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ABSTRACT

We investigate the possible restrictions of locality on interact-
ing quantum fields, which create or destroy many-particle states with
different masses and spins. TFirst we look at the vacuum expectation
value of the commutator (or anticommutator) of two Heisenberg fields.
Demanding that these fields transform as representétions of the homo-
geneous Lorentz group and using the CPT theorem we pro- : that locality
gives no relations between the different spectral functions; and the
relations between the masses as functions of the spin are the same as
those found by Abarbanel and Frishman for free fields. Then with the
hélp of 'the Yang-Feldmann equations we look at the problem in perturba-
tion theory. We find that demanding locality at each order in perturba-
tion theory in a manner consistent with the general results found above,

imposes restrictions on the possible forms of these interactions.
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| I. INTRODUCTION
_ Recently Abarbsnel and Frishma.nl investigated the possible
restrictions of locality on quantumvfields which create or destroy

single-particle states with different masses and spins and transforming '

under various representations of the homogeneous Lorentz group. Locallty 3»5

-is imposed by the vanishing of the commutators (or anticommutators) of

these fields at spacelike separations. Restrictions were sought among
the masses considered as functions of the spin;

They reached the conclusion that in the case where the field
is a finite dimensional irreducible Lorentz tensor, locality imposes4
no such restrictions, provided the usual connection between spin and

statistics is satisfied. When the field transforms as a unitary

irreducible representation of the homogeneous Lorentz group, however, the

requirement of locality leads to the restriction that the masses are in-
dependent of the spin and all equal, assuming the masses are bounded
below by some m > 0 for all spins.

However, the question as to whether their results persist

" when the fields undergo "interactions" was left open. This problem

can be discussed in two different ways and this will be done in ‘the
present work.

First we look at the vacuum expectation value of the commutator

‘(or enticommutator)of two Heisenberg fields, which now create or destroy

many-particle states with different masses and spins. In this general

case the requirement of locality could impose not only restrictions on

. the masses of these states considered as functions of the sPin, but could

also give relations between the different spectral functions associated
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Qith thé various”spin components of £hé.fields;tvDémahding that these
4 fields'transférm as representations ofvthé homogeneous Lorehtz group and.
using the CPT theorem we are able to prove that locality gives no
relations between these spectral~functionsvahd the relations between

\

the masses as functions of the spin are the same as for free fields;l
This proof will be‘bresented in See. II. o
Another Qay is to look at this problem in perturbation theoryf'~ r3
Without refering to any field equation we a§Sume a’"model interactién# E :?;
and calculate the commutator (or anticommutator) of two interacting . -
fields with the help of the Yang-Feldﬁann equations'to somé order in
the coupling constant. Demanding locality at each order in perturbatiqﬁ;-;i
theory in & manner consistent with the general results of the previéuS';  j
section imposes restrictions on the possible forms of these intéractiéns{'
This is consistent with facts already known about Lagrangiens having .
fields descfibing épins greater than %AQ" This approach ﬁill be dis-
cussed in Sec. III. |
The conclusions will be found in the.last-paragraph.

Throughout the paper we adhere to the same convention and

notation as in Ref. 1.
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II. LOCALITY AND HEISENBERG FIELDS -
In this section we present the proof, that the requirement
bf locality gives no relations between the different spectral functions‘:
and that the relations between the masses as functions of the spin are
the same for interacting fields as for free fields.
Consider the vacuum expectation value of the product of two

Heisenberg fields ¢jc(x) and ¢;,G,(y),
<0|'¢J-G(X) ¢§v0.(.’>’),0>. _ e (2a)

The fields ¢jo(x) have the simple Lorentz transformation

property

ULA] ¢30(x) ulal™t - z Digs j'c'[A hy ¢ '.(Ax) . (2.2)

J',a’

In (2.1) we intraduce a complete set of states and make use of

the translation invariance of the theory:

Ol (%) 85,5 () ]0)

Z j—%—) <OI¢JO(0)rﬁm(J")J"O")@m(J")J" "l¢j. . (0) |o) e'lp(X'Y)

