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Abstract

SORh: Hyperbolic Relaxation Methods for Elliptic Problems in

Computational Fluid Dynamics

Jonathan Guité

This thesis investigates iterative methods for solving elliptic partial differential
equations (PDEs) in computational fluid dynamics (CFD), with particular emphasis
on self-gravity modeled by Poisson’s equation. Available solution strategies—including
direct factorizations, FFT-based methods, multigrid, and classical relaxation schemes—
offer different balances among computational cost, scalability, implementation complex-
ity, and adaptability to changing boundaries and mesh structures. In this work, we
examine how hyperbolic pseudo-time dynamics can be used to balance these consider-
ations while providing a simple, local route to an elliptic steady state.

To explore this question, we develop SORh, a relaxation framework derived
from a hyperbolic pseudo-time reformulation of elliptic equations. Its linear discretiza-
tion belongs to the established accelerated over-relaxation (AOR) family and reduces
exactly to classical successive over-relaxation (SOR) at unit CFL. The derivation inter-
prets AOR’s two parameters as directional correction propagation and residual injection.
One- and two-dimensional formulations are analyzed for consistency, stability, spectral
behavior, and pseudo-time scaling. Numerical experiments recover classical-SOR be-
havior for constant-coefficient linear problems and show substantially fewer iterations
for selected nonlinear problems characterized by weak local diffusion and strong coeffi-
cient variation. Directional and parallel formulations culminate in an optimized FLASH
implementation with performance comparable to its production multigrid solver on the
tested self-gravity problem. A companion application of SORh to MHD divergence

cleaning is reported separately.
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Chapter 1

Introduction

This thesis explores iterative methods for solving one- and two-dimensional elliptic
PDEs. Elliptic PDEs are a very important class of equation, as they can be used
to model many physical phenomena, including a variety of equilibrium or steady-state
systems. One of the canonical examples of an elliptic PDE is Poisson’s equation, char-
acterized simply as A¢ = f. Poisson’s equation is used for many applications in physics
and engineering, such as fluid dynamics and electrostatics. This thesis focuses on iter-
ative numerical schemes that solve Poisson’s equation and similar elliptic systems.

Elliptic PDEs have many useful analytical properties, and their behavior under
many different configurations, in a continuous and discrete sense, are well-characterized.
Under standard regularity assumptions, the Poisson equation with Dirichlet boundary
conditions defines a well-posed boundary value problem (BVP) [8]. This implies the
problem has a unique solution, which is especially important for iterative solvers, be-
cause it ensures that two consistent but distinct solvers applied to the same consistent
discretization cannot converge to different solutions. Elliptic equations are also known
to possess strong regularity properties [8], which often ensure sufficient smoothness of
the solution to analyze the order of accuracy of finite-difference discretizations using
Taylor-series expansions [19].

For a finite-difference scheme applied to an elliptic problem, spectral properties



of the elliptic operator and its discrete matrix can help us understand the behavior of
the numerical scheme. After finite differencing, a standard elliptic problem gives a linear
system Au = f, where A often has a real, positive spectrum, and for common problems
such as Poisson with Dirichlet BCs it is symmetric positive definite [4, 27]. This allows us
to understand the method mode-by-mode. For pseudo-time relaxation methods, we can
use this alongside an error evolution equation to understand the propagation of errors
throughout the spatial domain and through pseudo-time. For example, a pseudo-time
method of the form

Ut = —Au+f, (11)

can be described by the error equation

e = —Ae. (1.2)

Expanding Eq. 1.2 according to the spectrum of A then reveals how different spatial
error modes evolve and decay over time. In general, methods of the form (1.1) damp
high-frequency error modes rapidly, while low-frequency errors decay slowly [4]. This
numerical smoothing property is characteristic of relaxation methods like Jacobi and
Gauss—Seidel applied to discrete elliptic systems.

In an elliptic BVP, any local disturbance or change in boundary solution can
affect the solution everywhere. For a finite-difference elliptic matrix, this corresponds to
a globally coupled solution operator. Although these matrices are typically sparse, direct
factorizations may produce substantially larger coupling structures, which increases
memory use and computational costs. More generally, direct matrix inversion and other
direct or implicit methods can be impractical due to high implementation complexity
and computational costs. For instance, introducing more than one spatial dimension
can cause even a moderate level of grid refinement to produce very large discrete elliptic
systems. This is because in a grid with N points in each of d dimensions, the total

number of unknowns scales like N¢. Furthermore, modular AMR environments such



as FLASH can introduce new complexities. For example, FFT-based solvers can be
highly efficient on certain structured grids with compatible boundary conditions, but
they may under-perform on irregular domains, nonstandard boundary conditions, or
adaptive mesh structures. These limitations motivate the use of methods with a more
local and adaptable update structure. Because these methods rely on local update
formulas rather than global solvers, they can be adapted to a much broader range of
configurations, and can be parallelized much more naturally, although ordered Gauss—
Seidel and SOR sweeps do introduce their own parallel dependencies [10, 7].

Since a perturbation in an elliptic problem affects the whole domain, it is reason-
able to expect that an iterative solver have some way of quickly propagating information
across the domain. For local methods, though, the speed of information travel is highly
limited. For example, iterative methods based on parabolic PDEs like the Jacobi method
[27], under the appropriate discretizations, have a strict time-stepping requirement of
At = O(Ax?) [19] and are governed by diffusion-based dynamics, which can result in
extremely slow convergence to the steady-state solution.

One improvement to the Jacobi method is the Gauss—Seidel method, which
under specific ordering requirements, uses recently updated upstream values as soon as
they are available. This allows for faster propagation of information throughout the
domain. Successive over-relaxation (SOR) then introduces a relaxation parameter w,
allowing for a larger correction toward the Gauss—Seidel update, further accelerating
convergence. Classical SOR’s rate of acceleration is limited by the spectral radius of
the discrete system, giving the known stability condition 0 < a < 2, where « is the
relaxation parameter [27, 12].

The modification studied in this thesis is to consider a hyperbolic pseudo-time
model, rather than the usual parabolic model. Hyperbolic PDEs do not act diffusively,
but rather exhibit advection-based or wave-like behavior, such as that of the wave equa-
tion. The question, then, is whether these dynamics can be leveraged by a hyperbolic

pseudo-time method to allow for more efficient propagation of information toward an



elliptic steady-state solution.

To address this, we embed the elliptic problem into a hyperbolic pseudo-time
evolution equation as a controlled extension of classical SOR. This hyperbolic-SOR
model, which we will present in one and two spatial dimensions, will be referred to
as SORh. Similar to classical SOR, SORh will use a relaxation parameter to control
the rate of propagation. Though “SOR” implies over-relaxation, the choice of under-
relaxation or over-relaxation varies based on the stability requirements and convergence
behavior of the given method. Understanding and optimizing the precise relaxation
factor for the presented methods is a major point of discussion in this thesis.

Hyperbolic reformulations of diffusion provide an important precedent for this
approach. Nishikawa replaces the second-order diffusion equation with an equivalent
first-order hyperbolic relaxation system in which the solution gradients are evolved as
auxiliary unknowns; the resulting schemes permit an explicit O(h) time step rather
than the usual parabolic O(h?) restriction [21]. SORh shares the broader objective of
reaching a diffusive steady state through hyperbolic pseudo-time dynamics, but differs
in its construction. It retains a scalar unknown and uses a mixed space—pseudo-time
transport model whose ordered discretization produces an SOR-like correction sweep.
Moreover, the nominal O(h) pseudo-time step in SORh does not by itself imply an
O(h) elliptic correction, because the residual term carries an additional mesh-dependent
scaling, as shown in Chapter 2.

At the discrete linear level, SORh belongs to the accelerated overrelaxation
(AOR) family introduced by Hadjidimos as a two-parameter extension of SOR [11, 13,
12]. In fact, its parameters are related to the AOR parameters by a simple linear
mapping. AOR can be seen as a generalization of classical SOR for specific parameter
choices, and SORh exhibits the same reduction to classical SOR with the correct map-
ping from the AOR parameters. Thus, the two-parameter linear iteration is not itself
new. The contribution developed here is its independent derivation from the hyperbolic

model, the resulting interpretation of the parameters as correction propagation and



residual injection, and the extension and numerical characterization of this structure in
nonlinear, directional, and parallel settings.

Numerical experiments show similar SORh and SORp behavior for the tested
constant-coefficient linear problems, but substantially fewer SORh iterations for non-
linear problems with weak and strongly nonuniform diffusion. Directional and parallel
studies culminate in a FLASH implementation that performs comparably to its pro-
duction multigrid solver in the tested configuration, with only slightly reduced accu-
racy. A companion application uses SORh for projection-based divergence cleaning in
a fifth-order finite-volume MHD scheme [17, 18]. Together, these results show practical
behavior and applications of the hyperbolic formulation.

The remainder of the thesis is organized as follows. Chapter 2 introduces a
one-dimensional boundary value problem (BVP) which is the basis of one-dimensional
methods and experiments. We will briefly discuss classical iterative relaxation meth-
ods and introduce the one-dimensional formulation of SORh. Here we will establish
fundamental results relevant to SORh and related relaxation methods. In Chapter 3,
we will implement these methods in numerical experiments to evaluate and compare
performance, accuracy, and stability of these methods. Chapter 4 will then extend the
one-dimensional models and schemes into two dimensions. Due to the increased com-
plexity, some alternative two-dimensional hyperbolic formulations will be discussed to
justify the main presented form of SORh. Chapter 5 will then apply these methods to
test problems based on a Poisson’s equation and a nonlinear diffusion problem. Chapter
5 will also include preliminary results from an implementation of SORh in the FLASH
code. The method will be applied to the Zel’dovich Pancake problem [28, 1], a cosmo-
logical test problem with known analytical solutions. This will allow us to evaluate the
performance and accuracy of SORh in a more realistic and physically relevant astro-
physical simulation environment. Finally, Chapter 6 will present a unified interpretation

of the methods and results studied in this thesis, including directions for future work.



Chapter 2

One-Dimensional Formulation,

Methods, and Analysis

This chapter introduces the one-dimensional model problems used as the foundation for
the numerical methods studied in this thesis. We will begin with a simple boundary
value problem whose steady-state solution is easily characterized, reformulate it as a
pseudo-time evolution problem, and then compare several iterative methods for reaching
the steady state. This model and the later mixed-derivative reformulation are adapted
from the finite-difference problems collected by Chattot [5]. The one-dimensional setting
provides a controlled environment for developing the target hyperbolic pseudo-time
method. Later chapters will extend these ideas to two-dimensional models, where we

will consider more complex configurations and perform more in-depth analysis.

2.1 One-Dimensional Boundary Value Problem

The starting point is the nonlinear boundary value problem

d du u
el =) = = > 1 2.1
- (u(u) da:) 0, v(u) T u >0, 0<z<l, (2.1)



with boundary conditions

u(0) =0, u(l) =1. (2.2)

For this particular one-dimensional problem, the exact solution can be expressed im-
plicitly as
u—In(l+u)=(1-1In2)z. (2.3)

A useful linear comparison problem is obtained by replacing the nonlinear diffusion

coefficient by a positive constant,

v(u) = > 0. (2.4)

d2
ﬁd—;; =0, w0)=0, wu(l)=1, (2.5)
whose steady-state solution is
uss(-r) =xT. (26)

The linear and nonlinear version of this problem will help us understand the behavior
of iterative methods that approach the steady state of an associated time-dependent
problem. The linear case in particular is useful for spectral analysis of the corresponding

finite-difference methods, which will be shown in later sections.



2.2 Parabolic Pseudo-Time Model

Instead of solving (2.1) directly, the boundary value problem may be viewed as the
steady state of the parabolic time-evolution problem

ou 0 ou

— = — — |, O<z<l, t>0,

ot~ oz <”(“)ax> v

u(z,0) =0, 0<z<l1, (2.7)

u(0,t) =0, w(l,t)=1, t>0.

