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Detection of Cisoids Using
Least Square Error Function

Qi Cheng and Yingbo Hua, Senior Member, IEEE

Abstract—1In this paper, we propose a new hypothesis testing
method for detection of cisoids (complex sinusoids) from a single
measurement of data. The testing is performed on the least square
error. The least square error is shown to exhibit \? distribution,
which leads to an efficient threshold setup for the proposed
method. The new method is a combined detection—estimation
technique and provides improved performance over several ex-
isting techniques.

1. INTRODUCTION

ETECTION of cisoids from the following single mea-
surement of data

I
z(n) = Z ;e (V% (), n=1,---,N (1)
i=1

is commonly encountered in harmonic retrieval, sensor array
processing, and nuclear magnetic resonance imaging. In (1), v;
(#£0) and #; (0 < 6; < 27) are the unknown complex ampli-
tude and frequency associated with the sth complex sinusoid,
I is the unknown number of cisoids, and w(1), ---, w(N)
are independent complex Gaussian noise with zero mean and
the same variance o2. The real and imaginary parts of w(n)
are also independent Gaussian variables with zero mean and
variance 02 /2. o2 is assumed to be known (as in [5] and [6]).
In practice, 0% can be estimated from noise-only data, e.g.,
output of the same system without excitation. The estimation
of the integer I is the focus of this paper.

Several methods have been developed for this detection
problem. They include the methods by Kumaresan, Tufts,
and Scharf (KTS) [1], Zhao, Krishnaiah, and Bai (ZKB) [2],
Hwang and Chen (HC) [3], Djurié [4], Konstantinides and-Yao
(KY) [5], and Tufts and Shah (TS) [6]. The KTS method is
based on a test of linear prediction errors but performs much
worse than the recently developed TS method. The ZKB and
HC methods apply the so-called efficient detection criterion
but perform much worse than the Djuri¢ method, especially
for short data sequences. In the rest of this paper, the KTS,
ZKB, and HC methods will not be further addressed. A short
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review of the Djuri¢, KY, and TS methods will be shown in
Section 1V.

The new method that we will show in this ‘paper applies
a similar concept as used in the KY and TS methods. The
KY and TS methods perform some hypothesis testing on the
singular values of a Hankel data matrix. Instead of using the
singular values, the new method performs a test on the least
square error between the data and the reconstructed signal. As
will be shown, the least square error asymptotically exhibits
x? distribution when the estimated number of cisoids is equal
to the true one. This leads to an efficient threshold setup for
testing on the least square error. As will be shown, the new
method performs better than both the KY and TS methods. A
comparison between the new method and the Djuri¢ method
will also be discussed.

In the next section, the new method is described. The
theoretical basis for the new method is shown in Section
IIL. In Section IV, the procedures of the Djuri¢, KY, and TS
methods are first summarized, and their performances are then
compared with that of the new method.

II. DESCRIPTION OF THE NEW METHOD

Let Hj be a hypothesis that the number of cisoids is equal
to k. Under Hy, the least square error of fitting the signal
model to the measurement is ‘

1% — Asb® (2)
where % 2 (1), -, &#N))E, b = by, -, ba]7,
A 2 [ay, -, a5, and a, 2 [1, 2%, ..., d V=0T for
r=1,---,k ¢, -, ¢r are k unknown frequencies. It is

easy to show that the least squate amplitude estimates are

b = arg mbinﬂfc — Apb|?

=(AFA)IAER (3

Substituting (3) into (2), we obtain the following least square
error function in terms of frequencies:

Lk é L(QSL» st)
2 %My — A(AFAL) AR 4)
Lo & %%, )

The least square frequency estimates q@’f, SR qgﬁ are defined
as the coordinates of the smallest valley of the k-variate

1053-587X/97$10.00 © 1997 IEEE
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function L; (4) and calculated via a k-dimensional search.
The minimum value of the least square error function Ly, i.e.,

Ly 2 La(@t, -, 80 )

will be called the least square error. Note that L; is a
monotonically decreasing function of the likelihood function
of x and is proportional to the maximum likelihood function
of x since the noise is white and Gaussian.

