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ABSTRACT OF THE DISSERTATION

Finite generators for countable group actions; Finite
index pairs of equivalence relations; Complexity
measures for recursive programs

by

Anush Tserunyan
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2013
Professor Alexander S. Kechris, Co-chair

Professor Itay Neeman, Co-chair

Part 1: Consider a continuous action of a countable group G on a Polish space X. A
countable Borel partition P of X is called a generator if GP := {gP: g € G, P € P} generates
the Borel o-algebra of X. It was asked by Benjamin Weiss in '87 whether the nonexistence
of an invariant probability measure implies the existence of a finite generator. The main
result of this part is obtaining a positive answer to this question in case X is o-compact (in
particular, when X is locally compact). We also show that finite generators always exist
modulo a meager set, answering positively a question raised by Alexander Kechris in the
mid-"90s.

Part 2: We investigate pairs of countable Borel equivalence relations £ € F, where E is
of finite index in F. Our main focus is the well-known problem of whether the treeability
of E/ implies that of F: we provide various reformulations of it and reduce it to one nat-
ural universal example. In the measure-theoretic context, assuming that F' is ergodic, we
characterize the case when E is normal. Finally, in the ergodic case, we characterize the

equivalence relations that arise from almost free actions of virtually free groups.

Part 3: We consider natural complexity measures for recursive programs from given primi-

tives and derive inequalities between them, answering a question asked by Yiannis Moschovakis.
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INTRODUCTION

The current thesis consists of three unrelated parts, each representing a separate research
project. Parts 1 and 2 were done under the supervision of my advisor Alexander Kechris, and
they fall into the general area of descriptive set theory, more specifically, the study of definable
equivalence relations and group actions with applications to ergodic theory and topological
dynamics. Part 3 was done under the supervision of Yiannis Moschovakis, and it lies in
complezity theory; more specifically, it concerns recursive programs from given primitives
and relations between different complexity measures. Below I give a brief introduction to
the aforementioned general areas of research without going into the research projects and
contributions of this thesis. The latter are contained in the following three parts, each of
which is self-contained and starts with an extensive introduction to the research project it

represents, providing background, motivation and the main results.

Descriptive set theory and definable equivalence relations

Descriptive set theory (DST) combines techniques from set theory, topology, analysis, recur-
sion theory and other areas of mathematics to study definable subsets of R or, more generally,
of any Polish space (see [Kec95]). Examples of such sets include Borel, analytic (projections
of Borel), co-analytic (complement of analytic), etc. The framework of Polish spaces being
used is justified by its robustness since, by Kuratowski’s theorem, Polish spaces of the same
cardinality are Borel isomorphic. A typical example (one of the first) of a theorem in DST is
Souslin’s theorem that states that if a set is both analytic and co-analytic, then it is Borel.
At its earlier stage, a central interest in DST was investigating the regularity properties
of definable sets such as the perfect set property (being countable or containing a perfect
set, a version of Continuum Hypothesis that Cantor proved for closed sets), measurability
and the Baire property. As it turned out, all these properties are satisfied by analytic sets,
but curiously enough, whether they hold for the projections of co-analytic sets is already

independent from ZFC.



For the past twenty years, a major focus of descriptive set theory has been the study of
equivalence relations on Polish spaces that are definable when viewed as sets of pairs (e.g.
orbit equivalence relations of continuous actions of Polish groups are analytic). This study
is motivated by foundational questions such as understanding the nature of complete clas-
sification of mathematical objects (measure preserving transformations, unitary operators,
Riemann surfaces, etc.) up to some notion of equivalence (isomorphism, conjugacy, etc.)
and creating a mathematical framework for measuring the complexity of such classification
problems. Due to its broad scope, it has natural interactions with other areas of mathe-
matics, such as ergodic theory and topological dynamics, functional analysis and operator

algebras, representation theory, topology, model theory and recursion theory.

The following definition makes precise what it means for one classification problem to be

easier (not harder) than another.

Definition. Let E and F be equivalence relations on Polish spaces X and Y, respectively.
We say that E is Borel reducible to F' and write ' <g F' if there is a Borel map f: X =Y
such that for all xg,z1 € X, roFx1 < f(x0)F f(11).

We call E smooth (or concretely classifiable) if it is Borel reducible to the identity relation
id(X) on some (equivalently, any) Polish space X. An example of such an equivalence
relation is the similarity relation of matrices; indeed, if J(A) denotes the Jordan canonical
form of a matrix A € R" then for A, B € R", we have A ~ B <= J(A) = J(B). It
is not hard to check that the computation of J(A) is Borel, so J : R"* - R" is a Borel
reduction of ~ to id(R"*), and hence ~ is smooth. Another (much more involved) example
is the isomorphism of Bernoulli shifts, which, by Ornstein’s famous theorem, is reduced to

the equality on R by the map assigning to each Bernoulli shift its entropy.

However, many equivalence relations that appear in mathematics are nonsmooth. For
example, the equivalence relation Ey on 2V of eventual equality of binary sequences can be
easily shown to be nonsmooth, using measure-theoretic or Baire category arguments. The

following theorem, known as the General Glimm-Effros dichotomy [HKL90], shows that in



fact containing £, is the only obstruction to smoothness:

Theorem (Harrington-Kechris-Louveau ’90). Let E be a Borel equivalence relation on a

Polish space X. Then either E is smooth, or else Eyc,. E.

Here, ©,. means that there is an injective continuous reduction. This theorem was one of
the first major victories of descriptive set theory in the study of equivalence relations. It in
particular implies that [, is the easiest among all nonsmooth Borel equivalence relations in
the sense of Borel reducibility. Besides its foundational importance in the theory of Borel
equivalence relations, it also generalized earlier important results of Glimm and Effros. By
now, several other dichotomy theorems have been proved and general methods of placing
a given equivalence relation among others in the Borel reducibility hierarchy have been
developed. However, there are still many fascinating open problems left, and many parts of

the Borel reducibility hierarchy are yet to be understood.

Among Borel equivalence relations, an essential role is played by countable Borel equiv-
alence relations, i.e. those whose equivalence classes are countable. A Borel action of a
countable group on a Polish space induces such an equivalence relation (the orbit equiva-
lence relation), and conversely, the Feldman-Moore theorem states that all of the countable
Borel equivalence relations arise in this fashion. Thus, although often originating in ergodic
theory or topological dynamics, problems about countable group actions naturally fall into

the context of equivalence relations.

In Part 1 we study the question of the existence of finite generators! for actions of
countable groups in the Borel and Baire category settings. Part 2, however, concerns finite
index extensions of countable equivalence relations and the question of whether the class of

treeable equivalence relations is closed under this operation.

!Certain kinds of partitions of the space on which the group acts.



Complexity theory and recursive programs from given primitives

Complexity theory is a very active area of research that lies in the intersection of mathemat-
ics and theoretical computer science. One of its main focuses is classifying computational
problems according to their inherent difficulty; for example, the minimum number of steps

required.

When we want to establish lower bounds for some measure of computational complexity,
the standard methodology is to fix a rigorously defined model of computation, such as Turing
machines or random access machines, and to specify a representation of the input, e.g. unary
or binary coding for natural numbers, adjacency matrices for graphs, etc. Depending on the
problem, it is often convenient to use one or another model of computation in obtaining lower
bounds, and thus, there is a need to compare lower bounds established for different models
of computation. We can use the fact that one model of computation can be simulated by
another and this simulation is typically polynomial-time. This resolves the issue if the lower
bounds under consideration are not sensitive to polynomial-time perturbations: for example,

in case of super-polynomial or exponential lower bounds.

However, the issue remains if the lower bounds are smaller, e.g. logarithmic or linear. In
this case, the computational complexity heavily depends on what is considered as one step
in the given model of computation. In other words, what are the given primitives (functions
and relations) in that model. For example, the primitives of a Turing machine are the
functions that increment or decrement the pointer ¢ (the position of the head) by one and
switch the ¢*P bit of the binary representation of the input from 0 to 1, or vice versa. Thus,
it is convenient to consider a general model of computation that does not have a fixed set of
primitives, but rather allows specifying one for each individual algorithm. Such a model is
that of recursive programs, and it was extensively used in [MvdD04], [MvdD09] and [Mos].
Instead of defining recursive programs, I will give an example considered in [MvdD04]| and

leave the rigorous definition for Part 3.



The following is the Euclidean algorithm specified by a recursive program:

b if rem(a,b) =0
ged(a,b) = . (a2b>1)
ged(b,rem(a,b)) otherwise

Here the primitives are the relation of equality to 0 and the function rem(a,b), which com-
putes the remainder in the division of a by b. It is easy to see that this algorithm requires at
most 3log, a steps (counting each call to primitives as one step). In [MvdDO04], the authors
conjecture that this algorithm is, up to a constant, the best algorithm among all algorithms

that compute ged(a,b), and they show a lower bound of % log, log, a for all such algorithms.

In [Mos], different measures of complexity for recursive programs are considered, as often
different methods may provide lower bounds for different measures of complexity. Hence,
it is important to investigate the relations between these complexity measures, and this is
the topic of Part 3. The main result is that (roughly speaking) the actual complexity of a
recursive program on a given input comes from the number of calls to primitives made by
the program, and not from the logical operations (such as “if ... then ... else ...”):
those only add a constant factor that depends on the length of the code of the program and

not the input.
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Finite generators for countable group
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CHAPTER |

Introduction to finite generators and the main results

1 BACKGROUND AND MOTIVATION

Throughout this part of the thesis, let G denote a countably infinite discrete group. Let X

be a Borel G-space, i.e. a standard Borel space equipped with a Borel action of G.

Consider the following game: Player I chooses a finite or countable Borel partition P =
{P, }n<r of X, k < oo, then Player II chooses = € X and Player I tries to guess x by asking
questions to Player II regarding which piece of the partition z lands in when moved by a
certain group element. More precisely, for every g € GG, Player I asks to which P, does gx
belong and Player II gives ny, < k as an answer. Whether or not Player I can uniquely
determine = from the sequence (ny)g4ec of responses depends on how cleverly he chose the
partition P. A partition is called a generator if it guarantees that Player I will determine
x correctly no matter which x Player II chooses. Here is the precise definition, which also

explains the terminology.

Definition 1.1 (Generator). Let k < oo and P = { P, }n<x be a Borel partition of X (i.e. each
P, is Borel). P is called a generator if the set of its G-translates GP = {gP,: g€ G,n <k}
generates the Borel o-algebra of X. We also call P a k-generator, and, if k s finite, a finite

generator.

For each k < oo, we give k¢ the product topology and let G act by shift on £¢. For a Borel
partition P = {P, }n<r of X, let f7: X — k% be defined by x — (n,) e, where n, is such that
gr € P, . This is often called the symbolic representation map for the process (X,G,P).

Clearly, f7 is a Borel G-map and, for every = € X, fr(x) is the sequence of responses of



Player I in the above game. Based on this we have the following.

Observation 1.2. Let k< oo and P = {A, }n< be a Borel partition of X. The following are

equivalent:

(1) P is a generator.
(2) GP separates points, i.e. for all distinct x,y € X there is A € GP such thatx e A <>y e A.

(3) fr is one-to-one.

In all of the arguments below, we use these equivalent descriptions of a finite generator

without comment.

Given a Borel G-map f : X — k¢ for some k < oo, define a partition Py = { P, }n<r by
P, = f4(Vy), where V,, = {a € k¢ : a(1g) = n}. Note that fp, = f. This and the above

observation imply the following.

Observation 1.3. For k < co, X admits a k-generator if and only if there is a Borel G-
embedding of X into k.

1.1 Countable generators

In [Wei87], it was shown that every aperiodic (i.e. having no finite orbits) Z-space admits a

countable generator. This was later generalized to any countable group in [JKL02].

Theorem 1.4 (Weiss, Jackson-Kechris-Louveau). Every aperiodic Borel G-space X admits

a countable generator. In particular, there is a Borel G-embedding of X into NC.

This is sharp in the sense that we could not hope to obtain a finite generator solely
from the aperiodicity assumption because of measure-theoretic obstructions. Indeed, the
Kolmogorov-Sinai theorem (see ) implies that measure-preserving actions of Z with infinite
entropy cannot have a finite generator, and there a lot of such actions (e.g. the action of Z
on [0,1]% \ A by shift, where A is the set of periodic points and the measure is the product

of the Lebesgue measure).



Thus, the question of existence of countable generators is completely resolved, and the

current part of this thesis concerns the existence of finite generators.

1.2 Entropy and finite generators

Generators arose in the study of entropy in ergodic theory. Let (X, u,T) be a dynamical
system, i.e. (X,pu) is a standard probability space and T is a Borel measure preserving

automorphism of X. We can interpret the above game as follows:
e X is the set of possible pictures of the world,
e P is an experiment that Player I conducts,
e the point z € X that Player II chooses is the true picture of the world,
e T is the unit of time.

Assume that P is finite (indeed, we want our experiment to have finitely many possible
outcomes). Player I repeats the experiment every day and Player II tells its outcome. The
goal is to find the true picture of the world x with probability 1. This happens exactly when

P is a generator a.e.

The entropy of the experiment P = { P, },< is defined by

hu(P) == u(P,)log u(P,),

n<k

and intuitively, it measures our probabilistic uncertainty about the outcome of the experi-
ment. For example, if for some n < k, P, had probability 1, then we would be probabilistically
certain that the outcome is going to be in P,. On the other hand, if all of P, had proba-
bility %, then our uncertainty would be the highest. Equivalently, according to Shannon’s
interpretation, h,(P) measures how much information we gain from learning the outcome

of the experiment. Thus, the higher the entropy the “smarter” the experiment.

We now define the time average of the entropy of P by

1 .
h(P.T) = lim ~h,(\/ TP),

<n



where \/ denotes the joint of the partitions (the least common refinement). The sequence in

the limit is decreasing and hence the limit always exists and is finite (see [Gla03] or [Rud90]).

Finally the entropy of the dynamical system (X, pu,T') is defined as the supremum over
all (finite) experiments:

h,(T) =suph,(P,T),
P

and it could be finite or infinite. Now it is plausible that if P is a finite generator, then
h,(P,T) should be all the information there is to obtain about the dynamics of X and
hence P achieves the supremum above. This is indeed the case as the following theorem (see

Theorem 14.33 in [Gla03], for example) shows.

Theorem 1.5 (Kolmogorov-Sinai, ’58-59). If P is a finite generator modulo p-NULL, then
h,(T) = h,(P,T). In particular, h,(T) <log(|P|) < 0.

Here p-NULL denotes the o-ideal of p-null sets and, by definition, a statement holds
modulo a o-ideal J if it holds on X \ Z, for some Z € J. We will also use this for MEAGER,

the o-ideal of meager sets in a Polish space.

In case of ergodic systems, i.e. dynamical systems where every (measurable) invariant

set is either null or co-null, the converse of Kolmogorov-Sinai theorem is true (see [Kri70]):

Theorem 1.6 (Krieger, '70). Suppose (X, p,T) is ergodic. If h,(T) <logk, for some k > 2,

then there is a k-generator modulo pu-NULL.

2 (QUESTIONS AND ANSWERS

2.1 Weiss’s question and potential dichotomy theorems

Now let X be just a Borel Z-space with no measure specified. By the Kolmogorov-Sinai
theorem, if there exists an invariant Borel probability measure on X with infinite entropy,
then X does not admit a finite generator. What happens if we remove this obstruction?

More precisely:

10



Question 2.1. Let X be a Borel Z-space. If X does not admit any invariant Borel probability

measure of infinite entropy, does it have a finite generator?
The following seemingly simpler question was first asked in [Wei87]:

Question 2.2 (Weiss, '87). Let X be a Borel Z-space. If X does not admit any invariant

Borel probability measure, does it have a finite generator?

It is shown below in Section 14 these two questions are actually equivalent, and thus, a

positive answer to Weiss’s question would imply the following dichotomy theorem:

Theorem 14.5. Suppose the answer to Question 2.2 is positive and let X be an aperiodic

Borel Z-space. Then exactly one of the following holds:

(1) there exists an invariant Borel probability measure with infinite entropy;

(2) X admits a finite generator.

We remark that the nonexistence of an invariant ergodic probability measure of infinite
entropy does not guarantee the existence of a finite generator. For example, let X be a
direct sum of uniquely ergodic actions Z™X,, such that the entropy h, of each X, is finite
but h, - oo. Then X does not admit an invariant ergodic probability measure with infinite
entropy since otherwise it would have to be supported on one of the X,,, contradicting unique
ergodicity. Neither does X admit a finite generator since that would contradict Krieger’s

theorem applied to X,,, for large enough n.

However, assuming again that the answer to 2.2 is positive for G = Z, we prove the

following dichotomy suggested by Kechris:

Theorem 14.3. Suppose the answer to Question 2.2 is positive and let X be an aperiodic

Borel Z-space. Then exactly one of the following holds:

(1) there exists an invariant ergodic Borel probability measure with infinite entropy,

11



(2) there exists a partition {Y,}nen of X into invariant Borel sets such that each Y, has a

finite generator.

The proofs of these dichotomies use the Ergodic Decomposition Theorem and a version
of Krieger’s theorem together with Theorem 13.10 about separating the equivalence classes

of a smooth equivalence relation.

2.2 Weiss’s question for an arbitrary group and an answer

Because Questions 2.1 and 2.2 are equivalent, we may focus on answering the latter. More-
over, since the statement of Question 2.2 does not use the notion of entropy, one may as well

state it for an arbitrary countable group G as it is done in [JKLO02]:

Question 2.3 (Weiss '87, Jackson-Kechris-Louveau '02). Let G be a countable group and
let X be a Borel G-space. If X does not admit any invariant Borel probability measure, does

it have a finite generator?

In order to state our answer, we need the following:

Definition 2.4. Let X be a Borel G-space and denote its Borel o-algebra by *B(X). For a
topological property P (e.g. Polish, o-compact, etc.), we say that X admits a P topological
realization, if there exists a Hausdorff second countable topology on X satisfying P such that

it makes the G-action continuous and its induced Borel o-algebra is equal to B(X).

We remark that every Borel G-space admits a Polish topological realization (this is
actually true for an arbitrary Polish group, but it is a highly non-trivial result of Becker and

Kechris, see 5.2 in [BK96]).

The main result of this part of the thesis is a positive answer to Question 2.3 in case X

has a o-compact realization:

Theorem 9.5. Let X be a Borel G-space that admits a o-compact realization. If there is

no G-invariant Borel probability measure on X, then X admits a Borel 32-generator.

12



For example, 2.3 has a positive answer when G acts continuously on a locally compact

or even o-compact Polish space.

Remark. The number 32 in the above theorem comes from the fact that the generator is

constructed as the partition generated by 5 Borel sets.

Remark. The fact that a concrete numerical bound of 32 is obtained in the conclusion
of the above theorem is still somewhat surprising. However, Robin Tucker-Drob pointed
out that if Question 2.3 has a positive answer, then automatically there is a uniform finite
bound on the number generators; indeed, otherwise, there is an unbounded sequence (k;,)pnen

of natural numbers such that for each n € N, there is Borel G-spaces X}, that
(i) does not admit an invariant probability measure,
(ii) admits an n-generator,

(iii) does not admit a k-generator for k < k.

Then, letting X be the disjoint union of X , n € N, we see that X still does not admit an
invariant probability measure, but neither does it admit a finite generator, contradicting the

fact that the answer to Question 2.3 is positive.

Before explaining the idea of the proof of the above theorem, we present previously known

results as well as other related results obtained in this part of the thesis.

2.3 The measure-theoretic setting and weakly wandering sets

The following result gives a positive answer to a version of Question 2.3 in the measure-

theoretic context (see [Kre70] for G = Z and [Kun74]| for arbitrary G).

Theorem 2.5 (Krengel, Kuntz, '74). Let X be a Borel G-space and let p be a quasi-invariant
Borel probability measure on X (i.e. G preserves the pu-null sets). If there is no invari-
ant Borel probability measure absolutely continuous with respect to p, then X admits a 2-

generator modulo -NULL.

13



The proof uses a version of the Hajian-Kakutani-It6 theorem (see [HK64] and [HI69)]),
which states that the hypothesis of the Krengel-Kuntz theorem is equivalent to the existence
of a weakly wandering set (see Definition 11.1) of positive measure. We show in Section 11
that having a weakly wandering (or even just locally weakly wandering) set of full saturation

implies the existence of finite generators in the Borel context (Theorem 11.5).

However, it was shown by Eigen-Hajian-Nadkarni in [EHN93] that the analogue of the
Hajian-Kakutani-Ito theorem fails in the Borel context. In Section 15, we strengthen this
result by showing that it fails even in the context of Baire category (Corollary 15.11). This
result is a consequence of a criterion for non-existence of non-meager weakly wandering sets
(Theorem 15.7), and it implies a negative answer to the following question asked in [EHN93]

(question (ii) on page 9):

Question 2.6 (Eigen-Hajian-Nadkarni, '93). Let X be a Borel Z-space. If X does not admit
an invariant probability measure, is there a countably generated (by Borel sets) partition of

X into invariant sets, each of which admits a weakly wandering set of full saturation?
Ben Miller pointed out that he also had obtained a negative answer to this question in

his Ph.D. thesis, see Example 3.13 in [Mil08].

2.4 The Baire category setting

In the mid-"90s, Kechris asked whether an analogue of the Krengel-Kuntz theorem holds in

the context of Baire category (see 6.6.(B) in [JKLO02]), more precisely:

Question 2.7 (Kechris, mid-"90s). Does every aperiodic Polish G-space admit a finite gen-

erator on an invariant comeager set?

The nonexistence of invariant measures is not mentioned in the hypothesis of the question

because it is automatic in the context of Baire category, due to the following (cf. Theorem

13.1 in [KMO4]):

Theorem 2.8 (Kechris-Miller, '04). For any aperiodic Polish G-space, there is an invariant
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comeager set that does not admit any invariant probability measure.

Thus, a positive answer to Question 2.3 for all Borel G-spaces would imply a positive

answer to this question.

We give an affirmative answer to Question 2.7:

Theorem 12.2. Any aperiodic Polish G-space admits a 4-generator on an invariant comea-

ger set.

The proof of this uses the Kuratowski-Ulam method introduced in the proofs of Theo-
rems 12.1 and 13.1 in [KMO04]. This method was inspired by product forcing and its idea
is as follows. Suppose we want to prove the existence of an object A that satisfies a cer-
tain condition on a comeager set (in our case a finite partition). We give a parametrized
construction of such objects A,, where the parameter « ranges over 2 or N¥ (or any other
Polish space), and then try to show that for comeager many values of «, A, has the desired

property ® on a comeager set. In other words, we want to prove
V*aV xd(a, ),

where V* means “for comeager many”’. Now the key point is that the Kuratowski-Ulam

theorem allows us to switch the order of the quantifiers and prove
VeV ad(a,x)

instead. The latter is often an easier task since it allows one to work locally with a fixed

reX.

Now that we have advertised the method, let us point out that a “blind” application of
it would not give us the statement of Theorem 12.2. Indeed, assume for a moment that we

have found a parametrized construction of finite partitions P,, for o« € NN, and let
O(P,,x,y) = “if © +y, then GP,, separates z and y”.

If we apply the Kuratowski-Ulam method to this ®, we will get that for comeager many
a € NN we have:

¥ (2,y) € X* ®(Pa,1,y),
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while we want a comeager set D € X such that
¥(z,y) € D* ®(Pa,,y).

The problem is that a 2-dimensional comeager set may not contain a square of a 1-dimensional
comeager set. To get around this, we transform our 2-dimensional problem into two 1-

dimensional problems.

2.5 Finitely traveling sets and finite generators

Lastly, we give a positive answer to a version of Question 2.3 with slightly stronger hypothesis.
It is not hard to prove (see 6.7) that for a Borel G-space X, the nonexistence of invariant
probability measures on X is equivalent to the existence of so-called traveling sets of full
saturation (Definition 6.1). We define a slightly stronger notion of a locally finitely traveling
set (Definition 10.2), and show in 10.5 that if there exists such a set of full saturation, then

X admits a 32-generator. The proof uses the machinery developed for proving Theorem 9.5.

2.6 Nadkarni’s theorem

We now present an equivalent condition to the hypothesis of Question 2.3, i.e. to the
nonexistence of invariant measures. It was proved by Nadkarni in [Nad91] and it is the
analogue of Tarski’s theorem about paradoxical decompositions (see [Wag93]) for countably

additive measures.

Let X be a Borel G-space and denote the set of invariant Borel probability measures on

X by Mg(X). Also, for S ¢ X, let [S]q denote the saturation of S, i.e. [S]a = Ugeq 9S.

The following definition makes no reference to any invariant measure on X, yet provides

a sufficient condition for the measure of two sets to be equal (resp. < or <).

Definition 2.9. Two Borel sets A, B € X are said to be equidecomposable (denoted by A ~ B)
if there are Borel partitions { Ay ney and { By }nen of A and B, respectively, and {gn}nen € G
such that g, A, = B,. We write A < B if A~ B’ ¢ B, and we write A < B if moreover
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[B~ B =[Bla-

The following explains the above definition.

Observation 2.10. Let A, B ¢ X be Borel sets.

(a) If A~ B, then u(A) = u(B) for any pe Mg(X).
(b) If A< B, then u(A) < u(B) for any ue Ma(X).
(c) If A< B, then either (A) = u(B) =0 or u(A) < u(B) for any e Mg(X).

Definition 2.11. A Borel set A< X is called compressible if A< A.

It is clear from the observation above that if a Borel set A ¢ X is compressible, then
u(A) =0 for all p e Mg(X). In particular, if X itself is compressible then Mg (X) = @.
Thus compressibility is an apparent obstruction to having an invariant probability measure.

It turns out that it is the only one:

Theorem 2.12 (Nadkarni, '91). Let X be a Borel G-space. There is an invariant Borel

probability measure on X if and only if X is not compressible.

The proof of this first appeared in [Nad91] for G = Z and is also presented in Chapter 4
of [BK96] for an arbitrary countable group G. Although we don’t explicitly use this theorem

in our arguments, we use ideas from its proof.

2.7 Outline of the proof of Theorem 9.5

In our attempt to positively answer Question 2.3, we take the non-constructive approach

and try to prove the contrapositive:

No finite generator = 3 an invariant probability measure.
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When constructing an invariant measure (e.g. Haar measure), one usually needs some
notion of “largeness” so that X is “large” (e.g. having nonempty interior, being incompress-

ible). So we aim at something like this:

No 32-generator J an invariant probability measure

N 7

X is not “small” = X is “large”

In the definition of equidecomposability of sets A and B, the partitions {A,},ey and
{B, }nen belong to the Borel o-algebra. For i > 1, we define a finer notion of equidecom-
posability by restricting the Borel o-algebra to some o-algebra that is generated by the
G-translates of --many Borel sets. In this case we say that A and B are i-equidecomposable
and denote by A ~; B. In other words, A ~; B if i-many Borel sets are enough to generate
a G-invariant o-algebra that is sufficiently fine to carve out partitions {A,, },y and { B, }nen
witnessing A ~ B.

As before, we say that a set A is i-compressible if A <; A. Taking i-compressibility as

our notion of “smallness”, we prove the following:

No 32-generator J an invariant probability measure
(1) > 7 (2)

X is not 4-compressible

We prove the contrapositive of Step (1). More precisely, assuming i-compressibility, we

construct a 2“*'-generator by hand, thus obtaining;:
No 2%-generator = X is not 4-compressible.
Step (2) is proving an analog of Nadkarni’s theorem for i-compressibility:
X is not 4-compressible = 3 an invariant probability measure.

To accomplish this step, firstly, we show that i-compressibility is indeed a notion of “small-
ness”, i.e. that the set of i-compressible sets (roughly speaking) forms a o-ideal. The

difficulty here is to prevent i from growing when taking unions.
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Secondly, we assume that X is not 4-compressible and give a construction of a measure
reminiscent of the one in the proof of Nadkarni’s theorem or the existence of Haar measure.
But unfortunately, our proof only yields a family of finitely additive invariant probability
measures (here, we cannot prevent i from growing when taking countable unions). However,
with the additional assumption that X is o-compact, we are able to concoct a countably
additive invariant probability measure out of this family of finitely additive measures, thus

obtaining Theorem 9.5.

2.8 Open questions

Here are some open questions that arose in this research. Let X denote a Borel G-space.

(A) Is X being compressible equivalent to X being i-compressible for some i > 17

(B) Does the existence of a traveling complete section imply the existence of a locally finitely

traveling complete section?

(C) Can we get a 2-generator instead of a 32-generator in Theorem 9.57

A positive answer to any of these questions would imply a positive answer to Question
2.3 since (A) is just a rephrasing of Question 2.3 because of 7.7 and for (B), it follows from
6.5 and 10.5.

3 ORGANIZATION

In Chapter 11, we develop the theory of i-compressibility and establish its connection with the
existence of finite generators and nonexistence of certain finitely additive invariant probabil-
ity measures. More particularly, in Section 4 we give the definition of Z-equidecomposability
and prove the important property of orbit-disjoint countable additivity (see 4.9), which is
what makes €; (defined below) a o-ideal. In Sections 5 and 6 we define the notions of i-

compressibility and i-traveling sets and establish their connection. Finally, in Section 7, we
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show how to construct a finite generator using an i-traveling complete section!. In Section 8,
we prove the main theorem, which provides means of constructing finitely additive invariant

measures (Corollary 8.3) that are non-zero on a given non-i-compressible set.

In the following chapter, we give two applications of Corollary 8.3, namely 9.5 and 10.5,
where the former is the main result of this part stated above and the latter is the result
discussed in Subsection 2.5. Also, Section 11 provides various examples of i-compressible

actions involving locally weakly wandering sets.

Chapter IV contains various somewhat unrelated results. Section 12 establishes the
existence of a 4-generator on an invariant comeager set. In Section 13, we show that given
a smooth equivalence relation £ on X with F 2 E, there exists a finite partition P such
that G'P separates points in different classes of F; in fact, we give an explicit construction
of such P. This result is then used in the following section, where we establish the potential
dichotomy theorems mentioned above (14.3 and 14.5). Finally, in Section 15 we develop a
criterion for non-existence of non-meager weakly wandering sets and derive a negative answer

to Question 2.6.

LA complete section is a set that meets every orbit (equivalently, has full saturation).
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CHAPTER II

The theory of i-compressibility: connections with finite

generators and finitely additive invariant measures

Throughout this chapter let X be a Borel G-space and Eg be the orbit equivalence relation
on X. For a set A c X and G-invariant set P ¢ X, let AP := An P.

For an equivalence relation £ on X and A € X, let [A]g denote the saturation of A with
respect to E, ie. [Alp={x e X :3ye A(xFEy)}. In case E = Eg, we use [A]g instead of
[A]EG'

Let B denote the (proper) class of all Borel subsets of standard Borel spaces, i.e.
B = {B: B is a Borel subset of some standard Borel space X}.

Also, let " be a class o-algebra of subsets of standard Borel spaces containing 28 and closed
under Borel preimages, i.e. if XY are standard Borel spaces and f: X — Y is a Borel map,
then for a subset A c Y, if A €T then f~1(A) is also in I'. For example, I' = B, o(X1),

universally measurable sets.

For a standard Borel space X, let I'(X') denote the set of all subsets of X that belong to
[. In particular, B(X) denotes the set of all Borel subsets of X.

4 THE NOTION OF Z-EQUIDECOMPOSABILITY

A countable partition of X is called Borel if all the sets in it are Borel. For a finite Borel

partition Z = {A4; : i < k} of X, let Fr denote the equivalence relation of not being separated

21



by GZ := {gA;: g€ G, i<k}, more precisely, Vz,ye X,

vFry < fr(x) = f1(y),

where f7 is the symbolic representation map for (X, G,Z) defined above. Note that if Z is a

generator, then F7 is just the equality relation.
For Ac X, put
[(X)|a={A'cA:3BeT(X) (A =BnA)}.

