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This article commences by surveying the basic dynamics of Earth’s core and their impact on
various mechanisms of core-mantle coupling. The physics governing core convection and
magnetic field production in the Earth is briefly reviewed. Convection is taken to be a small
perturbation from a hydrostatic, ‘‘adiabatic reference state’’ of uniform composition and
specific entropy, in which thermodynamic variables depend only on the gravitational potential.
The four principal processes coupling the rotation of the mantle to the rotations of the
inner and outer cores are analyzed: viscosity, topography, gravity and magnetic field.
The gravitational potential of density anomalies in the mantle and inner core creates density
differences in the fluid core that greatly exceed those associated with convection.
The implications of the resulting ‘‘adiabatic torques’’ on topographic and gravitational
coupling are considered. A new approach to the gravitational interaction between the inner core
and the mantle, and the associated gravitational oscillations, is presented. Magnetic coupling
through torsional waves is studied. A fresh analysis of torsional waves identifies new terms
previously overlooked. The magnetic boundary layer on the core-mantle boundary is studied
and shown to attenuate the waves significantly. It also hosts relatively high speed flows that
influence the angular momentum budget. The magnetic coupling of the solid core to fluid in the
tangent cylinder is investigated. Four technical appendices derive, and present solutions of, the
torsional wave equation, analyze the associated magnetic boundary layers at the top and
bottom of the fluid core, and consider gravitational and magnetic coupling from a more general
standpoint. A fifth presents a simple model of the adiabatic reference state.

Keywords: Geostrophic and magnetostrophic flow; Torsional waves; Taylor’s constraint;
Ekman–Hartmann layers; Gravitational oscillations

1. Introduction

The Earth is not a perfect timekeeper, and the spectrum of the variations in the mantle’s

angular velocity bX spans a wide range of frequencies. Of particular interest here are the

comparatively large amplitude sub-decadal variations in which changes in length of day

(LOD) of up to 2ms occur (Abarca del Rio et al. 2000); see figure 1(a). The changes are

so rapid that the atmosphere and oceans cannot be responsible as becomes clear when

we consider the following extreme case.
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Suppose that all motions in the atmosphere and oceans relative to the mantle ceased,
their angular momentum �M (¼�Matmþ �Mocm) being shared by the entire Earth,
so leading to a change in the LOD, P (¼ 2�=bO), of �P ¼ �P�M=Ctot

bO, where
Ctot� 8.04� 1037 kgm2 is the total moment of inertia of the Earth about its polar axis.
Although the moment of inertia Cocn (� 300Catm) of the oceans is large compared with
that of the atmosphere, ocean currents are much slower than atmospheric motions. For
example, applying the models of Gross (2007) to data from 2009 yields root-mean-
square estimates of j�Matmj ¼ 1.8� 1025 kgm2 s�1 and j�Mocj ¼ 2.1� 1024 kgm2 s�1.
Then j�Mj ¼ 2.0� 1025 kgm2 s�1, so that j�Pj is at most 0.3ms. Therefore, extinguish-
ing, or even reversing, the global wind and ocean circulations would not be able to
account for the largest sub-decadal variations in LOD.

The origin of the sub-decade variations must be sought in the Earth’s interior, and
figure 1 suggests that the task of finding the origin will not be a light one. Figure 1(a)
shows smoothed LOD data, �P, from the last half century, with the atmospheric, and
tidal signals removed (Holme and de Viron 2005). Figure 1(b) shows the temporal
derivative of the LOD time series, dP/dt; strong oscillations occur on sub-decadal time
scales. From the temporal derivative, it is then possible to reconstruct bGz as a function
of time t in figure 1(c); here bGz is the component parallel to the polar axis Oz of the
torque bC exerted by the core on the mantle (assumed a rigid body).

The equation of motion for the mantle’s axial rotation is bCðdbO=dtÞ ¼ bGz, wherebC ¼ 7:12� 1037 kgm2 is the mantle’s axial moment of inertia. From figure 1(b), let the
LOD change by �P¼ 2� 10�3 s over a time T equal to a decade (��� 108 s),
corresponding to 0.2ms yr�1. Then �bO ¼ �2� �P=P2 ¼ �8:4� 10�13 s�1 and dbO=dt �
�bO=T ¼ �5:4� 10�21 s�2. Multiplying by bC yields a torque of bGz ¼ �4� 1017 Nm that

Figure 1. (a) Smoothed LOD time series data, �P(t), from Holme and de Viron (2005). (b) Temporal
derivative of the LOD time series, dP/dt. (c) Axial torque on the mantle, bGz ¼ �ð2�bC=P2ÞdP=dt, necessary to
generate the LOD’s temporal variations over the past half century.
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acts on the mantle on decadal time scales. Thus, the LOD data in figure 1 sets a target
magnitude for theorists: how can torques as large as 1018Nm be generated in the

interior of the Earth?
The time scale of the variations in LOD shown in figure 1(b) has a dominant

periodicity of nearly 6 years. However, lower resolution, longer time period LOD

models suggest a possible periodicity of 60 years; see e.g., Roberts et al. (2007). The
existence of this 60 year periodicity is controversial, mainly because records of the

required length and accuracy are unavailable to establish it unequivocally. Thus, we will
focus mainly here on explanations of the sub-decadal, 6 year oscillation.

The LOD fluctuations are so strongly reminiscent of that of the secular variation
of the geomagnetic field, B, that it is natural to seek a common cause for each in

MHD processes in the core. This is made clear in figure 2, which shows the LOD
data from figure 1 and the longer LOD time series of Gross (2001) plotted versus

the estimated LOD variations inferred from the core flow models of Jackson (1997).
Since the core flow models are obtained by inversion of geomagnetic secular

variation data, the qualitative agreement amongst these data sets implies that the
sub-decadal variations in LOD are due to core-mantle angular momentum exchange
and that these decadal exchanges are associated with the MHD processes occurring

in Earth’s core.
The existence of the sub-decadal variations in LOD betrays the existence of angular

momentum exchanges between the Earth’s mantle, fluid outer core (FOC) and solid

inner core (SIC). The core-mantle interactions are communicated via stresses on the
base of the mantle. The LOD variations establish, further, that these stresses are large
enough to be detectable via variations in the mantle’s angular velocity X. Challenging

questions arise such as, what does the changing LOD teach us about the deep interior of
the Earth and the physical state of the core?

Figure 2. Comparison of LOD time series data, �P(t), from Holme and de Viron (2005) and Gross (2001)
against modeled LOD variations from the ‘‘smooth’’ core flow inversion of Jackson (1997). The qualitative
agreement after 1900, when the data quality becomes relatively high, implies that axial angular momentum is
exchanged between core and mantle on sub-decadal time scales. The time series include the variation due to
lunar tidal drag. The mean LOD values are arbitrary, and, thus, have been selected to agree with that of Gross
(2001) at 1972.5.
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This article will focus on variations in LOD, i.e., changes in bOz ð� bO). Precession and
nutation of the Earth’s axis, which describe variations in bOx and bOy, are phenomena
that cannot be satisfactorily explained without invoking torques, bC, on the core-mantle
boundary (CMB) that have nonzero x- and y-components. These topics are beyond the
scope of this article. We will however pay attention to the torques acting across the
inner core boundary (ICB); it will become apparent that these are relevant to variations
in LOD. Sections 2 and 3 presents the background physics, which is necessary to make
this article self-contained. Technical issues are dealt with in five appendices.
Throughout, variables in the SIC are distinguished by a tilde (�) and those in the
mantle by a hat (^). Unadorned letters are either used in general statements or refer to
FOC variables. When however there seems to be a risk of ambiguity, a breve sign ( � ) is
added to FOC quantities.

2. Background physics

2.1. Thermal core-mantle coupling

Discussion of the thermal coupling of the FOC to the mantle and the SIC provides a
way of introducing physical concepts, governing equations, boundary conditions and
the notation required for the remainder of this article.

The core and mantle are thermally coupled by two boundary conditions on the CMB.
These are continuity of the temperature T and the normal component of the heat flux q.
Since the CMB is not perfectly spherical, its unit normal, n, is not exactly parallel to the
radius vector, r. We assume n points from the core into the mantle, and denote by
�qn ð¼ n � �q) the outward heat flux from the FOC. The boundary conditions are then

�T ¼ bT, �qn ¼bqn, on the CMB: ð1a;bÞ

In principle, the core and mantle form one system, and T should be found by solving
for core and mantle convection simultaneously, using (1a,b) to link them together. It
would be much more convenient to divorce them by considering the core and mantle as
separate systems, but there is a difficulty: even if T and qn were known on the CMB,
only one of them could be specified when seeking T in either system in isolation. To
apply both conditions would overdetermine the mathematical problem. So the question
arises, if the core and mantle are considered separately, which of the two conditions
should be applied to each, or should some combination of the two conditions be used?
Fortunately a clearcut answer is available which exploits the fact that a typical mantle
velocity, bV � 10�9 m s�1, is very much smaller than a typical fluid core velocity,
�V � 10�4 m s�1. We shall show that a boundary condition of uniform CMB temper-
ature is the correct condition to apply in a simulation of mantle dynamics (see (5e)). The
mantle simulation then determines bqn which transforms (1b) into the boundary
condition to be applied in simulations of core dynamics.

In order to develop this argument in detail, it is necessary to discuss the
thermodynamics and chemical composition of the core. The core is known from
seismology to be lighter than iron would be at the same T and pressure p. Although the
core is an uncertain combination of all the elements, the essential physics is adequately
represented here by a core that is a ferric binary alloy in which the mass fraction of the
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principal unknown light constituent (possibly Si, O or S) is denoted by X (e.g., Frost

et al. 2010). Convection mixes the FOC so well that, except in thin boundary layers at

the CMB and ICB, it is chemically and thermodynamically homogeneous. It is therefore

isentropic, i.e., its specific entropy, S, is uniform. Except in boundary layers,

S ¼ Sa ¼ constant, X ¼ Xa ¼ constant, in the FOC, ð2a;bÞ

where the subscript a stands for ‘‘adiabatic’’; (2a) makes S a more natural variable to
use than T in describing FOC convection.

Pressure differences in a convective flow of characteristic speed V influences the

primary dynamical balance if V is as large as the speed of sound, us. But us� 104m s�1

in the FOC while V is at most of order 10�3m s�1. The dynamical balance is therefore

primarily hydrostatic. The differences in density, �, are mainly due to gravitational

compression and are significant. Hydrostatic balance, including the centrifugal

acceleration, requires that

Jpa ¼ �aðga �X� ðX� rÞÞ ¼ �a½ga þ
1
2JðX�rÞ

2
�, ð2cÞ

where r is the radius vector from the geocenter O. Newtonian gravitation theory
requires that g is everywhere continuous and

J�g ¼ 0, J � g ¼ �4�G�, g ¼ �JF, r2F ¼ 4�G�, ð2d;e;f;gÞ

where G is the constant of gravitation, g is the gravitational field, and F is the
gravitational potential. Equations (2a–g) are the basis of two reference models

described below.
Adequate for most geophysical purposes is the spherical reference model, in which the

core is taken to be non-rotating and spherically symmetric about O. Hydrostatic

balance then requires that p ¼ psaðrÞ, � ¼ �
s
aðrÞ and g ¼ gsaðrÞ, where g¼ jgj ¼�gr and

dpsa=dr ¼ �
s
ag

s
a : ð3aÞ

The superscript s distinguishes variables in the spherical reference model from those in
the aspherical model introduced in section 2.2, which depend on all three polar

coordinates (r, �,�). In appendix A, a simple example satisfying (2d,e) and (3a) is

presented that mimics the core satisfactorily.
In the spherical model, the density �, temperature T and chemical potential �

(the conjugate variable to X; e.g., see Chapt. IX of Landau and Lifshitz (1980)) increase

with depth, and define the adiabatic gradients

dTs
a=dr ¼ ��Sg

s
a , d�sa=dr ¼ ��

s
ag

s
a=u

2
s , d�s

a=dr ¼ ��Xg
s
a : ð3b;c;dÞ

Here, �S and �X are the entropic and compositional expansion coefficients analogous to
the thermal expansion coefficient, �:

�S ¼ ��
�1ð@�=@S Þp,X ¼ �T=cp, �X ¼ ��

�1ð@�=@X Þp,S, ð3e;fÞ

and cp (� 800 J kg�1K�1) is the specific heat at constant pressure, p. Other typical values
are �¼ 10�5K�1, �S¼ 6�8� 10�5 kg J�1K�1 and �X¼ 0.6 (e.g., Stacey and Davis

2008). (The subscript a and superscript s are omitted from us, �, �S, �X and cp in (3b–e)

but are implied.)
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A state of uniform S and X is neutrally buoyant, even though its density
increases downwards; e.g. see x4 of Landau and Lifshitz (1987). If the FOC were in
this state when the CMB suddenly became impervious to heat, convective
motions would transport S and X upward on a turnover time scale. This would
quickly carry the FOC toward an isothermal state of uniform �, in which S and X
increase upwards and which is buoyantly stable. This follows from the general
thermodynamic inequality

@�

@p

� �
T,�

4
@�

@p

� �
S,X

, ð4aÞ

i.e. density increases more rapidly with depth than in the neutrally buoyant adiabatic
state. As this bottom heavy state is created, convection would cease and the
geodynamo would shut down. This extreme ‘‘end member’’ example makes the point
that the vigor of core convection and the generation of magnetic field by dynamo
action are decided by the flow of heat, Q, from core to mantle, which in turn is
controlled by the efficiency of mantle convection. The mantle is the valve that
controls the core engine. Sufficient radioactivity in the core could alone supply Q at
the CMB; even more would raise the core temperature, melt the inner core and the
base of the mantle. The reality seems to be the opposite: the core is cooling, and the
inner core is growing through the freezing of core fluid (e.g. Jacobs 1953,
Davies 2007, Lay et al. 2008). The downward melting point gradient exceeds the
downward adiabatic gradient, resulting in the unfamiliar situation of a fluid being
cooled at the top (CMB) but freezing at the bottom (ICB). Conditions similar to
(1a,b) apply:

�T ¼ eT ¼ TPhE, �qn ¼eqn þe�L_ri, on the ICB, ð4b;cÞ

where TPhE(p,X ) is the temperature for phase equilibrium. The last term in (4c)
expresses the rate of release of latent heat as the ICB advances into the FOC through
freezing; ri is the inner core radius and L is latent heat per unit SIC mass. Although very
uncertain, L¼ 106 J kg�1 is a common estimate.

The release of latent heat at the ICB creates a buoyancy source that helps to drive
convection in the core, but it is not the only source. Buoyancy is also created
compositionally. Generally when an alloy freezes, it partially ejects some of its
constituents. It is known from seismology that e�4 �� at the ICB. The density jump,eD ¼ e�� �� � 600 kgm�3, exceeds what is expected from thermal contraction on
freezing. It seems more likely that �X4 eX. The light material ejected on freezing
provides a compositional buoyancy source at the ICB that is thermodynamically very
efficient. If K is the mass flux of light constituent

Kn ¼ e�ð �X� eXÞ_ri, on the ICB, ð4dÞ

which is the analog for X of (4c).
The heat flow, Q, from the core to the mantle is uncertain (e.g. Lay et al. 2008).

Estimates of order 10 TW are common; some are as low as 3 TW and some as high as
20TW, which we shall take as an upper bound. An important part of Q is Qa, the heat
flow down the adiabat. On taking �¼ 1.76� 10�5K�1, cp¼ 850 J kg�1K�1,
Ta¼ 4000K and ga¼ 10.68m s�2 at the CMB (e.g. Stacey and Davis 2008),
we obtain from (3b) an adiabatic temperature gradient of about 0.9Kkm�1.
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Assuming a thermal conductivity, K, of 40Wm�1K�1, the resulting adiabatic heat flux,

Ir,a¼�K@rTa, is about 3.6� 10�2Wm�2 at the CMB. This implies that Qa� 5.4 TW.

The uncertainty in Q is mainly an uncertainty in the convective heat flow, Qc, which

might even be negative in a regime that is dominantly compositionally driven (Loper

1978). We shall assume that Qc is less than 15 TW, so that qr,c50.1Wm�2.
Convection creates deviations from the reference model, and the next step is to

quantify these through a parameter 	c¼Tc/Ta. We here use the notation

T ¼ Ta þ Tc, ð5aÞ

and similarly for other variables. The outward convective heat flux within the FOC is

qr,c ¼ �cpTcVr � K@rTc, ð5bÞ

where the overline denotes an average over the turbulence. The ratio of the two terms
on the right-hand side of this equation is the Péclet number, Pe¼VL/
, where 
¼K/�cp
is the molecular thermal diffusivity, which is about 5� 10�6m2 s�1. In the main bulk of

the core, (5b) is well-approximated for L0 1m by

qr,c ¼ �cpTcVr, and similarly Kr,c ¼ �aXcVr, ð5c;dÞ

for the compositional flux. These fail as the CMB is approached and �Vr tends to zero.
Thermal conduction increasingly carries the heat until, on the CMB itself,

qr,c¼�K@rTc. Since Qc is probably several TW, rrT must be large too, both at the

CMB and in a thin, non-adiabatic, thermal boundary layer not discussed here. As qr,c is

nearly constant through the boundary layer, (5c) can be used even at the CMB,

provided Vr refers to the flow beneath the boundary layer, typically estimated as

10�4m s�1. Then (5c) gives qr,c� (840 Tc/K)Wm�2. Since qr,c50.1Wm�2 according to

our earlier estimate, Tc510�4K. As Ta � bTa � 4000K (e.g. Kawai and Tscuchiya

2009), 	c53� 10�8. The smallness of 	c confirms that the FOC is very close to an

adiabatic state so that, to an excellent approximation, (1a) givesbT ¼ Ta, on the CMB: ð5eÞ

Equation (5e) is the appropriate bottom thermal boundary condition when studying
the mantle in isolation. Strictly, it is wrong to use this boundary condition when solving

core convection in isolation, although this is ‘‘standard practice’’ in the majority of

geodynamo simulations. This may be because it is slightly easier to implement and

because it is believed that this choice does not fundamentally alter the solution

(cf. Johnson and Doerring 2010, but see Sakuraba and Roberts 2009). Having solved

the mantle convection equations with the bT prescribed by (5e) and appropriate upper

boundary conditions, the heat fluxbq is determined everywhere, and bqn is known at the

CMB as a function of colatitude, �, and longitude, �. The only way in which (1b) can be

satisfied is by imposing it, with its now known right-hand side, on the FOC, i.e. it

provides the required upper thermal boundary condition for solving core

magnetoconvection.
These arguments have essentially divorced the mantle and core, as far as their

thermal states are concerned. We say ‘‘essentially’’ because it is still necessary to select

the adiabat, Sa, for the core, that gives the appropriate Ta on the CMB, a task not

discussed here.
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2.2. The aspherical reference model

As deviations from spherical symmetry will be significant in sections 6 and 7, we need to

define an aspherical reference model, which includes the effects of the Earth’s rotation

and of density anomalies in the mantle and SIC. This also satisfies (2a,b) and is

therefore neutrally buoyant too.
Consider first the effect of rotation. Equations (2c,f) show that hydrostatic balance

requires

Jpa ¼ �a ge, i.e. Jpa ¼ ��aJFe, ð6a;bÞ

where ge and Fe are the ‘‘effective’’ gravitational field and potential:

ge ¼ �JFe, Fe ¼ Fa �
1

2
ðX�rÞ2: ð6c;dÞ

Equation (6b) requires the thermodynamic variables to be constant on equipotential
surfaces Fe ¼ constant. In particular,

pa ¼ pðFe,Sa,XaÞ, �a ¼ �ðFe,Sa,XaÞ ¼ �@pðFe,Sa,XaÞ=@Fe: ð6e;fÞ

It follows from (4b) that the ICB in the reference state is an equipotential surface too
but, in the core’s turbulent environment, the actual ICB is an equipotential surface only

on average. In what follows, the constants Sa and Xa are omitted from (6e,f) but are

implied.
Because the mantle and SIC are so much less mobile than the FOC, deviations from

hydrostatic equilibrium may endure for times long compared with the sub-decadal

periods described in section 1. In fact, we shall treat the mantle, and usually the inner

core too, as rigid bodies, with their density distributions, b� and e�, ‘‘frozen’’ to their

co-moving reference frames. Their density distributions create gravity fieldsbg m
a andeg i

a ,

that are frozen in too, but these are only parts of the total gravitational fields,bga andega,
in the mantle and SIC, e.g. the mantle gravity field comprises the three components

originating, respectively, in the mantle, fluid core and inner core:

bg ¼bg m þbg f þbg i: ð7aÞ

Note that the FOC and SIC contributions, bg f and bg i, are not frozen to the mantle
frame and may change on sub-decadal time scales. It will become clear later that these

changes, though small, are significant.
We shall use the term gravity anomaly to mean that b�abge � Jbpa and e�aege � Jepa are

nonzero, and we shall argue that they fluctuate about zero on sub-decadal time scales.

This motivates the introduction of the following deviation measures:

bd ¼ ZbV ðb�abge � JbpaÞdv, ed ¼ ZeV ðe�aege � JepaÞdv, ð7b;cÞ

bD ¼ ZbV r� ðb�abge � JbpaÞdv, eD ¼ ZeV r� ðe�aege � JepaÞdv: ð7d;eÞ

Analogous integrals for the FOC are clearly zero by (6a).
The measures bd and ed are relevant to linear momentum, as for example when the

SIC is displaced relative to the mantle in the Slichter mode; the measures bD and eD
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concern the balance of angular momentum and are relevant to LOD variations.

Ignoring sources of ga external to the Earth,

bdþed ¼ 0, bDþeD ¼ 0, ð7f;gÞ

because of conservation of linear and angular momentum; section 7.1 will give more

details. We shall require that the aspherical reference model obeys not only (6a) but also

bd ¼ 0, ed ¼ 0, bD ¼ 0, eD ¼ 0: ð7h;i;j;kÞ

These may be regarded as generalized isostasy statements, generalized because bge, for
example, includes the time-varying bg f

e and bg i
e which alter when the position and

orientation of the SIC change. Then all four measures become nonzero, though (7f,g)

continue to hold. Additionally, we assume that (7h–k) refer to a state of minimum

gravitational energy for which the total linear and angular momentum of the

core-mantle system is given and for which Sa and Xa for the FOC are assigned. This

is the state to which the Earth seeks to return when the measures are nonzero.
To assess the difference between the spherical and aspherical models, we define

F 0eðr, �,�Þ ¼ Feðr, �,�Þ � Fs
aðrÞ, ð8aÞ

and similarly for p 0a, �
0
a, etc. When Fe is expanded in spherical harmonics,

Feðr, �,�Þ ¼
X1
‘¼0

X‘
m¼0

½G
m
‘ ðrÞ cosm�þH

m
‘ ðrÞ sinm��P

m
‘ ð�Þ, ð8bÞ

where the ‘¼m¼ 0 term is Fs
a, and the remaining terms define F 0e. The ‘¼ 2, m¼ 0 part

is dominated by centrifugal forces, whose importance is quantified by the dimensionless

parameter 	�¼�2r/g. This varies from 1.7� 10�3 at the CMB to 1.5� 10�3 at the ICB.
The next most significant gravity anomaly, from ‘¼m¼ 2, is created by density

inhomogeneities in the mantle so that, by (2g), r2F 0e ¼ 0 for r9 ro. Therefore, by choice

of the zero of �,

F 0e ¼ bAðr=roÞ2 sin2 � cos 2�, ðbA4 0Þ: ð8cÞ

See Wahr and deVries (1989) and Forte et al. (1994). The value of the constant bA is

about 1300m2 s�2, according to Defraigne et al. (1996) and about 2300m2 s�2 according

to Forte et al. (1994). We compromise by taking bA ¼1800m2 s�2, a value assumed

below without further comment. Approximating p 0a as a small perturbation of psa, (3a)

gives

p 0a � ��
s
aF
0
a: ð8dÞ

The importance of the anomaly (8c) is quantified by 	a ¼ p 0a=p
s
a, which reaches 10�4 on

the CMB equator and 10�5 on the ICB equator. As 	� exceeds 	a by one or two orders

of magnitude, rotation creates the larger difference between the spherical and aspherical

models, but the torques that can change the LOD depend on asymmetries (m 6¼ 0).

