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ABSTRACT 

A negative kaon beam from an internal target of the Bevatron 

was directed onto a liquid hydrogen target, and the polarization of re - 

coil prothns in K-p elastic scattering was measured at 812, 952, 

1050, 1159, and 1266 MeV/c incident kaon momenta. 

A scintillation and Cerenkov, counter system identified IC -p 

interactions and triggered a spark chamber array and camera. A 

cylindrical spark chamber surrounding thehydrogen target was used 

to identify, the elastic scatterings, and a semicylindrical chamber inter-

leaved with carbon and steel absorbers was used to obtain the range and 

polarization information. The azimuthal asymmetry, of the angular 

distribution of recoil protons which scattered in the carbon plates was 

observed, and the polarization was estimated by the method of maximum 

likelihood. 

Byincorporating the .K-p elastic differential cross sections 

available from this and other experiments with the polarization obtained 

here, single-energy phase-shift analyses were made at 21 momenta 

between 620 and 1350 MeV/c. Furthermore, an.energy-dependent 

phase-shift analysis was made by utilizing all available data on K-p 

total cross section, differential cross section, charge-exchange cross 

section, and the IC -fl total cross section between. 110 and 1400 MeV/c. 

Both the results of single-energy and energy-dependent phase- 

a 

	

	 shift analyses are in agreement with the suggestions of an F 5/ 2  reso- 

nance for the 1815-MeV bump in the IC -p total cross section; however, 
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a D 	 assignment can fit the data equally well. A D 3/2  assignment5/2 
is less favorable, yet it cannot be strongly ruled out. A possible set 

of energy-dependent phase-shift solutions was obtained by assuming a 

D 512  (T = I) resonance at 1765 MeV and an F 5/2  (T = 0) resonance at 

l815 MeV. This set is not unique, however. 

V 
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I. INTRODUCTION 

TheK -p total cross sectionis known to have a marked peak at 

about. 1.05 BeV/cincident K momentum or:at 1815 M.eV total barycen-.. 
1,2. 

tric energy. 	(See Fig. 1..) It has a relatively, broad width of at 

least 120 MeV, . which is in fact difficult to determine because of the 

asymmetry in the shape. On comparison of the K -p and K -n total 

cross sections, it has been suggested that a.resonance in T = 0.isotopic 

spin state may explain this bump. This was based on the argument that 

a (K-p) = 1/2 '[CT  (T = 0) + CT (T = 1)] and CT (K-n) = Or (T .= 1). If 

this resonance were a property of the T = I R- N interaction, it would 

contribute peaks to both K -p and .K -ncross sections, in the ratio 

1:2. Clearly, sucha strong peak was not observed in the K -n cross 

section, therefore T = 0 holds for the resonance. 

The spin of the resonant state is not quite known, although it 

appears probable that J 3/2, judging from the magnitude of the peak. 

At resonance, the total cross section in.the resonant state may be 

written 

CT (res) = (1/2)(2J + 1) 4 * K 2  (CT /a) 

where ir K 2  = 4.18mb at 1050 MeV/c, The resonant cross section 

observed is therefore compatible with J 3/2. 

The parity of the resonant state is not known. Also little is 

known concerning the processes giving rise to this resonance, although 

therehave been various speculations. At thetime this experiment was 

planned, there were the following two schemes: 

a. The peak is one of the two pion-hyperon isobaric states .corre-

sponding.to the third pion.-nucleon resonance (1670) MeV) as predicted 

by global symmetry. 
8  The mass, width, and isotopic spin.of the two 

predicted.resonances are (M 1  = 1855 MeV, F 1  = 66 MeV, T 1  = 0) and 

= 1930 MeV, F 2  = 82 -MeV, T 2  = 1), respectively. . Apparently-M 1  

is too big,andF 1  is too small for the observed peak, but such 
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Fig. 1. The K-p and K-n total cross section and K-p elastic 
cross section measurements available from 0.4 to 2.4 BeV/c 
incident kaon momenta, taken from the work of Cook et al. 
(reference 1), Chamberlain et al. (reference 2), Sodickson 
et al. (reference 3), Holley (reference 4), and bubble 
chamber experiments. 5, 6 The errors of the data by Holley 
are purely statistical. The curves are theoretical fits 
obtained by an energy-dependent phase-shift analysis (see 
Sec. V of text). 
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discrepancies need not imply disagreement with the idea of global 

symmetry because of the approximate nature of the scheme. However, 

no evidence for the T 2  I counterpart seems to exist in the K -n to.tal 

cross sections. This model predicts that the resonance should be 

F 512 , given odd parity, for KEN. 

b. The peak is caused by the rapidly rising inelastic cross section 

for.K + p - 	+ p (threshold 1812 MeV). Ball and .Frazer have 

shown, by means of partial-wave dispersion relation, how a sharp 

peak primarily in the D 3/2  state in K -p elastic cross section can 

arise, given that K. has J = 1 and T = 1/2. 

The main purpose of this experiment was to explore the spin and 

parity, of the resonant state bymeans of the differential cross section 

and the recoil-proton polarization measurement. Besides, if one is 

'lucky, the resolution of the spark chambei?maybe  good enough to re-

solve the multivertex events, such as charge-exchange scattering, 

+ p - K 0  + n, with subsequent decay of 	_ •fl+ + 
ir, K' pro- 

duction, etc. . All these studies should have some bearing on the nature 

of the resonance. 

It was only more recently that new models appeared that might 

account for the classification of this resonance, namely the Regge 

trajectories and the SU 3  unitary symmetry. The Y(I8I5 MeV) reso-

nance can be considered as the Regge recurrence of the A, or as a 
/ 	 10 

member of the excited (spin 52) baryon octet.. . Thus its spin- 

parity, is predicted to be J = ('S/2)t, viz., an... F 5 12  resonance. The 

experimental assignment of the spin and parity of this resonance is 

therefore of great interest in the light of current theoretical works. 

Inaddition, by the investigation of K -p invariant mass in the 

reaction K + n - K + ir + p, Barbaro-Galtieri, Hussain, and.Tripp 

have recently suggested 11  that the 1815'-MeV bump, may. actually consist 

of two adjacent resonances, both of high elasticity. The conjectured 

resonance parameters .were: M 1  = 1765 MeV, 1' 1  = 60 MeV, and 

(= elasticity = F 1/F) = 0,6; M 2  = 1815 MeV, F 2  = 70 MeV, and 

0.8. This adds further interest in analyzing the data obtained 

from this experiment. 
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II. EXPERIMENTAL PROCEDURE, 

A. Theoretical Basis for. the Experimental Method 

Because of the existence of the spin-selective nuclear :forces in 	- 

the spin-orbit coupling, the interaction .of particles with spin, and spin-

less particles will in general leave the particles, with spin partially 

polarized. This effect is frequently observed.in  the polarization of 

protons recoiling from pions impinging on hydrogen, or the polariza. 

tion of initially unpolarized nucleons scattering off spinless nuclei. 

As is well known in optics, a polarizer can in turn.be used as an 

analyzer for beams of unknown polarization. Carbon.as a polarizer 

has been most extensively studied and hence most commonly used as 

an analyzer in high-energy particle scattering. 

Thedifferential cross section.of protons with polarization P 

scattering off. spinless carbon nuclei is a superposition of two terms: 
da 

an.azimuthally symmetric term ---, which.is essentially the differen- 

tial cross section of unpolarized proton-carbon scattering,., and a term 
dcT A  . 	 . 

ar PA cos 4, which is azimuthally asymmetric through the factor
12  

cos 	namely, 

	

da (O,,E) .dU 0  O? 	
+PA(O,E) cos d2 

where 0 and are respectively the.polar and azimuthal angles of the 

p-C scattering, E is the energy of the incident proton, and A is the 

analyzabilityof the carbon nucleus. The product A cos is. referred 

to as the analyzing'power of the p-C scattering. 

We now use a statistical interpretation of the differential cross 

section. For a sample of protons having a polarization P, the proba-

bility density function for a p-C scattering. occurring.at  6 and 4i is 

w (6E) = 
	E) 'd0' 	

[ + PA (6,E) cos], 

where the normalization constant cT (E) = j dl (6,,E) d2 is the p-C 
dU 

scattering cross section at the incident proton .energy E. The total 
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density function.W for the occurrence of all the scattering events:is 

then the product of the individual probabilities 

w = H. F.{1 + PA (0., E.) cos 

where 

1 	dor 0 (6..,E.) 

•F. = J .(E.) 	d2 

Now according to the statistical method of maximum likelihood, 13  

the best estimate of the polarization of the protons is the value of P 

which makes this product a maximum. Inactual computation, one 

simply constructs the likelihood function 

L = ii [i + PA (6.,E.) cos4j, 

dropping the factor F,  since, with respect to P, maximizing. .W is 

same as maximizing L. (F 1  's being independent of P, the partial 

derivatives of log Land log.W with respect to P are identical.) 

The problem of finding, the polarization of the recoil protons in 

K-p elastic 'scattering, reduces to a search, for an azimuthal asymmetry 

in the subsequent catte ring of the protons by a suitable analyzer, or 

more specifically, obtaining a. sample of analyzing powers A. cos 

such that P can be estimated through maximizing thelikelihood 

function L. 

