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S p a t i a l  R e a s o n i n g U s i n g S i n u s o i d a l  O s c i l l a t i o n s 

Ian Pratt 

D e p a r t m e n t  o f  C o m p u t e r  Scienc e 

Victori a Universit y o f  Manches te r 

Manches te r ,  M 1 3 9 P L 

E n g l a n d 

Abstrac t 

Thi s pape r  outline s som e preliminar y result s concernin g th e us e o f  sinusoida l  os -

cillation s t o represen t  vector s i n two-dimensiona l  space .  Th e propose d representatio n 

scheme permit s efficien t  implementatio n o f  translatio n an d rotation ,  an d immediat e 

detectio n o f  suc h relation s a s collinearit y an d proximit y o f  points .  Thi s schem e i s the n 

extende d s o tha t  arbitrar y conve x region s o f  th e plan e ar e represente d usin g a  pai r 

of  signal s varyin g ove r  time .  Finally ,  th e advantage s o f  representin g conve x region s 

i n thi s wa y ar e show n t o deriv e fro m th e resultin g eas e wit h whic h suc h region s ca n 

be translate d an d rotate d i n th e plane ,  and—mor e strikingly—fro m th e simplicit y o f 

determinin g whethe r  tw o suc h region s overlap . 

1 Introduction 

This paper presents an approach to spatial representation such that that: (i) translations and 

rotation s o f  point s an d region s ca n b e readil y performed ;  (ii )  relation s suc h a s collinearit y 

and proximit y o f  point s ca n b e efficientl y detected ;  an d (iii )  th e questio n o f  whethe r  region s 

overlap ,  and ,  i f  so ,  b y ho w much ,  ca n b e settle d wit h a  min imu m o f  computation .  Fo r  reason s 

whic h wil l  becom e evident ,  w e concentrat e o n th e proble m o f  representin g conve x region s 

of  th e plane . 

Th e propose d representatio n syste m i s base d o n a  well-know n correspondenc e betwee n 

sinusoida l  oscillation s wit h a  fixe d frequenc y uj ,  an d vector s i n two-dimensiona l  space .  Sectio n 

2 describe s ho w w e ca n represen t  a  vecto r  (equivalently ,  a  poin t  i n space) ,  b y havin g a  devic e 

whic h emit s a n appropriat e sinusoidall y varyin g signal .  (Here ,  "device "  m a y b e eithe r  a 

physica l  devic e o r  a  virtua l  device—i.e .  a  programmin g construct. )  Sectio n 3  extend s thes e 

restdt s t o sho w ho w w e ca n represen t  an y conve x regio n o f  th e plan e usin g a  devic e emittin g 

a pai r  o f  signal s varyin g wit h som e fixe d tim e period .  Suc h regions ,  thu s represented ,  ca n b e 

efficientl y translate d an d rotated ;  and ,  a s w e se e i n sectio n 4 ,  give n tw o suc h regions ,  i t  i s  a 

straightforwar d matte r  t o determin e whethe r  the y overlap .  A s such ,  I  claim ,  th e propose d 
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syste m promise s t o combin e th e expressiv e powe r  o f  numerica l  co-ordinat e system s an d thei r 

variants ,  e.g .  [2] ,  [3] ,  wit h th e computationa l  tractabilit y  o f  qualitative ,  object-base d spatia l 

representatio n scheme s suc h a s [1] . 

2 R e p r e s e n t i n g v e c t o r s 

There is a natural correspondence between the set of sinusoidal oscillations with some fixed 

frequenc y u  an d th e se t  o f  vector s i n two-dimensiona l  space .  Give n a  sin e wav e 

w{t) = a sm{u)t ->r <f>) 

with frequency w, amplitude a and phase-lead <^, we can associate the vector v whose polar 

co-ordinate s ar e {a,<f>) . 

