 5 12))
k=0

(A.21)

20L2 o( _ _
< L) $ i (15, — K47 + 1002 ol Zap“ (12 — 5*112] +200%0(m)
k=0

M=
=

e
Il
o

where the third inequality uses (A.16). For other consensus error terms we follow the same proof in

Lemma A.6 to get

_ (1 (1
(A.22) X1 — X |° < L Xk — Xi|* + w o [
(A.23) Y5 — Yi* < 2% - XkHQ +97 126 = Ze ")

_ 1 — (1
(A.24) HZk+1—Zk+1H2 < (LHZ ZkH2+—1i_f) kHUk_UkH
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Hence we know (A.9) still holds:

K 24P
. Vo
E (X5 — X)) <Y LR [|1Ze — Zi|*] .

n
k=0

M=
SRR

(A.25)

i
o

D
Applying Lemma (A.3) in (A.24) with 7, = =%, we have
K p+2

K
(A.26) S kR (|12, - Z4l?] < 200m) Y %

k=0 k=0

S 5

E |0k — U] -

The above two inequalities together with (A.21) and (A.16) imply

p+2

= 5

E [[IX5 — Xk [?] < 20(m QZ E [|[Ux — Ukl?]

M 1M

p —
{40LE pv*0(m)*a %E [11Xk — Xgl?] + 209 0(m ZQPH{ 2 iR [Hg@k _gkuﬂ +202}

Bl

=0
K »
o _

>~ SEE [1X, — Xell?] + 207%0(m ZW{ 2paE [ - 7" 2] + 20%}
k=0

IN
N | =

which gives
K O(p
(A.27) >k

S 1%, - Xel?] < 4072 p(m ZW{ LpafE [|la* - 7¥1P] +20%}
k=0

Combining (A.16), (A.21), (A.26), and (A.27), we obtain that

K qp _ K p+2 )
Y EE[1Zk - Ze]?] < 20(m) E [|[Us — Ugl)?]
n
k=0 k=0
K
<32 3 L (1%~ Xal?] + 20 Za’”“{ 2 palE 2" - 7] + 20
272 k=0 " ’
K
<400(m)* 3 o { L& pafE [7* — 7*|| +20%}.

i

0

LEMMA A.8 (Basic Inequalities of Dual Convergence).

F(@k) = VF@EH) 1 k K\ Ak _ RS
5k — - Fi(z8) - VF A +1 _ sk+1 _ — F, k
(a29) 8= YL ZNEED) 4 LS On(at) - V) - 13 VG
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Under Assumption 3.2, we have

125 VR ()| < (1—%)“2 _VF(z H +2LVFaka . H +akHAk+1H

(A.29)
212 Fozk

+ 1%, — X —|—2<a AR (1 - o) (Zk—VF(i:k))+ak6k>,

and

2 2 92 _ _ 2
o[ it - e g

(A.30) n
+2 <Ak+1, % > VE(@f) - zk> }

=1

PROOF. By definitions in (A.28), we have
VF( k—H) (1 — Ozk) (Zk — VF(Q_?k)> + akék + Ozk;Ak—H,
Hence, we can get

shtl _ VF(z k+1)H2

_ H(1 —ay) (25 - VF(@EY) + akakuz +a? HA’““HQ +2 (@AM (1 - o) (3 = VF()) + ago®)

< (1—a) Hz _VF(z H +ay Ha’“H +a? HA’““H +2 (@AM (1 - ay) (z’f - vp(:zk)) + ak5k>
where the inequality uses the convexity of || - ||%. In addition, we have
2
2 VF(z%) — VF (@) || 1< _
k kY =k
o < 2R 2R (7Rt - vReen)

2
<2I%, H:Ek - gij2 + M% 1X5 — X4 ||,

which completes the proof of (A.29). The inequality (A.30) can be proved similarly by noting that

2 2
H2k+1 _ zkH _ 0‘% H_Zk +@k+1H

n 2

PN(VFE@ER - 25) + (iz (VE(ah) - vpi(@k))> + apAkt

i=1
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]
LEMMA A.9. Under Assumption 3.3,
_k k ko —lk _ =ky ok _ ok 8 > 2, ! < 112
(A31)  W(7") — ¥(yf) < <z S A T Rl > g 12k = 2"+ o [[X0 = X7
PROOF. By the convexity of ¥ and part (b) of Lemma A.4, we have
_ ovx 1 & Lemma A.4 (b) 1
W) ) < ) (‘I/(yf) - ‘If(yi)) < - <z + oyl — ) o - yf>
i=1 i=1
_ _ _ _ 1
= <zk+7 RO ),y+—y’“>+ <Z’“—Z +97 (Y, —yk+$k—ﬂfz)7y’“—yf>
i=1
_ 1 _
< (P g - ah) ok = gt + D |2 - Zel P X X
< (o7 = 2k =) g 17 Tl g P - X
The equality above comes from the fact that for sequences {a;}1<i<n, {bi J1<i<n € R?, we have
1 n
> (o 3wt 3 on = (130w (1300)
=1 =1 =1
The last inequality above is obtained by Young’s inequalities:
L v 21 2
<sz_zk’yk_y£€>§§ sz_zkH +%‘yf yk‘ )
B 1 21 2
o 1<xk xf,y’“—y5> < g‘xf—ka +5‘yf—y’“H -
]

LEMMA A.10 (Basic Lemma of Merit Function Difference). Let W (z*, 2F) be the merit function

defined in (A.1) with A = Under Assumption 3.2, 3.3, for any k > 0, setting ap <
ol

8L2
. 41 -1 L
min{ Shor 307 7320 72 }, we have

W (1, 240 - W gk, 5% < —ay, {®k+Tk+akAk+rk+1}7
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where

(A.32)
R e L R A e e e T

212 —1
o= (U g, g 2R 1)

n n

_ 1 —
Pl <Ak+1, 7 — ok + Cyay (n S VE (k) - z’“) +2) ((1 — o) (z’f - VF(:z’f)) + ak5k>> .
i=1
PROOF. By the smoothness of F' and 7, we have

F(zFY) — P(zF)

(A.33)
L L 2
<(VE(E) 2" —ah) + TE|ah - )P = —ap (VE(), 2 - gt) + T - gt
n(jk’ gk) _ ’I’](i’k—H, Zk:-‘rl)

_ _ kN k- ok - C _ _
< <_Zk _ 1(y£~cr _ xk%xk _ $k+1> i <yi _ gk g Zk+1> 77 (kaﬂ k;Hz I sz+1 _ Zk,,z)

< +
=2ay, <2k,y_]|“r >+’y Loy ||z —y+|]2+ak< GhRE a‘:k—gk>
(A.34)

Fan (Pt - 7 1o k) (ol - P - ).

Since yff_ is the minimizer of a 1/~-strongly convex function, i.e.,
sk k =k 1 k =k |12 k —k 1 k =k (12
(o =)+ gk =21 + W) < W) - ok -

which together with (A.34) gives

k —k)

77(@ z (i,k-‘rl,zk’-i-l)

-1
< — Loy l|lz* —y+|!2+ak< ot a’:’“—ﬂ’“>+ak <5k+7’1(y§—9?k)+17’““,§’“—yfi>

_ Cy _ _
(A35) -+ 205 (W) = Weh)) + 5 (a5 = 2H2 + 1284 - 24)1).
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By the convexity of ¥, we have
(A36)  WEH) - W) < (- a)BE) +ob() - UE) = o (V) - ().

