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ABSTRACT OF THE DISSERTATION

Local-to-Global Structure in
Quantum Error-Correcting Codes and Entanglement Bootstrap

Ting-Chun Lin
Doctor of Philosophy in Physics
University of California San Diego, 2026

Professor John McGreevy, Chair
The local-to-global principle—the idea that global structure is determined by, or
can be certified from, local constraints—appears across mathematics, theoretical computer
science, and physics under different disguises. This thesis studies two manifestations of this
principle: in quantum error-correcting codes, where local parity checks certify the integrity

of the global encoded information, and in the entanglement bootstrap, where local reduced

density matrices determine the global structure of quantum phases of matter.
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Part I constructs quantum low-density parity check (qLDPC) codes. We first build
a family of quantum locally testable codes (qLTCs) achieving linear dimension, near-linear
distance, and near-constant soundness, by generalizing square-complex qLDPC codes to
higher-dimensional cubical chain complexes. We then extend the cubical construction to the
sheaf cochain complexes, on which we define Poincaré duality and a cup product. Poincaré
duality clarifies the duality between the X- and Z-distances of the corresponding quantum
code, while the cup product yields three sheaf codes that jointly support a transversal CCZ
gate, providing a general route to non-Clifford gates on qLDPC codes.

Part II develops an entanglement-based characterization of conformal field theories
(CFTs). We first show that the ground state of any unitary 1+1D CFT is a critical point
of a particular linear combination of subsystem entropies, and we verify numerically that
this condition is stringent yet robust across known critical lattice models. We then leverage
this characterization to perform a computational search over four-qubit and four-qutrit
systems, which recovers known CFTs and identifies roughly 20 new candidate critical points,

potentially including new irrational CFTs.
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Chapter 1

Introduction

Take any smooth closed surface — a sphere, a torus — and integrate its Gaussian
curvature K over every point. The curvature varies from place to place: positive where the
surface bends like a bowl, negative where it bends like a saddle, zero where it is flat. Stretch,
squeeze, indent the surface however you like. As long as you do not tear or puncture it,

the integral does not change:

/MKdA = 27 x(M). (1.1)

The right-hand side, x(M), is the Euler characteristic — an integer that encodes the
topology: x = 2 for a sphere, y = 0 for a torus, and more generally, x = 2 — 2¢ for a
surface of genus g, where ¢ is the number of holes.

The Gauss—Bonnet theorem (1.1) is striking because the quantity on the left is purely
local and differential, while the quantity on the right is purely global and topological. Local
curvature, when integrated up, determines the global topology. This is the local-to-global
principle in one of its most elegant incarnations.

The principle has since spread far beyond differential geometry. It is the organizing
idea of modern mathematics, and, as this thesis explores, finds applications in theoretical

computer science and quantum field theory.



Local-to-Global in Mathematics

The story of the local-to-global principle in mathematics is, in a sense, the story of
20th-century geometry. Gauss—Bonnet showed that topology can be read off from local
curvature. But the deeper realization — that many mathematical objects are defined by
their local data plus consistency requirements — took time to crystallize.

A manifold is defined exactly this way. One does not hand someone a manifold as
a single global object; one provides a collection of local charts (open sets homeomorphic
to R™) together with transition functions specifying how they agree on overlaps. The
manifold is essentially a collection of locally consistent Euclidean patches. Asking whether
a collection of such patches assembles into a consistent global space is built into the very
definition.

By mid-century, this idea was formalized into sheaf theory, initiated by Leray in
1945 and further developed by Cartan, Serre, Grothendieck, and others into a foundational
language for cohomology, algebraic geometry, and modern number theory.

A presheaf F on a topological space X assigns to each open set U a set of sections
F(U), together with restriction maps resyy: F(U) — F(V) whenever V C U, satisfying
resyy = idz@y and resyw oresyy = resyw whenever W C V' C U. Think of F(U) as “the
data visible from region U.”

For a presheaf to be a sheaf, two additional axioms must be satisfied.

Identity axiom. If {U;} covers U, and two sections s,t € F(U) agree on every

piece, s|y, = t|y, for all i, then s = ¢.

Gluability axiom. If {U;} covers U, and we have local sections s; € F(U;) that

agree on every pairwise overlap, s;

vinU; = Sjluinu,, then there exists a global section

s € F(U) restricting to each s;.

These two axioms say, respectively, that a global section is uniquely determined by



its local restrictions, and that it ezists whenever the local pieces are mutually consistent.

The canonical example is the sheaf of smooth functions on a manifold: a function
defined on each chart that agrees on overlaps extends uniquely to a global smooth function.
The sheaf condition is, at its core, a concrete expression of when local data determines

global structure.

Local-to-Global in Theoretical Computer Science and

Quantum Field Theory

This dissertation studies two pairs of results, one in theoretical computer science
and one in quantum field theory, each exhibiting local-to-global structure in its own way.

In the theory of quantum error-correcting codes (Part I), the question is: Can
local parity checks (each involving only a few bits) globally certify that a large encoded
message is intact? Specifically, if 99% of the checks pass, is the message necessarily close to
a codeword? This property, known as local testability, is a robust analogue of the gluability
axiom, and it carries significant consequences in complexity theory. Part I explores the
quantum analogues of these ideas.

In the study of quantum many-body ground states (Part II), the question is:
Can the local reduced density matrices of a ground state uniquely determine the ground
state? More precisely, can locally consistent quantum data be assembled into a globally
consistent quantum state? The entanglement bootstrap program conjectures that this is
possible under appropriate local entropy conditions, a picture supported by a growing body
of results. These conditions were previously established for ground states of topological
quantum field theories. Part II investigates their counterparts for ground states of conformal

field theories.



Part I Quantum Error-Correcting Codes

We begin with a review of error-correcting codes, classical and quantum, and then

reveal their connection to robust versions of the sheaf axioms.

Classical codes

Error-correcting codes address a fundamental question: how can one transmit
information reliably in the presence of noise? The answer, going back to Shannon’s
foundational 1948 work on reliable communication over noisy channels and Hamming’s 1950
construction of explicit error-correcting codes, is to introduce redundancy. To transmit
k bits of information, one encodes them into a longer string of n > k bits, where the
additional n — k bits provide enough redundancy that the original message can still be
recovered even after some coordinates are corrupted.

A common realization is through a linear code: the valid encodings, or codewords,
form a k-dimensional vector subspace C' C {0,1}". Equivalently, C' may be described as
the kernel of a parity-check matrix H, typically with n — k rows and n columns. Each row
of H specifies a parity constraint requiring that a certain subset of coordinates have XOR
equal to 0.

The distance d of the code is the minimum Hamming distance between distinct
codewords. Consequently, any corruption affecting fewer than d/2 coordinates can be
uniquely corrected by finding the nearest codeword to the received string.

Morally, n is the budget, k is the useful output, and d controls the quality (i.e. the
reliability) of the output. Under fixed budget n, one looks for codes that maximize both k
and d. In what follows, we focus primarily on the asymptotic regime. A simple benchmark
is whether both parameters k& and d scale linearly with the block length n. A family of

codes is called good when this holds.



Low-density parity-check codes and locally testable codes

Low-density parity-check (LDPC) codes, introduced by Gallager in 1960, add a
structural constraint: each parity check involves only O(1) bits, and each bit participates
in only O(1) checks. In other words, the parity-check matrix H is sparse. This locality
was originally motivated by the possibility of efficient decoding algorithms, since sparse
constraints permit iterative message-passing processes. It has since become equally impor-
tant for quantum error correction, where low-weight checks are often essential for physical
implementability:.

Remarkably, sparsity does not preclude strong asymptotic performance. Gallager
showed in 1962, via random constructions, that there exist classical LDPC families with
both k,d = Q(n). Later, in 1996, Sipser and Spielman gave explicit constructions of such
good LDPC codes using expander graphs.

Because each check involves only O(1) bits, each check can be verified by querying
very few bits. This efficiency raises a subtler question: if 99% of the checks pass, must the
word be 1%-close to a valid codeword? A code with this property is called a locally testable
code (LTC); its soundness s measures the proportionality constant between the fraction of
violated checks and the relative distance to the nearest codeword. Constructing good LTC
families with k,d = Q(n) and s = §2(1) remained a long-standing open problem. This was

only resolved recently in 2021, independently by Dinur et al. and Panteleev—Kalachev.

Quantum codes

In the quantum setting, an error-correcting code again encodes k logical qubits
into n physical qubits. The natural quantum generalization of LDPC codes is a class of
CSS codes, defined by two sparse parity-check matrices Hx, H, satisfying HxH. = 0. A

convenient way to view this condition is through the chain-complex identity 0; o 9, = 0.



This allows us to identify a quantum CSS code with a chain complex of vector spaces, in

which the parity-check matrices serve as the boundary maps:
x 8 8 z

Under this correspondence, many coding-theoretic notions acquire homological meaning:
stabilizers correspond to boundaries and coboundaries, logical operators correspond to
cycles and cocycles, and the number of encoded qubits is given by the dimension of the
associated homology group.

What makes the quantum setting genuinely richer is that higher-dimensional struc-
ture becomes indispensable. Classical codewords can be described using only 0-cochains,
which are functions. By contrast, quantum logical operators are naturally described
using higher-degree cochains. This additional homological structure is what gives the
chain-complex framework much of its power in quantum error correction. Developing this
perspective is a major theme of Part I.

This homological viewpoint is not merely a reformulation. It has played a central role
in some of the major advances in the subject. For decades, it was not known whether there
exist good quantum LDPC' codes — codes with k,d = Q(n) and O(1)-weight checks. A major
breakthrough came in 2020, when Hastings—Haah—O’Donnell introduced the fiber-bundle
construction, drawing directly on ideas from algebraic topology. This opened the way for
further progress. The question was then fully resolved in 2021 by Panteleev—Kalachev, who

proved the existence of good quantum LDPC codes.

Rephrasing the properties as robust versions of identity and glua-
bility axioms

We conclude the introduction by interpreting the main properties of error-correcting

codes as robust versions of the sheaf axioms. This interpretation is meaningful primarily for



LDPC codes, which will be our focus below. We use the term local view (or local section)
to refer to the restriction of a codeword to the coordinates touched by a check. Each local
view is assumed to satisfy the corresponding parity constraint; i.e., s|y, € F(U;), where
F(U;) C FYi denotes the set of vectors that satisfy the i-th check.

The main dictionary is:

Robust identity axiom <> large distance

Robust gluability axiom <+ local testability

The following table gives schematic formulations of the exact and robust axioms in the
setting of LDPC codes.
Table 1.1: The identity and gluability axioms, and their robust versions, in the context of

error-correcting codes.

Identity (Uniqueness) Gluability (Existence)
A family of local views that are
Two codewords that agree on every pairwise consistent on all overlaps
local view are identical: lifts to a global codeword:
Exact _
Vi s sly, = tly, Vi, j : silunu; = 8jluinu;
= s=1 = ds,sly, = s;
A family of local views that are
consistent on 1 — ¢ fraction of
Two codewords that agree on 1 — & overlapping pairs lifts to a codeword
fraction of local views are identical: that agrees with 1 —d(¢) fraction of
Robust the local views:
== s=1 Uir:g;#@ Siluinu; = Sj1U:0U; €
= 3s, P; [s]Ui = sz} >1—0(¢)

We first explain why robust identity is closely related to error correctability. If the
code has linear distance d = 2(n), then two distinct codewords must differ on a linear

number of coordinates. Since each coordinate participates in O(1) local views, and each



local view involves only O(1) coordinates, this discrepancy is visible on a positive fraction
of the local views. Consequently, if two codewords agree on all but an ¢ fraction of local
views, with sufficiently small e, they must in fact be identical. Conversely, any robust
uniqueness statement of this form forces distinct codewords to remain far apart, and hence
implies large distance.

