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a) First stage - "FOCUSING IN DIFFERENT MODELS OF COLD OVERDENSE
PILASMA-ELECTRON BUNCH SYSTEM".

Focusing of relativistic electron (positron) bunches
is considered in three different descriptions of cold
overdense plasma-rigid electron bunch systemn.

Iﬁ all three models Coulomb component of field exists.
For large values of the bunch Lorentz-factor it is negli-
‘gible in comparison with the wake field component.

Total charge and current densities in general are not
compensated. For narrow bunches they are nearly propor-
tional to each other. The resulting focusing force is a
complex combination of magnetic and electric forces,
which relative strength depends on bunch parameters.

The obtained results in case of narrow bunches are
practically indepéndent from the considered models.

The general formulae for focusing force are obtained,
whicﬁ can be used for estimates in planned experiments.

Particular cases of narrow, short and long bunches dis-
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cussed and focusing gradient calculated for the experi-
ments performed at ANL, Tokyo University-KEK and UCLA.

Results of these stage were presented to\LBL in Interim
Report on March 1994, in talk on 6th Workshop on Advanced
Accelerator Concepts, Abbey on Lake Geneva, Wiscononsin,
June 1994, and also presented for publication in "Parti-
cle Accelerators".

b) Second stage -~ "INVESTIGATION OF THE FOCUSING AND WAKE FIELDS OF THE
SEQUENCE OF RELATIVISTIC ELECTRON AND POSITRON BUNCHES
MOVING IN COLD PLASMA".

We considered the focusing éf ﬁhe bunch of electrons
(positrons) moving in wake field generated by sequénce
of N-1 cylindrical bunches with uniform distribution of

rV-1),

the charge with the densities ﬂlk (/(‘—‘ ’1, Z,

lengths dL . radius a and the distances in bet-
ween Zz . We used the linear approximation when
the condition Ay, SN, <1 is fulfiled. (/%,

L
is the density of plasma electrons in equlibrim, plas-

ma is neutral, ions are immobile).
1. THE GENERAL SOLUTION OF THE LINEAR EQUATIONS.

The rigid bunch of electrons with the density ﬁ203i9,3=23_b6f
. > 00 0
is moving in cold neutral plasma with the velocity Vo (, zléll In
linear approximation the components of the momenta of plasma elec-
.—, .
trons /D (/2 , 0, /g ) obeyed the system of eq-

uations, formulated in [1-3].

32/0;5 4 ?/0 2
Jzor / ’92 F/B ‘ (i)
P 2 2
P [r 3r )]_737 Kf’ﬁez
= - ;/32?1%/’13(5 2/ 1y '

/(/D—_—w/,/%) =4rne’/m A= /c y=(1-4)"
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Introducing in (1) the Hankel transformations:

L= [Bor Lopd, Alo=[Lo5 %604,
’ | (2)
TGa2)=[Rord (g)dr , R = (7025 8y,

where \Z ("}') and J ("}) are the Bessel functio‘n of the
zero and first order, the system (1) become
2
-———'-— L 2 72_ +/cz/6’27:0,
)iz % (3)
a Z, 2 A2 2
}9_2_..+5 2 kfﬁl,z—;/eml{,#(},a))

Az 2)= f L2, 7 ),

Excluding the function T(F/ %) from system (3) it is possible to

obtain the following eq. for A (}'}%}

2’/

2y @ 2
St f (kp=)*') 55+ a%é ~ Ky W=

| 2 2,2 2

where szf/g ‘IL‘} .
Solving the eq. (4) by Gteen function method for finite solution with
the boundary condition L (2 — + oo )“" 0 from (2) we get
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_ ""‘V"Zoof ﬁf(f,%)fj(rf)[ k sk, (¢-2)0(x-2) +

k/, +52
:(2 ~yx|2- 2] J ,
+ e }-cl%,
49% ] (5)
:aa—%@ —-/;,%Vﬁ/#(} 07 (er)dF — k ’"V/f fif}"%)
_oy)e/i-

)k sink (422) B-2) + LA 2]4}.4%

where

6-2)=

The components of electromagnetic fields and force, acting on elec-

tron bunch are defined through (5) by formulae

A E__\i'a,? c (3R 2A
7 — e )z 6~ e \22 2r )2

/E:—e (Ek-ﬁge):—% sll? g (6)

