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The design and fabrication of one-dimensional random surfaces with specified
scattering properties

T. A. Leskova

Institute of Spectroscopy, Russian Academy of Sciences, 142092 Troitsk, Moscow District, Russia

A. A. Maradudin*)

Department of Physics and Astronomy and Institute for Surface and Interface Science, University of
California, Irvine, CA 92697 USA

E. R. Méndez

Division de Fsica Aplicada Centro de InvestigacicCientifica y de Educacio Superior de Ensenada,
Apartado Postal 2732, Ensenada, Baja California, 22800«ide

A. V. Shchegrov

Rochester Theory Center for Optical Science and Engineering, Department of Physics and Astronomy,
University of Rochester, Rochester, NY 14627 USA
Fiz. Tverd. Tela(St. Petersbungl, 918—924(May 1999

We describe methods for designing and fabricating one-dimensional random surfaces that scatter
light uniformly within a specified range of scattering angles, and produce no scattering

outside this range. These methods are tested by means of computer simulations. Preliminary
experimental results are presented. 1899 American Institute of Physics.
[S1063-78389)04305-1

The first theoretical study of the scattering of light from over only a relatively narrow range of wavelengths.
a randomly rough surface was published by Mandel'shtam in  Despite the interest in the problem, there are no clear
1913, in the context of the scattering of light from a liquid procedures at present for designing and fabricating random,
surface! In the succeeding years, the overwhelming majorityband-limited, uniform diffusers, and it is unclear what kind
of the theoretical work in this field has continued to be de-of statistics are required for the production of such an optic
voted to the solution of such direct problems, namely, giverelement. In this paper, extending earlier work by the
the statistical properties of a random surface, to calculate theuthors>” we address these questions for the case of one-
angular and polarization dependence of the intensity of théimensional diffusers. We illustrate the ideas involved by
scattered light. In contrast, in this paper we study theoreticonsidering the scattering afpolarized light from a one-
cally and experimentally an inverse problem in rough surfacélimensional, randomly rough, perfectly conducting surface.
scattering, namely, the design and fabrication of a randor®y working within the Kirchhoff approximation, and justify
surface that scatters light in a prescribed way. this approach by taking the geometrical optics limit of this
For many practical applications, it is desirable to have@pproximation, we describe methods for designing and fab-
optical elements whose light-scattering properties can b#&cating achromatic, random, uniform diffusers of light, and
controlled. In particular, a non-absorbing diffuser that scatest these methods by computer simulations and experimen-
ters light uniformly within a specified range of scattering tally.
angles, and produces no scattering outside this range, would
have applications, for example, to projection systems, Whertla LIGHT SCATTERING IN THE GEOMETRICAL OPTICS
|F is |mporta_nt to produce even illumination vylthout wa_stmg LIMIT OF THE KIRCHHOFE APPROXIMATION
light. We will call such an element a band-limited uniform
diffuser. To justify the calculations that follow, we begin by con-
The design of uniform diffusers has been considered byidering the scattering o&-polarized light from a one-
several authors. The case of binary diffusers has been studigimensional, randomly rough, perfectly conducting surface
by Kurtz? and work on special cases of one-dimensionaldefined byxs= Z(x;). The regionxs>{(x,) is vacuum, the
diffusers has been reported by Kurtztal® and by regionxs<{(x,) is the perfect conductor. The plane of in-
Nakayama and KatbSome work on the more general two- cidence is thes;x5-plane. The surface-profile functiaffx,)
dimensional case has been carried out by KowalCzyfk. is assumed to be a differentiable, single-valued function of
addition, diffractive optical elements that scatter light uni-x,, and to constitute a random process, but not necessarily a
formly throughout specified angular regions have recentlystationary one.
become commercially available. These elements, however, The surface is illuminated from the vacuum region. The
are not truly random, and possess the desired characteristisgigle nonzero component of the total electric field in this
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region is the sum of an incident wave and of the scatteredVe focus on the integral in Eq1.6). With the change of
field variablex; =x;+u it becomes
Eo(X1,Xs| @) =explikxy — i ao(K)Xs]

I(glk)= f:dxl f:duexr{i(q—k)u]

+ —R(qlk)exdigx;+iag(q)Xxs], .
fozw (alkyexiiax +iag(@)xs] X (exd —ia(Z(x) — {(x,+u))]). 1.7
(1.1)  The geometrical optics limit of the Kirchhoff approximation
is obtained by expanding the differentéx,) — {(x;+u) in
Eqg. (1.7) in power ofu and retaining only the leading non-
zero term:

whereay(q) =[(w/c)?—q?]"2 Reay(q)>0, Imay(q)>0,
and w is the frequency of the incident light. A time depen-
dence of the form of exp{iwt) is assumed, but explicit ref-
erence to it is suppressed. °° °° .