Combining (A.33), (A.35), and (A.36), we have

(A.37)
[(I)(jkﬂ) (k) - n(jkﬂ’zkﬂ)} _ [(I)(jk) (b _n(jkagk)]

< — v lapllz® = gh P + o (91— VE("), 25— 5F) + 200(0(5H) - W (k)
_ _ _ i _ Lyr+Cy)a? _ Cy o _

+ <Z’“ +y7 Nk - ) oM gk - yi> 1 Lvr £ G 5 )% gk g I = 2,
Removing non-smooth terms in (A.37) using (A.31) in Lemma A.9, and re-organizing (A.37) using
the decomposition that 2F1 — 2% = ay (=28 + 0F+1) = o (VE(2%) — 2F) + o (2 o0 (VF(af) —
VE(Z%))) + a, AFL we can get

[q)@kﬂ) +p(zh ) — n(a—:kz+1’2k+1>} _ [@(a—:k) +w(zh) _n@,k’zk)]
<otand = 12t = oI 4 {0k -9+ @ - )0 ok ) |

1

+ o <i S (Ve - VR o - yi> + o (VP =245 o) +ou (A4 -t )
=1

3

2

(Lvr+Cy)oi 1 ryo
or % 0% 5k g

—1
+ %\Iik“ — Pz Z P T X - X
n n

Y
To further simplify the above inequalities, we analyze the terms 1, 519, 53, 324 separately as follows:
1

_ _ _ 2 _ _ _ _ 2 7»‘}/70”C _ _ 2
R B I R e d

9

1 o ? v la 2
k =k k|| =k k
2 < 2ya nZ;(VFfW—VW )|+ = -k
1=
2vay, L2 Lo la 2
< S | X g [ -t
A 2 AT 2
3 Sigk HVF(H_C]C) —ZkH + 720% H?jk —yﬁ-‘ )
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2 n
{2 HVF ZkHQ + 2Lyr HXk - XkH2 + HA]“HHQ +2 <Ak+1, 1 ZVFZ(xf) - zk>} .
n Wt

Combining the above results with (A.29) in Lemma A.8 and the definition of W (z*, 2*) in (A.1), we

have

(Lvr + Cy)ay

)
W20 - wiab ) < {3yt B

T m%F} &% — 7t

A 2 Ch0d g2 (T 2A 2
+Oék{—+cvak}HVF($k)_ZkH + =2k || Ak e +4 )k vk -

T4 29I+ 20 + C L2
4 12 HZk —Zk;H + 6+ 2vLor + - v+ Tr) o HXk—XkH
(A.38)
- 1 &
+ oy <Ak+1,fk - y{f_ + C o (n Zl VFi(zF) — 2k> + 2 <(1 —ag) (Zk - VF(:E’“)) + ak5k>> .

~
rkt1

In addition, from Lemma A.5, we already know

22 _ _
Joh -] < E{HXk—xku2+w2uzk—zku?}-

. . . ’}/7 71 1 .
Finally, choosing aj, such that oy < min{ Shop 807, 320 L2 }and A = ﬁ’ we can re-organize
the terms in (A.38) as follows and complete the proof.

W(Ek—i_l, zk‘-i-l) _ W(i'k, Ek)

-1 2 Cy+2M | 2

g i o ol
4 4 2
ok Ak
2v(1 + 42 L2 _ 9 2(y M 342 9
+Oék;{ il 7 VF) sz—ZkH + ( VF) HXk_XkH .
n n
Tk
(A.39)
d
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A.3. Discussion on Different Types of Consensus Errors

In this section, we briefly discuss two different functions that measure the consensus violation of

vectors among agents. Suppose agent i has z; € R%, our consensus error can be viewed as

n

1
o) = L 3l
1=

where z := 1 3™ | ;. while SPPDM in [WZC'21] defines (see Eq. (4a), (4b), (5a), (5b), and (41)
in [WZC*21))

gw (@1, ) = Y [l —

i~ 1<i<j<n

1

=5 > (=l + ey - 3l — 2 (o - 3,2 — 2))

1=] Or i~j

(A.40)

over a connected network whose weighted adjacency matrix (i.e., mixing matrix) is W, and the
stationarity therein is defined by using gw. ¢ ~ j means agents ¢ and j are neighbors. Note that in

general the relationship between f and gy largely depends on W. We consider several special cases:

e W is a complete graph. By (A.40) we have

n n

gw (@1, ) =0 |l — T))* = <Z (i —7),> (zj— 1:)> =n2f(x1,.... ).
=1

i=1 j=1

e W is a cycle. By (A.40) we have

gw @, zn) < > 2(lw =2+ llay — Z)?) = dnf (1, ).
i~g,1<i<j<n

e W is a simple path such that ¢ and i + 1 are adjacent for all 1 <i<n—1, and x; =7 € R.

Note that in this case, we can directly obtain gy (x1,...,x2,) =n — 1. For f we have

n

F@1, o mn) = %Z (”; L i)2 — 0(n?),

=1

which implies gy = @(%)

We know from the above examples that the order (in terms of n) of gy /f can range from % to n?.

Hence these two types of consensus error are not comparable if no additional assumptions are given,
90



and thus we only include SPPDM in the experiments and do not compare their complexity results to

ours.
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APPENDIX B

Appendix of Chapter 4

The supplementary materials are organized as follows. Appendix 4.1.1 provides motivating
examples for stochastic multilevel optimization. Appendix B.1 introduces the essential technical
lemmas to complete the proof. We present the whole proofs of Theorem 4.1 and Theorem 4.2 in
Appendix B.2 and B.3. Finally, we present the high-probability convergence analysis particularly for
the case when T'= 1 in Appendix B.4.

B.1. Technical Lemmas

LEMMA B.1. (Smoothness of Composite Functions [BGN22|) Assume that Assumption 4.2
holds.

a) Define Fi(x) = fio fix10---0 fr(x). Under , the gradient of F; is Lipschitz continuous with

the constant
T

j—1 T
Lvr =3 (Lvs [T 2n 1 25

j=i =i l=j+1
b) Define

Ry =Lvyp Ly Ly, Rj=Lyg---Lg_ Lyg Ly "'LfT/ijv 2<j=<T-1,

j—2 j—1
Cy = Ry, OJ:ZRZ(HLJ%), 3<j<T
i=1

l=i+1

(B.1)

and let upy1 = x. Then, for T > 2, we have

(B.2)

T
VF(x vaT+1 i(urg2-i)
=1

T
< ZC 15 (1) — usll-
j=2

LEMMA B.2. (Smoothness of 7(+,-) |GRW20|) For fized § > 0 and, n(z, z) defined in (4.10), the

2
gradient of n(x, z) w.r.t. (x,z) is Lipschitz continuous with the constant Ly, = 2\/(1 +8)2 + <1 + %) .
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LeEMMA B.3. (Convergnece of ICG [Jagl3|) Let §* be the vector output by Algorithm 6 at step k,

and y* be the optimal solution of the subproblem 4.16, then under Assumption 4.1

B,

_ 28D3(1+4
21 1 < B @) - Ey) < 2P0

tr + 2

where & defined in Algorithm 6 is the quality of the linear minimization procedure.

PrROOF OF LEMMA B.3. The result is obtained by applying Theorem 1 in [Jagl3] to Hy and

noting that the curvature constant Cy, = BD%(,W{: > 0. ]

B.2. Proof of Theorem 4.1

To establish the rate of convergence for Algorithm 5 in Theorem 4.1, we first present Lemma B.4
and Lemma B.5 regarding the basic recursion on the errors in estimating the inner function values
and the order of E[||uf™! — «F||2|.%,]. The proofs follow [BGN22| with minor modifications. We

present the complete proofs below for the reader’s convenience.

LEMMA B.4. Let {z*}1>0 and {uf}i>0 be generated by Algorithm 5 and uri1 = z. Define,
1<i<T,
AI&TI = filur) — GIT, Ak“ Vfilufe) = JF,
(B.3)
ef = filu fi_ll) fiufy) = (Vfilufig),u ﬁf — i)

Under Assumption 4.2, we have, for 1 <i < T,

k k k k k -k
I FiCuif) = i P < (U= 7o) filuin) — i 2 + g AGH I+

i+1
(B.4)
+ [4L3, + Lo gl filubin) — bl + A5 b = b2
and
(B5) [t — bl < o7 [201 i) — bl + A5 2] + 2P b — )2 + 7
where
P = 2 AL ek o (1= 7)) — ) + AR b — b))
k+1T, k
(B6) + 2<AJj_1 ( z—:_ll - uﬁrl)’ez + (1 - Tk)(fl( 2+1) uk)>’

k41 k+1 k k+1T/ & k
P = Tk<—AG+ % (fi(u z+1) i)+Ji+ (uzill_uz+1)>
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PROOF. We first prove part (B.4). By the definitions in (B.3), (B.6), for any 1 <i < T, we have

k k
Hf,(ulfll) _“'HHZ

k k+1T/ &
Gi—H J; i (uz-tll_uz+1)H2

k
—He + fi(u z+1)+vf1( z+1) (uzill_ufﬂ) (1—776)“?—779
k+1T, k& k
=[lef + A5 (ufl — i) + (1= 7)) (filuly) — uf) + mAGH?
T
=||AEFE (i = uf )P+ llef + (1= m) (fi(ufr) — ub)[]” + 7RI AET 1?4+ 75+

k+1 k41

k k k k k
<llef + (1 = m) (filufy) = ub)IIP + R NAE I + IAT Py — i )® + 7
k k k k k k k
<(1 =) filubin) = wfl* + Nefl” + 200 = m)llef [ filuiy) — ufll + T NA
AT — |1+

i+1

Furthermore, with Assumption 4.2, we have

Lv 1
(B.7) lefll < SNl —uball el < AL Juf! — ufalP,

which leads to (B.4). To show (B.5), with the update rule given by (4.8) and the definitions in (B.3),
we have, for 1 <i < T,