As will be shown by Theorem 1 in the next section, in the
case of high SNR (or small %) and N > 31/2

o2

L~ > X5N_ar (N

where & denotes the first-order approximation (i.e., keeping
the nonzero terms of the lowest order).! Equation (7) indicates
that the least square error Lyis x? distributed with the 2N —37
degrees of freedom. 2N is the number of (real) data points,
and 31 is the number of (real) unknowns (complex amplitude
and frequency). It will also be shown by Theorem 2 in the
next section that in the case of high SNR

f,k s positive value independent of noise ®

for kK = 0, ey I — 1. Equation (8) shows that the least
square error Ly for k = 0,---, I — 1 is independent of
noise. Therefore, for small ¢2, L; is separable from ﬁk for
k=0, ---, I—1.Based on this observation, our new method
for finding I is as follows.

Define a threshold T} such that

Pl <Tp) =« ©)

where 11, = (02/2)x3y_5 and o (0 < o < 1) is a user
chosen value of “confidence.” Then, we estimate I by
I = min{k|Ly < T3} (10)

For the high SNR case (small ¢2), the probability of
underestimation is very small because of (8) and the fact that
Ty, is proportional to o and the probability of correct detection
PI=I)~P(L; <T}) =o. (11)

Note that T;? can be easily obtained using MATLAB or
by just table lookup [9], as only the distribution of X3, 5.
is involved. In contrast, the computation of a threshold used
in the TS method is a much more tedious task because the

distribution of a weighted sum of Y3 random variables is
required there.

1This convention will be followed throughout this paper.

2The determination of T}, requires the knowledge of o2. If this information
is not available, it can be estimated using the method proposed in [7] based
on a different measurement or using another as suggested in [8] based on the
same measurement.
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III. ASYMPTOTIC PROPERTIES OF THE LEAST SQUARE ERROR

In this section, we provide a number of properties of the
least square error ﬁk [which is defined in (6)]. These proper-
ties constitute the theoretical basis for the method described
in Section II. For brevity, we need to show the following
additional list of symbols:

Notations:
a@: the real part of o (12)
a: the imaginary part of o a3
A =Ag|p=0;,i=1, -1 (14)
P =Ix—-Af(AFA) A |40, iz1,..1  (15)
D= ?3.1_,...’@} (16)
8¢1 8¢I b;=0;,i=1, -, T
V =diag vy, - -, vi] 17
w =[w(1), -, w(N)]T (18)
G =P} DV|gp, iz1, .1 (19)
H=GHG. (20)

H is the Hessian matrix of L(fy, - -+, ) {which is defined
in (4)] for the noiseless case (w = 0). To ensure that
(81, - -+, Br) is a global minimum point of L for the noiseless
case, H should be nonsingular. Lemma Al in Appendix A
shows that if N > 31/2, H is nonsingular.

The following Lemma 1 is concerned with the quadratic
approximation of L.

Lemma I: If o <« min{|vy|, -+, |vr|} and N > 31/2,
Ly~ p"{Ioy — Bi(B{B1)'Bf — B2(BiB2) 'Bj
2D
where p = [wT, w17
B, = 2 _%] (22)
2N x2I
G
B, = {~ ] . (23)
G 2NxI
Proof: See Appendix A.
In the proof of Lemma 1, it is shown that
p {Iony —Bi(BiB1) 'Bilu~ L(6y, -, 01) (29

is the (first-order) fitting error given noisy data and the true
frequencies, and

HT{B2(BgB2)”lBg}I‘ ~ XHP%XHI@Zég,i:l, e T (25)

is the (first-order) fitting error given noise-free data and the
least square frequency estimates. Thus, the fitting error (21)
can be interpreted as the difference between these two kinds
of errors.

It is shown in Lemma B2 that B; and B, are orthogonal
to each other. Then, we have

Ly - By(BTB;) BT - B,(BIB,) 'BY
BT -1 BT
it L]

2Pin,. (26)
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When N = 31/2, P§ g, = 0, and then, the first-order
approximation of Ly is zero, and the two kinds of errors cancel
each other.

Letuy, -+, upn -3y be real unitary eigenvectors of Pg

corresponding to its eigenvalue 1, Ugp. = [uy, -+, uan-3s1},
and & = (2/0*)uTw;. Then, Lemma 1 leads to
52 231
Ly = p"U UL = Z ¢z, 27
Since &y, - - -, éan_37 are independent Gaussian random vari-

ables with zero mean and unit variance, the following theorem
holds.

Theorem 1: Lp =~ (0%/2)X3y_s; When o < min {|v],

<, jur|} and N > 31/2.

Theorem 2: L ~ positive value independent of noise for
k=0,1,---,] —1 when ¢ <« min{|vq], ---, |vr|} and
N > 3I/2.

