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ABSTRACT OF THE DISSERTATION

Inverse Problems in Acoustic and Electromagnetic Scattering

By

Changjian Zou

Doctor of Philosophy in Mathematics

University of California, Irvine, 2014

Professor Hongkai Zhao, Chair

For acoustic scattering we consider the inverse problem for a complex scatterer, which might

be composed of both inhomogeneous anisotropic mediums and impenetrable obstacles. It

is shown that the fixed-frequency scattering amplitude uniquely determines the scattering

support of a complex scatterer, disregarding its contents. We also study a special kind of

transmission problem.

For electromagnetic scattering, we develop a direct scheme of imaging multiple electromag-

netic scatterers. The multiple scatterers may consists of both inhomogeneities and impen-

etrable perfect electromagnetic conductive obstacles. Moreover, there might be extended

components presented simultaneously in the multiple scatterers. The proposed reconstruc-

tion scheme is based on an imaging functional which can be directly calculated without any

inversion involved. We also provide a heuristic principle study for this imaging scheme. We

also provide extensive numerical study to illustrate the effectiveness and efficiency of the

scheme.
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Chapter 1

Introduction

1.1 Inverse Acoustic Scattering

Chapter 3 is concerned with the inverse problem of determining the scattering support of a

complex scatterer, possibly consisting of inhomogenous mediums and impenetrable obstacles,

by the acoustic far-field measurements. More precisely, let Ω and D be open bounded

domains in Rn of C2 class, n ≥ 2, such that both Ωe := Rn\Ω and De := Rn\D are

connected. In the physical situation, D denotes an impenetrable obstacle, and Ω denotes

the inhomogeneity support of an acoustic medium. The medium in Rn is described by a

pair of material parameters (γ(x), η(x)), x ∈ Rn. γ = (γij) on Rn is a symmetric positive

definite matrix-valued function, and η(x) is a bounded complex-valued scalar function such

that =η ≥ 0. γ−1 denotes the acoustic density tensor, and η is the acoustic modulus. It

is noted that the medium could be absorbing if =η 6= 0. It is always assumed that the

inhomogeneity of the medium is compactly supported in the sense that γij = δij and η = 1

in Ωe, where δij is the Kronecker delta function. The wave propagation in the presence the

obstacle and the inhomogeneous medium introduced above in the whole space Rn is governed
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by the following wave equation,

ηUtt −
n∑

i,j=1

∂

∂xi

(
γij

∂U

∂xj

)
= 0 for (x, t) ∈ Rn\D × R+ (1.1.1)

where U(x, t) represents the wave field. We shall consider our study in the time-harmonic

regime, namely, U(x, t) = u(x)e−ikt, where k ∈ R+ represents the wave number. By factoriz-

ing out the time-dependent part, the wave pressure u(x) satisfies the reduced wave equation,

n∑
i,j=1

∂

∂xi

(
γij

∂u

∂xj

)
+ k2ηu = 0 in Rn\D. (1.1.2)

We shall seek scattering solution u ∈ H1
loc(Rn) to (1.1.2) which admits the following asymp-

totic expansion as |x| → +∞,

u(x) = eikθ
′·x + ak

(
x

|x|
, θ′
)

eik|x|

|x|n−1
2

+O

(
1

|x|n+1
2

)
. (1.1.3)

In (2.1.4), ak(θ, θ
′), θ = x

|x| ∈ Sn−1 and θ′ ∈ Sn−1, is known as the scattering amplitude. The

inverse problem we want to address is to recover the inhomogeneity of (γ, η) and D from

ak(θ, θ
′) for a fixed k ∈ R+ and all (θ, θ′) ∈ Sn−1 × Sn−1. It is noted that ak(θ, θ

′) is (real)

analytic in the variables θ and θ′, and hence if it is known on any open subset of Sn−1×Sn−1,

then it is known on the whole spheres by analytic continuation.

This physical problem could be geometrically reformulated as follows. Let g = (gij) be a

Riemannian metric on Rn such that g = ge in Ωe, where ge = (δij) denotes the Euclidean

metric. If g = αge with α a scalar function, then it is called isotropic, otherwise it is called

anisotropic. Let ∆g denote the Laplace-Beltrami operator associated to the metric g,

∆gu =
n∑

i,j=1

(det glm)−1/2 ∂

∂xi

(
(det glm)1/2 gij

∂u

∂xj

)
,
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where (gij) = (gij)
−1. Let q be a bounded complex-valued scalar function such that =q ≥ 0

and q = 1 in Ωe. The time-harmonic wave scattering is governed by the Helmholtz equation

whose weak solution is u = u(x; kθ′),


∆gu+ k2qu = 0 in Rn\D,

B(u(x; kθ′)) = 0 on ∂D,

u(x; kθ′)− eikx·θ′ satisfies the radiation condition.

(1.1.4)

In (1.1.4), Bu = u if D is a sound-soft obstacle; Bu = ∂u/∂νg if D is a sound-hard obstacle;

and Bu = ∂u/∂νg + iλu with λ a positive constant, if D is an impedance obstacle. Here and

in the following,

∂u

∂νg
(x) :=

∑
l,m

glm
∂u

∂xl
νm(x)

(∑
p,r

gpr(x)νp(x)νr(x)

)− 1
2

,

where ν = (νl)
n
l=1 is the outward unit Euclidean normal vector to ∂D. The last statement

in (1.1.4) means that if one lets us(x; kθ′) = u(x; kθ′)− eikx·θ′ , then

lim
|x|→+∞

|x|
n−1
2

(
∂us

∂|x|
(x; kθ′)− ikus(x; kθ′)

)
= 0, (1.1.5)

which holds uniformly for every direction θ = x/|x| ∈ Sn−1. (2.1.2) is known as the Som-

merfeld radiation condition, which guarantees the same asymptotic expansion (2.1.4) for u

to (1.1.4). We refer to [27, 34, 36] for the unique existence of an H1
loc(De)-solution to the

PDE system (1.1.4). (1.1.4) describes the acoustic scattering from an inhomogeneous medi-

um (Ω ∩De; γ
ij, η) := (Ω ∩De; (det glm)1/2 gij, (det glm)1/2q) together with an impenetrable

obstacle D. In the following, we shall denote by M := Ω ∩ De the support of the inhomo-

geneity of the medium and write (M ; g, q) ⊕ D to denote a complex scatterer as described

above. In the current study, we shall consider the inverse scattering problem of recovering

a complex scatterer by its scattering amplitude at a fixed frequency k. It is noted that a

3



complex scatterer could be very general, and it may happen that Ω ∩ D = ∅ meaning the

medium component and the obstacle component are separated; or it may happen that D b Ω

meaning the obstacle component is embedded into the medium component; or it may happen

that M ∩D = ∅ and M ∩D 6= ∅ meaning the medium component and obstacle component

are attached to each other; or it may even happen that D = ∅ or M = ∅ meaning there is

medium component only or obstacle component only for the underlying scattering object.

The generality of a complex scatterer is of practical interest if little a priori information is

available for the underlying scattering object. Before we proceed to discuss the uniqueness

results obtained for the present study, some general remarks about related studies in the

literature are in order.

Due to the transformation invariance of the wave equation, there are obstructions in de-

termining a complex scatterer (cf. [14, 44] ). We first consider the case with D = ∅.

Let ψ : M → M be a diffeomorphism which is the identity on ∂M . Then one has that

ak(M ; g, q) = ak(M ;ψ∗g, ψ∗q). As usual ψ∗g denotes the pull back of the metric g by the

diffeomorphism ψ. Hence, the best one can expect is to recover (M ; g, q) in a gauge equiv-

alence class up to a diffeomrophism. There are extensive studies in the literature on the

unique determination of q by knowing g; see, [42, 41] for the Euclidean metric case, [35] for

the case when the metric is conformal to the Euclidean metric, [11] for the general smooth

metric case. Very little is known in recovering both g and q in a gauge equivalence class by

the fixed frequency scattering amplitude. Nevertheless, we would like to mention that there

are extensive studies on the inverse problem of determining g associated with ∆g only, i.e.,

without the low order perturbation term q; see [23, 24, 40]. If there is an obstacle presented,

i.e. D 6= ∅, most of the studies are concerned with the practically interesting case that the

obstacle is embedded into the medium, namely, D b Ω. If g = ge and q = 1, the unique

determination of D is established in [10, 21]; and if g = ge and q is a known function, the

uniqueness is established in [22]; and for general known smooth g and q, the uniqueness

is established in [39] in two dimensions, and in [50] in arbitrary dimensions. In all the
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aforementioned studies with D 6= ∅, the uniqueness results are established in determining

D with the surrounding medium known in advance. In two dimensions, the uniqueness is

established in [17] in determining an unknown q in Ω\D ( g = ge is known) provided D is

known to be a sound-soft obstacle. If g = ge and q is assumed to a constant (unknown),

the uniqueness is established in [?] in determining an unknown D. Very little is known in

determining both unknown (Ω\D; g, q) and D by the fixed frequency scattering amplitude.

For this inverse problem, we note that if ψ : Ω\D̃ → Ω\D is a diffeomorphism which is the

identity on ∂Ω, then one has ak(g, q,D) = ak(ψ
∗g, ψ∗q, D̃), and this is known as the virtual

reshaping effect in [26]. Due to the gauge equivalence obstruction, the uniqueness estab-

lished for an anisotropic medium up to a diffeomorphism could not be applied directly to

the determination of the unknown in practice. Hence, there are a lot of studies on the quali-

tative determinations, namely, if g or q possesses singularities across a certain interface, one

intends to locate such an interface. Particularly, the case with significant practical interests

is that the interface is the one delimiting the inhomogeneity of a scatterer and the homoge-

neous background space. The corresponding inverse problem is also known as determining

the scattering support. Uniqueness in determining the scattering support for an isotropic

medium could be found in [18, 20, 22, 38], and for an anisotropic medium could be found in

[16, 49, 37] by assuming that the metric g has discontinuity or non-smooth singularity. We

refer to the [8, 9, 14, 19, 29, 44] for comprehensive surveys.

In this paper, we shall establish the unique determination of the scattering support of a

complex scatterer as described earlier, disregarding its contents, which is obviously of sig-

nificant practical importance. There are two particular aspects of our study which are new

to the literature. First, we consider the case that the metric g is smooth, whereas q has

discontinuity. It turns out that the singularity in the lower term q is subtler to recover than

the singularity in the metric term g. Indeed, we also consider the relatively simpler case

of recovering singularity in the metric term for isotropic mediums. Second, our uniqueness

arguments are reconstructive, that is, certain numerical reconstruction procedures could be
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directly adapted from the proofs. The technique in proving our uniqueness is based on the

integral equation method and by making use of the singular point source with 2nd order

singularity.

