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ABSTRACT: In this paper, we propose a new gravity dual for a 2d BCFT with two conformal
boundaries by introducing a defect that connects the two End-of-the-World branes. We
demonstrate that the BCFT dual to this bulk model exhibits a richer lowest spectrum.
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and 0 where Az is the distance between the boundaries. This range was inaccessible to
the conventional AdS/BCFT model with distinct boundary conditions. We compute the
holographic entanglement entropy and find that it exhibits three different phases, one of

The corresponding lowest energy eigenvalue can continuously interpolate between —

which breaks the time reflection symmetry. We also construct a wormhole saddle, analogous
to a 3d replica wormhole, which connects different boundaries through the AdS bulk. This
saddle is present only if the BCFT is non-unitary and is always subdominant compared to
the disconnected saddle.
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1 Introduction

AdS/BCFT [1-3] studies the gravity dual of boundary conformal field theory [4, 5]. The
simplest, bottom-up model proposed for AdS/BCFT is a spacetime terminating at the
End-of-the-World (EOW) brane [2, 3, 6]. This EOW brane is anchored to the BCFT
boundary. This bottom-up model captures some qualitative aspects of stringy models for
AdS/BCFT [7-9], and has served as a useful toy model for black hole evaporation [10-21],
interpreted as doubly-holographic brane-world models [22-25]. On the other hand, this
simplest model of AdS/BCFT is known to have several atypical features in the boundary
operator spectrum amongst all holographic BCFTs, such as fine-tuned boundary operator
spectrum [26] and the absence of interactions between distinct EOW branes. The latter,
which is the main focus of this paper, results in a fixed gap between the lowest eigenvalues
of the BCFT with two distinct boundaries and the BCFT with identical boundaries [27].

In this paper, we modify the conventional AdS/BCFT model by allowing the EOW
branes with different tensions to be connected at defects. Geometries with intersecting
EOW branes were first considered in [28]. In our model, we treat the defect explicitly by
including an additional contribution to the action from the intersection. Clearly, this defect
leads to an interaction between the EOW branes. We find that this interaction leads to
several novel results:



o The defect modifies the lowest eigenvalue of the conventional AdS/BCFT model. In
fact, the lowest eigenvalue in our refined model continuously interpolates between the
identical boundary BCFT and the aforementioned spectral gap. We also include a bulk
conical defect on the gravity side, which corresponds to a boundary operator [28-32].

e The bulk theory we propose can also be considered as a gravity dual of a BCFT
with corners [28, 33, 34]. In this duality, the corner on the boundary is in direct
correspondence with the defect on the EOW branes.

e The holographic entanglement entropy in our model exhibits three different phases.
This entanglement entropy can be seen as a toy model of a matter state prepared by
cosmological spacetimes [35, 36]. Interestingly, we have a phase that breaks the time
reflection symmetry, so the corresponding entanglement entropy is closely related to
the pseudo entropy [37].

e The defect enables us to construct a wormhole saddle that connects multiple AdS
boundaries, analogous to the replica wormhole with EOW branes considered in [13].
In our model, the wormhole saddle is allowed only when the BCFT is non-unitary,
and this saddle is always subdominant compared to the factorized saddle without any
wormbholes.

The organization of this paper is as follows. In section 2, we present our refined
AdS/BCFT model and its connection to BCFT with a corner. In section 3, we study the
spectrum of BCF'T on a strip, confirming that it has a richer spectrum in comparison with
the conventional AdS/BCFT model. In section 4, we compute the holographic entanglement
entropy and describe its three phases. In section 5, we construct wormhole geometries using
our model. In section 6, we conclude with discussions and future directions.

2 Gravity dual

In this section, we describe our proposed AdS/BCFT model in which the EOW branes are
connected at a defect. The geometry with such intersecting EOW branes was previously
considered in [28], and we will give an explicit model with action which realizes such
geometry. We use our proposal to find the bulk dual of a BCFT with a corner.

In the original AdS/BCFT proposal [2, 3], the holographic BCFT was dual to an
asymptotically AdS spacetime M with an EOW brane ¥ anchored to the BCFT boundary.
This EOW brane might contain matter fields and have a non-trivial gravitational action.
We take the bulk theory to be Einstein gravity

16771GN /M VG (R —2A) — 8WZ¥N /N VhK, (2.1)

where N is the AdS boundary.
The simplest EOW brane action is given by the Gibbons-Hawking boundary term plus

Ign = —

the tension term,

1 1 1
81G N /z\/EK + 8GN /z\/ET 871Gy /FE,N VIrs N (” - 9(2,1\/)) . (22)
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Figure 1. Sketch of our proposed gravity dual of BCFT. N is the AdS boundary where the BCFT
lives. ¥, and 3, are the EOW branes, and I'(, ;) is the defect connecting them.

Here hgyy is the induced metric and K is the extrinsic curvature defined using the outgoing
normal vector. We also need to include the Hayward term for I's, x, the corner between
AdS boundary N and the EOW brane X, with internal angle 6, . This action leads to
the equation of motion for the EOW brane

Kap = (K = T)hap. (2.3)

The boundary entropy Sp in 2d BCFT is defined in terms of the disk partition function
via Zpisk = €8 [38], which counts the number of degrees of freedom on the boundary. The
tension T" of the EOW brane is related to the boundary entropy as

C

Sp = 5 arctanh(¢T), (2.4)

where ¢ is the AdS radius [39]. In this simple model, there are no interactions and no
intersections between EOW branes dual to distinct BCFT boundaries whereas for identical
boundaries, the EOW branes can be smoothly connected. This simple interaction leads
to a simple value for the lowest eigenvalue [27] that is highly non-generic, which we will
discuss in section 3.

The new ingredient introduced in this paper is such an interaction in the form of a
defect that glues two distinct EOW branes. Since the dual spacetime terminates at some
finite depth, the spectrum is no longer that simple, and indeed we have a new lowest
eigenvalue as we show later. The simplest action for this defect is given by

1
Tgefect = _87TGN /F(a,b) VIT (ap) (90:(a,b) B e(a,b)) : (2.5)

Here I'(, 3) is the defect which glues two EOW branes ¥, and X, and 0(,) is the internal
angle of M at I'(, ), see figure 1. Also, 6y.(q) — 7 can be regarded as the tension of the
defect, The action in (2.5) is called Hayward term [40] when 6., = 7, and has been
considered in different AdS/BCFT contexts in [6, 41, 42]. This Hayward term can be
obtained by taking a singular limit of the Gibbons-Hawking-York term where the boundary
has a sharp corner.