We next explain why robust gluability is closely related to local testability. Suppose
a family of local views is consistent on most overlaps. We can aggregate these local data
into a candidate global word by majority vote on each coordinate. Because most overlaps
are compatible, the resulting word violates only a small fraction of checks. If the code is
locally testable with constant soundness s = (1), then any word satisfying most checks
must be close to a genuine codeword. Hence approximate local consistency produces a
nearby global codeword, which is precisely the robust gluability principle. The converse
implication may likewise be proven.

We also remark that one may study different quantitative regimes. The formulation
above is a high-agreement regime, where ¢ is small and most local data are mutually
consistent. At the opposite extreme, one may ask whether even sparse or noisy patterns
of local agreement already force some nontrivial global structure. Such low-agreement
phenomena are subtler and often require stronger expansion hypotheses.

Another important detail concerns the choice of sampling distribution on local views
and overlaps. The formulation above uses the uniform distribution, in which each local
view and each overlapping pair is sampled with equal probability. This is natural when
the underlying system is regular. In more general settings, especially in higher dimensions,
there are often more refined sampling distributions that better reflect the structure of the
cover. Such choices are well studied in the theory of high-dimensional expanders, where
one typically samples according to the stationary distribution of a natural random walk on

the simplicial complex.



Finally, in quantum and higher-dimensional settings, local views are typically not
ordinary functions. Instead, the sheaf values naturally take the form of chain complexes.
Compatibility then involves relations across multiple levels rather than a single layer of
coordinates. These richer structures are crucial in the study of quantum codes and local
testability.

While the sheaf-theoretic framework is somewhat abstract, it provides the intuition
behind, and guides the definition of, sheaf codes. In the first part of the thesis, we give
concrete definitions and applications of sheaf codes. As we will see, many elegant structures
appear naturally, including spectral sequences, homological perturbation theory, Poincaré

duality, and cup products.

Part II Conformal Field Theory via Entanglement

We now turn to the review of quantum field theories, their challenges, and how the
entanglement bootstrap framework offers a new perspective on their structure. This opens

a new avenue in the sheaf-theoretic study of quantum states.

Quantum field theory and conformal field theory

Quantum field theory (QFT) is the language of modern physics. It unifies quantum
mechanics with special relativity, underpinning both the Standard Model of particle
physics and the theory of phase transitions in condensed matter. Its predictions — from the
anomalous magnetic moment of the electron to the critical exponents near the ferromagnetic
phase transition in magnets — are among the most precise and far-reaching in all of science.

Yet despite its success, QFT remains mysterious in many ways. The path integral,
the central tool for defining a QFT, is not mathematically rigorous in most cases. Strongly

coupled theories, where perturbative expansion fails, are difficult to analyze. A complete,



mathematically controlled understanding of Yang-Mills theory in four dimensions remains
one of the outstanding challenges of mathematical physics.

Two special classes of QFTs are far better understood, and provide the first concrete
proof of concept for the entanglement bootstrap program.

The first is topological quantum field theory (TQFT), whose observables depend
only on the global topology of spacetime and not on the metric. As a result, TQFTs are
often exactly solvable, and their ground states exhibit distinctive entanglement structures.

The second, and the focus of Part IT of this thesis, is conformal field theory (CFT).
A CFT is a QFT with an enlarged symmetry. Beyond the Poincaré symmetries of
translations, rotations, and boosts, it is also invariant under dilations and special conformal
transformations. Together they generate the conformal group. This additional symmetry is
so powerful that many CFTs can be studied exactly or through non-perturbative methods
such as the conformal bootstrap.

The reason CFTs occupy such a central place in the landscape of QFTs is the
renormalization group (RG). Imagine gradually zooming out from a physical system. As
we do so, short-distance details begin to wash out. Since this information can no longer
be resolved, we integrate out its effects, thereby changing the effective description of the
system. This process defines a flow on the space of all theories, called the RG flow. The
fixed points of this flow are precisely the theories that look the same at every length
scale: the scale-invariant theories. In many cases, the scale invariance is enhanced to full
conformal invariance, so that the fixed points are CFTs.

If one pictures the full space of QFTs, the RG flows are the roads and the CFTs are
the hubs. Every road connects two hubs: a generic QFT flows from a UV fixed point toward
an IR fixed point, both of which are CFTs. Deforming a CFT by a relevant operator leads
down a new road toward another hub in the infrared. The vast and seemingly intractable

landscape of quantum field theories is thus organized by the smaller, better-understood
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class of CFTs. Understanding CFTs is not merely a curiosity; they provide the scaffold on
which the map of QFTs can be drawn.
Before developing the theory of entanglement bootstraps for TQFTs and CF'Ts, we

present a different motivation through a puzzle arising from the perspective of sheaf theory.

Sheaf theory for quantum states

As we have seen, functions on a manifold are a canonical example of a sheaf. But
what about quantum states? A natural way to construct a presheaf is from reduced density
matrices. Let X be a set of vertices, each with a qudit degree of freedom. For every subset
U C X, let F(U) be the set of density matrices on the subsystem U. For V' C U, the

restriction map F(U) — F(V) is given by tracing out the degrees of freedom in U \ V:

resyy : pu = pv =ty pu. (1.2)

However, does this form a sheaf? In particular, the identity axiom asks whether
two states with the same reduced density matrices on every local region must be identical.
The gluability axiom asks whether a family of local density matrices that is consistent on
every pairwise overlap can be realized as the marginals of a global state.

For functions these are trivial. For quantum states, however, both fail. The identity
axiom fails because quantum states can be globally distinct yet locally identical: the four
ground states of the toric code on a torus all have the same reduced density matrices on
any contractible region. The gluability axiom fails because of quantum monogamy: it is
impossible to find a global state p4pc whose marginals p4p and pge are both EPR pairs,
even though their shared marginal pp is consistent.

These failures might seem fatal to the hope of applying sheaf theory to quantum
states. But the right response is not to abandon the sheaf axioms. Rather, it is to identify

the additional structure in physical ground states that restores them. This motivates the
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search for local entropy conditions that recover the identity and gluability axioms.
Before turning to these conditions, we make one final digression. Developing a sheaf
theory for quantum states is not merely a mathematical exercise. It also has implications

for algorithms and the Yang—Mills mass gap problem.

Efficient representation and fast algorithms for physics

Given a Hamiltonian, we would hope to know its properties. Is it gapped or gapless?
What is the ground state energy density? Which phase of matter does it belong to? The
common theoretical perspective is that such tasks are intractable in general: one cannot
expect efficient algorithms that work for all Hamiltonians. However, the Hamiltonians that
arise in nature are not arbitrary. Even if the worst-case problem is hard, one may still
hope that typical physically relevant cases are tractable. Indeed, if the ground state of a
local Hamiltonian has local density matrices with the right structure, so that the sheaf
axioms are restored, then the state can be efficiently represented and characterized.

We present a concrete example of this phenomenon. A quantum state on n qubits
is, in general, a vector in a Hilbert space of dimension 2", which is exponentially large.
Describing such a state in full is intractable for large n. But if the state is captured by its
local density matrices, then it admits a cover by ©(n) local regions, each involving only
O(1) qubits. Thus the state is specified by only ©(n) parameters. Moreover, if the state
is translationally invariant, then these local density matrices are related by translations,
so the state is specified by only O(1) parameters. In this case, an exponentially large
wavefunction is replaced by a constant amount of local information. Remarkably, existing
evidence suggests that this constant-size local description still retains enough information
to determine the relevant physics of the state, including its phase of matter and whether
that phase is gapped.

This perspective also provides a strategy for approaching the Yang—Mills mass gap

12



conjecture. The conjecture has two parts: first, that the QFT is well-defined in the UV,
and second, that the resulting IR theory has a mass gap. One may hope to address the
second part by showing that the ground state of the theory has local density matrices

satisfying the approximate A0 and A1l conditions, as discussed below.

Recovering the sheaf axioms: the A0 and A1 conditions

Given the practical and theoretical motivations above, we now review a concrete
set of local entropy conditions that restore the sheaf axioms for quantum states. These
conditions were first proposed by Kim [1, 2] and later developed by Shi, Kato, and Kim [3]
into a classification framework for topological order. They were further applied by Kim
and Ranard [4] to classify gapped ground states with gapped boundaries in 2+1D. The
two local conditions are called A0 (local purifiability) and A1 (extendability).

Although the framework applies in arbitrary dimension, we focus below on the case
of a 241D system, where the state lives on R?. Technically, the state is defined on a lattice,
but we will ignore this detail and treat the state as living in a continuum. A precise lattice
formulation can be found in [5].

The conditions are defined in terms of the von Neumann entropy of reduced density
matrices on bounded-size regions.

AQ0. For any bipartite region BC' that is a topological disk of diameter at most
L =5, with C strictly contained in B, and with the annulus B having thickness at least

¢ =1 (as in Figure 1.1, left),

S(psc) + S(pc) = S(ps). (1.3)

A1l. For any tripartite region BC'D that is a topological disk of diameter at most

L = 5, with C' strictly contained in BD, with the annulus B having thickness at least
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¢ =1, and with both BC' and C'D topological disks (as in Figure 1.1, right),

S(psc) + S(pcp) = S(ps) + S(pp). (1.4)

S(ppc) + S(pc) = S(pB) S(psc) + S(pep) = S(pr) + S(pp)

Figure 1.1: Left: the region configuration for A0. The inner disk is C, the outer annulus
is B, and the full disk is BC. Right: the region configuration for A1. The inner disk is C,
while the outer annulus is partitioned into two connected regions B and D. Regions BC

and C'D each form a topological disk.

The conditions A0 and A1 strongly constrain the local entropy structure of the state.
In particular, they correspond to saturation of two well-known inequalities in quantum

information: subadditivity,

S(pr) + S(pc) = S(pec) <= S(psc) + S(pc) = S(pB), (1.5)

and strong subadditivity,

S(ppc) + S(pes) =2 S(pp) + S(pesc) <= S(psc) + S(pcp) = S(ps) + S(pp). (1.6)

Here E denotes the environment in the purification of the local reduced density matrix,

and we use the identity S(px) = S(px) for a pure state.
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The saturation of inequalities imposes significant constraints on the state. For A0,

saturation forces pgpc to decompose as

prc = Wa(ps, @ [Vn,c)n,cl) WE,

where Wg: Hp, ® Hp, — Hp is an isometry. The uncertainty in C' is completely purified
within B, hence the name local purifiability.

For A1, let A be the upper half-plane disjoint from BC'D. Saturation implies that
the conditional mutual information I(A : C|B) = 0, which implies that papc forms a

quantum Markov chain, and can be reconstructed from its marginals as

PABC = PAB P5 PBC- (1.7)

This allows p4p to be extended to papc, hence the name extendability.

With A0 and A1 in hand, modified versions of the identity and gluability axioms
hold. Let F,o(U;) and F,1(U;) denote the set of density matrices on U; that satisfy A0
and Al respectively. And let F,(U;) = F,0(U;) N Fy1(U;). More explicitly, p; € F,0(U;)
means that p; satisfies A0 for every bipartite region BC' = U;, and p; € F,1(U;) means that
pi satisfies A1l for every tripartite region BC'D = U;. This requirement is stronger than
necessary: it suffices to require AQ and Al for finitely many choices of partitions. This is
easier to state in the discrete setting; see [5] for more details.

Given a region U, let
U™ :={x e U:dist(z,0U) > (} (1.8)
denote its (-interior.

