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ABSTRACT OF THE THESIS

Equivalence of Kernel Methods and Linear Models

in High Dimensions

by

Mojtaba Sahraee Ardakan

Master of Science in Statistics
University of California, Los Angeles, 2022
Alyson K. Fletcher, Chair

Empirical observation of high dimensional phenomena, such as the double descent behavior,
has attracted a lot of interest in understanding classical techniques such as kernel methods,
and their implications to explain generalization properties of neural networks that operate
close to kernel regime. Many recent works analyze such models in a certain high-dimensional
regime where the covariates are generated by independent sub-Gaussian random variables
transformed through a covariance matrix and the number of samples and the number of
covariates grow at a fixed ratio (i.e. proportional asymptotics). In this work we show that for
a large class of kernels, including the neural tangent kernel of fully connected networks, kernel
methods can only perform as well as linear models in this regime. More surprisingly, when
the data is generated by a Gaussian process model where the relationship between input and
the response could be very nonlinear, we show that linear models are in fact optimal, i.e.
linear models achieve the minimum risk among all models, linear or nonlinear. These results
suggest that more complex models for the data other than independent features are needed

for high-dimensional analysis.
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Chapter 1

Introduction

Analysis of kernel methods have seen a resurgence after Jacot et al. showed in [33] an
equivalence of wide fully connected neural networks®, trained with gradient descent, with the
so-called neural tangent kernel (NTK). Since then, such equivalence to kernel models has
been established for many different architectures such as convolutional models and tensor
programs which shows this equivalence in a systematic way for almost all the architectures
that are used in practice [2,3,64,65]|.

Informally, we can describe these equivalences by looking at the first order Taylor expansion
of a neural network f(x;#) where 6 corresponds to all the parameters in the network and x
is the input. Assume that the parameters are initialized at random (often independently and
identically distributed with an appropriate distribution) to 6 and consider the first order

Taylor expansion of f(x;6) with respect to 6 around 6y

f(2;0) = f(z;600) + (Vo f(x;00),0 — o).

where (-, ) denotes the standard inner product in ¢2. It can be shown that in wide neural

networks with certain random initialization of parameters, this linear approximation becomes

'Here wide corresponds to different notions depending on the architecture of the neural network, e.g. the
number of hidden unit in the the fully connected layers, the number of convolutional channels, etc. going to
infinity.



exact as the width of networks goes to infinity. This linear model in turn (modulo the initial
function f(z;6)) is equivalent to a kernel model with feature map = — Vyf(z;6y), and
hence the reproducing kernel K (z;,z;) = (Vo f(xi;60), Vof(x;;6p)). This kernel is called the
neural tangent kernel, and training neural networks with gradient descent is equivalent to
training a kernel model using gradient descent in the feature space of the NTK described
above. Equivalently, the neural network function would be the same (throughout the training)
as a function in the reproducing kernel Hilbert space (RKHS) induced by the NTK kernel
and learned by functional gradient descent. We briefly review the neural tangent kernel for

fully connected networks in the next chapter in Section 2.3.

Contemporaneously, there has been growing interest in high-dimensional asymptotic
analyses of machine learning methods in a regime where the number of input samples n and

number of input features p grow proportionally as

p/n— B,

for some [ > 0 and the data follow some random distribution. This regime, which we
call proportional asymptotics, often enables remarkably precise predictions on the behavior
of complex algorithms (see, e.g. [37], and the references below). Classically, parametric
methods were studied in the large sample limit where the number of samples tends to infinity,
but the number of parameters in the model is fixed. Examples of results of this nature
include consistency of estimators and asymptotic distribution of estimates such as asymptotics
normality of maximum likelihood or more generally M-estimators. Analyzing algorithms and
models in this asymptotic regime becomes a lot easier as many tools such as laws of large
numbers and central limit theorem come to our help in this regime. Unfortunately, despite
the relative ease of the analysis in this regime compared to the non-asymptotic regime, these
asymptotic results might not be a good predictor of the behavior of algorithms in practice as

in modern machine learning problems the number of parameters and the number of samples



are both large and often of the same order. For example, modern natural language processing
models such as GPT-3 [12] and Megatron-Turing NLG [62] have hundreds of billions of
parameters each and are trained on huge datasets such as The Pile [24] and data that is
scraped from the web. Similarly, text to image models such as Imagen [58] and DALL.E 2 [54]
also have billions of trainable parameters. In fact, this move towards the large models with
billions of parameters is a common trend in many machine learning tasks and one of the major
driving forces behind the improved performance of new models over the older and smaller
models [13]|. This trend of training ever larger models using very large datasets motivates us
to study machine learning models and algorithms in the proportional asymptotics regime. By
doing the analysis in this regime, one might hope that certain convergent behaviors might be
seen that make the analysis much easier, and yet since the number of samples and parameters
are of the same order, which is often the case in modern deep learning models, the results
that we obtain in this regime are hopefully still predictive of the real world performance of

such models.

Such high-dimensional analyses have also been instrumental in elucidating important
behavior such as the double descent phenomenon formalized by [9]. A surprising empirical
behaviour, the double descent phenomenon has been demonstrated to hold for a large class of
models in high dimensions including kernel models and linear models by [31] and [6]. This has
piqued the curiosity of the machine learning community regarding the asymptotic properties
of Kernel methods and their explanatory power towards understanding the generalizability of

neural networks.

In this work, we study kernel ridge estimators in proportional asymptotics. These

estimators are learned via a regularized empirical risk minimization

~ R
frer = argmin = L (yi, f(x:)) + M f[15:
=1

fen N T

where H is a reproducing kernel Hilbert space (RKHS) with reproducing kernel K (-,-), L is

3



a loss function, {(x;,y;)}", are the training samples, || - || denotes the Hilbert norm of the
RKHS, and A\ is the regularization parameter. We consider the training of such kernel models

in an asymptotic random regime similar in form to several other high-dimensional analyses:

Proportional, quasi-uniform large scale limit: Consider a sequence of problems indexed
by the number of data covariates p satisfying the following assumptions:

A1 (Quasi-uniform data) Training features are generated as z; = nY 22 € R? where z; € RP
has i.i.d. sub-Gaussian entries with Ez; = 0, E\zf = 1. A test sample, xys = Ei/zzts, is
generated similarly. The responses y; have finite second moment, i.e. E[y?] < co and
the data (x;,y;) are i.i.d. Further, the covariance matrix ¥, is positive definite with

|1X2]]2 = O(1), and 7 := lim,,_,, tr(X,)/p < o0.

A2 (Proportional asymptotics) Number of samples n and number of input features p scale

as lim,_,., p/n = B for some constant 0 < 5 < oo.

A3 (Kernel) The kernel function is of the form

lill3 (i, 25) ||$j||§)
K(z;,x;) = g< , , 1.1
(i, 7;) ) ) ) (1.1)
where g is C? around (7,7,7) and (7,0, 7).

Under these assumptions the main result of this work can be summarized as:
Kernel ridge regression offers no gain over linear models.

The class of kernels in (1.1) is quite large and includes many of the commonly used kernels
in practice. These include inner product kernels such as polynomial kernels and kernels that
are a function of the Euclidean norm such as radial basis functions and Laplace kernels.
Furthermore, the NTK of fully connected networks as well as residual networks with fully
connected blocks also have this form. Our result does not disregard kernel methods (or neural
networks) as a whole, but serves as a caution regarding the proportional quasi-uniform large

scale limit model while examining the asymptotic properties of kernels. A result of this nature

4



regarding the high-dimensional degeneracy of two layer neural networks has been studied
in [32]. Note that we use the term quasi-uniform to describe a data model that satisfies Al.
This is a non-standard terminology and it should not be interpreted as a data that spans the
whole space uniformly. Rather, we use it to describe data that spans the whole directions in

space transformed via a covariance matrix.

1.1 Summary of the Results

To be precise, we show three surprising results concerning kernel regression in the proportional,

quasi-uniform large scale limit:

1. First, we show kernel models only learn linear relations between the covariates x and the
response ¥ in this regime. Consequently, kernel models (including neural networks in the

kernel regime) have no benefit over linear models in this regime.

2. Our second result considers the training dynamics of the kernel and linear models. We
show that under gradient descent, in the high dimensional setting, dynamics of the kernel

model and a linear model are equivalent throughout training.

3. Finally, we consider the case where the true data is generated from a kernel model with
some unknown parameters. In this case, the relation between x and y can be highly
nonlinear. An example of such a model is that y is generated from z via a neural network
with random, unknown parameters. In this case, we show that in the high-dimensional limit,
the linear networks provide the minimum generalization error. That is, again, nonlinear
kernel methods provide no benefit and training a wide neural network would result in a

linear model.

The main take-away of this work is that under certain data distribution assumptions that
are widely used in theoretical papers, a large class of kernel methods, including fully connected

neural networks (and residual architectures with fully connected blocks) in kernel regime,

5



can only learn linear functions. Therefore, in order to theoretically understand the benefits
that they provide over linear models, more complex data distributions should be considered.
Informally, if x € RP covers this space in every direction (not necessarily isotropically), and
the number of samples grows only linearly in the dimension of this space, many kernels can
only see linear relationships between the covariates and the response. In other words, we
argue that if we seek high-dimensional models for analyzing performance of neural networks,

other distributional assumptions will be needed.