At steady state, the time derivative vanishes, and (2.7) reduces to the original nonlinear
boundary value problem (2.1)—(2.2). For the linear case v(u) = &, the parabolic equation
becomes the heat equation

0%u

ou

2.3 Spatial and Temporal Discretization

The one-dimensional domain is discretized using a uniform grid. For a positive integer
N, define

Ax = zj = jAx, 0<j<N. (2.9)

1

Nv
The boundary points are g = 0 and zy = 1, while x1,29,...,2zxy_1 are the interior
unknowns. Thus, there are N — 1 interior cells and N + 1 total grid cells. Pseudo-time

is discretized as

" =nAt, n=0,1,2,.... (2.10)

For the nonlinear diffusion coefficient, interface values are defined by averaging neigh-

boring solution values before evaluating v:

ul? 1+ u u” + u”
_ J+1 J _ J j—1
Vj+% - V( 2 > y V]'_% =Vv <2> . (211)



For the linear problem, these reduce simply to

N

(2.12)

2.4 Parabolic Iterative Methods: Jacobi, Gauss—Seidel,

and SOR

Using the interface coefficients defined in Section 2.3, the discrete residual for the non-
linear problem is

noo—u) —v. —yy
Vitd (“j+1 “J) Vi-3 (“g uy—1>

e . (2.13)

no_
SN

For the linear problem, where v(u) = v, this becomes

v
R = N (ufyy —2uf +uf_y). (2.14)
In what follows, R; denotes the residual corresponding to the selected problem.
The Jacobi method evaluates the residual entirely from the previous iterate:
ut = uf + AtpRY. (2.15)

For Gauss—Seidel, let R]GS denote the same residual evaluated using the most recently

available values during the sweep. For a left-to-right ordering, u’;fll replaces u?_l, while

u? and u”,; remain unchanged. The (unrelaxed) Gauss—Seidel update is therefore

J J+

u§® =l + AtpRS”. (2.16)

Parabolic successive over-relaxation (SORp) then relaxes toward the Gauss—Seidel value:

W = wp (0§ — ) = ul + wpALpRGS, (2.17)



The choice wp = 1 recovers Gauss—Seidel, while 0 < wp < 1 and wp > 1 correspond to
under-relaxation and over-relaxation, respectively. Jacobi and Gauss—Seidel are retained
as unrelaxed performance baselines in Chapter 3. These Jacobi, Gauss—Seidel, and SOR

iterations follow the standard stationary matrix-splitting framework [27, 12].

2.5 Hyperbolic Pseudo-Time Model

The main modification studied in this report is to replace the parabolic pseudo-time

equation with a hyperbolic pseudo-time formulation:

0%u 0 ou

= = — |, 0<z<1, t>0. 2.18
dtdx O (”(“)ax) =T= (2.18)
The mixed space—time model is adapted from Chattot’s hyperbolic reformulation of the
corresponding elliptic model problem [5]. The same boundary conditions and diffusion
coefficients are used as in the parabolic problem. At steady state, the time derivative
vanishes, and (2.18) again reduces to the original nonlinear boundary value problem

defined in Eq. 2.1. For the linear case v(u) = 7, the modified equation becomes
Uty = DUy, (2.19)

which reduces to the corresponding linear steady state solution.

Therefore, the parabolic and hyperbolic pseudo-time formulations are designed
to converge to the same steady-state solution, but they approach that solution through
very different transient dynamics. The parabolic formulation behaves diffusively: in-
formation propagates through smoothing, and the explicit time step is restricted by
At = O(Ax?). The hyperbolic formulation introduces a mixed time-space derivative
and changes the dynamics of the continuous pseudo-time evolution from diffusion-based
to advection-based. However, their discrete pseudo-time iterations may not exhibit the

same pseudo-time behavior of the underlying continuous models.

10



2.6 SORh: 1D Hyperbolic SOR Formulation

A basic discretization of (2.18) is

um 1_qﬂ un—un71
v v (PR) S () (2.20)
AtAz N Az ’ ’
For the constant-coefficient linear case, this becomes
+1 +1
wt =ity —ul gy _ ﬁug_ﬂ —2uj +uj (2.21)
AtAz Az? i ’
Multiplying by AtAxz and rearranging gives
1 1 DAL
at = @ ) b (G =2 ) = (222)

n+1

i1 the update has a naturally sequential,

Because (2.22) contains the updated value u
GS-type structure, even when the right-hand side is evaluated explicitly in pseudo-time.
Similar to SORp, an SOR correction step is introduced, allowing control over the rate of
relaxation toward the hyperbolic update. The hyperbolic update obtained from (2.22)
is denoted by uf , and the relaxation step is

u?"'l =uj + wy (uf —uj). (2.23)

where w is the relaxation parameter. This leads to the full discrete SORh update

vAt
= | (5 ) o (20 )| = 0L 229

As in SORp, wy = 1 recovers the underlying hyperbolic update, while 0 < wy; < 1
corresponds to under-relaxation and wy > 1 to over-relaxation. In subsequent sections,
we will discuss the behavior of SORh compared to the classical methods, as well as the

role and stability limits of wy, in analytical and experimental contexts.

11



2.7 Accuracy, Consistency, and Stability of SORhA

For the linear constant-coefficient problem, the truncation error of (2.21) is defined by

substituting the exact solution U} = u(x;,t"):

+1 +1
Ut U - Up 4 Uy U - 2R U

TEn = AtAz Ax?

(2.25)

A Taylor expansion about (z;,t") gives the formal accuracy of the method. The first
term approximates u¢,, while the second term approximates vu,,. Because the mixed
derivative is approximated backward in space and forward in time, (2.21) is first-order
accurate in both space and time as a transient approximation. At steady state, however,
the time-dependent contribution vanishes and the remaining centered second difference
has O(Ax?) spatial truncation error for smooth solutions [19)].

The stability behavior is more subtle than in the parabolic case. The explicit
parabolic discretization has the classical restriction At = O(Ax?), whereas the hyper-
bolic formulation introduces the parameter r; = vAt/Ax. Substituting a Fourier mode
of the form u? = ¢MALIGAT with [ = /=1 into the discrete update equation and
requiring the amplification factor to satisfy [e??!| < 1 yields the CFL-type stability
condition [19]

DAL Azx

0<—<1 <«— O0<At< —.
Ax %

(2.26)

Thus, unlike the quadratic time-step restriction associated with explicit parabolic meth-
ods, the SORh formulation admits a linear CFL condition that scales directly with the
spatial resolution. On the surface, this suggests an accelerated rate of relaxation and
increased efficiency for SORh. However, on closer inspection, SORh does not actually
apply a larger correction to the elliptic residual. In SORp, the pseudo-time step mul-
tiplies the discrete elliptic residual directly, so the residual contribution to the point
update scales as

AtpR; = O(Az?)R;. (2.27)

12



In SORA, there is an extra factor of Az in in the left-hand side of Eq. (2.20), so solving
that equation for the point value introduces an additional factor of Az into the residual

factor ry. Because Aty = O(Ax), the resulting residual contribution also satisfies
AtHAJJRj = O(A:L’Q)RJ (2.28)

The parabolic and hyperbolic pseudo-time steps therefore cannot be compared directly
as measures of solver progress. Their differing scalings are required by their respective
continuous pseudo-time models, while the resulting scalar corrections have the same
elliptic O(Ax?) scale. Solver efficiency must instead be assessed through the contraction
of the discrete error, the number of sweeps, and the computational cost per sweep.
This differs from first-order hyperbolic diffusion formulations such as Nishikawa’s
[21], where introducing the solution gradients as independent variables produces a gen-

uine O(Axz) hyperbolic CFL scale. This distinction is discussed further in Section 4.6.3.

2.8 Connection to AOR and Classical SOR

The discrete linear SORh iteration belongs to the accelerated overrelaxation (AOR)
family introduced by Hadjidimos as a two-parameter generalization of SOR [11]. For
a linear system Au = b with the splitting A = D — L — U, the AOR iteration can be

written in correction form, where the correction 6+ = ("t — (") gatisfies
(D —raL) 5D = oy (b . Au(n)) . (2.29)

See Appendix A.1 for a derivation of (2.29). This form clarifies the roles of r4 and wa:
r4 controls the lower-triangular, Gauss—Seidel-like propagation of already-computed
corrections, and w4 scales the newly introduced residual correction. Classical SOR is

recovered when r4 = wy. To see this, define the unnormalized residual stencil for the
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three-point operator

S =l = 2u ) (2.30)
The linear SORh update in Section 2.6 can then be written in correction form as

(5; +1) = Wy ‘5-7—"1_1) +WHTHS; ), Ty = AxH

. (2.31)

For the same residual stencil Sj, Eq. (2.29) reduces to the same form as Eq. (2.31) with
coefficients r4/2 and w4 /2 instead of wy and wyry, respectively. Coefficient matching

therefore yields

‘T‘A = 2wy, wa = 2rgwy |. (2.32)

Again, see Appendix A.1 for a fuller comparison. AOR supplies an established algebraic
framework for the generalized-SOR interpretation of SORh. The distinction for SORh
is that it is independently derived from the hyperbolic pseudo-time model introduced
in Section 2.5. Additionally, SORh gives the two weights a direct pseudo-time inter-
pretation: for fixed wy, the hyperbolic CFL factor ry; changes the amount of residual
injection without changing the strength with which an upstream correction is propa-
gated through the sweep. At unit hyperbolic CFL, r; = 1, the two AOR parameters

coincide. SORh then reduces exactly to classical SOR under the parameter mapping

a = 2wy, (2.33)

where « is the classical SOR relaxation parameter. This factor of two comes from the
diagonal 2/Ax? of the one-dimensional discrete Poisson operator: classical SOR applies
a/2 to the unnormalized three-point residual, whereas unit-CFL SORh applies wy,.

For M interior unknowns with Dirichlet boundary conditions, the Jacobi spectral
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radius and classical optimal SOR parameter [9, 27] are

2 2

™
py = cos<> ) Qopt = = . (2.34)
M1 1 1= 1 sin( )

Combining this result with Eq. (2.33) gives the optimum

1

— (2.35)
1 sin( 5757 )

WH,opt =

This formula is exact for the constant-coeflicient linear problem at ry = 1. When ry < 1,

the mapping Eq. (2.33) is not exact, so the iteration is no longer classical SOR and the

classical optimum is only an analytical reference. The numerical results in Chapter 3
test how well that reference continues to predict the optimal wy.

For comparison, the SORp correction has equal propagation and residual coef-

ficients. Its AOR parameters therefore satisfy
ra=ws = 2rpwp = CFLpwp, (2.36)

so SORp remains classical SOR, with effective parameter a = CFLpwp, for any chosen
parabolic CFL number. In the notation used by the numerical experiments, M = N —1,

so the parameter estimates are implemented as

1 2
1 +sin(r/N) PP T GFLp[1 + sin(r/N)|

WH70pt = (237)

2.9 Spectral Analysis of the Iterative Methods

The convergence of the iterative methods considered in this work is governed by the

spectral properties of the associated iteration matrices. Writing the update in the form

Ukt — qgu® 4 ¢, (2.38)
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the error satisfies

et = Ge®), (2.39)

so convergence requires p(G) < 1, where p(G) denotes the spectral radius [27].

2.9.1 Comparison of Spectral Behavior

The hyperbolic and parabolic SOR methods derived in the previous sections both admit
iteration matrices of the form

G =wL 'R, (2.40)

where the specific forms of Ly, Ry (SORh) and Lp, Rp (SORp) are

Ly = tridiag(_wa L, 0)7 Ry = tridiag(rH —1, % — 21y, TH)~
(2.41)
Lp = tridiag(—wrp, 1, 0), Rp = tridiag (0’ % — 2rp, rp) _

The entries of Ly and Lp depend differently on the relaxation and CFL parameters. In
SORM, the lower-triangular dependence represents the explicit transmission of the pre-
viously computed upstream correction. In SORp, the corresponding dependence arises
through the Gauss—Seidel evaluation of the parabolic residual. These algebraic differ-
ences do not provide evidence of intrinsically stronger coupling in either formulation.
This claim is supported by the mappings to classical SOR, discussed in the previous
section,

a =2wy, a=wpCFLp. (2.42)

with SORh specifically requiring CFLy = 1. The two methods are closely related sta-
tionary iterations for the constant-coefficient linear problem. When CFLy < 1, SORh
no longer has the classical balance between residual injection and upstream correction
propagation, but the classical optimal parameter remains a useful analytical reference.
To compare the convergence properties of the two methods, we examine the spectral

radius p(G) as a function of the relaxation parameter w. Figure 2.1 shows p(G) for both
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formulations, computed for a one-dimensional problem with N, = 64, i.e. 64 interior

grid cells, and CFL = 0.8.

1D SOR Spectral Radius vs. Relaxation Parameter (N, = 64)

_ SORh SORp

(V) N J
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Figure 2.1: Spectral radius p(G) as a function of the relaxation parameter w for the
parabolic and hyperbolic SOR methods, with Nyt = 64.

Table 2.1: Spectral-radius comparison for the one-dimensional SOR formulations at
Nint = 64 and CFL = 0.8. Here, wqpt is obtained from numerically calculated pmin and
Wpred are calculated using Eq. 2.37.

