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ARTICLE INFO ABSTRACT

Keywords: Inverter-based distributed energy resources (DERs) connected to distribution networks (DNs) can provide fast
Bi-level optimization frequency support, but their reserve deliverability depends on feeder constraints and differs from synchronous
Transmission-distribution coordination primary frequency response (PFR). Existing transmission—distribution coordination studies usually treat reserve

Power system scheduling
Energy and reserve dispatch
Fast frequency response
Primary frequency response

generically or neglect feeder-level feasibility, while frequency-security scheduling studies rarely represent
distribution feeders explicitly. This paper develops a bi-level day-ahead scheduling framework for integrated
transmission-distribution networks that jointly clears energy, transmission-side PFR, and distribution-side
fast frequency response (FFR) under exogenous hourly inertia and largest-loss inputs from an external unit
commitment (UC) schedule. The transmission problem is modeled with DC-optimal power flow (OPF) and
closed-form second-order cone (SOC) frequency-security constraints, whereas each DN is represented by a
reserve-aware branch-flow AC-OPF so that scheduled fast reserves remain deliverable during activation. The
bi-level problem is reformulated through Karush-Kuhn-Tucker (KKT) conditions into a mixed-integer SOC
program, and a penalty term is used to tighten the distribution-network relaxation. In the reduced test system,
lower exogenous inertia increased the required primary response from 179.64 MW to 191.08 MW, distribution-
side fast response reduced total frequency-response procurement by up to 4.9%, and neglecting distribution
constraints overstated the combined distribution-side energy and reserve award by up to 18%. In the expanded
study, the largest case was solved in 2.02 s with a 0.00% optimality gap. Time-domain simulations kept
the frequency nadir above 59.0 Hz in all tested hours. These results demonstrate the value of fast-response
modeling and distribution-feasible reserve delivery in coordinated market clearing.

1. Introduction (DNs), are dispersed across feeders, and exhibit dynamic characteristics

that differ from those of transmission network (TN) resources. Their

1.1. Background and motivation reserve capability therefore cannot be assessed only at the bulk-system
level.

As the deployment of distributed energy resources (DERs) continues In parallel, the operational role of the DN is shifting from passive

to accelerate, their growing role in system flexibility has been discussed power reception to active coordination of DERs, flexible demand,

in [1]. Their role in contingency frequency services was studied in [2],
and broader flexibility implications under high renewable penetration
were reviewed in [3]. For photovoltaic systems (PVs), [4] demonstrated
advanced grid-friendly controls. For wind resources, market participa-
tion was examined in [5], frequency control in autonomous systems
in [6], reserve policy optimization in [7], and frequency-constrained
planning with wind support in [8]. However, unlike conventional syn-
chronous generators, most DERs are connected to distribution networks

and reserve provision. Related energy-management studies have ad-
dressed both network operation and longer-term power-network plan-
ning problems [9,10]. This evolution makes coordination between
the TN and DNs increasingly important, because energy and reserve
exchanges at the points of common coupling (PCC) must remain
consistent with the physical constraints of both networks. Existing
transmission—distribution coordination studies have addressed several
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Nomenclature

Sets and Indices

Set of buses in the TN/DN, indexed by i

Set of lines in the TN/DN, indexed by !/ or ij
Subset of buses in the TN/DN with connected
generator, indexed by i

Subset of buses in the TN/DN with connected
demand, indexed by i

Subset of interface buses between the TN and the
DNs, indexed by s

Subset of parent buses at bus i

Subset of child buses at bus i

Set of time periods, indexed by ¢

Set of decision variables, where [-] denotes the
upper-level (UL), lower-level (LL), and single-level
reformulation of the MPEC model (SL)

Transmission Side:

Upper/lower bound of active power for the genera-
tor connected to bus i

Upper bound of active power for line /

Upper bound of PFR for the generator connected to
bus i

Active power demand at bus i at time ¢

Generation shift factor between bus i and line /
Nominal power system frequency

Maximum allowable frequency deviation at the
nadir

FFR delivery time of the generator

PFR delivery time of the generator

System inertia at time ¢

Single largest generation loss under the N — 1 crite-
rion at time 7, defined as the rated capacity of the
largest online synchronous generator.

Offer price for the active power output of the
generator connected to bus i at time ¢

Offer price for the PFR of the generator connected
to bus i at time ¢

Offer price for the active power transaction at PCC
s at time ¢

Offer price for the FFR transaction at PCC s at time
t

Distribution Side:

Upper/lower bound of voltage magnitude at bus i
Upper/lower bound of active power for the genera-
tor connected to bus i

Upper/lower bound of reactive power for the
generator connected to bus i

Upper bound of FFR for the generator connected to
bus i

Series resistance for line ij

Series reactance for line ij

Upper bound of current for line ij

Active power demand at bus i at time ¢

Reactive power demand at bus i at time ¢

Offer price for the active power output of the
generator connected to bus i at time ¢

CF®

s Offer price for the FFR of the generator connected

to bus i at time ¢
Variables

Transmission Side:

Dis Active power output for the generator connected to
bus i at time ¢
prTR Available headroom of the generator connected to

bus i for PFR at time ¢
Distribution Side:

Dits Active power output for the generator connected
to bus i at time f, with i = 0 denoting the net
active-power transaction at the PCC bus of DN s

Qs Reactive power output for the generator connected
to bus i at time f, with i = 0 denoting the net

reactive-power transaction at the PCC bus of DN s

Vs Squared voltage magnitude at bus i at time ¢

Dijis Active power flow for line ij at time ¢

Gijrs Reactive power flow for line ij at time 7

Ciins Squared current magnitude for line ij at time ¢

pff‘j Available headroom of the generator connected to
bus i for FFR at time 7, with i = 0 denoting the FFR
transaction at the PCC bus of DN s

Vits Squared voltage magnitude at bus i at time ¢ under
reserve activation

Pfj,r,s Active power flow for line ij at time 7 under reserve
activation

qu,t,s Reactive power flow for line ij at time ¢ under
reserve activation

2% Squared current magnitude for line ij at time 7 under

ij,ts
reserve activation

aspects of this problem. A bi-level equilibrium problem with equi-
librium constraints (EPEC)-based distribution market-clearing frame-
work was developed in [11]. Joint energy and flexibility clearing with
explicit TN-DN coordination was studied in [12], while uncertainty-
aware active distribution network (ADN) participation at the TN-DN
interface was examined in [13]. A non-cooperative operating frame-
work between the TN and DNs was reported in [14]. Although these
studies advance coordinated scheduling and pricing, they generally
represent flexibility or reserve products in an aggregated manner and
do not explicitly distinguish the dynamic value of fast inverter-based
response from slower primary response delivered by synchronous units.