Finally, we would like to briefly mention some closely related research on invisibility cloak-

ing, which is also one of the motivations of the current study. By taking advantage of the

uniqueness obstruction due to a gauge transformation, one can devise some anisotropic medi-

um which produces zero scattering amplitude, thus invisible to detections. That is, there

exists (M ; g, q), such that ak(M ; g, q) = 0; see, e.g., [13] for the 3D case and [33] for the

2D case. However, the material parameters are singular, and there are extensive studies on

achieving non-singular approximate invisibility cloaking by implementing regularized ma-

terials (M ; gε, qε), see, e.g., [1, 12, 15, 25, 28]. However, we note that the aforementioned

non-singular approximate cloaking materials parameters all possess non-smooth singularities

across the outer boundary of the cloaking devices. Hence, our current uniqueness study indi-

cate that it might be of practical importance to smooth out the cloaking material parameters

at the outer boundary of a cloaking design.

1.2 Inverse Electromagnetic Scattering

Chapter 4 concerns the inverse problem of recovering electromagnetic (EM) scatterers by the

corresponding far-field measurements. Consider a pair of time-harmonic EM plane waves,

Ei(x) = peikx·d, H i(x) =
1

ik
∇× Ei(x), x ∈ R3 (1.2.1)

where k ∈ R3, d ∈ §2, p ∈ R3\{0} with p · d = 0 are, respectively, the wave number, incident

direction and polarization vector.

Next we consider the presence of inhomogenous EM objects in the space, which are referred
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to as EM scatterers. There are two types of scatterers, namely inhomogenous mediums and

perfectly conducting (PEC) obstacles. In what follows, we assume that an EM scatterer

is supported in a compact set D ⊂ R3 with C2 boundary ∂D and connected complement

R3\D. The wave propagation of the EM fields (E,H) ∈ C3×C3 in the medium is governed

by the Maxwell equations

∇× E(x)− ikµ(x)H(x) = 0,∇×H(x) + (ikε(x)− σ(x))E(x) = 0

where ε(x) is the electric permittivity, µ(x) is the magnetic permeability and σ(x) is the

conductivity.

For a PEC obstacle, the EM wave cannot penetrate inside and only exists in the exterior,

and moreover the tangential component of the electric field vanishes on the boundary of the

scatterer, namely ν × E = 0 on ∂D where ν is the outward unit normal vector to ∂D.

We present the Maxwell system which governed the scattering due to an inhomogeneous EM

medium (Dm; ε, µ, σ) and a PEC obstacle Do.

∇× E − iω
(

1 +
∑l

j=1(µj − 1)χΩj

)
H = 0 in R3\Ωo,

∇×H + iω
(

1 +
∑l

j=1(εj − 1)χΩj −
∑l

j=1 σjχΩj

)
E = 0 in R3\Ωo,

E+ = (E − Ei)|R3\Ωo , H
+ = (H −H i)|R3\Ωo

ν × E+ = −ν × Ei, on ∂Ωo,

lim|x|→+∞ |x||(∇× E+)(x)× x
|x| − iωE

+(x)| = 0.

(1.2.2)

E+ admits the following asymptotic expansion

E+(x) =
eik|x|

|x|
A(x̂) +O(

1

|x|2
), as |x| → +∞

7



where A(x̂) is called the electric far-field pattern.

The far-field pattern is given as measurement data which an be obtained by physical appa-

ratus, whereas the EM scatterers are the unknowns that one need to recover. In principle,

we always assume that A(x̂) is given for all x̂ ∈ S2; or equivalently, an open subset of S2. If

a single triplet (d, p, k) is used, the far-field pattern is called a single measurement, otherwise

it’s called multiple measurements.

Due to its practical importance, the inverse scattering problem has been extensively inves-

tigated in the literature. We refer to [2], [3], [4], [30], [31] and references therein for various

imaging schemes developed in the literature. Recently, several qualitative imaging schemes

were developed in [30] and [31]. The imaging schemes developed there make use of a single

far-field measurement, and they are of direct imaging without any inversion involved. The

core of those schemes is a series of imaging functionals whose local maximum behaviors can

be employed to locate the scatterers. The schemes work for locating both small-size and

regular-size scatterers. However, one must impose a restrictive condition that the shape of

a target regular-size scatterer must be known in advance. In this thesis, we extend the work

in [30] using multiple far-field measurements. Following a similar spirit to [30], the proposed

scheme is obtained by integrating the information of the multiple far-field measurements into

the imaging functional in [30]. It turns out that the proposed scheme can not only be used to

recover small scatterers but extended scatterers as well. Actually, by using the low-frequency

measurements with the imaging functional, one can find the locations and rough profiles of

the underlying scatterers. If one incorporates more measurement data by increasing the

frequency of the detecting wave field, the finer details of the scatterers can be gradually

recovered. This also matches the physical intuition very well. We provide a rather heuristic

principle study of the qualitative aspects of the imaging functional. Nevertheless, the numer-

ical experiments supply promising evidences on the features of the proposed scheme. The

scheme works effectively and efficiently in recovering both medium components and obstacle

8



components of a scatterer. Moreover, it can be used to recover scatterers of multiple scales,

including point-like, screen-like and extended components.
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Chapter 2

Preliminaries

In this chapter, we give a necessary summary of direct scattering problems of acoustics

and electromagnetics. In the first three sections, there is a fairly complete study of acous-

tic scattering which form the base of Chapter 3. We give a very limited introduction to

electromagnetic scattering in the last section which will be used in Chapter 4.

2.1 Uniqueness, Far Field Pattern and Fundamental

Solution

Let ∆g denote the Laplace-Beltrami operator associated to the metric g,

∆gu =
n∑

i,j=1

(det g)−1/2 ∂

∂xi

(
(det g)1/2 gij

∂u

∂xj

)
,

where (gij) = (gij)
−1 and det g is the determinant of the metric g. Let q be a bounded

complex-valued scalar function such that =q ≥ 0. Moreover , assume that outside some

open domain Ω, q = 1 and gij = δij. The time-harmonic wave scattering is governed by the

10



Helmholtz equation whose weak solution is u = u(x; k, d),


−∆gu− k2qu = 0 in Rn\D,

B(u(x; k, d)) = 0 on ∂D,

u(x; k, d)− eikx·d satisfies the radiation condition.

(2.1.1)

In (2.1.1), Bu = u if D is a sound-soft obstacle; Bu = ∂u/∂νg if D is a sound-hard obstacle;

and Bu = ∂u/∂νg + iλu with λ a positive constant, if D is an impedance obstacle. Here and

in the sequel,

∂

∂νg
(x) :=

∑
l,m

glm
∂

∂xl
νm(x)

(∑
p,r

gpr(x)νp(x)νr(x)

)− 1
2

,

where ν = (νl)
n
l=1 is the outward unit Euclidean normal vector to ∂D.

The last statement in (2.1.1) means that if one lets us(x; k, d) = u(x; k, d)− eikx·d, then

lim
|x|→+∞

|x|
(
∂us

∂|x|
(x; k, d)− ikus(x; k, d)

)
= 0, (2.1.2)

which holds uniformly for every direction x̂ = x/|x| ∈ S2.(2.1.2) is known as the Sommerfeld

radiation condition.

Let

Φ(x, y) :=
1

4π

eik|x−y|

|x− y|
, x, y ∈ R3, x 6= y,

be the outgoing fundamental solution to the differential operator−∆−k2 in the free space R3.

It’s obvious that Φ(x, y) satisfies the radiation conditions and has the following asymptotics

when |x| → ∞.

11



Lemma 2.1.1. As |x| → ∞, there exists an asymptotics for Φ(x, y):

Φ(x, y) =
1

4π

eik|x|

|x|
e−ikx̂·y +O(

1

|x|2
) (2.1.3)

where x̂ := x
|x| ∈ S

2.

Based on the asymptotics in the above Lemma (2.1.1), we can show the following asymptotic

expansion for the scattered wave field.

Lemma 2.1.2. If u satisfies (∆ − k2)u = 0 outside of BS and u satisfies the Sommerfeld

radiation conditions, then as |x| → +∞,

u = a(x̂)
eik|x|

|x|
+O

(
1

|x|2

)
. (2.1.4)

Proof. This expansion can be derived using Green’s formula and the asymptotics Φ(x, y) in

Lemma (2.1.1). You can find the proof in Chapter 3 of [50].

Definition 2.1.3. We call ak (x̂, d) in Lemma (2.1.2) the far field pattern of the scattered

field us with the incident wave field ui(x; k, d) = eikx·d.

The Rellich’s Lemma and unique continuation principle will be fundamental in the unique-

ness proof and inverse problem. We state them in the following.

Lemma 2.1.4. Let u(x) ∈ L2(R3) be a solution of −∆gu− k2qu = f(x) where f ∈ L2(R3)

has compact support. Then u(x) = 0 for |x| > R where R is large.

We recall the unique continuation principle from Hormander [48]

Lemma 2.1.5. Let P (x,D) be an elliptic, second-order differential operator on a connected

compact subset Σ ⊂ R3 with continuous coefficients and real-valued principal symbol. Say

u = 0 in some open connected subset O ⊂ Σ and Pu = 0 in Σ. Then u = 0 in Σ.

12



Now we have the uniqueness of solution to the operator −∆g − k2q.

Lemma 2.1.6. Let q be a bounded complex-valued scalar function such that =q ≥ 0. If

(−∆g − k2q)u = 0 in R3 and u satisfies the radiation condition in (2.1.2), then u = 0 in R3.

Next, we give the fundamental solution and its singularity analysis to the operator −∆g−k2

in the free space R3 which satisfies the radiation condition in (2.1.2). The proof of existence

could be found in [50] and the singularity analysis is in [48].

Lemma 2.1.7. There exists Φg(x, y, k) satisfying

(−∆g − k2)Φg(x, y, k) = δ(x− y), x, y ∈ R3,

lim
|x|→+∞

|x|
(

∂

∂|x|
Φg(x, y, k)− ikΦg(x, y, k)

)
= 0.

Moreover, Φg(x, y) has a singularity of order 1 at x = y and in a small open neighborhood

of y,

Φg(x, y) ∼ C1(x)dg(x, y)−1 + C2(x)dg(x, y) + · · · , (2.1.5)

and

∇xΦg(x, y) ∼ C ′1(x)dg(x, y)−2Vx,y + C ′2(x)dg(x, y)−1Vx,y + · · · , (2.1.6)

where ∼ indicates equality modulo C∞, Cj(x) and C ′j(x) are smooth for all j ∈ N, and

C1(x), C ′1(x) are not vanishing. In (2.1.5) and (2.1.6), dg(x, y) is the Riemannian distance

function and V (x, y) is the unit vector at y in the direction of the geodesic from x to y.
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2.2 Single and Double Layer Potentials

I choose the method of integral equations for solving the boundary value and scattering

problems. The most important integral operators are single and double layer potentials.

There are a lot of bibliographies about the layer potentials with respect to the fundamental

solution to −∆− k2.

In this section, we consider layer potential’s generalization, i.e. with respect to the funda-

mental solution φg to −∆g − k2 given in last section.

Let D be an bounded open set with C2 boundary. We introduce the single- and double-layer

potential operators, defined as follows,

SLgψ(x) :=

∫
∂D

Φg(x, y)ψ(y) dsy, x ∈ R3\∂D, (2.2.1)

DLgψ(x) :=

∫
∂D

∂Φg(x, y)

∂νg(y)
ψ(y) dsy, x ∈ R3\∂D, (2.2.2)

where νg is the outward unit normal vector to ∂D under the metric g.