The proofs of our results rely on a generalization of Theorem 2.1 and 2.2 of [21] which
is presented in the Appendix in Theorem 4. This generalization might be of independent

interest for other works.

1.2 Organization of this Work

In Chapter 2 we review some background material that are used throughout this work.
We first briefly introduce reproducing kernel Hilbert spaces and the kernel ridge regression
problem. We state different formulations of this problem in function space, in feature space,
as well as the dual parameterization of this problem. Next, we review the Gaussian regression
problem which we use to show that linear models are Bayes optimal in the proportional,
quasi-uniform large scale limit. Finally, we summarize the neural tangent kernel results for
fully connected network as well as closed form recursive formulae to evaluate the NTK of
suitably normalized fully connected ReLU networks. These results are extensively used in
our experiments.

In Chapter 3 the main theoretical results of this work are presented. All of our results are
obtained in the proportional, quasi-uniform large scale limit. We first briefly review related
literature. Next, we show that in this asymptotic regime, kernel models learn linear models.
Then, we show that when kernel models that are trained by gradient descent in the feature

space, the models are linear throughout the training. Finally, we show that when the data



has a Gaussian process prior, linear models are in fact Bayes optimal, i.e. no learning method
can beat suitably regularized linear models. We conclude this chapter by providing a sketch
of the proof of the main results. The details of the proofs are deferred to the Appendix in
Chapter 5 for clarity of the text.

Lastly, in Chapter 4 we validate each of our theoretical results with a series of experiments.
We also include and example in which the Assumptions A1-A3 are violated and hence kernel
methods outperform linear models. We conclude this work with conclusions and future

directions.



Chapter 2

Background on Kernel Methods and

Neural Networks in Kernel Regime

In this chapter, we present a short overview of some of the concepts that are used frequently
in this work. We begin by briefly introducing reproducing kernel Hilbert spaces and kernel
ridge regression. Next, we review Gaussian process regression. Finally, we end this chapter

by reviewing the neural tangent kernel for fully connected networks.

2.1 Kernel Regression

In kernel regression, the estimator y(x) is a function that belongs to a reproducing kernel
Hilbert space (RKHS). A kernel K : R? x R? — R that is an inner product in a possibly
infinite dimensional space H called the feature space, i.e. K(z,2") = (¢(x), p(x'))% where
¢ : RP — H is called the feature map. With this feature map, the functions in the RKHS are
of the form f(x) = (¢(x), )2 which is a nonlinear function in x but linear in the parameters
6. In this work, we consider kernels of the form in equation (1.1), which includes inner
product kernels as well as shift-invariant kernels. Many commonly used kernels such as RBF

kernels, polynomial kernels, as well as the neural tangent kernel are of this form.
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In kernel methods, the estimator is often learned via a regularized ERM

er = Argmin — L(yi, f(zi)) + A , 2.1
fi }%67{ nz (vi )+ Al fII5 (2.1)

where L is a loss function and || f|l% = /(f, f)» is the RKHS norm. By writing f(z) =
(p(x),0) as a parametric function with parameters § € H, this optimization over the function

space can be written as an optimization over the parameter space as

-~

frer(@) = (6(2), )

§:argmm—25 (yi, (D(x:),0)) + A||0]|2. (2.2)

=1

Note that this optimization is often very high-dimensional as the dimension of feature space
could be very high or even infinite. By the representer theorem [61], the solution to the

optimization problem in (2.1) has the form

n

fker(:c) = Z K(x,x;)ay,

i=1

which is sometimes referred to as the dual parameterization since this form can also be obtained
from the dual formulation of the optimization problem in (2.2). By the reproducing property
of the kernel, it is easy to show that ||fker||§{ = a' K (X, Xi)a where a = [ay, ..., a,]T. The

optimization problem in (2.1) can then be written in terms of o as

= arg! min — Z L(yi, K (Xew, 7)) + Ao’ K (X, Xo) v, (2.3)

=1

where K (X, x;) = [K(x1,2),..., K(z,,x)]. Throughout this work, for two matrices of data
points X; € R™*? and X, € R"*P we use the notation K (X7, X3) to represent the n; X ng
matrix with [K (X7, Xs)];; = K (X, X2;). Observe that this optimization problem only

depends on the kernel evaluated over the data points, and hence the optimization problem in



(2.1) can be solved without ever working in the feature space H. If we let X, to represent
the data matrix with z; as its ¢th row, and y, the vector of observations, then for the
special case of square loss the optimization problem in (2.3) has the closed form solution

a = (1/nK (X, Xy) + M) "'y /n which corresponds to the estimator

K(.ﬁlf, Xtr)

fkrr(x) = \/ﬁ

1 —1
<—K(Xtr, X)) + )\I) Yir (2.4)

n

9

Similarly, when L is the square loss, the optimization problem in (2.2) is a quadratic

problem in the parameters 6 and has the optimal solution

~ 1 - Y
h= (5¢<Xtr>%><xtr> ' /\]> S(Xa)™Y,

where X, is the data matrix and ¢(X;r) is a matrix in which the ith row is ¢(z;). Therefore,

this model has the form

Fur(@) = 6(2)8

_ p@)p(X) " (1 T Y
G (LoxaoxaT 4 A1)

N

where we have used the so-called push-through identity

M+UUNYTU=UN+UTU)™!

which is commonly used in kernel methods. Note that (with some abuse of notation) the
identity matrices on the left-hand side and the right-hand side have different dimensions.
Also note that since K(z,y) = (¢(x), ¢(y)) this is exactly the same model as the one in (2.4),

which shows the equivalence of (2.1) and (2.2).

10



2.2 Gaussian Process Regression

A Gaussian process f is a stochastic process in which for every fixed set of points {z;},
the joint distribution of (f(x1),..., f(z,)) has multivariate Gaussian distribution. As in
multivariate Gaussian distribution, the distribution of a Gaussian process is completely
determined by its first and second order statistics, known as the mean function and covariance
kernel respectively. If we denote the mean function by p(-) and the covariance kernel by

K(-,-), then for any finite set of points

(£@), Flwa), o J(@a)) ~ N K,

where 1 the vector of mean values y; = p(x;) and K is the covariance matrix with K;; =
K (z;,x;). Next, assume that a priori we set the mean function to be zero everywhere. Then,
the problem of Gaussian process regression can be stated as follows: we are given training
samples {(z,y:) iy

yi=flw)+ & &'~ N(0,07),

where f is a zero mean Gaussian process with covariance kernel K. Given a test point i,
we are interested in the posterior distribution of ys 1= f(xs) + &s given the training samples.

Defining X, and y, as in previous section we have

. O |K(Xup, Xoe) +0%T  K(Xir, 24
Yt ’Xtr’xts N N ’ ( t t ) ( t t ) ,
yts 0 K(xtS,Xtr) K(xtmxts) +02

where K (X, Xi:) is the kernel matrix evaluated at training points. Therefore, we have

Yis|Yirs X, s ~ N (Uis Ufs) where

?/J\ts :K<xtsaXtr)(K(XtraXtr) +02[)_1ytra (2-5)

Ut25 :JQ + K(xtm :Ets) - K(xtsa Xtr)(K(Xtra Xtr) + 02[)_1K(Xtr7 xts)'

11



The minimum mean squared error (MMSE) estimator is defined as the estimator that

minimizes the square risk

Fanse = arg nfnnE[ms — F(Xe)? X v,
S

where F is the class of all measureable functions of X. For a given x, we have fMMSE(xtS) = Uis

where 7 minimizes the posterior risk

5@‘@) = E[(?/\ts - yts)Q |$ts, Xir, ytr]

and the expectation is with respect to the randomness in f as well as {§;}. The estimator
that minimizes this risk is the mean of the posterior, i.e. 35 in (2.5) is the Bayes optimal
estimator with respect to mean squared error and its mean squared error is £(zy) = ol
Note that while this estimator is linear in the training outputs, it is nonlinear in the input
data.

In this work, the problem of Gaussian process regression arises for systems that are in
the Gaussian kernel regime. More specifically, assume that we have training and test data
{(x;,y;)}; and (x4, yis) that are generated by a parametric model y = f(z,60) + £ where

¢ ~ N(0,0?). Furthermore, assume that conditioned on Xi, and @

[f (24, 0), f(z1,0), ..., f(z,,0)]",

which is n 4+ 1-dimensional vector of the function values on the training and test inputs is
jointly Gaussian and zero mean. Also, for x and 2/, in the training and test inputs define the

kernel function by

K(z,2") :=FEq[f(z,0)f(2,0)].

Then the problem of estimating 7;s can be considered as a Gaussian regression problem. An

important instance of this kernel model is when f(z, ) a wide neural network with parameters

12



f drawn from random Gaussian distributions and a linear last layer. In this case, one can
show that conditioned on the input, all the preactivation signals in the neural network, i.e.
all the signals right before going through the nonlinearities, as well as the gradients with

respect to the parameters are Gaussian processes as discussed below.

