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Abstract

Given two strings, X and Y, over a finite alphabet T, the modi fied edit distance between X and
Y is the minimal cost of an edit sequence that changes X into Y, where the cost of substituting a
character in Y for a character in X is context free, and the cost of deleting a substring from X or
inserting a substring from Y into X is somewhat context sensitive. The modified edit distance
does not require that the minimum cost over all edit sequences where the cost of substituting a
character in ¥ for a character in a string is context free, the cost of deleting a substring from a
string is somewhat context sensitive, and the cost of inserting a string Z into X to obtain a
string X' is equivalent to the cost of deleting Z from X' to obtain X again. We show that if the
minimum cost over all edit sequences must be obtained, the modified edit distance becomes

undecidable.
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Vitus J. LEUNG

Department of Information and Computer Science, University of California,
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ABSTRACT

Given two strings, X and Y, over a finite alphabet ¥, the modi fied edit distance between X and
Y is the minimal cost of an edit sequence that changes X into Y, where the cost of substituting a
character in Y for a character in X is context free, and the cost of deleting a substring from X or
inserting a substring from Y into X is somewhat context sensitive. The modified edit distance
does not require that the minimum cost over all edit sequences where the cost of substituting a
character in ¥ for a character in a string is context free, the cost of deleting a substring from a
string is somewhat context sensitive, and the cost of inserting a string Z into X to obtain a
string X' is equivalent to the cost of deleting Z from X’ to obtain X again. We show that if the
minimum cost over all edit sequences must be obtained, the modified edit distance becomes

undecidable.
1. Introduction

Galil and Giancarlo [1] [2] define the modified edit distance as follows. Given two strings over
a finite alphabet ¥, X=z,z, - - - z,, and Y=y,y, - - - y,, the modified edit distance between X
and Y is the minimal cost of an edit sequence that changes X into Y, where the cost of substitut-
ing a character in Y for a character in X is context free, and the cost of deleting a substring from
X or inserting a substring from Y into X is somewhat context sensitive. Formally, the cost of

deleting z,4,2p4y - - - z; from X is wy(k,i)= fi(2p,2x+1) F fo(2;,241) T 9(i—k), where 1=k<i<m.
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This cost consists of charges for breaking X between z, and z,,, and between z; and ;4 plus
an additional charge that depends on the length of the substring from z,., to z;. The cost of
inserting Yi+1Yx+2 * - ¥; into X is equivalent to the cost of deleting yu+ Yp+o * - - y; from Y,
where 1=<k<j<n. The cost of substituting y; for z; is s(z;,y;), where 1=<i=<m and 1=<j=<n. The
cost of an edit sequence is the total cost of all its operations.

To compute the modified edit distance, Galil and Giancarlo consider the recurrence relation
Dyy given in Figure 1. Note, however, that Dy, will find the minimal cost of an edit sequence
where substrings are deleted from X first, then characters in Y are substituted for characters in
X next, and finally substrings from Y are inserted into X last. Furthermore, the modified edit
distance does not require that the minimum cost over all edit sequences where the cost of substi-
tuting a character in I for a character in a string is context free, the cost of deleting a substring
from a string is somewhat context sensitive, and the cost of inserting a string Z into X to obtain
a string X' is equivalent to the cost of deleting Z from X’ to obtain X again. As with the classi-
cal edit distance problem [5] [7] [8] [9], a slight change in the definition of the modified edit dis-
tance can remove it from the class of problems solvable in polynomial time. We show that if the
minimum cost over all edit sequences must be obtained, the modified edit distance becomes
undecidable. A problem of Thue [3] [4] [6] proved to be undecidable by Post [6] can be reduced
to such a modified edit distance. From this point onward, such a modified edit distance shall
simply be referred to as the modified edit distance.

Thue’é problem is specified in Section 2. Section 3 shows that Thue’s problem can be reduced
to the modified edit distance, establishing that the modified edit distance is undecidable.

Finally, a related open problem is given in Section 4.

