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This article commences by surveying the basic dynamics of Earth’s core and their impact on
various mechanisms of core-mantle coupling. The physics governing core convection and
magnetic field production in the Earth is briefly reviewed. Convection is taken to be a small
perturbation from a hydrostatic, “‘adiabatic reference state” of uniform composition and
specific entropy, in which thermodynamic variables depend only on the gravitational potential.
The four principal processes coupling the rotation of the mantle to the rotations of the
inner and outer cores are analyzed: viscosity, topography, gravity and magnetic field.
The gravitational potential of density anomalies in the mantle and inner core creates density
differences in the fluid core that greatly exceed those associated with convection.
The implications of the resulting ‘“‘adiabatic torques” on topographic and gravitational
coupling are considered. A new approach to the gravitational interaction between the inner core
and the mantle, and the associated gravitational oscillations, is presented. Magnetic coupling
through torsional waves is studied. A fresh analysis of torsional waves identifies new terms
previously overlooked. The magnetic boundary layer on the core-mantle boundary is studied
and shown to attenuate the waves significantly. It also hosts relatively high speed flows that
influence the angular momentum budget. The magnetic coupling of the solid core to fluid in the
tangent cylinder is investigated. Four technical appendices derive, and present solutions of, the
torsional wave equation, analyze the associated magnetic boundary layers at the top and
bottom of the fluid core, and consider gravitational and magnetic coupling from a more general
standpoint. A fifth presents a simple model of the adiabatic reference state.

Keywords: Geostrophic and magnetostrophic flow; Torsional waves; Taylor’s constraint;
Ekman-Hartmann layers; Gravitational oscillations

1. Introduction

The Earth is not a perfect timekeeper, and the spectrum of the variations in the mantle’s
angular velocity €2 spans a wide range of frequencies. Of particular interest here are the
comparatively large amplitude sub-decadal variations in which changes in length of day
(LOD) of up to 2 ms occur (Abarca del Rio et al. 2000); see figure 1(a). The changes are
so rapid that the atmosphere and oceans cannot be responsible as becomes clear when
we consider the following extreme case.
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Figure 1. (a) Smoothed LOD time series data, §P(¢), from Holme and de Viron (2005). (b) Temporal
derivative of the LOD time series, d P/dt. (c) Axial torque on the mantle, T.= 7(271C/P2)dP/dt necessary to
generate the LOD’s temporal variations over the past half century.

Suppose that all motions in the atmosphere and oceans relative to the mantle ceased,
their angular momentum M (=6Myum +8Moem) being shared by the entire Earth,
so leading to a change in the LOD, P (=2n/Q), of 6P = —P5M/Cy 2, where
Cior ~8.04 x 10°" kg m? is the total moment of inertia of the Earth about its polar axis.
Although the moment of inertia C,¢, (& 300C,,) of the oceans is large compared with
that of the atmosphere, ocean currents are much slower than atmospheric motions. For
example, applying the models of Gross (2007) to data from 2009 yields root-mean-
square estimates of [SMym|=1.8 x 10°kgm?s™" and [§M,.|=2.1 x 10**kgm?s~".
Then |[§M]=2.0 x 10* kgm?s~!, so that |§P| is at most 0.3 ms. Therefore, extinguish-
ing, or even reversing, the global wind and ocean circulations would not be able to
account for the largest sub-decadal variations in LOD.

The origin of the sub-decade variations must be sought in the Earth’s interior, and
figure 1 suggests that the task of finding the origin will not be a light one. Figure 1(a)
shows smoothed LOD data, §P, from the last half century, with the atmospheric, and
tidal signals removed (Holme and de Viron 2005). Figure 1(b) shows the temporal
derivative of the LOD time series, dP/d¢; strong oscillations occur on sub-decadal time
scales. From the temporal derivative, it is then possible to reconstruct T. as a function
of time ¢ in figure 1(c); here T. is the component parallel to the polar axis Oz of the
torque T exerted by the core on the mantle (assumed a rigid body).

__The equation of motion for the mantle’s axial rotation is C(dQ/dt) = F -, Where
C =7.12 x 10 kgm? is the mantle s axial moment of inertia. From figure 1(b), let the
LOD change by §P=2x 10 s over a time 7 equal to a decade (~mx_ 10%5s),
corresponding to 0.2msyr~'. Then 5Q = —2m8P/P* = —8.4x 107 s~! and dQ/di ~
8Q/T = —5.4 x 102! s=2. Multiplying by C yields a torque of T = —4 x 10" Nm that
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Figure 2. Comparison of LOD time series data, §P(f), from Holme and de Viron (2005) and Gross (2001)
against modeled LOD variations from the “smooth” core flow inversion of Jackson (1997). The qualitative
agreement after 1900, when the data quality becomes relatively high, implies that axial angular momentum is
exchanged between core and mantle on sub-decadal time scales. The time series include the variation due to
lunar tidal drag. The mean LOD values are arbitrary, and, thus, have been selected to agree with that of Gross
(2001) at 1972.5.

acts on the mantle on decadal time scales. Thus, the LOD data in figure 1 sets a target
magnitude for theorists: how can torques as large as 10'® Nm be generated in the
interior of the Earth?

The time scale of the variations in LOD shown in figure 1(b) has a dominant
periodicity of nearly 6 years. However, lower resolution, longer time period LOD
models suggest a possible periodicity of 60 years; see e.g., Roberts et al. (2007). The
existence of this 60 year periodicity is controversial, mainly because records of the
required length and accuracy are unavailable to establish it unequivocally. Thus, we will
focus mainly here on explanations of the sub-decadal, 6 year oscillation.

The LOD fluctuations are so strongly reminiscent of that of the secular variation
of the geomagnetic field, B, that it is natural to seek a common cause for each in
MHD processes in the core. This is made clear in figure 2, which shows the LOD
data from figure 1 and the longer LOD time series of Gross (2001) plotted versus
the estimated LOD variations inferred from the core flow models of Jackson (1997).
Since the core flow models are obtained by inversion of geomagnetic secular
variation data, the qualitative agreement amongst these data sets implies that the
sub-decadal variations in LOD are due to core-mantle angular momentum exchange
and that these decadal exchanges are associated with the MHD processes occurring
in Earth’s core.

The existence of the sub-decadal variations in LOD betrays the existence of angular
momentum exchanges between the Earth’s mantle, fluid outer core (FOC) and solid
inner core (SIC). The core-mantle interactions are communicated via stresses on the
base of the mantle. The LOD variations establish, further, that these stresses are large
enough to be detectable via variations in the mantle’s angular velocity €. Challenging
questions arise such as, what does the changing LOD teach us about the deep interior of
the Earth and the physical state of the core?
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This article will focus on variations in LOD, i.e., changes ll\n @Z (%Aﬁ). Precession and
nutation of the Earth’s axis, which describe variations in Q, and Q,, are phenomena
that cannot be satisfactorily explained without invoking torques, I', on the core-mantle
boundary (CMB) that have nonzero x- and y-components. These topics are beyond the
scope of this article. We will however pay attention to the torques acting across the
inner core boundary (ICB); it will become apparent that these are relevant to variations
in LOD. Sections 2 and 3 presents the background physics, which is necessary to make
this article self-contained. Technical issues are dealt with in five appendices.
Throughout, variables in the SIC are distinguished by a tilde (7) and those in the
mantle by a hat (*). Unadorned letters are either used in general statements or refer to
FOC variables. When however there seems to be a risk of ambiguity, a breve sign (7) is
added to FOC quantities.

2. Background physics

2.1. Thermal core-mantle coupling

Discussion of the thermal coupling of the FOC to the mantle and the SIC provides a
way of introducing physical concepts, governing equations, boundary conditions and
the notation required for the remainder of this article.

The core and mantle are thermally coupled by two boundary conditions on the CMB.
These are continuity of the temperature 7"and the normal component of the heat flux ¢.
Since the CMB is not perfectly spherical, its unit normal, n, is not exactly parallel to the
radius vector, r. We assume n points from the core into the mantle, and denote by
¢, (= n-q) the outward heat flux from the FOC. The boundary conditions are then

v o~

T=T, ¢,=¢q, onthe CMB. (1a,b)

In principle, the core and mantle form one system, and 7" should be found by solving
for core and mantle convection simultaneously, using (1a,b) to link them together. It
would be much more convenient to divorce them by considering the core and mantle as
separate systems, but there is a difficulty: even if 7 and ¢, were known on the CMB,
only one of them could be specified when seeking 7 in either system in isolation. To
apply both conditions would overdetermine the mathematical problem. So the question
arises, if the core and mantle are considered separately, which of the two conditions
should be applied to each, or should some combination of the two conditions be used?
Fortunately a clearcut answer is available which exploits the fact that a typical mantle
velocity, V ~10ms™', is very much smaller than a typical fluid core velocity,
YV ~10~*ms~'. We shall show that a boundary condition of uniform CMB temper-
ature is the correct condition to apply in a simulation of mantle dynamics (see (5¢)). The
mantle simulation then determines ¢, which transforms (1b) into the boundary
condition to be applied in simulations of core dynamics.

In order to develop this argument in detail, it is necessary to discuss the
thermodynamics and chemical composition of the core. The core is known from
seismology to be lighter than iron would be at the same 7 and pressure p. Although the
core is an uncertain combination of all the elements, the essential physics is adequately
represented here by a core that is a ferric binary alloy in which the mass fraction of the
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principal unknown light constituent (possibly Si, O or S) is denoted by X (e.g., Frost
et al. 2010). Convection mixes the FOC so well that, except in thin boundary layers at
the CMB and ICB, it is chemically and thermodynamically homogeneous. It is therefore
isentropic, i.e., its specific entropy, S, is uniform. Except in boundary layers,

S =S, =constant, X = X, =constant, in the FOC, (2a,b)

where the subscript , stands for “adiabatic’; (2a) makes S a more natural variable to
use than 7 in describing FOC convection.

Pressure differences in a convective flow of characteristic speed V influences the
primary dynamical balance if V is as large as the speed of sound, u,. But u,~10*ms™"
in the FOC while V is at most of order 10> ms~'. The dynamical balance is therefore
primarily hydrostatic. The differences in density, p, are mainly due to gravitational
compression and are significant. Hydrostatic balance, including the centrifugal
acceleration, requires that

Vi = pulg, — 2 % (2 x 1)) = palg, +IV(@xr)1], (20)

where r is the radius vector from the geocenter O. Newtonian gravitation theory
requires that g is everywhere continuous and

Vxg=0, V.g=—47Gp, g=—-V&, V& =4nGp, (2d,e.f,g)

where G is the constant of gravitation, g is the gravitational field, and & is the
gravitational potential. Equations (2a—g) are the basis of two reference models
described below.

Adequate for most geophysical purposes is the spherical reference model, in which the
core is taken to be non-rotating and spherically symmetric about O. Hydrostatic
balance then requires that p = pi(r), p = p}(r) and g = g’(r), where g=|g|=—g, and

dp,/dr = p,g,. (3a)

The superscript * distinguishes variables in the spherical reference model from those in
the aspherical model introduced in section 2.2, which depend on all three polar
coordinates (r,0,¢). In appendix A, a simple example satisfying (2d,e) and (3a) is
presented that mimics the core satisfactorily.

In the spherical model, the density p, temperature 7" and chemical potential u
(the conjugate variable to X; e.g., see Chapt. IX of Landau and Lifshitz (1980)) increase
with depth, and define the adiabatic gradients

dTy/dr = —asgy, dp)/dr = —pigi/u;, dul/dr = —axg;. (3b,c,d)

Here, ag and oy are the entropic and compositional expansion coefficients analogous to
the thermal expansion coefficient, «:

as = —p ' (0p/0S )y = aT/cy  ax=—p ' (9p/0X),s; (3e.)

and ¢, (= 800J kg 'K ") is the specific heat at constant pressure, p. Other typical values
are a=10""K™", ag=6—8x10kgJ 'K~ and ay=0.6 (c.g., Stacey and Davis
2008). (The subscript , and superscript * are omitted from u,, «, os, oy and ¢, in (3b—e)
but are implied.)
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A state of uniform S and X is neutrally buoyant, even though its density
increases downwards; e.g. see §4 of Landau and Lifshitz (1987). If the FOC were in
this state when the CMB suddenly became impervious to heat, convective
motions would transport S and X upward on a turnover time scale. This would
quickly carry the FOC toward an isothermal state of uniform w, in which S and X
increase upwards and which is buoyantly stable. This follows from the general

thermodynamic inequality
a a
@), @), =
) r, /) sx

i.e. density increases more rapidly with depth than in the neutrally buoyant adiabatic
state. As this bottom heavy state is created, convection would cease and the
geodynamo would shut down. This extreme “end member” example makes the point
that the vigor of core convection and the generation of magnetic field by dynamo
action are decided by the flow of heat, Q, from core to mantle, which in turn is
controlled by the efficiency of mantle convection. The mantle is the valve that
controls the core engine. Sufficient radioactivity in the core could alone supply Q at
the CMB; even more would raise the core temperature, melt the inner core and the
base of the mantle. The reality seems to be the opposite: the core is cooling, and the
inner core is growing through the freezing of core fluid (e.g. Jacobs 1953,
Davies 2007, Lay et al. 2008). The downward melting point gradient exceeds the
downward adiabatic gradient, resulting in the unfamiliar situation of a fluid being
cooled at the top (CMB) but freezing at the bottom (ICB). Conditions similar to
(la,b) apply:

T=T= Tpur, 4, = q, + pLt;, on the ICB, (4b,c)

where Tppe(p, X) is the temperature for phase equilibrium. The last term in (4c)
expresses the rate of release of latent heat as the ICB advances into the FOC through
freezing; r; is the inner core radius and L is latent heat per unit SIC mass. Although very
uncertain, L=10°Tkg™' is a common estimate.

The release of latent heat at the ICB creates a buoyancy source that helps to drive
convection in the core, but it is not the only source. Buoyancy is also created
compositionally. Generally when an alloy freezes, it partially ejects some of its
constituents. It is known from seismology that p > p at the ICB. The density jump,
A=7p—p~600kgm, exceeds what is_expected from thermal contraction on
freezing. It seems more likely that X > X. The light material ejected on freezing
provides a compositional buoyancy source at the ICB that is thermodynamically very
efficient. If K is the mass flux of light constituent

K, = p(X — X)i;, on the ICB, (4d)

which is the analog for X of (4c¢).

The heat flow, Q, from the core to the mantle is uncertain (e.g. Lay et al. 2008).
Estimates of order 10 TW are common; some are as low as 3 TW and some as high as
20 TW, which we shall take as an upper bound. An important part of Q is Q,, the heat
flow down the adiabat. On taking a=1.76x 107 K™ cp= 850 kg 'K,
T,=4000K and g,=10.68ms > at the CMB (e.g. Stacey and Davis 2008),
we obtain from (3b) an adiabatic temperature gradient of about 0.9K km™'.
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Assuming a thermal conductivity, K, of 40 Wm ™' K™, the resulting adiabatic heat flux,
I, ,=—Ko,T,, is about 3.6 x 107>Wm~? at the CMB. This implies that Q,~5.4TW.
The uncertainty in Q is mainly an uncertainty in the convective heat flow, Q., which
might even be negative in a regime that is dominantly compositionally driven (Loper
1978). We shall assume that Q.. is less than 15 TW, so that ¢, .<0.1 Wm.

Convection creates deviations from the reference model, and the next step is to
quantify these through a parameter €.=T,/T,. We here use the notation

T=T,+T, (5a)
and similarly for other variables. The outward convective heat flux within the FOC is
qrc = pcy TV, — Ko, T, (5b)

where the overline denotes an average over the turbulence. The ratio of the two terms
on the right-hand side of this equation is the Péclet number, Pe =VL/k, where k = K/pc,,
is the molecular thermal diffusivity, which is about 5 x 107*m?s™". In the main bulk of
the core, (5b) is well-approximated for £ = 1 m by

Gre = pcyTcVy, and similarly K. . = p, X .V, (5¢,d)

for the compositional flux. These fail as the CMB is approached and V, tends to zero.
Thermal conduction increasingly carries the heat until, on the CMB itself,
qr.=—Ko,T,. Since Q. is probably several TW, V,T must be large too, both at the
CMB and in a thin, non-adiabatic, thermal boundary layer not discussed here. As ¢, . is
nearly constant through the boundary layer, (5¢) can be used even at the CMB,
provided V, refers to the flow beneath the boundary layer, typically estimated as
10~*ms~". Then (5¢c) gives qr.~ (840 T,/K)W m 2. Since qr.<0.1 W m~? according to
our earlier estimate, 7.<10"*K. As T, > fa ~ 4000K (e.g. Kawai and Tscuchiya
2009), €.<3 x 107%. The smallness of €, confirms that the FOC is very close to an
adiabatic state so that, to an excellent approximation, (1a) gives

~

T=T, onthe CMB. (5¢)

Equation (5e) is the appropriate bottom thermal boundary condition when studying
the mantle in isolation. Strictly, it is wrong to use this boundary condition when solving
core convection in isolation, although this is “‘standard practice” in the majority of
geodynamo simulations. This may be because it is slightly easier to implement and
because it is believed that this choice does not fundamentally alter the solution
(cf. Johnson and Doerring 2010, but see Sakuraba and Roberts 2009). Having solved
the mantle convection equations with the fprescribed by (5e) and appropriate upper
boundary conditions, the heat flux g7 is determined everywhere, and g, is known at the
CMB as a function of colatitude, 8, and longitude, ¢. The only way in which (1b) can be
satisfied is by imposing it, with its now known right-hand side, on the FOC, i.e. it
provides the required upper thermal boundary condition for solving core
magnetoconvection.

These arguments have essentially divorced the mantle and core, as far as their
thermal states are concerned. We say “‘essentially’” because it is still necessary to select
the adiabat, S,, for the core, that gives the appropriate 7, on the CMB, a task not
discussed here.
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2.2. The aspherical reference model

As deviations from spherical symmetry will be significant in sections 6 and 7, we need to
define an aspherical reference model, which includes the effects of the Earth’s rotation
and of density anomalies in the mantle and SIC. This also satisfies (2a,b) and is
therefore neutrally buoyant too.

Consider first the effect of rotation. Equations (2¢,f) show that hydrostatic balance
requires

Voo = page, 1.e. Vg = —paVe, (6a,b)

where g. and @, are the “‘effective” gravitational field and potential:
1
g.=-Vb,, &=, — 5(Q><r)2. (6¢,d)

Equation (6b) requires the thermodynamic variables to be constant on equipotential
surfaces @, = constant. In particular,

Pa :p(@e) Sa,Xa); Pa = p(@e, Sa,Xa) = _ap(dje’ S07 Xa)/adje (6eﬂf)

It follows from (4b) that the ICB in the reference state is an equipotential surface too
but, in the core’s turbulent environment, the actual ICB is an equipotential surface only
on average. In what follows, the constants S, and X, are omitted from (6e,f) but are
implied.

Because the mantle and SIC are so much less mobile than the FOC, deviations from
hydrostatic equilibrium may endure for times long compared with the sub-decadal
periods described in section 1. In fact, we shall treat the mantle, and usually the inner
core too, as rigid bodies, with their density distributions, p and p, “frozen” to their
co-moving reference frames. Their density distributions create gravity fields g, and g,
that are frozen in too, but these are only parts of the total gravitational fields, g, and g,
in the mantle and SIC, e.g. the mantle gravity field comprises the three components
originating, respectively, in the mantle, fluid core and inner core:

g=g"+g'+%" (7a)

Note that the FOC and SIC contributions, g and g, are not frozen to the mantle

frame and may change on sub-decadal time scales. It will become clear later that these
changes, though small, are significant.

We shall use the term gravity anomaly to mean that p,g. — Vp, and p,g. — Vp, are

nonzero, and we shall argue that they fluctuate about zero on sub-decadal time scales.
This motivates the introduction of the following deviation measures:

d- /§(ﬁa§e—Vﬁ¢,)dv, - f;(ﬁaﬁe—Vﬁa)dv, (7b.0)
D= f\?r x (9,8.—Vp,)dv, D= /;,, x (P, 8. — Vp,)dv. (7d,e)

Analogous integrals for the FOC are clearly zero by (6a).
The measures d and d are relevant to linear momentum, as for example when the
SIC is displaced relative to the mantle in the Slichter mode; the measures D and D
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concern the balance of angular momentum and are relevant to LOD variations.
Ignoring sources of g, external to the Earth,

d+d=0, D+D=0, (7f.2)

because of conservation of linear and angular momentum; section 7.1 will give more
details. We shall require that the aspherical reference model obeys not only (6a) but also

d=0, d=0, D=0, D=0. (7h,i,j,k)

These may be regarded as generalized isostasy statements, generalized because g, for
example, includes the time-varying §£ and g, which alter when the position and
orientation of the SIC change. Then all four measures become nonzero, though (7f,g)
continue to hold. Additionally, we assume that (7h—k) refer to a state of minimum
gravitational energy for which the total linear and angular momentum of the
core-mantle system is given and for which S, and X, for the FOC are assigned. This
is the state to which the Earth seeks to return when the measures are nonzero.
To assess the difference between the spherical and aspherical models, we define

(1,0, ¢) = De(r,0,¢) — D, (1), (8a)
and similarly for p/, p,, etc. When @, is expanded in spherical harmonics,

4

De(r,0.0) = Y Y _[G]'(r) cos m + H}'(r) sin mp] P} (6). (8b)

=0 m=0

o~

where the £ =m =0 term is @, and the remaining terms define @.. The £ =2, m =0 part
is dominated by centrifugal forces, whose importance is quantified by the dimensionless
parameter e = $2°r/g. This varies from 1.7 x 1072 at the CMB to 1.5 x 1072 at the ICB.