2.3 Neural Tangent Kernel

Consider a neural network function f(z,6) = &%) (x,6) defined recursively as

o (x,0) =z,

1
D (2 0) = —WOaO (2. 0) + 9o
(0% xZ, « z, ’
(z,0) T (z,0)

a¥(z,0) = o(a“(z,0)),

where o is a elementwise nonlinearity, W € R™+1*™ and 6 is the collection of all weights
W® and biases b¥) which are all initialized with i.i.d. draws from the standard normal
distribution. As noted in many works [17, 38,46, 50|, conditioned on the input signals, with a
Lipschitz nonlinearity o(-), the entries of the preactivations a® converge in distribution to
an i.i.d. Gaussian processes in the limit of nq, ..., n4,n, — oo with covariance X defined
recursively as
YW (z, 2" = ixTa:’ + ?
No

E(ZJFD (x’ xl) = E(U’U)NN(QZ(@)O’(U)U(U) + 192. (26>

Therefore, if the ground truth model that generates the data is a random deep network
plus noise, the optimal estimator would be as in (2.5) with the covariance in (2.6) used as

the kernel.

The main result of [33] considers the problem of fitting a neural network to a training

13



data using gradient descent. It is shown that in the limit of wide networks (i.e. ny, — oo
for all ), training a neural network with gradient descent is equivalent to fitting a kernel

regression with respect to a specific kernel called the neural tangent kernel (NTK).

When f(z,0) is a neural network with a scalar output, the neural tangent kernel (NTK)
is defined as

K(z,2":0) = (Vo f(x;0), Vo f(a';0)).

In the case of networks with multiple outputs, a multi-dimensional kernel is defined in a
similar way. In the limit of wide fully connected neural networks, [33| show that this kernel

converges in probability to a kernel that is fixed throughout the training

K(x,2';0) £ K(z,2';6,).

Therefore, the main result of [33] can be summarized as follows: training wide neural networks
is equivalent to learning kernel models in the RKHS induced by the neural tangent kernel

above.

Similar to (2.6), neural tangent kernel can be evaluated via a set of recursive equations
the details of which can be found in [33]. Similar results for architectures other than fully
connected networks, such as convolutional models, recurrent networks, as well as general
framework to show that most networks used in practice go to a kernel regime in a cetain

high-dimensional limit have since been proven (2, 3,64,65].

For a fully connected network with ReLLU nonlinearities, the NTK has a closed recursive

form given by [11]. Let f(x;0) = ,/—2—(wg,a™ V) with a®") = ¢(W,2) and

nr—1

Ng—1

2
a(e) =0 ( —Wga(z_1)> 5 622,...711—1,

where o(-) is the ReLU function, W, € R™*"-1 1, € R and all the parameters wr,

and W,, £ =1,2,...,L — 1, are initialized with i.i.d. entries drawn from N(0,1). Then the

14



Gaussian process covariance (i.e. the covariance of preactivations in the network)as well as

the NTK, K(u,v) := Kp(u,v) can be obtained recursively by

Se(u, ) = [l o] o (E“(“’“)) (2.7

[l

i
Ko(u, v) =S (u, v)+ K (u, v)ko (W) (2.8)
for ¢ =1,...,L and Ko(u,v) = Xo(u,v) = u'v where
ko(t) = 1/7(m — arccos(t))

ki(t) =1/7 <t (m — arccos(t)) + M) :

In most of our experiments in the next chapters, we validate our results by considering
neural networks that operate in (or close to) the NTK regime. There, we use these recursive

formulae to evaluate the kernel for deep ReLLU networks as well as its derivatives.
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Chapter 3

Equivalence of Kernel Methods and

Linear Models in High Dimensions

In this chapter we review some prior work and present the main results of this work. All
of these results hold in a certain high-dimensional regime which we call the proportional,
quasi-uniform large scale limit. Please refer to Chapter 1 for the details of this regime. First,
we show that in this high-dimensional regime, kernel models are equivalent to linear model,
i.e. the output of the kernel model is equal in probability to output of a linear model learned
from the data with specific regularization parameters. Second, we show that if gradient
descent is used to train the kernel model in feature space as well as the equivalent linear model
formulation, both of these models are the same throughout training. In other words, their
training dynamics also matches. Finally, for the case where the data has a Gaussian process
prior, we show that the linear models are in fact optimal. We validate all of these results
in our experiments. We also show empirically that if the assumptions of the proportional,

quasi-uniform large scale limit are violated, these results would no longer hold.
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3.1 Prior work

High-dimensional analyses in the proportional asymptotics regime similar to assumptions Al
to A3 have been widely-used in statistical physics and random matrix-based analyses of
inference algorithms [66]. The high-dimensional framework has yielded powerful results in a
wide range of applications such as estimation error in linear inverse problems [7,20,31,37,55],
convolutional inverse problems [59], dynamics of deep linear networks [60], matrix factorization
[34], binary classification [36,63], inverse problems with deep priors 23,52, 53|, generalization
error in linear and generalized linear models [22,26,27, 44|, random features [18], and for
choosing the optimal objective function for regression [1,8] to name a few. Our result that,
under a similar set of assumptions, kernel regression degenerates to linear models is thus
somewhat surprising.

That being said, the result is not entirely new. Several authors have suggested that
high-dimensional data modeled with i.i.d. covariates are inadequate [30,48|. The results in
this work can thus be seen as attempting to describe the limitations precisely. Several other
works have also shown linearity of certain non-linear models in high dimensions under either
more restrictive data distribution assumptions, for very specific models, or more restrictive
kernel classes [14,28,47|.

In this regard, the work is closest to [32]. The work [32] proves that for a two-layer fully-
connected neural network, the training dynamics are equivalent to a linear model in inputs.
They provide asymptotic rates for convergence in the early stages of training (¢ < O(plogp)).
Our result, however, considers a much larger class of kernels and is not limited to the NTK.
In addition, we consider the dynamics throughout the training including the limit.

The generalization of kernel ridgeless regression is also discussed in this setting in [40].
The connections to double descent with explicit regularization has been analyzed in [43|. The
authors in [19], characterize the limiting predictive risk for ridge regression and regularized
discriminant analysis. [16] provides the error rates for KRR in the noisy case, and the

generalization error in learning with random features with kernel approximation has been
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discussed in [42]. A comparison between neural networks and kernel methods for Gaussian
mixture classification is also is provided in [56].

The kernel approximation of the over-parameterized neural networks does not limit their
performance in practical applications. In fact, these networks have surprisingly shown to
generalize well [10,51,67]. Of course, in the non-asymptotic regime, these models also have
very large capacity [5]. While this high capacity leads to learning complex functions, it is not
always the case for the trained networks, and large models might still advocate for learning
simpler functions. Works such as [32,35] show that this simplicity can come from the implicit
regularization induced by the training algorithms such as gradient descent for early-time
dynamics. In this work, however, we show that in the high dimensional limit, this simplicity
can be a result of the uniformity of input distribution over the space. In fact, we show that

in this regime, kernel methods are no better than linear models.

3.2 Kernel Methods Learn Linear Models

In this section we show the first result of this work: in the proportional, quasi-uniform
high-dimensional regime, fitting kernel models is equivalent to fitting a regularized least
squares model with appropriate regularization parameters. A short review of reproducing
kernel Hilbert spaces (RKHS) and kernel regression was presented in Section 2.1.

Suppose we have n data points (z;,v;), ¢ = 1,...,n with z; € RP, and an RKHS H
corresponding to the kernel K(-,-). Let 7 = lim, , tr(X,)/p, ¥ € R™ be a vector with
¢i = |@ill3/p— 7, and ¢ = 1/n Y7, 9.

Consider two models fitted to this data:

1. Kernel ridge regression model ﬁ,, which solves

n

Foe = argmnin = 3 (s — £(2)) + Al (3.1)

n
fen i=1
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where || fllx = \/{f, f)# is the Hilbert norm of the function.

2. Linear model fhn(x) = (W, ) + Yol + }—%53 fitted by solving the ridge regression
problem
(1/1}, 52,53,54) =arg min J(w,92,93,04), (32)

w,02,03,04
n

1 2
J(w, 0, 03,04) = > (?Jz’ — (W, zi) — Y262 — %93 - ’7394¢4($i))
=1

+ AJwll + A(65 + 65 + 63),
where ¢4(z) = % and ;s are constants that are defined in Theorem 1.

Our goal in this section is to show that in the proportional, quasi uniform large scale limit
presented in Chapter 1 , the kernel model and the linear model are equivalent for specific
values of the scaling parameters v; and 7., and 3.

As we mentioned in Chapter 2.1, using the representer theorem [61], the optimal function

in (3.1) also has the form

Free(@) =Y K(z,2:)u,
i=1

where

1 -1
a = (EK(XtraXtr) + )\[)

SRS

which gives us the following kernel model on test data x

ﬁrr<x) =

K(IaXtr> K(Xtr,Xtr) - Ytr
+ A )

vn n vn
Similarly, the optimization in (3.2) is also a quadratic problem in w and 6;s which also
has a closed form solution. Note that even though ¢4(x) is a nonlinear feature and is used
in the learning problem, this feature is not used at the time of inference on the test data
and hence the model that is learned is linear. Using this feature at the learning phase would

affect the learned coefficients and hence if we completely ignore these features the models
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that is learned would be different. Therefore, even though the coefficient of ¢, is not used at
inference time, we cannot simply ignore this feature.
To state the result we need to define the following constants related to the kernel and its

associated function ¢ from assumption A3

2g trE%
= 9(7—7 07 T) + 8_23(7_’ 07 T) 2p2 ; (33&)
0
Cy = a—i(T, 0,7), (3.3b)
0
C3 = 8—51(7', 0,7), (3.3¢)

where z; and z3 denote the first and second argument of the kernel function g respectively.
Our first result shows that with an appropriate choice of 71, y2, and 73 the two models

furr and fi;, are in fact equivalent.

