UC Irvine
UC Irvine Previously Published Works

Title
Asymptotic Sum Rules

Permalink
bttgs:ggescholarshiQ.orgéucéiteméanOzShg
Journal

Physical Review, 174(5)

ISSN
0031-899X

Authors
Bander, Myron
Bjorken, D

Publication Date
1968-10-25

DOI
10.1103/physrev.174.1704

Copyright Information
This work is made available under the terms of a Creative Commons Attribution License,
available at https://creativecommons.orqg/licenses/by/4.0/

Peer reviewed

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/5fn0z8hb
https://creativecommons.org/licenses/by/4.0/
https://escholarship.org
http://www.cdlib.org/

PHYSICAL REVIEW VOLUME

174,

NUMBER 5 25 OCTOBER 1968

Asymptotic Sum Rules*

MvRON BANDER}
Department of Physics, University of California, Irvine, California

AND

J. D. BjorRkEN
Stanford Linear Accelerator Center, Stanford University, Stanford, California
(Received 8 May 1968)

New sum rules from current algebra valid in the limit of large negative four-momentum squared of the
current are obtained; some of these depend upon commutators of space components of the current densities.
They contain convergence factors which make their validity plausible on most models of high-energy be-
havior, with the Regge-pole model being one of them. With one exception, their utility consists of placing
constraints upon models of hadrons designed to saturate the current-algebra scheme.

I. INTRODUCTION

UM rules derived from current commutation rela-
tions have thus far been restricted to relations in-
volving the maximum helicity-flip part of the current-
particle scattering amplitude, and thus, based on
Regge-pole arguments, the most convergent amplitudes.!
Analogous sum rules naively derived for other ampli-
tudes are not expected to hold? because of the inter-
locking morass of Schwinger terms, disconnected
diagrams, and subtractions in dispersion relations. We
may, however, suspect more relations at large spacelike
masses, Q?, of the virtual particles associated with the
currents. A heuristic argument for this hope may be
obtained from analogy with nuclear physics.? If we con-
sider the hadrons to be made up of other “simpler”
constituents then at large current masses Q? or equiva-
lently small wavelengths, we sample the constituents
incoherently and expect multiparticle correlations to
vanish. For finite (% it is these correlations that prevent
us from obtaining new sum rules.

With one exception all the relations derived have no
immediate possibility of experimental verification, as
at large negative Q2 no simple pole dominance is ex-
pected to be valid. The one exception is a sum rule de-
vised previously? which bounds backward high-energy
electron scattering. A possible utility of these rules is
that they place constraints on possible hadron models
that may be constructed to saturate the current-
algebra scheme.

In Sec. II the kinematics, crossing properties, dis-
persion relations, and various asymptotic relations for
the current-particle scattering amplitude are presented.
In Sec. III the sum rules are derived in the Q¢— 7%

* Work supported in part by the U. S. Atomic Energy Commis-
sion and the National Science Foundation.

t Alfred P. Sloan Foundation Fellow.

! For a recent review, see the report of W. I. Weisberger, in
Proceedings of the International Conference on Particles and Fields,
Rochester, 1967 (Interscience Publishers, Inc., New York, 1967).

28S. Adler and R. Dashen, Current Algebras (W. A. Benjamin,
Inc., New York, 1967).

3 See, for example, the review of T. de Forest and J. Walecka,
Advan. Phys. 15, 1 (1966).

4 J. Bjorken, Phys. Rev. 163, 1767 (1967).
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limit,® and these results are discussed in Sec. IV. Some
details of the calculations are listed in the Appendix.

II. KINEMATICS, CROSSING PROPERTIES,
DISPERSION RELATIONS, AND
ASYMPTOTICS

The commutator of the currents will be sandwiched,
for simplicity, between spin-zero hadron states. In the
forward direction, the same analysis applies to spin-
averaged amplitudes. We then consider the scattering
of a current of momentum ¢; on a state of momentum
p1to a current of momentum ¢, and a state of momen-
tum P2Z

prtq1— patge, (2.1)
and introduce the variables
P= P1+P2 )
A=pr—p1=q1—¢2, (2.2)
O=q1t¢2,
y=P-Q, t=A% §=A-Q=gi—qy.
We now study the covariant amplitude
M8 (P,Q,A)=— (2m)% (4wiwy)' /2
X [t 00 (al L@, 340001 )
+possible polynomials in (P;,q;). (2.3)

In the above, the j’s are Gell-Mann’s® currents with the
superscript referring to U(3)QU (3) indices; wi= (p.2
~+m;?)1/2, the energy of the state. The difference between
the covariant amplitude M,,* (defined as the response
of the S matrix to the variation of external sources
coupled to the currents in question?) and the retarded
product is an operator localized at x,=0, and hence its
Fourier transform is a polynomial.® Hereafter we shall

§ J. Bjorken, Phys. Rev. 148, 1467 (1966).