Theorem 1.1 (Modified identity axiom). Let U be contractible, equivalently topologically a
disk. Let {U;} be a cover of U by topological disks of diameter at most L, such that {U; }
also forms a cover of U~. If two states have local density matrices in F,(U;) and agree on

every U;, then they coincide on U~.
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Remark 1.2. Replacing F,(U;) with F,o(U;) is not sufficient for the identity axiom to hold.
For example, consider a pair of nonabelian anyons separated by distance at least 2L on the
vacuum background, so that any disk of diameter at most L can contain at most one of
the two anyons. One can show that the reduced density matrices on all such disks satisfy
A0, but it does not satisfy A1 when one of the anyons is placed in region C'. Now, the pair
of nonabelian anyons can carry a nontrivial fusion space, and different states in this fusion
space are indistinguishable on every disk of diameter at most L. Thus there can be two
different global states that agree on all regions in the cover. This shows why A0 alone does

not imply the identity axiom, and why A1 cannot be dropped.

Remark 1.3. On the other hand, A1 alone is also not sufficient. The obstruction comes from
superselection sectors. A simple example is provided by the cat states |0)®"™ £ [1)®". Their
reduced density matrices satisfy A1 but not A0, and they are locally indistinguishable but
globally distinct.

Note, however, that each superselection sector itself satisfies both A0 and Al. In
fact, one can show that if the local density matrices satisfy Al, then the global state

decomposes into superselection sectors, and each sector satisfies both A0 and Al.

Theorem 1.4 (Modified gluability axiom). Let U be any region and let {U;} be a cover of
U by topological disks of diameter at most L. Any collection of local density matrices in

Fu1(U;) that agree on all overlapping pairs lifts to a global density matriz on U.

Thus, by restricting the local density matrices to lie in F,(U;), i.e. those that
satisfy A0 and A1, we recover modified versions of the sheaf axioms for quantum states, as
summarized in Table 1.2.

In many applications, one would also like the global state to arise as the ground
state of a local Hamiltonian. Under the A0 and A1 conditions, such a realization is provided

by the Hamiltonian reconstruction result of [6].
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Theorem 1.5 (Hamiltonian reconstruction). Let U be any region and let {U;} be a cover
of U by topological disks of diameter at most L, such that {U; } also forms a cover of
U~. Let p be a state on U such that p|y, € F,(U;) for all i. Then, there exists a local

Hamiltonian on U whose ground state o satisfies o| - = p|y- for all i.

Remark 1.6. We conjecture that Hamiltonian reconstruction still holds under the weaker
assumption that the local density matrices lie in F, o(U;), i.e. that they satisfy A0 but not

necessarily A1l. We do not know how to prove this yet.

Table 1.2: The identity and gluability axioms for classical functions, quantum states,
and their robust version. The robust versions remain to be proven and should be read
schematically: for example, the L'-norm may be replaced by other appropriate norms

depending on the setting.

Identity (Uniqueness) Gluability (Existence)
Classical Vi : sly, = ty, € Fe(Us) Vi3 s siluinu; = $jloinu;s
— 5=t si € Fe(Us)

= ds,s|y, = s;.

Vi : p u; € ‘FII(UZ) VZ,j P Pi

Quantum v =9 UinU; = PjlUinU;
= plu- =olv- pi € Fq(Us)
for contractible U~. = dp:plu, = pi-
Robust Given oly, € F4(U5), Vi, j | piluino, = piloinu; hh <e,
Quantum 1 {olo-:llplu, = olu |l <e, pi € Fy(U;)
plu. € Fo(Ui)} — Fp Vi |lplu, — pills < (),
is contractible plo, € Fo(Uy).
for contractible U~. '
Robust Given olu; € Fqe(Us), Vi, j : pilvino; — pilvino; I < €
{olv- ol — olulli <e, Rl B ’
Quantum 2 ' ' pi € Fae(Us)

Plu, € Fq,ff(Ui)}
is contractible
for contractible U~.

= JpVi:|p

v, — pill < 6(e).
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The entanglement bootstrap definition for TQFTs and the robust

axioms

Given A0 and A1, it is natural to ask which physical systems satisfy these conditions.
They are expected to describe a class of gapped ground states known as string-net states,
including the toric code and quantum double models. These models are topologically
ordered and are described by 2+1D TQFTs.

However, not all systems regarded as topologically ordered satisfy A0 and Al. For
example, quantum Hall states and chiral spin liquids exhibit topological phenomena, but
they fail to satisfy A0 and Al exactly [7]. Instead, they satisfy robust versions of these
axioms, where the entropy equalities are relaxed to inequalities with small error e. Many
questions remain open in this approximate regime, as summarized in Table 1.2.

More broadly, the entanglement bootstrap framework suggests a new route toward
defining TQFTs. Since TQFTs describe many gapped phases, one might have hoped that
all gapped phases admit a TQFT description. However, the discovery of fracton phases
shows that TQFTs form a more restrictive class than general gapped phases of matter. In
this framework, Al provides the key additional condition that distinguishes TQFTs from
more general gapped phases.

On the mathematical side, the standard definition of a TQFT is functorial, for-
mulated in terms of cobordisms. However, connecting this definition directly to physical
systems remains challenging. For example, in the cobordism-based formulation, the chiral
central charge is defined only modulo 24, rather than as a real number.

Thus A0 and A1, together with their robust versions, provide a new, physically
motivated definition of TQFTs from local entanglement structure, while also pointing
toward a formulation that could be made mathematically rigorous.

The natural next frontier is to extend this philosophy beyond gapped phases to
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gapless ones, which is the subject of the second part of the thesis. We obtain local entropy
conditions for 141D CFTs that are analogues of A0 and A1, and use them to systematically

explore the space of CF'Ts.

Organization of this Dissertation

Chapter 2 presents the ¢t-dimensional cubical complex construction and proves
systolic and co-systolic expansion at every level, yielding the first quantum locally testable
code family with linear dimension, near-linear distance, and near-constant soundness.

Chapter 3 develops the cup product on sheaf cochain complexes, proves the
triorthogonality criterion for transversal CCZ gates, establishes Poincaré duality, and
connects the framework to magic-state distillation via the companion construction of
Golowich—Lin.

Chapter 4 derives the vector fixed-point equation for CF'T ground states, extracts
all six global conformal generators as entanglement-Hamiltonian combinations, and validates
the characterization numerically on critical lattice models.

Chapter 5 describes the systematic CFT search algorithm, applies it to four-qubit
and four-qutrit systems, recovers known critical points, and presents roughly 20 new

candidate critical points in the qutrit sector.
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Chapter 2

Quantum Locally Testable Codes via
Higher-Dimensional Cubical

Complexes

Chapter 2 is based on joint work with Irit Dinur and Thomas Vidick (arXiv:2402.07476).

2.1 Introduction

Expander graphs are bounded-degree graphs with strong connectivity, or more
precisely expansion, properties. Explicit constructions of expander graphs are non-trivial,
but, by now, abound; their use is ubiquitous in algorithms design, complexity theory,
combinatorics, and other areas. High-dimensional expanders generalize the expansion
requirements of expander graphs to higher-dimensional structures, composed of vertices
and edges as well as higher-dimensional faces. Constructions of high-dimensional expanders
(HDX) are difficult and comparatively few techniques are known. In recent years HDX

have found impactful applications to randomized algorithms, complexity theory, and the
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design of error-correcting codes, among others. In addition to their intrinsic interest as
combinatorial /geometric objects, the increasing range of applications further motivates the
study of HDX.

In this paper we introduce a natural generalization of a family of two-dimensional
(graphs are one-dimensional) expanders introduced recently and independently in [1, 2]
and used to simultaneously construct the first good classical locally testable codes (LTC)
[1, 2] and the first qood quantum low-density parity check codes (qLDPC) [2]. We extend
this construction to arbitrary dimensions and prove lower bounds on its cycle and co-cycle
expansion, which we define below. The bounds that we obtain depend on underlying
parameters of the complex, namely the (spectral) expansion of an associated family of
Cayley graphs and a certain robustness-like property of an associated family of constant-
sized local codes. The main application of our construction, which has been our primary
motivation, is towards the construction of quantum locally testable codes (qLTC). By
instantiating our complex using a suitable abelian lift of an expander, as described in [3],
and leveraging recent results on product expansion of tuples of random codes over large

fields [4], we obtain the following result.

Theorem 2.1 (Informal, see Corollary 2.18). There exists an explicit family of [n, k, d]
quantum LDPC' codes where n — oo and k = Q(n),d = Q(n/(logn)?), such that the
codes are CSS codes with parity checks of weight O(1) and are qLTC with soundness
p=Q(1/(logn)?®).

We refer to the main text for the definition of a quantum CSS code and the soundness
of a qLTC. In the theorem, by “explicit” we mean that the parity check matrix for the
code of dimension n in our family can be computed in time polynomial in n. We note
that the soundness parameter in the theorem can be improved to a constant by allowing a

larger check weight O((logn)3).! Consequently, one can obtain an explicit CSS code with

We omit the proof of this fact, which follows from standard arguments; briefly, one uses (explicit)
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k=Q(n), d= Q(n/(logn)?), parity checks of weight O((logn)?), and soundness p = Q(1).
Additionally, the distance parameter can also be improved to the optimal through distance
amplification [5]. In particular, we obtain a CSS code with k,d = Q(n), parity checks of
weight O(polylogn), and soundness p = Q(1).

In contrast, previous best constructions of qLTC had k = 1, d = O(y/n), p =
Q(1/(logn)?) for [6] and p = Q(1/logn) for [7]. Additional tradeoffs are possible (see
Section 2.1.4 for further discussion); however, prior to our work no qLTC codes with
even polynomial (let alone linear) dimension were known while keeping the locality and

soundness at most polylogarithmic and at least inverse-polylogarithmic respectively.

2.1.1 Construction

For any integer ¢t > 1 we construct a t-dimensional cubical chain complex that
generalizes the Sipser-Spielman construction of expander codes [8] (case t = 1) and the
lifted product codes from [9] (case t = 2) to higher dimensions ¢ > 3.

The construction is based on two ingredients. Firstly, there is the cubical complex
X, which is a purely geometric structure (technically, a graded incidence poset with
certain good expansion properties). Secondly, there is a system of local coefficients (a
sheaf F, in the terminology of [10]) that is constructed from a family of classical codes of
constant dimension and good “robustness” properties. The chain complex is a sequence of

coboundary maps from ¢-cochains to ¢ + 1-cochains,
CUX,F) = CHX,F)— - — CYX, F).

We expand on these ingredients below.

parity samplers to combine parity checks to form higher-weight checks. This process does not change k

and d.
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Cubical complex The (higher-dimensional) cubical complex X can be constructed from
any set G of size N = |G|, and finite subsets of permutations Ay, ..., A; of G of size
n = |A;].2 The sets A; should be closed under inverse and such that permutations taken
from different sets commute.

For example, in the case of t = 2 we can take G to be any finite group and let
A act by multiplication on the left, and A, by multiplication on the right. This choice,
with constant-size sets A; and As of expanding generators, underlies the square complex
from [1, 2]. For larger t > 3, it is not clear how to generalize the fact that multiplication
on the right commutes, as an action, with multiplication on the left, (ag)b = a(gb). A
natural approach is to take G an abelian group, such as G = Z%%"  and let A; be subsets of
generators of G acting on it by multiplication. This choice has the disadvantage that each
A; must have size at least logarithmic in |G| (otherwise the graphs won’t expand enough).
A better cubical complex with constant degree can be obtained through an abelian lift [3].
We describe this approach, which gives us the best parameters overall, in Section 2.3.5.
Other, more structured choices may be possible.