J;o'

(2.3)
- Z f_"(‘") (OI¢J0(0)IPm(J")J"c")(OIQSj, ,(o)ygm(jn)jnau) e-lp(x-y)

The physical states [Pm(j)jo) are characterized by their threefmoméntum
f, “the spin j, its projection on the z-axis o, and the mass n(j),
which we allow to be a function of j. The four-momentum of the state

2
is such that p = poe(j) -‘32 = mz(j). Under a homogeneous Lorentz



e
transformation A; these states transform as .

t

UfA]l?m(J)Jo>'=,§£: Rpm(3)30') nJ, [hwj;» N  .{':’- .

g

,
—
%

where RW 1s the Wigner fotation,
=t () oan®, 2 =i>’/m(':s>, s

and D [Rw] is the usual rotation matrix for spin J. v
To boost the four-vector (B, m(g)) into (3 m(J)), one chooses f‘;

for A the inverse pure Lorentz transformation:
-1 @) . | . (2.6)

Using in (2.3) the transformation properties (2.4) and (2.2) with A . . .°

given by (2.6), we obtain

(018, (x) 85, o, (v) [0)

Z fgﬁ-,.) Diasd,0 l[L(zi)J p) WlRD Do 33,05 (L@1” ol ..[Rw]

Jl)ol

32)02
G ,0’)4.

x ODl¢jlcl(0)18ﬁ(J")joj) (Ol¢3202(0)l8m(j")3"0h> * oip(x-y)
(2.7)

Because of rotational invariance, the matrix elements in (2.7) have the

following form:

(olg, ,(0) [Bn(3")5"a") = 3,518 gqn Fm(3")s 3") . (2.8)

(o))
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Since the rotation matrices qre'unitary,'we.have'

Z DJ ,.  [Rw] D "y Rw]fésa % S o (2.9)
n : ’ 3 ' :' ’

g.

Thus we find for (2.7) .

(O I¢JO'(X) ¢J o.l(Y) 'O>

ZIV_'%_") 'F(m(«j"), ")|2 JO‘ J" " [L(T"D]' D}'U";J'o' ; ~v

x [ch%‘"pl -1p(x-y) B 3 | | (2.10), "
Now we consider the vécuﬁﬁ e#pectation va;ue"
Ol @) gy loy - ()

Before we apply'the same'procedure‘és above, we relate the matrix elements
(olﬁga(o)l m(j") 3"c"), which appear when we introduce a complete set
of states in (2.11), to those in (2.3). This»wé'achievg by using the

CPT trensformation law- for the fields ¢Ja(x):

cPT @ (x) rlpl ol o T Mg ¢;;(-x)' . '(2;12)

Going fhrough the same calculation,. we find the same expression (2.10)
with the exception that x and y are interchanged.

We ‘introduce the-function

Piosyor ) = Z( S CONCE LCTED DTS SN

x [L(%v )] D;n G" ;30 o' E‘(%")] ’ (2°13)
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where lF(m(J");,J")|2'ﬁrepresénts a genefalized'épectral functioﬁ,‘whiéh ’fvf

depends on the masses and the spins. Then we can write the vacuum
expectation value of a commutator (or anticommutator) of two Heisenberg |

fields in the form

O118,,(x), 85 () Io)=%fd3 g @) iR ley) | ¢ gtolary

(2.1k)

vhere €=1 1 for an anticommutator (commutator)..
From here on,; the remainder of the proof follows .exactly that
Vof“Abarbanel and Frishman}. For the sake of clarity wevrepeat_here'the.:'if

main points and for the details we refer the reader to Ref. 1. -

In the case where the field ¢J (x) transforms under the flnite

dlmensional non-unltary representatlons of the homogeneous Lorentz group, 15_

tbe function IBa;j'c‘(p) in (2.13) becomes | »
Pioigo® = }: @ + w23 )F 5((3)9m B (ot ‘i’ ke <5 Myran
) ,j",O'" .
A7 " | | o -
x(,j"o’ n e'lﬁoK@(j )'J|°-y> F . (2.15)

| 5 . o,
where sinh ©(j") = |p|/m(j"). Note that here the operators K are

anti-hermitian. We now consider the quantity P(é’b) . ,(3) for the -
: jo(J)33'a _
irreduclble representations [a, b]: '
(a’b) Z ‘lp K e (\J) " | " 'iﬁ k) 9 (J) vt
Pio(3)3a'e" (Jole IJ )<J | e 13t )
(2. 16)