Theorem 1. Under Assumptions (A1-A83), if we use the same data to train fAkr, in (3.1) and

Fin in (3.2) with

— — 1/2
= \Jer+ 2y, = s = @Al - Bllae) ',

where the constants c1,ca, and c3 are defined in equations (3.3), then at a test sample, s

drawn from the same distribution as the training samples,

lim |ﬁin(xtS) - J?krr@tS)l £ 0.

n,p— 00

Proof. See Appendix A. O

When the kernel considered is an inner product kernel, i.e. norms of the data points are
not present in the kernel function, the results are simplified significantly. For these kernels,
c3 = 0 and hence both at the time of training and inference, the same linear model is used as

the coefficients of ¢, would be zero. This is stated in the next corollary.
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Corollary 1. Under the same assumptions as Theorem 1, if we further assume that the
kernel is an inner product kernel, i.e.

K(xix5) =g (M)

p

then the kernel model in (3.1) is equivalent to a linear model fi,(x) = v1{w, z) + v2b where

o 1
(W, b) = argmin - Z (i — 71 (w, ;) — 72b)” + A|w||2 + A0
w,b i=1

Therefore, in this case the kernel model is equivalent to a standard ridge regression
problem except that usually the bias term b is not regularized whereas here we are also

regularizing the bias term.

Remark 1. Note that the result in Theorem 1 is not uniform, i.e. it does not imply that the
linear model and the kernel model are equal in probability for all the points in the domain
of these functions in the proportional quasi-uniform regime, but rather over a random test
point as given by assumption Al. However this suffices for understanding the generalization

properties of these functions.

Remark 2. Since convergence in probability implies convergence in distribution, we also
have that the generalization error of ﬁrr is the same as that of fhn for any bounded continuous

metric.

Remark 3. Theorem 1 states a convergence in probability for a single test point. This holds
for ny test samples so long as ny grows sublinearly in the number of training samples, i.e.
ngs = ny,, where v < 1 and the outputs of kernel model and the linear model would be equal

in probability over all these test samples. Refer to the proof of the theorem for more details.

Remark 4. The result in Theorem 1 is similar to Theorem 3.5 in [32] where the authors
consider training the parameters of a two-layer wide neural network under similar data

assumptions. As in our result, a similar feature that contains the norm of the inputs is also
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also present in their work. However, our result holds for a much larger class of kernel models

that includes the NTK of fully connected networks and not just two-layer neural networks.

3.3 Linear Training Dynamics of Kernel Models

Our next result shows that if a kernel ridge regression is solved using gradient descent, every
intermediate estimator during training has an equivalent linear model.
Consider a kernel model that is parameterized as fur(z) = (7(2), Okrr) (Where n(z) is a

feature map, e.g. n(x) = K(z,-)) that is trained by regularized empirical risk minimization:

n

~ 1
O = argmin — > " (y; — (n(22), Oher))> + A buer 172

ekrr n i=1

The gradient descent iterates for this problem are with ) = 0 are

O = (1 — p((n(Xee) "0 (Xee) /10 + M)) Oicrr + pn(Xtr)T%-

Here, n(X,) is a matrix with n(z;) as its ith row and 7 is the learning rate. Therefore, the
kernel model at the ¢th iteration of the gradient descent has the form fi (z) = (n(x),6L,).
Similarly, consider a linear model of the form ﬁin(:z:) = v (W, ) +72§2 + %53 fitted by solving
the ridge regression problem in (3.2) via gradient descent. If we define the featur matrix over

the data as ®(X,) where

1 lzill3/p —7 =%
o Xtr ik — 1y ’ ) —- )
[ (X)) [%x 72 73\/; L ]

then the gradient descent updates for this model with the same learning rate p is
"= (I = p((2(Xu)"(Xur)/n + )‘]))ein + (X)L,
n

where 0 = [w', 0y, 05,0,]7 and the gradient descent is initialized at zero. Therefore, the linear
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model learned at the ¢th iteration of gradient descent has the form j/?m(m) =y (W', ) + 7253 +

\7/—%@\{% We have the following result.

Theorem 2. Under Assumptions A1-A3 and with

— — 1/2
m=\e+ 2o, w=va, = (2Vale - $lbe)’,

for any step t > 0 of gradient descent (initialized at zero) and any test sample drawn from
the same distribution as the training data we have

lim ’J/Cl}(er(xts) - j/l}in(xts)l £ 0.

p—o0

Proof. The proof can be found in Appendix D. O

As in Corollary 1, for the case of inner product kernels this result can be simplified.

~

Corollary 2. Let ﬁin(x) =y (0, z) + 50" where (w,b) are the parameters at the tth iteration

of gradient descent on

n

1
min =Y (y; — 1w, x;) — 72b)° + Aw|3 + Ab2.

'Ll),b n .
=1

with learning rate p. Then under assumptions A1-AS3 with the further assumption that the
kernel is an inner product kernel, for any step t > 0 of gradient descent and any test sample
drawn from the same distribution as the training data the kernel model we have

i | fiee (216) = i (215)] 2 0.

p—

Remark 5. Theorem 2 provides an insight into the training dynamics of kernel models in
the proportional uniform regime. This could potentially have implications regarding the

Kernel-SVM solution in this regime, following the work of [49].
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3.4 Optimality of Linear Models

Our last result shows that in the proportional uniform large scale limit, if the true model
has a Gaussian process prior with a kernel that satisfies assumption A3, then linear models
are in fact optimal, even though the true underlying relationship between the covariates and
the responses could be highly nonlinear. See Appendix 2.2 for a review of Gaussian process

regression.

Assume that we are given n training samples (x;, y;)

yi = () + &, & R N(0,0%), (3.4)

and the function f* is a zero mean Gaussian process with covariance kernel K(-,-). An
example occurs in the so-called student-teacher set-up of [4,25] where the unknown function

is of the form

f(x) = g(z,0), (3.5)

and g(z,0) is a neural network with unknown parameters . If the network has infinitely
wide hidden layers and the unknown parameters 6 are generated with randomly with i.i.d.
Gaussian coefficients with the appropriate scaling, the unknown function f(z) in (3.5) becomes

asymptotically a Gaussian process [17,38,46,50].

Now assume that we are given a test sample from the same model (2, ys) and we are
interested in estimating ys. It is well known (see Appendix 2.2) that the Bayes optimal

estimator with respect to squared error in this case is
fopt (xts) = K(xtsa Xtr)(K(Xtra Xtr) + 0-21)_1ytr7 (36)
and its Bayes risk is

gopt(xts) = 02 + K($t57 xts) - K(xtsy Xtr)(K(Xtm Xtr) + 021)_1K(Xtra xts)-
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Next consider a linear model ﬁm(x) =y (w,x) + 7252 - }—%53 fitted by solving the regularized

least squares problem in (3.2). Define the square error risk of this model as

glin(mts) = E[(yts - ﬁin(xts))2|xt87 Xtr; ytr]v

where the expectation is with respect to the randomness in f as well as the noise .

Theorem 3. Under assumptions A1-A8 (where K is now interpreted as the covariance
kernel) and the Gaussian data model (3.4) if the linear model Fin in equation (3.2) is trained

with regularization parameter X = o /n and constants

M=o+ QEC& Yo =+/C2, V3= (2\/ﬁ”¢ - Eleczs)l/Qv (3.7)

where ¢, co and c3 are defined in (3.3), then fhn achieves the Bayes optimal risk for any test
sample drawn from the same distribution as training data, i.e.

Hm [Eyin (215) — Eopt(T1s)| = 0.

n—oo

Proof. The result of Theorem 1 shows that with the specified choice of regularization parameter
and ;s in (3.7), the linear model and the kernel model in (3.6) are equivalent in the asymptotic
regime

nh—>Holo ﬁin(xts> g .]?Opt<xts>'

The result then immediately follows as the kernel model is Bayes optimal for squared error.

O

This result is rather surprising as it claims even though the relationship between the
covariates and the response could be quite nonlinear, in the proportional, quasi-uniform large
scale limit the no learning algorithm can beat suitably tuned linear models as the Bayes

optimal model is itself linear. In other words, in this regime, all we can learn from the data
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are linear relationships.

As was the case in Corollaries 1 and 2, when the covariance kernel is an inner product
kernel, c¢3 = 0 and the result of this theorem can be simplified similarly to equivalence between
the optimal model and a simple linear model.

It is important to contrast this result with [29] and [4]. The works [4,29] consider exactly
the case where the true function is of the form (3.5) where g(x,0) is a neural network with
Gaussian i.i.d. parameters. However, in their analyses, the number of hidden units in both
the true and trained network are fized while the dimension of z and number of samples grow
with proportional scaling. With a fixed number of hidden units, the true function is not a
Gaussian process, and the model class is not a simple kernel estimator — hence, our results
do not apply. Interestingly, in this case, the results of [4,29] show that nonlinear models can
significantly out-perform linear models. Hence, very wide neural networks can underperform
networks with smaller numbers of hidden units. It is an open question as to which scaling of

the number of hidden units, number of samples, and dimension yield degenerate results.