The total action is the sum of these three contributions,

Itotal = IEH + IETW + Idefect- (26)

It is worth mentioning that this Iiota has UV divergences coming from the region near the
AdS boundary. To obtain a finite answer, these divergences need to be cured by introducing
a short distance cutoff at the boundary and including appropriate counterterms to cancel
the divergence.

The variation of Iiot, 1S

1 1
e _ yu
0 iotal 167G /]\4 \/§ (R/w 9 Rguy + Ag/w) dg

1 1
- VR (Kop—Khap+Tihag) Sh — / Vi (Kog— Ko g) 6h8
i:abSTrGN /Ez ( g A 18) 87TGN N ( s 5)
1 1
- 0. —0 5 — —6,. 5 . ]
8rGn /F<a,b> ( e (a’b)) e i:%:b 871G N /mzv) (W (Z’N)) I i,n)

(2.7)

In AdS/BCFT, the metric can fluctuate freely on ¥;, but not at AdS boundary N, therefore

{5h?\f =0, 5h§'i6 free, 2.8)

) VITan = 0, 1) VITn) free.
These boundary conditions at 3; and I', ;) result in the following equations of motion
Kap = (K = T)hag, (2.9)
00:(a,p) — B(ap) = 0 (2.10)

These two equations determine the shapes of the EOW branes %; and of the corner I'(, ).
On the other hand, the above boundary conditions do not induce equations of motion at
the AdS boundary and I'(, y) because of the Dirichlet boundary condition.

2.1 Gravity dual of BCFT with a corner

In this subsection, we examine the gravity dual of BCFT with a corner as a simple example.
This dual is given by a vacuum AdS spacetime with two EOW branes glued at a defect.
Consider the Poincare background for vacuum AdS;

dsZ—EQ(dx2+d2+d2) 2.11
_Z2 Y z ( )

with £ being the AdS length. We restrict to the region
D:={u=re’cClr>0, 0<0<9)} (2.12)

on the AdS boundary' with u := x4 iy. Since this region has a corner at the origin, the bulk
geometry is dual to BCFT with a corner. The bulk spacetime we consider is a spacetime

!The region D can be mapped to the upper half plane via a singular conformal transformation, and
standard BCFT techniques can be applied [28]. See also [33].
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Figure 2. Two EOW branes embedded in Poincare AdS. They intersect in the bulk at an internal
angle 61 5) and on the boundary at an internal angle 79. The bulk region is dual to BCFT on the
cornered region N = D.

bounded by two EOW branes anchored to dD. The equation of motion for the EOW brane
fixes its shape to be a plane in (z,y, z) coordinates. Figure 2 shows the bulk geometry
with these two intersecting EOW branes. Since the bulk metric is the Poincare metric,
the Fefferman-Graham expansion tells us that the stress tensor (T,,) vanishes away from
the boundaries.

Let us first assume that the two EOW branes have equal tensions, so the boundary
entropies for the two boundaries are identical. The dimensionless tension T, = ¢T, of
the EOW brane is related to the internal angle 6, ) between the brane and the AdS
boundary as

Ta = —cos b n)- (2.13)

Note that the allowed values of the tension are given by |T| < 1.
The internal angle 7o at AdS boundary and the internal angle 6 o) between EOW
branes are related as

cos 6 +72 .
arccos (% 2arcsin [T| < 019y <7

Y0 = (2.14)

2
2m — arccos <%> T < 0(1,2) < 21 — 2arcsin [T
Since the configuration of the EOW brane is a plane in the (z,y, z) coordinates, 0(; o) is

simply the angle of intersection of two planes.
For arbitrary tensions J7 and T2, we have

arccos [ £2fa2+ T2
V(A-T9)(1-73) )’
arccos (\/(1-72) (1-T3)=T175 ) <01 9) < m—arccos (\/(1-T2) (1-T3)+T17»)
0059(12)—&-3’1%
(1-73)(1-73) )’

m4arccos (/(1-73) (1-T3)+T1T2 ) < 01 9y < 2w —arccos (/(1-T2) (1-72)~T173) .
(2.15)
In the following sections, we will use this geometry to construct the gravity dual of BCFT

Yo =
27T —arccos <

on a strip.



3 BCFT on a strip

In this section, we construct the gravity dual of BCFT on an infinite Euclidean strip by
using our refined model for AdS/BCFT. We suppose that conformal boundary conditions a
and b have been imposed on the two boundaries of this strip.

Let us first review the conventional AdS/BCFT model which does not have any defects
connecting the EOW branes. When the two boundary conditions are identical, the dual
is given by thermal AdS with the EOW branes being connected without any defect (if
the two boundaries are sufficiently close to each other) [2, 3, 27]. In this case, the lowest

eigenvalue was found to be EaCb})?T = —5ia; Where Az is the width of the strip. This
spectrum corresponds to the conformal dimension of the boundary condition changing

operator being h}’;fb) = 0.

When the boundary entropies of two boundary conditions are different, the dual
geometry is given by two disconnected EOW branes in the Poincare background. As the
result, the lowest eigenvalue for the BCFT was found to be Ea%? T = 0, which corresponds
to h?;i) = 57+ These two results imply that there is no operator with conformal dimension
between h?ﬁ) =0 and hE’;’%) = 57 in the conventional AdS/BCFT model.

In the following subsections, we generalize this simple spectrum by introducing a defect
that can connect the EOW branes, even if they have different tensions, or equivalently,
different boundary entropies. This will allow us to obtain any value for the lowest operator

dimension between h?;z) =0 and h?;";)) = o1
3.1 Bulk geometry

We are interested in constructing the gravity dual of an infinite Euclidean strip of width Ax.
Let us start by considering the thermal AdS3 geometry with two EOW branes connected
through a defect. The metric of the thermal AdS; without any branes is

dr2 dx2 h(x)
ds? = ¢2 + + de? | . 3.1
<28X2 hO)x? X ¢ (3.1)

Here h(x) = (1 — x?), with 0 < x < 1. We denote the periodicity of the Euclidean time 7
as TB_(%FT = 2729 x g which is assumed to be large compared to zg so that the thermal AdS
saddle is dominant compared to Euclidean black hole. The ¢ coordinate has period 27 so
that there is no conical defect at y = 1. Note that zy sets the length scale for the BCFT.