We also introduce the following volume potential operator,

Vg,qψ(x) := k2

∫
M

Φg(x, y)(1− q(y))ψ(y)dy. (2.2.3)

We devote the rest of this section to investigate the mapping and jumping properties of

the layer potential operators introduced above. The reader can find the details of these

properties in [6] and [50].

Let SL+
g and SL−g denote the limit of SLg from above and below and let (∂SLg

∂νg
)+ and (∂SLg

∂νg
)−

denote the limit of the normal derivative of S from above and below. We similarly define

DL+
g , DL−g , (∂DLg

∂νg
)+ and (∂DLg

∂νg
)−.
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Theorem 2.2.1. SL+
g , SL−g , (∂SLg

∂νg
)+, (∂SLg

∂νg
)−, DL+

g , DL−g −, (∂DLg
∂νg

)+ and (∂DLg
∂νg

)− are each

equal to an elliptic pseudodifferential operator and a term with C∞ kernel. In semi-geodesic

coordinate we have the following principal symbols.

σ−1(SL+/−
g ) :=

1

2
√∑

j,k ĝ
jk(x′ , 0)ξjξk

(2.2.4)

σ0((
∂SLg
∂νg

)+/−) :=− /+
1

2
(2.2.5)

σ0(DL+/−
g ) := + /− 1

2
(2.2.6)

σ0((
∂SLg
∂νg

)+/−) :=
−
√∑

j,k ĝ
jk(x′ , 0)ξjξk

2
(2.2.7)

Theorem 2.2.2.

SL+
g − SL−g = 0, (2.2.8)

DL+
g −DL−g = I, (2.2.9)

(
∂SLg
∂νg

)+ − (
∂SLg
∂νg

)− = −I, (2.2.10)

(
∂DLg
∂νg

)+ − (
∂DLg
∂νg

)− =
∂xn
√

det(g)√
det(g)

, (2.2.11)

Next, we give mapping properties of the layer potentials.

Theorem 2.2.3. Let ∂D be of class C2. Then the operators SLg and DLg are bounded

operators from C(∂D) into C0,α(∂D), and also bounded from C0,α(∂D) to C1,α(∂D)

Theorem 2.2.4. Given two bounded domains M and G, the volume potential,

Vg,qψ(x) := k2

∫
M

Φg(x, y)(1− q(y))ψ(y)dy, x ∈ R3 (2.2.12)

defines a bounded operator from L2(M) to H2(G).
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Proof. The proof can be found in Theorem 8.2 in [6].

2.3 The Maxwell Equations

Let Ω be a bounded C2 domain in R3 which supports an inhomogenous isotrotropic EM

medium characterized by electric permittivity ε(x), magnetic permeability mu(x) and con-

ductivity σ(x). Both ε(x) and mu(x) are positive scalar functions and sigma(x) is a nonneg-

ative scalar function. It is assumed Ωe := R3\Ω is connected and Ωe represents the uniformly

homogenous background space. Without loss of generality, we assume that Ωe is the vacuum,

i.e., ε(x) = µ(x) = 1 and σ(x) = 0 for x ∈ Ω(x). In the physical situation, the inhomogeneity

(Ω; ε, µ, σ) is referred to as a scatterer and we shall take the detecting/incident EM wave to

be the time harmonic plane wave,

Ei(x) = peiωx·d, H i(x) =
1

iω
∇× Ei(x) (2.3.1)

where w ∈ R+ denotes the frequency, × the exterior product, d ∈ S2 the impinging direction,

and p ∈ R3 the polarization with p · d = 0. The EM scattering is governed by the Maxwell

equations,



∇× E − iωµH = 0 in R3,

∇×H + iω(ε+ iσ
ω

)E = 0 in R3,

E− = E|Ω, E+ = (E − Ei)|Ωe ,

lim|x|→+∞ |x||(∇× E+)(x)× x
|x| − iωE

+(x)| = 0.

(2.3.2)

where E and H are the respective electric and magnetic fields, E− is the interior electric field,

E+ is known as the scattered electric field. And H− and H+ are their interior and scattered
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magnetic counterparts. Moreover, E+ admits the following aysmptotic expansion:

E+(x) = A (x̂; d, p, ω)
eik|x|

|x|
+O

(
1

|x|2

)
. (2.3.3)

uniformly in all directions (̂x) = x
|x| as |x| → +∞. A (x̂; d, p, ω) is known as the electric

far-field pattern.

When σ → +∞, the medium becomes perfectly conducting and (Ω; ε, µ,+∞) is called a

perfect electric conducting(PEC) obstacle. For a PEC obstacle, both interior fields E− and

H− := H|Ω would vanish inside Ω, that is the EM fields cannot penetrate inside the object.

The Maxwell equation becomes:



∇× E − iωH = 0 in Ωe,

∇×H + iωE = 0 in Ωe,

ν × E = 0, in Ωe,

E+ = (E − Ei)|Ωe ,

lim|x|→+∞ |x||(∇× E+)(x)× x
|x| − iωE

+(x)| = 0.

(2.3.4)

where ν denotes the outward unit normal vector to ∂Ω. The scattered field of E+ has the

same asymptotic expansion as that in (2.3.3).

We introduce the integral form for the Maxwell equation [7].

Theorem 2.3.1. Assume the bounded open set D is of class C2 and let ν denote the unit

normal vector to the boundary ∂D directed into the exterior of D. Let E,H ∈ C1(R3\D) ∩
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C(R3\D) be a radiating solution to the Maxwell equations

∇× E − iωH = 0,∇×H + iωE = 0 in R3\D

Then we have the Statton-Chu formulas,

E(x) = ∇×
∫
∂D

ν(y)× E(y)Φ(x, y)ds(y)

− 1

iω
∇×∇×

∫
∂D

ν(y)×H(y)Φ(x, y)ds(y), x ∈ R3\D.

H(x) = ∇×
∫
∂D

ν(y)×H(y)Φ(x, y)ds(y)

+
1

iω
∇×∇×

∫
∂D

ν(y)× E(y)Φ(x, y)ds(y), x ∈ R3\D.

Next, we introduce the space of L2 tangential fields on the unit sphere as follows,

T 2(S2) := {a ∈ C3|a ∈ L2(S2)3, θ · a = 0, a.e. on S2}

Note that T 2(S2) is a linear subspace of L2(S2)3, the space of vector L2−fields on the unit

sphere S2.

For a continuously differential function φ on ∂D, the surface gradient Gradφ is defined as

the vector pointing to the direction of the maximal increase of φ. In terms of a parametric

representation,

x(u) = (x1(u1, u2), x2(u1, u2), x3(u1, u2))

of a surface patch of ∂D, the surface gradient can be expressed by

Gradφ =
∑
i,j=1,2

gij
φ

∂ui

∂x

∂uj
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where gij is the inverse of the first fundamental matrix

gij =
∂x

∂ui

∂x

∂uj
, i, j = 1, 2.

Definition 2.3.2. For any orthonormal system Y m
n , m = −n, ..., n, of spherical harmonics

of order n > 0, the tangential fields of the unit sphere

Um
n :=

1√
(n(n+ 1))

GradY m
n , V

m
n := ν × Un

m (2.3.5)

are called the vector spherical harmonics of order n.

The vector spherical harmonics form a complete orthonormal system in T 2(S2).
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Chapter 3

Inverse Problems in Acoustic

Scattering

In this chapter, we consider the inverse acoustic scattering problem for a complex scatterer,

which might be composed of both inhomogeneous anisotropic mediums and impenetrable

obstacles. It is shown that the fixed-frequency scattering amplitude uniquely determines the

scattering support of a complex scatterer, disregarding its contents.

3.1 Direct Scattering from Obstacles and Inhomogeneities

In Chapter 2, we give the uniqueness result for the Laplace-Beltrami Operator. Now we

prove uniqueness of the Dirichlet Problem, that is in the problem (1.1.4), Bu = u.

Theorem 3.1.1. The Dirichlet Problem (1.1.4) admits at most one solution.

Proof. Let ui = 0 and apply Green’s first formula in the ball BR\D where BR ⊃ Ω, then we
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get:

0 =

∫
BR\D

(−∆g − k2q)uu
√
gdx

= −
∫
BR\D

∑
i,j

(det g)−1/2)
∂

∂xi

(
(det g)1/2 gij

∂u

∂xj

)
dx

−
∫
BR\D

k2q(x)uu(detg)1/2dx

=

∫
∂D

∂u

∂ν(x)
uds(x)−

∫
∂BR

∂u

∂r
uds(x) +

∫
BR

∑
i,j

gij
∂u

∂xi
∂u

∂xj
(det g)1/2dx

−
∫
BR

k2q(x)|u|2(det g)1/2dx

Take imaginary parts of both sides, let R→∞ and use the asymptotic expansion in Lemma

(2.1.2) in the boundary ∂BR and Dirichlet boundary condition on ∂D to get:

∫
S2

k|a(x̂, d)|2dx̂ = =
∫
BR\D

(1− q(x))|u|2(det g)1/2dx (3.1.1)

Since =(1 − q(x)) ≤ 0, it follows that a(x̂, d) = 0 for all x̂ ∈ S2. Therefore, we have

u(x) = O
(

1
|x|2

)
. From Rellich’s Lemma and uniqueness continuation principle, we have

u = 0 in R3\D.

For the existence of solutions to the direct scattering problem, we have the following theorem

whose proof follows from a similar argument to that for Theorem 2.2 in [22].

Theorem 3.1.2. Suppose that g is smooth in R3 with g = ge in Ωe, and q ∈ L∞(De) with

q = 1 in Ωe. Then u(x) ∈ H1
loc(R3\D) ∩ C(R3\D) is a solution of (2.1.1) if u(x)|M is given

by

u(x) = r(x)− Vg,qu(x) + (DLg + ikSLg)ψ(x) x ∈M. (3.1.2)

21



In (3.1.2), ψ(x) ∈ C(∂D) satisfies

ψ(x) = t(x) + 2T Vg,qu(x)− 2(T DLg + ikT SLg)ψ(x) x ∈ ∂D. (3.1.3)

In (3.1.2) and (3.1.3), r(x) = −
∫
M

(ui(y)∆gΦg(x, y)−∆gu
i(y)Φg(x, y))dy with ui(x) = eikx·θ

′

and t(x) = −2T r(x), where T is the one-sided trace operator when one approaches ∂D from

De. Moreover, we have

i) The system (3.1.2)-(3.1.3) of integral equations is uniquely solvable in C(M)×C(∂D)

for (r, t) ∈ C(M)× C(∂D) and depends continuously on r and t.

ii) The system (3.1.2)-(3.1.3) of integral equations is uniquely solvable in L2(M)×C(∂D)

for (r, t) ∈ L2(M)× C(∂D) and depends continuously on r and t.

Proof. First, by the above uniqueness results, we know that the system (1.1.4) admits at

most one solution. Let (u, ψ) ∈ C(M)× C(∂D) be a pair of solutions to (3.1.2) and (3.1.3)

with r(x) = −
∫
M

(ui(y)∆gΦg(x, y) − ∆gu
i(y)Φg(x, y))dy and t(x) = −2T r(x). Using the

mapping properties of Vg,q, SLg and DLg, we know that u ∈ C2,α(M) and if x ∈M ,

r(x) = ui(x) +

∫
M

Φg(x, y)(∆g + k2)ui(y)dy.