6 M. Gell-Mann, Phys. Rev. 125, 1062 (1962).

7This point of view is eloquently expressed by J. S. Bell, Nuovo
Cimento 50, 129 (1967).
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assume that the polynomial is no worse than a constant
already encountered in the vacuum expectation value.
The nature of this constant and the consistency of this
assumption will appear subsequently. The covariant
expansion of M,,* is, for the case of states and currents
of the same parity,

M, uvﬁﬂ: P MP »A 1%+ (P I‘QV+P qu)A P
+ (P.Qy—P,Qu)A 5+ (PuAy+P,AL)A 8
+ (P MAV‘—P vAu)A 5aﬂ+ (Q,,A,,—{—Q,,A,,)Aeaﬂ
+ (QMA v Q,A,,)A 'Iaﬂ’,’ QMQVA Saﬂ

+ApAvA 9aﬂ+g}wA 10“’3 . (2.4)

Crossing symmetry tells us
A z‘“’s(l’;tyQ2,5) = niA ﬁa(_ V:t7Q2’ - 6)

ni=—+1, i=1,3,4,7,8,9,10
=—1, i=2,5,6.

(2.5)
with

We likewise assume that for large spacelike Q? and
fixed ¢ and §, the 4,’s satisfy usual dispersion relations
in » and their asymptotic behavior in this variable is
governed by the Regge-pole hypothesis for the absorp-
tive parts of the 4/s.® Thus 4;, 4, and 45 satisfy
unsubtracted dispersion relations. All others have one
subtraction except for 4¢, which has two:

© Imd;(v',1,0%0)
e"‘ﬁ=~/‘ ———’dv’, 1=1,25

T J—w V—v

*© Imd (v
A.28=4,00,1,0° 5)+ M dv,

—c0 ’(V - V)
i=3,4,7,8,9,10

944%8(0,1,0%,0)
4 ﬁaﬁ= 4 Gaﬁ (O’t’Q2)6)+ Vv

v

* ImA aﬂ(”,’taQ276) )
4 2 (26)

T Jew  VP'—v)

For spacelike Q2 the absorptive parts are nonvanishing
for |v|>3@EM?—P2—(Q?) with M? being the lowest
value of s or # leading to physical states.

In order to obtain asymptotic sum rules, we shall be
interested in the limit Qo— 70 with Q fixed. In this
limit Q2 — — o ; » and 6 will likewise tend to «, though
linearly rather than quadratically. In the dispersion
relation for the 4 s we may thus neglect » with respect
to the lower limit of intergation for »’. The above
conjecture is true barring pathological behavior of
ImA . Thus all terms of the form of a dispersion

8V. de Alfaro, S. Fubini, G. Furlan, and A. Rossetti, Ann. Phys.
(N. Y.) 44, 165 (1967); J. Bronzan, I. Gerstein, B. Lee, and F.
Low, Phys. Rev. Letters 18, 32 (1967); V. Singh, zbid. 18, 36
(1967).

ASYMPTOTIC SUM RULES

1705
integral behave as
ImA #(v' 1,02, 6)
Im — | —————ad»’
Qo—i . '"(V '—V)
(PoQo)™ [ ImA #8(v",1,0%,8)
= lim / dv', (2.7)
Qo—iw T (y’)ﬂ'f"l

and asymptotically we are left with a polynomial in
Qo. A heuristic argument for this comes from the struc-
ture of the Jost-Lehmann-Dyson? representation, which
we assume to be unsubtracted:
08 (P Au,s)
_, (2.8)

QL/ d4“/ (O—uy—s

with the » integration going over a finite regon. In the
Qo— ioo limit we may expand as follows:

1 20-u
Ai“ﬁ-*/d'iu ds Pi"‘ﬂl: + +] (2.9)
0=’ (s

If the asymptotic behavior in s is reasonable, then this
leads to the answer below. With all the dangers inherent
in using any representations for determining asymp-
totic behavior, the above is at best a plausibility argu-
ment. Thus the limiting relations are

A‘aB(V’t7Q2;6) - Ai"‘ﬂ(O,t,Q2= — ’0)
+v04:28(0,4,0*= — ©,0)/dv
+804.26(0,4,0%0)/85  (2.10)

for 46, and for =6 we likewise add the next-order
terms

Ae?8(v,1,0%6) — A¢*8(0)+ VaAe“ﬂ/av-f-tsaAs“ﬁ/aa—f-%Vz
X 024%8/ 02+ 162024 ¢/ 362+ 092468/ 9v 98. (2.11)

