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SIMULATION OF SYNCHROTRON MOTION WITH RF NOISE
t 

B.T . Leemann, E. Forest, Ind S. Chattopadhyay 
sse Central Design Group,- c/o Lawrence Berkeley Laboratory. Berk.ley. Cal1fornta USA 94120 

A8STRACT 

We d.scr1b. the theoretical (omulation behind 
an algorithm for synchrotron phase-space track1ng 
w1th rf nofse and some pre11~1nary s1~ul.tlon 
results of bunch diffusion under rf n01s. obtained 
by actual tracking. 

1. Introduction 
Amplitude and phase n01s. 1n the vol tag. of I 

radto-frequency (rf) cavity 1n a storage r1ng 
'nducls diffusion of partlel.s tn I storld bunch 1n 
the longttudin.l synchrotron phase SpIC., tn absence 
of other damping mechanisms ( • . g., synchrotron radf
atton). Such n01s1 1n the low-l,vll rf system 
siver.ly limited the bea~ lIfe-time In the Initial 
operatIon of the SPS at CERN.~ A stable oscillator 
(VCO) wIth a very low nols. flgur. and I phase f.ed
back loop with a carefully chosen loop transf.r 
function to reduct the ove,all noise pow.r at the 
synchrotron frequenc YI as s •• n by the b ••• , cur.d the 
probleM It the SPS . ~' lh' study of rf noise Ind pos
sible cur.s to reduce the Induced bunch diffusion 
contlnu. to be Important for future la'i' storage 
rings such IS the SSC In the USA. 

Th. basic theory of bunch diffusion und.r rf 
nols. Is w.ll dev.'oped. a ,. Th.r. has also be.n I 
pr.ll~lnary computer simulation of the eff.cts of rf 
noIse on synchrotron motIon by "lzumachl . ' In this 
paper we descrlb. , synchrotron phase-space tracking 
for I be •• of particles se.lng rf nols. that dlff.rs 
from the pre~lous work' In three additIonal aspects: 
(a) us. of an Impro~.d longItudInal phase-space 
'n~a~Ilnt derl~ed fr~ the discrete synchrotron map; 
(b) generltlon of rf phase nols. wIth temporal auto
corrt :at10n tak.n Into account; Ind (c) InclusIon of 
th' effects of rf phlSI feedback us.d to reduce the 
noIse power s •• n by the bea~. In the following we 
descrIbe the theoretlc.l fonmulltton b.hlnd the 
algortth. uSld to Inc Iud. thiS. f.aturlS Ind some 
prillminary sl~latton results of actual tracking. 

2. Olscr.te Synchrotron "40 and InvariAnt Without 
t!.2.!.l.l 
Thl turn-by-turn ftnlt. dlfflrence equatIon for 

partIcle .at Ion In a stationary non-accelerating rf 
buck.~ '.s - 0 or _) In Ibs.nc. of n01s. Is glv.n by 
the IMP' 

.,: 
wh.re 

Pn• l - Pn • - k~(·n) 

·n+l -·n • Pn+l ' 
(1 ) 

(2) 

H.r. Ps and v, ar. the momentum and ~eloc'ty r,splc
tl~.ly of the r.f.renc. synchronous particle, 'Pn • 
Pn-Ps, .n - '.n - .n - .s art the .omentu. and 
rf phase de~tattons from the synchronous particle, 
h. the rf harmonic n~er; q, the off-energy func
tion; Y the peak rf voltage; Ind. the electric 
charge of the partIcles. The functton g{.) des
crtb., the shipe of the rf ~olt4g. with 

g(t> 2.) • ~(.) 

~(O) • ° (3) 

(stationary bucket). Typically g(.) • sin., with 
small amplltud. synchrotron osclllat10ns sampling an 
alnost linear rf volta9' g(.) ••• In both clses 
g'(O) • 1. In ~.nlral, with higher ha","nlc clvl
tl., on. hiS the Fouri.r s.r1ls representltton 

• • 
~(.). I A 5In(n.); ~'(O). I An·n 

n-l n n-l 
(4) 

With LandlU clvttt.S u,ed to Increa'e synchrotron 
fr.quency spreld by producIng a nonltn.ar bucket. 
onl us.s 9 1 (0) - 0, while for the purpose of ~xlmal 
11nelr1zatton of the bucket In order to r.duc. rf 
noise eff.cts, on. uses g'(O) .1. 

