Lawrence Berkeley National Laboratory
Recent Work

Title
THE COMMUTATION RELATIONS OF QUANTUM MECHANICS

Permalink
https://escholarship.org/uc/item/5dn307n3

Author
Lepore, Joseph V.

Publication Date
1959-11-02

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/5dn307n3
https://escholarship.org
http://www.cdlib.org/

UCRL 8986

UNIVERSITY OF
CALIFORNIA

Ernest Of pwronce
Radiation
- L aboratory

TWO-WEEK LOAN COPY

This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call |
Tech. Info. Division, Ext. 5545

BERKELEY, CALIFORNIA



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of

- California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.

PR Y]
B




UCRL-8986

AN _
UNIVERSITY OF CALIFORNIA

Lawrence Radiation Laboratory
Berkeley, California

sl Contract No. W-7405-eng-48

Fal

THE COMMUTATION RELATIONS OF QUANTUM MECHANICS
Joseph V. Lepore
November 24, 1959

’

Printed for the U.S. Atomic Energy Commission




PO
3 o

UCRL-8986

THE COMMUTATION RELATIONS OF QUANTUM MECHANICS
Joseph V. lLepore
Lawrence Radiation Laboratory
University of California

Berkeley, California

November 24, 1959

ABSTRACT
The mathematicél and physical méaning of the commutafion relations
of nonrelativistic quantum mechénics is discussed in terms of‘the representation
of translations, Galilean'transformations, and rotations of the coordinate
system by unitary trahsformations acting on the unitary vector space of

quantum states.
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INTRODUCTION

The discussion of this paper is confined to statements concerning
part of the conceptualvstructure,of the nonrelativistic quantum mechanics
of particles, e&en though the arguments may.be extended to the,diécussion
of relativistic quantum field'theories. This restriction makes it poséible
- to study the essent131 points that ére involved without the use of_cumgersome
formulae.

‘Most treatises on quantum mechanics include among the yariogs ‘ _v
postulates of the theory a statement of the fundamental commutafion‘relations
bétween the Cartesian components of fhevcoordinate and the canpnical_

momentum of a particle: _ v - oy,

(X, 2) = 1% B, . | | | (1)

_fQﬁite naturally, a great deal of attentioﬁ isvpaid to thé physical

consequenceé of these relations as expressed by fhe Heisenberg uncerfainty
pfinciple° However, with few exceptions,l’2“v there is little discussion

of the méthematical and physical idéas which underlie them. Theée ideas

are concefned with the representation of translafions, Galilianvtransférmatiﬁns,
and_fotationé gf fhe coordinate system by ﬁnitéry transformatiqns acting on

the unitary vector space of quantum states.
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The author has dichSsed the commutation relations with many physicists
durlng the past few years and has found that only the most sophlstlcated ‘ |
among them are familiar with the ideas 1nvolved. The present review is
concerned with an attempt to present, them in a simple and concise fashion
to a wider audience. It should be remarked here that this situation has been
clearly recognized by.Schwinger? who has given a concise and complete statement
of the laws of quantum physics in terms of hlS general dynamical prlnclple,
the quantum analogue of Hamilton's prlnciple. His discussion has not appeared
in textbook form, however. Furthermore, Schwinger deals with the most general
| situation appropriate to relativistic, localizable field theories. 'Comsequently,
it is not easy to ‘divide his arguments into their various parts in order to

clearly recognlze the concepts that are involved because the generality of

the problem that he attacks requlres the use of elaborate mathematical

o technlques, whlch are not necessary for the analysis of the 51mpler problem

to be'discussed here.