Method Pmin Wopt Wpred

SORh 0.9263 0.9539 0.9539
SORp 0.9078 2.3848 2.3848

The resulting figure supports the analysis. Indeed, the shape of the p(G) vs. w
curve is very similar between SORh and SORp. The only major difference is the range
of w for which the stability condition p(G) < 1 is satisfied. SORp remains stable over
a wide range extending to wp = 2.5. This is larger than the classical SOR restriction
w < 2.0 because of the dependence of wp on the CFL number. In particular, for CFL
= 0.8, Wpmax = % = 2.5. The hyperbolic method is stable only up to wy = 1.0. These
stability limits are consistent with the optimal omega formulas and classical-SOR scaling

factors derived in Section 2.8. Also, the values wpreq and wopt agree to machine precision,

further supporting the accuracy of the optimal-w predictions in Section 2.8, at least for
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the specific resolution Ny, = 64.

The parabolic method attains a slightly smaller minimum spectral radius (pp min ~
0.908 VS py min =~ 0.926), suggesting slightly faster asymptotic convergence per iteration.
Interestingly, both formulations exhibit strong sensitivity to the relaxation parameter
near their respective optimal values of w. In each case, the spectral radius decreases
sharply as w approaches the optimum and increases rapidly for w > wept. The steep
change in convergence rate near the optimum is consistent with the classical parameter

sensitivity of SOR [27, 12].

2.10 Numerical Diagnostics and Transition to Results

The numerical studies use a common set of root-mean-square (RMS) diagnostics. For

a grid function v defined on the set of interior grid points Zj, with Ny = |Z},|, define

1/2

1
01, = | = > lil*] (2.43)
NI €Ly

lv

1
[vllrRMs,z) = —=
nT /Ny

Three diagnostic names are used throughout the thesis:

1. The update norm

e+l .= Hu<n+1> O (2.44)

RMS,Z),

which measures the change between successive pseudo-time iterates. It is a conve-
nient stopping and stagnation measure, but a small e, does not by itself establish

that the discrete equation has been satisfied.

2. The residual norm

At = R0 s, (249

which directly measures how well the discrete equation is satisfied. It is generally

always available and is the preferred general-purpose convergence diagnostic.

3. An exact-solution error or diagnostic, denoted e;. This quantity tests accuracy
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against known solution information and is generally used for validation of numer-
ical accuracy and convergence. For the one-dimensional linear problem, the exact

solution is u(x) = x, giving

e:]z = Hu(”) — mH (2.46)

RMS,Z),

For the nonlinear problem, the exact solution is represented implicitly by the

relation derived in Section 2.1. Its corresponding diagnostic is

ey = Hu<"> ~In(1+u) = (1-In 2):(;H (2.47)

RMS,Z;, |

Unlike (2.46), this is the error in an implicit exact-solution relation rather than
a direct pointwise difference from an explicitly evaluated uexact. It nevertheless

vanishes when the numerical solution satisfies that relation.

. . . n+1 .
A one-dimensional run is declared converged when eq(L ) < &y, Where g, is the pre-

scribed update tolerance. A non-finite or excessively large update terminates the run
as unstable, and reaching the iteration limit is treated as non-convergence. The exact-
solution diagnostic es is not used to terminate the reported performance runs.

Within this framework, Chapter 3 tests the stability and parameter dependence
predicted by the preceding analysis, compares SORh with SORp, and relates the mea-
sured iteration counts and errors to the spectral results. The numerical results in Chap-

ter 3 will determine which distinctions are consequential in computation.
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Chapter 3

Results of One-Dimensional

Experiments

In this chapter, we show the results of experiments using the one-dimensional iterative
methods described in Chapter 2. We will show the convergence behavior and computa-
tional performance of SORh compared to SORp and other classical parabolic relaxation
methods, as well as how these results differ between the linear and nonlinear problems

introduced in Section 2.1.

3.1 Experimental Setup

Experiments were conducted on the linear and nonlinear problems using four methods
for comparison: Parabolic Jacobi, Parabolic Gauss-Seidel (GS), Parabolic SOR (SORp),
and Hyperbolic SOR (SORh). We first define simulation parameters in Table 3.1 which
will be used for all one-dimensional simulations unless otherwise noted.

For the linear problem, At remains fixed since v = vy, is constant. For the
nonlinear problem, the initial diffusion coefficient is vy = 0.5, while the face-centered

diffusion coefficients V]J(, and vy evolve throughout the iteration. Whenever a larger
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Quantity Value

CFL number Cc,=0.28
Linear diffusion coefficient v, =0.5
Initial nonlinear diffusion coefficient vy = 0.5

Parabolic pseudo-time step
Hyperbolic pseudo-time step

Convergence tolerance

At, = CFL Az?/(2Vmax)
At = CFL Az /vmax

Eu = 10_7, with qun) < &y

Table 3.1: Coefficients and parameters used in the 1D experiments.

local diffusion coefficient is encountered, vmax is updated according to

Vmax < maX(VmaX7 |V]—~\_[|? |V]:/") ’

(3.1)

after which At is recomputed using the appropriate stability condition. However, for

the particular nonlinear diffusion coefficient used in these experiments, the face values

satisfy [v7], [vy] < 0.5 throughout the iteration. Consequently, Vmax remains equal to

its initial value, vy = 0.5, and At remains fixed.

3.2 Linear Performance Comparison

Iterations
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Figure 3.1: Iteration count and runtime for the linear problem as the number of interior
unknowns is refined. SORp and SORhI use experimentally optimized relaxation param-
eters.
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First we compare the performance of all four methods on the linear problem. Results
are shown in Figure 3.1. Jacobi, GS, and SORp perform as expected. Jacobi is the
slowest, taking about 10° relaxation steps to complete, and GS is only slightly faster.
SORp is much more efficient, taking about 103 iterations and improving on Jacobi and
GS by roughly two orders of magnitude.

The results for SORh show that though it is much faster than Jacobi and GS,
it is still slightly outperformed by SORp. Due to the simplicity of the linear problem,
however, this is not unexpected. The optimal relaxation parameters for both methods
are derived from the same underlying spectral structure. More precisely, with the linear
steady-state solution u(z) = z, constant v(u), and no further nonlinear coupling, the
separation of SOR correction propagation and residual injection that is characteristic
of SORhA has very little effect on the speed of error correction. The strength of residual
injection is constant throughout the iteration for both SORh and SORp.

Two crucial differences can help explain the slight performance advantage for
SORp. First, we can look at differences in per-cell update cost. SORh’s per-cell update
formula was found to cost about 20% more on average than SORp. The results show that
SORM takes about 42% longer on average in total runtime than SORp, but with only 19—
22% more iterations than SORp. Thus, since there are no other significant differences
in the computational cost per iteration step, some of the performance discrepancy can
be attributed to this discrete update cost difference. The second explanation is the

differing spectral radii from Table 2.1,

pP,min ~ 09087 pH,min ~ 0926) (32)

suggesting a slightly faster rate of convergence for SORp. This is because, for SORh,
CFLg < 1 causes residual contribution to be reduced relative to upstream correction
propagation. This an imbalance that cannot be restored by changing wy. SORp retains

this balance even for CFLy < 1 because it is still equivalent to classical SOR.
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3.3 Nonlinear Performance Comparison

Nonlinear Problem Performance
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Figure 3.2: Iteration count and runtime for the nonlinear problem using the same
convergence tolerance and grid sequence as in the linear comparison.

Unlike the linear problem, the nonlinear problem produces a substantial performance
separation between SORp and SORh. Over the tested grid sequence, the SORh iteration
count grows by approximately a factor of two with each refinement, while the SORp
iteration count grows by approximately a factor of four. SORh therefore retains growth
close to the O(N) behavior expected from an optimally relaxed one-dimensional iteration
[9, 27], whereas SORp exhibits growth closer to O(N?). The SORp iteration count
remains lower than those of Jacobi and Gauss—Seidel at each individual resolution, but
its empirical growth rate is steeper over the tested range.

This difference cannot be explained by a poor choice of relaxation parameter.
The values of w used in the nonlinear performance comparison were optimized indepen-
dently for the nonlinear problem. Nevertheless, no single value of wp produces the same
uniform acceleration observed for the constant-coefficient problem. The linear spectral
analysis assumes a fixed iteration matrix, while the nonlinear coefficient v(u) varies
spatially and changes as the solution evolves. Consequently, the local error-propagation
operator also changes during the iteration, and the classical linear optimal-w analysis

no longer applies directly. The particular nonlinear problem considered here becomes
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degenerate at the left boundary because

v(u) = (3.3)

vanishes when u = 0. The parabolic time step is selected using the maximum diffusion
coefficient, but the strength of the local SORp correction depends on the local face
coefficients. If

o = ut (3.4)

denotes the correction generated during a sweep, the SORp correction can be written
exactly as

oMt = wpAtp RS, (3.5)

However, to expose the propagation of an upstream correction, suppose temporarily

that the nonlinear face coefficient is frozen at its old-iterate value. Then

AtPVn 1

0 mwp | AtpRY + — 5 (3.6)

with additional terms arising from the change in v,_

g during the nonlinear Gauss—Seidel

D=

sweep. Thus, both residual relaxation and upstream correction propagation depend on
the local diffusion coefficient. By contrast, the implemented SORh correction can be
written exactly as

The residual contribution continues to depend on the nonlinear diffusion coefficient
through R, but the upstream correction-propagation term is not multiplied by the local
value of v. SORh can therefore continue transmitting previously generated corrections
through regions of weak diffusion. This structural difference is largely inactive for the
constant-coefficient linear problem, where the two methods reduce to closely related

SOR iterations, but becomes important when the coefficient is strongly nonuniform.
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Grid refinement further resolves the region near u = 0, where increasingly small
face coefficients occur. This provides a plausible explanation for why the performance
separation grows with resolution: the locally coefficient-weighted propagation in SORp
becomes progressively less effective, while the explicit correction-propagation term in
SORh remains intact. Although the SORh point update is somewhat more expensive,
its substantially smaller iteration count more than compensates for that cost on the

nonlinear problem.

3.3.1 Solution Accuracy & Summary

Table 3.2: Representative final diagnostics for the optimized SOR methods at Niy = 32
and ¢, = 1077.

Final update, e, Exact-solution diagnostic, e
Problem SORp SORh SORp SORh
Linear 9.40 x 1078  9.07x107® 193 x 1077 2.12x 1077

Nonlinear 9.96 x 108 870 x 108 1.230 x 10=* 1.223 x 10~

Table 3.2 shows accuracy diagnostics for SORh and SORp on the linear and nonlinear
problems. Their linear exact-solution errors are both approximately 2 x 10~7, while
their nonlinear diagnostics differ by only 0.57%. This agreement between methods sup-
ports the conclusion that they both approach consistent steady-state solutions. This
is strong evidence that the observed performance difference must concern the path by
which corrections propagate through the domain and do not involve an accuracy trade-
off. Overall, the results are consistent with the interpretation of SORh as an AOR or
generalized classical SOR iteration. The separation of residual relaxation from upstream

correction propagation provides additional robustness for this nonlinear problem.

3.4 Behavior of the Relaxation Parameter

Figures 3.3 and 3.4 provide two complementary views of the relaxation-parameter be-

havior on the nonlinear problem. Figure 3.3 shows that the linear spectral prediction
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Figure 3.3: Predicted and experimentally measured optimal relaxation parameters for
SORh and SORp on the linear and nonlinear problem.
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remains a useful approximation for the optimal SORh parameter, though there are small
differences because the nonlinear coefficient changes throughout the iteration. In con-
trast, the nonlinear SORp optimum departs substantially from the linear prediction,
substantially overshooting its maximum predicted stable parameter, we . = 2.5.

Figure 3.4 clarifies the nature of this departure. SORh exhibits a well-defined
minimum iteration count within its stable parameter range. Its performance improves
as wy approaches this minimum and then deteriorates before instability occurs. SORp,
however, continues to improve as wp is increased, and its lowest observed iteration count
occurs at the edge of the stable range. Its usable optimum is therefore constrained by
instability rather than determined by a clear interior minimum.