Also, for an equivalence relation E on X and A, B ¢ X, say that A is F-invariant relative to

B or just F |pg-invariant if [A]pn B=AnB.

Definition 4.1 (Z-equidecomposability). Let A, B < X, and T be a finite Borel partition of
X. A and B are said to be equidecomposable with T' pieces (denote by A ~' B) if there are
{gn}tnen € G and partitions { Ay }neny and {By}nen of A and B, respectively, such that for all
neN

e g, A, =B,,
e A, eT(X)|a and B, eT(X) |5.
If moreover,
e A, and B, are Fr-invariant relative to A and B, respectively,

then we will say that A and B are Z-equidecomposable with T' pieces and denote it by A ~L B.

If ' =8, we will not mention I' and will just write ~ and ~z.

Note that for any finite Borel partition Z of X and Borel sets A,B ¢ X, A and B are
Z-equidecomposable if and only if fr(A) and fz(B) are equidecomposable (although the
images of Borel sets under f7 are analytic, they are Borel relative to f7(X) due to the Lusin

Separation Theorem for analytic sets). Also note that if Z is a generator, then ~7 coincides

with ~.
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Observation 4.2. Below let Z,Ty,T; denote finite Borel partitions of X, and A, B,C € I'(X).

(a) (Quasi-transitivity) If A~} B~} C, then A~} C with T =Ty v T (the least common
refinement of Iy and Zy).

(b) (Fr-disjoint countable additivity) Let { Ay }nen, { Bn}nen be partitions of A and B, respec-
tively, into T' sets such that ¥Yn+m, [An]r, 0 [Anley = [Bolr, 0 [Bnle, =@, If YneN,
A, ~E B, then A~T B.

If A~ B, then there is a Borel isomorphism ¢ of A onto B with ¢(x)Egz for all x € A;
namely ¢(x) = g,z for all z € A,,, where A, g, are as in Definition 2.9. It is easy to see that
the converse is also true, i.e. if such ¢ exists, then A ~ B. In Proposition 4.5 we prove the
analogue of this for ~I, but first we need the following lemma and definition that take care

of definability and Frz-invariance, respectively.

For a Polish space Y, f: X - Y is said to be I'-measurable if the preimages of open sets
under f are in I'. For Ae(X) and h: A > @, define h: A - X by z ~ h(z)z.

Lemma 4.3. If h: A - G is I'-measurable, then the images and preimages of sets in I’

under h are in T'.

Proof. Let B <€ A, C ¢ X bein I. For g € G, set A, = h~1(g) and note that h(B) =
Ugec 9(Ay 0 B) and h™1(C) = Uy g7 (gA, 0 C). Thus h(B) and h~1(C) are in T’ by the

assumptions on I'. O

The following technical definition is needed in the proofs of 4.5 and 4.9.

Definition 4.4. For Ac X and a finite Borel partition T of X, we say that T is A-sensitive

or that A respects T if A is Fr-invariant relative to [A]g, i.e. [A]Eé]c = A.

For example, if 7 is finer than {A, A}, then Z is A-sensitive. Note that if A~z B and A

respects Z, then so does B.
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Proposition 4.5. Let A, B € I'(X) and let T be a Borel partition of X that is A-sensitive.
Then, A ~L B if and only if there is an Fr-invariant I'-measurable map v: A - G such that
4 is a bijection between A and B. We refer to such v as a witnessing map for A~L B. The

same holds if we delete “Fr-invariant” and “L” from the statement.

Proof. =: If {gn}nen, {An}neny and { B, }aen are as in Definition 4.1, then define v: A - G
by setting v la,= gn.

<: Let 7 be as in the lemma. Fixing an enumeration {g, },.y of G with no repetitions, put
A, =~v1(gn) and B, = g, A,. Tt is clear that {A, }nen, {Bn}nen are partitions of A and B,
respectively, into ' sets. Since 7y is Fz-invariant, each A, is Fz-invariant relative to A and
hence relative to P := [A]g = [B]g because A respects Z. It remains to show that each B,
is Fr-invariant relative to B. To this end, let y € [B,,]r, N B and thus there is z € A, such
that yFrg,x. Hence z := g-'y Fr g;'g,x = x and therefore z € A,, because A,, is Fr-invariant

relative to P. Thus y = g,z € B,,. O]

In the rest of the subsection we work with I' = 8B.

Next we prove that Z-equidecomposability can be extended to Fr-invariant Borel sets.

First we need the following separation lemma for analytic sets!:

Lemma 4.6 (Invariant analytic separation). Let E be an analytic equivalence relation on X .
For any disjoint family {A,}nen of E-invariant analytic sets, there exists a disjoint family

{B,}nen of E-invariant Borel sets such that A, € B,.

Proof (Vaught). We give the proof for two disjoint E-invariant analytic sets Ay, Ay since this
easily implies the statement for countably many. Recursively define analytic sets C,, ¢ X

and Borel sets D,, € X such that for every n e N we have

(i) AgcC,c D, cCh CAS,

My original argument used I1} reflection principles, but it was pointed out to me by Shashi Srivastava
that one could use analytic separation instead. I chose to present this latter argument here since analytic
separation may be more transparent for non-logicians than II} reflection principles.
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(ii) C, is E-invariant.

To do this, let Cy = Ay, and, assuming that C), is defined, define D,,, C,,,1 as follows: since
C, and A; are disjoint analytic sets, there is a Borel set D,, separating them (by the Lusin
separation theorem), i.e. D, 2 C, and D, n A; = @. Let Cy;1 = [D,]E, and note that C,, 4
is analytic and disjoint from A; since A; is F-invariant and disjoint from D,,. This finishes

the construction.

Now let B = U,ey Dy; hence B is Borel, contains Ay and is disjoint from A;. On the
other hand, B = U,y C,, and thus is F-invariant. O

Proposition 4.7 (Fz-invariant extensions). Let Z be a Borel partition of X and let A, B ¢ X
be Borel sets. If A ~z B, then there exists Borel sets A’ 2 A and B’ 2 B such that A’, B’
are Fr-invariant and A’ ~z B'. In fact, if {gn}nen, {An nen, { Bn }neny witness A ~r B, then
there are Fr-invariant Borel partitions { Al }nen, { Bl }nen of A and B’ respectively, such that
gn Al = Bl and Al, 2 A, (and hence B!, 2 B,,).

Proof. Let {gn}ner, {An Yner, {Bn }new be as in Definition 4.1 and put A, = [A,]p,. It is easy
to see that for n # m e N,

(i) A,nA, =2;

(i1) gnAn N gm

2|

m = .

Put A = [A] r, and note that {A, }nev is a partition of A. Although A, and A are Fr-
invariant, they are analytic and in general not Borel. We obtain Borel analogues of these
sets using invariant analytic separation as follows: by Lemma 4.6 applied to {A, }ny and
{gnA;, }nen, there are pairwise disjoint families {C), } ey and {D,,}neny of Fr-invariant Borel
sets such that C, 2 A, and D,, 2 g,A,. Taking A = C, ng,'D,, we see that {A! }.y is a
pairwise disjoint family of Fz-invariant Borel sets such that A/, 2 A,,. Moreover, {g, A" }nen

is also a pairwise disjoint family. Thus, taking B!, = g, A}, we are done. O
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Lemma 4.8 (Orbit-disjoint unions). Let Ay, By € B(X), k= 0,1, be such that [Ag]g and
[A1]e are disjoint and put A = Agu Ay and B = Bou By. If T is an A, B-sensitive finite
Borel partition of X such that Ay ~z By for k=0,1, then A~z B. Moreover, if vo: Ay > G
1s a Borel map witnessing Ay ~z By, then there exists a Borel map v: A - G extending 7

that witnesses A ~r B.

Proof. First assume without loss of generality that X = [A]g (= [B]g) since the statement
of the lemma is relative to [A]g. Thus A, B are Fr-invariant.

Applying 4.7 to Ay ~z By, we get Fr-invariant A 2 Ay, B 2 By such that A’ ~; B’
Moreover, by the second part of the same lemma, if 79 : Ag > G is a witnessing map for
Ao ~1 By, then there is a witnessing map 6 : A, - G for A’ ~z B’ extending vy. Put C' = AjnA
and note that C' is Fz-invariant since so are Aj, and A. Finally, put Ay={reC:Clle =
Alzle A §(Clele) = Blele} and note that Ay 2 Ay since 6 2 5o and [Ag]en [A1]¢ = @.

Claim. Ay is Fr-invariant.

Proof of Claim. First note that for any Fy-invariant D ¢ X and z € X, [DIFle]p, = DIFlele,
Furthermore, if D € C, then [6(D)]p, = 6([D]r,) since & and its inverse map Fr-invariant

sets to Fr-invariant sets.

Now take z € Ay and let Q = [[2]r, ]g. Since A, B,C are Fy-invariant, C? = [Cl#]¢ ]y, =
[Al)e]p = AQ. Furthermore, 6(CQ) = §([Cl#le]p,) = [6(Cl#le)]p, = [Bl#le]p, = BQ. Thus,
Vy € [2]g,, CWe = Alle and §(CWle) = BWle; hence [2]p, € A,. —|

Put A; = A~ ZO, g =0 V2, 01 =71 b, where 7 is a witnessing map for Ay ~z By. It is
clear from the definition of Ay that Ay is Eg-invariant relative to A and hence [Ay]an[A1]q =
@. Thus, for k = 0, 1, it follows that oy, witnesses A, ~z By, where By, = d(A;). Furthermore,
it is clear that BlAxle = B and, since [4Ay]qU[A;]e = X, BouB; = B. Now since A, are Fz-
invariant, v = oqp U a1 is Frz-invariant and hence witnesses A ~z B. Finally, agla,= 9 l4,= Y0

and hence aq 2 7. O
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Proposition 4.9 (Orbit-disjoint countable unions). For k € N, let Ay, By € B(X) be such
that [ Ax ] are disjoint and put A = Ugeny Ak, B = Uren Bi. Suppose that T is an A, B-sensitive
finite Borel partition of X such that Ay ~z By for all k. Then A ~1 B.

Proof. We recursively apply Lemma 4.8 as follows. Put A, = U, A and B, = U<y, Be.
Inductively define Borel maps 7, : U<, Ar = G such that 7, is a witnessing map for A, ~z B,
and v, C Y,.1. Let 79 be a witnessing map for Ag ~z Byg. Assume 7, is defined. Then =,
is provided by Lemma 4.8 applied to 4,, and A,.; with ~,, as a witness for A,, ~z B,,. Thus

n € Yn+1 and v,41 witnesses A1 ~7 Byt

Now it just remains to show that v := U,y V. is Fz-invariant since then it follows that
~v witnesses A ~z B. Let z,y € A be Fr-equivalent. Then there is n such that z,y € A,. By

induction on n, 7, is Fz-invariant and, since v |z = v, 7(7) =v(y). O

Corollary 4.10 (Finite quasi-additivity). For k = 0,1, let Ay, By € B(X) be such that
AgnA1=Byn By =@ and put A= Agu Ay, B=ByuB;. Let I, be an Ay, By-sensitive finite
Borel partition of X. If Ay ~z, Bo and Ay ~1, By, then A ~z,y1, B.

Proof. Put T=TyvZy, P=[A]an[Ai]e, Q@ =[A0]c ~[A1]e and R =[A1]c \[Ao]g. Then
AL, Bl respect Z, and thus [Ao]f; n[Ai] =@, [Bolp, n[ B}, = @. Hence AP ~z BF since
the sets that are Fr-invariant relative to Af are also Fr-invariant relative to AF, and the
same is true for B{ and BY. Also, A9 ~z B? and AP ~; BT because A? = Ay, B? = B,
Af = A;, BR = B;. Now since P,Q, R are pairwise disjoint, it follows from Proposition 4.9

that A ~7 B. [l

5 THE NOTION OF 7-COMPRESSIBILITY

For a finite collection F of subsets of X, let (F) denote the partition of X generated by F.

Definition 5.1 (i-equidecomposibility). For i > 1, A,B ¢ X, we say that A and B are

i-equidecomposable with T' pieces (write A~} B) if there is an A-sensitive partition T of X
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generated by i Borel sets such that A ~L B. For a collection F of Borel sets, we say that F
witnesses A~ B if |F| =i, I :=(F) is A-sensitive and A ~% B.

Remark. In the above definition, it might seem more natural to have ¢ be the cardinality
of the partition Z instead of the cardinality of the collection F generating Z. However, our
definition above of i-equidecomposability is needed in order to show that the collection €;
defined below forms a o-ideal. More precisely, the presence of F is needed in the definition

of i*-compressibility, which ensures that the partition Z in the proof of 5.7 is B-sensitive.
For a family F of subsets of X, let og(F) denote the o-algebra generated by GF.

Remark. Slawek Solecki pointed out that for ¢ > 1 and Borel sets A,B ¢ X, A ~; B if
and only if A ~ B and the partitions { A, }nen, {Bn fney Witnessing the equidecomposability
of A and B can be taken from a c-algebra generated by the G-translates of i-many Borel
sets. More precisely, A ~; B if and only if there are a family F of i-many Borel sets,
a sequence {g,tney € G, and partitions {A,}ney and {B,}nen of A and B, respectively,
such that A,, B, € og(F) and ¢,A, = B,. Thus, i-equidecomposability is obtained from
equidecomposability by restricting the Borel o-algebra to some o-algebra generated by the
G-translates of i-many Borel sets. Finally, note that every instance of ~; uses a (potentially)

different o-algebra.

For i > 1, A, B c X, we write A <! B if there is a I' set B’ ¢ B such that A ~}' B'. If

moreover [AN Blg = [A]g, then we write A <" B. If I = B, we simply write ~;, <;, <;.
Definition 5.2 (i-compressibility). For i e N, A< X, we say that A is i-compressible with

' pieces if A<l A.

Unless specified otherwise, we will be working with I' = %8, in which case we simply say

i-compressible.

For a collection of sets F and a G-invariant set P, set F© = {AF : A e F}. We will use

the following observations without mentioning.
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Observation 5.3. Leti,j>2, A, A", B,B',C €%B. Let P c[A]g denote a G-invariant Borel
set and F,Fy,F1 denote finite collections of Borel sets.

(a) If A ~; B then A" ~; B”.
(b) If F witnesses A ~; B, then so does FlAlc.

(¢c) If A ~; B ~; C, then A ~yjy C. In fact, Fy and Fy witness A ~; B and B ~; C,
respectively, then F = Fou Fy witnesses A ~@.jy C.

(d) If A<; B<; C, then A<, C. If one of the first two < is < then A <(;4j) C.

(6) [fANZB andA’~j B’ ’lUZ.thAﬁA,:BﬂB/:@, thenAUA’~(i+j)BUB’.

Proof. Part (e) follows from 4.10, and the rest follows directly from the definition of i-

equidecomposability and 4.2. O

Lemma 5.4. If a Borel set A ¢ X is i-compressible, then so is [A]g. In fact, if F is a finite

collection of Borel sets witnessing the i-compressibility of A, then it also witnesses that of

[Alg.

Proof. Let B ¢ A be a Borel set such that [A\ B]g = [A]g and A ~; B. Furthermore, let Z
be an A, B-sensitive partition generated by a collection F of i Borel sets such that A ~z B.
Let v: A - G be a witnessing map for A ~; B. Put A’ = [A]g, B’ = Bu (A’ \ A) and note
that A’, B’ respect Z. Define ~' : A’ - G by setting v’ | 41 a= id | a4 and v | 4= 7. Since
A’ respects Z and id | g1« 4,7y are Fz-invariant, 7' is Fz-invariant and thus clearly witnesses

A’ ~1 B [l

The following is a technical refinement of the definition of i-compressibility that is (again)

necessary for &;, defined below, to be a o-ideal.

Definition 5.5 (i*-compressibility). Fori > 1, we say that a Borel set A is i*-compressible if
there is a Borel set B € A such that [AN Blg = [A]g =2 P, A ~; B, and the latter is witnessed
by a collection F of Borel sets such that B € FP.
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Finally, for i > 1, put
¢; = {Ac X :there is a G-invariant Borel set P 2 A such that P is i*-compressible}.
Lemma 5.6. Leti>1 and Ac X be Borel. If A<; A, then Ae €.

Proof. Setting P = [A]g and applying 5.4, we get that P <; P, i.e. there is B ¢ P such that
[P\ B]g =P and P ~; B. Let F be a collection of Borel sets witnessing the latter fact.
Then F' = F u {B} witnesses P ~(;,1) B and contains B. O

Proposition 5.7. For alli>1, &€; is a o-ideal.

Proof. We only need to show that €; is closed under countable unions. For this it is enough

to show that if A, € B(X) are i*-compressible G-invariant Borel sets, then so is A := U,y Ap-

We may assume that A, are pairwise disjoint since we could replace each A, by A, \
(Uk<n Ax). Let B, ¢ A, be a Borel set and F,, = {F]"}i<; be a collection of Borel sets with
(F{)4n = B, such that F,, witnesses A, ~; B, and [A, \ B, = A,. Using part (b) of 5.3,
we may assume that F;» = F,; in particular, Fj = B,,.

Put B = U,y By, and Fy, = Uy )Y, Yk < 4; note that Fy = B. Set F = {F }j<; and Z = (F).
Since B € F and A is G-invariant, T is A, B-sensitive. Furthermore, since F4» = F,,, A,, ~z B,

for all n € N. Thus, by 4.9, A ~z B and hence A is i*-compressible. m

6 TRAVELING SETS

Definition 6.1. Let AeT'(X).

o We call A a traveling set with T' pieces if there exists pairwise disjoint sets {Ap}nen in

['(X) such that Ag=A and A~ A, VneN.

e For a finite Borel partition T, we say that A is Z-traveling with I' pieces if A respects

T and the above condition holds with ~ replaced by ~%.
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e Fori>1, we say that A is i-traveling if it is T-traveling for some A-sensitive partition

T generated by a collection of i Borel sets.

Definition 6.2. For a set A ¢ X, a function v: A - GV is called a travel gquide for A if
V€ A,(2)(0) = 1g and ¥(z,n) # (y,m) € Ax N, 3(2)(n)z £ 7(y)(m)y.

For A eT'(X), a I'-measurable map 7: A - GN and n e N, set v, :=v(-)(n) : A > G and

note that ~, is also I'-measurable.

Observation 6.3. Suppose A € I'(X) and T is an A-sensitive finite Borel partition of X.
Then A is I-traveling with T' pieces if and only if it has a I'-measurable Fr-invariant travel

quide.
Proof. Follows from definitions and Proposition 4.5. O

Now we establish the connection between compressibility and traveling sets.

Lemma 6.4. Let T be a finite Borel partition of X, P € I'(X) be a Borel G-invariant set and
let A, B be I subsets of P. If P~ B, then P~ B is I-traveling with T pieces. Conversely,
if A is I-traveling with I' pieces, then P ~% (P~ A). The same is true if we replace ~% and

“L-traveling” with ~U and “traveling”, respectively.

Proof. For the first statement, let 7 : X - G be a witnessing map for X ~L B. Put A’ = X\ B
and note that A’ respects Z since so does P and hence B. We show that A’ is Z-traveling.
Put A, = ()"(A’), for each n > 0. It follows from injectivity of 4 that A, are pairwise

disjoint. For all n, recursively define §,, : A’ = G as follows

do =7 lar
5n+1 =7e° gn
It follows from Fr-invariance of v that each 0, is Fr-invariant. It is also clear that 5, = ()"

and hence d,, is a witnessing map for A’ ~L A,. Thus A’ is i-traveling with I' pieces.

For the converse, assume that A is Z-traveling and let {4, },y be as in Definition 6.1.

In particular, each A, respects Z and A, ~L A,,, for all n,m € N. Let P' = Uy 4, and
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B" = Ups1 An. Since A, ~L A1, part (b) of 4.2 implies that P’ ~L B’. Moreover, since
PNP'~LPNP' weget P~L (B'U(PNP'))=P\A. O

For a G-invariant set P and A € P, we say that A is a complete section for P if [A]s = P.

The above lemma immediately implies the following.

Proposition 6.5. Let P e I'(X) be G-invariant and i > 1. P is i-compressible with T pieces
if and only if there exists a complete section for P that is i-traveling with T' pieces. The same

18 true with “i-compressible” and “i-traveling” replaced by “compressible” and “traveling”.

We need the following lemma in the proofs of 6.7 and 6.8.

Lemma 6.6. Suppose A € X is an invariant analytic set that does not admit an invariant
Borel probability measure. Then there is an invariant Borel set A" 2 A that still does not

admit an invariant Borel probability measure.

Proof. Let M denote the standard Borel space of G-invariant Borel probability measures on

X (see Section 17 in [Kec95]). Let ® ¢ Pow(X) be the following predicate:
O(W) <= Yue M(u(W) =0).
Claim. There is a Borel set B2 A with ®(B).

Proof of Claim. By the dual form of the First Reflection Theorem for I} (see the discussion
following 35.10 in [Kec95]), it is enough to show that ® is IT} on X}1. To this end, let YV be

a Polish space and D €Y x X be analytic. Then, for any n € N, the set
1
Hy = {(ny) e MxY = u(Dy) > 3,

is analytic by a theorem of Kondd-Tugué (see 29.26 of [Kec95]), and hence so are the sets
H! :=projy (H,) and H := U, H!. Finally, note that

{yeY :®(A)}={yeY :3pe MIneN(u(4,)> %)}C = He,
and so {yeY : ®(A4,)} is I1]. .
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Now put A’ = (B)g, where (B)g = {x € B: [2]g ¢ B}. Clearly, A’ is an invariant Borel
set, A’2 A, and ®(A’) since A’ ¢ B and ®(B). O

Proposition 6.7. Let X be a Borel G-space. The following are equivalent:

(1) X is compressible with universally measurable pieces;

(2) There is a universally measurable complete section that is a traveling set with universally

measurable pieces;
(8) There is no G-invariant Borel probability measure on X ;
(4) X is compressible with Borel pieces;

(5) There is a Borel complete section that is a traveling set with Borel pieces.

Proof. Equivalence of (1) and (2) as well as (4) and (5) is asserted in 6.5, (4)=-(1) is trivial,
and (3)=(4) follows from Nadkarni’s theorem (see 2.12). It remains to show (1)=(3). To
this end, suppose X ~I' B, where B¢ = X \ B is a complete section and I' is the class of
universally measurable sets. If there was a G-invariant Borel probability measure p on X,
then pu(X) = u(B) and hence p(B¢) = 0. But since B¢ is a complete section, X = Uy gB¢,
and thus p(X) =0, a contradiction. O

Now we prove an analogue of this for i-compressibility.

Proposition 6.8. Let X be a Borel G-space. For i > 1, the following are equivalent:

(1) X isi-compressible with universally measurable pieces;

(2) There is a universally measurable complete section that is an i-traveling set with univer-

sally measurable pieces;

(3) There is a partition T of X generated by i Borel sets such that Y = frz(X) ¢ |Z|¢ does

not admit a G-invariant Borel probability measure;

(4) X is i-compressible with Borel pieces;
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(5) There is a Borel complete section that is a i-traveling set with Borel pieces.

Proof. Equivalence of (1) and (2) as well as (4) and (5) is asserted in 6.5 and (4)=(1) is
trivial. It remains to show (1)=(3)=(5).

(1)=(3): Suppose X ~L B, where B¢ = X \ B is a complete section, Z is a partition of
X generated by i Borel sets, and I' denotes the class of universally measurable sets. Let
v : X - G be a witnessing map for X ~I' B. By the Jankov-von Neumann uniformization
theorem (see 18.1 in [Kec95]), fr has a o(3])-measurable (hence universally measurable)
right inverse h:Y — X. Define 6 : Y - G by d(y) = v(h(y)) and note that ¢ is universally
measurable being a composition of such functions. Letting B’ = ) (Y), it is straightforward
to check that d o fz = fro4 and thus B’ = fz(3(X)) = fz(B). Now it follows that ¢ is a
witnessing map for Y ~I' B’ and hence Y is compressible with universally measurable pieces.

Finally, (1)=(3) of 6.7 implies that ¥ does not admit an invariant Borel probability measure.

(3)=(5): Assume Y is as in (3). Then by Lemma 6.6, there is a Borel G-invariant Y’ 2 Y
that does not admit a G-invariant Borel probability measure. Viewing Y’ as a Borel G-
space, we apply (3)=(4) of 6.7 and get that Y’ is compressible with Borel pieces; thus
there is a Borel B’ ¢ Y’ with [V~ B']g = Y’ such that Y/ ~ B’. Let 6 : Y’ - G be a
witnessing map for Y’ ~ B’. Put B = f7'(B’) and v = 0 o fz. By definition, v is Fz-
invariant. In fact, it is straightforward to check that v is a witnessing map for X ~z B and

[X\Blg=[f*(Y~B)]e=[f"([Y N\ B'l¢) = f[f'(Y) = X. Hence X is Z-compressible. [J
We now give an example of a 1-traveling set. First we need some definitions.
Definition 6.9. Let X be a Borel G-space and A € X be Borel. A is called

o aperiodic if it intersects every orbit in either O or infinitely many points;
e a partial transversal if it intersects every orbit in at most one point;

e smooth if there is a Borel partial transversal T ¢ A such that [T']¢ = [A]e-
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Proposition 6.10. Let X be an aperiodic Borel G-space and T ¢ X be Borel. If T is a

partial transversal, then T is (T')-traveling.

Proof. let G = {gn}ney With go = 1g. For each n € N, define n: X - Nand v, : T - G
recursively in n as follows:

n(z) = the least k such that grx ¢ {%;(z) :i <n}

V() = Ga(a)
Clearly, n and -, are well-defined and Borel. Define v : T - GN by setting v(-)(n) = v,. It
follows from the definitions that ~ is a Borel travel guide for T and hence, T is a traveling set.
It remains to show that 7 is Fr-invariant, where Z = (T'). For this it is enough to show that i
is Fr-invariant, which we do by induction on n. Since it trivially holds for n = 0, we assume
it is true for all 0 < k < n and show it for n. To this end, suppose x,y € T" with xFry, and
assume for contradiction that m := n(z) < n(y). Thus it follows that g,y = Y (y) € 3 (T),
for some k < n. By the induction hypothesis, 45 (T") is Fz-invariant and hence, g,z € 4% (T),
contradicting the definition of n(z). O

Corollary 6.11. Let X be an aperiodic Borel G-space. If a Borel set A € X is smooth, then
Ace Q:l.

Proof. Let P = [A]g and let T' be a Borel partial transversal with [T']¢ = P. By 6.10, T
is Z-traveling, where Z = (T'). Hence, P ~z P~ T, by Lemma 6.4. This implies that P is
1*-compressible since Z = (T¢) and P~ T e {T°}". O

7 CONSTRUCTING FINITE GENERATORS USING i-TRAVELING SETS

Lemma 7.1. Let A € B(X) be a complete section and I be an A-sensitive finite Borel
partition of X. If A is I-traveling (with Borel pieces), then there is a Borel 2|Z|-generator.
If moreover A € Z, then there is a Borel (2|Z| - 1)-generator.

Proof. Let v be an Fz-invariant Borel travel guide for A. Fix a countable family {U, },en

generating the Borel structure of X and let B = U, 9. (A nU,). By Lemma 4.3, each 7,
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maps Borel sets to Borel sets and hence B is Borel. Set J =(B) , P =7 v J and note that
|P| < 2|Z|. A and B are disjoint since {%,(A) }nen is a collection of pairwise disjoint sets and
Fo(A) = A; thus if AeZ, |[P|<1+2(|Z]-1) =2|Z| - 1. We show that P is a generator, that is

G'P separates points in X.

Let z # y € X and assume they are not separated by GZ, thus xFry. We show that GJ
separates x and y. Because A is a complete section, multiplying = by an appropriate group
element, we may assume that x € A. Since A respects Z, A is Fr-invariant and thus y € A.
Also, because v is Fz-invariant, v,(z) = 7,(y), Yn € N. Let n > 1 be such that x € U,, but
y ¢ Uy Put g=7,(2)(=1(y)). Then gz =4,(z) € 3n(AnU,) while gy = 4, (y) ¢ (AN Uy).
Hence, gz € B and gy ¢ B because 7,,(A) Nnv,(A) =@ for all m #n and gy = 4,,(y) € 3.(A).
Thus GJ separates x and . O]

Now 6.8 and 7.1 together imply the following.

Proposition 7.2. Let X be a Borel G-space and v > 1. If X is i-compressible then there is

a Borel 211 -generator.

Proof. By 6.8, there exists a Borel i-traveling complete section A. Let Z witness A being

i-traveling and thus, by Lemma 7.1, there is a 2|Z| < 2- 2¢ = 2i*1-generator. O

Example 7.3. For 2 <n < oo, let [F,, denote the free group on n generators and let X be the
boundary of F,,, i.e. the set of infinite reduced words. Clearly, the product topology makes
X a Polish space and F,, acts continuously on X by left concatenation and cancellation. We
show that X is 1-compressible and thus admits a Borel 22 = 4-generator by Proposition 7.2.
To this end, let a,b be two of the n generators of IF,, and let X, be the set of all words in
X that start with a. Then X = (X,;+u X )~z Y, where Y = bX,1 uaX®, and I(X,1).
Hence X ~; Y. Since X \Y 2 X1, [X \Y]p, = X and thus X is 1-compressible.

Now we obtain a sufficient condition for the existence of an embedding into a finite

Bernoulli shift.
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Corollary 7.4. Let X be a Borel G-space and k € N. If there exists a Borel G-map f: X —
kG such that Y = f(X) does not admit a G-invariant Borel probability measure, then there
is a Borel G-embedding of X into (2k)C.

Proof. Let T =Z; and hence f = fz. By (3)=(5) of 6.8 (or rather the proof of it), X admits
a Borel Z-traveling complete section. Thus by Lemma 7.1, X admits a 2|Z| = 2k-generator

and hence, there is a Borel G-embedding of X into (2k)¢. O

Lemma 7.5. Let T be a partition of X inton Borel sets. ThenZ is generated by k = [logy(n)]

Borel sets.

Proof. Since 2F > n, we can index Z by the set 2k of all k-tuples of {0,1}, i.e. Z = {A,}yex.
For all 7 < k, put
B,L' = U Aa‘-

oe2kao(i)=1
Now it is clear that for all o € 2k, A, =N Bf(i), where Bf(i) is equal to B; if o(i) = 1, and
equal to B¢, otherwise. Thus Z = (B; :i < k). ]

7

Proposition 7.6. If X is compressible and there is a Borel n-generator, then X is [logy(n)]-

compressible.

Proof. Let Z be an n-generator and hence, by Lemma 7.5, Z is generated by ¢ Borel sets.
Since GZ separates points in X, each Fr-class is a singleton and hence X < X implies

X<IX. ]

From 7.2 and 7.6 we immediately get the following corollary, which justifies the use of

1-compressibility in studying Question 2.3.

Corollary 7.7. Let X be a Borel G-space that is compressible (equivalently, does not admit
an invariant Borel probability measure). X admits a finite generator if and only if X is

i-compressible for some 1 > 1.
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8 FINITELY ADDITIVE INVARIANT MEASURES AND ?-COMPRESSIBILITY

This section is mainly devoted to the following theorem, together its corollaries and proof.

Theorem 8.1. Let X be a Borel G-space. If X is aperiodic, then there exists a function
m:B(X) x X - [0,1] satisfying the following properties for all A, B € B(X):

(a) m(A,-) is Borel;

(b) m(X,z)=1, VreX;

(c) If Ac B, then m(A,z) <m(B,x), Yz e X;

(d) m(A,z) =0 off [A]g;

(e) m(A,x) >0 on [A]lg modulo €4;

(f) m(A,x) =m(gA,x), for all g e G, x € X modulo €3;

(9) If AnB =g, then m(Au B,x) =m(A,z) +m(B,x), Yz € X modulo €.