The next most significant gravity anomaly, from £=m =2, is created by density
inhomogeneities in the mantle so that, by (2g), V2®. = 0 for r < r,. Therefore, by choice
of the zero of ¢,

Q! = A(r/r,)*sin’ Ocos2¢, (A > 0). (8¢)

See Wahr and deVries (1989) and Forte ef al. (1994). The value of the constant Ais
about 1300 m?s~2, according to Defraigne et al. (1996) and about 2300 m?s~? according
to Forte et al. (1994). We compromise by taking A =1800m?s™2, a value assumed
below without further comment. Approximating p, as a small perturbation of p}, (3a)
gives

Py~ —py D). (8d)

The importance of the anomaly (8c) is quantified by €, = p//p}, which reaches 10~* on
the CMB equator and 107> on the ICB equator. As eq exceeds €, by one or two orders
of magnitude, rotation creates the larger difference between the spherical and aspherical
models, but the torques that can change the LOD depend on asymmetries (m#0).
It may also be seen that even ¢, greatly exceeds ¢..
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3. More background physics

3.1. On representing sub-grid scales

Equations (5b,c) raise a very significant modeling issue: the representation of turbulence
in core dynamics. It is an unfortunate fact that the computational hardware needed to
resolve significant length and time scales of core motion does not exist today nor
apparently for the foreseeable future. A computer can only deal with the large length,
time, and velocity scales that it can resolve; we denote these by £, 7, and V and call
them “‘the macroscales”. Unfortunately the macroscale fields are greatly influenced by
the unresolvable small length, time, and velocity scales, which we denote by ¢, 7, and v,
and call “the microscales”, though ¢ and t greatly exceed the molecular scales.

No completely satisfactory way of representing the effect of the microscales on the
macroscales is known. Several approximate methods have been devised however that
have been partially successful. Here we focus on the simplest, which is known as mixing
length theory. It exists at several levels of sophistication, and is widely used in
astrophysics and geophysics e.g. Bradshaw (1974) and Cushman-Roisin (2008).
Promising alternatives to mixing length theory have been developed over the past
three decades (Bardina et al. 1980) and have been applied to core turbulence during the
past decade (e.g. Matsui and Buffett 2005).

It was recognized even in the nineteenth century that the most important effect to
parametrize is the transport of macroscale variables by the microscale velocities. This
can be vastly greater than their transport by molecular motions. In mixing length theory
this is recognized by a similar diffusive process, but using eddy diffusivities that are
much larger than their molecular counterparts.

To be more specific, we separate quantities into their resolved macroscale and
unresolved microscale parts by

V= (V> +v, S.= (Sc> + 5., X = (Xc> + Xepoons (9a,b,c)

where angle brackets surround a quantity averaged over the microscales. The averages
that concern (5b,c) are the r-components of

(ScV)y =A(SHV) + (scv), (X V) = (X ) (V) + (xcw). (9d.e)
The mixing length approach approximates the last terms in (9d,e) by
(scv) = —krV(Se),  (scv) = —krV(Xo), f.2)

where k7 is a turbulent diffusivity which is the same for S. and X, because S is an
extensive thermodynamic variable that is transported by motion in the same way as X.
It is therefore convenient (except in boundary layers) to combine thermal and
compositional buoyancies together in

pe = 1 *pe + paC, (10a)
where C is the codensity (Braginsky and Roberts 1995):

C=—uasS. —axX,. (10b)
Equation (10a) follows from the thermodynamic relation

dp = u;zdp — pasdS — paydX, (10c)
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since ./ Pas PelPa> Se/Sa and X/ X, are all of order 10~%, which determines the accuracy
to which (10a) holds.

When applied to the transport of macroscale momentum by the microscale motions,
the turbulent mixing ansatz (9f,g) introduces a turbulent kinematic viscosity, vz, very
much greater than the molecular kinematic viscosity, v. If it is supposed that s./S. and
x./X.are O(¢/L), (9f,g) indicate that k7= O(v¢), and this is a common estimate for both
k7 and vz. Faced with lack of information about how the fluid velocity depends on its
length scale, we take v=10"*ms~", which is typical of what we call the inferred core
surface velocity, as deduced by downward extrapolation of magnetic field data taken at
or near the Earth’s surface. It is also hard to estimate £. We take ¢ ~ E'3r,~100m,
where E is the Ekman number; see (15b). We choose this because it is a characteristic
length scale in rapidly rotating convective systems of scale r, (e.g. Stellmach and
Hansen 2004, Sprague et al. 2006). We then obtain turbulent diffusivity estimates of

k7~ v~ 0.0l m>s7. (10d)

The simplistic belief that microscale motions act on all macroscale processes in the
same way in a particular physical system encourages the assumption that all turbulent
diffusivities in that system are the same. When a molecular diffusivity exceeds the
corresponding turbulent diffusivity, as appears to be true for the magnetic diffusivity,
it determines the total diffusivity. The molecular magnetic diffusivity in the FOC is
n= I/MOU%ZmZ s7!, based on o~4x10°Sm~! for the electrical conductivity, and
po=4m x 107"Hm™" for the magnetic permeability, assumed to be that of free space.
Since this n exceeds the ns given by (10d) by a factor of 200, the introduction of a
turbulent magnetic diffusivity in simulating core MHD is superfluous.

Approximations such as (9f,g) implicitly assume that turbulent diffusion is an
isotropic process at all length scales. This too is highly questionable. In numerical
models, the length scale separating the macroscales from microscales is not a physical
one; it is computational, dictated by the available computing hardware. Many of the
processes controlling the unresolved scales are anisotropic (e.g. Ishihara er al. 2009).
For example, consider again the estimate of x7 and vy made above. The ratio of the
microscale lengths perpendicular and parallel to the angular velocity, €2, of a rapidly
rotating system is typically E'°, indicating that the turbulence diffuses macroscale
quantities at different rates in these directions. This strongly suggests that the sub-grid-
scale diffusion processes are anisotropic as well. The ansatz can be improved by
replacing k7 and vy by tensor diffusivities. See Matsushima ez al. (1999), Matsui and
Buffett (2005), and Hejda and Reshetnyak (2009).

The application of mixing length theory to the core is discussed further by Braginsky
and Meytlis (1990) and by Braginsky and Roberts (1995); see their §4.3 and appendix C.
In what follows, we discuss only macrodynamics with isotropic turbulent diffusivities
only. Although angle brackets are omitted, they should be understood to be present.

3.2. Overview of core dynamics

We have now assembled enough background to be able to summarize core dynamics.
In the mantle frame, mass and momentum conservation require

ap+V-(pV)=0, (11a)
Pl V+V-VV+22x V+2xr]=—-Vp+pg.+J x B+ F". (11b)
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The four forces per unit mass on the left-hand side of (11b) are inertial [9,V (= 9V/dr)
and V- VV], Coriolis (2Qx ¥), and Poincaré (Q x r), the last of which is associated with
variations in the rotational state of the mantle and is negligibly small on the LOD time
scale. The centrifugal force —€2 x (£2xr) does not appear in (11b) because it has already
been absorbed into the gravitational force g. (see (6d)). The four forces per unit volume
on the right-hand side are the pressure gradient, the buoyancy force pg., the Lorentz
force J x B, and the viscous force F", usually approximated by pvzV>V. According to
pre-Maxwell EM theory (Davidson 2001), the electric current density is given by
Ampére’s law,

J=puy'Vx B, whereV-B=0. (11c,d)
The electric field, E, is subject to Ohm and Faraday’s laws:
E=—-VxB+nVxB, VxE=—9B, (11e,f)
from which the induction equation follows:
9,B = Vx(VxB)+nV*B, (11g)

where we have assumed that 7 is uniform. (When a variable mantle conductivity, o,
is envisaged, nV>B is replaced by —Vx (7 VxB).) According to (11c),

V.J=0. (11h)

As before, we separate variables into adiabatic and convective parts. In what follows,
we adopt the spherical reference model but omit *. Since p./p,~ 1075, (11a,b) can be
accurately approximated by the anelastic approximation (e.g. Braginsky and Roberts
2007):

Ve(paV) =0, (12a)
,Oa[an—i- V.-VV+202 x V] = _Vp(? + Pc8e + P8¢ +Jx B+ paVTV2 V. (lzb)

An attractive simplification of (12b) makes use of a reduced “pressure’ defined by

I, = &, so that — Vp. = —p,VII, —p—;ge, (13a,b)
Pa u?
using (3c). Therefore, by (10c),
=Vpe + pcge = pa(=VII. + Cg,). (13¢)

If the p,g. part of the total buoyancy force, p.g.+ p.g. 1s ignored, (12b) becomes
V+V-VV+2Q x V:—VH(.+Cge+p;‘J>< B+ vV (14)

This form makes it plain that the density changes created by pressure differences, the
first term on the right-hand sides of (10a,c), does not influence convection. Whether the
pag. part of the buoyancy force can be ignored without making a significant error is an
open question; see, for example, §7.02.2.5.2 of Ricard (2007). Braginsky and Roberts
(1995) pointed out that, by a minor modification to the definitions of p. and p., a
variant of (14) holds even when p,g. is retained in (12b).

The fact that the dipole axis of the geomagnetic field is currently nearly antiparallel to
Earth’s rotation axis, and has been either parallel or antiparallel over most of Earth’s
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history (e.g. Merrill et al. 1998), indicates that the Coriolis force, 22 x V, strongly
affects core motions. That it is generally more significant than the inertial and viscous
forces is confirmed by the smallness of the Rossby number and Ekman number,
respectively,

1% o

Ro = =—.
0 Qr,’ Qr?

(15a,b)

Taking V=10"*ms ' and v=10"°m?s™', we obtain Ro~10~°and E~10~"°. Even if
v in (15b) were replaced by the turbulent viscosity vz~ 107>m?s™", E would be about
107", This suggests that the inertial and viscous terms can be safely omitted from (14)
except on very small length scales. (The omission of the inertial force will be questioned
later.) When the viscosity is dropped, the differential order of the system is lowered and
the no-slip boundary condition on ¥ must be replaced by

n-V=0, on CMB and ICB. (16a)
After applying this, the tangential components
Vu=V—(n-V)n (16b)

are generally nonzero on these boundaries.
A measure of the vigor of core convection is the Rayleigh number,
3
Ra =555 (172)
VK
where C, is a typical radial gradient of C in the FOC. We here selected one of the many
ways that the Rayleigh numbers can be defined; it has no special merit. No matter how
it is defined, it is a very large number (cf. Christensen and Aubert 2006, Aurnou 2007).
If we take C,=3 x 107"®m™', a very uncertain estimate based on as=10"*kgJ 'K
and an entropy difference across the FOC of 10°Jkg 'K~', we obtain Ra~ 10*
using molecular diffusivity estimates and Ra~5 x 10'* using the turbulent diffusivity
estimates of (10d).
For convection to be possible, the Rayleigh number must exceed a critical value, Ra..
The value of Ra, is sensitive to the strength of Coriolis and Lorentz forces, as measured
by E and the Elsasser number, defined as

2 B
=—2 . where VA =———
2977 \/(I‘Lopa)

is the Alfvén velocity based on a typical magnitude, B, of B. The Elsasser number is
independent of £ and plays an important role in theoretical models of core
magnetoconvection. Another dimensionless parameter, relevant later, is the Alfvén
number,

(17b,¢)

A=V/Vx. (17d)

For B=1mT, Va~1lcms .. Taking V= 10~*ms™" as before, 4~0.01.

If A< O(1), Ra,=O0(E *3). Molecular values for v and « give E~**=10* and
Ra/Ra,~10°. Turbulent values vy and k7 of (10d) give E*3=5x10" and
Ra/Ra,.~ 1. This would mean that convection would be weak or non-existent, which
is inconsistent with the assumption of strong turbulence and eddy diffusivities.
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Figure 3. Geostrophic cylinders (a) C(s) located outside the tangent cylinder (TC), s>r;, and (b) CV (s)
located inside the TC, s<r;. The thick dashed lines denote a given cylinders’ spherical caps. The TC is shown
dotted in panel (b).

However, magnetic field strongly affects these estimates. If 4> 0O(1), Ra.=O(E™).
Molecular diffusivities give ' =10'> and Ra/Ra,~ 10%, while turbulent diffusivities
give £-'=10"" and Ra/Ra.~10*. From these estimates, it seems probable that
Ra/Ra, > 1. Thus, it can be argued that the magnetic field makes the convection highly
supercritical, such that the flow is sufficiently turbulent to homogenize S and X in
the core.

In assessing the plausibility of these conclusions, it should be remembered that Ra is
extremely uncertain in the core. Furthermore, the value of Ra,. for B#0 is derived from
analyses in which B is not self-generated but has a source outside the fluid (cf. Zhang
and Schubert 2000, King et al. 2010).

In section 8 and appendices B-D, an even simpler description of core magneto-
convection will be adopted, the so-called Boussinesq approximation in which the density
is assumed constant:

pa = po = constant, so that V-V =0, (18a,b)
by (12a). The equation of motion (14) is virtually unchanged:
WV +VVV22x V=-VII.+ Cg. +p,'J x B+vrV*V, (18¢c)

where the reduced pressure is now I1.=p./po.
A flow v in which only the Coriolis force and the gradient of the reduced pressure w..
are significant is said to be geostrophic. Then, by (18c¢),

20 xv=—Vu,. (192)
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On operating on this with Vx and combining with (18b), the Proudman-Taylor theorem
emerges: (£2-V)r=0, which implies that v is independent of z. For an axisymmetric
boundary such as S where (16a) applies, it follows that

v = )ly,  we(s, ) =2Q / v(s, £)ds, (19b,c)

where (s, ¢, z) are cylindrical coordinates. This is a motion in which each geostrophic
cylinder, C(s) of radius s, rotates as a solid body about Oz with an angular velocity,

g(s, 1) = (s, 1)/, (19d)

independent of ¢(s, 7) for every other C(s), see figure 3. The geostrophic cylinder, C(r;),
that touches the SIC is called the tangent cylinder (TC). The TC is particularly
significant because the fluid dynamics inside and outside the TC are quite dissimilar
(e.g. Hide and James 1983, Heimpel ez al. 2005). It has been pointed out by Jault (2003)
that, in the presence of bumps on the SIC, geostrophic cylinders generally do not exist
for a small range of s surrounding s=r;, but for simplicity we shall suppose that the
FOC can be filled with geostrophic cylinders.

The smallness of Ro and E does not justify as drastic an approximation as (19a) but it
encourages ejection of the inertial and viscous forces from (18c), leaving

20 x V=-VII.+ Cg. + py'J x B. (20a)

This form of the momentum equation is called the magnetostrophic approximation. One
has a reasonable expectation that the macroscales of core MHD will be well-approx-
imated by combining (20a) with (11d.g), (12a), and the boundary conditions. For V,
these are (16a); for the EM field they are

B :ﬁ, Ey =EH, onr=r, B= E, Ey =EH, onr=r; (20b,c,d,e)

where E, E and E are determined from B, Band B by (11e,f).

Because the inertial terms have been abandoned in (20a), there are no Alfvén waves
and their timescale 7o =L/V s does not feature in solutions of the magnetostrophic
system. Alfvén waves are replaced by MAC waves that define the time scale:

20 2 2
- Vf - % where 7, = % ~ 10° yr (20f,2)
A

_L_m

is the free decay time for magnetic fields of scale £ =r,. The acronym “MAC” and our

index ™ recognize that magnetostrophic motions and MAC waves are controlled as

much by Magnetic and Archimedean (buoyancy) forces as by Coriolis forces; inertial

forces are conspicuous in the acronym by their absence. The magnetostrophic

approximation is good only for macroscales for which £ > VA/Q and on time periods

that greatly exceed a day. For V'aa 1 cms™', this inequality is satisfied for £>> 1 km.
As g.4=0, the ¢-component of (20a) is

2QV = —0yI1. + py ' (J x B),. (21a)
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This is integrated over the surface, C(s). To evaluate the resulting left-hand side of (21a),
integrate (18b) over the interior, I(s) of C(s):

/ V-nda+[A(s)V-nda—i—/\(s)V-nda:0, (21b)
C(s) N S

where .//\7 (s) and g(s) are the spherical caps on the CMB completing the boundary of
Z(s). The second and third terms in (21b) vanish by (16a). The left-hand side of (21a)
therefore vanishes on integration, as does the first-term on the right-hand side, leaving

/ (J x B)yda =0. 2lc)
C(s)

If s <r;, there are two cylinders, C™(s) and C3(s), _of radius s to the north and south of the
SIC, and two more spherical caps, N (s) and S(s), on the ICB across which no fluid
flows either; see figure 3(b). Results analogous to (21¢) hold:

[ (J x B)¢da:0, / (JxB)¢da:O. (21d,e)
cNs) C5(s)

Equations (21c—e) are known as Taylor’s constraints (Taylor 1963).

An arbitrary flow ¥ can be separated into geostrophic and non-geostrophic parts:
V=v+ V", and similarly II. = w. + II'. To introduce these, we at first ignore the
existence of the SIC. Then the geostrophic average, of a quantity such as V, is defined by

{Veh(s, 1) = () /c Y Ve(s, d,z, t)da, (22a)

where 2(5) = 47z, is the surface area of C(s) and z; = / (2 — 5°) is half the length of its
sides. The geostrophic velocity is written as v=yv(s, 1)1, where v(s,t)={{V,}}. The
non-geostrophic velocity, which carries the superscript ", is

Vs, ¢z, ) = V(s,¢,z, 1) — v(s, D1g. (22b)

It follows that the angular momentum of core flow about Oz is
M.(1) = po / sVydv = po / " 15, ) A(s)ds,  so that / SVdv=0,  (22c,d)
A% 0 v

where dv is the volume element. Although derived for a core lacking an SIC, these
results are easily generalized; see section 8.4 and appendix B. In confirmation of (22¢), it
is found that the geostrophic part of V carries all the axial angular momentum of
the FOC.

Both v and M. can be estimated from LOD data and the zonal part of the inferred
core surface flow. In so far as the SIC is locked to the mantle (see section 7.2), M.isa
part of M- so that variations in LOD determine (M + Mv) Conservation of

(M- + M ) can therefore be checked, with generally gratifying agreement (Jault
et al. 1988, Jackson 1997); see also our description of figure 1(c) above.

In the new notation just introduced, (21c—e) can be collectively written

{Ix B}y = 0. (23a)
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For given J x B, (20a), (18b) and (16a) determine V" but not v. That is the task of
Taylor’s constraint (23a). The class of B satisfying (23a) is so narrow that it is hard to
find a single member. Having found one, it is necessary to preserve it as B evolves,
by requiring

(X By =0, ie {(BJ)xB+Ix(3,B),=0. (23b,c)

The induction equation provides d,B and Ampeére’s law (11c) supplies J and 9,J. After
reductions (relegated to the end of appendix B), it is found that (23b) is equivalent to

s uod {Ix Bl 5 = afs, r) + B(s, z)— — R(s,1) =0, (23d)

where
(s, 1) = (B}, PB(s.1) = {B-VB,+2B;/s}, (23e,0)
SR(s,1) = —{(VxS)x B+ (VxB)xS}4, S =Vx(V"xB) +nV’B. (23g,h)

Equations (23d-f) were derived by Taylor (1963). He pointed out that, if M. is
assigned, (23d) determines ¢ uniquely from R(s,7), i.e. from the evolving V" and B.
Since these obey the magnetostrophic equations, they evolve on the slow MAC time
scale, t™, as therefore do R(s, r) and ¢. This solution of (23d) will therefore be denoted
by ¢™ below, If the equations (20a) and (23a) are satisfied initially,

pym =yt 4" (23i1)
satisfies them always. It is therefore the required solution of (20a).

An arbitrarily assigned J in general creates a B that contradicts (23a), at least initially.
This shows that (20a) is an oversimplification of (18c) as is its consequence (21a); the
inertial term, 9,V + V- VV, must be restored to (20a), resulting in the addition of
{oo(@y+ V" -Vv+v-VV™")}, to the right-hand side of (23a). As shown below,
{0vplle =0(Va2) while {V"-Vyv+v-VV'}, ~ V(59 +¢) =0(V"). As Va/Vy=
O(100), only the 9,V of the inertial acceleration is significant; because E < 1, the
viscous term can be omitted as before. The geostrophic average of (18b) becomes

podr = (JxB)ly. (24a)

On differentiating with respect to ¢ and using (23d), it is seen that
2

G .05 a — B(s, z)—_ —R(s, 1). (24b)

H0LO 7>

Another, perhaps more transparent, way of writing (24b) is
%t 10 ” ach ~ A R(s,0)
—- AV Ns— — —— 24
24 3V( A ds ) s Hopo (240)

where Va(s, ?) is the Alfvén velocity defined by V3 = {B2}/ 11000, and

Nis, 1) = e ?g[(BxBr)(S, &, 21) + (ByB,)(s, ¢, —z1)]d¢. (24d)
Hopo Az
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(b)

Figure 4. Schematics showing (a) a geostrophic flow in the core, V%, and (b) a plan view of an initially
cylindrical magnetic field (dashed line) distorted by ». The restoring Lorentz torque on the distorted magnetic
field, B (solid line), lead to the cylindrical propagation of torsional waves. Adapted from Dumberry 2007.