THE RELATTON BETWEEN THE COORDINATE SYSTEM AND
THE UNITARY VECTOR SPACE OF QUANTUM STATES

The ba81c postulates of quantum mechanlcs assert that a phy81cal
system is described by a vector which is an element of a linear unltary
1vector space and that observables are represented by Hermitian operators
:Whose elgenvectors may be used to ‘define a coordlnate system in this space.
They also assert that if |A' is an elgenvector correspondlng to the
eigenvalue A' of an observable A, then the probablllty that a measurement
»of A will lead to A‘ when the system is in the state IW) is the
absolute square of the scalar product (A':I‘W). This'leads to the

requirement that (V¥ | ¥) be unity and is, in fact, the reason why the
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transformations.of qpantum theofy(must‘be unitaryou It also shows that states
Iw) which differ by a phase facforv ' are equlvalento
To describe motion one must be able to represent the basic motions of

5

the physical coordinate system, i.e. translations,” Galilean transformatlons,
and rotatlons, by corresponding unltary transformations acting. on the space
of quantum states. Once this kinematical problem has been solved, the

transitknlto dynamlcs may be made by relatlng the 1nf1n1te51mal generators

of these transformatlons to the Lagrangian of the system.

TRANSIATTIONS
First consider'the representstion of displeeements of the coordinate
sjstem by a fixed amoun£ ai° The eigenvalues of the coordinate operatbr Xi
label the position of a particle, and therefore, under this displacement,
corresponding eigenvalues must be related by.
(B Ol (2)

where the labels 1 and 2 refer to the two different systems. If the system

was described by a state vector |y) , this changes into IW*), under the

transformation, and IW‘) is related to lw) by a unitary transformation
vy = u v . | - (3)
This transformation may be determined by the condition:
t ' — - . .
o lxg ) o= (vl xg - ey W) . R (%)

This leads to-

T T T
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Now one may express ‘U as the exponential of an Hermltlan operator D Whlch
s clearly a functlon of the dlsplacement al

i D(a ) o - o
U = oe T R (6)
One muét have.
D(0) =0 |,

'and'consequéntly the Taylor expansion of D has the form

A o a.t a®p(a,)
Da) = = —= SR . ‘ (7)

n! -d a

For infinitesimal displacements, only the first term is important, and so it

is convenient to set

a D(ai) . . '
d, = —a——— s 4 (8)
* 2 a0 | o
i

and to write

U =1 + 14 a - . o .i _ B (9)
Cdnseqpently, one has

(1 - 1 d; ai) Xi(l + 1d; ai) = % - ?i , (10)
or

(xi, di) = i . , - - | (1;)

This relation defines the infinitesimal generator di which was desired

end shows that when x, is diagonal, d, may be represented as X
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a - (12)

- i 4
i ax, °
. i
It may be shown that the general form [Eq. (7)] is not required to yield all
displacements that may be achieved by a continuous change from the identity

(nQ displacement at all), but that an arbitrary displacement may be written

as

Wa,) = e T L. )

As mentioned previously, Eq. (13) is a purely kinematical statement. The
transition to dynamics takes place when one makes ﬁhe fundamental hypothesis

that the momentum operator P, is given by
' ’ dL ' o -
p, = Ad = 3 , | (14)

where L 1is the lagrangian function.

Clearly & similar argument might‘be used to discuss the'fépresentation
of time displaceménté; This would, however, be incorrect_since the time is
merely a parameter and may not be regarded as a dynamical variable of fhe
system. It is interesting to note that this situation which mars the
strﬁctureldf nonrelati#istic quantum mechanics is not present in relativistic
quantum field thebry; where particles are described by field>opérators fhat
are functions of position relative to the coordinate system; ?hese i
positional coordinates (which include time) are therefore only parameters.

From fhe foregoing remarks it should be clear that the state vector
in nonrelativistic quantum mechanics is to be regarded as a function of
time which changes according to d&namical laws. The dynamical law must:

\

be expressed as a unitary transformation by postulating Schroedinger's

equation



UCRL-8986

L. d . \ L ‘
idge lvt) = Hlve) . o (15)
Thus the time does not‘expréSS‘anyvkinematical features of the system.

GALTLEAN TRANSFORMATIONS
Nonrelativistic qpahtum mechanics satisfies'a principle of relafivity
with respect to Galilean transformations. If one conéiders two inertial
céordinate systems moving_relative to each other with velocity Vs which

were coincident at t = 0, it is clear that the eigenvalues of the momentum

'-'operator p; which give_¢he.momentum of the particle relative to the two

inertial frames must be related by

pA,i(e) - p,i(l) Smv, s . (16)

where m 1is the mass of. the particle, and the labels 1 and 2 refer to the

two different inertial coordinate systems. It is also necessary to

irecognize. that the eigenvalues of the coordinate 0peratorv,xi are related

by
x'i<2) 1= xfﬁ(l) - vt . | _ (17)