= uf||?

k k k+1
= (GET — ) + (JF b =l )

k k k+1T/ & k E 7k+17/ k k
=To|GE = wf P+ [TET (i = uf ) 1P+ 2m (G =l TET ()

=rRIGHT — b T (b — el ) 4 2me il =, Bl = )
+2m (—AETL T W )
<TRNGEF = wf 1P + 20T P el = wf |P 4 Rl o) — uf )
+ 275 (— Akjl JHIT(Uﬁf —ufi))
=272 || filugir) — wf I* + TR NAG I + 20T Pl = wia
+ 2m (= AET me(filuf) — wh) + T (b - ).
where the inequality comes from the fact that HJ»I"’HT(qul —uf I < ||Jk+1H ||uf_tll —uf,||I* and

k+1 7T, k k k
273 ( fi(u z+1)_u JH (uz—tll_uz+1)> < ”J o (uz—tll_uz+1)“2+7—lg||fl( z+1)_uk||2 U

R}
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LEMMA B.5. Let ury1 = x. Under Assumption 4.2, 4.3, and with the choice of 1o = 1, we have,

for1<i<T and k >0,

(B.8) B[l fi(uf)) — w1 24] < 08, + (413, + 075,)cita,
(B.9) Efljuy ™ — uf||*| 7] < eir,

where

(B.10) ¢ = 30G +2(4Lf —|—0'J —|—0'J )Cit1, cry1 = D%

PROOF. By the update rule given in (4.8) and the definitions in (B.3), for 1 <i < T and k > 0,

we have
filwf ) —uf = (1= 7)) (fiufyy) — uf) + Dy,

T . . .
where Dy, ; := eF +TkA’gr1 Akﬂ (ufj_rll —u¥ ;). With the convexity of |- ||?, we can further obtain

BA) A — P < 0wl - o+ Dl ez o
Moreover, under Assumption 4.3, we have, for 1 <i < T and k > 0,
ElDw 4] = Ellef |215] + mZEIIAE 22 + ENIAL (uh - k)21
(B.12) < R A AIZ] + (A5, + ENAS 217 ) Bl - ub 217
< riog, + (4LF, + o7 ) E[lul — ub |17 7).

where the second inequality follows from (B.7). Setting ¢ = T" in the inequality above and noting

that u'%H = z*, we have
E(|Dyrl*|Zk] < 7l [08, + (4LF, + 05,)D%], ¥k > 0.
Thus, with the choice of 79 = 1, we obtain
E[| fr(a*) — upl*| ] < 0y, + (AL}, +05,)D%. Yk = 1.
Taking expectation of both sides of (B.5) conditioning on %, and under Assumption 4.3, we obtain

2
(B.13) Eflut™ — ub|P|Zi) < 72E | 21fi(%) — b + [ MBI + S 0T Pkl - ok

2| g7
i+1 Jk] :
k
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Setting 4 = T in the inequality above, we have
Ef|jubt — k|2 2] < 77 [3aéT + 2(4L2T + a?,T + 63T)D§(] , Vk>1.

This completes the proof of (B.8) and (B.9) when ¢ = T. We now use backward induction to
complete the proof. By the above result, the base case of i = T holds. Assume that (B.9) hold when
i=jforsomel <j<T,ie., IE[HuéCJrl — ufHﬂﬁH < ¢j7¢,Vk > 0. Then, setting i = j — 1 in (B.12),

we obtain

E[|De1 [P < 77 |oF, |, + (L], +0% )], VE 0.

Furthermore, with (B.11) and the choice of 79 = 1, we have
which together with (B.13), imply that

E(|[uft] —ub |2 Fi] < ¢joard, V>0,

We now leverage the merit function defined in (4.9) and provide a basic inequality for establishing
convergence analysis of Algorithm 5 in Lemma B.6. In Proposition B.1, we show the boundedness of
the term Ry appearing on the right hand side of (B.14) in expectation. These two results form the

crucial steps in establishing the convergence analysis of Algorithm 5.

LEMMA B.6. Let {ack,zk,uk}kzo be the sequence gemerated by Algorithm 5, the merit func-
tion W~ (-,-,-) be defined in (4.9) with positive constants {a, {vi}1<i<r}, and ury1 = x. Under

Assumption 4.2, for any > 0, let

5 =5 0 J

1
= ; ==, yi=(2a+ —5— (T -1)C?+%, 2<j<T,
“ Tz, M 73 <a+4aL2VF>( )G+ =7 =
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where C;’s are defined in (B.1). Then, VN >0

N T
> (5 [Hd’“HQ + > I filufyr) — uf|?

k=0 i=1

B

+
2012,

IVE(a") z’“HZ>

N 24 40L%,.\ &
<2Wp+2 E R; + <5+ B2VF> E Tk (Hk(ﬂk)_Hk(yk)> )
k=0 k=0

where d* := y¥ — 2% Hy(-),y* are defined in (4.16), and

T

k k k k k
Ry i= % (40, + Log | filukiy) = ubl| + 1A 2] flul = ki
=1

2

Lyr+L d
+7—k MD%{_i_z,yiHAlgi-IHQ+a||Ak+1||2]

2 ;
=1

T
(dF, A 3 it 4 205

=1

Ly
+7 b I,

(B.15)
T

T
E+1 o, k+1
A =TT Vi @hs) = T 7500
-1 i=1

T
R (AR (1= ) [VE @) — 2 4l VEGR) =[] Vil )
i=1

+ VF (2" — VF(z%)),

Algfl, A?jl are defined in (B.3), and 71 is defined in (B.6).

PROOF. We first bound F(z**!) — F(2*). By the Lipschitzness of VF (Lemma B.1), we have

Eoemi e e
2

= 7u(VF ("), d) + 7 (VF (") — 25, 5 — o) — (8", 5" — o)

F(af) — F(2F) < (VF(2®), 28 — 2%y +

2
UL g
2

< TR(VE(a*), d*) + 7| VF (") = 25 [[15" = ¥ + 7(2* + Bd*, 5 — o)

(B.16) + 7 (2F 4+ BdF, §F — ) +

Lyrt? -
ki 1~k k VF k
+ Bl (1" = vl + =51
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We then provide a bound for n(z¥, 2¥) — n(z**1, 2*+1). By the lipschitzness of V1 (Lemma B.2)

with the partial gradients of Vn given by
vxn(xk7 Zk) = _Zk - Bdkv Vzﬂ(wka Zk) = dka

we have

kk)

n(z", z )

-
L
< <zk + BdF, 2Pt — :Ek> - <dk’, A zk> + —;n [||$k+1 — xF||2 4 || 2T — 2R

(B.17)
<22 —i—Bdk dk>+7k<z —i—Bdk dr — Tk<dk HJ§+1+1

I3 .
BT 4 g —zkrﬁ],

where the second equality comes from (4.6) and (4.7). Due to the optimality condition of in the
definition of y*, we have <zk + BdF, x — yk> > 0 for all x € X', which together with the choice of

x = z¥ implies that
(B.18) (zF,d") + p|ld*|I* < 0.

Thus, combining (B.17) with (B.18), we obtain

n(a®, 2%) — (@ ) < =B ld®|* + m(e + Bd", 5 — o) — m(d”, H Jrth)
(B.19) i=1
Loy [ o
IS LRIG + 141 = 42,

In addition, by Lemma B.2, we have

!