(a,b)
Ja(J)3d'e’

the components of p and when p - -p, it picks up a phase

One can prove that this quantity P (5) is é polynomial in

(_)Q(afb)’.; .

&



.s7...

Therefore we caﬁ take sz(gg ij'a ,(3) out of the locallty 1ntegral and
the vacuum expectation value of the commutator (or anticommutator)
becomes. a finitelhumﬁer of‘deriVatives;on the ﬁsual.causal funection
ANx-y) and thereforé, vanishes for X -y spacelike. Thus the vacuum
expe¢tation vaiue of the commutator of a field transformingas [a,b]

and its adjoint, taking the usual connection between.spin and statiétics,

€ = _(_)2(a+b)’ can be written as

(0113, (x), #55:(N1 lo)

- Z Ipaas 0P 250 @) 15e0? 8 Gey, SN (2a7)
- o

This quantity vanishes for x-y spécelike and thus establishes locality‘
for the finite dimensional case, without any conditions on the spectral _"
functions ‘|F(m(J); J)12 and on the mass spectrum as a function of
spin. | ) | -

If the fields ¢ja(x) transform under the unitary, irreducible
representations of tﬁévhomogengous Lorentz group, the function Pjn,j,c,(p)

in (2.13) becomes -

PJG g Z @2 + m2(3"))" : IF(m(J"),J")J

A D . ST P |
x(3ale KOG gy (o R OGN g0, (2.28)

5
where the operators K are now hermitian., If we look at the vacuum expecta- -
tion value of the equal time commutator in (2.14), then in the case of

Bose statisties (Fermi statistics) we have to consider the antisymmetric

(@) + P (3)

s etric) funection P - . .
(symn ) g3d'o @) JGBJ c'( b) (Pac 3d ‘o Jo3d'o
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and require that it be alpolynomi.al»'of.'degre:e _. QN,} ‘1,(21\1') for :_-
locality. If ﬁe make the physica,]_. qssumbtion vthat the mass SPec‘l';rum" _

is bounded bel_orw‘, m(J) >m, >‘o,'7 these ,conditioﬁs l.ea_d to th.e_°°,n°vl"u_;'_\‘i-f;.«‘:’;'-l' _-.f(
sion that the only mass spectrum allowed is that of-equal masses: . SV

m(j) = m.” Again there are no relations between the spectral functions;f:7f'ff~5'

They are only constrained to be polynomialS‘in' J.

e
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~ IIT. = INTERACTING FIELDS'IN PERTURBATION THEORY

2

It is_weli-known thdt'fgr conventional Lagrangians involving

fields of spin higher than O and that one has to add so called

1
2

contact terms to insure the locality of the Hamiltonian densities H(x):
(H(x), H(y)) =0 for (x - y)° <o, (3.1) . .

We shall show in this section that cértainly not every manifestly -
Lorentz. invariant Lagrangian is consistent with 1ocality to each order in
perturbation theory, when these'Lagrangians involve fields describing':

many masses and spins.. We do this by studying the commutators (or

‘anticommtators) of interacting fields in perturbation theory and demand- -

ing that they va.ﬁish for spacelike separations to every order in a manner o
consistent with the general resﬁlts of the previous section céncerning mass
spectra. ' |

We éonstguct the interacting field ¢jc(x) with the help of |
the Yang-Feldmann équﬁtion ‘

By(x) = Fyo(x) + ‘féfx! e x w1 (), (5.2)

where AR(x) is the retarded singular function, AR(x)'; -8(x) ax). |
Equation (3.1) can be viewed as the integrated form of the equation of mo=-

tion
(0, +82(3)) Py (x) =1y (0, S 63

where. rjc(x) is some combination of field opefators'expressing the
interaction and transforming like ¢Jc(x) under the Lorentz group.