A complementary stream of research has focused on frequency
security and reserve heterogeneity. Closed-form frequency-security con-
straints for distinct services were developed in [15], and marginal
pricing of inertia and frequency response (FR) with diverse dynamics
was studied in [16]. The participation of renewable and inverter-
based resources in inertia and reserve provision was further examined
in [17]. In addition, [18] presented a bi-level market-design framework
in which aggregated virtual power plants (VPPs) provide inertia and
frequency-response services to a frequency-constrained unit commit-
ment (FCUC) model. A recent study [19] addressed integrated TN-DN
operation with frequency-security constraints in a two-stage robust
FCUC framework. Nevertheless, these studies remain centered on unit
commitment (UC) formulations and do not explicitly enforce feeder-
level network feasibility for DN-side reserve delivery, nor do they
quantify the scheduling distortion caused by neglecting DN operational
constraints. As DER penetration grows, both TN congestion and DN
feeder constraints can materially affect whether the reserve awarded
at the interface is actually deliverable [20,21].
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Positioning of the proposed framework relative to representative TN-DN coordination and frequency-security studies.

Ref. N

Model

DN/VPP
Model

UC DN reserve
Deliverability

Inertia FFR PFR Frequency

Interface
Signals

Interface

Security (TN-DN/VPP)

Coordination Studies
[11]
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[13]
[22]
[23]
[24]
[25]
[26]
[27]
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Note. v denotes features explicitly modeled in the main formulation, A denotes partial, indirect, aggregated, or exogenous treatment, and —
denotes not considered. For the proposed work, UC is marked A because hourly inertia and largest-loss values are taken from an external UC

stage instead of being co-optimized inside the bilevel clearing model.

These gaps motivate the present study. The problem addressed here
is a coordinated day-ahead market-clearing and economic-dispatch
(ED) problem with exogenous commitment-dependent security inputs.
More specifically, the hourly system inertia and largest-loss parameters
are obtained from an external UC stage and treated as inputs to the co-
ordinated energy-and-reserve scheduling model. The focus is therefore
not endogenous UC, but the physically feasible co-scheduling of energy,
primary frequency response (PFR), and fast frequency response (FFR)
across the TN and DNs under a consistent market interface. Table 1
compares representative studies on transmission—distribution coordina-
tion and frequency-security scheduling with the proposed framework.

1.2. Scope and contributions

This paper develops a bi-level joint scheduling framework for in-
tegrated TN-DN operation under distinct frequency-response services.
The main contributions are as follows.

(i) A coordinated day-ahead market-clearing model is formulated
for energy and reserve scheduling across the TN and DNs while
respecting the distinct network constraints of the two layers.
In contrast to formulations that aggregate reserve products, the
proposed model distinguishes TN-side PFR from DN-side FFR
according to their delivery times and dynamic characteristics.
A closed-form second-order cone (SOC) frequency-security rep-
resentation is embedded in the TN market-clearing problem
to capture nadir-related reserve requirements under exogenous
hourly inertia and largest-loss inputs. At the same time, each DN
is modeled with a reserve-aware branch-flow AC-optimal power
flow (OPF) so that energy dispatch and FFR awards remain
physically deliverable during reserve activation.

To solve the proposed coordinated formulation tractably, the bi-
level model is reformulated as a mathematical program with
equilibrium constraints (MPEC) and converted into a mixed-
integer second-order cone program (MISOCP) through standard
Karush-Kuhn-Tucker (KKT)-based reformulation and lineariza-
tion, while a penalty term is used to tighten the DN second-order
cone programming (SOCP) relaxation with limited impact on the
market-clearing results.

(i)

(iii)

(iv) The case studies are organized to validate both mechanism and
applicability. The reduced-system study shows how exogenous
inertia changes PFR needs, how explicit DN-side FFR reduces
total reserve procurement, and how neglecting DN network con-
straints leads to spurious DER energy and reserve awards. The
expanded multi-DN study examines scalability, operating-cost
outcomes, and relaxation gaps. Finally, PSS/E time-domain sim-
ulations verify that the scheduled reserves achieve the intended
frequency behavior, including a no-FFR severe hour and FFR-
supported hours that yield similar nadirs under different inertia
conditions.

To visually summarize these contributions, Fig. 1 presents a graphi-
cal overview of the proposed coordinated TN-DN day-ahead scheduling
framework, showing the exogenous commitment-dependent security
inputs from the external UC stage, the PCC-based exchange of energy
and reserve, and the differentiated roles of TN-side PFR and DN-side
FFR.

1.3. Paper structure

The remainder of this paper is organized as follows. Section 2
describes the integrated TN-DN framework and the associated mod-
eling assumptions. Section 3 presents the bi-level problem formula-
tion, including the energy, network, and frequency-security constraints.
Section 4 explains the MPEC reformulation, the mixed-integer SOC
transformation, and the penalty-based relaxation-tightening procedure.
Section 5 reports the reduced-system case studies, the expanded-system
results, and the time-domain validation. Section 6 concludes the paper
and discusses limitations and future research directions.

2. Framework and assumptions

The integrated system structure composed of the TN and DNs is
illustrated in Fig. 2. The TN consists of the set of buses BT, the set of
lines £T, the subset of buses with generators ¢, and the subset of buses
with demands DT. It is modeled using the load demand P, generator
output p,,, and the PFR pff R from generators. The DN consists of the
set of buses BP, the set of lines £P, the subset of buses with DERs GP,
and the subset of buses with demands DP. It is modeled using active
and reactive load demands P,.‘f'm and Ql‘.‘m, DER output p;,, and FFR
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External Unit Commitment

O ON  Online/offline
@ OFF  synchronous units

External conditions: Unit commitment status,
System inertia, Largest online generation loss

Coordinated Scheduling

TN Scheduling / DN Scheduling \
T | |
@

RECE

Energy
bids/offers

FFR
offers

Synchronous
generators LMP/
——— RLMP
GSF-based DC-OPF
- Energy scheduling constraints
: - PFR scheduling constraints
% - SOC-based frequency-security
*-.., requirement

PV-based

N\ inverter DERs_/

Branch flow AC-OPF
- Energy scheduling constraints ;
- FFR scheduling constraints

Network-Feasible and Frequency-Secure Outcomes

- Co-optimized energy and reserve schedules with PCC prices
- Dynamic coordination of fast and primary frequency response

Fig. 1. Graphical overview of the proposed coordinated TN-DN day-ahead
scheduling framework with exogenous commitment-dependent security inputs
and PCC-based energy and reserve coordination.