(B.20) (d*, VF(x HVfT+1 i(Whiay)) Z G (e r) — -
=1 j=
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Then combing (B.16), (B.19), (B.20), we have
[F (2 = (@™ 2] = [F(a*) = n(a”, 2M)]

T
B21) < k{ — BIIAIP + 3 Cylla I (k) — b+ (0, AR 20 4 gab, g — )

j=2
_ Lyp + Ly Ly
+ [B11+ 1V = A1) 19 = 1 |+ TP 4 SR
Furthermore, defining
. VF(@F!) — VF(2F
=VF(x HVfTH i(Whiay),  #i= ( lk ( )7
i=1

and by the update rule given by (4.7), we have
IV F(2F 1) — 2
(L= ) VE (") = 4]+ ry o+ 5+ AR
= |(1 =) [VF(") = 2" + s + 3|17 + 7Z | AM|? + 27, 70
(B2) <= m)IVE@") = M7 + 2me |5 + 117252 + A5 4+ 2m
< (L=m)[VF (") = 28|17 + || A% 2
T
+2m, | (T =1) Y CFlfi(ujn) = wjl* + 2L p(Id"|* + (1§ — y*|1%) + 7+
j=2
where 7#Ft1 = (AL (1 — 7)) [VF(2%) — 2F] 4+ 73.[5" + 5F]) and the last inequality comes from two
fact that [|3[|* < 2L p([ld*||* + [|7* — y*||?) and

T

VF(x HVfTH z(UT+2 i)
=1

k
<12 :‘

T
<(T=1)>C2|l fi(ujpr) — .
j=2

The above upper bound for the term ||¢¢||? is obtained by leveraging Lemma B.2 and the fact that
(X a;) <n Yot a? for non-negative sequence (a;)1<i<n-

Moreover, by Lemma B.4, we have, for 1 <4 < T,

k k k k:
I1Fii) — w2 = i) = uf P < —mell fiufn) — wf P + 72 AGE 1 + 7

(B.23)
k k
o+ [413, + Logllfitulin) = ubl] + A5 2] bt = ubi ),
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Finally, multiplying both sides of (B.23) by ~; for i = 1,...,T and both sides of (B.22) by «
adding them to (B.21), rearranging the terms, and noting that (¥ + Bd*, §* — %) = Hy(3*) —
Hi(yF) — (8/2)]|§" — y*||? due to the quadratic structure of Hy, and ||d*||?> < D3, we obtain

(B.24) Wii1 — Wi < 1.A; + Rg
where Ry, is defined in (B.15) and

Api= (=B +4aLdy |d’f|P+Z 5+ 20(T = 1)CF) |1 (uf 1) — ]
T
—llfa(ud) = ub P = | VER) = 2P + 37 Ol £ ugn) =
j=2
+ (Blla*| + IV F@*) = 21) 15 - )l + (1L = 8) 5 — oI
+2 (Hu(7") - Hyh))

We can further provide a simplified upper bound for Ax. By Young’s inequality, we have
k\(|1~k k ﬁ k ~k k
BllaMIlg* — v* Il < Sl1d™* + Bllg* — ",

. a .
IVE@") = 28 [15" = o* < SIVF@E®) = 2817+ - [19" = o*|1°
2 T —1)C?
k algp g2 ( 2
Colld ) = wll < TN+ = ) =l

Thus,

33 «
A< (=5 4 sk ) 1 = i) = of 2 = SIVFGH) - 24P

+§(—vj+(2a+4a;2vF)<T—> )w ) — |

+ (0B + o0 ) I = 1P + 2 () - )
For any 8 > 0, let
B B ( 1 ) 2 B :
= =5, Y= \20+t 5 |(T-1DCj+5, 2<j<T
20L% . 2 ! 4al? 72
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Then, we have

T
Ars-t (nd’fn? +2 i) —ui-“lF) e MACH R &
= VF
(B25) i=1
12 20L%
+ (2 + 253 ) () - 1)

As a result of (B.24) and (B.25), we can further obtain

T
k(12 k k2 /8 k k2
n (5 [ud I+ 3 i) — | + g VP - | )
=1
24  40L%
<2Wy, — 2Wip1 + 2Rg + 7 <5+ /32VF> (]{k(gk’>_]i]k(yk))7
which immediately implies (B.14) by telescoping. O

PROPOSITION B.1. Let Ry be defined in (B.15) and 19 = 1. Then, under Assumption 4.3, we

have
E[Ry|Z] < 6%7F, Vk>1,
where
T
&2 :ZZ% ([4L2Vfi + Lyy, \/02@, + (4Li +0%)cit1 + Ui} Cit1 + U%i)
(B.26) =

Lyrp+ L

T
+(a+2Ly) [] 67, + 5 D%
=1

PROOF. Note that under Assumption 4.3, we have, for 1 <i < T,
EAM 7] =0, E[j 7] =0, E[F*F] =0,

EAG P17 < o, E[AST P17 < 07,

and
2

T
k+1
[/

i=1

B[N 2] < B




In addition, by Lemma B.4 and Hélder’s inequality. we have E[||uft? — u¥|?|.2] < ¢;72 and
BIA: (k) — bl — b))
< Ellfiui) = uf P N ZEllu T = uf )P )
< (Bl — o112 P Bl — iR

< \/O‘G (4L?c + UJ Yeiz1 Tr.

Lastly, from eq.(28) of Proposition 2.1 in [BGN22]|, we have for any k > 1,
T
E[|| 25+ — 2F|?|. 7] < 4 H@QJ,

The proof is completed by combing all above observations with the expression of Ry in (B.15). O

PRrROOF OF THEOREM 4.1. We now present the proof of Theorem 4.1. Note that by Lemma B.6

and given values of o, in (4.12), we obtain

N T
ZTk [ﬁ(Hdk\|2+zHfi(%cﬂ)—uf”?) 20L2 IVF(*) - ZkHQ]
= i=1 VF

24 40L% ) o " By
< 2Woy (20,20, 4° +2ZRk+ + ZTk<Hk(y)_Hk(y )>,

2
k=0 5 6 k=0

Taking expectation of both sides and noting that E[Ry|.Z;] < &27'2 by Proposition B.1, we have
N
Z T E
k=1
N

24  40L2
2 VF ~k k
< 2Wo (20, 2%, u®) + 26 ZTk+<5 7 )kZOTk(Hk(y)_Hk(y )).

T
p (HdkH2 + Y I filuf) - Usz) +al|[VF(a") - 2*|)°

i=1

9k-1]
(B.27)

Then, setting 7%, t; to be values in (4.11) and noting that by Lemma B.3, we have

23DY(1+6) _ 26D3(1+0)
tr + 2 - Vk ’

Hi (%) — Hy(y%) < Vk > 1.

Also, with the choice of 2 = 0, we have 3y = §” = 2°. Thus, we can conclude that

ol i 268D2%(1+6) o~ 1
> 7 (Hr(3*) — He(y") —%E < 4BD%(1+96).
kok( k\Y E\Y ) - 1\/E X
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which together with (B.27) immediately imply that YN > 1,

N T

s
Z BN+ X115 (u5sn) = w317 | + ooz IVF (") = 21| Fan
k: j=1 VF

3\

<2W77(l’ 22 u%) + B(B,0% L, Dx,T,0).

where

2
B(8,0% L, Dx, T,0) = 45° + 328D (1 +9) (2 + 55?) :

and 62 is given in (B.26). As a result, we can obtain (4.13) and (4.14) by the definition of random

integer R and

1\

projy (ack — 1VF(xk)) — projy (xk ——z )
B B
< 26%||d"))? + 2| VF () — 25|,

G, VF ("), B)II* < 26°||d*|)* + 267

B.3. Proofs for Section 4.3.1

B.3.1. Proof of Theorem 4.2 for T'= 2. To show the rate of convergence for Algorithm 7,
we simplify the merit function in the analysis of the multi-level problems and leverage the following

function:
(B.28) Wanq(2¥, 28 uF) = F(a¥) = F* — n(a*, 2%) + o| VE(@") — 2F° + 4 f2(2F) — w52,

where «a,7 are positive constants, 7(-,-) is defined in (4.10). We now present the analogue of
Lemma B.6 for Algorithm 7. The proof follows similar steps as that proof of Lemma B.6 with slight

modifications, and hence we will skip some arguments already presented before.

LEMMA B.7. Let {a*, 2% uk}1>0 be the sequence generated by Algorithm 7 and the merit function

Wan(- -, ) be defined in (B.28) with

O[:Liv 7:3PLVf17 p>0.
VF

103



Under Assumptions 4.2 with T' = 2, setting B, = 5 > 6pLvr + (2p + %)LVﬁL?@Q; we have VN > 0

N
1
p 3 n(Lerld? + Loy 1) — 1P + L[V - 1?)
k=0

N 2 N

2(8p+1/p)Lvr + 24pLyy, L i

<oWo+2> Ry + <4+ Z i f2> N7 (Hk(y'“) - Hk(y’“)>
k=0 k=0

where d* = y* — ¥, Hy(-),y* are defined in (4.16), and

Lyr+ Ly L
Ry imrf | “V5 DR | AR+ ] AP+ SR A2

+Tk<dk7Ak+1> +,y7;k+1 + ai,;k-l-l’

(5.29) AP =V fo(aF)V filus) — HIET AR = fa(af) - G5

phtl ::2Tk<Alggl, fg(fckH) — fz(:l?k) +(1- Tk;)(fQ(l‘k) — U§)>7
L =2 (AMFL (1 — ) [V (%) — 28] + 7 [VF (2F) — V fo(2F)V f1 (u?)]
+ VF (a1 — VF(2h)).

