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THE PHYSICS OF A REGGE TRAJECTORY WITH A FINITE

o *
ASYMPTOTIC PHASE

Dennis»SiversT .

Department of Physics and Lawrence Radiation Laboratory
University of California, Berkeley, California 94720

November 17, 1970

- ABSTRACT
The'hypothesis that the width of a resonance on
a leading Regge trajectory is proportional to its mass
‘is compared to the alternative that high-spin resonances
‘become_very'stable{ When the width grows with thévmass,
'it.is observed that the kinematics allow decay channels

to have low orbital angular momentum. -The dynamical

-implications of this observation are discussed.



I. INTRODUCTION

'Takiﬁg‘the limit of zeroéwidth resonances is_en»extremely deli-
cate broceSs. In spite of the attractive simplicity of the Veneziano
model,ledefeiled analyses of its ﬁredictions_alweys conclude that a
descriptionlof hadronic>scattering processes involving meromorphic
amplitudes is strained and artificial;g' As an example ef the subtle
nature of the narrow resonance limit, consider a Regge trajectory with
a small but finite as&mptotic.phase,

8(w) = 1lim arctan[Im a(t)/Re a(t)]. (1.1)
t— o ' - ’ ’

A high;spin particle on such a trajectory can communieete with open
channeis‘ef low angular ﬁomentuﬁ while, if the aeymptotic phase‘is zZero,
‘these channels are closed kinema.tically.5 |

.(It is entirely>possible that the dynamics Of.two cases will be
completely different. Observations based'onicoupled-channel unitarify
approximations suggest strongly that the dynamics are dominated by low-
orbital-angular-momentum channels. In order to maintain itself, an
asymptoticelly real Regée trajectory could require a rich spectrum of
nonleadiné singularities.u In'eontrast, the dynamics of a leading
trajectery with finite aSyﬁptotic-phaSe'can be cb@patiblevwith a model

proposed by Cai‘ruthers5

‘where a particie of spin J on the leadihg
frajectdry is primarily a bound state in the system formed by a particle
of spin J-1° on the same trajectory and an arbitrary, lOWhmass particle.

In this sort_of model, there is no need for all honleading Regge singu-

larities to rise to high values of J.



Experimental evidence on barydn widths is consistent with these
states lyiﬁg on trajectories with finite asymptotic phase. There isg
also some indication that this notion is applicable to meson trajectories

even though it implies that the very narrow peaks in the CERN missing
| | | |
mass spectrometer6'should not be identified with recurrances éf the
. _ l

o-f trajectory. Instead, these states would repfésent fine structure

in the meson spectrum, perhaps connected with the dip in the A2

peak.7'”
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.iI; PARAMETRIZATION OF A PHYSICAL REGGE TRAJECTORY
ConSidér a Reggé trdjectory which, at. t =0, 1is the leéding
J-plane singﬁiarity in a nonvacuun channel. For simplicity, ignore the
inesséntial‘complications of signature and assume the channel has £aryon
number zero; A parametrization whiéh ié particularlY}convenient for a
discussionvof the asyﬁptotic vehavior of the trajectory function is the
8,9 v .

phase representation.

Let
a(t + io)‘ '= la(t)|exp{+is(t)}, t > umg, : (2.1)

where 8(t) is the phase of the Regge trajectory above the physical
cut beginning at t = umg. The phase representation for a(t) is then

given by
Y &(x)dx '
a(t) = P(t) exp » Eré_%-€7 (2.2).

where P(t) is a polynomial. The representation (2.2) is valid ips 0

(a) oaft) is analytic in t except for a cut along the real
axis. - 7 |

(b) at) is real in the senée a*(t) ;vq(t*).

(é) a(t) is bounded as lt[ ;am on the physical sheet by a
finite polynomial in’ t. |

(d) The phase above ﬁhe physical cut, 8&(t), goes to'a-finite

limit as t — « + 10.