FFR from DERs. The reserves considered in this study are operational
reserves required to satisfy the N-1 contingency criterion.

These requirements vary depending on system operating conditions,
resource composition, and the dynamic characteristics of individual
resources [15,16]. To meet these requirements, conventional TN re-
sources provide PFR, while inverter-based DN resources, which are
assumed to be PV units in this study, offer FR services with faster
response times. Although various terms are used for this fast response
reserve [31], it is referred to as FFR in this paper. The interconnection
between each DN and the TN is represented by an index s € I, where
each s denotes a DN connected to a specific TN bus. These connection
points represent the PCC between the TN and DNs.

Based on this system structure, the present study considers a co-
ordinated day-ahead market-clearing and ED setting in which the TN
and the DNs are operated by independent entities, and each DN is
represented by a single DN-side coordinator interfacing with the TN at
the PCC [32-34]. In the lower-level (LL) model, the TN clears energy
and reserve together with PCC transactions, while in the upper-level
(UL) model, the DN-side coordinator schedules DN-side energy and FFR
based on the PCC locational marginal price (LMP), reserve locational
marginal price (RLMP), and DN resource bids and offers. Because
the cleared PCC quantities and the corresponding price signals are
mutually dependent, the TN-DN interaction is represented through an
equilibrium-based coordination framework [35]. In the present formu-
lation, the interface variables are the PCC energy and FFR transactions,
Po.s and pf’ %, together with the associated LMP and RLMP signals.

The coordinated model is developed as an analytical day-ahead
clearing framework. DN-side bids and feeder constraints are repre-
sented explicitly in the formulation, so privacy-preserving coordination
is not addressed in the present study.

International Journal of Electrical Power and Energy Systems 177 (2026) 111892

3. Problem formulation

As discussed in Section 2, the integrated scheduling model for
energy and reserve procurement is formulated as a bi-level optimization
framework. In the UL model, the DN schedules energy and reserve
by considering the characteristics of resources connected to the DN.
In the LL model, the TN is scheduled by reflecting the decisions and
capabilities of TN connected resources. During this process, energy
and reserve exchanges between the TN and DN occur simultaneously,
and the associated prices are determined based on the LMP and RLMP
results derived from TN operational scheduling. The details are as
follows:

: RLMP FFR
i ZZ( Otsp0f5+”0ts Poys

teT sel
FFR FFR
+Z(Clliplf3+clfs IIS) (la)
iegb
d
St pis— P = Z DPijts
JECi s
—(pp[,s-RpiSfpi,Q, ienBP v,s, (1b)
qi,t,s_ ,ys = Z qutv
J€ECiss
- (qPii,z,s - XP,vi,sz’,i,t,s)’ i€ BD’Vt’ S, (1(:)
Uj,n - UI 1,5 Z(Rij,spij,t,: + Xij,sqij,t,s)
+ (RS + X[ ) 1€ LDV, ad
-2
0<4”S_,”,Ue£RwJ, (1e)
v: <U”Y<V L ienBPv,s, 1
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The corresponding LL TN market-clearing problem is formulated as
follows:

PFR PFR
m1£1 <Z(C,,p,,+C )
teT \ieGT
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Fig. 2. Integrated structure of the transmission and distribution networks.

Z Pis — ZPOJS 2 0, 1Y, V1, (2b)
ieg” s€l ieDT
P <p,<P, :®, . &, icG (20)
-L < Z Y1iPig — z YisPo,s
iegT seT
- Y P <L, ¥, P, 1eLt v, @2d
ieDT
—PFR —
0<pIR<P, . 1 Q.2 ieg v, (2e)
PER "
P <p+p, < P, : CD,,,CD,,, i€g VI, 2H
-L < Z 71:(Pig +P,-,, ®)
iegT
- Z YIs(pOJ s + pOFR)
seL
—x
= Y wPL <L, P, el v, (2g)
ieDT
1 R 0 1 Hxsys
fo 4417 PR X —Xser Pg}:lz
0 £ 0 =T PER
Af Af 'Egloss”
_ ) )
sys
i FFR
<[r A ) ~ Xser Py
~ L/ 44f (PFR ZlegT prR ’
1
})IDSS
. A2 4b
DA AP T, (2h)
where the UL and LL decision-variable sets are V- := {p,, (. q;,,.
'fY’plts’pUIV’q’/fY’fU”’ lts’pljts’qufs’fljts} o= {plt’plfR’

Posss pm‘z} Here, p,, , and pmi denote the energy and reserve transac-
tions at PCC s. They appear in the objective functions and constraints of
both the TN and DN models. In the DN model, they are represented at
the PCC bus indexed by i = 0. In each constraint, the symbols following
the equations denote the associated dual variables.

The objective function (1a) of the UL model is formulated to min-
imize the operating cost of the DN, including energy and reserve
interactions with the TN. Constraints (1b)—(1i) model the base-case
DN operating point using a standard SOCP-based branch-flow AC-
OPF, whereas constraints (1j)—(1q) describe the reserve-activation DN
operating point using the same branch-flow model and operating limits.
The starred variables represent the post-FFR feeder states. In the LL
model, objective function (2a) minimizes the operating cost of the
TN, reflecting energy and reserve coordination with connected DNs.
Constraints (2b)-(2d) correspond to energy scheduling in the TN and
follow a standard generation shift factor (GSF)-based DC-OPF formu-
lation. Constraints (2e)—(2g) describe reserve scheduling in the TN,
namely PFR capacity limits, post-reserve generator output limits, and
post-activation transmission line-flow limits, respectively.

