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ABSTRACT

The problem of calculating the ordering and properties.
of low-lying levels in configurations of the type 5£76d falls

’_into four*parts: (a) the choice of a coupling scheme to define

fthe basic eigenfunctions, (b) the evaluation of the matrix

elements of the spin-orbit interaction and of the Coulomb
interaction in the form of linear combinations of certain

radial integrals; (c) the estimation of the radial integrals;

_(d) the diagonalization of the energy matrices. With regard to

(a), the J3 coupling scheme is considered to be the most

f_“appropriate, this implies that the Coulomb interaction between

the core, comprising the equivalent f electrons, and the 4

v electron (to whose levels the respective symbols J and J refer)

' b :
is weak comparedi" the interactions'within,the two systems.

Part () is carried out by applying the tensor operator and -
group theoretical methods of Racah. For (c), values of the |

‘Slater integrals P (5f, 6d) and G, (5f, 64) are estimated for
'various-atoms by assuming that they maintain the ratios one to.
N another as ‘they do in ThIII, and that their. variation along the

1actin1de series parallels the variation of G3(5f 7s) The

last parameter is known for ThIII, and analyses of UII, Pull,

- and AmII show that it decreases as one advances along the

actinide series. This decline is interpreted as being due to

the collapse of the‘5f shell, and the internal nature of the

5f electrqns allows some'general statements to be made about
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the spin-orbit coupling constants. Additional information on
the parameters'is provided by an analysis of the pfopertieé of
"the four lowest levels of CmlI. Part (a) is accomplished for

84 and £1°3 by the

the very lowest levels of fgd, fsd, f4d, £
simple expedient of neglecting all off-diagonal elements; for
Ul fsd, where extensive spectroscopic information is available,
the interaction of the levels deriving from the Jj coupling of
419/2 ;o 2D5/2 with those deriving from the co?pling of 4111/2
to D5/2 is included. Where experimental data are available,
agreement with the theory, both in respect to the positions Qf
‘the levels and to their Landé g values, is good ——  often

surprisingly so in view of the approximations made.

&
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LOW-LYING LEVELS IN CERTAIN ACTINIDE ATOMS* - ,
© B. R. Judd '

Lawrence Radiation Laboratory
University of California

Berkeley, California
July 6, 1961 . -

1. COUPLING SCHEMES

It is now well established that the ground configurations

2,3 4 5 7

of Pall UI>’® NpIf Pui’ AmI and CmI ere 5r6a, 5£6d,

_5f46d, 5f6, 5f7,and 5f76d respectively. The presence of a number

of £ electrons makes these configurations Very‘complex;
nevertheless, therrdering and the properties of the lowest
lévels of 5f6 and 5f7.are understood tolerably weil. This is
not the case with configurations of the type fnd;_indeed,;evenl
the qﬁestion of the ordering of the lowest levels is by no
means easy to answer. The special problems connected with the

addition of a 4 electron to a configuration of the type 2 form

the sﬁbjeét.of this paper.

The central prbblem can be stated very simply. Taking the
states of a configuration 4 as a basis, we have to diagonalize
the matrix of Hj+Hg, where H; is the Coulomb interaction betwéen

the electrons, and H2 represents the spih-orbit coupling. In.

detail,

Hl = Z 62/1‘13
S 1>)
and . Hy = > Tlryed,.
1

T
he symbol ?13

Js 8y and fi'denote the spin ahd orbital angular momentum

stands for the distance between electrons i and

respectively of electron i. The function ‘Z(ri) depends on

*Work done under the auspices of the U. §. Atomic Enefgy Commission.
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the central,field potential and has'the same significance here

as in the boék by Condon and Shortlex The complete,matrix of

H1+H2

characterized by the quantum number J2 of the total angular

‘breaks up into a number of smaller matrices, each >

- momentum of the electron‘system. (The reason for the subscript
2 will soon be apparent.) Even go, the number of rows and
columnS'possessed by these matrices increases very rapidly wi@h n,.
and an_exacf diagonalization is often extremélyvtedious. A more
profitable approach, and one that has a greatér physical éignif—
icance, is to choose the basis states in such a way that the
largest entries‘in the matrix_of H1+H2'form an.exténdéd string
of tiny métricés running along the main diagonal. Provided the
coupiing 5etween these tiny matrices is not too large, each one
can be diagonalized separately. |

Iﬁ treating cOnfigu%ations of the type fnd, it ies advantageous
to consider the f electfons as forming a central gore, not only
becadse fhey_epend most of their time well'within}the orbit of
the d‘elecﬂron, but also because theftechniqnes for dealing with
nAéQuivalent f electrons have been extens@vely de&elbped. Within
the 5f shell, Russell-Saunders (LS) couting, although not
perfectly fulfilled by any means,-ié cert&inly a better approximatign
than jj coupling. If the,Couloﬁb.interaction between the 4 electron
and an elecﬁron of the COPé is energetically more important than v
the spin-orbit coupling of the d electron, then LS.coupling'ie
a reasonable approximation for the entire-configuration'fnd; in

this -couvpling scheme the basic states are of the type
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The quantum numbers have thelir usual: meanings, and are

subdyﬂipted to denote the groups of electrons to ‘which they refer.
0dd subscripts are always used to label states of the core,

whereas quantum numbers that refer to the entire electron

- system have even subscripts.

In view of the different spatial distributions of the bf
and 6d‘electrons, it is not unlikely that the energy assoclated

with the spin-orbit coupling of the 4 electron exceeds the

‘Coulomb energy of interaction between the 4 electron and an f

‘electron. It is now more appropriate to treat the core and the

d electron as two separate systems, whose total angular momenta

J, and J are weakly coupled to form Jz. We refer to this type

1l
of coupling as JJ coupling; the corresponding basic states are
n v
ESR S

L In 915 84 3, Jg M), (2)

The energy-level pattern to which this coupling‘scheme corresponds

18 shown in ¥Fig.1l for the case of n = 4.

In order to discover which of the two coupling schemes more

nearly approximates to the actual coupling scheme of the actinides,

- we consider the Zeeman splittings of the ground levels of Pal,

UI, NpI and CmI. For LS coupling, the Lande g value for a level

Vcharacterized by the quantum numbers 82,L2,and J2 is given

isimply by

g = &8, L,4d,), ;V | §s5
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where J(J.',i) + 8(8+1) - L(L+1) .
g(s8LJ) = 1+ - ()
el s . 23(J+1) SR

On the other hand, for Jj coupling, it can be shown by

elementary tensor operator techniQues that

5 ) To(Tg#1) + J7(3741) - $( 3+1)
1 1 b - 23,(3g41)

g = g8

. ale a9 _J2(32+1) + 3(3+1) - 39(3y+1) , 4 (5)
: 2J2(J2+1) _

The quantum numbers Sz,Lé,and Jy for the ground level in LS
coupling can be found by applying Hund's rule to the entire
cqnfiggration fnd; the quantum numberslsl, Ll’ Jl,ahd J which
label the ground level in J3j coupling can be found by applying
Hund's rule separately to the core and to the 4 electron. The
| 'results of the calculation are . given in Table I. Remarkably
good agreement is obtained between the experimentally observed
g values and those calculated on'the assumption of JJ coupling.A
We conclude that the states (2) form a more suitable bésis’than‘
the sttes (1). The superiority of J3j coupling has been%stressed
by members of the'atomic-beam group at Berkeley in theér
experimental papers, though we réject'their eﬁplanatioﬁ that -
deviations betﬁéen the last two columns of Table I are Euél

jrto configuration intefaction?