The ke y featur e o f  thi s correspondenc e i s that ,  give n tw o vectors ,  th e superpositio n o f 

thei r  correspondin g sinusoida l  wave s yield s a  thir d sinusoida l  wave ,  als o o f  frequenc y uj , 

whic h correspond s t o th e vecto r  su m o f  th e origina l  tw o vectors .  Mor e formally : 

Theorem 1: Let wi{t) = ai sin(a;t + (^i), W2{t) = a2sm{tjt + ^2) be sinusoidal waves of 

frequenc y u .  Le t  Vi ,  V 2 b e th e correspondin g vector s (i.e .  havin g pola r  co-ordinate s 

(ai,0i) ,  (02,(̂ 2 )  respectively) .  I f  Wz{t )  i s  th e pointwis e su m Wx{t )  -j -  W2{t) ,  an d i f 

Vz i s th e vecto r  su m u j  - f  V2 ,  the n Wz{t )  i s  als o a  sinusoida l  wav e o f  frequenc y u; , 

wz{t )  =  a3sin(u; t  -| -  4>z) i  wher e (03 ,  (f>z )  ar e th e pola r  coordinate s o f  th e vecto r  v̂ . 

Textbooks on the theory of AC circuits use this result to calculate the effects of combining 

sinusoidall y varyin g current s an d voltage s b y addin g th e correspondin g vectors .  Here ,  how -

ever ,  rathe r  tha n usin g vector s t o reaso n abou t  sin e waves ,  I  propos e tha t  w e us e sin e wave s 

t o reaso n abou t  vectors . 

I f  w e hav e a  devic e (physica l  o r  virtual )  continuousl y emittin g a  signa l  varyin g sinusoidall y 

ove r  tim e wit h frequenc y a; ,  tha t  devic e ca n represen t  a  vector .  Th e amplitude ,  a ,  o f  th e 

wave represent s th e lengt h o f  th e vector ,  an d th e phas e lead ,  (j )  (measure d relativ e t o som e 

interna l  clock) ,  represent s it s orientation .  Th e varyin g signa l  ma y b e a  sequenc e o f  numbers , 

or  a  continuousl y varyin g potentia l  difference ,  o r  ye t  othe r  thing s besides .  I n thi s paper ,  I 

leav e th e detail s o f  th e implementatio n open ,  assumin g onl y tha t  suitabl e sin e wave s ca n b e 

readil y produced ,  superposed ,  an d compare d i n simpl e ways . 

N ow suppos e w e hav e tw o suc h device s runnin g i n paralle l  an d emittin g sin e wave s o f 

frequenc y u) ,  representing ,  respectively ,  vector s V i  an d i>2 .  B y pipin g thos e signal s t o a  uni t 

whic h superpose s (i.e. ,  pointwis e adds )  them—cal l  i t  a n additio n unit—w e have ,  i n effect , 

compute d th e vecto r  su m V \  -\ -  V 2 (fig.l) . 

vectoru j vecto r  p 

.  I Z Z 
vecto r  v i 

signa l  adde r 
—qsubtracto r  — delaye r  _ t  adde r 

Fig. l 
vecto r  V 

Fig. 2 
e 
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Similarly ,  mutati s mutandis ,  fo r  vecto r  subtraction :  b y pipin g th e tw o sinusoida l  wave s t o a 

subtractio n uni t  whic h poin t  wis e subtract s on e fro m th e other ,  w e hav e compute d V \  — V2 . 

To rotat e a  vecto r  v ,  thu s represented ,  clockwis e throug h som e angl e 6  (abou t  th e origin) , 

we nee d onl y increase ,  b y 0 ,  th e phase-lea d o f  th e wav e use d t o represen t  v .  Thi s correspond s 

t o delayin g v' s outpu t  signa l  b y th e amoun t  o f  tim e {27 r  — $)u)~ ^  (ignorin g th e firs t  oscillation) , 

again ,  a n operatio n whic h I  shal l  tak e i t  ca n b e simpl y performed .  T o rotat e a  vecto r  abou t 

a poin t  p  (othe r  tha n th e origin) ,  i t  suffice s t o fin d v  — p  (obtainabl e b y pipin g v  an d p  int o 

a vecto r  subtractio n unit) ,  rotat e th e resul t  throug h 0  abou t  th e origi n (a s jus t  described ) 

and ad d p  (b y pipin g th e resul t  togethe r  wit h p  t o a  vecto r  additio n unit) .  Th e proces s i s 

illustrate d i n fig.2 . 