Now the commutator (or anticommutator) takes the following form:
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100 ), = .[;z{.} (x), ¢“"<v>1

~z s ST

* fdhy' oy = ¥ (J )) [?fin( ), Ty ,o,,(y )] B
o o (3.4) " 'i: va(,l
+fdl’y" a(x - y'; me(J)) [rye(¥')s 5?53 U.(y)] e
Jfa“y'a“y_'sz(x - 305 mP(3)) agly - v dE (M) I, '(y.), o <y">]
. R “do Jjto*
For commutators (e'; -1) a trivial solution to our problem is, of coursé,' "Aw
when PjU(X) is a c-number function. But this is»generally‘not the casé.
Before we go into the discussion of (3.4), we should like to
remark, that when the fields above aie Just scalar Tlelds,'then in a
x¢3' or x‘ theory locality can easiiy be demonstrated at least up tdw R
second order in x.‘.This is made possible by the presenéerf only one
mass m in the problem, as we shall see later. |
We wish to point out here inyvthat_the vanishing of the
integrals in (3.4) for x - y spacelike is not trivial and therefore;}£[fﬁf%j3  v
puts very stringent éonditions on possible choices for -Fjo(x)’ Considef -;5; ;f,

for example the case, where : . -
Pjg(x) =X\ -51 H jd;j'c' ¢j'0"(x) . ' (3'5) .
J',o!

Here IIjﬂBJ'G'(X) can belong td one of three classes: ; .ji?}';f, .‘E
1. c-number functions; _ . - . ;l’
2. operator functlons, made up of fields commuting with ¢j (x),
3. operator functlons, made up of fields not commuting with .

MO

For simplicity, and since we only intend this as a demonstration, we shall

!
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~ consider 6niy classes 1. and 2. We alsd’iestrict_ourselves to fields

transforming under finite dimensional representations of the homogeneous
Lorentzlgfoup.

Introducing (3;5) into (3.l4) and looking only at the integrals

" to first ordér in- A, ﬁe”get the condition, that the following integral

has to vanish,.where X -y is spacelike:

,(a,b)

fd y {AR(Y '5 m (J )) PJO’( J) J'O"('{gy;)-H j:lllo.";'j ,'U,(y')AR(x-y ’m (J))
. | | (5.6) -
- AR(x—y';m (9) H30 9% r% ‘?.2,,) 137008, gy saB()).

Here we have used the following form of the commutatorlfor free fields,

according to Ref. 1:

(9350), ¢§'.‘c.<y)1€_ - Zi-%pgf;(g; 3o (58) [1(2n)alemysn®(@))).
' J
(3. 7)

Equation (3. 6) then ‘evidently is a very stringent condition on the

p0831ble forms for ]1 (x), for it is not trivially satisfied.

Jo3d'o’
In- the caseofsaﬂar fields, the quantities I’amiII have no spin N

dependence and only one mass appears and (3.6) is evidently zero.
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‘IV. CONCLUSIONS
.*'We.haVe shown‘that the fequiremeﬁf:bf ioéélit&-for interactiﬁg i
quéntﬁm fieldsldeséiibiné mény massés‘ahd'spins giVes.nd relations , | 4
Abetweén the different‘speétral functions associated with the various v  _-.”{{;w
spin components of the fields and the relatioﬁs-between the masses ,;'-
as functiéns of the spinvare the same as for free fieids;

» Interacting quantum fields are then discussed in perturbatio§ ;f iu
theory without referring to any.specific field eguations besides thg.
Klein-Gordon equation. Demanding that thé commutators (or anticommuéiigﬁ
tators) of these fields vanish for spacelike éeparatipns.toievery ord¢r£f ;ixj
' ,ip d manner écnsistent with the gengral results above, pufs very strinéén££‘1 

conditions on the possible forms for .the "interactions”. -
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