<o
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2. MATRIX ELEMENTS

Although our main interest lies in}configurations of the
typé a4, it is scarcély any more trouble to dévelop the theory
for the’géneralvconfiguration AN }Accordingly, the
specialization to fnd is dropped. It is particularly easy to
evaluate Matrix elements of H2 in the JJ cbuplingvscheme, since
this operator does not couple the electron L' to the core ,Cn;
On msking the abbreviation | |

/zpi_ = ‘Zn Y, Si Li’

we can write ‘ . D B ,

Yy Iy, 8" Ty | Hy Ys Iz 84" 3" Ty M)

= S(J'l,qs) £ars 3" RJZ 7)) S(M

[C(zh?,&)j’ (o £' 3 rs.uaz':n o
- W%Jlxzswlws 3 ] (e

where the summation~runs over the n electrons forming the core.

The spin-orbit coupling constants' .'fe' and -fé" are given

by equations of the type
' o0

of) - | f 'Rj(r) ;(z#). 'al-,'

where RZ is the appropriate radial eigenfunction. The matrix 135
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elements on the right-hand side of Eq. (6) can be found by the ] ]

usual techniques for handling configurations of equivalent

electrons? Thus

(s g 3" 1g gl st 3" | o |
| RN
Loy A [u'wu)(zz'u)/zji’ {j i J,}

and

»("!&11‘28"6‘%3‘13)
= n [:5,5 (l+1)(2,£+1)(2L +1)(2L +1)(2s +1)(2s +1)/2]’}

) (_1).11+sl+35+£ +3 { 8, 85 1 }

L, L, J

3 "1 1

Y

- ( "._(, B (8 s 1) (4 £
S Z. 'Lhﬂ-'tf)ws{l'q/ i {55 Blg} Ly 'Ll‘ '

[ I
\W

Quantities of the type (1#1'{( % ) are fractional parentage . .

- n-1-
‘coefficients: v defines a term of . /6 .

',: The ease of calculating matrix elemente of 32 in the Jj =

coupling scheme is offset by the difficulty of treating Hl‘
Even in L8 coupling the resultant expreseiona are quite
vcnmbereome. Thus, using the standard methods.cf tenecr efﬁf

foperators}o we f£ind that the contribution to
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coming from the Coulomb 1nteraction of the electron ' with

the electrons in the core is equal to

Z [D (n; 8) Ly Ly; Ly) (' £, o al

. Ke v ' 1" t ] |
+ _'Ek(n’ Sl L19 85 L3: 2 Lz), G (n r{’ n" £ ) .

~ In this expression, Flk(n' L, n" £') and Gk(n' Z, n" L') are

the usual Slater integrals (see Condon and Shortleys), the .

symbols n" and -n" denoting the principal gquantum numbers

attaching to electrons A4 and -,(" respectively. The

Quantities Dk and E. are given 'by
Dk(n;'. 1 1 Lys L)
= (2£+1)(2ﬁ'+1) f(sz, 34) 5\(L2, 1.4) f(sl, 85) |
,‘(_'_1)1,24~Z+L:5 (kav )(&' k_ 2! > {[' k zn}
| 0 0 O© o o0 0 . L, L, L

1 Lo Lz )
< @Yy 10 1y, - ’ ()

and
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<

= ﬁ(24+1)(2l'+1) 5‘(32, 84) §(L2, L4)

1 S, 48 L'k L
7z 173
% [(28,+41) (2L, +1) (285+1) (2L4+1) ] % (-1) (0 5 o
| _ L £ 1L,
- - 8 S S.s y)
! . 10
"Z"%“W"%{W’){s S'El} K ¢ (20)
(!’ 9 2
| (k) | N (k) ...
The tensor U is the sum of the unit tensors Bi for the
electrons i of the core; the reduced matrix element occurring
in Eq.(9) is given by ' - ~
(o (x) |
(Yo Il 0 Y | |
) - - L+k+ 4 +1q L L, L
_ . : 1
= n YO8 TS B { | .
| Z LRI Yl W L, £ X
ke | (11)
In order to find the matrix elements of Hy in the J
coupling scheme, we write
| (85 Lz)d5, (8 £')3Y 3,) | - B a

- Z ((.ss 8)8,, (Lg £')L,, 3, | (85 L,)J,, "('s 290 3,) ?

Sgr Iy

x [(85 8)8,, (L, £')L,, 3,);
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¥ as is well known}l
T Uy ey (g Uy 3, | (8 )T (e 4" T,
| ; 8z - B,
= [(2S4+1)(2L4+1)(2J5+1)(23"+1)] Ly 4' I, .
Hence | |
(Yy 3pr 84" 3" Tp | By Yy T5 8 247 3" 3,)
= §(3,, J4) ]_’('2.1| fl)(2J3+1)(23'+1)(23<"+1)] z )
,‘ B s, & 8 ) (B & 8
X Z '(252+1)(2L2+1) L, AR _L2 | 1,‘3' A L2
So» L2v | | J]_ _j' J2 J.'_’; 3" _JB
X (Yy» 475 8y Ly | H| Ygo £ 8g ) (2)

" It might be hoped that when the expreesion (8) is
 substituted for the matrix element under the summation in ,
 Eq.(12), the detailed forms of D, eand E, would permit the sums

over 82 and I._ to be carried out. We can examine the feasibility

2
'_of this simplification by drawing out the coupling diagrams for
the sums. This is done in Fig.2 for the sum involving D, and
. in ¥4g.3 for that involving Ey. Every triangular condition in

©" the sume, save those involving the running indices Sy and'Lz; o
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. is replaced by the junction of three branches labelled by the
correséonding quantum numbers of angulag/momentum. The figure
for D, is quite simple; in fact, if the branch labelled Jo were ¥
eliminated, it would be identical to the figure for the

' Biedenharn-Elliott sum rulei’  The effect of the extra branch

is to prodﬁce an additional 6-3 symbol when the sums ovér Sq

and L, are carried'ouﬁ. Instead of the prodﬁctvof two.6-j

symbols, which the Biedenharn-Elliott sﬁm gives rise to, we

obtain the triple product

3k MY (3 kM) (d kI

"{1' 8 4'}{'15 T2 N1 {Ls 811‘1}
together with some associated factors. The situation for Ej
'is more complex, however. The intricate connectivitj of the
coupling diagram suggests that ih this case fhe sums over 82,
ahd L2 cannot‘be carried out so simply. Indeea,'we‘have a
species of 18-] symbol to contend with. Faced with this
difficulty, the best approach seems to be to construct the 9-j
symbols and the matrix element on the right hand side of Eq.(12),
and then explicitly perform the sum. When ' = 2,'the.sum

/
comprises at most tem terms.

-«

3. SIMPLIFICATIONS

Prior to the insertion of the matrix elements (7) into
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the sum of Eq.(12), the quantities D and E_of ¥gs. (9) and (10)

k

}must be evaluated. If we are interested solely in the lowest

groups of levels‘for configurations of the type - 2" £', then
only the lowest terﬁs of the core zrlgre relevant in the first
approximaﬁion.‘ For these, Si = SS'= Sm, the maximum spin for
4P:  in detall, | o
| s, = in for O £n §20+41
or 8y = #(af+2-n)  sr 2041 & n € 442,
In the following we shall assume that the quantum number Ll is
sufficient to define a term of maximum multiplicity of the core;
the‘éymbols Ui can therefore be dropped.