Technically, it is desirable to set up a simple counter system in 

such a geometry that cos 4' = ± I (i. e., K -p and p-C scatterings occur 

in the same plane) for any 0, so that the comparison of. the left-right 

• . 	 asymmetry of the p-C scattering leads to a direct estimate of the 

polarization. Although this technique is convenient for data analysis 

and does not require an elaborate experimental setup, it is not quite 

practical for our present purpose because of the relatively weak 

intensity of K beams and the typically small solid, angle subtended by 

the two counters in the double scattering.experiment. 

In contrast to.counter techniques, visual detectors such as 

emulsion, bubble chamber, and spark chamber can be employed to 



achieve simultaneously, large solid angle and high spatial resolution 

through their vast detection volume. From the sample of the angular 

distribution, in both 0 and 	of the proton scatterings and,the' corre- 

sponding analyzability of the scattering medium, the polarization can 

be estimated by statistical analysis. Of.all these detectors, the spark 

chamber is particularly suitable for this purpose because a counter 

system for preselecting events can be incorporated. The spark 

chamber canbe placed close tothe target in order to minimize the 

loss corrections for the decay. of the short-lived K particles. 

In this experiment, a large solid angle and high angular resolu-

tion were obtained by surrounding a liquid hydrogen target by a. ten-gap 

cylindrical chamber, followed downstream by a large semicylindrical 

chamber for the range and polarization information (see Fig. 5). 

B. Negative Kaon Beam 

Generally, the prime concern in.the beam design of particles of 

finite life is the decrease in the absolute flux during the transport and 

the increase in.the percentage of background particles of longer lives, 

resulting in larger rejection ratios. Therefore, to use the short-lived 

beam to maximum efficiency, one has to minimize the distance btween 

the particle source and the detecting system. 

As shown in Fig. 2, the magnetic channel used in the experiment 

consisted of two quadrupole doublet lenses Q and Q 2 , and three 

bending magnets M, M 2 , and .M3 . M 1  was placed as close as possi-

ble to the thin window of the west straight section of the Bevatron in 

order to subtend the largest possible solid angle at the internal target. 

M and supplementing ,M2  bent the negative secondary particles pro-

duced in the forward direction by 28 deg and served to define the ini-

tial momentum. Q 1 'focused the beam at B 1 , while Q refocused it 

vertically, at the hydrogen target, and horizontally at infinity. Sand-

wiched by two spark chambers, M defined the final momentum of 

the beam before entering the target. With this a posteriori definition 

of the beam, a large momentum band, P/P ± 5%, could be accepted 
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in order to increase the beam intensity. A helium gas bag was used 

in part of the beam path in order to reduce beam loss dueto the 

Coulomb scattering and. interactions in the air. 

To separate the desired K beam from the heavy background, 

six coincident time-of-flight scintillation counters B 1  to B 6  and two 

anticoincidence high pressure gas Cerenkov counters 14 	and C 2  

were employed. (See Section II. D for detailed electronics. ) The in- 

tensity ratio of 	to K was =500 with 10 2  kaoñs per10 11  circulating 

protons. The beam pulse length in time was z300 msec, and a pulse 

was produced every 6 sec during the experiment. 

C. Liquid Hydrogen Target 

In order to optimize the effective interaction volume of the 

hydrogen target and the .detection efficiency for low-energy reaction 

products, particular attention was paid in designing a parallelepiped 

liquid hydrogen target (Fig. 3). In this way, particles scattered at 

large angles do not have to traverse so much hydrogen as in the con-

ventional cylindrical target in order to reach the detector, so that the 

detection efficiency for low-energy particles could effectively be in-

creased. 

To achieve this, the almost parallelepiped liquid hydrogen flask 

was immersed in the hydrogen gas contained in a cylindrical flask 

whose 0.01-in. Mylar wall isolated the system from the surrounding 

vacuum. The hydrogen gas was kept in equilibrium with the liquid 

hydrogen through the four stainless steel pipes (only. two are seen in 

Fig. 3), meeting the boiling-off pipe at joint J; thus the strain on the 

0.003-in. Mylar wall of the liquid hydrogen flask was kept at minimum 

because of the relatively small pressure difference on the two sides 

of the wall. The weight of the liquid hydrogen was supported by the 

hydrogen gas feeding pipe, which stretched all the wayalong the 

bottom of the flask and joined to the stainless steel end plate. Although 

the top and bottom of the flask were flat, the beam entrance and exit 

sides were curved, as is shown in the end view. 
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D. Detection 

• 	
the nearly completed setup of the detection 

apparatus. (The hydrogen target and the cylindrical spark chamber 

were not yet mounted. ) The large semicylindrical chamber is seen 

at the downstream.end. The detailed elevation view is given in.Fig. 

5; Some details of the detectors have been reported elsewhere. 15 

1. SparkChambers 

A ten-gap cylindrical chamber surrounding the hydrogen target 

provided a large solid angle and high angular resolution for detecting 

reaction products. A photograph of the chamber is shown in Fig. 6. 

The concentric electrodes, 18 in. long and varying in diameter from 

10 to 20 in. , were made by rolling 0.010-in, aluminum foil into cylin-

ders. They were supported at the ends in circular grooves machined 

in two polished Lucite end plates. The gap spacingwas 0.375±0.010 

in. The Lucite post stretching the length of the chamber housed the 

terminals for electrical and gas connection and also provided a suita-

ble dielectric termination for the straight edges of the electrodes. 

A large semicylindrical spark chamber was used to measure 

the polarization and range of certain reaction products produced in 

the forward hemisphere. In a bigiron frame were contained. 21 two-

gap chambers, interleaved with absorbers - 12 1-in, carbon ab-

sorbers at radii from 18 to 40 in. , and.9 0.5-in, curved steel plates 

extending to a radius of 60 in. The carbon absorbers were made by 

stacking 32X3X 1-in. graphite bars (density 1.75 g/cm 3 ) in the slots 

of the iron frame.; the steel absorbers were solid steel plate welded 

onto the frame. To prevent the straight-through beam from inter- 

acting with the absorbers, rectangular openings of sizes ranging from 

3X 12 in. to 5X 12 in. were provided in the middle of each absorber. 

The transparent curved insulating edge supports for each chamber 

were made from an annulus of polished Lucite in which three grooves 

were machined 0.375 in. apart. Electrical connections were made at 

the bottom edge of each chamber. The whole assembly measured 

5 ft wide by 6 ft high by 3 ft deep, and weighed about 6 tons. 

w 
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ZN-4894 

Fig. 4. View of the nearly completed setup of the detection 
apparatus. Two momentum-defining chambers are seen on 
either side of the final analyzing magnet. The large semi-
cylindrical chamber is seen at the downstream end. 
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ZN -489 5 

Fig. 6. Photograph of the cylindrical chamber. The segmented 
mirror is shown at the left. 

I. 
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The incident momentum of eachevent could be determined to 

within ± 0.5% by means of the precise bending-angle measurement 

of the tracks recorded by the two beam chambers placed on both sides 

of the momentum-analyzing magnet. Each chamber consisted of a 

pair of four 3/8-in. -gap parallel circular plates of 1.2 in. diameter. 

They were mounted in an airtight box equipped with two transparent 

side and top viewing windows. The beam entrance and exit windows 

as well as the electrode plates were made thin enough (0.003-in. 

aluminum foils) to minimize the material in the beam path. 

To ensure high gas purity, and in order to have high detecting 

efficiency, the chambers were being flushed.with a mixture of 90% 

neon and 10% helium at slightly above atmospheric pressure. To 

obtain depth and dip-angle information, tilted mirrors were used 

behind the cylindrical chamber (see Fig. 6) and the range -and-polari-

zation chamber (Fig. 7). The depth Z of a spark from the mirror 

surface can then be calculated from Z = d cot 2 a, where d is the 

distance between the spark and its image (seeFig. 10) and a is the 

angle between the normal to the mirror and the axis of the cylindrical 

electrodes. The mirror segments were arranged on proper backing 

plates, not exactly radially but almost, in order to increase the 

visible length of the image for a given cylindrical electrode gap 

spacing. For the cylindrical chamber a. = 5.7 deg was used, thus 

providing a stereo  viewing  angle  of 1.1,4 deg. The a used for the 

range -and -polarization chamber was 2.85 deg. 

2. Counters and Electronics 

Details of the counters are given in Table I. Figure 8 shows 

a simplified diagram for the electronic logic flow. 

The a. coincidence selected K mesons from the beam by 

means of coincidence of three time -of-flight scintillation counters 

B 1 , B 2 , B 5  and an anticoincidence of a high-pressure methane gas 

Cerenkov counter C 1 , which registered only those charged particles 

with mass smaller than or equal to pions for a givenbeammomentum. 

(See also Fig. 2. ) The p coincidence functioned similarly to the a. 



-15- 

ZN-4896 

Fig. 7. Photograph of the segmented mirror for the large 
semicylindrical chamber. 
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Table I. 	Details of counters. 

Counter Type Dimensions Function 

B 1  Scintillator 2" x 2" x 1/4" Time -of -flight counters 
for detecting K 	particles 

B 2  2" x 2' x 1/4" 

B 3  6" x 6" x 1/4" 	 . . 

B 4  6" x 6" x 1/4" 

B 5  8" x 5" x 1/4" 

B6 . 8" x 2" x 1/4" 	.- 

A Scintillator 16" x 16" x 1/2" with Rejects particles which 
8" x 4" rectangular hole are out of beam line 

C 1  5" diameter Detect particles lighter 
CH4  Cerenkov than K -meson for the 

C 2  26" long purpose of anticoincidence 

W 0  2" x 3 1/4" x 24" Detect particles with 
H 2  0 Cerenkov velocity 3 > 075 

11 

w 7  . 