PROOF OF LEMMA B.7. 1. By the Lipschitzness of VF' (Lemma B.1), we have

F(@*) = F(a*) < i (VF(@*), d%) + [ VF(2") = 2(]15° - |

(B.30) -
U ~ Lyrpt d
+ B NF* — oI+ (= + Bd*, G — ) + l;””

2. Also, by the Lipschitzness of V7 (Lemma B.2) and the optimality condition of in the definition

of y*, we have

n(a®, 2) — (et ) < —Brilldt P + 72t + Bt 7t — o)
(B.31) Lo )
= (", V f2(a")V fu(ug)) + 7, AR + SN + [ = 2P

3. In addition, by the Lipschitzness of fo and V fi, we have

B (d*,VF(a*) = V fo(a")V fr(u§)) = (d*, V fo(a®) T [V fi(fa(2F)) = V fr(ub)])
| < Lo L lld¥|ll fala®) — ]
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4. Moreover, by the update rule, we have
1 £2(2" ) = ub P = (| fo(2™H1) = foa®) + (1= ) [fa(a") — ug] + mAG |
(B.33) = (1 =) [fa(2") = us] + fol(@® 1) = fol@®)* + 7Z | AG P + 4

< (1 =)l fa(2®) — ug||? + 2m L3, (1°)1% + 15° — y*1%) + mRNAGEHI + #++

where ##+1 .= 27k<Algg1, fo () — fo(2%) + (1 — ) (f2(2¥) — u)) and the last inequality follows

|? as well as

Jensen’s inequality for the convex function || -

2

1 ; _
< L3 1)1 < 2L%, (11 + 117 = o*11%).

— | R = falah)]

Tk

5. Defining

= [mG“) ~ W(wk)] + VF(2%) = V fo(a*)V f1 (uF),

Tk

and by the update rule, we have

IVE @) =212 = ||(1 = m) [VE (%) = 2] + 7 [ + A2
(B.34) = |1 = ) [VE (%) = 2% + me® || + mZ | AT 4 74

< (1= m)[VF(@@®) = 282 + 7l e® ]| + mZ | AT 4 74+
where i1 .= 27 (AF (1 — 7)[VF (2*) — 2¥] + 7e¥). We can further upper bound the term ||e¥||?
by

le"1? < 2LG plld®||* + 2L, LE, || fa(a™) — u*|®

(B.35)

<ALGp(Id1? + [17* = " I%) + 2L% f, LT, || f2(a*) — u"|?

6. By combing (B.30), (B.31), (B.32), (B.33), (B.34), (B.35), rearranging the terms, and noting
that (2% + 8d¥, 3 — y*) = Hy(7*) — Hi(y*) — (8/2)17" — 4*|* and |d¥] < D, we obtain

(B.36) Wit1 — Wi < 7Ag + Ry,
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where Ry, is defined in (B.29) and
Ay = (=B +4aLp + 29L7,) |d*]° + (=7 + 20L% 5, LF,) [ f2(a) — w5
+ Ly g Ll || f2() = u3]| — ol VF(2*) — 28|
+ (Blat] + IVE@*) = 211) l15* - o)
+ (4aLdp +2vL% - B) |5 — vF|1> + 2 (Hk(@k) - Hk(y’“)) :

We then provide a simplified upper bound for Aj. By the Young’s inequality, we have

. B .
Bl llg" — ™Il < Z ™I + Bl1g* - v* |17
. « L.
IVE@) — 5~ ¥ < SIVEGEH) = 212 + 517~ 5P
In addition, we reparametrize oo = Lv%p' Noting that by Lemma B.1 with T' = 2
2 72 2 72
only _ Lvply < Lo,
= 19

Lyr  LypL3, + Ly Lyy,

we therefore have

3p
A< (=5 apLor + 0L, ) 14 + (= + 20Lep) [ () — P

P
+ Ly g, L ||d*|||| f2(*) — us]| — mHVF(x’“) — 2|2
Lyr | . ~
+ <4PLVF +2yL%, + o ) 7 — %)% + 2 (Hk(yk) — Hk(yk))

Then, setting v = 3pLyy, and > 6pLyr + (2p + ??—p)valLfcz, we can obtain

3
(=7 + toLor + 23, ) IHIP + (14 20 1ate) — P

pLvr pLv
+ Lop Ll ola®) —ubl) < ~PEVE a2 P20 gy (k) — a2
Also, we have (8/2)|7* — v*||> < Hip(3*) — Hi(y*). Therefore, we can further bound Ay by

pLvr pLv p
-AkS&—‘jz‘ﬂdﬂp——‘j;ﬁﬂcx$%'—UkW‘—§Z;;HVPT$ﬂ'—ZﬂP

(8p+1/p)Lvr +12pLyy, L7, _
+ <2+ 7 ! ) (Hk@k) - Hk(y’“)) :

(B.37)
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Telescoping (B.36) together with (B.37), we get

N
1
PZTk Lyplld®||®> + Ly, | f2(2%) — ub||* + — || VF(2") — 2¥||?
prt Lyr

N 2 N

28p+1/p)Lvr +24pLyy L _

< 2WD+2§ Ry + (4+ ( /7) 5 il f2) E Th (Hk(y’“) —Hk(y'“)>
k=0 k=0

0

PROOF OF THEOREM 4.2, PART (A). The proof follows the same arguments in the proof of

Theorem 4.1. Note that by Lemma B.7 and given values of o, in (4.12), we obtain

N
1
P> LorlIP + Lenlale!) — P + o IVF() - 4P| < 2o (00,20, 0)
k=1

N 2 N
2(8p+1/p)Lyr + 24pLyvy, L )
+2) Ry + (4+ ( / 5 /i f2> T (Hk(yk)—Hk(yk)).
k=0

k=0

Noting that

LVF;IWnD

2

E[Ry|Z] = 77 [ Y +708, + (a+ 2%)631632] = 1067,

and taking expectation of both sides, we can complete the proof with the same arguments in the

proof of Theorem 4.1. The constants C; and Co turn out to be

Cl—4< i —i—LVF>{W (20, 2%, u®) 4 &2
pLvr — p R

1
+4D% (14 6) [25 + (8p + ;)va + 12pLW1L§2)} }

(B.38) )

Co =
pLv

{Was a0, 20,00) 4.5

1
+4D% (1 +6) [25 + (8p + ;)va + 12pLVf1L}2)} }

B.3.2. Proof of Theorem 4.2 for T'= 1. To show the rate of convergence for Algorithm 8§,

we leverage the following merit function:

(B.39) Wo(ah, 28 ub) = F(aF) — F* —n(a®, 2%) + o[ VF (%) — 2|2,
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where a > 0, (-, -) is defined in (4.10).

LEMMA B.8. Let {xk, zk}kzo be the sequence generated by Algorithm 8 with B, = 6 > 0 and the

merit function Wy (-,-) be defined in (B.39) with o = %

77 Under Assumptions 4.2 with T =1, we
VF

have VN > 0

N
1
B w145 + s IVF () — 2%
2L%,
k=0

- N 1612, & " A
§4Wa($,u)+4ZRk+<12+ P >ZTk(Hk(y)_Hk(y ))
k=0

where d* := y* — 2, Hy(-),y* are defined in (4.16), AF1 .= VE(2*) — JF ) and

Lyr + Ly,

Ry, =7} { 5

L
D/ZY + a||Ak+1||2:| + 77I”Zk+1 . ZkHZ
(B.40) o (dE, AR okt
PR =2 (AFTL (1 — 1) [VE(2F) — 2% + VF (2" ) — VF(2F)).
PRrROOF. The proof is a essentially a simplified version of the proof of Lemma B.7. Hence, we
skip some arguments already presented earlier.
1. By the Lipschitzness of VF', we have

F(z*1) — F(a¥) < i (VF(ak), d¥) + 1| |[VF (2F) — 2%||||17* — o)

