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New standards for probabilistic fitting of saturated hydraulic conductivity

Hugo A. Loaiciga®, Ph.D., P.E.

Abstract

The KSTAT Standard Committee of the Environmental Water Resources Institute
(EWRI) and the American Society of Civil Engineers (ASCE) initiated activities in
year 2005. Over the last two years, the KSTAT Committee has produced two
preliminary standard-guidance documents expected to be published by ASCE
following public review. This paper summarizes the key methods presented in the
two standard-guidance documents, highlighting the potential areas of application in
groundwater hydrology and geotechnical engineering.

Introduction: why probabilistic modeling of saturated hydraulic conductivity

It has been long recognized that the saturated hydraulic conductivity (Kq ) exhibits a

variability in aquifers that can best be described probabilistically, that is, as though
Ko were truly governed by a probability density function (pdf) from which

“realizations” are drawn. In the case of aquifers, the realizations are measurements of
Ko made at various locations within an aquifer using the same measurement device
or method. If Kqp can be modeled with the same probability density function within

an aquifer, then the aquifer is said to be statistically homogeneous. Thus, at any
arbitrary location within an aquifer, Ko follows the same univariate pdf, say

lognormal, log-gamma, gamma, exponential, beta, or other. This paper is concerned
with the univariate pdf of Kq, as opposed to multivariate pdfs that describe the joint

occurrence of Kq at various aquifer locations simultaneously. It turns out that most

practical applications in groundwater hydrology are well-covered by using univariate
pdfs and a covariance model to describe the spatial statistical interdependence of Kg .

Evidently, statistical homogeneity requires that the covariance of Kg be unique

within the aquifer, as well. Field conditions that deviate from statistical homogeneity
require tools of analysis that fall outside the scope of this paper.
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KSTAT-1: standard guidance 1 on fitting Kg with pdfs

Lognormal pdf. Two pdfs are recommended in ASCE (2007a) to model Kq . The first
is the lognormal pdf, in which case the log-conductivity Y =InKg is normally
distributed with average uy and standard deviation oy . For Y to be normally
distributed its coefficient of skew must be zero or near zero, |C5Y £0.05|,
specifically, on account of the symmetry of the normal pdf. The normal pdf of Y is:

2
1 1(y—py
f - " .exp| —=| 2~ —0<y<o 1
v (y) o 2x pZ[UYJ y 1)
while the lognormal pdf of Kq is:
1 1(Inx— py
f X)=———-exp| - =| ———— X >0 2
Ko ()= o 2( o ] 2)

In equation (1) and (2) the average vy and standard deviation oy are replaced by
their sample estimates when implementing them for the purpose of modeling Ko
probabilistically.

The p-th quantile of lognormally distributed Ko (denoted by x), where 0 <p <
1, is defined by the following probability statement:
P(K<xp)=p O<p<1 (3)
which represents the probability that Ko be equal to or less than the quantile x .
Calculate the p-th quantile using the following equation:
xp:exp(Y +zp5y) (4)
in which Zp is the p-th quantile of a standardized normal variable (Z), that is, with

zero mean and unit standard deviation:

P(Z<zp)=p (5)
Log-gamma pdf. The second pdf recommended in ASCE (2007a) is the log-gamma
pdf. This pdf is recommended for use whenever Kq is non-symmetric, that is, when
the coefficient of skew of log-conductivity is neither zero nor near zero, or whenever
ICsy|>0.05 to be specific. The log-gamma pdf of Kq is:

In(x)-6y j

ay -
Umm—wj umm—wrle[ Py
Py

fKo(X): XF(O!Y) (6)

where x represents the value of Kq at which the log-gamma pdf is calculated; ay ,

Py , and 6y are the shape, scale, and upper or lower bound parameters of the log-
gamma pdf, respectively. The log-gamma pdf may have either a lower bound:
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x>e? if py>0 (7)
or it may have a lower bound (equal to zero) and an upper bound simultaneously, as
follows:

o<x<e?Y if py <0 (8)

I"(ay )denotes the well-known gamma function, which is defined as follows (v is a
variable of integration over the range of positive real numbers):

Iay )= j eV va 1 gy (9)
0

The gamma function can be calculated using commercially available spreadsheets
and numerical software.

Letting Y, &y, and Cgy be the sample average, standard deviation, and

coefficient of skew of log-conductivity Y, respectively, calculate estimates of the log-
gamma parameters as follows:

ay = (10)
Cy
oy C
By :¥ (11)
oy =V -2 (12)
Csy
Calculate the quantiles (Xp )of Kqas follows:
— | wqCsy 2 |_
Xp =exp|Y + — 13
p pl: { > Cey }O'Y} (13)
in which vy is defined by the following integral equations (with 0 < p <1):
g
eV v 14y = p if Cqy >0 (14)
ay) 3
in which 7'(ay )is the gamma function, and ay :iz’ or:
CsY
g
e Vv gy =1- if Cgy >0 15
el p Y (15)
0
anday =

5
C:sY

Chi-squared goodness-of-fit test. The chi-squared goodness-of-fit test for Kq is
implemented as follows:
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Step 1. Calculate R quantiles of Kg, denoted by xp< Xpp < ...< XRgp, Using

equation (4) for lognormal pdf or equation (13) for log-gamma pdf. Note that in the
notation XrAp » the probability corresponding to the quantile is r - Ap, in which r = 1,