Both results are consistent with the influence of the degenerate diffusion coeffi-
cient. In regions where v(u) is small, the coefficient-weighted SORp correction becomes
weak, so increasing wp partially compensates for the loss of local correction strength.
The same global relaxation parameter also acts in regions where v(u) is larger, however,
and these regions ultimately limit stability. SORp therefore cannot simultaneously pro-
vide sufficient relaxation in the weak-diffusion region and remain far from instability
elsewhere. By contrast, the upstream correction-propagation term in SORh is not mul-
tiplied by the local diffusion coefficient. Its effective relaxation behavior consequently
remains closer to the constant-coefficient prediction and produces a stable, well-resolved
optimum. Together with the performance results, these figures show that SORh is both

more predictable and more effectively tunable on the nonlinear problem.
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Chapter 4

Two-Dimensional Formulation,

Methods, and Analysis

In Chapter 2, we introduced one-dimensional relaxation methods to solve simple elliptic
boundary value problems. In this chapter, we will extend these methods to two spatial
dimensions, which will introduce new pseudo-time dynamics and allow us to apply the
core ideas behind the one-dimensional methods to more complex and physically relevant
problems.

As we will see, extending SORh from a one-dimensional to two-dimensional
formulation is not straightforward, as it is for SORp. For this reason, instead of im-
mediately describing the form of 2D SORA used in numerical experiments, we will first
take a close look at analytical properties, discretization strategies, and other modifi-
cations to hyperbolic-based methods that were considered. This exploration is by no
means exhaustive, but it allows us to gain an understanding of the properties of hy-
perbolic pseudo-time methods and their behavior under a variety of conditions. Most
importantly, it will provide a basis to show why SORh formulation used in numerical

experiments was ultimately chosen.
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4.1 Governing Elliptic Problems

We start by introducing the two primary elliptic problems that we are interested in
solving. The first is Poisson’s equation and the application to self-gravity. The second
is a nonlinear diffusion problem, based on the one-dimensional “nonlinear problem”

from Chapter 2, now extended to the unit square.

4.1.1 Poisson’s Equation

Poisson’s equation can be expressed simply as
Ap = f, f =4nGp. (4.1)

where ¢ is the gravitational potential, p is the mass density, and G is the gravitational
constant. The Laplacian of the potential ¢ is given as

_ 9% ¢

8= o oy

= Quo + Gyy- (4.2)

Poisson’s equation is a powerful model with a wide range of applications in physics,
such as heat conduction, electrostatics, and fluid dynamics. Our particular application
of interest is self-gravitation, which describes the gravitational force exerted by a system
onto itself. The effect of gravitational forces depends on the total mass of the system
and its density distribution. This is often applied to celestial bodies, such as the inward
gravitational force felt by a planet, star, or a system of celestial objects.

The gravitational potential ¢ depends only on the forcing term f on the right-
hand side of (4.1), which involves the density distribution p. However, hydrodynamical
systems such as the Euler equations usually require the gravitational acceleration g,

which is computed from ¢ using the relation

g=—-Vo. (4.3)
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Hence, in order to determine g, a numerical solver must first solve Poisson’s equation for
¢, then solve for g using (4.3). There are a variety of strategies used by hydrodynamical
solvers to compute g, and introducing it as a source term must be done carefully so that
overall performance and solver accuracy is not hindered [15]. In FLASH experiments
involving the Euler equations (Chapter 5), this process is used to couple the Poisson
solver to the hydrodynamical solver. However, the main focus of numerical experiments

will still be on the numerical Poisson solvers discussed later in this chapter.

4.1.2 Nonlinear Diffusion Problem

In addition to the linear Poisson problem, we consider a nonlinear variable-coefficient
diffusion equation. To distinguish its scalar unknown from the gravitational potential

¢, the nonlinear solution is denoted by u. The governing equation is

V- (v(u)Vu) =0, (z,y) € Q= (0,1)?, (4.4)
where
v(u) = 1 _1: " (4.5)

Dirichlet boundary conditions are prescribed on the entire boundary according to

u(z,y) =z, (x,y) € 0. (4.6)

For the expected solution range 0 < u < 1, the diffusion coefficient satisfies

0 <w(u) < (4.7)

DN | =

The coefficient depends on the unknown solution and vanishes at © = 0. Consequently,
Eq. (4.4) is nonlinear and is not uniformly elliptic over the full solution range. It
is therefore referred to here as a degenerate nonlinear elliptic diffusion problem. The

degeneracy produces regions of weak local diffusion and provides a useful test of how the
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different relaxation methods propagate corrections when the elliptic coupling becomes

strongly nonuniform.

4.2 Two-Dimensional Pseudo-Time Setting

Similar to the 1D methods, we consider pseudo-time methods of the form

0

o (L) = Ao — f (1)

where the spatial operator L(-) varies depending on the specific numerical method used.
The choice of L plays an important role in pseudo-time dynamics and will be our
main focus in building specific parabolic and hyperbolic pseudo-time models. Most
of the proceeding analysis in this chapter will be based on Eq. (4.8), which uses the
linear Poisson residual and pseudo-time structure. The resulting discrete method then

marches forward in time until effectively

= (L(¢)) =0, (4.9)

up to some numerical precision, so that the original elliptic steady-state is satisfied.

Details of iteration logic and stopping conditions will be discussed in later sections.

4.2.1 Parabolic vs. Hyperbolic Pseudo-time Models

We consider two classes of pseudo-time models derived from Eq. (4.8). Both are con-
structed so that their steady states satisfy the linear Poisson model (A¢ = f), but they

approach this steady state through fundamentally different pseudo-time dynamics.

Parabolic pseudo-time dynamics. The first model is the standard parabolic relax-

ation

b = A — f. (4.10)
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At a steady state, ¢ = 0, and Eq. (4.10) clearly reduces to Poisson’s equation. This
makes the parabolic formulation a natural and widely used pseudo-time model for elliptic
problems. To explain the dynamics of (4.10), we can denote ¢° as the steady elliptic

solution and describe the pseudo-time error as

e(z,t) = p(z,t) — p*(x) = e =Ae (4.11)

Thus, the pseudo-time error evolves according to the diffusion equation. A Fourier-
mode analysis shows that high-frequency error is damped rapidly, whereas smooth, long-
wavelength error decays much more slowly. This smoothing behavior is characteristic
of stationary relaxation methods and is the central motivation for multigrid coarse-grid

correction [4].

Hyperbolic pseudo-time dynamics. The one-dimensional hyperbolic model intro-

duced previously, written for Poisson’s equation, is

¢tm = ¢x:}c - f (4.12)

More generally, it belongs to the class

= (L(9)) = R(¢) — , (4.13)

where L is a spatial differential operator applied to the pseudo-time derivative and R is

the target elliptic operator. A steady state again satisfies

provided that 0:L(¢) — 0. In one dimension, choosing

L(¢) = G, R(¢) = Oz,
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recovers Eq. (4.12). Integrating once in space gives

bt = bz — H(LL’) + C(t)7 Hl(‘r) = f(x)’ (4'14)

where the spatially uniform integration term C(t) is determined by the boundary treat-
ment or normalization. For the corresponding homogeneous error equation, this reduces
to the transport form

er = eg, (4.15)

up to the analogous boundary-determined integration term. Unlike the parabolic model,
the hyperbolic formulation does not primarily eliminate error through diffusion. Instead,
it transports error and correction information in a preferred direction. On a bounded
domain with appropriate inflow boundary data, errors can be carried toward and out of
the domain. In the discrete method, an upwind stencil and a compatible sweep ordering
reproduce this directional propagation: values updated earlier in a sweep transmit their
corrections to downstream points.

These dynamics exist regardless of dimensionality, but they gain an extra degree
of freedom when a second spatial dimension is introduced. The parabolic Laplacian has
no preferred error propagation direction, but a hyperbolic transport model requires the
selection of characteristic directions, upwind neighbors, and compatible sweep order-
ings. Information can theoretically be propagated in any direction in the 2D plane.
Accounting for this directional structure without changing the desired elliptic steady
state is the primary difficulty in extending SORh to two dimensions, and it is the focus

of the following section.

4.3 Two-Dimensional Hyperbolic Models

Starting from the general hyperbolic model in Eq. (4.15), this section explores two

strategies for extending its directional structure to two dimensions before introducing

33



the formulation used by the discrete SORh methods.

4.3.1 Coupled Advection Model

A natural first approach is to use the two-dimensional advection equation
U = aug + buy (4.16)

as a starting point. Differentiating separately with respect to  and y gives the coupled

system

Uty = QUgg + bu:cyy

(4.17)
Uty = QUzgy + Dliyy.

This preserves the familiar advection-like structure of the one-dimensional model and
shows how mixed derivatives arise when a scalar transport equation is differentiated in
multiple spatial directions. This model was ultimately not selected because the resulting
gradient-transport equations do not relax the gradient components toward derivatives
of a common Poisson solution, such as in Nishikawa’s first-order hyperbolic-system
approach [21]. Their directional advection structure does not combine naturally into
the Laplacian ., + uy,. In addition, evolving two coupled derivative equations would

complicate both the formulation and its numerical implementation.

4.3.2 Directional Transport Models

The one-dimensional spatial operator 9, can instead be generalized to a directional

derivative. Let n = (ni,n2) be a constant unit vector and define
On :=n -V =n10; + n20y. (4.18)
Applying this operator twice gives

(8n)2 = n%azx + innQOmy + ngaygp (419)
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and the corresponding single-direction model would be

010nd = (0n)” & — f(z,y). (4.20)

The operator on the right of Eq. (4.20) contains only the second derivative along n;
equivalently, it is a rank-one directional diffusion operator. No single choice of n can
reproduce the full two-dimensional Laplacian without reducing the dimensionality of the
model. A more flexible construction can instead use two constant directional derivatives,
Opn and Op,:

0 (Ond + Ome) = (0n)* ¢ + (Om)" ¢ — [. (4.21)

For the right-hand side to equal A¢ — f, the two direction vectors must form an or-

thonormal basis of R? [6]. Under this condition,

(On)* + (8m)* = A.

The left-hand side can be expressed using the single net direction

s:=n-+m, Os = Op + Om,

so Eq. (4.21) becomes

81056 = A — F. (4.22)

For an orthonormal pair, ||s|| = v/2; this constant normalization can be absorbed into
the pseudo-time scale. This form makes explicit that the orthonormal pair preserves the
isotropic Laplacian on the right while selecting one net pseudo-time transport direction
on the left. Using the canonical basis n = (1,0) and m = (0,1) gives s = (1,1) and

reduces Eq. (4.22) to

Dtz + bty = A — . (4.23)

This is the model selected as the starting point for the discrete hyperbolic methods in
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the following sections. The canonical basis is biased toward the positive (x,y) grid-
diagonal direction, but s = m + m could be constructed in a way that rotates the
constant basis and changes the directional bias. This freedom is intrinsic to the transport
construction and provides an additional degree of freedom. The bias could change,
however, due to implementation decisions like sweep orderings, and other methods can
produce related directional effects. Numerical experiments suggest that bases chosen
along an intermediate direction (far from any major axes) result in the most stable and
well-performing methods, as they balance the contributions from both spatial directions.

This continuous model determines the direction in which correction information
is transported. After a discretization and compatible sweep are chosen, the directional
bias of s dictates the propagation direction of upstream SOR corrections. Sections 4.5—

4.7 will define the resulting discrete pseudo-time update structures.

4.4 Common Discrete Framework

Let

Q = [za, 2] X [Yas ys], (4.24)

and introduce the grid

Ti=xq+ 1Az, i=0,...,N,+1,
(4.25)

yj:ya+]Ay> ]:O>7Ny+1

where
Tp — Lq Yp — Ya
Az = Ay = .
TN YTN,+1

The target unknown gb;ljl approximates ¢(z;,y;,t"!), where n is the pseudo-time

iteration index. The set of interior unknowns is

Tp={1,..., N} x {1,...,N,}, (4.26)
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and therefore contains Ny = N, N, grid points. Boundary values are prescribed on the
fixed outer layers, and the stored array includes g boundary or ghost layers on each side,
giving total array dimensions (N, +2g) x (Ny+2g). The stencil determines the required
value of g. For a 5-point centered Laplacian and, for hyperbolic methods, first-order
one-sided differences on the left-hand side, g = 1 is sufficient. Each complete solver

sweep advances the solution from ¢;"; to 17‘;1, with

T =4 AL (4.27)

The interior solution is initialized with as ¢° = 0. All test configurations in Chap-
ter 5 will use Dirichlet boundary conditions, which are applied at initialization and

maintained throughout the iteration.