R 1  Scintillator 20" x 3 3/4" x 1/2" Detect K -p reaction 
It products 

R 17  . 
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Fig. 8. A simplified diagram for electronics, showing the logic 
flow used to trigger the spark chambers. 
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coincidence. To eliminate accidental and spurious coincidences, a 

and 3 were again taken in coincidence with counter A in anticoinci-. 

dence, and formed the K coincidence,, which served to identify, the 

desired K meson. 

The spark chambers were triggered if any two or more of the 17 

counters (R 1. to R 1. 7 ) surrounding the cylindrical chamber detected the 

reaction products of a K •and.a proton (I coincidence circuit of the 

diagram), provided the camera was ready, to take a picture (I N  of the 

diagram). Eleven triggered spark gaps provided pulses of about -13 kV 

for the chambers. These gaps were triggered by:another spark gap 

which itself was triggered.by  a 4PR60 vacuum-tube pulser. The 

fast-off-gate (FOG) signal derived from the 4PR60 triggering.pulse 

turned off all scalers to prevent them from picking up false counts 

due to spark noise. A segmented seven-cell water Cerenkov counter 

(W 1  to W 7 ; also see Fig. 5) was used to register on the film the 

charged reaction products with I > 0.75. A neon lamp indicated the 

particular cell through which the particle passed. 

The total delay between the pas.sage of a particle through the 

chambers and the start of the high-voltage pulse on the electrodes was 

about 400 nsec. A clearing field of +35 V (polarity opposite to the 

high-voltage pulse) was found to achieve the best compromise between 

high gap efficiency and removal of unwanted background tracks. .How-

ever, at the beam intensity of about 2X 1.0 5 /sec, the background tracks 

started to appear in.a large fraction of the pictures. . To obtain clean 

pictures (i. e. , no background tracks), the desired event should not be 

preceded or followed by.a background particle within the sensitive time 

of the chamber (z 0.5 sec). Accordingly, a long anticoincidence pulse 

(550 nsec), derived from the beam scintillator B in front of the 

target, was employed to veto any desirable event preceded by an acci - 

dental particle within 0.55 Vsec. However, at high beam intensity, the 

high duty cycle of the long anticoincidence circuit resulted in a sup-

pression of the rate of useful events. No further veto against events 

with background tracks following the triggering K meson was 
Iused. 
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In practice, the maximum rate of accumulation of clean pictures oc-

curred for a flux of 4X 10 5  particles per second. 

E. Photography 

To view all tracks in the various chambers by 5 a single camera, 

six plano-convex Lucite field lenses of focal length 29 ft were used: 

four for the side view of each chamber andtwo (in conjunction with 

two 45-deg mirrors) for the top views of the beam chambers. The 

focal length was limited by the size of the available Lucite plate used 

to make the lens for the large range -and -polarization chamber. To 

eliminate spherical abberration, the surfaces of the.lenses were made 

S 	 hyperboloidal. Two stages of mirror reflection were needed in order 

to attain the necessary length of optical path between the spark chambers 

and the camera. The approximate positions for lenses, mirrors, and 

the camera, together with the central ray path, are shown inFig. 9. 

The camera (Flight Research Model IV) had a recovery, time of 38 msec, 

and therefore was capable of handling up.to 10 pictures for a 400-msec 

beam spill. 

Xenon flash lamps, each pulsed by an 8-p.F capacitor at 14 kV 

through a spark gap, were used to illuminate the grids scribed on 

Lucite plates that were placed behind the field lenses to produce fidu-

cial marks for each chamber. In order to provide a reasonably uni-

form high-voltage pulse for each chamber and flashing lamp at high 

pulsing rates, 1400 joules were stored in a capacitor bank recharged 

betweenBevatron pulses. The camera aperture was set at f/15 and 

Background-X film was used. An example of photograph with rear- 

ranged beam chamber picture positions is shown in.Fig. 10. 
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L4. 

L1-L2 ' 

Camera 

MU B-50B4 

Fig. 9. Spark-chamber optics used to photograph the selected 
events. Two stages of mirror reflections were used 
(Rj, R1 t , etc.); Lj, L2, L,  L3, and L4 are field lenses. 



-21- 

ZN -4897 

Fig. 10. Photograph and diagram of an example of K -p elastic 
scattering with a subsequent p-C scattering in the polari-
zation and range chamber. 
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III. DATA ANALYSIS 

The major features of the analysis of this experiment can be 

classified in two categories. 

I. Analysis of K -p elastic scattering: to identify K-p elastic 

scattering events by the cylindrical chamber tracks and obtain the 

elastic differential cross sections. 

2. Polarization and phase-shift analysis: to find the polarization of 

the recoil protons in K -p elastic scattering by utilizing the p-C 

scattering in the range -and -polarization chamber, and then make phase-

shift analysis by incorporating the elastic differential cross sections. 

In case of energy-dependent phase-shift analysis other available data 

such as charge-exchange differential cross sections can also be em-

ployed. 

Preliminary results of K-p elastic scattering have been pub-

ii shed elsewhere. 	Final results and the detailed analysis are to be 

found in Holley's thesis. 	A simple description.of the elastic scattering 

analysis is gi.ven below in order to supplement polarization analysis. 

A. K-p Elastic Scattering: Scanning, Measuring, and Analysis 

All the 360 000 pictures taken during the experiment were scanned 

for three -track events (one incoming and two outgoing tracks). Each 

track in the cylindrical and beam chambers together withtheir images 

and some fiducial lines were measured on SCAMP (Spark Chamber 

Analyzing and Measuring Projector), a digitized measuring projector 

developed at this Laboratory for the analysis ofphotographs from spark 
17 

chamber events. 	When the radial fiducial line on the rotatable pro- 

jection screen is aligned to the projected track of sparks, SCAMP is 

capable of recording the angle 0 and the x-y coordinates of some 

arbitrary point on the track. These parameters, henceforth called 

(x, y, 0), are sufficient for constructing a line. Basically what SCAMP 

does is to record a line in the SCAMP frame of reference. 

I 
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An IBM 7094 Computer Fortran program, KAPEL, was used to 

reconstruct the measurement into the spatial tracks. Events were con-

sidered.elastic when they satisfied kinematical requirements. Each of 

the two outgoing tracks was assigned to either a proton or kaon accord-

ing to which.assignment fitted the kinematics better (about 6% were 

found with wrong assignment), and then their kinetic energies were cal-

culated. Also calculated were the incident kaon momentum, K -p c. m. 

scattering angle, dip angle of each track, and other relevant quantities. 

The proton and .kaon as signment was then reversed .and all calculations 

were repeated. 

B. p-C Scattering 

i. Scanning, and Measuring 

All elastic K -p scattering events were rescanned, and measure-

ments were made whenever the -following criteria, were satisfied. 

Either one or both of the two outgoing tracks had a scattering in 

the carbon plates. 

The scattering angle in the projected view was greater than 1 deg 

and smaller than 30 deg. (The lower cutoff angle was later set to'Z deg 

in the computer program as a compromise between the statistics and 

scanning efficiency. 

Each scattering had at least two pairs of sparks in a straight line 

on either side of the vertex in order to ensure a reliable angle meas-

ur em e nt. 

The measurement of an event consisted of recording the x, )  y, and 6 

for some fiducial lines, for the sparks and their images at the entrance 

to the range -and -polarization chamber, and before and after p-C scat-

tering. Such information was recorded.as  in which plate the scattering 

occurred, whether or not the track had further interactions, whether or 

not the track stopped in the chamber, and if so in which plate it stopped, 

etc. 

Note that at this time no differentiation was made between the two 

outgoing tracks. This was done for two reasons: firstly, the assignment 
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of proton and kaon for the two tracks byprogram KAPEL was based on 

the scattering angles alone, and was therefore sometimes ambiguous 

(especiallywhen the two scattering angles are close to each other), and 

secondly, it reduced the load on scanners, who otherwise would have 

had to make a decision while scanning. 

2. Spatial Reconstruction and Kinematical Analysis 

For each measured event, the spatial reconstruction and kine-

matical calculations were done bya second IBM 7094 computer program 

KAPPOL, incorporating the relevant informationprovided by the result 

of KAPEL analysis. The main quantities calculated were: 

The continuity parameters. These are the differences at the 

entrance to the range -and -polarization chamber between the projected 

angles, dip angles, and x, y, z coordinates of the track concerned, as 

measured by the track in the range -and -polarization chamber and as 

expected from extrapolating the track in the cylindrical chamber. 

These were plotted and proper cutoffs were made in order to exclude 

events which had scattering in the materials (plastic scintillators, 

water Cerenkov counters, etc. ) between the two chambers. 

The azimuthal angl&4. This is the angle between the normals of 

the K -pscattering plane and p-C scattering plane, namely 

cos 	= 	fl 

- 	 - 	 - 	 - wh 	 P 	 X I  
K P 	 P P 

n=  I
- 	 2 = 
PKXPP 	

- 
pPXppi 

and P K'  PP ,and 	are respectively the momenta of the incident 

kaon, of the recoil proton, and of the proton after scattering off the 

carbon nucleus. This definition of the sense in n results in the 

following :convenient sign convention of the proton polarization: A proton 

recoiling to the right of the incident kaon.and scattering again to the 

right after impinging on the carbon nucleus (i. e. , right-right or RR 

scattering) has the expectation value of the spin parallel to the direction 

of positive polarization. Similarly, left-left or LL scattering has the 

Q 
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same expectation value, while LR and RL scattering have proton 

spin expectation values parallel to negative polarization. 