III. DERIVATION OF SUM RULES

The idea of the derivation is the same as in Ref. 4.
We write, for fixed Q, a dispersion relation in Q. This
is just the Low equation:

ng ImM,,,.
M,,8=— / ——————/(+polynomial).  (3.1)
T J— QOI_"'QO
As Qy— i
M — —— | ImM,,*%dQy (+polynomial).  (3.2)
Qo

The numerator is, however, the equal-time commutator

? F. Dyson, Phys. Rev. 110, 1460 (1958).
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of the currents, so that

M2 —
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2(2m)* (4w0n) S (pa| [7a"(x,0),5,7(0) ]| pr)ds e='or
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We assume the following commutation relations for the
currents; they contradict no commonly used models
(¢ model,® quark model,"* and field algebra'®):

L70%(x,0),70°(0) J=2 /475" (0)6*(x) ,
[]‘Oa (X)O))jkﬁ (0)] = —15% (0) V}c53 (X)
+1f#7 5,7 (0)6*(x),
[jia (X)O))jjﬂ (0)] = 1'(/‘5ijf°‘ﬂ7j0" (0)53 (X)
~+odd parity term.

(3.4)

The matrix elements of 7,” and S*f are given by

(2m)* (dwzw1) (e ju? (0) | p1)=PuF 17 ()+AuF> (1),
(27)° (4wswr)!*(p2] S6(0) | pr) = 5°2(D) . 3.5)

The number ¢ depends on the model for the commuta-
tion relation. If the fundamental carriers of the currents
are spin-3 particles then ¢=1. If these are spin-zero
objects or we deal with field algebra,'? then ¢=0. The
Schwinger term S is likewise model-dependent and
may be a ¢ number, as in field algebra. We do assume
that it is symmetric in « and .

To obtain the sum rules we compare the covariant
expansion (2.4) with that given in (3.3), (3.4), and (3.5).
We start with the 0-0 components and find

P()ZA 1“‘3 (Qz,t,V,5)+ 2P[)QOA 20"9-{— 2POAOA 4aﬁ
+2Q0A04 6984 Q0?45+ A2 A o8
+ A Qooic (2if*57/Qo)[F1" () Pot+-Fo¥()Ao].  (3.6)

We have assumed that My, vanishes as Qo— i be-
cause for q; or gz — 0, Mg involves a retarded product
of a total charge operator. This operator is conserved
or partially conserved; it does not couple to high-mass
states. Another way of saying this is that we assume
that Q.M ,, is bounded by a constant as Qo — ¢, as
implied by the commonly accepted divergence condi-
tions of vector and axial-vector operators. "' We shall
make the same assumption on My;, namely, it tends to
zero as Qo — 1. As discussed in Sec. II, the 4% are

Nonvanishing Limits:
024 5(02,,0,0) — 2i f87F 7 () ,
024 6(0Q2,2,0,0) — 2i f487F (1),
Q*4+(0%4,0,0) = s(8),
0°45(0%1,0,0) = (1),
A10(0%1,0,0) = —s(2).

10 M. Gell-Mann and M. Lévy, Nuovo Cimento 16, 705 (1960).
11 M. Gell-Mann, Phys. Letters 8, 214 (1964).

(3.3)
Qo

assumed to converge rapidly as power-series expansions
in » and § in the infinite-Q, limit, so that (except for
A¢*%) we need keep only up to linear terms. Writing

A4 iaﬂ — 4 iaB(Qo)t)O)O)—*_ V(aA iaﬁ/ay) (QZ,t,O,O)

+6(04:8/38)(Q%1,0,0) %6 (3.7)

(and a similar expansion for 4¢*f), we then replace »

and 6 by y—> QoPo, 68
8= QoA

and identify the coefficients of the various powers of
Py and Ay on the right- and left-hand sides of (3.6).
From the coefficients of Py, for example, we find

Qlim 20°4.,°8(Q%1,0,0)+Q*(945%%/ 9») (0%,1,0,0)
+02(0410°¢/9v) (Q%1,0,0) = 2i f57F 1 (7).

A large number of additional relations are obtained in
the same way and are catalogued in the Appendix.