Th. !lOp "lin Eq. (1) can b. dec_oud Into thl 
following two ~ps (with barred and unbarred vari
abl.s corresponding to success Iv. turns) 

.1_ .1 
• .I.(k) (5) 

.1: • • • • P .I.(k) : • • • • (6) 

j5 • P ji • P-k~(.) 

This Is reprlslntld In Fig . l(a). To simplify thl 
mathematics and improve the accuracy of th' dlscr.te 
longitudinal In~arlant obtatned perturbltt~.ly lat.r 
on, 1t 1s con~enlent to rewrite the abo~. m.p Ind 
~arlables so as to refer always to the cent.r of the 
cavity, with new variables; •• and P • (P+ji)/2 . 
The new mae; Is obtained by I s'~'larlty tra",
formation." • .I,(kl2)K.If,(-kl2) and can b. written 
IS _ k k 

.1 • ",(2) .' •. ',(2) (1) 

This 1s r,pr.sent.d in F1g. l(b) . An 11t.rnatt~e 
but .qulvll.nt r.fonmulatlon would be obtained tn
st.ad by alwlYs ref.rr1ng to the c.nter of the arc . 

I 

• 
III 

-
FI~. 1. 

••• 
'-IP.'"2 

Ibl 

For 1lne.r rf vol tag. g(.) • fL tt Is .asy to 
obta'n the quadrattc invariant of .#. The matrix 
repr.sentatlon of the ltnear transronmatlon Is 

[

1 - ~ 

- ~(2 ~) 
(8) 

From the usual Courant-Snyder th.ory. w. must ha~e 
for the Twiss paramet.rs 
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II • tun. of M. 
(9) 

• _ --1- y • s1n. '. ~ _ 0 
a- S 1 n ... 

Fr~ Eq. (9). we dlducl lom.dlatlly thl quadratlc 
tnvarlant of.; 

I _ ,'.(sln'.)-' p' - ,'.(P.p/2s1n.)' . (10) , 
Clearly this invariant d.grades IS w. go away 'r~ 
thl or191n ln (,. P) - spacl. slncI thl 11nllr 
approxtm.tton get) • t b.comes 1ncr.as1ngl~ less 
accurate . Th. 'nvariant 12 is correct to all 
ordlr. In • (and honcl k) but 1. only quadratic ln 
( •• Pl. Thlroforl In I,pln.lon ln (,. P) 1. not thl 
b.st choic. . Fortunat.l~, the t.mporal synchrotron 
tun. II 1s usually v.ry sm.ll (II - 10-') for large 
storage rings and provid.s us wtth a small para
met.r that can b. Ixplotted In I conv.rglnt p.r
turbatton sch~ . It is thus preferable to keep the 
nonl1near1t~ tn (t. P) to all ord.rs and Ixpand in 
II. Th, r.sulting invartant will b •• aact 1n the 
nonlinearity and expanded up to a c.rtain ord.r of 
the sm.ll parameter II . (Thts 1s exactly opposlt. 
to the treatment of nonlinear transverse betatron 
motion where one stay, eaact 1n the b.tatron tunes 
va ' v • whtch art larg. and .xpands tn powers of x. 
P • • yYand Py), 

A well-defined p.rturbatton approach for the 
higher order (tn II) tnvar'ants ts provided by the 
Lte-alg.bra'c method,- wh.r. one rlWrltes . Ar~ and 
.,.(k/2) In t,~s of Lte op.rators 

P' k k 
.', - up( : -z :); ,',(i) - exp( :-ir (.):) (11) 

where. • 

r(.) - 019(.)d. - f-. y(.) (12) 

and : f :g - (f. g) ( 13) 

is simply the Poisson bracket op.ratlon. T(.) 1s 
of order 3 and higher In . , cont.'nlng purely the 
nonltne.r part of the rf voltage. The llne.r parts 
of the ~p can b, lumped together . thus giving for 
the full I1\Ip 

k - k 
/I - UP( : -ZY(') : )' '''LUP(:-zy(') : ) (14) 

",here 
- k J' k 

" L - "P( :-i":)"P( :-i : )e.p(: -i" : ) 

- o.P( :~ I, : ) ( 15) 