(The derivation of (24c) from (23d), though lengthy, is direct; it is included at the end of
appendix B. The reduction does not discard the effects of magnetic diffusion which
continues to be locked into the definition (23g) of R(s, ).)

The essence of (24c¢) is contained in

R N S /o
=——|s4Vi =), 25
24 0s <S A BS) 25)

which we call the canonical wave equation. (The additional ]VSE)X;A is one of two terms
that are new to the subject and are discussed later; see section 8.3 and appendix B.)
Equation (25) recovers something very similar to an Alfvén wave, called the torsional
wave in which ¢ evolves on the fast Alfvénic time scale

A =1,/VA~ Oyr. (26a)

This is why * was added to ¢ in (24c) and (25). Because 4 is so similar to the time-scales
TLop seen in figure 1, it is plausible that torsional waves are responsible for the LOD
variations, as argued by Gillet ez al. (2010). Because it is so dissimilar to T, it is sensible
to base discussions of torsional waves on representations of the form

V=V"4 A (26b)

Then, when studying the waves, mac variables (™) can be assumed to be constant. In
section 8 and appendices B-D, we shall use (26b) but omit the * on wave variables such
as ¢™. We shall consider only the case when (23a) is nearly satisfied, and the wave
amplitude is so small that quantities such as (v*)? are negligible.

In a torsional wave, the geostrophic cylinders are in relative angular motion about
their common (polar) axis; see figure 4(a). The response b of B to the motion »™ is not
the geostrophic average of B, but is determined by solving (11d,g) and boundary
conditions (20b—e). It can, as for an Alfvén wave, be visualized by using the frozen
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flux theorem, the field lines behaving like elastic strings threading the cylinders together
and opposing their relative motion; see figure 4(b). The resulting torque on the cylinder
supplies the restoring force for a wave that travels in the +s-direction, the mass of the
cylinders providing the inertia. Whenever J and B contradict (23a), a torsional wave is
launched.

Torsional waves open a window onto the dynamics of the core (e.g. Braginsky 1970,
Jault and Le Mouél 1991, Jackson 1997, Zatman and Bloxham 1997, Gillet et al. 2010).
They describe a basic dynamical response of core fluid in a rapidly rotating planet.

We have now completed a basic description of the thermal and dynamical states of
Earth’s core that will be needed in the following sections, where we discuss the various
ways in which the core exchanges angular momentum with the mantle and inner core.

4. The four coupling mechanisms
The torque about O on the mantle, is
T= ‘?{Arx T da, (27a)
S

where ’1\', sometimes called the surface traction, is the stress associated with the normal:

T, = S,,n,, (27b)

where S,j (= Sj,) is the total stress tensor. The minus sign arises in (27b) because the unit
normal, n, points into the mantle. The component of T parallel to Oz is

fzz——iisgmda. (27¢)
S
Similar expressions hold for the torque on the SIC
fzﬁyxfm,i2:¢;$m¢ T, = Sy, (27d,e,f)
S S

There is no minus sign in (27¢,f) because n points out of the SIC.
Equation (27a) tacitly assumes that the core alone exerts a torque on the mantle;
sources of torque from outside the Earth are ignored, and therefore

F+T+T=o, (28a)

where I is the torque on the FOC. Since
dM=T, dM=T, dM=-T-T, (28b,¢,d)
the angular momenta, ]\71, M and M, of mantle, SIC and FOC are conserved in total:
Mo = M + M + M = constant. (28e)

Equation (28e¢) implies that, if one of these three torques changes, so do(es) one or two
of the others, in the opposite sense. The system is, in this respect, self-regulating.
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Figure 5. Schematic representation of how viscous core-mantle torques arise due to the normal gradient of
the flow field on the CMB, d¥/on.

Stress is exerted on the CMB in four ways: through viscosity, topography, gravity

and magnetic field, and there are correspondingly four parts to each of S;;, Tand I', e.g.

T=T"+T"+T%+T". (29)

We shall assess the magnitudes of the torques in turn. This requires some care since
overestimation is all too easy. For example, we shall find below that the magnetic stress
scales as SM O(lS’2 /o). It might therefore seem that I’ ™ = O(B r 5/ Mo), but clearly
this is false since T'™ is proportional to the Lorentz force T x B, and J vanishes if the
mantle is electrically insulating. Although Sij = O(B /o) 1s still a good estimate of the
magnetic stress at each point of the CMB, there is complete cancellation of the integral
of r x TM over the CMB.

Apart from I'7, T, T'7, andF ¢, negligible error is made by replacing the CMB and
ICB in (27a—f) by spheres S. and S., of radius r, and r; these are written Sand S in
sections 5 and 8.

5. The viscous torque
The components of the viscous stress tensor are
2
S = poV(V/ Vit ViV; — 3 Vk Vsz/)a (30a)

the last term of which is ignored because in this section it is assumed that core fluid has
a uniform fluid density, py (= 10*kgm ™), so that V-¥=0. In the mantle frame, the no
slip condition on the CMB (assumed spherical) is =0 so that the surface traction on
the mantle is

TV = —pow(d,V + VV,), (30b,c¢)

in which the final term contributes to /7:,.'/ only, because V,.,=0 on the CMB. Therefore,
assuming that the kinematic viscosity v is uniform, (27c,d) give

TV = —,Ogl)f,\ rx d,Vda, fV = —pov%\ 50, Vgda. (31a,b)
S. S,

The traction acts to drag the mantle in the direction of the subsurface flow, see figure 5.
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The viscosity of core fluid is hard to estimate. First principles calculations (e.g.
de Wijs er al. 1998) suggest that v at the CMB is 107°m?s™", to within a factor of 3.
Assuming ¥ is laminar, an upper bound on I'” is obtained by assuming that 3,V =
O(V/d,), where d, 1s the thlckness of the Ekman laler at the CMB: d,= E~?r,~0.1 m.
Assuming V~ 10~*ms~!, the surface traction, TV ~ povV/d,, is about 10~ 5Nmfz,
implying that " ~ 5 x 101 Nm,

One may argue that the core is highly turbulent, so that a turbulent viscosity, vy,
should replace the molecular value, v, in this estimate. Although it is strictly
inconsistent to assume that £ is the microscale length, £~ E'3r,~100m, used in
deriving (10d), an upper bound on I ¥ is obtained by doing so. This gives
TV & povv/L & po(vev/L) ~ poV? ~ 10~*Nm™?, implying TV ~5x 10 Nm.

These arguments may overestimate I’ TV for another reason: according to Braginsky
(1999), Loper (2007), and Buffett (2010) there may be a low density layer at the top of
the FOC. Braginsky (1999) pointed out that the light material released during the
freezing of the SIC may tend to congregate near the ICB, and that this may answer
unresolved questions about the geomagnetic secular variation (Braginsky 1984).
Turbulent motions in a buoyantly stable layer tend to be damped preferentially in the
direction of stratification, and this reduces the macroscale momentum transport across
the layer (e.g. Duck and Foster 2001, Davidson 2004). Waves in such a layer may
increase what v alone can do in transporting macroscale momentum (e.g. Rogers and
Glatzmaier 2006). But it is doubtful if they can transport it as effectively as the fully
convective turbulence that exists far from boundaries. R

Though these and similar arguments lack rigor, the upper bounds on I'" derived
above are consistently less than the target torque, though not by a large factor
(cf. Deleplace and Cardin 2006, Buffett and Christensen 2007).

6. The topographic torque

The likelihood that there are inverted mountains and valleys on the CMB, and that
these might create topographic torques large enough to explain the observed changes in
LOD, was first suggested by Hide (1969). These irregularities in the figure of the CMB
are often collectively called “bumps”, and their study was jokingly christened
Geophrenology by the late Keith Runcorn. Hide’s suggestion generated significant
interest and much literature, e.g. Anufriyev and Braginsky (1977), Jault and Le Mouél
(1989), Kuang and Bloxham (1993, 1997), Buffett (1998), and Kuang and Chao (2001).

Topographic coupling between the FOC and its boundaries depends on deviations
from sphericity in the shape of the CMB and ICB. The fluid pressure, p, creates a
surface traction, T7 = pn, that is not purely radial. The resulting topographic torques on
the mantle and SIC are

"= f,\pr x nda, T"=— ¢~pl’ x n da. (32a,b)
S S

Equal but opposite torques act on the FOC, so that (cf. (28a))

BT _FT_Fr__ / PxVpdv. (320)
A%
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CMB

Figure 6. Schematic showing stresses acting on non-axisymmetric topography, /(0, ¢), that rests atop a
spherical CMB. A varying core fluid pressure field, p(x), may then exert a net topographic torque on the
mantle, I'". Similarly, non-axisymmetric topography on the ICB, h(6,¢), can lead to torques, I'", being
exerted on the SIC. The bumps_shown are greatly exaggerated in scale; for small-scale bumps such that
h < r,, note that ¥ ~ tan v ~ |Vh|.

In what follows, we take the equations of the CMB and ICB to be
r=ro+h0.0), r=ri+ho.¢). (33a,b)

There is a good way of approximating the torques (32a,b). To derive it, we focus on
the CMB; application to the ICB is similar. Two assumptions are made. First it is
supposed that || < r,. This is supported by seismic studies that indicate that the typical
height H of bumps on the CMB is of order 1 km; see e.g. Tanaka (2010). Second, it is
supposed that the horizontal scale of the topography is significantly greater than H, so
that the angle 9(~ |Vh|) between r and n is small at most points on the CMB, see
figure 6. (For a discussion of the effects of small-scale to)pography, see Le Mouél et al.
(2006).) As h is a function of only 6 and ¢, its gradient V/ is necessarily horizontal, and
Vixr = r|Vh|t = rt, where t is the horizontal unit vector parallel to r x n. As r xn is
also rdt, it follows that rxn = —rxVh. Because |#] <1, the areas of da and its
projection on the sphere S. are approximately equal. Therefore r x nda ~ —r x Vi da
and (32a) becomes

I'T=— f; prx V}Tda, or I'T= f; hr x Vpda. (34a,b)
S. S.
The equality of the z-components of these torques, i.c.
ff =— 5& p8¢i7da, or ff = %A /Ta¢p da (34c,d)
S. S.

is apparent by an integration by parts. Since this argument does not depend on how Oz
is chosen, the equality of the x- and y-components is also verified, so that the
equivalence of (34a) and (34b) is established.

Equations (34a) can also be derived from (32a) by first noticing that the torques are
O(H) and that extrapolation of the integrand onto S, only makes negligible corrections
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of order H>. On writing (33a) as f(r,0,¢)=0, where f(r,0,¢) =r —/]1\(9, @), it is clear
that Vfis parallel to n. If |VA|*> < 1, then (Vf)*~ 1 so that n & 1, — Vh. This implies that
rx n~ —r x Vh, as before. Analogous approximations apply for (32b).

In the aspherical reference model of section 2.2, the equipotential surfaces in the FOC
deviate from spheroidal form not only because of convection, but also because of the
bumpiness of @, created primarily by density anomalies in the mantle. The induced
density variations, p,, in the FOC were estimated in section 2.2 to be of order 107 p,;
see also Wahr and deVries (1989), Forte ez al. (1994), and Defraigne et al. (1996). This
greatly exceeds the convective variations, p.=O(107%p,). Similarly, the pressure
variations, p,, are of order 10* times larger than the pressure differences, p,, associated
with convection. Potentially, the largest parts of (32a—c) are the adiabatic topographic
torques:

f; = jé\par x n da, T‘Z = —?ipar xnda, T'T= —[ rxVp,dv,  (35a,b,c)
S S \%
which should therefore be examined first.

If the CMB and ICB were equipotential surfaces, p, on them would be constant, and
could be withdrawn through the integral signs, leaving integrals that vanish. But
relative motions in the mantle and SIC are slow, and in these bodies thermodynamic
variables such as the pressure are not constant on equipotential surfaces. In particular,
the CMB and ICB are not equipotentials. Also, as they are not perfectly spherical,
rx n#0. There is therefore no a priori reason to suppose that the adiabatic topographic
torques should be zero, although, as mentioned in section 4, the system
mantle-FOC-SIC is self-regulating. If the adiabatic torques cause the angular velocities
of mantle and SIC relative to the FOC to change, other torques will grow in opposition
and establish a new torque balance.

The density anomalies in the mantle evolve on such a long time scale that their
contributions to the gravitational potential @, can be regarded as nearly time
independent. Similarly, the shape and structure of the SIC can change significantly only
over long time spans. Nevertheless, the orientation of the SIC and even its center of
mass can alter on much shorter, sub-decadal time scales as it responds to its turbulent
environment. This modifies the equipotential surfaces in the FOC and therefore
alters p,. The torques faT and I'T therefore fluctuate about their means. We postpone
further discussion of adiabatic torques until section 7.

Consider next the torques associated with the convective motions in the FOC, e.g.

IT= ?i hrxVpeda, TT = 7& hayp. da. (36a,b)
S. S.

Reasons were given in section 3.2 why core flow is well-described by the
magnetostrophic approximation (20a), and why Coriolis and Lorentz forces are
comparable deep in the core, implying a magnetic field strength B there of about 2 mT,
or about 40 times greater than the typical field strength 5, on the CMB. The Lorentz
force in (20a) is therefore negligible on the CMB and, as g, is small,
ppc = —2Qpor,VocosOsinf on the CMB. Therefore (Speith et al. 1986, Hide et al.
1993), by (34d),

' =-2Qpr, 5& (0, $)Ve(ro, 0, ) cos Osin 6 da. (36¢)
S.
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In principle, T T_ can be estimated by extracting Ji from seismological analysis, and
by using the Vg(io,e ¢) inferred from the core surface motion. In practice, this is
difficult and has led to controversy. Equation (36¢) suggests that

o~

'l =00QpV.Hr), (36d)

which is of order 10"® Nm for H = 100 m. Such a bump height is well within the bounds
set by recent seismic investigations (e.g. Tanaka 2010). Equation (36b) superficially
confirms (36d) but highlights a serious concern: because p. is a single-valued function,
d4p. 18 as often positive as negative for any 6 in the integrand of (36b). Though
+2QpV,r, is a reasonable estimate of dgp. at most points on the CMB, considerable
cancellation is possible when evaluating the integral in (36b). There is even a remote
possibility that the cancellation is complete; see Anufriyev and Braginsky (1977).

Reliable estimation of the convective topographic torque must probably await careful
experiments and allied theory. No argument has so far convincingly demonstrated that
topography can create torques of the target magnitude of 10'®* Nm but, equally, nothing
has shown that it cannot.

7. The gravitational torque

7.1. Initial considerations

The gravitational force and torque about O on a body V of density p(r) in a
gravitational field g(r) are

FG:/pgdv, FG:/prxgdv. (37a,b)
\% A%

These integrals over volume can be transformed into surface integrals by introducing
the gravitational stress tensor Sg It is shown in appendix E that

|
pgi=V;S§. where S§ = —(4nG)™' (gig_/ - 2g25ij>- (37c.d)

Equations (37¢,d) enable (37a,b) to be written as integrals over the surface, A, of V:

|

FO=— ol [(n-g)g — 1 g’nlda, (37¢)
1

16 =~ ¢ rxl(ngig = senlda. (370)

where n points out of V. These general results can be applied to the gravitational
interactions between SIC, FOC and mantle. As in the last section, the unit normals to
the CMB and ICB are directed approximately away from O. Because the
self-gravitational force and torque of the Earth on itself are zero (see appendix E),

re+re+ré=o. (37¢)



Downloaded by [University of California, Los Angeles (UCLA)] at 00:35 13 March 2012

Core-mantle coupling 181

If the FOC were in a quiescent state, the ICB would be an equipotential surface in
phase equilibrium, but turbulent flow in the FOC exerts torques on the SIC that
continually change its orientation, so that it is no longer an equipotential surface. Phase
equilibrium can be re-established only very slowly and, before that can happen, the
torques will again change the SIC orientation. The ICB is in phase equilibrium only in
an average sense. As the ICB departs from phase equilibrium, two processes constantly
try to re-establish it: internal flow and change of phase. In the former, the stresses
exerted on the ICB by the FOC set up slow internal motions within the SIC that tend to
restore its equilibrium form (Yoshida et al. 1996, Buffett 1997). In the latter, the
thermodynamic disequilibrium created by the misalignment is removed by new freezing
of the FOC or new melting of the SIC at the ICB (cf. Fearn et al. 1981, Morse 1986).

The mechanical properties of iron at high pressures and temperatures strongly
depend on grain size and history, and on stress state and history (Bergman 1998,
van Orman 2004, Venet et al. 2009). Models make widely different predictions. For
example, in contrast to the results of Bergman (1998) and Venet er al. (2009),
van Orman (2004) argues, based on a Harper—Dorn creep mechanism, that the SIC has
such a small viscosity that it may be restored to equilibrium in a time of order 60s. To
satisfy anomalous seismic observations pertaining to the bottom 200 km of the FOC,
Gubbins et al. (2008) argue that this fluid may not be on an adiabat but on the liquidus.
This implies that, in super-saturated regions, iron would tend to rain out preferentially
onto the ICB (e.g. Chen et al. 2008). Such a phase change process might act to return
the SIC to its equilibrium form on a time scale controlled by the dynamics of the flow at
the base of the FOC.

The results of van Orman (2004) and Gubbins et a/. (2008) may imply such a fast
relaxation that the gravitational torque between the mantle and the SIC is weak. We
will now consider consequences of the opposite assumption, that the equilibration
processes are very slow relative to semi-decadal time scales of interest here. The SIC
then well-approximates a rigid body whose orientation is determined by the torques
that act on it. The mantle will be treated as a solid too. (Its elasticity is included in the
analysis of Dumberry 2008.)

By (37b), the gravitational torque on the fluid core due to the mantle and SIC is

fG:ﬁ(pa+p6)"x(ge+gz>)dv:fg+fg’ (382)
\4

where I'¢ and I are the adiabatic and convective parts of I ©:

rg= / par x godv, I'¢= / r X (pcge + Page + Peg) dv. (38b,¢)
A\ v

It was pointed out in section 2.2 that p,=O(10~* pa)- Similarly, @, is smaller than the
&, contained in @, by a similar factor. Potentially, I' is dominated by its adiabatic
part, which should therefore be examined first. By (6a), (35¢) and (38b)

PO =TS = [ rx (g~ Vi dv =0, (389)
v

The integrals, ff+r and T G+ that correspond to (38d) for the mantle and SIC are
the measures D and D already introduced in (7d,e) and are in general nonzero.
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By (34a,b), (37f) and the continuity of g and p, we may write these as

o~

D= §orx pun+ (476) (-8 ~ delnl]da. (392)
A

D=—q_rx {pan+ (@41G) [(n-g)g. —1¢’n}da, (39b)

>

from which, in agreement with (7g) and (38d),
D+D=0, ie.TST4+T" =0, (39¢,d)

This expresses the dominant, adiabatic part of the torque balance.

If the torques I' Te+T and re T'9+T are nonzero, 2 and 2 change, and the relative
orientation of the mantle and SIC is altered, so that g, and p, in (39a,b) change. This
tends to return the system to its minimum energy configuration, in which

%’ =90, r%’=o. (40a,b)

This is why (7f,g) were imposed on the aspherical reference state. If this torque-free
state is perturbed, these restoring torques set up a gravitational oscillation of the SIC
relative to the mantle.

This discussion has centered on conservation of angular momentum and the
measures D (= F G+Ty and D (=T S+T). Closely parallel statements can be made
concerning conservatlon of linear momentum and the measures d (= F G+T) and
d(=F, G+T) These bear on phenomena such as the Slichter mode, but are beyond the
scope of this article.

7.2. Gravitational oscillations

We start with a simple model of a gravitational oscillation and then elaborate on it.
Suppose that the gravitational anomaly (8c) is created by sources entirely within the
mantle, the CMB having no bumps, so that I'{*" = I'S_. Similarly, suppose the SIC is
spherical but has internal sources that above the ICB produce the gravitational
anomaly

Pl = X(ri/;”)3 sin” 6 cos 2(¢p — @), (;( > 0), (41a)

where ¢ is the angular displacement of the system from the stable equilibrium state
@ =0. This is sometimes called the misalignment angle. Equations (39a,b) show that

TG =-TG =r§sin2g, where I'§ =84 Ar}/3Gr (>0) (41b,c)

with A defined in (8c). These torques vanish for the stable minimum energy states ¢ =0,
7 (and also for the unstable states ¢ = :t%n). Small departures from a stable state satisfy

Cdg=2r5G 9. C2g=-2r5@—79). (41d,e)

where C (=7.12 x 10*" kgm?) and c (= 5.87 x 10**kgm?) are the polar moments of
inertia of mantle and SIC, respectively. These equations imply

CCdX(p — G) = —2TS(C + O) G — D). (410)
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which has a solution (for some constant )

¢ — ¢ = (@ — P)ax €08 0°(1 — 1), (41g)

where the frequency, », of the gravitational oscillation is
= [2C + Or§ /a2 ~ [2rg /012, (41h)

This example can be generalized to the case where the CMB and/or the ICB have
bumps Suppose the anomaly defined by (8c) is created entirely by CMB topography,
h= esm 0 cos 2¢. Since |h| < r,, the gravitational potential produced by the topog-
raphy i is, for |r — 10| > |h| the same as that of a surface mass distribution whose mass
per unit area is m = n A where 4 = p— P~ 434 x10°kgm is the density jump
across the CMB. Using the fact [see(2¢)] that g,.(r,) — &,(r,) = —4m G, for the surface
mass distribution, the gravitational potential it creates is continuous and may be written

A(r,/r)’ sin*6cos2¢, r=>r,
® = ’ 42;
{ A(r/ro)?sin® 6 cos2¢, 1 <r,, (422)
where A = —4nGr,m/5. This agrees with (8c) if

Ji = €sin’fcos2¢, where €= —5,21\/47rGr02. (42b,c)

This shows that the A in (8c) can be explained by topography on the CMB with a
maximum bump height, [€], of about 0.7 km. The anomaly is however usually attributed
to deviations in p’ within the mantle that are “frozen in” because of its high viscosity;
~"in the deep mantle (e.g. Schubert ez al. 2001).