1

The transformation‘between the two inertial frames is now to be represented

by a unitary transformation écting on the state vector lW} of the system:
'y = v v D - - (18)
‘The conditionsQwhich:determine U are
W olpy vy = (wlp, - mv, |9 (19)

and
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(\lf' Ixi |\V'> .= (\If]xi-vit |‘¢f>. ) . (20)
Equations (19) and (20) lead imediately to

U~ p,.U = 1p, =- mv, S - (21)

and

U~ " x,.U = x,- = v, 1t . S (22) .
i i i ‘

Suppose that one first studies Eq. (21) by temporarily‘ignoring-

condition (22). One may then write U in the form

. _ ‘ B
U = e ) » ) . (23)
where 8 is the infinitesimal generatér of the transformation. Upon passing

to the case of infinitesimal vy one finds from Eq. (21) that
(gi) pi) = -1 ° : ] . (2)"")

Consequently, the infinitesimal generator may be expfessed as

: | |

gi = ~ia——£)-_— ° . i . . (25)

i 7 .

Now Eq. (25) is aApurely kinematical statement so that the connection with
dynamics must be made by the assertion that the generator 8; is identical

with the negative of the coordinate operator

% o= -Be . | | S (26)
One may now return to the problem of representing the Galileanx

- transformation. One must exhibit a unitary transformation U which is

determined by Egs. (21) and (22). Since Eq. (21) by itself would lead to
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ﬁfafunitary transformation Ul ' of the form .
IR

" one is lead to a study of the composite transformatioﬁ le_UQ':

éﬂ' 171 41Tl L | | o (28)

-=b b4 - 2.'-}"a P a, p ‘i b, x
-1 .. =1 4 717 A4 i Yi i%i &1
U2 Ul b, Ul U2 = e e P, e e
(29)
= Pl - mvl °
Now checkinéEqo (22), one can write
= b, x = a P Za P i b, x
-1 -1 o T LY TR YR O S Ut R |
U2 Ul g; Ul U2 = e e - x, e e )
(30)
= X, = rv: t .
i i~
:;Thus»the:unitary,transformation
U = U, U o (1)

does indeed represent the Galilean transformatibn.
| It is at this point that one comes upon an interésting-and'somewhat

surpri;ing situation{ for if Qne,considers,theAunitary transformation

U= Tius . (%)
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it may be immediately verified that U' also satisfies the conditions
required by Egs. (21) and (22). One is therefore lead to the conclusion

that the state vectors [¢') and [¥") defined by

il

vy = v lv) S )
and | _ |

vy = Ul ) o - o (34)
actuéllyﬁrepresent the same physical situation. Thisvpossibility can exist
only because of the probability hypothesis of quéntﬁm’méchanics which asserts
that only the modulus Qf the state vector has a physical meaning. Weyl
.described this situation by seying oﬁly the réys of the vector space‘were
physically significantol A ray is defined by
ei 0] l

IRy = vy o, | | - | (35)

where « is an arbitrary real number. All state vectors which satisfy
Eq. (35) lie on the samé ray.
Upon returning to.Eqs,_(33) and.ﬁh), one may therefore conclude
“that , S
vy = ¥ vy, o L (36)

or that | V" ) and | ¥' ) 1lie on the same ray. Consequently the unitary

trensformations are commutative in the sense that
,_. i Y(a: b) : . )
Uy(a) Uy(b) =e Uy(b) U (a) . - ,”"“*(37)

Weyl asserted that quantum kinematics is described by an Abelian group of

"rotations" of the rays associated with the vector space. With this
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hypothesis, he then showed that one is led to the.fundamental commutation

relations. This is easily seen by letting a,, bi be infinitesimal. 1In

this case
. e . , |
r(a, D) = &b oo ’ | (%)
i i
a=0
b=0
sin (0, 0) = 1. Consequently, one finds
i i I 1
(1 .+ 58 pi)(l‘+ ,ﬁ'bi.xi) = (1 +1ab, ¥ (1 + F b gi)(l +z 8 pi),
or
ai bi ' ' . .
_ . "
(xi, pi) = ia, by v" . S | (39)