3.5 Sketch of Proofs

Here we provide the main ideas behind the proofs of our main theorems. The details of
the proof of Theorem 1 can be found in Appendix C. Proof of Theorem 2 can be found in

Appendix D.

3.5.1 Degeneracy of empirical kernel matrices

Our first result modifies Theorems 2.1 and 2.2 of |21] to kernels that are both functions of
the inner product as well as the Euclidean norm of the inputs. This result is presented in
Theorem 1 and may be of independent interest to the reader. Using this theorem, we can

prove the next Proposition.
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Proposition 1. If K is a n x n kernel matriz with entries K;; = K(x;,x;) such that

assumptions (A1-A8) hold, then

1
lim —=|[|K — M||z =0,

P—=30 /T

where M = c1117 + o X X7 + c3(197 + 17) where ¢y, o, c5 are defined in equation (3.3),

X € R™? is the design matriz with samples x; as rows and ¢ € R™ with ¢; = ||x;||3/p — 7.

Proof. See appendix A. O

In [21], a similar result is presented for kernels of the form g((x;,z;)) or g(||lz; — z;||3)-
Importantly, the NTK has a form that is neither g({z;, z;)) or g(||z; — z;||3), but in fact of
the form in equation (1.1), whereby Proposition 1 provides new insights into the behavior of

empirical kernel matrices of the NTK for a large class of architectures.

3.5.2 Equivalence of Kernel and Linear Models

Proposition 1 is the main tool we use to show that kernel methods and linear methods are

equivalent in the proportional, uniform large scale limit.

The model learned by the kernel ridge regression in equation (3.1) can be written as

K(z, X,) (K(Xtr,Xtr) ) ]> " (3.8)

ferl®) == n Vi

Using Proposition 1
We use Proposition 1 to show that there exists a feature map ¢ such that for the data

X — [T YT
X = [z, X,]", we have

lim = | K(X,X) — 6(X)6X) )2 2 0.

P—=30 /T
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Furthermore, the feature map ¢ is almost linear

1 2lp—1—1
Gb(x) = [71% Y2, 73\/;, 73Hm:\|2}/p EIH L4
- 2

Next we show that each of the kernel terms in (3.8) converge in probability to the same term
with the kernel K replaced by a kernel that is induced by the feature map ¢(-). We should
emphasize that ¢ is not a proper feature map in the strict sense as it has parameters in it that
depend on all the data, but for the purpose of the proof, we can regard them as constants.
See the proof of Theorem 1 for the details. Next, we use Lemma 3 to show that the models
leanrned by the the kernel K and the kernel with feature map ¢ are equivalent. Finally, we

prove that the model that is learned by this feature map is linear. This proves Theorem 1.

3.5.3 Equivalence Throughout Training

The proof of equivalence of the kernel model and linear model after ¢ steps of gradient descent
is very similar. The updates for parameters of the kernel model have linear dynamics. By
unrolling the gradient update through time, we can write the parameters after t step as a
summation over the past time steps. Using this, we can simplify the sums to write the output

of the kernel model at time ¢ over a test sample as

f/?(er(mts) — K(‘T::;%Xtr) ((K(XZ,XH) +)\[>_ ([_ ([_p<<K<X;rL7Xtr) _i_)\[))t)y_\/t%,

where p is the step size of the gradient descent. Here, we could use the same argument as
the proof of Theorem 1. We show that the kernel K can be evaluated with the feature map
¢ in the asymptotic limit. Hence, we can replace each term by the same term with kernel
K replaced by the kernel induced by the feature map ¢. Next, we use Lemma 3 to show
that the two models evaluated at a text sample s are equal in probability in the limit. We
further show that the model learned by the feature map ¢ is linear throughout training. This

completes the proof of Theorem 2. Refer to Appendix D for the details.
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Chapter 4

Numerical Experiments and Conclusion

4.1 Linearity of Kernel Models for NTK

We demonstrate via numerical simulations the predictions made by our results in Theorems
1,2, 3.
As shown in [39] and [41], wide fully connected neural networks can be approximated by

their first order Taylor expansion throughout the training

fin(2) = f(:60) + (Vo f(2,00), 6 = bo),

and this approximation becomes exact in the limit that all the hidden dimensions of the

neural network go to infinity. Therefore, training a network f(x;#) by minimizing

n

0 =argmin— > (yi — (f(:0) — f(x:60)))" + A0 — bo]3 (4.1)

is equivalent (in the limit of wide network) to performing kernel ridge regression in an RKHS
with feature map = +— Vyf(x;6y) and neural tangent kernel Ky (z,2’) as its kernel. See
Section 2.3 for a brief review of the neural tangent kernel. Instead of removing the initial

network, one can use a symmetric initialization scheme which makes the output of neural
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Figure 4.1: Comparison of test error with respect to the number otraining samples for three
different models: (i) a neural network with a single hidden layer, (ii) NTK of a two layer
fully-connected network, and (iii) the linear equivalent model prescribed by Theorem 1. The
errors of the kernel model and the equivalent linear model match perfectly and neural network
follows them very closely. The oracle model is the true model and represents the noise floor.

We use A = 0.005.

network zero at initialization without changing its NTK [15,32,68].

A key property of the NTK of fully connected neural networks is that it satisfies assumption
A3 since it has the form in equation (1.1). Hence, if the input data x satisfies the requirements
of this theorem, in the proportional asymptotics regime the NTK should behave like a linear
kernel. The first and second order derivatives of the kernel function can be obtained by

backpropagation through the recursive equations in (2.7) and (2.8).

Figure 4.1 illustrates a setting where kernel models and neural networks in the kernel
regime perform no better than appropriately trained linear models. This verifies the main

result of this work — Theorem 1.

We generate training data for i =1,2,...,n as

yi = () + & 1~ N0, Lyy), & ~N(0,0%),

where p = 1500 and 02 = 0.1 and f* is a fully-connected ReLU network with two hidden
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layers with 100 hidden units each.

We train 3 models:

(i) A fully connected ReLU neural network with a single layer of 20,000 hidden units to fit
this data using stochastic gradient descent (SGD) with momentum parameter 0.9. The

initial network is remove from the output as in (4.1).

(ii) A kernel model as in equation (3.1) corresponding to the NTK of the model in (i) above.

The kernel is evaluated using the recursive formulae given in (2.7) and (2.8).

(iii) A linear model as in equation (3.2) trained using the parameters prescribed by Theorem

1.

We compare the test error for these models, measured as 1 — R? over ny = 200 test

samples:
2o (Yesi — Tesi)”
Z?;Sl (yts,i)2 ’

We compare the test error for different number of training samples n averaged over 3 runs.

gts =

(4.2)

We can see that the test error of the NTK model and the equivalent linear model almost
match perfectly over the whole range of number of training sample so muc h as the two
curves are almost indistinguishable. The test error of the neural network model follows them

very closely, matching them very well for smaller number of training samples.

There are two main sources of mismatch between the neural network model and the NTK
model: first the width of the network while large (20,000) it is still finite, and secondly the
training of the neural network model is stopped after 150 epochs, i.e. the neural network
trained differs from the optimal neural network. Finally, the oracle model’s performance is

the noise floor.
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Figure 4.2: Equivalence of test error of linear model and the neural network vs. epochs of
gradient descent.

4.2 Equivalence of Kernel and Linear Models Throughout
Training

Next, we verify Theorem 2 by showing that the test error of the linear model and neural
network match for all the steps of gradient descent. The setting is the same as in Section 4.1.
We generate data using a random neural network with two hidden layers of 100 units each
and train a neural network with a single hidden layer of 10,000 units as well as the linear
model using gradient descent. We plot the the error of each of the models over the test data
throughout the training. We train each model for 100 epochs. Figure 4.2 shows that the two

models have approximately the same test error over the course of training.

4.3 Optimality of Linear Models

A polynomial kernels of degree d has the following form
K(z,2") = ((z,2')/p + ¢)?,

where x, 2’ € RP and ¢ > 0 is a constant that adjusts the influence of higher degree terms and

lower degree terms. In this examples, we samples test and train samples from the following
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Figure 4.3: Normalized errors vs. number of training samples for a kernel model and the
equivalent linear model for a data generated from a Gaussian process. The curves for the
kernel and linear fit match almost perfectly. The dashed line corresponds to the theoretical
optimal error given in equation (10).

model

2~ N0, L), y=f(a)+& €~N(0,02),

where f is a Gaussian process with covariance kernel being a polynomial kernel. We use
¢ =0.1,d = 2 for the polynomial kernel and set o> = 0.1, p = 2,000. We generate n;, samples
and train the kernel model and the equivalent linear model and estimate the normalized
mean squared error of the estimator by averaging the normalized error over ny = 500 test
samples. We use A = 02 = 0.1 as the regularization parameter which makes the kernel
estimator Bayes optimal (with respect to squared error). The results are averaged over 5
runs. The results are shown in Figure 4.3 where normalized errors (defined in equation (4.2))
are plotted against the number of training samples. The dashed line corresponds to optimal
error curve obtained from Equation (3.6). The generalization errors for the linear model and
the kernel model match almost perfectly which confirms Theorem 1 and as Theorem 3 proves
both of the curves are very close to the optimal error curve. This figure verifies that the

optimal estimator is indeed linear.
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Figure 4.4: normalized error of kernel model, linear model and the Bayes optimal error with
respect to number of training samples. When assumptions A1-A3 are not satisfied, the kernel
model and linear model are not equivalent.