We first confine our attention to the case for which
0 < n € 2Z+1 that is, to the first half of the shell. As is
well known, the terms of maximum multiplicity exhlblt a certain
symmetry about the quarter-filled.shell. for example, the terms
3 6, 6 6,

3 3
of f2 are P, F,and H, while those of f5 are P, F,and H.

This 1is a réflection of the fact that irreducible representations

of'Ugu‘1 (the unitary group in 2Z+l dimensions) of the type
[121:+- 1] and [111-+- 1] - (183)
n : 2{+1-n

decompose into the same set of irreducible representations of Rs,

(see, for example, Jahnl?) The branching rules for the reduction

2B+1 - R2t+1 are particularly simple to aeSQrfbe'for
representations of 02£+1 comprising a succession of ones: if

n g y/ » We simply replace the‘BQUare brackets by parentheses,
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adding zeros to make the total number of enclosed digits up to '60
if £41 & S 24+1, we write down 24+1-n ones and add n-<-1
zeros, again enclosing the resulting set of Z’ digits in
parenthéses. Both representations (13) decompoée into the same
representation of Ry, ., and we denote it by (11:-°10-°°0)..
Under the reduction R2£+1 iy Rs, this simple representation
decomposes into precisely those irreducible representations

£9LV of R

z for which L is a term lebel. Por £ = 3, n = 2,

(110) —* .'05 +,@ +.@

Now the tensors U( )(2k+l)% for k = 1, 3,°°°, 2(-1 fdrﬁ the
| Z(a[-l) components of a single generalized tensor that transforms -
_according to the representation (110'°°0)_of R2‘+1, while for
k =2, 4,°**, 2£ , the tensors form the }Z(Bé+5).componenps

of a single generalized tensor that transforms agcording to the
representation (20F°°0) of de;l’ {These results are due to
' Racah}3 ) By meané fktheltheory of groups, it is possible to
show that (1l*°*10°°°0) occurs not more than once in the
decomposition of ﬁhe Kronecker products

- (110-+=0) x (1lee® 10=+°0)

- and | (20%°+0) X (11+°+10-20).

 An spplication of the Wigner-Eckart theorem gives at once : -

Py xy Il Ut 4P sy Lg)

- A wzm a1 | o) 2y, (14)
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where Aﬂ‘ ig independent of Ll and LS’ and has at most one
velue for odd A and another for even A (excluding zero)

2/ +1-n
The symbol S' gstands for the maximum spin of 4 , and is

equal to §(2£+1)-S
To £ind the first value of Ay, weset A =1eandly=Lg

The tensor‘gf‘) is proportional to‘a, and we obtain

i

3\ _‘1 ' for odd ).

The second is a 1little more difficult to arrive at. If Ll % L5
L= Lm- ‘the maximum value for the given Sm, then a state of the

type' 14 B L Ms ML) can be expressed as a single determinantal

product state if M

3 and ML also have their maximum values. In

" this case, it is straightforward to derive the equation

U™ 8y Ty 1 02D 1 27 8 )

'2£;2n+1;'vv (BLm+5);(2l_2)i ‘ % ;
oL -1 (sz-zmzm);] .

On setting Ly = Ly = L, end X = 2 in Eq.(14), we £ind

A

3 =1 “for ‘even A .

Both results, and also the trivial case of A = 0, can be

" gummarized in the equation
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4" 8y Llnu( )!!E Sp Ls)

+1 ,2£+1—n

g (_1)/ « (> )U ’Zzz+1-n

sy Ly lHU 8y Ls)

. €0, 0) 5y, 1y [e)er 1 E a9)

~ The value of Eq.(ls) is soon apparent. If the 3-) symbols

-of Eq,(Q) are not to vanish, k must be even. Henée, for k> O,
~ ' ' ’
D (n; 8, Ly Lg; Ly) = = Dy(2¢+1-n; 8y Iy Ly; Ly).  (16)

Again, for 8, = B4 = (With the condition n § 2{+1 maintained),
the. parental spin 8 can assume only the value Sy -% in Eq. (10). .

We may therefore place the 6- symbol before the summation sign.
If wevexpand the‘g—j,symbol, after a single 1nterchange of its
'first énd third columns,  the summation over, ﬂ} ﬁecomes
identical to that of Eq.(11). We may now use Eq. (15) and revgrsé
the sequence of operations: the new redﬁced matrix eléméntiis.
expanded by means of Eq.(ll) and then the sum over the product

of three 6- j symbols is carried out. The point of th;s;manoeuvpe
is that the phase factor (~l) in Eq. (16) prevents‘a 9-3 |
symbolsbeing formed, and we get instead a product of two 6-]

symbols. The final result is
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B (n; 8, Iys 8y Iy 8p L)

- o8y | L x £ ) s Syt Sm}
= .(-1) (2sm_+1)(2_t+1) (0 o o | {s S, Sy

[S(Ll, 1.5) - '(2£+i;n)(2z'+1) [(2L1+1)(2L3f1)j :

L k £ L k £ |
Z%uww*w{ L LH% L, i} (17)

1# Ly Ig
In this expression, ' 4
' 24+1-n :
' - L]
Yy =4 Sm b1 -
2(-n |
‘and 1! defines a term of the configuration .Z The

advantage of Eq.(17) over Eq.(lO) is that the 9-3 symbol is

replaced by a pair of 6-J symbols. These can be rapidly found
14

whereas the arguments of many of the 9~ symbols occurring in:

_Eq.(lO) are too large for existing tables of 9-J) symbols to b?

of use. o

Similar techniquee to those described aBove can be used
to derive expreseions for configurations in the second half of
the shell, that is, for configurations " 1' for which
20+1<n§4/+2. The equation
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“u“s L, || ”)nz 8 L)

n24 -1 ()) "/én-zl—l S' 5)

= (L S' L1 " U
- T, 0 fy, 1) [(241) (21, w1t
‘can be used'in place of Eq.(15). The extension of Eq. (16) is

,Dk(n'; 8, In Lgs L2) = - Dk(6£+3-n, Sm Ly Lg; L2)

= -2{-1;: 8' 3 = - L42- .
ka(n 2{1 1; _Sm _I.1 LS’ L2)_” , Dk(4 -j-2 n; S Ll L3’ L2)
| | (18)
Ma'intainingbthe condition ‘n>28+1, we can also prove
| Ek(p; s'm I‘1’ Sm L{S; Sm+%’ LZ)
= = (244) §(1y, Ly) (o 0 o o (19)
and o -
2041 (g k £'\ %
= - & (L), L)
- 28 0O 0 O© XA
m » / _
28, 41 - L |
+ P E (n-24-1 Sy Ly» sm La, £+1-8 , Ly). (20)

The striking invariance of E (n; S L, B L; 8 +-§-, L )

| 1’
with respect to L, and L2 can be seen in a direct way by

expressing the states as 'linear_com_’binations of determinantal
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product states snd using the conventional techniques of Condon
and Shortley® Many of the formlae given above can be

checked by using the tables of matrix ‘elements of Hy for

configurations of the type dnp; it is to be noted, hoﬁever,

15

that in the collected tables of Slater; all diagonal matrix

‘ elements are given relative to the average energy of the
,configuration. The formulae of this section require some