Remark. A version of this theorem is what lies at the heart of the proof of Nadkarni’s
theorem. The conclusions of our theorem are modulo €4, which is potentially a smaller o-
ideal than the o-ideal of sets contained in compressible Borel sets used in Nadkarni’s version.

However, the price we pay for this is that part (g) asserts only finite additivity instead of

countable additivity asserted by Nadkarni’s version.
Before proceeding with the proof of this theorem, we draw a couple of corollaries. Theo-
rem 8.1 will only be used via Corollary 8.3.

Definition 8.2. Let X be a Borel G-space. B €*B(X) is called a Boolean G-algebra, if it is
a Boolean algebra, i.e. is closed under finite unions and complements, and is closed under

the G-action, i.e. GB = B.
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Corollary 8.3. Let X be a Borel G-space and let B € B(X) be a countable Boolean G-
algebra. For any A € B with A ¢ &4, there exists a G-invariant finitely additive probability

measure j on B with u(A) >0. Moreover, i can be taken such that there is x € A such that

VB e B with Bn[z]g =3, u(B) = 0.

Proof. Let A € B be such that A ¢ €;. We may assume that X = [A]g by setting the (to be

constructed) measure to be 0 outside [A]g.

If X is not aperiodic, then by assigning equal point masses to the points of a finite orbit,

we will have a probability measure on all of B(X), so assume X is aperiodic.

Since &€, is a o-ideal and B is countable, Theorem 8.1 implies that there is a P € €4
such that (a)-(g) of the same theorem hold on X \ P for all A, B € B. Since A ¢ €4, there
exists w4 € AN P. Hence, letting p(B) = m(B,xz4) for all B € B, conditions (b),(f) and (g)
imply that p is a G-invariant finitely additive probability measure on B. Moreover, since
x4 € [Alg N P, p(A) = m(A,z4) > 0. Finally, the last assertion follows from condition
(d). O

Corollary 8.4. Let X be a Borel G-space. For every Borel set A ¢ X with A ¢ &, there
exists a G-invariant finitely additive Borel probability measure p (defined on all Borel sets)

with w(A) > 0.

Proof. The statement follows from 8.3 and a standard application of the Compactness The-

orem of propositional logic. Here are the details.

We fix the following set of propositional variables
P={Pa,: AecB(X),re[0,1]},
with the following interpretation in mind:
Py, < “the measure of A is > r”".

Define the theory T as the following set of sentences: for each A, B € B(X), r,s€[0,1] and
geG,
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(1) “Pag’eT;
(i) if > 0, then “~Pp," €T
(iii) if s> 7, then “Py s — Pa,"€ T}
(iv) if AnB =g, then “(Pa, A Pgs) = Pasgrss’s “(=Pay A=Ppgs) > = Papris €T
(v) “Px1"eT;
(vi) “Pa, - Pya,"€T.

If there is an assignment of the variables in P satisfying 7', then for each A € B(X), we
can define

p(A) =sup{re[0,1]: Pa,}.

Note that due to (i),  is well defined for all A € B(X). In fact, it is straightforward to
check that p is a finitely additive G-invariant probability measure. Thus, we only need to
show that T is satisfiable, for which it is enough to check that T is finitely satisfiable, by the

Compactness Theorem of propositional logic (or by Tychonoff’s theorem).

Let Ty € T be finite and let Py be the set of propositional variables that appear in the
sentences in Ty. Let B denote the Boolean G-algebra generated by the sets that appear in
the indices of the variables in Py. By 8.3, there is a finitely additive G-invariant probability
measure [ defined on B. Consider the following assignment of the variables in Py: for all
P, € Py,

Pa, = pu(A) 2.

It is straightforward to check that this assignment satisfies Ty, and hence, T is finitely
satisfiable. n

We now start working towards the proof of Theorem 8.1, following the general outline of
Nadkarni’s proof of Theorem 2.12. The construction of m(A, z) is somewhat similar to that

of Haar measure. First, for sets A, B, we define a Borel function [A/B]: X - Nu{-1,00}
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that basically gives the number of copies of Bl#le that fit in Al*le when moved by group
elements (piecewise). Then we define a decreasing sequence of complete sections (called a

fundamental sequence below), which serves as a gauge to measure the size of a given set.

Assume throughout that X is an aperiodic Borel G-space (although we only use the

aperiodicity assumption in 8.15 to assert that smooth sets are in &;).

8.1 Measuring the size of a set relative to another

Lemma 8.5 (Comparability). VA, B € B(X), there is a partition X = P u Q into G-
invariant Borel sets such that for any A, B-sensitive finite Borel partition T of X, AP <z BY

and B9 <7 AQ.

Proof. It is enough to prove the lemma assuming X = [A]g n [B]g since we can always
include [B]g N\ [A]g in P and X \ [B]g in Q.

Fix an enumeration {g,}neny for G. We recursively construct Borel sets A, B,,, A, B!,
as follows. Set Aj = A and Bj = B. Assuming A}, B}, are defined, set B, = B} n g,A},
A,=g;'B,, Al ., =Al N A, and B!, = B/ \ B,,.

n+l
It is easy to see by induction on n that for any A, B-sensitive Z, A,,, B,, are Fr-invariant
since so are A, B. Thus, setting A* = U,y An and B* = Uy Bn, we get that A* ~; B* since
B, = g, A,.
Let A’=ANA*, B'=B~\ B* and set P=[B']g, Q =X\ P.

Claim. [A,]G N [B,]G =d.
Proof of Claim. Assume for contradiction that 3z € A’ and n € N such that g,z € B'. It is

clear that A’ = Nyey A}, B’ = Nien By,; in particular, x € A}, and g,z € B),. But then g,z € B,

and x € A,,, contradicting x € A’. =

Let Z be an A, B-sensitive partition. Then AP = (A*)" and hence AP <7z BY since
(A*)P ~z (B*)P c¢ BP and [BP \ (B*)"]g = [B’]g = P =[B?]q. Similarly, B¢ = (B*)% and
hence B® <7 A@ since (B*)?Q ~7 (A*)Q c AC. O
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Definition 8.6 (Divisibility). Let n < oo, A, B,C € B(X) and Z be a finite Borel partition
of X.

o Write A~z nB @ C if there are Borel sets Ay € A, k <n, such that {Ag}ra V{C} is a

partition of A, each Ay is Fr-invariant relative to A and Ay ~z B.

o Write nB <7 A if there is C ¢ A with A ~z nB & C, and write nB <z A if moreover
[Cla =[Ale-

o Write A <z nB if there is a Borel partition {Ag}r<n of A such that each Ay is Fr-
invariant relative to A and Ay <7 B. If moreover, Ay <z B for at least one k < n, we

write A <z nB.

Fori > 1, we use the above notation with  replaced by i if there is an A, B-sensitive partition

Z generated by i sets for which the above conditions hold.

Proposition 8.7 (Euclidean decomposition). Let A, B € B(X) and put R = [A]c n[B]g-
There exists a partition { Py, }n<eo 0of R into G-invariant Borel sets such that for any A, B-
sensitive finite Borel partition T of X and n < oo, AP» ~z nBP» @ C,, for some C,, such that

Cn <z B, if n < oo.

Proof. We repeatedly apply Lemma 8.5. For n < oo, recursively define R,,, P,, A,, C, satis-
fying the following:

(i) R, are invariant decreasing Borel sets such that nBf» <z Af» for any A, B-sensitive Z;
(11) P, =R, ~ Rn+1;

(iii) A, € R, are pairwise disjoint Borel sets such that for any A, B-sensitive Z, every A,

respects Z and A,, ~r Bftn+1;

(iv) C, ¢ P, are Borel sets such that for any A, B-sensitive Z, every C,, respects Z and
Cn <7 B,
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Set Ry = R. Given R,,, { Ay }k<n satisfying the above properties, let A’ = Afin ., Ap. We
apply Lemma 8.5 to A’ and Bf», and get a partition R, = P, U R,,;1 such that (A")» <z B»
and BBt <z (A")Bne1 Set C), = (A")n. Let A, € (A")E»+1 be such that Bfn1 ~z A, Tt is
straightforward to check (i)-(iv) are satisfied.

Now let Reo = Npeny R and Cop = (AN Upen An ). Now it follows from (i)-(iv) that for all

n < oo, {Af"}km u{C,} is a partition of A" witnessing A ~z nB & C,,, and for all n < oo,

C, < B, O

For A, B e€B(X), let {P,}.<c be as in the above proposition. Define

n ifzrxeP,n<oo
oo ifzxeP,orazel[AleN[Bla
0 ifze[Ble~[Als '

[A/B](x) =

-1 otherwise

Note that [A/B]: X - Nu{-1,00} is a Borel function by definition.

8.2 Properties of [A/B]

Lemma 8.8 (Infinite divisibility = compressibility). Let A, B € B(X) with [A]c = [Bla,
and let T be a finite Borel partition of X. If coB <7 A, then A <7 A.

Proof. Let C ¢ A be such that A ~z coB @& C and let {Ay}r<oo be as in Definition 8.6. Ay ~z
B ~7 Ap41 and hence Ay ~7 Apy1. Also trivially C' ~7 C. Thus, letting A’ = Upcoo Ars1UC, we
apply (b) of 4.2 to A and A’, and get that A ~z A’. Because [ANA']¢ =[Ao]e = [Ble = [A]a,
we have A <7 A. O

Lemma 8.9 (Ambiguity = compressibility). Let A,B € B(X) and Z be a finite Borel
partition of X. If nB <z A <z nB for some n>1, then A<z A.

Proof. Let C' ¢ A be such that A ~z nB & C and let {Aj}r<, be a partitions of A~ C
witnessing A ~z nB & C. Also let {A] }r<, be witnessing A <z nB with A} <z B. Since

43



Al <1 B ~1 Ay, A} 2z Ay, for all k < n and A} <z Ag. Note that it follows from the
hypothesis that [A]s = [B]e and hence [Ap]e = [A]g since [Ao]e = [B]e. Thus it follows
from (b) of 4.2 that A = Uy, A}, <z Ugen Ai € A. O

Proposition 8.10. Let ne€N and A, A’, B, P € B(X), where P is invariant.
(a) [A/B] €N on [B]g modulo €.
(b) If Ac A’ then [A/B] < [A'/B].

(¢c) If [A/B] =n on P then nBY <z AP <z (n+1)BY, for any finite Borel partition T that is
A, B-sensitive. In particular, nBY <9 AP <5 (n+1)BF by taking T = (A, B).

(d) Forn>1, if AP <;nB, then [A/B] <n on P modulo €;,1;

(e) If AP ¢ [Blg and nBY <; AP, then [A/B] >n on P modulo €.

Proof. For (a), notice that 8.8 and 5.6 imply that P, € €5. (b) and (c) follow from the
definition of [A/B]. For (d), let Z be an A, B-sensitive partition of X generated by i Borel

sets such that AP <z nBY, and put Q = {z € P:[A/B](x) >n}. By (¢), nB? <z A?. Thus,
by Lemma 8.9, A? <7 A9 and hence, by Lemma 5.6, [A%]g = @ € Cj,1.

For (e), let Z be an A, B-sensitive partition of X generated by i Borel sets such that
nBP <z AP and put Q = {x € P:[A/B](z) <n}. By (c¢), A? <z nB?. Thus, by Lemma 8.9,
AQ <7 AQ and hence, by Lemma 5.6, [A%]g = Q € Cj,1. O

Lemma 8.11 (Almost cancelation). For any A, B,C € X,
[A/B][B[C] < [A]C] < ([A/B]+1)([B/C] +1)

on R:=[B]gn[C]lg modulo €.

Proof. Let T =(A, B,C).

[A/B][B/C] < [A/C]: Fix integersi,7 >0 and let P ={x e X : [A/B](x) =in[B/C](z) = j}.
Since i,j >0, P ¢ [A]gn[B]en[C]s and we work in P. By (c) of 8.10, iB <7 A and jC <z B.
Thus it follows that ijC <7 A and hence [A/C] >ij modulo €, by (e) of 8.10.
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[A/C] < ([A/B]+1)([B/C]+1): By (a) of 8.10, [A/C],[A/B],[B/C] € N on R modulo €;.
Fix i,jeNandlet Q = {x e R:[A/B](xz) =in[B/C](x) = j}. We work in Q. By (c) of 8.10,
A<z (i+1)Band B<z (j+1)C. Thus A<z (i+1)(j+1)C and hence [A/C] < (i+1)(j+1)
modulo €4 by (d) of 8.10. O

Lemma 8.12 (Invariance). For A, F € B(X), Yge G,[A/F] =[gA/F], modulo €.

Proof. We may assume that X = [A]gn[F]g. Fix g € G, n € N, and put Q = {z ¢
X : [gA/F](z) = n}. We work in ). Let Z = (A, F) and hence A, gA, F respect Z. By
(c) of 8.10, nF <z gA. But clearly gA ~r A and hence nF' <z A. Thus, by (e) of 8.10,
[A/F] > n = [gA/F], modulo €3. By symmetry, [gA/F] > [A/F] (modulo €3) and the

lemma follows. [l

Lemma 8.13 (Almost additivity). For any A, B, F € X with AnB =g, [A/F]+[B/F] <
[AuB/F|<[A/F]+[B/F]+1 modulo &,.

Proof. Let T =(A, B, F).

[A/F]+[B]/F] <[AnB/F]: Fix i,j € Nnot both 0, say i > 0, and let S = {x € X : [A/F](z) =
in[B/F](x) =74} Sincei>0, Sc[A]gn[F]e and we work in S. By (c) of 8.10, i FS <7 AS
and jFS <z B%. Hence (i +7)F® <z (Au B)® and thus, by (e) of 8.10, [Au B/F] > i+ j,

modulo €.

[AnBJF] < [A/F]+[B/F]+1: Outside [F]g, the inequality clearly holds. Fix 7,5 ¢ N
and let M ={z € [Flg: [A/F](x) =in[B/F](z) = j}. We work in M. By (c) of 8.10,
A<z (i+1)F and B <z (j+1)F. Thus it is clear that Au B <z (i + j + 2)F and hence
[AuB/F]<i+j+2, modulo &, by (d) of 8.10. O

8.3 Fundamental sequence

Definition 8.14. A sequence {F, },en of decreasing Borel complete sections with Fy = X and

[F/Fni1] =2 modulo €3 is called fundamental.
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Proposition 8.15. There exists a fundamental sequence.

Proof. Take Fy = X. Given any complete Borel section F', its intersection with every orbit
is infinite modulo a smooth set (if the intersection of an orbit with a set is finite, then
we can choose an element from each such nonempty intersection in a Borel way and get
a Borel transversal). Thus, by 6.11, F' is aperiodic modulo €;. Now use Lemma 13.1 to
write I'= Au B,An B = @, where A, B are also complete sections. Let now P, be as in
Lemma 8.5 for A, B, and hence A" <5 BP B9 <5, A9 because we can take Z = (A, B). Let
A'=APUB9 B'=BPUAQ. Then F=AuB' A'nB' =@, A’ < B" and A’ is also a complete
Borel section. By (e) of 8.10, [F/A’] > 2 modulo €3. Iterate this process to inductively
define F,,. O

8.4 The definition and properties of m(A,z)

Fix a fundamental sequence {F, } .y and for any A € B(X),x € X, define

m(A.a) = lim LT ()

if the limit exists, and 0 otherwise. In the above fraction we define 2 =1. We will prove in

Proposition 8.17 that this limit exists modulo €,. But first we need a lemma.

Lemma 8.16. For any A€ B(A),

oo on [Alg
lim[A/F,] = , modulo €.
e 0 on X~[A]g

Proof. The part about X \ [A]g is clear, so work in [A]g, i.e. assume X =[A]s. By (a) of
8.10 and 8.11, we have

oo > [F1/A] > [Fi/F,][F.]A] > 2" [F,/A], modulo €&,

which holds for all n at once since €, is a o-ideal. Thus [F,/A] - 0 modulo €, and hence,

as [F,/A] €N, [F,/A] is eventually 0, modulo €,. So if

Bk = {ZE € [A]G : [F/A](ZL’) = O},
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then By ~ X, modulo €,. Now it follows from Lemma 8.5 that [A/F}] > 0 on By modulo
€4. But
[A/FkJrn] 2 [A/Fk][Fk/FkJrn] > ZH[A/F;C], modulo @4,

so for every k, [A/F,,] = o0 on By modulo &,. Since By ~ X modulo €4, we have [A/F,,] - oo
on X, modulo &;. O

Proposition 8.17. For any Borel set A< X, the limit in () exists and is positive on [A]g,

modulo €4.
Proof.

Claim. Suppose B,C € B(X), ieN and D; ={x e X : [C/F;](x) >0}. Then

[B/F] _[B/F]+1
[C/F] = [C/F]

on D;, modulo &.

Proof of Claim. Working in D; and using Lemma 8.11, Vj we have (modulo &)

[B/Fij]1 < ([B/E]+ 1)([Fi/Fii;] +1)
[C/Fi;] 2 [C]E]F/Fii ] >0,

SO
[B/Fz’+j] < [B/Fz] +1 . [E/E+J] +1
[C/Fu;] — [C[Fi] [Fi/ Fivj]
JBE)e1 1y
[C/Fi] 27
from which the claim follows. —
Applying the claim to B=A and C = X (hence D; = X)), we get that for all i e N
—[A/F.](x) [A/Fi](z)+1
lim < modulo €4).
PAXEI () S XRI) 9
Thus

W[A/F”] < limw ~ lim [A/F]
e[ X[F,] T ize [X[F]  iz=[X/F]
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. . 1 _
since llmiﬁoo m = O

To see that m(A, x) is positive on [ A]r modulo €4 we argue as follows. We work in [A].
Applying the above claim to B = X and C' = A, we get

L /B [X/R] 41

m(A,z) ne [AJF,] = [A/F] < oo on D; (modulo &,).

Thus m(A,z) >0 on UinD;, modulo €. But D; » [A]g because [A/F;] - oo as i — oo, and
hence m(A,x) >0 on [A]g modulo €. O

8.5 Proof of Theorem 8.1

Fix A, B € ®B(X). The fact that m(A,x) € [0,1] and parts (b) and (d) follow directly from
the definition of m(A, z). Part (a) follows from the fact that [ A/F},] is Borel for all n € N. (c)

follows from (b) of Lemma 8.10, and (e) and (f) are asserted by 8.17 and 8.12, respectively.

To show (g), we argue as follows. By Lemma 8.13, [A/F,] + [B/F,] < [Au B/F,] <
[A/F,] +[B/F,] +1, modulo €,, and thus

[A/F] | [BIE] _[AUuB/E] _[A/R] [B/R], 1
(X/E] KRS XR] S XR] T XR] T IXIED

for all n at once, modulo €, (using the fact that €4 is a o-ideal). Since [X/F,] > 27,
passing to the limit in the inequalities above, we get m(A,z) + m(B,z) < m(Au B,z) <

m(A,z) +m(B,z). QED (Thm 8.1)
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CHAPTER III

Applications of the theory of :-compressibility

In this chapter we establish the existence of finite generators for compressible actions in

various cases using the developments of the previous chapter.

9 FINITE GENERATORS IN THE CASE OF 0-COMPACT SPACES

In this section we prove that the answer to Question 2.3 is positive in case X has a o-compact
realization. To do this, we first prove Proposition 9.2, which shows how to construct a
countably additive invariant probability measure on X using a finitely additive one. We

then use 8.3 to conclude the result.
For the next two statements, let X be a second countable Hausdorff topological space

equipped with a continuous action of G.

Lemma 9.1. Let U € Pow(X) be a countable base for X closed under the G-action and
finite unions/intersections. Let p be a G-invariant finitely additive probability measure on

the G-algebra generated by U. For every A c X, define

p(A) =inf{> p(U,): Uy, el n Ac|JU,}.

neN neN

Then:

(a) p* is a G-invariant outer measure.

(b) If K ¢ X is compact, then K is metrizable and p* is a metric outer measure on K (with

respect to any compatible metric).
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Proof. 1t is a standard fact from measure theory that pu* is an outer measure. That u* is
G-invariant follows immediately from G-invariance of p and the fact that U is closed under

the action of G.

For (b), first note that by Urysohn metrization theorem, K is metrizable, and fix a metric
on K. If E,F c K are a positive distance apart, then so are £ and F. Hence there exist
disjoint open sets U,V such that £ c U, F ¢ V. Because £ and F are compact, U,V can be

taken to be finite unions of sets in & and therefore U,V e U.

Now fix € >0 and let W,, e, be such that £u F cJ,, W,, and
Y p(Wo) < (EUF)+e<p*(E)+p*(F) +e (%)

Note that {W,, nU},en covers E, {W, nV},n covers F and W, nU, W, nV elU. Also, by

finite additivity of p,
p(W,nU)+p(W,,n V) = p(W,n (UuV)) < p(W,).

Thus
W (E) + " (F) <Y p(WonU) + 3 p(Won V) < 3 p(Wo),

which, together with (*), implies that p*(E U F') = p*(E) + p*(F') since € is arbitrary. [

Proposition 9.2. Suppose there exist a countable base U € Pow(X) for X and a compact set
K ¢ X such that the G-algebra generated by U v {K} admits a finitely additive G-invariant
probability measure p with p(K) > 0. Then there exists a countably additive G-invariant

Borel probability measure on X .

Proof. Let K,U and p be as in the hypothesis. We may assume that U is closed under
the G-action and finite unions/intersections. Let u* be the outer measure provided by
Lemma 9.1 applied to U, p. Thus p* is a metric outer measure on K and hence all Borel
subsets of K are p*-measurable (see 13.2 in [Munb3]). This implies that all Borel subsets
of Y = [K]g = Ujeg gK are p*-measurable because p* is G-invariant. By Carathéodory’s

theorem, the restriction of p* to the Borel subsets of YV is a countably additive Borel measure
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on Y, and we extend it to a Borel measure u on X by setting p(Y¢) = 0. Note that p is
G-invariant and pu(Y) < 1.

It remains to show that p is nontrivial, which we do by showing that p(K) > p(K) and
hence p(K) > 0. To this end, let {U, }ney €U cover K. Since K is compact, there is a finite
subcover {U,,}n<n. Thus U :=U,.y U, €4 and K € U. By finite additivity of p, we have

> p(Un) 2 3, p(Un) 2 p(U) 2 p(K),

neN n<N
and hence, it follows from the definition of u* that p*(K) > p(K). Thus u(K) = p*(K) >
0. [

Corollary 9.3. Let X be a second countable Hausdorff topological G-space whose Borel
structure is standard. For every compact set K € X not in €4, there is a G-invariant

countably additive Borel probability measure p on X with p(K) > 0.

Proof. Fix any countable base U for X and let B be the Boolean G-algebra generated by
U U {K}. By Corollary 8.3, there exists a G-invariant finitely additive probability measure
p on B such that p(K) > 0. Now apply 9.2. O

As a corollary, we derive the analogue of Nadkarni’s theorem for €, in case of o-compact

spaces.

Corollary 9.4. Let X be a Borel G-space that admits a o-compact realization. X ¢ € if

and only if there exists a G-invariant countably additive Borel probability measure on X.

Proof. <: If X € €4, then it is compressible in the usual sense and hence does not admit a

G-invariant Borel probability measure.

=: Suppose that X is a o-compact topological G-space and X ¢ €4. Then, since X is

o-compact and €, is a o-ideal, there is a compact set K not in €,. Now apply 9.3. ]

Remark. For a Borel G-space X, let K denote the collection of all subsets of invariant Borel

sets that admit a o-compact realization (when viewed as Borel G-spaces). Also, let € denote
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the collection of all subsets of invariant compressible Borel sets. It is clear that K and € are

o-ideals, and what 9.4 implies is that €n K € €.

Theorem 9.5. Let X be a Borel G-space that admits a o-compact realization. If there is no

G-invariant Borel probability measure on X, then X admits a Borel 32-generator.

Proof. By 9.4, X € €, and hence, X is 4-compressible. Thus, by Proposition 7.2, X admits

a Borel 2°-generator. ]

Example 9.6. Let LO ¢ 2V denote the Polish space of all countable linear orderings and let
G be the group of finite permutations of elements of N. G is countable and acts continuously
on LO in the natural way. Put X = LO N~ DLO, where DLO denotes the set of all dense
linear orderings without endpoints (copies of Q). It is straightforward to see that DLO is a
G5 subset of LO and hence, X is F,,. Therefore, X is in fact o-compact since LO is compact
being a closed subset of 2N, Also note that X is G-invariant.

1

nl’

Let 1 be the unique measure on LO defined by p(Vip<)) = =7, where (F,<) is a finite
linearly ordered subset of N of cardinality n and V() is the set of all linear orderings of N
extending the order < on F'. As shown in [GW02], x is the unique invariant measure for the

action of G on LO and p(X) = 0. Thus there is no G-invariant Borel probability measure

on X and hence, by the above theorem, X admits a Borel 32-generator.

10 FINITELY TRAVELING SETS

Let X be a Borel G-space.

Definition 10.1. Let A, B € B(X) be equidecomposable, i.e. there are N < 00, {gn}n<n € G
and Borel partitions { A, tnen and {By}nen of A and B, respectively, such that g,A, = B,
foralln< N. A, B are said to be

e locally finitely equidecomposable (denote by A ~i5m B), if {An}nen, {Bn}nens {gn}nn
can be taken so that for every x € A, A, n[x]g =@ for all but finitely many n < N;
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o finitely equidecomposable (denote by A ~p, B), if N can be taken to be finite.

The notation <g,, <ia, and the notions of finite and locally finite compressibility are

defined analogous to Definitions 2.9 and 2.11.

Definition 10.2. A Borel set A ¢ X is called (locally) finitely traveling if there exists pairwise
disjoint Borel sets {Ap}nen such that Ag=A and A ~p, An (A ~ifin An), V1 e N.

Proposition 10.3. If X is (locally) finitely compressible then X admits a (locally) finitely

traveling Borel complete section.

Proof. We prove for finitely compressible X, but note that everything below is also locally

valid (i.e. restricted to every orbit) for a locally compressible X.

Run the proof of the first part of Lemma 6.4 noting that a witnessing map v: X - G of
finite compressibility of X has finite image and hence the image of each §,, (in the notation
of the proof) is finite, which implies that the obtained traveling set A is actually finitely

traveling. n

Proposition 10.4. If X admits a locally finitely traveling Borel complete section, then
X e @4.

Proof. Let A be a locally finitely traveling Borel complete section and let { A, } ey be as in
Definition 10.2. Let Z,, = {C} }rew, Jn = { D} }ken be Borel partitions of A and A,,, respectively,
that together with {¢}ren € G witness A ~ig, A, (as in Definition 10.1). Let B denote the
Boolean G-algebra generated by {X } UU,n(Z, U J, U{A4,}).

Now assume for contradiction that X ¢ €, and hence, A ¢ €;. Thus, applying Corollary
8.3 to A and B, we get a G-invariant finitely additive probability measure p on B with
u(A) > 0. Moreover, there is z € A such that YB € B with Bn[z]g =@, u(B) = 0.

Claim. u(A,) = u(A), for all n e N.

Proof of Claim. For each n, let {C}! }ick, be the list of those C} such that C} n[z]g # @
(K, < oo by the definition of locally finitely traveling). Set B = A\ (Uicxk, C}) and note
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that by finite additivity of p,

1(A)=p(B)+ Y u(Cp).

<Ky

Similarly, set B' = A, N (Ui<k,, D) and hence

1(An) = p(B) + Y u(Dy).

<K
But Bn[z]e =@ and B'n[z]q =@, and thus u(B) = u(B’') = 0. Also, since gp C} = Dj and

p is G-invariant, pu(Cy) = u(Dy,). Therefore

p(A)= > w(Cp) = > n(Dy) = u(Ay).

i<Kp <Ky

This claim contradicts u being a probability measure since for large enough N, p(U,<n An) =

Nu(A) > 1, contradicting p(X) = 1. O
This, together with 7.2, implies the following.

Corollary 10.5. Let X be a Borel G-space. If X admits a locally finitely traveling Borel

complete section, then there is a Borel 32-generator.

11 LOCALLY WEAKLY WANDERING SETS AND OTHER SPECIAL CASES

Assume throughout the section that X is a Borel G-space.
Definition 11.1. We say that Ac X is

o weakly wandering with respect to H € G if (hA)n (h'A) = @, for all distinct h,h' € H;

o weakly wandering, if it is weakly wandering with respect to an infinite subset H ¢ G

(by shifting H, we can always assume 1g € H);

e locally weakly wandering if for every x € X, Alzle is weakly wandering.
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For Ac X and z € A, put
Aa(2) = (g € G 2 g0 = 1 A ¥ % m(g, A1 1 g, 4B = ),

and let F'(GY) denote the Effros space of GV, i.e. the standard Borel space of closed subsets
of GN (see 12.C in [Kec95]).

Proposition 11.2. Let A € B(X).

(a) Vx e X, As(x) is a closed set in GN.
(b) As:A— F(GY) is 0(X})-measurable and hence universally measurable.
(c) Ay is Fa-invariant, i.e. Yx,y € A, if tFay then Aa(x) = Aa(y).

(d) If s: F(GN) - GN is a Borel selector (i.e. s(F)e F,VF € F(GY)), then y:=so Ay is
a o(X1)-measurable Fa- and G-invariant travel guide. In particular, A is a 1-traveling

set with o(X1)-pieces.

Proof. (a) Aa(z)¢is open since being in it is witnessed by two coordinates.

(b) For s €e GN let B, = {F ¢ F(GN) : FnV, # @}, where V, = {a € GY¥ : a 2 s}. Since
{Bs}eq<n generates the Borel structure of F'(GV), it is enough to show that A7'(By)
is analytic, for every s € G<N. But AJ(B;) = {z € X : 3(gn)nen € Vilgo = lg A Vn =
mg,(Al*le n g, Al*le = )]} is clearly analytic.

(c¢) Assume for contradiction that zFsy, but Aa(x) # Aa(y) for some z,y € A. We may
assume that there is (gn)nen € Aa(z) N Ax(y) and thus In # m such that g, Alle n
gmAlle £ @ Hence Al¥long;tg,, AlVle + @ and let v/, 3" € Alvle be such that y” = g gy’
Let g € G be such that y’ = gy.

Since ¥’ = gy, ¥ = g, gmgy are in A, xFay, and A is Fa-invariant, gz, g;'g,gx are in

A as well. Thus Al#le ng-1g,, Al*le + @ contradicting g, Ale n g, Alvle = @ (this holds

since (gn )nen € Aa(x)).
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(d) Follows from parts (b) and (c), and the definition of A 4.

[]

Theorem 11.3. Let X be a Borel G-space. If there is a locally weakly wandering Borel

complete section for X, then X admits a Borel 4-generator.

Proof. By part (d) of 11.2 and 6.8, X is 1-compressible. Thus, by 7.2, X admits a Borel

22-finite generator. O

Observation 11.4. Let A = U,en W, where each W, is weakly wandering and put W) =
Wi NUian[Wilg. Then A’ = U,en W is locally weakly wandering and [A]g = [A']q.

Corollary 11.5. Let X be a Borel G-space. If X is the saturation of a countable union of

weakly wandering Borel sets, X admits a Borel 3-generator.

Proof. Let A = Upen Wi, where each W, is weakly wandering. By 11.4, we may assume
that [W,,]g are pairwise disjoint and hence A is locally weakly wandering. Using countable
choice, take a function p : N - GY such that Vn € N, p(n) € Nyew, Aw, () (we know that

Neew,, Aw, () # @ since W, is weakly wandering).

Define v : A - GN by
x ~ the smallest k such that p(k) € Aa(z).