I t  i s  als o eas y t o tes t  fo r  suc h relation s a s samenes s o f  orientation ,  collinearit y an d 

proximity .  T w o vector s hav e th e sam e orientatio n i f  an d onl y i f  thei r  correspondin g sin e 

waves ar e i n phase ;  s o a  devic e abl e t o chec k tha t  th e maxim a o f  tw o wave s coincid e coul d 

perfor m thi s test .  T o tes t  fo r  th e collinearit y o f  dj ,  V 2 an d v̂ ,  i t  suffice s t o comput e bot h 

V1 — V 3 an d V 2 —V3 an d the n t o determin e whethe r  thes e tw o vector s hav e th e sam e o r  opposit e 

orientation .  Thus ,  th e arrangemen t  depicte d i n fig. 3 woul d suffic e fo r  suc h a n operation . 

vecto r  v i 

1 
vecto r  V 2 

vecto r  U 3 

'l„..i,i—i.„ _ 1  1 

.  siiKt.rart.n r 

phas e checke r 

Fig. 3 

Similarly ,  tw o points ,  correspondin g t o vector s V i  an d V2 ,  wil l  b e nea r  eac h othe r  i f  an d 

insofa r  a s th e lengt h o f  V i  — V 2 i s small .  Therefore ,  detectin g th e proximit y o f  point s jus t 

involve s pipin g th e correspondin g signal s t o a  subtractio n uni t  an d the n pipin g th e resul t  t o 

a devic e whic h register s th e m a x i m u m amplitud e o f  a n incomin g signal . 

3 R e p r e s e n t i n g c o n v e x r e g i o n s 

Let  u s begi n wit h a  simpl e example .  Conside r  th e lin e A B betwee n tw o point s (vectors ) 

va ,  vb i  a s show n i n fig. 4 (th e sine-wav e representatio n o f  va ,  v b i s als o given) . 

Fig. 4 

% — ^ 
tim e 

Th e se t  o f  vector s lyin g o n th e lin e A B i s th e se t  {kv a +  Xvb\k ,  A  G  [0,1] ,  / c - f  A  =  1} .  N o w 

ther e i s a  correspondenc e betwee n thi s se t  an d th e shade d are a o f  fig.4 :  le t  w{t )  b e an y sin e 

wave (o f  frequenc y u; )  an d le t  v  b e it s correspondin g vector ;  the n w{t )  lie s withi n th e shade d 

regio n o f  figur e 9  i f  an d onl y i f  v  lie s o n th e lin e A B .  Th e tas k o f  thi s sectio n i s t o generalis e 

thi s resul t  t o sho w ho w mor e complicate d region s ca n b e represented . 
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Definition :  A  se t  S  o f  vector s  i s sai d t o b e conve x iff ,  Vx ,  y  E  S ,  V/c ,  A  G  [0,1 ]  s.t .  «  + A =  1 , 

we hav e k x +  X y E  S . 

Fig.5 shows some more convex sets of vectors (the shaded regions, not just their bound-

aries )  accompanie d b y th e sinusoida l  representation s o f  som e o f  th e ke y point s o n thei r 

peripheries ,  (Point s i n th e plan e ar e identifie d wit h th e correspondin g vector s i n th e obviou s 

way. ) 

C 

a) 

b) 

^ 
t ^ 

Al l  sin e w»vc » o f  amplitud e r 

tim e 

tim e 

tim, e 

Fig. 5 ("o "  indicate s th e origin ) 

We shall presently show that the shaded regions in the two sets of diagrams correspond, in 

a sens e w e no w procee d t o define . 

Definition: If V is a set of vectors, define the convex hull of V, to be the smallest convex 

set  containin g V . 

Definition: If W is a set of sine waves w{t) of frequency u>, define the sinusoidal hull of W, 

t o b e th e pai r  o f  functions :  S(< )  =  {a{t),b(t)) ,  wher e a(t) ,  b{t )  ar e function s define d 

by:  a{t )  =  supĵ ,g ^  w{t )  b{t )  =  ini^^ w yj{t) . 

a{t), b{t) represent the upper and lower bounds, respectively, of all the sine waves in W; if 

thes e uppe r  o r  lowe r  bound s d o no t  exist ,  w e se t  a{t )  =  oo ,  b{t )  =  —oo,  a s appropriate . 

Definition: If S(i) = {a{t),b{t)), is a sinusoidal hull, and w{t) is a sine wave, we write 

w :< E (rea d w  i s containe d i n E )  if f  Vi ,  a{t )  >  w{t )  >  b{t) . 