In the Kirchhoff approximation, which we adopt here for ! (alk)= fﬁmdxl fﬁxduexp:l (q—kju]
simplicity, the scattering amplitud@(q|k) is given by

i B X(exgiaul'(x1)]). (1.8
R(qlk)= Fao(d) JixdxlF(Xl|w) Because we have not assumg;) to be a stationary ran-
0 dom process, we cannot assume thqix;) is a stationary
xXexd —igx;—iag(q)L(xq)], (1.2  random process. The averagexdiaul’ (xy)]), therefore, has

to be assumed to be a functionxf, and we cannot out the
integral overx, to yield a factor ofL;, as we could if{(x;)
were a stationary random process.

where the source functioRi(x;|w) is

F(x|w)=2

NI
) — + 2
§(1)axl %

2. DESIGN OF A BAND-LIMITED UNIFORM DIFFUSER
X Ea(X1,X3]0)inclxg=¢(xy) - (1.3

To evaluate the average in Ed..8) we begin by writing

Substitution of Eq(1.3) into Eq.(1.2), followed by an inte- the surface-profile functiogi(x) in the form

gration by parts, yields the result that

w?*+ ao(q) (k) ~ gk ()= 3 cs(x,—2lb), (2.3
ao(Q)[ ao(q) + ao(k)] ==
" where the{c;} are independent, positive, random deviates.
xJ dx; exd —i(g—Kk)x;—iaZ(x;)], (1.4  These properties of thfc)} are dictated by the fabrication
w process, described in Section 4. The funcéx,) is defined
where, to simplify the notation, we have definaer «(q) by
+ag(k). s(x;) =0, X,<—(m+1)b,
The mean differential reflection coefficieq@Rs/d6s),
which is defined such thgwRs/d6,)d 6 gives the fraction =-(m+1)bh—hx,, —(m+1)b<x;<—mb,

R(qlk)=

of the total, time-averaged, flux incident on the surface that =—bh, —mb<x;<mb,
?s scattered into the angular intervaly( 6s+d#é,), is given — —(m+1)bh+hx;, mb<x;<(m+1)b,
in terms ofR(q|k) by
=0, (m+1) b<xq, (2.2
<‘9_RS> - i L cos 0S(|R(q|k)|2>, (1.5 wherem s a positive integer and is a characteristic length.
dbs/ Ly 2mC cosy The derivative of the surface-profile functiof,(x,), is

where the angle brackets denote an average over the eien given by

semble of realizations of the surface profile function o

{(X1),6p and 65 are the angles of incidence and scattering  ;’(x,)= E cd(x;—2Ib), 2.3
respectively, which are related to the wave numteandq I=—e

by k= (w/c)sin g, andg=(w/c)sinbs, andL, is the length  \yhere

of the x;-axis covered by the random surface.

With the use of Eq(1.4) the averagé|R(q|k)|?) enter- d(x) =0,  X<—=(m+1)b,
ing Eq. (1.5 can be written as =—h, —(m+1)b<x;<—mb,
(a2 1+cog b+ 6 |2 =0, —mb<x;<mb,
(IR(all[%)= c0Sfs(COSHy+ Ccoshy) =h,  mb<xg<(m+1)b,

=0, (m+1)b<<x;. (2.9

The functions(x;) andd(x,) are shown in Fig. 1.
) _ ) In what follows the surface will be sampled at the set of
—xp)Kexg —ia(¢(x) = {(x1))]). (1.6 equally spaced points,} defined by

xf dxlf dx; exd —i(g—k)(xy
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the right hand side of Eq(2.7) is different from unity.
4 Indeed, we find form=2 that when 2b<x;<(2n+1)b
(n=0,x1,+2,...)