‘eleboration for configurations AR 4 with L34 ‘since

the symbols X are sometimes necessary to distinguish terms

of maximum multiplicity of LB

4. THE CONFIGURATIONS ¢ Us

On setting (' = O in Eqe.(9) and (10), and dropping
the delta functions 5(82, 4) and S\(Lz, 4),. we get

Dyln; 8y Iy Tgi Iy) = n Sk, 0)5(11/ , Uy S(Ll, L) (21)

and

E (n; s1 Ll, 35 L:5 32 L2)

nx, £) {(Ll, L2) K(Ll, Ls) [(2sl+1)(2ss+1)]% (24+1)

i @t gl @ { b :5} .

x (-1) "1 ,Ss
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If 8, # 84, the }pare'ntal' epin § 1s limited to the value
$(8,48,). The 6-3 symbol can be placed before the sigma and the
sum‘ovér'_.jiL 'gives 5\(@51, 153). But according to the |
initialuhypothesis, '8 # 85; hence Ey is:zero, For 8, = 8,
the'dependence.of the ffactional~parentage coefficients on 5,
given.explicitiy by Racah}s. allows the sum ovér 1Z, to be

carried out. With some manipulation, we obtain

= ﬂk 4)5@1, L2>J(u1, ?,Pa)(81+%n)/(2€+1)  (22)
and-

Eg(n; 8) Ly, 85 Lys a -4, L,) - |
- §<k,£) S(Ll, L,) §(Yy, ¢3 (5,41 %n)/(zlﬂ) (23)

4 These reaults are equivalent to those previously obtained by

' van.Vleck16 (see also Slateri®).

The extreme simplicity of Eqe.(21), (22), and (23) énables
Athe'summation in Eq;(lz) to be carried out. If we éré iﬁterested
Asolely in the relativé énérgies of the térms, we may disfegard |
N
we get

2. 1 2
(Y 3y, T8y, Iy 1By | Yy T5 T8y, 3p)

- * g(%, Ws) Gﬂ (26+1)'1'(42J2+1)"1

end also the symbols #n in Fgs.(22) end (23). For Jy = Ju,

x [11q0) - 8y(841) - (3 41)) ,  (20)
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where the plus sign is taken for'J2'= J,+%, the mimnus sign for
Jo = Jy=k If J; £ Iy, then we may take J) = T}, Iy = ;2;-1,,’ :

? | The result of the calculation is
(U. 5ot3, 8y, 3, | Ho | Wa 3,58 28,, 3,)
Y et "Sp J2 1 U/s p+2s Sy T2
_ | 4
= S(Ih, (29 ¥ (2¢41)7F (20,41)7"

if
X [(81+L1+J2+5/2)(81+L1 3-35)(L, +J2+%-S )(s 1+Ip+E-1y )_'_(
| o | (25)
It is understood that Fq.(24) ineludes only the contribution
coming from the 1nteraction of the 8 electron with the core;

to obtain the complete matrix element we must add

| “h"’l | Byl Yy 3)-

6. PARAMETERS

. Bq.(6) permits a matrix element of Hy to be expresséd as
a 1ineaf combination of theospin-orbit coupling constants |
'f and f By substituting (8) into Eq.(12), we can
g 'exprese the contribution to a matrix element of Hl arising

from the Coulomb interaction of the electron n" A with the

é core (rﬂ_é)n'as.a linear combination of the Slater integrals

('L, n" £') and ¢¥(n' 4, n" 4'). Only those integrals need

be conoidered for which the associated quahtitios Dy and Ey
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are‘:nonzero; an inspection of the 3-j Symbols in Egs.(9) and
(10) indicates that for configurations of the type 5r6d we may
‘restrict our attention to ¥O, F2, ¥4, al, 6% ana 65. The |
interactions within the core introduce the additional integrals
»:Fk(5f, 5f), where k = O, 2 4,and 6; however, the lowest levels
in a configuration of the type 5fn6d derive from the Hund term

‘of the corresponding core configuration [ (see Fig.l), and

hence these integrals do not enter into the calculations. - 8ince

only the relatlve energies of terms are of interest to us,

FO(Sf, 6d) can be dropped. Following Condon and Shortlez?:ﬂwe
introduce e R -
F,(5f, 64) = F(5f, 64)/105,
P, (57, 6a) = F(or, 6a)/69s, |
6, (52, 6a) = @l(sr, 6d)/36, ' . (28)
a,(6f, 6a) = 63(5¢, 6a)/315, |
Gs(5f, 6d) = ab(sr, 6d4)/1624.6,

to avoid the occurrence of large denominators in the calculations.
From the considerations above, we see that the energies of |
the levels of 5£M64d deriving from the ground term of the core 5eP

depend on the seven quantities

If accurate 5f and 6dvradial eigenfunctions were available for

v

atoms of’interest to us, then_thesevquantities could, in principle,
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':be calculated. In the absence'of,such calculations for Pal,

NpI, and Cml, we are obliged to treat them as parameters, to

be adjusted to fit the data. However, in order to make the
comparisons meaningful, it is important to impose some restrictions
on the values that it is ‘supposed they can assume, Corresponding
parameters in different actinide atoms should vary in a

systematic way along the actinide series: for example, we expect

1 o(Pa1; B2%6a) < {.(u1; 52 36a)
| ¢ 1 p(vo1; setea) < :f (CmI be 6d)

The'ratios of the Slater integrals Gk‘and Fk, one to another

for a given atom, are characteristic of the nature of the
two-particle interaction (in this case Coulombic), and are
comparatively insensitive to the shapes of the radial eigen-
functions;i We may greatly reduce the number of disposable

parameters by assuming that the ratios are not merely ineensitive

“but actually invariant Racah's values (in cm 1) fof ThIlllo

namely

F,(5f, 6d) = 190,

F4(5.f, 6a) =  22.8,
6 (52, 6a) = 423,
'05(51', 6d) = 43,‘

@ (6f, 6d) = 5.9,

can then'be used as a basis‘for calculations throughout thevjl

‘entire actinide series. -For a neutral atom AI, the matrix"
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N

elements of H) now depend on the single parameter'.fZ(AI)‘that

satisfies

JL(A1) F, (ThIII; 6Ff, 64)
k ;

,f)(AI) G, (Th1II; 6f, 64).
k

F. (AI; &f, 64) '
k y ’ (27)

and_. G, (AI; 5f, 64)

The insertion of AI and ThIII in the parentheses makes clear
the atom to which the Slater integrals refer. '

_ The internal character of the 5f electrons-has already
been mentioned. -Evidence for the contraction of the 5f shell
at the onset of the actinide series 1is presented in the next
section, at this point we wish merely to indicate how the assumption
that the core of 5f electrons lies near the nucleus can be used

‘to obtain information about the parameters { and .. The

d.
fproperties of the f electrons should be largely independent of

~the presence of the outer electrons, consequently we expect

equations of the type

 { (u1; b%6ars?) = { o(ur1; 5£376%)

f (v111; 52%78) = 1 (UIV; 52°)

to be fairly well fulfilled. The sequence of values (in em~1)

{o(Thir; srears) = 1195
{(ThIII; 5r6a) = 1240 o (e8)
and { o(ThIV; 5¢) = 1236 =

18

obtdined by Kessler- vand'Racahly supports this hypothesis.
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Furthermore, the properties of the outer electrons should be

unaffected if an £ electron is removed and at the same time
the nuclear charge is reduced by one unit. This statement is
exemplified by. _
| { 4(ThIII; 5£6d) = 1430

: - | (29)
and | { 4(AcIII; 6d) = 1861,

which can be oﬁtained from Racah's paper and the Observe.d19

2 2 ' )
geparation of D5/2 and D5/2 in AcIII. Since the 5f shell has

not collapsed to its typical transuranic radius for as early
a member of the actinide series as thorium, we may expect the

consequences of the assumption of a highly‘contracted 5f shell

' to be even better fulfilled for the atoms further along the

series. !