Hence, we have

(∆g + k2)u(x) = (∆g + k2)ui(x) + (∆g + k2)

∫
M

Φg(x, y)(∆g + k2)ui(y)dy

− (∆g + k2)Vg,qu(x)

= (∆g + k2)ui(x)− (∆g + k2)ui(x) + k2(1− q(x))u(x),
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which readily gives

∆gu(x) + k2q(x)u(x) = 0, x ∈M.

Extending u into De by solving (3.1.2), it is easy to verify that ∆u(x) + k2u(x) = 0 for

x ∈ Ωe∩De. From the jumping properties of the single and double layer potential operators,

one has u(x) = 0 for x ∈ ∂D. Furthermore, u(x) − ui(x) satisfies the radiation condition

since the fundamental solution Φg satisfies the radiation condition. This proves the first part

of Thoerem 3.1.2.

Next, we reformulate the system (3.1.2)-(3.1.3) as follows

I −DLg
0 I


u
ψ

+

 Vg,q −ikSLg

−2T Vg,q 2(T DLg + ikT SLg)


u
ψ

 =

r
t

 . (3.1.4)

We consider (3.1.4) in the product spaces C(M)×C(∂D) and L2(M)×C(∂D), respectively,

with their canonical norms. In both spaces, the system is of Fredholm type since

I −DLg
0 I


−1

=

I DLg

0 I


and all entries of Vg,q −ikSLg

−2T Vg,q 2(T DLg + ikT SLg)


are compact operators. Hence, it sufficies for us to study the uniqueness of the solution to the

system (3.1.2)-(3.1.3) in L2(M)× C(∂D). Let (u, ψ) be a solution for r = 0 and t = 0. We

know u ∈ C(M) from the mapping property of Vg,q. From the first part of the present proof,

we further know that u solves the scattering problem (2.1.1) for ui = 0. Therefore, we have
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u = 0 for x ∈ De from the uniqueness result. Hence, 0 = u = (DLg + ikSLg)ψ in De. The

jumping properties of the layer potential operators then imply that 1
2
ψ+(DLg+ikSLg)ψ = 0

on ∂Ω. Now we define the function v by

v(x) :=

∫
∂D

[
∂

∂ν(y)
Φg(x, y) + ikΦg(x, y)

]
ψ(y)ds(y). (3.1.5)

We have v = 0 for x ∈ De. By using the jumping properties again,

−v− = v+ − v− = ψ, −∂v
−

∂ν
=
∂v+

∂ν
− ∂v−

∂ν
= −2ikψ (3.1.6)

By eliminating ψ, we have that ∂v−

∂ν
+ ikv− = 0 on ∂D. By Green’s theorem , we have v = 0

in Ω which readily implies ψ = 0. The proof is complete.

3.2 Bounds for Volume Potential w.r.t Singular Source

In this section, we derive the lower bounds for the volume potential from an inhomogenous

medium. Consider a domain D and a point x0 ∈ ∂D. Denote xh := x0 + hν(z0) for all small

enough h such that xh ∈ R3\D.

Lemma 3.2.1. We find find a constant C such that

∣∣∣∣∫
D

Φg(xh, y)m(y)Ψ(y, xh)dy

∣∣∣∣ ≥ C|log(h)| (3.2.1)

where m(y) = 1− q(y).

Proof. We split the domain of integration into D\BR(zh) and D ∩BR(zh). It’s obvious that

the integral ∣∣∣∣∫
D\BR(zh)

Φg(zh, y)m(y)Ψ(y, zh)dy

∣∣∣∣
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is bounded and decompose

∫
D∩BR(zh)

Φg(zh, y)m(y)Ψ(y, zh)dy

=

∫
D∩BR(zh)

Φg(zh, y)m(z0)Ψ(y, zh)dy +

∫
D∩BR(zh)

Φg(zh, y)(m(y)−m(z0))Ψ(y, zh)dy

(3.2.2)

For the second integral on the right-hand side of (3.2.2), we have

∣∣∣∣∫
D∩BR(zh)

Φg(zh, y)(m(y)−m(z0))Ψ(y, zh)dy

∣∣∣∣ ≤ c

∫ R

h

dr ≤ cR

since we have Φg(y, zh) ≤ c
|y−zh|

for some positive constant c and m(y) is Lipschitz-continuous

inside the domain D.

Now we analyze the first integral on the right-hand side of (3.2.2). Since in a neighbourhood

of a point z0 ∈ ∂D, a domain D is close to the half space H(z0) = {y ∈ R3 : (y−z0) ·ν(z0) <

0}. To estimate the difference of the first integral to the integral where D∩BR(zh) is replaced

by the half space H(z0) ∩BR(zh), we define the set,

∆ := (D ∩BR(z))\H(z0) ∪ (H(z0) ∩BR(z))\D (3.2.3)

Similar to the calculations of integral in the domain D\BR(z), we obtain:

∣∣∣∣∫
∆

Φg(zh, y)m(z0)Ψ(y, zh)dy

∣∣∣∣ ≤ C (3.2.4)

with some constant C uniformly for z ∈ B\D. Therefore,

∣∣∣∣∫
D∩BR(z)

Φg(zh, y)m(z0)Ψ(y, zh)dy

∣∣∣∣ ≥ ∣∣∣∣∫
H(z0)∩BR(z))

Φg(zh, y)m(z0)Ψ(y, zh)dy

∣∣∣∣−C (3.2.5)

Now we calculate the right hand side integral in the above inequality. We choose the co-
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ordinate system with origin in zh and ez = −ν(z0) and use polar coordinate. If the polar

coordinate for y is (r, θ, φ), we have θ ∈ [0, θ0] and φ ∈ [0, 2π] where θ0 satisfies h = Rcos(θ0).

Then we get,

∣∣∣∣∫
H(z0)∩BR(z)

Φg(zh, y)m(z0)Ψ(y, zh)dy

∣∣∣∣
≥ C

∣∣∣∣∫
H(z0)∩BR(z)

1

|y − zh|
P1(−ν(z0) · (y − zh))

|y − zh|2
dy

∣∣∣∣+O(1)

≥ C

∫ θ0

0

∫ R

h
cos(θ)

∫ 2π

0

1

r
cos(θ)sin(θ)drd(θ)d(φ) = Clog(h) +O(1)

The second inequality in the above is due to Φg(zh, y) ≥ C
|y−zh|

in some neighborhood of zh

for some positive constant C. The can been seen from Lemma 2.1.7 in Chapter 2 and the

assumption that second order differential operator is uniformly elliptic with respect to the

metric g. Combining the above estimates, we obtain the statement of this Lemma.

Lemma 3.2.2. We also have an upper bound estimate. We find find a constant C such that

∣∣∣∣∫
D

Φg(z, y)m(y)Ψ(y, zh)dy

∣∣∣∣ ≤ C

|z − zh|
(3.2.6)

Proof. We split the domain of integration into three parts. For z ∈ R3\zh, we define R :=

|z−zh|
2

and use the sets D1 := D ∩ BR(z), D2 := D ∩ BR(zh) and D3 := D\(D1 ∪D2). The

integral over D1 can be estimated by,

∣∣∣∣∫
D1

Φg(z, y)m(y)Ψ(y, zh)dy

∣∣∣∣ ≤ C

R2

∫ R

0

rdr ≤ C
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To estimate the integral over D2, we use the decomposition,

∣∣∣∣∫
D2

Φg(z, y)m(y)Ψ(y, zh)dy

∣∣∣∣ ≤ ∣∣∣∣∫
D2

(Φg(z, y)− Φg(z, zh))m(y)Ψ(y, zh)dy

∣∣∣∣
+

∣∣∣∣∫
D2

Φg(z, zh)m(y)Ψ(y, zh)dy

∣∣∣∣ (3.2.7)

From (2.1.6) in Lemma 2.1.7 and mean value theorem, we have,

|Φg(z, y)− Φg(z, zh)| ≤
C

d2
g(z, zh)

|y − zh| ≤
C

|z − zh|2
|y − zh|, y ∈ D2

Therefore,

∣∣∣∣∫
D2

Φg(z, y)m(y)Ψ(y, zh)dy

∣∣∣∣ ≤ (
1

R2

∫ R

0

rdr +
1

R

∫ R

0

dr) ≤ C

Now we estimate the integral over D3,

∣∣∣∣∫
D3

Φg(z, y)m(y)Ψ(y, zh)dy

∣∣∣∣ ≤ C

R

∫
D3

1

|y − zh|2
ds(y) ≤ C

R

Now we get the estimate (3.2.6).

3.3 Recovering the Support of Complex Scatterers

In this section, we shall establish the uniqueness in determining the scattering support of

a complex scatterer disregarding its contents provided there is singularity attached to q.

Throughout the present section, we assume that g ∈ C∞(Rn), whereas there exists an open

neighborhood of ∂Ω, neigh(∂Ω) ⊂ Ω, and a positive constant ε0 ∈ R+ such that

|q(x)− 1| ≥ ε0 for a.e. x ∈ neigh(∂Ω). (3.3.1)
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Next, we introduce a more singular point source than Φ(x, y) which is given for every fixed

x0 ∈ R3 by

Ψ(y, x0) = h
(1)
1 (kρ)P1(cos(ϕ)), (3.3.2)

where h
(1)
1 is the spherical Hankel function of the first kind of order one and P1 is the Legendre

polynomial of order one, and (ρ, φ, ϕ) is the spherical coordinate of y− x0. Ψ(y, x) is known

as the spherical wave function and we refer to [6] for related background. It is noted that

Ψ(y, x0) has a quadratic singularity only at the point y = x0 which comes from that of the

spherical Hankel function; that is, (y−x0)2Ψ(y, x0) is smooth in R3. For the subsequent use,

we first present an approximation property of point sources by linear combination of plane

waves.

Lemma 3.3.1. Let E ⊂ R3 be a compact set and x0 ∈ R3\E be fixed. Then there exist

sequences vn(y) and ωn(y) in the span of plane waves

E := Span{eiky·θ : θ ∈ S2}

such that

‖vn − Φ(·, x0)‖C1(E) → 0 as n→∞. (3.3.3)

and

‖ωn −Ψ(·, x0)‖C1(E) → 0 as n→∞. (3.3.4)

Proof. This follows from Lemma 3.2 in [6] by noting that Φ(·, x0) and Ψ(·, x0) are (real)

analytic solutions of the Helmholtz equation in any domain that does not contain x0. See

also Lemma 5 in [38].
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Theorem 3.3.2. Let

Σ = (M ; g, q)⊕D

be a complex scatterer with a medium (g, q) supported in M and an obstacle D, and let

G = R3\(M ∪D). Then G is uniquely determined by the corresponding scattering amplitude

ak(θ, θ
′) with θ, θ′ ∈ S2 and a fixed k ∈ R+.