It may also be seen that even 	a greatly exceeds 	c.
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3. More background physics

3.1. On representing sub-grid scales

Equations (5b,c) raise a very significant modeling issue: the representation of turbulence
in core dynamics. It is an unfortunate fact that the computational hardware needed to
resolve significant length and time scales of core motion does not exist today nor
apparently for the foreseeable future. A computer can only deal with the large length,
time, and velocity scales that it can resolve; we denote these by L, T , and V and call
them ‘‘the macroscales’’. Unfortunately the macroscale fields are greatly influenced by
the unresolvable small length, time, and velocity scales, which we denote by ‘, �, and v,
and call ‘‘the microscales’’, though ‘ and � greatly exceed the molecular scales.

No completely satisfactory way of representing the effect of the microscales on the
macroscales is known. Several approximate methods have been devised however that
have been partially successful. Here we focus on the simplest, which is known as mixing
length theory. It exists at several levels of sophistication, and is widely used in
astrophysics and geophysics e.g. Bradshaw (1974) and Cushman-Roisin (2008).
Promising alternatives to mixing length theory have been developed over the past
three decades (Bardina et al. 1980) and have been applied to core turbulence during the
past decade (e.g. Matsui and Buffett 2005).

It was recognized even in the nineteenth century that the most important effect to
parametrize is the transport of macroscale variables by the microscale velocities. This
can be vastly greater than their transport by molecular motions. In mixing length theory
this is recognized by a similar diffusive process, but using eddy diffusivities that are
much larger than their molecular counterparts.

To be more specific, we separate quantities into their resolved macroscale and
unresolved microscale parts by

V ¼ hVi þ v, Sc ¼ hSci þ sc, Xc ¼ hXci þ xc, . . . , ð9a;b;cÞ

where angle brackets surround a quantity averaged over the microscales. The averages
that concern (5b,c) are the r-components of

hScV i ¼ hScihV i þ hscvi, hXcV i ¼ hXcihV i þ hxcvi: ð9d;eÞ

The mixing length approach approximates the last terms in (9d,e) by

hscvi ¼ �
TJhSci, hscvi ¼ �
TJhXci, ð9f;gÞ

where 
T is a turbulent diffusivity which is the same for Sc and Xc because S is an
extensive thermodynamic variable that is transported by motion in the same way as X.
It is therefore convenient (except in boundary layers) to combine thermal and
compositional buoyancies together in

�c ¼ u�2s pc þ �aC, ð10aÞ

where C is the codensity (Braginsky and Roberts 1995):

C ¼ ��SSc � �XXc: ð10bÞ

Equation (10a) follows from the thermodynamic relation

d� ¼ u�2s dp� ��S dS� ��X dX, ð10cÞ
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since �c/�a, pc/pa, Sc/Sa, and Xc/Xa are all of order 10
�8, which determines the accuracy

to which (10a) holds.
When applied to the transport of macroscale momentum by the microscale motions,

the turbulent mixing ansatz (9f,g) introduces a turbulent kinematic viscosity, �T, very
much greater than the molecular kinematic viscosity, �. If it is supposed that sc/Sc and
xc/Xc are O(‘/L), (9f,g) indicate that 
T¼O(v‘), and this is a common estimate for both

T and �T. Faced with lack of information about how the fluid velocity depends on its
length scale, we take v¼ 10�4m s�1, which is typical of what we call the inferred core
surface velocity, as deduced by downward extrapolation of magnetic field data taken at
or near the Earth’s surface. It is also hard to estimate ‘. We take ‘ � E1/3ro� 100m,
where E is the Ekman number; see (15b). We choose this because it is a characteristic
length scale in rapidly rotating convective systems of scale ro (e.g. Stellmach and
Hansen 2004, Sprague et al. 2006). We then obtain turbulent diffusivity estimates of


T � �T � 0:01m2 s�1: ð10dÞ

The simplistic belief that microscale motions act on all macroscale processes in the
same way in a particular physical system encourages the assumption that all turbulent
diffusivities in that system are the same. When a molecular diffusivity exceeds the
corresponding turbulent diffusivity, as appears to be true for the magnetic diffusivity,
it determines the total diffusivity. The molecular magnetic diffusivity in the FOC is

¼ 1/�0�� 2m2 s�1, based on �� 4� 105 Sm�1 for the electrical conductivity, and
�0¼ 4�� 10�7Hm�1 for the magnetic permeability, assumed to be that of free space.
Since this 
 exceeds the 
T given by (10d) by a factor of 200, the introduction of a
turbulent magnetic diffusivity in simulating core MHD is superfluous.

Approximations such as (9f,g) implicitly assume that turbulent diffusion is an
isotropic process at all length scales. This too is highly questionable. In numerical
models, the length scale separating the macroscales from microscales is not a physical
one; it is computational, dictated by the available computing hardware. Many of the
processes controlling the unresolved scales are anisotropic (e.g. Ishihara et al. 2009).
For example, consider again the estimate of 
T and �T made above. The ratio of the
microscale lengths perpendicular and parallel to the angular velocity, X, of a rapidly
rotating system is typically E1/3, indicating that the turbulence diffuses macroscale
quantities at different rates in these directions. This strongly suggests that the sub-grid-
scale diffusion processes are anisotropic as well. The ansatz can be improved by
replacing 
T and �T by tensor diffusivities. See Matsushima et al. (1999), Matsui and
Buffett (2005), and Hejda and Reshetnyak (2009).

The application of mixing length theory to the core is discussed further by Braginsky
and Meytlis (1990) and by Braginsky and Roberts (1995); see their x4.3 and appendix C.
In what follows, we discuss only macrodynamics with isotropic turbulent diffusivities
only. Although angle brackets are omitted, they should be understood to be present.

3.2. Overview of core dynamics

We have now assembled enough background to be able to summarize core dynamics.
In the mantle frame, mass and momentum conservation require

@t�þ J � ð�V Þ ¼ 0, ð11aÞ

�½@tVþ V �JVþ 2X� Vþ _X� r� ¼ �Jpþ �ge þ J� Bþ F �: ð11bÞ
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The four forces per unit mass on the left-hand side of (11b) are inertial [@tV (¼ @V/@t)
and V �JV], Coriolis (2:�V), and Poincaré ( _X� r), the last of which is associated with

variations in the rotational state of the mantle and is negligibly small on the LOD time

scale. The centrifugal force �X� (X�r) does not appear in (11b) because it has already

been absorbed into the gravitational force ge (see (6d)). The four forces per unit volume

on the right-hand side are the pressure gradient, the buoyancy force �ge, the Lorentz

force J�B, and the viscous force F �, usually approximated by ��Tr
2V. According to

pre-Maxwell EM theory (Davidson 2001), the electric current density is given by

Ampère’s law,

J ¼ ��10 J� B, where J �B ¼ 0: ð11c;dÞ

The electric field, E, is subject to Ohm and Faraday’s laws:

E ¼ �V�Bþ 
J�B, J�E ¼ �@tB, ð11e;fÞ

from which the induction equation follows:

@tB ¼ J�ðV�BÞ þ 
r2B, ð11gÞ

where we have assumed that 
 is uniform. (When a variable mantle conductivity, b�,
is envisaged, 
r2B is replaced by �J�ðb
 J�bBÞ.) According to (11c),

J � J ¼ 0: ð11hÞ

As before, we separate variables into adiabatic and convective parts. In what follows,
we adopt the spherical reference model but omit s. Since �c/�a� 10�8, (11a,b) can be

accurately approximated by the anelastic approximation (e.g. Braginsky and Roberts

2007):

J � ð�aV Þ ¼ 0, ð12aÞ

�a½@tVþ V �JVþ 2X� V � ¼ �Jpc þ �cge þ �a gc þ J� Bþ �a�Tr
2V: ð12bÞ

An attractive simplification of (12b) makes use of a reduced ‘‘pressure’’ defined by

Pc ¼
pc
�a

, so that � Jpc ¼ ��aJPc �
pa
u2s

ge, ð13a;bÞ

using (3c). Therefore, by (10c),

�Jpc þ �c ge ¼ �að�JPc þ CgeÞ: ð13cÞ

If the �a gc part of the total buoyancy force, �c geþ �a gc is ignored, (12b) becomes

@tVþ V �JVþ 2X� V ¼ �JPc þ Cge þ �
�1
a J� Bþ �Tr

2V: ð14Þ

This form makes it plain that the density changes created by pressure differences, the
first term on the right-hand sides of (10a,c), does not influence convection. Whether the

�a gc part of the buoyancy force can be ignored without making a significant error is an

open question; see, for example, x7.02.2.5.2 of Ricard (2007). Braginsky and Roberts

(1995) pointed out that, by a minor modification to the definitions of �c and pc, a

variant of (14) holds even when �a gc is retained in (12b).
The fact that the dipole axis of the geomagnetic field is currently nearly antiparallel to

Earth’s rotation axis, and has been either parallel or antiparallel over most of Earth’s
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history (e.g. Merrill et al. 1998), indicates that the Coriolis force, 2X�V, strongly
affects core motions. That it is generally more significant than the inertial and viscous
forces is confirmed by the smallness of the Rossby number and Ekman number,
respectively,

Ro ¼
V

Oro
, E ¼

�

Or2o
: ð15a;bÞ

Taking V ¼ 10�4m s�1 and �¼ 10�6 m2 s�1, we obtain Ro� 10�6 and E� 10�15. Even if
� in (15b) were replaced by the turbulent viscosity �T� 10�2m2 s�1, E would be about
10�11. This suggests that the inertial and viscous terms can be safely omitted from (14)
except on very small length scales. (The omission of the inertial force will be questioned
later.) When the viscosity is dropped, the differential order of the system is lowered and
the no-slip boundary condition on V must be replaced by

n �V ¼ 0, on CMB and ICB: ð16aÞ

After applying this, the tangential components

VH ¼ V� ðn �VÞn ð16bÞ

are generally nonzero on these boundaries.
A measure of the vigor of core convection is the Rayleigh number,

Ra ¼
goL

3Cr

�

, ð17aÞ

where Cr is a typical radial gradient of C in the FOC. We here selected one of the many
ways that the Rayleigh numbers can be defined; it has no special merit. No matter how
it is defined, it is a very large number (cf. Christensen and Aubert 2006, Aurnou 2007).
If we take Cr¼ 3� 10�16m�1, a very uncertain estimate based on �S¼ 10�4 kg J�1K
and an entropy difference across the FOC of 10�5 J kg�1K�1, we obtain Ra� 1023

using molecular diffusivity estimates and Ra� 5� 1014 using the turbulent diffusivity
estimates of (10d).

For convection to be possible, the Rayleigh number must exceed a critical value, Rac.
The value of Rac is sensitive to the strength of Coriolis and Lorentz forces, as measured
by E and the Elsasser number, defined as

L ¼
V2

A

2O

, where VA ¼

B
p
ð�0�aÞ

ð17b;cÞ

is the Alfvén velocity based on a typical magnitude, B, of B. The Elsasser number is
independent of L and plays an important role in theoretical models of core
magnetoconvection. Another dimensionless parameter, relevant later, is the Alfvén
number,

A ¼ V=VA: ð17dÞ

For B¼ 1mT, VA� 1 cm s�1. Taking V ¼ 10�4m s�1 as before, A� 0.01.
If L	O(1), Rac¼O(E�4/3). Molecular values for � and 
 give E�4/3¼ 1020 and

Ra/Rac� 103. Turbulent values �T and 
T of (10d) give E�4/3¼ 5� 1014 and
Ra/Rac� 1. This would mean that convection would be weak or non-existent, which
is inconsistent with the assumption of strong turbulence and eddy diffusivities.
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However, magnetic field strongly affects these estimates. If L�O(1), Rac¼O(E�1).

Molecular diffusivities give E�1¼ 1015 and Ra/Rac� 108, while turbulent diffusivities

give E�1¼ 1011 and Ra/Rac� 104. From these estimates, it seems probable that

Ra/Rac
 1. Thus, it can be argued that the magnetic field makes the convection highly

supercritical, such that the flow is sufficiently turbulent to homogenize S and X in

the core.
In assessing the plausibility of these conclusions, it should be remembered that Ra is

extremely uncertain in the core. Furthermore, the value of Rac for B 6¼ 0 is derived from

analyses in which B is not self-generated but has a source outside the fluid (cf. Zhang

and Schubert 2000, King et al. 2010).
In section 8 and appendices B–D, an even simpler description of core magneto-

convection will be adopted, the so-called Boussinesq approximation in which the density

is assumed constant:

�a ¼ �0 ¼ constant, so that J �V ¼ 0, ð18a;bÞ

by (12a). The equation of motion (14) is virtually unchanged:

@tVþ V �JVþ 2X� V ¼ �JPc þ Cge þ �
�1
0 J� Bþ �Tr

2V, ð18cÞ

where the reduced pressure is now Pc¼ pc/�0.
A flow v in which only the Coriolis force and the gradient of the reduced pressure $c

are significant is said to be geostrophic. Then, by (18c),

2X� v ¼ �J$c: ð19aÞ

Figure 3. Geostrophic cylinders (a) C(s) located outside the tangent cylinder (TC), s4ri, and (b) CN (s)
located inside the TC, s5ri. The thick dashed lines denote a given cylinders’ spherical caps. The TC is shown
dotted in panel (b).
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On operating on this with J� and combining with (18b), the Proudman-Taylor theorem
emerges: (X ?J)v¼ 0, which implies that v is independent of z. For an axisymmetric

boundary such as bS where (16a) applies, it follows that

v ¼ vðs, tÞ1�, $cðs, tÞ ¼ 2O
Z

vðs, tÞds, ð19b;cÞ

where (s,�, z) are cylindrical coordinates. This is a motion in which each geostrophic
cylinder, C(s) of radius s, rotates as a solid body about Oz with an angular velocity,

�ðs, tÞ ¼ vðs, tÞ=s, ð19dÞ

independent of �(s, t) for every other C(s), see figure 3. The geostrophic cylinder, C(ri),
that touches the SIC is called the tangent cylinder (TC). The TC is particularly

significant because the fluid dynamics inside and outside the TC are quite dissimilar

(e.g. Hide and James 1983, Heimpel et al. 2005). It has been pointed out by Jault (2003)

that, in the presence of bumps on the SIC, geostrophic cylinders generally do not exist

for a small range of s surrounding s¼ ri, but for simplicity we shall suppose that the

FOC can be filled with geostrophic cylinders.
The smallness of Ro and E does not justify as drastic an approximation as (19a) but it

encourages ejection of the inertial and viscous forces from (18c), leaving

2X� V ¼ �JPc þ Cge þ �
�1
0 J� B: ð20aÞ

This form of the momentum equation is called the magnetostrophic approximation. One
has a reasonable expectation that the macroscales of core MHD will be well-approx-

imated by combining (20a) with (11d,g), (12a), and the boundary conditions. For V,

these are (16a); for the EM field they are

B ¼bB, EH ¼bEH, on r ¼ ro, B ¼ eB, EH ¼ eEH, on r ¼ ri, ð20b;c;d;eÞ

where E, bE and eE are determined from B, bB and eB by (11e,f).
Because the inertial terms have been abandoned in (20a), there are no Alfvén waves

and their timescale �A¼L/VA does not feature in solutions of the magnetostrophic

system. Alfvén waves are replaced by MAC waves that define the time scale:

�m ¼
2OL2

V2
A

¼
�

L
, where �
 ¼

L
2



� 105 yr ð20f;gÞ

is the free decay time for magnetic fields of scale L¼ ro. The acronym ‘‘MAC’’ and our
index m recognize that magnetostrophic motions and MAC waves are controlled as

much by Magnetic and Archimedean (buoyancy) forces as by Coriolis forces; inertial

forces are conspicuous in the acronym by their absence. The magnetostrophic

approximation is good only for macroscales for which L
VA/� and on time periods

that greatly exceed a day. For VA� 1 cm s�1, this inequality is satisfied for L
 1 km.
As ge,�¼ 0, the �-component of (20a) is

2OVs ¼ �@�Pc þ �
�1
0 ðJ� BÞ�: ð21aÞ
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This is integrated over the surface, C(s). To evaluate the resulting left-hand side of (21a),
integrate (18b) over the interior, bIðsÞ, of C(s):Z

CðsÞ

V � n daþ

Z
bN ðsÞV � n daþ

Z
bSðsÞV � n da ¼ 0, ð21bÞ

where bNðsÞ and bSðsÞ are the spherical caps on the CMB completing the boundary ofbIðsÞ. The second and third terms in (21b) vanish by (16a). The left-hand side of (21a)

therefore vanishes on integration, as does the first-term on the right-hand side, leavingZ
CðsÞ

ðJ� BÞ� da ¼ 0: ð21cÞ

If s5ri, there are two cylinders, CN(s) and CS(s), of radius s to the north and south of the
SIC, and two more spherical caps, eNðsÞ and eSðsÞ, on the ICB across which no fluid

flows either; see figure 3(b). Results analogous to (21c) hold:Z
CNðsÞ

ðJ� BÞ� da ¼ 0,

Z
CSðsÞ

ðJ� BÞ� da ¼ 0: ð21d;eÞ

Equations (21c–e) are known as Taylor’s constraints (Taylor 1963).
An arbitrary flow V can be separated into geostrophic and non-geostrophic parts:

V¼ vþVn, and similarly Pc ¼ $c þPn
c . To introduce these, we at first ignore the

existence of the SIC. Then the geostrophic average, of a quantity such as V� is defined by

ffV�ggðs, tÞ ¼
1bAðsÞ
Z
CðsÞ

V�ðs,�, z, tÞda, ð22aÞ

where bAðsÞ ¼ 4�sz1 is the surface area of C(s) and z1 ¼
p
ðr2o � s2Þ is half the length of its

sides. The geostrophic velocity is written as v¼ v(s, t)1� where v(s, t)¼ {{V�}}. The

non-geostrophic velocity, which carries the superscript n, is

V nðs,�, z, tÞ ¼ Vðs,�, z, tÞ � vðs, tÞ1�: ð22bÞ

It follows that the angular momentum of core flow about Oz is

�MzðtÞ ¼ �0

Z
V

sV� dv ¼ �0

Z ro

0

svðs, tÞbAðsÞ ds, so that

Z
V

sVn
� dv ¼ 0, ð22c;dÞ

where dv is the volume element. Although derived for a core lacking an SIC, these
results are easily generalized; see section 8.4 and appendix B. In confirmation of (22c), it

is found that the geostrophic part of V carries all the axial angular momentum of

the FOC.
Both v and �Mz can be estimated from LOD data and the zonal part of the inferred

core surface flow. In so far as the SIC is locked to the mantle (see section 7.2), eMz is a

part of bMz so that variations in LOD determine ð bMz þ eMzÞ. Conservation of
�Mz þ ð bMz þ eMzÞ can therefore be checked, with generally gratifying agreement (Jault

et al. 1988, Jackson 1997); see also our description of figure 1(c) above.
In the new notation just introduced, (21c–e) can be collectively written

ffJ�Bgg� ¼ 0: ð23aÞ
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For given J�B, (20a), (18b) and (16a) determine V n but not v. That is the task of
Taylor’s constraint (23a). The class of B satisfying (23a) is so narrow that it is hard to

find a single member. Having found one, it is necessary to preserve it as B evolves,

by requiring

@tffJ�Bgg� ¼ 0, i.e. ffð@tJÞ�Bþ J�ð@tBÞgg� ¼ 0: ð23b;cÞ

The induction equation provides @tB and Ampère’s law (11c) supplies J and @tJ. After
reductions (relegated to the end of appendix B), it is found that (23b) is equivalent to

s�1�0@tffJ�Bgg� � �ðs, tÞ
@2�

@s2
þ �ðs, tÞ

@�

@s
� Rðs, tÞ ¼ 0, ð23dÞ

where

�ðs, tÞ ¼ ffB2
s gg, �ðs, tÞ ¼ ffB �JBs þ 2B2

s=sgg, ð23e;fÞ

sRðs, tÞ ¼ �ffðJ�SÞ�Bþ ðJ�BÞ�Sgg�, S ¼ J�ðVn�BÞ þ 
r2B: ð23g;hÞ

Equations (23d–f) were derived by Taylor (1963). He pointed out that, if �Mz is
assigned, (23d) determines � uniquely from R(s, t), i.e. from the evolving V n and B.

Since these obey the magnetostrophic equations, they evolve on the slow MAC time

scale, �m, as therefore do R(s, t) and �. This solution of (23d) will therefore be denoted

by �m below, If the equations (20a) and (23a) are satisfied initially,

Vm ¼ Vn þ vm ð23iÞ

satisfies them always. It is therefore the required solution of (20a).
An arbitrarily assigned J in general creates a B that contradicts (23a), at least initially.

This shows that (20a) is an oversimplification of (18c) as is its consequence (21a); the

inertial term, @tVþV ?JV, must be restored to (20a), resulting in the addition of

ff�0(@tvþV n ?Jvþ v ?JVn)gg� to the right-hand side of (23a). As shown below,

ff@tv�gg�¼O(VA�) while ffVn �Jvþ v �JV ngg� � V n
s ðs@s� þ �Þ ¼ OðVn�Þ. As VA/Vn¼

O(100), only the @tV of the inertial acceleration is significant; because E	 1, the

viscous term can be omitted as before. The geostrophic average of (18b) becomes

�0@tv ¼ ffJ�Bgg�: ð24aÞ

On differentiating with respect to t and using (23d), it is seen that

�0�0
@ 2�

@t2
� �ðs, tÞ

@ 2�

@s2
� �ðs, tÞ

@�

@s
¼ �Rðs, tÞ: ð24bÞ

Another, perhaps more transparent, way of writing (24b) is

@ 2�A

@t2
¼

1

s2bA @@s s2bAV2
A

@�A

@s

� �
þ bNs

@�A

@s
�
Rðs, tÞ

�0�0
, ð24cÞ

where VA(s, t) is the Alfvén velocity defined by V2
A ¼ ffB

2
s gg=�0�0, and

bNðs, tÞ ¼ ro

�0�0bAz1
I
½ðBsBrÞðs,�, z1Þ þ ðBsBrÞðs,�,�z1Þ�d�: ð24dÞ
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(The derivation of (24c) from (23d), though lengthy, is direct; it is included at the end of
appendix B. The reduction does not discard the effects of magnetic diffusion which

continues to be locked into the definition (23g) of R(s, t).)
The essence of (24c) is contained in

@ 2�A

@t2
¼

1

s2bA @@s s2bAV2
A

@�A

@s

� �
, ð25Þ

which we call the canonical wave equation. (The additional bNs@s�
A is one of two terms

that are new to the subject and are discussed later; see section 8.3 and appendix B.)

Equation (25) recovers something very similar to an Alfvén wave, called the torsional

wave in which �A evolves on the fast Alfvénic time scale

�A ¼ ro=VA � 6 yr: ð26aÞ

This is why A was added to � in (24c) and (25). Because �A is so similar to the time-scales
�LOD seen in figure 1, it is plausible that torsional waves are responsible for the LOD

variations, as argued by Gillet et al. (2010). Because it is so dissimilar to �m, it is sensible
to base discussions of torsional waves on representations of the form

V ¼ Vm þ vA: ð26bÞ

Then, when studying the waves, mac variables (m) can be assumed to be constant. In
section 8 and appendices B–D, we shall use (26b) but omit the A on wave variables such

as �A. We shall consider only the case when (23a) is nearly satisfied, and the wave

amplitude is so small that quantities such as (vA)2 are negligible.
In a torsional wave, the geostrophic cylinders are in relative angular motion about

their common (polar) axis; see figure 4(a). The response bA of B to the motion vA is not

the geostrophic average of B, but is determined by solving (11d,g) and boundary

conditions (20b–e). It can, as for an Alfvén wave, be visualized by using the frozen

Figure 4. Schematics showing (a) a geostrophic flow in the core, Vg, and (b) a plan view of an initially
cylindrical magnetic field (dashed line) distorted by v. The restoring Lorentz torque on the distorted magnetic
field, B (solid line), lead to the cylindrical propagation of torsional waves. Adapted from Dumberry 2007.
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flux theorem, the field lines behaving like elastic strings threading the cylinders together

and opposing their relative motion; see figure 4(b). The resulting torque on the cylinder

supplies the restoring force for a wave that travels in the �s-direction, the mass of the

cylinders providing the inertia. Whenever J and B contradict (23a), a torsional wave is

launched.
Torsional waves open a window onto the dynamics of the core (e.g. Braginsky 1970,

Jault and Le Mouël 1991, Jackson 1997, Zatman and Bloxham 1997, Gillet et al. 2010).