4.4 Counterexample: Beyond the Proportional Uniform

Regime

Our results should not be misconstrued as ineffectiveness of kernel methods or neural networks.
The equivalence of kernel models and linear models holds in the proportional, quasi-uniform
data regime. However kernel models and neural networks outperform linear models when we

deviate from this regime, as demonstrated in Figure 4.4.

This observation is closer to real-world experiences of the machine learning community,
which perhaps suggests that the assumptions A1-A3 are unrealistic for understanding high

dimensional phenomena relating large datasets and high dimensional models.

We consider a Gaussian process regression problem as in Section 4.3, but the input variables
x are generated from a mixture of two zero mean Gaussians with low-rank covariances, which
clearly violates assumption Al. The probability of each mixture component is set to 1/2. We

use p = 2000 and set rank of covariance of each component to » = 200. The covariance of
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each component ¢ = 1,2 is generated as
Se = 8,57, S. € R[S, "X N(0,1//p).
Under this model, the resulting covariance matrix of the data would be
Y, =351 + 30,

which would have rank 27 almost surely. In other words, the data only spans a subspace of
dimension 400 of the 2000-dimensional space.

Figure 4.4 shows that the kernel model which is the optimal estimator has a generalization
error very close to the expected optimal error over the whole range of number of training
samples, whereas the linear model performs worse. In this example, the linear approximation
M of the true kernel matrix K (X, Xi,) is inaccurate when we deviate from the proportional

quasi-uniform data regime and cannot be used to consistently approximate the kernel model.

4.5 Conclusions

This work, of course, does not contest the power of neural networks or kernel models relative to
linear models. In a tremendous range of practical applications, nonlinear models outperform
linear models. The results should interpreted as a limitations of Assumptions A1-A3 as a
model for high-dimensional data. While this proportional high-dimensional regime has been
incredibly successful in explaining complex behavior of many other ML estimators, it provides
degenerate results for kernel models and neural networks that operate in the kernel regime.

As mentioned above, the intuition is that when the data samples are generated as x = 251/ 22
where z has i.i.d. components and ¥, is positive definite, so long as the number of samples n
only scales linearly with p, it is impossible to learn models more complex than linear models.

This limitation suggests that more complex models for the generated data will be needed
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if the high-dimensional asymptotics of kernel methods are to be understood.

4.6 Future Work

The results of this work only apply to a class of kernels that are rotationally invariant. In
other words, the output of the kernel function does not change if the inputs are rotated via
an orthogonal matrix. As mentioned earlier, this class is quite large and includes many of
the widely used kernels such as kernels that are functions of the Euclidean distance or the
inner product. However, the neural tangent kernel of many architectures is not a function
of the inner product or the Euclidean distance. A very common example is the NTK of
convolutional architectures. There are some works that empirically show that convolutional
models learn linear models in certain high-dimensional problems. In the future, we plan to
extend the results of this work to more general kernels that would also include the NTK of

convolutional networks.
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Chapter 5

Appendices

A Spectrum of Random Kernel Matrices

In this section we modify the results of [21]. In [21]|, kernels of the form K(z;,z;) =
g({(z;,x;)/p) are considered whereas here we consider a more general form where K(xz;,z;) =

g(|zill3/p, (xiy 2;) /p, |25]15/p). Define 7 = lim,,_, tr3,/p. Similar to [21] we assume that
o n/p— e (0,00) as p — oo.

T; = Eglcmyi where y; € RP has i.i.d. sub-Gaussian entries with Ey;, = 0, ]Eyfk =1.

>, 18 positive definite with bounded operator norm.

g is a C? function in a neighborhood of (7,0, 7) and a neighborhood of (7,7, 7).

g is a valid kernel function and hence is symmetric in its first and third argument.

Let ¢ € R™ be the vector with entries v; = ||a;]|3/p — 7. We have the following result.

Theorem 4. Let x; € R? fori=1,...,n be n i.i.d. random vectors and form the kernel

matrix

Kij;g(ﬂwing<xi,xj>7||xj||%)’ P
p p p
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Then under the assumptions above we have
lim ||K — M|y £ 0,
p—00

where

T

M = ol + e 11T + ey e (1T 4 107) + et + o5 (o )17 + 10 w)T) (1)

co=g(r,7,7) —g(1,0,7) — 88—292(7, 0, T)trfp,
c1=9(7,0,7)+ gzg(T,O,T)t;;’%,

cy = g—i(T, 0,7)

c3 = g—i(ﬂ 0,7)

“- affais (. 0m)

Cs = %%(T,O,T}

try

Proof. Define 7 := limy, o0 %%, 2z = [ll:ll3/p, (i, ;) /p, ll=;113/p]T

and for i # j write the

second order Taylor expansion of g(zy, 29, z3) around zy = [7,0,7]" for i # j

gllill3/p, (wi,z5) /p, 2513/p) = g(x0) + (Vg(z0), 2) + %<V29($0>7 2 + Ry,

where R;; is the Lagrange remainder of this Taylor expansion and has the form

1 Horozas L ||[B1||% “ <:EZ $> o2 ||3:||§ o
Rij = - ~—arraa s 967 & ZJ)( - - T ’
J 6041;043 82118z228z33 1162563 D P p
Zkak:?’
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where oy > 0 for some &, &5, &7

min(r, [|z;[13/p) < & < max(, ||:]|5/p),
min(0> <mi7$j>/p) < g;] < maX(O, <$Z‘,l‘j>/p),

min(7, [J;]3/p) < &' < max(r, [J;][3/p)-

For i = j, consider the second order Taylor expansion of g(z1, 29, z3) around zy = |7, 7, 7]

1
g(llzlls/p, Naill3/p, ll;12/p) = g(wo) + (Vg(w0), 2) + 5(V2g(wo), 2°%) + Ris

where again R;; is the Lagrange remainder of this Taylor expansion and has the form

aaloczocg

Ru:l Z glgii g giv) szﬂg_T ’
Y6 0221025202537 5152753 D '

a1,02,003 1
> =3

where , > 0 for some &f', £&, €2

min(, [|zil[3/p) < &' < max(r, ||z]l3/p),  for k=1,2,3.

As is shown in [21], under the Assumptions A1-A3 we have

—1/2 -1/2

max [lil3/p — 7| < p~*logp,  max|(wi, ;) /p| <~ logp.

See Lemma A.3 of [21] for the proof. This inequalities are a result of the sub-Gaussianity
assumption on y;s. This assumption can be relaxed to moment assumptions of suitable order.
Therefore, for the remainder of the Taylor expansion of off-diagonal entries we have

mfxlﬁg —7]—=0 as. fork=13,
7
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and
max €] = 0 a.s.
i#j

0M10203 (ij Y] 0N10203

Therefore, by continuity assumptions oo 9(Er s &2 & ) — WQ(T, 0,7) and it

is also bounded.

Similarly, for the remainder of Taylor expansion of the diagonal entries we have

m£x|f,ij —7|—=0 as. fork=1,2,3.
i#]

Therefore, again by the continuity assumption we have

aalazag aOClOéQOCS

82‘1’1823‘282?39( 160 6)

opoos )

and it is also bounded.

The argument is very similar to the argument made in [21]. We consider the diagonal
entries of the kernel matrix and the off-diagonals separately. We also consider terms of the
zeroth, first, second, and third order separately. Many of the terms are either exactly the
same as the ones considered in [21] or the bounds that are derived therein can be used to

bound them consistently in operator norm.

The zeroth order term: this term is exactly the same as the one considered in [21]|. This
term does not necessarily vanish and we need to keep it in the Taylor expansion to have

consistent approximation of the kernel matrix in operator norm.

The first order terms: There are three first order terms. We consider them one by one.

First, consider the n x n matrix M| with entries

— T, fori,j=1,...,n.



This matrix is a rank-one matrix: if we consider a vector 1) € R" with ; = ||z;||3/p — 7, we

have

M =17,

Therefore the operator norm of M is bounded by

M| = [[¢]l2]1]|2 < V/rp~/? log pv/n = np™/?log p.

Hence, the operator norm of this term does not vanish and we need to keep it in the Taylor
expansion to have a consistent approximation of the kernel matrix. However, note that the
kernel matrices in our kernel models (see for example Equation (2.4)) are all divided by n.
In these cases, in the limit of n,p — oo this term can be ignored as the operator norm of
M /n is bounded by p~'/?log p which vanishes in the limit.

The next first order term is a multiple of the matrix M, with entries [My];; = (x;, ;) /p
i.e. My = XXT/p. This term is exactly the same as the term considered in [21], does not
vanish, and it is what makes this kernels all similar to an inner product kernel.

The last first order term has is a multiple of the matrix M; with entries [M3]; =
|z;]|2/p — 7. Therefore, M} = M!" and we could use the equations that we had for M}
in particular, the operator norm of this matrix does not vanish, but the operator norm of
M} /n which appears in kernel model equations does indeed vanish and thus this term can
be ignored in those instances. This completes the analysis of the first order terms. This

concludes the treatment of the first order terms.

The second order terms: In total, there are nine second order terms in the Taylor

expansion some of which are similar due to the symmetries of the kernel function.