4.4.1 Discrete Elliptic Operators and Residuals
Poisson’s Equation

Unless otherwise specified, all methods solving the linear Poisson equation will use the

five-point centered Laplacian

Givry = 20i5+ Giry | igir — 201+ big
(Ad)ij=—"—x T A (4.28)

and the pointwise discrete residual
Ry ;= (A¢%)ij — fiy. (4.29)

This choice of Laplacian discretization is reasonable because it is the natural extension
of the one-dimensional three-point Laplacian and is computationally cheap. Of course,
larger or higher-order discretizations are possible, but they require extra care when

applied to the hyperbolic pseudo-time framework.
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Nonlinear Diffusion Problem

The nonlinear operator is discretized in conservative flux form. The diffusion coefficient

at a cell face is evaluated using the arithmetic average of the neighboring solution values:

_ o Bir1g Ui _ [ Yigr Ui
Ui+§,j_”<2)v vm.+é—v<2 , (4.30)

with analogous definitions at the left and bottom faces. The pointwise discrete nonlinear
residual is then

Vi g (Uigrg —wig) — v (ui — uioag)
h2

T

R () =

U gt (Wiga — i) = v 51 (Wig — Uij-1)

hy

+ (4.31)

This has the same five-point stencil topology as the centered Poisson operator, but its
coefficients vary spatially and change as the solution evolves. In the nonlinear experi-
ments, RFJL replaces the linear Poisson residual in both the SORh and SORp updates.

Convergence therefore requires

R} (u) =0 (4.32)

at every interior grid point. To isolate the influence of degeneracy, some experiments

use the regularized coefficient family

), e>0. (4.33)

= . (4.34)
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The original degenerate problem is recovered at ¢ = 0, whereas increasing e produces a
more uniformly elliptic problem without changing the maximum coefficient. A constant-
coefficient case, v(u) = 1/2, is also used as a linear control. The centered Poisson stencil

and conservative flux construction are standard finite-difference discretizations [19].

4.5 Discrete Methods: SORp and SORhQ

This section develops discrete approximations of the two-dimensional pseudo-time mod-
els introduced in Sections 4.3 and 4.4. All methods are formulated on a common Carte-
sian grid and use the same discrete elliptic operator, boundary treatment, and con-
vergence diagnostics. We first derive the standard parabolic scheme (SORp), then the
canonical unsplit hyperbolic scheme (SORh). Modified formulations such as directional

SORMh are then presented as secondary alternatives to the main SORh formulation.

4.5.1 Parabolic SOR (SORp)

We first consider a parabolic pseudo-time relaxation, denoted SORp. Given the parabolic

pseudo-time model

¢t =A¢ — f, (4.35)

A forward-Euler pseudo-time step combined with successive over-relaxation gives the

pointwise update

St = of; +wAt[R(9)5 — fij] | (4.36)

where R($)%S uses the most recently available neighboring values. For the Poisson
problem, R(¢) = A¢; the nonlinear problem uses the corresponding variable-coefficient
discrete operator. The size of the pseudo-time step is determined by a standard von

Neumann analysis [19] with the Poisson residual, yielding the stability condition

CFLp

Atp= ——— P
P o (a2 + 1)

0 < CFLp <1, (4.37)

39



Hence, the same O(h?) restriction applies both to one-dimensional and two-dimensional

SORp. For the full update sweep, we use a standard lexicographic ordering
i=1,...,N,, j=1,...,N,, (4.38)

resulting in cells (i —1, j) and (4, j — 1) containing the updated next-iterate values. Red—
black ordering, in which the two checkerboard color classes are updated successively, is

a valid alternative but is not used in numerical experiments here.

4.5.2 Hyperbolic SOR (SORh)

For the coupled pseudo-time model

bte + b1y = Ad — f, (4.39)

a forward-time, backward in space approximation of the mixed derivatives gives

(Dy ") — (Dy ¢%)i n (Dy ¢Ft )iy — (Dy éM)ij
At At

where

k k k k
- _ % iy _ 9~ %1

Ds Az Dy Ay

(4.41)

During a forward lexicographic sweep, solving this relation for a provisional value ¢; ;

gives
$ij = ¢§J+Cl [hy <¢fj—11,j - ¢f—1,j> +ha (qﬁfﬁl - ¢f’;j_1> +co (R((ﬁ)fd - fi,j) } (4.42)

where

Cc1 —

he co = Athyhy, hy=Azx, hy =Ay. (4.43)
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The relaxed update is
ohtt = of; +w (015 — ol (4.44)

The pseudo-time scale restriction follows from the standard CFL condition for first-
order upwind transport discretizations. For example, the two-dimensional donor-cell

method for constant characteristic speeds is monotone when
a a
Aty <|w| n |y|) <1, (4.45)

which implies Aty = O(h) under uniform refinement [20]. This result motivates the

pseudo-time step definition
Aty = CFLy min(hy, hy), (4.46)

The validity of this choice is justified experimentally in the numerical results. To reiter-

ate, qﬁ;"j is the provisional point update, and ¢’,€+1

i is the relaxed update. This method

is considered point-implicit because already-updated neighbors enter the local formula,
and unsplit because the two directional contributions are retained in one update. Be-
cause there is a one-sided GS-like dependency, we must consider the order in which
individual cells are updated during a single pseudo-time step. For our experiments, we

use the same lexicographic ordering as SORp,
i=1,...,N,, j=1,...,N,, (4.47)

with ¢ as the outer loop and j as the inner loop. This ordering ensures that cell (i, 7),
uses the updated values from both (i — 1,7) and (i,7 — 1). For problems with certain
symmetries, the inner and outer loops could be swapped, but care must be taken to
ensure the iteration is unaffected.

Red-black ordering ¢s a valid alternative for SORh, but it must be treated

carefully due to the explicit correction terms. In particular, the first half of the update
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(the “red” sweep) should not contain any correction terms, while the second half of the
update must contain all four correction terms. This directly corresponds to the upstream
correction dependencies in red-black SORp, since in both cases, all four neighboring
values are updated in the first half and used in the second half of the sweep. This
ordering is not used in any experiments, so we will not pursue it further.

As written, the update in Eq. (4.42) contains two distinct components. The in-
crements hy(qbffl{ i qﬁf_Lj) and hx(qbf’;;f_ll — d)i?, j—1) are nonzero only after the upstream
values have been updated within the current sweep. They are correction signals prop-
agating downstream, helping the convergence rate accelerate. The second component
of Eq. (4.42) is the local residual corresponding to the discrete elliptic steady state.

This distinction is important in understanding the dynamics and performance of the

numerical method.

4.6 Connection to AOR and Classical SOR

The continuous SORh model is related to hyperbolic relaxation approaches for diffusion,
including Nishikawa’s first-order-system formulation [21], but its linear discrete update
has a more specific algebraic classification. It belongs to the accelerated overrelaxation
(AOR) family introduced by Hadjidimos [11]. This section serves a similar purpose as
Section 2.8, but now for the two-dimensional formulations. We will identify the two-
dimensional SORh—AOR parameter map, recover classical SOR as the balanced special
case, and use that reduction to obtain a reference value for the optimal relaxation

parameter.

4.6.1 AOR and Classical SOR
Let

52# = ¢]‘€J'r1 - ¢k Rf,j = (Ahébk)z‘,j — fijs (4.48)

Zv] 7'7j7
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where Rf“; ; 1s evaluated from the centered five-point stencil. On a uniform square grid,
the canonical SORh sweep can be written as

w
oEt = TH oMt + 0L + CFLyh®RE| . (4.49)

The two upstream terms propagate corrections already computed during the lexico-
graphic sweep; the residual term generates a new local correction. To compare Eq. (4.49)
with AOR, write the discrete Poisson system as A¢ = b, with A = —Ay, b= —f, and
A=D—L—U. Thus, b— A¢* = R*. The AOR correction equation is

(D —raL)6F T = w4 (b — AgP), (4.50)

where r4 weights lower-triangular propagation and w4 weights the residual correction.
This correction identity is established for the one-dimensional system in Appendix A.1
and is independent of spatial dimension. Since D = (4/h?)I for the five-point operator,
Eq. (4.50) gives the local relation

TA wA
o = (5531,]’ + 55;311) + = R (4.51)

Coefficient matching therefore yields the exact map

ra = 2wy, wy = 2wy CFLy. (4.52)

This map makes the two roles in the hyperbolic update explicit. The parameter wg sets
the strength of directional correction propagation and also enters the common scale of
the update, while CFLy changes residual injection relative to that propagation. AOR
supplies the established two-parameter algebraic framework; the transport derivation
supplies the directional and pseudo-time interpretation of its parameters.

Classical SOR is the AOR subfamily 74 = w4 = a. Thus, when CFLy = 1, Eq. (4.52)
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reduces to
(459

and SORh is exactly classical lexicographic SOR. The same mapping holds in one and
two dimensions: the factor 1/(2h) introduced by the two-dimensional transport dis-
cretization compensates for the change from the three-point diagonal 2/h? to the five-
point diagonal 4/h%. The coefficient cancellation and corresponding iteration-matrix
identity are given in Appendix A.2. For comparison, the square-grid SORp update is

wpCFLp
511?1 =1 [5§j11,j + 521{:;—11 +h*RE;| (4.54)

Its AOR parameters are equal for every CFLp,
r4=wy =a=wpCFLp. (4.55)

Hence SORp remains on the classical-SOR slice, whereas SORh moves through the
broader AOR family when CFLy # 1.

4.6.2 Optimal Relaxation Parameters

At CFLpy =1, the classical SOR optimum applies directly. On an M x M square grid
with homogeneous Dirichlet data, the five-point Jacobi eigenvalues and spectral radius

are

1 pT qm us
Mp’q:2|:COS(M+1)+COS<M+1>:|, pJ:le:cos(Mle). (4.56)

The spectral radius is therefore the same as for the corresponding one-dimensional grid.

The classical optimum [9, 27] is

= . (4.57)
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Combining Eqgs. (4.53) and (4.57) gives

1 1
WH ot = N=M+1. (4.58)

1 —I—Sin(M’jrl) 1 + sin(7/N)’

Thus, the one- and two-dimensional SORh formulas agree for two separate reasons: the
discrete normalization preserves o = 2wy, and the square-grid Jacobi spectral radii

agree. Similarly, Eq. (4.55) gives

Whapt = 2 . (4.59)
CFLp |1+ sin( 377 )|

These expressions are exact for the linear, constant-coefficient problem on a uniform
square grid with the centered five-point operator and compatible lexicographic ordering.
For CFLy # 1, SORh is AOR rather than classical SOR, so Eq. (4.58) is only a
reference value. Optimization over both AOR parameters is a distinct problem studied
by Avdelas and Hadjidimos [2]. Applying that analysis to the nonlinear, directional,
and alternative-stencil SORh variants considered here is outside the scope of this thesis.

Numerical parameter studies are carried out and examined in Chapter 5.

4.6.3 Pseudo-Time-Step Scaling

As for the one-dimensional formulation, SORh does not actually apply an O(h) correc-
tion directly to the elliptic residual, despite the different scaling factors Aty = O(h)
and Atp = O(h?). Solving the discrete mixed-derivative equation for ¢; ; introduces
another factor of h, so the SORh residual contribution is O(Atgyh) = O(h?), matching
the rparabolic correction scale. As explained in Section 2.7, the O(h) stability scale is
genuinely hyperbolic at the pseudo-time-model level, as in first-order hyperbolic diffu-
sion formulations, while the scalar sweep-to-sweep update still has the elliptic scaling

required by Egs. (4.52) and (4.53).
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4.7 Directional SORh

An interesting variation of SORh follows from the hyperbolic directional transport model

introduced in Section 4.3.2. First, we introduce a prescribed direction

b = (bg,by), by ox cosf, by o sin 6.

The signs of b, and b, determine the sweep orientation, while their magnitudes determine
the relative propagation of corrections in the coordinate directions. On a uniform square

grid with spacing h, the directional correction equation may be written as

CFLyh? (i
s+ _ wi |ped®HD 4 p sEED 4 (k) ’
1,] ,up Y-y, up ‘bz’ + |by’ 1,]
where
|02 by
Pr= 1 Py = ; pztpy =1
|b2| + [by| Y Jba| + by Y

Here, 0, up and dy,up denote the corrections at the two upstream neighbors selected by
the signs of b, and b,. Thus, changing the quadrant of 6 selects a mirrored lexicographic
ordering, whereas varying 6 within a quadrant continuously changes the relative z- and
y-propagation weights. The default SORh update is then recovered for a grid-diagonal

direction. With the normalization used here, the four diagonal directions satisfy

m 3w bw Tw
06{4,4,4,4}, |be| = |by| = 1.