If we can find an H such that.;. eap ( :H: ), thin H 
ts an Inyar tant . w. introduc. a ·s~llness· para
~ter o. ultt~t.ly to bl set to untty , such that 
- k - k 

1i (0) - u P( : -"2"r<.) : l.'L(o) exp( : -"l'('):) ' (16) 

Assu~tng the t.tstenct of H(G) tn the fOnmll power 
serl.s (1n d) sensl as follows -

( 17) 

one can then verify that- H(-d) - -H(a). so that 
only the odd powers n • 1, 3. S •. .. are present tn 
tht e xpan~lon . On. can derlv. a differential equa
tion forK(d) with respect to 0 and ustng the prop
ertt.s of Lte operators and th.lr adjotnt repre
sentation, one obtatns· a hterarchy of equattons for 

thl vlrlou. Hn' For the itlndlrd cavlty klck with 
r(.) • l-cOI, • w. obtatn- , 
H,-Ts"tii;("'ln'.+ 1')H'ln'(~) (CO,.-l.!z ) (1 B) 

H _ l N.ln'(N/21( ln )'. 
• 3 s'n~ s.-. 
i N,.ln'(N/21(.ln'.(,.ln.-.') - P'(co • .-l)) (19) 

stn'lI 

For thl gln.rll rf voltlgl glvln by Eq. (4) 
gl(O) - O. on. obtains 

H - --- • 4.ln'(M) I--l' { - An 
I. 2 2 n-1 n 

H, - ~ln'(~)(I An.ln(n.) -.)' 
n-l 

-!sln'(M)J' InA (co.(n.)-l) . 
3 2 n-1 n 

wlth 

(20) 

(21 ) 

It 1. II'Y to chIck thlt H ln Eq . (lB). to ordor 
II', can be wr i tt.n as I. 

OM l' 
H, - -[2" + .1n'. r(.)) . (22) 

Th's is the sa~ IS the ·conjlctured- Dome-M1znmachl 
nonltnear tnvarlant for the discrete synchrotron 
map.'" We have not only recovtred but Improyed It 
[Eq. (18)] and obtained htgh.r order Invartants as 
WIll (Eq. (19). ItC . ) by I ,y.temotlc porturbltlon 
5ch".. . 