They describe a basic dynamical response of core fluid in a rapidly rotating planet.
We have now completed a basic description of the thermal and dynamical states of

Earth’s core that will be needed in the following sections, where we discuss the various

ways in which the core exchanges angular momentum with the mantle and inner core.

4. The four coupling mechanisms

The torque about O on the mantle, is

bC ¼ IbS r�bT da, ð27aÞ

wherebT, sometimes called the surface traction, is the stress associated with the normal:

bTi ¼ �bSijbnj, ð27bÞ

where bSij ð¼ bSjiÞ is the total stress tensor. The minus sign arises in (27b) because the unit
normal, n, points into the mantle. The component of bC parallel to Oz is

bGz ¼ �

I
bS sbS�n da: ð27cÞ

Similar expressions hold for the torque on the SIC

eC ¼ IeS r� eT da, eGz ¼

I
eS seS�nda, eTi ¼ eSijenj: ð27d;e;fÞ

There is no minus sign in (27e,f) because n points out of the SIC.
Equation (27a) tacitly assumes that the core alone exerts a torque on the mantle;

sources of torque from outside the Earth are ignored, and therefore

�CþbCþeC ¼ 0, ð28aÞ

where �C is the torque on the FOC. Since

dt bM ¼ bC, dt eM ¼ eC, dt �M ¼ �bC�eC, ð28b;c;dÞ

the angular momenta, bM, eM and �M, of mantle, SIC and FOC are conserved in total:

Mtot ¼ bMþ eMþ �M ¼ constant: ð28eÞ

Equation (28e) implies that, if one of these three torques changes, so do(es) one or two
of the others, in the opposite sense. The system is, in this respect, self-regulating.
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Stress is exerted on the CMB in four ways: through viscosity, topography, gravity
and magnetic field, and there are correspondingly four parts to each of Sij, T andbC, e.g.bC ¼ bCV þbCT þbC G þbCM: ð29Þ

We shall assess the magnitudes of the torques in turn. This requires some care since
overestimation is all too easy. For example, we shall find below that the magnetic stress
scales as SM

ij ¼ OðB2=�0Þ. It might therefore seem that bCM ¼ OðbB2r3o=�0Þ, but clearly

this is false since bCM is proportional to the Lorentz force, bJ�bB, and bJ vanishes if the

mantle is electrically insulating. Although bS M

ij ¼ OðbB2=�0Þ is still a good estimate of the
magnetic stress at each point of the CMB, there is complete cancellation of the integral

of r�bTM over the CMB.
Apart from bCT, bCG, eCT, andeCG, negligible error is made by replacing the CMB and

ICB in (27a–f) by spheres, bS
 and eS
, of radius ro and ri; these are written bS and eS in
sections 5 and 8.

5. The viscous torque

The components of the viscous stress tensor are

SV
ij ¼ �0� rjVi þ riVj �

2

3
rkVk�ij

� �
, ð30aÞ

the last term of which is ignored because in this section it is assumed that core fluid has
a uniform fluid density, �0 (� 104 kgm�3), so that J?V¼ 0. In the mantle frame, the no

slip condition on the CMB (assumed spherical) is V¼ 0 so that the surface traction on

the mantle is bTV ¼ ��0�ð@rVþ JVrÞ, ð30b;cÞ

in which the final term contributes to bTV
r only, because Vr¼ 0 on the CMB. Therefore,

assuming that the kinematic viscosity � is uniform, (27c,d) give

bCV ¼ ��0�

I
bS
 r� @rVda, bGV

z ¼ ��0�

I
bS
 s @rV� da: ð31a;bÞ

The traction acts to drag the mantle in the direction of the subsurface flow, see figure 5.

Figure 5. Schematic representation of how viscous core-mantle torques arise due to the normal gradient of
the flow field on the CMB, @V/@n.
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The viscosity of core fluid is hard to estimate. First principles calculations (e.g.
de Wijs et al. 1998) suggest that � at the CMB is 10�6m2 s�1, to within a factor of 3.
Assuming V is laminar, an upper bound on CV is obtained by assuming that @rV¼
O(V/d�), where d� is the thickness of the Ekman layer at the CMB: d�¼E�1/2ro� 0.1m.
Assuming V � 10�4m s�1, the surface traction, bTV � �0�V=d�, is about 10�5Nm�2,
implying that bGV � 5� 1014 Nm.

One may argue that the core is highly turbulent, so that a turbulent viscosity, �T,
should replace the molecular value, �, in this estimate. Although it is strictly
inconsistent to assume that L is the microscale length, ‘�E1/3ro� 100m, used in
deriving (10d), an upper bound on CV is obtained by doing so. This givesbTV � �0�Tv=‘ � �0ðv‘v=‘ Þ � �0v

2 � 10�4 Nm�2, implying bGV
z � 5� 1015 Nm.

These arguments may overestimate bCV for another reason: according to Braginsky
(1999), Loper (2007), and Buffett (2010) there may be a low density layer at the top of
the FOC. Braginsky (1999) pointed out that the light material released during the
freezing of the SIC may tend to congregate near the ICB, and that this may answer
unresolved questions about the geomagnetic secular variation (Braginsky 1984).
Turbulent motions in a buoyantly stable layer tend to be damped preferentially in the
direction of stratification, and this reduces the macroscale momentum transport across
the layer (e.g. Duck and Foster 2001, Davidson 2004). Waves in such a layer may
increase what � alone can do in transporting macroscale momentum (e.g. Rogers and
Glatzmaier 2006). But it is doubtful if they can transport it as effectively as the fully
convective turbulence that exists far from boundaries.

Though these and similar arguments lack rigor, the upper bounds on bGV derived
above are consistently less than the target torque, though not by a large factor
(cf. Deleplace and Cardin 2006, Buffett and Christensen 2007).

6. The topographic torque

The likelihood that there are inverted mountains and valleys on the CMB, and that
these might create topographic torques large enough to explain the observed changes in
LOD, was first suggested by Hide (1969). These irregularities in the figure of the CMB
are often collectively called ‘‘bumps’’, and their study was jokingly christened
Geophrenology by the late Keith Runcorn. Hide’s suggestion generated significant
interest and much literature, e.g. Anufriyev and Braginsky (1977), Jault and Le Mouël
(1989), Kuang and Bloxham (1993, 1997), Buffett (1998), and Kuang and Chao (2001).

Topographic coupling between the FOC and its boundaries depends on deviations
from sphericity in the shape of the CMB and ICB. The fluid pressure, p, creates a
surface traction, TT

¼ pn, that is not purely radial. The resulting topographic torques on
the mantle and SIC are

bCT ¼

I
bS p r� n da, eCT ¼ �

I
eS p r� n da: ð32a;bÞ

Equal but opposite torques act on the FOC, so that (cf. (28a))

�CT ¼ �bCT �eCT ¼ �

Z
�V

r�Jp dv: ð32cÞ
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In what follows, we take the equations of the CMB and ICB to be

r ¼ ro þ bhð�,�Þ, r ¼ ri þ ehð�,�Þ: ð33a;bÞ

There is a good way of approximating the torques (32a,b). To derive it, we focus on
the CMB; application to the ICB is similar. Two assumptions are made. First it is

supposed that jbhj 	 ro. This is supported by seismic studies that indicate that the typical

height H of bumps on the CMB is of order 1 km; see e.g. Tanaka (2010). Second, it is

supposed that the horizontal scale of the topography is significantly greater than H, so

that the angle #ð� jJbhjÞ between r and n is small at most points on the CMB, see

figure 6. (For a discussion of the effects of small-scale topography, see Le Mouël et al.

(2006).) As bh is a function of only � and �, its gradient Jbh is necessarily horizontal, and

Jbh�r ¼ rjJbhjt ¼ r#t, where t is the horizontal unit vector parallel to r� n. As r� n is

also rvt, it follows that r�n ¼ �r�Jbh. Because jvj	 1, the areas of da and its

projection on the sphere bS
 are approximately equal. Therefore r� n da � �r� Jbh da

and (32a) becomes

bC T ¼ �

I
bS
 p r� Jbh da, or bCT ¼

I
bS
 bh r� Jp da: ð34a;bÞ

The equality of the z-components of these torques, i.e.

bG T
z ¼ �

I
bS
 p @�bh da, or bG T

z ¼

I
bS
 bh @�p da ð34c;dÞ

is apparent by an integration by parts. Since this argument does not depend on how Oz
is chosen, the equality of the x- and y-components is also verified, so that the

equivalence of (34a) and (34b) is established.
Equations (34a) can also be derived from (32a) by first noticing that the torques are

O(H) and that extrapolation of the integrand ontobS
 only makes negligible corrections

Figure 6. Schematic showing stresses acting on non-axisymmetric topography, bhð�,�Þ, that rests atop a
spherical CMB. A varying core fluid pressure field, p(x), may then exert a net topographic torque on the
mantle, bCT. Similarly, non-axisymmetric topography on the ICB, ehð�,�Þ, can lead to torques, eCT, being
exerted on the SIC. The bumps shown are greatly exaggerated in scale; for small-scale bumps such thatbh	 ro, note that b# � tanb# � jJbhj.
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of order H2. On writing (33a) as f(r, �,�)¼ 0, where f ðr, �,�Þ � r� bhð�,�Þ, it is clear

that Jf is parallel to n. If jJbhj2 	 1, then (J f)2� 1 so that n � 1r � Jbh. This implies that

r� n � �r� Jbh, as before. Analogous approximations apply for (32b).
In the aspherical reference model of section 2.2, the equipotential surfaces in the FOC

deviate from spheroidal form not only because of convection, but also because of the

bumpiness of Fe, created primarily by density anomalies in the mantle. The induced

density variations, � 0a, in the FOC were estimated in section 2.2 to be of order 10�4 �a;
see also Wahr and deVries (1989), Forte et al. (1994), and Defraigne et al. (1996). This

greatly exceeds the convective variations, �c¼O(10�8 �a). Similarly, the pressure

variations, pa, are of order 10
4 times larger than the pressure differences, pc, associated

with convection. Potentially, the largest parts of (32a–c) are the adiabatic topographic

torques:

bC T
a ¼

I
bS pa r� n da, eC T

a ¼ �

I
eS pa r� n da, �C T

a ¼ �

Z
�V

r�Jpa dv, ð35a;b;cÞ

which should therefore be examined first.
If the CMB and ICB were equipotential surfaces, pa on them would be constant, and

could be withdrawn through the integral signs, leaving integrals that vanish. But

relative motions in the mantle and SIC are slow, and in these bodies thermodynamic

variables such as the pressure are not constant on equipotential surfaces. In particular,

the CMB and ICB are not equipotentials. Also, as they are not perfectly spherical,

r� n 6¼ 0. There is therefore no a priori reason to suppose that the adiabatic topographic

torques should be zero, although, as mentioned in section 4, the system

mantle-FOC-SIC is self-regulating. If the adiabatic torques cause the angular velocities

of mantle and SIC relative to the FOC to change, other torques will grow in opposition

and establish a new torque balance.
The density anomalies in the mantle evolve on such a long time scale that their

contributions to the gravitational potential Fe can be regarded as nearly time

independent. Similarly, the shape and structure of the SIC can change significantly only

over long time spans. Nevertheless, the orientation of the SIC and even its center of

mass can alter on much shorter, sub-decadal time scales as it responds to its turbulent

environment. This modifies the equipotential surfaces in the FOC and therefore

alters pa. The torques bCT
a and eCT

a therefore fluctuate about their means. We postpone

further discussion of adiabatic torques until section 7.
Consider next the torques associated with the convective motions in the FOC, e.g.

bC T
c ¼

I
bS
 bh r� Jpc da, bG T

c,z ¼

I
bS
 bh @�pc da: ð36a;bÞ

Reasons were given in section 3.2 why core flow is well-described by the
magnetostrophic approximation (20a), and why Coriolis and Lorentz forces are

comparable deep in the core, implying a magnetic field strength B there of about 2 mT,

or about 40 times greater than the typical field strength Bo on the CMB. The Lorentz

force in (20a) is therefore negligible on the CMB and, as g� is small,

@�pc��2��0roV� cos � sin � on the CMB. Therefore (Speith et al. 1986, Hide et al.

1993), by (34d),

bG T
c,z ¼ �2O�0ro

I
bS
 bhð�,�ÞV�ðro, �,�Þ cos � sin � da: ð36cÞ
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In principle, bG T
c,z can be estimated by extracting bh from seismological analysis, and

by using the V�(ro, �,�) inferred from the core surface motion. In practice, this is

difficult and has led to controversy. Equation (36c) suggests that

bG T
c,z ¼ Oð2O�VcHr3oÞ, ð36dÞ

which is of order 1018Nm for H¼ 100m. Such a bump height is well within the bounds
set by recent seismic investigations (e.g. Tanaka 2010). Equation (36b) superficially

confirms (36d) but highlights a serious concern: because pc is a single-valued function,

@�pc is as often positive as negative for any � in the integrand of (36b). Though

�2��Vcro is a reasonable estimate of @�pc at most points on the CMB, considerable

cancellation is possible when evaluating the integral in (36b). There is even a remote

possibility that the cancellation is complete; see Anufriyev and Braginsky (1977).
Reliable estimation of the convective topographic torque must probably await careful

experiments and allied theory. No argument has so far convincingly demonstrated that

topography can create torques of the target magnitude of 1018Nm but, equally, nothing

has shown that it cannot.

7. The gravitational torque

7.1. Initial considerations

The gravitational force and torque about O on a body V of density �(r) in a

gravitational field g(r) are

F G ¼

Z
V

�g dv, C G ¼

Z
V

�r� g dv: ð37a;bÞ

These integrals over volume can be transformed into surface integrals by introducing
the gravitational stress tensor SG

ij . It is shown in appendix E that

�gi ¼ rjS
G
ij , where S G

ij ¼ �ð4�GÞ
�1 gigj �

1

2
g2�ij

� �
: ð37c;dÞ

Equations (37c,d) enable (37a,b) to be written as integrals over the surface, A, of V:

F G ¼ �
1

4�G

I
A

½ðn � gÞg� 1
2 g

2n�da, ð37eÞ

C G ¼ �
1

4�G

I
A

r�½ðn � gÞg� 1
2 g

2n�da, ð37fÞ

where n points out of V. These general results can be applied to the gravitational
interactions between SIC, FOC and mantle. As in the last section, the unit normals to

the CMB and ICB are directed approximately away from O. Because the

self-gravitational force and torque of the Earth on itself are zero (see appendix E),

bC G þeC G þ �C G ¼ 0: ð37gÞ
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If the FOC were in a quiescent state, the ICB would be an equipotential surface in
phase equilibrium, but turbulent flow in the FOC exerts torques on the SIC that

continually change its orientation, so that it is no longer an equipotential surface. Phase

equilibrium can be re-established only very slowly and, before that can happen, the

torques will again change the SIC orientation. The ICB is in phase equilibrium only in

an average sense. As the ICB departs from phase equilibrium, two processes constantly

try to re-establish it: internal flow and change of phase. In the former, the stresses

exerted on the ICB by the FOC set up slow internal motions within the SIC that tend to

restore its equilibrium form (Yoshida et al. 1996, Buffett 1997). In the latter, the

thermodynamic disequilibrium created by the misalignment is removed by new freezing

of the FOC or new melting of the SIC at the ICB (cf. Fearn et al. 1981, Morse 1986).
The mechanical properties of iron at high pressures and temperatures strongly

depend on grain size and history, and on stress state and history (Bergman 1998,

van Orman 2004, Venet et al. 2009). Models make widely different predictions. For

example, in contrast to the results of Bergman (1998) and Venet et al. (2009),

van Orman (2004) argues, based on a Harper–Dorn creep mechanism, that the SIC has

such a small viscosity that it may be restored to equilibrium in a time of order 60 s. To

satisfy anomalous seismic observations pertaining to the bottom 200 km of the FOC,

Gubbins et al. (2008) argue that this fluid may not be on an adiabat but on the liquidus.

This implies that, in super-saturated regions, iron would tend to rain out preferentially

onto the ICB (e.g. Chen et al. 2008). Such a phase change process might act to return

the SIC to its equilibrium form on a time scale controlled by the dynamics of the flow at

the base of the FOC.
The results of van Orman (2004) and Gubbins et al. (2008) may imply such a fast

relaxation that the gravitational torque between the mantle and the SIC is weak. We

will now consider consequences of the opposite assumption, that the equilibration

processes are very slow relative to semi-decadal time scales of interest here. The SIC

then well-approximates a rigid body whose orientation is determined by the torques

that act on it. The mantle will be treated as a solid too. (Its elasticity is included in the

analysis of Dumberry 2008.)
By (37b), the gravitational torque on the fluid core due to the mantle and SIC is

�C G ¼

Z
�V

ð�a þ �cÞr� ðge þ gcÞdv ¼ �C G
a þ

�C G
c , ð38aÞ

where �C G
a and �C G

c are the adiabatic and convective parts of �C G:

�C G
a ¼

Z
�V

�ar� ge dv, �C G
c ¼

Z
�V

r� ð�cge þ �agc þ �cgcÞ dv: ð38b;cÞ

It was pointed out in section 2.2 that �c¼O(10�4 �a). Similarly, Fc is smaller than the
Fa contained in Fe by a similar factor. Potentially, �CG is dominated by its adiabatic

part, which should therefore be examined first. By (6a), (35c) and (38b)

�CGþT
a � �CG

a þ
�CT
a ¼

Z
�V

r� ð�age � JpaÞ dv ¼ 0: ð38dÞ

The integrals, bCGþT
a and eCGþT

a , that correspond to (38d) for the mantle and SIC are
the measures bD and eD already introduced in (7d,e) and are in general nonzero.
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By (34a,b), (37f) and the continuity of g and p, we may write these as

bD ¼ IbA r� panþ ð4�GÞ
�1
½ðn � geÞge �

1
2g

2
en�

� �
da, ð39aÞ

eD ¼ � IeA r� panþ ð4�GÞ
�1
½ðn � geÞge �

1
2g

2
en�

� �
da, ð39bÞ

from which, in agreement with (7g) and (38d),bDþ eD ¼ 0, i.e. bCGþT
a þeCGþT

c ¼ 0: ð39c;dÞ

This expresses the dominant, adiabatic part of the torque balance.
If the torques bCGþT

a and eCGþT
a are nonzero, bX and eX change, and the relative

orientation of the mantle and SIC is altered, so that ga and pa in (39a,b) change. This
tends to return the system to its minimum energy configuration, in whichbCGþT

a ¼ 0, eCGþT
a ¼ 0: ð40a;bÞ

This is why (7f,g) were imposed on the aspherical reference state. If this torque-free
state is perturbed, these restoring torques set up a gravitational oscillation of the SIC
relative to the mantle.

This discussion has centered on conservation of angular momentum and the
measures bD (¼bCGþT

a ) and eD (¼eCGþT
a ). Closely parallel statements can be made

concerning conservation of linear momentum and the measures bd (¼bF GþT
a ) anded (¼ eFGþT

a ). These bear on phenomena such as the Slichter mode, but are beyond the
scope of this article.

7.2. Gravitational oscillations

We start with a simple model of a gravitational oscillation and then elaborate on it.
Suppose that the gravitational anomaly (8c) is created by sources entirely within the
mantle, the CMB having no bumps, so that bGGþT

a,z ¼
bGG

a,z. Similarly, suppose the SIC is
spherical but has internal sources that above the ICB produce the gravitational
anomaly

F00e ¼ eAðri=rÞ3 sin2 � cos 2ð�� ’Þ, ðeA4 0Þ, ð41aÞ

where u is the angular displacement of the system from the stable equilibrium state
u¼ 0. This is sometimes called the misalignment angle. Equations (39a,b) show that

bG G
a,z ¼ �

eG G
a,z ¼ G G

0 sin 2’, where G G
0 ¼ 8bA eA r3i =3Gr

2
o ð40Þ ð41b;cÞ

with bA defined in (8c). These torques vanish for the stable minimum energy states u¼ 0,
� (and also for the unstable states ’ ¼ �1

2�). Small departures from a stable state satisfybCd2tb’ ¼ 2GG
0 ðe’�b’Þ, eCd2te’ ¼ �2GG

0 ðe’�b’Þ, ð41d;eÞ

where bC (¼7.12� 1037 kgm2) and eC (¼ 5.87� 1034 kgm2) are the polar moments of
inertia of mantle and SIC, respectively. These equations implybCeCd2t ðb�� e�Þ ¼ �2GG

0 ð
bCþ eCÞðb�� e�Þ, ð41fÞ
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which has a solution (for some constant t0)b�� e� ¼ ðb�� e�Þmax cos!
Gðt� t0Þ, ð41gÞ

where the frequency, !G, of the gravitational oscillation is

!G ¼ ½2ðbCþ eCÞGG
0 =
bCeC�1=2 � ½2GG

0 =
eC�1=2: ð41hÞ

This example can be generalized to the case where the CMB and/or the ICB have
bumps. Suppose the anomaly defined by (8c) is created entirely by CMB topography,bh ¼b	 sin2 � cos 2�. Since jbhj 	 ro, the gravitational potential produced by the topog-

raphy bh is, for jr� roj 
 jbhj, the same as that of a surface mass distribution whose mass

per unit area is bm ¼ bh bD, where bD ¼ ��b� � 4:34� 103 kgm�3 is the density jump

across the CMB. Using the fact [see(2e)] that bgrðroÞ � �grðroÞ ¼ �4�Gbm, for the surface

mass distribution, the gravitational potential it creates is continuous and may be written

F 0 ¼ Aðro=rÞ
3 sin2 � cos 2�, r � ro,

Aðr=roÞ
2 sin2 � cos 2�, r � ro,

�
ð42aÞ

where A ¼ �4�Grobm=5. This agrees with (8c) if

bh ¼b	 sin2 � cos 2�, where b	 ¼ �5bA=4�GrobD: ð42b;cÞ

This shows that the bA in (8c) can be explained by topography on the CMB with a
maximum bump height, jb	j, of about 0.7 km. The anomaly is however usually attributed

to deviations in b� 0 within the mantle that are ‘‘frozen in’’ because of its high viscosity;b� � 5� 1019 m2 s�1 in the deep mantle (e.g. Schubert et al. 2001).
In a similar way, the anomaly of (41a) could be produced entirely by topography on

the ICB:

eh ¼e	 sin2 � cos 2ð�� ’Þ, where e	 ¼ �5eA=4�GrieD: ð42d;eÞ

This result will be useful below, although bumps on the CMB will be ignored: bh ¼ 0.
Interest in gravitational torques and oscillations was sparked by Buffett (1996). He

envisaged an SIC in thermodynamic equilibrium with its environment, so that the

gravitational potential, Fs
aðrÞ þ F 0aðr, �,�Þ, is constant over its surface. Since 	a	 1

according to section 2.2, jF 0a=F
s
aj 	 1 so that eh can be derived by Taylor expansion.

This shows that Fs
aðriÞ þegehð�,�Þ þ F 0aðri, �,�Þ is approximately constant, whereeg ¼ �gs

e, rðriÞ ¼ @rF
s
aðriÞ ð40Þ is gravity at the ICB. It follows that

eh ¼ �F 0aðri, �,�Þ=eg ¼e	 sin2 � cos 2�, e	 ¼ �bAðri=roÞ2=eg: ð43a;bÞ

It has been assumed that (8c) is the only anomaly present, except for the gravity
anomaly created by the topography eh. Because eD=e� is small (�0.047), and

eA=bA ¼ 4�Gr3i
eD=5r2oeg � 0:0034, ð43cÞ

this only slightly perturbs the eh given by (43a), for which the maximum bump height,
je	 j, is only 50m for bA ¼ 1800m2 s�2.