Cohen?O has arried out a relativistic self-consistent

- calculation for the normal uranium atom, and itfmight be thought

that the accurate 5f and 64 radial eigenfunctions that he obtains

couldxbe used to check Eqs.(27) and,‘if‘necessary, supplant them.

A'setrof'81ater integrals has.been calculated by Winocur21

from .Cohen's eigenfunctions, and used, with other sets, in an
1

In spite of the indisputable accuracy of the eigenfunctions,

theﬁnotcrious unreliability-of analogous calculations for other

atoms is a strong reasonlfor treating the set'of Slater integrals
with a good deal of reserve. ‘Slater'® has commented on the

discrepanciesubetween'the,experimental and theoretical values of
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Fk(Sd, 3d); corresponding values of fk(éf, 4f)'efe”giﬁen in
Table II for PrIV. The discrepancies are popﬂlafly ascribed
to configuration interaetion; more precisel&, ihey can be
visualized as due primarily to an internal screening effectzz
produced by the closed shells of electrons, which prevents the
. full Coulomb field of one 4f electron from being.felt by the
o etherﬂ The orbits of the two 4f electrons in PrIV correspond to
- the same radial eigenfunctien and oveﬁZIap strongly; even so,
discrepancies of up to 20% are to be noted in Table II. For
the integrals FX(5f, 6a) and G(5f, 6d), we may expect the
'disegreement to be much more severe, since the 64 electron is
'eesentially an outer electron, whereas the 5f electrons are
located deep inside the atom. From these‘consideretieﬁs, it
~ Beems best to follow the traditional appfoaéh and take the
radial integrals as variable parameters; owing to qu.(27);_

- Fthese;are effectively only three,vnamely S2 ’ ff and - ‘fd,
S : v )

6. COLLAPSE OF THE 5f SHELL

The tepm'analyses that have been performed to dete on
the spectra of members of thevactinide series are fragmentar&
in charactef., It is therefofe importaht'to take advantage of
such data as are available. Like the rare—earth series, a

common feature of singly ionized atoms of the actinide series

k]
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| is a low-lying configuration of the type f s. Such configurations

are easy to analyze, since, according to Egs. (24) and (25), the

.interaction of the s electron with the core depends, for members
- of the actinide gseries, on the single Slater integral G (5f, 7s)

- The orbit of the 7s electron lies mainly in the outer shells

of the ion, and hence should not change very much irf simultaneously'
a 5f electron is added to the core and the nuclear charge is
1ncreased by one unit. The variation of G (5f, Vs) along the
actinide series therefore reflects the.behaviour of the 6f
electrons in the core, and bears directly on the parameter .52 ’
since the latter represents the analogous variation of G (5f, 6d)
and FX(5f, 6d).

‘it is convenient to begin with the typical case of

UIT 5¢%7s. Schuurmans, van den Bosch,and Dijkwel® have observed

_ four levels corresponding to J = 7/2, 9/2, 11/2, and 9/2 at

energles 0, 1052.65, 3683.82, and 3759.55pm™! relative to the
1oweet energy of the four. On the aesumption that LS coupling

is a good approximation for the four 5f electrons, the lowest
5 - 5

levels of the core are the pure levels sI I_,***, 18.

4’ s
The functions § (Uq, Y5) in Eqs.(24) and (25) indicate that

within this approximation, the interaction between the s electron

and the core can be treated exactly without the necessity of

,coneidering'perturbations-from levels deriving from excited

terms of the core. If we suppose 515 lies an energy A above

5

I, then }516‘must lie 11A/5 above 514 for the Landé interval
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‘rule to be obe&ed. From Egs.(24) and (25), we find that the = *

4

energies £ (Jz) of levels of 5£”7s ‘are given by the solutions

£l

to the equations

A 7

A .'.' 5G5/55 - 6(9/2) | ;565(14)%/55 | | _

| se (14)%/35 | 86°/35 - €(9/2) | ’
114/6 + 6°/14 - ¢ (11/2) O 56%4 )
56°/14 | A +6%14 - €(11/2) ) ’

~etec. The 1imits A>D a® and G3>> A correspond to Jj and LS
' coupling reepectively, the equations - given above enable
intermediate coupling schemes to be studied. To plot out .

C(J2) in a convenient way, we define |

' [6(32) ',.- 1447 / E(BGA)z + (.505/7)?1,} .

: "and T
R I X/ +X),
where | : | - |
X = (56%/7)/(264). . | )
- The curves of ’I, against Z are Adrewn out' 1n'Fige4,:; They *

possess the following properties: (1) The Jj and 1S coupling
-extremee correspond to - Z = 0 and 1 respectively, (11) For a :

‘given value of’ }’ , the various values of )Z determined by
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the curves represent the values of ( (Jé) to scale;'(iii) For
both E = 0 and 'E = 1, the maximum and minimum values of )Z

aiffer by 1; (iv) For all $ , the center of gravity of the

energy level system lies on the line '7 = 0.. A similar

co-ordinate scheme has been used in other contexts by Condon

and Shortley@ - For UII, we find that quite a good'fit can be

sbbained between experiment and theory if we take G° = 2600

and A = 2850cm™l, In detail,

€(J5) + 804 61, 1100, 3604, 3730

for J. = 7/2,.9/2, 11/2, and 9/2 respectively. The number 804

]
is added to . é:(Jé) so that a direct comparison can be made

with the experimental results quoted at the beginning of this

paregraph. The quality of the fit can be seen from Fig.4.
The data of Albertson, Harrigon, and McNally®® on NAII, for
which 4f468 15 the ground configuration, is also included in

this figure. The agreement with the. theoretical curves could

in thie”case”be very much improved by relaxing the Lande
interval rule with respect to Jy in the limit ; = 0.

We may carry out a eimilar analyeis with the data of

6

McNally and Griffin 4'for Pull 5¢ 73. The positions of the .

core levels 7FJ deviate 80 much from the Landé interval rule
that it ie eseential to treat them and t3:5 as variable parameters.
The results of the'ealculation are given in :able III; with

Gs(sf,‘7e)' = 2240cm~1 and the energies of'the core levels
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Y

Vgiven in ‘the second column of the table, we obtain the energies_

éKJ') + 403-in the fifth column, It is interesting to notice

&

how closely the calculated positions of the levels of the core

agree with the levels of Pul 5f6732

as found by Bovey and
G:erstenl{orng5 (see column 3 of Table I111), thus substantiating :
_the hypothesis of the internal nature of the Sf electrons.
The Landé g value of the level corresponding to the linear

combination

cos © | f6 Tp Jz 1, 281, J2) + sin e ]fs 7F J2+% S1, 32)
is easily found to be given by
g=3/2 + {:%'+ %(2J5+1)cos6 + (195/4 - Jg —.Jg)%sinOJ /435(Jg+1),

from EFgs.(3), (4), and (5). The calculated values of 1 g I- are
" compared to experiment in the seventh and eighth columns.of.
~ Table III. Discrepancies are to be ascribed largely to the
'.impurity'of'the’core levels 7FJ, which undonbtedly contain