Constraint (2h) is a SOC-based frequency-security constraint that
enforces the frequency-nadir requirement, following the governor-
rate-constrained adequacy formulation in [36] and the closed-form
frequency-security formulations in [17,18]. It uses the system inertia
(H;”), the size of the largest loss (P/**), the maximum allowable
frequency deviation (4f), and the committed FFR and PFR quantities
and delivery times. In the present model, H;”* and P are treated as
predetermined hourly security inputs. For each hour, one representa-
tive largest-loss unit is selected, and the tripped unit is excluded from
both the PFR procurement and the inertia contribution in (2h). Each
reserve service is modeled as a linear ramp from zero to its committed
quantity over its delivery time, so explicit droop coefficients are not
required. Distribution-side FFR enters (2h) through the PCC-aggregated
quantity Y7 pj <, is assumed to remain available under the generator-
outage contingency, and its deliverability within each DN is enforced
by constraints (1j)—(1q). Rate of change of frequency (RoCoF) is not
imposed as a separate algebraic constraint in the clearing model and
is instead evaluated ex post in the case studies using time-domain
simulations.

The PCC LMP and RLMP are obtained from the LL dual variables as

LMP
more ==Y+ D n¥,

lecT

tFFR
oM = Ny @, =) - = (A ) - —
lecT 44f \/A7

sys

-¥,+ v - (9] (3a)

Ah
(3b)

Because H,” is treated as an exogenous security input from an
external unit- commitment schedule rather than a traded decision vari-
able, the present lower-level clearing does not include a separate
inertia product or inertia price. Unit start-up and shut-down decisions
therefore affect the reserve-clearing outcomes only indirectly through
the hourly values of H;”* and P!°*. The reported RLMP reflects the
marginal value of deliverable frequency response at the PCC under

those fixed commitment-dependent conditions.

4. Solution methods

The proposed optimal scheduling model has a hierarchical structure
and exhibits non-convex characteristics. Therefore, the LL model is first
reformulated using the KKT optimality conditions, converting the bi-
level problem into a single-level MPEC problem. Subsequently, two
linearization techniques are applied to transform the model into a MIS-
OCP formulation, and penalty coefficients are introduced to minimize
the SOC relaxation gap, resulting in the final tractable optimization
model.
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4.1. MPEC reformulation

The KKT optimality conditions of the LL model can be utilized to
equivalently transform it into a single-level MPEC problem as follows:

min (1a) (4a)
=SL
s.t. (1b) - (1q), (2b) - (2h), (4b)
CutY,—@, + &, — D] + P,
—_— —_—k
- Z Yli(f/y, - lPl,z + Zfr - lPl,t) =0ie QT,VI, (40)
lecT
— —% Aa 11
PFR t t
G =8, +2, ~ P + P, + o~ B
- Z Vli(ZT,r - il,t) =0, ieg"v, (4d)
lect
|4z a?], < .. v, (4e)
0<(p,-P)L@, >0, ied" v, (4f)
0<(P,-p,) L@, >0, ieg" v, (4)
0< (Z V1P, — Z YisPoss — Z Vi Pi(,it
iegT se1 ieDT
+L) L, >0, 1eL" v, (4h)
0<(= D vupis+ D Visboss + 2, 7P
iegT s€T ieDT
+L) LW, >0, leLT v, 4D
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0< (P -p, - L@, 20, ied v, (4m)
0= Y 1y, + %)
ieg”
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sel
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ieDT
0<= Y 1o, + 5™
iegt
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seT
+ Y P +L) LW, >0, 1eL v, (40)
ieDT

where the single-level model includes all decision variables from both
the UL and LL models, as well as the dual variables associated with the
LL model.

The complementary constraint of SOC constraint (2h) represents a
significant challenge in converting the model into an MPEC. However,
if the SOC relaxation gap is negligible, the complementary constraint
of the SOC constraint can be considered already satisfied [37]. In
this model, owing to the minimal SOC relaxation gap of (2h), the
complementary constraint can be ignored, as validated in Section 5.4.2.

4.2. Transformation to MISOCP

4.2.1. Linearization of complementary constraints
The complementary constraints of the MPEC reformulation model
can be relaxed using the Big-M method, as follows:

0<alb>20-a20,b>0,a<M(1—-u),b< Mu )

where M is a sufficiently large value, and « is a binary variable.
Through this, constraints (4f)-(40) can be linearized.
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4.2.2. Linearization of bilinear terms

The objective function of the MPEC reformulation model consists of
bilinear terms z(Y'"py, ; and x5 " pf'R, which are non-convex. These
terms are linearized using strong duality theory [12]. As this theory
ensures that the objective function values of the primal and dual
problems in the LL problem are identical, the objective function of the

MPEC reformulation model is transformed as follows:

: PFR _PFR
min Z(Z(C,-,,P,-,,+C,~,, )

teT \iegT
+ Z P:dt(YI - Z Vi (Zl,x _ald +£7,1 _ajr))
ieDT lecT
—s# —PFR ) — —x | —
+ Z 'Qi,zPi - Z ((21‘,1 +9;r)£i - (@i,t +¢i,t)Pi)
iegt iegh
+ Y ((fu +V, Y +¢it)f,)
lecT

sys Ploss

+ f;O(A?J’_HI) + \/IEAE
+ Z Z (Ci,t,spi,t,s + CFtF?prl})) ©

s€L jegP

A step-by-step derivation of Eq. (6) for the convex LL SOCP is
provided in Appendix.

4.3. Final single-level model based on SOC relaxation gap recovery

The SOCP-based AC-OPF formulation is a relaxed form in which
quadratic constraints are converted into SOC constraints. As a result,
the feasible region of the optimization problem expands, potentially
leading to an SOC relaxation gap that may reduce the accuracy of
the model. Moreover, this inexactness becomes more pronounced when
the optimal solution lies at the upper bounds of current or voltage
variables [38,39]. Therefore, this issue must be addressed to accurately
represent network constraints in the system operation model. To over-
come this challenge, a penalty term is introduced [37,40], as follows:

min  (6)+€ ) D D @05+ @) (72)

= €T s€I jjerd
s.t. (4b) — (4e), (7b)
The linear form of (4f) — (40), (70)

where ¢;;, and ¢j;, = are respectively defined as ¢;,, + v;,, and
Chis t U Additionally, ¢ is the penalty coefficient, which is selected
by balancing the trade-off between the accuracy of the model and the

minimization of system operating costs.
5. Case studies
5.1. Test data and implementation

This section considers two integrated TN-DN test systems. Case
Study I uses an IEEE 14-bus TN connected to two IEEE 33-bus DNs,
as shown in Fig. 3(a), to isolate the effects of FFR introduction and to
examine the feasibility of coordinated TN-DN operation under network
constraints. Cases 1-3 are conducted on this system. Case Study II uses
an expanded IEEE 39-bus TN connected to ten IEEE 33-bus DNs, as
shown in Fig. 3(b), to investigate large-scale multi-DN coordination and
the scalability of the proposed formulation. Case 4 is conducted on this
system. Representative generator and DER groups used in the IEEE 14-
bus TN, IEEE 39-bus TN, and IEEE 33-bus DN systems are summarized
in Table 2.