First, let us consider the term that is a multiple of M} with entries

[EA1E ?
[Mf]m:< ) -7 .
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Recalling the definition of the vector 1 as the vector with entries 1); = ||z;||3/p — 7 this matrix
can be written as M? = (¢ o 9)1T where o denotes the Hadamard product. Therefore, the

operator norm of this matrix is

n
12 )15 = [l 0 ¥llallL]ls < 1ogp\/;.

Therefore, this term also does not vanish in operator norm, but M?/n vanishes and can be

ignored.

The next second order term to consider is of the form M3 where

o - (Ll ) drem)

p p

If we denote the diagonal matrix with entries ||z;||3/p — 7 on the diagonal with diag(w), we

have M3 = diag()X X /p, therefore,
1M3 2 < || diag(v)[lo[| XX /pllz < p~* log p| XX /p[lal| Y Z,Y T2,

where Y is the matrix of i.i.d. sug-Gaussian random variables that generate X (refer to
Assumptions A1-A3). By sub-Gaussianity assumption (in fact finite 4th moment is enough),
the operator norm of the matrix Y converges in the limit of n,p — oo with n/p finite
(Theorem 2.1 of [57]). Therefore, ||MZ||s — 0 almost surely in the limit and this term can be

ignored.

The next term is of the form M2 where

2 2
M2, = (||l‘z'||2 _T> <Hl‘j|l2 —7) |
[ 3}.7 p D

which can be rewritten as M2 = ¢T. Thus, ||[M2||y = ||¢||2 < log? p. Therefore, this term

also does not vanish but M2 /n vanishes in operator norm.
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Next up is a term of the form M7 with entries

(M) = (M)Q

p

This term is exactly the same as the term that is considered in [21]. Its operator norm

converges in the limit and operator norm of M3?/n vanishes in the asymptotic limit.

All the other second order terms have similar forms to the ones considered here thus far.
Therefore, the same results apply to them. This concludes the analysis of the second order

terms.

The third order terms: It only remains to show that the remainder of the second order
Taylor expansions vanish in operator norm. The remainders consist of the third order terms.

here we consider these terms one by one.

First, let us consider the term of the form M3 with entries

lzl3
[M7]i; = < T
p

i.e. M3 = (¢ o1 o1)1T. The operator norm of this term can be bounded as

logp
M|z = ||l o ¢ o ]|2]|1]2 < p Vv,

which goes to zero almost surely in asymptotic limit, and hence can be ignored.

The next term is M; = diag(y o ¢)(XXT/p). Recall that as we showed earlier in the
analysis of the second order terms, the operator norm of X X7 /p is bounded, and the operator
norm of diag(t) o 1)) goes to zero as log? p/p. Therefore, this term also vanishes.

Next, consider the term M; = diag(1)) (XXT/p o XXT/p). Again, the operator norm of
the second matrix is bounded but the operator norm diag(v)) vanishes in the limit. Hence,

this term can also be ignored.
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Next, consider the term of the form M} = (¢ o ¢)¥T. The operator norm of this term is

bounded by

log® p

\/]—) Y

1M ]|z = (1Y 0 plla][e]]2 <

which also goes to zero.

Next up is the term of the form M? = (XXT/po XX /po XX /p) which is exactly of
the form analyzed in [21], and shown therein to vanish in the limit.

All the other third order terms have similar forms to the ones considered here thus far
and hence they all can be ignored and still have a consistent approximation of the kernel
matrix in operator norm in the limit. This shows that in the limit, the second order Taylor

expansion is exact, i.e. it converges in operator norm in probability to the kernel matrix.

Corrections for the diagonal terms: Recall that we used different Taylor expansions
for the diagonal and the off-diagonal terms of the kernel matrix. In our analysis, when we
considered first, second, and third order terms, we should have made the diagonals of such
terms zero. For example, a first order term was of the form M{ = 417. The diagonal entries
of this matrix can be zeroed by subtracting the matrix diag(¢)). Notice that the operator
norm of diagonal matrices is very easy to control. For example, the operator norm of diag(1))
goes to zero as max; |||z;]|3/p — 7| < logp//p. All the other diagonal corrections except for
the zeroth order terms go to zero in operator norm using a similar argument. Hence, we
only need to correct for the diagonals of the zeroth order terms which are constants. This

concludes the proof.

Corollary 3. The normalized kernel matriz K /n can be consistently approximated in operator

norm by the matriz M/n where

XXT

M = ClllT + C2
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Proof. This is a direct result of Theorem 4. In the proof, we derived upper bounds for the
operator norm of the terms that remain in Equation (1). Once we normalize the matrix M
by n, many of these terms vanish in operator norm in the limit. See the proof of Theorem 4

for the details. O

Corollary 4. The normalized kernel matriz K/\/n can be consistently approximated in

operator norm by the matriz M //n where

T

XX
M=c11T + ¢, +e3(p1T + 197).

Proof. The proof is the same as the proof of Corollary 3. We use Theorem 4 and only keep

the terms which have non-vanishing operator norm when normalized by /n. O

These two corollaries will be used in what follows to prove the results of this work.

B Some Useful Lemmas

Lemma 1. Let A be an invertible n x n matriz, and U € R™*" for some d, then

(A+UUN) U =A" - AU, +UTATIU) T UTA

Proof. This is a special case of the Woodbury matrix identity. 0

Lemma 2. For any integer t' > 0 and matricv A € R"*P we have

alyy, — ATAYAT = AT(al,,, — AAT)".
pXp

Proof. This result can be easily proved by using the singular value decomposition of A =

UxvT. O
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Lemma 3. Let A; € R™*™ agnd B; € R"*™ be two sequences of random matrices and
assume that

lim [|A; — Alls 20, lim ||B; — Bl £ 0.
71— 00 71— 00

Then if || All2, || Bll2 < 0o we have
1—00
Proof.

|A;B; — AB||s = ||A;B; — AB; + AB; — AB||2
< ||AsB, — ABi||> + | AB: — AB|5
< ||Ai — All2|| Bill2 + (| All2l| B: — Bll2

£,

where the last equality follows from the continuous mapping theorem ( [45]). This proves the

claim.

A special case of this theorem is when B; is a sequence of ny X 1 matrices, i.e. a sequence
of vectors. In this case, the operator norm is the same as the ¢, norm. Therefore, we have

the following corollary.

Corollary 5. Let A; € R™*™ gnd z; € R™*" be a sequence of random matrices and random

vectors respectively and let

i—00 i—00
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Then if || Alla, ||x]|2 < 0o we have
1—00

The next corollary considers limits of powers of a matrix which can be proven by a simple

induction using Lemma 3.

Corollary 6. Let A; € R™™™ be a sequence of random matrices and assume that lim;_,, || A; —

Alls £ 0. Then for any finite m € N we have lim;_, || AT — A™||5 £ 0.

C Proof of Theorem 1

Let X = [#], XI]T and partition the kernel matrix, K (X, X) as

o Kz, vs) Ko, Xir
K(X,X) = (@ T) - K (e, Xer)
K(Xtra xts) K<Xtr7 Xtr)

The optimal estimator in (3.8) is

Frer(15) = % (%K (Xir, Xop) + )J) \y/tﬁ (2)

This is a product of three terms. Our proof relies on Lemma 3. We will show that each of
these terms converge in operator norm to a kernel with a simple (almost linear) feature map
in probability. Furthermore, they all have bounded operator norms. Therefore, this Lemma
implies that for a given test data, the output of the model learned by the kernel model is
the same as the model learned by the kernel with the simple feature map in probability.
Therefore, the two models are equivalent. We make this argument precise below.

First, note that the kernel shows up with a scaling factor of 1//n for K (z, Xi;) and a
scaling factor of 1/n for K (X, Xi,). Hence, we only need to have a consistent approximation

of the kernel with these scaling factors. We have the following result.
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Proposition 2. Consider the kernel matriz K (X, X) under assumptions A1-A3. Then, there

exists constants v1,7v, and 3 such that for the kernel Ky, with feature map x — ¢(x) (i.e.

Kiin (21, 22) = (¢(21), ¢(22)) ) where

Jzll3/p—T—¢ , 1 ) (Hxl\i/p—T—@ 1 )}
= ) ) — + — ) - — - T = 3
#2) {W L ( TR PR Y A N sy vy )
we have

Here, 1 is a vector with ¢; = ||z;||3/p — 7, ¥ = 1/nY,1; and

—_ — 1/2
v =Jer+ 20cs, 2= E s = (Vally — $l]acs)

and ci,cy and cs are defined in Theorem 4.

Proof. By Corollary 4, the kernel matrix K (X, X)//n can be approximated in operator
norm by M/\/n where

T

XX
M =c117 4 ¢, +cs(p1T +197).

Therefore, we only need to show that a feature map of the form claimed, can generate M. In
other words, if we denote by ¢(X) the matrix whose ith row is ¢ applied to the ith row of X,
then we need to show that

1 -
lim —=||M — ¢(X)p(X) ||y = 0.

lim =M = 6(X)o(X)T

Or stated otherwise, we need to find a symmetric decomposition of M.

The first two terms are already in the correct form. We next obtain a symmetric

decomposition of 117 + 1 T. First note that this is a rank-two matrix symmetric matrix.