Irrespective of the specific choice of G and {A;}, the resulting complex X (G; {A;}L_,)
is 2-partite, with vertex set G' x {0, 1} and k-dimensional faces associated with the 2!%!
vertices {g - [[;era; : T C S}, where S C {1,...,t} has size |S| = k and a; € A;. Edges
coming from permutations in A; are said to have direction 7, and more generally, a face
has type S if S is the set of directions of edges it contains. See Section 2.3.1 for a complete
description, and Figure 2.1 for an illustration.

The only requirement on the permutation sets A;, other than pairwise commutation,

is that the associated graphs Cay(G, A;), with vertex set G and edge set {g,7(g)} for

7 € A;, have good spectral expansion®. As we will show, this suffices to imply expansion of

2In general it is possible to make the integer n also depend on i € {1,...,t}; for simplicity we assume
g p e p plicity

that there is no such dependence.
3Traditionally, Cay (G, A;) is a connected graph. In our construction, what we call “Cay(G, A;)” may
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a natural set of high-dimensional random walks on the cubical complex that are used in

the proof of (co)-cycle expansion.

Local coefficients The cubical complex X is turned into a chain complex C(G; {A;}._;)
by endowing it with a system of local coefficients. In the terminology of [10], we put a sheaf
structure over the geometrical complex X. To each face f of the complex, which can be a
vertex, an edge, a square, a cube, etc., we associate a small coefficient space that is in some
sense dual to it. For example, suppose t = 3 and our complex X is a cubical complex. Fix
a 1-dimensional face, namely an edge. Its space of coefficients is a space of 2-dimensional
matrices. If the edge is labeled by direction 1, then the matrix dimensions are labeled using
the other directions of the complex, namely 2, 3. These spaces are described in detail in
Section 2.3.2. We introduce a system of linear maps F;_, s from the coefficient space of a
k-face f to that of a (k + 1)-face f’. These maps will be constructed from a collection of
parity check matrices hy, ..., h;, where each h; € F;""*" for some m; < n and some finite
field IF,. These matrices will be used as follows. Suppose for example that, as before, ¢ = 3,
f is an edge and f’ is a face that contains the edge f, as well as another (pair of) edges in
direction 2 (and a fourth edge, parallel to f). Then the map F;_, is obtained by taking
the coefficient x(f) € Fy'2*™* associated with f, expanding it in the second direction by
applying hl to obtain hlz(f) € [y *™3, and then restricting to the row indexed by the
face f’' (which is uniquely identified by its edge in direction 2, labeled by an element of
Ay which has size n) and returning the resulting row vector, an element of the coefficient
space Fi'? associated with the face f’. These maps are described in much more detail in

Section 2.3.3 (where they are denoted co-resy s/).

be disconnected. The specific notion we require is introduced in Definition 2.47 — informally, Cay(G, A;)

should be a union of not too many disjoint copies of spectral expanders.
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2.1.2 Two-way robustness and product expansion

Our proofs of cycle and co-cycle expansion of the complex follow from the expansion
of the graphs Cay(G, A;) and from a property of the local parity check matrices (hy, ..., h;)
which we call two-way robustness. A collection of linear transformations h; : ) — F’;i,
1 < i < t, is said to be two-way robust if the t-fold homological product of A, ... hl is
coboundary ezpanding in all dimensions 4 < ¢, and the same holds also for (h{)7, ..., (hi)T,
where for each i, hi- : F7 — F2~%i is (some) matrix that satisfies hi-h] = 0, i.e. the code
with parity check matrix h;- is dual to the code with parity check matrix h;. We refer to
Section 2.5.2 for the precise definition. The reason for considering the ¢-fold homological
product is that this is precisely the local view of the complex from a vertex. Namely,
the view when restricting to cells that contain a fixed vertex. So our requirements for
co-cycle expansion boils down to a local condition (two-way robustness) on the restriction
of the code to cells around a vertex and a global condition (spectral expansion of each
Cay(G, A;)). This is in perfect analogy to previous works on co-cycle expansion of simplicial
complexes [11, 12] and of cubical complexes [1, 2]. In both types of complexes, like here,
global co-cycle expansion followed from some form of spectral expansion together with
coboundary expansion at the links.

In case t = 2, the notion of two-way robustness coincides with product expansion as
in [2] (and with agreement testability, see [1]). However, for ¢t > 3 these notions diverge,
as studied in [13]. In case t = 2, Panteleev and Kalachev proved that a pair of random
maps hy, ho satisfy, with high probability, a version of two-way robustness. The robustness
parameters were later improved in [14, 15], but again, only for a pair of random maps,
namely ¢t = 2. For three or more maps it was conjectured in [14] that random maps are
product expanding. Recently, Kalachev and Panteleev [16] showed that any (constant)
number of random maps are product expanding, provided that the maps are over a large

enough field — of size 2P see Theorem 2.36 for a precise statement. Because for us n
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can be taken a constant, this large field size is not an obstacle.

Our proof of global cycle and co-cycle expansion, however, requires two-way robust-
ness, which is a property that is a priori stronger than product expansion. While product
expansion addresses coboundary expansion in level ¢ =t — 1, two-way robustness requires
coboundary expansion for all levels ¢ < t. In Section 2.5.3 we prove a reduction from
the latter to the former, thereby completing all requirements on the sheaf structure. An
interesting component in this reduction is a proof that expansion with respect to coefficients
in a vector space V implies the same with respect to V¥, with no dependence on the

expansion parameter on M.

2.1.3 Main result on expansion

To state our main result we need to define the notions of distance and expansion
that we consider. We will use the term systolic (resp. co-systolic) distance to denote the
lowest weight of a k-cycle (co-cycle) that is not a k-boundary (co-boundary). Namely, if

C'(X) is a chain complex with boundary map 0 and coboundary map ¢, then
Usyst (k) = min{|x| ;o € ker 0, —im 8k+1}, Peosyst (k) = min{|m| . x € ker 5k—im5k_1} .

Here we employ the usual notation 0y : Cx(X) — Cj_1(X) and §; : CF(X) — C*1(X),
with Cy(X) and C*(X) the (isomorphic) spaces of chains and co-chains respectively.

We establish lower bounds on the systolic and co-systolic distance of the complex, as
well as lower bounds on the cycle and co-cycle expansion, which we define next. The lower
bounds are attained via bounding a locally-minimal version of distance (see Definition
2.4), using the strategy initiated in [11, 12], and used also in [2, 1] as well as several other
works. The cycle expansion of the complex is the smallest size of the boundary of a k-chain,

relative to the distance of the k-chain to the set of k-cycles. More formally,

|0k ()|

Ecyc(k) = mln{dist(m‘)kcﬁ‘@;ﬂ) LT e Ck(X) — kerak} s
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and similarly, co-cycle expansion is defined by

[0k ()|

Ecocyc(k) = mln{distmlﬂék) LT E Ck(X) —kerék} .

In the definitions above, dist(-,-) and | - | refers to the Hamming weight, or, in the case of
a sheaf complex, the block-Hamming weight. For precise definitions of all these notions, we
refer to Section 2.2.1. We remark that co-cycle expansion was first studied in [11] in the
simplicial setting (earlier works [17, 18] introduced the notion of coboundary expansion,
which coincides with co-cycle expansion for exact chains). The term co-systolic expansion
was introduced in [12], and combined both co-systolic distance and co-cycle expansion. In
retrospect it makes sense to separate into two definitions as above.

Our main result is a general result on (co-)systolic expansion of dimension-t chain
complexes of the form C(G; {A;}) described in Section 2.1.1 above. We bound the expansion
parameters of the complex as a function of the spectral expansion of the graphs Cay(G, A;)
and the two-way robustness of the local codes {h;}. We note that for ¢t = 1 and n a
constant, this result recovers the special case that Sipser-Spielman codes based on good
enough expander graphs and good local codes have a linear distance. For t = 2 and n
a constant, we recover the expansion properties of square complexes that underlie the
constructions of locally testable and quantum low-density parity check codes from [1, 2].
We refer to Theorem 2.15 for a statement of this general result.

Here we instantiate the general result with a specific choice of (G,{A4;}) that are
obtained from an abelian lift as in [3] (this construction is described in Section 2.3.5), and
local codes with two-way robustness that can be obtained by exhaustive search (since in this
construction the degree n is constant; existence is guaranteed as explained in Section 2.1.2
above). This gives an explicit construction of a (co-)systolic expander of dimension ¢, as

stated in the following corollary.

Theorem 2.2 (Main construction, restated as Corollary 2.17). Let t > 2 be an integer.
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There is an explicit construction of a chain complex C(G;{A;}) and local codes {h;} such

that the k-chain space Cy has dimension ©(N) for every 0 < k <t and furthermore

1. The co-chain complex C* has co-systolic distance icosyst(k) = O(| X (k)|/(log N)'™1)
for every 0 < k <t —1 and co-cycle expansion €coeyc(k) = O(1/(log N)' 1) for every

0<k<t—2;

2. The chain complex C, has systolic distance psysi (k) = O(| X (k)|/(log N)'™1) for every

1 <k <t and cycle expansion ecye(k) = ©(1/(log N)I™1) for every 2 < k < t.

In the theorem, the constants implicit in the ©(-) notation depend exponentially on
t, so our bounds get exponentially worse as ¢ increases. The main application we have in
mind, to quantum locally testable codes, requires only t = 4, and we did not attempt to

optimize the dependence on t.

2.1.4 Towards good quantum locally testable codes

The existence of good quantum error-correcting codes is one of the pillars that
underlie the promise of quantum computing to deliver impactful applications in the long
term. Good codes with low-density parity checks are particularly sought after for their
potential application to fault-tolerance [19] and quantum complexity theory [20]. In the
past few years a flurry of works obtained better understanding and better parameters
[21, 22, 23, 9] culminating in a construction of good quantum LDPC codes [2]. This
was followed by a couple of related variants [24, 25, 15]. These constructions rely on a
well-known connection between the design of quantum codes and chain complexes. In
particular, all existing constructions of good qLDPC rely on virtually the same length-3
chain complex, the “square complex” from [1] (which is also a special case of “balanced

product codes” from [23] and of “lifted product codes” from [9]).
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Quantum locally testable codes (qLTC) were introduced in [26] as a natural quanti-
zation of the notion of local testability for classical codes. Although the formal definition,
first given in [27], is somewhat technical, quantum LTCs have the same intuitive basis as
their classical counterparts — informally, whenever a word (quantum state) is at a certain
relative distance 0 from the codespace, this word must violate a fraction pJ, for some
constant p > 0 referred to as the soundness of the LTC, of the parity checks. The first
constructions of qLTCs with soundness that scales better than inverse polynomial were
given in [6, 7]. These achieve soundness that scales as 1/log*(n) and 1/log(n) respectively;
however, the distance of the code is small (©(y/n)), the codes have constant dimension,
and the weight of the parity checks is logarithmic.

Prior to our work quantum LTCs with good locality and soundness and with either
reasonable dimension (say, above poly-logarithmic) or super-quadratic (n%“) distance were
not known to exist. Such codes are expected to have applications in quantum complexity
theory. Until recently the most prominent was the famous “NLTS conjecture” [27]; which
was known to follow from qLTC with good distance and soundness (without regard to
dimension). However, the NLTS theorem was recently proven without the use of qL.TC [20],
relying only on the recent qLDPC constructions from [2, 25].

While there is no formal connection with the long-standing quantum PCP conjec-
ture [28], it is natural to hope that progress on the former may eventually lead to progress
on the latter. One reason is that LTCs are strongly tied to PCPs in the classical world,
which, perhaps more philosophically, is due to the inherent local-to-global nature of both
questions, where a global property (being a codeword in the case of LTC and being a
minimum energy state in the case of qPCP) is to be tested by random local tests. The
local to global aspect manifests in high dimensional expanders, shedding some insight as to
the connection between these objects.