Proof. We shall prove the theorem by contradiction. Let

Σ̃ = (M̃ ; g̃, q̃)⊕ D̃

be a complex scatterer with the corresponding scattering amplitude ãk(θ, θ
′) and support

G̃ := R3\(M̃ ∪ D̃) such that

G̃ 6= G and ak(θ, θ
′) = ãk(θ, θ

′). (3.3.5)

In the sequel, we let Λ be the (unique) unbounded connected component of R3\Σ ∪ Σ̃. We

denote by us(x) and ũs(x), respectively, the scattered wave fields corresponding to Σ and Σ̃

for x 6∈ Σ and x 6∈ Σ̃ respectively. By the Rellich uniqueness theorem, we know from (3.3.5)

that us(x) = ũs(x) for all x ∈ Λ and all θ′ ∈ S2. Since G 6= G̃ and both are connected, it

is easily seen that either (R3\Λ)\G 6= ∅ or (R3\Λ)\G̃ 6= ∅. Without loss of generality, we

assume the former case and set Λ∗ = (R3\Λ)\G 6= ∅. It is obvious that

∂Λ∗ ⊂ ∂Λ ∪ ∂G ⊂ ∂G̃ ∪ ∂G and ∂Λ∗\∂G 6= ∅.

We also note the fact that ∂G̃ ⊂ ∂M̃ ∪ ∂D̃. Let z0 ∈ ∂Λ∗\∂G ⊂ (∂M̃ ∪ ∂D̃)\∂G. We next

distinguish two cases that z0 ∈ (∂D̃\∂G)∩ ∂Λ∗ and z0 ∈ (∂M̃\∂G)∩ ∂Λ∗. In the following,

we fix ρ0 > 0 be sufficiently large such that Σ∪ Σ̃ ⊂ Bρ0(0), where and in the following Br(x)
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denote a ball centered at x with radius r. Let Gρ0 and G̃ρ0 , respectively, denote De∩Bρ0(0)

and D̃e ∩Bρ0(0).

Case 1. z0 ∈ (∂D̃\∂G) ∩ ∂Λ∗. Let τ0 > 0 be sufficiently small such that Bτ0(z0) ⊂ G and

Bτ0(z0) ∩ M̃ = ∅. Set S := ∂D̃ ∩ Bτ0(z0) and without loss of generality we assume that

S ⊂ ∂D̃ ∩ ∂Λ. Obviously, Bτ0(z0) is divided by S into two parts and we denote by B+
τ0

the

one contained in Λ. We now consider the two scattering problems corresponding to Σ and

Σ̃ with the incident field ui(x) being a point source Ψ(x, z) for z ∈ B+
τ0

and, let ws(x, z) and

w̃s(x, z) denote, respectively, the scattered wave fields. Since the scattered wave coincide in

Λ for all plane waves, by Lemma 3.3.1, it is straightforward to show that ws(x, z) = w̃s(x, z)

for x ∈ Λ and z ∈ B+
τ0

. Next, it is observed that Ψ(x, z) with z ∈ B+
τ0

is smooth for x ∈ M

and it is directly verified that ‖Ψ(·, z)‖C1(M) ≤ C for all z ∈ B+
τ0

. From the well-posedness of

the forward scattering problem, we see ‖ws(·, z)‖C(Gρ0 ) ≤ C with C a constant independent

of z.

Next, we choose h > 0 such that the sequence

zn := z0 +
h

n
ν(z0), n = 1, 2, . . . (3.3.6)

is contained in B+
τ0

, where ν(z0) is the outward unit normal vector to ∂D̃ at z0. By our

earlier discussion, |ws(z0, zn)| ≤ C uniformly for n ∈ N. On the other hand, by using the

Dirichlet boundary condition of w̃s on ∂D̃, we have

|ws(z0, zn)| = |w̃s(z0, zn)| = | −Ψ(z0, zn)| → ∞ as n→∞. (3.3.7)

We obviously have a contradiction.

Case 2. z0 ∈ (∂M̃\∂G) ∩ ∂Λ∗. Similar to Case 1, we let Bτ0(z0) be a sufficiently small

ball such that Bτ0(z0) ⊂ G and Bτ0(x0) ∩ D̃ = ∅. Moreover, let S := ∂M̃ ∩ Bτ0(z0)
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which is assumed to lie entirely on ∂Λ, and let B+
τ0

denote the part of Bτ0(z0) contained

in Λ. By a completely similar argument as that for Case 1, we know |ws(·, z)|C(Gρ0 ) ≤ C

for x ∈ B+
τ0

, and we shall derive a contradiction by showing that w̃s(x, z) reveals singular

behavior near z0. To this end, let zn, n = 1, 2, . . . be the sequence given in (3.3.6) with ν(z0)

the outward unit normal vector to ∂M̃ at z0 for the present case. By Lemma 2.1.7, Φg(x, z)

has the singular order 1 at x = z. By the upper bound of the volume potential given in

the last section, we have that Vg̃,q̃Ψ(x, zn) ≤ C/|x − zn|. Hence ‖Vg̃,q̃Ψ(·, zn)‖L2(Gρ0 ) ≤ C

uniformly for n ∈ N. Moreover, noting zn’s are contained in B+
τ0

which is away from D̃,

‖Ψ(·, zn) + T Vg̃,q̃Ψ(·, zn)‖C(∂D̃) ≤ C. By Theorem 3.1.2, ii), we see ‖w̃s(·, zn)‖L2(M̃) ≤ C

and ‖ψ(·, zn)‖C(∂D̃) ≤ C, where ψ(·, zn) is the density function in (3.1.3) corresponding

to the incident waves Ψ(·, zn). Next, using the mapping properties that Vg̃,q̃ maps L2(M̃)

continuously into C(G̃ρ0), and SLg̃ and DLg̃ maps C(∂D̃) continuously into C(G̃ρ0) (cf.

[6]), we see |Vg̃,q̃w̃s(z0, zn)| ≤ C and |(DLg̃ + ikSLg̃)ψ(z0, zn)| ≤ C uniformly for n ∈ N.

By the notation in Theorem 3.1.2,

r(x, z) = Ψ(x, z) +

∫
M̃

Φg(x, y)(∆g −∆)Ψ(y, z)dy. (3.3.8)

We note that

(∆g −∆)Ψ(y, z) = ∇ · (g−1 − I)∇Ψ(y, z) +
1√
detg

(∇
√

detg) · (g−1∇Ψ(y, z)). (3.3.9)

Since g ∈ C∞(R3) and g = ge in Ω̃e, there exists an open neighborhood of ∂Ω̃, neigh(∂Ω̃) b

Ω̃, such that for any m ∈ N

gij(x) = δij + (d(x, ∂Ω̃))m(Pm)ij(x), x ∈ neigh(∂Ω̃), (3.3.10)

where d(x, ∂Ω̃) is the distance from x to ∂Ω̃, and Pm is a matrix-valued function with smooth

entries. By (3.3.8)–(3.3.10), it is readily seen that the volume integral term in r(x, z) is
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smooth and uniformly bounded (independent of z) in G̃ρ0 since the singularity of ∇Ψ(y, z)

could be canceled.

On the other hand, from the lower bound of the volume potential given in last section, we

have

|Vg̃,q̃Ψ(z0, zn)| → ∞ as n→∞. (3.3.11)

Hence, by the integral equation given in (3.1.2),

|w̃s(z0, zn)| ≥ |Vg̃,q̃Ψ(z0, zn)| − |Vg̃,q̃w̃s(z0, zn)| − |(DLg̃ + ikSLg̃)ψ(z0, zn)|

− |
∫
M̃

Φg(z0, y)(∆g −∆)Ψ(y, zn)dy| → ∞ (3.3.12)

as n→∞, which yields a contradiction and completes the proof.

Next, we show that the medium part and the obstacle part of the support of a complex

scatterer could be distinguished.

Theorem 3.3.3. Let

Σ = (M ; g, q)⊕D

be a complex scatterer with a medium (g, q) supported in M and an obstacle D, and let

G = R3\(M ∪D). Then ∂G∩∂M and ∂G∩∂D are uniquely determined by the corresponding

scattering amplitude ak(θ, θ
′) with θ, θ′ ∈ S2 and a fixed k ∈ R+.

Proof. Similar to the proof of Theorem 3.3.2, we let Σ̃ = (M̃ ; g̃, q̃)⊕D̃ be a different complex
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scatterer such that ak(θ, θ
′) = ãk(θ, θ

′). By Theorem 3.3.2, we know

G̃ = R3\(M̃ ∪ D̃) = R3\(M ∪D) = G.

We assume that

∂D ∩ ∂G 6= ∂D̃ ∩ ∂G.

Without loss of generality, we assume (∂D̃ ∩ ∂G)\(∂D ∩ ∂G) 6= ∅ and fix z0 ∈ (∂D̃ ∩

∂G)\(∂D ∩ ∂G). Clearly, z0 ∈ ∂M ∩ ∂G. Let Bτ0(z0) be sufficiently small such that

Bτ0(z0) ∩ D = ∅ and let B+
τ0

denote the part of Bτ0(x0) lying in G. Let zn be given as

that in (3.3.6) with ν(z0) the outward unit normal vector to ∂G at z0. As in the proof

of Theorem 3.3.2, we consider the scattering problems corresponding to the point sources

Φ(x, zn) and denote by ws(x, zn) and w̃s(x, zn) the scattered wave fields corresponding to Σ

and Σ̃, respectively. Clearly, by Lemma 3.3.1, we see ws(x, zn) = w̃s(x, zn) for x ∈ G
c
. Since

‖Φ(·, zn)‖L2(M) ≤ C uniformly for n ∈ N, we know ‖Vg,qΦ(·, zn)‖C(Gρ0 ) ≤ C uniformly for

n ∈ N. Hence by Theorem 3.1.2 and the proof of Theorem 3.3.2, |ws(z0, zn)| ≤ C uniformly

for n ∈ N. But on the other hand, noting z0 ∈ ∂D̃, we have from the homogeneous Dirichlet

boundary on ∂D̃ that w̃s(z0, zn) = −Φ(z0, zn). Finally, we have a contradiction by observing

that |Φ(z0, zn)| → ∞ as n→∞.

The proof is complete.
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3.4 Recovering the support of Isotropic Inhomogeneities

In Section 3, we consider the recovery of the singularity attached to the lower order term

q. This is achieved by showing that the scattered wave field blows up if a second order

singular point source Ψ approaches the exterior boundary of an inhomogeneous medium or

the exterior boundary of an obstacle. We also show that if one lets a first order singular

point source Φ approach the exterior boundary of a complex scatters, the scattered wave

blows up if the boundary part belongs to the obstacle component and remains bounded if

the boundary part belongs to the medium component. The latter blow-up behavior can be

used to distinguish the medium boundary and the obstacle boundary of the support of a

complex scatterer.