The condi£iqns (a) aﬁd (b) above are‘Quiﬁe generally true for meson
trajectoriesll if the‘singularity surface representated by a(t) doés
not colllde with any other 31ngular1ty in the partlal wave amplltude
‘For fermlon traJectorles, the analyt1c1ty condltlon for the traaectory
function_is usually derlved in terms of the variable, W = t%; but the
situation is complicated by the cuté which seem to be preseht to shield
the parity partners implied by MacDowell-éymmet_r‘y.l2 It is.possibiev
that, even-in meson'channeis, trajectory functidns‘develop extra cuts
associated with the collision of different singularity surfaces.la’lu
The represéntation, (2.2), cahlbe extended to include contfiﬁutions
~from other éuts.but it is a sensible firstgstep to“deal Qith trajectbry ‘
_functlons having only the physical threshold cut and a discussion of.'
p0531ble compllcatlons due to colllslons w1ll be deferred to the final
-sectlon. j-

Conditién (c) seems a;réasonable restriction on the asymptotic:
behavior of.physically interesting trajectory.functions. Althbugh there
is no a griori reason to prohibit expﬁnential;growth of the trajectory
function in certain sections of the +t plane, such behavior is unéxpected
froﬁ experimental grounds._ The phase, 8(t), of the trajectbry function
is well defined along the physical'cut, except, possibly at those points
where la(t)| ='0. The phase can be shown to.be piecewise continuoﬁs,
and.it’ﬁakes_physical sense to limit fhe magnitude of discontinuities
in 6(t)- to 5e less than _n,'

im |8ty = 1) - 8(ty + M) < - “ (2-3) 
o 0 >~ Y | S

AL




-Consistenéy with the analytic continuation of the unitarity condition

requires

CImat +10) >0, Tt > ot | . (2.4)
ﬁniess af ¥he point where Ima =0 onvthe physical;cut, thelresidue
function associatedeith a(t)  also vanishes. 1In cbnjunction with the
requirement that there‘Cahrbé no resonance poles on the physical sheet,
it is fréqﬁently conjecfured that (2.4) holds for all + above
threshold. ™ Except at a point where ﬁe o ='O; this constraint then

leads to the bound
0<8(t) <me - S (=)

Condition (&) seems a-re;sonable assumption in view of (2.5). This
assumption only eliminatés thé possibility fhaﬁ thevphase.oscillates
as t-— o without approaching é definite limit.

| Using thé conditions, (a) - (d), plus the extré assumption that
the phase is consis£ent with the usual unitérity c0nditions at the
elastic threshdld,ls'Childefs8 was able to sho@ that the polynomial,

P(t), in (2.2) has one and only one zero so that it must be of order

"~ one,

P(t) = a + bt. 40y . (2.6)
Except for possible logarithmic factors, the asymptotic behavior of the

exponential in (2.2) is determined by a single parameter, &(w), the

asymptotic limit of ’ﬁh_ejphase.9 Making use of'the result (2.6), the

asymptotic behavior of the trajectory function in (2.2) is given by



vlim a(t) = 5ei6(w) tl-a(m)/Ir ' ,‘ | (2.7)
uniformlj on fhe first sheet. This means, for example, that if the
trajectory:risés indefihitel& .(Re:a — 40 85 t - +w) fastér than a
power of»ablbgarifhm; thén itvalso fallsvindefinitél& (Re o —a;w as -
t - -x).

ﬁ&némical trajéétory“fuﬁctions found in potential écatteringl6
and. in thdéé_appfoaches éuch as fhe.N/D modéll7vwhich attempt to satur-
ate the-ﬁniférity condition with a small number of internal channels

are consistent with the prediction (2.7) in that they have

5(=) = x R (2.8)

and they appréach_negative_intégers‘as '[t| o, The strictly real,
linear trajectory,fundtions used as inpﬁt.in the Veneiiéﬁo model.are
also triviélly consisfent.with_(é.7). The con&enience of thé phase
representaﬁioﬁ_for a(ﬁ)z is seen in the fact thaf a wide cléés of

possibilities are covered by the single formula, (2.2). This contrasts

to the parametrization of 'a(t) in terms of a dispersion relationto?1?
such as S . o |

with a(O); d 'real and d 2 O, where the form changes according to
' whether or not d = O. The conditions under which 4 can be nonzero