Now suppose that the SIC turns through an angle u. Its frozen-in topography turns

with it, to produce the gravitational anomaly (41a); see figure 7. As bh ¼ 0, the torque on
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the mantle is only gravitational, i.e. bGG
a,z with GG

0 given by (41c) and (43c):

GG
0 ¼ 32�r6i

eDbA 2=15r4oeg � 6:7� 1019 Nm: ð43dÞ

By (43d), the frequency of the gravitational oscillations is !G
� 4.8� 10�8 s�1, with a

period of

�G ¼ 2�=!G � 4:1yr: ð43eÞ

(It should perhaps be mentioned that !G is derived from eGGþT
a,z ð¼ �

bGGþT
a,z Þ, where the

topographic parts are not easily evaluated. If however one or other of these parts is

small, because the topography of that body can be neglected, the required torque on

that body is the gravitational torque alone, which is more easily evaluated. Therefore,

when eGGþT
a,z was required above in deriving (43d), it could be obtained from �bGG

a,z,

because the CMB had been supposed bumpless.)
One of the limitations of these estimates arises from the discrepancy in the estimated

values of bA. We have taken bA ¼ 1800m2 s�2, but Buffett (1996) used values of bA ¼
1300 and 2300m2 s�2, taken from Defraigne et al. (1996) and Forte et al. (1994),

respectively. These differ by a factor of almost 2, which is unfortunate in view of the

quadratic dependence of (43d) on bA. If we take bA ¼ 1800� 500 m2 s�2, we obtain

je	 j ¼ 50� 14m, GG
0 ¼ ð6:8� 3:4Þ � 1019 Nm, !G

¼ (4.8� 1.5)� 10�8 s�1, and a period

of gravitational oscillation, PG
¼ 2�/!G, of 4.1+ 1.5 yr. These estimates show that

gravitational torques are of sufficient amplitude to explain the observed sub-decadal

scale of the LOD variations. According to Buffett et al. (2009), gravitational oscillations

are mainly responsible for the LOD variations shown in figure 1.
Equations (41d,g) imply

bO ¼ db�
dt
¼ bO0 þ

2GG
0bC!G
ðe�� b�Þmax sin!

Gðt� t0Þ: ð44aÞ

Since the second term on the right-hand side is small compared with the first, the LOD,
P ¼ 2�=bO, is

P ¼ P0 1�
2GG

0bC!GbO0

ðe�� b�Þmax sin!
Gðt� t0Þ

" #
: ð44bÞ

Figure 7. Schematic showing an equatorial plan view through the core. The symmetry axis of the
SIC (dashed line) is displaced by the misalignment angle, ’ ¼ b�� e�, from the equilibrium orientation
defined by the mantle gravity field (solid line). The displacement u results in a restoring gravitational torque
between mantle and SIC.
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The amplitude of the gravitational oscillation is therefore

ðe�� b�Þmax ¼ �bC!GDP=GG
0 P

2
0: ð44cÞ

For �P. 1ms, our estimates of bA, GG
0 , and !

G lead to an estimated maximum angular
separation of approximately 1.2� between the mantle and SIC from their equilibrium
alignment. This implies an inner core oscillation with a maximum angular velocity of
!Gðe�� b�Þmax � 2� yr�1. This angular velocity is comparable to early estimates of inner
core rotation rate (e.g. Glatzmaier and Roberts 1996a, Song and Richards 1996) but is
significantly larger than recent estimates (Souriau 2007).

The oscillation of the SIC creates a variation of the same frequency in the
gravitational field at the Earth’s surface, r¼ rE. The peak-to-peak variation in the radial
component is

Dg00r ðrEÞ ¼
12eA
ri

ri
rE

� �4

ðb�� e�Þ2max ’ 4 nGal: ð44dÞ

This value is too small by roughly a factor of five to be detected by the GRACE satellite
system (e.g. Wahr et al. 2006).

Because C G
c and C T

c are smaller than C G
a and CT

a by a factor of order 10�4, our
analyses centered first on CG

a and CT
a . We demonstrated that the sum, C GþT

a , of these
two torques vanishes for the minimum energy state, and is large only when the
deviations from that state are sufficiently great. Earlier, the topographic and magnetic
torques on the SIC associated with core turbulence were held responsible for changing
the relative orientations of the SIC and mantle. This turbulent torque is convective, and
is nullified by a tiny misalignment angle u. Equating a turbulent torque of the target size
and an adiabatic GT torque of 1.3� 1020uNm (see (41b) and (43d)), we find u� 0.5�,
This is in approximate agreement with the estimate ðe�� b�Þmax ¼ 1:2� obtained from
(44c). To within this angle, the mantle and SIC are gravitationally locked together, over
time scales short compared with those of the relaxation processes in the SIC described
in the last section.

At first sight, the idea of gravitational locking appears to be contradicted by the
geophysical facts. The early geodynamo simulations of Glatzmaier and Roberts (1995,
1996a,b) predicted that strong, prograde, zonal flows exist near the ICB; the EM
stresses associated with these flows, create a magnetic torque that causes the SIC to
rotate in the same direction as the adjacent flow and with a comparable angular velocity
(Aurnou et al. 1996, 1998, Roberts and Glatzmaier 1996a, Hollerbach 1998). Following
this, seismologists found evidence of a strong, prograde rotation of the SIC of roughly
1� yr�1 (e.g. Song and Richards 1996). Subsequent studies inferred rotation rates that
are at most an order of magnitude smaller than this; see Souriau (2007). To
accommodate a persistent drift between SIC and mantle, Buffett (1997) invoked the
first of the two inner core relaxation processes described earlier; the effect of the second
has never been properly assessed. However, any nonzero mean SIC rotation rate must
be reconciled with seismic observations of hemispherical SIC structure (e.g. Tanaka and
Hamaguchi 1997, Niu and Wen 2001, Cao and Romanowicz 2004, Deuss et al. 2010).
Recent models suggest that inner core convection may be able to explain large-scale
hemispherical structure (e.g. Alboussière et al. 2010, Monnereau et al. 2010). It is still
unclear how such features can be reconstituted in the presence of a mean differential
rotation of the SIC.
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The most severe limitation of this analysis of gravitational oscillations may be the

neglect of electromagnetic stresses that couple the fluid within the TC. This may be

significant both because the frequency !G is high and because the SIC is probably as

good an electrical conductor as the FOC or better; see Secco and Schloessin (1989). To

examine the effect of this coupling, we make the extreme assumption that the fluid in

the TC is locked to the SIC. Because the mantle is a poor electrical conductor, the fluid

in the TC is not well-coupled to the mantle (see section 8), so the entire fluid column

within the TC can rotate almost freely with the SIC about Oz. From the PREM model

of Dziewonski and Anderson (1981), we find that the moment of inertia of the fluid

within the TC is 2.12� 1035 kgm2 which, when added to eC, gives CTC
¼ 2.71�

1035 kgm2. Using this instead of eC in (41f), �G is lengthened from 4.1+ 1.5 yr to

� G
TC ¼ 2�=! G

TC � 8:9� 3:2 yr, where ! G
TC ¼ ½2ð

bCþ CTCÞG G
0 =
bCCTC�

1=2: ð44e;fÞ

The coupling of the SIC and the TC is considered further in section 8.4.

8. The magnetic torque

8.1. Initial considerations

The main aims of this section are to develop further the ideas of section 3.2 about

torsional waves and to study their magnetic coupling to the mantle and SIC. Technical

complications are relegated to appendices B–D.
The magnetic force and torque about O on a body V carrying a current J are

FM ¼

Z
V

J� Bdv, CM ¼

Z
V

r� ðJ� BÞdv ¼

Z
V

r½BrJ� JrB�dv: ð45a;bÞ

It is shown in appendix E that

ðJ� BÞi ¼ rjS
M
ij , where SM

ij ¼ �
�1
0 ðBiBj �

1
2B

2�ijÞ ð45c;dÞ

is the magnetic stress tensor. This enables FM and !M to be expressed as integrals over
the surface, A, of V:

FM ¼
1

�0

I
A

½ðn �BÞB� 1
2B

2n�da, CM ¼
1

�0

I
A

½ðn �BÞr� B� 1
2B

2r� n�da, ð45e;fÞ

where the unit normal n to A points out of V. By (45a,f), equivalent expressions for the
axial torque are

GM
z ¼

Z
V

sðJ�BÞ�dv, GM
z ¼

1

�0

I
A

sB�ðn �BÞda, ð45g;hÞ

the latter holding for axisymmetric A only; otherwise the magnetic pressure, B2/2�0,
contributes. In the applications of (45h) below, A is assumed to be spherical and to be

either the CMB,bS, or the ICB,eS, so that n¼ 1r. Because the magnetic Rossby number

RoM ¼ VA=2Oro ¼ �A=� m � 4� 10�5, ð46Þ
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is so small for the waves, it will be convenient to separate variables according to their
time scales as in (26b).

To evaluate the axial torques from (45 h), it is necessary to determine bB on the CMB

andeB on the ICB from �(s, t). It will become clear that this is not a straightforward task.

The first step is to solve the EM equations in the mantle and SIC.
The magnetic field, bB, electric field bE, and current densitybJ, in the mantle are related

by the pre-Maxwell equations (e.g. Davidson 2001 and section 3.2),

@tbB ¼ �J�bE, bJ ¼ b�bE, �0
bJ ¼ J�bB, J �bB ¼ 0, ð47a;b;c;dÞ

where b� is the electrical conductivity of the mantle. In view of the changes in reference
frame made below, it may be helpful to recall that B and J are frame-indifferent but that

E is not. Equations (47b,c) apply only in the mantle’s reference frame in which bV ¼ 0.

In a frame in which the mantle rotates with angular velocitybf ð¼ b�1zÞ, (47b) is replaced
bybJ ¼ b�ðbEþbV�bBÞ, where bV ¼bf�r. From (47a–c),

�0b�bE ¼ J�bB, @tbB ¼ �J�½ð�0b�Þ�1J�bB�: ð47e;fÞ

Since the CMB has been supposed spherical, solutions to (47e,f) must satisfy

bBH ¼ BH, bEH ¼ EH, at r ¼ ro: ð47g;hÞ

By (47a,h), @tðn �bBÞ ¼ @tðn �B on bS. If (as we shall assume) n �bB ¼ n �B holds at t¼ 0, it
holds for all t. However, this last condition is not included in (47g,h) in order to make

its four scalar conditions independent. This is also why n �bJ ¼ n � J is not included; it is

implied by (47c,g). We have ignored the possibility of thermoelectric or electrochemical

potential differences on the contact surfacebS, which would lead to discontinuities in EH.

In the context of torsional waves, (47g,h) are satisfied by means of boundary layers.
We shall assume that the mantle is electrically conducting in the layer

ro 5 r5 r1 ¼ ro þ d: ð47iÞ

In the insulating region V* above this layer, the magnetic and electric fields are denoted
by B* and E*, where B*

¼�JW is a potential field; W obeys Laplace’s equation and is

O(r�2) for r!1. As for (47g,h),

B �H ¼
bBH, E �H ¼

bEH, at r ¼ r1: ð47j;kÞ

8.2. Modeling conduction in the mantle and SIC

To make progress, it is necessary both to model mantle conductivity and to consider the

way its spatial distribution affects the relationship between bE and bB on the CMB.

Some results will hold for general b� ¼ b�ðr, �,�Þ. In all cases, a significant quantity is the

mantle conductance,

bSð�,�Þ ¼ Z r1

ro

b� ðr, �,�Þdr, ð48Þ

which is a constant when b� depends only on r.
So little is known with any degree of certainty about b� that it is common practice to

assume something simple and convenient; sometimes only the conductance is specified,

usually in the range 107 S5bS5 109 S. But the spatial distribution of the conductivity
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has a considerable effect on solutions of (47f). Suppose bB on the CMB is characterized

by horizontal time and length scales, T and L. Associated with L is the EM diffusion

time, b�
, quantifying how rapidly a field bB of scale L in the mantle can change.

Associated with T is the EM ‘‘skin depth’’, bd
, quantifying how far bB and bE varying on

that time scale can penetrate from the FOC into the solid mantle; at high frequencies

j!j ¼ 2�/T , this is only skin-deep, so giving bd
 its name. These quantities are defined

here by bd
 ¼ ð12j!j�0b�oÞ�1=2 ¼ ðb
oT =�Þ1=2, b�
 ¼ �0b�oL2 ¼ L2=b
o, ð49a;bÞ

where b�o and b
o ¼ 1=�0b�o are values on the CMB.
The following discussion is intended to apply principally to L and T relevant to the

magnetic coupling of torsional waves to the mantle and SIC. The principal wave modes

have wavelengths comparable with ro. Attention therefore focuses on L¼O(ro).

(Indeed, it was seen in section 3.2 that, unless L
VA/�� 0.3 km, torsional waves do

not exist.) This suggests that a useful approximate treatment of conduction in the

mantle associated with torsional waves is the long length scale approximation:

d	 L, bd
 	 L, ð50a;bÞ

the second of which implies T 	b�
.
In the reference frame of the mantle, consider the Fourier component of bb

proportional to e�i!t. By (50a,b), the horizontal derivatives in (11d) and (47f) are small

and can be discarded in a first approximation, so that (suppressing the � and �
dependences, which are implied)

@bbr
@r
¼ 0,

@2bbH
@r2
¼ �i!�0b�obbH ¼ � 2i&bbHbd 2




, ð51a;bÞ

where �¼ sgn(!). In the same approximation, (47b,c) give

�0b�beH ¼ @
@r

1r�bbH: ð51cÞ

These equations imply bbrðrÞ ¼ bbrðroÞ, ð51dÞbbHðrÞ ¼bbHðroÞ coshb� � ð�0
bS=b$Þ1r �beHðroÞ sinhb�, ð51eÞ

beHðrÞ ¼beHðroÞ coshb� þ ðb$=�0
bSÞ1r �bbHðroÞ sinhb�, ð51fÞ

where

b� ¼ ð1� i&Þ
r� robd


 !
¼ b$ r� ro

d

� �
, b$ ¼ b�ðr1Þ ¼ ð1� i&Þ

dbd
 : ð51g;hÞ

Further simplification is possible in two cases:

(i) The thin wall approximation d	 bd
, i.e. 05 jb$j 	 1
This is often used in modeling laboratory MHD experiments; see e.g. Müller
and Bühler (2001). Starting with Glatzmaier and Roberts (1995), it has been
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frequently adopted in studying mantle conduction. The approximation is
easily understood. For d	 bd
 the horizontal electric field, beH, in the
conducting layer is almost independent of r, and it creates a horizontal electric
current of densitybj ¼ b�beH so that, in the layer of thickness d, a net current ofbJ ¼ db�beH Am�1 is trapped across which there is a finite jump inbb.

It may be helpful to write bb ¼ b� þbb 0, etc., where b*¼�Jw is the
magnetic field present everywhere in an insulating mantle, and bb 0 is the
magnetic field due to mantle conduction. Obviously the effect of the mantle’s
conducting layer disappears as d! 0 unless simultaneously b� becomes large.
The thin layer approximation posits that b�!1 as d! 0, in such a way thatbS remains finite. Then bJ becomes a surface current that, by (47c), creates a
discontinuity in bbH of �0

bJ�1r ¼ �0
bSbe 0H�1r. This follows directly from

(51e,f) which show that, in the limit $! 0,

be 0HðrÞ ¼be 0Hð0Þ, bb 0HðrÞ ¼bb 0Hð0Þ � �0
bS1r �be 0Hð0Þðr� roÞ=d, ð52a;bÞ

apart from O($2) errors. Therefore

bbðroÞ ¼ �JwðroÞ þ �0
bS1r �beHðroÞ: ð52cÞ

We shall require this later in a reference frame in which the mantle rotates
with angular velocity b�, so that (neglecting terms in the square of the wave

amplitude)

bbðroÞ ¼ �JwðroÞ þ �0
bS½1r �beHðroÞ þ sBm

r ðroÞb�1��: ð52dÞ

The ohmic dissipation per unit area of CMB due to mantle conduction isbq 
 ¼ 1
2j
bSðbeHÞ2j. (In full, the horizontal electric field of the wave is

ReðbeHðxÞe�i!tÞ ¼ 1
2½beHðxÞe�i!t þbe �HðxÞei!t�, where the star denotes the com-

plex conjugate. Therefore jbe 2Hj ¼ 1
2jbeHðxÞj2 þ oscillatory terms. When

averaged over t, this leads to the expression for bq 
 above.)
(ii) The high frequency approximation bd
 	 d, i.e. jb$j 
 1

We shall use this approximation in section 8.4 to evaluate the magnetic
coupling of the SIC to the fluid in the TC. We therefore transfer to the
reference frame of the SIC and introduce the analogues of (49a,b):

ed
 ¼ ð12j!j�0e� Þ�1=2 ¼ ðe
T =�Þ1=2, e�
 ¼ �0e�L2 ¼ L2=e
, ð53a;bÞ

wheree� is the conductivity of the SIC, assumed uniform. Fore� ¼ � and !A¼

3� 10�8 s�1, (53b) gives ed
 � 10 km. Since ed
 	 ri, the fieldseb andee induced
in the SIC by the varying b and e on the ICB die out exponentially fast with

increasing ri� r and have effectively completely disappeared when

ri � r ¼ Oðed
Þ, a distance much less than d (¼ri). Thus the results are

independent of d; the relevant conductance, eS, of the SIC is complex and is

defined by

eS ¼ 1
2ð1þ i&Þe�ed
 ¼ ð1þ i&Þ e�=2�0j!jð Þ

1=2
: ð53cÞ

It is helpful to write eB ¼ eBm þeb, etc., and again to think of the current,ej,
created by the wave as being trapped in a boundary layer whose thickness is
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ed
, and for which the stretched coordinate is e� ¼ ð1� i&Þðri � rÞ=ed
.
Sinceeb,ee! 0 as e�!1,ebHðe�Þ ¼ebHð0Þ expð�e�Þ, eeHðe�Þ ¼eeHðriÞ expð�e�Þ, ð53d;eÞ

and (47b,c) giveeJ ¼ �0
eSeeH ¼ �1r � d�ebH ¼ 1r �ebH: ð53fÞ

We shall require this later in a reference frame in which the SIC rotates with
angular velocity e�, so that (neglecting terms in the square of the wave

amplitude) ebHðriÞ ¼ ��0
eS½1r �eeHðriÞ þ sBm

r ðriÞe�1��: ð53gÞ

In contrast to the thin wall approximation (see (52d)), a complex constant
relatesebH toeeH; see (53f,g). This is because the coupling exists only through

EM induction. In the thin wall approximation induction is unimportant;

currents leaking from the core alone couple it to the mantle. The ohmic

dissipation per unit area of ICB is eq 
 ¼ 1
2j
eSðeeHÞ2j.

In sections 8.3 and 8.4, we shall meet boundary layers within the FOC in contact with

the CMB and ICB; see appendix D. These have some similarity with the one considered

above. Its thickness is d
 and its conductance is S, defined as in (53a,c) with � replacinge�, is complex:

d
 ¼ ð
1
2j!j�0�Þ

�1=2, S ¼ 1
2ð1þ i&Þ�d
 ¼ ð1þ i&Þ �=2�0j!jð Þ

1=2: ð53h;iÞ

It too hosts a similar surface current, �J , that dissipates energy ohmically at the rate
�q 
 ¼ OðjSð�eHÞ

2
jÞ, per unit area.

Intermediate between the two extremes of the thin wall and high frequency forms of

the long length scale approximation is the case (51d–f) of nonzero but finite d=bd
, in
which the fields induced in the solids by the fields on the boundary, partially penetrate

and are partially absorbed by the conducting layer. The theory in this more general case

follows the same lines as above, but will not be pursued here.
Several simple forms for b� have been proposed in the literature, and we now contrast

two of them. Buffett et al. (2002) inferred from their studies of diurnal nutation that d is

only 200m and that b�o03� 105 Sm�1, which is comparable to the core conductivity �,
so that for bd
910 km for !¼ 3� 10�8 s�1. The long length scale approximation is good

for most practical purposes and, as d	 bd
, its simple thin layer form should also be

accurate. In contrast, the laboratory experiments of Ohta et al. (2008) suggestb�o ¼ 100 Sm�1 and d¼ 3� 105m; see also Yoshino (2010). This gives bd
 ¼ 2� 106 m,

so that the long length scale approximation has dubious validity. Although these

extreme models strongly differ, their conductances are similar: bS ¼ 6� 107 S and

3� 107 S. It is still unclear whether in reality the mantle conductance is as small as this.
As the thin layer approximation may be an inaccurate means of studying torsional

wave coupling for mantle conductivities of Ohta et al. type, alternatives are worth

considering. For some choices of b�, solutions to (47f) can be derived analytically (e.g.

Roberts and Lowes 1961). For more general b�, accurate solutions require numerical

integration. The common practice (also adopted below) is to apply the thin layer
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approximation regardless of whether the conditions required for its validity are satisfied
or not. This is based on the hope that, even if the conditions are unsatisfied, the
resulting loss of accuracy is no greater than that due to the inherent uncertainty in b�.
In contrast, there seems little doubt that the conditions required to validate the high
frequency approximation for the coupling between torsional waves and the SIC are
well-satisfied.

8.3. Torsional wave coupling to the mantle

We continue here the discussion of torsional waves initiated in section 3.2 where a
simple form of the theory was presented; the full theory of small amplitude waves in a
dissipative core is derived in appendix B. When the waves ride on a purely axisymmetric
Taylor state (Bm ¼ B

m
), and when ohmic dissipation is ignored, they are controlled by

the canonical wave equation (25), which is the simplest form of the theory. It is however
of limited interest here, as it excludes the coupling of the waves to the mantle that
creates CM. We commence our discussion with (25) and its difficulties, and initially
ignore the existence of the SIC.

Equation (25) also governs waves on a stretched string having a mass per unit length
of mðsÞ ¼ �0s

2bAðsÞ=r2o and a tension of mðsÞV
2

AðsÞ, both of which vary along the
string and vanish at its ends, because m(0)¼m(ro)¼ 0. As for the stretched string, one
can hope to determine the natural frequencies, !, of the torsional waves by seeking
non-trivial ‘‘normal modes’’ in which � / e�i!t:

ds½s
2bAðsÞV2

AðsÞds�� þ !
2s2bAðsÞ� ¼ 0: ð54Þ

Since m(0)¼m(ro)¼ 0, (54) has regular singularities at both s¼ 0 and s¼ ro. One can
hope that one solution of (54) is bounded at s¼ 0, and that one is bounded at s¼ ro. By
finding !2 which makes these two solutions proportional to one another, one can
hopefully determine the eigenvalues, !, and eigenfunctions and then solve (25) as a sum
of normal modes of (54).

The search for solutions to (54) was initiated by Braginsky in his famous 1970 paper.
Since then, his numerical work has been greatly extended, e.g. see Zatman and Bloxham
(1997), Hide et al. (2000), and Dickey and de Viron (2009). In particular, Hide et al.
(2000) demonstrated that even a low order truncation of (54) can give useful
information. So far most research has focused on torsional waves in a non-conducting
mantle, but some authors have followed Braginsky (1970) by assuming b� 6¼ 0, e.g.
Buffett (1998) and Jault (2003).

When magnetic diffusion is ignored so that magnetic coupling to the mantle does not
exist, one solution of (54), which we call the ‘‘exceptional mode’’, is �¼ �0¼ constant; its
eigenvalue is !¼ 0. When a solution of (25) is expressed as a sum of normal modes, its
exceptional part carries the entire axial angular momentum of the waves:

�MzðtÞ ¼ �0

Z ro

0

s2bAðsÞ�ðs, tÞds, ð55Þ

i.e. �Mz ¼ 0 for all modes apart from the exceptional one. For these, solution of (54)
encounters an inconvenient obstacle: no physically acceptable solution of (54) exists
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when B is axisymmetric because then both solutions of (54) are unbounded at s¼ 0; see

appendix C. Two theoretical remedies have been advocated:

(a) Adding geometry. Assume that the SIC and the TC are locked together in
solid-body rotation about Oz (Braginsky 1970). This excises the singularity
of (54) at s¼ 0 by applying that equation only in ri� s� ro;

(b) Adding physics. Restore core viscosity, � or �T (Fearn and Proctor 1987). This
diminishes the severity of the singularity though it does not remove it; see
appendix C. Since �/VAr0	 1, large � may exist in a narrow pencil
surrounding Oz.

Although numerical solutions can be obtained if the singularity is ignored, they are

valueless since, as the level of numerical truncation is increased, the answers they give

become increasingly inaccurate instead of the reverse. Possibility (b) has not been fully

investigated; most research has focused on option (a).
A geophysically more reasonable way of evading the obstacle is by returning to

general, non-axisymmetric Bm. Then the planned solution of (54) succeeds.

Appendix C gives two examples. Equation (25) is not, however, the correct

equation governing � for general Bm, for which (25) is augmented by two additional

terms, one of which already appeared in (24c); both are evaluated in appendix B.