In this section, we consider recovering the support of an inhomogeneous medium when there

is singularity presented to the leading order term g. We shall be mainly concerned with the

isotropic case by assuming that

(gij) = γ(δij) in Ω with γ = γ(x) ∈ C1(Ω), (3.4.1)

where it is further assumed that there exists an open neighborhood of ∂Ω, N := neigh(∂Ω) b

Ω, and a positive constant ε0 ∈ R+ such that

|γ(x)− 1| ≥ ε0 for a.e. x ∈ N . (3.4.2)

Next, we show that one can recover an isotropic inhomogeneity (Ω; γ, q) with γ described in

(3.4.1)–(3.4.2) and q ∈ L∞(Ω), by using a first order singular point source. To that end, we

first present two lemmas.
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Lemma 3.4.1. Consider the following transmission problem,

∇ · γ(x)∇u−(x) + k2q(x)u−(x) = 0 x ∈ Ω, (3.4.3)

∆us(x) + k2us(x) = 0 x ∈ Ωe, (3.4.4)

u−(x) = us(x) + f(x) x ∈ ∂Ω (3.4.5)

γ(x)
∂u−

∂ν
(x) =

∂us

∂ν
(x) + p(x) x ∈ ∂Ω, (3.4.6)

lim
|x|→+∞

|x|
n−1
2

(
∂us

∂|x|
(x)− ikus(x)

)
= 0. (3.4.7)

where f(x) ∈ H1/2(∂Ω) and p(x) ∈ H−1/2(∂Ω). There exists a unique solution (u−, us) ∈

H1(Ω)×H1
loc(Rn\Ω) to the above problem. Moreover, the solution

‖u−‖H1(Ω) + ‖us‖H1(BR\Ω) ≤ C(‖f‖H1/2(∂Ω) + ‖p‖H−1/2(∂Ω)), (3.4.8)

where BR := BR(0) contains Ω and C is a positive constant depending only on Ω, R and

k, γ, q.

Proof. The proof is given in [27].

Lemma 3.4.2. For any z0 ∈ ∂Ω, let

zn := z0 +
h

n
ν(z0) ∈ Ωe, n = 1, 2, . . . , (3.4.9)

where h ∈ R+ and ν(z0) is the outward unit normal vector to ∂Ω at z0. Let us(x, zn) denote

the scattered wave field to (3.4.3)–(3.4.7) by taking f(x) = Φ(x, zn) and p(x) = ∂Φ
∂ν

(x, zn).

Then, we have that if ‖us(·, zn)‖H1(BR\Ω) is uniformly bounded for n ∈ N, then |us(zn, zn)| →

∞ as n→∞.

It is remarked that in Lemma 3.4.2, us(x, zn) is actually smooth for x ∈ Ωe, and hence one

can consider the point values us(zn, zn). Similar to our study in the previous section, we
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only prove the lemma in the three-dimensional case.

Proof of Lemma 3.4.2. First, by integrating by parts, we have

∫
Ω

k2(1− q

γ
)u−(x)Φ(x, zn) dx−

∫
Ω

1

γ
∇γ(x) · ∇u−(x)Φ(x, zn) dx

=

∫
∂Ω

∂

∂ν
u−(x)Φ(x, zn)− ∂

∂ν
Φ(x, zn)u−(x) ds(x)

(3.4.10)

Let IL and IR denote, respectively, the LHS and RHS terms in (3.4.10). By using the

transmission boundary condition across ∂Ω, we further have

IR =

∫
∂Ω

1

γ

∂

∂ν
Φ(x, zn)Φ(x, zn)− ∂

∂ν
Φ(x, zn)Φ(x, zn)ds(x)

+

∫
∂Ω

1

γ

∂

∂ν
us(x, zn)Φ(x, zn)− ∂

∂ν
Φ(x, zn)us(x, zn)ds(x)

:= I1 + I2

(3.4.11)

By using integration by parts again, one has

I1 =k2

∫
Ω

(1− 1

γ
)Φ2(x, zn)dx+

∫
Ω

(
1

γ
− 1)|∇Φ(x, zn)|2dx

+

∫
Ω

(∇1

γ
· ∇Φ(x, zn))Φ(x, zn)dx

:=

∫
Ω

(
1

γ
− 1)|∇Φ(x, zn)|2dx+ I11

(3.4.12)

On the other hand, by Green’s formula, we also have that

I2 =− us(zn, zn) +

∫
∂Ω

(
1

γ
− 1)

∂

∂ν
us(x, zn)Φ(x, zn) ds(x)

=− us(zn, zn) + I22.

(3.4.13)
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Since ‖us(·, zn)‖H1(BR\Ω) is uniformly bounded for n ∈ N, it is directly shown that

∣∣∣∣∫
∂Ω

∂us

∂ν
(x, zn)Φ(x, zn) ds(x)

∣∣∣∣
≤C ′‖us(·, zn)‖H1(BR\Ω)‖Φ(x, zn)‖H1(Ω) ≤ Ch−1/2

n ,

(3.4.14)

where and in the following, C and C ′ stands for some generic positive constants, and hn :=

h/n. On the other hand, by straightforward calculations, one can show that

|IL| ≤ Ch−1/2
n ; |I11| ≤ Ch−1/2

n , (3.4.15)

but by noting (3.4.2)

∣∣∣∣∫
Ω

(
1

γ
− 1)|∇Φ(x, zn)|2dx

∣∣∣∣ ≥ Ch−1
n (3.4.16)

Hence, by combining (3.4.11)–(3.4.16), we have

|us(zn, zn)| ≥
∣∣∣∣∫

Ω

(
1

γ
− 1)|∇Φ(x, zn)|2dx

∣∣∣∣− |I11| − |I22| − |IL|

≥Ch−1
n − C ′h−1/2

n → +∞ as n→∞.
(3.4.17)

The proof is complete.

We are in a position to present the main theorem of this section.

Theorem 3.4.3. Let (Ω; γ, q) be an isotropic inhomogeneous medium such that γ satisfies

(3.4.1)–(3.4.2), and q ∈ L∞(Ω). Then, Ω is uniquely determined by the corresponding scat-

tering amplitude ak(θ, θ
′), for all θ, θ′ ∈ Sn−1 and a fixed k ∈ R+.

Proof. By making use of Lemma 3.4.2, the proof of the theorem follows from a similar manner

to that for Theorem 3.3.2, which we shall sketch in the following. We shall make use of the
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same notations as those introduced in the proof of Theorem 3.3.2. Let (Ω; γ, q) and (Ω̃; γ̃, q̃)

be two admissible inhomogeneous mediums with Ω 6= Ω̃ such that ak(θ, θ
′) = ãk(θ, θ

′). Hence,

one has

us(x, zn) = ũs(x, zn) for x ∈ Λ, (3.4.18)

where it is assumed that limn→∞ zn → z0 ∈ ∂Λ∩∂Ω and {zn} lie away from ∂Ω̃. Let BR be a

sufficiently large ball which contains both Ω and Ω̃. It is readily verified by Lemma 3.4.1 that

‖ũs(·, zn)‖
H1(BR\Ω̃)

is uniformly bounded for n ∈ N, and moreover by the interior estimate

for elliptic partial differential equations, one has that |ũs(zn, zn)| is also uniformly bounded

for n ∈ N. Hence, by (3.4.18), |us(zn, zn)| and ‖us(·, zn)‖H1((BR\Ω)∩Λ) are both bounded

uniformly for n ∈ N. However, the uniform boundedness of ‖us(·, zn)‖H1((BR\Ω)∩Λ) readily

implies the uniform boundedness of ‖us(·, zn)‖H1(BR\Ω), which by Lemma 3.4.2 further implies

that |us(zn, zn)| → ∞ as n → ∞. Hence, we arrive at a contradiction, thus completing the

proof.

Finally, we consider the recovery of a complex scatterer which may include both isotropic

inhomogeneities and obstacles. Indeed, we have

Theorem 3.4.4. Let

Σ = (M ; γ, q)⊕D

be a complex scatterer with a medium (γ, q) supported in M and an obstacle D, where γ

satisfies (3.4.1) and (3.4.2) (with Ω replaced by M there), and q ∈ L∞(M). Let G =

R3\(M ∪D). Then ∂G is uniquely determined by the corresponding scattering amplitude

ak(θ, θ
′) with θ, θ′ ∈ S2 and a fixed k ∈ R+.

Proof. The determination of ∂M ∩ ∂G follows from a similar argument to the proof of
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Theorem 3.4.3, and the determination of ∂D ∩ ∂G follows from a similar argument to the

proof of Theorem 3.3.3.

Finally, we calculate the solutions to an isotropic scattering problem in the ball using spher-

ical wave series expansion.

Consider the following simplified isotropic scattering problem:



∆us(x) + k2us(x) = 0 x ∈ R3\B

∆u−(x) + k2 q
ε
u−(x) = 0 x ∈ B

u−(x) = us(x) + Φ(x, y) x ∈ ∂B

ε∂u
−

∂ν
(x) = ∂us

∂ν
(x) + ∂Φ(x,y)

∂ν
x ∈ ∂B

lim|x|→+∞ |x|
(
∂us

∂|x|(x)− ikus(x)
)

= 0

where ε is a positive constant and B = BR ⊂ R3 be a ball with radius R and center at origin.

Let q0 = q−1
ε

. We shall make use of the spherical wave series expansion of the wave field and

u− and us be given by


u−(x) =

∑∞
n=0

∑n
m=−n b

m
n jn(k

√
q0|x|)Y m

n (x̂)), x ∈ BR

us(x) =
∑∞

n=0

∑n
m=−n a

m
n h

(1)
n (k
√
q0)|x|Y m

n (x̂)), x ∈ R3\BR

Let x ∈ ∂BR, by transmission condition and comparing the coefficient of Y m
n (x̂) for each n

and m, we get:

bmn jn(k
√
q0R) = amn h

(1)
n (kR) + ikh(1)

n (k|y|)jn(kR)Y m
n (ŷ)

ε
√
q0b

m
n j
′

n(k
√
q0R) = amn (h(1)

n )
′
(kR) + ikh(1)

n (k|y|)j ′n(kR)Y m
n (ŷ)
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Solving the above equations, we obtain:

bmn =
ikY m

n (ŷ)h
(1)
n (k|y|)j ′n(kR)− h(1)

n (kR)jn(kR)(h
(1)
n )

′
(KR)

ε
√
q0j

′
n(k
√
q0R)h

(1)
n (kR)− jn(k

√
q0R)(h

(1)
n )′(KR)

To study the limiting behavior of u−(x) when y → x ∈ ∂BR, we need to analyze the property

of its series expansion. Actually, we compare the coefficients in the expansions of Φ(x, y)

and u−(x) as n→∞.

Φ(x, y) = ik
∞∑
n=0

n∑
m=−n

h(1)
n (k|y|)Y m

n (x̂)jn(k|x|)Y m
n (x̂))

Before continuing, let’s write down some limiting properties of the spherical wave functions

Lemma 3.4.5.

jn(t) =
tn

(2n+ 1)!!
(1 +O(

1

n
))

h(1)
n (t) =

(2n− 1)!!

itn+1
(1 +O(

1

n
))

j
′

n(t) =
ntn−1

(2n+ 1)!!
(1 +O(

1

n
))

(h(1)
n )

′
(t) = −(n+ 1)

(2n− 1)!!

itn+2
(1 +O(

1

n
))

Plugging the above formulas into the ratios of expansion coefficients of u−(x) and Φ(x, y),

we obtain:

T (ε) ≈
(
√
q0)n(1− jn(kR)

j′n(kR)

(h
(1)
n )
′
(kR)

h
(1)
n (kR)

)

ε(
√
q0)n − jn(k

√
q0R)

j′n(kR)

(h
(1)
n )′ (kR)

h
(1)
n (kR)

Therefore, we have:

T (ε) ≈
√
q0
n(1 + n+1

n
)

√
q0
n(ε+ n+1

n
)
≈ 2

ε+ 1
as n→ +∞
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From the above ratio, we know if ε 6= 1, the scattered wave will blow up as y → x ∈ ∂BR.