We can now state the main theorem of this section: 

Theorem 2: Let V be a closed set of vectors, and let W be the set of sine waves corre-

spondin g t o th e vector s i n V .  Le t  S  b e th e conve x hul l  o f  V .  Le t  E  b e th e sinusoida l 

hul l  o f  W .  I f  V  i s an y vector ,  an d w{t )  it s  correspondin g sin e wave ,  the n t ;  £  5  ii f 
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I n othe r  words ,  th e sinusoida l  hul l  o f  a  se t  (finit e o r  infinite )  o f  sin e wave s correspond s t o 

th e conve x hul l  o f  th e se t  o f  vector s thos e sin e wave s represent . 

Hence ,  i n orde r  t o represen t  th e conve x hul l  o f  a  finite  se t  o f  vectors ,  al l  yo u nee d t o d o 

i s t o tak e th e sin e wave s correspondin g t o thos e vector s an d pip e the m t o tw o devices ,  on e 

outputtin g th e (pointwise )  m a x i m u m o f  al l  it s  incomin g signals ,  th e othe r  th e minimum . 

(Thu s thes e signal s correspon d t o th e function s (a(i) ,  b{t) )  respectivel y o f  som e sinusoida l 

hul l  S. )  Fig.S a show s roughl y wha t  thos e output s woul d hav e t o b e i n orde r  t o represen t  a 

triangle .  Fi g 5 b doe s th e sam e fo r  a  square .  Suc h a  pai r  o f  signal s ca n b e use d t o determin e 

whethe r  an y give n vecto r  u ,  represente d b y sin e wav e w{t) ,  i s  i n th e regio n i n questio n simpl y 

by checkin g whethe r  t o : ^  S  (i.e ,  whethe r  a{t )  >  w{t )  >  b{t )  hold s ove r  a n entir e oscillation) . 

Not  tha t  a  sinusoida l  hul l  nee d b e generate d fro m a  finite  numbe r  o f  sin e wave s i n thi s 

way:  fig.Sc  show s ho w th e sinusoida l  hul l  correspondin g t o a  circula r  regio n centre d a t  th e 

origi n i s easil y generate d — i t  i s  jus t  a  pai r  o f  constan t  signals .  Bu t  i t  canno t  b e generate d 

fro m an y finite  numbe r  o f  sin e waves .  Similarly ,  fo r  othe r  convex ,  curvilinea r  shapes . 

Furthermore ,  an y devic e emittin g a  pai r  o f  periodi c signal s a{t )  an d 6(<) ,  wit h perio d 

27ra;~̂ ,  ca n b e take n a s representin g a  (possibl y empty )  conve x set .  T o se e this ,  not e tha t 

ther e wil l  eithe r  b e a  maxima l  sinusoida l  hul l  tha t  lie s betwee n thes e tw o signals ,  o r  els e n o 

suc h sinusoida l  hul l  a t  all ,  wher e a  maxima l  sinusoida l  hul l  i s  on e fo r  whic h th e se t  o f  sin e 

waves i t  contain s i s maximal .  An d sinc e tha t  maxima l  sinusoida l  hul l  (i f  ther e i s one )  wil l 

pic k ou t  som e conve x se t  o r  other ,  the n th e origina l  signals ,  a{t )  an d b{t) ,  ca n themselve s 

represen t  tha t  conve x set .  A s before ,  t o tes t  whethe r  a  vecto r  i s i n tha t  set ,  w e tak e it s 

correspondin g sin e wav e w{t )  an d chec k whethe r  a{t )  >  w{t )  >  b[t )  hold s ove r  a n entir e 

oscillation . 

Suppos e w e wan t  t o translat e a  conve x se t  C  b y a  vecto r  v ,  wher e C  i s represente d b y 

th e signal s {a{t) ,  b{t) )  an d v  b y th e signa l  w{t) .  The n th e translate d conve x se t  wil l  b e 

represente d b y (a(i )  +  w{t) ,  b{t )  +  iv{t)) .  Hence ,  th e translatio n o f  conve x regions ,  Hk e 

tha t  o f  singl e points ,  ca n easil y b e effecte d b y mean s o f  pipin g th e appropriat e signal s t o a n 

additio n uni t  a s describe d above .  Similarly ,  th e rotatio n clockwis e throug h a n angl e ̂  o f  a 

conve x regio n abou t  th e origi n ca n b e effecte d b y delayin g th e signal s a{t )  an d b{t )  b y a n 

amount  o f  tim e {2 t  — 0)u}~^ . 