2 (expiau £'(x))) = (expliauhc, 1))
B
zf dvy f(y)exp(iauhy), (2.83
while when (2 —1)b<x;<2nb (n=0,x1,+2,...)
(exgau {'(x1))=(exp{—iauhc,. 1})
:f dy f(y)exp(—iauhy). (2.8b
When the results given by Eg.8) are substituted into Eq.
_ (1.9), the latter becomes
X0+ T
o

(2n+1)b ®
(k=2 Lnb dxlf_xduexp[i(q—k)u]

xfm dyf(y)exp(iayhu)

2nb

) +3 |

FIG. 1. The functions(x;) andd(x,).

fm duexdi(g—k)u]
2n-1)bJ -
Xfm dvy f(y)exp(—iayhu)

1
Pt

Xp= b/Np=0,£1,%2,..., (2.5

L o) o)
== f_mduexmm—k)u]J_mdyfm

whereN is a large positive integer. None of these values of

X[expiayhu)+exp(—iayhu
Xp equals an integer multiple df, at whichd(x,) is discon- Lexpiayhu) d hul

tinuous. *
When the probability-density functiofpdf) of ¢, , =aly f __dri(ylé(a—k+ahy)
fly)=(s(y—c)), (2.6) +8(qg—k—ahy)]
is known, a long sequence of the} can be generated, €. g. _ mly f k—q i q-k 2.9
by the rejection methofl,from which the surface profile ah ah ah /|’ ‘

function ¢(x;) can be obtained by the use of E¢2.1) and
(2.2). We note that, since thig,} are positive random devi-
ates,f(y) will be nonzero only for positive values of.

The averagéexpau{’(x;)) can now be written as

We note that although Eg$£2.8) were obtained for the case
thatm=2, the result given by Eq2.9) is valid for anym.

When the results given by Egdl.7), (1.8) and(2.9) are
substituted into Eq(2.6), we find that the mean differential
o ] > reflection coefficient is given by

Z_wc|d(x1—2|b) <&Rs> 1 [1+cog b+ )]

(expiau ' (xq))= < exp[ iauI

o 265~ 2h C0Sfy(CoShy+ cosb)®
:< |:1__[m expliau c|d(x1—2lb)}> x[f( sin B, — sin 6, )
. h(cosfy+ cosés)
=[] (expliau cd(x;—2Ib)}), sin 65— sin 6,
= (h(cosao+cosas)”' (210

(7 Thus, we find that, in the geometrical optics limit of the
where the independence of tfig} has been used in the last Kirchhoff approximation, the mean differential reflection co-
step. With the form ofd(x;) given by Eq.(2.4), for any efficient is determined by the pdf(y) of the coefficientc
value of x; chosen from the set of sampling poinfs,}  entering the expansior(.1) and(2.3). We also note that it
given by Eq.(2.5) only one factor in the infinite product on is independent of the wavelength of the incident light.
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FIG. 3. The mean differential-reflection coefficient for normal incidence
calculated fromN,=3000 realizations of the surface profile function. The
parameters employed ave=0.6328um, b=60um, m=1, y,=1, and
6,,=5°. The sampling interval on the surface wags=b/N=0.2um (N
=300), and the length of the surface was=2000xm.

f(y)=0(y) 0(ym— V) ¥Ym- (2.19

If the required maximum scattering angle is not small, one
has to use the result given by EQ.13 for f(y).

3. COMPUTER SIMULATIONS

FIG. 2. Numerical generation of a surface profile and its derivative. The

parameters employed abe=60um, m=1, y,=1 and6,=5°.

The result given by Eq.2.10 simplifies significantly in
the case of normal incidencéy=0°:

[7)
tan—| +f

f R
IR\ 0, ( h @17
<a—05>—(l+tar\2?) an

16
h @3

(2.11

The approach to the design of band-limited uniform dif-
fusers presented in the preceding sections was tested by
means of computer simulation calculations. One-dimensional
random surfaces were generated numerically on the basis of
Egs.(2.1) and(2.2) with the coefficient{c,} determined by
the rejection method with the use of the g@15. As an
example, we show in Fig. 2 a realization of a sample profile
and its derivative, generated in this way.

For a given surface profile the scattering amplitude
R(g|k) can be calculated in the Kirchhoff approximation,
but without passing to the geometrical optics limit, from Eq.