Proof: Since x = Av, where |v;|] # 0 for i =
1,2, .-+, I, then for any ¢1, ---, &

Ay - Ap(AFA)TAH x> 0. (28)

Since the noise variance is small, for any (deterministic)
$1, ++, Pk, We know that

L(g1, -+, du) =x"[Iy — Ap(AF AL TA x
+2Re {(x"[Iy — A(AFAL) LAWY

+wil[ly — Ap(AFAL) AT w

~xT Iy - Ay(AFAL) AT x (29)
i/k :min¢1,‘A..7¢kL(¢1, Tty ¢k)

~ming, .., 4, X" [Ty — A(AF AT A x

> 0. (30

The expectation of Ly is generally a decreasing function
of k. The statistical properties of Ly for k > I seem hard to
obtain as Ly, involves spurious frequency estimates. The lack
of this information however does not significantly affect the
procedure of the new method, when SNR is high and « is
close to 1, as can be seen from (11).

IV. SIMULATION

In this section, we will compare the performance of the new
method shown in Section II to those of the Djurié [4], KY [5],
and TS [6] methods. For the reader’s convenience, these three
methods are briefly described below.

The KY method [5] estlrnates the number of frequencies by
determining a number Ixy of “effective singular values,” i.e.

Iy = {k[Ak > ey > Aep1} (31

where A1, Ag, --+, Ax are singular values of an K X (N —
K + 1) data matrix X, in descending order with

Hy o a BN~ K +1)
. = x(:2) w(:3) (N —:K +2) 32
FHK) #(K+1) ()

IEEE TRANSACTIONS ON- SIGNAL PROCESSING, VOL. 45, NO. 7, JULY. 1997

and exy® is given by

EKYy = C(N - K+ 1). (33)

c is determined by P{S’2 < ¢} = a, where S% = jw(1)]? +
-+ |w(K)|2 = 0.50%x2,. In simulation, K = 17.

The TS method [6] works on the forward-backward version
of X, ie., [Xe, PX* *], where P is the permutation matrix
obtained by reversing the column order of the identity matrix.
The estimate of the number I of frequencies given by the TS
method is obtained as

jTS = min {k

where 1, pe, -+, ux are singular values of [Xe, PXZ] in
descending order, and erg is chosen such that PS5y < erg) =
a with Sg = S0 5 kllw(k)]? + |w(K =k + D]? + (N —
K+1) ZkK:N—K+1 lw(k)|? (see [6, eq. (11)] for details).

The Djuri¢ method [4] is based on the Bayesian principle.
It computes BAY (k) = (N — L) log Ly, + (5k/2) log (N/L)
and then estimates the number of frequencies by

34)

K
Z pl < ers }

1=k+1

Ipay = arg min {BAY (k)} (35)
where 0 < k& < I, T is the maximum possible value of I, and
L is another user-chosen parameter [4].

In our simulation, the following signal parameters were
used:

I =2,

N = 25,
91/2’/(’ = 05,
02/21 = 0.52,
v = 1,

Vo = 8j7r/4

SNR is defined as —10 log ¢2. The probability of correct
detection was computed from 3000 runs of simulations.

Fig. 1 shows the probability of correct detection as a func-
tion of SNR using the new method, the KY method, and the
TS method. As seen from this figure, the KY method gives
a very low probability of correct detection even for SNR at
14 dB, the TS method significantly improves the performance
of the KY method for SNR ‘larger than 10 dB, and the new
method yields almost perfect detection for SNR as low as 4
dB. This is because bounds exy given by (33) and eTs in [6]
were so large that ex~v > Ay and erg > Zzl kel ul for some
k < I—1 at medium SNR, whereas the threshold given by
the new method was small enough to separate Ly from Ly, for
k=1, I—-1.

Fig. 2 presents a comparison of the new method w1th the
Djuri¢ method for 7 = 3 and T = 9. It is not surprising to
see that the Djuri¢ method performed better for small T (but
larger than I) than for large I. For T = 9, the Djurié method
performed worse than the new method.

The Djuri¢ method requires more computations than the new
method because the Djuri¢ method needs to compute Ly, for

3 According to [5], this bound is the tightest among the three bounds derived
therein for correlated noise in X..
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Fig. 1. Performance comparison of the new method, the TS method, and the
KY method. & = 0.99 for all.

1.4

T T T T I T T T

New Method
Djuric Method, I =9 |
Djuric Method, I =3

Probability of Correct Detection

4 2 0 2 4 6 8 10 12 14
SNR (dB)

Fig. 2. Performance comparison of the new method and the Djuri¢ method.
For the new method, & = 0.99, and for the Djuri¢ method, L = 4.

k=0,1,-. whereas the new method computes Ly for
k=01, - Note that ] is, in general, smaller than T.