A

If y" 1is chosen as ”ﬁ’l , one may conclude
» (Xi’;,pi) = .1’1{ e N | . | : | . ()-I-O)

From a purely physical p01nt of view the situation may be summed up
by saying that one may ‘make the translatlon first and then the momentum change,
or viee versa. It seems evident that either way should lead to the same
physical proper‘c,n‘.es.~

As the reader will have notlced many sallent p01nts have been
omitted from the foregoing discu551on. Some of them will be discussed in
a later section, since they do not at this point fall into the scheme of this

paper.
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ROTATIQNS

In order to complete the étudy of.nonrelativistic guantum kinemafics,

it is necessary-tbvrepresént the. only other possible type of motion that can
occuf--rotation. While it is clear from fhe foregoing discussion that one
might immediately infer that the infinitesimal.generator of rotations is the
usual angular-momentum operator, it seems more in the spirit of this paper
- to treat QOtations in the same way as translations and Galilean transformatioﬁé.

Consider,.therefore, a rotation of the coordinate system by an

amount specified~byvthe rotation matrix Sis . The effect of this rotation

according to

" is to alter the eigenvélues of fhe.codr&inate operator X,

the relation

AR xﬂj(l) ° : | )

Accordingly, thisvtransformation‘induces a change of the_sfate vector'df the

~ system [¥) given by

vty = v lv)y , | S (k)
" where the unitary transformation U is determined by

1 7 - . o
o lx [y o= s vl ) | | (43)
- Consequently, one finds
UTx, U = S, X, o . - (kh)

If, as in the foregoing sections, one considers only infinitesimal rotations,

one may write

8., = © + (45)

ij ij 1y’
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where Qiﬁ is an antisymmetric matrix
Q = =R.., o _ - (46)

This matrix is related to the infinitesimal angle of rotation ei (Gi = wiﬁt)

by the relation

5 7 Sk %’ | | (%7)

Wher§ _eijk |
The unitary transformation U , on the other hand, may be written

is the usual alternating symbol of tensor analysis.

in terms of its infinitesimal generator as
U=e K e | (8

where summation over i 1is now intended. For infinitesimal ei one

therefore finds
v - 1+ i7, 8, B , ‘ (49)

‘Upon using this relation in conjunction with Egs. (44) and (45), one finds

that
and from Eq. (29), one obtains
-1 (Ti 6,5 xj) = & % 6, - (51)

Since the angle of rotation 6, is arbitrary, one may conclude that

k

(7y5 xj) = L X - | | (52)



UCRL-8986
-1la
Since this is a kinemafical stéteméﬁt‘only,‘dne must make the connection with
dynamics by comparing it Wlth Eqs. (lh) and (2&) or by making, 1ndependently,‘

the hypothesis that
Ty A = ik ‘
and : . ‘ _ R C (53)
Be = 7 &g ¥y Py

In éither case, one finds that the generator of infinitesimai rotations is

Lk = =1iH ek,jl Xj vé—-i; s | . (511_)
; .

-which is jus? the angular-momentum operator. An elementary caiculation leads

to the commutation rules between various components of the angular momentum
(L, Lj) = 1/}(eijk L, - | - (55)

Tt is instructive to discuss three simple cases which illustrate the
typical problems with which nonrelativistic quantum mechanics is concerned.
These are cbncerhed with scalar, spinor, and vector functions of the'position '

operator. Under a rotation, Sij , these scalar functions transform as

| 8(x) [v) = (v 8™ %) |[v) . (56)
Thé corresponding transformation for spinors is

RECHRR - llAqB-'l V(s %) | W)

(57)
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:Vheré- gi :is thenguli spinvopgrato;rx qu;ve¢tors~th§;trapsfgrmatippnis
D a0 T = s lags e ) EEENCY)
For the scalar case, the unitary transformatiqn is-
-yt g(x) U = ges™t x) . : ;(59)

Thus when the rotation is infinitesimal, one finds,'upon writing

U - (1 + jﬁ;l-e) , | o o | ';.‘1 k60)
hat | |

f’é% [Ji;eif g1 = g}é%; %31 %5 4 | o g.'-. (61)
“or | -

(3, 81 = -1 € g % p#i.. | .._ | (e

In this case one finds Ji = Li . Thus, the angular momentum carried by a
scalar field is purely orbital.