2. Thue’s Problem

Post defines Thue’s problem as follows. A Thue system is T=(X,,P), where I, is a finite

alphabet and PC{(A,,B,):4;,B,€X,*1=<i=<n,|4;|<|B;[}. Two strings a,B€L,* are said to be
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D XY

Dyylm n]=Dyylm=1,n=1]+s(z,, 3,)

DXY[i)j]=min{DXY[i_l’j—1]+s(zi’yj))

in D [k,j]+ ki
1‘2;2‘, XY[ ’J] wX( ’2)’

min DXY[i,k]+wY(k,j)} 1<i<m and 1<j<n
1Sk<j

D y[i,1]= Dy [1,1]Fwy(1,i)

D yy(1,j]= Dxy[1,1] Fwy(1,))

DXY[I’”:S(xliyl)

Figure 1

stmilar in T if § can be obtained from o by replacing a substring A; or B; of « by its
corresponding B; or A;, respectively, in P. Clearly, if o and g are similar in 7, § and « are simi-
lar in 7. Finally, « and [ are said to be equivalent in T if there is a finite sequence
Y1Y2 * ** Ym €X;" such that a and v, 7j and 7;+;, 1=j<m, and v,, and S are each similar in 7.
Thue’s problem is determining whether or not « and 3 are equivalent in 7. Post proved that

Thue’s problem is undecidable.

3. The Reduction

Let T=(X,,P) be a Thue system. The reduction consists of constructing cost functions f;, f,,
g, and s that simulate T’ the details are given below. Now, let a,B€X,". Since a prefix or suffix
A; or B; of @ may need to be replaced by its corresponding B; or A;, respectively, in P, let ¢ and

$ be left and right end markers, respectively, not in ;. Our construction will be such that if o
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and 3 are equivalent in T, the modified edit distance between the two strings ¢a$ and ¢3$ will
be zero. Otherwise, the modified edit distance between ¢a$ and ¢3$ will be positive.

The overall strategy of the construction is to use zero cost context sensitive insertions and
deletions to "pack” a substring in X,* into a supercharacter, a zero cost context free substitution
to replace a supercharacter representing A; or B; by a supercharacter representing its
corresponding B; or A;, respectively, in P, and zero cost context sensitive insertions and deletions
to "unpack” a supercharacter. For UWEL,* a,b €Z,, f, and f, as given in Figure 2, and
g(1)=0, an example of how zero cost context sensitive insertions and deletions can be used to
pack a substring in ,* into a supercharacter is summarized in Figure 3. Note, however, that fi
and f, as given in Figure 2 enable zero cost context free insertions and deletions of any character
in ¥, into and from, respectively, any position of any string in £,*. To remedy this situation, let
A and p be local left and right end markers, respectively, not in £, and the functions v, ¢, 7, and
o, which can be thought of as limited union, intersection, prefix, and suffix operations be as
given in Figures 4, 5, 6, and 7, respectively. Now, let £ be the union of all the characters, end
markers, and supercharacters used thus far and f, and f, be as given in Figure 8. Then, the
example summarized in Figure 3 can be replaced by the example summarized in Figure 9. The
zero cost context sensitive insertions and deletions alternately insert and delete the union and

intersection of characters, with boundary conditions handled by local left and right end markers.

fy and f,

fl(a7[a1b])=0 fz([a,b],b)=0
a,b€L;, c€X, J{¢}, and

fl(c’a)=0 f2(a)[ayb])=0 dEEIU{$}

f1([@,b],6)=0 | f,(b,d)=0

Figure 2
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| ¢Uab W3
¢Uala,b]bW3
¢Ula,b]V8

Figure 3

v(a,b)=[a,b]

v(A,a)=[)a]

‘U(b,p)=[b,p] a,b EEI

v([A,al,[a,b])=[),a,b]

v([a,b],[6,p])=[a;b,p]

v([A’a ’b]’[a’b’p])=[A’a7b’p]

Figure 4

u[r.a][a b)) =a

a,b€x;
t([a,b],[b,p])=b

u([Aa.b.[a,b,p])=[a,b]

Figure 5
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m([Aa,b)=[)a] abEx,

7([Aa,b,p])=[Aa,b]

Figure 6

o([a,b,p])=[b,p] a,b€x,

o‘([/\,a,b,p])=[a,b,p]

Figure 7
Finally, supercharacters can be packed from left to right one character at a time, for up to

I=max{|B;|:(4;,B;) € P} characters in £,*, and zero cost context free substitutions can replace one

version of a character with another version of the same character to reduce the number of cases

in one of the proofs below. Formally, let £, =({A\}XZ,_; XE, X{p}), 1<k=I, and

l§ =1 i=~1
=UnU{e s U UExs) U U S) UE x{h U

k=1 k=1 k=1

Udxs,xz) U UEXEx{h U U Ex ) U S xE2h U

k=1 k=1 k=1
UEXsxihU UGXS, x5, x{th U U (S,X5, x ().
k=1 k=1 k=]