Let us first embed a single EOW brane without any defects in this geometry. Since the
brane satisfies the equation of motion in (2.9), its profile is

#(x) = ¢(0) £ arctan __Tx (3.2)

V() =72

in terms of the dimensionless tension J. As explained in appendix A, the bulk coordinate
transformation in (A.2) can be used to show that this configuration is equivalent to EOW
brane with tension T anchored to a line in Poincare AdS. The deepest point that the EOW
brane reaches before turning back towards the AdS boundary is

x = x0(7) :=v1—7T2 (3.3)
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Figure 3. A constant 7 slice of thermal AdS with two EOW branes, 7 and Yo, meeting at the
corner I'(y 9y.

Next we consider two EOW branes ¥ and Yo, with dimensionless tensions T; and Jo,
respectively. We assume that these tensions satisfy |To| < |T7|, without loss of generality.
The branes are anchored to the AdS boundary at I'' v = {x = 0, ¢ = m — a} and
I'yn = {x =0, ¢ = 7+ a} respectively, with some a € (0,7). As mentioned earlier, M
denotes the bulk region between these branes. Its boundary OM consists of the two EOW
branes Y1 and Yo, along with a region on the AdS boundary, N = {x =0, 71—a < ¢ < 7+a}.
From the perspective of the AdS boundary, the angular size of N is A¢ = 2. The width
of the strip is Az = 2azg.

We want to calculate the angle 6 5) at which the two EOW branes intersect in the
bulk. Depending on the value of «, the bulk geometries are qualitatively different, so we
need to treat the various cases separately.

As an illustration, let us consider the case where 1, T2 > 0 and « is small, in particular,

Tor/1—T2 . .
0<a< % + %arctan ﬁ We will state the results for the other cases momentarily.
17 Y2

A constant 7 slice of the bulk geometry, in this case, is shown in figure 3. The profiles of
the EOW branes in the intersection region are

TlX ‘IQX
d1(x) = —a + arctan ——=——, ¢2(x) = a — arctan ———=——. (3.4)
) - T3 Vit -3
To obtain the intersection point x., we set ¢1(x«) = ¢2(x«) to get an equation for y.
arctan % + arctan % = 2a. (3.5)
h(x+) — T3 h(x«) — T3

This . increases monotonically with «. The upper bound on « for this case is attained
when x, equals the maximum value xo(T1) = /1 — ‘J'%,Q and the explicit value is a =

Toy/1-T2 . .
T+ %arctan ﬁ as stated above. The angle of intersection between the two EOW

. 1 2
branes is

V() —T%)}Ef(Lg)*) —T1) =0T (3.6)

2This maximal value corresponds to the deepest point on X1 because we have assumed that |T1| > |T2|,
which implies that xo(T1) < x0(T2).

0(1,2) = arccos




Now we state the result for general o. Assuming that the tensions satisfy the condition
|T2| < |T1], the equation to obtain the intersection point is

T1 X ToXx _ Sgn(Tl \/
arctan ——1&:— +4-arctan ——2&—| = 2q, O<a<i+ arctan
Vh(x+)=T3 Vh(x+)-T3 VT3
/ 2
arctan h‘(yiif;f‘ﬁ —arctan h(iiif)i‘% =120, i+ Sgnm arctan \/751 a< g
_ Tixs _ Toxx | _ s 3w sgn(T1) Ta4/1-T2
arctan NOCAET] arctan NCTSErL 20—, 5 <o <3 T 5 arctan \/7
2
arctan % +arctan % =27 —2a, ?jf Sgn(m arctan \/7”21 a<m,
Xx)—J7 Xx)—=J3 I3
(3.7)
and the angle of intersection is
(X )—T2)—T1 T Toy/1-72
arccos VAR L((x(f)) )"Ti72 , O<a<Z® —I—Sgn(%) arctan —Y—_ e 721,
* ) 2 * ) 2 1 2
arccos | — V() =T ;L((h(x) ) {IZHTITQ) , I+ Sgn(%) arctan Y171 %; <a<i,
0,2 = - T
; (X -T2 4T, T Tor/1-72
2T —arccos _ V) h(x(:() )=T5)+Ti T2 T<a< %Tﬂ — Lngl) arctan 7%72 T; ,
\/(h(X*)—Tz)(h(X*)_TQ)—‘TlTQ 3 sgn(7T1) Tan/1—
27 —arccos lh(x*) 2 ’ Tn — Tl arctan ﬁ <a<T.
(3.8)
Here, sgn(x) := I%I is the sign function. Note that these results are valid even when one or

both tensions are negative.

The equation of motion (2.10) fixes the angle of intersection to be 0 9) = p. This
determines the value of «, and hence, the geometry in terms of 6y and the tensions of EOW
branes. Indeed, substituting 6; 2y = fp in (3.8), we get

T2 4+ T2 427, 7. 0
X*:\/l— +J5 + 2015 cos 0 (3.9)
sin? 6,
Also, the value of « that corresponds to this 6 is
l cosfp+T1T2
5 arccos ((1_7%)(1_7§)>
arccos (1/(1-T2)(1-72)—T1T2 ) < Oy < m—arccos (/(1-T2)(1-T2)+T172) ,
ap =
1 cosblp+T1T2
T — 5 Arccos ((1_7%)(1_%%))
m+arccos (/(1-T32)(1-72)+71T2 ) < 0y < 2m—arccos (/(1-T7)(1-T2)~T17T2) .
(3.10)

Note that (3.9) and (3.10) are symmetric in 7 and To, therefore the formula applies even
when |T1| < |T2|. Moreover, this result for «g is identical to (2.15) if we identify ~y with
2ag. In fact, the two bulk geometries can be identified by a bulk coordinate transformation
which maps the infinite strip N to the cornered region D, as explained in appendix A.
Figure 4 shows ag as we vary ¢y for various values of the tensions based on (3.10).