2. SELF-FOCUSING OF THE SINGLE BUNCH.-

For completness and comparison with the results obtained for -
the sequence of driving bunches, let us present here the expression

for focusing force in case of the single uniform electron bunch, when
5



n, ,rel-do]  rsga,
n, (r2)=

0 , E[-d0] roa;

A= ﬂl; I, (ag),

and from (5-6) focusing force is

/_r W, oo 24 [ f(?) f j(&})] (l‘}')a,}+
(7)
J @) (r7) | J
2/ J} (k +}2)(/(/5 }2) A[&/})C’/f %
where
Q 2>0, ,
2G)=31-coskr , —d<z50,
—Zsznkf-‘zi—-s‘in/?(a+~g—)) 2<-d;
E-a/g_;: e—yx (2+d) 250
- , )
/L(%,}): 2_@4’“%__ e‘)’x(%'fd) ) —d\<2\<0)
eYX(EHCU eyxa— 2 emd
—_ 5 )
Consider the case when eXP (-J//gkfc{/z > I 11 we have A(%)}).’::Z
 in the middle of the bunch and A(%,})ﬁ 1 at the edges of

the bunch (see fig.l). Using this approximation and performing the in-

~ tegration in (7) for FSYZ : we obtain

£ = w;m,% a {-;@)L (YN a)+(44/z)[I, (k,r) K, (,2)-
L Goprik pal], , (8)
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where ;Z

4 and 2(4 are the modified Bessel functions. In (8)
1

the factors (1/2) are taken for the middle of the bunch and

for the edges consequent ly. For the case of narrow bunch when

focusing force is linear on r, we have

r

Fe-wpmptf-[imeesi = (2) 73] (9)

As it is evident from (9) for the region of the bunch, where

2
i+f
;%zsdfz—a';mwf 7 (10)
/C the
the force is defocusing) ,-Zto (see fig. 2) due to presence

of the Coulomb field, so self-focusing is absent for the short bunch-

es d<Xd,

. -2 . L . o .
the force, proportional to j’ , in ultrarelativistic limit 1is

. From (9) follows that Coulomb component of

small, and can be neglegted, as it was done, for example, in the pri-
mary work [4].

3. FOCUSING IN THE WAKE FIELD OF THE TRAIN OF BUNCHES.

For the chain of cylindrical bunches with the radius a

k-] X1

nﬁk 5 (dk+_Z'Ls)\<%\< —ZAJ‘)
0/ "2?45 L2<- (GIK+KZ‘£Z’S))

1, (r¢a )=



k th

where wm -the electron density of bunch,

d # / . . '

¥k —the length of K bunch, X i1s the distance bet-
ween /(ﬂ‘ and (k‘*i)ﬂ bunches. Radial force, acting on

electrons moving behind the chain of N-1 bunches with the velocitylé
from (5-6) is

£ Ly h@;‘[‘i,'(& K, (g2 )G (3)+ (12)
1

oo 4 .52
" Zio (x; rEr Ko P+ § Z'(af)'z (r f)/% (2g)dy ] 5
where N » |
C®=) 1 gt » Hep)=2 rphy (25),

gc(%)_-_-—zgm%ﬂgmkp(ngi—f—z L),

T +de+ 5 /
/lx(%}'ﬁeﬂ( + &Z;AS) __@xx(ﬂg :).

When /Vﬂ bunch, which must be focused, is located on such a

distance that €Xp (—/}lgo (fy) &1

the second term in (12) contained integrals is negligible and for the
simple case, when nKK:”? ) C/x=Cl ) /sz ’ from (12)

- follows

;r’f“’: Wi n 72’10.4 a7, (K, (k) 4 sin X2

(13)
Sin ko, (W i)""g*d d NV
h . , a
' &x'f:/( g Skl g 2 £ (rd)]
P9 g




From (13) it is evident that focusing force reached its maximum value

when

(“z“d =na, ,  d=gTen, (1)

where /’21) n,=1, 2/...

For the case of narrow bunches, K/a a<«<1 ’ when condi-

tions (14) are fulfilled, from (13) follows (see fig. 3):

/;AL1::quﬂlé%%"éwﬂ‘1)<y1r@%£::

NG

=47n0'r (N-1)cask 2,

so the focusing force is enhanced by a factor N-1. It is necessary to
add to (15) self focusing force of the single bunch, given by (9),
which for large enough N can be neglected.