Consequently, p, = p, = 1/2, and the update reduces to

(k+1) _ WH [¢(k+1 k41 2,.(k)
oy = S o + olfED + CFLuh

Each diagonal direction therefore represents the default SORh method under a corre-

sponding mirrored sweep ordering. When CFLy = 1, this expression is identical to
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classical SOR,

(k+1) _ @ (k41 k+1 2,.(k)
5i7j - Z [6g,up ) + 53(/,up ) +h Ti,j] )

under the usual parameter correspondence
o = 2CL)H.

For CFLy < 1 and a non-diagonal direction p, # py, directional SORhA is a distinct
generalization of the default SORh method, which is itself a special case of classical
SOR. For the isotropic five-point Poisson operator, standard SOR cannot reproduce the
off-diagonal update, since it assigns equal coefficients to the two upstream corrections.
Changing the sweep ordering changes which neighbors are upstream but does not change
their relative weights. The directional formulation therefore continuously deforms the
triangular splitting used by the iteration while leaving the underlying discrete resid-
ual unchanged. In this sense, default SORh is the balanced-propagation member of a
broader directional family, while non-diagonal directions provide a genuine extension
beyond classical SOR and default SORh.

While the directional-generalization idea is interesting, it has not been proven
to meaningfully improve performance against SORh in any useful metric. There are
cases where under certain conditions, such as a strong directional bias in the elliptic
steady solution, certain grid-diagonal sweep orderings can be somewhat more efficient
than others. These cases, however, can be achieved with careful reordering of sweep
directions and update coefficients, and generally do not require specific off-diagonal

directions for optimal performance. This idea may be explored further in future work.

4.8 Diagnostics for Two-Dimensional Experiments

The two-dimensional studies use the RMS norm defined in (2.43), now over the interior

two-dimensional grid Z;,. Let w = ¢ for the Poisson problem and w = w for the nonlinear
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diffusion problem. The update norm is

elkt1) .= Hw(k‘H) - w(k)HRMS,Zh . (4.60)

The problem-specific equation residuals are

) HAW(’““) _ th (4.61)

RMS,Z;, '

efﬂfﬂl\—g) = HR;LVL (u(k+1)> H (4.62)

RMS,Z, '

where RhN L is the discrete nonlinear diffusion residual defined above. Because an exact

solution is available for the Poisson configuration, its solution error is also reported:

el i= 654 — Gevactn (4.63)

RMS,Z),

For either problem, convergence is declared when the corresponding equation residual
satisfies eff; b < g, or equl\?ﬁ ) <eg. If egﬁl) < g, before the residual tolerance is reached,
the run is terminated as stagnated rather than converged. Non-finite diagnostics, diag-
nostics above the prescribed upper bound, and the iteration limit also terminate a run
without convergence. The experiment-specific tolerances and iteration limits are stated
with the corresponding results.

The Poisson results in Chapter 5 use e, p to distinguish iterative convergence
from solution accuracy; no exact solution is assumed for the nonlinear configuration, so
that study instead uses e, N1, together with agreement between the converged numer-
ical solutions. The Chapter 5 results therefore test whether the stability, relaxation-

parameter, and sweep-order behavior developed in this chapter persists for the Poisson

and nonlinear two-dimensional configurations.
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Chapter 5

Results of Two-Dimensional

Experiments

In this chapter, we show the results of experiments using the two-dimensional iterative

methods described in Chapter 4.

5.1 Two-Blob Poisson Problem

The Poisson solvers are evaluated using a two-dimensional adaptation of the smooth
two-component test problem introduced by Hanawa [14]. Define

(r —5R)? + y?

(z 4+ 5R)? + y?
3R? ’ '

Az,y) =
Restricting Hanawa’s analytical potential to the plane z = 0 gives

bex(2,y) = —4nGpoR? |(1+ A) 2 4 (1+ B)71/?|
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Figure 5.1: Two-blob Poisson test problem. Panel (a) shows contours of the prescribed
source term f(z,y), while panel (b) shows contours of the corresponding exact solution
Gexact (T, y). The exact solution is used to impose the Dirichlet boundary conditions and
evaluate the numerical error.

Applying the two-dimensional Laplacian to this potential, rather than setting z = 0 in

the original three-dimensional density, yields the compatible planar source
=20 12— A)(1+ A2+ (2— B)(1+ B) /2

so that V2¢e, = 471G pop exactly. The two source peaks are centered at (£5R,0). All
calculations use R = 1, pg = 3, and 47G = 1 on Q = [—20,20]2, with ¢, imposed as
the Dirichlet boundary condition and used to measure the numerical error.

Note that while this problem is constructed to resemble a realistic Poisson prob-
lem with source f(z,y) and gravitational potential gexact(x,y) (shown in Figure 5.1),
the sampled minimum of the density distribution pop(z,y) is approximately —0.05, so

the problem does not have a strictly physical mass density.

5.1.1 Performance Results

Figure 5.2 shows combined performance results for SORp and SORh. At CFL = 1,
both methods require essentially the same number of iterations at every resolution.

The measured iteration counts increase from 33 to 522 as IV increases from 16 to 256,
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Table 5.1: Numerical configuration and parameters used for the two-blob performance
and accuracy studies.

Parameter Setting

Spatial grids N, = N, = N, with N € {16, 32, 64,128,256}

Methods and ordering SORp and SORh, both using lexicographic ordering

Relaxation parameters Selected separately for each combination of N, method, and
CFL number by minimizing the converged iteration count.

Performance convergence el <eg,.=1075, eftl <e, =10"10

Accuracy convergence el <eg.=10710, eftl <, =10"13

Maximum iteration limit 20,000 for performance runs, 100,000 for accuracy runs

Stability guard Iteration halts if eF+! > 108

Accuracy validation The estimated algebraic error ||r||rms/Amin(Lr) Wwas required to

be no more than 10~3 of the measured RMS solution error

with a fitted dependence k oc N9-99

. This agreement reproduces the known O(N), or
equivalently O(h~!), asymptotic convergence rate of optimal classical SOR [27].

SORp still has a small runtime advantage because its discrete update is less ex-
pensive. At CFL = 0.8, there is a clearer separation—SORh requires moderately more
iterations than SORp as the grid is refined, and the runtime difference grows accord-
ingly. This result is consistent with the performance results for the one-dimensional
linear problem in Section 3.2, and its explanation of the performance discrepancy can

be applied to this problem as well. The small variation between repeated timing mea-

surements does not affect these trends.

5.1.2 Solution Accuracy

In Figure 5.3, the representative solution and truncation errors both approach second-
order convergence on the finer grids, as expected for the centered spatial discretization.
The irregular observed orders on the coarsest grids indicate that these resolutions are
still outside the asymptotic regime, particularly for resolving the localized features of
the two-blob solution. The accuracy results are effectively independent of the iterative
method and CFL number: once the residual tolerance is satisfied, SORp and SORh

converge to the same discrete steady-state solution.
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Two-Blob Poisson Performance
(a) Iteration count (b) Mean runtime

10° § —¢— SORh, CFL=1.0
—A— SORp, CFL=1.0
—&- - SORh, CFL=0.8
101 4 --/-- SORp, CFL=0.8
0 @
c
[
= S 1004
] 5
= 4
1071 4
T T T T T T T T T T
16 32 64 128 256 16 32 64 128 256
Interior grid size, N Interior grid size, N

Figure 5.2: Performance of SORp and SORh for the two-blob problem using the se-
lected relaxation parameters. Panel (a) shows the iteration counts, and panel (b) shows
the mean runtimes over repeated trials. At CFL = 1, the methods require the same
number of iterations, although SORp is slightly faster because its discrete update is less
expensive. At CFL = 0.8, SORh also requires more iterations as the grid is refined.
Runtime error bars are omitted because the measured variation between repetitions is
negligible on the report scale.

Two-Blob Poisson Accuracy (SORp, CFL=1.0)

(a) Error norms (b) Local RMS order
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Figure 5.3: Spatial accuracy for the two-blob problem, represented by the SORp results
at CFL = 1. Panel (a) shows the final pseudo-time RMS solution error e, and the
RMS truncation error, obtained by applying the discrete operator to the exact solu-
tion. Panel (b) shows the corresponding local observed convergence orders. The coarse
grids exhibit pre-asymptotic behavior, while both error measures approach second-order
convergence under refinement. The other method and CFL configurations produce ef-
fectively indistinguishable accuracy results.
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5.2 Nonlinear Diffusion Problem

The nonlinear experiments use the problem defined in Section 4.1.2, with the original
coefficient v(u) = u/(1 4+ u), a zero initial solution, and CFL = 0.8. SORh and SORp
use fixed pseudo-time steps, identical stopping tolerances, and relaxation parameters

optimized separately for each method and grid.

5.2.1 Optimized Performance and Grid Scaling

Figure 5.4 compares the optimized methods. As N increases from 16 to 64, the SORh
sweep count increases from 139 to 662, whereas the SORp count increases from 221
to 3502. The corresponding SORh advantage grows from 1.59 to 5.29 in sweep count
and from 1.58 to 5.19 in elapsed time. Fits over these three grids give empirical sweep
exponents of 1.13 for SORh and 1.99 for SORp. These are descriptive finite-range
fits, not established asymptotic rates. The final solutions differ by only 7.5 x 1077 to
1.0 x 1075 in the normalized solution norm, so the performance difference is not caused

by convergence to different discrete solutions.
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Figure 5.4: Optimized fixed-timestep performance for the two-dimensional nonlinear
problem. Panel (a) shows sweep counts and descriptive power-law fits over N =
16, 32, 64; panel (b) shows the corresponding SORh sweep advantage.

This pattern agrees with the one-dimensional nonlinear results in Section 3.3. There,
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the difference was attributed to the local diffusion coefficient multiplying SORp’s trans-
mission of upstream corrections, while the corresponding SORh propagation term is
coefficient-independent. A direct diagnostic is available from the two-dimensional base-
line data. On a square grid, the coefficient multiplying each upstream SORh correction

is cg = wy /2. The weakest corresponding SORp coefficient at the final state is

Atp
CPmin = WP~ Umin = 0.4 wpVmin, (5.1)

because Atp/h? = 0.4 in these experiments. Table 5.2 shows that refinement resolves
smaller face coeflicients near u = 0. Consequently, the weakest SORp propagation factor

decreases while the SORhI factor remains nearly constant.

Table 5.2: Final-state diagnostic of the weakest local upstream-correction factor in the
optimized nonlinear runs.

N Umin CH CPmin  CH/CPmin
16 0.0519 0.416 0.0567 7.3

32 0.0301 0.448 0.0323 13.9
64 0.0169 0.468 0.0177 26.5

This diagnostic is not a nonlinear spectral proof, but it directly connects the growing

performance separation to increasingly weak local SORp correction propagation.

5.2.2 Coefficient Contrast

The regularized coefficient family from Section 4.4.2 varies the ellipticity ratio vimin/Umax
while preserving v(1) = 0.5. Figure 5.5 shows the locally optimized results. SORh
remains approximately 2.9-3.0 times faster in sweep count from the degenerate case
through an ellipticity ratio of 0.167. At a ratio of 0.667, its advantage falls to 1.59.
In the constant-coefficient control, SORp requires 109 sweeps and SORh requires 123,
restoring the modest linear SORp advantage.

Strict degeneracy is therefore not required for the SORh advantage. The more

precise association is with weak local diffusion and strong spatial coefficient contrast: the
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Figure 5.5: Effect of reducing coefficient contrast at N = 32. Panel (a) shows optimized
sweep counts, panel (b) their ratio, and panel (c) the selected relaxation parameters
normalized by the linear predictions. The horizontal reference in panels (b) and (c) is
one.

55



advantage persists under mild regularization, diminishes as the coefficient becomes more
uniform, and reverses only at the constant-coefficient endpoint. Panel (¢) provides com-
plementary evidence. The optimized SORp parameter moves toward its linear prediction
as coeflicient contrast is removed, whereas the SORh parameter changes comparatively
little. These trends support, but do not by themselves prove, the correction-propagation

interpretation.

5.2.3 Supporting Parameter Studies

The relaxation-parameter searches reproduce the findings from Figures 3.3 and 3.4.
Across N = 16, 32,64, the SORh optima remain within 1.7% of the linear predictions
and have clear interior minima. The SORp optima exceed their predictions by approx-
imately 31%, 18%, and 10%; at N = 32 and 64, they lie at the edge of the first stable
branch. Thus, the linear formula remains a useful SORh reference but does not predict
the nonlinear SORp optimum.