The condition p(k) € Aa(z) is Borel because it is equivalent to Vn,m € Njy,z € An
[2]a,p(k)(n)y = p(k)(m)z = n = m Az = y; thus v is a Borel function. Note that v is
a travel guide for A by definition. Moreover, it is Fs-invariant because if Ay(x) = Aa(y)
for some z,y € A, then conditions p(k) € As(x) and p(k) € Aa(y) hold or fail together.
Since A, is Fa-invariant, so is 7. Hence, Lemma 7.1 applied to Z = (A) gives a Borel

2.2 —1)-generator. O
( g

Remark. The above corollary in particular implies the existence of a 3-generator in the

presence of a weakly wandering Borel complete section. (For a direct proof of this, note that
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if W is a complete section that is weakly wandering with respect to {g, }neny With go = 1 and
{Up}nen is a family generating the Borel sets, then Z =< W,U,.51 ¢,(W nU,,) > is a generator
and |Z| = 3.) This can be viewed as a Borel version of the Krengel-Kuntz theorem (see 2.5)
in the sense that it implies a version of the latter (our result gives a 3-generator instead of a
2-generator). To see this, let X be a Borel G-space and p be a quasi-invariant measure on
X such that there is no invariant measure absolutely continuous with respect to pu. Assume
first that the action is ergodic. Then by the Hajian-Kakutani-Ito theorem, there exists a
weakly wandering set W with (W) > 0. Thus X’ = [W]g is conull and admits a 3-generator
by the above, so X admits a 3-generator modulo u-NULL.

For the general case, one can use Ditzen’s Ergodic Decomposition Theorem for quasi-
invariant measures (Theorem 5.2 in [Mil08]), apply the previous result to p-a.e. ergodic piece,
combine the generators obtained for each piece into a partition of X (modulo y-NULL) and
finally apply Theorem 13.10 to obtain a finite generator for X. Each of these steps requires

a certain amount of work, but we will not go into the details.

Example 11.6. Let X = N (the Baire space) and Eq be the equivalence relation of eventual
agrement of sequences of natural numbers. We find a countable group G of homeomorphisms

of X such that Eg = Fy. For all s, € NN with |s| = [t], let ¢y, : X - X be defined as follows:

t~ry ifxr=s~y
bsi() =1 s~y ifx=t~y

T otherwise

and let G be the group generated by {¢s; : s,t € NN/|s| = |¢|}. It is clear that each ¢s, is
a homeomorphism of X and Eg = Ey. Now for n e N, let X,, = {z € X : (0) = n} and let
9n = o Then X, are pairwise disjoint and ¢, X, = X,,. Hence X is a weakly wandering

set and thus X admits a Borel 3-generator by Corollary 11.5.

Example 11.7. Let X = 2N (the Cantor space) and E; be the tail equivalence relation on
X, that is xEyy < (In,m e N)(Vk e N)x(n+ k) =y(m + k). Let G be the group generated
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by {¢s::s,t€2N s 1 t}, where ¢, are defined as above. To see that Eg = E; fix z,y € X
with zFEy. Thus there are nonempty s,¢ € 2<¥ and z € X such that x = s~z and y =t~2. If
s Lt, then y = ¢s,(x). Otherwise, assume say s € t and let s’ € 2<N be such that s L s’ (exists

since s # @). Then s’ Lt and y = ¢g 1 0 ¢ ().

Now for n € N, let s, = 11...10 and X,, = {x € X : = s, ~y, for some y € X}. Note
——

that s, are pairwise incompatible and hence X, are pairwise disjoint. Letting ¢, = ¢ s,
we see that ¢,Xo = X,,. Thus Xj is a weakly wandering set and hence X admits a Borel

3-generator.
Using the function A defined above, we give another proof of Proposition 6.10.

Proposition 6.10. Let X be an aperiodic Borel G-space and T € X be Borel. If T is a

partial transversal then T is (T)-traveling.

Proof. By definition, T is locally weakly wandering.

Claim. Ay is Borel.

Proof of Claim. Using the notation of the proof of part (b) of 11.2, it is enough to show that
A7 (Bs) is Borel for every s € GN. But since Vo € T, T'n [z]¢ is a singleton, Ap(z) € By is
equivalent to s(0) = 1g A (VYn <m <|s|) s(m)x # s(n)z. The latter condition is Borel, hence

so is AZN(By). —|
By part (d) of 11.2, 7 = s o Ay is a Borel Fr-invariant travel guide for 7' ]

Corollary 11.8. Let X be a Borel G-space. If X is smooth and aperiodic, then it admits a

Borel 3-generator.

Proof. Since the G-action is smooth, there exists a Borel transversal 7' ¢ X. By 6.10, T is
(T')-traveling. Thus, by 7.1, there is a Borel (2-2 - 1)-generator. O

Lastly, in case of smooth free actions, a direct construction gives the optimal result as

the following proposition shows.
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Proposition 11.9. Let X be a Borel G-space. If the G-action is free and smooth, then X

admits a Borel 2-generator.

Proof. Let T ¢ X be a Borel transversal. Also let G\ {1¢} = {gn }ney be such that g, # g

for n # m. Because the action is free, ¢, n g, 7T = @ for n + m.

Define 7 : N — N recursively as follows:

min{m : g, € {gr(s) * i <n}} if n =3k
m(n) = Min{m : gm, gm0 ¢ {11 <n}} fn=3k+1
the unique [ s.t. g1 = gr(3k+1)9k if n=3k+2

Note that 7 is a bijection. Fix a countable family {U,, },n generating the Borel sets and
put A = Ugen Gr(3k) (T N Uk) U Ugen Gr(ak+1) T Clearly, A is Borel, and we show that Z = (A)
is a generator. Fix distinct x,y € X. Note that since T' is a complete section, we can assume

that x € T.

First assume y € T'. Take k with z € Uy, and y ¢ Ui. Then g (31 € gr(sr) (TN Ui) € A and
Gr3)Y € Grsi) (TN Uy). However gresey (T~ Up) N A = @ and hence gr(snyy ¢ A.

Now suppose y ¢ T. Then there exists y’ € TWle and k such that gyy’ = y. Now gr(sk1) €

9x3k+1) T € A and grsi41)Y = Gr3k+1)IKY = Gr(3k+2)Y' € Gn3k+2) T But gr(srso)T'N A = @, hence
Gr=3k+1)Y £ A. O

Corollary 11.10. Let H be a Polish group and G be a countable subgroup of H. If G admits

an infinite discrete subgroup, then the translation action of G on H admits a 2-generator.

Proof. Let G’ be an infinite discrete subgroup of G. Clearly, it is enough to show that the
translation action of G’ on H admits a 2-generator. Since G’ is discrete, it is closed. Indeed,
if d is a left-invariant compatible metric on H, then By(1g,€) n G’ = {1y}, for some € > 0.
Thus every d-Cauchy sequence in G’ is eventually constant and hence G’ is closed. This
implies that the translation action of G’ on H is smooth and free (see 12.17 in [Kec95]), and

hence 11.9 applies. [
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CHAPTER IV

Other results

This chapter is self-contained. It establishes various results concerning finite generators, as

well as other kinds of partitions and weakly wandering sets.

12 FINITE GENERATORS ON COMEAGER SETS

Throughout this section let X be an aperiodic Polish G-space. We use the notation V* to

mean “for comeager many z”.

The following lemma proves the conclusion of Lemma 13.8 for any group on a comeager
set. Below, we use this lemma only to conclude that there is an aperiodically separable
comeager set, while we already know from 13.7 that X itself is aperiodically separable.
However, the proof of the latter is more involved, so we present this lemma to keep this

section essentially self-contained.

Lemma 12.1. There exists A € B(X) such that G(A) separates points in each orbit of a

comeager G-invariant set D, i.e. fa ), is one-to-one, for all x € D.

G

Proof. Fix a countable basis {U, }nen for X with Uy = @ and let {A, }neny be a partition of X

provided by Lemma 13.1. For each o € N/ (the Baire space), define

Ba = U (An N Ua(n)).

neN
Claim. V*a e NV*z e XVx,ye[z]g(z#y = 3ge G(gr € By <> gy € B,)).

Proof of Claim. By Kuratowski-Ulam, it is enough to show the statement with places of

quantifiers V*a € N/ and V*z € X switched. Also, since orbits are countable and countable
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intersection of comeager sets is comeager, we can also switch the places of quantifiers V*a € N/
and Vz,y € [z]g. Thus we fix z € X and z,y € [2]¢ with x # y and show that C' = {a e N :
g€ G (gr € B, < gy € B,)} is dense open.

To see that C' is open, take o € C and let g € G be such that gz € B, < gy € B,. Let
n,m € N be such that gz € A, and gy € A,,. Then for all § ¢ N with 3(n) = a(n) and
B(m) = a(m), we have gz € Bg <& gy € Bg. But the set of such /3 is open in N and contained
in C'.

For the density of C|, let s € NN and set n = |s|. Since A, is a complete section, g € G
with gz € A,,. Let m € N be such that gy € A,,. Take any ¢ € Nmax{nm}+1 with ¢ 3 5 satisfying

the following condition:

Case 1: n>m. If gy € Uy, then set t(n) = 0. If gy ¢ Us(m), then let & be such that gx € Uy,
and set t(n) = k.

Case 2: n<m. Let k be such that gx € Uy, but gy ¢ Uy, and set t(n) =t(m) = k.

Now it is easy to check that in any case gr € B, < gy € B,, for any o € N' with o 2 ¢,

and so o € C' and a 2 s. Hence C is dense. —

By the claim, 3o € N such that D = {z € X : Va,y € [z]¢ with x # y, G(B,)separates x and y}

is comeager and clearly invariant, which completes the proof. O

Theorem 12.2. Any aperiodic Polish G-space admits a 4-generator on an invariant comea-

ger set.

Proof. Let A and D be provided by Lemma 12.1. Throwing away an invariant meager set
from D, we may assume that D is dense Gs and hence Polish in the relative topology.

Therefore, we may assume without loss of generality that X = D.

Thus A aperiodically separates X and hence, by 13.3, there is a partition {4, },n of X
into F4-invariant Borel complete sections (the latter could be inferred directly from Corollary

13.9 without using Lemma 12.1). Fix an enumeration G = {g,}neny and a countable basis
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{U, }nen for X. Denote N = (N?)N and for each a € Ny, define

Bq = L>J1(An N Gam)oUlatn)-
Claim. V*a e N\oV*z e XVIe NIn ke N(a(n) = (k1) Agrr e Ay).

Proof of Claim. By Kuratowski-Ulam, it is enough to show that Vx € X and VI € N,
C={aeNy:3k,neN(a(n) = (k1) Agrr e A,)} is dense open.

To see that C' is open, note that for fixed n,k,l € N, a(n) = (k,[) is an open condition in
No.

For the density of C, let s € (N2)<N and set n = |s|. Since A, is a complete section, 3k € N
with gpx € A,. Any a € Vo with a 2 s and a(n) = (k,1) belongs to C. Hence C' is dense.

By the claim, there exists « € Ny such that Y = {x € X : VI ¢ N Jk,n € N (a(n) =
(k,l) A gy € A,)} is comeager. Throwing away an invariant meager set from Y, we can

assume that Y is G-invariant dense Gj.

Let Z = (A, B,), and so |Z] < 4. We show that Z is a generator on Y. Fix distinct
x,y € Y. If x and y are separated by G(A) then we are done, so assume otherwise, that
is xF4y. Let [ € N be such that z € U; but y ¢ U;. Then there exists k,n € N such that
a(n) = (k,1) and gz € A,. Since grrFagry and A, is Fu-invariant, g,y € A,. Furthermore,
since grx € A, n g U; and gry ¢ A, 0 grU;, gr € B, while gy ¢ B,. Hence G(B,) separates

x and y, and thus so does GZ. Therefore 7 is a generator. O]

Corollary 12.3. Let X be a Polish G-space. If X is aperiodic, then it is 2-compressible
modulo MEAGER.

Proof. By Theorem 13.1 in [KMO04], X is compressible modulo MEAGER. Also, by the
above theorem, X admits a 4-generator modulo MEAGER. Thus 7.6 implies that X is
2-compressible modulo MEAGER. H
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13 SEPARATING SMOOTH-MANY INVARIANT SETS

Assume throughout that X is a Borel G-space.

Lemma 13.1. If X is aperiodic then it admits a countably infinite partition into Borel

complete sections.

Proof. The following argument is also given in the proof of Theorem 13.1 in [KM04]. By the
marker lemma (see 6.7 in [KMO04]), there exists a vanishing sequence {B), },en of decreasing
Borel complete sections, i.e. N,y Bn = @. For each n € N, define k, : X — N recursively as

follows:
0

min{k e N: By, ) n[z]c ¢ By} |

ko(x)
kn+1 (m)
and define A, € X by

X € An <~ T € Akn(@ N\ Akn+1($)‘

It is straightforward to check that A, are pairwise disjoint Borel complete sections. O

For A € B(X), if Z = (A) then we use the notation F4 and f4 instead of Fr and fr,

respectively.
We now work towards strengthening the above lemma to yield a countably infinite par-

tition into F4-invariant Borel complete sections.

Definition 13.2 (Aperiodic separation). For Borel sets A,Y ¢ X, we say that A aperiodi-
cally separates Y if fa([Y]q) is aperiodic (as an invariant subset of the shift 2¢). If such A

exists, we say that 'Y is aperiodically separable.

Proposition 13.3. For A € B(X), if A aperiodically separates X, then X admits a countably

infinite partition into Borel Fa-invariant complete sections.

Proof. Let Y = {y € 29 : |[y]g| = oo} and hence f4(X) is a G-invariant subset of Y. By

Lemma 13.1 applied to Y, there is a partition {B,},y of Y into Borel complete sections.
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Thus A, = f7'(B,) is a Borel F-invariant complete section for X and {4, },ey is a partition

of X. O

Let 2 denote the collection of all subsets of aperiodically separable Borel sets.

Lemma 13.4. 2 is a o-ideal.

Proof. We only have to show that if Y, are aperiodically separable Borel sets, then Y =
Unen Yo € 2. Let A, be a Borel set aperiodically separating Y,,. Since A,, also aperiodically
separates [Y,, ] (by definition), we can assume that Y,, is G-invariant. Furthermore, by taking
Y.! =Y, NUp<n Yi, we can assume that Y, are pairwise disjoint. Now letting A = U,en(A4,NY3),

it is easy to check that A aperiodically separates Y . O]

Let & denote the collection of all subsets of smooth sets. By a similar argument as the

one above, G is a o-ideal.

Lemma 13.5. If X is aperiodic, then & c 2.

Proof. Let S € & and hence there is a Borel transversal T' for [S]g. Fix z € S and let
y # z € [x]g. Since T is a transversal, there is g € G such that gy € T, and hence gz ¢ T. Thus
fr(y) # fr(z), and so fr([x]c) is infinite. Therefore T" aperiodically separates [S]g. O

For the rest of the section, fix an enumeration G = {g, }ney and let F7 be following
equivalence relation:

yFlz e Vk<n(grye A< gpze A).

Note that F” has no more than 2" equivalence classes and that yF4z if and only if Vn(yF2).

Lemma 13.6. For A,Y € B(X), A aperiodically separates Y if and only if (Vx € Y')(Vn)(Jy, z €
YIzle) [yFrz A ~(yFaz)].

Proof. =: Assume that for all x € Y, f4([z]¢) is infinite and thus Fj |, has infinitely

many equivalence classes. Fix n € N and recall that F} has only finitely many equivalence
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classes. Thus, by the Pigeon Hole Principle, there are y,z € Y(*le such that yF7z yet
-(yFaz).

«<: Assume for contradiction that f4(Y!*l¢) is finite for some x € Y. Then it follows that
F4 = F7, for some n, and hence for any y, z € Y*le, y iz implies yF4z, contradicting the

hypothesis. O

Theorem 13.7. If X is an aperiodic Borel G-space, then X € 2.

Proof. By Lemma 13.1, there is a partition {A,, },y of X into Borel complete sections. We
will inductively construct Borel sets B, € C,,, where C,, should be thought of as the set of
points colored (black or white) at the n'* step, and B, as the set of points colored black

(thus C,, \ B,, is colored white).

Define a function # : X - N by x — m, where m is such that z € A,,. Fix a countable

family {U, } ey of sets generating the Borel o-algebra of X.
Assuming that for all k < n, Cy, By, are defined, let C,, = Ugen, Cr and B,, = Uj<,, Br. Put
P, ={xeAy:Vk<n(grreCy) Agnr ¢ Cy} and set F, = F2 |p, , that is for all z,y € P,,

yF,z < Yk <n(gwy € B, < grz € By,).

Now put C! = {z € P, : #(gnz) = min#((g. Pp)*e)}, C7 = {x € C" : Fy,z € (C!)*le(y #
z2AyF,z)} and C, = ¢,C". Note that it follows from the definition of P, that C,, is disjoint

from C,,.

Now in order to define B, first define a function n: X - N by
x ~ the smallest m such that there are y,z € C' n[x]g with yF,z,y € U, and z ¢ U,,.

Note that 7 is Borel and G-invariant. Lastly, let B}, = {x € C}] : © € Uy(,)} and B, = ¢, B},.
Clearly, B, ¢ C,,. Now let B = Upen By, and D = [Upen(Ch N Cl)],. We show that B
aperiodically separates Y := X N D and D € &. Since & €2 and 2l is an ideal, this will imply
that X e 2.

Claim 1. DeG.
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Proof of Claim. Since & is a o-ideal, it is enough to show that for each n, [C! N C"]q € &,
so fix n € N. Clearly, (C! \ C”)lzle is finite, for all x € X, since there can be at most 2"
pairwise F,-nonequivalent points. Thus, fixing some Borel linear ordering of X and taking

the smallest element from (C’ ~C!)[#lc for each x € C/ ~C” we can define a Borel transversal

for [C! ~ Cle. —|

By Lemma 13.6, to show that B aperiodically separates Y, it is enough to show that
(VzeY)(Vn)(Jy,z € [x]e)[yFpz A -~(yFpz)]. FixxeY.

Claim 2. (3°n)(C")l*le = @.

Proof of Claim. Assume for contradiction that (V°n)(C!)le¢ = @. Since z ¢ D, it follows
that (Vn)P}"¢ = @. Since Ay is a complete section and Cy = @, POMG # . Let N be the
largest number such that P][f I 4 &. Thus for all n > N , C’T[LI]G = @ and hence for all n > N,
(j,[f]G = C’}ﬂf Because C'][\“}C]G + @, there is y € A([)x]c such that Vk < N(gry € Cn.1); but
because P][le = @, gn.1y must also fall into Cy,1. By induction on n > N, we get that for
all n> N, g,y € C,, and thus g,y € Cn.1.

On the other hand, it follows from the definition of C’ that for each n, (C")[le intersects
exactly one of A. Thus CN +f intersects at most N + 1 of A; and hence there exists K € N

such that for all k£ > K, C_‘][\ﬁf N A, = @. Since 3°n(g,y € Uk Ax), 3°1(gny ¢ Cni1), a

contradiction. —

Now it remains to show that for all n € N, (C")l*le # @ implies that 3y, z € [x]g such
that yFnz but —~(yFpz). To this end, fix n € N and assume (C?)l#le # g. Thus there are
y,z € (C")=le such that yF,z, y € Un(z) and z ¢ Uy(y); hence, g,y € B,, and g,z ¢ B, by
the definition of B,,. Since C} are pairwise disjoint, B,, ¢ C,, and ¢,y, g,z € C,, it follows
that g,y € B and g,2 ¢ B, and therefore -(yFpz). Finally, note that F,, = F} |p, and hence
yFpz. O
Corollary 13.8. Suppose all of the nontrivial subgroups of G' have finite index (e.q. G =7),
and let X be an aperiodic Borel G-space. Then there exists A € B(X) such that G(A)

separates points in each orbit, i.e. fal, is one-to-one, for all v € X,

e
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Proof. Let A be a Borel set aperiodically separating X (exists by Theorem 13.7) and put
Y = fa(X). Then Y ¢ 2¢ is aperiodic and hence the action of G on Y is free since the
stabilizer subgroup of every element must have infinite index and thus is trivial. But this
implies that for all y € Y, f;'(y) intersects every orbit in X at no more than one point, and

hence f4 is one-to-one on every orbit. O

From 13.3 and 13.7 we immediately get the following strengthening of Lemma 13.1.

Corollary 13.9. If X is aperiodic, then for some A € B(X), X admits a countably infinite

partition into Borel Fy-invariant complete sections.

Theorem 13.10. Let X be an aperiodic G-space and let E be a smooth equivalence relation
on X with Eq € E. There exists a partition P of X into 4 Borel sets such that GP separates

any two E-nonequivalent points in X, i.e. Vr,y e X(=(xEy) — fp(x) # fr(y)).

Proof. By Corollary 13.9, there is A € B(X) and a Borel partition {4, },y of X into F-

invariant complete sections. For each n € N, define a function n: X - N by

x + the smallest m such that 3z’ € Agx]c" with g,z € A,.

Clearly, n is Borel, and because all of A; are Fs-invariant, n is also F4-invariant, i.e. for all
x,y € X, xFay > n(x) =n(y). Also, n is G-invariant by definition.

Put A}, = {x € Ay : gax)® € A,} and note that A/ is Fy-invariant Borel since so are 7,
Ap and A,,. Moreover, Aj, is clearly a complete section. Define v, : A}, = A, by x = gn(z.
Clearly, 7, is Borel and one-to-one.

Since F is smooth, there is a Borel h: X — R such that for all z,y € X, xEy < h(x) =
h(y). Let {V, }neny be a countable family of subsets of R generating the Borel o-algebra of R
and put U, = h™1(V},). Because each equivalence class of E is G-invariant, so is h and hence
so is U,,.

Now let B, = v,(A!, nU,) and note that B, is Borel being a one-to-one Borel image
of a Borel set. It follows from the definition of ~, that B, ¢ A,,. Put B = U, B, and
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P = (A, B); in particular, |P| < 4. We show that P is what we want. To this end, fix z,y € X
with =(zEy). If ~(xFay), then G(A) (and hence GP) separates x and y.

Thus assume that zFy. Since h(z) + h(y), there is n such that h(x) € V,, and h(y) ¢ V.
Hence, by invariance of U,,, gx € U, Agy ¢ U,, for all g € G. Because A/, is a complete section,
there is g € G such that gx € A/, and hence gy € A! since A’ is F-invariant. Let m = n(gx)
(=n(gy)). Then g,,gx € B, while g,,gy ¢ B,, although g,,gy € v,(A") € A,,. Thus g,,gr € B
but g,,gy ¢ B and therefore G'P separates x and y. m

14 POTENTIAL DICHOTOMY THEOREMS

In this section we prove dichotomy theorems assuming Weiss’s question has a positive answer
for G = Z. In the proofs we use the Ergodic Decomposition Theorem (see [Far62], [Var63])
and a Borel/uniform version of Krieger’s finite generator theorem, so we first state both of

the theorems and sketch the proof of the latter.

For a Borel G-space X, let Mg(X) denote the set of G-invariant Borel probability
measures on X and let £(X) denote the set of ergodic ones among those. It is not hard
to show that Mg(X) and (X)) are Borel subsets of P(X) (the standard Borel space of

Borel probability measures on X) and thus are themselves standard Borel spaces.

Ergodic Decomposition Theorem 14.1 (Farrell, Varadarajan). Let X be a Borel G-
space. If Ma(X) # @ (and hence Eq(X) # @), then there is a Borel surjection x — e, from
X onto Eq(X) such that:

(i) vEqy = e, = ey;

(i1) For each e € Eq(X), if Xe = {z € X : e, = e} (hence X, is invariant Borel), then

e(Xe) =1 and e|x, is the unique ergodic invariant Borel probability measure on X,.;

e

(iii) For each p€e Mg(X) and A e B(X), we have u(A) = [ e, (A)du(z).
For the rest of the section, let X be a Borel Z-space.
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For e € £2(X), if we let h. denote the entropy of (X,Z,e), then the map e — h, is Borel.
Indeed, if { Py }ren is a refining sequence of partitions of X that generates the Borel o-algebra
of X, then by 4.1.2 of [Dow11], he = limg_,co he(Pr,Z), where ho(Py,Z) denotes the entropy
of Pr. By 17.21 of [Kec95], the function e — h.(Py) is Borel and thus so is the map e ~ h,.

For all e € £7(X) with h, < oo, let N, be the smallest integer such that log N, > h.. The

map e — N, is Borel because so is e — h,.

Krieger’s Finite Generator Theorem 14.2 (Uniform version). Let X be a Borel Z-space.
Suppose Mz(X) + @ and let p be the map x — e, as in the Ergodic Decomposition Theorem.
Assume also that all measures in Ez(X) have finite entropy and let e = N, be the map defined

above. Then there is a partition {A,}n<eo 0f X into Borel sets such that

(1) As is invariant and does not admit an invariant Borel probability measure;

(i1) For each e € E7(X), {An N Xenen, s a generator for X, N\ Ao, where X, = p~t(e).

Sketch of Proof. Note that it is enough to find a Borel invariant set X’ € X and a Borel
Z-map ¢ : X' - NZ such that for each e € £2(X), we have

(D) e(X~X")=0;

(IT) ¢ lx.nx’ is one-to-one and ¢(X. n X’) ¢ (N.)%, where (N,)Z is naturally viewed as a

subset of NZ,

Indeed, assume we had such X’ and ¢, and let A, = X ~ X’ and A, = ¢~1(V},) for all n e N,
where V,, = {y e NZ: y(0) =n}. Then it is clear that {A,},y satisfies (ii). Also, (I) and part

(ii) of the Ergodic Decomposition Theorem imply that (i) holds for A.

To construct such a ¢, we use the proof of Krieger’s theorem presented in [Dowll],
Theorem 4.2.3, and we refer to it as Downarowicz’s proof. For each e € £4(X), the proof
constructs a Borel Z-embedding ¢, : X’ - NZ on an e-measure 1 set X’. We claim that this

construction is uniform in e in a Borel way and hence would yield X’ and ¢ as above.
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Our claim can be verified by inspection of Downarowicz’s proof. The proof uses the
existence of sets with certain properties and one has to check that such sets exist with the
properties satisfied for all e € £4(X) at once. For example, the set C' used in the proof of
Lemma 4.2.5 in [Dowl1] can be chosen so that for all e € £,(X), C'n X, has the required
properties for e (using the Shannon-McMillan-Brieman theorem). Another example is the set
B used in the proof of the same lemma, which is provided by Rohlin’s lemma. By inspection
of the proof of Rohlin’s lemma (see 2.1 in [Gla03]), one can verify that we can get a Borel B
such that for all e € £2(X), B n X, has the required properties for e. The sets in these two
examples are the only kind of sets whose existence is used in the whole proof; the rest of the

proof constructs the required ¢ “by hand”. O

Theorem 14.3 (Dichotomy I). Suppose the answer to Question 2.3 is positive and let X be

an aperiodic Borel Z-space. Then exactly one of the following holds:

(1) there exists an invariant ergodic Borel probability measure with infinite entropy;

(2) there exists a partition {Y,}nen of X into invariant Borel sets such that each Y, has a

finite generator.

Proof. We first show that the conditions above are mutually exclusive. Indeed, assume there
exist an invariant ergodic Borel probability measure e with infinite entropy and a partition
{Y,, }nen of X into invariant Borel sets such that each Y,, has a finite generator. By ergodicity,
e would have to be supported on one of the Y,,. But Y, has a finite generator and hence
the dynamical system (Y,,,Z,e) has finite entropy by the Kolmogorov-Sinai theorem (see
1.5). Thus so does (X,Z,e) since these two systems are isomorphic (modulo e-NULL),

contradicting the assumption on e.

Now we prove that at least one of the conditions holds. Assume that there is no invariant
ergodic measure with infinite entropy. Now, if there was no invariant Borel probability
measure at all, then, since the answer to Question 2.3 is assumed to be positive, X would

admit a finite generator, and we would be done. So assume that Mz(X) # @ and let
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{A, }n<oo be as in Theorem 14.2. Furthermore, let p be the map x — e, as in the Ergodic
Decomposition Theorem. Set X' = X \ A, Yo, = Ao, and for all n e N|

Y,={xe X' : N, =n},

where the map e » N, is as above. Note that the sets Y,, are invariant since p is invariant,
30 {Y}, }ncoo 18 @ countable partition of X into invariant Borel sets. Since Y, does not admit

an invariant Borel probability measure, by our assumption, it has a finite generator.

Let E be the equivalence relation on X’ defined by p, i.e. Vx,y e X',

zEy < p(z) = p(y).

By definition, F is a smooth Borel equivalence relation with £ 2 FEz since p respects the
Z-action. Thus, by Theorem 13.10, there exists a partition P of X’ into 4 Borel sets such

that ZP separates any two points in different E-classes.

Now fix n € N and we will show that Z = P v {4}, is a generator for Y,,. Indeed, take
distinct z,y € Y,,. If x and y are in different E-classes, then ZP separates them and hence
so does ZZ. Thus we can assume that zFy. Then e := p(x) = p(y), i.e. z,y € X, =pt(e).
By the choice of {4;}ien, {An N Xe}nen, is a generator for X, and hence Z{A; };.n, separates
x and y. But n = N, by the definition of Y,,, so ZZ separates x and y. O

Proposition 14.4. Let X be a Borel Z-space. If X admits invariant ergodic probability
measures of arbitrarily large entropy, then it admits an invariant probability measure of

infinite entropy.

Proof. For each n > 1, let u, be an invariant ergodic probability measure of entropy h,, > n2"

such that u, # ., for n #+ m, and put

It is clear that p is an invariant probability measure, and we show that its entropy h, is
infinite. Fix n > 1. Let p be the map = — e, as in the Ergodic Decomposition Theorem and

put X,, = p~'(py,). It is clear that p,,(X,) =1 if m =n and 0 otherwise.
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For any finite Borel partition P = {A4;}¥, of X, put Ag= X~ X,, and P =P uU{4,}. Let
T be the Borel automorphism of X corresponding to the action of 1z, and let h,(Z) and
h,(Z,T) denote, respectively, the static and dynamic entropies of a finite Borel partition Z
of X with respect to an invariant probability measure v. Then, with the convention that

log(0) -0 =0, we have
hu(P) = - Zlog 1(A))p(A) = - Zlog(u(A))M(A)— Zlog( hn(Ai) 5o un(A)

> L zlogwn(A Diin(A) = 5 (P).

Since P is arbitrary and X, is invariant, it follows that

#(’P T)_ hm —hu(\/TJ'P >2in lim h (\/T],P)——hun(’P T)
j<m mzee m j<m

Now for any finite Borel partition Z of X, it is clear that h,,(Z) = h,,(P) (and hence
P (Z,T) = h,, (P,T)), for some P as above. This implies that

h, >suph#(’P T)>2isuph#n(73 T)— suph#n(Z T)—i

>n,

where P and Z range over finite Borel partitions of X,, and X, respectively. Thus h,=oco. [

Theorem 14.5 (Dichotomy II). Suppose the answer to Question 2.2 is positive and let X

be an aperiodic Borel Z-space. Then exactly one of the following holds:

(1) there exists an invariant Borel probability measure with infinite entropy;

(2) X admits a finite generator.

Proof. The Kolmogorov-Sinai theorem implies that the conditions are mutually exclusive,
and we prove that at least one of them holds. Assume that there is no invariant measure
with infinite entropy. If there was no invariant Borel probability measure at all, then, by
our assumption, X would admit a finite generator. So assume that Mz(X) # @ and let
{A, }n<eo be as in Theorem 14.2. Furthermore, let p be the map x — e, as in the Ergodic
Decomposition Theorem. Set X' = X \ A, and X, = p~(e), for all e € E4(X).
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By our assumption, A, admits a finite generator P. Also, by 14.4, there is N > 1 such
that for all e € &,(X), Ne < N and hence Q := {A,},<n is a finite generator for X,; in

particular, Q is a partition of X’. Let E be the following equivalence relation on X:

rEy < (1,9 € Ac) V(7,9 € X' A p(x) = p(y)).