The same method can then be applied to My;,
whereupon another large number of asymptotic rela-
tions are generated. These are also catalogued in the
Appendix. At this point, the equations can, for the most
part, be broken down into conditions on the individual
A:(Q21,0,0) and their derivatives. One interesting result
is that 410(0%¢,0,0) — s(¢) as Qo — ¢, with the conse-
quence that M; cannot vanish as 1/Q, if there exist
operator Schwinger terms S(f). We assume in this case
that M;; — (const)d;;+0(1/Qo), a behavior consistent
with lowest-order perturbation theory of spin-zero
bosons, although perhaps not in higher orders, where
space-space equal-time commutators have a propensity
for not existing."

However, upon assuming that the space-space equal-
time commutators exist, the same procedure we have
applied to Moo and M,; when also applied to M;; com-
pletely fixes the asymptotic behaviors of the 4,%(Q%¢,
0,0) and their derivatives. We record the results here,
and some intermediate steps in the Appendix.

3.9)

04945/ —> (c—1)2i fB7F (1),
04045/ 36— (c—1)2i fB1F (1),
Q2(9A 100y — — Zcifaﬂ'yFlv(t) ,
0?0410/ 36— — 2ci f8YF (1) ,

(3.10a)

2T, D. Lee, S. Weinberg, and B. Zumino, Phys. Rev. Letters 18, 1029 (1967).

13 M. Veltman, Phys. Rev. Letters 17, 553 (1966) ; M. Nauenberg, Phys. Rev. 154, 1455 (1967).

4 K. Johnson and F. Low, Progr. Theoret. Phys. Suppl. 37 and 38, 74 (1966); A. Vainshtein and B. L. Toffe, Zh. Eksperim. i Teor.
Fiz., Pis’'ma v Redaktisiyu 6, 917 (1967) [English transl.: JETP Letters 6, 341 (1967)].
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Vanishing Limits:

Q04 :(0%,0,0) — 0, 1=1,4,5,9;
0245(0%1,0,0) = 0;

0%294,;/9v— 0, 1=1,4,5,9;
Q®94:/9v— 0, 1=2,3,6,7;

ASYMPTOTIC SUM RULES
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0?04:/96— 0, i=1,459;
Q036A5/(95—>0, 1= 2,3,6,7;
04,0, (3.10b)
049246/3v36— 0,  (%92A4/05*— 0.

Given the assumptions of Regge asymptotics,® some of these relations can be translated into asymptotic sum rules.

These we also record:

0 dV’

0o / — ImA = (,0%,0) — 0,
e V'

o0 dV/

Q2/ — ImA4 ¥ — 0, Q?
e V2

QZ 0 dvl

- — Im4 ZaB(VIvQ27t7O) - ZifaﬂyFlly (t) ) Q4

T Jw v

© dy’
Q03/ —ImAg"ﬁ—-> 0,

0 dV/
Qo / —Imd4;$— 0,
e ¥V

0 ’

dv
— Imd;*f— 0,
2

o V

00 dV/
—ImAd¢f— 0,
73
o V

(3.11)

0 dV/
0 / —TImd =0,
o V

o V
00 dll, Q4 0 dVI
Q03 / "—'2- ImA 30‘6'—" 0, - —;' ImA gaﬁ(V’,Q2,t,0) — (C—- 1)2,L‘f¢xﬁ~/F1'y(t) 5
o V T J V'
* dy’ * dy’
? / - ImA 8 —0, Q* / — ImA4*f— 0,
o V' o V'
Q2 ) (ZV’
— — ImA %8 (v’ ,Q2%,1,0) — — 2¢i f*B7F17 (1) .
T Jow v

The asymptotic form of the Fubini-Gell-Mann-Dashen!?
sum rule,

1 0
- / dv' TmA 28(Q2, ' 1,6) = 20 f87F 17 (1), (3.12)

™

is not present among this myriad of sum rules. However,
if one has a conserved (or partially conserved) current,
ImA, can, for large Q% be related to » ImA, and the
sum rule (3.12) is recovered from (3.11). The “back-
ward” sum rules for neutrino processes? can be obtained
from the sum rule on the transverse amplitude A o.
Beyond that result, no practical application seems to be
in sight. The generalization of these relations to other
parity choices and cases with spin is left to the courage-
ous reader.