The spinor case is more interesting. One writes

R R ‘9. N
U= 1 + k= .Ji ei 1
(63)
.
A = 1 + -é- O'l ei
Consequently, one has
“g 930 ¥l = -3 9 8, ¥+ gy x5 6 3%, (64)

or
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,[Ji’ V] = [fl"feijk ij—xk + 13 olv . | (65)
In other words, one has °
Jgo= L +35 9 . - | : | “(66)

‘A numbér of details regarding the explicit construction of the spih matrices
have beeh omitted from this argument for the sake of brevity. They may be
obtained however by an application of the methods of this paper.

For the case of the vector field, one finds that

(3, A0 = (L, 8, = ide A, . - o (67)
Consequently, one can write

Jgo= Ly + 8 | ‘ ' : (68)
where

(s.) = - 14 e, . (69)

ik _ 13k
One easily verifies that

2 ' 2 ‘
(>i: s.i) = 24 sjk , (70)

Jk

which is the standard resuitAthat the vector field describés an intrinéic
spin of A . | |

The forégoing diacussion.may be extended‘to the case of higher-rank
tensor fields provided that sufficieht attention is paid to-the question of
irreducibility of the»acquired representations. It does nbt seem pfofitable\

to discuss more complicéted situations in this paper.
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| WEYL'S THEORY OF QUANTUM KTNEMATICS

Weyl's theory of quantum kinemaﬁics.éhows_the closé connection between
the probability hypothesis of quantum mechanics and,thevcommﬁtation-rules.
gThe probability hypothesis leads to the conclusion that one is not concerned
‘with the vecﬁors of the reﬁresentation space, but only ﬁith thé rays of this
‘space. _Weyl-observed that the commutation rules -of qpantﬁm mechariics imply
that the operators xi and Pi are the.infinitesimal generators of an
Abelian group. of "yrotations" -of -the rays of ﬁhewstate vectof;spaCe;' He then
investigated the general conditions that:are required in order to set up an
irreducible ﬁnitary represeﬁtation of an Abelian group of ray rotations.

Suppose that [¥) - belongs to‘the‘ray IR>‘ and that one considers
two "rotations" Q/i and q%f . Since - eji -and —zij_are'cémmutativeg

the ray obtained after the "rotations™ is 4
IR'>’=e/£@4gle> =-Q/g %lR) - ()

If one now represents these "rotations" in terms of unitary transformations

acting on the vector space,

v, = “%f

(12)

U2 i J; b
one realizes that Ul and U2 .must satisfy
HERR z ] U
vy = U, (W
(73) .
" - .
Qe = v, W)
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and also
oy = &y . R o (7#)'
Cbnseqpently, the relatibn (qd§? <j§) = 0 is represehted by
UU - My u | . (75)

- It is clear from this eqﬁation that a unitary representétion of an Abelian
group of ray rotations can never be set up in a finite dimensional véctor

space, for this would require that

det(u, U,) - det(ela'Ue u) 1 o (7‘6).

[l

énd, cohsequently,
e -1 . ,. ‘ o

That is, ela would have to be an nth root of unity, where n is the
dimensionality of the space. Moreover, one would have the additional

requirement that

‘ ic ‘ ' :
trU; U, = tre U, U ’ _ , (78)

or that

SR U | - (79)