The kinetic energy of the proton at the p-C scattering, T. 

This was calculated from the energy of the recoiling proton at the K-p 

scattering vertex, takinginto account the energy losses in the hydrogen 

target, target walls, scintillation counters, spark chamber plates, 

- water Cerenkov counters, absorbers, etc. , up to the point of p-C 

scattering, w.hich .is  assumed to be at the center of the carbon plate. 

The range-energy relations were obtained from the curves of reference 

8. 

The inelasticity in p-C scattering. The kinetic energy of the 

proton after scattering, off carbon, T, was calculated from the resid-

ual range by the range-energy relations. The end of each proton track 

was assumed to be at the center of the final absorber. The distribution 

of the inelasticity, in the p-C scattering, AE = Tr - 	was plotted 

for 428 eventsinFig. H. The peak is centered nearly, at zero. The 

half-width on the positive side reflects the energy resolution of the 

range-and-polarization chamber, which can thus be estimated to be 

approximately 40 MeV. The large tail on the negative side indicates 

that a good portion of the p-C scattering went through higher excited 

states of the carbon.nucleus, and the other inelastic processes. 

C. Analyzab.ility of Carbon 

The curves of constant analyzability, for the elastic p-C scat-

tering as a function of laboratory-system momentum and scattering 

angle were originally given by Birge and Fowler. 	These curves are 

not suitable for direct application to polarization measurements, where 

the energy resolutions of the detecting system are not good enough to 

distinguish purely elastic p-C scatterings from the inelastic scatter-

ings that go through lower excited states of carbon. The-low-lying 

levels of carbon at 4.43 and 9.6MeV contribute sizable yields of in-

elastic scatterings which are polarized essentially, the same way,. as 
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LE(MeV) 
MU B-4968 

Fig. H. The energy distribution of inelasticity in p-C 
scattering (see text for full description). 
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elastic scatterings. For higher excited energies, the polarization de-

creases roughly linearly:with the energy loss and becomes essentially 

zero when more than 30 MeV is lost. Thus a proper analyzability of 

the carbon should be constructed in accord with the energy;resolution 

of the detecting, system. If the energy acceptance of the detector is 

SE, then.the average analyzability, is given by 

rE 
a P +1 	or (E') P (E') dE' 

JE I 

IT,
E  

a 0 + 	a.(E')dE' 

where 'P 0  is the polarization in elastic scattering, E 1  is the excita-

tion energy of the first excited state of carbon, and 9 and a(E') 

are the differential cross sections through ground-state and excited-

state E', respectively. 

Recently, by, summarizing the available data, Peterson was able 

to obtain, three sets of analyzability graphs corresponding to AE = 0, 

30, and 50 MeV. 20 
 For our present purpose, the last set was adopted 

in order to match our'detector resolution. We also recalculated the 

polarization, using,the graph for LE = 30 MeV. It turned out that the 

estimated polarizations generally decrease in absolute values by small 

amounts which are unimportant in view of the large statistical errors. 

The graph.for AE = 50 MeV is reproduced in.Fig. A-i of Appendix.A. 

More re cently, analyzability including, all inelastic p - c scatte rings 

became available at higher energies. 	It is given, in. Table A-I of 

Appendix A. 

To obtain analyzabilities for our sample scatterings, data from 

Fig. A-I .and.Table A-I were stored in the computer memory, and 

proper interpolation was made. Though.Fig. A-I provides analyza-

bility up to 375 MeV, values from Table A-I were used for proton 

energies greater than 325 MeV. This was so done in order to secure 

a smooth connection between the two independent sets of data. 



D. Selection Procedure and Estimation of Polarization 

t. Selection Procedure 

Of about 15 000 K-p elastic scatterings, measurements were 

made for 6000 events found to have the scattering in either one or 

both of the two outgoing tracks. Although assignment of a proton or 

kaon to either track was done by the program KAPEL, this information 

was momentarily suppressed, and any track that had a scattering in a 

carbon plate was assumed to be a proton. In case both tracks had 

scattered in carbon plates, one was first assumed to be a proton. 

After all calculations had been done, the assignment was reversed. 

Selection was made by the continuity parameters discussed in Section 

B; however, events with proton energy T less than 325 MeV but in-

elasticity LE greater than 50 MeV were also rejected. In total, 535 

events were found with useful analyzing power. These events were 

then checked carefully with the photographs, and final decision of 

proton assignment was made by utilizing all infOrmation available, such 

as residual range and the particle velocity information provided by 

water Cerenkov counters, in addition to the kinematical fitting of 

KAPEL. About two-thirds of the above events (058 to be exact) 

turned out to be K -C scatterings. 

The useful p-C scatteringsamples so obtained were treated by 

the maximum-likelihood method for polarization estimation. Details 

of this method are given in the following section. The cutoff angle in 

the projected view was set to be 2 deg. The polarization was. found not 

very sensitive to the cutoff angle. This is because the events with 

small scattering angle generally have very small analyzing powers. 

A total of 477 events throughout the whole momentum region was 

finally accepted. These events were divided into five groups according 

to the incident kaon momentum. The momentum intervals were chosen 

to cover the regions of interest without making the statistics unreason-

ably por. These momentum intervals seem to display a most marked 

variation of polarization as a function of momentum. Polarization is, 
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of course, generally a function of momentum; it is, however, assumed 

constant within a given momentum interval. 

2. Estimation of. Polarization 

With the analyzing-power samples A i  cos 	on hand, we are 

ready to estimate the polarization by the likelihood function described 

in Section II. A, namely, 

L (F) = 11 (1 + PA. cos 
1 

It is known that P can be expanded in.the cosine series: 

at-i 
sin6' 	n 

= a (6) 	cos 0, 

n= I 

where cY (6) is the K -p elastic differential cross section, 6 is the 

c. m. scattering angle, and I is the highest partial wave involved. 

Approximation I. P is assumed constant within small angular interval 

Apparently P is a function of 6. It is, however, a common 

practice to treat P as a constant withina small range of cos 0, so 

that it can be estimated by maximizing L with respect to P. The 

computation was done by the IBM 7094 and the result was plotted by 

the CAL-COMP plotter. Examples offour typical shapes of L are 

shown in Fig. 12. Figure 12-A and -B show near Gaussian distribution 

of L with the peak inside the physical limit (-1. . P 1). Figure 12-A 

has a reasonable number of events while Fig. 12-B is statistically poor. 

The statistical error may be defined as that increment of P that makes 
- 1/2 . 

L/Lmax equal to e 	in accord with one standard deviation inter- 

pretation of likelihood interval (i. e. , 68% confidence interval of likeli- 

hood function). Figure 12-C and -D show the case in which the peak of 

L lies outside the physical region. This behavior is possible because 

of the functional characteristics of the polynomial L. In the limiting 

case in which the analyzing powers A. cos 	are all of the same sign, 

L becomes a monotonically, increasing or decreasing function. In 
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-2.0 	-1.0 	0 	1.0 	20 -2.0 	-1.0 	0 	1.0 	2.0 

Proton polarization 
MU B-4975 

Fig. 12. Example.s of four typical shapes of the likelihood 
function L(p). 
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Fig. 12-C, one can still infer the polarization as P = 1.32±0.54, and 

use this-value in further studies, such as phase-shift analysis. For 

Fig. 12-D, however, we are obliged to assign the polarization as 

1.0±P, where AP is arbitrarily defined as the increment of P which 

renders L/L(P = 1) equal to eu/'Z.  (See, e.g. , Fig. 17. Arrows in 

the error bars indicatei. that the likelihood functions diverge in that 

direction. 

Whether or not the polarization is reasonably constant within the 

given angular bin can be tested by two means. Firstly, one can try 

several different angular bins and compare the results. - This serves to 

explore the general behavior of polarization as a function of cos e. 
Secondly, one can observe the behavior of the likelihood function as a 

function of the size of the angular bin. A decrease in the likelihood 

function despite the increase in statistics obtained by enlarging the size 

of angular bin means that the polarization is changing rather rapidly in 

the enlarged region of the angular bin, hence it is a poor approximation 

to treat the polarization as a constant in the whole angular interval. 

- 	The final selection of angular bins was made with the best compro- 

mise between the statistics and the constancy of the polarization. The 

results are given in Ta.ble II and are plotted in Figs. 13-B through 

17-B. In the graphs (A) are plotted the sums of positive and of negative 

analyzing powers respectively in the given angular bins. This corre-

sponds to counting up the total effective analyzing power of opposite 

signs in these intervals. The ordinate can therefore be interpreted as 

the "equivalent number of right vs left scatterings of unit analyzing 

power," or it might also be thought of as the-number,  of events that an 

equivalent counter experiment (of such geometry that cos 	= 1 and 

1) might have recorded. 

Approximation 2. Linear approximation 

A natural .xtension ofthecdnstant aprox-imtionis made by 

assuming the polarizatioi1i to be a linear function of cos 6 within cërtãin 

angular interval. Thus if one writes 

P = c (1 + b cos 0), 
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Table 11. Polarization of recoil protons in K-P scattering. 