The hourly scaling factors in Fig. 4 are applied to load, PV gen-
eration, and the base offer prices of energy and reserve to construct
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Fig. 3. Test systems for the case studies: (a) IEEE 14-bus TN with two IEEE 33-bus DNs for Cases 1-3; (b) IEEE 39-bus TN with ten IEEE 33-bus DNs for Case 4.
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Fig. 4. Hourly scaling factors used to construct the day-ahead datasets: (a) load and PV generation, (b) energy and reserve offer prices.

Table 2
Representative generator and DER groups used in the test systems.
Number Min P Max P Base Offer Price ($/MW) Inertia
(MW) MW) Constant (s)
Energy Reserve
4 10 100 30 15 10
TN 14 4 10 80 35 17.5 9
3 10 50 40 20 8
3 10 100 35 17.5 10
TN 39 5 10 80 40 20 9
3 10 50 45 22.5 8
2 0 1.5 15 7.5 0
2 0 1 20 10 0
DN 33 2 0 0.5 25 12.5 0
2 0 0.2 30 15 0

day-ahead datasets over a common 24 h horizon. Differences among the
test networks are retained through their own demand levels, resource
capacities, and network data. The hourly load and PV profiles in Fig.
4(a) were derived from the public datasets in [41,42]. In the case stud-
ies, PV-based DER availability follows forecasted day-ahead profiles.
The cleared DN-side energy and FFR schedules should therefore be
interpreted under the assumed PV availability.

The base energy and reserve offer prices in Table 2 are benchmark
values used to construct the hourly offer curves in Fig. 4(b). The reserve
offer prices were set relative to the corresponding energy offer prices.

The inertia constants in Table 2 are representative values selected with
reference to prior studies [43]. The nominal frequency is set to 60 Hz,
the maximum allowable frequency deviation is set to 1.0 Hz, and the
delivery times of FFR and PFR are set to 0.25 s [44,45] and 8 s,
respectively.

In the case studies, system inertia was calculated as the sum of
the products of inertia constant and rated capacity for the online
synchronous generators except the selected largest-loss unit. Inertia
contributions from DERs were not considered. The hourly largest-loss
input followed the N — 1 definition given in Section 3. If multiple
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Fig. 5. TN-side energy and reserve procurement schedules in case study I: (a) Case 1, (b) Case 2.

Table 3
Hourly FR requirements in case study I with and without DN-side FFR (system inertia treated as an exogenous input)
Time System Case 1 Case 2 Ratio of FR
(h) Inertia (GW s) in Cases 1 and 2
PFR (MW) PFR (MW) FFR (MW)
7 6.28 191.08 191.08 0.00 1.00
8 6.28 191.08 186.82 1.16 0.98
9 6.68 179.64 171.55 2.34 0.97
10 6.68 179.64 168.30 3.30 0.96
11 6.68 179.64 167.31 3.59 0.95
12 6.68 179.64 167.06 3.66 0.95
13 6.68 179.64 168.19 3.33 0.95
14 6.68 179.64 170.35 2.69 0.96
15 6.68 179.64 174.11 1.60 0.98
16 6.68 179.64 179.10 0.16 1.00
17 6.68 179.64 179.64 0.00 1.00

online units had the same largest rated capacity, one representative
unit was selected. The selected unit was not allowed to provide PFR
and did not contribute to the system inertia calculation. The optimal
operation model is formulated as a MISOCP, implemented in Python,
and solved using Gurobi 12.0.1 on a workstation with an Intel i9-
13900K CPU and 64 GB of RAM. To separately assess the value of FFR,
the impact of network constraints, and the scalability of coordinated
TN-DN scheduling, the following four cases are considered.

Case 1: Joint energy and PFR scheduling with network constraints.

Case 2: Joint energy, PFR, and FFR co-scheduling with network
constraints.

Case 3: Joint energy, PFR, and FFR co-scheduling with relaxed
feeder-level DN constraints.

Case 4: Joint energy, PFR, and FFR co-scheduling with network
constraints on the expanded TN-multi-DN system.

All four cases are solved under the same SOC-based frequency-
security formulation in (2h), while the case variations concern the
availability of DN-side FFR, the treatment of DN feeder feasibility, and
the system scale. Cases 1, 2, and 4 are the network-feasible cases used
for the main operational comparisons, whereas Case 3 is included only
as a benchmark to quantify the effect of neglecting feeder-level DN
feasibility.

5.2. Case study I: Effects of FFR introduction and DN feasibility

Case Study I focuses on an integrated TN-DN system with one TN
and two DNs. Case 1 serves as the network-feasible baseline with joint
energy scheduling and TN-side PFR only. The comparison between
Cases 1 and 2 isolates the effect of introducing DN-side FFR under the
same network constraints. The comparison between Cases 2 and 3 uses
a benchmark with relaxed feeder-level DN constraints to quantify the
impact of neglecting DN network feasibility on scheduled DER support.

5.2.1. Changes in FR requirements with FFR introduction

Due to the differences in dynamic capabilities between traditional
generators connected to the TN and inverter-based DERs connected to
the DN, their effectiveness in arresting frequency deviations differs.
Consequently, even under identical system operating conditions, the
total FR requirement may vary. Fig. 5 shows the TN-side energy and
reserve procurement schedule, and Table 3 reports the associated FR
requirements in Cases 1 and 2. In Fig. 5, energy from TN generators
and PFR from TN generators denote the contributions of TN resources.
Energy purchased from DNs and FFR purchased from DNs denote the
interface quantities procured from the DNs at the PCC. The most visible
change between the two cases appears in the reserve composition
rather than in the energy schedule. In Case 1, since DN-side FFR is
not available, the FR requirement is covered solely by TN-side PFR
across all time periods. In contrast, in Case 2, FFR is scheduled from DN
resources during certain hours, leading to a reduction in the scheduled
amount of PFR from TN resources.