Recall our main result on quantum locally testable codes, which is stated as Theo-
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rem 2.1 above. This result is obtained from Theorem 2.2, for the case t = 4, using standard
arguments in the construction of quantum (CSS) codes. This result falls short of construct-
ing good quantum LTCs since the parameters differ from ideal parameters by an inverse
poly-logarithmic factor. Still, these parameters mark a significant improvement compared
to previously known qLTCs [6, 7], which achieve k =1, d = O(y/n), and p = Q(1/logn).
(Additional tradeoffs are possible between the parameters, for example increasing the
dimension k at the cost of a decrease of the relative distance; we refer to [29, 5] and in
particular Table 3 in [5] for details.

The codes from Theorem 2.1 are explicit CSS codes, and in particular have an
efficient encoder. Moreover, although we do not show this explicitly, we expect these
codes to have linear-time decoders and noisy syndrome decoders (often referred to as
single-shot decoders), along the same lines as [15, 30]. Although there is no formal
connection known, we observe that qLTC may be of additional relevance to the problem of
noisy syndrome decoding. This is because a simpler problem than decoding from a noisy
syndrome is deciding, given an approximate bound on the size of the syndrome, if the state
is close to the codespace or not—which is precisely the problem solved by qLTCs. This
observation suggests that, beyond the basic LDPC requirement, the LTC condition may

have applications to e.g. fault-tolerance that have not yet been fully explored.

2.1.5 Techniques

Our construction of a higher-dimensional cubical chain complex, when instantiated
at t = 2, is not identical to the chain complex of [2], but rather can be seen as a “90°
rotation” of it as in [15]. The vector spaces participating in the chain complex are ordered
by geometric dimension, a feature that facilitates generalization to ¢ > 2. The price is that
our construction is not self-dual, in the sense that the geometric properties of the complex

are different from those of the co-complex. Therefore, the argument for showing co-cycle
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expansion is different from the argument for showing cycle expansion. Nevertheless, the
latter is based on a reduction to the former for a different co-complex that is, in some

sense, dual to the original one.

Cocycle expansion Our proof for co-cycle expansion follows the general template of
earlier works on cocycle expansion in HDX [31, 12], and the analogous statements for
qLDPC codes and for LTCs [2, 1].

Let us outline this argument for showing cocycle expansion at the highest level of
the complex, i.e. for co-chains in dimension k =t — 1, which is the most interesting case.
Consider an element z € C*1(X) such that §(z) = 0, and assume it is locally minimal,
that is, assume its weight is minimal with respect to adding coboundaries of local elements.
We let A denote the set of active faces, which is the subset of geometric faces f € X(t —1)
such that z(f) # 0. The core of the proof consists in showing that the condition é(x) =0
implies that the set .4 does not expand according to a natural random walk W on X (¢ —1).
However, the random walk is such that it is expanding (this is where the assumption
that Cay(G, A;) expands is used); therefore either A = () or |A| is large, which is the
desired conclusion. To show that the set A does not expand, we show that most neighbors
of an f € A according to W lie in A. This step uses the definition of § to argue that
the condition d(x) = 0 implies that many neighbors of f under W must be in A. The
robustness condition is used crucially at this step.

Indeed, one of the contributions of this work is in coming up with the appropriate
definition for the random walk W, together with the definition for two-way robustness so
that this argument goes through.

We note that the walk W is defined as a mixture of (¢ — 1) different walks, each of
which goes “down” j € [t — 1] steps in the complex to a (t — 1 — j)-dimensional sub-face

of f, takes one parallel step, and then “up” again j steps to a “neighbor” of f satisfying
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certain conditions. As such, this walk is similar to iterations of the “down-up” random
walk that is familiar in the combinatorial analysis of high-dimensional expanders. It is
often used to circumvent certain non-expanding link-like obstacles that would appear in a
more naive choice of random walk . In this sense the extension of the arguments from
[15, 2, 1] from ¢ = 2 to higher dimension ¢ > 2 is analogous to the move from [31] to [12].

We refer to Section 2.7 for details on this part of the argument.

Cycle expansion Our argument for cycle expansion is completely different from the
argument for co-cycle expansion described above. In fact, the argument is an indirect
reduction to the case of co-cycle expansion, generalizing a reduction that appeared in [15],
for the case t = 2. Moving to higher dimensions ¢ > 2 is more involved, consisting of a nice
arrow-chasing argument on a double chain complex which we describe next.

The idea is to define a new “dual” chain, whose coefficients are local views from
geometric objects of the main chain. In the dual chain, the coefficient at a vertex tells
us everything about the k-faces touching that vertex. We define two kinds of boundary
maps for this dual chain, and show that they commute nicely with each other, giving
rise to a double chain complex (shown in Figure 2.3). The argument proceeds as follows.
Given a low weight k-chain x such that dx = 0, we wish to find a preimage z such that
0z = x. We first look at the dual chain {z,} obtained by local views of . We take a
preimage z, separately for each x,. This is possible because the local maps are exact and
Oxr = 0 implies 0z, = 0 for all v. The preimages z, are also local views, but they don’t
necessarily agree with each other, and this is where things become interesting. We move to
look at the differences between local views of adjacent vertices, assigning these differences
as local views to the edges. These new local views have zero boundary because of the
commutativity of the arrow diagram. As a result we are in a similar situation as before,

except that we moved one dimension up, from vertices to edges. We proceed inductively
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(again using the exactness of the (local) boundary map to find local preimages, take their
differences, and so on). This inductive arrow-chasing ends in one of two cases. Either we
reach a stage where all local views agree, or we push all the way to the end of the chain
without reaching agreement. In the former case, we have obtained a global “corrections”
chain which can then be propagated all the way back down, leading to a global solution z
such that 0z = x. The interesting case however is when one reaches the end of the chain,
without agreement. In this case the key observation is that local views, which lie on the
higher-dimensional faces of the complex (i.e. t-cubes) are tensor codewords (because their
boundary is 0) and can thus be decoded. The “decoded” object can be interpreted as a
co-cycle at the (t — 1)-st level of a complex with dual local codes hi,...,hi. Applying
the co-distance argument, we find a pre-image co-cycle. When re-encoded, this pre-image

co-cycle provides corrections which can once again be propagated down the chain to define

zZ.

2.1.6 Discussion

In this work we construct quantum LTCs with parameters that are “almost” good,
up to polylogarithmic factors. One approach for removing the poly-logarithmic factors is
to venture away from cubical complexes and study chain complexes based on simplicial
high-dimensional expanders, as done in [21]. The advantage is that constant degree
expanding complexes are known in any dimension ¢. In contrast, our complexes are also
constant-degree, but unfortunately their expansion guarantees hold only for sets of density
up to 1/polylogn. In [21], the distance of the quantum code follows from the systolic
and co-systolic distance of the complex. Unfortunately, the systolic distance is inherently
sublinear (in their construction it is polylogarithmic). This obstacle theoretically should
also appear for cubical complexes, but it is circumvented through the addition of local codes.

Why not add local codes to high-dimensional expanders? This seems like a reasonable
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direction; the main difficulty is that, unlike in the cubical case, the local structure around
a vertex does not have a natural product structure. Two-way robustness seems quite tricky
when the structure is not product, and is currently not known.

Generally speaking the connection between HDX and quantum codes has been
extremely fruitful, leading to insights such as the distance balancing method from [21].
This connection crucially requires one to consider both the complex and the co-complex,
to reflect the symmetry between X and Z parity checks in the definition of a quantum
CSS code. Most constructions of HDX, including ours, do not exhibit a perfect symmetry
between complex and co-complex. For our complexes, we are nevertheless able to reduce
cycle expansion to co-cycle expansion of a related complex. This proof technique could
be of independent interest, and lead to new constructions of HDX exhibiting expansion in
both directions.

Quantum LDPC codes are intrinsically linked with the study of high-dimensional
surfaces, and indeed their recent construction leads to new topological objects [32] (and vice-
versa (33, 34]). It will be interesting to determine if our higher-dimensional construction has
similar consequences. Conversely, one may hope that a construction of a high-dimensional
cubical complex with constant degree could be obtained by leveraging connections with
group theory, a central source of constructions of simplicial complexes and HDX [35].
Cubical complexes with constant degree and strong expansion properties are known to
exist [36], but these don’t seem to support a system of local coefficients that would lead to
a useful chain complex.

Of course one of the main focus points of the area, which we leave entirely open, is
the possible application of qLTC constructions to quantum complexity theory. By providing
an explicit family of candidate good qLTC we uncover a concrete object that may form the

basis for later explorations of the connections with complexity.

35



Organization We start with some preliminaries regarding notation, chain complexes,
quantum codes and local testability in Section 2.2. In Section 2.3.4 we give an overview of
our results. In Section 2.3 we describe our high-dimensional cubical complex. In Section 2.5
we introduce an auxiliary “local” chain complex, that will be used in the analysis. In
this section we prove that a random tuple of codes, for large enough field size, is two-way
robust (relying on the recent result on product expansion of such codes). In Section 2.6 we
describe and analyze some random walks on the cubical complex, that will also be used
in the analysis. Finally, in Section 2.7 and Section 2.8 we prove our main results, lower
bounds on the locally co-minimal distance and distance respectively at each level of our

chain complex.
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2.2 Preliminaries

2.2.1 Chain Complexes

Chain complexes are algebraic constructs that have proven helpful to connect the

study of quantum codes with notions of high-dimensional expansion. Although there are
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more general definitions, for us a chain complex C' will always be specified by a sequence
of finite-dimensional vector spaces {C;}icz over a finite field F,, termed chain spaces,
together with linear maps 0; : C; — C;_1, termed boundary maps, that satisfy the condition
0;-10; = 0 for all 7. (It will always be the case that C; = {0} for all |i| large enough.)
(We will focus on the case where F, has characteristic 2, which allows us to view a linear
map over F, as a linear map over Fy.) Since C; is a finite vector space over F,, it always
takes the form C; = Fl’?i for some integer D;. Elements of C; are called i-chains. Taking
the standard inner product on Ff})i, we can define the dual space C" := (C})* ~ IFqu =C;.
Elements of C" are called i-cochains, and the map 9 : C*~! — (" is denoted §;_; and
called the co-boundary map.

Given a chain complex C, we can associate to it subsets of its ¢-chains called i-cycles
(elements of ker 0;) and i-boundaries (elements of imd;_1). We can also define further
algebraic objects such as homology groups and various notions of distance and expansion.
We avoid surveying all such quantities here, referring the interested reader to e.g. [2].

Instead, we focus on the definitions that are essential for this paper.

Sheaf complexes We consider chain complexes that are obtained by attaching local
coefficient spaces F (or, in the terminology of [10], a sheaf) to a graded poset X. While
ultimately these are “usual” chain complexes as above, their definition from two distinct
objects provides a convenient way to separate the “global (geometric) structure”, provided
by X, and the “local (algebraic) structure”, provided by F.

We give the definitions.* Recall that a poset is a set X equipped with a partial order
<. A graded poset is a poset X together with a map p : X — Z called a rank function

such that for any f,g € X, if f < g then p(f) < p(g), and furthermore if f < g and

4“We give definitions that are sufficiently general to capture our constructions, but are more restrictive
than the most general setting considered in the literature, such as in [2, 10]. In particular, we emphasize

that we only consider complexes defined over F, with characteristic 2.
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there is no f' € X such that f < f’ and f’ < ¢ (a condition which we write as f < g),
then p(g) = p(f) + 1. Given a graded poset X we define X (i) = {f € X : r(f) = i}.
Finally, we say that a graded poset X is an incidence poset if for every f < f” such that
r(f") =r(f) + 2, there is an even number of f’ € X such that f < f' < f”.