Incident IC 
momentum 

(MeV/c) Cos 0 Polarization 

817 +83 0 770 +0. -170 0.92 +0.36 
-89 -0.197 -0.40 

7 8 +90 
- 	 -' 0 	o +0.180 0 78 +0.68 

-89 -0.132 -0.54 

850 +47 -0.008 +0.334  -1.10 -0.186 -0.54 

953 +47 -0 8 . 	 9 0 +0.159 1 32 +0.48 
49 -0.133 -0.54 

944 +53 0 442 +0.204 
- 0 .40 +0.56 

-42 -0.208 -0.52 

9 60 +39 0.010  +0.321 -1.12 +0.83 
-57 -0.177 -0.72 

1052 +48 -0.849 +0.090 1.42 +0.86 
-51 -0.125 -0.86 

1044 -0.648 0.04 

10 +42 -0 .25 +0.252 
-0.9 6 +0.64 

-48 -0.231 -0.56 

1 057 +36 0.214  +0.225 0 66 +1.10 
51 -0.212 - . -0.82 

1146 +52 -0.714 +0.209 1j L.  +0.73 
-0.209 -0.71 

1147 -0.334 0.66 1+0.85 

1160 +35 0.320 +0.168 1 0 . 

+0.84 
-58 -0.315 - -0.71 

1 267 +54 -0.785 +0.057 1.0 +0.29 
-46 -0.074 

0 

-0.29 

1269 +70 
- 

0 55 +0.155 1.0 +0.62 
-66 -0.118 -0.62 

1253 +68 -08 2 .1 +0.178 1.9 +0.55 
-48 -0.148 -0.54 

12 5 +87 0.342 +0.242 -1.0 +0.44 
-69 -0.320 -0.44 
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L can bemaximized (La)  by varying c while keeping b constant. 

Several values of b canbe chosen and corresponding L max  's are 

compared. It is important to start from the angular bin that possesses 

the boundary, condition of vanishing polarization at one end (P = 0 at 

cos 0 ± 1).. The best compromise between the bin size and the 

statistics allows the best estimationof the polarizationas a.function of 

cos 0. In our case we chose = 20 samples of analyzing powers (A 

cós ., i = 1 to 20). After the best linear approximation is obtained, 

the value of the polarization at the end of this interval can then be used 

as the starting point of the next angular bin. In this way, the polari-

zation can be represented by a set of line segments. The result is 

shown in Figs. 13-C through 7-C. The variation of P as a function 

of cos 0 can be used to double-check the suitability of the cos 0 

intervals selected in the constant approximation of the preceding sec-

tion. 

It is apparent that the linear approximation is more general than 

the constant approximation, since the former reduces to the latter when 

b vanishes. That the former is a better approximation than the latter 

is assured by the higher amplitude of the likelihood .function obtained 

for given samples of A. cos . (see Appendix B). Whereas this is 

the merit of linear approximation, this method has a difficulty.in  

error assignment. If the error is given by AP = Lc (1 + b cos 0), 

where Ac is that increment of c for which L1L 	= e 	, as is 
max 

defined for the constant approximation, then iP becomes a function 

of cos 6. When plotted, it gives, an 'error band" of varying width. 

(See Fig. B-i-B of Appendix B. 

E. Uncertainties, Errors, and Reproducibility 

In light of the'large statistical uncertainty, in the estimated 

polarization, the correction needed for errors due to other uncertain-

ties turned out to be relatively.unimportant. Some factors that may 

contribute to the uncertainties are the following: 
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i. Scanning Efficiency 

•The scanning efficiency for the K-p elastic scattering was about 

85%, and the efficiency of the double scan for p-C scattering wa.s esti-

mated to be greater than 97%. The scanning efficiencies for left and 

right scatterings are believed to be the same. Hence the difference in 

the scanning efficiency from i00% merely reduces the confidence in the 

value of scattering asymmetry through the increased statistical uncer-

tainty due to the decrease of the number of events detected. 

p-Al Scattering Contamination 

The spatial resolution of the range -and-polarization chamber 

sparks did not allow the p-C scattering to be distinguishable from 

p-Al scattering.when this occurred in the aluminum electrodes next 

to the carbon absorbers. Theywere all treated.as p-C scattering, 

because this contamination.is believed to be small owing to the relative 

thickness of carbon and aluminum plates; besides, aluminum has: ana-

lyzability, fairly comparable to that of carbon, except for inelastic 

scatte rings. 22 

Accuracy of Measurement 

The measuring.projector, SCAMP, is capable of recording the 

(x, y,  0) coordinate of a line to:an accuracy of 1 micron iin x, y and 

0.628 mrad in 9. The major error in the measurement was introduced 

in aligning the fiducal line of the projection screen with the rather wide 

sparks. This error is most seriously propagated in the calculation of 

the depth of the sparks, since the resolution in depth is only about i/s 

as good as the resolution of the direct view for the cylindrical chamber, 

and only i/io as good for the range -and -polarization chamber. 

The overall effect of the accuracy of measurement on the esti-

mated polariation was checked by remeasuring about one -tIird of the 

accepted events. All quantities, including the p-C scattering, angle, 

azimuthal angle between the p-C and the K -p scattering planes, 

analyzability, etc. , were compared for the two measurements. They 

were found to be in fair agreement. 
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IV. PHASE -SHIFT ANALYSIS 

A. Single-Energy Phase-Shift Analysis 

Analysis of the elementary particle scattering in terms of partial-

wave phase shifts has been very succssful in interpreting the Tr p (3 3) 

resonance, 	and has since been applied extensively in Tr-N scattering. 

Aside from the different isotopic spin decomposition in scattering 

amplitudes, the formalism is identical for the K-N system, since they 

both involve interactions between spin-0 and spin-4/2 particles. 

In this formalism, polarization, differential cross section, and 

total cross section at each energy can be fitted in terms of phase shifts 

and absorption parameters 	where 1± stands for i ± /2. 

They are related to the partial-wave scattering amplitude Aj± by 

- e 2 p1 
A1- 	21 (I) 

where 	 p1± = 	+ 1 a 	 (2) 

is the complex phase shift, and the absorption parameter is defined by 

= exp(-2a) 	 (3) 

The spin-flip and spin-non-flip amplitudes ar.e gjven respecti\rel.y by 

	

f(0) = K 	[(1 + I) A1  + + I A1 - ] P1  (cos ) 	 (4) 

and 	g(0) = K 	[Al - A1 ] sin d (cos 6) p
1  (cos  

where K is the kaon wave number and 0 is the scattering angle in the 

c.m. system, P1  is the ith-orderLegendre polynomial, and 1m 
 is 
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the highest partial wave involved. Finally,. throughEqs. (1) through (5), 

the phase shifts andabsorption parameters are related to the experi-

mental observables, namely; differential cross section, polarizationand 

the total cross section, respectively, by 

	

dcT= 
	If! 	+ 

2 	
1g12, 	 (6) 

2! m  (g 	
(7) 

and aT = m f (0) (optical theorem), (8) 

where 'm  f (0) is the imaginary part of the forward scattering ampli-

tude for k-N elastic scattering. 

KAPANAL, .,ritten originally by Foote 24  as PIPANAL for 1r+p 

25 + scattering, and later modified by. Cook for the K -p system, is a 

least-square grid search program which, starting from a set of random 

numbers generated in the intervals 0< 6 < 180 deg and 0 < 	1.0, 

finds a set of phase shifts and absorption parameters that best fit the 

experimental data, or minimize the X 2: 

2 

x2 	
c - ( 1+E) 	+ 	2 + 	cpe2 + 

 

where the superscripts c and e represent the calculated and experi-

mental values of the data points, E is the normalization parameter.for 

the differential cross section, and i indicates the uncertainties in the 

relevant quantities. The summation is over all experimental quantities 

being considered. As soon.as the minimum x 2 for a given set of phase 

shifts is reached, the search can be repeated with a new set of random 

numbers, thus eventually covering most of the X surface. One 

hundred trials were made at each momentum. 

Since KAPANAL was written for the Kt.p  system (which is a 

pure isotopic spin T = 1 state), when it is applied to the K -p 

I! 
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scattring(a mixed state of T = 1 and 0) the resulting phase shift 6 

isa lumped phase shiftof  60 and 81.  (Here and henceforth.the sub-

scripts refer to the I-spin state.) With the use of Clebsch-Gordan 

coefficients, the K -p system can be written as a sum of two different 

T,T 3 ) states as 

IKp) = 	1 	+ o,o). 	 (19) 

Hence the scattering amplitude becomes 

A = 	(A 1  + A0 ). 	 (11) 

Making use of 

A = (Ti e 2 	- 1)/2i, we have 

o 	tan1 
lo sin 2 60  + Tj sin2 	

(12) 
cos 2 60  + Tj cos 2 Of 

and 

1 = 	[iO + 1 	+ 21 0  1 cos 2 	- 8))1/2, 	(13) 

which, are respectively the lumped phase shift and absorption param-

eters. No effort was made to modify KAPANAL to take the different 

I-spin states of the K -p system into account, because firstly it 

doubles the fitting parameters (which then surpass the number of ex-

perimental points, leaving no degree of freedom in data fitting), and 

secondly, without fitting charge-exchange angular distributions the two 

I-spin states cannot be distinguished. Therefore, rather than ambi-

tiously aiming at a unique set, of unambiguous phase-shift solutions, 

KAPANAL was used to find out what partial waves are needed to fit 

the differential cross section and polarization, and what particular 

behavior the lumped phase shift may display as a function of energy. 