Remark 3.4.6. If ε = 1, from the above calculations, we don’t know whether the scattered

wave blows up or remains bounded. But from the estimate of volume potential given in the

previous section, the scattered wave is uniformly bounded with respect to the positions of

singular source.

Remark 3.4.7. If boundary conditions become


εu−(x) = us(x) + Φ(x, y) x ∈ ∂B

∂u−

∂ν
(x) = ∂us

∂ν
(x) + ∂Φ(x,y)

∂ν
x ∈ ∂B

By transmission condition and comparing the coefficient, we get:

bmn =
ikY m

n (ŷ)h
(1)
n (k|y|)j ′n(kR)− h(1)

n (kR)jn(kR)(h
(1)
n )

′
(KR)

√
q0j

′
n(k
√
q0R)h

(1)
n (kR)− εjn(k

√
q0R)(h

(1)
n )′(KR)

Similar reasoning gives us,

T (ε) ≈
(
√
q0)n(1− jn(kR)

j′n(kR)

(h
(1)
n )
′
(kR)

h
(1)
n (kR)

)

(
√
q0)n − ε jn(k

√
q0R)

j′n(kR)

(h
(1)
n )′ (kR)

h
(1)
n (kR)

and

T (ε) ≈
√
q0
n(1 + n+1

n
)

√
q0
n(1 + εn+1

n
)
≈ 2

ε+ 1
as n→ +∞

Therefore, if the discontinuity occurs on u− and us, i.e. ε 6= 1, the scattered wave also blows

up as y → x ∈ ∂BR.
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Chapter 4

Locating Electromagnetic Scatterers

with Multiple Measurements

In this chapter, we propose a direct scheme of imaging multiple electromagnetic (EM) scatter-

ers. The multiple scatterers may consists of both inhomogenous mediums and impenetrable

obstacles. Moreover, there might be extended components presented simultaneously in the

multiple scatterers. The proposed reconstruction scheme is based on an imaging functional

which can be directly calculated without any inversion involved. We also provide a heuristic

principle study for this imaging scheme. At last, we provide extensive numerical experiments

to illustrate the effectiveness and efficiency of the method.

4.1 Imaging Scheme with Multiple Measurements

We first introduce the class of EM scatterer for our study. Let l ∈ N and Ωj, 1 ≤ j ≤ l

be compact Lipschitz domains in R3. It is assumed that all Ωj’s are simply connected and

Ωi ∩ Ωj = ∅ if j 6= j′. Each Ωj is referred to as a scatterer component and its content is
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endowed with εj(x), µj(x) and σj(x), x ∈ Ωj. Physically, if σj(x) → +∞, then Ωj can be

taken as a PEC obstacle. Hence, in what follows, if for some j, σj = +∞, the disregarding

the parameters εj(x) and µj(x), Ωj is regarded as a PEC obstacle. In summary, the multiple

EM scatterers are introduced as follows,

Ω := ∪lj=1(Ωj; εj, µj, σj) (4.1.1)

where each Ωj may be a medium or PEC component.

Let A(x̂,Ω, k, d) be the far-field pattern associated with the scatterer Ω in (4.1.1). Next, we

introduce the imaging scheme introduced by making use of the multiple far-field measure-

ments. We introduce the following functional:

I(z, d, k) :=
1

‖A(x̂; Ω, d, k)‖2
T 2(S2)

∑
m=−1,0,1

| < A(x̂; Ω, d, k), eik(d−x̂·z)Um
1 (x̂) > |2

+ | < A(x̂; Ω, d, k), eik(d−x̂·z)V m
1 (x̂) > |2, z ∈ R3, d ∈ S2, k ∈ R+ (4.1.2)

where T 2(S2) is tangential space introduced in section 4 of Chapter II endowed with the inner

product < u,v >T 2(S2)=
∫
S2 u · v, Um

n and V m
n are vectorial spherical harmonics introduced

in Chapter 2.

In [30], an imaging scheme based on the functional I(z, d, k) is proposed as follows.

Algorithm 4.1.1. Imaging multiple scatterers of Ω in (4.1.1).

(1) For an unknown EM scatterer Ω with multiple components in (4.1.1), collect the far-

field pattern A(x̂; d, k) by sending a single detecting waves.

(2) Selecting a sampling region with a mesh Th containing Ω.

(3) For each sampling point z ∈ Th, calculate I(z, d, k) as in (4.1.3).
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(4) Locate all the significant local maxima of I(z, d, k) on Th, which represent the locations

of the scatterer components.

The above imaging functional is defined by using a single far-field measurement. Next, if

multiple far-field measurements are available, we define an imaging functional as follows:

J(z) :=

∫
d∈Σ

ds(d)

∫
k∈Γ

I(z, d, k)dk (4.1.3)

where Σ ∈ S2 and Γ ∈ R+, and s(d) denotes the surface measure of S2.

With J(z) introduced above, we are ready to present the scheme of imaging multiple EM

scatterers of Ω in (4.1.1) as follows.

Algorithm 4.1.2. Imaging multiple scatterers of Ω in (4.1.1).

(1) For an unknown scatterer Ω with multiple components in (4.1.1), collect the far-field

pattern A(x̂; d, k) by sending a single detecting waves with d ∈ Σ and k ∈ Γ.

(2) Selecting a sampling region with a mesh Th containing Ω.

(3) For each sampling point z ∈ Th, calculate J(z) as in (4.1.3).

(4) Choose a cut-off value C ∈ R+. If J(z) > C, then count it as belonging to the interior

of Ω, otherwise the exterior of Ω.

4.2 The Principle behind Imaging Scheme

In this section, we shall provide a principle for the imaging scheme of last section. Our

argument is rather heuristic. Nevertheless, it reveals some qualitative aspects of the proposed

imaging functional.
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Lemma 4.2.1. Let

Γ = ∪lj=1Γj and (Γ; ε, µ, σ) = ∪lj=1(Γj; εj, µj, σj), (4.2.1)

be a scatterer with multiple components, where each Γj is a bounded simply connected C2

domain in R3. Assume that,

L = min1≤j,j′≤l,j 6=j′dist(Γj,Γj′)� 1. (4.2.2)

Then we have,

A(θ; Γ) =
l∑

j=1

A(θ; Γj) +O(
1

L
) (4.2.3)

where A(θ; Γ) and A(θ; Γj) denote the far-field patterns, respectively, corresponding to (Γ; ε, µ, σ)

and (Γj; εj, µj, σj).

Proof. The proof can be found in Lemma 3.1 of [30].

The imaging functional (4.1.2) was introduced in of recovering multiple small scatterers

based on the following indicating behavior.

Proposition 4.2.2. Let Ω be as introduced in (4.1.1). Suppose that

Ωj = zj + ρDj, j = 1, 2, ..., l.

where zj ∈ R3, ρ ∈ R+ and Dj is a simply connected compact Lipschitz domain with

diam(Dj) ∼ 1. Then, fixing d and k, if kρ� 1, then zj, 1 ≤ j ≤ l, is a local maximum point

for the functional I(z) in (4.1.3).
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Actually, one can show that for z is close to z1,

I(z) ≤
∑1

m=−1 |a1
1,m|2 + |b1

1,m|2∑l
j=1

∑1
m=−1 |a1

1,m|2 + |b1
1,m|2

+O
(

1

L
+ kρ

)

where only at z = z1 the equality would hold. When z is close of zj for j 6= 1, I(z) =

O
(

1
L

+ kρ
)
.

Clearly, by Proposition 2.1, if Ω in (4.1.1) is composed of multiple small scatterers whose

sizes are compared to the detecting wavelength in the sense that k · diam(Ωj) � 1, then

within a sampling region, one can locate all the local maximum points of I(z), which cor-

respond to the scatterer components of Ω. Our Proposed scheme is also based on similar

”local maximum” behavior of the imaging functional J(z) for a sampling point inside the

scatterer is formulation of the scheme, where the value of J(z) for a sampling point inside

the scatterer is bigger than the of a point outside the scatterer. Such indicating behavior

shall be heuristically shown in the following. We first consider it for a point-like scatterer

by assuming that Ω is given by (4.1.1) with ρ� 1.

The following lemma on asymptotic expansion of the far-field pattern corresponding to a

small scatterer shall be needed. It was given in [30]. For its importance and the readers’

convenience, we gave out the proof below.

Lemma 4.2.3. Let Ω = (Ω1; ε1, µ1, σ1) be as described above. Then there exists ε0 ∈ R+

such that when kρ ≤ ε0 we have

A(x̂,Ω) = eik(d−x̂)·z1 [(kρ)3
∑

m=−1,0,1

a1,mU
m
1 (x̂) + b1,mV

m
1 (x̂)) +O((kρ)4)]

=: eik(d−x̂)·z1 [A0(x̂) +O((kρ)4)]

where a1,m and b1,m (m = −1, 0, 1) are constants depending only D1, ε1, µ1, σ1 and p, d, but

independent of kρ.
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Proof. We first consider the case that σ1 = +∞, namely, Ω1 is a perfectly conducting

obstacle. It is directly verified that

A(θ,Ω1) = A(θ; z1 + ρD1) = eiω(θ′−θ)·z1A(θ; ρD1) (4.2.4)

The EM scattering corresponding to the obstacle ρD1 is described by



∇× Eρ − iωHρ = 0 in R3\ρD1,

∇×Hρ + iωEρ = 0 in R3\ρD1,

ν × E+
ρ = −ν × Ei, on ∂ρD1,

E+
ρ = (Eρ − Ei)|R3\ρD1

,

lim|x|→+∞ |x||(∇× E+
ρ )(x)× x

|x| − iωE
+
ρ (x)| = 0.

(4.2.5)

Set

Ẽ(x) := Eρ(ρx), H̃(x) := Hρ(ρx), Ẽi(x) := Ei(ρx), for x ∈ R3\D1. (4.2.6)

It is verified directly that,



∇× Ẽ − iωρH̃ = 0 in R3\D1,

∇× H̃ + iωρẼ = 0 in R3\D1,

ν × Ẽ+ = −ν × Ẽi, on ∂D1,

Ẽ+ = (Ẽ − Ẽi)|R3\D1
,

lim|x|→+∞ |x||(∇× Ẽ+)(x)× x
|x| − iωẼ

+(x)| = 0.

(4.2.7)
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Then by the low frequency asymptotics in [52], one has:

Ẽ+(x) =
eiωρ|x|

iωρ|x|
Ã(x) +O(

1

|x|2
), (4.2.8)

with Ã(θ) = (iωρ)3

4π
[θ× (θ× a)− θ× b] +O((ωρ)4), where a and b are two constant vectors,

representing the electric and magnetic dipole moments and they depend on p, θ′ and D1,

but independent of ω and ρ.