We havI tracked particles In the synchrotron 
pha'i spact, without nots •• for man~ synchrotron 
o,cl11atlon. u,lng thl I1IiP .lglvln by Eq. (1). 
and comput.d the ltnear quadratic Inyar1ant 1 [Ea' 

~~~~1(2~~j ~~~l~~:a~t~~~:~!U~~~~n!~;a~~::~~a~t:~ 
H, and H. [Eqs. (lB) and (19)) given by our porturb
atton schemeA for comparison . The r.latlve d.vl
atlons of Hq~ and H. art shown tn F1gs . 2(a) and 
(b) . Tht tmprovement In the Invariant 1s rem.rkable 
and obvious frOM the flgurl . 

3. 01)cret. Synchrotron Map Wtth Notse 
In the bunch frame. any devtatlon of the 

dlslgned pur. sinusoidal rf fl.ld ts seen by the 
particles IS a nols. tn the magnitude and s1gn of 
the voltage. In the laboratory frame w. can con
veniently decompose any devtatlon of the rf voltagt 
V tnto a phase error (error tn zero-crosstng) and an 
ampl1tudl error as follows 

Y - YO(1") .In(t ..... ) • (23) 

wher. I and. are tn. relative ampl'tude and phase 
no'se values . wtth thefr randomness dett~ln.d by 
the nature of thl notse source . Stnce for the same 
nols. power llVlls, thl phase noise ts mort destruc
ttve than the amp11tudl notst to the bunch phase
phas • • • •• WI neglect amplttude notse In thts artlcl. 
fr~ now on (a. O). 

. Thl turn-by-turn ftntte dlfferenc •• quatton for 
partlcl. motion as given by Eq . (1) arl modIfIed In 
presence of phase nolsl to 

Pn• l - Pn - -kg('n) 

·n.l - .n • Pn+l + ·n+1 -·n . 
(24) 

It Is conyentent to refer the particle phase r.la· 
ttve to a ftx.d 'deal rf waYefonm (wtth no no ' se) at 
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the loca l ized rf cavity (thin lens longitudinally), 
rather than relattve to the J1ttery rf wlv. fonm vith 
noise . In the frame of this absolute clock run by 
the Ideal cavity. the synchrotron map with phase 
nols. ~y b. rewritten as 

Pn+1 - Pn • -kg(·n + .n) 

( 25) 

This Is the fOnM w. us.d In th' actual tracking . 
Th. phase noise ~ results frOM the sampling of 

a rand~ proc.ss every turn. For tracking with Eq. 
(25). on. will hav, to gen.rat, s.qu.nc.s of th.s. 
rand~ nu~ers C.n}. consistent with the r,allstlc 
nols. characteristics of i drlv.n rf cavity. We 
thus turn to thts tssu. In the n.xt s.ctlon . 

• . "tI-14 

i 

o ....... ...-' ....... ~\..>.......<.......)~'-'\'-""j"-'-..J....,.. \ ...... .1"-'-' 
o. I... . 2"~ . laO, . .~~ • . 

""'..-
FIg. 2(.) 

""' ...... 
FIg . 2(b) 

4. Generatton of AF Hotse for Synchrotron 
Pha se-Spac, Tracktng 
Th. phasl notse of the rf cavity voltage Is 

charact.rtzed by a pow.r spectrum and h.nce a cer
tatn autocorrelatton tn ttme (vi. a Fourt.r trans
formation) . The notse sl,n by a part'cl, turn-by
turn ts correlated temporally according to this 

autocorrelation function . It 15 n.c,ssiry for the 
tracking algorithm to b. Ibl. to construct rlndom 
phase nols. at any turn. baSld on its valu.(s) It 
previous turn(s) . such that the gen.rated n01s. ov.r 
a larg. numb.r of turns '5 consistent with the known 
autocorr.lation patt.rn. This 15 the elassle prob
'.m of mean sQuare .stlmatlon In nols. th.ory . ' 

In the It.'tlng CIS. of a memory-l.ss noise 
sourc. corr.spondlng to delta-corr.latlon In t t~. 
the noise Is trivially g.n.rat.d by sampling a c.r
t.'n (Gaussian. for .xampl.) distribution of rand~ 
varlabl.s, g.n.rat.d b~ a random numb.r g.nerator 
~Ith d1ff.r.nt s •• ds. k •• ptng the ~s • of the 
distribution the saml at all samp11"gs . 

For f1nlt. autocorr.latton times. w. have to 
Includ. memor~ .ff.cts . For arbttrary corr.lat10n 
patt.rn wtth "-StlP memory, w •• sttmat. the not,. 
~ at the nth st.p bV the l1n'Ir combtnat'on of the 
past M 'f'alulS 

IS " • • I 0 •• n-fll • (26) 