In a similar way, the anomaly of (41a) could be produced entirely by topography on
the ICB:

i =Esin0cos2(¢p — ¢), where € = —5A/4nGriA. (42d,e)

This result will be useful below, although bumps on the CMB will be ignored: h=0.

Interest in gravitational torques and oscillations was sparked by Buffett (1996). He
envisaged an SIC in thermodynamic equilibrium with its environment, so that the
gravitational potential, @;(r) 4 @, (r,0,¢), is constant over its surface. Since €, < 1
according to section 2.2, [®,/®}| < 1 so that / can be derived by Taylor expansion.
This shows that @i(r;) + gh(0,$) + ®.(r;,0,¢) is approximately constant, where
g =—g; (r) = 3,®,(r;) (>0) is gravity at the ICB. It follows that

h=—&(r,0,4)/T = sin’ Ocos2p, €= —A(ri/r,)*/3. (43a,b)

It has been assumed that (8c) is the only anomaly present, except for the gravity
anomaly created by the topography h. Because A /p is small (x0.047), and

AJA = 4nGri /5% ~ 0.0034, (43c)

this only slightly perturbs the n glven by (43a), for which the maximum bump height,
|€], is only 50m for A = 1800m?s 2.

Now suppose that the SIC turns through an angle ¢. Its frozen-in topography turns
with it, to produce the gravitational anomaly (41a); see figure 7. As & = 0, the torque on
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Figure 7. Schematic showing an equatorial plan view through the core. The symmetry axis of the
SIC (dashed line) is displaced by the misalignment angle, ¢ = ¢ — ¢, from the equilibrium orientation
defined by the mantle gravity field (solid line). The displacement ¢ results in a restoring gravitational torque
between mantle and SIC.

the mantle is only gravitational, i.e. ffz with I'§ given by (41c) and (43c):
r$ =32mAA4%/15/4% ~ 6.7 x 10" Nm. (43d)

By (43d), the frequency of the gravitational oscillations is @“~4.8 x 107%s™!, with a
period of

= 2n/w" ~ 4.1yr. (43e)

(It should perhaps be mentioned that »“ is derived from T“fjjr (=-— fgjr), where the
topographic parts are not easily evaluated. If however one or other of these parts is
small, because the topography of that body can be neglected, the required torque on
that body is the gravitational torque alone, which is more easily evaluated. Therefore,
when T ¢FT was required above in deriving (43d), it could be obtained from —fﬁz,
because the CMB had been supposed bumpless.)

One of the limitations of these estimates arises from the discrepancy in the estimated
values of A. We have taken A = 1800 m> s, but Buffett (1996) used values of A=
1300 and 2300m?*s 2, taken from Defraigne er al. (1996) and Forte et al. (1994),
respectively. These dlffer by a factor of almost 2, which is unfortunate in view of the
quadratic dependence of (43d) on A If we take A = 1800 =+ 500 m s ~2, we obtain
€] =50F 14m, I'§ = (6.8 +3.4) x 10°” Nm, 0’=(4.841.5)x 10"*s™", and a period
of gravitational oscillation, P®=2n/w’, of 4.1 T 1.5yr. These estimates show that
gravitational torques are of sufficient amplitude to explain the observed sub-decadal
scale of the LOD variations. According to Buffett ez al. (2009), gravitational oscillations
are mainly responsible for the LOD variations shown in figure 1.

Equations (41d,g) imply

dg

~ ~ 2IY ~ .
Q= d[ QO + 6—w00(¢ - ¢)max sin wG(l - l())- (44d)
Slnce the second term on the right-hand side is small compared with the first, the LOD,

= 271/(2 is

ou’Y
P =P l—=—= (¢ - ¢)max sin (t - t()) . (44b)
C(J)GQ()
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The amplitude of the gravitational oscillation is therefore
(5_ qls\)max = néwGAP/FOGP% (440)

For AP =1ms, our estimates of Z, I g , and »° lead to an estimated maximum angular
separation of approximately 1.2° between the mantle and SIC from their equilibrium
alignment. This implies an inner core oscillation with a maximum angular velocity of

G(qb (;ﬁ)maX ~ 2°yr~!. This angular velocity is comparable to early estimates of inner
core rotation rate (e.g. Glatzmaier and Roberts 1996a, Song and Richards 1996) but is
significantly larger than recent estimates (Souriau 2007).

The oscillation of the SIC creates a variation of the same frequency in the
gravitational field at the Earth’s surface, r = r. The peak-to-peak variation in the radial
component is

124

i

Ag!(rg) = <’) (@ — §),,. ~ 4nGal. (44d)
This value is too small by roughly a factor of five to be detected by the GRACE satellite
system (e.g. Wahr et al. 20006).

Because I'® and I'T are smaller than I'¢ and I'" by a factor of order 107*, our
analyses centered first on I'C and I'". We demonstrated that the sum, I'6*7, of these
two torques vanishes for the minimum energy state, and is large only when the
deviations from that state are sufficiently great. Earlier, the topographic and magnetic
torques on the SIC associated with core turbulence were held responsible for changing
the relative orientations of the SIC and mantle. This turbulent torque is convective, and
is nullified by a tiny misalignment angle ¢. Equating a turbulent torque of the target size
and an adiabatic GT torque of 1.3 x 10%°%9 Nm (see (41b) and (43d)), we find ¢~ 0.5°,
This is in approximate agreement with the estimate ($ — @max = 1.2° obtained from
(44c). To within this angle, the mantle and SIC are gravitationally locked together, over
time scales short compared with those of the relaxation processes in the SIC described
in the last section.

At first sight, the idea of gravitational locking appears to be contradicted by the
geophysical facts. The early geodynamo simulations of Glatzmaier and Roberts (1995,
1996a,b) predicted that strong, prograde, zonal flows exist near the ICB; the EM
stresses associated with these flows, create a magnetic torque that causes the SIC to
rotate in the same direction as the adjacent flow and with a comparable angular velocity
(Aurnou et al. 1996, 1998, Roberts and Glatzmaier 1996a, Hollerbach 1998). Following
this, seismologists found evidence of a strong, prograde rotation of the SIC of roughly
1°yr~!' (e.g. Song and Richards 1996). Subsequent studies inferred rotation rates that
are at most an order of magnitude smaller than this; see Souriau (2007). To
accommodate a persistent drift between SIC and mantle, Buffett (1997) invoked the
first of the two inner core relaxation processes described earlier; the effect of the second
has never been properly assessed. However, any nonzero mean SIC rotation rate must
be reconciled with seismic observations of hemispherical SIC structure (e.g. Tanaka and
Hamaguchi 1997, Niu and Wen 2001, Cao and Romanowicz 2004, Deuss et al. 2010).
Recent models suggest that inner core convection may be able to explain large-scale
hemispherical structure (e.g. Alboussiere et al. 2010, Monnereau et al. 2010). It is still
unclear how such features can be reconstituted in the presence of a mean differential
rotation of the SIC.
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The most severe limitation of this analysis of gravitational oscillations may be the
neglect of electromagnetic stresses that couple the fluid within the TC. This may be
significant both because the frequency » is high and because the SIC is probably as
good an electrical conductor as the FOC or better; see Secco and Schloessin (1989). To
examine the effect of this coupling, we make the extreme assumption that the fluid in
the TC is locked to the SIC. Because the mantle is a poor electrical conductor, the fluid
in the TC is not well-coupled to the mantle (see section 8), so the entire fluid column
within the TC can rotate almost freely with the SIC about Oz. From the PREM model
of Dziewonski and Anderson (1981), we find that the moment of inertia of the fluid
within the TC is 2.12 x 10%° kgLn2 which, when added to C, gives CT¢=2.71 x
10¥ kgm?®. Using this instead of C in (41f), ¢ is lengthened from 4.1 F 1.5yr to

150 =21/ ~89F32yr, where 0. = [2(C+ CTOr§/CC™C)2. (44ef)

The coupling of the SIC and the TC is considered further in section 8.4.

8. The magnetic torque

8.1. Initial considerations

The main aims of this section are to develop further the ideas of section 3.2 about
torsional waves and to study their magnetic coupling to the mantle and SIC. Technical
complications are relegated to appendices B-D.

The magnetic force and torque about O on a body V carrying a current J are

FM = / Jx Bdv, I'M= / rx (Jx B)dv= / r[B.J — J.Bldv. (45a,b)
A\ A\ \

It is shown in appendix E that

(Jx B);=V;S}!, where S}/ = ug' (BB — 1B’5;) (45¢,d)

is the magnetic stress tensor. This enables F* and I'™ to be expressed as integrals over
the surface, A, of V:

! f [(n-B)B —1B’nlda, I'"' = L f [(n-B)r x B—1Br x nlda,  (45¢,0)
0JA Ho Ja

FM = —
jv

where the unit normal n to A points out of V. By (45a,f), equivalent expressions for the
axial torque are

1
™= f s(JxB),dv, TI'M=— % sBy(n- B)da, (45g,h)
\% Mo Ja

the latter holding for axisymmetric A only; otherwise the magnetic pressure, B*/2u,,
contributes. In the applications of (45h) below, A is assumed to be spherical and to be
either the CMB, S, or the ICB, S, so that n=1,. Because the magnetic Rossby number

Roy = V4/2Qr, = tA/T™ ~ 4 x 107, (46)
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is so small for the waves, it will be convenient to separate variables according to their
time scales as in (26b).

To evaluate the axial torques from (45 h), it is necessary to determine B on the CMB
and B on the ICB from (s, 7). It will become clear that this is not a straightforward task.
The first step is to solve the EM equations in the mantle and SIC.

The magnetic field, E, electric field E, and current density 7, in the mantle are related
by the pre-Maxwell equations (e.g. Davidson 2001 and section 3.2),

3B=—-VxE, J=06E, uJ=VxB, V-B=0, (47a,b,c,d)

where o is the electrical conductivity of the mantle. In view of the changes in reference
frame made below, it may be helpful to recall that B and J are frame-indifferent but that
E is not. Equations (47b,c) apply only in the mantle’s reference frame in which V=0
Ina frame in Wthh the mantle rotates with angular velocity C (= {1 ), (47Db) is replaced
by = o(E + VxB) where V = C xr. From (47a—c),

106E = VxB, 8B =—Vx[(1y5) 'VxB]. (A7e,1)
Since the CMB has been supposed spherical, solutions to (47e,f) must satisfy
By =By, Eu=Eu, atr=r, (47g,h)

By (47a.h), 8,(n-§) = 0d,(n- B on S.If (as we shall assume) n+B = n-B holds at t=0, it

holds for all 7. However, this last condition is not included in (47g,h) in order to make

its four scalar conditions independent. This is also why r+J = n-J is not included; it is

implied by (47¢,g). We have ignored the possibility of thermoelectric or electrochemical

potential differences on the contact surface S, which would lead to discontinuities in Ey.

In the context of torsional waves, (47g,h) are satisfied by means of boundary layers.
We shall assume that the mantle is electrically conducting in the layer

ro<r<ry=r,+d. (471)

In the insulating region V" above this layer, the magnetic and electric fields are denoted
by B  and E*, where B*=—VW is a potential field; W obeys Laplace’s equation and is
O(r2) for r— oo. As for (47g,h),

B, =By, E}=Eu, atr=r. (47j.k)
8.2. Modeling conduction in the mantle and SIC

To make progress, it is necessary both to model mantle conductivity and to consider the
way its spatial distribution affects the relationship between E and B on the CMB.
Some results will hold for general & = o(r, 0, ¢). In all cases, a significant quantity is the
mantle conductance,

-~ rl
S0.00= [ 50000 (48)
I'o
which is a constant when & depends only on r.

So little is known with any degree of certainty about & that it is common practice to
assume something simple and convenient; sometimes only the conductance is specified,
usually in the range 10’ S < ¥ < 10°S. But the spatial distribution of the conductivity
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has a considerable effect on solutions of (47f). Suppose B on the CMB is characterized
by horizontal time and length scales, 7 and L. Associated with £ is the EM diffusion
time, 7,, quantifying how rapidly a field B of scale £ in the mantle can change.
Associated with 7 is the EM “‘skin depth™, dn, quantifying how far Band E varying on
that time scale can penetrate from the FOC into the solid mantle; at high frequencies
|w| =2m/T, this is only skin-deep, so giving d, its name. These quantities are defined
here by

dy = Qlolues,) 2 =@,T/m"2, T = wd.L2 = L2/7, (49a,b)

where o, and 7, = 1/u¢0, are values on the CMB.

The following discussion is intended to apply principally to £ and 7 relevant to the
magnetic coupling of torsional waves to the mantle and SIC. The principal wave modes
have wavelengths comparable with r,. Attention therefore focuses on L =0O(r,).
(Indeed, it was seen in section 3.2 that, unless £ > V,/Q~0.3 km, torsional waves do
not exist.) This suggests that a useful approximate treatment of conduction in the
mantle associated with torsional waves is the long length scale approximation:

d< L, dy <L, (50a,b)

the second of which implies 7 < T,,.

In the reference frame of the mantle, consider the Fourier component of b
proportional to e, By (50a,b), the horizontal derivatives in (11d) and (47f) are small
and can be discarded in a first approximation, so that (suppressing the 6 and ¢
dependences, which are implied)

N ~ .
A o~ 2
Br o IBH iy = — 250 (51a,b)
or or? dﬂz
where ¢ =sgn(w). In the same approximation, (47b,c) give
,LL()E)'\?H = a— 1,, X/I;H. (510)
or
These equations imply
bi(r) = bi(ro), (51d)
bu(r) = bu(ry) cosh & — (juo> /7)1, x eu(r,)sinh &, (5le)
2u(r) = eu(r,) cosh + (&/po2)1, x bu(r,)sinh&, (51f)
where
F—a-ig(=l) =a("20). s=Em=0-i02 (51g.h)
= — — = s = 1) = - =. ’
d, d d,

Further simplification is possible in two cases:

(1) The thin wall approximation d < d e 0< || « 1
This is often used in modeling laboratory MHD experiments; see e.g. Miiller
and Biihler (2001). Starting with Glatzmaier and Roberts (1995), it has been
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frequently adopted in studying mantle conduction. The approximation is
easily understood. For d « Zj\” the horizontal electric field, ey, in the
conducting layer is almost independent of r, and it creates a horizontal electric
current of den51ty j = 0 ey so that, in the layer of thickness d, a net current of
J=dceyAm s trapped across which t there is a finite ] jump in b.

It may be helpful to write b=b"+b', etc., where b’ = —Vw is the
magnetic field present everywhere in an 1nsu1at1ng mantle, and b’ is the
magnetic field due to mantle conduction. Obviously the effect of the mantle’s
conducting layer disappears as d — 0 unless simultaneously & becomes large.
The thin layer approximation posits that ¢ — oo as d— 0, in such a way that
3 remains finite. Then T becomes a surface current that, by (47c¢), creates a
discontinuity in bH of o T x1, = /1.02 ey x1,. This follows directly from
(51e.f) which show that, in the limit & — 0,

() =2[(0), BL() =b{y(0) — w31, x @(O)(r —ro)/d.  (52a.b)

apart from O(w?) errors. Therefore

B(ry) = —Vw(r,) + 021, X eu(r,). (52¢)

We shall require this later in a reference frame in which the mantle rotates
with angular velocity ¢, so that (neglecting terms in the square of the wave
amplitude)

B(ry) = —Vw(r,) + po2ll, x eu(r,) + sB™(r,)C1,). (52d)

The ohmic d1$Slpation per unit area of CMB due to mantle conduction is
q,= 2|Z( 2n)’l. (In full, the horizontal electric field of the wave is
Re(ey(x)e ) = [eH(x)e ot + e (x)e“‘"], where the star denotes the com-
plex conjugate. Therefore |eH| |eH(x)|2 + oscillatory terms. When
averaged over ¢, this leads to the eggpression for Z]‘n above.)

The high frequency approximation d,, K d, i.e. |@| > 1

We shall use this approximation in section 8.4 to evaluate the magnetic
coupling of the SIC to the fluid in the TC. We therefore transfer to the
reference frame of the SIC and introduce the analogues of (49a,b):

dy = Yoluwd) " = (FT/m'2, 7, = ns? = L7, (53a.b)

where & is the conductivity of the SIC, assumed uniform. For ¢ = o and w4 =
3x 1078571, (53b) gives d, ~ 10 km. Since d < rj, the fields b and @ induced
in the SIC by the varying b and e on the ICB die out exponentially fast with
increasing r;—r and have effectively completely disappeared when
ri—r=0(d,), a distance much less than d (=r;). Thus the results are
independent of d; the relevant conductance, X, of the SIC is complex and is
defined by

=11 +i9)5d, = (1 +15)(F/2uolw))' . (53¢)

It is helpful to write B=B" +Z, etc., and again to think of the current,;':
created by the wave as being trapped in a boundary layer whose thickness is
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g,,, and for which the stretched coordinate is E: (1 —19)(r; — r)/g,,.
Since b, — 0 as £ — oo,

bu(®) = bu(0) exp(—8), Tu(®) = 2u(r;) exp(—£), (53d,e)
and (47b,c) give

j = Mogzﬂ = —1, X dEZH = l,A X ZH. (53f)

We shall require this later in a reference frame in which the SIC rotates with
angular velocity ¢, so that (neglecting terms in the square of the wave
amplitude)

bu(r)) = —po2[1, X eu(ry) + sB™(r)C14). (53g)

In contrast to the thin wall approximation (see (52d)), a complex constant
relates by to €y; see (53f,g). This is because the coupling exists only through
EM induction. In the thin wall approximation induction is unimportant;
currents leaking from the core alone couple it to the mantle. The ohmic
dissipation per unit area of ICB is ¢, = %|Z(?H)2|.

In sections 8.3 and 8.4, we shall meet boundary layers within the FOC in contact with
the CMB and ICB; see appendix D. These have some similarity with the one considered
above. Its thickness is d,, and its conductance is X, defined as in (53a,c) with o replacing
o, is complex:

dy = Glolpoo) ™%, X =51 +ig)od, = (1 +ic)(o/2uolw]) . (53h.i)
It too hosts a similar surface current, J, that dissipates energy ohmically at the rate
q,= O(1Z(én)?|), per unit area.

Intermediate between the two extremes of the thin wall and high frequency forms of
the long length scale approximation is the case (51d—f) of nonzero but finite d/d,, in
which the fields induced in the solids by the fields on the boundary, partially penetrate
and are partially absorbed by the conducting layer. The theory in this more general case
follows the same lines as above, but will not be pursued here.

Several simple forms for ¢ have been proposed in the literature, and we now contrast
two of them. Buffett ez al. (2002) inferred from their studies of diurnal nutation that d is
only 200 m and that 5,23 x 10°Sm™', which is comparable to the core conductivity o,
so that for d, <10km for w =3 x 1078 sfl.AThe long length scale approximation is good
for most practical purposes and, as d < d,,, its simple thin layer form should also be
accurate. In contrast, the laboratory experiments of Ohta er al. (2008) suggest
6, =100Sm™" and d=3 x 10°m; see also Yoshino (2010). This gives dy, =2 x10°m,
so that the long length scale approximation has dubious validity. Although these
extreme models strongly differ, their conductances are similar: > =6 x 10’S and
3 x 107S. It is still unclear whether in reality the mantle conductance is as small as this.

As the thin layer approximation may be an inaccurate means of studying torsional
wave coupling for mantle conductivities of Ohta er al. type, alternatives are worth
considering. For some choices of &, solutions to (47f) can be derived analytically (e.g.
Roberts and Lowes 1961). For more general &, accurate solutions require numerical
integration. The common practice (also adopted below) is to apply the thin layer



Downloaded by [University of California, Los Angeles (UCLA)] at 00:35 13 March 2012

Core-mantle coupling 191

approximation regardless of whether the conditions required for its validity are satisfied
or not. This is based on the hope that, even if the conditions are unsatisfied, the
resulting loss of accuracy is no greater than that due to the inherent uncertainty in o.
In contrast, there seems little doubt that the conditions required to validate the high
frequency approximation for the coupling between torsional waves and the SIC are
well-satisfied.

8.3. Torsional wave coupling to the mantle

We continue here the discussion of torsional waves initiated in section 3.2 where a
simple form of the theory was presented; the full theory of small amplitude waves in a
dissipative core is derived in appendix B. When the waves ride on a purely axisymmetric
Taylor state (B™ = B""), and when ohmic dissipation is ignored, they are controlled by
the canonical wave equation (25), which is the simplest form of the theory. It is however
of limited interest here, as it excludes the coupling of the waves to the mantle that
creates I''. We commence our discussion with (25) and its difficulties, and initially
ignore the existence of the SIC.