are expressed in terms of Im(a) and are quite complicated.go
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Figure 1 showe e piot of the'?ﬁase cf the‘ A trajectory
against .t. The points are determined from the reeonecce.ﬁarameters
given in‘the Particle Data dioupzl ccmpiiations.'iihe plot is consistent
with a phase_whichAQuickly‘approaches a small coﬂétant althbugh, oﬁ the
basis of the data, it is nct prsible to eliminete the situation where
the phase.continues to iisevso that the trajectory eventually turns
over. The linearvextrapoletion included onlthie greph gives an approxi-
mate loﬁer'bound on the energy where such a turnover could cccur.2 In
view of the fact that the analyticity'properties of fermion trajectories
are expected to be ﬁore ccmplicated than those assumed in-(2.2), the
reiation between the phase_of the A 'trajectory and the asymptotic
behavicrv impiieci‘ ‘by (2.7) shculd not be taken too seriously. |

FigUfe 2 shows a'plot of the phase of an e#change—degenerate
p~-f trajectory with the-pointscagain»determined from the Particle Data
Group ccmpilations.gl If the very carrOW‘peaks; the T(2200) and the
u(2375), fcund-by the CERN missihg_mass spectrometer,6 are identified
as recurrances of this trajectory then the data suggests the phase may
éo to zero. However, there is'some reason to doubt that a miesing mass
spectrometer could discriminate peaks ﬁith widths'l90i- 220 MeV from
the background in tﬁis region so the evidence is‘not cohclusiﬁe that
there.arecnot wide reSqnances:inithe T and :U region_s..25 In fact,
the p(2é75), the Nﬁi;i(ejMS),_and the VNﬁI=O(238O) are candidetes.
The qﬁestioh then becomes one ofvuﬁderstandingtwhat the narrow peake
are. In view of present models fcr the A2 fine structure, it seems ’

plausible that there should exist many narrow "doorway'" states in the meson



Ts

spectrum whlch coexist w1th Qide resonances. ? Perhaps these are
what the'CERN spectrometer is seeing. It would certeinly'be an
juﬁattreetive theoretical situation if the Ay ﬁere unique, but the
questibn has ultimately to be resolved experimenﬁelly;' What is impor-

tant here is that there may be two alternatives for the asymptoﬁic

phase of the p-f trajectory. If

8(w)/n = € << . o ' (2.10)

the stetes on this trajectdfy>Wbuld grow to be very wide. If
8(0)/x = O . ' : . (2.11)

then the_large widths of £he loﬁhspin resonsnces such as the .p, f,
and g are'anqmelous<and theAhigﬁ—spin reeurreﬁceslwill-become‘very.
stable.: The ph&sicél eonsequences Qf-thelfwo alternatives, (2.10) and -
(2. ll), are qulte dlstlnct ‘In,partieular, avhigh-spin state on a
trajectory with a flnlte phase can decay into open channels with low
orbltal angular momentum while in the case”(Q.ll), a theorem due to
Brower-and Harte5 showsAthat'such-decayseare.kiﬁematically forbidden.
This brings up one of the anomalles of the Veneziano modell’2
which may give a hint that the concept of an asymptotlc phase has
physical relevance. Altheugh the:model requires strictly real, non-.
' physical trajectories; it eﬁly Has Regge'asymptotic behavior in.a
fegion excludiﬁg a wedge of'finite axis along the real axis of the
t plane‘where‘there is a line of poles.2l+ Thefe may be some confusion

on this point since Roskies,Q)+ who bases his argument on the requirement




that the Beta function B[-0(t), -a(u)] decreasés exponentially at

fixed s, haé guoted this requifement in the form

Im a(t)/]t[l*“, 5w, all p>0 ‘ (2.12)

which depends on the fact that he used the dispersion relation (2.9),
for aft) so that Re o'~ ct. Since the argument of ‘the Beta function
depends on +t only parametrically on t through a(t), it is obvious

thaf the bound
Im a(t)/|Re a(t) |l+“L >0, all u >0 (2.13)

would satisfy Roskies' constraint. EQﬁation (2.12) is essentially the
céndition tﬁat the trajectory phaée be finite asymptotically or fall
no faster than an inverse power of a logarithm.