By definition, F is a smooth equivalence relation with £ 2 Ej since p respects the Z-action
and A, is Z-invariant. Thus, by Theorem 13.10, there exists a partition 7 of X into 4 Borel

sets such that ZJ separates any two points in different F-classes.

We now show that Z := (J UPuU Q) is a generator. Indeed, fix distinct z,y ¢ X. If
and y are in different E-classes, then ZJ separates them. So we can assume that zFEy. If
T,y € A, then ZP separates x and y. Finally, if x,y € X', then z,y € X., where e = p(x)
(= p(y)), and hence ZQ separates = and y. ]

Remark. It is likely that the above dichotomies are also true for any amenable group using
a uniform version of Krieger’s theorem for amenable groups, cf. [DP02], but I have not

checked the details.

15 A CONDITION FOR NON-EXISTENCE OF NON-MEAGER WEAKLY

WANDERING SETS

Throughout this section let X be a Polish Z-space and T' be the homeomorphism corre-

sponding to the action of 1 € Z.

Observation 15.1. Let A ¢ X be weakly wandering with respect to H € Z. Then A is weakly

wandering with respect to
(a) any subset of H;

(b) r+ H, NreZ;

(c) -H.
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Definition 15.2. Let d>1 and F = {n;}i« € Z, where ng <ny < ... < ny_1 are increasing. F
is called d-syndetic if n;y1 —n; <d for all i < k—1. In this case we say that the length of F

is ng_1 —ng and denote it by ||F||.

Lemma 15.3. Let d > 1 and F € Z be a d-syndetic set. For any H € Z, if |H| =d+1 and
max(H) -min(H) < ||F|| +d, then F is not weakly wandering with respect to H (viewing Z

as a Z-space).

Proof. Using (b) and (c) of 15.1, we may assume that H is a set of non-negative numbers

containing 0. Let F' = {n;};«x with n; increasing.
Claim. Vhe H, (h+ F)n[ng_1,nk1+d) + @.
Proof of Claim. Fix he H. Since 0 < h < ||F|| +d,
no+h <ng+ (||F]|+d) = ng_1 +d.

We prove that there is 0 <7 < k-1 such that n; + h € [ng_1,n5-1 +d). Otherwise, because
ni4y1 —n; < d, one can show by induction on ¢ that n; + h < ng_1, Ve < k, contradicting

ng—1+h>ng_1. —

Now |H|=d+1>d =|Zn[ng1,n,-1 +d)|, so by the Pigeon Hole Principle there exists
h #h'e H such that (h+F)n(h'+F) # @ and hence F is not weakly wandering with respect
to H. [

Definition 15.4. Let d,l>1 and A< X. We say that A contains a d-syndetic set of length
[ if there exists x € X such that {n € Z:T"(x) € A} contains a d-syndetic set of length > I.

This is equivalent to Nyer T"(A) # @, for some d-syndetic set F €7 of length > 1.
For Ac X, define s4 : N - Nu{oo} by
d~ sup{l e N: A contains a d-syndetic set of length /}.
Also, for infinite H ¢ Z, define a width function wy : N - N by

d~ min{max(H") -min(H"): H' ¢ HA|H'|=d +1}.
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Proposition 15.5. If A ¢ X is weakly wandering with respect to an infinite H € Z then
VdeN,s4(d)+d<wy(d).

Proof. Let H be an infinite subset of Z and A ¢ X, and assume that sa(d) +d > wg(d) for
some d € N. Thus 3z € X such that {n € Z:T"(x) € A} contains a d-syndetic set F' of length
[ with [+d > wg(d) and IH’ ¢ H such that |H'| = d+1 and max(H') -min(H’) = wy(d). By
Lemma 15.3 applied to F' and H’, F' is not weakly wandering with respect to H’ and hence

neither is A. Thus A is not weakly wandering with respect to H. ]

Corollary 15.6. If A c X contains arbitrarily long d-syndetic sets for some d > 1, then it

15 not weakly wandering.

Proof. If A and d are as in the hypothesis, then s4(d) = oo and hence, by Proposition 15.5,

A is not weakly wandering with respect to any infinite H € Z. O

Theorem 15.7. Let X be a Polish G-space. Suppose for every nonempty open V ¢ X
there exists d > 1 such that V' contains arbitrarily long d-syndetic sets, i.e. Npep T™(V) + @
for arbitrarily long d-syndetic sets F' € Z. Then X does not admit a non-meager Baire

measurable weakly wandering subset.

Proof. Let A be a non-meager Baire measurable subset of X. By the Baire property, there
exists a nonempty open V ¢ X such that A is comeager in V. By the hypothesis, there exists
arbitrarily long d-syndetic sets F' € Z such that N,z T™(V) # @. Since A is comeager in V'
and 7" is a homeomorphism, N,cp T"(A) is comeager in N, 77(V'), and hence N,cp T(A) #
@ for any F' for which N,cr T7(V') #+ @. Thus A also contains arbitrarily long d-syndetic sets

and hence, by Corollary 15.6, A is not weakly wandering. n

Corollary 15.8. Let X be a Polish G-space. Suppose for every nonempty open V ¢ X there
exists d > 1 such that {T™(V)},en has the finite intersection property. Then X does not

admit a non-meager Baire measurable weakly wandering subset.
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Proof. Fix nonempty open V ¢ X and let d > 1 such that {T74(V)},ey has the finite inter-
section property. Then for every N, F' = {kd : k < N} is a d-syndetic set of length Nd and
MNper T™(V) # @. Thus Theorem 15.7 applies. ]

Lemma 15.9. Let X be a generically ergodic Polish G-space. If there is a non-meager Baire
measurable locally weakly wandering subset then there is a non-meager Baire measurable

weakly wandering subset.

Proof. Let A be a non-meager Baire measurable locally weakly wandering subset. By generic
ergodicity, we may assume that X = [A]g. Throwing away a meager set from A we can
assume that A is Gs. Then, by (d) of 11.2, there exists a o(X1)-measurable (and hence
Baire measurable) G-invariant travel guide v : A - GY. By generic ergodicity, v must be
constant on a comeager set, i.e. there is (g, )nen € GN such that Y := v71((g, )nen) is comeager.

But then W := AnY is non-meager and is weakly wandering with respect to {g, }nen- O

Let X = {a € 2V : o has infinitely many 0-s and 1-s} and T be the odometer transforma-

tion on X. We will refer to this Z-space as the odometer space.

Corollary 15.10. The odometer space does not admit a non-meager Baire measurable locally

weakly wandering subset.

Proof. Let {Us}o«v be the standard basis. Then for any s € 2N T(Uy) = U, for d = |s].
Thus {T™(U;)}neny has the finite intersection property, in fact N,y 774(Us) = Us. Hence,
we are done by 15.8 and 15.9. O

The following corollary shows the failure of the analogue of the Hajian-Kakutani-1to

theorem in the context of Baire category as well as gives a negative answer to Question 2.6.

Corollary 15.11. There exists a generically ergodic Polish Z-space'Y (namely an invariant

dense G subset of the odometer space) with the following properties:

(i) there does not exist an invariant Borel probability measure on'Y';
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(i1) there does not exist a non-meager Baire measurable locally weakly wandering set;

(i1i) there does not exist a Baire measurable countably generated partition of Y into invariant

sets, each of which admits a Baire measurable weakly wandering complete section.

Proof. By the Kechris-Miller theorem (see 2.8), there exists an invariant dense Gs subset
Y of the odometer space that does not admit an invariant Borel probability measure. Now
(ii) is asserted by Corollary 15.10. By generic ergodicity of YV, for any Baire measurable
countably generated partition of Y into invariant sets, one of the pieces of the partition has
to be comeager. But then that piece does not admit a Baire measurable weakly wandering

complete section since otherwise it would be non-meager, contradicting (ii). O
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Part 2

Finite index pairs of countable Borel

equivalence relations
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CHAPTER |

Introduction to countable equivalence relations and

the main results

1 COUNTABLE EQUIVALENCE RELATIONS AND SUBRELATIONS

In this chapter, we give a brief survey of countable Borel equivalence relations and discuss
subequivalence relations, focusing on those of finite index. We also define classes of hyperfi-
nite and treeable equivalence relations, and discuss the question of whether they are closed
under finite index extensions. Along the way, we state the main results of this part as they

become relevant.

Before we begin, let us recall the basic definitions and notation of the theory of definable

equivalence relations.

Definition 1.1. A a standard Borel space X is an uncountable set X equipped with a o-

algebra that is the Borel o-algebra of some Polish topology on X.

Because any two uncountable Polish spaces are Borel isomorphic, it does not matter
which Polish topology is used in the above definition. Thus, we work with Borel spaces

when only the Borel structure is relevant.

Definition 1.2. Let E, F be equivalence relations on standard Borel spaces X,Y , respec-
tively. A Borel map f: X =Y is called a Borel reduction of E to F if for all xg,x1 € X, we
have

voEr, <= f(x0)Ff(11).
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We say that E is Borel reducible to F', and write E <g F, if there is a Borel reduction f of
E to F. If there is an injective Borel reduction f, then we write E Sg F', and if moreover,

f(X) is an F-invariant subset of Y, then we write E g% F.

Definition 1.3. A Borel equivalence relation on a standard Borel X is called countable

(finite) if each equivalence class is countable (finite).

For an equivalence relation E on a set X and z € X, let [2]g denote the equivalence class

of . Also, for Ac X, put

[Alg={re X :[z]pnA=+T}

(A)p={zeX:[x]gc A}
We call [A]g the E-saturation of A and (A)g the E-hull of A. Note that if E' is a countable
Borel equivalence relation on a standard Borel space X and A ¢ X is a Borel set, then, by

the Luzin-Novikov theorem, [A]g and (A)g are also Borel. A subset A ¢ is called a complete

section for E (or an E-complete section) if [A]g = X.

1.1 Borel actions of countable groups

Let X be a standard Borel space. Every Borel action I' ~ X of a countable group I' on X

induces such an equivalence relation, namely the orbit equivalence relation Eff, defined by
By <= Iyel,yx=y,

for 2,y € X. We often write Er for EX if X is clear from the context. The following theorem
shows that these are the only examples of countable Borel equivalence relations (see Theorem

1.3 of [KMO04] or [FM77]).

Theorem 1.4 (Feldman-Moore). For every countable Borel equivalence relation E on a
standard Borel space X, there is a countable group I" and a Borel action I' ~ X such that

E = EX. Moreover, I' can be taken such that

rBy < IyeG,y*=1and yxr =y,
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forall z,ye X.

Using basic descriptive set theory, one can show that any Borel action I' ~ X of a
countable group I' on X has a Polish realization, that is: there is a Polish topology on X,
whose Borel structure coincides with the Borel structure of X, and the action is continuous
with respect to this topology. Thus, given a Borel action I' ~ X, we may assume whenever

we need that X is a Polish space and the action is continuous.

For a countable group I', an important action is the shift action s: ' ~ XTI where X is

a standard Borel space. It is defined as follows:

v u(a) =u(y ),
for v, eT" and u e XT.

Proposition 1.5. For an uncountable standard Borel space X and a countable group T", the
shift action s : T' ~ XV is universal among all Borel actions of T', that is: for any other

Borel action a:T' ~Y on a standard Borel space Y, there is an equivariant Borel embedding

f:Y - XT,

Proof. Without loss of generality we may assume that ¥ ¢ X. Define f : Y - XU by
y = (7 Y)yer. It is straightforward to check that this f satisfies the conclusion of the

proposition. O

1.2 Universal countable equivalence relations

Let F,, denote the free group on n generators, for n < co. Using the Feldman-Moore theorem
and Proposition 1.5, one easily sees that the orbit equivalence relation F' of the shift action of
F., on (2V)F= is a universal countable Borel equivalence relation. Indeed, let F is a countable
Borel equivalence relation on some standard Borel X. By the Feldman-Moore theorem, there
is a countable group I' and a Borel action I' ~ X such that Ef = E. Because Fo, surjects

onto I', we may lift this action of I' to that of F., on X. Thus E' is induced by a Borel action
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a:F, ~X. Now Proposition 1.5 gives an injective equivariant map f: X — (2V)Fe~ and

thus F c}, F.

Using a bit more coding, it was shown in [DJK94] that the orbit equivalence relation E.,

of the shift action of F, on 2F2 is also universal. More precisely:

Theorem 1.6 (Dougherty-Jackson-Kechris). For any countable Borel equivalence relation

E, EcpE..

1.3 Notation and tools

For a standard Borel space X, let Aut(X) denote the group of Borel automorphisms of
X. For a countable Borel equivalence relation E on X, we denote by [E] the subgroup of
Aut(X) of automorphisms that act within the E-classes, i.e. f(z)Ez, for all z € X. [E] is
referred to as the full group of E. For T ¢ [E], let Er (or E2¥) denote the orbit equivalence

relation induced by the action of T, namely:
rEry <= Ine Z(T"(x) = y),

for z,y e X.

Countable equivalence relations are often considered in the measure theoretic context,
namely, in the presence of a probability measure p on X. We say that E is py-measure
preserving or p is E-invariant if every T € [E] preserves pu. Equivalently, using Feldman-
Moore, if E = EX for some Borel action I' ~ X of a countable group I', then this action is
p-measure preserving. We say that E is u-ergodic (or equivalently, p is E-ergodic) if any

E-invariant Borel set A ¢ X is either p-null or p-conull.

Presence of a probability measure (especially if it is invariant) serves as a powerful tool
for studying countable equivalence relations as it enables quantitative arguments, pigeon

hole principle, 0 — 1 law (in case of ergodicity), etc.

When X is a Polish space, a similar tool is Baire category, although, as we explain below,

it is not as useful for countable Borel equivalence relations.
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1.4 Subequivalence relations

For equivalence relations E, F' on X, E is said to be a subequivalence relation of F'if £ ¢ F
(as subsets of X?2). Equivalently, we say that I’ is an extension of E. In this case, each

F-class is a union of E-classes.

If F'is a countable equivalence relation, then there are at most countably many F-classes
within each F-class. When there are only finitely many FE-classes in every F-class, we say
that FE is a finite index subequivalence relation of F' and denote this by [F': E] < co. When
the number of E-classes on every F-class is exactly ¢ < oo, we say that the index of E in F
is ¢ and write [F': E] =i. We also write [F': E] < ¢ (<4) when the number of E-classes on
every F-class is <i (<i). Thus [F: E]<iand [F': E]=j for some j <4 mean two different

things.
Definition 1.7. A pair (E,F) of countable Borel equivalence relations is called nested if
EcF. We say that (E, F) is a finite index pair if EC F and [F : E] < .

Finite index pairs are the main objects of study of the current part of the thesis.

Example 1.8. Let X =28 and recall from the introduction the equivalence relation Eq on
X defined by
rEoy < Ine NVm >n(z(m) =y(m)),

for x,y € X. Define T: X - X by T(z)(n) =1-x(n), for x € X, n e N. Clearly, T is an
involution and each Ep-class has exactly two elements. Also note that 7' takes Eq-classes to
[Eo-classes. Thus, the smallest equivalence relation Fy containing Er and Eg is an index-2

extension of E,.

Note that for every finite index pair (F, F), there is a countable partition { X}y of X

into F-invariant Borel sets such that [F'|x,: F|x, ] =n: simply take
X, = {z € X : there are exactly n distinct E-classes in [z]r}.
Thus, questions about finite index pairs can be reduced to questions about index-¢ pairs for

7 < 00.
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1.4.1 A universal index-i pair

Definition 1.9. Let (Ey, Fy) and (E1, Fy) be nested pairs with underlying standard Borel
spaces X and Y, respectively. We write (Eo, Fy) <p (F1, F1) if Eg < Ey and Fy < F}
simultaneously; more precisely, there is a Borel map f: X =Y that is a reduction of Ey to
Ey, as well as a reduction of Fy to Fy. We write (Ey, Fy) S (E1, F1) if there is an injective

such f, and we write (Ey, Fy) €3 (E1, F1) if moreover f(X) is Fy-invariant.

In Section 4, we give a construction of a universal index-i pair!, that is, a pair (E,, F},)

on some underlying space X, such that for any other index-i pair (E, F),
(E,F)cp (B, F,).

Thus, when studying index-i pairs, it is enough to study (FE,, F,).

1.4.2  Atomic decomposition for finite index pairs

When dealing with finite index pairs (£, F') in the presence of a probability measure p, the
proofs are simpler when p is E-ergodic. If this is not the case, one often needs some sort
of ergodic decomposition theorem. In Section 6, we prove such a theorem, and call it the

F/E-atomic decomposition theorem. To state it, we need the following definition:

Definition 1.10. Let (E,F) be a finite index pair on a standard probability space (X, p).
A p-measurable set A€ X is called F|E-atomic if any E | a-invariant Borel subset B ¢ A is

also F'| a-invariant modulo a p-null set; more precisely, [B]p,, ~ B is p-null.

A

This definition basically says that, modulo p-null, there is no uniform way of splitting
an I'| 4-orbit into two nonempty F | 4-invariant pieces. Note that if F' is u-ergodic, then X

being F'/E-atomic is equivalent to E being p-ergodic.

Now we can state the atomic decomposition theorem:

! After I presented my results in a seminar, Andrew Marks pointed out that Ben Miller has a more general
result, which implies the existence of such a universal pair.
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Theorem 6.2. Let (X, ) be a standard probability space and let (E,F) be a nested pair
on X with [F : E] <1, for some i € N. Then, there is a partition X = ;o X;, k <1, into

E-invariant F[E-atomic sets. Such a partition is unique up to a null set.

1.4.83 Normality
For a countable Borel equivalence relation E, put

N[E]={T e Awt(X) :Va,y e X(xEy < T(x)ET(y))}.
In other words, N[F] is the group of Borel automorphisms of E.

Definition 1.11. Let (E,F) be a nested pair. E is said to be normal in F if there is a
countable subgroup T' < N[E] whose natural action on X induces F, i.e. F = Er. We denote

this by E2 < F. In this case, we also say that (E,F) is a normal pair.

In Example 1.8 above, T' e N[E] and thus Fj is normal over Eq. In the end of Section 3,
we show that any index-2 pair is normal if we disregard a Borel set on which F and F are

equal.

Many interesting nested pairs (F,F) are not normal. For example, it was shown in
[Tho09] that recursive isomorphism is not a normal subequivalence relation of Turing equiv-

alence.

In Section 7, we characterize the normal index-i subequivalence relations of a fixed ergodic

countable equivalence relation F'. More precisely, we prove the following:

Theorem 7.2. Let (E,F) be an index-i pair on a standard probability space (X, u) and

suppose that F' is measure preserving and ergodic. Then, the following are equivalent:
(1) E<F;

(2) F is generated by a countable group A < [F'] of the form H xT such that |H| =i and the

action of I' induces E a.e.
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(8) F is generated by a Borel action of a countable group A that admits a normal subgroup

I’ of finite index such that the action of I' induces E a.e.

Using the convenient tool of links developed in Section 3, the proof of this theorem is
fairly easy in the case when p is E-ergodic. The general case, however, is handled using the

F/E-atomic decomposition theorem mentioned above (Theorem 6.2).

1.4.4  Smooth pairs

Definition 1.12. Let (E, F') be a nested pair on a standard Borel space X. F is said to be
smooth over E if there is a Borel reduction f: X - X from F to E such that f(x)Fz, for
all x. In other words, f takes every F'-class C' into one E-class D within C, thus singling

out D among all E-class in C. We also call (E, F) a smooth pair.

If (E, F) is a smooth pair and f is a witnessing function as in the definition, then taking
Y = f(X), we see that Y is a complete section? for F' and F' |y= E |y. Therefore, in
most situations (including those considered in the current part of the thesis), F' inherits the

properties of E. This is the reason why many of the interesting nested pairs are not smooth.

For instance, the pair (Eq, Fy) considered in Example 1.8 is nonsmooth: indeed, suppose
it is smooth and let f be the witnessing reduction. Eq is generically ergodic, so Y = [ f(X)]g,
is either meager or comeager. Note that the involution 7' (as in the example) is a homeo-
morphism. Thus, Y is meager (comeager) if and only if T'(Y") is meager (comeager). But 2N

is a disjoint union of Y and T'(Y") and this contradicts the Baire category theorem.

A more interesting example is given in [TW13], where the authors prove that the relation

of bi-embeddability for finitely generated groups is not smooth over the isomorphism relation.

2Complete section for F is a set that meets every F-class.
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2 IMPORTANT SUBCLASSES OF COUNTABLE EQUIVALENCE RELATIONS

2.1 Hyperfinite equivalence relations

Definition 2.1. A countable Borel equivalence relation is called hyperfinite if there is an

increasing sequence (I, )nen of finite Borel equivalence relations such that E = U,y En.

The requirement of (E,, ),y being increasing is crucial in the definition since every count-

able Borel equivalence relation is a union of finite Borel equivalence relations.

The following theorem (see [DJK94]) shows that the notion of hyperfiniteness is very

robust.

Theorem 2.2 (Weiss, Slaman-Steel, Dougherty-Jackson-Kechris). For a countable Borel

equivalence relation E on a standard Borel space X, the following are equivalent:
(1) E is hyperfinite;
(2) FEcp Eo,’

(3) There is a Borel action of Z on X such that E = E.

Here we give various closure properties of the class of hyperfinite equivalence relations

listed in Proposition 1.3 of [JKL02].

Proposition 2.3. Let E, F' be countable Borel equivalence relations on standard Borel spaces

XY, respectively.

(a) If EC F and F is hyperfinite, then so is E.

(b) If E<p F and F is hyperfinite, then so is E.

(c) If E is hyperfinite and A € X, then E'| 4 is hyperfinite.

(d) If Ac X is a complete section for E and E'| 4 is hyperfinite, then so is E.

(e) If E, F are hyperfinite, then so is ' x F.
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(f) If E is hyperfinite and F' is a finite index extension of E, then F is hyperfinite.

A lot is known about hyperfinite equivalence relations. However, there are still simple
questions about them, to which we do not yet know the answers. Here are two of the most

notorious ones:

1. (Dougherty-Jackson-Kechris [DJK94]) Is increasing union of hyperfinite equivalence rela-

tions hyperfinite?

2. (Weiss [Wei84]) Is the orbit equivalence relation induced by a Borel action of a countable

amenable group hyperfinite?

Concerning Question 2, it was proved by Jackson-Kechris-Louveau in [JKL02| that the
answer is positive for finitely generated groups of polynomial growth (which are nilpotent-
by-finite groups, by Gromov’s theorem). It was also proved by Gao-Jackson in [GJ12] that
the answer is yes for all abelian groups. Very recently, Seward and Schneider announced
that they can now show that the answer is positive for all nilpotent groups, but there is no

preprint available yet.

An interesting example of a hyperfinite equivalence relation is given in [JKLO02]: let
GLy(Z) act on T by linear transformations, identifying T with rays through the origin.

Then the orbit equivalence relation induced by this action is hyperfinite.

In the measure theoretic context however, both of the above questions have positive

answers:

1. (Dye [Dye63], Krieger [Kri69]) Let (X, ) be a probability space and suppose F is an

increasing union of hyperfinite equivalence relations on X. Then FE is hyperfinite a.e.

2. (Ornstein-Weiss [OWS80]) Orbit equivalence relations of measure preserving actions of

amenable groups are hyperfinite a.e.

As far as Baire category is concerned, the following theorem (see Theorem 12.1 of [KMO04])

shows that every countable Borel equivalence relation is hyperfinite modulo a meager set:
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Theorem 2.4 (Hjorth-Kechris, Sullivan-Weiss-Wright, Woodin). Let E be a countable Borel
equivalence relation on a Polish space X. Then there is a comeager invariant set C € X such

that E | 1s hyperfinite.

Thus, the technique of Baire category often does not apply when studying countable
Borel equivalence relations, although, of course, it depends on the property one is chasing
(for example, the Generic Compressibility Theorem 13.1 of [KMO04] or Theorem 12.2 of Part

1 of the current thesis).

Finally, it is worth mentioning that there are lots of non-hyperfinite countable equivalence
relations. In particular, E,, is non-hyperfinite (mainly because Fy is not amenable), even if

we disregard a null set (with respect to the natural product measure on 2F2).

2.2 Treeable equivalence relations

Let X be a standard Borel space. A Borel graph G on X is a Borel relation G ¢ X? that is
irreflexive and symmetric. Such a graph induces an analytic equivalence relation Fg on X
defined by setting xEgy if z and y are in the same connected component of G, i.e. there is

a path in G from z to y, for z,y € X. In this case, G is called a graphing of Eg.

Definition 2.5. A countable Borel equivalence relation E on X is called treeable if it admits
an acyclic Borel graphing G. In this case, G is necessarily locally countable (every vertex has
only countably many neighbors) and each connected component is a tree. Thus, G is called a

treeing of E.

Example 2.6.

(A) All hyperfinite equivalence relations are treeable.

(B) More generally, all equivalence relations induced by free actions of countable free groups

are treeable (use their Cayley graphs).
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(C) For n > 2, consider the action of GL,(Z) on T" = R*/Z" by linear transformations and
let F,, denote the induced orbit equivalence relation. It was shown in [JKLO02] that F
is treeable, while for n > 3, F,, is not treeable as GL,(Z) is a Kazhdan group [AS90].

The following theorem, proved in [JKLO02|, provides many more examples of treeable
equivalence relations:

Theorem 2.7 (Jackson-Kechris-Louveau). Let I' be a countable group that admits an action
on a (graph-theoretic) tree by automorphisms, so that the stabilizer of every vertex is finite.

Then any orbit equivalence relation induced by a free Borel action of I' is treeable.

Let Free(Fq,2F2) c 2F2 denote the free part of the shift action of Fy on 2F2. It was also
shown in [JKLO2] that Eer = Ee Jpee(r, 2% 18 @ universal treeable equivalence relation.

More precisely:

Theorem 2.8 (Jackson-Kechris-Louveau). For any countable treeable equivalence relation

E, EFcgEor.

Because Free(IFy, 272) is conull in 2F2 and E,, is not hyperfinite even when restricted to
conull set, E..r is not hyperfinite either. Thus, there are non-hyperfinite treeable equivalence
relations (actually, there are lots of them).

2.2.1 Closure properties and finite index extensions

Here we give various closure properties of the class of treeable equivalence relations listed in

Proposition 3.3 of [JKL02].

Proposition 2.9. Let E, F' be countable Borel equivalence relations on standard Borel spaces

X, Y, respectively.

(a) If ECF and F is treeable, then so is E.

(b) If E<p F and F is treeable, then so is E.
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(c¢) If E is treeable and A< X, then E'| 4 is treeable.

(d) If A< X is a complete section for E and E'| 4 is treeable, then so is E.

This list of closure properties of the class of treeable equivalence relations is missing two
properties that the class of hyperfinite equivalence relations enjoys, namely, the closure under
products and finite index extensions. It was shown in [JKLO02] and in [Ada90] for locally
finite case that the former property does not hold for treeable equivalence relations; in fact,

Eg x Eeor and Er x E.r are not treeable, and hence E., is not treeable as well.

As for the closure under finite index extensions, it is still an open problem, even in the
measure-theoretic context and even for index-2. This question was first raised in [JKLO02],

and it is what got the present author interested in studying finite index pairs in general.

Towards this question, the following corollary is drawn in [JKL02] from Theorem 2.7
(above) and a difficult result in geometric group theory (see Theorem 55 in [Coh89]) stating

that virtually free groups act on trees with finite (vertex) stabilizers:

Corollary 2.10 (Jackson-Kechris-Louveau). If a Borel equivalence relation F' is induced by

a free Borel action of a virtually free countable group, then F' s treeable.

In Chapter III, we study finite index extensions of treeable equivalence relations. In
particular, we give a converse (in terms of cost) to the above corollary in the presence of an
ergodic invariant measure (see [KMO04] for the definition and theory of cost). More precisely,

we prove the following characterization theorem:

Theorem 11.2. Let F' be an ergodic measure preserving countable Borel equivalence relation

on a probability space (X, ). The following are equivalent:

(1) F is induced by a Borel almost free action of a virtually free countable group;

(2) F is treeable and admits a normal Borel subequivalence relation of finite index with

nteger or oo cost;
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(3) F is induced by a Borel almost free action of a countable group A of the form H x T,
where |H| =i and n e Nu {co}.

The proof of this theorem uses the characterization of normal finite index pairs mentioned
above (Theorem 7.2), a criterion for treeability of finite index extensions of treeable equiva-
lence relations given in Section 8, as well as the following theorem of Hjorth (see Corollary

1.2 of [Hjo02] or Theorems 28.2 and 28.5 of [KMO04]):

Theorem 2.11 (Hjorth). Let E be an aperiodic® treeable measure preserving ergodic equiv-
alence relation on a standard probability space (X, ). If E has cost n e Nu{oo}, then E is

induced by an almost free action of F,,.

2.2.2  Universal treeable-by-i pairs

We call a countable Borel equivalence relation F' treeable-by-finite if it is a finite index
extension of a treeable equivalence relation E, and we refer to (E, F') a treeable-by-finite
pair. If [F': E] =i, then we call (E, F") a treeable-by-i pair.

As mentioned above, in Section 4 we construct a universal index-i pair (F,, F,). This
E), is defined as the orbit equivalence relation induced by a certain action of 5. In Section 9
we show that if we restrict E, and F,, to the free part of this action of 5, then the resulting

pair (E,r, F,7) is a universal treeable-by-i pair. In particular, we have the following:

Proposition 9.3. FEvery trecable-by-i equivalence relation is treeable if and only if F,r is

treeable.

The pair (E,7, F,r) is somewhat hard to work with as the properties we want this pair
to have are basically postulated in its definition. However, in Section 14 we construct a
more concrete universal treeable-by-i pair. The construction of this pair is based on the
natural left action of Fy on the right coset space S, (F2) \ Fy, where S, (IF3) is the group of

all bijections from Fy to Fy and Fy is naturally viewed as a subgroup of S, (Fs). Moreover,

3 Aperiodic means that there are no finite orbits.
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using this action, in Section 12 we construct a simple example of a treeable-by-2 system
that I believe is a very good candidate for a counter-example to treeable-by-2 equivalence

relations being treeable.
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CHAPTER II

General and normal index-: pairs

3 LINKS
Throughout this section, fix 7 € N and let (E, F') denote an index i-pair on a standard Borel
space X.

Definition 3.1. A relation L € X? is called a partial equivalence relation if there is Y ¢ X
such that L is an equivalence relation on Y. We refer to this Y as the domain of L and

denote by dom(L). Similarly, we call Y¢ the codomain of L.

Note that if L as above is Borel, then domZL = {x € X : (z,z) € L} is also Borel.

Definition 3.2. A Borel finite partial subequivalence equivalence relation L of F' s called
a partial (E, F)-link if each L-equivalence class consists of i-many pairwise E-inequivalent

elements. Such L is called a full (E, F)-link or just an (E, F)-link if dom(L) = X .
Definition 3.3. We say that relations R, S ¢ X? commute if RoS =S o R, where
2(RoS)y < 3z¢e X(xRz and 2Sy),

for x,y € X. If R and S are equivalence relations, we write R v S for their join, that is,

the smallest equivalence relation containing Ru S. Clearly, R and S commute if and only if

RoS=RvS.

Note that for any (£, F')-link L, E and L commute and F = E v L.

Definition 3.4. A Borel set D ¢ X is called (E, F)-negligible if [F |p: E'|p] <i and D¢ is

an E-complete section.
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Proposition 3.5. There exists a partial (E, F)-link L with (E, F')-negligible codomain.

Proof. Let [F']* denote the standard Borel space of all subsets of X of cardinality i consisting

of pairwise F-equivalent elements, and put
® = {S e [F]":for any distinct z,y € S, z.Ey}.

By Lemma 7.3 in [KMO04], there is a ®-maximal finite partial Borel subequivalence relation L
of F. Tt is clear from the definition of ® that L is a partial (E, F')-link. Moreover, it follows
from the ®-maximality of L that dom(L) is an F-complete section and thus an E-complete

section, by the virtue of being a partial (E, F')-link.