" large admixtures of "Dy, UF; end G -

?red and Tomkins<® have found that the level 785 lies
v2598.32cm'; 'a‘bove‘gs4 in AmII 5f'7s, and this datum leads at
 once to a value of 2274cm™ ! for a3(se, 78). |
| From the results'of Meggers, Fred,and Tomkinslg, it is

easy to show that the level 1F3 in AcII 5f7s lies 5341cm -1

- above the center of gravity of the multiplet_sF., LS coupling'

is fairly well fulfilled, and we find G3(6f, 7s) = 18690cm *

‘for this configuration. The various values of ad(sr, 7s)
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arehcollected in'Table'IV'-the result of a calculation by
Racahl” for THIII 5£7s is included. The striking features of

- this table are the sharp drop of G5(5f, 7s) in passing from

- AcII to ThIII, and the levelling off in the decline of this
parameter for later members of the actinide series. The

~ preduction of G3(5f, 7s) rust be mainly ascribed to the collapse
of the 6f shell. | Mayer27 has shown that with the onset of the
actinlde series a deep potential well for 5f electrons develops
near the nucleus; when 2 is large enough a Bf electron is drawn
from the outer shells of the atom into the interior. As 2
increases, the internal 5f orbits become well established and
change 11tt1e with Z. Similar effects can be obqerved with

~ the singly 1onized rare earth atoms; for Lall, G (4f Gs) is
5100cm 1, while for Cell it is approximately 1450cm 1, The
integral remains quite close to this value throughout the

entire rare earth series.

7. Oml

The low-lying levels in the configuration £7d are
- particularly easy to treat. The low’est.term_.ofvf.7 is aS,.
and is well separated (probably by as much-as 20 OOOcm—l)
from the first excited level. Furthermore, Egs. (9) and (10)

'simplify considerably on setting Ll = 0, and it is straightforward
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- to- plot out the arrangements of the energy levels for p01nts o ;
| “intermediate between LS and Jj coupling. ‘This is done in¥Fig.5;
an analogous system of co-ordinates to that of Fig.4 is adopted. )
The configuration de has been observed in the spectrum of Gdl |
as well as in that of CmI; the ‘experimental data28 for the

| former are included in Fig.5, and lie quite ciose to the LS
extreme. The contraction of the multiplet 7D relative to the

D of £74,

_ theoretical'scheme is due mainly to an excited term
deriving from the level 6P of the core; its effect is to reduce
A for D to
a

s - _32 4 £(20; + mg - ss%)/aA .

: 'w'here /N 1is the energy of 6p avove BS.V

It can be seen from Fig.5 that the ratios of the spacings

' hetween the lowest four levels change only sllghtly»from LS

to Jj_coupling; lndeed, the Landé interval rule'is oheyed in
both limits. Fortunately, the abscissa corresponding to Cml

can be quite accurately found by making use of the observed7

g values for the lowest levels, and fitting them to a theoretical
scheme. The high accuracy of the atomic beam results makes ‘

1t desirable to 1mprove the simple methods that led to the

entries in'?able 1. In the first place, the operator g + §
is replaced by % + gsﬁ, where gg = 2.0023. For electrons of
thevcore, this correction is small compared with the effects of

. the deviations from perfect LS coupling. Marrus et al.s find



33 S UCRL-9779

that the g value of °S, /o in Aml 5£7 is not exactly 2. 002,

. but instead 1.937. The admixture of P7/2 in the level 887/2
that produces this discrepancy is presumably slightly different4'
from the admixture of 6P7/2 in the core level 887/2.of CmI 5f76d;
but in the absence of further information we shall suppose they

are the same. TheASlater 1ntegrals enter the calculatlon

‘through the single parameter
G = 24Gl + 96G5 f 52805,

which represents the energy separation of 9D and 7D in the LS

}imit.  Denoting the g value of the impure core level 887/2
by g(7/2), we find | - |

g = [}2(J2+1)v + 127 g(7/2)/2J2(Jé+_3-)
| 4 (e-gs) fJ’é(J #1) - 12]/.10(»'1'2(J‘+1)
4 - sin ¢ [(ga-l) {10J (341) - 19}5 |
| _ 25 {g(7/2) - 1} ]/10.1 (3, +1). |

+ sin2¢ (gs-l) [(J2+7)(6-J2)(J2+2)(J -l)j%/IOJz(J2+1)

_ B | - (30)
for the g value of a level of total angular momentum Ia»

where g satisfies | | “

[(32+7)(6-J2)(J2+2)(32-1)] :

22 - J2(J2+1) + 505/G

- tang

When two levels with the same valae of J5 occur, the root for,.
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which sinzﬂ > 0 must be selected to give the g value of the
lower level. With 50 {4/G = 17 and g(7/2) ='1.937, we obtain
the numbers in the second column in Table V. 1In view of the
neglect of diamagnetic and relativistic correctlons in the
"calculations, the agreement is as good as can be. expected. The
‘ratio ‘S /G fixes the position of the vertical 1ine marked
CmI in Fig.5 rather surprisingly, it does not lie as close to
the Jj extreme as the discussion of Sec.l leads us to expect
The populations of the various levels in the beam of curium
etoms'pernﬁfs approximate energies of the iowest four levels
to be found, and thereby determines the magnitude]off{d and G.
With , fd,; 2200 end G = 6471, the calculated positions of

the lowest four levels are O, 490, 1250, and 2380cm™ L

relative
to the ground level. As can be seen in Fig.5 “the agreement
' with experiment 1s good.

For the Slater integrals Gy (ThIII; 5f, 6d), we find
6 = 17396. The contraction factor J2(CmI), defined in Egs..
(27), is thus 0.372. From i}able ‘IV,I it 1'3 clear that the
corresponding reduction factor for Ga(éf, 75).1svapproximate1y
2250/5341 = 0.421. The similarity between these two factors
suggests that the variation of G3(5t, '7s) along the actinide

series can be taken to represent the variation of .fZ More

precisely,it suggests the validity of the equation

- (AII,; _5f, '?s) = S2(a1) @%(TnIII; 5¢, 78). (31)
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This equation, which at best can only'be a crude npproximation,
enables us to make use of Tsable IV to estimate the Slater
integrals Fk(5f,‘6d) and Gk(bf, 6d) for e number of sctinide

atoms.

N 8. UI

Of the sprectra of all atohs beyond thorium, that of
uranium has received the greatestAattention; Kiess, Humphreys,
and Laun? obtained the Tos itions of 18 low odd leveis of UI,
several of which could be conf'idently assigned to the ground
configuration 5f56d; Blaise’9 has recently extended this 1list
of levels by taking adventage of the isotope shift yR35 —'0258,
~and has also corrected some assignments made by Kiess et al.

At the outset of the analyeis we confine our attention
to those levels of 52264 that derive from the term 41 or the
core 5f3. From the ta‘bles30 of the reduced matrix elements of
. (k), the coefficients D, may be rapidly found by using Eq.(9)

It can be seen fromeq.(17) that the evaluation of the
,'_coefficients Ek requires the construction of certain coefficients

of fractional parentage connecting the configurations f4 and f."'5

With the aid of Raceh 8 tables15 we obtain

(% 51 ¢ 23 4F) = —(1/8)%,
(£ 51 {| £3 %a) = '(21/88)%,
and - (¢4 51 ¢ £341) =  (7/11)%
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On putting-the.quentities'Dk and By into:ExpresSion (8), we
' arrive at the following energies for the terms of 5f56d deriving

from the core term 41‘

8, %a: (210F2 - 476F,)/33

s (1/3, -1)(17G1- 149&5 + 14486G5)/53,

H, "H: . (~BFg + 408F,)/11
(1/8, -1)(-216, + 496G, + 599765)/11; 8
3. By, - |
I, °I: (-BlF, - 408F,)/11
+ (1/8, -1)(-96, + 334G, + 2681G4)/11,

3, .. = | PR ' o
K, Kz -4Fp 4 17F, + (1/3, -1)(17G; + 38Ggz + 101Gg),
3. b . : '

L, .Lt - 4F;, - 3F, + (1/3, -1)(21Gl + 54G, +.2165).