Control experiments do not remove the performance separation. With locally
reoptimized parameters, adaptive timesteps change the SORh count by less than 1%
and increase the SORp count by 6-8%. Freezing all SORp face coefficients at the start of
each sweep changes its N = 32 count from 863 to 849, versus 295 for SORh. Neither the
fixed timestep nor within-sweep coefficient evaluation therefore explains the difference.
An experiment using the initial guess u’ = x rather than v = 0 at N = 32 and with
newly optimized relaxation parameters alters the nonlinear trajectories but does not
reduce the performance separation.

Varying wg and CFLpy separately also shows that their product does not de-
termine convergence. At N = 32 and fixed wy = 0.895, raising CFLyg from 0.5 to
1.0 reduces the count from 467 to 238. Holding wyCFLy = 0.716 instead fails for
CFLg = 0.5-0.7 and requires 606 and 856 sweeps at 0.9 and 1.0.

These results associate SORh’s advantage with this separation of correction

propagation from residual injection, specifically through weak-diffusion regions. For
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consistently ordered linear systems, optimal-AOR, analysis shows that the best two-
parameter pair can either lie away from the classical-SOR slice or coincide with opti-
mal SOR, depending on the relevant spectral case [2]. Whether the SORh parameter
separation provides a comparable advantage for problems beyond the weak-diffusion

configurations tested here remains an open question.

5.3 FLASH Experiments

We next test whether these findings carry into a multiphysics application by implement-
ing SORh in FLASH [10, 7] and applying it to the Zel’dovich Pancake problem. SORh
is compared with FLASH’s multigrid Poisson solver, based on the Huang—Greengard
algorithm and Ricker’s finite-volume oct-tree extension [16, 24]. The comparison exam-
ines runtime, parallel scaling, accuracy, iteration limits, and SORh iteration ordering

variations.

5.3.1 Zel’dovich Pancake

The Zel’dovich pancake is a coupled hydrodynamics, collisionless-particle, and self-
gravity problem that tests a Poisson solver inside a complete cosmological time in-
tegration. A single sinusoidal density perturbation is imposed normal to a plane in an
expanding, periodic domain [28, 1]. If ¢ and = denote the Lagrangian and Eulerian

coordinates normal to the plane, the pre-caustic solution may be written

1 + 2. sin(kq) 1+z -1

- =pp |1— - k 5.2
e R e (1] IR CE)

where k = 27 /) and z. is the caustic redshift. At z > z. the mapping is single valued,
so the density and normal velocity provide useful analytical checks. At z = z. the
collisionless sheet first folds. Thereafter the dark-matter particles form a multistream
region with repeated caustics, while the gas forms two shocks that propagate away from

a small central unshocked region. A global analytical solution is no longer available
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Table 5.3: Shared Pancake setup and solver-specific controls. The 16 x 16 cell block
layout (64 blocks) is used for the primary comparison.

Item Setting

Physical problem [0, \]?, periodic, A = 3.0857 x 10%® cm; z : 50 — 0, z. = 5; Q= 1,
Q, = 0.15, Qx = 0, Ho = 1.62038 x 107'% s7"; Tha = 550 K at zga = 200.

Discretization Uniform 128 x 128 mesh; 1282 particles; 16 x 16 cells per block; third-order

PPM reconstruction, HLLC Riemann solver [26], v = 5/3, hydrodynamic
CFL 0.8; periodic gravity.

Parallel environment 1 and 4 MPI ranks, one thread per rank; MPICH 4.2.2; Apple M1 Pro (8
cores, 16 GB), Darwin 25.5. Repeated runs were serialized and configura-
tion order was rotated between repetitions.

MG Huang-Greengard multigrid; relative residual tolerance 1076,

SORh wavefront Pseudo-time CFL 0.9; relative residual tolerance 107% wy = [l +
sin(r/128)]"' = 0.97605; primary cap Mmax = 200; residual checked ev-
ery 10 sweeps.

SORh budget study mmax = 100,200,300, 400,500; check intervals 10,10, 15,20, 25, respec-
tively.
Measurement Three repetitions per configuration; reported times are medians. Wall time

is external elapsed time; Poisson time is the sum of the maximum-per-rank
solver timers over all gravity calls.

after this transition, so post-caustic comparisons are treated primarily as cross-solver
consistency tests.

FLASH initializes the gas and particles from the same perturbation. During each
time step, particle mass is deposited by cloud-in-cell interpolation, the periodic Poisson
equation is solved for the total matter distribution, and the resulting gravitational field
is coupled to the hydrodynamic and particle updates. The essential numerical and
physical settings are summarized in Table 5.3. The fixed uniform grid isolates the

solver and parallel ordering effects; adaptive refinement was disabled.

Sweep ordering

The iteration of SORh is highly dependent on the order of the update sweep, due to its
directional dependencies, so our experiments use two distinct ordering modes. In block
mode, blocks may sweep concurrently, using the newest values inside each block but
values from the preceding exchange across upstream block boundaries. This exposes
substantial concurrency, but changes the effective global iteration matrix and makes

the stable relaxation parameter depend on block size. The full-trajectory tests required
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Table 5.4: Primary MG-SORh timing comparison. Times are medians of three repeti-
tions in seconds; ratios use MG at the same rank count.

Ranks Method Wall Poisson  Poisson/Wall ~Wall/MG  Poisson/MG
1 MG 22.81 7.133 31.3% 1.000 1.000
1 SORh, mmax =200 23.61 8.653 36.6% 1.035 1.213
4 MG 12.40 6.287 50.7% 1.000 1.000
4 SORh, mmax = 200 11.47 5.780 50.4% 0.925 0.919

wy = 0.87, 0.93, and 0.96 for blocks containing 82, 162, and 322 cells, respectively.

In wavefront mode, an update is released only after its west and south prede-
cessors in the global sweep have advanced. Points on the same diagonal front may still
execute concurrently, but the method preserves the global ordered-sweep iteration and
permits the grid-optimal wy = 0.97605 for every block layout tested. This allows for
better stability and faster convergence when compared to block mode. MPI communi-
cation changes when a front crosses a rank boundary, but the mathematical ordering

does not. The primary performance comparisons use the wavefront mode.

Performance and iteration-budget tradeoff

The primary comparison uses the matched 16 x 16 block layout. Both methods made
417 gravity solves over 208 evolution steps. Table 5.4 shows that wavefront SORh with
Mmax = 200 was within 3.5% of MG in total one-rank time and was 7.5% faster with four
ranks. Its Poisson phase was 21.3% slower with one rank but 8.1% faster with four ranks.
SORM is thus not the faster serial elliptic algorithm, but with carefully controlled mpax,
its timing results are still comparable with MG. The results also suggest that wavefront
SORM exhibits stronger intranode parallel scaling. From one to four ranks, MG obtained
wall-time speedup 1.84 (46.0% parallel efficiency) and Poisson speedup 1.13 (28.4%).
The corresponding SORh values were 2.06 (51.5%) and 1.50 (37.4%). These are small-
scale intranode measurements on one workstation, but they still support the expected
benefit of diagonal-front concurrency.

The iteration cap is a deliberate accuracy—cost control, not merely a failure limit.
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Table 5.5: Four-rank wavefront budget study. Time ratios between SORh and MG for
both total wall-clock time and Poisson-solver time are shown. The last two columns are
the largest relative Lo difference from matched MG among gas density, normal velocity,
particle density, pressure, and derived temperature.

Mmax  Converged solves SORh/MG (Wall) SORh/MG (Poisson) Pre-caustic Final

100 21/419 0.729 0.494 16.765% 17.207%
200 34/417 0.925 0.919 0.440%  0.228%
300 48/417 1.133 1.337 0.071%  0.224%
400 214/417 1.345 1.754 0.006%  0.004%
500 372/417 1.415 1.895 0.001%  0.002%

------ Analytical —o— MG ==x=- SORh wavefront (mmax =200)
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Figure 5.6: Pre-caustic profiles at z ~ 10.419. MG and wavefront SORh with my.x =
200 include the same hydrodynamic and particle discretization errors.

At Mumax = 200, only 34 of 417 solves reached the 107 residual criterion; the remaining
383 returned at the cap, with an average of 189.4 sweeps per call. Table 5.5 therefore
reports both cost and application-level departure from the converged MG reference. A
cap of 100 was too aggressive, producing order-10% profile differences. Increasing the
cap to 400-500 nearly reproduced MG, but removed the time-to-solution advantage.
The 200-sweep case is the best observed compromise: it retained comparable profiles

while providing the most competitive four-rank elapsed time.

Accuracy and solution consistency

The pre-caustic checkpoint at z ~ 10.419 provides the strongest accuracy test. Fig-

ure 5.6 compares the analytical, MG, and primary SORh profiles. The direct relative
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L4 differences between the solvers were 0.0367% for baryon density and 0.1018% for nor-
mal velocity. Against the analytical solution, the corresponding MG errors were 3.164%
and 9.578%, and the SORh errors were 3.146% and 9.669%. The small decrease in the
SORh density norm is simply due to error calculation, and is far below the common
discretization error. The consistency of SORh and MG errors suggests that the capped
Poisson solve is not the leading error source at this checkpoint, even though most grav-
ity calls reached the iteration cap. This also coincides with Figure 5.6, in which the MG
and SORh pre-caustic density and velocity profiles are nearly indistinguishable.

At the final checkpoint, the solvers differed by at most 0.228% across five fields
and placed the gas shocks and outer particle caustics in the same cells. Since no complete
post-caustic solution is available and the shock asymptotes are unsuitable here, this is
a test of consistency rather than absolute accuracy. Absolute thermal metrics were
excluded because all solvers shared a reference mismatch; the particle-density reference
omits cloud-in-cell filtering.

At mpmax = 500, every wavefront layout and rank count agreed within 1.7 x 1073
in relative Ly. At mmax = 300, the maximum MG difference was 7.73% for block mode
and 0.224% for wavefront, which also reduced block-mode wall time by 47.0% and 38.8%
at one and four ranks. Block mode’s greater parallel efficiency was outweighed by its
smaller stable wy and altered iteration.

A tightly converged SORh solve therefore remains slower on this linear Poisson
operator. In the coupled evolution, however, a controlled wavefront inexact solve closely
matches MG and obtains comparable or lower four-rank time to solution. This result is
scoped to the tested resolution, mesh, and rank counts, but suggests that in particular
configurations, SORh could be a viable alternative to MG. A stronger comparison re-
quires experiments with larger and varied grid sizes, high-rank experiments, and other

parameter studies.
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Chapter 6

Conclusion

SORhA, nominally standing for “Successive Over-Relaxation hyperbolic” is a discrete,
local-stencil, unsplit, point-implicit pseudo-time relaxation method constructed from
a hyperbolic reformulation of Poisson’s equation. The initial premise of this research
considered how a hyperbolic approach could be used to solve an elliptic problem. One
of the clearest outcomes, however, is that the nature of the hyperbolic pseudo-time
model changes character after discretization. For the linear, constant-coefficient prob-
lem, the SORh update belongs exactly to the established accelerated over-relaxation

(AOR) family [11]. The connection is summarized by
rA = 2wy, wa = 2wy CFLy, CFLp =1 = rq=wa=a=2wy. (6.1)

Thus, at unit CFL, SORh reduces all the way to classical SOR. This explains why its
linear convergence behavior so closely resembles stationary relaxation even though the
continuous pseudo-time model has genuinely hyperbolic dynamics.

This algebraic connection does not make the hyperbolic derivation incidental.
In fact, neither AOR nor the classical-SOR reduction was used to construct SORM;
both were recognized only after the discretization had been developed and tested. The

hyperbolic model therefore provides an independent route to the AOR iteration and,
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more importantly, suggests a physical meaning for its two parameters. In the SORh
interpretation, r4 controls the propagation of upstream corrections, while w4 controls
the injection of the local residual. Direct coefficient matching establishes the exact
linear equivalence, and the spectral analysis connects that equivalence to the observed
parameter and convergence behavior. The contribution is not the invention of a new
two-parameter stationary method, but the derivation, interpretation, and extension of
that structure from a hyperbolic model.

The results become less predictable for nonlinear diffusion. As the solution
changes, so do the diffusion coefficients and the local correction weights, and the it-
eration can no longer be represented by one fixed AOR matrix. Here the hyperbolic
interpretation is useful, because it provides a natural way to distinguish the transport
of an existing correction from the creation of a new correction by the residual. This

distinction motivated the central explanation tested in the nonlinear experiments.

6.1 Results, Interpretations, & Limitations

For the one- and two-dimensional linear Poisson problems, SORh and parabolic SOR
(SORp) performed similarly. At unit CFL their sweep counts coincided, as the classical-
SOR reduction predicts. Below unit CFL, SORh moves away from the classical-SOR
slice of AOR, and its modest performance difference from SORp is consistent with both
this parameter change and the additional work in its update stencil.