Now, let the functions v, ¢, m, and & be as given in Figures 10, 11, 12, and 13, respectively, and
fy and f, be as given in Figure 14, with all undefined values of f,, f,, and g positive. Let the

functions £ and s be as given in Figure 15 and Figure 16, respectively, with all undefined values
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fyand f,
fi(a)=0 £a(Ab)=0
f1(b,p)=0 fap,e)=0

fl(l‘,U(Z,y))=0 fz(u(x,y)’y)=0 GEEIU{¢}, bEEl,

c€x, | J{8}, and z,y€X

fi(z(z,y)=0 | fo(z.y),y)=0

[rAm(2)=0 | fy(m(2),2)=0

f1(y,0(y))=0 fa(o(y),p)=0

Figure 8

¢UabW8
¢Ua[a blbpW8
¢UA[\ala[a,b]b[b,p]p W8
¢UA[\al[a b][b,p]p WS
¢UAM a][Ma,b][a,b][a.b,0)b,0]p W8
¢UAMa,b][a,b,p]pWW8
¢UAMa,b][\a,b,0][a,b,olpWV8
CUA[Na,b,olpWV8

Figure 9

of s positive.
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v(a,b)=[a,b]
v(A,a)=[)a]
v(b,p)=[b,p] a eUzk and b€X,
ke
v([Aa),[a,b])=[)a,b]
v([a,b],[b,0])=[ab,p]
v([A,a,0](a,b.p])=[Aa,b,0]
Figure 10
.
«[Aal,[a,b])=[a,1]
aEUZk and b€X,
([a b],b.p))=[b,2] =
u«([\a,bl,[ab,p))=[ab,1]

Figure 11

Lemma 1. For U,WEX,*, a €5, 1=<k<l, and b€X,, the modified edit distance between ¢U\abW$

and ¢UA[A,a,b,p]W8 is zero.

Proof. A zero cost edit sequence from ¢UAXabWW3$ to ¢UA[A,a,b,p]W8 is summarized in Figure 17.

Therefore, the modified edit distance between ¢UAabW8 and ¢UA[A,a,b,p]W8 is zero.O
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=1
([\ab])=[\a] a €Uz, and bEX,
k=1

7([Aa,b,p])=[\a,b,1]

Figure 12

i
o([a,b,p])=[b,p] a€|JZ, and bET,

k=1

o([Aa.b.p])=[ab,p,1]

Figure 13

Lemma 2. For U,WE€Z,* and a,,a,, - -  ,a;, €Z,, 0=k =, the modified edit distance between the

two strings ¢UAa,a, - - - a, W38 and ¢UN(a,a, - - - a,)W3 is zero.

Proof. For 0=<k=1, the result follows directly from the definitions for the functions f;, f,, g,

and £. For 2=<k=l, the result follows from Lemma 1 and a straight forward induction.O
Lemma 3. For a and g similar in T, the modified edit distance between ¢a$ and ¢/$ is zero.

Proof. For some U,V;,V,,WEE,*, we have a=UV\W, B=UV,W, and (V,,V,)€P or (V,,V;)€P.
Starting from ¢UV,W8, insert A between U and V; to obtain ¢ UAV,WS. Then, by Lemma 2, the
modified edit distance between ¢UAV;W8 and ¢UM(V;)W8 is zero. Then, substitute £(V;) for
£(V)) to obtain @UME(V,)W3. Then, by Lemma 2, the modified edit distance between
¢UNE(V,)WS and @UAV,WB is zero. Finally, delete A from between U and V, to obtain ¢UV,IW3.

The cost of this edit sequence is zero. Therefore, the modified edit distance between ¢a$ and
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fyand f,
fl(av’\)=0 fg(/\,b)=0
fl(c’p)=0 f'.!(pab)=0

fl(:c,v(:c,y))=0

fZ(v(zvy)yy)=0

a€x, U{e}, bes, IS},

-1
ce Uz, U} and

¢33 is zero.O

Theorem 1. For o and S equivalent in T, the modified edit distance between ¢a$ and ¢33 is

Z€ro.