- The factor multiplying the linear combination of the 1ntegrals
Gy is 1/6 for triplets and -1 for quintets. A conetant term
%lhas been_omitted from these expressions. Owithto]qu.(27);
we may conveniently ﬁostpone choosing a'valﬁe for J2(U1) and I
simply insert the Slater 1ntegrals for ThIII 1nto these expressions:
The resulting energies are included in Table vI. As is to be RS

*'expected, the Hund term .5L is lowest.
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:’The next.etep is to perform‘the'sum of Eq.(12). The 9-}
symbols are ﬁot too_tedieus to'evaluate, s1nce one of their:
}arguments is %. . The resulting‘matrix‘elements between etatee ;A
ein Jj coupling have to be multiplied by J2(UI) to allow for
the reduction in the Slater integrals F (6f, 6a) and G, (5¢, 6d)
in passing from ThIII to UI. From Table IV and Eq.(31) we

immédiately obtain
ﬁ(ur) = 2600/5541 = . 0.487.

In view of the approximate character of this calculation, it
'seems preferable to.round offthis figure to 0.5,, The Slater
integrals for UI can now be obtained by simply dividing the
cbrrespoeding'integrals for ThIII by 2.

If we were interesﬁed solely in the four lowest levels of
_5f§6d, that is, in those deriving from the coupling'of the
ground 1eve1‘419/2'w1th the level 2D3/2'of the}d electroﬁ,

',then the fixing of _fl(UI) would_eliminafe all,dieposable
parametere, and the_calculetion-could be completed. However,
.the obeefvafion of higher levels prompts a etudyvof those levelse
derivihg from the couplings of 4111/2 with 2D5/2 and of 419/2
with 2D5/2.
three coupling schemes relative to one another; we need to

‘To place the structures that derive from these

B 2 2
_:know the energies of 111/2 above 19/2 and D5/2 above D5/2.
’Theee two energy eeparatione depend on 1{f and -f respectively.

‘For the.former,,we can improve on the-elementary approach,
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‘which involves estimating ‘ff and then assuming perfect LS
coupling in the core to find the energy gap between 4111/2

and 419/2.‘ Schuurmans e't',al.3 have observed that for UII 5f5,

4

I liesv4421Cm'1 above 419/2;'the hypothesis of an internal

11/2
5f sﬁell allows us to assume "that this’ figure .also represents
the corresponding energy separation for the core levels of
UI 53 % 6d. At the ‘same time, we automatically make some
, allowance for deviations from perfect LS coupling in the core;
for it is known31 that similar deviations in configurations .
"of the type 4fn have the effect of increasing the separation
of the two lowest levels above the value that would be calculated
on the assumption of perfect LS coupling.

| The spacing between D5/2 and_?Ds/g is a little more
difficult to estimate. It would be unrealistic to suppose that

Egs. (29) could be reliably extended to give

{4(vr; s2%a) = ‘{d(CmI; 5f76d),
[
gince the atomic number changes by as much ‘as 4 in. going from

.U to Cm.' However, we can be fairly sure that '{d'for UI lies

between the limits of 1430»and 2200, corresponding to ThIII
e ' o 2 |
and CmI respectively. The spacing between D5/2 and D3/2 1s
5 ;fd/z, and for 'jd of about £2000cm™l, this spacing is very
similar to the value of 442lcm'l‘given~above for the energy
separation of the two lowest levels of the core. In the

absence of more precise information, we assume that the energies
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.are not just similar, but actually identical; this makes the
computational work SIightly easier, and corresponds to a yalue
of 1768cm™L for {4(UI; 5£%6a). Levels for which Jy = 4, 5, 6,
..and 7 occur in the coupling of 4111/2 to 2D5/2 as well as in
that of “Ig ,, to 21)5 /g5 the calculated emergies are therefore
the roots of quadratic equations. |

The results_of the calculation ane given in Table VII and
-are 4drawn. out.ingFngS. It can be seen that the theory'accounts
'extremely well for the general grouping and ovenallpattern of the
observed leVels, the g values are reproduced reasonably well - too.‘
The most noticeable discrepancies occur for the two. 1owest levels
for which J2 = 4. The two levels at 7646.6 and 7526 lcm -1 possess
J2 values of 7 and 8, presumably they arise from the combined
and 41

coupling of 113/2 to 2D to 2D5/2, just as the

3/2 11/2
levels at 4275,7 and 5800 8c 1,with J2 values of 6 and 7, ariee
.from the combined coupling of 4111/2 to 2D3/2 and 19/2 to 2D5/2,
'and lie much 1ower than their companions with smaller Jg

It is not difficult to show that a model based on LS coupling
gives a less satisfaotory account of the experimental results. |
Within statesiof_a.given S and-L, the replacement
T E(ry) gy = DSL
1 A G

s valid the values of ) = for all terms deriving from the

;=core term I of 5f5 are given 1n'Tab1e VIII. It is now

straightforward to calculate the multiplet splittings. their
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Y

{

centers of gravity are simply the term energies of 5f56d in

Table VI, corrected by including the factor J2(UI). Taking
A (UI) to be 0.5, and treating { p and { 4 88 variable .

parameters, we soon find that it is impossible to get even a

| moderate agreement with'éxperiment. The occurrence of a low—'

1lying level for which Jdo = 3 1s particulérly difficult to

understand on a model based on LS coupling, in contrast to the

' natural explanation it receives if the JJ coupling scheme is

adopted. The latter model also gives better agreement with

almost all the g values, a result that must be regarded as quite

premarkable when it is recalled that the g values ofvatoms

approximating.toAJj (or 33) coupliﬁg arevsubject'to first order

corrections, Whereas small déviations'from perfect LS coupling

produce no changes in the g values, -

9., OTHER ACTINIDE ATOMS

The analysis of the previous section can be ‘extended to
other configurations of the type 4. The Couléﬁb energies of
thg terms deriving from the Hund term of the core have been h
calculated for n = 2, 4, 8,and 10 with the aid‘of Egs. (17),
(18), (19), and (20), the results are included in Table VI

" beside the analogous calculation for fsd. Since no. spectroscopic

-

analyses are yet available for Pal, NpI, BkI, or EI, the sums (12)
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' have been carried out only for j' and j" both equal to 3/2,
with values'ovai and Jg appropriate to the lowest level of the
'ground multiplet of the core configuration. The results are
given in Table Ix, ‘the corresponding results for UI 5f56d are
included for purposes of_comparison. The calculations for Pal
were performed in collaboration with Dr. J. Winocur, who has
also considered the perturbing effects of other 1evels deriving
from the core multiplet SH (see refs. 1 and 21).