However, for the nonlinear problems, SORh required substantially fewer sweeps
than SORp, and this separation grew over the tested grid refinements. The one-
dimensional results first revealed the trend, while the two-dimensional coefficient-contrast
study provided the strongest evidence for its proposed cause. The advantage was as-
sociated most closely with weak local diffusion and strong coefficient contrast, rather
than with strict elliptic degeneracy alone. It persisted after degeneracy was removed

and diminished as the coefficient became more uniform; only at the constant-coefficient
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endpoint did SORp become faster. As refinement resolved smaller face coefficients,
SORp’s weakest local propagation factor continued to decrease, while the correspond-
ing upstream factor in SORh remained nearly constant. This is direct evidence for the
propagation mechanism, although it is not a general nonlinear spectral proof.

Several controlled tests reinforced this interpretation. Reoptimizing SORp for a
different initial guess, freezing its face coefficients within each sweep, and changing the
timestep strategy affected individual sweep counts but did not remove the performance
separation. Across the controlled problems, the converged solutions and accuracy di-
agnostics also agreed within the stated tolerances. The reported differences therefore
reflect how efficiently the methods reached the same discrete solution, rather than a
difference in the solution being computed.

The remaining experiments broadened the picture without changing this central
result. Directional SORh showed that the transport direction of the continuous model
can become an additional degree of freedom in the discrete method, although the cases
tested here did not reveal a practical advantage. In FLASH, an optimized wavefront
implementation of SORh achieved runtime comparable to the Huang—Greengard multi-
grid solver on the tested hydrodynamic problems, with slightly reduced solver accuracy.
An iteration cap that occasionally stopped SORh before the requested elliptic tolerance
had only a small effect on the hydrodynamic solution. Within that environment, SORh
was therefore a viable alternative; the result should not be read as a general claim that
SORh matches multigrid performance or scalability.

These results also draw a fairly clear boundary around the present study. The
analysis does not yet provide a general nonlinear convergence theory, the directional
method remains exploratory, and the FLASH experiments cover a limited collection of
problems and do not test true adaptive-mesh refinement or comparative parallel scaling.
The numerical conclusions are consequently specific to the grids, parameter ranges,
models, and implementations studied here. These limitations narrow the claims, but

they also point directly toward the questions that are now worth asking.
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6.2 Alternative Methods and Future Work

Not every route explored during this research led to a method worth retain-
ing. First- and second-order directional splittings, including a symmetric Strang-type
composition [25], alternated one-dimensional SORh updates in the two coordinate di-
rections. Their steady solutions contained directional artifacts and did not reproduce
the intended discrete Poisson solution. Classical alternating-direction implicit methods
instead alternate one-dimensional implicit solves [23]. They provided a useful com-
parison, but the exploratory hyperbolic ADI variants tested here had poor stability.
Wider and higher-order Laplacians, centered and higher-order one-sided mixed space—
pseudo-time approximations, and additional regularization terms were also considered,
but none improved the central SORh formulation enough to justify a larger role in this
study. For example, we considered a weighted-hybrid approach which used additional
parameters to rebalance residual forcing and coordinate-wise correction propagation,
providing further generalization beyond directional SORh. In general, for the square
uniform linear Poisson problem, the optimal cases for these variations coincided with
optimal classical SOR (like the default SORh cases we studied here). This is because
they merely provided alternate parameterizations and orderings of an AOR-like itera-
tion, whose attainable spectral optimum for the uniform linear case is classical optimal
SOR. These variations could provide better optimal control in nonlinear or nonuniform
cases, but this requires further numerical experiments.

Looking back, the connection between the successful SORh discretization and
its classical-SOR reduction was not initially known. The five-point Laplacian and the
first-order upstream approximation of the mixed derivative were chosen independently.
Nevertheless, at unit CFL their upstream old-iterate terms cancel, leaving exactly over-
relaxed Gauss—Seidel. This suggests a possible reason that some alternative formulations
lost favorable propagation or stability: they no longer retained the matrix splitting

hidden in the original scheme. That explanation remains a hypothesis, since the present
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experiments do not separate loss of the SOR reduction from inconsistency, splitting
error, or other stability effects.

A natural theoretical extension would therefore be to characterize when a dis-
cretization of the mixed space—pseudo-time operator and a chosen elliptic stencil induce
a prescribed AOR splitting, and when that splitting reduces further to classical SOR.
Such a framework would have to treat the two spatial discretizations, grid geometry,
timestep scaling, boundary treatment, and sweep ordering as parts of one design prob-
lem. Related literature offers useful pieces of this idea but do not supply the SORh
sweep-equivalence criterion. Nishikawa constructs diffusion schemes by discretizing an
auxiliary-variable first-order hyperbolic system, showing that first-, second-, and third-
order hyperbolic finite-volume schemes can generate diffusion schemes of the corre-
sponding order on unstructured grids [21, 22]. Compatible-discrete-operator methods
similarly begin from the principle that continuous structure should survive the joint
design of the discrete operators [3]. Neither construction is algebraically equivalent to
SORh, but both offer useful guidance for a future stencil-compatibility theory.

Other directions follow naturally from the numerical results. Optimization over
both SORh/AOR parameters should be studied beyond the cases where the best pair lies
near classical SOR [2], together with a nonlinear convergence analysis of the observed
coefficient-contrast effect. A direct comparison with Nishikawa-style hyperbolic diffu-
sion could separate the effects of evolving auxiliary gradients from those of the scalar
SORM construction. Directional, symmetric, multicolor, block, and adaptive-parameter
variants may become more useful for anisotropic solutions, rectangular or nonuniform
grids, or three-dimensional problems. SORh or one of the discussed variations could
be introduced as a smoother or similar component of a multigrid framework. Finally,
broader FLASH studies should include true adaptive meshes, additional physical test

problems, and parallel scaling over a wider range of processor counts.
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6.3 The End

SORM is neither a universal replacement for existing elliptic solvers nor simply a new
name for AOR. Its most revealing feature is the bridge between the two viewpoints: a
method born from hyperbolic transport that becomes established stationary relaxation
in the linear limit, yet retains a distinct and useful structure for the nonlinear problems
studied here. The analysis explains where that structure comes from, the experiments
show when it matters, and the FLASH implementation demonstrates that it can survive
the transition from a model problem to a production scientific code. Together, these

results provide a clear identity for SORh and a foundation for what should come next.
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Appendix A

Supplemental Analysis

A.1 One-Dimensional Coefficient Comparison of SORh,
AOR, and Classical SOR

Let Au = b with the unnormalized splitting A = D — L — U. Hadjidimos instead
writes the AOR method using the diagonally normalized matrices D~'L and D~'U
[11]. Multiplying that normalized equation by D gives the equivalent affine iteration

used here,
uw" ) = (D—ry L)~ (BAu<”)+wAb), By = (1—wa)D+(wa—7ra)L+wal. (A1)

Thus, the factor D — r4L is simply the unnormalized counterpart of I — r4D~'L. To
expose the two kinds of correction in AOR, define 61 = (»+1) — (™) Multiplying

Eq. (A.1) by D — 4L and subtracting (D — raL)u(™ gives

(D —ra L0 = [By — (D — raL)] ul™ + wyb
= w4 [—(D L U)u™ ¢ b}

= w4 <b — Au(")> . (A.2)
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The correction form is therefore algebraically equivalent to the original AOR matrix
update. For the one-dimensional negative Laplacian, D = (2/h?)I, while the subdiag-
onal of L is 1/h?. Taking the jth row of Eq. (A.2), write the unnormalized residual as
S](-n) := h%(b— Au™);. For the homogeneous problem, S](n) = U§@1 — 2u§-n) + “5‘1)1’ and

the local correction is

(n+1l)  TA c(n+l) | WA o(n)
0; = 7(5]-71 + 783- . (A.3)
Substituting (5](-n+1) = ug.n“) — ug.n) and collecting the old and new iterates yields the

usual AOR point update,

D P — (1= gyl + AT A, 4 A, (A.4)
The linear SORh correction derived in Section 2.8 is
5](”“) = wH(SJ(.T{l) + erHS](n). (A.5)
Comparison with Eq. (A.3) gives
T4 = 2wy, w4 = 2rgwy. (A.6)

Substituting this map into Eq. (A.4) recovers the SORh point update of Section 2.6.
The same map follows directly from the AOR matrix or point update; the correction
comparison is used because r4/2 multiplies the propagated upstream correction, while
w4 /2 multiplies the injected residual. At ry = 1, the map gives ry = w4 = a = 2wy,
the classical-SOR subfamily of AOR, and Eq. (A.4) becomes

(n+1) _,(n) @ [ (nt1) n 0
u; =u; + 3 (uj_l —2u; " + uj+1) . (A.7)

= prp(sj(oy_btl) + TPWPS(H)

; has equal

For comparison, the parabolic correction 5](-n+1)

AOR parameters 14 = wyg = 2rpwp = CFLpwp, which establishes the SORp compari-
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son used in Section 2.8.

A.2 Two-Dimensional SORh—AOR Equivalence

This appendix records why the one-dimensional parameter map remains valid for the

square-grid five-point discretization. For A = D — L — U, the AOR iteration matrix is

GAOR = (D—TAL)_l [(1—wa)D+ (wa —ra)L+wal]. (A.8)

Equivalently, its correction satisfies

(D —raL)6F T = w4 (b — AgP). (A.9)

With lexicographic ordering, L contains the west and south couplings, so Eq. (A.9) for

the five-point operator is

T A WA
ok = T (kL + oL ) + SRR (A.10)
The square-grid SORh correction is
oFHt = P 5kl 4§ 4 CFLyh?RY Al
ij = o \%i-Lj +t0 1t HN G 5 ) (A.11)

Thus the local equations, and global stationary iterations are identical under

rA = 2wy, wy = 2wy CFLy. (A.12)

The unchanged factor of two is a consequence of two compensating changes. In two
dimensions the elliptic diagonal doubles from 2/h? to 4/h%, but the canonical transport
discretization also divides the two upstream contributions by 2h. Each upstream SORh

correction therefore has coefficient wyr /2, which matches the AOR coefficient 4 /4 under
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the same map r4 = 2wy found in one dimension. At CFLgy = 1, substituting i1 =

qujl{ i~ qbiﬁl’j and the corresponding south correction into Eq. (A.11) cancels the old
west and south values in the five-point residual. The result is

k+1 k WH (k41 k+1 k k k 2
i;— = ¢i,j + 7 (Qsij_Lj + ¢z‘,;‘_—1 + ¢i+1,j + ¢i,j+1 - 4¢i,j —h fi,j)- (A‘l?’)

Classical SOR has the same bracket multiplied by «/4, so & = 2wp. In iteration-matrix

terms, Eq. (A.8) then has r4 = w4 = a and becomes the classical SOR matrix
Gsor = (D —aL) ' [(1 = a)D + aU]. (A.14)

For CFLy # 1, the classical-SOR reduction does not occur. Other grids, stencils,

transport normalizations, or sweep orderings require a new coefficient comparison.

A.3 Pseudo-Time Iteration Algorithm

For reference, Algorithm 1 shows the general structure of a full experimental solver run
for the two-dimensional SORh and SORp methods. Specific definitions of parameters
used in numerical experiments are defined in Chapter 4 and 5. For SORh, upstream
values from qﬁﬁ}rl are used by neighboring downstream values during the sweep, but
the previous iterate d)f’ ;1s frozen throughout the sweep. The update could separate
the computation of provisional update from the relaxation step, but these steps are

combined to simplify the implementation.
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Algorithm 1 Pseudo-time iteration (SORh)

Require: Grid, source f;,, boundary data, initial field ¢°, At, relaxation parameter w,

tolerances &,, €., and maximum iteration count kpax

Ensure: Approximate solution ¢
1: Initialize ¢ < ¢°
2. Impose the boundary data on ¢°
3: for k=0,...,knax — 1 do

4: for all (i,7) € Zj, in the prescribed sweep order do

5: Compute the relaxed value gbfj-l

6: end for

e Reimpose or verify the boundary data

8:  Evaluate ef*! and ef*!

9: if ef*1 < ¢, and ef*! < ¢, then

10: return ¢F+! > Convergence criteria met
11: end if

12: end for

13: return ¢Fmax > Maximum iteration count reached
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Source Code Availability

The source code, experiment scripts, and plotting tools used in this thesis are available

at https://github.com/slug-cfd/sorh-poisson.
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