Given a graded poset X with rank function r, a system of local coefficients, or
sheaf F for X is given by two collections of objects. Firstly, for each f € X we specify
a local coefficient space V. Although in general V; may have a general group structure,
here we only consider the case where each V; is a finite dimensional F,-vector space
Vi o~ an(f ) for some “local dimension” parameter m(f). Secondly, for every f = f’ there is
a homomorphism (of vector spaces) Fy_, s : Vy — Vj such that whenever f > f' = f” we
have that Fp_,pv o Frp = Fpypn.

Given a graded incidence poset X and a local system of coefficients F on X we
define a chain complex C.(X,F) as follows. For each i € Z, define Ci(X, F) = @rex)Vs
and C.(X) = &;C;(X, F). Next, define linear maps 0; : C;(X, F) — C;—1(X, F) by letting,
for f € X(i) and u € Vy, 0;(u) = Xp<y Fyop(u). It is easily verified that these maps
satisfy the chain complex condition 0;_10; = 0 as a result of the compatibility condition for
the sheaves, and the incidence condition on the poset. We write C*(X, F) = &;C*(X, F)
for the co-complex. Sometimes, when the sheaf F is clear from context we write C;(X)

and C'(X) for C;(X, F) and C*(X, F) respectively.

co-cycle and cycle expansion The definition of co-cycle expansion is based on defini-
tions from the domain of simplicial complexes. Coboundary expansion was introduced in
[17, 18], and the extension to cycle and co-cycle expansion is direct. First, we introduce

the notation

2| = > Lapzo (2.1)
fex

where for x € C*(X,F) and f € X we write z(f) € V; for the coefficient of x associated
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with the face f. Eq. (2.1) is an analogue of the Hamming weight which counts the number
of faces on which x has a nonzero coefficient. |z| is called the block-Hamming weight, or
weight for short, of x. Note that this quantity is in general smaller than the Hamming

weight, which would sum the Hamming weights of each vector z(f), f € X.

Definition 2.3 (Co-cycle expansion). Let C*(X,F) be a co-chain sheaf complex of

dimension ¢. For integer 0 < i < ¢, let £ocye(?) be the co-cycle expansion

Ecocye(l) = min{ 9(2)] s x € C'(X) — ker (5i} )

minyekeréi xr — y|

An analogous definition of cycle ezpansion .y is given in the obvious way, with the

co-boundary map ¢ replaced by the boundary map 0.

Co-systolic and systolic distance We define the the co-systolic distance of C?*(X) to

be the smallest weight of a co-cycle that is not a coboundary,
Heosyst () = min {|x| . x € ker§; —im 6Z~_1} ,

The systolic distance jigys is defined similarly by replacing the coboundary map by the

boundary map 0.

Local minimality An important definition, that will be used throughout, is that of
co-local minimality of a co-chain u € C"(X), and of the locally co-minimal distance of a
space C'(X, F).

The following definition is essentially from [31].

Definition 2.4. Fori > 0, an element 2 € C*(X, F) is locally co-minimal if |x+46(y)| = |z|

for all y € C"~1(X, F) supported on X-,(i—1) = {f € X(i—1) : f = v} for some v € X(0).
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This notion is referred to as local co-minimality because X>,(1—1) = {f € X(i—1):
f = v} has a finite size and is considered ‘local’ compared to the ‘global” X (i — 1). Notice
that the weight x cannot be lowered through any ‘local’ change §(y).

Next we define a notion of locally co-minimal distance in the natural way:
deoloc(?) = min {|x| : x € kerd; — {0}, x is locally Co—minimal} :

A lower bound on the locally co-minimal distance immediately implies bounds on the

co-systolic distance and co-cycle expansion parameters of the complex.

Lemma 2.5. Let C*(X,F) be a co-chain sheaf complezx of dimension t. Then for any
0<e<t—1,

ﬂcosyst(i) 2 dcoloc@') )

and for any 0 <1<t —2

. : 1 dcoloc(i + 1)
Ecocyel? >mm{ = . }
reld) max,ex Xoa D] X
Proof. By definition, ficosyst(Z) is the smallest norm of an element @ € C*(X) such

that 0(z) = 0 and = ¢ imd. We claim that such an x must be locally minimal. This is
because if it is not locally minimal, then there is y € C*~1(X) such that if 2’ = = + §(y)
then |2/| < z. But 2’ still satisfies §(z') = 0 and 2’ ¢ im 0, which contradicts the minimality
of x. Therefore ficosyst () = deoloc(7)-

We now consider the co-cycle expansion. Let z € C*(X) such that z # 0. If
|0(2)| = deoloc(i + 1) then because |z| < | X (7)| there is nothing to show. So assume |d(z)| <
deotoc (i + 1). If §(z) = 0 then again there is nothing to show. If §(x) # 0 then it cannot
be locally co-minimal. So let v € X (0) and y € X-,(i) be such that |d(z) + d(y)| < |d(x)].
Let (Y := 2 + y and note that |z — (M| < |X5,(7)|. Repeating this process at most |5(x)|

times eventually gives some z(¥ such that [0(2)| < |6(x)| and §(z) is locally co-minimal.
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Therefore §(z(¥) = 0 and 2 € kerd. Finally, |z — 29| < max,cx(o) | X0 (i)]|6(2)], as

desired. O

2.2.2 Quantum LDPC Codes

Since our construction falls within the framework of CSS codes [37, 38], we restrict
our attention to such codes. A quantum CSS code is uniquely specified by a length-3 chain
complex

T
X: FYO fx, gX) Hz, px@) (2.2)

where X (1) is identified with the qubits, | X (1)| = n, and each element of X (0) (resp. X (2))
is identified with an X-parity check (resp. Z-parity check). We represent the linear maps
Hy, Hy; through their matrices Hx € ]Fg((o)xx(l) and Hy € IF;((Q)XX(I), and note that the
transpose in (2.2) is taken according to the canonical basis of each space, the same basis

that we fixed to identify (F5)* ~ F7".

1 1
Let ox = and o7 = denote the usual Pauli matrices. The code

10 0 -1
associated with the chain complex X, which we denote C = CSS(Hx, Hz), is a subspace

of the space (C?)®" of n qubits, with stabilizer generators ox(a) = 0% @ -+ ®@ 0% for a
ranging over the nx = | X (0)| rows of Hx and 0(b) = 0% ®@ --- ® o for b ranging over

the ny = | X(2)| rows of Hz. The code has dimension
k = dimker Hy; — dim im H% (2.3)
and distance d = min(dx, dz) where
ax = clekerrlfrlzi?imHgg e, dz = cleker%l)igliimHg lerlar (2.4)

where here |c|y denotes the Hamming weight. We summarize these parameters by writing

that C = CSS(Hx, Hy) is an [n, k,d] quantum (CSS) code. Finally, the code is called
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low-density parity check (LDPC) if each row vector of the matrices Hx, Hz have constant

Hamming weight.®

2.2.3 Local testability

We start with the definition of local testability for a classical code C = ker H, where
H € F3*" is a parity check matrix. Recall that such a code is termed an [n, k,d] code,
where k = dimker H and d = min{|c| : ¢ € ker H — {0}}. We give a (somewhat restricted)
definition of local testability that depends on the choice of H, which implicitly specifies a
natural “tester” for the code. Intuitively, a code is locally testable if, the further a word x
is from the code, the higher the probability of the “natural tester” — which selects a row

of H uniformly at random and checks the corresponding parity of x — to reject.

Definition 2.6. The (classical) code C = ker H is called locally testable with soundness p

if for all € [F} it holds that
1
—|Hz|lg > p——, (2.5)
m

where we use dy to denote the distance function associated with the Hamming weight (to
distinguish it from d, which is the distance function associated with the block Hamming

weight | - |).

This definition can be restated in terms of expansion of the natural length-2 chain
complex associated with H,
X: Fy O E ™
where X (0) = {1,...,n} and X(1) = {1,...,m}. Then the definition says that for every

clement z € Fy ”, the (relative) weight -|6(x)|p is at least a constant times the (relative)

0f course this notion only makes sense when considering a family of codes with asymptotically growing
size n; in which case we mean that the row weights of Hx and Hy should remain bounded by a universal

constant as n — oo.
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distance of z from kerd. In the study of chain complexes, the parameter p is referred to
as the co-cycle expansion of the complex, and denoted h'(X,Z,). (We will not use this
notation.)

Now consider a quantum code C. A general definition of local testability, and of the
associated soundness parameter p, exists and is given in [27], which formalizes the same
intuition, between distance to the code space and probability of rejection by a natural
tester, as for the classical setting. This definition is somewhat cumbersome to work with
and we will not need it, so we omit it. Instead, we collect the following two facts from the
literature.

Firstly, it is known that local testability of a quantum CSS code is directly linked
to local testability of the two associated check matrices Hx, H;. Formally, we have the

following.

Lemma 2.7 (Adapted from Claim 3 in [26]). If the quantum CSS code C = CSS(Hx, Hyz) is
locally testable with soundness p (in short, p-qLTC) then the classical codes with parity-check
matrices Hx and Hyz are each locally testable with soundness at least p/2. Conversely, if
the classical codes with parity-check matrices Hx and Hz are locally testable with soundness

p then the quantum CSS code C = CSS(Hx, Hyz) is locally testable with soundness at least
p.
Because the lemma is tight up to a factor 2, and we will not be concerned with

constant factors, we can take the local testability of Hx and Hz as our definition of local

testability for the quantum code CSS(Hx, Hyz).

Definition 2.8 (Definition of local testability for quantum CSS codes). The (quantum)
CSS code C = CSS(Hx, Hz) is called locally testable with soundness p if both Cx = ker Hx

and Cz = ker Hy are (classical) codes with soundness at least p.
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We emphasize that this definition is local to our paper, and is equivalent to the
general accepted definition of a quantum LTC up to a multiplicative factor 2 in the
soundness.

To translate between the notion of (co-)cycle expansion that we formulate our main
analytic results in, and quantum local testability properties of the quantum codes that can

be built from the underlying complex, we use the following lemma.

Lemma 2.9. Let C(X,F) be a sheaf complex, and i € Z. Let C = CSS(0;,0;) be the
quantum CSS code associated with the linear maps 0; and 6; over F,.° (When constructing
codes, 0; and 0; are treated as Fy-linear maps.) Let D; = dim C;(X,F) and let M; =
max ey ) dim V. Suppose further that C(X,F) has systolic and co-systolic distance in
dimension 1 at least figyse and [leosyst TESPectively, and cycle and co-cycle expansion in
dimension 1 at least ecyc and Ecocye TESPECtiVEly.

Then C is an [n, k,d] quantum code, where
k = dimp, C;j(X) — dimp, im &} — dimp, im 0]

and

d > min{,“syst; ,ucosyst} .

Moreover, the code C is p-qLTC where

1 D; e D; €
> . 1 <cyc i cocyc} ' 2.6
P <log2 Q> mm{Di—1 M;’ Diy1 M; (2:6)

We note that the bound in (2.6) may be somewhat loose, due to the interplay
between the use of the Hamming weight and the block Hamming weight, which leads to the
factor = on the right-hand side. In our constructions, M; is thought of as polylogarithmic,

M

or even constant, in the length of the code.

SHere, we slightly abuse notation and use C; ~ C* to view both maps 9;, §; acting on the same space.

44



Proof. The formula for the dimension k is clear from (2.3) k = dim ker §; —dim im 9]
and the fact that for the linear operator ¢; : Fy — F', dimkerd; = n — dim imd; =
n — dim im &7 Intuitively, this is saying that the number of logical qubits is equal to the
number of physical qubits minus the number of independent stabilizer generators.