Equation (25) also governs waves on a stretched string having a mass per unit length
of m(s) = pos*A(s)/r> and a tension of mf(s) Vi(s), both of which vary along the
string and vanish at its ends, because m(0) =m(r,) =0. As for the stretched string, one
can hope to determine the natural frequencies, w, of the torsional waves by seeking
non-trivial “normal modes” in which ¢ o« e7'";

dy[s>A(s) V2 (5)d,8] + &’ s> A(s)¢ = 0. (54)

Since m(0) =m(r,) =0, (54) has regular singularities at both s=0 and s=r,. One can
hope that one solution of (54) is bounded at s =0, and that one is bounded at s =r,. By
finding »® which makes these two solutions proportional to one another, one can
hopefully determine the eigenvalues, w, and eigenfunctions and then solve (25) as a sum
of normal modes of (54).

The search for solutions to (54) was initiated by Braginsky in his famous 1970 paper.
Since then, his numerical work has been greatly extended, e.g. see Zatman and Bloxham
(1997), Hide et al. (2000), and Dickey and de Viron (2009). In particular, Hide et al.
(2000) demonstrated that even a low order truncation of (54) can give useful
information. So far most research has focused on torsional waves in a non-conducting
mantle, but some authors have followed Braginsky (1970) by assuming o # 0, e.g.
Buffett (1998) and Jault (2003).

When magnetic diffusion is ignored so that magnetic coupling to the mantle does not
exist, one solution of (54), which we call the “‘exceptional mode”, is { = {, = constant; its
eigenvalue is w =0. When a solution of (25) is expressed as a sum of normal modes, its
exceptional part carries the entire axial angular momentum of the waves:

o

ML) = po /0 "2 As)e(s, 1)ds, (55)

i.e. M. =0 for all modes apart from the exceptional one. For these, solution of (54)
encounters an inconvenient obstacle: no physically acceptable solution of (54) exists
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when B is axisymmetric because then both solutions of (54) are unbounded at s =0; see
appendix C. Two theoretical remedies have been advocated:

(a) Adding geometry. Assume that the SIC and the TC are locked together in
solid-body rotation about Oz (Braginsky 1970). This excises the singularity
of (54) at s=0 by applying that equation only in r; <s<r,;

(b) Adding physics. Restore core viscosity, v or vy (Fearn and Proctor 1987). This
diminishes the severity of the singularity though it does not remove it; see
appendix C. Since v/V, o<1, large ¢ may exist in a narrow pencil
surrounding Orz.

Although numerical solutions can be obtained if the singularity is ignored, they are
valueless since, as the level of numerical truncation is increased, the answers they give
become increasingly inaccurate instead of the reverse. Possibility (b) has not been fully
investigated; most research has focused on option (a).

A geophysically more reasonable way of evading the obstacle is by returning to
general, non-axisymmetric B™. Then the planned solution of (54) succeeds.
Appendix C gives two examples. Equation (25) is not, however, the correct
equation governing ¢ for general B™, for which (25) is augmented by two additional
terms, one of which already appeared in (24c); both are evaluated in appendix B.
They exist because, when B™ is not axisymmetric, b emerges from the core as b .
This couples every geostrophic cylinder to every other, creating a nonlocal angular
momentum exchange between them. Most studies of torsional waves omit the
additional terms. In an example analyzed in appendix C which ignores mantle
conduction, they only have a small effect. Plausibly, this is generally true though it
is has not been established. It is found below that the additional terms are
significant when the mantle is a conductor.

Once magnetic diffusion is restored, further difficulties arise that will be investigated
below. In view of all these theoretical obstacles, the reader may wonder whether
computer simulation might not provide a simpler approach. It is difficult however to
discern torsional waves in geodynamo simulations. This is because geophysically
realistic magnetic Prandtl numbers, P,(=v/n), are still unattainable in geodynamo
models. The importance of viscous damping of torsional waves can be assessed by
the ratio

ta/tsu = (V)2 )V 4 = \/ (P/A). (56)

This is the ratio of the Alfvén crossing time scale 7o =r,/V s to the spin-up timescale
TsU =To//(V2); see Roberts and Soward (1972). Its value is small for the Earth,
Ta/Tsu=0(107%), but inconveniently large in simulations, ta/rsy =O(1). For recent
numerical simulations, see Wicht and Christensen (2010).

When diffusion of v and b is included, the equation governing ¢ is changed yet again,
and its eigenvalues w acquire negative imaginary parts, corresponding to decay. If
electrical conduction in the mantle is also included, there is a magnetic torque, I M
coupling the core to the mantle, so that M is no longer conserved though M+ M is,
where M is the axial angular momentum of the mantle. Our next objective is to quantify
the ohmic dissipation and to evaluate fé” .
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The solutions described above and in section 3.2 do not obey physically realistic
boundary conditions; v does not satisfy the no-slip conditions and b does not obey
(20b,c). If viscosity is restored and the no-slip conditions are imposed, a thin Ekman
layer is added at the CMB that traps a jet of fluid that travels along the CMB and
exchanges mass with the main bulk of the core through Ekman pumping proportional
to E'2. This creates viscous coupling to the mantle and causes the amplitude of the
waves to be damped on the spin-up time scale, of order 10*yr; see Roberts and
Soward (1972). This is so long compared with 7, that viscosity and the no-slip
conditions can be ignored.

More significantly, the waves are also damped by ohmic diffusion in the core.
This creates a boundary layer of Ekman—-Hartmann (EH) type; see e.g. Dormy and
Soward (2007; §3.2.3). This layer is simplified here because £=0 has been assumed
above. We distinguish it from the EH-layer by calling it a magnetic diffusion layer
(MDL) though, like the EH layer, its structure is affected by Coriolis and Lorentz
forces and depends on the Elsasser number (17b). See Braginsky (1970) and
appendix D. The thickness of the MDL is d,, given by (53h). It traps a jet of electric
current that travels along the CMB. When the mantle is conducting, the layer passes
current from the main bulk of the FOC to the mantle. A further time scale, 7,
emerges that is very much smaller than gy and is estimated below. The Lorentz
force of the current layer propels a surface mass flux that affects the angular
momentum balance; see appendix B. This surface motion may tend to mask what is
happening deeper in the core on torsional wave time scales, and may make the
inferred core surface velocities untypical of the rest of the core. R

The MDL plays a vital role in linking ¢ in the main bulk of the FOC to b on the
CMB. It is therefore indispensable in determining T™M. At the CMB, where B,~0.5mT
and A ~0.07, the prevailing magnetic field, B™, which defines A, therefore has very
little effect on the MDL, which is controlled almost entirely by Coriolis forces and
magnetic diffusion. In contrast, the ICB hosts an MDL in which B may be even an
order of magnitude greater than 5, so that 4> 1 and Lorentz forces are too significant
to ignore; see section 8.4. R

In the case of the CMB, it is shown in appendix D that e and b on the CMB are
related to their counterparts, e and b, beneath the MDL by (D.10b) and (D.11a) or
equivalently:

/b\H—i-pL()erX/L’\H:bH—i-MoZl,-XeH onr=r,, (57)

where X is the (complex) core conductance defined by (53i1). When (57) is combined
with the thin layer approximation for mantle conduction (52d), it is found that

by = [ZbY, + 2by — 110Z2sB™ (¢ — D14)/(Z+2) onr=r,. (58)
The first term on the right-hand side of (58) does not contribute to fM, and

for simplicity we retain only the last term on the right-hand side of (58), which
creates

= fo " o ADE)(¢ — T)ds. (59a)
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where

~ 'S ZZ
D(s) = B™) 1~ ~d 59b
0 =SSPl (59b)

In (59a), N&S signifies evaluation on the rims of C(s) where it joins the spherical caps
N and S see section 3.2. Reciprocally, D(v) creates a torque not only on the mantle but
also on each C(s), so that (25) becomes

¢ 0 2 ()12
a2t ()—(C o~ A()a[ A@)V5(s) } (59¢)

The inclusion of the term involving 5(s) in (59¢) adds what may be the most significant
part of wave coupling to the mantle and to the ohmic losses. We use ~ in (59¢) to
indicate that it is not the full wave equation of appendix B.

Partnering (59c¢) is the equation of motion of the mantle

dM; _ ~dl_ T = / " posA(s)D(s)(¢ — D)ds. (59d)
dt dt 0

On multiplying (59¢) by poszg(s) and integrating over s, it is seen that

dMm.
ds

__ / " ot A)D(s)(E — Dds = —TM. (59)
0

Evidently (59d,e) assure conservation of the total angular momentum M.+ M..

One might have expected that the coupling of the waves to the mantle would depend
solely on the mantle conductance, Z but in its place the combination ) /(2 + Z) has
appeared in (59b), involving the complex core conductance 2. This arises because of the
intense currents flowing in the MDL whose Lorentz force reduces I ™ | by a factor of
12/ 4+ Z)| Numerically, |£|~3 x 10° S, which is comparable with 3. The damping of
torswnal waves is often attributed to conduction in the mantle but, if we assume
that |ey|” is the same in our earlier estimates of ¢ qy and g, q, they are in the rat10 of the
conductances, the total ohmic dissipation per unit area then being 2I(Z + Z)eH| The
ohmic losses in the MDL may therefore be significant. As the effect of core conductance
may be masked by other geophysical uncertainties, we shall use 3 in place of
Zf/(Z + E) in making rough estimates below. It is probable that, by doing so, the total
ohmic damping will be underestimated and the torque on the mantle overestimated.

As already mentioned, the ohmic losses in the mantle and MDL impart negative
imaginary parts to the frequencies, w, of the normal modes of the coupled equations
(59¢.,d) that cause the corresponding eigenfunctions to evanesce in the e-folding time,
7, = 1/[Im(w)]. We make two approximations leading to a rough estimate of 7,. First,
we take B)'(r,,0,¢) = Bycos0, corresponding to an axial dipole of polar strength Bo;
second, we replace D by its average over s so that the solutions of (59¢,d) are functions
of t alone. Then

Cdl=rY=T¥(¢-0), Cd¢=-TYc-D, (60a,b)
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where C=9.14 x 10*®kgm? is the axial moment of inertia of the core when rotating as a
solid body, and

TY =873 B2/15, (60c)
which is 6 x 10>’ Nms for 2 = 108 S and By=0.5mT, and leads to the estimate

T Ca ~ £ Lol
"TTMC+O) TV B

~ 64yr, (60d)

which is much less than rsy and 7, but is greater than the time taken by the waves to
cross the core, which is to =r,/Va®6yr, for B=2mT.

In section 1, LOD data led to the estlmate 8; ~ 3 x 107257 If a torsional wave is
responsible, (60d b) suggest that ¢— ¢~ (C+C)/C~2x 1071's™! so that
ro(¢ — )~ 7 x 10> ms~", which is less. thdn but comparable with, the inferred core
surface flow. The ohmic dlss1pat10n Q of the waves is Q 1FM(§ 7 ~ 1MW,
which is far smaller than Q. According to this estimate of ¢— E and (60c),
I T™ ~ 107 Nm. This can be increased to the target torque, by taking 3 ten times
blgger but then 7, is only 6 yr. This illustrates the magnetic coupling paradox. On the
one hand, ¥ must be large enough to create a torque FM of target size, 10" Nm. On the
other hand, if 3 is too large, mantle conduction will quench the waves before they can
cross the core. We introduce the paradox parameter:

HZTAEEi/,OorOZ‘CA/?ﬂ. (61)

There is a window for 2, that may be narrow or non-existent, in which fﬁ” is large
enough to explain variations in LOD by torsional waves, but simultaneously is small
enough to ensure that [1>1 so that the waves are not overdamped by ohmic
dissipation. According to the admittedly imprecise, order of magnitude estimates made
here, the window is non existent. For the target torque to be reached or exceeded,
221.2x10°S, but IT>1 requires X <1.1 x 10°S. There is clearly a substantive issue,
but one not convincingly resolved by the order of magnitude arguments made here.

One might hope that a more satisfactory treatment of the specific issues raised above
will emerge in the near future through more complete data coverage, leading to a
reliable torsional wave spectrum. This objective is complicated through the existence of
gravitational oscillations of similar period, and interaction of the two wave motions is a
strong possibility (Mound and Buffett 2003, 2005). Plausibly ohmic diffusion in the
MDL and mantle damp the wave motions together. The recently discovered short time
scales of core surface motions (Olsen and Mandea 2008, Finlay ez a/. 2010) may provide
useful clues.

An even more puzzling question concerns torsional wave generation. If, as appears
likely, the waves are heavily damped by both the MDL and the mantle, one must ask
what power source makes good those losses. No definitive answer has been given to this
key question. Core turbulence is often held responsible, directly or indirectly, through
the Reynolds magneto-stresses it exerts on the SIC or TC. In the latter case, the driving
of both torsional waves and gravitational oscillations is likely to be a complex, coupled
process. Interestingly, Buffett ez al. (2009) find evidence for torsional wave generation
near the TC.
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8.4. Torsional wave coupling to the SIC

The argument that led to (59¢,d) supposed that the SIC did not exist. The following
simplified discussion assumes conversely that there is no magnetic coupling to the
mantle. See also appendices B and D.

As in the last section, the key is the simplified EH layer that links ¢ in the main body
of the FOC to the electric and magnetic fields, ¢ and b, in the SIC. It has already been
pointed out that the Elsasser number, A, at the ICB plausibly exceeds unity. If it is
large, appendix D shows that bis simply related to h. From (D.12f),

b¢ = by 4+ A" pgZsB™N¢ —2) onr=r;, (62a)

where ¢ is the angular velocity of the SIC. The second term on the right-hand side
makes a contribution to I'M of

™ =4 '/sz s2(B™)?(¢ — ) da, (62b)

where for simplicity it is assumed that both the geostrophic cylinders ¢V and CS
introduced in section 3.2 have the same angular velocity, ¢. The balancing torque on
these cylinders, required to ensure conservation of angular momentum, is

)
1/2115% ﬁ _(B™d¢, (62c.d)
N&S

5(s)(§ —7), where ﬁ(s) =A"

z1

where A = 47s(z) — z2) is the combined areas of CVand C¥and z, = V (r? —s%); similar

to what appeared in (59b), N &S signifies that the integral is taken over the rims of
the spherical caps where C5 and C" meet the SIC. For s<r; (59c¢) is replaced by

3¢ )
R R A e (62)

where V2 is the geostrophic average of (B.T) /uopo over CY or C5.

Equations (62b—d) can be used to shed light on a topic that has arisen several times in
this article: the magnetic coupling of the SIC and the TC. For the same simple example
of uniform ¢ and a dipolar field, (62b) gives (omitting for simplicity a factor of 14 ig
and taking A =1)

™ =TM¢—7), where I'Y = 4m5d,B2/15, (63a,b)
so that, for By=5mT, I’} ~ 2 x 10* Nms. This large torque acts on the SIC whose
moment of inertia is less than C/1000. The corresponding coupling time, 7,, is therefore
very much less than 7,,. An equation analogous to (60d) gives
. T

Ty = ~

m Tt ~ 4 d'dys. (630)
0

This geophysically short response time supports, but does not directly verify, the belief
that the TC responds as a solid to torsional waves of sufficiently long period.

It is seems clear from (63c) that the magnetic coupling between TC and ICB is
extremely tight at frequencies of order w and smaller. There is also a good reason for
believing that frictional coupling is strong too. Loper and Roberts (1981) argued that
the freezing of the inner core described in section 2.1 is so rapid that the ICB is, in the
language of metallurgy, constitutionally supercooled. Such a surface is rough, being
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populated with channels (aka “‘chimneys’), where light material released by subsurface
freezing is ejected into the FOC. The concomitant enhancement of momentum transfer
has not been properly quantified but plausibly greatly enhances that of viscous traction.
See particularly Le Mouél et al. (2000).

9. Synthesis

We have analyzed the various ways in which Earth’s core is coupled to the mantle and
have estimated the amplitudes of these couplings in order to show which may plausibly
explain the available LOD data. In the first section, we provided observational evidence
for core-mantle coupling. We showed that Earth’s rotation rate has a roughly semi-
decadal time variability, such that the LOD fluctuates at thems level. To explain these
LOD fluctuations, an internal coupling must exist between the mantle and the core that
provides torques of order 10'® Nm. To explain the LOD observations, we need to make
mechanistic models of core-mantle coupling. To build these models, it is necessary to
understand the essential processes underlying core dynamics. These essentials are
discussed in sections 2 and 3; they are used in the subsequent text to estimate the
strength of various coupling mechanisms, including the viscous, topographic, gravita-
tional and electromagnetic torques.

Analysis of the four coupling mechanisms reveals a complex picture. Three of the

four are capable of producing the observed LOD variations. Only the viscous torque,
I'T, seems to be too weak to explain the LOD signal. This is true even when we allow for
the enhanced coupling that turbulence can provide.
Convective topographic torques, fgz, are created by flow over bumps on the core-
mantle boundary. Their importance is uncertain. Within our present knowledge, I’ T
may be 0 Nm or it may be O(10'®) Nm or greater (cf. Kuang and Bloxham 1997, Hide
1998, Jault and Le Mouél 1999). Currently, little is known about how core turbulence
interacts with mantle topography. Two conflicting arguments have been advanced. One
focuses on the smallness of the Ekman number E, a dimensionless number quantifying
the ratio of viscous and Coriolis forces, estimated to be of order 10~'° in the core.
It claims the flow around a topographic bump cannot create a torque when E=0, the
inference being that the torque vanishes as £ — 0 and is therefore small for E~ 107"
However, the other argument estimates large topographic torques even when E~ 1072,
These arise from the turbulent stresses that develop in the high Reynolds number flow
occurring in the core. The Reynolds number, Re, is the ratio of inertial and viscous
forces and is estimated to be Re=Ro/E~ 10” in Earth’s core, where Ro is the Rossby
number, a dimensionless measure of inertial force relative to the Coriolis force. Future
studies of strongly turbulent (Re 3> 1), rapidly rotating flows (Ro « 1) in the presence of
boundary topography will dispel present uncertainties about the strength of the
convective topographic coupling mechanism.

We have shown that the adiabatic topographic torques and adiabatic gravitational
torques act together to remove any misalignment between equilibrium position of the
SIC relative to the mantle. These restoring torques are responsible for mantle-SIC
gravitational oscillations. For an SIC uncoupled from the fluid in the adjacent TC, we
estimate a gravitational oscillation period of the mantle-SIC system to be 4.1 years. If
strong EM coupling exists between the TC and the SIC, the gravitational oscillation
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period increases to 8.9 years. Both of these oscillation periods are in qualitative
agreement with the semi-decadal LOD variations.

The above estimates of the gravitational oscillation period vary significantly
depending on the physical assumptions under which they are derived. For example,
few mantle models exist which explicitly estimate how the mantle gravity field perturbs
gravitational equipotentials in the core, described here by the parameter A in (8c).
Following Buffett (1996), we make use of two models to estimate A and they differ by
a factor of roughly 2. Lastly, the period of gravitational oscillations and I'Y depends on
the thermo-mechanical properties of the SIC (Buffett 1997, Aurnou and Olson 2000,
Dumberry and Mound 2010). To date all models have focused on viscous relaxation of
the SIC back toward its equilibrium position. No detailed treatment has been carried
out that elucidates how a displaced SIC relaxes back to its equilibrium alignment
through melting and freezing. Relevant material appears in Fearn et al. (1981), Morse
(1986), Alboussiérre et al. (2010) and Monnereau et al. (2010).

Electromagnetic processes also appears capable of explaining the LOD signal: a
simple model of torsional waves traversing Earth’s outer core gives periods of order
6 years; see (26a). The more complex models developed in the preceding section, based
on the seminal work of Braginsky (1970), show that the magnetic torque, I'M, due

to currents leaking from the core into the mantle is proportional to fg, where
2 is the mantle conductance and B is the field strength on the CMB. Further, we have
developed a model for the MDL that exists below the CMB. Significant ohmic diffusion
occurs in this layer, which appears capable of damping torsional waves as effectively as
dissipation in the lowermost mantle, as discussed in section 8.3. The magnetic torque is
shown to be able to reach the target torque of 10'®Nm. The associated ohmic
dissipation in the mantle and MDL is responsible for damping the waves and is roughly
proportional to /Z\Ez This poses a magnetic coupling paradox: a large value of /Z\Ez
creates large torques but damps the waves too rapidly; small f@z leads to
small damping but weak torques. Our results also indicate that the inner core is
strongly coupled to the TC fluid on decadal time scales. Similar to our estimates of I'.7
and 'Y, our assessments of I' vary significantly with the detailed assumptions of the
underlying physics.

We have shown that the topographic, gravitational, and magnetic torques all have
significant uncertainties in their amplitudes. Within these uncertainties I'’, I'Y and '
all appear capable of explaining the semi-decadal LOD signals. These coupling
processes may therefore be convolved. The recent model of Buffett ez al. (2009) allows
for this convolution and argues that the gravitational torque is dominant. In contrast,
Gillet et al. (2010) identify a decadal oscillation in a time-dependent model of the
geomagnetic field, from which they infer that torsional oscillations in the outer core
fluid can explain the LOD observations without strong gravitational coupling.
Improvements in data and modeling of Earth’s rotation (e.g. Gross 2009), the
geomagnetic field (e.g. Hulot ez al. 2002, Jackson 2003), core seismology (e.g. Dai and
Song 2008), and the time-variations in the gravity field (e.g. Velicogna and Wahr 2006)
will all prove important in testing these core-mantle coupling arguments.