When the two tensions are equal T1 = Jo, then 6y is a continuous function of ag. In this
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Figure 4. Plot of oy as a function of 8y for various values of tensions.

case, (3.9) and (3.10) simplify to

72
S . 3.11
X sin2(0y/2) (3.11)
and ,
3 arccos (%) , 2arcsin |T| < 6y < 7,

o) = (3.12)

T — % arccos (Coslg(’;f ) m <6y < 2w — 2arcsin |T].
If we also set 0y = 7, then we get g = 5. The dual bulk geometry has a smooth EOW

brane geometry without any defect, which is the same as the conventional AdS/BCFT
model. Conversely, we find that 6y = 7 is possible only if T; = Ts.

When T7 # Ta, the curve for 6y has a discontinuity at ap = w/2. While all other values
for ag are valid, g = 7/2 is disallowed. This is because as we send 6 to its corresponding
value, the defect approaches the boundary and one of the EOW branes disappears. For
ap = /2, we only have one EOW brane and no defect, so this value needs to be excluded.

Conical defect in the bulk. So far, the geometries we have considered have a defect
only on the EOW brane. We can construct more general geometries by including a bulk
conical defect as well. First, we consider the metric (3.1), and embed the EOW branes
whose profiles are given by (3.2) with internal angle 6(; 5). A bulk conical defect located at
x = 1 with a deficit angle of A¢ can be introduced by identifying ¢ = ¢g and ¢ = ¢g + A¢
in the geometry (3.1). Here, ¢¢ is chosen such that the region given by ¢ € [¢o, po + Ado]
is contained within the spacetime M which is bounded by EOW branes. This is possible if
and only if

‘Il, Ty > 0, 209 > A¢ (313)

The first condition T1, To > 0 is required for x = 1 to be contained in the geometry, and
the second condition prevents self-intersection of the EOW branes [28]. For more recent
analysis, see [29-32, 43].

3.2 Euclidean action

In this subsection, we compute the Euclidean action for the bulk geometry dual to the strip.
This action is directly related to the lowest eigenvalue of the BCF'T as we shall see in the
next subsection.



First, consider the case with no conical defect in the bulk. After an explicit computation,
we find that the total action given by (2.6) is

2
[67)) 1 (.Ta )]
-+ — E ———— —arccos T, | |, (3.14)
€2 Zea:1<\/1—‘75 ¢

where we have introduced the short-distance cutoff € at the AdS boundary to regulate the

Tootal = IxnH
total —
2G N

UV divergences.
To cancel these divergences, we need to include boundary counterterms. These coun-
terterms must be covariant and local, and are chosen to cancel the divergences. In our case,

arccos T,
1, Vhom /
“ 87TGN£/ oM Z 87TGN /p( o VTem

3.15
_ Xxm 1 fXH 7. (3.15)
“ Gy |\e T 2) 2 Z T 1Gne Z areeos
On including these counterterms, we obtain the Euclidean action
Ixn C 9
I — — - —— a2 3.16
E= 4Gy " T T 6ne ™ (3.16)

Here we have defined the aspect ratio & := Az - Tgcpr in order to have scale-invariant

expressions. We have also used that the width of the strip is Az = 2ap2¢ and the central
34

2G N °

As an example, let us consider the case T; = T3 and a9 = 7, for which the EOW branes

charge is ¢ =

do not have a defect. Then the action is given by

con __ T

E _Tﬁa

where the superscript denotes that this is the answer in the connected phase of the
conventional AdS/BCFT model.

Let us generalize the above result to geometries with bulk conical defects, assuming
T1, T2 > 0. The action can be obtained by subtracting off the contribution corresponding
to the bulk portion that gets removed due to the conical defect. The result is

Ip = - jgi( 0—A2¢) = (Sfrg(ozo—A;))z. (3.17)

Here we have used that the width of the strip is Az = (2c9 — A¢)zp.

3.3 BCFT spectrum

In this subsection, we examine the spectrum of the BCFT on a strip of width Az. This
BCFT is dual to the bulk geometry that is bounded by two EOW branes that are connected
at a defect and it also has a conical defect in the bulk. For this purpose, we consider the
partition function ZBCFT(T BTCFTv Ax), where TB_éFT is the periodicity in 7 direction which
we will take to be infinitely large. In this limit, we have

EBCFT T—l

ZBCFTT Ax) — BCFT 3.18
( BCFT> $) AI'TBCFT%O € ( )

~10 -



where EBCF T is the lowest eigenvalue of the BCFT Hamiltonian H, BCFT In general, the
correctlons to the above equation are exponentially suppressed. Using thls lowest eigenvalue,
we can define the spectral gap as
A EBCFT EBCFT EBCFT 1 EZJ).%Z?FT (3.19)
5 b, . .

Suppose the EOW branes have dimensionless tensions T; and T5. Since Z ~ e~ '# and
using (3.17), the lowest eigenvalue is

Ag\?
EBSFT — __¢ ( — ) . 3.20
a,b 6mAx @o 2 ( )
The condition for the boundary changing operator to be the identity operator is
Ap 7
Q) — (5 = 5,
2 2
so the corresponding lowest eigenvalue is
BCFT e
=— . 3.21
ab 24Ax (3:21)

This situation includes the conventional model where the EOW branes are connected and

have identical tensions, and there is no bulk conical defect. In particular, when the two
ye

T 24Ax
The lowest eigenvalue of any unitary BCFT must be higher than this value. Therefore,

boundary conditions are identical, we have EBCFT =

if we demand that the BCFT is unitary, the following condition needs to be satisfied

0<ag— % < g (3.22)

Therefore, for a fixed «y, the spectrum obtained for an arbitrary A¢ subject to (3.22) satisfies
B adc
6mAx —

We note that (3.23) generalizes the lowest eigenvalue dictated by the conventional AdS/BCFT
model. In the conventional AAS/BCFT, neither intersections nor interactions between dis-

< EZFFT <. (3.23)

tinct EOW branes are allowed, so such EOW branes are disconnected. As the consequence,
the lowest eigenvalue is given by
EZFFT = 0. (3.24)

The gravity dual that we have constructed using the defect on EOW branes generalizes
this lowest eigenvalue to go below (3.24), for any choice of the two boundary entropies.
Note that when two boundary conditions are identical, the lowest eigenvalue is given by the
identity operator, so the dual geometry corresponds to 6y = 7 with A¢ = 0 and oy = 7/2.