In ferms of the inferpretation of the réle of small parameters

25

in physics presented by Chew, it is the smallness of ¢ which
Justifies the use of the Veneziano model. It is not surprising that
the physics of the two cases (2.10) and (2.11) should be gquite different

so that a simple extrapolation procedure should fail.
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III. - THE KINEMATICS OF A DECAY
. __.Assume that,the behavior of the Regge trajectory is given
asymptotically by (2.7)‘and (2.9). This then gives the expression

for the mass of the particle of spin J

o qL/(2-2¢)
g ] : (3.1)

1im MJ = [b cosinei

J—-)oo
Because the phase, ne = 8(w), of the trajectory is assumed to be small
so that

N2 (2 _ e
(Im a)/(Re o) << 1, (3.2)
the relation between the width of the resonance and the imaginary part
of the trajectory is given by
Im'oZ(MJE)V

I 7 T Re alt M.
[d_t e a( )’t=MJ2 X J

r (3.3)

Thé reader may woﬁder'about the validity of an expression such as (3.3)

which is baséd on the'Breit-Wigner'formula when it is used in a situation

where the width it gives is large compared to the spacing cf singular-

ities. . A discussion of overlapping resonances which relies on simple

_quasi-two‘body unitarity has been presented by Coleman.26 The situation

for thé case of many body unitarity may be morevcomplicated but it -
remains plausible that (3.3) should give approximately the imaginary
part of the pole in the complex energy plane in spite of the spacing

of nearby singularities. Of course, as the "lifetime" predicted by

g
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(3.3) becomes shorter, it becomes harder and harder to design an experi-
ment which.WOuid measure the quantum numbers of ﬁhe reéonance so that
the "parﬁiéle" connection of the pole is gradually lost and it becomes
indistinguishable frbm:”nonresénant background." - |

" Combining (3.3) with (2.7) gives

- r 1/(2-2¢
o tan(xe) [ J ] /( ' )

J - I-¢€ |bcos(ne) = ;. | | (5.1)

ﬁnder the assumption that (3.4) does not hold, but instead the
.frajéctéry is asymptofically real in the sense
mong a0 69
Brbwer'andeérteBIShowed that kinematic conétraints decouple a high
) spin resonance from all évailable channels with low orbital angular
moméntum unléss
lin  Re a(t) = o(t®). o (3.6)

t— 0+10
of ¢ourée, the behavior implied by'(5.5) and (3.6) is inconsistent
with thg.asymptotic behavior implied by the phase.representation (2.2)
or thé dispersion felation (2.9) and so, in the absence.of left~hand
cuts in the trajectory function, the bound (3.6) will not be considered
furtﬁer, | |

Consider the decay of a particle of'spin J on the trajectory
given by (2.7). Suppose it decays into two parti@les of spin jl

and 32 on the same trajectory where
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o= o S (ra)

.and

T N cA O

Conservation of energy perﬂits~the decay if

M. +T. > M., =T.. +M

fp + Ty 2 M s Ty tMp -t Ty ©-8)
: g 1/(2-2¢)
1+ 1) [———(—H I ] |
1/(2-2¢
> (- Y)[nl/(Q -ge) (- 1/(2 ee)][b i ] /( ‘)
| ’ L (3.9)
(; ./ ; 7) é :tnl/(Q-Eé)f+ a -'ﬂ)l/(g-gé)l- | (5,16)

The inequality (3.10) is interesting in that it gives»an idea of what
' ' 27 | |

size € must:be in.order fo have a "fisSion" decay™ ! where
iy = _Jé’ o | o o (3;113)
| n :.;%, ', o o | (3.11b)
| sovthat (3.10) and (3.&) becéme ? '
e rimae s/, 52
This inequality ha;.thé soiution 
c gv.o.oug; R . o (B;lié)_.

r 2016 . (3z0)

. e
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.80 thatla - "fission" decay appears impossible for a high spin particle

on the p-f ~trajectory given in Fig. 2 which has approximately -

m
Il

0.025 | I  (3.14a)

e

v 0.081. (5.10D)

Going back to (3.10) and assumiﬁg €, 'Y and 10 are all small, the

decay is permitted if .

i
2

T > =9 (3.15)

o

Assuming that the asymptbﬁic form (2.7) is_adequaté at low values of
J, the constraint that J — (J - 1) + l[p(765)] is permitted can be

found by putting 1 = 1/J in (3.15) and using (3.1kb)
U R 4 '
0.08 > 5 J 2, ' o . ’ (3.16a)
7 > ho. o (3.160)