n ... 1 

IS 1 O.~ndlng thot thl Irror (~-.. ) bl orthogon. to 
the data (.n-l' ... , .n-M) 1. • . , 

"n-l - ~ o •• n .... l.n_p' • 0 for p ·1 • . . . " (27) 
... 1 

guarant.,~ th.t the n.an squlr •• rror <I~ ,:sl a> Is 
~1n1~. ' Th. eo.fflcl.nts a~ ar. th.n d.t.~in.d by 
solving the M simultan.ous Eqs. (21) for the M 
unknowns I~'S 1n t.~s of the autocorr.,.tlons 
A • <9nI.n~. for stattonary nols.. Th. condl
tTonal vartanc. It the nth st.P. giv.n ~-l,"" 
9n-M' .quals the n.an square .sttm.tton Irror' 

" .0 I • <I.n - I 1~.n~la) 
·n ·n-1.· ·· ' ·n-M .. 1 

(28) 

The g.n.rat.d nols. s.qu.nci 19n} 15 'atd to form I 
"-potnt Markov chlln. Th. algorlth~ i.ts unn.c.s
sarily cOftpllcatld for M>2 . In th' fol1~Ini we 
provld. two "gor1th~s for M • 1 and 2. 
(a) On'-Dotnt Morkov chotn algorithM 

Th1s '5 the usull Markov proc.ss wh.r. the nots. 
at the nth st.p dep,nds on only the n01s. at the 
(n-1)th st.p . Th. notse gen.ratlon follows a 
st~le on.-stlp hopptng t.chntqu. IS tllustrated 1n 
Fig. 3. according to the follo~1ng 1ln.ar ~.n 
square .stt~tlon procldur. 

• n-4 n-3 n-2 

FIg. J 

, .. 
I 

n • 

(29) 

(30) 

(31) 

Stationarity and Markovian character demands RnRm 
- An~ wh1ch t~l1.s the unlqu. solution An - d& 8-'" 
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the localized rf cavtty (thin len~ longitudinally). 
rath.r than relattve to the jittery rf wav.fo~ with 
no1s.. In the frame of this absolute clock run by 
the ideal cavity. the synchrotron m.p with phase 
n01s1 ~y bl rewrttten as 

Pn• l - Pn • -kg('n • .n) 

( 25) 

Th1s 1s thl fo~ WI used 1n thl actu.l tracking . 
The ph.~e noise ~ results from the sa~I1ng of 

• random process every turn. For tracking with £q. 
(25). one will h.ve to generate sequences of these 
random numbers I.n) , conststent wtth the r.altstic 
noise characterlsttcs of a driv.n rf cavity. WI 
thus turn to th1s tssul 1n thl nlxt 'Ictlon. 

' .I"C-" 
.... 

' . 7Ul-ts 

r 

......... 
•• 

. . .... - lI 

•. · .... -1. 

' .ZlII-li 

J 

, 

1\ I~ ~1 Vl 

/i\ 
II 
/ 

I I 

\ j \ 
11M . l •• ~ . JO(I' . 

""' ...... 
Fig. 2(a) 

" 

: : . 

l ~: : 
. , 
! I : 

.. : 
l ~t: ' 
; , , , 

. ! 
" 

\ J 
u •• . 

• tltI. tI "'-.J. ...... .L..u...t..... ........... "-..... <~.!o...J..!"-...... c..~...!J. .. I ... . 

""' ...... 
Fig. 2(b) 

IOU . . .... 
4. Generation of RF Hotse for Synchrotron 

Phasl-Spac, Tracking 
Th, phase nots. of the rf cavtty voltage t5 

char.ct.rlz.d b~ • power sp.ctr~ .nd h.nc •• cer
t.tn autocorrelatton In t'~ (vi. a Four'.r trans
format'on). The notse sten by a parttcle turn-by
turn 15 correlated temporally accord1n~ to thts 

.utocorrelation functton . It ts necessary for thl 
tracking algor1thm to b. able to construct randOM 
phasl n01s1 at any turn, basld on tts v.lul(s) It 
prlv10us turn(s). such that thl g.nlrated n01s1 oVlr 
a largl numblr of turns Is cons1stent w1th thc known 
autocorrllatton pltt.rn. This Is thl class1c prob
ll~ of mean square .st1matton 1n noise thlory .' 

In the limiting case of a memory-less notsl 
source corr.sponding to delta-correlatton 1n time. 
the noise 1s trivially genlrat.d by sampl1ng I cer
ta1n (Gaussian, for I.ample) dlstr1bution of r.nd~ 
vartables. generated by • random numb.r generator 
wtth d1ff.rent seeds. k.eplng the nMS • of the 
dl.trlbutlon tho sa .. at all samplings. 

For f1ntt. lutocorrelatlon times, w. hay. to 
includl ~mory effects. For arbitrary correl.tlon 
pattern with "-st.p memory. we .stlmate the notsl 
9n at the nth st.p by thl l1n.lr (o~tnltlon of thl 
put .. valu" 

os M .n . I "II .n... (2&) 
,..1 

Demanding thlt tho .rror ( .. ~s ) bo orthogonll to 