Furthermore, the Djurié method requires the choice of L,
for which there is no theoretical guideline. An advantage of
the Djuri¢ method is, however, that it does not assume the
knowledge of o2.

In the above simulations, the probabilities of underestima-
tion and overestimation using the new method are shown
in Fig. 3(a) and (b), respectively. It can be seen that when

’7?’
1
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Fig. 3. (a) Probability of underestimation versus SNR for o = 0.99. (b)
Probability of overestimation versus SNR for o = 0.99.

a = 0.99, the probability of underestimation is zero at SNR
larger than 4 dB, and the probability of overestimation is
around 0.01.

The relative phase [ £ arg (va/v1)] has some effect on
the detection performance of the new method when SNR is
relatively low. Fig. 4 shows the probability of correct detection
as a function of the relative phase ¢ for SNR = 4 dB (low),
where vy = €7, and all other signal parameters remain the
same as in the previous simulations. The poor performance of
the new method for ¢ € [270°, 315°] is due to the fact that
the high SNR condition is violated, and the least square error
is no longer x? distributed.

Finally, it is important to note that the new method does not
necessarily depend on the least square frequency estimates. In
fact, the computations required by the new method can be
drastically reduced if the least square (optimum) frequency .
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Fig. 4. Probability of correct detection versus phase for SNR = 4 dB.
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Fig. 5. Performance comparison of the new method using, respectively, the
least square and matrix pencil frequency estimates. o = 0.99.

estimates are approximated by using near-optimum methods
such as the matrix pencil method [11], [12]. Fig. 5§ shows that
the ‘detection performances using the least square frequency
estimates and the matrix pencil frequency estimates are nearly
the same.

APPENDIX A
PROOF OF LEMMA 1

Lemma Al: N > 31/2 is a sufficient condition such that
H is nonsingular.
Proof: Note that

H=GHEG =[GT GT]E] =BIB, (36)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 45, NO: 7, JULY 1997

where H, G, and By are defined in (20), (19), and (23),
respectively. Lemma B1 will show that By has the rank [/

when N > 31/2, and bence, H is nonsingular. " Y
Lemma A2: If o < min {|vy], -+, |vr|}, the least square
frequency estimate errors are given as
NGy
. | *xH 'GHw 37
AJ;

where Af; £ I — @ fori=1,---, I, H, G, and w are
defined in (20), (19), and (18), respectively.

Proof of Lemma A2: For the noiseless case (w = 0),
[01, 02, -+, 61] is a global minimum point of L ;. For small
noise variance, the global minimum point of Ly will be close
to [f1, 62, - - -, 87]. Expanding L; around the true frequency
values in the Taylor series and retaining the zero and first-order
terms result in

82LI BZLI -1
AU 8¢10¢1 91061
ABI 82LI 82LI
910 O¢rd
%ﬁl g $10¢1
01
: (38)
oLs
8¢I dr=6;,1=1,.-, I.
Observe that
by =—%" &54 =0y, 1=1, -,
1 |g,=0,,1=1, .1 By ==L
opP 0P
— H I . H I
=|-Xx" —x —2x% —w
[ ¢y ¢y
P
0¢1 $i=6;,1=1, -, I
O Ly — %" &_ﬂ o 11
96i00j1 4=, 1=1, ., 1 0¢;0¢; pr=on =t s
0P
~ o H
8¢ia¢j X|¢z:91,l:1,-~-,1 (40)
where

X=X—W 41
Pr=A(AFA)TIAE, 42)
By Theorem 4 of [10, p. 153], we know that
& — A (AHA )—1 8‘/Xg'{]?J_
ag, |V ¢y !
1oy DAL (u A})lA?] 43)
91 pr=07,1=1, -, I.
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It is easy to prove that
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Proof of Lemma 1: Theorem 4 of [10, p. 153] shows an-
other difference form