4 Detection of Overlaps of Convex Regions 

To detect overlaps, the following definitions will prove expedient: 

Definition :  Suppos e Si ,  S ^  ar e set s o f  vectors .  Defin e thei r  inne r  difference ,  S i  ©  ^ 2 t o b e 

th e se t  {{ x — y)\ x E  Si, y &  S2} . 

Definition: Suppose Si(t) = {ai{t), bi{t)) and T,2{t) = {a2{t),b2{t)) are sinusoidal hulls. 

Defin e thei r  inne r  difference ,  E i  0  E 2 t o b e th e pai r  o f  function s {ai{t )  — b2{t) ,  bi{t )  — 

a2{t)) . 

H Si ,  S 2 ar e convex ,  s o i s  ̂ i  ©  ^2 .  Also ,  5 i  D  ̂ 2 ̂  0  if f  0  €  -̂ i  0  'S'2 .  Hence ,  t o determin e 

whethe r  5* 1 an d 5 2 overlap ,  i t  suffice s t o determin e whethe r  0  €  ^ i  0  52 .  K  Ei ,  S 2 ar e 
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siniisoida l  hulls ,  s o i s E i  — Ej .  I t  i s  forme d b y subtractin g th e lowe r  boun d o f  th e secon d hul l 

fro m th e uppe r  bovm d o f  th e first ,  an d th e uppe r  boun d o f  th e secon d hul l  fro m th e lowe r 

boun d o f  th e first .  Inne r  difference s o f  sinusoidal s hull s ca n therefor e b e compute d usin g 

subtractio n unit s o f  th e kin d encountere d above .  Also ,  inne r  difference s o f  sinusoida l  hull s 

correspon d t o inne r  difference s o f  conve x sets : 

Theorem 3: If Si and 52 are convex regions corresponding to sinusoidal hulls Si, E2 re-

spectively ,  the n S i  0  5 2 i s a  conve x regio n correspondin g t o th e sinusoida l  hul l  S i  0  E2 . 

Whence: 

Theorem 4: Let Wo denote the zero-amplitude sine-wave: Wo{t) = 0 for all t. If 5i and 52 

ar e conve x region s correspondin g t o sinusoida l  hull s  Ei ,  E 2 respectively ,  the n 5 i  n  5 2 ^ 

0 if f  tw o ̂  E l  0  E2 . 

Since, then, we have a method for computing the inner difference of two sinusoidal hulls, 

and a  mean s o f  determinin g whethe r  a  sinusoida l  hul l  contain s th e zer o wave ,  w e ca n imme -

diatel y detec t  whethe r  tw o conve x region s overla p b y pipin g thei r  output s t o a n appropriat e 

arrangemen t  o f  devices . 

A caveat .  Theore m 4  shoul d b e applie d wit h care .  Recal l  fro m sectio n 3 ,  tha t  an y pai r  o f 

periodi c signal s (wit h perio d 27ru;~̂ )  ca n represen t  a  (possibl y empty )  conve x set .  Give n tw o 

suc h pair s o f  signals ,  (ai(<) ,  &i(0 )  ̂.n d (a2(t) ,  b2{t)) ,  representin g 5i ,  an d 5 2 respectively ,  w e 

can defin e thei r  inne r  differenc e i n th e sam e wa y a s fo r  sinusoida l  hulls .  Bu t  i t  i s  i n genera l 

fals e tha t  th e resultin g pai r  o f  signal s (ai(i )  — b2{t),bi{t )  — a2{t) )  wil l  contai n î o onl y i f 

5i  n  5 2 7 ^  0 .  Theore m 4  require s tha t  {ai{t) ,  bi{t) )  an d {a2{t) ,  b2{t)) ,  b e sinusoida l  hulls ,  a s 

define d i n sectio n 3 . 