'A number of generalizations can be drawn from Table IX.
.'Forﬁconfigurations s5r76d with n<7, the ordering of the levels
'is inverted'With respect'to Jgflthat is, the energies of the
levels increase as Jo decreases., Iftn > 7, however,xno special
ordering can be discerned. ‘It is interesting to notice that
in the first case, the J2 Value of the lowest level agrees with -
'that calculated on applying ‘Hund' s rule to the configuration
5fn6d as a whole, indeed, the expansion of the 1owest JJ coupled
' state in terme of LS eigenfunctions reveals a very strong
component corresponding to the Hundvgerm. For example, for U1,
we find | '

l419/2’2D5/2, 6) = [2(34)%/13]l51. ) + [(50)%/13] l ) - ...
| [5(2)%/14503 j 5@ o)

showing that over 80% f the Jj coupled state comprises l L )
_In the second case, namely that for which n> 7, an analogous

correspondence'between the lowest J3 coupled state and that

\

|
i
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deduced on the basis of Hund's rule no longer obtains. Thus

for 5¢864, the Hund term is °H; if 3{.> 2 4 (as seems

virtually certain), the lowest lefel deriving frdm'thié term ;s
8

H However, no level for which J2 = 17/2 appears under

17/2°
the column for BkI in Table IX. If 5f86d turns out_tovbe the
ground configuration fof BkI, we shall almost certainly be
confronted with a Situationvwhere the ground lével of a free atom

. cannot be correctly predicted from Hund's rule.

10. CONCLUSION

Although.much of the foregoing has been taken up with
diSCuséing the advantagés of the JJ coupiing sbheme, there should
be no mistaking its essentially approximate éharacter. Strictly,"
we have already sbandoned it in the treatment of eight exdifed
>1evels in Uii5f36d;_for by including the 1nteraction of the

levels deriving from the coupling of 419/2 to 2D5/2 with -
' those deriving from the coupling of 4I11/? to °p 5/5, we force
o J1 and J to lose their status as good quantum numbers.

‘A more complete calculation would take 1nto account the
_Vinteractions‘of all levels of the same value of J2~der1ving _v e
.: from the lowest core multiplet. For UI 5f36d, this would

| involve diagonalizing matrices as large as 8x 8 (for Jy = 6).*'

' Until such a program is undertaken, there‘appears to be no
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virtue in adjusting the Siater integrals to improve what is
already a satisfactory fit; for the neglected interactions are
almost ceftainly large enough to render such adjustments
meaningless; | A
A program of much greater magnitude is that of considering

the entire configuration 5f36d; there are 42 terms for which
" Jo = 6, gﬁd'finding their energies involves diagonalizing a
matrix with that many rowsvand columns. Even if this were done,
a really excellent fit might still elude us. The grouhd level
T 8 R to lie

of the configuration 5f 6d278 has been observed

6
only 6249cm™] above the ground level of 5£°6d7s®, and the

jnteraction between these two configurations could be significant.
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‘Table II

' Parameters for PrIV L2

AParat‘ne_terJ ) . Theory® o 7 Ebtpt,b.
Fz(uf., ue). 395.6 ' . 306.6

F (4, 4£).  50.93 . 5LsL
Fglue, k8) 505 | 5;286

All values are in cmil

a E. c. Ridley, Proc.Cam. Phil Soc. 56 hl (1960)

W. ‘A, Runciman and B. G. Wybourne, J. Chem.Phys. 31 lllb9 (1959)
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- Table IV

'fhe Integrals G3( 5¢, 18) (in :’bcm'.l").’

'z Atom Configuration  GO(5f,. 7s)

89 AeII 5¢7s 1869
90 MMIII 5S¢ 5341
@  ur . 5t'7e 2600

9% Pux 5¢57s | 2240 |

C9s o mar stfts e

v '."'Table V

g values for CmI

‘ e
'J2' . | Theory | Ebcpériment

1.6672 1.671%0.003
17798 1.776%0.002
2.0030 . 2.000%0.003.

N W

2,559 2,561%0.003

 UCRL-9779 -



0°OHE9T
| 9°9656T
_m.mmm:H“
m ww:.:.n
LeLEENT

L6 -
Looneg =

6°tHg -
Tgon
g°604T

HPF G

Vo

-
\O

=4
-‘-fm 5

(&
1

Por

3%

o.wwnwa - _c_
- 2°QTEIT - q
.m.mﬁwma_
”o}nmumWy :
__mmmwwm_-

Engge -

.,_".ﬁﬁmmmm,a
..mLmHmm
16T

©

35

‘O

PP O B

:m.NmOma@-. 1,

9°¢2TIL- X
gegoel -
Conln -
L-2LTE -
Lot
Leg

& &

v
2-162€

- M
=

| ow:um

o 7% ,‘5"“ u.uu._m_oug v

9

PRGN,

uwmmmoﬂ -
N.nmmg -

Tg9on -
. gz -
et -
6156 -

€ L6LT

I

e

g SL6L -
. 66129
$060%
- wrogre
g-6922
neel
€:96TT
8°9ge€
m.oo.:_m, ,.
- €-20l9

“F' N‘? '—‘#&’ NH :rm .ap. (\F

o
.l

o

3s

6LL6-THDN
-8p-

AHHHFH .uom 5% mdm.ummpﬂ” no..«d._”mv

3n.um mnowpdﬂ.mﬂusoo dn.uwbom Jo: ms.uop wnah.n.&bn mo mwﬁwnmﬁm

. H> orast



.49 -  UCRL-9779

Table VII .

Comparison between experiment and theoryfor UI

O WM &£ =N W oW FE W O =D O F =

Energy (in em™l) g value

. Theory . Expt. ~ Theory “Expt.

0222 10060.1  0.906
e - S 1.007 |
798 7005.5 0.8%8 0.97
600 o3
7539 . 786k 0.969
o 7645.6
- '7326.1“.
75 T3.9  0.618 |
738 599L.3 ot 0.8
6285 . 5762.0 | 'o‘.839 o d.ylag
k330 275.7 0.92L - 0.93
g 3868.4 = 0.700 -
e 38008 0.920 091
0 Ms3k 0725 0.66
a8 620.3 : Q;_738» 6.73_
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Table VIIT

_ | Spin-orbit parameters )» for UL

Tem p

R (354 + 619)/60
e (M4 - 24/

% (5584 + 3 4,)/120
5w C(ud, - £/
31 (65 - 349068
e BCER PRV I
D TR e
ok S R (123-;{fv+,'5-3d)/112'»" -
o (de N6
Gt g s

@
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Captions to figures
Fig. 1. Schematic representation of the energy levels for fud in JJ coupling.
In the absence of any interaction between the core and the d electron, the
combined energy level system can be found by superposing the multiplet
_'compr181ng the levels D3/2 and D5/2 on. every level of the core. When the

interaction is included, the degeneracy is lifted, as shown on the far right.
Fig. 2. The coupling diagramvfor Dy -
Fig. 3. The coupling diagram for Ek'

Fig . b, Levels of the configuration fhs that derive from the core multiplet 5I.

 The Jj limit is on the 1eft, the LS limit on the right.-

Fig. 5. On adding a d electron to the term'BS, the tﬁo'terns 9D anda » are
formed. This LS coupled scheme ie shown on the left. If, on the other hand,
the S term is regarded as a level with Jl = 7/2, and the orbital angular
momentum of the @ electron is coupled to its spin to give j = 3/2 and 5/2,

the energy level scheme on the,rightfis obtained.

Fig. 6. Levels of UIl: a conparison betveen theory end ekperiment.

G
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report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
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