Requiriﬁg very lowvorbitél-angulaf'momentum in the final stéte therefore
implies tﬂe decay intb two particles on the §§ggv£rajectory does not
begin to take place until ‘quite high values of spin.

| Af intermediate values éf sﬁin a:"céscade"-decay27'into a high
mass meson of opposife G parity ﬁlus a pion is possible. ‘Assuming
the asymptotic fo;m (2.7) holds for @he leading meson trajectory of

both G-parities. Conservation of energy permits the "cascade" decay

T o (3 -1) +x if

$rL> Mo - Dot . ’ O (3.17)
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& . ]l/(2-2€)

1/(2-2¢) 1 .
} BN <l"'*>[m tm. (3.18)

@ f Y‘)[cosines
To see how the theorem of Brower and Harte dependsvdn'fhe assumption

(3.5), notice that this decay is prohibited if y = O,

(:r[J-(l—Ee)/(2~Ee)].
(%.19)

o 1/(2-2¢) - J'_ 1 1/(2-2é)
=t
A more thorough diécussiop of the theorem of.Broﬁer and Hérte is given
in the appehdix.. |

,ﬁ._Goldberg27_has alsé'ekaminéd the kinematics of deéays under
the.assﬁmption (3.5) and has found that the "caécédé" decay,
J—(J -°L) + ' dominates all other modes . >It'canvtake placevprévidedv
the'orbital angular momentum, L, is bounded by | |

L > 2m J2 . , : (3.20)

The paftial decay width of this mode then behaves like
. ; -
ST EmﬁJ2 S : .
.rc ~ [3 4n J] B | | ' - , (Bfgl)
ahd resonances becbme'yery‘stable unless %here is a vast number of other
states into which they can decay. This contrasts with the alternative

(B.M)'Which does not involve the orbital angular momentum of the decay

'prodn¢ts growing large at any stage.®w:

3
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IV. IMPLICATIONS FOR DYNAMICAL MODELS

. To tﬁis poiﬁt, thehdiscussion ﬁas'been remérkably innocent 6f
dynamics. The reduced residue functions associéted with «(t) have
nowhére aﬁpeéred.._CrésSing hés been ignéred in order to discuss poles
'in one ¢hanﬁel and unitarity.has only been invoked to obtain the analytic
structure bf__a(t) ‘and to obtain the bound (2.5) on the phase along
the physiéai cut. | .

-iGiven thé perverse, nonlinear character of the unitarity
equation,vif may be that a godd understandiﬁg of its implicatidns can
‘only be‘obtained_after(theJapprbximate nature of the fesonance spectrunm
ié knoﬁn;‘ ﬁowever it ié.inStrﬁctiﬁé to examine a crude dynamic model
based:on'céﬁpied—channel unitarity which might %e expected-to.produce
avléadiﬁg Réggé trajectory'cofreéponding to that given asymptotically
by (2.7) and (2.10). | R | | '

First, consider'a simple N/D model for a system of two coupled
chanhéls'each consiéting'of.twp nétural ﬁaritf mesbhé. bne channel
has spin zero and the other has spin cne. . Using a simple, one-pole
approximation for the left-hand cut, the N/D model gives the butput
trajectbry fﬁnctidns.both in the absence and thebpresence of coupling.
in the absence of coupling, fhe iéading-singularity in edch channel
is a pdle_trajectory_which’tﬁrns o?er shortly above threshold before
reaching a high value of brbitai anguiar_momentum. In the example
considered, the pdtentialé were adjusted sd that a P—wave resonance was
formed a short distance above threshold in each channel. When the

coupling was turned on, the two output trajectories "exchanged tails"
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to form a leading'trajectdry which'fises.above 'J =2 (L=1 .in the
1 - O+ shannel) and a nonleading trajectory.which turns over before
reaching J.¥ 1. TFigure 3 gives the fhasevof the.tﬁo trajectory
funcﬁiohs.iﬁ both the coupled and unsoupled céses.v |
vahé suggéstion that an extension of .this simple two-channel