P; - _
xH ?945 X|¢=0,,1=1, .1 = 0. @4 AP =AAHA)TPAARPT + P AAARA)TTAT
We then have D
where A is defined in (14)
H _
oLr o _gun IAT Plw AP =A(AEA)) -V P
6¢l $1=0;,1=1, -, I 3@51 o H 1A H
=0, 1=1, 1 —A(AFAD)T AL [g=0,0=1,1 (52)
=20 % L plw 45) DA =Adly g1, = A
. ¢ (f)l 8;,l=1,---, I Agl
or, in vector form ~D (53)
aL; Ya\J}
dp1 Making use of (51) and the high SNR condition, we have
: ~ —2GHw. (46) 2Pt mwlPt —x" AP}
oLy =wiPr —xTAATA)"' A AHP}
Odr 1 g,=0,,1=1, ..., 1 =wlPt — v A AHPH
We also know that o werr ey ATy i
Aby
&P, " =wPy - | PDV
, = 4
ogiog; TR “n N
where =wiP} — (GH'GHw)H
—wHpl THom-10H
A OA =w'P;yr -wiGH "G
R={-Pf 0hs (AFAD)T'AY — (AFA)T'AT ! _GH-'GH
8¢z 8¢] _ T X (54)
OAY | OA giis el el
~ArAT AN L P S (AT AD A Let
*A; P+ - GH!GH
1L HA \—1AH — T x
H ~1AH
+PIl aaAI (A7 gl) A }l (48) Then, we have (56), shown at the bottom of the page, where
. & Z $1=61,1=1, -, 1. we used P+ G = G. UsingH = GEG [from (20)], we have
We again have - - — R
#57 - |PF - GH'GY -Pf - GH‘lGT]
TPl _éH-laT Pl GH-LET
0%Ly ~ 20, dall pi 02 da, -GH™'GT P{-GH'G"|, ..
e P i * 00; A
T petul=tn T =Ly — | .. [(AHA)"LAH jAH
(49) 2N !:—_]A} ( )~ JAT]
or, in matrix form _ -
_ E]Hﬁl[GT GT]
8%L; &L T oT
9106, 96106, =Ly - B;F;B; — B:H "B; (57)
. . where B, is defined in (22), B, is defined in (23), and
’ ) T AHAV-1 HAV-1
961061 " 00101 pi=oim, 1 o —(ATA)T (AFA)
~ OVEDHEHPLDV ote that . -
~ 2VEDHEP;DV . AT ATITE A
=2GHG =2H. (50) BiBi=|ir _3x7||A _&
Plugging (46) and (50) into (38) leads to the statement of the
Lo (1) and G imte (B8 N - { AZA AHA] (59)
AHA AHA
EEF — - GH!G” - GH'GT + GH"'G¥GH'G”,
~|-jP} -GH'GH + jGH'G”T + GH'GHGH'GT,
jP+ - jGH'GY - GH'G" + GH™!GFGH 'G” (56)
P; —jGH'G¥ + GH'GT + GH'GFGH'G” |, .\
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FBTB, ~ | ATAJT (AFA)[ATA ATA
PIEL T (AHA)-1 (AFA)T||-AFA AFA
[ TATA) TAFA (AFA)IAFA
_(AMA)-1AHA (AFA)TAFA
I 0
:[ (f)V IN} (60)
Then, using (36) and F; = (B{B;)~!, we obtain

L ~p"EE"
=p"EE"
=p" Iy — By (BT By) 'Bf —B3(BjB2) 'Bi |
(61)
APPENDIX B
A FEwW LEMMAS

Lemma Bl: The rank of By is I if N > 37/2.

Proof of Lemma Bl: Let U contain the N —I unitary eigen-
vectors of PL corresponding to 1. Then, Pl =Uly_;UH =
UUH. B, can be rewritten as

- S 4]

— T T
We will first show that [DVT, DV |7 has the rank I. Let an
I-element vector ¢ satisfy

(62)

BX} c=0= (DV)c= 63)
As DV has the rank I, we have
(DV)e=0=c=0. (64)

Then, the rank of []")-VT, ﬁfT]T is 1.
Next, we will show that
Ié _%—} (65)
has the rank 2(N — I) > I. Let a 21-element real vector
c = [cf, )T satisfy
g _‘%} c=20 (66)
where ¢; and ¢5 are two I-element subvectors of ¢. Then
Ucy —Ucy =0 (67)
Ucy + Uc, =0 (68)
Multiplying (68) by j and adding it to (67) leads to
Ufcy — jea) = 0. (69)

Since U has I independent columns, then ¢; = 0, and ¢y = 0.
We now know that the only solution to (66) is ¢ = 0, and
hence, the matrix in (65) has the rank 2(N — I).

Combining the above results completes the proof of Lemma
BI1. L)

Lemma B2—BTB, = 0:

Proof of Lemma B2: Note that A and U are orthogonal.

Then .
BB, = AHU -AFRU U ‘“E ! Bj
IP27IAHY AHU||U  TU| DV

(70)
&
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