The effect appears from 8 h to 16 h. During this interval, the
scheduled FFR increases from 1.16 MW at 8 h to 3.66 MW at 12 h,
while the required PFR decreases from 191.08 MW to 186.82 MW at
8 h and from 179.64 MW to 167.06 MW at 12 h. The reduction is
most pronounced between 11 h and 13 h, when the ratio of total FR
requirement falls to 0.95. At 16 h, the scheduled FFR decreases to 0.16
MW and the required PFR almost returns to the Case 1 level. At 17 h,
no FFR is scheduled and the two cases become identical again.

The comparison between 7 h and 17 h also confirms that the
scheduling results consistently reflect the exogenously specified inertia
conditions. At 7 h, the system inertia is 6.28 GW s and the secured PFR
is 191.08 MW, whereas at 17 h the system inertia increases to 6.68 GW
s and the secured PFR decreases to 179.64 MW, even though no FFR is
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Fig. 6. DN-side energy and reserve procurement schedules in case study I: (a) Case 2, (b) Case 3.
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Table 4

Hourly DN-side DER energy and FFR awards in Cases 2 and 3, showing that neglecting network constraints may overestimate

deliverable support.

Time Case 2 Case 3 Ratio of Energy and
(h) Reserve Cases 2 and 3
Energy (MW) FFR (MW) Energy (MW) FFR (MW)

8 0.00 1.16 0.00 1.16 1.00

9 0.67 2.34 0.67 2.34 1.00

10 2.32 3.30 2.32 3.30 1.00

11 3.30 3.56 4.34 3.56 1.15

12 3.49 3.63 4.79 3.63 1.18

13 3.39 3.30 4.28 3.30 1.13

14 3.10 2.69 3.11 2.69 1.00

15 0.64 1.60 0.64 1.60 1.00

16 0.00 0.16 0.00 0.16 1.00

scheduled in either case. This is consistent with the intended scheduling
behavior. Lower exogenous inertia leads the model to secure more PFR,
while the availability of DN-side FFR allows the PFR schedule to be
reduced further.

5.2.2. Impact of neglecting DN constraints on DER energy and reserve
scheduling

Fig. 6 shows the DN-side energy and reserve procurement schedules
in Cases 2 and 3. Table 4 summarizes the awarded DER energy and FFR.
In Fig. 6, energy imported from the TN denotes the energy purchased
at the PCC. The terms associated with DN 1 and DN 2 denote DER

energy and DER FFR procured from DERs within each DN. When the
DN is represented in aggregated form at the PCC without enforcing its
internal network constraints in the scheduling process, the awarded
DER support becomes larger even though the physical DN remains
unchanged. The discrepancy is concentrated from 11 h to 13 h, and
the ratios of Case 3 to Case 2 for the combined DN-side energy and
FFR award are 1.15, 1.18, and 1.13, respectively. This should not be
interpreted as additional physical DER capability. Rather, it indicates
that neglecting internal DN network constraints can overestimate the
deliverable support from DERs.
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Breakdown of internal costs, net PCC settlement, and operating costs for Cases 1-3 in Case Study I.

Case TN ($) DN ($) Net PCC Settlement ($) Operating cost ($)

PFR Gen. Energy FFR DER Energy TN DN Total
1 57,869 306,101 0 625 -313 363,657 938 364,595
2 56,863 306,798 97 433 11 363,672 519 364,191
3 56,862 306,675 97 470 135 363,672 432 364,104

Note: “Net PCC settlement” denotes the net transfer payment between TN and DN for energy and FFR transactions, calculated by applying the
PCC LMP and RLMP to the corresponding cleared quantities and aggregating them over the study horizon. A positive value indicates a net
payment from TN to DN, whereas a negative value indicates a net payment from DN to TN. Because this is an internal settlement between TN
and DN, it reallocates operating cost between them but does not affect the total operating cost. The breakdown of this quantity is provided in

Table 6.

Table 6

Breakdown of accumulated PCC transaction payments for Cases 1-3 in Case Study I.

Case Energy purchased by TN FFR purchased by TN Energy sold by TN
from DN at PCC ($) from DN at PCC ($) to DN at PCC ($)

1 1292 0 1605

2 602 1053 1644

3 731 1048 1644

Note: The “Net PCC Settlement” in Table 5 is computed as the payment for energy purchased by TN from DN at the PCC plus the payment
for FFR purchased by TN from DN at the PCC, minus the payment for energy sold by TN to DN at the PCC. A positive (negative) net value

indicates a payment from TN to DN (from DN to TN).

The voltage profiles in Fig. 7 explain this result. In Case 2, the max-
imum, minimum, and average voltages are 1.050 p.u., 0.930 p.u., and
0.988 p.u. In Case 3, these values become 1.072 p.u., 0.930 p.u., and
0.989 p.u. The relaxed case therefore produces higher midday voltages
and awards that would not remain feasible under the network-feasible
schedule. These results confirm that explicit DN network modeling is
necessary to prevent the overestimation of DER support in coordinated
TN and DN scheduling.

5.2.3. Operating cost effects of DN-side FFR introduction

Table 5 summarizes the operating cost results for Cases 1-3. The
comparison between Cases 1 and 2 shows that introducing DN-side
FFR lowers the total operating cost from $364,595 to $364,191 and
reduces the TN internal procurement cost from $363,970 to $363,661.
However, the net PCC settlement changes from —$313 to $11, which
means that it changes from a net receipt from the DN to a net payment
to the DN. As a result, the TN operating cost increases slightly from
$363,657 to $363,672, while the DN operating cost decreases from
$938 to $519.

Table 6 and Fig. 8 explain this result. The hourly PCC LMP and
RLMP determine the settlement of the cleared interface energy and
FFR quantities. Once DN-side FFR is introduced, part of the economic
benefit appears as a change in the PCC settlement rather than as a
direct reduction in the reported TN operating cost. Therefore, the slight
increase in the TN operating cost should be interpreted as a PCC settle-
ment effect, not as evidence that low-cost DN resources are ineffective.
In this paper, the main contribution is not a large reduction in the
TN operating cost. It is the coordinated scheduling framework that
explicitly distinguishes TN-side PFR and DN-side FFR, enforces feeder-
feasible delivery of DN-side FFR, and explains how the reserve mix and
PCC price signals affect procurement and settlement separately.