model which‘included an infinite number of chaﬁhels of:increasing spin
could account for a leading Regge trajectory which'is indefinitely
rising'has'been freqﬁently discussed.5’28 Since the model at this
stage ignorss crossing, it is not a bootstrap attempt. The difficulties
in bootsfraﬁping the sshe@e by.getting a self-consistent.set of trajec-
tories which prsVide'the forces on the left-hand cut és well as
contaiﬁingbthe particles on tﬁé right>will not be discussed hefe,29
The gosls'of this'discussion.are mdre-moaest. The idea isvthat connec-
ting'thé_éxistehcs of_high-spin'resonaﬁces wi££ the simultaﬁeous
existehsesOf high—spin‘channeis may have some merit whether or not it
can leéd immediately fo a successful bbotstrap. The two-channel N/D
'modél.illustrated in Fig. 3 glves some indisation already that the
dynamics of a trajestory is dominafed by channels coupled to it with
1ow orbital angulaf momentum and it seems plaﬁsible that this Qoﬁld be
true qﬁite gen¢rally.

| Two points mdstAbé_madé about'the'possibility that a ﬁechanism
involying coupied-shannei uhitarity.supports é_leading singularity
" which risesfindefinitely; First, it seems uniikély fhat such a mechan-

ism could produce high-spin resonances which are very stable since once

the. imaginary part of the ‘output trajectory function has become

e W :
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substantial the ' cascade decay mode becomes avallable SO that there
is at least one decay channel w1th no orbital angular momentum barrier

as'well as an increasing numbef of other decay channels open as‘the

‘spin is increased. From the point of view of the N/D model just

discnssed,_the high-spin channels which keep the real part of «
growing also keep %he imaginary part growing and there appears to be
no mechanism which would turn over the phase plotted in Fig. 4. If this
type of dynamics is relevant, if provides an argument against the
identificafion of the U(2375) as a recurrence of the rho—trajectory.l8
Quite simply, the model says that if there are open decay channels of
low.oroifal angular momentum, then resonances should have large widths.
jiA'second point about fhis mechanism for producing an indef-
initely fising trajectory involves the nature of the'nonleading
singularifies. The mechanism seems to require an infinite number of
nonleading.singularities. The model implies the_
collision or near collision of the various s1ngular1ty surfaces with
the leading traJectory The analytic form of the leading trajectory
given by (2.2) is based on the assumption of the absence of such
collisions since the collisions can introduce extra branch cuts into
the function a(t). The existence ofrleft-hand branch cuts_destroys
the relation between the asymptofic phase and the:asymptotic behavior,.
(2.7), and changes it to (again_ignoring possible logarithmic factors)

lim - a(t) v= peldl=) t-l'6(°°v)/“+5(’°°)/“ , | (k.1)

t—
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where 8(-») is the asymptotic phase- on the left-hand cut. The
problem is that the phase on the .left-hand cut is not directly measur-
ﬁble and there is no way to put a bound on it. Notice that if

8(w) = 8(-x) , (4.2)
it is possible for both the feal_and iﬁaginary parts of the'trajeétory
function to be asympfotically linear.lu The behavior ofAthe phase

along the left-hand cuts dependé crucially on the dynamic mechanism

which generates the pole surfaces, «(t). The important thing is that

the existence of open, low angular momentum decay channels depends on

the width growing with the mass,
r. = m ,_ o (k3)

which holds for (4.1) as well as for:(2;7). The cfedibiiity_of the
coupled‘channel méchanism for ﬁroduéing risinévtféjécféfies ié not
destroyed.'vOf-coufse;'unde}standing thélnéﬁuré;bf éll of the singu-
larities éroduced bylsuéh a‘modelé éuts és.well as poles, is cruciai
to undérStanding questians such as the exisféncé of superconvergencé
relations.29 o
| -An alternativé'dynamiéai model for indefinitely'rising trajec-
.tﬁries which haé'been recently discussed is the energ&%dependent
131

potential apprOach.Bo Since fhe oufput trajectories in such an

approaqh would have the cut'Structure'implied:by potehtial theory, much

of what has been said is imﬁediately applicable to them. However,

since the mechanism which forced the trajectories to fise'is at least
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a Efiori‘independeﬂt‘of thé existenée of iﬁeiastic'channels_it seems
that such aﬁ épproach coﬁla.produée a finite asymptotié phase or a
ZETO asymptotic.phase-equaily wéll. This approach_does have an advantage
-in that it caﬁ be conStfained to'prodﬁcé a crdssing-éymmetric amplitudeBO
while éfossing can be put into the‘coupled channel approachybhlj'by a
generalizatioﬁ of thé stripé-model.29