By (4.2.6), one can readily see that

A(θ) =
1

iω
Ã(θ) =

1

iω

(iωρ)3

4π
[θ × (θ × a)− θ × b] +O((ωρ)4), (4.2.9)

Finally, using the fact that Um
n and V m

n form a complete orthonormal system in T s(S2), it

is straightforward to show that there exist a1,m and b1,m, m = −1, 0, 1 such that

θ × (θ × a)− θ × b =
∑

m=−1,0,1

a1,mU
m
1 (θ) + b1,mV

m
1 (theta)

which together with (4.2.9) and (4.2.4) implies .

For the case when the underlying small scatterer is an inhomogenous medium, by using

a completely same scaling argument, together with the corresponding low frequency EM

asymptotics in [52], one can prove .

Now we consider J(z) in (4.1.3) by taking Σ = S2 and Γ = (0, ε0/ρ), where ε0 is the constant

in Lemma 2.1. Noting ρ� 1, we approximate (0, ε0/ρ) by (0,∞). Moreover, we apply (4.2)

in calculating I(z, d, k) in (4.1.3) and neglect the higher order term.

The following lemma gives a theoretical motivation of incorporating multi-frequency infor-

mation in the functional J(z). And its proof can be found in [5].
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Lemma 4.2.4. Let z, z1 ∈ R3, z 6= z1 and d ∈ S2. Writing t := d · z−z1|z−z1| ,∫ ∞
0

eikd·(z−z1)j0(k|z − z1|)dk =
1

1− t
1

z − z1

, t 6= 1 (4.2.10)

Therefore, we shall consider the integral,

J̃(z) :=

∫
S2

ds(d)

∫ ∞
0

1

‖A0(x̂)‖2
T 2(S2)

∑
m=−1,0,1

| < A0(x̂), eik(d−x̂·z)Um
1 (x̂) > |2

+ | < A0(x̂), eik(d−x̂·z)V m
1 (x̂) > |2 (4.2.11)

Proposition 4.2.5. Let J̃(z) be given in (4.2.11). Then, we have

J̃(z) ≈ 1

|z − z1|
for z in the neighborhood of z1 and z 6= z1. (4.2.12)

Proof. By Lemma (4.2.1) and (4.2.3), we have

A(x̂,Ω) =
l∑

j=1

A(x̂; Ωl) +O(
1

L
)

=
l∑

j=1

eiω(d−x̂)·zj
(
(ωρ)3Aj(x̂) +O((ωρ)4)

)
+O(

1

L
)

=
l∑

j=1

eiω(d−x̂)·zj

(
(ωρ)3

( ∑
m=−1,0,1

aj1,mU
m
1 (x̂) + bj1,mV

m
1 (x̂)

)
+O((ωρ)4)

)
+O(

1

L
)

We only need to analyze the indicating behavior of J̃(z) in a small open neighborhood of z1.

And obviously, we have ω|zj − z| ≥ ωL� 1 for z in the neighborhood of z1 and j 6= 1.

By using the expression of A0(x̂) and the point-wise orthogonality of vector spherical har-

49



monics, one can directly calculate that

∑
m=−1,0,1

| < A0(x̂), eik(d−x̂·z)Um
1 (x̂) > |2 + | < A0(x̂), eik(d−x̂·z)V m

1 (x̂) > |2

=
∑

m=−1,0,1

(|a1,m|2|
∫
S2

eik(z−z1)·x̂|Um
1 (x̂)|2ds(x̂)|)

+ |b1,m|2|
∫
S2

eik(z−z1)·x̂|V m
1 (x̂)|2ds(x̂)|

+
∑
j 6=1

∑
m=−1,0,1

(|aj,m|2|
∫
S2

eik(z−zj)·x̂|Um
1 (x̂)|2ds(x̂)|)

+ |bj,m|2|
∫
S2

eik(z−zj)·x̂|V m
1 (x̂)|2ds(x̂)|+O(ωρ) (4.2.13)

By the Riemann-Lebesgue Lemma, we know the second term on the right hand side of the

above formula is O( 1
L

).

Noting Um
1 and V m

1 are positive real-analytic functions on the unit sphere, we see there exists

positive constants C1 and C2 such that

C1|
∫
S2

eik(z−z1)·x̂ds(x̂)| ≤ |
∫
S2

eik(z−z1)·x̂|Um
1 (x̂)|2ds(x̂)|

≤ C2|
∫
S2

eik(z−z1)·x̂ds(x̂)| (4.2.14)

and

C1|
∫
S2

eik(z−z1)·x̂ds(x̂)| ≤ |
∫
S2

eik(z−z1)·x̂|V m
1 (x̂)|2ds(x̂)|

≤ C2|
∫
S2

eik(z−z1)·x̂ds(x̂)| (4.2.15)

By using the Funk-Hecke formula [6], one has

∫
S2

eik(z−z1)·x̂ds(x̂) = 4πj0(k|z − z1|) = 4π
sin(k|z − z1|)
k|z − z1|

(4.2.16)
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From Lemma 4.2.4, we have

∫ ∞
0

eikd·(z−z1)j0(k|z − z1|)dk =
1

1− t
1

z − z1

, t 6= 1 (4.2.17)

Therefore, we get J̃(z) ≈ 1
|z−z1| .

Actually, we have shown that the functional
∫∞

0
I(z, d, k)dk has local maximums close to the

position of scatterers and decay away from the scatterers, except along the lines {zl− td|t ≥

0}. Integrating
∫∞

0
I(z, d, k)dk over all available incident directions can reduce the artifacts

along the lines {zl − td|t ≥ 0}.

The above argument based on the asymptotic expansions in Lemma 2.1 works only for

point-like scatterers. For an extended scatter Ω given in (4.1.1) with diam Ωj ≈ 1, due to

the oscillatory integral factor eik(d−x̂)·z, one can see from (4.1.2), I(z, d, k) decays as z goes

far away from the scatterer Ω. Hence, one would expect that the value of J(z) for a point

inside Ω would be bigger than that for a point outside Ω. This will be demonstrated by out

numerical examples in next section. However, we leave the rigorous explanation for future

research.

4.3 Numerical Results and Discussions

4.3.1 Numerical Results for Limited Incident Directions

In this example, we showed the effect when incident direction are limited. We detect a

scatterer composed of a Kite and two point-like components. True scatterers and the recon-

struction results are seen in Figure 1. We can see the quality of reconstruction decreases if

51



Figure 4.1: Figure 1: (a) True scatterers; (b-e) Reconstruction with d in 1st-4th quadrant;
(f)d in 1st quadrant; (g) d in 1st and 2nd quadrant; (h) d in 1st, 2nd and 3rd quadrant; (i)
d in full incident direction.

we limit the incident directions, especially for extended object.

4.3.2 Numerical Results with full incident directions in 2-D case

This section contain some 2-D example on imaging electromagnetic scatterers by the multi-

direction multi-frequency one-shot method. In these examples, we let wave number k = 1 :

1 : 15, incident directions θ = 0 : 2π/16 : 2π, and collect all the corresponding far-field

pattern.

EX1. Detect several point-like scatterers.

True scatterers and the reconstruction results are seen in Figure 2. In this example, the

incident wave are chosen with k = 5, 10 and θ = 0, π/2, π, 3π/2.

EX2. Detect a scatterer composed of a Kite and two point-like components. True scatterers

and the reconstruction results are seen in Figure 3. We detect with all the far-field pattern.

EX3. Detect a plane. True scatterers and the reconstruction results are seen in Figure 4.
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Figure 4.2: Fig.2: Example 1: (a) True scatterers; (b) Reconstruction

Figure 4.3: Fig3. Example 2: (a) True scatterers; (b) Reconstruction
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Figure 4.4: Fig4. Example 3: (a) True scatterers; (b) Reconstruction

Figure 4.5: Fig5. Example 4: (a) True scatterers; (b) Reconstruction

We detect with all the far-field pattern.

EX4. Detect a scatterer composed of a 5-angles flower and two point-like components. True

scatterers and reconstruction results are seen in Figure 5. We detect with all the far-field

pattern.

EX5. Detect an ”S”. True scatterers and reconstruction results are seen in Figure 6. We

detect with all the far-field pattern.

EX6. Detect two regular-sized scatterer, one is a kite and another is a triangle. True

scatterers and reconstruction results are seen in Figure 7. We detect with all the far-field

pattern.
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Figure 4.6: Fig6. Example 5: (a) True scatterers; (b) Reconstruction

Figure 4.7: Fig7. Example 6: (a) True scatterers; (b) Reconstruction
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Figure 4.8: Fig8. Example 1: (a) True scatterers; (b) Reconstruction

Figure 4.9: Fig9. Example 2: (a) True scatterers; (b) Reconstruction

4.3.3 Numerical Results with full incident directions in 3-D case

In the following three examples, the wave number k = 3 : 0.5 : 6. The incident directions

are set uniformly on the sphere, and we compute the cases when polarization directions are

parallel with the x-axis, y-axis and z-axis respectively.

Ex1. Detect a UFO. See in Figure 8.

Ex2. Detect two regular-size kites. See in Figure 9.

Ex3. Detect a regular-sized kite and a small kite. See in Figure 10.
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Figure 4.10: Fig10. Example 3: (a) True scatterers; (b) Reconstruction

Figure 4.11: Fig11: Kite and two points: (a) The true scatterers; (b) The reconstructing
results involved only low frequencies (k = 1:0.5:3); (c) The reconstructing results involved
only high frequencies (k = 13: 0.5 : 15);

4.3.4 Different Reconstruction Results under Different Frequen-

cies

In this section, we present one example to demonstrate the different behaviors of our indi-

cators when the frequencies are different.

From the observation above, we could know that, the decay of the indicators are slow around

the boundary of the scatterers, which may lead to a low resolution problem as in Figure 11(b).

And from Figure 11(c), we find that, the reconstruction boundary are ”cut into pieces” when

we only use the high frequency far-field data.

To overcome the problem in the observations above, we decide to appropriately abandon
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Figure 4.12: Fig12: Kite and two points: (a) The reconstruction with (k = 1:0.5:3); (b) The
reconstructing results with (k = 2:0.5:15); (c) The reconstructing results with (k = 3: 0.5 :
15);

the low-frequency data in our reconstructed procedure. In the below, we would demonstrate

behaviors of the indicators when low frequency data are abandoned. One could see that the

results are best in our experiments when wave number k starts from 3.

4.4 Conclusion Remarks

In this chapter, we proposed a simple non-iterative direct imaging scheme for locating elec-

tromagnetic scatterers using plane waves with multiple incident directions and multiple wave

numbers. The locating schemes could work in a general setting: the underlying scatterer

might include, at the same time, obstacle components and inhomogenous medium compo-

nents; the number of the scatterer components and the physical property of each component

are not required to be known in advance. The locating scheme is based on novel indicator

function whose calculations are efficient and robust to noise. We provide a heuristic mathe-

matical justification for the behavior of the scheme under the assumption that the scatterers

are small with respect to the wave lengths of the incident fields. We also conducted extensive

numerical experiments to illustrate the effectiveness of the scheme in various scenarios. The

numerical results support our theoretical explanations. Moreover, the numerical results in-

dicate that our scheme also works reasonably for extended scatterers. However, the rigorous
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analysis for the extended objects is the open problem.
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