This article has focused on explaining variations in LOD that are due to internal
coupling between the mantle and core. This coupling produces changes primarily in
the axial angular rotation rate, 2., on semi-decadal time scales. Detailed measure-
ments now exist of variations in Earth’s full rotation vector on many time scales



Downloaded by [University of California, Los Angeles (UCLA)] at 00:35 13 March 2012

Core-mantle coupling 199

(e.g. Gross 2007), with different frequencies and directional components providing
information on different geophysical phenomena (e.g. Mathews ez al. 2002).
Furthermore, measurements of the magnetic field and of the components of the
angular velocity now exist for other planets (e.g. Margot et al. 2007, Uno et al. 2009),
and will improve in quality in the coming decades. Such measurements will encourage
the development of improved models of deep interior structure and dynamics in
planetary bodies throughout the solar system (e.g. Tyler 2008, Noir et al. 2009,
Goldreich and Mitchell 2010).
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Appendix A: A simple core model
We discuss spherical and aspherical models of the core throughout this manuscript. For
illustrative purposes, in this appendix we construct a simple spherical reference state
that represents the FOC reasonably well.
By (2d.e) and (3a)
o) = —dpt/d®S. where V2@ = 47Gp,(PS). (A.1a,b)

This nonlinear system is easily solved if it is assumed that p} depends quadratically
on @’

Ph=po— po® + F(®), ol = py — 2FP;, (A.lc,d)
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where pj, pp and F are constants. This implies that

PS =Py +(p})*/AF, where Py = py — pp/4F, (A.le,f)
and (A.1b,d) give
(r®d%)" = 4nGpor — 8nGF(rd;), (A.lg)
so that
® = 5—; 4 sinar t Neosar) = (here a = o/ (87GF), (A.1h,i)
L and N are constants. It then follows from (A.1d) that
P, = —=2F(Lsinar + Ncosar)/r. (A.1))

According to the PREM model of Dziewonski and Anderson (1981) and ak135 of
Kennett et al. (1995), p(r,) =136 (135)GPa, p(r)=329 (328)GPa, p(r,)=9.90
(9.89) x 10°kgm™ and p(r)=12.2 (12.2)gem >, where the akl135 values are in
brackets. We fitted the PREM values to (A.le) by choosing

F=6.4646 x 10 kgm™s>, Py = —243.5GPa, (A.2a,b)

so that ¢=3.2927 x 10~"m~". The PREM values of p(r,) and p(r;) above and (A.1j)
determined the constants L and N as

L=-29233x10"m’*s™2, N=-55139x 10"'m?s72. (A.2¢,d)

The resulting g°(r,) = 10.66ms 2, g°(r;,) = 4.58ms 2, and AP, = (o) — Pi(r;) =
1.750 x 107m?s™? may be compared with the values from the PREM and akl135:
2 (r,) = 10.68 (10.68) ms =, 3(r) =44 (44)ms 2, and AP, =1.741
(1.742) x 10" m*s2. Without doubt, a better fit to the core could be obtained by
recognizing that in reality o} depends nonlinearly on @°; see Figure Al. However, the
model would no longer be simple and (A.lb) would then have to be integrated
numerically. It is also doubtful whether the differences between our values and those of
PREM or akal35 are geophysically significant.

Appendix B: Dissipative torsional waves

The derivation of the equation governing torsional waves is reviewed here, with
emphasis on diffusive effects within the SIC and its bounding walls, Since we shall
disregard all except magnetic torques, electrical conductivity is totally responsible for
the coupling of the waves to the walls and for their dissipation. We split off the waves
from the underlying Taylor state by using the representation (26b), with »* replaced
by »; similarly for other variables. We simplify initially by ignoring the existence of the
inner core.

Consider first the main effect of viscosity on the waves. One might at first think that
this will damp the waves on a time scale of 7, = r2/v = Q7'E~! ~ 10! yr. This time is
gigantic because of the smallness of the Ekman number £ = v/Qrg ~ 107 (or 10~% ifa
turbulent viscosity is assumed, though here we assume laminar flow). In fact, 7, is
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Figure A1. Radial profiles of (a) pressure, (b) gravitational potential, (c) density, and (d) gravity for ak135
and PREM plotted versus our adiabatic core model.

irrelevant for phenomena forced on time scales short compared with 7,. Then
the potency of viscosity is restricted almost entirely to an Ekman layer of thickness
d,= /(v /Q)~ 10 cm, within which the viscous dissipation per unit volume is enhanced
by a factor of order (r,/d,)*. As this boundary layer occupies a fraction d,/r, of
the fluid volume, the total dissipation is increased only by a factor of about r,/d,
as d,— 0. Correspondingly, the time scale of wave damping is reduced by the
same factor to roughly tsy=r1,d,/r,~3 x 10° yr. Since this is again much longer
than t,, it continues to make sense to take EF=0 when studying torsional wave
propagation.

Similar arguments apply when we consider wave damping by ohmic resistivity. One
might at first think that resistivity will damp the waves on a time scale of
7, = r2/n~ 103 yr, but this is untrue; 7,, is irrelevant for phenomena forced on time
scales short compared with 7,. Because the Lundquist number,

A= Var,/n=A/Roy = 1,/ TaA, (B.1a)
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is large (=2 x 10*), ohmic diffusion operates almost entirely in an MDL at the CMB.
Its characteristic thickness is

dy = 1,072 =/ (nTa) & 20 km. (B.1b)

As L — 0o, ohmic dissipation per unit volume within the layer increases by an
O((r[,/d,?)z) factor but the volume in which this happens is reduced by an O(r,/d,) factor,
so that the net effect is an enhanced dissipation by an O(r,/d,) factor. The time scale of
wave damping is curtailed by the same factor to roughly 7,d,/r,~ 300 yr. Although little
credence can be placed on this rough order of magnitude estimate, it establishes that the
core alone, independently of the mantle, creates ohmic damping of torsional waves that
cannot be safely ignored. It should be emphasized that Coriolis and Lorentz forces
operate in the MDL too; see below. The structure of the MDL was first discussed by
Braginsky (1970).

It should be stressed that, although the field in a non-conducting mantle
adjusts instantly to changing conditions in the core and does not oppose them, the
adjustment requires that an MDL exists. As established above, the total ohmic
dissipation in the core is greatly increased by the MDL from what it would be in its
absence. We call this enhanced dissipation. A highly conducting mantle would grip the
field that threads it and, as in the skin effect, induce a response in the upper core. The
ohmic losses in the MDL might then be even greater. The significant point is however
that enhanced dissipation occurs within the core even when & is small (or zero), and
then exceeds ohmic losses in the mantle.

When viscous and ohmic diffusion are both significant, the boundary layer is said to
be of EH type. Most theory is aimed at applications in which conditions outside
the layer are quasi-steady. The frequency of torsional waves is, however, so high that
the theory requires generalization, a topic to which appendix D is devoted. When, as
for the case of Earth’s core, the magnetic Prandtl number, P,,=v/n is tiny, the EH layer
has a double structure, in which a layer of Ekman type is a thin film adjacent to the
boundary and embedded within the much thicker MDL. Loper (1970) gives an analysis
based on P,,— 0; see also Dormy and Soward (2007) or appendix D. When it is
assumed (as we do here) that =0, the film disappears, as does viscous core-mantle
coupling. All thoughts of satisfying the correct, no-slip conditions on the boundary are
abandoned and vy is nonzero there. The task of satisfying the magnetic boundary
conditions is left to the MDL.

What is attempted below is an asymptotic treatment of torsional wave transmission,
in which £=0 and ¢ — 0, where

e =172 (=d,/r,). (B.2)

Outside the core, the magnetic and electric fields of the wave will be denoted by # b(r)
and e(r), so that on the outer edge of the MDL (the CMB, denoted by S) they are b(;g)
and e(r,), where r, is a general point on S. Beneath the MDL, a region we call “the
mainstream”, where ohmic dissipation is neglected, the magnetic and electric fields of
the wave will be denoted by b(r) and e(r). On the inner edge, S, of the MDL (the one
further from the CMB), they are b(r,) and e(r,) and differ substantially from b(r,) and

e(r,), because of their high frequency. (In contrast, the slowly varying B™ is

continuous.) The MDL smoothes out the discontinuities in magnetic and electric
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Figure Bl. Schematic cross-sectional view of the MDL and the northern spherical cap N(s) of the
geostrophic cylinder C(s). The inner edge of the layer (dashed) is the sphere r=r, —d, and, where it lies
outside N(s) and S(s), it is denoted by S; it defines another, shortened geostrophic cylinder C(s) (also shown
dashed) in which magnetic diffusion is negligible and which is capped by N(s) and S(s). The outward
(or inward) flow of current j and mass pyv into the MDL is concentrated into a surface current J and a
surface momentum flux . The former can penetrate the mantle if it is conducting, as indicated in the figure.
The rim, Rx(s), is the part of C lying between S and S and is not labeled. The MDL is only part of the EH
layer; the other Ekman-type part is much thinner for P,, < 1, and is not shown.

fields. In section 3.2, geostrophic cylinders /C\(s) were introduced, closed by spherical

caps N (s) and g(s) on S. It will be helpful to introduce the adjacent spherical caps, N (s)
and S(s) on S. Figure Bl shows N (s) as the end of a slightly shortened geostrophic
cylinder C(s).

Some terminology should be clarified here. In section 8.3 and above, we used the
adjectives “outer” and “inner”’, meaning shallower and deeper within the Earth. This
follows common engineering practice, but contradicts the usage of asymptotic analysis,
where “outer” refers to the mainstream and “inner” to the boundary layer. Although
asymptopia is basic to boundary layer theory, the engineering description is often found
helpful, as for example in figure Bl which illustrates the coming text. In asymptopia the
boundary layer part, b, of the wave’s magnetic field, b = b+ b’, is not a function of r,
but depends instead on a stretched/scaled coordinate, & =(r, —r)/d,. In the ¢ — 0 limit,
3,6 =0(¢7'0')>> b but 9’ =0(b'), so that b undergoes a finite change when &
increases from 0 to a finite value during which r =r,(1 — &) is essentially unchanged. The
MDL is completely “crossed” as & increases from 0 to oo, and & changes from
b(r,) — b(r,) at the CMB to its mainstream core value 0. Its “lower boundary”, S, is not
a sharp surface at all, even though ¢ is said to be “‘the boundary layer thickness”. When
below we say we integrate the s-component of the velocity over C(s), we mean that we
are ignoring the MDL and integrating v, alone; integration over C(s) will imply that the
full v 4 v/ is integrated, but the physical domain of integration is the same.

Boundary layer variables vanish “outside the boundary layer”, which in asymptopia
means, for example,

v'(€) > 0, asé&— oo, (B.3)

for fixed . All variables depend on ¢ and are expanded in powers of ¢, though usually
we retain only the first (or “leading”) terms of the expansions; in some cases we must
keep the first two terms, e.g., v=v" 4+ vV 4+ O(&?).

To leading order, (11d) and (B.3) imply 9:5/© = 0, giving

B =0, sothat H® =p\" (B.4a,b)
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The analogous statements for the electric field are untrue because the total electric
charge generated by the wave in the MDL is nonzero, but (18b) and (11h) establish

v/ @ =0, ;O =0, sothaty @ =y jO;O (B.4c,d,e.f)
At the next order in the & expansion of the MDL, (18b) shows that
o0
v/ = r, Vi -v\”, which implies v/V(£) = —r, / Vi v/ de, (B.5a,b)
§

by (B.3). (The surface divergence, Vs * vg, is defined for example in Dormy et al. (2007),
both geometrically and as n+(V x (n x v) + cv), where ¢ is the Gaussian curvature. For
the sphere S, this gives Vig - vy =1, (V x (1, x v) +2v/r,) ~ 1,V x (1, x v), by (B.4c,e).)
As v, (=v,+v/) vanishes on S, the mainstream mass flux out of S and into the
MDL is, to leading order,

[o¢]
porV(r,) = —pov,(0) = por, / Vi-vy” dE = V- F, (B.5¢)
0
where

lo¢]
F = por, / vi? de (B.5d)
0
is the tangential mass flux (kgm~'s™") in oscillatory jets of fluid that carry mass along
the MDL on the 74 time scale. (This is analogous to oscillatory jets in an Ekman layer
that are induced when the boundary is librating, Calkins et al. 2010.) Equation (B.5¢c)
expresses the fact that these jets are fed by the radial mainstream flow on S. The
mass flux, f, from C(s) across N(s) is the mass expelled per second through the
northern “rim”, Ry (s), of C(s) so that

fro=s yg(}—e)mdfﬁ = 00 f e (B.5e)

The radial mainstream flow across A (s) and S(s) shares the basic torsional wave
periodicity and, by mass conservation, causes the radius s of C(s) to pulsate slightly.
In a similar way, the second term in the expansion of (11h) gives

7V = -, / Vi-j0dg, and iV, =7V ,) = i/ V() = V- T, (B.6a,b)
&

where j is the current flow out of S and 7,""(r,) is the current flow into the mantle (if

electrically conducting). In (B.6b), J is the surface current, i.e. the net horizontal

current flowing in the MDL. Since [LQI'/(I) =1, x 8,.b;l(0) = —r,l, x 8gb;l(0), this is given

by
> /(0) 0) 2O ©
po == [ xaebOride = 1,5 50O =1, % b0 < B0 (B60)
0
Analogous to (B.5e) is the expression for the flux of current through R n(s):

iy==s %(j@)RNdd) = /N( v)[jr(l)(ro) _Tr(l)(ro)]da. (B.6d)
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Henceforth, the superscripts ¥ and " are omitted but implied, and O(¢?) terms are
ignored.

As argued in section 3.2, wave dynamics requires the inertial force to be retained in
the equation of motion, so that

008V +22 x V)= —Vp. + J x B, (B.7)

where B and J = o'V x B are the total field and current, and V is the total fluid
velocity. Their principal parts are B™, J™, and V™ of the Taylor state, and are
considered time-independent because Tpac>>Ta. Also included are contributions
b(=b+b"),j(=j+j") and v (=v+v') from the wave, where v=s¢1,. The wave is
treated as a perturbation, i.e. squares and products of wave variables are discarded. The
buoyancy force has been omitted from (B.7) because it does not affect the wave
dynamics.

The dynamics of the MDL are governed by (B.7), with V=1,9,, to leading order in ¢.
The dominant term of (B.7) is 9,p, = 0, so that p, = p/(0, ¢, t). At the next order

po(dvy + 22,1, x vjy) = =Vup, — B"1, x jj;. (B.8a)
When this is integrated across the MDL, the contribution from p/ is negligible, so that
OF +2Q1, xF=-B"1,xTJ, or BT =1, x,F —2Q,F. (B.8b,c)

From this and (B.5¢)

o o2 [ OF
205(fyc +12) =208 fFoyasds = -2 § (B,. T +a—j’)N dg.  (BSd)
&S

since Q/Q,=r,/z;. Here ygs means the sum of values on the latitude circles where c
meets S, in the northern and southern rims, Ry and Rs.
The Lorentz force, J x B™, is responsible for driving flow within the MDL. The
torque it creates on the MDL lying between A/ and N is
e = f rx (J x B™)da = % (r-B™Jda, or y\t= % rB™1, x (Z— b)yda.
N N N

(B.9a,b)
The ratio of the two terms on the right-hand side of (B.8c) is of order wa/2, so the first
term is negligible (except very near the equator). Then, by (B.8c) and (B.9a),
20,F =-B™7J, and y¥=-2 %(;*-Q)}'da. (B.9¢,d)
S

Consider next the dynamics of C(s). The ¢-component of (B.7) gives
P05(3vy + 2Qvg) = —dyp. + s(J X B),. (B.10a)
It was shown in section 3.2 that the integral of 2Qp.sv, over 8(s) vanishes, by mass
conservation. When however 2Qp,sv, is integrated over C(s), the integral does not

vanish, because of the flux through the caps N and S. Instead mass conservation
requires that

pO/deS—}—fN—i-fs:O. (B.10b)
c
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By using this and v, =s¢, we obtain from (B.10a),
poAs2d,¢ — 2Qs(f +1s) = /S(J x B),ds, (B.10c¢)
c

where ;4\(s) = 4msz) is the area of C(s) (which is asymptotically the same as that of E(s)),
and z; = /(r> — s?). The right-hand side of (B.10a) gives

/ s(J x B)yda = o,I'} (s. 1), (B.10d)
C

where I’ %’{Z(s, t) is the magnetic torque on the interior, Z(s), of C(s). From the
equivalence of (45g,h), we have

noly (s, 1) = S/

BBy da + / sB,Byda. (B.10e)
(s)

N&S

If the same equivalence (45g,h) is applied to B™, (B.10e) gives an alternative expression
of Taylor’s condition (21¢) for magnetostrophic flows:

s/ BBy da + / sB' By da = 0. (B.10f)
Cls) N&S
When we substitute (B.10e) into (B.10d), we face terms of the form
Iy = 8‘?‘/ sB,Byda, (B.11a)
N(s)

where da=r,sd0d¢. As 6(s) =sin"'(s/r,), we have d6=ds/z;. It follows that

r

2
Iy = ; ?{(B,B(,,)qus. (B.11b)

We can now write (B.10c) as

~ 0 . d F oS>
MOPOASZa*é; —2Quos(fy +/s) = % (S /c. BBy da> + o %(B/'Bab)f\f&s d¢. (B.llc)

(5)
This applies only to C, in which ¥ =0 and B=B™ + b.
We can now combine the dynamics of the MDL and C(s) by eliminating 2Qs(fx + fs)
between (B.11c) and (B.8d):
Me_o BByda )+ §(B.By)~ ~d B.12
pogr =g (o[ mBeda) += s ca, (B.12)

where A;[? (s, 1)ds is the axial angular momentum between E(s +ds) and E(s):
o ) ~ }70 L
Mc (s,0)=s [,ooAC + - ¢(}—¢)N&S d(]ﬁ]. (B.12b)

The surface integral in (B.12a) is over /’\\/' and S on which B=B™+b+¥b'; the
corresponding surface integral in (B.11c) was over N' and & on which B=B™+b.
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When (B.12a) is integrated over all s, the first term on its right-hand vanishes and the
remainder gives

M. = —/F\f,w, where /I:?’[ = —;Lal ngSBrﬁd) da (B.12¢,d)
S

is the axial torque on the mantle, which vanishes if the mantle is insulating. In contrast,
the corresponding integral over A" and S gives the axial torque on S:

™= _u;! 7&;3,430) da, (B.12¢)
S

which is generally unequal to /Fz” and nonzero. The difference supplies the angular
momentum ejected from the rims of C.

The part of /\;I/C\ due to the momentum of the rims is smaller than the rest; it
was previously ignored in approximating (B.8c) by (B.9¢). If it is again ignored in M~
the result (B.12¢) coincides with the equation that could have been derived at the outset
had (B.10a) been integrated over C instead of C. This would however have concealed the
importance of the MDL and its associated enhanced dissipation. This dissipation is
made good by a Poynting flux, P = ug 'E x B, across S, which has a non-fluctuating
part from the mainstream wave of p = uy'e x b. Its radial component, p, = sB™¢by,
passes energy to the MDL, part of which it transmits to the mantle, the remainder
countering the ohmic losses of the MDL, which are O(|J |2/od,,) per unit area.

When B = B™ + b is substituted into (B.12a) and F is ignored (see above), the terms
quadratic in B™ disappear by (B.10f). The terms linear in b give

L D ros [ m_
uopoAs28_$;:5|:s C()(B(;“b5+B§“b¢)da}+ . f(qu by + B™hg)yvesdp.  (B.13a)

™) = —py! f s(By'b, + B™by)da. (B.13b)
S

Further progress depends on being able to re-express b and l,); in terms of ¢. This
requires application of EM theory only. As ohmic diffusion can be ignored in the
mainstream core, and as the wave amplitude is small,

e=—vxB"— V" xb. (B.14a)

The emf V™ x b appears to be somewhat smaller than v x B™ in the geophysical
context. Their ratio is of order 4™[b/v/(11000)] ', Where 4 is the Alfvén number (17d),
for which we previously estimated 0.01. As in an Alfvén wave, v=0[b//(11000)], so that
V'™ x b is only about 1% of v x B™. This, combined with the fact that the inclusion of
V™ x b in e adds severe complications, encourages the neglect of this emf. Its retention
would invalidate (25). After abandoning V'™ x b, we have

e=—vxB", 9b=Vx((xB")=sBl9l, — (d14B™, (B.14b,c¢)

the latter being the induction equation given by the former and Faraday’s law
(3b=—V x e); in (B.14c), 9,, means differentiation with respect to ¢ holding the unit
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vectors fixed. More explicitly, the cylindrical components of (B.14c) are

Bm 8Bm i Bm
by _ _(9BE by pm® P 00 OB (B.14d,e.0)
at ¢ at S ds g ot ¢
Its spherical components are
b, B™  dby B dby ac 9By .
T : To_ e T¢_ gpm —. B.l4g,h,
ot o0 o e m % a Sa (B.14g,h.)