:finally, conSidervthe Problem of interpreting Veneziano model
results and extrapolating awéy from the limit Im a(t) = 0 (often
opﬁimistically referredvto és unifarizing the Venéziano model). The
only.intefnélly'consistent approach haS'been.tovtreat thé O-width model
as a Borﬁ term and éonstruct a‘fiéld theory basedvupon its‘pérticle
spectrum.‘52 If_this.scheme can be carried out; it will answer a lot
of questipns cqncerniﬁg the role of quarks, internal symmetries and
spin iﬁ.hadrén_scaﬁteffng. It may‘élso providé a couﬁterexémple fo
rqﬁash the COntf0versial idea of the bootstrép. Without trying to
anticipate.the results of such a complicated endeavor in?olving such a
largg number of physicists, it might be worthwhile to speculate on the
basis of the previous discussion about the two optiohs (2.11) and (2.10)
for the phase of the rénormalized trajectory. If, after renormaliiation,
the leading trajectbr& héssa finite phase then'fhe output particle
spéctrum méy look considerably different than the input "bare” spectrum.
Conversely, if the:renbrmalized ﬁrajectory has zerb phase.then it seems

unlikely that the degeneracy of the daughter singularities will be

grossly broken.
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One argument fof thevexistence of an exponenfially growihg
number of states is that, because of the kinematics of the angular
momentum Barrier; étates on rising trajectories find it‘increasingly
difficult to deéay into any particular state.aé' If the output trajec-
tory has a finite‘phase, this érgument féils-and fhé leading trajectory
can be iafgely sélf;sﬁppofting. .Iﬁstead.ofvrequiring nonleading trajec-
tories which are‘parallel to the leédingrone, this suggests the possi-
bility:that‘nonleading singﬁlarities have‘a cbmpletely,different
behavior._ .‘ |

The fact that this kindvof behavior mighf have physiéal sigﬁif-v
icance is suggested by the large width of the é(700,0+)v and the
absencé of p'(1250,l-) predicted by theIVenéziano model. A céreful
analysis:of the data oflCrennel ef al., Figf b shows no evidence of
the p'.Bu‘ This is ihéonéistentvﬁith the predicfioné of fhe Veneziano
model unleés the width of this resonance is gréatef than 1 GeV. This
sugéestsvthat the phéééﬁof the first daﬁghter frajéctbfy predicted by
the Veneziéﬁo.model‘behéves éomething_like that éhown in Fig. 5 much
like thé beﬁavior_of_thé nonleading péle in fhé céupled chahnel N/D
problém‘in Fig. 3 sovthaf the.tfajectoryvturns'over. If daughter tra-
Jectories do turn over shortly above threshold this_would reconcile
somé of fhe qualitative success of the Veneziano model with the
nonapﬁearance of those daughter states it predicts. |

The possibility that daughtervtrajectpries turn -over could upseﬁ
the prediction of a number of resonances which increéses expoﬁenﬁially
with mass.h Since Hagedqrnas'is careful to include nonresonant states
in his predictionvfor the thermodynamic model, this type of model is

not necéssarily inconsistent with his predictions.

o
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APPENDIX A: :fﬂE THEOREM OF BROWER AND HARTE

ansider the kinematics for the decay of a high-spin resonance
on the leading Régge-trajectory'inba particularbchaﬁnel. ‘The mass of
the initiél:resonéﬁce is M, its width T and its spin is Re GO(MQ).
It can decay into a multiparficle‘channel consisting of no particles
on éach of . N ' trajectories, af. Thé vth particle on the fth
trajectory then has mass mvf, width va and spin‘ Re af[(mvf)g]
Conservation of energy fqr the décay,process can then be written

N

Mf»rvvz Z Z (mva'rvf).l : o (A.1)

f=1 =1

If L 1is the total orbital angular momentum of the decay channel,

conservation of angular momentum gives

L+Z Z Rea[(mf)] > Reao(M)