The mean differential reflection coefficient given by this re-(1.4). The mean differential-reflection coefficient can then be

sult is normalized to unity,

fﬁlzde R 1
— /2 s &05 -

From the result given by Eq2.11) we find that if we wish a
constant value fofdR/d6s) for — 6,<6s<6,,, we must
choose

(2.12

h 0(y)0(Ym—y)

f(y)= 2.1
) tan lyy,h 1+ y?h? 213
where y,,=[tan(d,,/2)]/h, because in this case
&Rs 0( em_lesh
T 244

It is worth noting that, if the maximum scattering angig
=2tan !(hy,) is small enough, e.g.f,,=20°, so that
ymh=0.1763, with little error we can neglegt’h?> com-

calculated from Eq(1.5 by generating a large numbhi, of
surface profiles and averaging over the resulting scattering
distributions. In Fig. 3 we show an example of a calculated
mean differential-reflection coefficient determined by aver-
aging results obtained for 3000 realizations of the surface
profile function. It is seen that the scattering distribution is
close to the desired result. There is almost no light outside
the range— 0,,< ;< 6,,, and, apart from a small peak in the
specular direction, the distribution is fairly uniform. This
peak is part of the diffuse component of the scattered light,
as the spercular component is negligible in this case. It is due
to the fact that our analysis is based on the geometrical optics
approximation, and it is worth discussing this point in more
detail.

We see from Eq92.11) and(2.15 that, in the geometri-
cal optics limit of the Kirchhoff approximation, the scatter-
ing distribution consists of two tectangular distributions, and
it is clear that diffraction effects will smooth these two con-

pared to unity in the denominator on the right-hand side otributions. The peak observed in the specular direction in the
Eq. (2.13 (y*h%< yfnh2=0.0311), and can replace scattering distribution plotted in Fig. 3 is due to the overlap

tan ty,,h by y,h as well (tan 1y,,h=0.1745), to obtain for

f(y) the simple form

of the tails of the two distributions predicted on the basis of
the geometrical optics approximation. To illustrate this point
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FIG. 4. The same as Fig. 3, but with random devidtgs drawn from the
distribution given by Eq(3.1) with £=0.05. 8 b
/\m
g 6

~
we present, in Fig. 4, a mean differential-reflection coeffi—%“’ 4 -
cient for the case in which the random numbers are generate v »

from a drc of the form

0
f(y)=0(y—¢e)0(ym+e—v) Ym, 3.1 ' ‘ ! ' ‘
(V)=0(y—€)0(ymte—y) vm 3.9) 30 20 .10 0 10 20 3
wheree =0.05. In our approximation, the scattering distribu-
tion is then given by 10
IR 1 0 0,
—S)\= _ s _S 8 c
<aes> 4ymh[0< oh ©) 0| Ymtet oy N
g
A A S
+60| =~ — +e—— : > 4
0 n 8)6 Ymt+ & ZhH' (3.2 %v
2 -]
where the smallness @, has been used to obtain this result.
T T T T

It can be seen that this distribution agrees well with the resuli 0 '
shown in Fig. 4, the main difference being that, in the nu- -30 -20 -10 0 10 20 30
merical results, the two sections of the scattering distributior, Scattering Angle 05, deg

are not completely separated due to the overlap of their tailss, g 5 The same as Fig. 4, but with=0.01. 8 —\=0.6328um; b —
which give rise to a dip ifdRs/d6s). Thus, a value ok \=0.532um; c —\=0.442um.

intermediate between 0 and 0.5 should yield an approxi-

mately flat scattering curve. That this is the case is shown in

Fig. 5, where{dRs/d6s) is plotted for a surface the basis of sults confirm the expected independence of the scattering
the pdf (3.1) with £¢=0.01, and for the same values of pattern from the wavelength of the incident light over a sig-
0o,b,m, v, andé,, used in obtaining Figs. 3 and 4. Results nificant range of wavelengths.

are presented for three wavelengths of the incident light:

— A=0.6328um (He—Ne laser b — A=0.532um (the

second harmonic of the YAG laserc — A=0.442um 4. EXPERIMENTAL RESULTS

(He—Cd laser. These wavelengths cover the entire visible A schematic diagram of the optical system used in our
region of the optical spectrum. For each wavelengh the resutifforts to fabricate the kind of surface studied in this paper is
for {(dRs/36s) is seen to consist of a nearly constant scatshown in Fig. 6. The illumination is provided by a He—Cd
tered intensity forfs between—5° and +5°, and a zero laser (wavelengthA =442 nmj. An optical system concen-
scattered intensity outside this interval. Moreover, these retrates the light transmitted through a rotating ground glass on

' photoresist-coated
slit p|ate

| N !
1

|

cylindrical
He-Cd laser lens

ground microscope

glass objective
scan

-l — P

FIG. 6. Schematic diagram of the experimental arrangement employed for the fabrication of the diffusers.
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! ! FIG. 9. Experimental result for the anglular dependence of the intensity of
100 200 300 400 s-polarized light of wavelength =0.6328u.m transmitted through a photo-
resist film. The angle of incidence &=0°. The illuminated surface of the
film is a one-dimensional random surface through which light is transmitted
5°<#s<5°, and is not transmitted outside this range.