(B~41) LVFTQHCZICW
+ Bl 15° = y* I + 7l + B, gt — o) + =L

2. Also, by the lipschitzness of V7 (Lemma B.2) and the optimality condition of in the definition

of y*, we have

(@, 2%) = @@ M) < =Bl d ) + (2t + Bd gt - o)
(B.42) Lo )
= (", VF(a%)) + mi(db, AR 4 =2 7+ 24— 2
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3. By the update rule, we have
IVE@EH) = 25417 = [|(1 = ) [VE(a") = 24 + VE(") = VF(") + nat )2
= |(1 = 7)[VF(2¥) — 2] + VF(a"t1) — VE(@")||? 4 72| AR |2 + o
(BA43) < (1—m)|VE(@®) —2*) + ;HVF(IB'““) — VF(a")|]? + g AR 4 o
< (U= T VF () = 242 7L |2 + 2| AR 4 41
< (U= m)| V() = 242+ 2m L3 (12 + 115 — o) + T2 AR 2 4

where r**1 .= 21 (AF (1 — 7)) [VF(2F) — 2F] + VF(2F*1) — VF(2F)).
4. By combing (B.41), (B.42) (B.43), rearranging the terms, and noting that (z*+ gd*, §* —y*) =
Hi(§%) — Hy,(y") — (8/2)[1§" — *|1” and ||d*]| < D, we obtain

(B.44) Wii1 — Wi < 1A + Ry,

where Ry, is defined in (B.40) and
Ay = (=B +2aL3p) |ld°)? — ol VF(2*) — 2F) + (ﬁlldkH +[|VF(*) — ZkH) 15" = "
+ (2aLYp - B) 15" = oF11? + 2 (H (@) — Heh)) -
We then provide a simplified upper bound for Aj. By the Young’s inequality, we have
Bl — o1 < 112 + 81 — oI

1.
—l7* — v¥|1%.

- (6
[P = 17 = g5l < SIVE@H) = 1P + 5

In addition, setting o = —4— and noting (8/2)||7* — v*||? < Hu(§*) — Hi(y*), we have

4L2v I

g

8L2V P

2
Ba5)  Avs - GIEP - S IVEE AR (34 55 ) (G - Hh)

g
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Telescoping (B.44) together with (B.45), we get

N
B n(I+ VP ) — 1P
k=0

N

< AW (20, uf +4ZRk+<12+16LVF>§:Tk( — Hi(y ))

k=0 k=0

0

PROOF OF THEOREM 4.2, PART (B). Given Lemma B.8, the proof follows the same arguments

as in the proof of Theorem 4.1. The constant C3 turns out to be

; 2
C3=38 (5+ ZLBVF> {Wa(azo,uo) + D% [(1 +9) (125+ 16LBVF) N LVF;-Lvn]

(B.46) :
+acd, +2L,67, }

B.4. Proof of Theorem 4.3

We start with presenting the lemma below which leverages inequalities in Appendix B.4 to show

a high-probability upper bound for terms involving in the previous analysis.

LEMMA B.9. Under the conditions of Lemma B.8 and Assumption 4.4, for any 61,9d2,03,a > 0,
we have
(a) with probability at least 1 — 41, Ziv:o 2| AFFL2 < K?log(2/61) fovzo e
(b) with probability at least 1 — ds,

w
—_

N —
ZTa

k=0

N
< K?log(2/62) ZT s
k=0

N
Il
o

where o j, > 0 andz 0 azk—l
(c) with probability at least 1 — 3,

N
> (AP 207 (1 - 1) [VF(2%) — 2% 4 20m,(VF (") — VF (%)) + 7d")
k=0

N N

62}(2 2 I(Q B27k 2

§4alog(1/53)+@27§(1—m) HVF(xk)—zkH +TZT§(4+E) HdkH .
k=0 k=0
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PROOF OF LEMMA B.9. We first show (a). Using the law of total expectation, we have
k

E [exp (%)} < 2, which implies that ||7,AF+1||2 is 72 K2-sub-exponential. Thus, we have
k

with probability at least 1 — 41,
N N
(B.47) > RIAF 2 < K2log(2/61) Y 7.
k=0 k=0

We then show (b). Let Zj = 7} {Zf o Qg HA”IHQ}Vk > 0. Note that for all k> 0, ||AF1)|2 is
K?-sub-exponential, which further implies that the sub-exponential norm of Z; (k > 0) satisfies

| Zk|lp, < T2K?. Therefore, we have for any dy > 0, with probability at least 1 — da,

N N
(B.48) D Zp < K*log(2/62) > 7.

k=0 k=0

To prove (c), we apply Lemma 1.1 and Lemma 1.3 with
Xi = <Ak+1, 204Tk {(1 - Tk)[VF(l'k) - Zk] + VF(karl) - VF(xk)} + dek> N

K; = VeK HQW {(1 — ) [VE(h) — 2% + VE(zF 1) - VF(xk)} +rypdk

b=0,t=4alog(1/d3).

Noting that a =
4alog(1/03) and

%, we obtain that for all @ > 0 with probability at least 1 — d3, Zz‘]\io X; <
VF

iXi 20k? & Hgm{ 1 — ) [VF(z%) - zk]—i-VF(:UkH)—VF(xk)}+dekH2

<
i=0 k=0
4K & 2 2
<=y ,3{4a2 H(l — 1) [VE(*) — 24 + VF (R —VF(xk’)H + HdkH }
k=0
4cK? 2 2
< ZT,? {4&2(1 — Tk) HVF(xk) - zkH + (1 + 40’ L% p1y) HdkH }
a
k=0
BQKQ Z 1 VF k 2 CK2 N ( B T]{; dk
= [vre) = T )
aL4VF prd a =
where the third inequality comes from the convexity of || - ||* and the Lipschitzness of VF'. O

Provided with the above lemma and Lemma B.8, we now present the complete proof of Theorem

4.3.
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PROOF OF THEOREM 4.3. Given the update rule of {z*} and the fact that 70 = 1, we can
obtain

i+1 o T : R
z —Zalkj , az,k—riﬂfklgzgkz, Z@z,k—lkzl

where I'y, =T'y Hf:_ll(l — ;) and I'y = 1. Thus,

k+1 2

()

2
e A L Tl

k—1 2
Z i1
=0

k—1
= { Jf“\2+2amm+wf}
=0

g4T§{ Ak |y —}—ZQZ;CD}AZHH +[IVF(a)| }}

k—1
§4T,§{ A’““( +ZazkHNHH +2L2}
=0

where the second inequality comes from the convexity of || - ||2. Therefore, we have

N

N k—1
Zuzk-&-l kH2 < 4ZTZHAI€+1H2_'_4ZTRZalkHAz-‘rlH2+8L ZTk
k=0 k=0 k=0 =0

Applying Lemma B.9 with §; = d; = d3 = /3 and a = w;ﬂ together with Lemma B.8, we have
VF

with probability at least 1 — &,

N N
> R =) (A 2am,(1 - ) [VF(2*) = 2] + 207 (VF(2*) — VF(2%)) + 7d”)
k= k=0
N N k—1
+(a+2L,) Y TR AP 20, > 7 [
k=0 k=0 =0

N
Lyr+ Lyy 0 2 2
+ [2”DX+4L,7LF §_ -

64BK2 B B N 2 || |2
o (=) [ore - |
=Tz, 2(3/8) + 612, ZTk ) ||V 2R+ ( 4/3 + :OTk d
B Lyr + Ly al
+ [( 7z, +4L,)K?log(6/5) + — D% + 4L77L%} > 7
k=0
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Thus, noting that ||d*||? < D% Vk > 0, we have with probability at least 1 — 4,

N
1
k12 k k2
8 m I+ VPG 4P
k=0

1602\ & . 2563 K2
< AW (a0, u0) + (12 i BQVF) S () — (o)) + 200 toa(3/0)
k=0 VFE

N
8 Lop , B
- [(LQVF +16L, | K*1og(6/8) + % + 7 +2Lvr +2Lvy | Dy + 161, LE >
k=0

Following the same arguments as in the proof of Theorem 4.1, we can complete the proof.
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APPENDIX C

Appendix of Chapter 5

C.1. Proof for Theorem 5.1

In order to prove Theorem 5.1, we require the following result from [NS17] for the zeroth-order

case.

LEMMA C.1. [NS17| Let the function f has lipschitz continuous gradient with constant L.
Consider the smoothed function f,(z) = E,[f(x + vu)] where u ~ N'(0,14). Then for any x € R4,

(C.1) E, f(“”;)_f(”})u — Y/, (2)
(C.2) IV£,(@) = Vi) < SL(d+3)?
1/2
(C.3) %Eu[{f(ﬂf +vu) = f(2)} lul’] < 3L2(d +6)° +2(d+4) [V f()]?.