=1 . y=1 - . :
> min|L + Z Z (+) Re & Lm, f) 1. (a.2)
U fel oy o |

Assﬁming:that the asymptotic béhaviorvof the real parts of the trajec-
tory functions are given by ‘
”Revdv(s) ~ .c' g O : .‘. : " (A.3)
0 - 0 AR o :
and

Re af(s) ~,:cf s - . t : (A.h)

C e
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with

» af = a'o f = '(l"")N) : (A.5)

3

then the theorem of Brower and Harte generélized to include.the effects

of resonance widths can be stated in the following forim.

Theorem: If a > £ then the decay process defined by (A.1)

0°.2

and (A.2) above must fail to satisfy one of the following conditions as

M = o

(iii) mvf/M <. 1.

. It is apparent that if the asymptotic phase of the trajectory

~ 1is not zero, condition (ii) does not hold for simple decay channels.

Also, it is possible for condition (iii) to be violated so that one of
the "decay products'" has mass'équal to or greater than the original

resonance without violating (A.l). On the other hand, if the asymptotic

. phase of the trajectdries is zero, so that

o
1l

1 . o (A.6)

and
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conditiéni(ii) is forced té_hold.“ If condition (ij fails and the
orbital angulér moméntumlérows-with._ab(Mg) ﬁc' M2 :then the result of
Jones-and Téplitz56 forcesithe partial width of the resonance to this
particular:decay channel to decrease exponentiaily with M?. If the
total width is not té decrease exponenﬁially, then there nust bé an

exponentially growing number of available decayvchéhnels.

U S

)
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'.are perfectly cons1stent with an 1ndef1n1tely rising traaectory.

 Fig. 2.

Fig.,B;

Fig. k.
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 FIGURE CAPTIONS
The phase of the A tragectory calculated from the masses and‘
w1dths of.the “T = % baryons llsted in the Partlcle Data
Group21 CQmpilations,‘ A linear extrapolation of the phase
gives an;approximate lower iimit.of.therenergy at'whichvthis

trajeétory might turn over to be § = 160 GeV2 but the data

The phase of an exchange- degenerate tragectory contalnlng the‘

+o+

o(765), 1% 117, and the £(1260), o'2 . The 2 (1660)

and the (1710) .are listed separately by dashed lines and
as a s1ngle g(1690) 'state by a solid bar. The I = O

enhancement degenerate with the I =1, o(1900) is chosen

* to be’ the recurrance of the f. The solld, stralght llne

ektrapolation predicts wide resonances_ln the T and U

regions w1th T = 190- -220 MeV whlle the dashed extrapolation

. goes through the CERN missing mass spectrometer peaks.

The phases of output tragectorles in the two channel N/D

" model. In the absence of coupllng, trajectory 1 is associated

with the 070" channel and trajectory 2 with the 170"

channel. ~ When the coupling is turned on trajectory'Bvis the
leadlng s1ngular1ty while traJectory b turns over qulckly.

The data of Crennel et al on plon mass dlstrlbutlons for

+ : + +
: n‘p = T n, T p - 5 nop, and n'p il n+n; This data gives

a lower bound on the elasticity of the p’ 'meson predicted

by the Veneziano model. -
/
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The phase of the e-p’ trajectory_compared to the phase of

the p-T indicatihg_the'possibility that nonleading singulari-
ties are very wide and turn over quickly. For convenience in

plotﬁing, the real part;of the e-p' trajectory was moved by

one unit to coincide with the = p-f.
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Phose of A(1236) Regge trajectory

T | T T T T E— [ T r

0.10
0.05 |
| 1 | ] L | L | | | ]
o 5 10
s (Gev)?
_ XBL7010-4075
Fig. 1 '




G

~-31-

2 :
.g O.1F |
= i |
.|. : T
—~ 1 |
= i)
N
«© 0.05} ]
\
N\
N T
\\ |
~
1 ) ! L [
1.0 20 30 5.0 6.0
t (GeVv?)

XBL7010-4076



1 . -32- . '

Phose of Regge trajectories from coupled channel N/D
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" Phose of e-,o’ compared to phase of p-f
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