Finally, we note that ag = /2 is allowed only if T3 = Ta, so there is no longer a defect
on the EOW branes. This implies that we can attain the lowest eigenvalue (3.21) only when
the boundary entropy of the two EOW branes are identical. In this case, the bulk conical
defect can reproduce the spectrum

e
EBCFT <0. 3.25
C UAx ( )
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For T1 # Ta, the corresponding ag can be made arbitrarily close to 7/2 by tuning 6y, but
equality cannot be achieved.

To summarize, a key advantage of our model is that it has a rich spectrum even if two
boundary entropies are distinct, as opposed to the conventional AdS/BCFEFT model which
has fixed lowest eigenvalue (3.24).

CFT stress tensor for thermal AdS. The above results for the lowest eigenvalue can
also be derived by analyzing the metric near the AdS boundary, without knowing the details
of the bulk geometry. Rewriting the thermal AdS3 metric in Fefferman-Graham coordinate,
we have

(2 1+2r% + 7% 1—2r% 404
st = (a4 e 122 ), (3.2
0

with x = 1-2;2‘ Then the dual CFT stress tensor is given by [44]

¢ 1 _ ¢ (00 - Af)Q. (3.27)

A T e 2 67 (Ax)?

The lowest eigenvalue can be obtained by integrating the CFT stress tensor on the width of

Az/2 c A¢ 2
EBCFT _ _/ Ty =— ( _ ) 2
ab nejo dx (Trr) v G I (3.28)

the strip,

which matches our previous result.

Relation between bulk mass and the spectrum. In Euclidean global AdSs, a massive
particle at the center is described by the metric

2 -1 2
ds? = (22 +1— u) dr? + ¢2 (22 +1— u) dr? 4 r2de>. (3.29)

Here the mass parameter u is related to the mass m through
w=8GNm (3.30)

Also, 0 is periodic with period 27.

When p < 1, the massive particle corresponds to a conical defect with deficit angle
Af = 27/T — u. When p > 1, this geometry is a Euclidean BTZ black hole. The relation
between p and the lowest energy eigenvalue can be obtained from (3.20). In particular,
when the EOW brane has no defect i.e., ag = 7/2,

240055,
2V1—p—1=\1-—== (3.31)

where h}()accb) is the chiral conformal dimension of the boundary condition changing operator.
This relation perfectly matches the corresponding relation found in [29].
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3.4 Spectral gap in Liouville theory

In this section, we show that Liouville theory with ZZ boundaries [45] gives a spectral gap
AE(EI?FT which is similar to that of our gravity dual. We emphasize that this match is only
a formal analogy because ZZ boundaries in Liouville theory have very different properties

compared to the usual conformal boundaries of unitary BCFTs.
For comparison, the spectral gap for our gravity model without bulk conical defects is

2

AEBOFT — T (190 ) ¢ [0 m] . 3.32
ab 24 Az (7/2)2 ' 24Ax (3:32)
The central charge for the Liouville theory is ¢ = 1 4+ 6Q? where Q = b+ b~!. The
semiclassical limit ¢ — oo can be obtained by taking b — 0. The degenerate representations

appear at conformal dimensions

Q> (m/b+nb)>

A = .
and the corresponding degenerate characters are
—(m/b+nb)2/4 _ —(m/b—nb)?/4 ]
Xmn(T) = g q , q =™, (3.34)

n(r)

where n, m are positive integers. A(,, ) are negative except for A ;) = 0. Therefore
there is no direct connection between Liouville ZZ boundary states and our holographic

construction. Nevertheless, when we restrict our attention to the spectral gap AE??FT, we
can find an interesting formal match.
The inner product between two ZZ boundary states | B, ) is given by [45]
min(m,m’)—1 min(n,n’)—1 i
B “BHI2|B ) = kLt — 2 <)
< (m,n)‘e | (m/,n )> kgo ; Xm+m/—2k—1n+n'—21—1 BTacrT
(3.35)
When we take the limit STgcpT — 0, the term with £ = [ = 0 dominates, so
<B(m,n) |e_Aa:H‘B(m/7n/)> . eiAE(BTS,I’Z’)I‘,(m,,TL/)'TBTéFT
\/<B(m,n) ‘eiAxH’B(m,n» (B ) |67AIH|B(m’,n’)> Az-TgorT—0
(3.36)
where )
/
BCFT _ T / m—m

We consider b < 1, which corresponds to the large ¢ limit. Assuming that m = m’ and
In —n/| < 1/b% + 1, the spectral gap ranges between

0 < AEBCFT m(c—1) . rc

5 < ~ : 3.38
(mon),(mon') = o4 Ne "~ 24Ax (3:38)

This result matches the spectral gap in our AdS/BCFT model. However, we should
reemphasize that match between Liouville theory with ZZ boundaries and our model is
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only formal which is clear from A, ) being negative. Moreover, there is another peculiar
feature about ZZ boundaries that distinguishes them from usual BCFT boundaries. Namely,
we have

EBCFT il ((Qn — Db+ (3.39)

7 2m — 12

(mn),(mn) — g Ap )
which is distinct from (3.21) although this amplitude is between identical states. This
mismatch also disallows us from interpreting the Liouville theory with ZZ boundaries as

the usual BCFT.

4 Entanglement entropy and entanglement island

In this section, we study the holographic entanglement entropy in our model. We use the
Ryu-Takayanagi (RT) prescription to compute this entanglement entropy. We restrict to
the case with no bulk conical defect.

We start by considering a normalized boundary state for a conformal boundary condition
B, prepared on a circle with circumference TgéFT,

e—%HCFTAl"Ba>

Bale—Herrdal B,y

|Ba(A/2)) = (4.1)
This state is often used to model an initial state for a global quantum quench [46, 47].
In the following, we consider the entanglement entropy of a superposition state

W) =3 ca| Ba(A/2)), (4.2)

where the ¢,’s are complex coeflicients. We restrict to the case where the boundary entropy
Sp, is equal to a fixed value Sp (or it is in a narrow window around Sg) for the boundary
conditions B, appearing in |¥). Let Ng, be the number of such boundary states.

We assume that the inner products (B,(Az/2)|By(Az/2)) have holographic duals
with a defect connecting the EOW branes. For simplicity, we assume that 044 = 7
and 0(,) = 0o when B, # Bp. Under these assumptions, the geometries with 6,3 = 6o
dominate the gravitational computation for (B,(Ax/2)|By(Az/2)) if

Nsg Nsp 2

Ca c,Ch | exp | — ——ap |- .