They exist because, when Bm is not axisymmetric, b emerges from the core as bb .

This couples every geostrophic cylinder to every other, creating a nonlocal angular

momentum exchange between them. Most studies of torsional waves omit the

additional terms. In an example analyzed in appendix C which ignores mantle

conduction, they only have a small effect. Plausibly, this is generally true though it

is has not been established. It is found below that the additional terms are

significant when the mantle is a conductor.
Once magnetic diffusion is restored, further difficulties arise that will be investigated

below. In view of all these theoretical obstacles, the reader may wonder whether

computer simulation might not provide a simpler approach. It is difficult however to

discern torsional waves in geodynamo simulations. This is because geophysically

realistic magnetic Prandtl numbers, Pm(¼�/
), are still unattainable in geodynamo

models. The importance of viscous damping of torsional waves can be assessed by

the ratio

�A=�SU ¼ ð�OÞ
1=2=VA ¼

p
ðPm=LÞ: ð56Þ

This is the ratio of the Alfvén crossing time scale �A¼ ro/VA to the spin-up timescale
�SU¼ ro/

p
ð��Þ; see Roberts and Soward (1972). Its value is small for the Earth,

�A/�SU¼O(10�3), but inconveniently large in simulations, �A/�SU¼O(1). For recent

numerical simulations, see Wicht and Christensen (2010).
When diffusion of v and b is included, the equation governing � is changed yet again,

and its eigenvalues ! acquire negative imaginary parts, corresponding to decay. If

electrical conduction in the mantle is also included, there is a magnetic torque, bCM,

coupling the core to the mantle, so that �M is no longer conserved though �Mþ bM is,

where �M is the axial angular momentum of the mantle. Our next objective is to quantify

the ohmic dissipation and to evaluate bGM
z .
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The solutions described above and in section 3.2 do not obey physically realistic
boundary conditions; v does not satisfy the no-slip conditions and b does not obey

(20b,c). If viscosity is restored and the no-slip conditions are imposed, a thin Ekman
layer is added at the CMB that traps a jet of fluid that travels along the CMB and
exchanges mass with the main bulk of the core through Ekman pumping proportional
to E1/2. This creates viscous coupling to the mantle and causes the amplitude of the
waves to be damped on the spin-up time scale, of order 104 yr; see Roberts and
Soward (1972). This is so long compared with �A that viscosity and the no-slip

conditions can be ignored.
More significantly, the waves are also damped by ohmic diffusion in the core.

This creates a boundary layer of Ekman–Hartmann (EH) type; see e.g. Dormy and
Soward (2007; x3.2.3). This layer is simplified here because E¼ 0 has been assumed
above. We distinguish it from the EH-layer by calling it a magnetic diffusion layer
(MDL) though, like the EH layer, its structure is affected by Coriolis and Lorentz
forces and depends on the Elsasser number (17b). See Braginsky (1970) and
appendix D. The thickness of the MDL is d
, given by (53h). It traps a jet of electric
current that travels along the CMB. When the mantle is conducting, the layer passes

current from the main bulk of the FOC to the mantle. A further time scale, b�
,
emerges that is very much smaller than �SU and is estimated below. The Lorentz
force of the current layer propels a surface mass flux that affects the angular
momentum balance; see appendix B. This surface motion may tend to mask what is
happening deeper in the core on torsional wave time scales, and may make the
inferred core surface velocities untypical of the rest of the core.

The MDL plays a vital role in linking � in the main bulk of the FOC to bb on the
CMB. It is therefore indispensable in determining bCM. At the CMB, where Bo� 0.5mT

and �� 0.07, the prevailing magnetic field, Bm, which defines �, therefore has very
little effect on the MDL, which is controlled almost entirely by Coriolis forces and
magnetic diffusion. In contrast, the ICB hosts an MDL in which B may be even an
order of magnitude greater than Bo, so that L41 and Lorentz forces are too significant
to ignore; see section 8.4.

In the case of the CMB, it is shown in appendix D that be and bb on the CMB are
related to their counterparts, e and b, beneath the MDL by (D.10b) and (D.11a) or
equivalently:

bbH þ �0S 1r �beH ¼ bH þ �0S 1r � eH on r ¼ ro, ð57Þ

where � is the (complex) core conductance defined by (53i). When (57) is combined
with the thin layer approximation for mantle conduction (52d), it is found that

bbH ¼ ½Sb�H þbSbH � �0SbSsBm
r ð� �b�Þ1��=ðSþbSÞ on r ¼ ro: ð58Þ

The first term on the right-hand side of (58) does not contribute to bGM
z , and

for simplicity we retain only the last term on the right-hand side of (58), which
creates

bGM
z ¼

Z ro

0

�0s
2bAðsÞbDðsÞð� �b� Þds, ð59aÞ
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where

bDðsÞ ¼ ros

�0bAz1 SbS
SþbS

I
½ðBm

r Þ
2
�bN&bS d�: ð59bÞ

In (59a), bN&bS signifies evaluation on the rims ofbCðsÞ, where it joins the spherical capsbN andbS; see section 3.2. Reciprocally, bDðsÞ creates a torque not only on the mantle but

also on each C(s), so that (25) becomes

@2�

@t2
þ bDðsÞ @

@t
ð� �b�Þ � 1

s2bAðsÞ @@s s2bAðsÞV2
AðsÞ

@�

@s

	 

: ð59cÞ

The inclusion of the term involving bDðsÞ in (59c) adds what may be the most significant
part of wave coupling to the mantle and to the ohmic losses. We use � in (59c) to

indicate that it is not the full wave equation of appendix B.
Partnering (59c) is the equation of motion of the mantle

d bMz

dt
¼ bC db�

dt
¼ bGM

z ¼

Z ro

0

�0s
2bAðsÞbDðsÞð� �b�Þds: ð59dÞ

On multiplying (59c) by �0s
2bAðsÞ and integrating over s, it is seen that

d �Mz

dt
¼ �

Z ro

0

�0s
2bAðsÞbDðsÞð� �b�Þds ¼ �bGM

z : ð59eÞ

Evidently (59d,e) assure conservation of the total angular momentum �Mz þ bMz.
One might have expected that the coupling of the waves to the mantle would depend

solely on the mantle conductance, bS, but in its place the combination bSS=ðSþbSÞ has
appeared in (59b), involving the complex core conductance S. This arises because of the
intense currents flowing in the MDL whose Lorentz force reduces jbGM

z j by a factor of

jS=ðSþbSÞj. Numerically, j�j � 3� 109 S, which is comparable with bS. The damping of

torsional waves is often attributed to conduction in the mantle but, if we assume

that jeHj
2 is the same in our earlier estimates of �q
 and bq
, they are in the ratio of the

conductances, the total ohmic dissipation per unit area then being 1
2jðSþbSÞe2Hj. The

ohmic losses in the MDL may therefore be significant. As the effect of core conductance

may be masked by other geophysical uncertainties, we shall use bS in place of

SbS=ðSþbSÞ in making rough estimates below. It is probable that, by doing so, the total

ohmic damping will be underestimated and the torque on the mantle overestimated.
As already mentioned, the ohmic losses in the mantle and MDL impart negative

imaginary parts to the frequencies, !, of the normal modes of the coupled equations

(59c,d) that cause the corresponding eigenfunctions to evanesce in the e-folding time,b�
 ¼ 1=½Imð!Þ�. We make two approximations leading to a rough estimate of b�
. First,
we take Bm

r ðro, �,�Þ ¼ B0 cos �, corresponding to an axial dipole of polar strength B0;

second, we replace bD by its average over s so that the solutions of (59c,d) are functions

of t alone. Then

bCdtb� ¼ GM
z ¼

bGM
0 ð� �b�Þ, Cdt� ¼ �bGM

0 ð� �b�Þ, ð60a;bÞ
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where C¼ 9.14� 1036 kgm2 is the axial moment of inertia of the core when rotating as a
solid body, and

bGM
0 ¼ 8�r4o

bSB2
0=15, ð60cÞ

which is 6� 1027Nms for bS ¼ 108 S and B0¼ 0.5mT, and leads to the estimate

b�
 ¼ CbCbGM
0 ðCþ

bCÞ � CbGM
0

�
�0robSB2

0

� 64 yr, ð60dÞ

which is much less than �SU and �
 but is greater than the time taken by the waves to
cross the core, which is �A¼ ro/VA� 6 yr, for B¼ 2mT.

In section 1, LOD data led to the estimate �b� � 3� 10�12 s�1. If a torsional wave is
responsible, (60a,b) suggest that � �b� � ðbCþ CÞb�=C � 2� 10�11 s�1, so that
roð� �b�Þ � 7� 10�5 m s�1, which is less than, but comparable with, the inferred core
surface flow. The ohmic dissipation, bQ 


of the waves is bQ 

¼ 1

2
bGM

0 ð� �b�Þ2 � 1MW,
which is far smaller than Q. According to this estimate of � �b� and (60c),bGM
z � 1017 Nm. This can be increased to the target torque, by taking bS ten times

bigger, but then b�
 is only 6 yr. This illustrates the magnetic coupling paradox. On the
one hand, bS must be large enough to create a torque bGM

z of target size, 1018Nm. On the
other hand, if bS is too large, mantle conduction will quench the waves before they can
cross the core. We introduce the paradox parameter:

P ¼ �AbSbB 2
o=�0ro ¼ �A=b�
: ð61Þ

There is a window for bS, that may be narrow or non-existent, in which bGM
z is large

enough to explain variations in LOD by torsional waves, but simultaneously is small
enough to ensure that P41 so that the waves are not overdamped by ohmic
dissipation. According to the admittedly imprecise, order of magnitude estimates made
here, the window is non existent. For the target torque to be reached or exceeded,bS01:2� 109 S, but P41 requires bS91:1� 109 S. There is clearly a substantive issue,
but one not convincingly resolved by the order of magnitude arguments made here.

One might hope that a more satisfactory treatment of the specific issues raised above
will emerge in the near future through more complete data coverage, leading to a
reliable torsional wave spectrum. This objective is complicated through the existence of
gravitational oscillations of similar period, and interaction of the two wave motions is a
strong possibility (Mound and Buffett 2003, 2005). Plausibly ohmic diffusion in the
MDL and mantle damp the wave motions together. The recently discovered short time
scales of core surface motions (Olsen and Mandea 2008, Finlay et al. 2010) may provide
useful clues.

An even more puzzling question concerns torsional wave generation. If, as appears
likely, the waves are heavily damped by both the MDL and the mantle, one must ask
what power source makes good those losses. No definitive answer has been given to this
key question. Core turbulence is often held responsible, directly or indirectly, through
the Reynolds magneto-stresses it exerts on the SIC or TC. In the latter case, the driving
of both torsional waves and gravitational oscillations is likely to be a complex, coupled
process. Interestingly, Buffett et al. (2009) find evidence for torsional wave generation
near the TC.

Core-mantle coupling 195

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 L

os
 A

ng
el

es
 (

U
C

L
A

)]
 a

t 0
0:

35
 1

3 
M

ar
ch

 2
01

2 



8.4. Torsional wave coupling to the SIC

The argument that led to (59c,d) supposed that the SIC did not exist. The following
simplified discussion assumes conversely that there is no magnetic coupling to the
mantle. See also appendices B and D.

As in the last section, the key is the simplified EH layer that links � in the main body
of the FOC to the electric and magnetic fields,ee andeb, in the SIC. It has already been
pointed out that the Elsasser number, L, at the ICB plausibly exceeds unity. If it is
large, appendix D shows thateb is simply related to b. From (D.12f),eb� ¼ b� þ L�1=2�0SsBm

r ð� �e�Þ on r ¼ ri, ð62aÞ

where e� is the angular velocity of the SIC. The second term on the right-hand side
makes a contribution to eGM

z of

eGM
z ¼ L�1=2S

I
eS s2ðBm

r Þ
2
ð� �e� Þ da, ð62bÞ

where for simplicity it is assumed that both the geostrophic cylinders bCN and bCS
introduced in section 3.2 have the same angular velocity, �. The balancing torque on
these cylinders, required to ensure conservation of angular momentum, is

eDðsÞð� �e�Þ, where eDðsÞ ¼ L�1=2
risSbAz1

I
eN&eSðBm

r Þ
2 d�, ð62c;dÞ

where eA ¼ 4�sðz1 � z2Þ is the combined areas of CN and CS and z2 ¼
p
ðr 2i � s2Þ; similar

to what appeared in (59b), eN&eS signifies that the integral is taken over the rims of
the spherical caps where bCS and bCN meet the SIC. For s5ri, (59c) is replaced by

@ 2�

@t2
þ eDðsÞ @

@t
ð� �e�Þ � 1

s2 eAðsÞ @@s s2 eAðsÞV2
AðsÞ

@�

@s

	 

, ð62eÞ

where V 2
A is the geostrophic average of ðBm

s Þ
2=�0�0 over CN or CS.

Equations (62b–d) can be used to shed light on a topic that has arisen several times in
this article: the magnetic coupling of the SIC and the TC. For the same simple example
of uniform � and a dipolar field, (62b) gives (omitting for simplicity a factor of 1þ i�
and taking L¼ 1) eGM

z ¼
eGM

0 ð� �e�Þ, where eGM
0 ¼ 4�r4ie�ed
B2

0=15, ð63a;bÞ

so that, for B0¼ 5mT, eGM
0 � 2� 1029 Nms. This large torque acts on the SIC whose

moment of inertia is less than bC=1000. The corresponding coupling time,e�
, is therefore
very much less than b�
. An equation analogous to (60d) gives

e�
 ¼ CTCeCeGM
0 ðC

TC þ eCÞ � eCeGM
0

� 4 days: ð63cÞ

This geophysically short response time supports, but does not directly verify, the belief
that the TC responds as a solid to torsional waves of sufficiently long period.

It is seems clear from (63c) that the magnetic coupling between TC and ICB is
extremely tight at frequencies of order !A and smaller. There is also a good reason for
believing that frictional coupling is strong too. Loper and Roberts (1981) argued that
the freezing of the inner core described in section 2.1 is so rapid that the ICB is, in the
language of metallurgy, constitutionally supercooled. Such a surface is rough, being
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populated with channels (aka ‘‘chimneys’’), where light material released by subsurface

freezing is ejected into the FOC. The concomitant enhancement of momentum transfer

has not been properly quantified but plausibly greatly enhances that of viscous traction.

See particularly Le Mouël et al. (2006).

9. Synthesis

We have analyzed the various ways in which Earth’s core is coupled to the mantle and

have estimated the amplitudes of these couplings in order to show which may plausibly

explain the available LOD data. In the first section, we provided observational evidence

for core-mantle coupling. We showed that Earth’s rotation rate has a roughly semi-

decadal time variability, such that the LOD fluctuates at thems level. To explain these

LOD fluctuations, an internal coupling must exist between the mantle and the core that

provides torques of order 1018Nm. To explain the LOD observations, we need to make

mechanistic models of core-mantle coupling. To build these models, it is necessary to

understand the essential processes underlying core dynamics. These essentials are

discussed in sections 2 and 3; they are used in the subsequent text to estimate the

strength of various coupling mechanisms, including the viscous, topographic, gravita-

tional and electromagnetic torques.
Analysis of the four coupling mechanisms reveals a complex picture. Three of the

four are capable of producing the observed LOD variations. Only the viscous torque,

GT
z , seems to be too weak to explain the LOD signal. This is true even when we allow for

the enhanced coupling that turbulence can provide.
Convective topographic torques, bGT

c,z, are created by flow over bumps on the core-

mantle boundary. Their importance is uncertain. Within our present knowledge, GT
c,z

may be 0Nm or it may be O(1018)Nm or greater (cf. Kuang and Bloxham 1997, Hide

1998, Jault and Le Mouël 1999). Currently, little is known about how core turbulence

interacts with mantle topography. Two conflicting arguments have been advanced. One

focuses on the smallness of the Ekman number E, a dimensionless number quantifying

the ratio of viscous and Coriolis forces, estimated to be of order 10�15 in the core.

It claims the flow around a topographic bump cannot create a torque when E¼ 0, the

inference being that the torque vanishes as E! 0 and is therefore small for E� 10�15.

However, the other argument estimates large topographic torques even when E� 10�15.

These arise from the turbulent stresses that develop in the high Reynolds number flow

occurring in the core. The Reynolds number, Re, is the ratio of inertial and viscous

forces and is estimated to be Re�Ro/E� 109 in Earth’s core, where Ro is the Rossby

number, a dimensionless measure of inertial force relative to the Coriolis force. Future

studies of strongly turbulent (Re
 1), rapidly rotating flows (Ro	 1) in the presence of

boundary topography will dispel present uncertainties about the strength of the

convective topographic coupling mechanism.
We have shown that the adiabatic topographic torques and adiabatic gravitational

torques act together to remove any misalignment between equilibrium position of the

SIC relative to the mantle. These restoring torques are responsible for mantle-SIC

gravitational oscillations. For an SIC uncoupled from the fluid in the adjacent TC, we

estimate a gravitational oscillation period of the mantle-SIC system to be 4.1 years. If

strong EM coupling exists between the TC and the SIC, the gravitational oscillation
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period increases to 8.9 years. Both of these oscillation periods are in qualitative
agreement with the semi-decadal LOD variations.

The above estimates of the gravitational oscillation period vary significantly
depending on the physical assumptions under which they are derived. For example,
few mantle models exist which explicitly estimate how the mantle gravity field perturbs
gravitational equipotentials in the core, described here by the parameter bA in (8c).
Following Buffett (1996), we make use of two models to estimate bA and they differ by
a factor of roughly 2. Lastly, the period of gravitational oscillations and GG

z depends on
the thermo-mechanical properties of the SIC (Buffett 1997, Aurnou and Olson 2000,
Dumberry and Mound 2010). To date all models have focused on viscous relaxation of
the SIC back toward its equilibrium position. No detailed treatment has been carried
out that elucidates how a displaced SIC relaxes back to its equilibrium alignment
through melting and freezing. Relevant material appears in Fearn et al. (1981), Morse
(1986), Alboussièrre et al. (2010) and Monnereau et al. (2010).

Electromagnetic processes also appears capable of explaining the LOD signal: a
simple model of torsional waves traversing Earth’s outer core gives periods of order
6 years; see (26a). The more complex models developed in the preceding section, based
on the seminal work of Braginsky (1970), show that the magnetic torque, GM

z , due

to currents leaking from the core into the mantle is proportional to bSbB2, wherebS is the mantle conductance and bB is the field strength on the CMB. Further, we have
developed a model for the MDL that exists below the CMB. Significant ohmic diffusion
occurs in this layer, which appears capable of damping torsional waves as effectively as
dissipation in the lowermost mantle, as discussed in section 8.3. The magnetic torque is
shown to be able to reach the target torque of 1018Nm. The associated ohmic
dissipation in the mantle and MDL is responsible for damping the waves and is roughly

proportional to bSbB2. This poses a magnetic coupling paradox: a large value of bSbB2
creates large torques but damps the waves too rapidly; small bSbB2 leads to
small damping but weak torques. Our results also indicate that the inner core is
strongly coupled to the TC fluid on decadal time scales. Similar to our estimates of Gz

T

and GG
z , our assessments of GM

z vary significantly with the detailed assumptions of the
underlying physics.

We have shown that the topographic, gravitational, and magnetic torques all have
significant uncertainties in their amplitudes. Within these uncertainties GT

z , G
G
z and GM

z

all appear capable of explaining the semi-decadal LOD signals. These coupling
processes may therefore be convolved. The recent model of Buffett et al. (2009) allows
for this convolution and argues that the gravitational torque is dominant. In contrast,
Gillet et al. (2010) identify a decadal oscillation in a time-dependent model of the
geomagnetic field, from which they infer that torsional oscillations in the outer core
fluid can explain the LOD observations without strong gravitational coupling.
Improvements in data and modeling of Earth’s rotation (e.g. Gross 2009), the
geomagnetic field (e.g. Hulot et al. 2002, Jackson 2003), core seismology (e.g. Dai and
Song 2008), and the time-variations in the gravity field (e.g. Velicogna and Wahr 2006)
will all prove important in testing these core-mantle coupling arguments.

This article has focused on explaining variations in LOD that are due to internal
coupling between the mantle and core. This coupling produces changes primarily in
the axial angular rotation rate, Oz, on semi-decadal time scales. Detailed measure-
ments now exist of variations in Earth’s full rotation vector on many time scales
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(e.g. Gross 2007), with different frequencies and directional components providing

information on different geophysical phenomena (e.g. Mathews et al. 2002).

Furthermore, measurements of the magnetic field and of the components of the

angular velocity now exist for other planets (e.g. Margot et al. 2007, Uno et al. 2009),

and will improve in quality in the coming decades. Such measurements will encourage

the development of improved models of deep interior structure and dynamics in

planetary bodies throughout the solar system (e.g. Tyler 2008, Noir et al. 2009,

Goldreich and Mitchell 2010).
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Appendix A: A simple core model

We discuss spherical and aspherical models of the core throughout this manuscript. For

illustrative purposes, in this appendix we construct a simple spherical reference state

that represents the FOC reasonably well.
By (2d,e) and (3a)

�sa ¼ �dp
s
a=dF

s
a: where r2Fs

a ¼ 4�G�aðFs
aÞ: ðA:1a;bÞ

This nonlinear system is easily solved if it is assumed that psa depends quadratically
on Fs

a:

psa ¼ p0 � �0Fs
a þ FðFs

aÞ
2, �sa ¼ �0 � 2FFs

a, ðA:1c;dÞ
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where ps0, �0 and F are constants. This implies that

psa ¼ P0 þ ð�
s
aÞ

2=4F, where P0 ¼ p0 � �
2
0=4F, ðA:1e;fÞ

and (A.1b,d) give

ðrFs
aÞ
00
¼ 4�G�0r� 8�GFðrFs

aÞ, ðA:1gÞ

so that

Fs
a ¼

�0
2F
þ
ðL sin arþN cos arÞ

r
, where a ¼

p
ð8�GF Þ, ðA:1h;iÞ

L and N are constants. It then follows from (A.1d) that

�sa ¼ �2FðL sin arþN cos arÞ=r: ðA:1jÞ

According to the PREM model of Dziewonski and Anderson (1981) and ak135 of
Kennett et al. (1995), p(ro)¼ 136 (135)GPa, p(ri)¼ 329 (328)GPa, �(ro)¼ 9.90
(9.89)� 103 kgm�3 and �(ri)¼ 12.2 (12.2) g cm�3, where the ak135 values are in
brackets. We fitted the PREM values to (A.1e) by choosing

F ¼ 6:4646� 10�5 kgm�5 s2, P0 ¼ �243:5GPa, ðA:2a;bÞ

so that a¼ 3.2927� 10�7m�1. The PREM values of �(ro) and �(ri) above and (A.1j)
determined the constants L and N as

L ¼ �2:9233� 1014 m3 s�2, N ¼ �5:5139� 1011 m3 s�2: ðA:2c;dÞ

The resulting bg s
ðroÞ ¼ 10:66m s�2, eg s

ðriÞ ¼ 4:58m s�2, and DFs
a ¼ Fs

aðroÞ � Fs
aðriÞ ¼

1:750� 107 m2 s�2 may be compared with the values from the PREM and ak135:bg ðroÞ ¼ 10:68 ð10:68Þms�2, egðriÞ ¼ 4:4 ð4:4Þms�2, and �Fa¼ 1.741
(1.742)� 107m2 s�2. Without doubt, a better fit to the core could be obtained by
recognizing that in reality �sa depends nonlinearly on Fs

a; see Figure A1. However, the
model would no longer be simple and (A.lb) would then have to be integrated
numerically. It is also doubtful whether the differences between our values and those of
PREM or aka135 are geophysically significant.

Appendix B: Dissipative torsional waves

The derivation of the equation governing torsional waves is reviewed here, with
emphasis on diffusive effects within the SIC and its bounding walls, Since we shall
disregard all except magnetic torques, electrical conductivity is totally responsible for
the coupling of the waves to the walls and for their dissipation. We split off the waves
from the underlying Taylor state by using the representation (26b), with vA replaced
by v; similarly for other variables. We simplify initially by ignoring the existence of the
inner core.