IV. CONCLUSIONS

The main results of this work are contained in
(3.10a), (3.10b), and (3.11). These sum rules are a

16 M. Gell-Mann and R. Dashen, in Proceedings of the Third
Coral Gables Conference on Symmetry Principles at High Energy,
edited by B. Kursunoglu, A. Perlmutter, and I. Sakmar (W. H.
Freeman and Co., San Francisco, 1966) ; S. Fubini, Nuovo Cimento
43A, 475 (1966).

direct consequence of locality and (perhaps optimistic)
smoothness assumptions on the covariant amplitude
describing scattering of a current from a hadron. The
results appear to have no new direct applications.
However, since the mechanism for saturating all local
sum rules at high Q2 is obscure (assuming indeed that
the sum rules are correct), it is hoped that these results
might provide additional clues to what the physics
looks like in these asymptotic regions.
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APPENDIX

The relations obtained from the asymptotic behavior
of Moo, as described in Sec. III are as follows:

1 Qo4 10(0)+Q*45(0) — 0,

(Po) 20%4,(0)+ %345/ v+Q*0A 10/ Iv —
24f*87F, (1),

(Po?) Q041(0)420Q*045/0v — 0,
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(Po®)
(Ao)

(A¢®)
(As®)
(PoAo)
(PoA¢®)
(P*Ao)

M. BANDER AND J. D.
Q?04,/9v— 0, (o))
20%46(0)+Q*945/ 36+ (0204 10/ 96 — (PoQ2)
HIPED, - (Peg)
2Q0°946/35+Q044(0) — 0, (Poro0))
0424/ 98+ (204436 — 0, Aos
2Q036A 2/05+2QOA 4(O)+2Q036A6/(9V —0 , (AOQ )
20044/ 36+ 204° Ao/ w05t QoAo w0, 3 Q )
02841/35+20204 4/ dv-+(Q*92 A5/ 3% — 0. e A;Q )
AD " (as0)

The factor in parentheses indicates the coefficient of the (PoAg?0)
particular term. We suppress superscripts of3. ’
From a similar calculation for Mo and M;** we GY)

obtain
o)
(P:Py)
(P:P¢)
(P:PoAo)
(Pidro)
(P:Ad?)

BJORKEN 174

Q45— s(1),

Oo(AatAg+02045/3v) — 0,

Q*(042/9v+0A43/9v) — 0,

02(845/ 9604/
+03A4s/IvF41/dv) — 0,

Qo(46F A71+Q%9A435/356) — 0,

0%(9A44/06F 341/38) — 0,

08344/ 39— 0,

00°9244/38*— 0,

0¢0°As/3v35— 0,

O*(AgmAz) — 23 fB1F()=s5(1),

(Pod) QoA st As+(02045/dv-£0%941/3v) — 0,
O (AT As) — 2ifBrF(l), (PRA)  QM0As/0v-£9As/0v+10%2As/ ) — 0,
Qo(A1+Q%42/dvFQ204;/9v) — 0, (Polod;)  Q*(0A4/36-£0A5/38
0%041/3v— 0, +(Q?3%46/dv96+93A44/v) — 0,
Q*0A41/06+Q%0A4+/ v F Q20 A5/9v— 0, (808)  Qo(As+Q*94e/35:0%944/90) — 0,
Qo[02045/96F Q04 s/ 30+ AFA;]—0,  (AA)  Q(GQ°°As/95+0940/86) > 0. (A2)
Q2(0A44/36F 8A5/38) — 0, The == refer to Mo:*® and M ;™8 respectively.

Given these equations, they can be disentangled into the following relations.

Qed1—0, Q%941/9v— 0, 02041/96— 0,
Q%4 — 2ifeBYF(3), Qd*94,/9v— 0, Qd*342/36— 0,
Q4;—0, Q°943/9v— 0,
Qds— 0, Q2044/3v— 0, Q?944/35— 0,
Qods+Q0*3A43/36— 0, (Q%d4s/0v— 0, 02045/96— 0,
Q24— 2if*B87F,(8), Q*34¢/3v— 0, Qs?044/36— 0, (A3)
04924/3r*— 0, 04924¢/9v35— 0, 04924,/962— 0,
Q24,— s(), Qc®34 /v — Q*943/99, 06°047/36— 0,
Q43— s(2), Q¢*34s/dv— 0, 00°9A43/36— 0,
Qods— 0, 0204s/3v — 0, 0%04,/35— 0,
A10— —s(b), Q204 10/ dv+Q*9As/dv — — 20 f*B7F (1),
0204 10/ 36+ (Q%04s/ 36 — — 20 f*B7F oy (2).
Finally, calculation of the limit for M;; gives a few additional results:
(AoPiQj)  Q*045/35— 0,
(P:d;) Qod5(0)— 0,
(Q:A;Py) 0%9A4,/9v— 0, (A4)
) Q[410(0)+s()]1— 0,
(8:Po) Q%94 10/3v — —2ci feBYF(3) ,
(6:00) Q204 10/36 — —2ci fBYF7 (1) .

These, combined with (A3), give Egs. (3.10a) and (3.10Db).