It is therefore necessary to consider a space of infinite dimensionality
where Egs. (77) and ((79) need.not hold true.
To investigate this problem further, one supposes that there exist

infinitesimal generations, 95 which are appropriate to the problem so that Ul



UCRL-8986

~19~
and U2 may be expressed as
. ir, o
: ii
Ul(T) = e
. (80)
1A, O,

U2(>»).‘

" The TS and kj are parameters which define Ui and "UE;'and summation
~in the exponent is impliedquer the assumed finite set of m infinitesimal
_generators 0.,...d . .Upon substituting Egs. (80) into Eq. (75), one finds
i o0, i, o, iafr,n) in, 0, i T, O
e T te JJ - ¢ e J Jd e > (81)
‘where the explicit dependence of «a on the Ti and xj has been noted.
Upon passing to the case of infinitesimal Ti ‘and xj, Ohe may

. write

iT, o :
e Pt a1 4w it oo,
i
odr N, O e -
e J 9 = 1 + i, o, (82)
. J J .
ialr, N\)
e = 1 + ialr, \)
and also, to sufficient accuracy,
T, A 2
_ ' o da i3 0
oA, A) = a0, 0) + T o Mt TEE St .
. . 1 J ) i J
(83)

Clearly only the laStvterﬁ can be present, for if either Ti' or- kj is

set equal to zero, Eq. (81) reduces to an identity.
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It is convenient to set
2 . : ; '
1 F o . :
53T ox, T "% A

Upon substituting Eq§. (82) into Eg. (81), one finds
Ti xjgci, cj)» = 1'C,. T. N\, . . o (85)

i J 1 ] . ‘

or, since T, xj are arbitrary ,

(6, 0) = 1y - (86)

‘There is a strqng restriction on the matrix Cij which is imposed by the

requirement that our representation be irreducible. From Schur's lemma the

only matrix which may commute with all the matrices of such a representation

is the unit matrix. Consequently, one must assume that the equation-
A, = 0 o | (87)

pever has a solution xj for a given set Ti exéept ‘Xi =‘O.- Thus one
can write |
det g #o0 . | - ‘. . (88)
Furthermore, -from Eq. (86) one seés that C is antisymmetric:
o= 0. . - o R ""(89).

R A b

Now such a matrix.can exist only in a space of an even number of

dimensions.6 This  implies that the number of infinitesimal® generators o,
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‘must be even:
m o= 2f , - - (90)

where f is an integefo

One sées that this point how the representation is adaptédvtOAfhe
occurrence of pairs of infinitesimal geﬁerators that occur in é caﬁonical
forﬁalism° Furthefmore, it may be'shown that any matrix' Cij Withvthe'
properties described by thé last fhree equations may be brought into the form
of blocks along'phe main diagonal made up from units of | |

0 1
(91)

| -1 0

by a linear change of basis, o, - g " If-one imagines this has been

N
done,'one arrives at the commutation relations by identifying the new

enerators 07f so obtained as follows:
& i .

0' ) v-xl//K 2 U’ = X2/}n/ .

., etc. 1‘ 4(92)

i
[}

o'y pl//ﬁ ’ | oy = :Pe/;’{

_' It seems to the author that the main point of Weyl's investigation’
has been dealt wi£h°' The foregoing argument shows clearly how closely the
commutation relations are COnneéteq with the prbbability hypothesis of
guantum mech’anicﬁs° The author realizes that many important mathematical
questions have been heuristicaliy treated in this paper. It is hoped that

thisvmanner of treatment will be satisfactory to the average physicist.
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A discussion of the fundanental commutation relations in nonrelativistic.

quantum mechanics has been,presented.which shows'how closely they are connected
with simple physical and mathematical reqpirements imposed on the' theory.
~ The method.of presentation is intended'to amplify and clarify arguménts that
‘lead to them by more formal means. . The restrictlon to nonrelat1v1stic qpantum
mechanlcs whlch allows a simpllfled dlscussion in terms of translations,
Galilean transformatlons, and rotations may be removed by the following
soheme:

(a) translations - translations

(b) Galilean’ transformations and rotations - Lorentz transformatlons

(e) .pointaparticle mechanics - field theory,

\'This program, which is trested in the paper by Schwinger,3 lea&s toﬂthe
fundamental commutatlon relations between field operators when augmented by
the demand of tlme-reversal invariance. The very 51mplicity of the reqpirements‘
leading to these commutation relations suggests that an attenpt to modify
the commutation relations between field operators must be based on a

modification of the field equations of the theory.
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