For the distance, the bound follows from the definition (2.4) of the distance of a
quantum CSS code, the definition of the parameters figys and pieosyst and the fact that the
block weight || is a lower bound on the Hamming weight of c.

To show the bound on the soundness parameter p, consider first the soundness of
the classical code Cx = ker Hx = ker 0;. Recall that 0; : C;(X,F) — C;_1(X,F). Let
c € Cy(X,F). Then

1 1
H > 0;
Di_1| xclu Dz‘—ll |
1
2 ﬂ Ecyc d(C, ker 81)

Di gcyc dH(C,Cx)
~ Difl Mz Dz .

Here the first inequality follows since |- |z > | - |, the second inequality uses the definition
of &;, and the third inequality uses that |z| > ﬁWH for x € C;(X). Let |c|r, be the
Hamming weight of ¢ when viewed as a vector over Fy. Because |c|p, < |c|g < (logy q)|clr,,
we obtain the lower bound on the soundness of the code Cx.

The argument showing a lower bound on the soundness of the code C; = ker Hy is

analogous, and we omit it.
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2.3 The complex

Let t > 1 be an integer. Our construction is based on a graded incidence poset that

is obtained from a ¢-dimensional cubical complex
X=X0)U---UX(t).

The cubical complex can be generated from a set G of size N = |G|, and finite subsets of
permutations Ay, ..., A; of G of size n = |A;|. The sets A; should be closed under inverse
and such that permutations taken from different sets commute. We denote this complex
X = X(G;{A;}). The requirement that the sets A; pairwise commute can be understood
as a requirement that allows us to iterated the balanced product construction from [23],
which a priori was only introduced for the product of two graphs (or more generally chain
complexes) with naturally commuting left and right group actions.

A concrete example that one may keep in mind is the case where G is a finite
abelian group and A; ..., A; C G are generating subsets. Another example, when t = 2,
is where G is any finite group and A;, Ay C G act by multiplication on the left and right
respectively. The best construction that we identified is based on a third example, derived
from an expander construction of [3]. This construction was pointed out to us by Louis

Golowich. We describe it in more detail in Section 2.3.5.

2.3.1 Geometry

We describe our general construction of a complex X, in the process introducing

notation that will be used throughout. See also Figure 2.1.

Faces For 0 < k < t the k-dimensional faces of X, i.e. the elements of X(k), are
partitioned according to their type, which can be any subset S C {1,...,t} of size |S| = k.

Let S denote the complement of S in {1,...,t}. For every such S, a face f of type S is
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uniquely specified as

f =19 (a;)jes, (0j);ez] . (2.7)
where g € G, for each j € S, a; € A;, and for each j € S, b; € {0,1}. We let X(S) denote
the set of faces of type S. Thus |X(9)| = |G|n*2!7%. Geometrically, the k-face f = [g;a, ]

contains the 2% O-faces (vertices)

{(9- TI as5 ¥IP)

B —
j.b]-—l

Ve {0,1}°}, (2.8)

where we use the notation ¥'||b to denote string concatenation with re-ordering of indices in
the obvious way. Here and in the following we use the notation ¢ - a to denote the element
a(g), for a € A; a permutation of G. Note that the element g-I]; a; is well-defined because
we assumed that permutations a; taken from different sets A; pairwise commute.

For a face f = [g;a, b] we write S = type(f) for its type, and (slightly overloading

notation compared to (2.7)) write

CLJ' jES
fo=g —and  f;=

bj j&5S

forj=1,...,t

Partial order We introduce the following partial order on faces of X. This partial order
is the one that is induced by set inclusion, when each face is seen as a set of vertices as
in (2.8). Formally, given two faces f, f’ and j € {1,...,t} we write f' <; f if all the

following hold:

e fi €{0,1} while f; € Aj,
o fi=flforalli¢{0,j},

Jo fi=0
fo-fi fi=1
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Figure 2.1: A cubical complex with ¢ = 3 and three sets of permutations A, Ay, A3. The

underlying graph can be seen to be 2! = 8-partite. We label the faces as (fo, f1, f2, f3)-

We sometimes suppress j from the notation and write f* < f to indicate that there is some
j for which f’ <; f. Note that if f* < f then necessarily f is one dimension higher than f’.

We also write f’ < f if there is a sequence f' < --- < foand f' < fif f' < for f'=f.

Lemma 2.10. The relation < defines a transitive graded partial order on faces. Moreover,

with this relation X is an incidence poset.

Proof. The relation = is reflexive and transitive. It is antisymmetric because if
f" =< fand f # f’ then f must be of dimension at least one more than f’. To show that it
is graded, we verify that the covering relation associated with < is precisely <.

For the moreover part, note that if f < f' < f”, then there are exactly two distinct
positive ¢ # j such that [} # f; and f’ # f;, and this determines exactly two possible

values for f’. ]

Definition 2.11. Given the set G and the sets of permutations Ai,..., A;, we let

X (G;{A;}) denote the graded incidence poset X = Up<r<: X (k). Here the rank function is

given by p(f) = |type(f)], for f € X.

We end the section by introducing convenient notation.
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Incidence maps The up incidence map u takes a k-face f to all (k + 1)-faces that cover
it,
u(f)={f"I f'+f},

and is naturally extended to sets of faces by taking unions. Similarly,

o) =S f=r}

Links The upwards link of a face v € X is a sub-complex consisting of all faces above v,
ng:{f6X| fZU}

Note that since the structure of X is not simplicial, we do not remove v from a face f > v
when defining the link. Similarly, the downwards link of a face v € X is a sub-complex

consisting of faces below v,

X ={fe X[ f=0}.

For a subset S C {1,...,t} we denote X-,(5) = X5, N X(S) and X, (5) = X<, N X(9).
Similarly, X)v(k> = X}U N X(k) and ng(k') = ng N X(]{?)

2.3.2 Local coefficients

To each face we associate a local coefficient space. For i € {1,... k} let m; > 1 be
an integer and A; = {1,...,m;}. The local coefficient space associated with a face of type

S is the vector space over a finite field F,, of characteristic 2°

Vs = L™, (2.9)

“Our construction can be applied more generally to arbitrary fields. However, we focus on finite fields
with characteristic 2, so that the corresponding code can be viewed as a code over Fy. Moreover, the
construction of the (co)boundary maps becomes more straightforward in this context, and we will comment

further in Section 2.3.3.
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So the local coefficient space of a t-dimensional face is V;, . = [y, and the local coefficient

space of a vertex is (H§:1 m;)-dimensional. We write V; = Viype(s) for the local coefficient
space of the face f, and F = {V}} for the collection of local coefficient spaces.
For i € {0,...,t} we denote by C;(X,F), or C;(X) for short, the vector space of
i-chains, that assign to every i-face f a “coefficient” from Vj:
Ci(X,F)= 6 V;.
fex()
Similarly, we use C*(X) to denote the i-cochains
C'(X,F)= & Vy,
fex(i)
where Vi = {g: V; — F} is the dual vector space. Throughout we fix an identification of
A}, s0

each Vg with Vg through the use of a self-dual basis which we label {a : a € ] jcB

Vi ~ V} canonically.

Definition 2.12. Given a set G and subsets of permutations Ay, ..., A; we let Ci.(G; {A4;};{hi})

be the length-(¢ + 1) chain complex
CuGi{ A} {hi}) = @Oi(Xv F) .

We often write C,(X,F) or even C,(X) for this complex, when the parameters of the

complex are clear from context. We use C*(X) = &;C*(X) to denote the dual complex.

The (co-)boundary maps associated with C, are defined in the next sub-section.

Before proceeding, we can already compute the dimension of the space of i-chains C;( X, F).
Lemma 2.13. Let C.(X) = C.(G;{Ai}; {hi}), 0 <i <t and D; = dim C;(X,F). Then

Di = NniZt_i Z H m; .
TC{1,...t} j€T
|T|=t—1

50



(g, 0, a2, as)

(g.0,0,as) g Q

(P
(. 0,0,0) &
(9,0, . 0) (g, a1,0,6 (g, a1, as, az)

(g,m. 0,00 °

(g, a1, 22.00)

X(0) X(1) X(2) X(3)

07 14 '(\ . f)- I P (’)_ . Yo
CH(X) 2O > (X)) = (X))

Figure 2.2: The co-chain complex, localized at a vertex f = (g,0,0,0); with £ = 3. The

geometric elements of X ; are drawn in black. The associated coefficient spaces are drawn

in blue.

Proof. We have that D; = 3 ¢cx(;) dim Vy. For each f € X(i), [type(f)| =i and
hence by (2.9), dim V; = [Tjguype(s) 5. Moreover, for |S| =i we have |X(S)| = Nn'2"",
where N is to choose g € G, n' is to choose a; for j € S, and 27" is to choose b; for

jé¢s. 0

2.3.3 (Co)boundary maps

Fori e {1,...,t} let h; € IFZ”X”. Assume that m; < n; and that h; has full row
rank, i.e. the rows of h; are linearly independent. We index the rows of h; using the set

Ai = {1,...,m;}, and the columns of h; using the set A;, and view h; as a linear map

. TRA; A;
hi-Fq —>Fq .

Restriction and co-restriction maps Given i ¢ type(f’) and f' <; f, define the
co-restriction map

coresp i Vi = Vf
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as follows. For any z € Vi, co-resp ;(2) is obtained by applying I_; ® h], resulting in a

><A7;

( iZtype( f/ A) . .
Wgpucsn 4 , and then setting the A;-coordinate to f;. Formally,

vector in [Fy
co-resy f(2) = ((I_i ® h?)z) [ S ] (2.10)
Similarly, for i € type(f’) and f’' »; f define the restriction map
resg g Vi — Vy

for any z € Vy by

resy p(2) = 2 ® (hif;) , (2.11)
Ch [T, geypecsy 45 A [T, gespec 45 : :
which is an element of Fq 7" @F i =g 777 . We abuse the notation and write
f! as the canonical basis vector of Fj;‘i corresponding to f/ € A;. We verify below that

the maps co-res and res are adjoint to each other (see (2.13)). We extend the notation by

defining, for any sequence f; < fiy1--- < fx where f; € X(j),

resflwfi(z) = resfiﬂ,fi(' ) .resfk:fk71(<z))) .

We note that this leads to a well-defined quantity, i.e. resy, ;,(2) is independent of the path
fi = fix1--+ =[x, as can easily be verified from the definition (2.11). This is because
application of a linear map along different coordinates, or restriction on different coordinates,
are operations that commute. A similar extension is performed to define co-restriction

maps co-resy ¢ for general f' < f.
The coboundary map The coboundary map § : C*(X) — C*(X) is defined as

0(2)(f) = X corespr(2(f)) (2.12)
1=

where co-resy ; is as in (2.10). In words, at a face f € X, we go over all faces f’ below f

and map z(f’) to an element in V; via the restriction map resy ;, and then sum all the
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contributions thus obtained. Because [F, has characteristic 2, 6 o § = 0, as required by the

definition of the coboundary map.®

The boundary map The boundary map 0 : C,(X) — C4(X) is defined as

0(2)(f) = D_ resp s (2(f)).

11

The next lemma shows that the map 0 is the adjoint of the map 6 with respect to

the natural inner product on C'(X).

Lemma 2.14. For any z € C,(X) and 2’ € C*(X) it holds that

(z,0(z)) = (0(2), %) -

Proof. It is enough to verify the equality for z € V; and 2’ € V. By definition
0: Vi = @prp Vi and 0 Vi 0 @ pu< V. Thus both sides of the equality are non-zero
only if f/ < f. Suppose that this is the case, and let i be such that type(f) = type(f’)U{i}.