Consider first the main effect of viscosity on the waves. One might at first think that
this will damp the waves on a time scale of �� ¼ r 2o=� ¼ O�1E�1 � 1011 yr. This time is
gigantic because of the smallness of the Ekman number E ¼ �=Or 2o � 10�15 (or 10�9 if a
turbulent viscosity is assumed, though here we assume laminar flow). In fact, �� is
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irrelevant for phenomena forced on time scales short compared with ��. Then

the potency of viscosity is restricted almost entirely to an Ekman layer of thickness

d�¼
p
(� /O)� 10 cm, within which the viscous dissipation per unit volume is enhanced

by a factor of order (ro/d�)
2. As this boundary layer occupies a fraction d�/ro of

the fluid volume, the total dissipation is increased only by a factor of about ro/d�
as d�! 0. Correspondingly, the time scale of wave damping is reduced by the

same factor to roughly �SU¼ ��d�/ro� 3� 105 yr. Since this is again much longer

than �A, it continues to make sense to take E¼ 0 when studying torsional wave

propagation.
Similar arguments apply when we consider wave damping by ohmic resistivity. One

might at first think that resistivity will damp the waves on a time scale of

�
 ¼ r2o=
 � 105 yr, but this is untrue; �
, is irrelevant for phenomena forced on time

scales short compared with �
. Because the Lundquist number,

� ¼ VAro=
 ¼ L=RoM ¼ �
=�A, ðB:1aÞ

Figure A1. Radial profiles of (a) pressure, (b) gravitational potential, (c) density, and (d) gravity for ak135
and PREM plotted versus our adiabatic core model.
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is large (� 2� 104), ohmic diffusion operates almost entirely in an MDL at the CMB.
Its characteristic thickness is

d
 ¼ ro�
�1=2 ¼

p
ð
�AÞ � 20 km: ðB:1bÞ

As �!1, ohmic dissipation per unit volume within the layer increases by an
O((ro/d
)

2) factor but the volume in which this happens is reduced by an O(ro/d
) factor,
so that the net effect is an enhanced dissipation by an O(ro/d
) factor. The time scale of

wave damping is curtailed by the same factor to roughly �
d
/ro� 300 yr. Although little
credence can be placed on this rough order of magnitude estimate, it establishes that the
core alone, independently of the mantle, creates ohmic damping of torsional waves that

cannot be safely ignored. It should be emphasized that Coriolis and Lorentz forces
operate in the MDL too; see below. The structure of the MDL was first discussed by
Braginsky (1970).

It should be stressed that, although the field in a non-conducting mantle

adjusts instantly to changing conditions in the core and does not oppose them, the
adjustment requires that an MDL exists. As established above, the total ohmic
dissipation in the core is greatly increased by the MDL from what it would be in its

absence. We call this enhanced dissipation. A highly conducting mantle would grip the
field that threads it and, as in the skin effect, induce a response in the upper core. The
ohmic losses in the MDL might then be even greater. The significant point is however

that enhanced dissipation occurs within the core even when b� is small (or zero), and
then exceeds ohmic losses in the mantle.

When viscous and ohmic diffusion are both significant, the boundary layer is said to
be of EH type. Most theory is aimed at applications in which conditions outside
the layer are quasi-steady. The frequency of torsional waves is, however, so high that

the theory requires generalization, a topic to which appendix D is devoted. When, as
for the case of Earth’s core, the magnetic Prandtl number, Pm¼ �/
 is tiny, the EH layer
has a double structure, in which a layer of Ekman type is a thin film adjacent to the

boundary and embedded within the much thicker MDL. Loper (1970) gives an analysis
based on Pm! 0; see also Dormy and Soward (2007) or appendix D. When it is
assumed (as we do here) that E¼ 0, the film disappears, as does viscous core-mantle

coupling. All thoughts of satisfying the correct, no-slip conditions on the boundary are
abandoned and vH is nonzero there. The task of satisfying the magnetic boundary
conditions is left to the MDL.

What is attempted below is an asymptotic treatment of torsional wave transmission,

in which E¼ 0 and "! 0, where

" ¼ ��1=2 ð¼d
=roÞ: ðB:2Þ

Outside the core, the magnetic and electric fields of the wave will be denoted bybbðrÞ
andbeðrÞ, so that on the outer edge of the MDL (the CMB, denoted bybS), they arebbðroÞ
and beðroÞ, where ro is a general point on bS. Beneath the MDL, a region we call ‘‘the
mainstream’’, where ohmic dissipation is neglected, the magnetic and electric fields of
the wave will be denoted by b(r) and e(r). On the inner edge, S, of the MDL (the one

further from the CMB), they are b(ro) and e(ro) and differ substantially frombbðroÞ andbeðroÞ, because of their high frequency. (In contrast, the slowly varying Bm is
continuous.) The MDL smoothes out the discontinuities in magnetic and electric
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fields. In section 3.2, geostrophic cylinders bCðsÞ were introduced, closed by spherical

caps bNðsÞ andbSðsÞ onbS. It will be helpful to introduce the adjacent spherical caps, N (s)

and S(s) on S. Figure B1 shows N (s) as the end of a slightly shortened geostrophic
cylinder C(s).

Some terminology should be clarified here. In section 8.3 and above, we used the

adjectives ‘‘outer’’ and ‘‘inner’’, meaning shallower and deeper within the Earth. This
follows common engineering practice, but contradicts the usage of asymptotic analysis,

where ‘‘outer’’ refers to the mainstream and ‘‘inner’’ to the boundary layer. Although

asymptopia is basic to boundary layer theory, the engineering description is often found
helpful, as for example in figure B1 which illustrates the coming text. In asymptopia the

boundary layer part, b0, of the wave’s magnetic field, �b ¼ bþ b 0, is not a function of r,
but depends instead on a stretched/scaled coordinate, �¼ (ro� r)/d
. In the "! 0 limit,

@rb
0 ¼O("�1b0)
 b0 but @�b

0 ¼O(b0), so that b0 undergoes a finite change when �
increases from 0 to a finite value during which r¼ ro(1� ") is essentially unchanged. The
MDL is completely ‘‘crossed’’ as � increases from 0 to 1, and b0 changes frombbðroÞ � bðroÞ at the CMB to its mainstream core value 0. Its ‘‘lower boundary’’, S, is not
a sharp surface at all, even though " is said to be ‘‘the boundary layer thickness’’. When

below we say we integrate the s-component of the velocity over C(s), we mean that we

are ignoring the MDL and integrating vs alone; integration overbCðsÞ will imply that the
full vs þ v 0s is integrated, but the physical domain of integration is the same.

Boundary layer variables vanish ‘‘outside the boundary layer’’, which in asymptopia

means, for example,

v 0ð�Þ ! 0, as �!1, ðB:3Þ

for fixed ". All variables depend on " and are expanded in powers of ", though usually
we retain only the first (or ‘‘leading’’) terms of the expansions; in some cases we must

keep the first two terms, e.g., v¼ v(0)þ "v(1)þO("2).
To leading order, (11d) and (B.3) imply @�b

0ð0Þ
r ¼ 0, giving

b0 ð0Þr ¼ 0, so that b0 ð0Þ ¼ b
0 ð0Þ
H : ðB:4a;bÞ

Figure B1. Schematic cross-sectional view of the MDL and the northern spherical cap bNðsÞ of the
geostrophic cylinder bCðsÞ. The inner edge of the layer (dashed) is the sphere r¼ ro� d
 and, where it lies
outside bNðsÞ and bSðsÞ, it is denoted by S; it defines another, shortened geostrophic cylinder C(s) (also shown
dashed) in which magnetic diffusion is negligible and which is capped by N (s) and S(s). The outward
(or inward) flow of current j and mass �0v into the MDL is concentrated into a surface current J and a
surface momentum flux F . The former can penetrate the mantle if it is conducting, as indicated in the figure.
The rim, RN(s), is the part of bC lying between bS and S and is not labeled. The MDL is only part of the EH
layer; the other Ekman-type part is much thinner for Pm	 1, and is not shown.
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The analogous statements for the electric field are untrue because the total electric
charge generated by the wave in the MDL is nonzero, but (18b) and (11h) establish

v 0 ð0Þr ¼ 0, j 0 ð0Þr ¼ 0, so that v 0 ð0Þ ¼ v
0 ð0Þ
H , j 0 ð0Þ ¼ j

0 ð0Þ
H : ðB:4c;d;e;fÞ

At the next order in the " expansion of the MDL, (18b) shows that

@�v
0 ð1Þ
r ¼ roJH � v

0 ð0Þ
H , which implies v 0 ð1Þr ð�Þ ¼ �ro

Z 1
�

JH � v
0 ð0Þ
H d�, ðB:5a;bÞ

by (B.3). (The surface divergence, JS ? vS, is defined for example in Dormy et al. (2007),
both geometrically and as n ? (J� (n� v)þ cv), where c is the Gaussian curvature. For

the spherebS, this gives JH ? vH¼ 1r ? (J� (1r� v)þ 2v/ro)� 1r ?J� (1r� v), by (B.4c,e).)

As �vr ð¼vr þ v 0rÞ vanishes on bS, the mainstream mass flux out of S and into the

MDL is, to leading order,

�0v
ð1Þ
r ðroÞ ¼ ��0v

0 ð1Þ
r ð0Þ ¼ �0ro

Z 1
0

JH � v
0 ð0Þ
H d� ¼ JH � F , ðB:5cÞ

where

F ¼ �0ro
Z 1
0

v
0 ð0Þ
H d� ðB:5dÞ

is the tangential mass flux (kgm�1 s�1) in oscillatory jets of fluid that carry mass along
the MDL on the �A time scale. (This is analogous to oscillatory jets in an Ekman layer

that are induced when the boundary is librating, Calkins et al. 2010.) Equation (B.5c)

expresses the fact that these jets are fed by the radial mainstream flow on S. The

mass flux, fN , from C(s) across N (s) is the mass expelled per second through the

northern ‘‘rim’’, RN (s), of bCðsÞ so that

fN ¼ s

I
ðF �ÞRN

d� ¼ �0

Z
NðsÞ

vð1Þr ðroÞda: ðB:5eÞ

The radial mainstream flow across N (s) and S(s) shares the basic torsional wave
periodicity and, by mass conservation, causes the radius s of C(s) to pulsate slightly.

In a similar way, the second term in the expansion of (11h) gives

j 0 ð1Þr ð�Þ ¼ �ro

Z 1
�

JH � j
0 ð0Þ
H d�, and j ð1Þr ðroÞ �b| ð1Þr ðroÞ ¼ �j

0 ð1Þ
r ðroÞ ¼ JH � J , ðB:6a;bÞ

where j ð1Þr is the current flow out of S andb| ð1Þr ðroÞ is the current flow into the mantle (if
electrically conducting). In (B.6b), J is the surface current, i.e. the net horizontal

current flowing in the MDL. Since �0j
0 ð1Þ
¼ 1r � @rb

0 ð0Þ
H ¼ �ro1r � @�b

0 ð0Þ
H , this is given

by

�0J ¼ �
Z 1
0

1r � @�b
0 ð0Þ
H rod� ¼ 1r � b

0 ð0Þ
H ð0Þ ¼ 1r � ½bb ð0ÞðroÞ � bð0ÞðroÞ�H: ðB:6cÞ

Analogous to (B.5e) is the expression for the flux of current through RN(s):

iN ¼ s

I
ðJ �ÞRN

d� ¼

Z
NðsÞ

½ j ð1Þr ðroÞ �b| ð1Þr ðroÞ�da: ðB:6dÞ
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Henceforth, the superscripts (0) and (1) are omitted but implied, and O("2) terms are
ignored.

As argued in section 3.2, wave dynamics requires the inertial force to be retained in
the equation of motion, so that

�0ð@t �Vþ 2X� �VÞ ¼ �Jpc þ �J� �B, ðB:7Þ

where �B and �J ¼ ��10 J� �B are the total field and current, and �V is the total fluid
velocity. Their principal parts are Bm, Jm, and Vm of the Taylor state, and are
considered time-independent because �mac
 �A. Also included are contributions
�b ð¼bþ b 0Þ, �j ð¼ jþ j 0Þ and �v ð¼ vþ v 0Þ from the wave, where v¼ s�1�. The wave is
treated as a perturbation, i.e. squares and products of wave variables are discarded. The
buoyancy force has been omitted from (B.7) because it does not affect the wave
dynamics.

The dynamics of the MDL are governed by (B.7), with J¼ 1r@r, to leading order in ".
The dominant term of (B.7) is @rp

0
c ¼ 0, so that p 0c ¼ p 0cð�,�, tÞ. At the next order

�0ð@tv
0
H þ 2Or1r� v 0HÞ ¼ �JHp

0
c � Bm

r 1r� j 0H: ðB:8aÞ

When this is integrated across the MDL, the contribution from p 0c is negligible, so that

@tF þ 2Or1r�F ¼ �Bm
r 1r�J , or Bm

r J ¼ 1r� @tF � 2OrF : ðB:8b;cÞ

From this and (B.5e)

2Osð fN þ fSÞ ¼ 2Os2
I
ðF �ÞN&Sd� ¼ �

ros
2

z1

I
Bm
r J � þ

@F �
@t

� �
N&S

d�, ðB:8dÞ

since O/Or¼ ro/z1. Here N&S means the sum of values on the latitude circles where bC
meets bS, in the northern and southern rims, RN and RS.

The Lorentz force, J �Bm, is responsible for driving flow within the MDL. The
torque it creates on the MDL lying between bN and N is

�MN ¼

I
N

r�ðJ �BmÞda ¼

I
N

ðr �BmÞJ da, or �MN ¼

I
N

rBm
r 1r� ðbb� bÞHda:

ðB:9a;bÞ

The ratio of the two terms on the right-hand side of (B.8c) is of order !A/O, so the first
term is negligible (except very near the equator). Then, by (B.8c) and (B.9a),

2OrF ¼ �Bm
r J , and �M

N ¼ �2

I
S

ðr �XÞFda: ðB:9c;dÞ

Consider next the dynamics of C(s). The �-component of (B.7) gives

�0sð@tv� þ 2OvsÞ ¼ �@�pc þ sðJ� BÞ�: ðB:10aÞ

It was shown in section 3.2 that the integral of 2O�ss �vs over bCðsÞ vanishes, by mass
conservation. When however 2��ssvs is integrated over C(s), the integral does not
vanish, because of the flux through the caps N and S. Instead mass conservation
requires that

�0

Z
C

vs dsþ fN þ fS ¼ 0: ðB:10bÞ
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By using this and v�¼ s�, we obtain from (B.10a),

�0bAs2@t� � 2Osð fN þ fSÞ ¼

Z
C

sðJ� BÞ� ds, ðB:10cÞ

where bAðsÞ ¼ 4�sz1 is the area of C(s) (which is asymptotically the same as that ofbCðsÞ),
and z1 ¼

p
ðr2o � s2Þ. The right-hand side of (B.10a) givesZ

C

sðJ� BÞ�da ¼ @sG
M
I , zðs, tÞ, ðB:10dÞ

where GM
I , zðs, tÞ is the magnetic torque on the interior, I (s), of C(s). From the

equivalence of (45g,h), we have

�0GM
I , zðs, tÞ ¼ s

Z
CðsÞ

BsB� daþ

Z
N&S

sBrB� da: ðB:10eÞ

If the same equivalence (45g,h) is applied to Bm, (B.10e) gives an alternative expression
of Taylor’s condition (21c) for magnetostrophic flows:

s

Z
CðsÞ

Bm
s B

m
� daþ

Z
N&S

sBm
r B

m
� da ¼ 0: ðB:10fÞ

When we substitute (B.10e) into (B.10d), we face terms of the form

IN ¼ @s

Z
NðsÞ

sBrB� da, ðB:11aÞ

where da¼ ros d� d�. As �(s)¼ sin�1(s/ro), we have d�¼ ds/z1. It follows that

IN ¼
ros

2

z1

I
ðBrB�ÞN d�: ðB:11bÞ

We can now write (B.10c) as

�0�0bAs2 @�
@t
� 2O�0sð fN þ fSÞ ¼

@

@s
s

Z
CðsÞ

BsB� da

� �
þ
ros

2

z1

I
ðBrB�ÞN&S d�: ðB:11cÞ

This applies only to C, in which b0 ¼ 0 and B¼Bm
þ b.

We can now combine the dynamics of the MDL and C(s) by eliminating 2�s(fN þ fS)

between (B.11c) and (B.8d):

�0

@ �MbC
@t
¼
@

@s
s

Z
CðsÞ

BsB� da

� �
þ
ros

2

z1

I
ðBr

bB�ÞbN&bS d�, ðB:12aÞ

where �MbC ðs, tÞds is the axial angular momentum between bCðsþ dsÞ and bCðsÞ:
�MbC ðs, tÞ ¼ s2 �0bA� þ ro

z1

I
ðF �ÞbN&bS d�

	 

: ðB:12bÞ

The surface integral in (B.12a) is over bN and bS on which B¼Bm
þ bþ b0; the

corresponding surface integral in (B.11c) was over N and S on which B¼Bm
þ b.
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When (B.12a) is integrated over all s, the first term on its right-hand vanishes and the

remainder gives

@t �Mz ¼ �bGM
z , where bGM

z ¼ ��
�1
0

I
bS sBr

bB� da ðB:12c;dÞ

is the axial torque on the mantle, which vanishes if the mantle is insulating. In contrast,

the corresponding integral over N and S gives the axial torque on S:

GM
z ¼ ��

�1
0

I
bS sBrB� da, ðB:12eÞ

which is generally unequal to bGM
z and nonzero. The difference supplies the angular

momentum ejected from the rims of bC.
The part of �MbC due to the momentum of the rims is smaller than the rest; it

was previously ignored in approximating (B.8c) by (B.9c). If it is again ignored in �MbC ,
the result (B.12c) coincides with the equation that could have been derived at the outset

had (B.10a) been integrated overbC instead of C. This would however have concealed the

importance of the MDL and its associated enhanced dissipation. This dissipation is

made good by a Poynting flux, P ¼ ��10 E�B, across S, which has a non-fluctuating

part from the mainstream wave of p ¼ ��10 e� b. Its radial component, pr ¼ sBm
r �b�,

passes energy to the MDL, part of which it transmits to the mantle, the remainder

countering the ohmic losses of the MDL, which are O(jJ j2/�d
) per unit area.
When B ¼ Bm þ �b is substituted into (B.12a) and F� is ignored (see above), the terms

quadratic in Bm disappear by (B.10f). The terms linear in �b give

�0�0bAs 2 @�
@t
¼
@

@s
s

Z
CðsÞ

ðBm
� bs þ Bm

s b�Þda

	 

þ
ros

2

z1

I
ðBm

� br þ Bm
r h�ÞN&S d�, ðB:13aÞ

bGM
z ðtÞ ¼ ��

�1
0

I
S

sðBm
� br þ Bm

r
bb�Þda: ðB:13bÞ

Further progress depends on being able to re-express b and bb� in terms of �. This
requires application of EM theory only. As ohmic diffusion can be ignored in the

mainstream core, and as the wave amplitude is small,

e ¼ �v�Bm � Vm� b: ðB:14aÞ

The emf Vm
� b appears to be somewhat smaller than v�Bm in the geophysical

context. Their ratio is of order Am[b/v
p
(�0�0)]

�1, where A is the Alfvén number (17d),

for which we previously estimated 0.01. As in an Alfvén wave, v¼O[b/
p
(�0�0)], so that

Vm
� b is only about 1% of v�Bm. This, combined with the fact that the inclusion of

Vm
� b in e adds severe complications, encourages the neglect of this emf. Its retention

would invalidate (25). After abandoning Vm
� b, we have

e ¼ �v�Bm, @tb ¼ J�ðv� BmÞ ¼ sBm
s @s�1� � �@1�B

m, ðB:14b;cÞ

the latter being the induction equation given by the former and Faraday’s law

(@tb¼�J� e); in (B.14c), @1� means differentiation with respect to � holding the unit
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vectors fixed. More explicitly, the cylindrical components of (B.14c) are

@bs
@t
¼ ��

@Bm
s

@�
,

@b�
@t
¼ sBm

s

@�

@s
� �

@Bm
�

@�
,

@bz
@t
¼ ��

@Bm
z

@�
: ðB:14d;e;fÞ

Its spherical components are

@br
@t
¼ ��

@Bm
r

@�
,

@b�
@t
¼ ��

@Bm
�

@�
,

@b�
@t
¼ sBm

s

@�

@s
� �

@Bm
�

@�
: ðB:14g;h;iÞ

In taking the time derivative of (B.13a), we may set @tB
m
¼ 0, as already noted. Other

simplifications arise because, by (B.14d,e),

Bm
�

@bs
@t
þ Bm

s

@b�
@t
¼ sðBm

s Þ
2 @�

@s
�
@

@�
½�Bm

s Bm
� �, ðB:14jÞ

the last term of which vanishes on integration over �, as does the last term in

Bm
�

@br
@t
þ Bm

r

@b�
@t
¼ sBm

r Bm
s

@�

@s
�
@

@�
½�Bm

r Bm
� �, ðB:14kÞ

obtained from (B.14g,i). Recalling that �b� ¼ b� þ b 0�, we then obtain the wave equation
in the form

@2�

@t2
¼

1

s2bAðsÞ @@s s2bAðsÞV2
AðsÞ

@�

@s

	 

þ bNðsÞs @�

@s
þ Kðs, tÞ, ðB:15aÞ

where (24d) defines bNðsÞ; the torsional wave velocity, VA(s), is given below (24c) and

Kðs, tÞ ¼
ro

�0�0bAz1
I
½Bm

r @tb
0
��bN&bS d�: ðB:15bÞ

For other ways of deriving the wave equation, see Braginsky (1970), Roberts and
Soward (1972) and Jault (2003), who also includes mantle topography. The results of

these investigations differ from the one given here.
Our derivation of (B.15a) has confirmed a conclusion adumbrated in section 3.2: the

canonical (25) lacks bNðsÞ; it also lacks K(s, t). Because

bNðsÞ � V2
AðroÞ=z

2
1 � �V

2
Aðr0Þ

bA 0ðsÞ=robAðsÞ, for s! ro, ðB:15cÞ

the singularity of (B.15a) at s¼ ro arises only from K(s, t). This term did not appear in
the simplified discussion of section 3.2 as it was deeply hidden in (23g,h). Despite first

appearances, (B.15a) is a homogeneous equation, because b 0� and therefore K is a linear

functional of �(s, t). A more convenient form of (B.15a) replaces b 0� by the actual field
bb�

on S, by the substitution b 0 ¼ �b� b, giving

@2�

@t2
¼

1

s2bAðsÞ @@s s2bAðsÞV2
AðsÞ

@�

@s

	 

þ bHðsÞ� þ Lðs, tÞ, ðB:15dÞ

where

bHðsÞ ¼ ro

�0�0bAz1
I
½Bm

r @�B
m
� �bN&bS d�, Lðs, tÞ ¼

ro

�0�0bAz1
I
½Bm

r @t
�b��bN&bS d�: ðB:15e;fÞ
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Except for L, the coefficients in (B.15d–f) are immediately given by Bm (assumed
known). It is more troublesome to determine L.

On multiplying (B.15d) by �0s
2bAðsÞ and integrating over s, it is seen that, for the

torque on the core,

@t �GM
z ¼

Z ro

0

�0s
2bA½bHðsÞ� þ Lðs, tÞ�ds: ðB:15gÞ

The same result apart from sign is obtained from (B.14g) and the time derivative of
(B.13b), as required by conservation of the total angular momentum: �Mz þ bMz.

We first look at consequences of ignoring mantle conduction, which implies the field

in the mantle is a potential field. We write its principal and wave parts as Bm* and b*,

where

@tb
�
¼ �Ju, Bm� ¼ �JW: ðB:16a;bÞ

and

r2u ¼ 0, r2W ¼ 0, and u,W! 0, for r!1: ðB:16c;d;eÞ

The mantle fields are uniquely determined from the core fields by

b�r ¼
�br, Bm�

r ¼
�B
m

r , on bS: ðB:16f;gÞ

These radial components are identical to br and Bm
r on S, below the MDL, and in fact,

by (20a), all components of �B
m

are continuous through the MDL, although

b�Hð
bSÞ 6¼ bHðSÞ, the discontinuity determining J . Since bCM ¼ 0 when the mantle is

insulating, the integral (B.15g) of bH� þ L over bS vanishes. Nevertheless bH� þ L is

nonzero on bS. This is because angular momentum can, and generally will, be

transported from one geostrophic cylinder to another by the potential field, as already

noted in section 8.3. Because the field strength is so much weaker in the mantle than the

core, it is likely that this coupling is dwarfed by the local coupling of adjacent cylinders

within the core, except possibly near the core equator. For the same reason, it may be

speculated that L could be omitted without seriously marring the accuracy of solutions

of (B.15d). Though this would remove the main practical obstacle in solving (B.15d)

simply, it also, by eliminating the angular momentum transfer in the mantle, upsets the

angular momentum balance of the core, so that (B.18h) below is no longer true. In

appendix C, this is demonstrated by an example in which bH too has only a small effect.