Now put Z = dom(L)¢ and let C' € Z be an F |z-class. We show that C' contains less
than i-many F | z-classes: otherwise, picking a point from each E |z-class within C, we

can form a set S € ® disjoint from dom(L), contradicting the ®-maximality of L. Thus

[Flz: Elz] <i. O

For a Borel set Y ¢ X, we call T' ¢ Aut(Y') a partial Borel automorphism of X with
domain Y and write dom(7") =Y. We refer to dom(7")¢ as the codomain of 7. We denote

by Lt the partial equivalence relation induced by the action of T'.

Definition 3.6. For a countable Borel equivalence relation E on X and T € Aut(X), we

say that T has index i over E if
(i) TP =id,
(1) T°(x), T*(x),...,T" (x) are pairwise E-inequivalent, for all z € X,

(iii) for each E-class C, Uj; T7(C') is a union of exactly i-many E-classes. In other words,

for every x,y € X and j <1, there is k <1i such that T7(x) = T*(y).
Given a Borel linear order < on X, we would say in addition that T" respects that order if

(iv) Ti(x) < T (x), forallj<i-1 and x € X.
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Finally, we say that a partial Borel automorphism T of X has index i over E if T' has index

© over E'qom(t)-

For a Borel automorphism 7" of index ¢ over E, we let Fjg ) denote the join of Ly and
E. Note that (E, Fjg) is an index-i pair and Ly is an (E, Figr))-link. The following

proposition shows that modulo a negligible set, all index-¢ pairs arise in this fashion.

Proposition 3.7. For any indez-i pair (E,F'), there is a partial Borel automorphism T of
X having index i over E and an (E, F)-negligible codomain. In fact, we can make sure that

T respects a given Borel linear order on X.

Proof. Let L be as in Proposition 3.5. Fix a Borel linear order < on X and define 7" on

dom(L) as follows:

min|x if £ =max|z
ry < | Tl g
min{y € [z],:y >z} otherwise

for x € dom(L). O
An immediate corollary of this is the following:

Corollary 3.8. If [F': E] =2, then F is normal over E modulo a set on which F is equal
to F.

Proof. Let T be as in Proposition 3.7 and put Y = dom(7"). Then Y€ is (F, F')-negligible
and hence F |yc= E |ye. Also, T is an involution on Y and T € N[FE |y]. Thus, F |y is

normal over E'|y since F' |y= Ly Vv Ely. O

Definition 3.9. If a Borel automorphism T of X has indezx-i over E and preserves some

fized Borel linear order on X, we call [E,T] an indez-i system.

Lemma 3.10. Let A € X be a complete section for E. Then there is a Borel reduction

f: X > Aof EtoE\la such that xEf(z) for all z € X.
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Proof. By the Feldman-Moore theorem, there is a Borel action of a countable group I" on X
such that F = Er. Fix an enumeration I' = (7, ).y and define f: X — A by x — 7,2, where
n € N is the least such that v,x € A. It is clear that this f satisfies the conclusion of the

lemma. O

From this lemma and Proposition 3.7, we immediately get:

Corollary 3.11. For any indez-i pair (E,F) on X, there is an index-i system [E',T] such
that (E,F) <g (E', Fipr ). In fact, E' = E'| 4, for some Borel subset Ac X.

4 A UNIVERSAL INDEX-i PAIR

Recall that E., is the orbit equivalence relation of the shift action of Fy on 2F2, and it is
a universal countable Borel equivalence relation. The following proposition shows that in
any index-i pair (£, F'), we may assume without loss of generality that £ = E, |y, for some

E.-invariant Borel subset Y of 2Fz.

Proposition 4.1. For any indez-i pair (E,F), there is an Eq-invariant Borel subset Y of

2%2 and an index-i extension F' of Be |y on'Y such that (E,F)cp (Ew Ly, F').

Proof. Take a Borel embedding f : F - E. and let D ¢ 22 denote the image of this
embedding. Putting Y = [D]g_, let 7 : Eo |y — Eo |p be a Borel reduction (using Lemma

3.10). Now define an equivalence relation F’ on Y as follows: for all y1,y2 €Y,

nF'ys = fHr(y))Ff (7 (y2))-
Clearly [F':Eq |ly] =[F: E] =1 and f is a Borel embedding of (E, F) into (Ee |y, F"). O

Proposition 3.7 gives a simple way of constructing a universal index-i pair (E,, Fy,).

Indeed, let A = Z; * Fy and let g denote the generator 1 € Z;. Let Ep, and Ex denote the
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orbit equivalence relations of the shift actions of Fy and A on X’ = (2F2)2, respectively. Put

X" ={yeX": the set | Jg[y]r, is equal to a union

n<i

of exactly i-many FEf,-classes}.

Finally, put X, = (X") Be,» Fu=Ealy and B, = Ep, ly. It is clear from the definitions that

(Ey, F,) is an index-i pair.
Proposition 4.2. For any indez-i pair (E,F), (E,F)cp (Ey, F.,).

Proof. By Proposition 4.1, we may assume that £ = E., |y, for some E,-invariant Borel
subset Y of 2F2. Thus, E is the orbit equivalence relation of the shift action of Fy on Y.
Now let T" be a partial Borel automorphism of Y given by Proposition 3.7 and extend it to
a (full) Borel automorphism S of Y by setting S be the identity on Y \ dom(7"). Thus we
can extend the action of F; on Y to that of A by letting g act as S. By the choice of T', this

action generates F'.

Now define a map 7 : Y — (2F2)2 by y = (9y),ea. Clearly, this is a A-equivariant
Borel embedding. Using the defining properties of T' (in particular, the fact that dom(7")¢
is (E, F')-negligible), it is straightforward to check that the image of 7 is contained in X,.
Thus, f witnesses (E, F)cp (E,, F,). O

5 AN IMPORTANT EXAMPLE OF AN INDEX-2 SYSTEM

In this section we define a pivotal example of an index-2 system that will be used below in

constructing various index-7 systems with treeable equivalence relations.

Fix a countable group I' and denote by S.(I') the group of all bijections from I' to
['. The group operation is just the composition and we denote it by o. S, (I') is a Polish
group under the pointwise convergence topology being a G5 subset of the Polish space of all
functions from I' to I'. We naturally view ' as a subgroup of S (I') by letting y(«) = vya,
for v,a el
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Let '\ So(T") be the space of right I'-cosets and consider the natural action p : I' ~
I'N Seo(T) of T on T'\ S (T') defined by:

v Tg=T(go7™"),
for yeT', g e Seo(T).
Let R(I") < So(I") be the subgroup of all bijections I' - I" that fix the identity e of I" (R

stands for rotations). We will just write R if " is understood.

Lemma 5.1. S (I') =T'R = RT".

Proof. We will prove only S (I') = 'R since the other statement is proved similarly. Fix
g€Se(I") and put r = g(e)"tog. Then g=g(e)or. O

Thus R is a transversal for I' N\ S (I') and we identify I' \ S (I") with R via the map
m: TN Seo(I") > R defined by

m(Tg) =g(e) "oy,
for g € Soo(I"). Let 0 : T ~ R denote the m-pushforward of the action p: ' ~ '\ S (T"). It is

defined as follows:

~ b= ﬂ-(fy P FT) = W(F(T o fy_l)) = 7’(’}/_1)_1 oro 7_17
for y eI and r € R. Thus,
1r(a) = (1) or(ya),
for v €T

Note that R is a Polish subgroup of Se(I'), the action 6 is continuous and (R,#) is
isomorphic to (I'\ S (I"), p) as Polish I'-spaces. Let Ey denote the orbit equivalence relation

on R induced by the action 6.

We now define a homeomorphism Ti,, : R - R by r ~ r~1. Clearly T},, is an involution,

and here is how it interacts with the action of I

Lemma 5.2. For allyel andre R, Ty (y-97r) =069 Tin(r), where 6 =r(y1)7L.
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Proof. We simply compute:

TinV(7 0 T) = jjiHV(T(V_l)_l oro 7_1)
=yoror(y)

— Tfl(é—l)—l 07"71 o 6—1

=09 T (r).
O
This immediately gives:
Proposition 5.3. Tj,, € N[ Ey].
Proof. Fix ry,ry € R such that ry =~ r; for some v € I'. By Lemma 5.2, we have
Ty (r2) = Tine (77 71) = 6 ¥ Tiny (1),
for § = r(y=1)1, and thus Ti,y (r1) EgTiny (r2)- O

Taking Fg = E9 \% LT

inv?

we get a pair (Ey, Fy) with [Fy : Ey] < 2. Strictly speaking,
[Ep, Tiny] is not an index-2 system as Ti,, may be fixing some Ejp-classes. However, we can

always restrict to an Ep-invariant Borel subset R’ of R so that [Fy |g: Eg | r/] = 2.

6 [F/E-ATOMIC DECOMPOSITION

In this section we establish the F'/E-atomic decomposition theorem mentioned in Chapter

L.

Let (E, F') be a finite index pair defined on a standard probability space (X, ). Recall
the definition of an F'/ E-atomic set and note that all null sets are automatically F'/ E-atomic.
Thus, the complete section obtained in the conclusion of the following lemma may simply be
a null set. However, we will use this lemma only for F-invariant u, in which case F-complete

sections cannot be null.
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Lemma 6.1. There is an E-invariant p-measurable F-complete section Y ¢ X that is F'[E-

atomic.

Proof. Recursively define a decreasing sequence of E-invariant Borel F-complete sections
Y, and an increasing sequence d,, of reals as follows: put Yy = X and assuming that Y, is

defined, put
A, ={AcY,:Ais a pmeasurable E-invariant F-complete section}

and

Let V.1 € A, be such that p(Y,,,1) < d,+n~t. By definition, Y,, decreases, while d,, increases

(not necessarily strictly). Put Y =N,y Y,. Clearly Y is E-invariant.

Claim. Y is an F-complete section.

Proof of Claim. Let C' be an F'-class and C,, be the set of E-classes in (' that are contained
in Y,,. Thus each C, is finite and nonempty, which implies that (C, ),y eventually stabilizes
since it is decreasing. Hence, Y contains the union of the E-classes in C,, for some n; and

therefore, Y nC # @. ~

It remains to show that Y is F'/E-atomic. Assume it isn’t, i.e. there is a non-null pu-

measurable A €Y that is E-invariant but B = [A]p, \ A is not null. We assume without

Y

loss of generality that A is an F-complete section since otherwise, we could replace A with

(Y N[A]g, )UA. Let n €N be large enough to ensure u(B) >n~!. Since Y = Aw B, we have
p(A) = (YY) = pu(B) < p(Yn) =07 < dy,
contradicting the definition of d,, as it is easy to see that A € A,. m

Theorem 6.2. Let (X, u) be a standard probability space and let (E,F) be a nested pair
on X with [F : E] <1, for some i € N. Then, there is a partition X = ;. X;, k <1, into

E-invariant F[E-atomic sets. Such a partition is unique up to a null set.
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Proof. The uniqueness is clear since for any other such partition X = W, X/, X; n X] is
E-invariant and hence is either null or conull in both X; and X;. Thus, modulo a null set,
X; and X] are either disjoint or equal, and therefore, m = k and the partitions are the same

up to a permutation of indices.

We prove the existence by induction on i. Let Y be as in Lemma 6.1. If Y is conull,
then we are done, so suppose it is not. Because Y is an E-invariant F-complete section, we
have [F'|ye: E |yc] <i. Hence, by induction, there is a partition of Y¢ into less than i-many
E-invariant measurable F'/ E-atomic sets. Combining this with Y gives the desired partition

of X. O

We call this partition the F'/E-atomic decomposition of X. Here are some properties of

it in case F'is p-ergodic:

Lemma 6.3. Suppose [F: E] =1, F is p-ergodic and let X = ¥;o, X;, k <1, be the F|E-
atomic decomposition. Then each X; is an F'-complete section modulo p-null, and E'|x; s

b x,;-ergodic. If moreover E < I, then [F'|x;: E'lx;] =ik, for all j <k.

Proof. The first statement follows immediately from the definitions. For the second, let
J,1 < k and we show that [F'|x: E |x,] = [F |x; £ |x,]. By normality of £ in F, there
exists h € N[E]n [F] such that h(X;) n X, is non-null. But, {h(X;)};« is an F'/E-atomic
decomposition as well, so by the uniqueness of the latter, we have h(X;) = X;. Since h takes

E-classes to E-classes, it is clear that [I'|x,: E|x,] = [Flx,;: E'lx,]. O

7 NORMAL SUBEQUIVALENCE RELATIONS

Throughout this section let (E, F') be an index-i pair. In case when (F, F') is normal, we

have the following strengthening of Proposition 3.5:

Proposition 7.1. If (E,F) is normal, then there is a partial (E,F)-link with (E,F)-

negligible codomain such that [dom(L)¢|g is F-compressible (hence so is [dom(L)¢]r).

102



Proof. Let L be a partial (F, F')-link given by Proposition 3.5. Put
A = (dom(L))g n[dom(L)]F.

Thus A is the union of those E-classes that are fully covered by dom(L) but lie inside
an F-class that is not fully covered by dom(L). Because dom(L)¢ is (FE, F')-negligible,
[A]F = [dom(L)¢]p.

Fix I' = {7, }ney € N[E] that generates F' and define 7 : A - N by x ~ the least n such
that v, (An[z]r)nA¢# @. Note that such n exists for every = € A because by the definition
of A, A°n[x]r + @ and the action of I" on [x]p is transitive. Also, 7 is F-invariant, i.e.

constant on every F'-class.

Now define g: A - X by o = 7z(;)x. Since within each F-class g is equal to +, for some
n € N and v, € N[E], g is a bijection and g(A) is E-invariant. Thus, also B := g(A) n A¢
is E-invariant since so is A. Moreover, B intersects every F-orbit of [A]r = [dom(L)]r and
B ¢ [dom(L)¢]g. Thus it is enough to show that B is F-compressible, and in fact, we show

that it is E-compressible.

Define the compressing function p : B - B by z ~ the unique y € [z]r such that
g Y (z)Ly and xFEy. It is easy to see that p is one-to-one and Borel. It is also immediate
from the definition that p(B) € dom(L), while for every x € B, [z]g ~ dom(L) # @ because

B c [dom(L)¢]g. Thus, indeed, p is compressing, and we are done. []

For the rest of this section, assume that the pair (E, F') is defined on a standard proba-
bility space (X, ). We will work towards proving the following characterization of when F

is normal in F', in case F' is ergodic:

Theorem 7.2. Let (E,F) be an index-i pair on a standard probability space (X,u) and

suppose that F' is measure preserving and ergodic. Then, the following are equivalent:
(1) E<F;

(2) F is generated by countable group A < [F] of the form H xT' such that |H| =1 and the

action of I' induces E a.e.
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(8) F is generated by a Borel action of a countable group A that admits a normal subgroup

I’ of finite index such that the action of I' induces E a.e.

Because groups admitting finite index subgroups also admit further subgroups that are

normal and still of finite index, we immediately get the following:

Corollary 7.3. Suppose F' is ergodic. Then, modulo a null set, F' is generated by a Borel
action of a countable group that admits a proper finite index subgroup if and only if F' admits

a proper normal subequivalence relation of finite index.

Lemma 7.4. Suppose E <« F and E is pu-ergodic. Then, for any full (E,F)-link L, there
exists a group G < N[E|n[L] of order i that generates L.

Proof. For each h e N[E], define h: X - X by z + the unique element in [2], 0 [h(z)]s.

Claim. he[L]n N[E], for all he N[E].
Proof of Claim. h is invertible as it is easy to check that the map
y ~ the unique x € [y], with h(x)FEy

is its inverse. Hence h € [L]. To check that h € N[E], fix 2,y € X with 2Ey. Then
h(z)Eh(y), i.e. [M(z)]E = [M(y)]e, and hence h(z)Eh(y), by the definition of A. —|

By the normality of E in F, there is H < N[FE] that generates F. By the above claim,
G=(h:heH)<[L]nN[E]. The action of G on X is almost free since for any 1¢ # g € G,
the set {x € X : g(z) = 2} is E-invariant and hence null, by the ergodicity of E. To see that
G generates L, fix z,y € X with xLy. Thus xFy and hence y = h(z), for some h € H. But
then B(x) =y and h € G. It remains to show that |G| = i. Since the action of G is almost
free and generates L, there is x € X such that the action of G restricted to [z], is free and

transitive. This implies that |G| = ¢ since |[z]L] = 1. O

When FE is not ergodic, we use the F'/E-atomic decomposition to decompose X into

finitely many F-invariant pieces, on each of which F is ergodic.
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Lemma 7.5. Suppose £ a4 F' and F is ergodic, and let X = 0,4 X; be the F[E-atomic
decomposition. For any full (E,F)-link L, there is T € N[E]|n[L] of order k such that
T(X;) = Xj41 (mod k), Jor all j < k.

Proof. For h € N[E]n [F], let h ¢ N[E]n[L] be defined as in the proof of Lemma 7.4.
For every j < k, as in the proof of Lemma 6.3, let h; € N[E]n [F] be such that h;(X;) =
Xj+1 (mod k) and define T': X — X as follows: for x € X, put T'(x) = h;(x). Tt is clear that

T satisfies the condition of the lemma. ]

Proposition 7.6. Suppose E < F' and F' is ergodic. Then, for any full (E, F)-link L, there

exists a group H < N[E]|n[L] of order i that generates L.

Proof. Let X = 4,4 X; be the F/E-atomic decomposition and let 7" € N[E]n [L] be as
in Lemma 7.5. Since E |y, is ergodic, we can apply Lemma 7.4 and get a group G <

N[E |x,]n[Llx,] of order i/k. Now for each g € G, define ¢(g) : X - X as follows: for
z € X, ¢(g9)(w) =T7 0 goT7(x). Note that for gi,g2 € G, ¢(9192) = #(g1)$(g2) and hence

¢ is a group isomorphism between G and ¢(G). Also it is clear from the definitions that
®(G) e N[E]n[L] and that T commutes with ¢(G). Thus H = (T,¢(G)) < N[E]n[L] is of
order k-i/k =i and generates L. O

Definition 7.7. For a full (E,F)-link L and € [E], we say that v commutes with L if so
does the graph of v. For I' < [E], we say that I' commutes with L if so does every element
of T.

Lemma 7.8. Let L be a full (E, F)-link, s: X - X be a Borel selector for L, and a: T' ~
s(X) be a Borel action of a countable group T' that induces F' |y xy. Then there is a Borel
action B : I' ~ X that induces E, commutes with L, and makes s an equivariant map. In

particular, if o is free, then so is [3.
Proof. We define a Borel action §:T'x X - X of I on X as follows: for x € X and v €T,

B(7,x) = the unique y such that yEx and s(y) = a(7, s(x)).
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To show that this action generates F fix x,y € X with 2Fy. Then s(z)F |4x) s(y) and
hence there is 7 € I" such that s(y) = a(y, s(x)). Thus S(v,x) = y. O

Proof of Theorem 7.2. (1) = (2): Let L be a partial (E, F')-link as in Proposition 7.1. Since

compressible sets are null, we may assume without loss of generality that L is a full link.

Let s: X - X be a Borel selector for L. Take a faithful Borel action a : I' ~ s(X) of some
countable group I' that induces F'|,x). By Lemma 7.8, there is a Borel action 8 :I' ~ X of
I' generating E/, commuting with L and making s equivariant. Since the action S is faithful,

we can identify I with a subgroup of [E].

Now let H < N[E]n[L] be as in Lemma 7.6. Because I' commutes with L, it also
commutes with H and thus A =(H,I') = H xI". It is clear that A generates F.

(2) = (3): Trivial.
(3) = (1): It is enough to show that each element of A acts as an automorphism in N[E].
Fix § € A and z,y € X such that y = yx for some v € I'. We need to show that dy = 7/(0x)

for some 7' € I'. But because I' < A, dv =~/§ for some 7' € I'. Hence, dy = dyx =+'dx and we

are done. ]

We close this section with the following questions.

Question 7.9. Let (E,F) be an indez-i pair on a standard Borel space X. Is there a
countable group A with a finite index subgroup I' and a Borel action A ~ X such that
Ern=F and Er = E?

Because groups admitting finite index subgroups also admit further subgroups that are
normal and still of finite index, a positive answer to the above question implies a positive

answer to the following:

Question 7.10. With the hypothesis of the previous question, is there a Borel subequivalence

relation E' € E such that E' < F and [E: E'] =n for some n < oo ?
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CHAPTER III

Treeable-by-finite equivalence relations

In this chapter, we investigate the question of whether a treeable-by-finite equivalence rela-
tion is treeable (see [JKLO02]). Unless stated otherwise, let (E, F') denote an index-i pair on

some standard Borel space.

8 A USEFUL CRITERION

For a partial (E, F)-link L, put X := dom(L)/L and let F denote the push-forward of
F'|gom(z) under the natural projection map 7y, : dom(L) - Xp; thus F' |qom()<p Fr. Since
each L-class is finite, there is a Borel right-inverse of 7, and hence Fy, <g F' |qom(r). There-

fore, Fi ~g F' ldom(L)-

Lemma 8.1. The following are equivalent:

(1) F is treeable;
(2) For any partial (E,F)-link L, Fy, is treeable;

(8) There exists a partial (E,F)-link L with (E,F)-negligible codomain such that Fy, is

treeable.

Proof. (1)=(2): follows from the fact that F, <p F.
(2)=(3): by Proposition 3.5.

(3)=(1): Because dom(L) is an F-complete section, F' <p F'|gom(r)<p Fr and hence F itself

is treeable since treeability is closed downward under Borel reductions. O]
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Definition 8.2. For a countable equivalence relation E on a standard Borel space X, a

subgraphing G of E is a Borel graph on X such that Eg ¢ E.

For a partial (F, F')-link L and a subgraphing G of E, we spell out what it means for L
and G to commute: for all xg, 1, y0,y1 € X, whenever xgLx, yoLy, and x,Fy; for k=0,1,
we have

(z0,y0) €G <= (x1,y1) €G.

Thus, if G is a graphing of E that commutes with L, then within every F'-class the

G-connected components are isomorphic and the isomorphism is realized via the link L.

Proposition 8.3. For any indez-i pair (E, F), the following are equivalent:

(1) F is treeable;
(2) For any partial (E, F)-link L, there is a treeing of E |om(r) that commutes with L;

(3) There exists a partial (E, F)-link L with (E, F)-negligible codomain and a treeing G of

E ldom(r) that commutes with L.

Proof. (1)=(2): If F is treeable, so is F. Let G be a treeing of Fy. Then, taking the
pull-back of Gy, under 7, and deleting the edges between E-inequivalent points, we get a

desired treeing G for E'|gom(z)-
(2)=(3): by Proposition 3.5.
(3)=(1): If G is a treeing of F | gom(r) commuting with L, we define a Borel graph G, on X,

as follows: for Cy,Cy € Xy, put (Co,Cy) € G, if there are x € Cy and y € C} with (z,y) € G.

Because G commutes with L, G is a treeing of F. Thus, by Lemma 8.1, F' is treeable. []

9 A UNIVERSAL TREEABLE-BY-i PAIR

Recall that E.r is the orbit equivalence relation on Free(IFy, 2¥2) of the shift action of Fs.

Just like Proposition 4.1, the following proposition shows that in any treeable-by-i: pair
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(E, F), we may assume without loss of generality that F = E..r |y for some E,r-invariant

Borel subset Y of Free(IFy, 2F2).

Proposition 9.1. For any treeable-by-i pair (E,F), there is an Eor-invariant Borel sub-

set Y of Free(Fy,2%2) and an index-i extension F' of Beor |y on Y such that (E,F) cp
(]EooT LY7 F,)

Proof. Same as the proof of Proposition 4.1, using E.,r instead of E,. O

Using this and Proposition 3.7, we construct a universal treeable-by-i pair as follows:
recall that (E,, F,,) is defined on a certain I'-invariant subset X, of (2F2)', where I' = Z; 5.
Put X, = Free(Fq, (2F2)1), i.e. the free part of the action of Fy on (2F2)I' and let E,7 =

Eu LXuTu F’UT = FU |’AXuT'

Proposition 9.2. For any treeable-by-i pair (E,F), (E,F)cp (Eur, Fur).
Proof. Same as the proof of Proposition 4.2, using Proposition 9.1 instead of 4.1. O

Thus, we reduce the problem of whether treeable-by-i is treeable, to just verifying it for

F,r; more precisely:

Proposition 9.3. Fvery treeable-by-i equivalence relation is treeable if and only if Fyr is

treeable.

Lastly, we consider the case ¢ = 2. It is somewhat special because in this case F' coincides

with E on F'/E-negligible sets. Thus, we have:

Lemma 9.4. Let (E, F') be a treeable-by-2 pair on a standard Borel space X and let A< X

be a Borel F|E-negligible set. Then F'|[a3, is treeable.

F

Proof. F'|a= E| 4 and hence is treeable. But A is an F-complete section for [A]r, so by (d)

of Proposition 2.9, F'|4), is treeable as well. O
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Note that for any involution 7" e N[FE], each Lp-equivalence class has either one or two

elements, so [E'V Ly : EF] < 2.

Proposition 9.5. Fvery treeable-by-2 equivalence relation is treeable if and only if for every

T € N[Eowr], Ecr Vv Lt is treeable.

Proof. We only prove the right-to-left direction as the other is trivial. Let (E,F) be an
index-2 pair. By Proposition 9.1, we may assume that £ = E,r |y for some E,r-invariant
Borel subset Y of X = Free(Fy,22). Let T be a partial Borel automorphism of Y having
index-2 over E as in Proposition 3.7. Hence T is an involution and Y ~ dom(7T') is F'/E-
negligible. Thus, by Lemma 9.4, F'|y, is treeable, where Yy = [V \ dom(T")]r. Therefore, it
is enough to show that F'|y is treeable, where Z =Y \ Y.

Note that T |z is a (full) involution defined on Z and T'|z€ N[E |z]. Define T": X - X
by setting 7" |z=T |z and T" | x.z=1idx.z. It is clear that 7" € N[E.r] and thus Eer v Ly

is treeable. But F'|z= (Eer Vv L) |z and hence F' |z is treeable as well. ]

10 SUFFICIENT CONDITIONS

Definition 10.1. Consider a Borel action of a countable group I' on X and let T be a
Borel automorphism of X. We say that the action of T normalizes that of I' if viewing each
element of I' as a Borel automorphism of X, we have that for all v €', there is v' € I' such
that T o~y o Tt = ~'. Similarly, we say that the action of T commutes with that of T, if

Tovy=~0oT, forall yeT.

Proposition 8.3 gives the following sufficient condition for treeability:

Proposition 10.2. Consider a Borel free action of a countable free group I' on a standard
Borel space X and let T € N(Er) be such that T = id for some i € N. If T commutes with

the action of T, then EX v L is treeable.
Proof. Let G be the standard treeing for EX, i.e. G is equal to the union of the graphs of
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the free generators of I" and their inverses, viewed as elements of Aut(X). The fact that T
commutes with I' implies that 7' commutes with G. Thus, it follows from Proposition 8.3

that EX v Ly is treeable. O

Example 10.3. Let T be the switching 0-1 involution defined on Free(Fq,252) i.e.

T(x)(v)=1-z(v),

for x € Free(IFy,2"2) and 7 € Fy. It is clear that T commutes with the action of Fy and hence,

by the previous proposition, E.7 Vv Lt is treeable.
Recall the following result of Jackson-Kechris-Louveau mentioned in Chapter I:
Corollary 2.10. If a Borel equivalence relation F' is induced by a free Borel action of a

virtually free countable group, then F' is treeable.

This generalizes the previous proposition and in fact implies a stronger version of it:

Corollary 10.4. Consider a Borel free action of a countable free group I' on a standard
Borel space X and let T € N(Er) be such that T% = id for some i € N. If T normalizes the

action of I', then EX v Ly is treeable.

Proof. Since the action of I' is faithful, we may consider it as a subgroup of Aut(X) and let
A =(T',T) < Aut(X). Since T is in the normalizer of I" inside A, we have that I' < A and
[A:T']=4. Now apply Corollary 2.10. O

In Theorem 11.2 below, we prove a converse to Corollary 2.10 in the measure-theoretic

context, in the case when F'is ergodic.

Lastly, consider the index-2 case. Recall that E.r is the orbit equivalence relation
induced by the shift action of Fy on Free(Fq, 2F2). In light of Proposition 9.5 and Corollary

10.4, we ask the following:

Question 10.5. Does there exists an involution T € N[E.r] that does not normalize the

shift action of Fy on Free(Fy, 252) ¢
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Proposition 9.5 and Corollary 10.4 imply that a negative answer to this question will im-
ply that all treeable-by-2 equivalence relations are treeable. However, the analogous question

asked for the free part of the shift on X2 instead of 2F2 has a positive answer:

Proposition 10.6. Let X be an uncountable standard Borel space. Consider the shift action
s:Fy ~ X2 and denote the induced orbit equivalence relation on Free(Fq, X¥2) by E. There
is an involution T' € N[E] that neither normalizes the shift action of Fy, nor commutes with

the standard treeing of E (induced by the Cayley graph of Fsy).

Proof. Let a:Fy ~Y be a free Borel action of IF; on a standard Borel space Y and denote by
E, the induced orbit equivalence relation on Y. By Proposition 1.5, there is an equivariant
embedding f:Y — Free(IFy, X2).

Now if Ty € N[E,] is an involution, then we can define an involution 7' € N[E] on
Free(TFy, X¥2) as follows: let T' be the identity on Free(Fo, XF2) \ f(Y), and define T on
f(Y) by T(f(y)) = f(Ty(y)). It is clear that Ty normalizes the action a of Fy on Y if and
only if 7' normalizes the shift action of Fy on Free(Fy, X¥2). Similarly, Ty commutes with
the standard treeing of E, if and only if T" commutes with the standard treeing of E.

Therefore, it is enough to construct an example of a free Borel action of a: Fy ~Y with
an involution Ty € N[E,] that does not normalize the action a and does not commute with

the standard treeing of F,. Such an example is given below in Corollary 12.7. m

11 A CHARACTERIZATION OF ERGODIC FREE ACTIONS OF VIRTUALLY

FREE GROUPS

Lemma 11.1. Let (E, F) be an index-i pair on a standard probability space (X, 1) such that
F' is measure preserving and ergodic. If F' is treeable a.e. and C,(E) =n e Nu{oco}, then
for any (E, F)-link L, there exists an almost free Borel action of F,, on X that induces E

and commutes with L.

Proof. Let s: X - X be a Borel selector for L and put Y = s(X). Note that Y is a Borel
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transversal for L and put v = % Clearly, v is F'|y-invariant.

Claim. pu(Y) =1/i and C,(F |y) =n.

Proof of Claim. For the first statement, let T" € [ F'] be defined as in the proof of Proposition
3.7. Then {T*(Y)}x<; is a partition of X and u(T*(Y")) = u(Y') since u is T-invariant. Thus
w(Y) =1/i.

For the second statement, apply the cost formula for a complete section (see Theorem

21.1 of [KMO04]) to Y and get
Coay (Fy) = Cul(F) = (X N Y) = O(F) = (1= 2.

By Proposition 25.6 of [KM04], since F' is treeable and E is an index-i subequivalence relation

of F', we can express the cost of F' in terms of the cost of E as follows:

n-1

Cu(F) = H(Cu(B) - (X)) +u(X) =" 1 =20 10,

!