We now present the lemma below to bound the mean squared error for the zeroth-order gradient

estimator.

LEMMA C.2. Under Assumption 5.1, 5.2, 5.3, we have

Ti_1) — x* 1/2 2 3
(C.4) E H@ty — Vf”(f”t—l)Hz < 4pL(d + 4)(f§)t 1) — f(z")) + = (2?):_ 4 ’
(C.5) E||G, - Vf(xtfl)HQ < 4pL(d + 4)(f§)mt1) — f(z")) 4202 (d + 6)°.

PROOF. First note that by (C.1), we have

f(re1 +vu) — f(xi-1)
v

EuglGy] = EuglGrj] = Ey u| = Vi, (vi-1),

Then by using (C.3) for F instead of f, under Assumption 5.2, 5.3, we can obtain

_ 1
Bue |Gl = Vhulern) = 5 BugGr = Vo)

1

<
= b,

2
Eug Gyl
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2(d+ 4 v2L2(d 4 6)°
< glﬁ:g IVE(zi-1,&5)|° + R ChaUE
b, 2by
ApL(d+ 4)(f(wi-1) — f(&*)) | VALA(d+6)
< ; T
n t

where the first inequality comes from the fact that the variance is less than the seocond moment.

To prove (C.5), we decompose the mean squared error into the bias and the variance by utilizing

the results (C.4) and (C.2), i.e.,

E||GL — V()| =E||G, — Vi (w)|)* + IV fo(@im1) = V()]
< dpL(d+4)(f(ze—1) — f(z¥)) n v2L%(d + 6)3 n v2L2(d + 3)3

bt 2bt 4
< 4pL(d + 4)(f§)xt—1) — f(z")) + 2L2(d + 6)°.
t

We also need the following simple result in our proof.
LEMMA C.3. Assume that sequences {¢i}1>0 > 0, {Bi}i>1, {0:}i>1 € [0,1] are given such that
(06) ¢t S (1 - 9t)¢t—1 + Bt.

Then, we have

o < Or

T
By

b0+ > =
= O

where, for any t > 2,

t
(C.7) O, =01 [[(1—06), where O1=1-01 if 6, <1, ©1=1 if 64 =1
k=2

PrOOF. Dividing both sides of (C.6) by ©;, summing them up from ¢ = 1 to ¢ = T, noting

non-negativity of ¢; and (C.7), we obtain the result. O

PROOF FOR THEOREM 5.1. For convenience, let g; be the gradient estimator at ¢ step. Thus,

g: = V,; for the first order method while in the zeroth order setting g, = G?.

flae) < flae—r) +(Vf(@—1), 20 — 24-1) + g ||y — l‘t71||2

LA~2
= f(@1-1) + 2V @er),do = wioa) + S di = |
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LD*y?

< flzi—1) + velge, de — xe—1) + %V f(21=1) — gt dp — x4—1) +

2
< f(@r-1) + (g0 2" — 2e1) + 1 (VF(@1-1) — gordy — 1) + LD;’VtQ
= f(@e-1) + WV f(@1-1), 2" — 21-1) + 0 (Vf(@e-1) — ge, de — %) + LDQQ%Z
< flrer) + (f (@) = F@i) + 7V f (@) = girdi — 27) + LD;’V?
< Fora) + @) = @) + 35 IV i) — il + Dulnth)

The last inequality comes from the Young’s inequality: for any g > 0,

(V$@e0) = gids = 2°) < o 9 o) = gl + 5 |

DQﬁ

< 55 IV — ol + 257

Denote ¢ = f(x) — f(z*). Substracting f(z*) from both sides of the inequality and taking the

conditional expectation E[-|F;_1], we have

D%y (L + B

(C.8) Elge|Fe-1] < (1 = m)de-1 + 5 IE1[\|Vf(fﬂt 1) = gell* | Fema] + 5

For the first-order gradient estimator g; = V;, we have the following bound for its variance under

Assumption 5.4:

2pLop—1

(|7 f(w11) = 91| sl = BV (wrm0) = VE(oior, )| 1Fimal < 2257

Then by (C.8), we can obtain

2
Bl Fr1] < (1= 7)dr-1 + ﬂbL¢t_1 + D%(LQM
t
Let v = %7ﬁ = pLy = j‘% > 0,b; = [(t+3)/2], then
8 1)LD?
(C.9) E[ge|Fe—1] < (1 t+3) b1 + (p(t—:-i)’))z
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2

T+ due to (C.7). Hence, in the view

Now, letting 6; = it is easy to check that ©;, = i

6
t+2)(1+3)

of Lemma C.3, we have

60 8(p+1)LD? < 2¢o +4(p+ 1)LD?]
(t+2)(t+3) t+3 - t+3 ‘

E[g:] <

The above inequality implies that to attain an e-optimal point, the total number of interations T
can be bounded by O(1/¢). Hence, the number of the gradient calls Zthl by can be bounded by
W = O(T?), and the number of calls to the linear minimization oracle immediately follows from
this observation.

We now prove part (b). For the zeroth-order version, by (C.5) in Lemma C.2 and (C.8), we can

obtain

D?y,(Ly + B)
2

yv?L2(d + 6)3 N D%y, (Ly; + B)
28 2

E[ge|Fr1] < (1= ye) i1 + ;—;E[|ny<xt_1> — G 1 Fee) +

2y¢pL(d + 4)
B

Let v = 5,8 = %upL,by = (t +3)(d +4),v = D(T + 3)"(d +6)73/2 < D(t + 3)"!(d + 6) /2,

< (I—7v)pe—1 + Gr—1 +

then we have
2

8(p+p ' +1)
t+3

E[¢¢|F-1] < <1 - (t+ 3)2LD?

> ¢r-1+
Similarly, in the view of Lemma C.3, we obtain

2[f(w0) — f(a*)] +8(p+p~ ' + 1)LD?
t+3 )

E[f(z) = f(z7)] <

The above inequality implies that to attain an e-optimal point, the total number of interations T
can be bounded by O(1/¢). Hence, the number of calls to the zeroth-order oracles 2 Zthl b can be
bounded by (d + 4)(T? + 7T) = O(dT?), and the number of calls to the linear minimization oracle

immediately follows from this observation. O

C.2. Proof of Theorem 5.2

PrROOF OF THEOREM 5.2. For convenience, let g; be the gradient estimator at ¢ step. Thus,
g: = V; for the first order method while in the zeroth order setting g, = G!. First note that by the

updates in Algorithm 10, the convexity and the smoothness of f, we have
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Flon) <F() + (VS () — ) + 5 o — 2]

2
=1 =) [f () + (Vf(2t), xe-1 — 20)] + nlf(20) + (Vf(20), 90 — 20)] + L% lye — ye—1])?

L} 2
S =) flae-1) + el f(2) + (VF (20, 9 = 20] + = lye = yea]
=1~ 20) f(@1) + 7 () + (V)0 — 2]+ P oy — P

(B — L)

(C.10) 5

lye — ye—1]® -

And by (5.5), we have

(gt + Be(ye — yr—1),y¢ —x) <my, Vo €

Let x = x* in the above inequality. Then we have

3 lye — yea1|)* = 3 g1 — 2*|1* = (i1 — e,y — ) — B lye — 2*||

2+ 2

1 1 1
(C.11) < yeer — 2+ = (g6 —ye) — = lye — 2*))* + =
2 2 B

B

Denoting d; = g — V f(z¢) and combining (C.10) and (C.11), we obtain

flze) <(X =) f(zem1) + e f (@) + (e, 2" — yr)

Beve 2 2 Ve
+ T(Hyt—l — |7 = llye — 2(|7) + meyve — 5(@5 — L) lye — yt—1H2
Beve

=(1 =) f(we-1) + e f (@) + = lyer = 2% = llye = 2*1) + e

+ 3 (0, ° — Y1) + Ve (0t ye—1 — Yt) — %(ﬁt — L) llye — 1|

o o B . .
<(U= ) floen) +9ef (@) + (o = 2717 = o = 2%1%) + e
N e 18]
+’7t<5t7$ yt71>+ 2(/Bt_L'Yt)’

where the last inequality comes from the fact that

—L
VelOt, Y1 — yr) < Bl 165,112 + Y (B — Lyt)

2
=208 — L) B e — yr—1]” -
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Substracting f(«*) from both sides of the above inequality, denoting ¢; = f(z¢) — f(x*), 0y = Y,

and in the view of Lemma C.3, we obtain

t

By,
C.12 <0 —_—
(C.12) G <O [¢o+ Y o, |

k=1
where
. . 5
B; = Bﬂ’t — (lyg—1 — ||2 — ||y — = ||2) + meve + e (0, 2 — ye1) + 2(’;;"_3[%)

Choosing v = 6, = we can easily check that ©, = due to (C.7). Moreover, letting

6
t+2 ) t(+1)(t+2)

"7k’7k < tLD

4L LD?
Br= % m = it e have Zk and

" By

2 2
Z—@ lye—1 — 2*[I* = llye — ")
k=1

t
B 2 Bk Br-17k—1 2
i =2 k k—1
t
B 3 <5mk B Bk—wk—l)Dz _ BmD? _ 2LD*(t+1)
- ©; P Oy Or_1 ©; t+2 ’
where the last inequality comes from the fact 2 gl’“ > 8 kégqu.