5.3. Case study II: Expanded-system scalability and scheduling of fast and
primary frequency response reserves

Case Study II considers an expanded IEEE 39-bus TN connected
to ten IEEE 33-bus DNs to assess scalability and large-scale TN-DN
coordination in a multi-DN setting, and to examine how hourly oper-
ating conditions are reflected in the co-optimized energy and reserve
exchange schedules at the PCC and the associated PCC price signals.
Time-domain validation is then performed for Case 4 to confirm that
the optimized schedules satisfy the frequency-security requirements in
representative hours.
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Fig. 8. PCC prices of energy and reserve in Case Study I.

5.3.1. Expanded-system scheduling results and PCC price signals

Tables 7 and 8 summarize the internal cost breakdown, the net
PCC settlement, and the resulting settlement-adjusted operating costs
of the expanded case. The total internal cost is $399,221, consisting of
$395,567 in the TN and $3654 in the DN. On the TN side, generation
energy remains the dominant internal cost component at $334,920,
followed by PFR procurement at $60,647. On the DN side, the internal
cost consists of $3022 for DER energy and $632 for FFR. The net PCC
settlement is positive at $23,706, indicating a net payment from the TN
to the DN. Therefore, the settlement-adjusted operating costs become
$419,273 for the TN and —$20,052 for the DN, while the total operating
cost remains unchanged at $399,221. The negative DN operating cost
should be interpreted as a settlement-adjusted accounting outcome, not
as a negative physical operating expense.

Table 9 reports representative scheduling results for hours 10 h
to 14 h and shows how the prespecified TN operating condition is
reflected in the cleared quantities and PCC prices. At 10 h, the sched-
ule procures 124.22 MW of PFR together with 16.48 MW of DN-
side FFR, with corresponding PCC LMP and RLMP of $28.00/MW
and $61.78/MW, respectively. At 11 h, the prespecified TN oper-
ating condition leaves the synchronous TN units with virtually no
remaining upward operating margin, so both additional energy ad-
justment and PFR provision become tight. Accordingly, DN-side FFR
increases to 24.71 MW, while the PCC LMP and RLMP rise sharply to
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Breakdown of internal costs, net PCC settlement, and operating costs for Case 4 in Case Study II.

Case TN ($) DN ($) Net PCC Settlement ($) Operating cost ($)
PFR Gen. Energy FFR DER Energy TN DN Total
4 60,647 334,920 632 3022 23,706 419,273 —20,052 399,221
Table 8
Accumulated PCC transaction payments for Case 4 in Case Study II.
Case Energy purchased by TN FFR purchased by TN Energy sold by TN
from DN at PCC ($) from DN at PCC ($) to DN at PCC ($)
4 4576 29,249 10,119
Table 9
Co-optimization results for TN and DN resources and resulting PCC prices.
Time Committed TN (MW) DN (MW) PCC ($/MW)
(h) Units
PFR Gen. Energy Headroom FFR DER Energy LMP RLMP
10 11 124.22 654.82 70.96 16.48 12.58 28.00 61.78
11 10 113.62 656.38 0.00 24.71 11.02 133.25 397.87
12 11 118.92 635.75 95.32 18.32 17.45 39.50 46.33
13 10 113.53 656.47 0.00 24.74 10.93 133.25 397.87
14 11 146.26 647.62 56.12 9.19 19.78 30.88 27.03

Note: A synchronous headroom of 0.00 MW at hours 11 and 13 indicates that the reserve constraints are fully binding.

Table 10

Frequency-response metrics extracted from the PSS/E validation in Case Study IL

Time System FFR PFR Nadir Nadir RoCoF (0-0.5 s) RoCoF (0-1 s)
(h) Inertia (GW (MW) (MW) (Hz) time (s) (Hz/s) (Hz/s)
s)
10 6.80 16.48 124.22 59.003 7.725 0.201 0.064
13 6.08 24.74 113.53 59.002 7.492 0.238 0.073
17 6.80 0.00 176.47 59.008 6.117 0.227 0.078

$133.25/MW and $397.87/MW. The RLMP rises more strongly because
the frequency-security reserve requirement becomes binding and the
scarcity of deliverable fast reserve is reflected directly in the reserve
price. A similar scarcity pattern appears at 13 h, where the RLMP again
reaches $397.87/MW. By contrast, at 12 h and 14 h, more upward
operating margin remains available in the synchronous TN units, as
indicated by the remaining synchronous reserve capability of 95.32
MW and 56.12 MW, respectively.

Under these less tight conditions, the PCC LMP and RLMP are
moderated, and the interface schedule becomes less scarcity-driven.
These results show that the cleared quantities and PCC prices respond
consistently to the prespecified TN operating condition. When the avail-
able upward margin in the TN becomes tight, both the PCC LMP and
RLMP increase, and the RLMP responds more strongly because reserve
scarcity becomes binding. When more upward margin is available,
the PCC prices are moderated and larger DER energy awards become
feasible.

Taken together, the cost decomposition and hourly price behavior
show that the proposed coordinated TN-DN scheduling framework
remains economically interpretable in the expanded multi-DN setting.
When TN-side operating margins are tight, the PCC settlement becomes
reserve-driven and the interface prices increase, with the reserve price
responding more strongly. When the operating condition is more re-
laxed, the price pressure eases and larger DER energy participation
becomes feasible.

5.3.2. Time-domain validation of scheduled frequency response

Fig. 9 and Table 10 present the time-domain validation results for
three representative hours in Case Study II. The selected hours include
two FFR-supported periods at 10 h and 13 h and one PFR-only period
at 17 h. These hours were selected to highlight three distinct operating
conditions. Hour 17 provides a PFR-only reference. Hour 10 allows

11

comparison with 17 h under the same system inertia, which isolates
the substitution of DN-side FFR for part of TN-side PFR. Hour 13 shows
that, even under lower system inertia, scheduled FFR can replace part
of slower PFR and still maintain comparable frequency security.

The dynamic simulations were carried out in PSS/E. TN genera-
tors are represented by the standard GENROU, IEEET1, TGOV1, and
PSS2 A models, while converter-interfaced DERs are represented by the
aggregated CBEST battery inverter model. This model is used only as
a generic dynamic surrogate for converter-interfaced FFR and does not
imply a battery-dominated DN resource mix. The same parameter set
is retained across the tested hours to preserve comparability.

All three hours remain above 59.0 Hz at the nadir. The nadir values
are 59.003 Hz at 10 h, 59.002 Hz at 13 h, and 59.008 Hz at 17 h, with
corresponding nadir times of 7.725's, 7.492 s, and 6.117 s, respectively.
These results confirm that the scheduled reserves satisfy the imposed
nadir requirement in all tested hours.