= a1 6mAx \ 4
a#b

If all the ¢,’s are approximately equal, then this condition can be satisfied only if Ng, >

exp {(ﬁch <%2 — ag)] Since the gravity dual for (¥|¥) is given by the geometry with
O(a,p) = bo in this case, the RT surfaces in this geometry compute the entanglement entropy
of the state | ).

One can also understand this RT surface in terms of the pseudo entropy [37]. The pseudo
entropy is given by the von Neumann entropy Sp(A) = — Tr[X 4 log X 4] of a normalized
transition matrix X 4. In our case, this transition matrix is

L Tea [|Ba(A/2))(By(Ax/2)|
" Tea [1B.(80/2)) (B Be/2)]]

(4.4)
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T,2) T,2) Ta,2)

2
(a) Case 1: Thermal phase. (b) Case 2: Boundary phase. (c) Case 3: Defect phase.

Figure 5. Three phases of the RT surfaces for the boundary subregion A.

4.1 Three phases of the RT surface

In this subsection, we will use the RT surface prescription to compute the entanglement
entropy for a subregion [46, 47] of the state |¥) or the pseudo entropy for X 4. We assume
the tensions of the EOW branes are equal, 71 = T = T, and T is the corresponding
dimensionless tension. Also, the internal angle at the defect is §;. We assume the bulk
conical defect is absent for simplicity.

Recall that our BCF'T is defined on the strip

N ={(r, 2 =206) | 0< 7 <Tgdpp, 1= <dp<m+ao}, (4.5)
so the width of the strip is Az = 2zpag. On this strip, we consider the subregion
A={(r,x=2z(r—0)) | 0< 1 <|A]}, (4.6)

with a particular value of o € [0,ap). Since 7 is periodic with periodicity Ty pp and |¥) is
a pure state, it is sufficient to consider the case |A| < TgéFT /2. There are three different
phases of the RT surface as shown in figure 5.

Case 1: Thermal phase. In this case, the RT surface is a single connected surface. This
surface is shown in figure ba and we label it as ;. This phase is realized when the subregion
A is sufficiently small. We will see that the entanglement entropy is extensive in this case.

The bulk geometry has reflection symmetry about the ¢ = m — ¢ plane, so the v lies
on this plane. This surface is given by the geodesic

) _ . 2 T—1T0
\/1 X \/1 X§ cosh = (4.7)
with the parameters being
4] 4]
0= Xo=tanh o (4.8)
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Note that (7, x, ¢) = (70, X0, T—0) is the deepest point on this geodesic. If the maximum
depth xo is sufficiently large, 1 will be cut by the EOW branes in the negative tension case.

Therefore, the thermal phase with T < 0 exists only if T > ——-tanlao—o)sech(i4]/2z0)
\/tan(oco—a)2+tanh2(\A|/2z0)

The holographic entanglement entropy is

A1) ¢, 2 ¢ )
A) = =—-log—+ =1 h(|A|/2z0). 4.
50 =45V = £10g 2+ & logsinh (141220 (4.9

Since this result is independent of o, analytically continuing it to real time does not give
rise to any time dependence. For large |A|, this entropy demonstrates the volume law
c., 2 Al ¢

A~ —logZ + 2 _ 209 4.1
S(A) 0g€+6ZO 51082, (4.10)

at an inverse effective temperature,
7r
=27z = —(2Ax). 4.11
Biwy = 2m2o 2%( ) (4.11)

There is a prefactor ﬁ here, which lowers the effective temperature for the same Ax for a

given ap < 7/2 as compared to the conventional case for which ay = 7/2.

Case 2: Boundary phase. In this phase, the RT surface has two disconnected pieces
that end on the EOW branes. This surface is shown in figure 5b and we label it as «2. This
phase is preferred over the thermal phase for sufficiently large |A|. We will see that the
entanglement entropy is intensive in this case.

Each piece of o lies on a constant 7 surface because of the 7 reflection symmetry.
These pieces are given by the geodesic

\/1—=x2%cos(¢ — 7+ 0+ ¢o) = cos go. (4.12)

Here we have determined the parameter ¢y = a9 — o by requiring that the geodesic intersects
the EOW brane orthogonally. The endpoints of 72, lying on the EOW brane X1, are given
by Xep = V1 — T?sin(ag — 0).

If a9 < 7/2, or equivalently, 8y < m, this geodesic exists for all values of o. If
ag > /2, the critical value corresponds to the endpoint lying on the defect. This is given

by Xep = X+ = /1 — T? CSCQ(%O), so the condition for the existence of this geodesic is
T {cot(%‘))|
a() — 0 S arccos ﬁ (413)
In particular, this surface exists for o = 0 if and only if oy < 7/2.
The holographic entanglement entropy is
A 2
Sa = 48;) = glog - + glogsin(ao —o)+253B. (4.14)
Here Sp is the boundary entropy
Sp = % arctanh T, (4.15)
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which can also be obtained using the disk partition function [3]. Note that there is an
extremal but not minimal surface 74 ending on the other EOW brane ¥, i.e., the EOW
brane anchored at ¢ = m + «g. For this surface, we have

A~ 2
4(67;) = glog - + glog sin(ag + o) + 25p. (4.16)
The surface ~4 exists wh +o< Tleot(5)]
73 exists when ag + o < arccos — —2-.

When we analytically continue this Euclidean entanglement entropy to real time, it
is important to consider both A(vy2) and A(v5), as well as cases where the two pieces
of the RT surface ends on distinct EOW branes. To evaluate the entanglement entropy
of the state e‘iHCFTt|\IJ), we analytically continue ig;) and %M;) by taking o — —i%.

After this substitution, these two extremal areas are complex conjugates of the other,

A(v2) = A(74). The total areas in the other two cases are purely real and are equal to
Re [A(y2)] = Re[A(4)]. Therefore, the real time entanglement entropy is given by this

real piece,
‘A(’YQ)] c 2 ¢ cosh(2t/zg) — cos(2ayp) c
S4=R =—-log-+ =1 255 — - log 2. 4.17
e{4GN 38 TR 2 2o~ glos (4.17)
At late times t > zp, this entanglement entropy is
c 2 ct
Sy~ -log—+—+25g. 4.18
A= glog -+ 370 +2Sp (4.18)
Hence, at late times satisfying
‘A‘ 62’053
t> — — —— 4.19
> 2 c ) ( )

the thermal phase will be favored over the boundary phase.