Nevertheless, we shall see below that the surface terms bH and L are influential for a

conducting mantle.
There are two cases in which it is easy to make progress. First, if Bmð¼B

m
Þ is

axisymmetric and we ignore the singularity at s¼ 0 of (B.15d), then (B.14g,h) show that

b ¼ b�1� is entirely zonal, so that, by (B.16f), br ¼ 0 on the CMB. Therefore, b
�
� 0

and b
�

� ¼ 0 on bS, implying that L¼ 0; similarly B
m

� ¼ 0 on bS so that bH ¼ 0. Second,

�ðs, tÞ ¼ �0 ¼ constant ðB:17aÞ

is, for any bBm
, a solution of (B.15d). (Note: despite the constancy of �, generally b is

time dependent through the asymmetry of Bm.) When (B.17a) holds, (B.14g) shows that

@ru ¼ ��0@
2
r�W on r ¼ ro: ðB:17bÞ
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Therefore, everywhere in bV,
u ¼ ��0@�W so that @tb

�
¼ ��0@1�B

m�, ðB:17c;dÞ

giving bH�0 þ L ¼ 0. We call this mode ‘‘exceptional’’. Its physical significance is that
the system is neutrally stable with respect to a transformation �! �þ constant, because

so far coupling between mantle and core has been excluded, i.e. � is arbitrary to an

additive constant. There is no MDL for the exceptional mode for which, as (B.17d)

shows,

b�ðs,�, z, tÞ ¼ Bm�ðs,�� �0t, zÞ: ðB:17eÞ

The added �0 makes the potential field co-rotate with the core. For other normal modes
however (B.14g) gives

b�r ¼ B�r ðs,�� �ðsÞe
�i!t, zÞ, ðB:17fÞ

and, because of the s-dependence of �, there is no reason to expect (B.17f) will create a
potential field, b* on bS that is continuous with b on S. This is even clearer when B

m
is

axisymmetric; then b
�
� 0 but b� is generally nonzero on S. This shows that an MDL

generally exists at the CMB, together with its enhanced ohmic dissipation. As indicated

below (B.1b), the total dissipation increases by a factor of order ro/
p
(
!), which is

significant but not large enough to vitiate the following argument which is valid only to

leading order in ".
We seek normal mode solutions of (B.15d) in which �(s, t)! �(s)e�i!t, so that

d

ds
s2bAðsÞV2

A

d�

ds

	 

þ !2s2bAðsÞ� ¼ s2bAðsÞbHðsÞ� þ s2

�0�0z1

I
½Bn

r @th��bN&bSd�: ðB:18aÞ

As shown in appendix D, all solutions of (B.15d) for any axisymmetric field, B
m
, are

singular. We exclude that case here, and can then assume that � is bounded at s¼ ro and

s¼ 0. [If we ignore the singular �(0) for B
m
, the terms below in Z�,� do not appear

because b
�
� 0.] When the mantle is an insulator, (B.15d) defines a self-adjoint

eigenvalue problem. To see this, one proceeds in the usual manner: Let �� and �� be two
eigenfunctions, It follows from (B.18a) that

!2
�

Z ro

0

s2bAðsÞ����ds ¼ Z ro

0

s2bAðsÞV2
A

d��
ds

d��
ds

dsþ
1

�0�0

I
bS sBm

r @�B
m
� ����dsþ Z�,�

	 

,

ðB:18bÞ

where, by the same argument as was used to establish the equivalence of (B.13a,b),

Z�,� ¼

I
bS s2

z1
��

I
½Bm

r @th�,��bN&bS d�
	 


ds ¼

I
bS sBm

r �� @th�,� da: ðB:18cÞ

Using (B.14g) and (B.16a,f), we obtain

Z�,� ¼ �

I
bS Bn

r �� @�u� da

¼

I
bSð��@�Bn

r Þu� da ¼ �

I
bS u�@tb�,r da ¼ �

I
bS u�@tb��,r da ¼

I
bS u�@ru� da: ðB:18dÞ
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Therefore it follows from (B.16c,e) and Green’s theorems that

Z�,� ¼ �

I
bS u�n �Ju� da ¼ �

Z
bVðJu�Þ2 dv ¼ !2

�

Z
bV b�2 dv, ðB:18eÞ

Z�,� � Z�,� ¼ �

I
bS n � ðu�Ju� � u�Ju�Þda ¼ �

Z
bVðu�r2u� � u�r

2u�Þdv ¼ 0: ðB:18fÞ

This establishes that (B.18a) defines a self-adjoint eigenvalue problem, that !2 is real
and that, for !� 6¼!�, the eigenfunctions are orthogonal:Z ro

0

s2bAðsÞ���� ds ¼ 0: ðB:18gÞ

On taking �� to be the exceptional mode �0, (B.18g) shows that the angular momentum
of every other mode vanishes:

Mz,� ¼

Z ro

0

s2bAðsÞ��ðsÞds ¼ 0: for all � 6¼ 0: ðB:18hÞ

Taken to the next order in ", this argument shows that ! has an O(") imaginary part.
Suppose next that the mantle is electrically conducting. The core and mantle are then

linked together as one system of fixed total angular momentum Mþ bM. Assume, as in

section 8.2, that conduction is confined to a layer at the bottom of the mantle of

thickness d, above which the mantle is insulating. Although the general results

(B.15a–g) continue to apply, L now depends on the mantle conductivity and how it is

modeled. For simplicity, we shall adopt the thin layer approximation developed in

section 8.2, despite its possible limitations. A new notation is required:bb will be the field
within the conducting layer, and b*¼�Jw* will be the potential field in the insulating

region above it.
The thin layer approximation (52d) gives

bbH ¼ b�H þ �0
bSð1r�beH þ sBm

r
b�1�Þ, on r ¼ ro, ðB:19aÞ

whereb� ð¼ bOÞ is the angular velocity of the mantle. Appendix D contains an analysis of
the MDL on the CMB. Assuming that the Elsasser number at the CMB is small, it is

shown there that,

bbH þ �0S 1r�beH ¼ bH þ �0S 1r � eH on r ¼ ro, ðB:19bÞ

where S is the (complex) core conductance. Both bbH and beH can be obtained from
(B.19a,b) but onlybbH is needed to evaluate L and bCM. Using also (B.13d),

bbH ¼ U b�H þbU ½bH � �0SsBm
r ð� �b�Þ1�� on r ¼ ro, ðB:19cÞ

where bH is given by (B.14c) and

U ¼
S

SþbS , bU ¼ bS
SþbS ¼ 1� U, UbS ¼bUS ¼ SbS

SþbS : ðB:19d;e;fÞ

According to (B.19a,b), jWj and jbU j are approximately the fractions of the total ohmic
dissipation, due to the MDL and the mantle, respectively.
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We now use (B.19c) to transform (B.15d) into a form that makes the effects of mantle
conduction more apparent:bHðsÞ� þ Lðs, tÞ ¼ bHmðsÞ� þ bNmðsÞs@s� þ Lmðs, tÞ � bDðsÞ@tð� �b�Þ, ðB:20aÞ

where, by (B.14c),

bHm ¼ UbH, bNm ¼bU bN, Lm ¼bU L, bDðsÞ ¼ ros

�0bAz1 U bS
I
½ðBm

r Þ
2
�N&S d�: ðB:20b;c;dÞ

Substitution into (B.15d–f) gives

@2�

@t2
þ bD @

@t
ð� �b�Þ ¼ 1

s2bA @@s s2bAV2
A

@�

@s

	 

þ bHm� þ bNms@s� þ Lm: ðB:21aÞ

Of particular interest is the term in bD on the left-hand side of (B.21a), which couples the
wave to the mantle and leads to ohmic loss. To derive the equation of motion of the
mantle, bC@tb� ¼ bGM

z , ðB:21bÞ

we must evaluate bGM
z . Knowledge of b�� is not required since the field above the

conducting layer does not contribute. By (B.15g) and (B.20a),

@bGM
z

@t
¼ UbS IbS s 2ðBm

r Þ
2 @

@t
ð� �b� Þda� 1

�0

I
bS sBm

r
bU sBm

s

@�

@s
þ U �

@Bm
�

@�

	 

da: ðB:21cÞ

Consistent with angular momentum conservation, (B.20a–c) imply that
@2t ð
bC b� þMzÞ ¼ 0. The first of the simplifications, mentioned below (B.16f,g), concerns

axisymmetric B
m
but, though b

�

� ¼ 0 again holds,bb� is generally nonzero and generates
a torque bGM

z . The second simplification applies in the sense that � ¼ b� ¼ constant
satisfies (B.16f,g). Now see section 8.3.

Everything so far in this appendix has ignored the existence of the SIC. We now aim
to rectify that omission, at least partially. The SIC is magnetically coupled to the mantle
and FOC, so that Mþ bMþ eM is fixed, as in (28e). Of serious concern is the possibility
of intense magnetic coupling of the SIC to the fluid in the TC. To simplify the
discussion, we shall totally ignore the MDL on the CMB and core-mantle coupling.

As pointed out in section 3.2, there are now two geostrophic cylinders, CN and CS, to
the north and south of the SIC; CN is closed by spherical caps bN on the CMB and eS on
the ICB, defined by 05 �1ðsÞ ¼ sin�1ðs=roÞ5 1

2� and 05 �2ðsÞ ¼ sin�1ðs=riÞ5 1
2�,

respectively; see figure 3(b). The area of CN is eA ¼ 2�sz12, where z12¼ z1� z2 and
z2 ¼
p
ðr2i � s2Þ. A geostrophic average on CN is now defined by, for example,

ffV�gg
N ¼

1eAðsÞ
Z
CNðsÞ

V� da, ðB:22Þ

which replaces (22a) for s5ri.
We shall focus on the coupling acrosseS. The field,eb and electric current,ej, in the SIC

generated by the torsional wave are significant only in a layer at the top of the SIC
whose thickness, ed
 ¼ ð12!A�0e� Þ�1=2, is of order 10 km. As this is small compared with
the thickness, ri, of the conducting region, the high frequency approximation of
section 8.2 is an accurate replacement for the thin layer approximation.
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The boundary layer at the bottom of the FOC is quite different from the one at its top

because the Elsasser number, L, at the ICB is probably O(1) or greater. The boundary

layer is analyzed in appendix D, where its horizontal electric and magnetic fields are

joined continuously toeeH andebH of the SIC using (53g). Appendix D deals with general

L, but concentrates on L
 1, for which (D.12f) holds. Transformed from the SIC

reference frame, it is

eb� ¼ b� þ L�1=2�0
eSsBm

r ð�
N �e�Þ, on r ¼ ri, ðB:23Þ

where e� is the angular velocity of the SIC and �N refers to CN. Following the same
procedure as before, we find that

@2�N

@t2
þ eDðsÞ @

@t
ð�N �e�Þ ¼ 1

s2eAðsÞ @@s s2eAðsÞVN2
A ðsÞ

@�N

@s

	 

þ eHmðsÞ�

N, ðB:24aÞ

where VN2
A ðsÞ ¼ ffV

2
Agg

N and

eDðsÞ ¼ ris

�0eAz2 L�1=2eS
I
½ðBm

r Þ
2
�eS d�, eHmðsÞ ¼ �

ri

�0�0eAz2
I
½Bm

r @�B
m
� �eS d�: ðB:24b;cÞ

The equations governing �S in CS are similar. The equation of motion of the SIC is

eC@te� ¼ eGM
z , ðB:24dÞ

where the torque on the SIC follows from (B.23), which gives

@eGM
z

@t
¼ L�1=2eS Z

eSðsBm
r Þ

2 @

@t
ð�N �e�Þdaþ ZeN ðsBm

r Þ
2 @

@t
ð�S �e�Þda	 


þ
1

�0

I
eS sBm

r

@Bm
�

@�
� da,

ðB:24eÞ

where the first two integrals on the right-hand side are over the northern and southern
hemispheres of the ICB. Now see section 8.4.

Derivation of (23b) and (24b)
The following gives steps leading from (23a) to (23b). Equation (11c) shows that

�0@tffðJ� BÞgg� ¼ ffðJ�QÞ �Bþ ðJ�BÞ �Qgg�, where Q ¼ @tB: ðB:25a;bÞ

Use the vector identity

ðJ�QÞ �Bþ ðJ�BÞ�Q ¼ B �JQþQ�JB� JðB �QÞ, ðB:25cÞ

the last term in which vanishes when (B.25c) is substituted into (B.25a) and the implied
�-integration is carried out. The induction equation (11g) can be written

Q ¼Rþ S, where R ¼ J�ðv�BÞ, S ¼ J� ðVm�BÞ þ 
r2B: ðB:25d;e;fÞ

When (B.25e) is substituted into (B.25c), and (B.14g–i) is used, it is found that

½B �JRþR�JB�� ¼ B �Jþ
Bs

s

� �
s
@�

@s
Bs

� �
� �

@

@�
B �Jþ

Bs

s

� �
B�, ðB:25gÞ
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the last term in which vanishes when (B.25g) is substituted into (B.25a). Insertion of
(B.25d,g) into (B.25a) gives

�0@tffðJ�BÞgg� ¼ s �ðs, tÞ
@2�

@s2
þ �ðs, tÞ

@�

@s
� Rðs, tÞ

	 

, ðB:25hÞ

where �, � and R are given by (23c–e). Equations (23a,b) are now seen to be
equivalent.

For the derivation of (24b), we first use the definition (22a) of the geostrophic

average of any X(s,�, z) to show that

1bA @@s ffbAXgg ¼ 1bA @@s
I Z z1

�z1

Xs d� dz

¼
1bA
I Z z1

�z1

s
@X

@s
þ X

� �
d� dz�

s2bAz1
I
½Xðs,�, z1Þ þ Xðs,�, � z1Þ�d�:

ðB:26aÞ

Therefore, if Y¼X/s,

@Y

@s

� �� �
¼

sbA @@s bA
s
Y

( )( )
þ

s2bAz1
I
½Yðs,�, z1Þ þ Yðs,�, � z1Þ�d�: ðB:26bÞ

Now use (11d) to transform �, given by (23d) as follows

�ðs, tÞ ¼ J � ðBsBÞ þ
2B2

s

s

� �� �
¼

@B2
s

@s
þ
1

s

@ ðBsB�Þ

@�
þ
@ ðBsBzÞ

@z
þ
3B2

s

s

� �� �

¼
1

s2
@

@s
s3B2

s

� 
� �� �
þ

sbA
I
ðBsBzÞ

z1
�z1

d�: ðB:26cÞ

Applying (B.26b) with Y ¼ B2
s . we simplify (B.26c) to

�ðs, tÞ ¼
1

s2bA s2bAffB2
s gg

� �
þ �0�0sbNðs, tÞ, ðB:26dÞ

where bNðs, tÞ is defined in (24d). Equation (24b) follows.

Appendix C: Solutions of the canonical wave equation

This appendix discusses solutions of (25). These are expressed as a sum of normal

modes in which � / e�i!t. The self-adjoint form of (54) is

d

d�
Lð�ÞV2ð�Þ

d�

d�

	 

þ c2Lð�Þ� ¼ 0, where Lð�Þ ¼ �3ð1� �2Þ1=2ð�0Þ, ðC:1a;bÞ

and we have introduced non-dimensional variables by

s ¼ ro�, VAðsÞ ¼ UVð�Þ, ! ¼ ðU=roÞc, ðC:1c;d;eÞ
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U being a characteristic Alfvén velocity. Equation (C.1a) admits the exceptional
solution

c ¼ 0, �ð�, tÞ ¼ �0 ¼ constant: ðC:1f;gÞ

For the non-exceptional solutions, an attractive alternative to (C.1a) is

dM

d�
¼ Lð�Þ�,

d�

d�
¼ �

c 2M

Lð�ÞV 2ð�Þ
, ðC:2a;bÞ

(Braginsky 1970). Thus M is the angular momentum of the wave about Oz. Because
L(0)¼L(1)¼ 0, (C.1a) has singular points at �¼ 0 and �¼ 1 that are regular, except in

artificial cases. The solutions are physically meaningful only if � and M are bounded at

these points. This requirement determines the eigenvalues c which are all real, as

demonstrated in appendix B. For the non-exceptional eigensolutions, (C.2b)

implies that

Mð0Þ ¼ 0, Mð1Þ ¼ 0, ðC:2c;dÞ

the first of which shows, via (C.2b), that

Mð�Þ ¼

Z �

0

�3ð1� �2Þ1=2�ð�Þd�: ðC:2eÞ

Two conclusions can be drawn: (i) the exceptional eigensolution carries all the angular
momentum, M, of the wave about Oz; (ii) except for that solution, every eigenfunction,

�, has at least one zero within 05s51. It follows from (C.2a) that, if �(0) 6¼ 0, then

M�O(�4) for �! 0, so that (C.2b) shows that d�/d�¼O(�), provided that V(0) 6¼ 0 but,

if V(0)¼O(�) for �! 0, then d�/d� is singular at �¼ 0. The singularity at �¼ 1 is usually

milder: if �(1) 6¼ 0, (C.2a) shows that M�O((1� �)3/2) for �! 1 so that, by (C.2b),

d�/d�¼O((1� �)2) provided that V(1) 6¼ 0 while, if V(�)¼O((1� �)1/2), then

d�/d�¼O(1� �).
Equation (C.1a) can be solved semi-analytically if VA is constant; we take V¼ 1.

On making the change of variables

� ¼
p
ð1� �2Þ, � ¼ ð1� �2Þ

�1=2Sm,nð�Þ, ðC:3a;bÞ

(C.1a) becomes the case m¼ 1, �m,n¼ 2 of the equation governing the well-studied
angular oblate spheroidal wave functions, Sm,n(�, c), which satisfy

d

d�
ð1� �2Þ

dSm,n

d�

	 

þ �m,n þ c2�2 �

m2

1� �2

� �
Sm,n ¼ 0 ; ðC:3cÞ

see Chapter 21 of Abramowitz and Stegun (1953) or Chapter 30 of Olver et al. (2010).
According to sub-paragraph 21.7.19 of the former (1��2)�1/2S1.n(�) is O(1) for �! 1,

i.e. �(�) is bounded for �! 0 but, if n is even, S1.n is odd in �, so that �(�) is

O((1� �2)1/2) for �! 1. Therefore only the odd n solutions are of interest and, for these,

�(�) is O(1) for �! 1; n¼ 1 is the exceptional solution.
In most contexts where (C.3c) arises, solutions �m,n are sought for given c, but here

the objective is inverted: to find c for given �m,n¼ 2. Solutions are required that are

bounded at �¼ 1 (i.e. �¼ 0). If c¼ 0, then Sm,nð�Þ ¼ Pm
n ð�Þ and �m,n¼ n(nþ 1). For
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n¼m¼ 1, this gives the eigenfunction S1,1¼ (1��2)1/2, which recovers the exceptional

solution (C.1f,g).
The first 10 non-exceptional eigenvalues (n¼ 3� 21, m¼ 1) are listed in table C1.

They were derived using programs devised by Zhang and Jin (1996) that are available

on the web. Mode n has 1
2ðn� 1Þ zeros within the interval 05�51.

It appears likely that, for any non-constant V(�), the eigenvalues can be found only

by numerical integration of (C.1a). The required solution should be bounded at both

the singularities s¼ 0 and s¼ 1. The general solution of (C.1a) is a linear combination of

two independent solutions:

�ð�Þ ¼ a1�1ð�Þ þ a2�2ð�Þ: ðC:4aÞ

In most cases, one of the independent solutions, say �1(�), is bounded at �¼ 1 and the
other is unbounded. Selecting therefore a2¼ 0, one seeks to express �1 as a linear

combination,

�1ð�Þ ¼ a3�3ð�Þ þ a4�4ð�Þ, ðC:4bÞ

where one of these solutions, say �3(�), is bounded at �¼ 0 and the other is unbounded.
The eigencondition for c is then a4¼ 0. This method of solution fails completely if

neither �3(�) nor �4(�) is bounded at �¼ 0. Then the eigenvalue problem is non-

integrable. The danger of this happening is real, as the following important example

shows.
For all axisymmetric B ð¼ BÞ, the singularity of (C.1a) at �¼ 0 is non-integrable

because V(0)¼ 0. To see this, let V 0(0)¼ c040 so that

Vð�Þ ¼ c0� þOð�2Þ, for �! 0: ðC:5aÞ

Solutions of (C.1a) are asymptotically equivalent as �! 0 to those of

d2�

d�2
þ
5

�

d�

d�
þ

c

c0

� �2 �

�2
¼ 0, ðC:5bÞ

an equation homogeneous in �. For c42c0, its solution is

� ¼ ð2� ic 0Þ��2 expð�ic 0 log �Þ, M ¼ �2 expðic 0 log �Þ, ðC:5c;dÞ

where c 0 ¼
p
½ðc=c0Þ

2
� 4�; if c52c0,

� ¼ ð2� c00Þ��2�c
00

, M ¼ �2�c
00

, ðC:5e;fÞ

Table C1. Eigenvalues c in the case V¼ 1.

n c n c

3 5.2759462 5 8.6300525
7 11.8698525 9 15.0693190

11 18.2494245 13 21.4186323
15 24.5810610 17 27.7389696
19 30.8937060 21 34.0461267
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where c00 ¼ ˇ ½4� ðc=c0Þ
2
�. Both �s are unacceptably singular as �! 0. The existence of

this singularity was noted by Fearn and Proctor (1987) who surmised that it is

logarithmic and can be removed by reinstating viscosity. This matter is taken up below.

We now consider asymmetric B for which V(0) 6¼ 0. It may be worth noticing that the

addition of an axisymmetric field to an asymmetric field, such as (C.6b) below, does not

change its nonzero value of V(0) and therefore does not re-introduce the singularities of

totally axisymmetric B.
In the toroidal/poloidal representation,

B ¼ J�ðT rÞ þ J�J�ðPrÞ, ðC:6aÞ

where r is the radius vector. If the mantle is an insulator, the toroidal scalar, T , vanishes
onbS and the poloidal scalar, P, is such that B is continuous with a source-free potential

field in the mantle. A field that is totally toroidal but asymmetric can transmit torsional

waves but, because T (ro, �, �)¼ 0, (C.1a) then has a singularity at s¼ ro that is generally

non-integrable. We confine attention here to asymmetric poloidal fields, and focus on

the particular case

P ¼ rð5� 3r2Þ sin � cos�, ðC:6bÞ

for which the external field is an equatorial dipole of unit strength, and

V2ð�Þ ¼
2

5
ð61� 62�2 þ 21�4Þ, ðC:6cÞ

so that V2(0)¼ 122/5 and V(1)¼ 2
p
2. Because these are both nonzero, the regular

singularity of (C.1a) at �¼ 0 is as mild as the one at �¼ 1. The required solution and its

derivative are required to be O(1) at both end points and this determines the

Table C2. Eigenvalues c for the case (C.6b).

n c n c

1 20.716312 2 34.579955
3 47.836658 4 60.875695
5 73.810609 6 86.687341
7 99.528169 8 112.345244
9 125.145771 10 137.934298

Table C3. Eigenvalues c for the augmented case (C.6b).

n c n c

1 20.204870 2 34.269159
3 47.606276 4 60.690445
5 73.654746 6 86.552320
7 99.408780 8 112.238055
9 125.048391 10 137.844992
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eigenvalues, the first 10 of which are listed in table C2 (labeled differently from
table C1). Mode n has n� 1 zeros of � within the interval 05�51.