In taking the time derivative of (B.13a), we may set 9,B™ =0, as already noted. Other
simplifications arise because, by (B.14d,e),

_db, 8b¢, Lo

5 T BNt = (B S — o [(B B B.14j
[ at s ( ) S 3¢> [é‘ s 1) ]9 ( J)
the last term of which vanishes on integration over ¢, as does the last term in
ab, ab T
B L4 B2 _ gB"BM™ 2 _ _[¢BM™BM], B.14k
b T8 = IBBI G T g 6B By (B.14k)

obtained from (B.14g,i). Recalling that l;d, = by + by, we then obtain the wave equation
in the form
& 1 9
% Q2A(s )3s

[ 2A(s) VA (s) } + ﬁ(s)s% + K(s, 1), (B.15a)
where (24d) defines N(s); the torsional wave velocity, Va(s), is given below (24c) and

K(s,) = —2— f[Bma bil ~do. (B.15b)
Hopo Az,
For other ways of deriving the wave equation, see Braginsky (1970), Roberts and
Soward (1972) and Jault (2003), who also includes mantle topography. The results of
these investigations differ from the one given here.
Our derivation of (B.15a) has confirmed a conclusion adumbrated in section 3.2: the
canonical (25) lacks ]V(s); it also lacks K(s, f). Because

NGs) ~ VA1) /22 ~ VA1) A (5)/roA(s),  for s — 1y, (B.15¢)

the singularity of (B.15a) at s =r, arises only from K(s, 7). This term did not appear in
the simplified discussion of section 3.2 as it was deeply hidden in (23g,h). Despite first
appearances, (B.15a) is a homogeneous equation, because b; and therefore K is a linear
functional of ¢(s, 7). A more convenient form of (B.15a) replaces b by the actual field b¢
on S, by the substitution ' = b — b, giving

Po_ 12
ot 32/1(5)8

[ 2A(s)VA(s) } + H(s)t + L(s. 1), (B.15d)
where

Hs)=—12— y{[Bma¢3m1A ~d¢, L(s,t)=

e %[Bma,bd,]/\ ~dp. (B.15¢,0)
fopoAzy

[opo Az
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Except for L, the coefficients in (B.15d-f) are immediately given by B™ (assumed
known). It is more troublesome to determine L.

On multiplying (B.15d) by pos2A(s) and integrating over s, it is seen that, for the
torque on the core,

oI M= /0 0 pos® ALH(s)Z + L(s, 1)]ds. (B.15g)

The same result apart from sign is obtained from (B.14g) and the time derivative of
(B.13Db), as required by conservation of the total angular momentum: M. + M..

We first look at consequences of ignoring mantle conduction, which implies the field
in the mantle is a potential field. We write its principal and wave parts as B™ and b,
where

ab" = —-Vu, B™ =_-VW. (B.16a,b)
and
Viu = 0, VAW = 0, and u, W — 0, forr— oo. (B.16¢,d,e)

The mantle fields are uniquely determined from the core fields by

o~

bt =b, B™ =B, onS. (B.16f,g)

These radial components are 1dentlca1 to b, and B™ on S, below the MDL, and in fact,
by (20a), all components of B" are continuous through the MDL, although
b} (S) # bu(S), the discontinuity determining J. Since I T™ =0 when the mantle is
insulating, the integral (B.15g) of H{—i—L over S vanishes. Nevertheless H{—i—L is
nonzero on S. This is because angular momentum can, and generally will, be
transported from one geostrophic cylinder to another by the potential field, as already
noted in section 8.3. Because the field strength is so much weaker in the mantle than the
core, it is likely that this coupling is dwarfed by the local coupling of adjacent cylinders
within the core, except possibly near the core equator. For the same reason, it may be
speculated that L could be omitted without seriously marring the accuracy of solutions
of (B.15d). Though this would remove the main practical obstacle in solving (B.15d)
simply, it also, by eliminating the angular momentum transfer in the mantle, upsets the
angular momentum balance of the core, so that (B.18h) below is no longer true. In
appendix C, this is demonstrated by an example in which H too has only a small effect.
Nevertheless, we shall see below that the surface terms H and L are influential for a
conducting mantle.
There are two cases in which it is easy to make progress. First, if B™(=B") is
ax1symmetrlc and we ignore the singularity at s =0 of (B.15d), then (B.14g,h) show that
b¢,1¢ is entirely zonal, so that, by (B.16f), b, = 0 on the CMB. Therefore, b =0
and b¢ =0 on S implying that L =0; similarly B¢ =0onS so that H = 0. Second,

Z(s, t) = ¢y = constant (B.17a)

is, for any ﬁm, a solution of (B.15d). (Note: despite the constancy of ¢, generally b is
time dependent through the asymmetry of B™.) When (B.17a) holds, (B.14g) shows that

du = —5d, W onr=r, (B.17b)
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Therefore, everywhere in v,
u=—0d,W so that 3,b* = —p0,,B™", (B.17¢,d)

giving ﬁgo + L = 0. We call this mode “‘exceptional”. Its physical significance is that
the system is neutrally stable with respect to a transformation ¢ — ¢+ constant, because
so far coupling between mantle and core has been excluded, i.e. ¢ is arbitrary to an
additive constant. There is no MDL for the exceptional mode for which, as (B.17d)
shows,

b (s, p,z, 1) = B™ (s, — ot 2). (B.17¢)

The added ¢y makes the potential field co-rotate with the core. For other normal modes
however (B.14g) gives

= Bi(s,¢ — L(s)e7", 2), (B.17f)

and, because of the s-dependence of ¢, there is no reason to expect (B.17f) will credte a
potential field, 5* on S that is continuous with b on S. This is even clearer when B
axisymmetric; then b =0 but by 1s generally nonzero on S. This shows that an MDL
generally exists at the CMB, together with its enhanced ohmic dissipation. As indicated
below (B.1b), the total dissipation increases by a factor of order r,/./(nw), which is
significant but not large enough to vitiate the following argument which is valid only to
leading order in .
We seek normal mode solutions of (B.15d) in which (s, 1) — £(s)e ™", so that

2

d[,~ d _
ds[fA(s)Vi df] + S A(s)t = Y2A(S‘)H(V)§+ - %[Bfalh,,,]ﬁ&gdqb. (B.18a)

As shown in appendix D, all solutions of (B.15d) for any axisymmetric field, B", are
singular. We exclude that case here, and can then assume that ¢ is bounded at s=r, and

0. [If we ignore the singular £(0) for B", the terms below in Z, s do not appear
because b= =(.] When the mantle is an msulator (B.15d) defines a self-adjoint
eigenvalue problem. To see this, one proceeds in the usual manner: Let ¢, and ¢z be two
eigenfunctions, It follows from (B.18a) that

s g dhudsy |
a)z/ SCA(5), ds:/ SAS) V=222 g +—|:¢ sB™9 Bm «Cpds + Z,, i|,

(B.18b)

where, by the same argument as was used to establish the equivalence of (B.13a,b),
Sz ma 7 m 7
Za,ﬁ = %’S\[Z {,3 f[B, atha,¢]ﬁ&§d¢i| ds = f,S\SBr é‘ﬁ 8,ha,¢ da. (B18C)
Using (B.14g) and (B.16a.f), we obtain
Zyp=— fAB?é‘ﬁ dptte da
S

= f/\(;ﬂa¢)B},})ua da = — ‘(f,\uaalbﬁ,r da =— f;uaa,b;},r da = %Auaﬁ,,uﬁ da. (B.18d)
S S S S
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Therefore it follows from (B.16c,e) and Green’s theorems that

Zyo =— fAuan.Vua da = — /A (Vup)* dv = o /Ab*z dv, (B.18¢)
S A% v

Zop—Lpa=— fg”'(“avuﬁ —ugVuy)da = — A(uavzuﬁ - uﬁvzua)dv =0. (B.18f)

This establishes that (B.18a) defines a self-adjoint eigenvalue problem, that o’ is real
and that, for w,# wp, the eigenfunctions are orthogonal:

/ " A(s)eals ds = 0. (B.18g)
0

On taking ¢z to be the exceptional mode ¢y, (B.18g) shows that the angular momentum
of every other mode vanishes:

M.y — / " P A(s)tu(s)ds = 0. for all a 0. (B.18h)
0

Taken to the next order in ¢, this argument shows that @ has an O(e) imaginary part.

Suppose next that the mantle is electrically conducting. The core and mantle are then
linked together as one system of fixed total angular momentum M +M. Assume, as in
section 8.2, that conduction is confined to a layer at the bottom of the mantle of
thickness d, above which the mantle is insulating. Although the general results
(B.15a—g) continue to apply, L now depends on the mantle conductivity and how it is
modeled. For simplicity, we shall adopt the thin layer approximation developed in
section 8.2, despite its possible limitations. A new notation is required: b will be the field
within the conducting layer, and "= —Vw" will be the potential field in the insulating
region above it.

The thin layer approximation (52d) gives

by = bty + o2 (1, x 8 + sB™T1,),  on r=r,, (B.19a)

where ¢ (= ﬁ) is the angular velocity of the mantle. Appendix D contains an analysis of
the MDL on the CMB. Assuming that the Elsasser number at the CMB is small, it is
shown there that,

D+ 1021, x e = by + woZ 1, x ey on r = r,, (B.19b)

where X is the (complex) core conductance. Both bH and ey can be obtained from
(B.19a,b) but only by is needed to evaluate L and ™. Using also (B.13d),

by = YBY + Y [by — 1oZsB™(¢ — D1yg] onr=r,, (B.19¢)

where by is given by (B.14¢) and

z ~ 2 ~ - b
242 242 242

According to (B.19a,b), | Y| and |?| are approximately the fractions of the total ohmic
dissipation, due to the MDL and the mantle, respectively.
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We now use (B.19¢) to transform (B.15d) into a form that makes the effects of mantle
conduction more apparent:

H(S)E + L(s, 1) = Hp(5)C + Nou(5)5,¢ + Lin(s, 1) — D(5)3,(¢ — D), (B.20a)
where, by (B.14c),

H,=YH, N,=YN, L,=YL, D(s)= Ys f[(B?)z]N&S d¢. (B.20b,c,d)

90221
Substitution into (B.15d-f) gives
¥¢ 0 [ 2712 z; 5o ,
+ D (; 0 =—— A Vs + Hyu& + Nysos¢ + Ly, (B.21a)
ar Sz A 0s

Of particular interest is the term in D on the left-hand side of (B.21a), which couples the
wave to the mantle and leads to ohmic loss. To derive the equation of motion of the
mantle,

Col=TM, (B.21b)

we must evaluate fM . Knowledge of 5} is not required since the field above the
conducting layer does not contribute. By (B.15g) and (B.20a),

M L 3 - 1 ¢ OB}
Z =Yy @ sA(B™?—(¢— d——f B™|YsB™ Ye—2-|d B.21
= S Py e D o T S e e )

Consistent with angular momentum conservation, (B.20a—c) imply that
82(C +M.,) = 0 The first of the simplifications, mentioned below (B.16f,g), concerns
axisymmetric B" but, though b¢ = (0 again holds, b¢ is generally nonzero and generates
a torque I TM. The second simplification applies in the sense that ¢ = { = constant
satisfies (B. 16f ,g). Now see section 8.3.

Everything so far in this appendix has ignored the existence of the SIC. We now aim
to rectify that omission, at least partially. The SIC is magnetically coupled to the mantle
and FOC, so that M + M + M is fixed, as in (28e). Of serious concern is the possibility
of intense magnetic coupling of the SIC to the fluid in the TC. To simplify the
discussion, we shall totally ignore the MDL on the CMB and core-mantle coupling.

As pointed out in section 3.2, there are now two geostrophic cylinders, ¢V and CS to
the north and south of the SIC; C" is closed by spherlcal caps NV on the CMB and S on
the ICB, defined by 0 < 6(s) = sin"'(s/r,) < 271 and 0 < 6y(s) =sin"'(s/r)) < 271
respectlvely, see figure 3(b). The area of C" is A4 = 2msz),, where z;, =2z, — 2z, and

=/ (1} — s?). A geostrophic average on C" is now defined by, for example,

1
V. Vyda, B.22
(Ve A(v) - pda (B.22)

which replaces (22a) for s<r;.

We shall focus on the coupling across S. The field, b and electric current ], in the SIC
generated by the torsional wave are significant only in a layer at the top of the SIC
whose thickness, d = (zwApLo()’) 12 is of order 10km. As this is small compared with
the thickness, r;, of the conducting region, the high frequency approximation of
section 8.2 is an accurate replacement for the thin layer approximation.



Downloaded by [University of California, Los Angeles (UCLA)] at 00:35 13 March 2012

Core-mantle coupling 217

The boundary layer at the bottom of the FOC is quite different from the one at its top
because the Elsasser number, A, at the ICB is probably O(1) or greater. The boundary
layer is analyzed in appendix D, where its horizontal electric and magnetic fields are
joined continuously to ¢y and by of the SIC using (53g). Appendix D deals with general
A, but concentrates on A > 1, for which (D.12f) holds. Transformed from the SIC
reference frame, it is

by =by+ A" ueZsB™(N = 7)., onr=r, (B.23)

where ¢ is the angular velocity of the SIC and ¢ refers to CV. Following the same
procedure as before, we find that

B - = [ZA( )Vm(s)—} 0. (B24a)
a2 s2A(s )as " '
where V2(s) = {V3)}" and
D) = Lo A7PE PUB™T~dg,  Houls) = ——— P[B,BI]~de. (B.24b,
0= T AE I, ) =~ B0 (B 200

The equations governing ¢° in C° are similar. The equation of motion of the SIC is
Col=TM, (B.24d)
where the torque on the SIC follows from (B.23), which gives

aT—'M o 9 - P - 1 aBm

_Z:A—1/22|:/. Bm 2_ N _ d +/ Bm 2_ S _ d } f Bm d ,

: o 56" ~Baas [Lonr2 e ~Baa) 4 o S caa
(B.24¢)

where the first two integrals on the right-hand side are over the northern and southern
hemispheres of the ICB. Now see section 8.4.

Derivation of (23b) and (24b)
The following gives steps leading from (23a) to (23b). Equation (11c) shows that

wnod {(J x B)}, = {((Vx Q) x B+ (V x B) x Q},, where Q = 9,B. (B.25a,b)
Use the vector identity
(VxQ)xB+(VxB)xQ=B-VOQ+ 9-VB—V(B-9), (B.25¢)

the last term in which vanishes when (B.25¢) is substituted into (B.25a) and the implied
¢-integration is carried out. The induction equation (11g) can be written

QO=R+S8, where R=Vx(xB), S=Vx((V™xB)+nV’B. (B.25d,e,f)
When (B.25¢) is substituted into (B.25¢c), and (B.14g-i) is used, it is found that

[B-VR +R-VB], = (B-V—i-%) (% >—§—¢<B V+B>B¢, (B.25g)
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the last term in which vanishes when (B.25g) is substituted into (B.25a). Insertion of
(B.25d,g) into (B.25a) gives

mod{(J x B}, = S[Ot(s o3 + B(s. l) — R(s, Z)} (B.25h)

where «, f and R are given by (23c—). Equations (23a,b) are now seen to be
equivalent.

For the derivation of (24b), we first use the definition (22a) of the geostrophic
average of any X(s, ¢, z) to show that

13
Aas{{ 1x) = Sf [ Xodpas

2
_¢/ < —+X)d¢dz—AS— [X(s, b, z1) + X(s, p, — z1)]dep.

7y
(B.26a)
Therefore, if Y= X/s,
Y so ||4 52
{{5}} . {{; Y}} e $LG.0.20) + Y056, — z0ldo. (B.26b)
Now use (11d) to transform g, given by (23d) as follows
B 2B 9B 10(B, By) , 9(B,B.) 382
R e N e |
K 3np2 S z
= ?5(5 B) +j7§(BSB:)ﬂ_ld¢. (B.26¢)
Applying (B.26b) with Y = B2. we simplify (B.26¢c) to
Bls. 1) = —= ( 2AB2) + 1oposNGs, 1), (B.26d)

where ﬁ(s, t) is defined in (24d). Equation (24b) follows.

Appendix C: Solutions of the canonical wave equation

This appendix discusses solutions of (25). These are expressed as a sum of normal
modes in which ¢ oc e '’. The self-adjoint form of (54) is

j—S[L(s) @) j—g 4 PLE: =0, where LE) = £(1 - )70, (C.lab)

and we have introduced non-dimensional variables by

S=r.&  V4s)=UVE), w=U/ry))c, (C.1c,d,e)
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U being a characteristic Alfvén velocity. Equation (C.la) admits the exceptional
solution

c=0, ¢ 1) = ¢ = constant. (C.1f,g)
For the non-exceptional solutions, an attractive alternative to (C.1a) is

2

oS-

3 dg LE)V=(6)

(Braginsky 1970). Thus M is the angular momentum of the wave about Oz. Because

L(0)=L(1)=0, (C.1a) has singular points at £=0 and £=1 that are regular, except in

artificial cases. The solutions are physically meaningful only if ¢ and M are bounded at

these points. This requirement determines the eigenvalues ¢ which are all real, as

demonstrated in appendix B. For the non-exceptional eigensolutions, (C.2b)
implies that

(C.2a,b)

M) =0, M(1)=0, (C.2¢,d)

the first of which shows, via (C.2b), that

3
M) = fo £(1 - ) Pe(@)de. (C.2¢)

Two conclusions can be drawn: (i) the exceptional eigensolution carries all the angular
momentum, M, of the wave about Oz; (ii) except for that solution, every eigenfunction,
¢, has at least one zero within 0 <s<1. It follows from (C.2a) that, if ¢(0)#0, then
M ~ O(£" for € — 0, so that (C.2b) shows that d¢/d& = O(€), provided that ¥(0) # 0 but,
if V(0)=0(¢) for £ — 0, then d¢/dé is singular at £ =0. The singularity at £ =1 is usually
milder: if ¢(1)#0, (C.2a) shows that M ~O((1 —&)*?) for £€— 1 so that, by (C.2b),
d¢/de=0((1 —€)?) provided that V(1)#£0 while, if V(E=0(1-¢&)"?), then
dg/dg=0O(1 —§).

Equation (C.la) can be solved semi-analytically if V4 is constant; we take V'=1.
On making the change of variables

p=y1=8), ¢=0—p»)"2S, (1), (C.3a,b)

(C.1a) becomes the case m=1, A,,,,=2 of the equation governing the well-studied
angular oblate spheroidal wave functions, S, ,(u, ¢), which satisfy

d ds,
o 1 _ 2 m,n
i [( ) A

see Chapter 21 of Abramowitz and Stegun (1953) or Chapter 30 of Olver et al. (2010).
According to sub-paragraph 21.7.19 of the former (1 — )", () is O(1) for p — 1,
ie. ¢(&) is bounded for £— 0 but, if n is even, Sy, is odd in u, so that ¢(§) is
O((1 — £»)'?) for £ — 1. Therefore only the odd # solutions are of interest and, for these,
£(&) is O(1) for £€— 1; n=1 is the exceptional solution.

In most contexts where (C.3c) arises, solutions A,,, are sought for given ¢, but here
the objective is inverted: to find ¢ for given A,,,=2. Solutions are required that are
bounded at p=1 (i.e. £=0). If ¢=0, then S, ,(n) = P/ (n) and A,,,=n(n+1). For

2
} i (Am,n Ll - 1’_"Mz) Spn =0 (C.3¢)
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Table C1. Eigenvalues ¢ in the case V'=1.

n c n c
3 5.2759462 5 8.6300525
7 11.8698525 9 15.0693190
11 18.2494245 13 21.4186323

15 24.5810610 17 27.7389696
19 30.8937060 21 34.0461267

n=m=1, this gives the eigenfunction S, ; = (1 — u?)"?

solution (C.1f,g).

The first 10 non-exceptional eigenvalues (n=3 —21, m=1) are listed in table CI.
They were derived using programs devised by Zhang and Jin (1996) that are available
on the web. Mode n has %(n — 1) zeros within the interval 0 <&<1.

It appears likely that, for any non-constant V(§), the eigenvalues can be found only
by numerical integration of (C.la). The required solution should be bounded at both
the singularities s =0 and s = 1. The general solution of (C.1a) is a linear combination of
two independent solutions:

, which recovers the exceptional

8(é) = a181(8) + ax2(8). (C.4a)

In most cases, one of the independent solutions, say ¢;(£), is bounded at £=1 and the
other is unbounded. Selecting therefore a, =0, one seeks to express ¢{; as a linear
combination,

01(8) = a3 53(8) + aata(8), (C.4b)

where one of these solutions, say £3(£), is bounded at £ =0 and the other is unbounded.
The eigencondition for ¢ is then ay;=0. This method of solution fails completely if
neither ¢3(€) nor g4(§) is bounded at £€=0. Then the eigenvalue problem is non-
integrable. The danger of this happening is real, as the following important example
shows.

For all axisymmetric B (= B), the singularity of (C.la) at £=0 is non-integrable
because V(0)=0. To see this, let V'(0)=co>0 so that

V(€) = cof + O(£%), for £ — 0. (C.5a)

Solutions of (C.1a) are asymptotically equivalent as & — 0 to those of

d’c sde  [(c\'¢
et (5) g0 (0

an equation homogeneous in &. For ¢>2c¢, its solution is
= Q2 +ic)e2exp(zic'logg), M =g exp(ic'logé), (C.5¢,d)
where ¢’ = /[(c/co)* — 4]; if ¢ <2¢.