Plugging this into the previous equality, we get C,, (F'|y) = n/i. Finally,

Cuy(Fly) .
CV=MLY—=ZCL (Fly)=n.
u(Y) ”Y
Note that the calculations are still valid for the case n = oo. —

Because F' is p-ergodic, F' |y is v-ergodic. Thus, by Theorem 2.11 (of Hjorth), there is
an almost free Borel action « : [F,, ~Y that generates F'|y. Thus, by Lemma 7.8, there is

an almost free action of F,, on X that generates E and commutes with L. O]

Theorem 11.2. Let F' be an ergodic measure preserving countable Borel equivalence relation

on a probability space (X, ). The following are equivalent:

(1) F is induced by a Borel almost free action of a virtually free countable group;

(2) F is treeable and admits a normal Borel subequivalence relation of finite index with

integer or oo cost;
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(3) F is induced by a Borel almost free action of a countable group A of the form H x T,
where |H| =i and n e Nu {co}.

Proof. (1)=(2): Suppose that F'is induced by a Borel almost free action of a countable group
A that admits a finite index free subgroup I'. Then, the treeability of F'is the conclusion of
Corollary 2.10.

Let I'" < T be such that [A:T"] =i < oo and I < A. Since subgroups of a free group are
free, I is free. Let E' = Er. By (3)=(1) of Theorem 7.2, E' < F. Also, because the action of
A is free, we have [F': E] =1. Finally, if n € Nu {oo} is the number of the free generators of
IV, then C,(E) =n.

(2)=(3): Let E <« F be of finite index. By the ergodicity of F', we may assume that
[F: E]=1i<oo. Let L be a partial (E, F)-link as in Proposition 7.1. Since [dom(L)¢]r is
F-compressible, it is p-null, and hence, we can assume without loss of generality that L is a

full link. By Proposition 7.6, there is H < N[E] n[L] of order i that generates L.

Put n = C,(F) e Nu{oo}. By Lemma 11.1, there is an almost free action of F,, on X
that generates F/ and commutes with L. Thus the actions of F,, and H commute and induce

an almost free action of H x F,, on X that generates F'.

(3)=(1): Trivial. O

12 THE AcTION 0 :F, ~ R(F,)

Throughout this section, let I" be a countable free group, i.e. I' = F,, for some n < co. Also

let S denote the set of free generators of I' together with their inverses.

Recall from Section 5 that R = R(I") = {g € Soo(T") : g(e) = e}. Let Ey denote the orbit
equivalence relation induced by the action 6 of I' on R. Also recall that T}, : R - R is the
involution 7 — r~! and Fy = Eyv Ly, . Let R’ = Free(I', R) denote the free part of the action
0:T ~R.
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Thus, Ej = Ey | r is treeable, and we let G’ be its standard treeing; that is:
(ri,m2) €G <= FyeS(yIr =m).

for r1,r9 € R'.

It is an open question whether F} := Fyy | g is treeable, and this is the simplest and most
natural example of a treeable-by-2 equivalence relation! that I am aware of, for which the

answer is unknown.
For a relation D ¢ R?, put D' = {(r{*,r5') : (r1,72) € D}. In this notation, Proposition

8.3 translates to the following:

Proposition 12.1. F} is treeable if and only if there is a treeing G of Ej such that G™' = G.

We now consider different subgroups of R and investigate the interaction of Tj,, and the

action # on these subgroups.

12.1 Group-automorphisms of I

Let H = H(I") denote the subgroup of R of all group-automorphisms of I, i.e. those bijections

that are group homomorphisms. Note that if I' is finitely generated, then H is countable.

Lemma 12.2. H is equal to the set of fized points of the action 6 : 1T ~ R.

Proof. For r e R,

7 is a fixed point of the action § <= VyeD',v-%r=7r
— Vy,ael,r(y ) r(v ) =r(a)
— Vy,ael r(yvta)=r(yHr(a)
— VB,ael r(fa)=r(B)r(a)

~— recH.

O

!Technically, it is not treeable-by-2 since some Fj-classes may contain only one Ey-class, but Fy restricted
to the union of these classes is treeable, so we may discard it.
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Proposition 12.3. There is no Fy-class B € R' such that T, | normalizes the action

HLBFNB

Proof. Assume for contradiction that Ti,, | 5 normalizes the action 0 |g. Since this action is
free (and hence faithful), we may view I' as a group of homeomorphism of B. Thus T is in
the normalizer of I' inside the group A =< T, I' >, and hence T o = d o T" for some unique

0 € I'. Therefore, for r € B, we have
T(vPr)=62T(r).

By Lemma 5.2 and freeness of the action 0 |g, 6~! = r(vy7!). Since r € B is arbitrary, the

same is true for a-?r, for all a €T, i.e.
5= (@ r)(7) = r(a ) ().

Hence, we have
r(ay ) = (@ (o).
Because this is true for all v, € I'; r is a group-homomorphism and hence r € H. Thus, r is

a fixed point of the action 6, contradicting r being in the free part of this action. n

12.2 Graph-automorphisms of Cay(T",S)

Let Cay(I',S) denote the Cayley graph of (I',.S) and denote by Aut(Cay(I",S)) the group
of automorphisms of Cay(I',S)) (as a graph). Put Ro(I") = RnAut(Cay(I",S)) and we just
write R below when I is understood. Clearly, R¢ is a subgroup and hence, T}, (R¢) =
Rc. Moreover, since I' < Aut(Cay(I',S)) and R is a transversal for the right coset space
'\ Aut(Cay(T',5)), Rc is invariant under the action 6 of I'. Put

e« R.=R'nRe,
. BL=Ejln,.
L4 Fé':FglLR’Ca
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1 Té‘ = ,—Tinv LR’Ca
« GL=Gln.
Note that G/, is a treeing of £, and in fact, we have the following:

Proposition 12.4. T/, commutes with G/..

Proof. Fix (r1,72) € G/, and hence 7y = v-% r; for some v € S. By Lemma 5.2, T/(r2) =
60 Tt(r1), where 6 = 71 (y71)~L. Because rq is in Re, 71(S) = S and thus ¢ € S. Therefore,
(Te(r1), Te(r2)) € G- O

This and (2)=(1) of Proposition 8.3 immediately imply:

Corollary 12.5. FY, is treeable.

Note that because of Proposition 12.3, the treeability of I/, does not follow from Corollary
10.4.

It is worth mentioning that we also have a converse to Proposition 12.4:

Proposition 12.6. If B ¢ R’ is an Fy-equivalence class such that Ty, | commutes with

G'|B, then B < Ry..

Proof. Fix r € B, vy € I’ and u € S. We need to show that for some v € S, r(yu) = r(vy)v.
Let ry =19 r. Because Ty, | p commutes with G’ |5, and (r1,u?r;) € G', there is v e S
such that v=1 -0 Ty, (r1) = Tiny (v 9 ;). By Lemma 5.2 and the freeness of the action 6 |z,

v=r1(u). Since r1(u) = r(y)tr(yu), we get r(vy)v =r(yu). O

In Section 13, we consider the case when I' = F5 and define an Fy-invariant probability

measure on Ro(Fy).
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12.3 Summary

Put R” = R'\ R¢, E}l = Ey \gr and F)' = Fy | gr. By Proposition 12.5, F} is treeable if and

only if F)' is treeable.

From Propositions 12.3 and 12.6, we immediately get

Corollary 12.7. The action of Ti, g does not normalize the action 0 |gr and does not

commute with the standard treeing G' | g of Ey.

Thus, we cannot apply either of Corollary 10.4 or Proposition 8.3, to deduce the tree-
ability of F}'.

Speculation. I believe that Fy’ is not treeable and I suggest the following strategy for
proving it: fix a treeing G of EJ. By playing games on the Cayley graph of I' and using
Borel determinacy?, construct r € R\ R, for which there is y € I such that (r,7-r) € G but
(rt(y%r)t) ¢G. Thus, G! # G, and since G was an arbitrary treeing of E}/, Proposition

12.1 implies that F} is not treeable.

13 A MEASURE-THEORETIC EXAMPLE

In this section, we consider the case I' = F; and define an Fy-invariant probability measure
on Re = Re(F2), obtaining a measure-theoretic example of a treeable-by-2 system [E7,, T/, ].

This example is due to Alex Furman.

By Corollary 12.5, F(, = E;, v Ly, is treeable. We will show below that the action of T¢,
is not finite index over the action 6| R, of I" on Ry, and thus the treeability of F{, does not

follow from Corollary 2.10.

Let a,b be the free generators of Fy and put S = {a,a™*,b,b'}. Because I' = F, is finitely

generated, Aut(Cay(T",5)) is locally compact and hence admits a unique left-invariant Haar

2These kinds of games have been recently used by Andrew Marks in [Marl3], providing very elegant
solutions to well-known open problems in Borel combinatorics.
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measure v. Rg is a compact subgroup of Aut(Cay(I',S)) and thus v(Rg) < oo. Also,

since I'Re = Aut(Cay(I',S)), v(Rc) > 0. Therefore, taking u = %, we get a [-invariant
probability measure on Rc. In other words, I' is a lattice in Aut(Cay(T",S)) and this implies
that Aut(Cay(T,.S)) is unimodular, i.e. the left and right Haar measures are equal (see, for

example, Proposition 9.20 in [EW11]).

Let E¢ denote the orbit equivalence relation induced by the action 6 |z, of I' on Re¢.
Recall the involution Ti,, : R - R defined by r ~ r~!, and take T = Tiny b r.. Because G is
unimodular, v is preserved under the action of T, and hence so is u. By Proposition 5.3,
Tc € N[E¢]. Thus, denoting by Fi the join of E¢ and Ly, we have that [ F¢: E¢] <2 and

W is Fo-invariant.

The Haar measure p on R¢ is easy to calculate (implicitly using the uniqueness of the

latter). The basic open sets in R¢ are finite intersections of the sets of the form
Uys ={reRc:r(y) =6},

where «,6 € I'. We denote by || the length of the reduced word ~. By the definition of R¢,
if || # 19, Uy s = @.

Lemma 13.1. Forv,6 € I" with |y =|0| = n, p(U,s) =471 31,

Proof. Simply note that for r € R¢, the value of r(+y) can be any word in Fy of length n, and

the number of such words is 4 - 371, O

Proposition 13.2. The action of I' on R¢ is almost free. In particular, E¢ is treeable a.e.

Proof. Fix a nontrivial element ~ € I', and suppose - r = r, for some r € Ro. Thus, for all

a €I, we have:
r(v ) (v a) = r(a),

and hence

r(ya) =r(yHr(a).
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Inductively applying this to powers of 4! in lieu of a, we get:

r(y") =r(yhH"n (13.1)

By above, the set of fixed points of « is contained in

B%(Sa
d€l,|d]=|]
where
B'Y’é = m U»},—n’gn.
neN
But B, is clearly null due to Lemma 13.1 since [y™| > n. ]

We will show that T is index-2 over E¢ a.e., but first we prove the following technical

lemma. For v,d,a € I', put
Aypa={reUss:r(ya) =or ()},
and we write 0 1 « if there is j < min{|d|, ||} 6(7) # a(j).

Lemma 13.3. Ifv,0, € I" are such that |ya| = |y| +|a| and 6 L o, then pu(A,sq) = p(Uys) -
3-led,

Proof. We may assume that |y| = |d] since otherwise U, s = @ and the statement is trivial.
The condition |ya| = || + |a| means that the last symbol in v doesn’t cancel with the first
symbol of a. Thus, for any r € U, s, the value of r(vya) is equal to da’ for some o' € T
with |o/| = |a|. The condition @ 1 ¢ ensures that r~!(a) L v and hence the value of o/ is
independent from that of r~(«), i.e. whatever r~!(a) is, there are exactly 3l® possibilities

for the value of . Hence the lemma follows. O]

Proposition 13.4. For a.e. r € Ro, Te(r) and v are not Eg-equivalent. In particular,

[FC : Ec] =2 a.e.
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Proof. Let A={r e Rc:Tc(r)Er}. For fixed r € A, there is v € I" such that Te(r) =~ r.
Thus, for all a € ', we have r(y1)'r(y'a) = r~'(«), and hence, r(y'a) = (v~ 1)r-(«).
Therefore, 7 € Nper Ay-1 54, Where 6 = 7(y71). Thus,

Ac U m A%&a,

~,0¢l" ael

so it is enough to show that for fixed v, € I', Naer A5 is null. To this end, take c €
{a,a™1,0,b71} ~ {0(0),7(]y| - 1)}, and put «,, = ¢*. This ensures that o = «,, satisfies the
hypothesis of Lemma 13.3 and hence p(A,54,) < 3™, which implies that Ner 4450 18
null. O

Viewing I' as a group of measure preserving Borel automorphisms of Rq, we let A be
the group generated by T'u {T}. We will see shortly that I" has infinite index inside A and
hence the action of A does not satisfy the hypothesis of Corollary 2.10.

Lemma 13.5. For any nontrivial § € ', TcdTe ¢ T' < Aut(Re, ). In other words, for all
veT, the set Bys={reRc:6-YTc(r)=Tc(y-9r)} is not conull.

Proof. Fix ,6 €eI'. By Lemma 5.2 and the fact that the action 6 |, is almost free,

-1

reB,s < 6=r(y) ! = r(vy) =" = relU, 4.

Thus, B, 5 = Uy1 51 and hence is not conull. O

Proposition 13.6. For nontrivial a € T, the cosets (TcaTo)T in AT are pairwise distinct.

In particular, [A:T] = co.

Proof. Just note that for o # 8, (TecaTe) (TefTc) = Tea 'fTe ¢ T', by the previous

proposition. ]

Nevertheless, by Corollary 12.5, F'is treeable a.e.

Lastly, we note that E is ergodic as it follows from Theorem 1 in [LM92]. Thus, since
C,(F) =2and L = Eg, is a full (E, F)-link, we get the following (somewhat surprising)

corollary from Lemma 11.1:
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Corollary 13.7. There is an almost free action o : Fy ~ R that generates Ec and commutes

14 A MORE NATURAL UNIVERSAL TREEABLE-BY-i PAIR

The universal treeable-by-i pair constructed in Section 9 is somewhat hard to work with as
it is just a restriction of a shift action to a set satisfying some conditions. In this section, we

give a more concrete and illuminating example of such a pair.

For every 7 > 2 and every countable group I', we will define a Polish space Xt ; with a
continuous free action A : I' ~ Xt ; and a homeomorphism Tt ; : Xr; - Xr,; that is index-
i over the orbit equivalence relation Er; of the action A. The system [Er;,Tr ;] will be

universal among its peers in the following sense:

Theorem 14.1. Let Z be a standard Borel space equipped with a free Borel action of I' and
let T be a Borel automorphism of Z that is index-i over EX, where EXX is the orbit equivalence
relation of the action of I' on Z. Then there is a I'-equivariant embedding € : Z = Xr; such

that Ty ;oe=€oT.
Let Fr; be the join of Er; and Lt ;. Thus (Er,, Fr;) is an index-i pair. Let

W(Ery, Fr,) = (& Ery, W Fry)
Jj<i Jj<i Jj<i
denote the disjoint union of the pairs (Er;, Fr ), j <i. Note that if I' is a free group, then

Erp; is treeable since the action A is free. Thus, W, Er; is treeable as well. Moreover,

Theorem 14.1 implies the following

Theorem 14.2. For any treeable-by-i pair (E,F), (E,F) €g W;i(Er, ;, Fr,;)-

We will prove both of these theorems below after we construct Xr;, A :I" ~ Xt ; and Tr;.
First we give an outline of the construction. Take X = 2F2_ although it is not essential for

the construction which uncountable standard Borel space we take since any two are Borel
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isomorphic. Let < be a lexicographic order on X it is a linear order and is open as a subset
of X2. Put
(X)) ={(x))jci € X" :xj # xy, if j # k}.

Recall the group R = R(I") and the action 6 : T' ~ R. We will abuse the notation and denote

the product action of I" on R*~! by # as well; that is,

v =(vlr,ylry .yl i),

for ye ' and 7 = (rq,79,...,75-1) € R"L

Here are the steps of the construction:

1. Define a continuous action 7:T' ~ ((X)?)" that combines the shift action with a “twist”.

2. Using the actions 7 and 6, define a continuous action A : I' ~ (((X)")! x R-1) and let E)

denote the induced orbit equivalence relation.
3. Define a homeomorphism S of ((X))F x Ri-1.
4. Take a certain G subset Y of ((X)?)! invariant under the action 7, and set Xr; = Y xR-1.

5. Finally, put Er; = E)\|x., and Tr; =S | x;. -

Before proceeding with the construction, we define an embedding € : Z - ((X)¥)! x
R for a given free Borel action of I" on a standard Borel space Z together with a Borel
automorphism 7' of Z that is index-i over £ = EZ. This will show how to define the
action A : ' ~ (((X)H)F x R-1) and the homeomorphism S of ((X)?)' x Ri-1| so that € is

[-equivariant and Soe=¢€oT i.e. satisfies the conclusion of Theorem 14.1.

First, assume without loss of generality that Z = X. As usual let Ly denote the equiva-
lence relation on X induced by the action of T', and let F' denote the join of E and Ly. The

following are auxiliary functions needed to define the desired embedding e:

(i) t: F - X defined by (x,y) ~ the unique element in [z]L, N [y]gx.

T
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(ii) {: X - (X)! defined by =z » (z,21,22,...,x;-1), where {z, 21,29, ...,2,-1} = [z]1, and

T1,%2,...,T;1 are in the increasing <-order. Thus, {(z)(0) = z and I(z)(j) = z;, for

=1,2, .01,
(iii) ¢: E — (X)? by putting q(x,y)(j) = t(y,l(x)(j)), for j <i. Note that ¢(x,z) = I(z).
(i¥) g X > (X)) by 2o (g7 2) -
(v) h:X — R by putting « — (r1,72,...,75-1), where r;(y) = the unique 0 € I' such that
0-1(x)(7) = t(y- 2, 1(x)(4)),

for v € I'. The uniqueness here is because the action of I' on X is free.

Finally define € : X - (((X))' x R*1) by x — (g(x),h(x)). Clearly € is injective since
g(x)(e)(0) = x, where e € I' is the identity of T".

Now we proceed with the construction of AI' ~ (((X)?)F x R-1) and S € Aut(((X)H)F x
R Y).
14.1 Defining 7:T ~ ((X)?)"
Let s: Seo(I") ~ ((X)")! denote the generalized shift action of Se(I') on ((X)?)! defined by
g9 fla) = f(g7 (@),

for g€ Seo(T'), f e ((X))I and a e . As previous sections, we consider I" as a subgroup of
Se () by letting y(a) = yav, for v, € I'. Thus, if g = € I" in the above definition, we get

the usual shift action

v fla) = f(y ).

First, for each 0 € £{0,1,2,...,i -1} and 7 = (x;)<; € (X)?, put

OJ([IZ'[), L1y.eny xi—l) = (xa(0)7$a(1)7$0(2)7 RS xa(i—l))-
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We also apply the above definition of ¢’ to o € ¥{1,2,...,i — 1} treating it as an element of
¥{0,1,2,...,i — 1} that fixes 0. We further define ¢” : ((X)*)'' - ((X)))' by

o"(f)(a) =o'f(a),

for fe (X)) and a eT.

Next, for each 7 = (z;) < € (X)?, let m(Z) denote the unique permutation o € ¥{1,2,...,i-
1} for which (24(1), Zs(2), ---» To(i-1)) Is increasing (with respect to the order <). Note that the
value of 7(%) does not depend on . Also note that 7: (X)? - 3{1,2,...,i—1} is continuous

because < is an open subset of X?2.

Finally, define the action 7:T" ~ ((X)?)' by setting

v f=alye f(€) (v ) =a(f (7)) (v ),
for each v e I" and f € ((X)")I'. To see that this is indeed an action, first note that for any

oeX{1,2,...;i—1}, fe((X))! and Z € (X)?, we have:

(a) ¢” and the shift action of y on f commute, i.e. o”(y-* f)=~-d"(f);
(b) w(o'Z) =7(Z)oL.

Now fix 7,0 € T', f e ((X))V, denote o = w(f(y7')), and compute

0T (v f)=a(y T f(67)" (0 (v £))
=m(o'f(v71071))" (0" (0" (v £)))
= (w(f((67)7))o™)" (0" (8" v-* £))
= (m(f((67) 7))o )" ((67) * )
=m(f((07)7))"((67) " £)
=(07) 7 f(@).

Clearly, this action is continuous since so are all of the functions involved. When i < 2, the

action 7 coincides with the shift action of " on ((X)?).

125



14.2 Defining \: ' ~ ((X))I x R

For o € ¥{1,2,...,i— 1} and 7 = (ry,r9,...,7;_1) € R, we abuse the notation ¢’ and apply it
to 7 as well:
0_1(7,,177,2’ "'7ri—l) = (TU(1)7TU(2)7 B To‘(i—l))-
Define the action A : T~ (((X)H)! x R-1) by setting
Y A (f7 ,F) = ('7 7 fv 7T(’Y - f(e)),"_;)a

for f e ((X))" and 7 € R-! (assuming that the indices of 7 start with 1). Unraveling the

definitions, we get
v A7) = (0" (v f),0'7),
where o =7(f(7y71)).
To verify that this is an action, fix y € I', (f,7) € ((X)?)' x Ri=1, denote o = w(f(vy71)),

and compute
52 (1A (7)) =02 (7 f.0')
= (07 (v (3T FE)Y'))
= ((59) 7 £. (x(0" F(y'57))o)'F)
= ((59) 7 £.(x(f (71570 0)'F)
= ((59) 7 £.7(F((67)))'F)
= (67) * (£.7).

We denote by F\ the orbit equivalence relation induced by the action .

14.3 Defining S: ((X))! x Ri-1 - ((X)H)I' x Ri-!

For 7 = (%)« € (X)?, let j(Z) be equal to unique j < ¢ such that

{ min{xzy : k <} if xg = max{xy : k <i}
Tj = .

min{xzy, : 1y > 19,0 < k <i} otherwise
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Furthermore, for every j < i, let o; € £{0,1,...,7 - 1} be the transposition that swaps 0 and
7, and put

p(Z) = 77(‘73{(:3)52')
Thus, when the permutation p(Z) is applied to some 3 € (X)? it permutes the coordi-
nates 1,2,...,4 — 1 of y§ by the unique permutation that is necessary to order the vector
(], 2%, .. 2l y) = (21, %2, ..., Tj(z)-1, To, Tj(z)+1, ---» Ti—1) I the increasing order with respect to

<.

We need one more gadget before we can define S. For fixed 7 = (1,79, ...,7-1) € R"1, put
(i) ro =1idr;
(ii) 7jn =rpor;t, for all j,k <.
Furthermore, define
swap; (7) = (751,72, -+ Tj(j=1)5 7505 Tj(j+1)s -+ Tj(i-1) )

for j=1,2,...,i—1.

Finally, we define S : ((X)")!' x Ri=1 - ((X)")I' x R*=1 by setting
S(f7) = ((p(f(€))ascreen)”(ry - 1), p(f(€)) swaps sy (7)),
for (f,7) e (X)) x R-1.
It is tedious to check that S? = id and thus S is a homeomorphism of ((X)#) x Ri-1.
14.4 Finalizing the construction

It remains to shrink the space ((X)?)! to make the action 7 free and S index-i over E\ (and

not less). Put

Y ={fe((X))":V distinct (7,7), (0,k) €T xi (f(7) () # F(8)(k))}.
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and

XF,Z' =Y x RFla
Er;=Exlxr,,
Tri=9Sxp, -

Note that the action 7]y: ' ~Y is free and hence so is the action A |x. ;: ' ~ X ;. Also, it
is obvious that Tt ; is index-¢ over Er ;. Thus, we are finally ready to prove Theorems 14.1

and 14.2.

Proof of Theorem 14.1. Given a free Borel action of I" on X together with a Borel automor-
phism 7" of X that is index-i over EYY, we define the embedding € : X < ((X)")" x R""! as
above. Note that ¢(X) € Xp,;. The fact that € is equivariant and that eo T = Ty ;o€ is
a tedious verification that we will leave out as the action A and the automorphism S were

defined exactly so that this would happen. O]

Proof of Theorem 14.2. We prove by induction on ¢. The case ¢ = 1 is trivial, so assume
that ¢ > 1 and the statement is true for all j < 4. Let (E,F') be a treeable-by-i pair. By
Proposition 9.1, we may assume that E = E.r |z for some E.r-invariant Borel subset Z of

Free(Fy,2%2). Let T be as in Proposition 3.7 for (E, F) and put
o Zl = [Z N dOl’Il(T)]E,

o Zy= [Zl]F N\ Zh

Zo =2~ [Zl]Fa
o Ek:ELZka for ]{320,1,2,

° Fk=FLZk,fOI‘]€=O,1,2.

To=Tz,.
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Each Zj, is F-invariant, and Zj is F-invariant. Thus T} is a (full) Borel automorphism of
Zo that has index-i over Fy, and Fj is induced by a Borel free action of Fy (simply the shift
action). Therefore, Theorem 14.1 provides an embedding € : (Ey, Fy) S5 (Ery, Fr,i).

As for the pairs (Ey, F1) and (Es, Fy), note that [F}, : Ey] <1, for k= 1,2, and thus, by

induction, we have

(Ek, Fr) €8 ) (Er,.j, Fra.5)-

j<i-1

It also follows from the construction that
(Er, ) €5 ) (Ery . Fray)
j<i-1
and the images of (Fy, F1) and (Fs, F) in W;q-1(Ew,,j, Fr,,;) are disjoint. Combining all
three embeddings, we get

(E,F)ch L‘U(EFQJ,FFQJ%

j<i
as desired. Note that we get c}, only after assuming that E is defined on some invariant

subset of Free(Fy,2F2) and that’s why the general statement of the theorem is merely with

Ep. OJ

15 THE CASE 7 =2

It is worth considering the special case of i = 2 separately, as the construction of (Er 2, 7T 2)
is considerably simpler in this case and hence easier to investigate. Recall that Xp, =Y x R,
where Y is a certain G subset of ((X)?)!, invariant under the action 7:I' ~ ((X)?)I'. Note

that the action 7 coincides with the shift action s: T" ~ ((X)?)' and thus

YA = (e fy ),

for yel', fe((X)?)! and r € R(T).

Also, for all f = (x,yy)yer €Y and r € R(I"), we have
TF’Q(f,T)Z(T'S f?r_l)a (*)
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where f = (Yy, %~ )~er- In particular, Tt is an involution.

From now on, we fix I' = F,. As an immediate corollary of Theorem 14.2, we get that the

following;:

Corollary 15.1. All treeable-by-2 equivalence relations are treeable if and only if Fr, 2 s

treeable.

Thus, when working on the question of weather treeable-by-finite equivalence relations

are treeable, one has to understand what happens to F, o.

To simplify the notation below, we use I' for Fy, E for Ero, F for 15 and T for Tt .
Recall that Xp,2 =Y x R, for a certain subset Y of ((X)?).

Similar to Lemma 5.2, we have the following interaction between the action A of I' and

the action of 7" on Xp, o:

Lemma 15.2. Forally el and (f,r) e Y xR, T(y*(f,r)) =0 T(f,r), where § =r(~y~1)7L.
Proof. Using Lemma 5.2, we compute:

Ty (fr)=T(v= f,vr)
= () (v (v )
=((r(y") T ereyTton) S f,6007h)
= (5 (r*f),6977)
=5 (= forh)
=5 T(f,7).

]

Below we consider the familiar subgroups H(Fy) and Ro(Fy) of R(F;) and investigate
the question of whether the restrictions of Fr, o to Y x H(F;) and Y x Ro(Fy) are treeable.

Below, we omit writing 5 and simply write H, Rc and R.
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15.1 The treeability of Fj,» on Y x H

First note that H is countable since FFy is finitely generated. For fixed h € H, note that
Y, =Y x {h} is [-invariant since h is a fixed point of the action 6 : I' ~ R by Lemma 12.2.

Thus, Z), =Y, uY),-1 is [-invariant and also T-invariant.

Lemma 15.3. For he H such that ht # h, F'|z, is smooth over E|z, , and hence treeable.

h

Proof. For h™t # h, F' |y, = E'|y, because T(Y,) = Y},-1 and Y, nY)-1 = @. Thus, the set Y},
selects exactly one E-class from each F-class in Z;,, and hence, F'|z is smooth over E |z, .

In particular, F'|z <p E | z,, and therefore, F'|; is treeable since so is E|, . O

h
If h e H is an involution, i.e. h™t = h, then Y}, = Z;. Let T}, =T |y, .
Lemma 15.4. If h € H is an involution, then the action of T, normalizes that of I' on Y},.

Proof. Viewing I' as a group of homeomorphisms of Y},, we show that T}, oy = h(~) o T}, for

every v € I'. Indeed, for f €Y, Lemma 15.2 implies that

Th(Fy A (f7 h)) =0 A Th(f: h)7
where 6 = h(y71)~! = h(7y). O
Proposition 15.5. F' |y, is treeable.

Proof. Since H is countable, it is enough to show that F' |z for each h e H. If h # h7L,

then F'|z is treeable by Lemma 15.3. If h = h~!, then by Lemma 15.4, T}, normalizes the

h

action A |z,: I' ~ Z;. Thus, since F |z, = E |z, vLy,, Corollary 10.4 implies that F' |, is

h h

treeable. O

15.2 The treeability of Fy,, on Y x R

Put Ec = FE |yxre, Fo = Flyxpe and To =T |yR,-
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Let a,b be the free generators of I' = Fy and put S = {a*!,b*'}. Let G be the standard
treeing of E induced by the free action A : I' ~Y x R; that is: for u,veY x R,

(u,v) €G <= FyeS(y u=v).
Put G =G ly«xr. and hence G¢ is a treeing of Ec.

Lemma 15.6. T commutes with G¢.

Proof. Fix (u,v) € Go and hence v = v -* u for some v € S. We need to show that
(Te(u), Te(v)) € Go. Let u = (f,r) and note that by Lemma 15.2, To(v) =0 -* T (u), where
d=r(y 1)t But re R, so r(S5) =S, and thus, 6 € S. Hence, (Tc(u),Tc(v)) € Ge. O

Proposition 15.7. F is treeable.

Proof. Let Ly, be the (E¢, F¢)-link induced by T¢>. Lemma 15.6 implies that Ly, commutes
with Go. Thus, by our criterion for treeability, namely: (2)=(1) of Proposition 8.3, F¢ is
treeable. O

15.3 Summary

Let Ry = R~ (H U R(). Putting together Corollary 15.1 and Propositions 15.5 and 15.7, we

get

Corollary 15.8. All treeable-by-2 equivalence relations are treeable if and only if Fr, o ly«r,

1s treeable.

Speculation. The question as to whether Fg, 2 ly«g, is treeable is open even measure-
theoretically. In fact, I do not know whether there is a A-invariant probability measure
on Y x Ry. Clearly Y has one, namely the product measure, and thus, the existence of
a A-invariant probability measure on Y x Ry is equivalent to the existence of a f-invariant
probability measure on Ry. Denoting by EJ the orbit equivalence relation induced by the
action 6 | g,: I' ~ Ry, the latter statement is equivalent to the incompressibility of Ej, which

seems plausible.
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Part 3

Complexity measures for recursive

prograrns
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CHAPTER |

Main definitions and results

1 INTRODUCTION TO RECURSIVE PROGRAMS AND THE MAIN RESULT

Recursive programs are a model of computation introduced by McCarthy in [McC63]. The
syntax and semantics of these programs are essentially the same as that of the programming
language C. These programs come with a specified list ® of primitive functions (may be
constant) such as ®, = {0,1,+,-} or &p = {0, S, +}, so we refer to the programs with primitives
from ® as ®-programs. It was shown in [McC63] that the partial functions that can be
realized by ®,-programs are exactly the Turing computable partial functions. Each ®-
program FE consists of the main function £o(z1, ..., xy,) (the head of the program) and various
other functions f;(x1,...,2x,), j < m. In the body of each function, one can recursively

perform the following operations:

(i) if ... then ... else ...,
(ii) call f;(zy,...,2x,), for j <m,

(iii) call ¢(z1,...,x,), for ¢ € ®.