The data of differential cross sections are taken from Bastien and 

Berg 5  (at 620, 760, and 850 MeV), Sodickson et al. (at 1150 and 1260 

4  MeV), and Hôlley'(the remaining.16 momenta in Table UI). 
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The best y, obtained at each momentum as a function of the 

numbers of partial waves used to fit the data are giveni in Table III 

(S stands for s '2'  P stands for 
2 ' 

f 
'2' 

 etc. ). The numbers in 
/ 

parentheses are the expected X ? 	The corresponding confi4ence 

levels and F-test results are given, in Table IV. Several solutions 

•with relatively smooth energy dependence were obtained. However, 

no especially notable behavior in phase shifts could be observed. It 

is possible that any significant structure in the phase shift of resonating 

single I-spin, state (such as passing 90 deg at resonance) could be corn-

pletely wiped out in the lumped phase shift because of the presence of 

the ab sorption parameter and thel phase shift of the nonresonating 

I-spin state (Eq. .12). 

B. Energy-Dependent Phase-Shift Analysis 

A promising approach to the unique set of phase-shift solutions 

is by parameterizing the phase shifts, absorption parameters, and 

resonance parameters as functions of energy, rather than .doing a 

single -energyphase-shift analysis and then trying to connect the single-

energy phases together continuously as functions of energy. Such.a 

scheme has achieved considerable success in p-pa  and u-N scat-

terings, 	andtherefore suggests an enlightening, application to' K-N 

systems. 

The 7094 program PIP, developed by Roper and .Wright in their 

energy-dependent u-N phase-shift analysis, 	has been recently 

modified for the K-N system by, Bailey, 
28 

 and.was employed in this 

analysis. It is basically. a grid search program.which adjusts the 

Variable parameters of relevant theoretical expressions to find the 

best fit to experimental data, or minimizes the X 2 defined by 

x2 = 	 ' 	 (13) 
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Table III. X vs partial waves. 

MeV/c S 1 	S 1 P 4 	S 1 P 1 P3  S1 P 1 P3 D 3  S 1 P 1 P3 D 3 D 5  S 1 P 1 P3 D3 D 5F5  S 1 P 1 P3 D 3 D 5 F5 F7  

620 35.0 (8) 	.3.0 (6) :30 (4) 1.0 	(2) .2.4 (0) 1.5 1.1 

700 71.0 (15) 15.0 (13) 12.5 (11) 108 (9) 

745 87.7 (17) '19.5 	(15) 14.3(13) 14.0 (11) 

760 35.0 (8) 2.0 (6) 1.8 (4) 1.4 (2) 1.5 (0) 1.2 

775 104.2 (17) 16.6 (15) 16.4 (13) 15.3 (11) 

810 134.1 (16) 12.6 (14) 11.3 (12) 10.6 (10) 8.8 (8) 

835 153.2 (16) 23.7 (14) 21.1 	(12) 18.6 (10) 

850 30.0 (10) 10.0(8) 7.0 (6) 6.0 (4) 6.0 (2) 

870 154.4 (16) 31.7 (14) 21.5(12) 191 	(10) ' 18.5 (8) 

905 53.9 (15) 30.8 (13) 2,5.0 (11) 19.3 (9) 13.9 	(7) 

940 38.9 (13) 24.6 (11) 14.1 (9) 11.5 (7) 

985 98.8 (12) 53.1 (10) 17.5 (8) 16.1 (6) 

1035 39.1 	(11) 21.4 (9) 17.8 (7) 

1085 31.4 (11) 19.5(9) 17.5 	(7) 

1125 77.3 (12) 52.7 (10) 25.2 (8) 20.7 (6) 

1150 25.0 (11) 17.0 (9) 17.0 (7) 16.4 (5) 

1175 60.8 (13) 47.3 (11) 34.3 (9) 31.7 	(7) 

1225 49.6 (13) 18.5 (11) 18.1 (9) '20.7 	(7) 

1260 38.0 (11) 17.0 (9) 16.6 (7) 15.8 	(5) 

1290 164.4 (16) 79.9 (14) 54.2 (12) 49.2 (10) 48.3 (8) 

1350 . 57.8 (17) 14.3 (15) 9.5 (13) 8.4 (11) 

The numbers in parenthesis are the expected x2s. 



-45- 

Table IV. Confidence levels for X 2 and F test. 

MeV/c S 1  S 
1  P  1 
	S 1 P 1 P 3 

 S 1 
P 

 1  P  3  D  3  S  1  P  1  P  3  D  3  D  5  S  1  P  1  P  3  D  3  D  5  F  5  S  1  P  1  P  3  D  3  D  5  F  5  F  7 

620 0 	88.5(0) 70.0 (93) 80.0 (24) 12.5 

700 0 38.0 (4) 41.0 (15) 37.5 (18) 

745 0 25.0 (0) 43.0 (4) 30.0 (70) 

760 0 96.0 (0) 88.0 (51) 73.5  22.0 

775 0 41.5 (0) 29.0 (69) 22.5 (38) 

810 0 63.0 (0) 57.5 (24) 47.5  45.0 (22) 

835 0 7.0 (0) 7.0 (19) 7.0 (21) 

850 0 65.0 (2) 43.0 (13) 31.0 (41) 11.0 (100) 

870 0 1.0 (0) 9.0 (3) 6.0 (26) 310 (60) 

905 0 2.0 (0) 4.0 (12) 3.5 (7) 8.5 (12) 

940 0 1.0 (5) 16.5 (2) 17.5 (22) 

985 0 0 4.0(0) 2.5 (47) 

1035 0 2.0 (2) 2.0 (24) 

1085 0 3.5(4) 2.5 (38) 

1125 0 0 .25 	(1) .5 (25) 

1150 1.5 7.5 (5) 3.0 (100) 1.0 (20) 

1175 0 0 (9) 0 (8) 0 (34) 

1225 0 10.0 (0) 5.5 (64) .5 (100) 

1260 0 7.5 (0) 3.5 (67) 1.5 (57) 

1290 0 0 (0) 0 (4) 0 (32) 0 (69) 

1350 0 57.5 80.0 (0) 75.0 (2) 0 (24) 

The numbers in the parenthesis are the F-test confidence levels, 

namely the probabilities (%) of being correct in terminating at 

the lower fit. 
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where 0e  is the experimental measurement, 0 	 is the value of the 

observable as calculated from the set of parameters in question, and 

O 	is the standard deviation pertaining to the experimental measure- 

ment. The index i is to be carried over all the pieces of data included 

in the analysis. In our case,. the observables employed were total 

cross sections, differential cross sections, charge-exchange differen-

tial cross sections, and polarization angular distributions, for the 

K -p system and K-n total cross sections . The momentum of the 

incident KT meson ranged from 110 to 1400 MeV/c. The list of refer-

ences of all data used is given in Appendix C. 

An outline of the parameterization of the scheme is the following. 

(For a full description and discussion of this scheme the reader is 

referred to reference 27. 

To account for the resonance behavior that might exist in some 

of the partial waves, the scattering amplitude was approximated by the 

sum of a resonant part and a nonresonarit part, 

(T) 	 (T) (nonres), 	 (14) A1(T) = E 	 (res) + A 

where T is the isotopic spin index, i± stands for . ± 1/2, and 

( I for states in which we chose to put a resonance, 

0 for states in which we do not put a resonance. 

(Henceforth, the isotopic spin superscript will be dropped for the sake 

of simplicity. Each quantity with subscript L± is understood to also 

have a superscript T. 

For the resonant amplitude, Layson's relativistic Breit-Wigner 

form was employed: 29  

(res) 	
(q 0  - q 0  ) + 

	 (15) 

1± 	 tl± 

where q 0  is the total kaon c. m. energy, q 0  is the resonance 

position, and 
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= 1'l 	r• 	. 	 ( 16) 
.1± 	e ; 	1nj  

is the total resonance width. The inelastic width is approximated by 
F. 	= r. 	+ 1 	 (17) 

lni ±  ... 1111± 

where F. 	is the inelastic width of the individual resonance and k 
lni ±  

is the kaon .c. m. momentum. The elastic widthis given by 

4M 	 .2 
Fe1 ± 	q 0  + q0 ± k r 01 	± v (k r 0  ), 	 (18) 

where. M is the protonmass, r 0  is the interaction iradius, . 	is 

the reduced elastic width, and v is the barrier penetration factor: 

V1  (Ic r 	=1.2 2 	2 	 2 	 . (19) 
k r0 	[(kr 0  )+N1 (kr 0  )). 

1± 	1± 	 1± 

Here J and N1  are I -th order Bessel and Neumann functions re-

spe ctively. 

For the nonresonant amplitude we have 

2i 
11 e 	1±-I 

A1  (nonres) = 	. 	 , 	 (20) 
2i 

with series expansion in powers of k for the nonresonant phase shifts 

and the absorption parameters: 	 . 

tan 	= k 	+ 1() k 	 (21) 

and 

= e 2  

I 	-I 

where 	= k 	

+ 1 
	

(b) k ; 	 (23) 
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m is the highest partial wave employed. 

For the actual phase shifts and absorption parameters, we have 

5 1. 	
2ReA 

1± = 	tan 	1. 2 ImA1 	
(24) 

and 

= 2 {(ReA1 ) + (1/2 - ImA1 ) I 	, 	 ( 25) 

where 

Aj± = E Aj± (res) + Aj±  (nonres) 

- 	e2öi±_i 	 . 	 (26) 

2i 

In order that unitarity be preserved, the following restrictions were 

made: 

- 112  Re A1 	1/2, 0 < Im A1 	I, and O 	1.. 