We now prove part (a). Let g, = V,;. Taking expectation for both sides of (C.12), and noting
that E[(d;, 2" — y—1)] = 0 and

— V) bi—1 + Ve +1

LD

2oL _
E[[|6:]|* |Fi-1] < %(f zt) — f(¥)) > by Assumption 5.4
S ll[;( 1 - 'Yt ¢t 1 + ’Yt(f(yt—l) - f($*))> [> Zt = (1 —_ 'Yt)CUt—l _’_’Ytyt—l
LD?
< Z( (1= v)pe—1 + (|| Vf(«™)|| D+ 2)) > by the smoothness
_ 2pL
—_— 1
i (

KLD?) i Vsl
2 )
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we can obtain

6LD>  3LD? phte 1) ( (5~ VB[] + 35522 )

3
(t+2)2+(t—i—l)(t+2)+t(t—|—1)(t+2)g br

E[gy] <

We now prove

6LD? (124 3K)LD?

(C.13) E[¢:] < (t +2)2 + (t+1)(t+2)

by induction. Set by = [3pk(k+1)]. It is easy to check E[¢g] < %132 by the smoothness of f which
satisfies (C.13). If (C.13) holds for all k¥ <t — 1, then with the above inequality we can obtain

6LD%  (3+ 3K)LD? 1 !
Eler] < t+22 " (t+ 1)2(t o) D1 2) kzl(k ~ DE[gx]
6LD?  (3+ 35)LD? 1 L /6LD%(k—1) (124 3K)LD?(k—1)
Suro? T s e+ DL ( (k+1)2 k(k+ 1) >

bl

=1

6LD?  (3+3K)LD?> (18 +3K)LD*> <~ 1

(2?0 (D2t +2) Skt

- 6LD? +(12+3K)LD2
T (t+2)?2 0 t+1)(E+2)”

i.e., (C.13) holds for k = t. Therefore, to achieve an e-optimal point, the number of outer iterations
T can be bounded by O(1/1/€). Hence, the number of calls to the first order oracles can be bounded
by

T T
STh <30 t(t +1) = pT(T + 1)(T +2) = O(T%).
t=1 t=1
Due to the fact that the inner iterations indeed solves a convex constrained optimization problem by

the classical Frank-Wolfe method with the exact line search, one can show that the number of inner

iterations Ny performed at the ¢t-th out iteration can be bounded by

= 0(t).

N, < ’VﬁﬁtDQ-‘

Mt

Thus, the number of calls to the linear minimization oracle can be bounded by

T
> N < O(T?).
t=1
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We now prove part (b). Let g = G%,. Notice that G?, is a biased estimator of Vf(z;). We can

obtain the following results by (C.2):

E[(8t, 2" — ye1)] = E(V fu(zt) = VF(20), 2" = ye-1)] + E[(G}, = V fu (), 2" = ye-1)]

vLD(d + 3)%/?

=E[(Vfi(2t) = Vf(z), 2" —y—1)] < 5

Besides, we can obtain a similar bound for E[[|d;|*] by Lemma C.2.
ApL(d+4)(f(z) — f(="))
be

_ ApL(d+ 4)((1 = 7)1 + H5"
< 3

E[|6:[| | Fi) < + 202 (d + 6)°

) + V2 L% (d + 6)°.

where the last inequality is slightly different from the one for the first-order setting due to ||V f(z*)|| =
0 for convex cases under the moment-based WGC.

By (C.12), we have the following simplified inequality:

6L D> 3LD? vLD(d+3)3?  3U2L(d+ 6)?
Elo] <
<G e Tarnere > T
5 Ak D= DB+ )
+t(t+1)(t+2); b, '
Set by = [6pk(k + 1)(d +4)],v = (T+2)Q@+6)3/z < (HQ)Q(?HG)S/Q. Then we have
8LD? 12LD?
Ef¢] < Z El¢r-1].

+ +
t+22 " (t+1)(t+2) t+1 )(t+2) &

Similar to the proof for part (a), we can finish the proof by induction and obtain the bounds for

complexity. ([l

C.3. Zeroth-order SGD under Growth Conditions

In this section, we highlight that one can extend the results in [VBS19] only assuming access to
stochastic zeroth-order oracle with corresponding variance-based growth conditions. Notice that both

SGC and WGC are defined in the format of the relative shrinkage of E||V F(x, £)||?. However, in the

unconstrained setting, the corresponding variance-based versions are equivalent to the moment-based
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growth conditions (see Proposition 5.1 for WGC; for SGC, note that E||VF(z,&) — Vf(z)||* =
EIVF(@, )2 — IV F@)I? = (p— DIVF@)IP).

We present the following result for the zeroth-order setting which directly follows the proofs
in [VBS19|. We highlight that it is the zeroth-order version of Theorem 3 in [VBS19|. Similar

results for other setups considered in [VBS19] can also be obtained for the zeroth-order setting.

Algorithm 12 Non-convex Zeroth-order SGD (ZO-SGD)

Input: zg € Q, number of iterations T', n
fort=1,2,...,7 do
Randomly pick & and compute
F(zi1 +vug, &) — F(z-1,6)

Ty =Tt—1—1N U up = x4-1 — NGy

where u; is generated from (0, I).
end for
Output: xr where R is uniformly distributed over 0,...,7T — 1

THEOREM C.1. Consider solving the non-convex unconstrained L-smooth problem by Algorithm 12

with some appropriate constant step size n, if f satistifies SGC with constant p, then

BV P <0 ()

PROOF. The zeroth-order SGD update is given by

F(z— — F(z—
Ty = Tt—1— 1 LB Vutvit) Lo hﬁt)Ut = x4-1 — NG

By the smoothness of f, we have

F) = feie) < (Vf (@20 — 2e1) + guxt -

Ln?
= V(). G + DG
Consider the term (V f(z;—1),Gy). Taking expectation with respect to &, u;, we have

E(Vf(2i-1), Gr)] = (Vf(@1-1), V fu(wi-1))

= (Vf(zi-1), Vf(xi-1) + VS o(zi-1) = Vf(6-1))

||2 o VL(d + 3)3/2

9 )

> [V f(z-1)
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Consider the term ||G¢||?. Taking expectation with respect to &, u;, we have

2
14
E|[Gi|* < 5 L(d+6) +2(d + OE|VF (@01,6)|P

2
< %LQ(d +6)* + 2p(d + )|V f (ze-1) ||

Then, by the above inequalities, we can obtain

E[f(z) = f(@1-1)]

L(d + 3)%? 2
LS00 farn) |+ Lol + [V )| + 2 L+ 6)
v2L(d + 3)?

16

< |V f(ze-1)]* +n
< |V f(@e-0)* + 0 L(d + 3)IV f(ze-)|I* +

2
v
+n*Lp(d + DV f(z)l* + 0’ L (d + 6)*

v2L(d + 3)*
16 .

IN

VQ
=0V f(@e-1)[I* +7°Lp + 1)(d + D[V f 1) |* + 772ZL3(d +6)% +

_ 1
If n= W, then we have

viL(d + 3)?
16
v2L(d + 3)?
81

2
E[f (@) = f(@e1)] < =SV @I + 0?7 L3(d+6)” +

1/2
= VeI < ZB{f o) - )] + 5 LA+ 0F +

Setting v = O(1/+/dT) and taking a telescoping sum of the above inequality, we can get the same

O(1/T) rate for the non-convex setting.

In the above proof, we did not pay careful attention to the exact constants of the tuning

parameter, as our main point is to simply highlight it is possible to obtain a zeroth-order version

of the results in [VBS19| under variance-based growth conditions and the logic of the proof is the

same as [VBS19|.
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