the data (.n-l' •• • I .n-M) 1.1 .• 

<."-1 - ~ 1 •• n~l.n-p) - 0 for p - I, • .. " 
.1 

(21) 

guarant.ls thlt the ~an square Irror <Itn ~sla> 1s 
min1~.' Thl cOlff1clent1 'N .r. then dete~tned by 
solving the .. simultaneous [qs. (21) for thl .. 
unknowns I.I S In t.~s of thl autocorrelations 
A - <tnl9n~. for stlttonary n01se . The condt
tTon.' vartanc. It the nth st.p, ~tv.n 9n-l ••.. ' 
tn-N' equals thl ~an squire esttlAitton error' 

" ~. I - <I·n - I ',,·n .. ") ·n ·n-l. · ·· · ·n-M .. , 

" • R - I o ,..1 
(28) 

Th. generat.d n01s1 sequencI Itn) 15 s.td to fOnl a 
"-potnt ~rkov chain . The "gorlthm gets unn.c.s
slrtly conpltcat.d for M>2. In the following we 
provide two Ilgorlthms for" - lind 2. 

4 

(.) On.-polnt M.rkov chltn algor1thM 
This Is the usual Markov proc.ss wh.re the noise 

.t the nth st.p dep.nds on only the noise at the 
(n_1)th st.p . Th. notsl generltton follows I 
stllPle one-step hopping t.chntquI a1 tllustrated 1n 
Fig . 3. according to the following l1ne.r me.n 
squire estt~tton proc.dur. 

• "-4 

• 

n-3 "-2 
Fig. 3 

o.n'.n_l-Ao-a1A,-GO(1 -a:> (G~-AO) 

,
I 

" 
• 

(29) 

(30) 

(31 ) 

Stattonarity and Mlrkovl.n character demands RnA~ 
• An+m whtch Impl1_s thl untqu. solutton An _ ~& e-Gn 



• 

• 

the above expectation. as shown by the results plot
ted In Fig. 5. The growth of a1 scales with the 
strength of notse anolse and the agreem~nt of thl 
above two stays preserved. The actual tracking 
Included 2xlO' revolut1ons In the r1ng. 

The long ten. transport coefftctents of dtffusion 

<In -10> <(In -10) '> 
A· T and A· T (42) 
I."r 'I"r 

(1, • revolution t'me) can be derived fr~ short 
te~ single particle tracking with independent 
notsl samples for several synchrotron pert ods . The 
results have been compared to • direct numerical 
Iteration of the Lte-algebral, map K(n) for the 
motion with nol •• [Eq. (24) or (25)1 gl •• n by 

In • . I(n) 10 

",,"(n) ... p(:-POf, : ) .. p( :P.'. : ) •• . •• . 

n •• p( : -Pn_1f n: )KO 

n+1 
(In-Io) • - I [I~-'PO' IOlfl 

1.1 
n.1 

+ 1 I ,,1-1 
2 1.1 0 

n+1 n+1 
+ I I [,,~-1po,rg~-1po' loll flf j •. .. 

1·1 j.I.1 

(43) 

and thin p.rfonm'"g averag.s over notse samples . 
Her, # 0 15 the map wi thout nots. . The agree~nt of 
the two r.sults are exatt within comput.~ accuracy . 
Using Eq . (43), on. can .1so v.rlfy analy t lc.l ly 
that the co.fflcl.ntl A Ind A In Eq. (42) sattsfy 
the usual fluctuatlon-dlsslpatfon relation Ai • -~ 
aAJ/~IO. This Is constst.nt with the obs.rvld ZI~O 
slop. of '1 IS' function of time (Fig . 1). slnc. 
the slopi of 01 ~,. tine (Fig . 5,6) Is found fro. 
tricking to b. r.l.tlv.ly Indlp.nd.nt of 10 for the 
amplltudl' consld.r.d. 

Th •• ff,ct of th' slngl, st.p corr.latlon (Eq. 
29) on the growth r.t. of G' for an ensemble of 
particles 15 shown In FI9s . I6. and 6b . In thl' c.s • 
• n .nsenGl. of 42 coh.rent p.rtlcl.s. dlstrlbut.d 
alon~ H.C •• P) • ".(120 d.gr •• s . 0) hiS been tr.ck.d 
for 200 synchrotron p.rlods . Flgur. 6 shows the 
r'sults for •• a (z.ro turn-to-turn corr.'atlon) 
wht 1. the r.sults for ca • 0. 5 Ire shown In Fig . • 
6b . Th. obs.r~.d .ff.ct Is In agreement with the 
r.sults obtaln.d fr~ Iveraglng the square of the 
analytic equltton (Eq . 43) for the approprlat. nots • 
fIOd., • 

1. Conclusion 
W. ha~e d. scrlbed some theoretical asp.cts of 

synchrotron phase-space tracking with rf phas.-nols. 
and feedback effects . Preliminary tracking results 
ar. consistent with exp.ctattons and valldat. the 
algorithm. Tn. effects of phase feedback are 
pr. s.ntly und.r Inv.stlgatlon . 
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