2, .., R, and the probability increment Apis defined by equation (16). A suitable
range for Ris 4 <R <9. The quantiles Xrap, F=1,2,...,R, are chosen so that they

define R+1 equal-probability, non-overlapping, intervals of Kg :

P(Xrap S K <X(ri1)4p ) =P(K <Xgp)=P(K>Xpgp )= Ap (16)
forr=1, 2, ..., R-1, in which:
1
Ap = 17
P R+1 (1n

is the probability of each of the R+1 intervals of Kq defined by the quantiles xy4p ,

=1, 2, ..., R. The quantiles satisfy the probability statement:

P(K< xmp): r-Ap r=1,2,..,R (18)

Step 2. The expected number of K measurements that fall in any of the R+1 (equal-
probability) intervals equals n-Ap, in which n is the number of K measurements

available. This number compares with the actual number of K measurements
observed in the r-th interval, np, r=1, 2, ..., R+1. Calculate the test statistic:

1 R+1 5
D= Nnp—n-4 19
e rZ:l( r—n-4p) (19)

Step 3. Determine the chi-squared critical value associated with a 5 % significance
level and R — f degrees of freedom, ;(g 05 R_f - The number of degrees of freedom

of the chi-squared critical value is customarily R. However, f = 2 parameters (Y ,
oy ) must be estimated from K data for the lognormal pdf, and f = 3 parameters

(ay, Py, 6y ) must be estimated from data for the log-gamma pdf. Therefore, the
number of degrees of freedom of the chi-squared critical value becomes R — f .

KSAT-2: standard guidance 2 to estimate the effective K

Covariance and integral scales. The effective saturated hydraulic conductivity, K¢,
IS a statistical parameter that relates the average specific discharge to the average
hydraulic gradient. ASCE (2007b) considers the case of axisymmetric Ky and
isotropic Kq . In the former case, the spatial covariance of K has a unique integral

scale on the plane containing the coordinal axes (x,y), denoted by the plane h, and a
second integral scale along the third axis (z) perpendicular to the plane h. In the latter,
isotropic, case, the covariance of Kp has the same integral scale along the coordinal

axes X, Y, z. An axisymmetric exponential covariance is then written as follows:
2 _rx
Cko(M)=0', ¢ r (20)
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where 0'|2<0 denotes the variance of Ky, and the scaled separation vector r* takes the
following form:
i 2 |— 2 1/2
= | o+ -2 (21)
Ih I

I, is the radial vector in the (x,y) plane (i.e., rh2 = rx2 + r)%) and r, is the component

of separation along the axis z perpendicular to the (x,y) plane. The integral scale
I',on the (x,y) plane is easily shown to be given by:

o _'h
I, = jcKo[rh O]drh je ' dr, (22)
O'KO 0 Ih
in which the second equality assumes an exponential covariance. The integral scale
I ; is defined as the integral of the covariance of Kg with respect to the coordinate z,
while setting r, =0.
In the isotropic case, the separation vector r* is:

/2
( 2, .2 2)1
re +ry +r

_xX Ty | : :|£ (23)
where | is the integral scale in all directions (isotropic porous medium). The isotropic
covariance is given by equation (20), with r* given by equation (23). The isotropic
integral scale is defined by:

1 o0 o I
I =2—ICKO (r)dr :Je | dr (24)
%Ko 0 0
in which the second equality assumes an exponential covariance.

Results for isotropic covariance of Kq. The important case of isotropic Kq leads to
the following effective saturated hydraulic conductivity Kg:

3K j &dx— (25)

in which the pdf fKo(x) of Kq is any positively tested distribution whose domain is

represented by “all x” values, including the lognormal and log-gamma pdfs. The
integral equation (25) must be solved for K¢ once the pdf has been established.

Results for axisymmetric covariance of K. In this case there is an effective Ky on
the plane h containing the axes X, y, Kgp, and a an effective Ko along the axis z,
Kez:

Copyright ASCE 2007 World Environmental and Water Resources Congress 2007
World Environmental and Water Resources Congress 2007



Downloaded from ascelibrary.org by Hugo Loaiciga on 09/29/24. Copyright ASCE. For personal use only; al rights reserved.

World Environmental and Water Resources Congress 2007: Restoring Our Natural Habitat
ko (X)
2 Key j 0 dx =1 (26)
(x—Keh )7+ 2Ken
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all x
in which fKO (x)is the pdf of Kq . Other terms in equation (26) are:

2
K 1 -1 1
n= tan ( ——1} 1} (27)
1-x2 {K\/ll{z ~
in which the inverse tangent function (tan_l) is expressed in radians, and:

K —_IZ _Ke 8
Ih Kez

Inand I, are the horizontal and vertical integral scales of Kq , respectively.
The vertical effective saturated hydraulic conductivity (Kg; ) is:

Kez | ) g (29)

a"XX+77'(Kez —X)

Equations (26) and (29) must be solved simultaneously for K¢y and Kg; .

Effective saturated hydraulic conductivity when the log-conductivity is normally
distributed with very small variance. For very small variance of log-conductivity, or

03 < 0.01, calculate the effective saturated hydraulic conductivity using the sample
geometric mean (Kg):

7 Y
in which Y is the sample average of log-conductivity Y.
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