Case 3: Defect phase. In this phase, the RT surface has two disconnected pieces that
end on the defect. This surface is shown in figure 5¢ and we label it as 3. As in the
boundary phase, the entropy is intensive. This phase is always subdominant compared
to the boundary entropy phase if the latter exists. Therefore, this phase is realized only
when the subregion is sufficiently large and the boundary entropy phase is absent. For this
reason, when oy < 7/2, this phase is irrelevant.

As earlier, each piece of 3 lies on a constant 7 surface. These pieces are given by
the geodesic

\/1—x2cos(¢dp — 7+ 0 + ¢g) = cos ¢y. (4.20)

sin(0o/2)+7T cos o
Jsino

Here we have determined the parameter ¢y = arctan by requiring that the

geodesic passes through the defect.

If T > 0 this geodesic is guaranteed to exist. However, when T < 0 this geodesic
sin(60o/2)+7T

(0 /2)_7). This implies that this phase always exists

exists only if o < 2arctan (tan (%)
around o = 0.

The holographic entanglement entropy is

Alys) ¢, 2 ¢
- — Slog 24+ 5
Sa=ay 38 tglos

sin(6y/2) + T coso
sin(0o/2) + T

+25p. (4.21)
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Here we have defined (00/2) 4T
Cc sin (g +
= —log ——~+—— 4.22
Sp 1= 5108 GG B = (4.22)
and we call it the defect entropy. This defect entropy can be considered as a generalization
of the boundary entropy Sp and it reduces to Sp if we make the defect disappear by
setting 09 = .

As mentioned earlier, the boundary phase is favored over this phase, A(v2) < A(73),
if both phases exist. This is because 79 is minimal amongst all surfaces that end on the
EOW brane.

¢

The real time entanglement entropy is given by analytically continuing ¢ — —iz-, 80

_c 2 ¢ T cosh(t/zo) + sin(6y/2)
Sa = 3log6 + 310g< T+ sin(0o/2) +2Sp. (4.23)
Note that this result is manifestly real unlike case 2. At late times t > zg, this entanglement
entropy is
c 2 ct c 2 (T +sin(6y/2))
Sa~-log—+—+25p— -1 . 4.24
R P R T (4.24)

It is also worth mentioning that the 73 is minimal but not extremal because of the
singular nature of the defect. One can imagine a scenario when there is a matter theory
on the EOW brane which smoothly interpolates between the two different tensions of the
EOW branes, and the defect is realized as the sharp limit. In this case, the RT surface is
extremal and the distinction between cases 2 and 3 disappears.

4.2 Interpretation as entanglement island

In this subsection, we explain and interpret the results in the previous section in terms of the
island formula. We interpret the state |¥) as a field theoretic wavefunction being prepared
by a matter field that lives on the EOW brane. In other words, the EOW brane is now
the spacetime on which a quantum state |¥) is prepared [35, 36]. We are interested in the
entanglement entropy of a subregion A of the state |¥). We assume that the matter theory
is a holographic BCFT to simplify the analysis [48]. When the effective temperature of |¥)
is sufficiently low, the EOW branes in the bulk are disconnected. When the temperature is
sufficiently high, the EOW branes are connected via a defect, creating a closed universe
that terminates at this defect.

The three phases of the RT surface in the previous section can be interpreted as the
phases of the entanglement entropy of A [36]. When the subregion is sufficiently small, the
entanglement entropy is given by the thermal answer from matter theory. This corresponds
to case 1. When the subregion is large enough so that the naive thermal entropy is much
larger than the boundary entropy, then an entanglement island is formed on the EOW
brane (case 2) or on the defect (case 3).

In case 2, the two pieces of the RT surface can end on the same EOW brane or on
different EOW branes. However, the “island” in the latter case cuts through the defect
on the EOW brane, so the corresponding entropy increases by the boundary entropy of
the defect coming from the matter field on the EOW branes. Consequently, it can be
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argued that this configuration is subdominant when we are looking for the island. As the
result, the island lies only on one of the two EOW branes. The bulk matter wavefunction
on such an island is a transition matrix, so the matter part of the generalized entropy is
given by the pseudo entropy. It is expected that there is a generalization of entanglement
wedge reconstruction to such cases, although there are no quantum information theoretic
foundations for this claim yet.

In case 3, the RT surface ends on the defect. This can be interpreted as an island lying
exclusively on the defect. Therefore, a portion of the defect is included in the entanglement
wedge of the subregion A.

5 Three-dimensional wormhole saddles

In this section, we construct a connected bulk geometry with multiple AdS boundaries using
our model of EOW branes and defects. This geometry is similar to the replica wormhole in
2d gravity with EOW branes [13]. However, we will be interested in defects with 6y > 7, so
these defects have negative energy.

One way to add such negative energy in the bulk is by adding non-local interaction
between different boundaries [49], which can originate from integrating out “fast” degrees
of freedom. Such non-local interaction between boundaries can make a non-traversable
Einstein-Rosen bridge traversable, so that different boundaries can communicate with each
other [49, 50]. We interpret our model in this section as a realization of such non-local
interaction between BCFTs, and the non-unitarity of the BCFTs with 6y > 7 comes from
such non-local interactions obtained by integrating out these fast degrees of freedom.

Let us consider two BCFTs that live on two different strips with widths Az and Axs
respectively. They have the same periodicity TgéFT in 7 direction, so the aspect ratios are
& = Az - Teerr and & = Axs - Tpopr. Figure 6a shows a constant 7 slice for this setup.

We assume that the tensions satisfy 77 = T35 and 15 = T, and that the angle of
intersection between the 1, X3 EOW branes and the Yo, ¥4 EOW branes is 6y > w. This
assumption is required to get connected geometries. it implies that ag > 5 and that the
BCFTs are non-unitary.

The factorized geometry is shown in figure 6b. The Euclidean action for this geometry
is the sum of the two corresponding actions

=N _ % (5.1)

where «y is given by (3.10). The connected wormhole geometry is shown in figure 6c. It is
obtained by stitching together two geometries, each with a boundary angle 2ag. The total
boundary angle for this wormhole geometry is 2ay, = (49 — 27), where we have subtracted
a 27 to account for the connection. The Euclidean action for the wormhole geometry is

c o c (209 — m)?