(=QENEE, M=%, (C.5e.f)
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Table C2. Eigenvalues ¢ for the case (C.6b).

n ¢ n ¢
1 20.716312 2 34.579955
3 47.836658 4 60.875695
5 73.810609 6 86.687341
7 99.528169 8 112.345244
9 125.145771 10 137.934298

Table C3. Eigenvalues ¢ for the augmented case (C.6b).

n c n c
1 20.204870 2 34.269159
3 47.606276 4 60.690445
5 73.654746 6 86.552320
7 99.408780 8 112.238055
9 125.048391 10 137.844992

where ¢/ =V [4 — (¢/co)*]. Both s are unacceptably singular as & — 0. The existence of
this singularity was noted by Fearn and Proctor (1987) who surmised that it is
logarithmic and can be removed by reinstating viscosity. This matter is taken up below.
We now consider asymmetric B for which ¥(0)#0. It may be worth noticing that the
addition of an axisymmetric field to an asymmetric field, such as (C.6b) below, does not
change its nonzero value of V(0) and therefore does not re-introduce the singularities of
totally axisymmetric B.
In the toroidal/poloidal representation,

B=Vx(Tr)+VxVx(Pr), (C.6a)

where r is the radius vector. If the mantle is an insulator, the toroidal scalar, 7, vanishes
on S and the poloidal scalar, P, is such that B is continuous with a source-free potential
field in the mantle. A field that is totally toroidal but asymmetric can transmit torsional
waves but, because 7 (r,, 6, ) =0, (C.1a) then has a singularity at s =r, that is generally
non-integrable. We confine attention here to asymmetric poloidal fields, and focus on
the particular case

P = r(5 — 3r%)sinfcos $, (C.6b)

for which the external field is an equatorial dipole of unit strength, and
12(&) = %(61 — 6282 +21&Y), (C.6¢)
so that 1*(0)=122/5 and V(1)=2,/2. Because these are both nonzero, the regular

singularity of (C.la) at £=0 is as mild as the one at £ =1. The required solution and its
derivative are required to be O(1) at both end points and this determines the
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eigenvalues, the first 10 of which are listed in table C2 (labeled differently from
table C1). Mode n has n— 1 zeros of ¢ within the interval 0 <&<1.

Appendix B points out that (25) is not the correct torsional wave equation when B is
asymmetric and should be replaced by (B.15d). When (25) is augmented by the H(s) of
(B.15¢), the eigenvalues for the example (C.6a) are reduced by roughly 2.5% for n=1,
decreasing to 0.06% for n=10, See table C3. Augmentation of (25) by the L(s, 7) term
of (B.15f) would require more labor than would be justified here, but a symptom from
which the importance of the missing L term can be assessed is available. When L is
assumed to be zero, (B.15d) fails to preserve angular momentum; (C.2d) is not satisfied.
The magnitude of the error decreases with increasing 7. In the case of (C.6b) it was
found that, for solutions normalized by £(0) =1, |M(1)| decreases from about 5 x 107>
for n=1to 3 x 107> for n=10.

Finally, we return to the singularity of (C.1a) when V(0) =0 and (C.5a) holds. It was
shown above that (C.1a)) then has no valid solutions, although numerical integration
will often find ¢. This verisimilitude of success evaporates if the truncation level is
increased, when it is found that the spurious ‘‘solution” becomes increasingly
pathological near £=0, and the eigenvalues fail to converge. Fearn and Proctor
(1987) speculated that the singularity can be removed by restoring viscous forces, see
also Jault (1995).

It was shown by Roberts and Soward (1972) that, in dimensional variables, the
principal effect of introducing Viscosity, v, is to transform

% . (vQr,)'? s

mnto +

— C.7
or? 312 (2 — 2y ot (72)

in (25). As already mentioned in appendix B, the additional term creates wave damping
on the spin-up time scale E'*t,, where E is the Ekman number (15b). Terms that are of
order E are neglected in the transition (C.7a) but become significant near s =0, where
they transform

a . o v

in (B.13a). The torsional wave equation that was previously asymptotic to (C.5b) for
& — 0 becomes instead asymptotic to

d’¢ 1dc 5 ¢

—+|5—= = =0. C.7

dx2+< )xdx+§x2 (€7
We have here replaced (C.1c—¢) by

s = [Wle) 210k ©=dlol, (C.7d,e)

where V /; (0) > 0 and we may anticipate that Im(g) <O0.
The method of dominant balance shows that two solutions of (C.7¢) exist for which

6@E) =14+00x%), ) ~ & 2exp(—ig/2x%), for x — 0. (C.8a,b)

The unusual character of ¢4 raises doubts about whether it is admissible; ¢4 and all its
derivatives, vanish as y — 0 when Im(g)<0. If it is admitted, both solutions (C.8a,b)
are bounded as x— 0, and a further boundary condition is needed to close the
eigenvalue problem. This could be the rejection of ¢; or ¢4. No attempt is made here
to take the analysis further but it is plausible that, if ¢=0(1) for £€=0O(1), then
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¢ =03 /vlwl) > 1 for x=0(1). It is clear however that viscosity broadens the
concept of what is physically acceptable for s — 0.

Appendix D: Magnetic diffusion layers in the fluid core

Because of their time-dependence, torsional waves are coupled to the mantle and SIC by
EH layers that differ from the quasi time-independent EH layers treated by,
for example, Dormy et al. (2007) and Dormy and Soward (2007). This appendix
generalizes their analysis.

The point was made in section 3.2 that the magnetostrophic approximation is valid
only for large length scales: £ > V'2/Q. This inequality is not satisfied by the thicknesses
of the EH layers on the CMB and ICB considered in this appendix, for which the
distinction between geostrophic and non-geostrophic motions becomes meaningless,
and Coriolis forces again become significant. The fluid motions in the torsional waves
are of the form (19a) only in the main body of the core, outside the diffusion layers.
Using a terminology common in boundary layer theory, we call this the mainstream.
Considering first the EH layer on the CMB, we use the mantle frame and write the
mainstream velocity, electric field and magnetic field as v, e and b, where

=501y e=—vxB™, 8b=sBls—((—0)dsB™, (D.1a,b,c)

and Eis the mantle’s angular velocity; as before the | in 9,, means that the unit vectors
are held fixed in the ¢-differentiation.

The velocity, electric field, and magnetic field in the boundary layers will be denoted
byv+v',e+e’,and b+ b’, so that the boundary layer parts, v’, ¢’ and b’, vanish in the
mainstream:

v, e, b — 0, asé&— oo, (D.1d)
where & is a stretched coordinate for the distance, r,—r, from CMB. Therefore
(suppressing the dependence of 6 and ¢)

b(r,) = b(r,) + b'(r,), etc. (D.le)

The equations governing v’, ¢’ and b’ are obtained by subtracting the equations
governing the mainstream v, ¢ and b from the equations governing the total fields v + v/,
e+e’ and b+ b’, and by assuming |9,| > |Vy|. At leading order, the boundary layer is
governed by

po(dviy +2Q.1, x vpy) = g BRd,bj; + povdvy;, (D.2a)
dbi; = B™d,viy +nd’bjy. efy =1, x (B™' +1nd,b')y. (D.2b,c)
Solutions are sought that are proportional to exp(—iw?). We introduce
w B™
€= ‘ZQ, <1, = m, ¢ =sgn(w), @ =sgn(Q,), (D.2d,e.f,g)
so that
w=g¢lol, Q =w|Q] (D.2h,i)

We seek solutions of (D.2a,b) in the limit € — 0.
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We scale EM quantities to velocities and make r dimensionless by the
transformations

n\ 2 Bm
r— () r, b — ﬁb’, e’ —> B"', j — oBj. (D.2,k,I,m)
|l (nlewl)
Equations (D.2a—) become
—igev); + @, x v}y = Ad,b}; + €P,,3v};, (D.3a)
—ighl; = dvy + bl ey =1, x (v + 3,5y, (D.3b,c)

where P,,=v/n is the magnetic Prandtl number.
It is convenient to introduce

B'™ =b/ +il, xbj;, E*=e,+il,xe}, V' =y, +il,xvy, (D.dab.c)

~t o~ ~+
and to define B, E and V  similarly for the mantle and B*, F* and V* for the
mainstream. It is clear that

1, x B’ = FiB'*, (D.4d)

and similarly for the other variables. Equations (D.3a—c) may then be written as
(eP, @ £im)V'™ = —A,B'*, (8 +ig)B™" = —0,V'*, (D.5a,b)
E'* = Fi(V'F +0,B%), (D.5¢)

where a term ige\/’i has been discarded from (D.5a) in comparison with iV £ in
other words, the inertial term in (D.2a) could have been omitted from the outset.
In the case of the EH layer at the CMB, we seek solutions proportional to

exp[A(r —r,)], where Re(A¥) > 0. (D.5d,e)
Substituting into (D.5a,b), we obtain
P —(UAFionE Fcw =0, (D.5f)

where the small term —2igeP,,,/\i2 has been discarded in comparison with iiwkiz.
In the limit € — 0, the roots of (D.5f) are of two types:

e Inner EH layer, ».=O(e"'?).
To leading order in €P,,, one root of (D.5f) is

3 = (A Fiw)/eP,,. (D.6a)
and (D.5a—) give
V*E = AR, EF=0. (D.6b,c¢)
From (D.6a), we select Af with positive real part:

A= QePy) AP+ D)2 + A1 Fiwl(A® + 1) — A1) (D.6d)
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In dimensional terms, this gives

Mt {(hpiw)/dg, if A1,
E =

1/dy. it A1, (D.6¢)

where dp and dj; are the thicknesses of EH layers:

dg = /12D, dy = (uopovn)'?/1BM|, (D.6f,g)

e.g. see chapter 3 of Dormy and Soward (2007).
e Outer EH layer, A =0(1).
To leading order in €P,,, the other root of (D.5f) is

2 cw
A = —, D.7
¥ i (D.7a)
and (D.5a—) give
V' = +imAMBY, EF = o4 Fio)rFB. (D.7b,c)
From (D.7a), we select AF with positive real part:
o A+D)"24 N 2o
JE=Y(1—ig)(1 Fiw ((7) m<7) . D
F=l1-ioaF ){ T TS (D.7d)
In dimensional terms, this gives
A= { (I —io(1 Fim)/2ds, if A1, (D.7e)
where d,, is the skin depth and dj is an Alfvénic wave length for a time scale of
€?/|wl:
dy=@n/loD)'?,  da = |BM/QIQ0lmop0)? = (An/lo]), (D.7f.g)
It follows from (D.6b,c) and (D.7b,c) that, for some C{(0,$) and C5 (6, ¢),
B'E = CEeH ) 4 CEHU), ' = (A Fim)hECTH ), (D.8a,b)
V' = FCTM ) Lim AT CFe ), (D.8¢)
Therefore
(A Fio)AF (V' +AB) — (Af £ imA5HE™ = 0. (D.8d)

This is equivalent to U’ =0, where

U = o5 + i1, x ) (A + @1, x vy + @[(MAa)? + (0 4)" 1, x [(Ab" + w1, x b)y

= + 1A', x efy — i AL + 1051, x ey, (D.8e)
and, for any ¢*,

=3 +49), ¢"=5q"—q). (D.8f,g)
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This general result, which with minor changes, applies equally to the EH layer on the
ICB, will not be pursued here. In the geophysical application, (P,e)'/?> ~ 10~ and
AT /AE| < 1. By setting e =0, we may ignore the inner boundary layer (equivalent to
dropping povd?vf; from (D.2a) and ignoring the no-slip boundary conditions), and
replace (D.8d) by

o(AF o)A BF —E* =0, (D.9a)
which is equivalent to the condition U’ =0, where
U' = o\ +ia51, x )(Ab]; + w1, x b)) — e}. (D.9b)

Quantities U and U analogous to U’ are defined for the mainstream core and the
mantle. They are useful because, according to (D.1d) and (D.8e), we have

ue,) = Ur,)+ U'(r,), where Ur,) = U(r,). (D.10a,b)

The second of these provides the required link across the outer EH layer.

For the mantle, a further simplification can be made. As already pointed out in
appendix B, A is probably less than 0.1 at the CMB. We shall specialize to the case
A =0, in which Coriolis forces, but not Lorentz forces influence the structure of the
outer boundary layer. To leading order, A5 is given by the upper of (D.7e), so that
A5 = (1 —ic)/d, and 24 = 0. Equation (D.9b) reduces, in the original unscaled units, to

U = (wo2) "1, x bj; — ef;. (D.11a)
This has a very simple interpretation; see appendix B. From (D.la,b), we have
U= (1102) "1, x by 4 5( — O)B™1,. (D.11b)
The thin layer approximation of section 8.2 gives on the CMB
U= (1o2) "1, x by + (o2) "1, x (b — b*)y. (D.11c)

By applying (D.10b), the desired connection across the MDL between the mantle and
core is established:

= %(Eb + by — “O—Zfs(g —7)B™,. (D.11d)
242 242

The technique used to derive (D.11d) can be used to establish the connection between
the FOC and SIC across the EH layer on the ICB. We now work in the reference frame
rotating with the SIC. To satisfy (D.11d), the stretched boundary layer coordinate, &,
now measures distance, r — r;, from the ICB. The signs of A7 and A3 must therefore be
reversed to give them negative real parts. Apart from this, (D.8e) is unchanged, as we
again take the limit € — 0. As already pointed out in appendix B, A probably exceeds 1

at the ICB, and should not be neglected. We specialize (D.9b) to the case A > 1.
To leading order in A~', the lower of (D.7¢) gives, with the indicated reversed sign,

W=—(1—ig)/ds, M =iw(l —ic)/d,. (D.12a,b)
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In the original unscaled units, (D.9b) becomes

v=-2 Al/zb’ 1, x b’ / D.12
__ﬁ 5 ( + o r X )H—eH. ( . C)

The corresponding U for the mainstream core is

12
U= _M% (g) (b+ w1, x b)y — (¢ — D)B™1,. (D.12d)

The high frequency approximation of section 8.2 gives on the ICB

~

~ o (A 172 1
U= ——(—) (b+w1 Xb)H ——1, x by. (D.12e)
o2

For A > 1, the last term in (D.12e¢) is negligible in comparison with the first term on the
right-hand side of (D.12d), By applying (D.10b) now to the ICB instead of the CMB,
the desired connection across the EH layer between the SIC and the mainstream is
established as

by — by = —t(by — bg) = A2 o Zs(c — DB™. (D.12f)

This entire analysis breaks down at the equator, where the inner and outer EH
boundary layers have singularities. This situation is familiar in non-magnetic contexts
for Ekman layers on closed surfaces, and we have followed the standard practice of
assuming the singularities are passive and ignorable. There may also be difficulties on
any null flux curve, such as the magnetic equator, where B™ = 0. We disregarded
these too.

Appendix E: Gravitational and magnetic interactions

This appendix generalizes some of the results reported in appendix B of Braginsky and
Roberts (1995) on gravitation theory and extends them to EM theory. The notation
will differ from that in the main text in one significant respect. In the main text, g(r), g(r),
and g(r) are the gravitational fields when r lies in the mantle, FOC, and SIC, respectively;
see for example (7a). Here however they are the gravitational fields produced by
the density sources p, p, and p, so that, for example g(r) 2(r) + g(r) +2(r), for any
point r wherever situated. Slmlldrly, B(r) B(r) and B(l) will be the magnetic fields

produced by the individual sources, J J, and J.

If the gravitational source p of g is nonzero only within a region V/,
Poisson’s equation (2g) gives the gravitational potential and field at any r inside or
outside V' as

o(r) = -G / plr ), dv, g()=—G f L o). (E.la,b)
v lr—r'| v r—r'|
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By (E.1b), the force and torque exerted by the gravitational field created by the mass in
volume V| on the mass in volume V, are

r—n
FE ) :/ pgdv= —G/ / ———— p1pdvdy = —/ o1g,dv = —F{ | (E.2a)
v, [ =1 Vi

FlGonz—/ rxpmgdv=_G /v/vlr /|;;01;02d"dv—_/\;"lxplgzdvz_rgonl'
1 2 1

(E.2b)

In these reciprocity relations, p; etc stands for p(r;) etc. By taking V; and V, to be the
same volume, it is seen that the self-force and self-torque of a mass distribution on itself
are zero.

These results have implications for the 3 component system of mantle, FOC, and
SIC, e.g.

P99 = [Purxdrs [Furxiudv== [ purx @+8ndv=— [ porxgds
v \ \% \%
(E.3a)
Therefore, by hydrostatic balance and (35¢c),

ff + f(G = — / rx Vp,dv = f‘(IT = _faT — T‘Z, (E.3b)
v

which confirms (39¢) by a different method.

The integrals (E.2a,b) over volume can be usefully transformed into surface integrals,
though at the expense of expressions that are harder to interpret than (37a,b). The
transformation draws on the analogy between the theories governing Newtonian
gravitation and electrostatics, the only difference between these theories being one of
sign: like charges repel but all masses attract. Scalar formulations of the electrostatic
force and torque are derived in §§193 and 194 of Jeans (1925). The vectorial
formulations of the gravitational force and torque are derived in appendix B of
Braginsky and Roberts (1995). To derive the gravitational stress tensor, we use (2e) to
write

4nGpgi = —&iVigr = —V;(gig) — g x (V x @), + g;Vig;. (E.4a)
Equations (37¢,d) then follow from (2c,d):
pgi=V;S{, where S§ = —(47G)"'(gig — g8y (E.4b,c)

is the gravitational stress tensor. The gravitational “pressure”, —g°/87G, in (E.4c) is
also the gravitational energy density. Equations (E.4b,c) enable (37a,b) to be written as
integrals over the surface, A, of V, see (37e,f).

The gravitational interaction between two bodies, V; and V5, can be treated similarly.
Alternative expressions for (E.2a,b) are

Flos = =g § (02808 + (g1 — (g1 -gmda = —FSp (B0
and
1
[l =i 7 (g + (2o = (gl = TS, (E:Sb)
2
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where n, is the normal to the boundary, S,, of V, directed outwards from V,. The first
step in deriving (E.5a) from (E.2a), and similarly (E.5b) from (E.2b), is to replace p>g;
by p>g1 + p1g>. The added term does not contribute to Fl(fmz orI' lGonZ because p; =0 in
V,, but allows the transformation

4nG(p2 g1 + £1£2); = —22iVi81; — €1:V;82 = —V; (1€ + g1;82) + Vi(g1:8),  (E.5¢)

from which (E.5a,b) follow.
Analogous results hold for the magnetic field, B, on representing this by a vector
potential A obeying the Coulomb gauge condition:

B=VxA, V-A=0, (E.6a,b)

Ho/4m, J and A replay the roles of —G, p and @ above. The consequences are sufficiently
similar to the gravitational results that only a shortened version of the EM results is
given below. We consider J to be bounded everywhere, to vanish outside a volume V’
with surface S, and to obey

V-J=0, where n-J=0 on$S, (E.6c,d)
the first of which is a consequence of Ampére’s law,
Vx B=poJ andimplies V?A = —puol. (E.6e.f)

The solution to the vector Poisson equation (E.6f) is

A(r) = %/ J(r’)d,v and implies B(r) = —/ wdv, (E.7a,b)

v = 47 |y—y’|3

which is the well-known Biot—Savart law. One way to derive the force and torque on the
current distribution in V employs

(I x B); = [Ix (Vx A); = J;(V;di — Vid;). (E.8a)
Then, by (E.6¢,d),
FM = f [ Vid; — V; (AJ)]dv = / JiViA;dv, (E.8b)
\4 \4
M= / et (Vide — VeAy)dy. (E.8¢)
v

Apply (E.7a) to A; created by the current distribution J; in V;, and substitute it into
(E.8c) to determine the force on J, in V, due to Ji:

Flon, = /\;f " |3(Jl <h)dvdy = —F! (E.8d)

Similarly when A, is substituted into the second term in (E.8b), it can be simplified as
follows:

/ (ry x I - (—3)dvdv_ / (r2><Jl)V2-< I )dvdv
Vi IV, [r1 — 12| vi v, [r1 — 12|
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=/< (2 x Jm T 4 )d +// N X2 4y, (E.8¢)
vi\Js, Ir1—r v, Jv, |V1—V2|

The surface integral vanishes by (E.6d). By combining the remnant with the first term
on the right-hand side of (E.8b), we obtain

J J 3 .
10r12 / / < L nx ’23 (Jl -J2)>dVdV - F%nl (ng)
AL —"2| lry — 12|

By taking V, to be the same volume as V; in (E.8d,f), it follows that the self-force and
self-torque on a volume current are zero.
The other way to derive the force and torque on the current distribution in V employs

1o(J x B); = [(V x B) x B, = B;(V;B; — ViB;) = V;(B;B; — 1B*8;) = noV;S}/, (E.9%a)

which is the basis of the transformation of F and I'™ into surface integrals used in
section 8.1. It is also the basis of integrals analogous to (E.5a,b) for the magnetic force
and torque that V; exerts on V,:

1
Flon = aﬁé [(n2+ B1)B, + (2 B2)Bi — (B - By)mylda = —F, |, (E.9b)
2
1
r = . fé rx [(ny+B1)By + (m2+ B2)By — (B, - By)my]da = —I'y! . (E.9¢)
2

An obvious advantage of (E.8d,f) over (E.9b,c) is that the former does not require B
and B, to be derived from given J; and J,.