The activated reserve traces also illustrate the distinct dynamic roles
of FFR and PFR. At 10 h and 13 h, FFR is deployed almost immediately
and relieves the initial burden on PFR, whereas at 17 h the required
support is supplied mainly by PFR. The comparison between 13 h and
17 h is particularly informative. Although the system inertia is lower
at 13 h than at 17 h, the scheduled FFR keeps the early RoCoF close
to that of 17 h. The 0-0.5 s average RoCoF is 0.238 Hz/s at 13 h and
0.227 Hz/s at 17 h, whereas the 0-1 s average RoCoF is 0.073 Hz/s at
13 h and 0.078 Hz/s at 17 h. Moreover, both hours satisfy the 59.0 Hz
nadir requirement, even though the 13 h case uses a markedly different
reserve mix and a lower total scheduled FR volume. The 13 h nadir is
only slightly deeper, while the nadir time is delayed from 6.117 s at
17 h to 7.492 s at 13 h, indicating that fast inverter-based response
can substitute for part of slower PFR and still maintain comparable
frequency security. The time-domain results therefore confirm both the
adequacy of the scheduled reserves and the complementary dynamic
characteristics of FFR and PFR.
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Table 11
Solver-reported computation time, model size, and final mixed-integer pro-
gramming gap of the proposed MISOCP for Cases 1-4.

Case 1 Case 2 Case 3 Case 4
Time (s) 0.85 0.93 0.93 2.02
Cont. Var. 34,376 34,376 34,376 155,936
Bin. Var. 2824 2824 2824 5284
Constraints 40,486 40,486 40,486 161,179
MIP Gap (%) 0.00 0.00 0.00 0.00

5.4. Optimality gap and SOC relaxation tightness

5.4.1. Computational performance and scalability

Table 11 reports the solver-reported computation time, model size,
number of constraints, and final mixed-integer programming (MIP) gap
of the proposed MISOCP for Cases 1-4. Cases 1-3, conducted on the
IEEE 14-bus TN with two IEEE 33-bus DNs, are solved in 0.85-0.93 s
with 34,376 continuous variables, 2824 binary variables, and 40,486
constraints. Case 4, conducted on the expanded IEEE 39-bus TN with
ten IEEE 33-bus DNs, increases the model size to 155,936 continuous
variables, 5284 binary variables, and 161,179 constraints, while the
solver-reported computation time remains 2.02 s. The final solver-
reported MIP gap is 0.00% in all cases. These results support the
computational tractability of the proposed formulation for day-ahead
coordinated TN-DN market clearing at the studied scale. Since the
present work focuses on day-ahead scheduling rather than real-time
dispatch, real-time applications and substantially larger systems would
require additional acceleration strategies, which are left for future
work.

5.4.2. Penalty-coefficient selection and SOC relaxation tightness
The penalty coefficient in (7a) is introduced to tighten the DN SOC
relaxation. Since it is a numerical regularization parameter rather than
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a market parameter, it should be selected so that the relaxation gap
is reduced without materially affecting the clearing solution. Fig. 10
shows the relaxation gaps of Egs. (1i), (1q), and (2h) and the objective
value of Eq. (6) for different penalty coefficients. The gap of Eq. (2h)
remains zero over the tested range, while the gaps of Egs. (1i) and
(1q) decrease rapidly and become nearly unchanged at 1.2. Beyond this
point, the objective value of Eq. (6) also shows no material variation.
This indicates that further increasing the penalty coefficient provides no
practical improvement in relaxation tightness and does not materially
change the recovered objective under the tested cases. Therefore, the
penalty coefficient is set to 1.2.

6. Conclusion

In the case studies, distribution-side FFR reduced the scheduled
amount of transmission-side PFR, and feeder-level constraints affected
the amount of distribution-side energy and reserve that could be
awarded. In the reduced system, lower exogenous inertia increased
the required PFR from 179.64 MW to 191.08 MW. FFR reduced
total frequency-response procurement by up to 4.9%. When feeder
constraints were neglected, the combined distribution-side energy and
reserve award was overstated by up to 18%. In the expanded system,
the largest case was solved in 2.02 s with a 0.00% optimality gap, and
time-domain simulations kept the frequency nadir above 59.0 Hz in
all tested hours. Overall, these results support coordinated day-ahead
clearing that explicitly differentiates PFR from FFR and enforces reserve
deliverability. The present study focuses on day-ahead scheduling
under fixed hourly security parameters and forecasted PV availability.
Future work will consider tighter coupling with commitment decisions,
uncertainty-aware scheduling, broader distributed-resource portfolios,
and larger-scale implementations.
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Appendix. Detailed derivation of Eq. (6) using strong duality

For notational brevity, the derivation is presented for a fixed hour
t. Summing the resulting identity over all + € 7 yields Eq. (6).
The LL problem at hour ¢ is the following convex SOCP:

2 <Ci,tp/t CPFRP,PFR) Z (COJ,SPO,I s

FFR FFR
CO t,s pO 1,5 )
=t iegT seT

(A1)

subject to (2b)—(2h). Since the objective is linear and the feasible set is
described by affine constraints and one SOC constraint, the LL problem
is a convex SOCP. Under Slater’s condition, strong duality therefore
holds.

Define
. d
Fio = ) vubis— D Visboss = Dy VP A.2)
iegT sel ieDT
. PFR FER d
Foi= ) v + 00 = Y o + P = Y v Pl (A.3)
iegt sel ieDT
HY  FFR
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¢ = + — D, (A.6)
fo 447 ; b ™ ’PFR g "
so that (2h) is written compactly as
[“’] <ep (A7)
b, )

with the dual-cone variable (A;‘,Af, I1,) satisfying ”[A';‘ A;’]T”2 <TI,.
The LL Lagrangian is

LL
T (zp,, T = 3 P >
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. . = — . -
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L,. Using the

i.e., (4c)—(4d), and

At the saddle point, strong duality gives JI- =
stationarity conditions with respect to p;, and pf FR,
collecting the remaining terms yields
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Using the price definitions in (3a)-(3b),
— —
M =Y+ Y o, -V ), (A.11)
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Eq. (A.10) becomes
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Substituting (A.13) into the UL objective (1a) and summing over
t € T yields Eq. (6).
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