S e A (5.2)

= —
BT Torge Y 6m 646

where &, = &1 + &2 is the total aspect ratio for the wormhole.
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(a) Boundary Setup. (b) Factorized Geometry. (c) Wormhole Geometry.

Figure 6. Constant 7 slices showing two BCFTs along with the disconnected and connected dual
geometries. The factorized geometry is the leading contribution to the product of partition functions
whereas the wormhole geometry is subleading. The latter arises from non-unitarity of the BCFTs
with 09 > 7.

The factorized geometry strictly dominates over the wormhole geometry, since
PR TENR AR SN
& & 6m &1+ & 6r & +&

67
Here we have used the arithmetic mean-harmonic mean inequality to establish the first

= Iy (5.3)

inequality.
More generally, if we have n disconnected boundary regions with aspect ratios & =
Ax; - TgorT, then the Euclidean actions for the factorized geometry is

T S (5.4)
Proen = & '
and for the fully connected wormhole geometry is
¢ (nag — (n—1)m)?
Ij=—— . 5.5
i 67 i1 &i (5:5)
This fully connected geometry exists only for ay > (=D From these results, we can

n
conclude that any wormhole geometry is subdominant compared to the corresponding

factorized geometry, even though we have considered a non-unitary BCFT. Recall that
without non-unitarity, it is not even possible to construct a connected saddle. Interestingly,
in order to increase the number of boundary components, we need larger a «g, which means
that we need to make the BCFT “more” non-unitary.

6 Discussion

In this paper, we have developed a generalization of the conventional AdS/BCFT model
by including defects that connect EOW branes with different tensions. This construction
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enables us to study a BCFT whose lowest eigenvalue can be tuned arbitrarily close to
that of the identity operator. This construction is particularly useful when the boundary
entropies of the two boundaries are distinct, i.e. when the conventional model has a restricted
lowest eigenvalue.

We conclude with some remarks and possible future directions. The construction in our
model is based on 3d gravity, and we expect that the generalization to higher dimensions
should be straightforward. Although we have calculated the real time entropy in section 4,
we did not study the corresponding real time geometry. It would be interesting to develop
this analytic continuation. It would also be interesting to generalize our defect on the EOW
branes to a smooth configuration. We can imagine a model in which the tension of the
EOW brane is position dependent, and in particular, it interpolates smoothly between the
two BCFT boundaries. Closely related models were studied in [51, 52]. We would like to
understand the interpretation of the boundary entropy in this configuration, for which a
specific example is given by the defect entropy in (4.21).

The connection between unitarity and connected geometries in section 5 remains
mysterious and interesting. We should emphasize that although the connected saddle exists
in the non-unitary case, this saddle is always subleading compared to the disconnected saddle.
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A Extention of boundary conformal transformation to bulk

In this appendix, we examine the bulk coordinate transformation from the Poincare patch
to another coordinate patch. This transformation is dual to the boundary conformal
transformation from a plane to a 2d patch. In particular, we find the map between vacuum
AdS and thermal AdS.

The Poincare AdSs3 metric is

2 _ L 2
ds” = o) (—2dv+d1)_ +dz ) . (A.1)
Here we have used the light cone coordinate vy = %(t + r) for the Minkowski space
ds? = —2dvydv_ = —dt? 4+ dr? at the boundary of AdS.

Suppose we have a conformal transformation vy = fi(uy) that acts on the boundary.
We can extend this to a bulk coordinate transformation via [53]

B 2 f1 ()2 7 ()
vt = fe(us) + g ) e )
_ 8C(f (uy) f (u-))>/?

= @S o) -G )

(A.2)

z
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where ( is the new radial coordinate. This bulk transformation maps the Poincare AdSs
metric to

d¢? ¢
ds? = /2 e + Lydu? + L_du® — C2+ > L. L |dujdu_ |. (A.3)

Here L.y are related to the Schwarzian of the conformal transformation and are given by

1 3f//2 _ 2f f///
Ly = —o{fs(us) us} = —,gi (A.4)
2 4fE
Hence, the CFT stress tensor in the transformed coordinates is
c
Tuj:'u:t = mLﬂ:a Tu+u, =0. (A5)
The analytical continuation of vy to imaginary time is
txr —ir£r
IR (5.9)
Similarly, for ds? = —2dz dr_ = —dt2 + 23d¢?, we have
ty + 20(25 —iTu + Zo¢‘ (A7)

U4 = \/5 — \/i

In these complexified coordinates, the conformal transformation can be rewritten as
v=r+4ir =g(u), v =r —ir = g(u) with u := z9¢ + ity, @ := z0¢ — it,,. The metric is

ds? = (2 <d§ + Ldu? + Lda* + (22 + §2LL) duda> : (A.8)

where we have defined L := 3{g(u),u} = —3{f-(u_),u_} and L := —3{g(u),u} =
—i{f+(u+),u+}.

Mapping a plane to a cylinder. We consider a conformal transformation from a
cylinder to a plane,

i i

v =zpe 0, = zpe= . (A.9)

S

Here we have defined the coordinates on the cylinder as
u = 200 + it = —V2u_, U= 200 — it = V2uy, (A.10)
and the coordinates on the plane as

vi=1x—iy=—V2v_, Ui=x+iy =V2v,. (A.11)

iv2

. . u
This conformal transformation can be also be expressed as vy = j:%e T

- 29 —



Applying (A.2) to this conformal transformation, we obtain the bulk transforma-

tion between the Poincare metric, ds® = ﬁ—z(d:/c2 + dy? + dz?), and thermal AdS, ds? =
2 (dr2 dx? h(x)d¢?
L (2(2)X2 + R(x + 2 ), to be

)x?

b = 2y N,

(A.12)
z = Zoei(u++u*)/(\/§z0)x‘
where we have related xy = Cfﬂig. This can also be expressed as
0
x = zpe™/ %0 \/h(X) cos ¢,
y = z0e™/%0\/h(x) sin ¢, (A.13)
z = z9e7/?0y,
For this transformation,
Ly=—— Al4
£ =g (A.14)
so the stress tensor is given by
T¢¢ C
T —=_29 _ . A.15
TT 28 24722 ( )
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