Appendix B points out that (25) is not the correct torsional wave equation when B is
asymmetric and should be replaced by (B.15d). When (25) is augmented by the bHðsÞ of
(B.15e), the eigenvalues for the example (C.6a) are reduced by roughly 2.5% for n¼ 1,
decreasing to 0.06% for n¼ 10, See table C3. Augmentation of (25) by the L(s, t) term
of (B.15f) would require more labor than would be justified here, but a symptom from
which the importance of the missing L term can be assessed is available. When L is
assumed to be zero, (B.15d) fails to preserve angular momentum; (C.2d) is not satisfied.
The magnitude of the error decreases with increasing n. In the case of (C.6b) it was
found that, for solutions normalized by �(0)¼ 1, jM(1)j decreases from about 5� 10�3

for n¼ 1 to 3� 10�5 for n¼ 10.
Finally, we return to the singularity of (C.1a) when V(0)¼ 0 and (C.5a) holds. It was

shown above that (C.1a)) then has no valid solutions, although numerical integration
will often find c. This verisimilitude of success evaporates if the truncation level is
increased, when it is found that the spurious ‘‘solution’’ becomes increasingly
pathological near �¼ 0, and the eigenvalues fail to converge. Fearn and Proctor
(1987) speculated that the singularity can be removed by restoring viscous forces, see
also Jault (1995).

It was shown by Roberts and Soward (1972) that, in dimensional variables, the
principal effect of introducing viscosity, �, is to transform

@ 2�

@t2
into

@ 2�

@t2
þ
ð�OroÞ

1=2

ðr2o � s2Þ3=4
@�

@t
ðC:7aÞ

in (25). As already mentioned in appendix B, the additional term creates wave damping
on the spin-up time scale E1/2��, where E is the Ekman number (15b). Terms that are of
order E are neglected in the transition (C.7a) but become significant near s¼ 0, where
they transform

@�

@t
into

@�

@t
�
�

s

@�

@s
ðC:7bÞ

in (B.13a). The torsional wave equation that was previously asymptotic to (C.5b) for
�! 0 becomes instead asymptotic to

d2�

d�2
þ 5�

i&

�2

� �
1

�

d�

d�
þ &2

�

�2
¼ 0: ðC:7cÞ

We have here replaced (C.1c–e) by

s ¼ ½ð�j!jÞ1=2=V
0

Að0Þ��, ! ¼ &j!j, ðC:7d;eÞ

whereV
0

Að0Þ4 0 and we may anticipate that Im(�)50.
The method of dominant balance shows that two solutions of (C.7c) exist for which

�3ð�Þ ¼ 1þOð�2Þ, �4ð�Þ � �
�2 expð�i&=2�2Þ, for �! 0: ðC:8a;bÞ

The unusual character of �4 raises doubts about whether it is admissible; �4 and all its
derivatives, vanish as �! 0 when Im(�)50. If it is admitted, both solutions (C.8a,b)
are bounded as �! 0, and a further boundary condition is needed to close the
eigenvalue problem. This could be the rejection of �3 or �4. No attempt is made here
to take the analysis further but it is plausible that, if �¼O(1) for �¼O(1), then
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� ¼ OðV 2
A=�j!jÞ 
 1 for �¼O(1). It is clear however that viscosity broadens the

concept of what is physically acceptable for s! 0.

Appendix D: Magnetic diffusion layers in the fluid core

Because of their time-dependence, torsional waves are coupled to the mantle and SIC by

EH layers that differ from the quasi time-independent EH layers treated by,

for example, Dormy et al. (2007) and Dormy and Soward (2007). This appendix

generalizes their analysis.
The point was made in section 3.2 that the magnetostrophic approximation is valid

only for large length scales: L
VA/O. This inequality is not satisfied by the thicknesses

of the EH layers on the CMB and ICB considered in this appendix, for which the

distinction between geostrophic and non-geostrophic motions becomes meaningless,

and Coriolis forces again become significant. The fluid motions in the torsional waves

are of the form (19a) only in the main body of the core, outside the diffusion layers.

Using a terminology common in boundary layer theory, we call this the mainstream.

Considering first the EH layer on the CMB, we use the mantle frame and write the

mainstream velocity, electric field and magnetic field as v, e and b, where

v ¼ sð� �b�Þ1�, e ¼ �v�Bm, @tb ¼ sBm
s @s�1� � ð� �b�Þ@1�Bm, ðD:1a;b;cÞ

and b� is the mantle’s angular velocity; as before the 1 in @1� means that the unit vectors
are held fixed in the �-differentiation.

The velocity, electric field, and magnetic field in the boundary layers will be denoted

by vþ v 0, eþ e 0, and bþ b 0, so that the boundary layer parts, v 0, e 0 and b 0, vanish in the

mainstream:

v 0, e 0, b 0 ! 0, as �!1, ðD:1dÞ

where � is a stretched coordinate for the distance, ro� r, from CMB. Therefore
(suppressing the dependence of � and �)bbðroÞ ¼ bðroÞ þ b 0ðroÞ, etc: ðD:1eÞ

The equations governing v 0, e 0 and b 0 are obtained by subtracting the equations
governing the mainstream v, e and b from the equations governing the total fields vþ v 0,

eþ e 0 and bþ b 0, and by assuming j@rj
 jJHj. At leading order, the boundary layer is

governed by

�0ð@tv
0
H þ 2Or1r� v 0HÞ ¼ �

�1
0 Bm

r @rb
0
H þ �0�@

2
r v
0
H, ðD:2aÞ

@tb
0
H ¼ Bm

r @rv
0
H þ 
@

2
rb
0
H: e 0H ¼ 1r�ðB

m
r v 0 þ 
@rb

0
ÞH: ðD:2b;cÞ

Solutions are sought that are proportional to exp(�i!t). We introduce

	 ¼
!

2Or

���� ����	 1, L ¼
Bm2
r

2jOrj
�0�0
, & ¼ sgnð!Þ, $ ¼ sgnðOrÞ, ðD:2d;e;f;gÞ

so that

! ¼ &j!j, Or ¼ $jOrj: ðD:2h;iÞ

We seek solutions of (D.2a,b) in the limit 	! 0.
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We scale EM quantities to velocities and make r dimensionless by the

transformations

r!



j!j

� �1=2

r, b 0 !
Bm
r

ð
j!jÞ1=2
b 0, e 0 ! Bm

r e 0, j 0 ! �Bm
r j 0: ðD:2j;k;l;mÞ

Equations (D.2a–c) become

�i&	v 0H þ$1r� v 0H ¼ L@rb 0H þ 	Pm@
2
r v
0
H, ðD:3aÞ

�i&b 0H ¼ @rv
0
H þ @

2
rb
0
H, e 0H ¼ 1r� ðv

0 þ @rb
0
ÞH, ðD:3b;cÞ

where Pm¼ �/
 is the magnetic Prandtl number.
It is convenient to introduce

B 0
�
¼ b 0H � i1r� b 0H, E 0

�
¼ e 0H � i1r� e 0H, V 0

�
¼ v 0H � i1r� v 0H, ðD:4a;b;cÞ

and to define bB�, bE� and bV� similarly for the mantle and B�, E� and V� for the
mainstream. It is clear that

1r�B 0
�
¼ �iB 0

�
, ðD:4dÞ

and similarly for the other variables. Equations (D.3a–c) may then be written as

ð	Pm@
2
r � i$ÞV 0

�
¼ �L@rB 0

�
, ð@2r þ i&ÞB 0

�
¼ �@rV

0�, ðD:5a;bÞ

E 0
�
¼ �iðV 0

�
þ @rB

0�Þ, ðD:5cÞ

where a term i&	V 0� has been discarded from (D.5a) in comparison with �i$V 0
�
; in

other words, the inertial term in (D.2a) could have been omitted from the outset.
In the case of the EH layer at the CMB, we seek solutions proportional to

exp½��ðr� roÞ�, where Reð��Þ4 0: ðD:5d;eÞ

Substituting into (D.5a,b), we obtain

	Pm�
�4 � ðL� i$Þ��

2
� &$ ¼ 0, ðD:5fÞ

where the small term �2i&	Pm�
�2 has been discarded in comparison with �i$��

2
.

In the limit 	! 0, the roots of (D.5f) are of two types:

. Inner EH layer, �¼O(	�1/2).
To leading order in 	Pm, one root of (D.5f) is

��
2
¼ ðL� i$Þ=	Pm, ðD:6aÞ

and (D.5a–c) give

V 0
�
¼ ���1 B

0�, E 0
�
¼ 0: ðD:6b;cÞ

From (D.6a), we select ��1 with positive real part:

��1 ¼ ð2	PmÞ
�1=2
f½ðL2 þ 1Þ1=2 þ L�1=2 � i$½ðL2 þ 1Þ1=2 � L�1=2g: ðD:6dÞ
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In dimensional terms, this gives

��1 ¼
ð1� i$Þ=dE, if L	1 ,
1=dH, if L
1 ,

�
ðD:6eÞ

where dE and dH are the thicknesses of EH layers:

dE ¼ ð�=jOrjÞ
1=2, dH ¼ ð�0�0�
Þ

1=2=jBm
r j, ðD:6f;gÞ

e.g. see chapter 3 of Dormy and Soward (2007).
. Outer EH layer, �¼O(1).

To leading order in 	Pm, the other root of (D.5f) is

��
2
¼ �

&$

L� i$
, ðD:7aÞ

and (D.5a–c) give

V 0
�
¼ �i$L��2 B

0�, E 0
�
¼ $ðL� i$Þ��2 B

0�: ðD:7b;cÞ

From (D.7a), we select ��2 with positive real part:

��2 ¼
1
2ð1�i&Þð1�i$Þ

ðL2þ1Þ1=2þL
2ðL2þ1Þ

� �1=2

�i$
ðL2þ1Þ1=2�L

2ðL2þ1Þ

� �1=2
( )

: ðD:7dÞ

In dimensional terms, this gives

��2 ¼
ð1� i&Þ=d
, if L	1 ,
ð1� i&Þð1� i$Þ=2dA, if L
1 ,

�
ðD:7eÞ

where d
 is the skin depth and dA is an Alfvénic wave length for a time scale of
	1/2/j!j:

d
 ¼ ð2
=j!jÞ
1=2, dA ¼ jB

m
r j=ð2jOr!j�0�0Þ

1=2
¼ ðL
=j!jÞ1=2: ðD:7f;gÞ

It follows from (D.6b,c) and (D.7b,c) that, for some C �1 ð�,�Þ and C �2 ð�,�Þ,

B 0
�
¼ C �1 e

��
1
ðr�roÞ þ C �2 e

��
2
ðr�roÞ, E 0

�
¼ $ðL� i$Þ��2 C

�
2 e

��
2
ðr�roÞ, ðD:8a;bÞ

V 0
�
¼ ���1 C

�
1 e

��
1
ðr�roÞ � i$L��2 C

�
2 e

��
2
ðr�roÞ: ðD:8cÞ

Therefore

$ðL� i$Þ��2 ðV
0� þ ��1 B

0�Þ � ð��1 � i$L��2 ÞE
0� ¼ 0: ðD:8dÞ

This is equivalent to U 0 ¼ 0, where

U 0 ¼ $ð�p2 þ i�m2 1r�ÞðLv
0 þ$1r� v 0ÞH þ$½ð�1�2Þ

p þ ið�1�2Þ
m1r� �ðLb 0 þ$1r� b 0ÞH

�ð�p1 þ i�m1 1r�Þe
0
H � i$Lð�p2 þ i�m2 1r�Þe

0
H, ðD:8eÞ

and, for any q�,

qp ¼ 1
2 ðq
þ þ q�Þ, qm ¼ 1

2 ðq
þ � q�Þ: ðD:8f;gÞ
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This general result, which with minor changes, applies equally to the EH layer on the
ICB, will not be pursued here. In the geophysical application, ðPm	Þ

1=2
� 10�5 and

j��2 =�
�
1 j 	 1. By setting 	¼ 0, we may ignore the inner boundary layer (equivalent to

dropping �0�@
2
r v
0
H from (D.2a) and ignoring the no-slip boundary conditions), and

replace (D.8d) by

$ðL� i$Þ��2 B
0� � E 0

�
¼ 0, ðD:9aÞ

which is equivalent to the condition U0 ¼ 0, where

U 0 ¼ $ð�p2 þ i�m2 1r�ÞðLb
0
H þ$1r� b 0HÞ � e 0H: ðD:9bÞ

Quantities U and bU analogous to U 0 are defined for the mainstream core and the
mantle. They are useful because, according to (D.1d) and (D.8e), we have

bUðroÞ ¼ UðroÞ þU 0ðroÞ, where bUðroÞ ¼ UðroÞ: ðD:10a;bÞ

The second of these provides the required link across the outer EH layer.
For the mantle, a further simplification can be made. As already pointed out in

appendix B, L is probably less than 0.1 at the CMB. We shall specialize to the case

L¼ 0, in which Coriolis forces, but not Lorentz forces influence the structure of the

outer boundary layer. To leading order, ��2 is given by the upper of (D.7e), so that

�p2 ¼ ð1� i&Þ=d
 and �
m
2 ¼ 0. Equation (D.9b) reduces, in the original unscaled units, to

U 0 ¼ ð�0SÞ
�11r� b 0H � e 0H: ðD:11aÞ

This has a very simple interpretation; see appendix B. From (D.1a,b), we have

U ¼ ð�0SÞ
�11r� bH þ sð� �b�ÞBm

r 1�: ðD:11bÞ

The thin layer approximation of section 8.2 gives on the CMB

bU ¼ ð�0SÞ
�11r�bbH þ ð�0

bSÞ�11r� ðbb� b�ÞH: ðD:11cÞ

By applying (D.10b), the desired connection across the MDL between the mantle and
core is established:

bbH ¼ 1

SþbS ðbSbþ Sb�ÞH �
�0SbS
SþbS sð� �b�ÞBm

r 1�: ðD:11dÞ

The technique used to derive (D.11d) can be used to establish the connection between
the FOC and SIC across the EH layer on the ICB. We now work in the reference frame

rotating with the SIC. To satisfy (D.11d), the stretched boundary layer coordinate, �,
now measures distance, r� ri, from the ICB. The signs of ��1 and ��2 must therefore be

reversed to give them negative real parts. Apart from this, (D.8e) is unchanged, as we

again take the limit 	! 0. As already pointed out in appendix B, L probably exceeds 1

at the ICB, and should not be neglected. We specialize (D.9b) to the case �
 1.
To leading order in ��1, the lower of (D.7e) gives, with the indicated reversed sign,

�p2 ¼ �ð1� i&Þ=dA, �m2 ¼ i$ð1� i&Þ=dA: ðD:12a;bÞ
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In the original unscaled units, (D.9b) becomes

U 0 ¼ �
$

�0S
L
2

� �1=2

ðb 0 þ$1r� b 0ÞH � e 0H: ðD:12cÞ

The corresponding U for the mainstream core is

U ¼ �
$

�0S
L
2

� �1=2

ðbþ$1r� bÞH � sð� �e�ÞBm
r 1�: ðD:12dÞ

The high frequency approximation of section 8.2 gives on the ICB

eU ¼ � $

�0S
L
2

� �1=2

ðebþ$1r�ebÞH � 1

�0
eS 1r�ebH: ðD:12eÞ

For �
 1, the last term in (D.12e) is negligible in comparison with the first term on the
right-hand side of (D.12d), By applying (D.10b) now to the ICB instead of the CMB,

the desired connection across the EH layer between the SIC and the mainstream is

established as

eb� � b� ¼ �$ðeb� � b�Þ ¼ L�1=2�0Ssð� �e�ÞBm
r : ðD:12fÞ

This entire analysis breaks down at the equator, where the inner and outer EH
boundary layers have singularities. This situation is familiar in non-magnetic contexts

for Ekman layers on closed surfaces, and we have followed the standard practice of

assuming the singularities are passive and ignorable. There may also be difficulties on

any null flux curve, such as the magnetic equator, where Bm
r ¼ 0. We disregarded

these too.

Appendix E: Gravitational and magnetic interactions

This appendix generalizes some of the results reported in appendix B of Braginsky and

Roberts (1995) on gravitation theory and extends them to EM theory. The notation

will differ from that in the main text in one significant respect. In the main text,bgðrÞ, �gðrÞ,

andegðrÞ are the gravitational fields when r lies in the mantle, FOC, and SIC, respectively;

see for example (7a). Here however they are the gravitational fields produced by

the density sources b�, ��, and e�, so that, for example, gðrÞ ¼bgðrÞ þ �gðrÞ þegðrÞ, for any
point r wherever situated. Similarly, bBðrÞ, �BðrÞ, and eBðrÞ will be the magnetic fields

produced by the individual sources, bJ, �J, and eJ.
If the gravitational source � of g is nonzero only within a region V0,

Poisson’s equation (2g) gives the gravitational potential and field at any r inside or

outside V0 as

FðrÞ ¼ �G
Z
V 0

�ðr 0Þ

jr� r 0j
dv, gðrÞ ¼ �G

Z
V 0

r� r 0

jr� r 0j3
�ðr 0Þdv: ðE:1a;bÞ
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By (E.1b), the force and torque exerted by the gravitational field created by the mass in
volume V1 on the mass in volume V2 are

FG
1on 2 ¼

Z
V2

�2 g1dv ¼ �G

Z
V1

Z
V2

r1 � r2

jr1 � r2j
3
�1�2dvdv ¼ �

Z
V1

�1g2dv ¼ �F
G
2 on1 ðE:2aÞ

CG
1on 2 ¼

Z
V2

r2� �2 g1dv ¼ G

Z
V1

Z
V2

r1� r2

jr� r 0j3
�1�2dvdv ¼ �

Z
V1

r1� �1g2dv ¼ �CG
2 on1:

ðE:2bÞ

In these reciprocity relations, �1 etc stands for �(r1) etc. By taking V1 and V2 to be the
same volume, it is seen that the self-force and self-torque of a mass distribution on itself
are zero.

These results have implications for the 3 component system of mantle, FOC, and
SIC, e.g.

bCG
a þ

eCG
a ¼

Z
bVb�ar� �gadvþ

Z
eVe�ar� �gadv ¼ �

Z
�V

��a r� ðbgþeg Þadv ¼ � Z
�V

��a r� gadv:

ðE:3aÞ

Therefore, by hydrostatic balance and (35c),

bCG
a þ

eCG
c ¼ �

Z
�V

r�Jpadv ¼ �CT
a ¼ �

bCT
a �

eCT
a , ðE:3bÞ

which confirms (39e) by a different method.
The integrals (E.2a,b) over volume can be usefully transformed into surface integrals,

though at the expense of expressions that are harder to interpret than (37a,b). The
transformation draws on the analogy between the theories governing Newtonian
gravitation and electrostatics, the only difference between these theories being one of
sign: like charges repel but all masses attract. Scalar formulations of the electrostatic
force and torque are derived in xx193 and 194 of Jeans (1925). The vectorial
formulations of the gravitational force and torque are derived in appendix B of
Braginsky and Roberts (1995). To derive the gravitational stress tensor, we use (2e) to
write

4�G�gi ¼ �girjgj ¼ �rj ð gigj Þ � ½g� ðJ� gÞ�i þ gjrigj: ðE:4aÞ

Equations (37c,d) then follow from (2c,d):

�gi ¼ rjS
G
ij , where SG

ij ¼ �ð4�GÞ
�1
ð gigj �

1
2g

2�ijÞ ðE:4b;cÞ

is the gravitational stress tensor. The gravitational ‘‘pressure’’, �g2/8�G, in (E.4c) is
also the gravitational energy density. Equations (E.4b,c) enable (37a,b) to be written as
integrals over the surface, A, of V, see (37e,f).

The gravitational interaction between two bodies, V1 and V2, can be treated similarly.
Alternative expressions for (E.2a,b) are

FG
1on 2 ¼ �

1

4�G

I
S2

½ðn2 � g1Þg2 þ ðn2 � g2Þg1 � ðg1 � g2Þn2�da ¼ �F
G
2 on1, ðE:5aÞ

and

CG
1on 2 ¼ �

1

4�G

I
S2

r� ½ðn2 � g1Þg2 þ ðn2 � g2Þg1 � ðg1 � g2Þn2�da ¼ �CG
2 on1: ðE:5bÞ
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where n2 is the normal to the boundary, S2, of V2 directed outwards from V2. The first
step in deriving (E.5a) from (E.2a), and similarly (E.5b) from (E.2b), is to replace �2g1
by �2g1þ �1g2. The added term does not contribute to FG

1on2 or CG
1on2 because �1¼ 0 in

V2, but allows the transformation

4�Gð�2 g1 þ �1g2Þi ¼ �g2irjg1j � g1irjg2j ¼ �rj ð g1ig2j þ g1jg2iÞ þ rið g1jg2jÞ, ðE:5cÞ

from which (E.5a,b) follow.
Analogous results hold for the magnetic field, B, on representing this by a vector

potential A obeying the Coulomb gauge condition:

B ¼ J�A, J �A ¼ 0, ðE:6a;bÞ

�0/4�, J and A replay the roles of �G, � and F above. The consequences are sufficiently
similar to the gravitational results that only a shortened version of the EM results is

given below. We consider J to be bounded everywhere, to vanish outside a volume V0

with surface S, and to obey

J � J ¼ 0, where n � J ¼ 0 on S, ðE:6c;dÞ

the first of which is a consequence of Ampère’s law,

J�B ¼ �0J and implies r2A ¼ ��0J: ðE:6e;fÞ

The solution to the vector Poisson equation (E.6f) is

AðrÞ ¼
�0

4�

Z
V 0

Jðr 0Þdv

jr� r 0j
and implies BðrÞ ¼

�0

4�

Z
V 0

Jðr 0Þ � ðr� r 0Þ

jr� r 0j3
dv, ðE:7a;bÞ

which is the well-known Biot–Savart law. One way to derive the force and torque on the
current distribution in V employs

ðJ�BÞi ¼ ½J�ðJ�AÞ�i ¼ Jj ðrjAi � riAj Þ: ðE:8aÞ

Then, by (E.6c,d),

FM
i ¼

Z
V

½JjriAj � rj ðAiJj Þ�dv ¼

Z
V

JjriAj dv, ðE:8bÞ

GM
i ¼

Z
V

	ijkrjJ‘ ðrkA‘ � r‘AkÞdv: ðE:8cÞ

Apply (E.7a) to A1 created by the current distribution J1 in V1, and substitute it into
(E.8c) to determine the force on J2 in V2 due to J1:

FM
1on 2 ¼

�0

4�

Z
V1

Z
V2

r1 � r2

jr1 � r2j
3
ðJ1 � J2Þdvdv ¼ �F

M
2 on1: ðE:8dÞ

Similarly when A1 is substituted into the second term in (E.8b), it can be simplified as
follows:Z

V1

Z
V2

ðr2� J1ÞJ2 �
r1 � r2

jr1 � r2j
3

� �
dvdv ¼

Z
V1

Z
V2

ðr2� J1ÞJ2 �
J2

jr1 � r2j

� �
dvdv
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¼

Z
V1

I
S2

ðr2� J1Þn2 � J2
jr1 � r2j

da

� �
dvþ

Z
V1

Z
V2

J1� J2
jr1 � r2j

dv dv: ðE:8eÞ

The surface integral vanishes by (E.6d). By combining the remnant with the first term
on the right-hand side of (E.8b), we obtain

CM
1on 2 ¼ �

�0

4�

Z
V1

Z
V2

J1� J2
jr1 � r2j

þ
r1� r2

jr1 � r2j
3
ðJ1 � J2Þ

� �
dvdv ¼ �CM

2on 1: ðE:8fÞ

By taking V2 to be the same volume as V1 in (E.8d,f), it follows that the self-force and
self-torque on a volume current are zero.

The other way to derive the force and torque on the current distribution in V employs

�0ðJ�BÞi ¼ ½ðJ�BÞ �B�i ¼ Bj ðrjBi � riBj Þ ¼ rj ðBiBj �
1
2B

2�ijÞ ¼ �0rjS
M
ij , ðE:9aÞ

which is the basis of the transformation of FM and !M into surface integrals used in
section 8.1. It is also the basis of integrals analogous to (E.5a,b) for the magnetic force
and torque that V1 exerts on V2:

FM
1on 2 ¼

1

�0

I
S2

½ðn2 �B1ÞB2 þ ðn2 �B2ÞB1 � ðB1 �B2Þn2�da ¼ �F
M
2 on1, ðE:9bÞ

CM
1on 2 ¼

1

�0

I
S2

r� ½ðn2 �B1ÞB2 þ ðn2 �B2ÞB1 � ðB1 �B2Þn2�da ¼ �CM
2 on 1: ðE:9cÞ

An obvious advantage of (E.8d,f) over (E.9b,c) is that the former does not require B1

and B2 to be derived from given J1 and J2.
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