With the above parameterization, we are ready to relate the 

partial-wave amplitude A1 ± to the experimental observables through 

the equations of scatterings, Eqs. (4) through (8) (Section IV. A). These 

equations hold for the charge-exchange scattering (K + 	+ n) as 

well as for the elastic scattering. It has to be noted, however, that 

the elastic and charge-exchange scattering amplitudes have different 

isotopic spin decomposition, namely 

= - (A1 ' + A1 ° ) 	 (27) 
el 

and 

A 	
(T) =1 (A1 (1.) - A1 (0)) 	 (28) 

because the R0 -n system decomposes into different IT, T 3 ) states 

by 	

R ° n) fla, o) - jo, o)}. 
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One of the arguments for doing an energy-dependent phase-shift 

analysis is that fewer parameters are required thanlfor single-energy 

phase-shift analysis. In the existing program, the parameters varied 

are the coefficients (a±)n  (b) of Eqs. (21) and (23) respectively, 

the resonance position .q 0  of Eq. (15), and the inelastic width F. 
1 

of Eq. (17). 	
± 
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V. RESULTS AND DISCIJSSION 

The polarization of the recoil protons from K-p elastic scat-

tering . was obtained at five incident kaon momenta (Figs. 13.-B through 

It appears that the polarization has generally similar angular 

dependence in the momentum region from.800 to. 1050 MeV/c, positively 

polarized for protons recoiled forward in the laboratory system, and 

negatively polarized at 90 deg c. m. scattering..angle. However, at 

1159MeV/c, just above the 1815-MeV resonance, the polarization has 

a drastic change in the angular dependence. There is also, a remarka-

ble change of polarization at 1266 MeV/c. 

The result of the single-energy phase-shift analysis is summa.-

rized in Tables III and IV. . As was mentioned in Section IV. A, . the 

main purpose of this analysis is to explore what partial waves are 

sufficient tofit the differential cross sections and the polarizations. 

It is interesting.to  observe that there are abrupt decreases in 

when certain partial waves are included. Incorporating the confidence 

levels and the F-test results in Table IV, one is inclined to conclude 

that those with underlined confidence levels are the best fits. Thus, 

at 620 MeV/c, S 1.. and P 1  waves are sufficient to fit the data (here 

and henceforth S 1. stands for S 1./ 2  P1  stands for F 1 1 2 , etc. ); at 

700 MeV/c, the P 3  or possibly the D 3  wave is turned on; at 745 

MeV/c, the .D 3  wave is required; whereas from 760 to 835 MeV/c, 

the D 3  .wave is no longer important. This probably reflects the 

presence of the D 13  resonance at 715 MeV/c (here and henceforth 

the first subscript refers to the isotopic spin). From 850 to 905 MeV/c, 

the D 3  .wave reappears. It is of special interest to observe that the 

F 5  wave is finite at momenta from 940 to 1125 MeV/c, while at higher 

momenta it is no.longer required. This indicates the importance of 

the F 5  wave throughout the region of the 1815-MeV resonance, and.is 

consistentwith the F 5  . assignment to this resonance. Apparently the 

D 5  wave does not play an, important r.ole at 940 MeV/c, where the 
11  

1765-MeV D 15  resonance was suggested. 	Thi 	is fact mplies the 
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possibility of unimportance of the D 15  resonance, if there is any, in 

:the elastic channeL This agrees with the result of energy-dependent 

phase-shift analysis to be discussed below. 

The above argument, is, of course, onlyqualitative, and it cannot 

be used to rule out the possibility of interference between:big. ,D 03  and 

small F07  'background, for the data can.also be fitted well with partial 

waves up to.F 7 . 

The results of energy-dependent phase-shift analysis are summa-

rized in Table V. In fitting the data in the momentum regionfrom 110 

to1370 MeV/c, seven hypotheses were made. It is known that there 

are two resonances at 395 and .715 MeV/c. The resonating states are 

D 03  and D 13 , the masses are 1520 and 1660 MeV, and the full widths 

are 16 and 40 MeV, respectively. For the bump in the K -p •total 

cross section at 1050 MeV/c,we made two assumptions. Firstly, we 

assumed, the bump to consist of a T = 1, resonance at 940 MeV/c' 

(mass = 1765 MeV) and a T = 0 resonance at 1050 MeV/c (mass = 1815 

MeV). Various spinand parity assignments were made to eachreso-

nance (Hypotheses 1 through .4). Secondly, we 'assumed the bump to be 
a single-state resonance, either F 05 ,. D 05 , orD03  (Hypotheses 5, 6, 

and 7). In fitting.the data in the momentum region from 700 to 1370 

MeV/c (concentrating in.the 1050-MeV/c bump), four hypotheses were 

made (Hypotheses a, b, c, and d). 

It is not very, surprising.tofind a big y, per degree of freedom, 

if one is familiar with the similar situation encountered in.the energy-

dependent phase-shift analysis of the rr-p system. 27 As far as 

is concerned, Hypotheses I and 2 seen to fit the existing. data better 

than Hypotheses 3 and 4, Hypotheses 5 and 6 are better than Hypothesis. 

7, and Hypotheses ab, and c are better than Hypothesis d. However, 

in view of the size of the X2,  how strongly one can 'rule out D 03  as a 

possible resonating state for the 1815-MeV bump could only be left open 

for individual judgment. It has to be pointed out that some solutions 

are not necessarily, the best solutions obtainable for given .sets of 
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- . 
Table V. Summary of results of energy-dependent phase-shift analysis. 

Hypothesis Resonating Mass fin fel Full Number Of Number of Expected x 2  x 2 per degree 
state (MeV) (MeV) (MeV) width data used fitted parameters 2 Obtained of freedom 

(MeV) 

D 03  1520 8.0 2.7 50.7 - 

D 53  1660 35.2 6.1 37.3 715 502 612 1355 2.21 	 - 

1765 27.8 6.8 34.6 

F 05  1820 21.6 48.3 69.9 

003 5522 7.0 2.9 9.9 

2 D 53  1660 21.6 6.1 27.7 . 	715 102 612 5340 2.19 

F 55  5765 106.0 9.8 115.8 

D 05  808 23.8 78.1 101.9 

003 1518 4.6 2.6 7.2 

3 17 
13 1660 625.3 6.5 631.4 715 

- 	
102 612 1809 2.95 

015 1765 33.4 6.8 40.2 

5815 10.3 85.2 91.5 

003 - 	1518 4.6 2.6 7.2 

4 013 1660 97.4 6.5 103.5 715 102 612 1942 3.17 

F 15  - 765 94.6 9.8 104.4 

003 1815 10.3 81.2 91.5 

D 03  1520 9.2 3.0 52.2 

5 D 
13 

1708 59.2 17.6 76.8 715 98 616 1357 2.20 

F 05  1820 30.1 65.4 - 95.5 

003 1521 8.3 3.1 51.4 

.6 0 53  1679 50.6 13,3 63.9 715 98 616 1342 2.18 

D 05  1816 25.4 85.7 107.1 

003 1522 5.4 3.1 8.5 

7 D 	 . 1752 138.1 25.0 563.1 755 98 616 1704 2.76 

D 03  5821 50.7 84.3 95.1 - 

a D 
15 1745 33.8 5.8 39.6 545 84 460 1173 2.54 

F 05  5811 22.1 44.3 66.4 

b F 05  5807 31.1 58.3 89.4 545 82 462 5186 2.56 

c D05  5807 59.6 77.3 96.9 - 545 82 462 1253 2.71 

d D 03  5815 10.3 85.2 91.5 545 82 	. 	. 462 5462 3.16 
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parameters. It is unfortunate ithat the existing data do not allow 

Hypothesis 1, 2, 5, and 6 to be differentiated from one another. Hy-

pothesis 1, however, is in.fair agreement with the suggested resonance 

parameters (except the 20% elasticity instead of suggested 60% elas-

ticity 11  for the 1765-MeV resonance). The starting points for the 

varied parameters were so chosenthat the correct behaviors of S-wave 

phase shifts were obtained at low energies where the S scattering 

lengths are known. 	The final values of a and b coefficients for 

Hypothesis I are given in Tables VI andVII. The phase shifts and 

absorption parameters for different I-spin states as functions of K 

laboratory-system momentum are plotted in Figs. 18 through 21. 

It is interesting to note that the phase shifts of D 03 , D 13 , and D 15  

resonances pass through 0 deg, whereas that of the F 05  resonance 

passes through 90 deg at the respective resonant energies. The 

former is the characteristic for resonances dominant in inelastic 

channels (F in 	el > F ), while the latter is for the resonance dominant in 

the elastic channel. The S-wave phase shifts are in qualitative agree- 

ment with those obtained byWatson et al. at low energies. 	It is of 

no special significance that the S 01  phase shift stays at 90 deg above 

400 MeV/c, because this partial wave becomes very strongly absorp-

tive, as is shown in Fig. 20. 

As is well known, there are two fundamental ambiguities 

(Minami and sign ambiguities) in the phase-shift solutions that satisfy 

the differential cross section. 
23 

 This is because the differential 

cross section 7 (9) is invariant under the following transformations. 