=
filza(z,9)=0 | fa(u(z,y),y)=0 | z:¥EZ
fiAm(2))=0 | fy(m(z),x)=0
f1(y,0(y))=0 faoo(y),p)=0
Figure 14
§
§(e)=p
a,0,,a5, - -+ ,a, €%, and 1<k =l
(a)=a
§(ayay - - a)=[AE(ayay - - - ap—y),a;,p]
Figure 15
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s(a,a,1])=s([a,l],a)=0

s(b,[6,2])=s([b,2],6)=0

=1
s([a,b),[a,b,1])=5([a,b,1],[a,b])=0 ¢ e,,L.{E"’ Wil B

(4,,B,) €P
s([Aa,b],[\a,b,1))=5([\a,b,1],[A,a,b])=0

s([a,b,p],[a,b,p,l])=s([a ,b,p,l],[a,b,p])=0

s(£(A4:),£(By))=5(£(By)£(4))=0

Figure 16

Proof. The result follows from Lemma 3 and a straight forward induction.O

Now let the diagram of X €L* be an ordered tree constructed as follows. X is the root. The
children of a supercharacter z are its components in the same order they appear in z, with the
exception of the components 1 and 2 which are ignored. End markers and characters in X, are
leaves. See Figure 18 for the diagram of X=¢A[A,a][\,a b][a,b,p][b,p]p$, a,bEX,.

When y immediately follows z in X, let y or an ordered set of consecutive children of y, begin-
ning with its left most child, and z or an ordered set of consecutive children of z, ending with its
right most child, that are identical be called an overlap of z and y. Now, let a proper overlap of
z and y be an overlap of z and y that is a proper subset of the children of either z or y. Let
Z (X) be the string of characters in £, contained in the leaves of the diagram of X in left-to-right
order, with the following exception. The leaves of the maximum proper overlap of z and y are

ignored in the subtree rooted at y.
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¢UNabiWs
¢UAa[a,b]bpWs
¢UA[\alafa,b]blb,plpWW8
¢UA[\alfa,1][a,b][b,2][b,p]p W8
¢UAal[a b][b,p]p WS
¢UANa][Aa b][ab][a,b,p][b,plpWS
¢UAMal[\a,b][a,b,1][a,b,pl[b,plpWW8
¢UMa b][a,b,p]pWB
CUA[Na b][\a,b.plla,b,p]pWs
¢UAa,b,1][Aa,b,pl[a,b,p,1pW8
¢UA[\a,b,plpWW8

¢UA[Aa,b,p]W8

Figure 17
X
¢ A / \ P $
: (Aa] [A,a\ /[a,b,p]\ [6,p]
A a A a b a b P b p
Figure 18

For the example of Figure 18, (A,a) is the overlap of [A,a] and [Aa,b], (a,b) is the overlap of

[\a,b] and [a,b,p], and (b,p) is the overlap of [a,b,p] and [b,p]. Therefore, = (X)=ab.
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Theorem 2. If o,8€X,* and the modified edit distance between ¢a$ and ¢33 is zero, a and f3 are

equivalent in 7.

Proof. The minimum cost edit sequence that changes ¢a$ into ¢3$ consists of zero cost edit
operations. Since g(1)=0 and g(k)>0, k#1, z can be inserted or deleted from between y and z
at zero cost if and only if f,(y,z)=f,(z,z)=0. For each x€X, Figures 19 and 20 give the
corresponding y and z values such that f,(y,z)=f,(z,2)=0. All the possible y and z combina-

tions for each z in Figures 19 and 20 yield the zero cost insertions and deletions given in Figures

21 and 22, respectively. For X_X' in Figures 21 and 22, Z(X)=Z(X").

fl(y,:c)=f2(:c,z)=0, I

T y z
a
Ab,ap] | [Ab,a] | [b,a,0]
¢
$
A c d
p e d
[6,a] b a

1-1
a€X,, UL,

k=1

c€x, U{el, dex, U{s},

and e EIGEk Uil

k=1

Figure 19
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f1(y,2)=f4(x,2)=0, 11

z y z

Aa] A ¢
[\a.b]
(b,p] b p
[a,5,]
Pab] | [a] [a,6] a€UJs, and bET,
k=1

[abp] | [a)b] [6.4]
[a,1] A\a] [a,b]
[6,2] [a,] [b.0]
[ab,1] | Mab] | [abyp]
Mab1] | A \abol
[a,b,p,1] | [abyp] | p

Figure 20

The zero cost substitutions are given in Figure 23. For X_X' in Figure 23, Z(X)#Z(X’) if

and only if X=¢U{(A;)W8 and X'=¢UE(B;)W8, where U,WEL* and (4;,B;)€P. If £(4;) and
&(B;) do not have proper overlaps of characters in £, with the last character in U and the first

character in W, then the change between Z(€¢UE(A;)WS) and Z(¢UE(B;)WS) replaces the
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Zero Cost Insertions and Deletions, I