5 Discussion 

On the present view, a complex two-dimensional scene is represented by a collection of 

"devices" ,  eac h broadcastin g eithe r  a  singl e sin e wav e (representin g a  singl e point )  o r  a 

pai r  o f  periodicall y varyin g signal s (representin g a  conve x region) .  B y pipin g th e output s o f 

thes e device s throug h suitabl e transformin g units ,  geometrica l  operation s lik e translatio n an d 

rotatio n ca n b e performed .  Moreover ,  b y pipin g th e sam e output s throug h ye t  othe r  devices , 

test s fo r  relation s lik e collinearit y an d proximit y o f  point s an d overla p o f  region s ca n b e 

made.  Th e computatio n involve d i n thes e operation s an d test s i s trivial ,  i n marke d contras t 

t o th e nightmaris h proble m o f  determinin g intercept s o f  curve s expresse d a s equation s in , 

say ,  a  Cartesia n co-ordinat e system .  I t  i s  a s i f  th e sinusoida l  representatio n "flatten s out " 

th e proble m o f  determinin g th e membershi p o f  a  poin t  i n a  conve x region ,  yieldin g th e easie r 

proble m o f  determinin g whethe r  on e signa l  lie s betwee n tw o othe r  signal s ove r  a  perio d o f 

time . 

I t  wil l  b e objecte d tha t  thi s assessmen t  ignore s th e difficul t  tas k o f  convertin g bac k an d 

fort h betwee n a  Cartesia n co-ordinat e representatio n an d th e sinusoida l  hul l  representation . 
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But  thi s woul d b e t o mis s th e poin t  o f  th e presen t  proposal .  Tha t  proposa l  i s  no t  tha t  region s 

be represente d b y equation s o f  boundin g curves ,  an d tha t  thos e equation s b e converte d int o 

sinusoida l  hul l  signal s i n orde r  t o perfor m transformation s an d test s o n them .  Rather ,  i t  i s 

tha t  th e equation s o f  boundin g curve s ca n b e dispense d wit h altogether :  al l  w e hav e i s th e 

collectio n o f  signal-emittin g devices .  Thus ,  t o kno w wha t  a  squar e is ,  o r  a  triangl e o r  a  circl e 

or  a n oval ,  ou r  syste m woul d hav e t o b e abl e t o activat e a  devic e outputtin g th e appropriat e 

signals ,  no t  stat e a n equatio n i n Cartesia n co-ordinate s (o f  course :  th e devic e i n questio n 

migh t  hav e t o stor e it s signal s a s a  pai r  o f  equation s a{t )  =  ... ,  b{t )  =  .. .) .  T o repeat :  th e 

polic y i s no t  t o augmen t  traditiona l  co-ordinat e representations ,  bu t  t o dispens e wit h them . 

So conceived ,  th e fat e o f  th e propose d representationa l  syste m depend s o n ho w wel l  i t 

ca n interfac e wit h visua l  inpu t  an d moto r  ouput :  n o goo d doin g awa y wit h co-ordinat e 

representation s i n favou r  o f  sin e waves ,  i f  i t  the n become s impossibl e for ,  say ,  a  robo t  t o 

determin e th e shape s o f  thing s i t  i s  lookin g at ,  o r  t o adjus t  it s  movement s i n conformit y wit h 

it s belief s abou t  th e spatia l  arrangemen t  o f  it s  environment .  Thes e ar e therefor e importan t 

question s fo r  futur e wor k i n thi s area .  Othe r  pendin g question s concer n th e extensio n o f 

th e propose d syste m t o dea l  wit h non-conve x shapes ,  3-dimensiona l  space ,  uncertaint y an d 

movin g scenes .  Finally ,  o f  course ,  m a n y implementatio n details ,  som e non-trivial ,  remai n 

outstanding . 

6 Conclusion 

This paper has presented a system for detailed representation of convex plane figures. Its 

utilit y  derive s fro m th e facilit y  i t  provide s t o rotat e an d translat e suc h regions ,  an d t o detec t 

overlap s betwee n them .  Wor k remain s t o b e don e t o exten d an d implemen t  th e syste m 

as propose d here .  However ,  th e result s presente d abov e sugges t  that ,  fo r  detaile d spatia l 

representations ,  traditiona l  co-ordinat e system s m a y b e considerabl y les s efficien t  tha n th e 

curren t  approach . 
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