For convenience, we canwrite symbolically, 

Mcr(9, 6) = a(O, 
6M 

= a(6, 6), 

- . 
	 Sr(O, 6) = cr(9, 6) = u(6, 6), 

where M and S are the Minami and sign operators which transform 

the parity ( - -) and the sign (6 - -6) of the real parts of the phase 

shifts, respectively, provided the substitution is carried out simulta-

neously for all isotopic spins and total angular motnenta. In other 
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words, M and S transform 6 into 6M  and 6 (= -6), respectively, 

where all ô's are to be understood as standing for the complete set of 

phase - shift solutions. Nevertheless, the polarization P(0) changes 

sign under these transformations, 

MP(O, 6) = P(O, 6M = -P(9, 6), 

SP(O, 6) = P(6, 6) = _P(9 1  6). 

This property essentially constitutes one of the principal attractions in 

carrying out a polarization experiment. Polarization alone, however, 

does not suffice to exclude all ambiguities, since successive Minami 

and sign transformations leave polarization invariant: 

MSP(6, 6) = SMP(9, 6) = -SP(6, 6M = P(0, 6M = P(9, 6). 

Fortunately, this ambiguitycan further be eliminated by checking the 

sign of the real part of the forward scattering amplitude D(0). 
30  From 

Eq. (4), D(0) can be written as 

D(0) = 	 + ) 	sin 26 + 	- sin 26).  7 
It is then easy to see that the following relations hold: 

MD(0, 6) = D(0, 6M = D(0, 6), 

SD(0, 6) = D(0, -6) = -D(0, 6); 

therefore 	MSD(0, 6) = D(0, 6M = -D(0, 6M• 

In short, four sets of ambiguous solutions, 8, 6, 6, and 

obtainable from fitting differential cross sections, can be reduced to 

two sets, 6 and 6M' 
 by polarization measurement; furthermore, 

this ambiguity can be eliminated by comparing the sign of the real part 

of the forward scattering amplitude, calculated from the phase-shift 

solution and that obtained by use of forward dispersion relations. 

The curves in Figs. 22 through 26 show the polarization calcu-

lated by the phase-shift solution of Hypothesis 1. The agreement with 
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Fig. 22. The polarization calculated from the phase-shift solu- 
tion of Hypothesis 1 versus data from this experiment. 
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Fig. 23. The polarization calculated from the phase-shift 
solution of Hypothesis 1 versus data from this experi-
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Fig. 24. The polarization calculated from the phase-shift solu- 
tion of Hypothesis 1 versus data from this experiment. 
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Fig. 25. The polarization calculated from the phase shift solu-
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the experimental points is reasonable if all fits are considered as a 

whole. Figure 27 shows the comparison between the two dispersion 

curves. Curve DE is the real part of the forward scattering,amplitude, 

calculated from the same solution,, while curve Dwas replotted from 

the curves given by. Cook et al. 	using K-N forward dispersion rela- 

tions. The agreement between the two curves is fair, except at low 

energies andat energies near 900 MeV. The reasonable fit of the phase-

shift solution to both polar.ization and dispersion curves indicate that 

the solution has noMinami and sign.ambiguities. This is because in 

the energy-dependent phase-shift analysis, the search program started 

from points where the behaviors of some phase shifts are known; besides, 

the spins and parities of some resonances are known. The curves in 

Fig. I are, from top to bottom, the K -p, K -n total cross sections 

and K -p elastic cross sections respectively, as calculated from the 

solution of Hypothesis I. 

In conclusion, the results of both. single-energy and energy-

dependent phase-shift analyses are in favor of the F 05  assignment to 

the 1815-MeVbump in the K -p total cross section. This is in agree-

ment with our previous preliminary investigation 1  (and later confirmed 

by Sodickson et al. 
3)  of the elastic differential cross sections in terms 

of the cosine series expansion coefficients. This assignment would 

then agree with the predictions of the global symmetry model, the 

Regge trajectory, and the SU3 .. unitary symmetry scheme. 	Though 

the result of the energy-dependent phase-shift analysis is inagreement 

with the conjecture of two resonances (D 15  resonance at 1765 MeV and 

F 05  resonance at 1815 MeV; Hypothesis.1), it is unfortunately impossi-

ble to exclude other possibilities (Hypotheses 2, 5, and 6). In this 

respect, and also for other reasons, the phase-shift solution obtained 

here is merely a possible solution and is by no means to be taken as a 

unique set. More data in K -p charge exchange differential cross 

sections in the resonance region should be of great help in clarifying 

the situation, because the scattering amplitude in this channel is the 
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destructive superposition of the two different I-spin amplitudes, as 

comparedwith the constructive superposition in the case of elastic 

scattering (seeEqs. 27 and 28of Section IV. B). Moreextensive study 

of thenergy-dependen ph3se-shift analysis is being carried out by 

Bailey, 
28 

 using the preliminary charge-exchange data from the Powell-

Birge group of the Lawrence Radiation Laboratory. More polarization 

data with higher accuracywould always be useful in distinguishing dif -

ferent solutions. Detailed measurement of the K -n total cross 

section (pure I = 1state) in the resonance region, of course, yields the 

most clear-cut judgment regarding the existence of the I765-MeV D 5  

resonance. 
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APPENDICES' 

Analyzability of Carbon 

The data on the analyzability of carbon used for the present data 

analysis comes from two sources. 

For protons with energy below 325 MeV, the analyzability was 

taken from the graph furnished by Peterson. 20
It is reproducedin 

Fig. A-I. The variables O = 6 (E/1.80 MeV)2  and P = p/p max 
were chosenin order to factor out the rapid variation of P with energy 

and angle; 0 is the laboratory-system angle of p-C scattering for 

unpolarized incident protons, and P max  is the maximum polarization 

for each energy. When carbon is used as an analyzer P of course 

becomes the analyzability. This curve includes inelastic scatterings 

up to 50 MeV energy loss in p-C scatterings. 

For protons whose incident energy is above 325 MeV, the analyz-

ability of carbon was taken from the table furnished by Eandi. 
21. 

 It is 

reproduced in Table A-I. The analyzabilityincludes all inelastic p-C 

scattering s. 

Comparison of Likelihood Functions for Constant versus Linear 

Approximation in Polarization Estimation. 

In estimating polarization P by the maximum-likelihood function 

L (P) = 11(1 + PA. cosO.), 
1 	 1 	 1 

P is usually assumed to be constant within certain angular intervals of 

K-p scattering. (A) and (C) of Fig. B-I show the polarization and the 

maximum-likelihood function obtained in this way. 

P is in fact better approximated by a linear function of the IC -p 

scattering angle. (D) of Fig. B-I shows that the maximum-likelihood 

function obtained by this method is considerably higher than that ob-

tamed by the constant approximation (C). The solid line of (B) shows 

the linearly approximated polarization and the broken lines show the 
- error limits at which the likelihood function decreases to e 	of 

its peak value. 
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Table A-I. 	p-C Analyzability (from reference 21) 

(Including inelastic scatterings) 

6/T 440 460 480 500 520 540 

5.0 0.15.16 0.32±.14 0.24±.12 0.18±.10 0.25±.09 0.20±.08 

6.0 0.22±.12 0.37±.10 0.33±.08 0.22±.08 0.26±.06 0.20±.08 

7.5 0.36±.10 0.37±.09 0.42±.08 0.34±.07 0.26±.06 0.24±.06 

9.0 0.37±.09 0.32±.09 0.36±.08 0.38±.08 0.25±.06 0.26±.06 

10.5 0.27±.10 0.24±.09 0.31±.08 0.31±.07 0.23±.07 0.25±.06 

12.0 0.31±.10 0.26±.09 0.27±.08 0.30±.08 0.28±.08 0.25±.07 

13.5 0.34±.10 0.35±.10 0.34±.09 0.35±.09 0.35±.08 0.33±.07 

15.0 0.39±.12 0.44±.10 0.35±.10 0.35±.09 0.35±.08 0.40±.07 

16.5 0.39±.12 0.39±.10 0.23±.10 0.17±.10 0.23±.09 0.31±.08 

18.0 0.20±.12 0.25±.12 0.26±.10 0.17±.10 0.17±.09 0.30±.09 

21.0 0.24±.10 0.33±.11 0.36±.10 0.23±.10 0.27±.09 0.27±.09 

24.0 -0.03±.10 -0.05±.12 0.22±.11 0.29±.10 0.20±.10 0.26±.09 

560 580 600 620 640 - 

5.0 0.19±.08 0.19±.06 0.20±.06 0.30±.06 0.36±.07 

6.0 0.18±.06 0.18±.06 0.25±.06 0.35±.05 0.42±.06 

7.5 0.20±.06 0.20±.06 0.31±.05 0.40±.05 0.44±.05 

9.0 0.26±.05 0.23±.06 0.32±.05 0.40±.05 0.46±.06 

10.5 0.38±.06 0.26±.06 0.30±.05 0.35±.05 0.41±.06 

12.0 0.21±.07 0.18±.06 0.26±.06 0.32±.06 0.38±.07 

13.5 0.29±.07 0.22±.07 0.30±.06 0.38±.06 0.40±.07 

15.5 0.30±.07 0.24±.07 0.27±.06 0.34±.06 0.35±.07 

16.5 0.28±.07 0.24±.07 0.24±.06. 0.30±.06 0.33±.07 

18.0 0.20±.08 0.20±.07 0.20±.07 0.27±.06 0.36±.08 

21.0 0.16±.08 0.12±.07 0.18±.07 0.33±.07 0.32±.09 

24.0 0.12±.09 0.15±.08 0.26±.08 0.22±.08 0.33±.09 
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