- I—
UM abllab, WS eUNablNabpllab W8 | 17 evs 4¢ szkr

k=1

¢UcdWB ¢UcAdW3 bex,, c€x, U{el,

d€x, | J{$}, and

- =1
¢Ued W8 ¢Uepd WS e€ Uz, U}
k=1

¢UabW3_ ¢Ua[a,b]bW3

Figure 21
substring A; by its corresponding B;, respectively, in P. Otherwise, for each a €%, 1=<k=<l, Fig-
ure 24 gives the corresponding z and y values such that Z(za)#Z(z)Z(a) and
E(ay)#Z(a)=(y) after insertions, deletions, or substitutions XX’ such that = (X)=Z(X’).
For all possible a, z, and y combinations in Figure 24, there does not exist

be U U UExih U (s X)),

k=1 k=1

and z€X such that Z(b)#Z(a) and f,(z,0)=0, fi(z,2)=fy(2,)=0, f,(z,6)=0, f,(b,y)=0,
f1(b,2)= fo(2,y)=0, or f,(b,y)=0. Therefore,  and 3 are equivalent in 7.0
By Theorems 1 and 2,  and (3 are equivalent in 7, if and only if the modified edit distance

between ¢a$ and ¢3$ is zero.

4. Open Problem

A necessary part of the above reduction is the presence of zero values for f,, f,, g, and s(a,b),

where a #b. The complexity of the modified edit distance without zero values for f,, f,, g, and
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Zero Cost Insertions and Deletions, II

¢UNaW3 ¢UA[\,alaW$

CUA[Aa b]WB ¢ UA[A a][\a,b] W3

¢UbpW3 "¢ Ublb,p]pWs3

¢U[ab,plpW8_ ¢ Ula b,pl[b,plp W3

¢U[M,al[a,b]W8_¢U[Aa][a,b][a,b]W3

¢Ula ,b][b,p]WSZ(t Ula,b][a,b,p][b,p] W3

¢U[)a][a,b]W8 ¢U[) a](a,1][a,b]W3

¢Ula b][b,p]W8 "¢ Ula,b][b,2][b,p] W3

¢U[M,a,b][a,b,p)]W8 ¢U[),ab][a,b,1][a,b,p]W8

CUA[A,a,b,p)WB @UA[A,a,b,1][\,a,b,p]W8

¢U[M\a ,b,p]pm:¢ UlXa,b,plla,b,p,1]pW8

-1
U,WGZ’, a e U):k,

and bEX,

k=1

Figure 22

s(a,b), where a#b, remains open.




"8T1-L0T ‘(6861) 9 225 "mndwio) “pas09y], ‘A30[o1q Ie]
-nosowt 03 suorjestjdde yym Surrureifoid srwreulp dn Surpsadg ‘opresuery) ‘Y pue [ 'Z T
"967-88% (8861) ‘@ouarag 4andwo) fo suoyvpunoy uo winisodwhAg jpnuuy

Y167 ‘9047 ‘SurnwreiSoid orueudp dn Surpsadg ‘ofrecuery) Y pue ‘[qen 'z ‘uwwysddy ‘@ T

SOOUBIBJIY

‘we[qoid sy} jo suorssnosip A[ies ur Suryedioipred 10§ ueysddy piae(] 10ss3jold pue wo|

-qoiad st} o3 wiy Suronpoljul 10} I9¥enT G 98109r) 10ss9J0Id JUeY) 03 9YI[ p[nom Ioyjne dYJ,

JUSURSPOMOOY

£z om3yy

su(g)ns_sm('v)ng

smlr'd ‘o] na_sm(d'¢'vln»

sm(1'9'o'xIna. smle' v'¥]n?
d>3('g'v) pue ‘'x39

Tmy [P = ¢
i . . sm(1'e'olna_smle‘n]na
M350 ZoMN

-1

smlz 9N, smans

sml1'0]na_smoeNd

suoIINjIIsSqNg 9s0)) 0137

L1 20UR)SIp 12 payrpow ) Jo AN[IqEpIRpUN Ay,



18 V. J. Leung

Z(za)#Z(z)Z(a) and ZE(ay)#=(a)Z (y)

a x Yy
[C,b] [byd]
b

[A,0] [b,p]
-1 '

[c,b,1] (b,d,1] c€UZ, and b,d€X,
k=1

[A,C,b] [C,va]

[/\,C,b,p] [/\,[/\,c,b,p]] [[/\,c,b,p],d]

Aeb,1] [c,b.p,1]

[[Ae,b,0],d,1]

Figure 24
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