In this part of the thesis, we consider different measures of complexity for ®-programs,
introduced in [Mos], and explore the relations between them. One such measure is the
sequential logical complexity 13,(a) of a ®-program E on input d@ on which E halts (write
E(a) |). Roughly speaking, 5,(d) is the number of operations performed by the program E
on input a. Another such measure is the sequential call complexity c,(a) of a ®-program E

on input @ with E(d) |; it is equal to the number of calls to primitives (i.e. functions from ®)
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during the run of E(a) (disregarding the operations (i)-(ii)). By definition, ¢ (a) < %(a),
and it was asked by Moschovakis in [Mos] whether this inequality can be reversed for a fixed
program, up to some constants that depend only on the code of the program. The main
result of this part of the thesis is a positive answer to this question, and here is (a somewhat

informal version of) the statement of the main theorem:

Theorem. Let E be a ®-program. There exists a constant K (depending only on E) such

that for every input a, we have

2(a) < Key(a) + K,

provided that E(a) .

This theorem basically says that one cannot do much without having to call a primitive
function, and thus, the actual complexity of an algorithm comes from the number of calls
to primitives and not the logical operations. So it is no surprise that many of the methods
for obtaining complexity lower bounds actually provide bounds for the number of calls to

primitives. Such examples are given in [MvdD04] and [MvdD09].

The key to the proof of the above theorem is introducing a new (auxiliary) measure of
complexity (see Section 7). Using the same technique, we also obtain (in Section 9) the

analog of the above theorem for the parallel logical and parallel call complexity measures.

In this chapter, we rigorously define the syntax and semantics of recursive programs, as
well as the relevant complexity measures, and we leave the statements of the results and

their proofs for Chapter II.

This work stemmed out of a seminar run by Yiannis Moschovakis and it is also presented
in [Mos]. It will appear as a section in Moschovakis’s projected book on Recursion and

Complexity. The exposition here closely follows [Mos].

135



2 THE DEFINITION OF RECURSIVE PROGRAMS

Below we will define the notions of vocabulary, term, structure and interpretation as we do

in second order logic, using partial functions instead of total functions.

Recall that a partial function from a set A to a set B is a usual function from a subset
of A to B. We denote this by f: A — B, and we denote the domain of f by dom(f). We
also write f(x) | to mean that x € dom(f). Denote by Partial(A, B) the set of all partial

functions from A to B (including the empty function).

2.1 Syntax

We first fix a (second order) vocabulary:
e Let 0 denote a special constant symbol (to be interpreted by structures);
e Let vy, vy,... be the symbols for (ordinary) variables;

e For every ke N, let £f £} ... be the symbols for variable partial functions of arity k.

Definition 2.1. A ®-term M is defined recursively as follows:

M:=0 | V; | ff(Mh,Mk) | ¢(M1,,Mk) | (lf MO =0 then Ml else MQ),
where v; is an ordinary variable, £¥ is a function variable, ¢ € ® is of arity k, My, My, ..., M,
are terms, and i,k > 1.

For a term M, we write

ko £k1 k
M(ViO,Vil, "'7vil7fj07fj1 s 7f]::)

to mean that the ordinary and function variables that appear in M are among v;,, v, ..., V4,

ko k1 km
s NS
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A recursive ®-program is a system of recursive equations

£ (0) ~ £(0) = Bo(Go, £, €81 ghn

E f’fl(vl) = E1(\71,f§°,flf1,...,ffnm
)

5 (5,) = BT, TR0, €51 £hm

where

e fp is a special function symbol called the head of the program and we consider it equal

to fo,
o fy, fy,...,f,, are distinct function variables called the recursive variables of E, and we
will denote the vector (£, £, fkm) by £,

e cach E;(¥;,1) is a ®-term.

Example 2.2. The following recursive program encodes Bezout’s algorithm for computing

a(z,y) and B(x,y) for x,y € Z such that a(z,y)x + B(z,y)y = ged(x,y):

fp(z,y)=a(z,y) = (if rem(x,y)=0 then 0 else [(y,rem(z,y)))
E: f(x,y) = (if rem(z,y)=0 then 1 ;

else a(y,rem(z,y)) —iq(x,y)B(y, rem(z,y)))

where ® consists of the binary function symbols 1, rem, iq and -.

For a ®-term M, let Subterms(M) denote the set of all subterms of M (i.e. substrings
that are ®-terms themselves). Now fix E as above and let f = (£f°, £ ... £5n) denote the

vector of recursive variables of £. Put
Subterms(E) = | Subterms(E; (¥, £)),
§=0

and let t(E) = |Subterms(E)|. For ®-term M (¥,£) € Subterms(E), ¥ can be assumed to be
a subvector of v; for some j < m, and we will assume so below. Thus, the length n of ¥ is at

most max k;. This will be important later.
0<j<m
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2.2 Semantics

Definition 2.3. Given a signature ® consisting of function symbols, a ®-algebra is a struc-
ture A = (A, 0%, {¢™} 4ea) in the signature (0,P) that interprets 0 as an element 0% € A and
every ¢ € ® as a partial function ¢*: A —~ A.

We refer to the functions in ®% as the primitives of the ®-algebra 2.

We now define interpretation of ®-terms. For a ®-term M (v,£E, £ . fkm) where
v = (v1,...,V,), and a structure A = (A4, 0%, {¢¥}4ep). Then the interpretation of M by 2 is

a partial function (map)
M?: A" x Partial(A*, A) x Partial (A", A) x ... x Partial(A*", A) - A

defined in the usual way by recursion on the complexity of M: we will spare the reader the
rigorous definition as it is enough say that M*(ad, fo, f1, ..., fm) is the value one obtains when
substituting ¥ with d and £ with f; in M (%, ££°,£5, ..., £hn), for @ € A", f; € Partial(Ab, A)
and j <m.

We also define a functional
F : Partial(A™, A) x Partial(A*, A) x ... x Partial(A*» A) — Partial(A™, A)

by setting
F]\Q}(an f17 L) fm) = MQ[( ' 7f0a f17 ceey fm)7
for f; € Partial( A%, A), j <m.
Intuitively, it is clear that a ®-program FE defines a partial function, whose domain is the

set of inputs on which E halts. Here we give a rigorous definition of this. Given a program

E as above and a ®-algebra 2, define a system of recursive equations:

fO = F%O(f(]vfla"'afm)
fl = Fgl(f(]vfla"'afm)
fm = FE (fo, fi s fn)
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a solution to which is a tuple
(fo, f1, .y fin) € Partial(A*0| A) x Partial(A*', A) x ... x Partial(A"", A).

By Lemma 1B.1 (the Fixed Point Lemma) of [Mos], this system has a least (with respect
to inclusion of partial functions) solution f* = (fg, frs oy fr) since the functionals F%j are
monotone and continuous. We declare f; the partial function that £ computes with respect
to the ®-algebra 2, and we denote it by f3. For d € Ak, we write E¥(d) | to mean that
fe(@) .

Fix E and 2 as above and let f = (flgo, flfl, ..., £%m) denote the vector of recursive variables
of E. Given a M(¥,f) € Subterms(E) and d € A", we call the term M (d,£), obtained by
substituting ¥ with @, an (A, E)-term. We say that an (2, E)-term M = M (d,f) converges
(or is convergent) if M2(a, f*) |, where f* is as above. We denote the value M2(d, f*) € A

by M3 (or just M, if A and E are understood). Finally, we denote the set of all convergent

(A, E)-terms by Conv(2, E).
For an (A, E)-term M = M(a,f), @ = (ay, ...,a,) € A", we call ay, ..., a, the parameters of

M and denote Param(M) = {ay,...,a,}. We also put Paramgy(M) = Param (M) u {0%}. For
a subset B ¢ A, we say that M is a (B, F)-term if Paramy(M) ¢ B.

3 COMPUTATION TREE

For a set X and u,v € X<*° \ {@}, we say that u is below v, and write u < v, if u is an initial
segment of v; that is, v = (v1,v9,...,v) and u = (vy, v, ..., vy, ) for some m < [ (note that
I,m>1). Atree T on a set X is a subset of X<\ {@} that is closed downward, i.e. for all

u,ve X<°~{@}, veT Au=<vimplies u e T. For a tree T on X and = € X, we put
T ={(x)}u{(z,zq,...;7;) € X : (21,....,m;) € T}.
Also, for finite T', we define its depth depth(7") by setting
depth(T") = max{|u| :ueT} -1,

where |u| denotes the length of u, i.e. for ue X!, |u|=1.
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Now fix a ®-algebra 2 and a ®-program E. With each M € Conv(2, E), we associate a
tree T(M) = T2 (M) on Conv(2, E) called the computation tree of M, which helps visual-

izing the process of computation (see Figure 1).

l’_'?" JIU]

—7 \\

M,

_-wl 1,
/N /N A

if _';Urr_] then ;L.h else _'1.{2 {T{] == {]:u_:l if _'1.{“ then ’_:Ul else 1 .Ir-_r} {H{_] ?é {]11)
My M Mo M

AN 7% I 7

£3 (M, ..., My,)

e =
7 km
_o-"'-'-'-'-
_F'_'_,_,.:- _\_"‘-\-\_\_\_
——
..f'f o

"ur[ Ma My E_,‘[_’_-"lf[.....;'l.f.!i-j )

P

VANNEERVAN /N £\

Figure 1: Computation tree

Definition 3.1. For M e Conv(2(, E), we define T (M) by induction on the construction of
M as follows:
(T1) if M =0 or M =a for some a€ A, then T(M)={(M)};
(T2) if M = (if My=0 then M; else M), for some (U, E)-terms My, My, M, then ei-
ther My =0 and
T(M)=MT(My)u M T(M),
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or else My 0% and
T(M)=M"T(My)u M T(M,);
(T3) if M = (M, ..., My,), then T(M) =Ur, M~T (M),
(T4) if M = £ (M,, ..., My,), then
T(M) = @M“T(Mi) UM T(E;(My,...,My,)).
We say that an (U, E)-term N i;_m T(M) if (Ny,...,N;,N) e T(M) for some (U, E)-terms
Ni,...,N;, where | can be 0.

4 COMPLEXITY MEASURES

In this section we define various complexity measures of convergent (2, E')-terms, for fixed

d-algebra 2l and a ®-program F.

4.1 Tree-depth complexity
For a convergent (2, E')-term M, T (M) is finite, and we define the tree-depth complexity
D(M) = D gy (M) of M as the depth of T(M):

D(M) = Doy (M) = depth(T(M)).

We also define the tree-depth complexity dy gy (@) of the program E on input d € F2 by
deap) (@) = D(£p(a)).

This complexity measure is not of practical importance as in (74) of Definition 3.1 it
corresponds to the complexity of an unrealistic parallel computation, where the input of a
function is computed in parallel to the computation of the function on that input. However,
it is a useful tool for analyzing various properties of recursive programs, and the following
is a simple example of its use.

Definition 4.1. For a program E, we define its total arity a = a(E) as the mazimum of the

arities of its recursive variables and function symbols in ®. That is:

a=a(F)= max{lr?jegi k;, max arity(¢)}.
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Note that a(E) > 1 and each node in 7 (M) has at most a(£) + 1 successors. Thus,
denoting by |T(M)| the cardinality (number of nodes) of 7 (M), we immediately get:

Proposition 4.2. For all M € Conv(2l, E), |T(M)| < (a(E) + 1)PAM),

4.2 Sequential logical complexity

For M € Conv(2(, E), we define its sequential logical complexity L° (M) = LEQI’E)(M) by

induction on the construction of M as follows:
(L°1) if M =0 or M = a for some a € A, then L’ (M) = 0;

(L°2) if M = (if My =0 then M, else M), for some (A, E)-terms My, My, Mo, then
either My = 0% and
L(M)=1+L" (M) + L (M),

or else My # 0% and
L (M) =1+L" (M) + L (M);
(L°3) if M = ¢(My, ..., M,), then L° (M) =1+ %", L°(M;);

(L°4) if M = £ (M,..., Mj,), then
kj L L
L (M) :1+ZL (MZ)'FL (E](M1a>Mk:]))
i=1

We also define the sequential logical complexity lf% B) (d) of the program E on input
a € dom(f2) by
(@) = L (£5(d))-
This notion of complexity counts every step made by the program during the computation

without any parallelism involved. We also have:
Proposition 4.3. For all M € Conv(2, E), L°(M) < |T(M)|.

Proof. Straightforward induction on the construction of M. O
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4.3 Parallel logical complexity

For M € Conv(, E), we define its parallel logical complexity L” (M) = LZ()gl E)(M) by induc-

tion on the construction of M as follows:
(LP1) if M =0 or M =a for some a € A, then L” (M) = 0;

(LP2) if M = (if My =0 then M; else M), for some (A, E)-terms My, My, My, then
either M, = 0% and

L (M) =1 +max{L" (M), L" (M)},
or else My # 0% and

L' (M) =1+max{L" (M), L" (M)}

(LPS) if M = Qb(Ml, -"7Mn)7 then Lp(M) =1 + MaXj<i<n [/p(]\JZ)7

(LP4) if M = £ (M, ..., My,), then

L' (M)=1+ max L' (M) + LY (E;(M), ..., My,)).
<1<k

We also define the sequential logical complexity l](DQl, E)(EL) of the program E on input
a € dom(f3) by
- p -
lfQ[’E)(a) =L (fg(a)).
This notion of complexity corresponds to the time-complexity of a realistic parallel com-
putation, and this is clear for all clauses of the above definition, except maybe for (L”3) and

(L"4). Here is the justification for these clauses:

For (L"3), the question may be that how can we choose to compute M; or M, before
knowing whether M = 0% or not. It is even possible that A/, = 0% and M, does not converge;
thus, it seems that to have a convergent computation, we have to first check whether or not
M, = 0%, so that we know which of M; and M, to compute. However, we can do the
following trick: start computing My, M; and M, in parallel, and go until M, halts. Now

if My = 0%, stop the computation of M, and resume the computation of M; if it hadn’t
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halted yet. Otherwise, stop the computation of M; and resume the computation of Mj if it
hadn’t halted yet. In this manner, we make only max{LP(My), LP(M;)} steps in the first
case, and max{LP (M), LP(M)} in the second, in addition to the step corresponding to

processing the (if ...=0 then ... else ...) operation.

The justification for (L”4) is more straightforward: we need to first compute the input
My, My, ..., My, of the function, before computing the function. Hence, we add max <, LP (M)
to L”(E;(My, ..., My,)) instead of taking the maximum of the two. The additional 1 is there

to count the call of the function f?j )

Lastly we note the following:
Proposition 4.4. For all M € Conv(2, E), D(M) =depth(T(M)) < L (M).

Proof. Straightforward induction on the construction of M. m

4.4 Sequential call complexity
For M € Conv(2, E), we define its sequential call complexity C° (M) = C’;Ql’E)(M) by induc-
tion on the construction of M as follows:

(C°1) if M =0 or M =a for some a € A, then C°(M) = 0;

(C°2) if M = (if My =0 then M, else M,), for some (2, E)-terms My, M, My, then
either M, = 0% and
C"(M) =C" (M) + C" (M),

or else My # 0% and

C* (M) = C°(Mp) + C” (Ms,);

(C*3) if M = (M, ..., M), then C° (M) =1+ X", C* (M,);

(C*4) if M = £ (M,, ..., My,), then
kj S S R -_—
C* (M) = C" (M) + C*(E;(M,,..., My,)).
=1

We also define the sequential call complexity C‘EQ{’ E)(d) of the program F on input d ¢
dom( f3) by
C?Ql,E)(d) =C" (fr(a)).
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This complexity measure registers the number of times the program calls a primitive

(function in ®*) during a sequential computation.

4.5 Parallel call complexity

For M € Conv (2L, E), we define its parallel call complezity C* (M) = C’&E)(M) by induction

on the construction of M as follows:
(C*1) if M =0 or M = a for some a € A, then C" (M) = 0;
(C?2) if M = (if My =0 then M; else M), for some (2, E)-terms My, M, My, then
either M, = 0% and
€ (M) = max(C” (M), C" (M)},

or else My # 0% and

C” (M) = max{C" (M), C" (My)};

(Cpg) if M = ¢(M1, --~7Mn)7 then CP(M) =1 + MaXi<i<n CP(MZ),

(C"4) if M =£(M, ..., M), then

C"(M) = max C* (M;) + C" (E;(My, ..., My,)).

ISiSkj

We also define the sequential logical complexity ci’m E)(EL) of the program E on input
a € dom(f3) by
. p -
Py (@) = O (£6(a)).
This complexity measure counts the maximum number of times the program calls a
primitive function during a parallel computation in the sense of the discussion in the end of

Subsection 4.3.
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CHAPTER II
Inequalities and proofs

In this chapter we explore the relations between the complexity measures defined in the

previous chapter. Throughout, we fix a ®-algebra 2l and a program

fE(\_}Q):fISO(Go) = Eo(ﬁo,fgo,flfl,...,fﬁlm
1% = Bi(v, £, £k

FE X ;
thn(5,) = Ep(Tm, f0,£5 . fhm

5 THE COMPLETE PICTURE OF INEQUALITIES

For a convergent (2, E')-term M, the following inequalities are obvious from the definitions:

C™ (M)

g

Np

C* (M) L (M),

Ny

L" (M)

This part of the current thesis concerns reversing this inequalities.

Let p,v be complexity measures (e.g. u=L" and v = L"). We write:
o 1 <y v if there exist constants By, B; that depend only on the program FE such that
for all ®-algebras 2l and M € Conv (2, £'), we have

w(M) < Biv(M) + By.

® /i <exp Vv if there exists a constant B that depends only on the program £ such that

for all ®-algebras 2l and M € Conv (2, E'), we have

p(M) < BYUD,
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The following proposition was proven in [Mos]:

Proposition 5.1 (Moschovakis). L’ <e, L”. In fact, we have L’ (M) < (1 + a(E))Lp(M) for
all M € Conv(2, E).

Proof. Follows directly from Propositions 4.3, 4.2 and 4.4 put together. [
It was then asked in [Mos], whether the following hold:

(A) L° <, C°

(B) L” < C;

(C) C° <op C”.

The main result of this part of the thesis is establishing positive answers to all these

questions, and thus, we have the following picture:

C" (M)
s -
\Q{:O
L™ (M) C(M),
L
NN
%
L (M)

Note that (C) follows from (A), (B) and Proposition 5.1, so we only prove (A) and (B)
below, in Sections 8 and 9, respectively. However, using similar methods, one could prove

(C) directly and obtain a better constant.

6 MAIN IDEA

The first thing to notice is that if M is a convergent (2(, E')-term, then its computation tree
T (M) doesn’t have a branch containing two equal terms, i.e. there is no (M, Ms, ..., M) €
T (M) with M; = M, for some i # j. Thus, if we obtain a bound on the number of possible
(2, E)-terms that can appear in the computation tree of £z(d), for d € dom(f2), then we
would get a bound on the length of the branches of the tree and thus on its size (using

Proposition 4.2).
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How do we find a bound on the number of possible (2, F)-terms that can appear in

T(fg(d))? Here we give an outline of how.
Lemma 6.1. For a finite subset B € A, there are at most t(E)-|B|*“®)-many (B, E)-terms.

Proof. Each M € Subterms(E) uses at most a(FE) variables. Thus, substituting these vari-

ables with elements from B, we obtain |B|*(¥)-many (B, E)-terms. O

In light of this lemma, we put
H=H(E)=t(E)(a(E) +1)“®, (6.2)

The letter H stands for height (calling this constant height is justified by Lemma 7.2 below).

For a € dom(f3), the computation of f} on G starts with processing the (2, E)-term
M = FEy(d,f). Setting B = Paramg(fp(d)) = {a; : 1 < i < ko} u {0%}, we see that the
computation tree of M starts with (B, F)-terms and continues this way until some branch
of it hits a recursive call. By Lemma 6.1, the length of the branches containing only (B, E)-
terms is at most
t(E) - (ko +1)B) < H.

How do new elements of A enter the computation?

Lemma 6.3. If M € Conv(2,E) and C"(M) = 0 (equivalently C°(M) = 0), then M ¢
Paramg(M).

Proof. Straightforward induction on the construction of M. n

This lemma says that during the computation, we only obtain new elements of A by call-
ing a primitive ¢ € ®, and these new elements enter the computation tree via a recursive call.
We isolate certain (2(, E)-terms that correspond to this situation (called splitting below),

and bounding the number of these terms is how we prove the desired inequalities.

7 SPLITTING

Definition 7.1. An (2, E)-term M is called splitting if M = f?j(]\/[l, wory My;), for some j <m
and (A, E)-terms My, ..., My, such that maxi, C*(M;) >0 and C°(E;(M,, ...,Mkj)) > 0.
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In this definition, we can replace C° with C” as one being nonzero is equivalent to the

other being nonzero.

For M e Conv(2l, E), we isolate the part of its computation tree that does not involve a

splitting term; that is:

T'(M)={(My,...M)eT(M):Vi,1<i<I(M,;is not splitting)}.

The following lemma shows that the computation can only make a constant (depending

only on E) number of steps before it has to encounter a splitting term:

Lemma 7.2. For M = My € Conv(2A, E), if (My,...,M;) e T"(M), thenl <2H. In particular,
the depth of T'(M) is at most 2H — 1.

Proof. Since M converges, M, ..., M, are distinct. Put B = Paramg(M). If all of M; are
(B, E)-terms, then we are done since |B| < 1+a(F) and thus, by Lemma 6.1, the number of

distinct (B, E')-terms is bounded above by H.
Otherwise, let n <[ be the least number such that M,,; is not a (B, F)-term; by Lemma

6.1 again,
n< H. (*)
Since M, is not a (B, F)-term, it must be that M, = f?j(Nl,...,Nkj) and M, =
E;(Ny, ...,Nkj), for some j <m and (A, E)-terms Ny, ..., Ni,. By the choice of n, (N, ...,Nkj} ¢
B, and thus, Lemma 6.3 implies:
%OS (N;) > 0.
i=1
But M, is not splitting, so it must be that

C"(My1) = C"(E;(Ny, ..., Ny,)) =0.

Hence, by Lemma 6.3, all of M,,1,..., M; are (B’, E)-terms, where B’ = Paramg(M,,1).
Thus, by Lemma 6.1,

I-n<t(E)-|B*®) <t(E)-(a(E) +1)*® = H.

This and (*) together imply [ < 2H. O
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Put
V=V(E) = (a(E)+1)*, (7.3)

and, for a convergent (2, F)-term M, put
v(M) =|T"(M)|.

The above lemma implies:

Corollary 7.4. v(M)<V.

8 SEQUENTIAL LOGICAL VS. SEQUENTIAL CALL COMPLEXITIES

We now define an auxiliary complexity measure that makes the exposition of the proof of

Theorem 8.5 conceptually clear.

Definition 8.1. For M € Conv(2, E), we define its sequential splitting complexity S° (M) =
S(QRE)

Lemma 8.2. For all M € Conv(2(, E), S*(M) < C*(M) = 1.

(M) as the number of splitting terms in T (M).

Proof. The proof is by induction on the construction of M as usual, and we only write it for
the case when M is splitting as S° (M) does not increase in other cases. So suppose that

M = ffj(Ml, ...y My,) for some j <m and M is splitting. Then
> C°(M;) >0 and C(E;(M;, ..., My,)) > 0.
i=1
Hence, by induction, we have
. ki s _ —
S (M) =1+ ZS (MZ) +S (EJ(Ml,,Mk]))
i=1
kj S S e -
<1+ (X0 (M) - 1)+ (C (B (M, ., T ) - 1)
i=1
b s s -— -—
=Y C (M;)+C (Ej(My,....My,)) -1
i=1

-C°(M)-1.

150



Lemma 8.3. If M € Conv(2, E), then there is a (possibly empty) sequence of splitting terms
No,...; Ni_y in T(M) such that
S*(M) =S (N;) and L’ (M) < 5" L (N;) +v(M).
1<l i<l

Proof. We prove by induction on the construction of M as usual. If M itself is splitting, just
take Ny = M. If there are no splitting nodes in 7 (M), then 7'(M) = T (M), and the lemma
trivially holds by taking [ = 0 and using Lemma 4.3. The rest of the cases (72), (73), and
(7T4) of Definition 3.1 are handled in the same manner, and we only write the proof for case

(T4) for a non-splitting M. So suppose M is non-splitting and
k-.
M =£7 (M, ..., My,).

Put [ = k; + 1 and M, = E;(M,, ...,Mkj). By the induction hypothesis, there are splitting
terms Ni,...,N} in T(M) such that
S (M) =3 S (M) = 3 ST(I),
1<i<l 1<i<l
1<p<n;
and also

L'(M)=1+ Y L (M)

1<i<l

1+ Y (Y LN+ u(M))

1<i<l 1<p<n;

SN +1+ Y v(M)

1<i<l 1<i<l
1<p<n;
s .
= Z L (N,)+v(M).
1<i<l
1<p<n;

We are finally ready to prove the main lemma.

Lemma 8.4. For every M € Conv(2, E), we have:

(a) If M is splitting, then L°(M) < ((a+1)V +1)-S°(M);
(b) If M is not splitting, then L°(M) < ((a+1)V +1)-S°(M) +V;
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where a =a(E) and V =V (E).
Proof. We prove (a) and (b) together by induction on the construction of M, noting that (b)
is a weaker inequality than (a) and so we can use it when we invoke the induction hypothesis

regardless of whether M is splitting or not.
Case 1: M is splitting. Then M = ffj(Ml, oy My,). Set I =k;+1and M; = E;(M,, ...,Mkj).
By the definition of a = a(E), [ < a+ 1. Thus, using the induction hypothesis, we compute:
L°(M)=L (M) + ..+ L" (M) + 1
<((a+ DV +1)-[S(M) +...+ S (M)]+ IV +1)
<((a+DV+1)-[ST (M) + ...+ S (M)]+ ((a+ 1)V +1)
=((a+ 1)V +1)-[ST (M) +...+ 5 (M) +1]

= ((a+1)V+1)-SS(M).

Case 2: M is not splitting. Then, by Lemma 8.3, there are splitting terms Ny, ..., N;_; in
T (M) such that

ST (M) =3"S"(N;) and L (M) < Y L' (N;) +v(M).

i<l i<l

Thus, using Corollary 7.4 and the induction hypothesis, we compute:
L°(M)< L (Ny) + ...+ L (N,)) + v(M)
<((a+DV+1)-[S(N)) + ...+ S (N)] +v(M)
<((a+1)V+1)-S°(M)+V.
O

Theorem 8.5. For every ®-program E, L° <y, C°. In particular, there exists constants
By, By depending on E such that for every ®-algebra A and every a € dom(f3), we have:

Proof. Follows from Lemmas 8.4 and 8.2 by taking By = V(F) and By = (a(E) + 1)V(E) + 1.
0
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9 PARALLEL LOGICAL VS. PARALLEL CALL COMPLEXITIES

In this section, we obtain the analogue of Theorem 8.5 for L” and C”. The proof follows the

same outline as in the previous section.

Definition 9.1. For M e Conv(2l, E), we define its parallel splitting complexity S* (M) =

(AE)

(M) by induction on the construction of M as follows:

(S"1) if M =0 or M =a for some a€ A, then S (M) = 0;
(S"2) if M = (if My=0 then M, else M,), for some (A, E)-terms My, My, My,

then either Mo = 0% and
SP(M) = max{S”(My),S" (M)},
or else My # 0% and

SP(M) = max{S” (M), S" (My)};

(S”3) if M = ¢(My, ..., M,), then S*(M) = maxicic, S* (M;);
(S*4) if M = ffj(Ml, -y My,), then either M is not splitting and
S"(M) = max S (M;) + S"(E;(M,, ..., My,)),

1<i<k;

or else M s splitting and

SP(M) =1+ max SY(M;) + S"(E;(My, ..., My,)).

Lemma 9.2. For all M € Conv(2(, E), S"(M) < C”(M) = 1.

Proof. The proof is by induction on the construction of M as usual, and we only write it for

the case when M is splitting as S” (M) does not increase in other cases. So suppose that

M = f?j(Ml, ...y My,) for some j <m and M is splitting. Then

max C" (M;) >0 and C” (E;(Mj, ..., My,)) > 0.

1§’i§]€j
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Hence, by induction, we have
SP(M) =1 +rrfé'1xsp(Mi) + 8" (B,(My, ... 7y))
<1+ (af_élxcp(Mi) ~ 1)+ (C"(B; (M, .., M, ) - 1)
:I{a‘lxc”(Mi) + C"(B;(M,, ..., My,)) - 1

=C"(M)-1.

Definition 9.3. Call an (A, E)-term M a leaf if M =0 or M = a for some a € A.
Lemma 9.4. If M € Conv(2, E), then there is an (A, E)-term N in T (M) that is either a
leaf or splitting and is such that

L' (M) < L"(N) +v(M).

Proof. We prove by induction on the construction of M as usual. If M itself is a leaf or

splitting, then take N = M. Otherwise, we consider cases:
Case 1: M = ¢(M,,...,M,). Then L” (M) = L”(Mi) + 1 for some i, 1 < i < n, and the

induction hypothesis gives us a leaf or splitting term N in 7 (M) such that
L"(Mi) < L' (N) + v(Mi).

Since M is not splitting,
T'(M) =UM T (M)
i=1
and so v(M) > v(M;) + 1. Thus, it follows that

L'(M)=L"(Mi)+1< L' (N)+v(Mi)+1< L"(N) +v(M).

Case 2: M = (if My=0 then M; else M,). The argument for this case is similar to that

for Case 1, so we will skip it.
Case 3: M is not splitting and M = f?j(Ml, oy My,). Set M'" = E;(My,...,My,) and choose
i such that L”(M;) = max{L” (M), ..., L" (My,)}.
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If C*(M;) =0, then L”(M;) < L*(M;) < |T(M;)| = v(M;) because T(M) = T'(M). By
the induction hypothesis applied to M’, there is an (2, E)-term N in 7 (M') that is a leaf
or splitting and is such that

L' (M") < L"(N) +v(M").

Hence:

L' (M) =L (M) + L' (M") +1 <o(M;) + L (N) + v(M") + 1.

Since M is not splitting, we have v(M) > v(M;) +v(M') + 1, so
L' (M) < L"(N) +v(M).

If C*(M;) > 0, then C*(M") = 0 since M is non-splitting, and we can repeat the same

argument with the roles of M; and M’ swapped. O

Lemma 9.5. For every M € Conv(2l, E), we have:

(a) If M is splitting, then L*(M) < (2V +1)-S"(M);
(b) If M is not splitting, then L'(M) < (2V +1)-S*(M) +V;

where V =V (E).

Proof. We prove (a) and (b) together by induction on the construction of M, noting that (b)
is a weaker inequality than (a) and so we can use it when we invoke the induction hypothesis

regardless of whether M is splitting or not.
Case 1: M is splitting. Then M = ffj(Ml, vy My,). Set M’ = E;(My, ...,Mk].) and compute:
L' (M) = max L' (M) + LP (M) +1
<1<kj

<(2V +1)- max SP(M)+V +@2V+1)- S (M) +V +1

1<

(V1) [ma’i; S” (M) + §" (M) +1

=2V +1)-S"(M).
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Case 2: M is not splitting. Then, by Lemma 9.4, there is an (2, E)-term N in T (M) that

is a leaf or splitting and is such that
L' (M) < L"(N) +v(M).

Using the obvious fact that S” (V) < S” (M), together with Corollary 7.4 and the induction

hypothesis, we compute:

L' (M) < L' (N) +v(M)
<(2V +1)-S*(N) +v(M)
<(2V+1)-8"(M)+V.
O

Theorem 9.6. For every ®-program E, L' <y, C. In particular, there exists constants

By, By depending on E such that for every ®-algebra A and every a € dom(f2), we have:

iy (@) < By -y (@) + Bo.

Proof. Follows from Lemmas 9.5 and 9.2 by taking By = V(F) and B, =2V (FE) + 1. O
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