By the same way it is possible to obtain the longitudinal force act-
ing on the Nth bunch which follows the chain of N-1 bunches. Neglect-
ing the Coulomb component from /g -~ = Vo 9/05 /9% and

(5) we obtain



N
i
S

AN

In case of narrow bunches which are suitable for transversal focus-

ing (16) have the following form

/;‘Mz 9o 1, €* (W~ 1)/?, az[& (%:fl—g‘)-i' (i—- a’;)]&in‘go*, (17)

where é- £~ 0,577 —is the Euler constant.

The focusing bunch must be placed in the middle of the region with
the length ﬂ//Z , located on the distance 32,/4'!'/7./2/' (/2 =012 )

7 7

from the end of the bunches chain (see fig. 3). As it is seen from
(17) and fig 3. at this case the longitudinai contraction of the Nth
bunch is present, which however is weaker than than transwearsal one.
It is also nessery to remember that all this results are valid only

. the | . . . . . .
in ilnear approximation. This assumption puts certain restriction on

the number of driving bunches in the chain

Wy /hs «1.

This condition is restrictive enough and in order to avoid it, we
must consider the nonlinear effects.

It is interesting to mention here also that when (Jk?-/lkllf, (/1‘27)%.._)

the wake fields are absent.
10



c) IN ADDITION TO STAGES a) AND b) DESCRIBED ABOVE THE ATTEMPTS HAVE
BEEN MADE TO ELABORATE SUITABLE TECHNIQUE FOR TREATMENT THE NONLINEAR
EFFECTS IN PLASMA FOCUSING AND WAKE FIELD GENERATION.

In particular, the analytical treatment of the case of underdense
plasma was undertaken.

It was also noticedlfhat in all three models of cold plasma-rigid
electron bunch system, considered in [3] in linear approximation
the wake field component of magnetic field is zero. The physical rea-
son for this effect is the absence of energy flow in wake fields,
(see also results of work [5]).

If magnetic field is zero,iéyzinear approach too,electric field is
potential.

if plasma electrons are nonrelativistic (which also means that we
neglect‘a significant part of nonlinearities, (caused by the relati-
vism) and driving bunch is flat with the horizontal dimenéioﬁ much
larger than vertical one, it is possible to show that potential func-
tion }0 (}) 2= -1t ) obeys the following nonline-

ar equation:

4 1 Y
/Bz y 9/2

=0 (1)

(The Breizman-Tajima-Fisher-Chebotaev transformation of variables is
used [6,2-3)).

Exact solution of this eq. with separating arguments is the following

Y 2)= 4 ()Y (2),
v =%,

11
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where X is the separation constant and ¥ (2) nust

be found from equation:

A (3)

First integral of eq. (3) is

0 2x a3
Yo+ 35 A G,. (4)
The constant C2 is connected with the boundary conditions:
%(—d):% , %I(—d):}ﬂoj ,where -d is the posi-

tion of the rare end of the driving bunch,

y 2X .3

CZE%+3/62%
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If X >0 and C; >Ol , the implicit solution 'of eq. (3) |
e 2 2 \1/3
_ 3%/ p
Frd=n (27) [#(%,4)= (v, )] 27



where

J

A=75° ;fr;d:-zi- 2+7V3

i ()Y

G- (2
3/3262)

cos W

and F is an elliptic integral of the first order. Solutions (2),(5)
represent the nonlinear two dimensional wake field in the vi-

cinity of the bunch symmetry plane y=0. ("Paraplanar" solution; it

‘means that separation of variabies is possible only in this region

of space).

Further investigations of this particular solution as well as other

solutions of eq. (1) will be the subject of the future work. The pos-

vsibility of taken into account the relativism of the plasma electrons

also will be discussed.

A. Ts. Amatuni A Amatues

S. S. Elbakian . Z-Y%Mgbw
A.G. Khachatryan / %/ach f'r‘yzu
E.V. Sekhpossian E.Saﬂxﬁ/w&g
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Fig. 2

Focusing force for single bunch.
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Fig. 3
Forcies acting on Nth bunch,

following the chain of N-1 bunches.
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