X, pm

FIG. 7. Measured profile that illustrates the experimental realization of the/ithin the angle—
functions(x,). The profile was measured by means of a DeRPatnechani-

cal profilometer.
of the surface is clearly visible in Fig. 8. In the example

, e o ) , , displayed, we chosm=0, which produces a functios(x,)
a Sl_'t' prowdmg illumination t_h‘?‘t is effectively mcohergnt. of triangular rather than trapezoidal form. The resulting sym-
An incoherent image of the slit is formed by afl (numeri-  eqic triangular indentations are clearly visible in the figure.
cal aperture 0.05microscope objective on a photoresist- 1,5 these preliminary results indicate that the proposed
coated glass plate. _ fabrication method is able to produce random uniform dif-

The width of the slit is approximately=180xm, and fusers.
its incoherent image has a nearly restangular shape |, grger to study experimentally the scattering properties
(smoothed by diffraction In order to fabricate grooves with ¢ \hege photoresist diffusers in reflection they would have
the desired trapezoidal shape on the photoresist, the plate 8,4 15 pe coated with a thin metallic layer. Instead, we stud-
exposed while executing a scan of Ienglh=I./(2m+]..). ied these properties in the simpler case of the transmission of
This procedurg generates, basically, a functsr,) W'th_ s-polarized light through them. Although the theoretical
the shape defined by E(2.2). The depth of the groove is ok motivating the method for fabricating the uniform dif-
determined by the time of exposure. An example of such §,qerg described in the preceding sections was based on re-
fabricated groove is shown in Fig. 7, which presents th&ection an analysis carried out within the framework of the
measured surface _profl_le of a section of a photoresist platﬁeometrical optics limit of the thin-phase screen mddel
that was exposed in this fashion. Althought the corners argy s that surfaces that act as band-limited uniform diffusers
not as sparp as the ones in Fig. 1a, the result approximates refiection also act as uniform band-limited diffusers in
the desired shape quite well. transmission, althought the maximum scattering arsgjen

) The photor_e3|st plate is exposed to grooves generatgd fansmission is different than it is in reflectidhHowever,

this fashion, with random depths and displaced sequentially,e {ransmission patterns obtained with the diffusers fabri-
in steps of d. Several hpndred uncorrelatgd random NUM-cated up to now, although band-limited, are not uniform
bers{c} are generated in the computer with the specifiedrig g ‘| arge intensity fluctuations are present in the angu-
f(y). At each positionx,=2bl, The exposure time of the |5 re4ion in which a constant intensity would be expected.
groove is proportional to the random numizgigenerated in - origin of these fluctuations is the small number of ran-
the computef. _ domly oriented facets that are etched in our surfaces. They

In Fig. 8 we present a profileometer trace of one of the,en asent, simply, statistical noise. For the lengths of the sur-
samples fabricated according to Ef.1). The faceted nature  ¢,coq that we have fabricated only about two hundred ran-
dom numbersc, are employed. Efforts are currently under
way to fabricate surfaces with a larger number of randomly

8 - oriented facets.
£ 47
ER. 5. SUMMARY AND CONCLUSIONS
£ 04
g 4 In this paper we have described approaches to designing
T -4+ and fabricating one-dimensional, random, band-limited, uni-
8 ] form diffusers. These approaches are well suited for the gen-
i 1 i eration of such surfaces on photoresist. The results of com-
o 1000 2000 3000 4000 puter s!mqlatlons, and_ some prgllr_nlnary_ experimental
results, indicate that uniform band-limited diffusers can be
Xor BT fabricated by the method proposed.

FIG. 8. Measured segment of a surface profile for a fabricated sample. The Th9 de$ign of band-limitgd Uni_form diﬁusc_ars is but one
parameters arb=60 xm, m=0. interesting inverse problem involving the design of random
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