We are using the term feature map here with some abuse of notation. Please refer to Remark 6.
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Therefore, it has an eigenvalue decomposition. Also, the eigenvectors corresponding to the
non-zero eigenvalues are in the span of {¢,1}. We first orthogonilize these vectors. Let
P =1/n >; ¥i be the empirical average of the components in . Then the vectors {t —1,1}

are orthogonal. We can also rewrite

1T+ 197 = (p — 11T + (L( —P1)T) + 29117,

which decomposes this matrix in an orthogonal basis. Therefore,

T

M = (er + 20es) 11T + e ey (6 — BUIT 4+ 1(¢ — )T,

and we need to find a decomposition of A := ((@/} — D17 +1(¢ — EI)T).

Now, let u = a(y) — ¥1) + B1 be an eigenvector of the matrix A with corresponding

eigenvalue A, i.e.

Ao = 41) + 1) = Moy — ¥1) + £1).

Simplifying this equation we get

nf =

A3 = ally — 1.

If we set a = 1/||1) — 1|5 (as the the norm of eigenvectors are arbitrary) we get

1 1
o= ——,
1Y — Y12
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which gives us the decomposition

A=ﬁ|l¢—@1||2(ﬁ+%)< g*%l)

(G
| —
_pe )(
- — 1
Vall w|\2(” -

From this factorization, the Proposition easily follows. 0]

Remark 6. Note that the feature map defined in Equation (3) is not actually a feature map
as it 1) and ||) — 11]|, are both functions of all the data points. However, what we need for
the proof is only a consistent factorization of the kernel matrix in operator norm and not a
feature map is its strict sense. Therefore, for the purpose of the proof, we can treat these as

constants and with some abuse of notation still call it a feature map.

Next, we show that each of the K (s, Xi;)/v/n and K(Xi,, Xi;)/n can be obtained using
Proposition 2. First, another application of Proposition 2 to Xj, instead of X shows that
K (X, Xir)/+/n and hence K (X, Xi;)/n can be obtained from the feature map in (3). Also,
observe that 1) and [|¢) — 1|y computed over X, and over X are the same in the limit.
Hence, that same feature map as of the one used on X gives the correct normalized kernel

matrix in operator norm in probability. In other words, with ¢(-) given in (3) we have

. 1
llmp—mOE”K(Xtr?Xtr) - ¢(Xtr) (Xtr) ||2 == 0.

Now, consider the term K (s, Xi;)/+/n. By Proposition 2 we have

lim [ K(X.5) = 60X £ 0
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Let e; = [1,0,0,...,0]T € R*"!. We have

lim —= | (K (210, ) — ¢(a1s)0(X) 12 = Jim (K(X,X) = o(X)o(X) ez

lim — fu
< lim

K
Jim ﬁll
2.

(X, X) = o(X)3(X) [|2]lex ]2

Hence, we have

i [, ) = 90 Xe) o 20

o~

Now, consider the model parameterized as f(z) = (¢(z),0), where

n

~ 1
0= argmin >~ (3 = (6(z:). )+ NOI,
i=1

and ¢(-) is the feature map defined in (3). As we showed in Section 2.1, this model is

equivalent to the kernel model with kernel K (z1,25) = (¢(x1, ¢(x2)) and has the form

fkrr(mts) = ¢(xts)§

. ¢(xts)¢(Xtr)T l T ! Ytr
- Al (Lo +ar) L )

First note that as we mentioned in the proof of Theorem 4, we have

1/2

max |[[i[[3/p — 7| < p~*logp.

Therefore, we can set |||z;]|5/p — 7| = 0 for any finite number of training or test samples. In

particular, for zy we could set ||z||3/p — 7 = 0 which gives us

<Z5($)_[1' ( v 1) - (_—E—L)l'—[a:caaa]
ts) = |1, V2, Hd’ @1“2 \/— ) V3 Hlﬂ—@lﬂz \/ﬁ =X, g, Oz, Qg |-

51



Therefore,

fkrr = é\104113 + é\2062 + 53043 + 54064;

which is indeed a linear model.

So far we have shown that the model learned in the feature space is linear, and each of
the terms in the model in (4) converge in operator norm in probability to the corresponding
term in (2). All that remains to show is that each of the terms has bounded operator norm.

Then Lemma 3 would give us the desired result.

It remains to prove that all the terms in this product will have bounded operator norms.

Let us begin by considering the simplest term: y,//n. For this term we have

1~ ,
yee/ V1|2 = ﬁ;ytr,i'

Therefore, if we have assumed that the training data distribution has finite second moments

over the labels. Thus, using strong law of large numbers we obtain
lyee/ V|2 =5 0, <00 asn — .

Next, by positive semi-definiteness of kernels, we have that K (X, Xi.) = 0. Therefore,
| K (X, Xir)/n 4+ M|lop > A, and thus for any A > 0, we obtain ||(Maa/n 4+ A1) |op < 1/
Therefore, the middle term in both models also has bounded operator norm. Finally, the

approximation of the first term is
K (24, Xep) = 117 4+ com s X0p + e300

Using the bounds derived in the proof of Theorem 4, each of these terms when normalized by

1/4/n have bounded operator norm.

lim |fkrr(l‘ts) - ﬁrr(xtSH =0.
p—00
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In fact, we can prove a stronger result. So long as the number of test samples, ny, satisfy
ngs = ny, where v < 1, the result that we have proven holds, using the same bounds that we
have derived thus far. Therefore, the number of test samples can grow to infinity, but at a

slower rate than the number of training samples.

In order to make the result look simpler, we could go one step further and combine some
of the features. In order to do so, we use the fact that the models learned by ridge regression
are invariant under orthogonal transformation of features. More specifically, if O € RP*P is
an orthogonal matrix, i.e. OOT = I, and we have two features maps ¢;(x) and ¢o(x) such
that, ¢o(z) = ¢1(2)O, then if we learn two models f; and f; using ridge regression with the
same regularization parameter over the features ¢, and ¢, respectively, then the two models
are exactly the same. This result can be shown very easily by a change of variables in the

ridge optimization problem.

Using this fact, we could transform the last two features in Equation (3) (let us call them

$3, ¢4) to

¢§:§(¢3+¢4)7 ¢21=\/7§(¢3—¢4)-

Doing this would result in the feature map

1 2lp—1—
¢/($> = [’711:; Y2, 73\/;7 73”'17”;/]) EIH ¢ )
- 2

where

— — 1/2
=y a+20e, =, W= (2v/nll¢ — 1]2cs) / ;

Therefore, we could use this feature map to learn a linear model that is equivalent to the

kernel model in the asymptotic regime. This completes the proof.
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D Proof of Theorem 2

Here we show that if the kernel model and linear model are learned by gradient descent, they

are equivalent to each other throughout the training.

Consider a kernel model parameterized in the feature space

-~

Frer(@) = (6(2), 0)

~ 1
0 = argmin (s — 6(Xe )03 + Al6] 2,

where ¢(X,) is a matrix with ¢(z;)7 as its ith row. The gradient descent update for this

problem is

1
0 = (I = pl— ($(Xer) T6(Xer) + M) + E6(Xit) Ty,
where p is the learning rate. Therefore, if initialized with 6, = 0, after ¢ steps of gradient

descent we obtain

# = 3T = (KT 6(Xe) 4 A1) 01X (5)

Using Lemma 2 we have

0 =3 po(X)T(T — pl( 00X + A1)

Note that the identity matrix in this equation has a different size from the one in (5) and the
sizes can be inferred from the number of samples as well as dimension of the feature space as

in the Lemma 2. Therefore, by observing that K(x;, ;) = (¢(x;), #(x;)) the model at time ¢
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represented by ﬁer evaluated on test data point zy has the form

t—1

R Sl > ALK (X, X+ M) L

_ K(2s, Xur) l 17 (7 _ l t\ Ytr
- \/ﬁ (nK<Xtr7 Xtr) + )‘I) (I (I p((nK(Xtra Xtr) + )‘I)) ) \/5(6)

Fre(ws) = p

The series in the equation above and hence the gradient descent converges if all the eigenvalues
of I — p((1/nK (X, Xi) + AI) lie inside the unit circle which is always possible by choosing

p that is small enough and the limiting solution is the kernel regression solution

K@me<

R 1 Y
Yts = \/ﬁ _K(Xtra Xtr) + )\[) L

The rest of the proof is very similar to the proof of Theorem 1 in Appendix C. In
particular, under Assumptions A1-A3, we showed in Proposition 2 that the kernels that we

have considered can be computed using the feature map

1 Jll3/p—7 =%
90(3:) = [N, 2, 73\/j7 V3 — )
[ n 1Y — 1]l

where

— — 1/2
M= e +20cs, =/, 3= (2v/nllY —P1lacs) T
Assume that we run the gradient descent on the model parameterized by this feature map

~

fkrr(x) = <90<x)? 9)

~ 1
0= arg min (g — (Xe)0ll5 + AlI6]172

Then, if the same optimization step p is used, at step ¢ of the gradient descent, we have the

model
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Flo(es) = pie)o(Xu) (1

—1
LR (Lot + 1) (1= (pl(EoXaati ) )
(7)
First, since ||z||3/p — 7 = 0 almost surely in limit, the exact same argument as in proof
of Theorem 1 shows that f{_is linear at each step of the gradient descent. Furthermore,
suing Proposition 2, we have that each of the product terms in (7) is equal in operator in
probability to the corresponding term in the last equality of (6) in the asymptotic limit. Also,

for small enough values of p, all the terms have bounded operator norm. Then applying

Lemma 3 completes the proof.
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