It remains to verify that

(z,coresp (') = (resyp(2),2) . (2.13)
According to (2.10)
co-tesp ((2) = (I, @ b)) [+, fis- -],
and according to (2.11)
resyp(2) = 2@ (hifi) -
Thus the left-hand side of (2.13) evaluates to
(2, (Is @ W) [+ fiy -]y = (2@ fi, (I @ 1))

8For general fields F, with characteristics not equal to 2, the maps requires additional signs so that

d o8 = 0. Specifically, 6(2)(f) = Zf,<f(—)S(f’fl)co-resf/,f(z(f’)) for some s.
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= (I_; ® h))(z® f;), 2')

= (z® (hif), 7)),

which matches the right-hand side. O]

2.3.4 Statement of results

Having described our construction, we can state our main result about it.

Theorem 2.15. Let (G;{A;}) be a set and collections of pairwise commuting permu-
tations on it such that the graphs Cay(G, A;) are each \-expanding up to size r|G| (see
Definition 2.47). Let N = |G| and n = |Ay| = --- = |Ay|. Let (hq,...,ht) be a collec-
tion of matrices h; € Fq?”" such that the family (hy, ..., h;) is two-way k-robust (see
Definition 2.34). Let C' = C.(G;{A;};{h;}) be the length-(t + 1) chain complex over F,
from Definition 2.12. Then there is a ¢ = k' exp(—O(t?)) such that C has the following

properties.

1. The space Cy, of k-chains has dimension Dy, = N nF2t=* Sorcq,..y [jermy.
IT|=t—k

2. The co-chain complex C* has co-systolic distance ficosyst (k) for every 0 <k <t —1

and co-cycle expansion €cocyc(k) for every 0 < k <t — 2, where

c— A c—A
Ncosyst(k) 2 wﬂX(k‘” and 600Cyc(k> > (2nt)2t+1r :

(2.14)

3. The chain complex C, has systolic distance /Lsyst(k) for every 1 < k < t and cycle

expansion ecyc(k) for every 2 < k <'t, where

1
NSySt(k) 2 mﬂcosyst(t - k) s

[ Ceoeyet = k) 1 feosyst(t — K+ 1)}
> y Y ) 2.1
Ecye(k) = min { 2(£222nt+1)E " (2nt)t X (k)| (2.15)
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We note that we did not attempt to overly optimize the bounds in Theorem 2.15; in
particular the dependence on ¢ may be loose. To understand the bounds, one can consider
that the main asymptotic parameter is N = |G|, which grows to infinity. We think of ¢ as a
constant, such as t = 4. The parameter n is also ideally a constant, but the parameter r is
not, r = Q((log N)~¢=Y). This is chosen such that ) is sufficiently small compared to & so
that the bounds in (2.14) are positive. This is the origin of the loss of the polylogarithmic

factor in distance and soundness.

Proof of Theorem 2.15. The first item is shown in Lemma 2.13. For the second

item, we first note the bound

1—AC
r

dCOOC k 2
loc(k) G,

(X (R

valid for 0 < k < t, that follows from Proposition 2.56. The prefactor on the right-hand

side can be re-written as

1-XCp Ch
o, —Wasg,
1 42
> 92ty t (K27 =),

where the second line uses 222 < 23 for t > 1. We then use Lemma 2.5 to conclude
the claimed bounds. For (k), we also use | X (k + 1)|/| X (k)| < 2nt and |X>, (k)| < (2n)?,
which follow from Lemma 2.44. Finally, the bounds on £(k) and fi(k) follow immediately

from Proposition 2.63. O

We can apply Theorem 2.15 to obtain quantum codes with parameters described in
the following corollary. Since a quantum CSS code can be defined from any length-3 complex,
we have the choice to locate the qubits on the space of k-chains for any i € {1,...,t — 1}.
However, to obtain a bound on the local testability soundness of the quantum code, we

need a complex of length at least 5. To simplify the discussion of parameters we assume
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that, of the codes C; = ker h;, exactly i have rate close to 1, and the remaining (¢ — i) have
rate close to 0. This ensures that most of the dimension of the space C; is concentrated on
a single type of i-face, and guarantees that the resulting code has positive dimension. Of

course, other settings of parameters are possible.

Corollary 2.16.  With the same setup as in Theorem 2.15, assume t > 4 and fix
2 < i < t—2. Assume that the parameters my, ..., my andn are chosen such that m; = ©(n)
for all j, and furthermore m;/mj is at least a sufficiently large constant (depending on t)
when j € {1,... i} and j’ € {i +1,...,t}. Assume that, for these parameters there is a
family (hy, ..., hy) of two-way k-robust codes, where K is small enough, as a function of
A and t, so that the lower bounds in (2.14) are positive.® Let C = CSS(8;,0;) be the CSS
code associated with the space C; and the boundary and co-boundary operators on it, where
C; is viewed as a Fy-vector space and 0;,0; are viewed as Fo-linear maps. Then C is an

[;, ki, d;] CSS code with parity checks of weight O((logy q)tn) and such that
1. ¢; = (logy q)D; = (logy )N - O(n)?,
2. ki = Q((logy q):),
3. d; =rN - (nt)"9®exp(—O(t?)).

Moreover, C is a qLTC with soundness p > r(logy )1 (nt)~9® exp(—O(t?)).

Proof. The first item follows by definition of C. For the second item, we will prove
the lower bound on k; in Section 2.4 (see end of Section 2.4.1). As shown in Lemma 2.9
the distance is d; > min{ficosyst(2), fsyst(?)}, giving the stated bound by Theorem 2.15.

Similarly, the soundness is bounded using Lemma 2.9. [

9We emphasize that one can generally expect to achieve ) that is an arbitrarily small constant, or even
an inverse polynomial in the degree n. For constant ¢, the requirement on x is simply that it should be a

small enough constant, or even just that x > 1/n¢ for small enough ¢ > 0.
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As discussed earlier, if n,t, g, are all constant then we obtain a family of quantum
LTC with constant weight parity checks, constant rate, relative distance and soundness.
While the parameters n, t, ¢ can be chosen to be constants, we do not know how to construct
the required 4-dimensional cubical complex, with the right expansion properties, for constant

r. However, as discussed in Section 2.3.5 we can construct it for r = Q((log |G])~¢=V).

2.3.5 Instantiating G and the {A;}

We provide two examples of G and pairwise commuting Ay, ..., A;. The first example
is easier to understand; the second example has better parameters, and in particular leads
to our main application, stated as Theorem 2.1 in the introduction.

For both constructions, given target rates (n —m;)/n for the local codes C; we fix
a family (hq, ..., h:) of parity check matrices for codes Cy,...,C; C [y such that the C;
have the desired rate and moreover the family (hy,..., h;) is two-way k-robust according
to Definition 2.34. It follows from Theorem 2.36 and Lemma 2.38 that by choosing g as a
large enough power of 2, a random t-tuple of codes satisfies this property for some x > 0

independent of n.

First construction

The first construction is obtained from Cayley graphs over (Z/2Z)"s ™.

Let G = (Z/2Z)"°8N. Let n = [clog N, for a sufficiently large constant ¢ such
that there exist sets Aj,..., A; of size n = |A;| such that the graphs Cay(G, A4;) have
spectral expansion at most A, where X is sufficiently small compared to the robustness
parameter . Since k is a constant independent of n then we can always make A\ small
enough by increasing ¢, independently of n. This is because it is well-known that for any
target A (possibly depending on k) there is a constant ¢(\) = O(1/A\?) and subsets A; of G

of size |A;| = ¢(A) log |G| such that Cay(G, A;) is A-expanding. (This can be shown by a
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probabilistic argument [39], and also by explicit constructions [40].)

Note that this construction is not “fully explicit,” because we do not have a way
to check in time poly(NN) that a given choice of codes (hy, ..., h) is indeed two-way k-
robust. This is because according to Theorem 2.36 we need to choose ¢ = 20"+ which is

super-polynomial in N.

Second example

The second example is beyond Cayley graphs, but can be described as abelian lifts
and is tightly related to Cayley graphs over Z/(Z.

Let Gy = (Vi, Ep) be an n-regular Cayley expander graph on n’ vertices. Based on
known explicit constructions of expanders, n can be chosen any large enough constant, and
n' arbitrarily large. In [3, Theorem 1.3 the authors describe an H-lift of this graph for an
abelian group H, |H| = exp(©(n’)), which is given by associating with each edge e € Ej
an element s € H. This graph, which we call R, has N = |V;||H| vertices and has second
largest eigenvalue O(y/nlogn), making it nearly-Ramanujan. Furthermore, the graph R
can be constructed efficiently in time polynomial in N.

Let G; = (Vi, E1) be the double cover of Gy, with vertex set V; = Vy x {0, 1}.
Furthermore, let us assume a fixed numbering of the n edges out of each vertex, so that for
each i € [n] we have an action on H x V; x {0, 1} obtained by taking an element (h,v,b) to
(s-h,v',1—0b) where (v',1 — b) is the i-th neighbor of (v,b) in G; and s € H is associated
with the ¢-th edge out of v. This set of n actions gives a n-regular graph that is the H-lift
of G given by the association of H-elements to edges.

We now move to the ¢-fold product, letting G = H x V{, and letting X (0) =
G x {0,1}". We have t sets Ay, ..., A, of permutations on X (0), where A= {s;, ce sd}

J

and

st

(h,?)l,...,'l}t,bl...,bt)—J>(S'h,Ul,...,’U;,...,'Ut,bl,...,l—bj,...,bt)
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where (v}, 1 — b;) is the i-th neighbor of (v;,b;) in Gy, and s is associated with the i-th
neighbor of v;.

It is easy to check that every pair of permutations s € A; and s’ € A; pairwise
commute, and therefore X, together with Ay, ..., A; give rise to a t-dimensional complex
X as described in Section 2.3.1.

We make the following two observations about this construction. Firstly, for any
fixed j € [t] the graph obtained by connecting every v € X(0) to the n vertices obtained
by the n permutations from A; is a graph consisting of VIt copies of the expander graph
R. Since |V;| = O(log N), we obtain that the graphs Cay(G, A;) are A-expanding up to
size 7|G|, where X is the normalized second eigenvalue of R and r = Q(1/(log N)'™1).
Secondly, n can be chosen as any constant large enough such that if X is the normalized
second eigenvalue of R then A is small enough compared to x for the lower bounds in (2.15)
to be positive. This is always possible because the universal constant x obtained from
Theorem 2.35 does not depend on n (only on t), whereas A goes to zero as n grows. Because
n is a constant, we can exhaustively search for a tuple (hq, ..., h;) that is two-way k-robust.

Combining these observations lead to the following main instantiation of Theo-

rem 2.15.

Corollary 2.17. Lett > 2 be an integer. There is a polynomial-time algorithm that on
input an integer N (in unary) returns a description of (G;{A;}) and {h;} as above such

that the following hold.
1. The space Cy of k-chains has dimension Dy = O(N) ;

2. The co-chain complex C* has co-systolic distance picosysi (k) = O(| X (k)|/(log N)1)
for every 0 < k <t —1 and co-cycle expansion €coeyc(k) = O(1/(log N)' 1) for every

0<k<t—2;
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3. The chain complex C. has systolic distance psysi(k) = O(| X (k)|/(log N)'™1) for every

1 < k <t and cycle expansion ecye(k) = O(1/(log N)'™1) for every 2 < k < t.
Here, the constants implicit in the ©(-) notation can depend on t.

We also obtain a corresponding instantiation of Corollary 2.16, which leads to the

previously stated Theorem 2.1.

Corollary 2.18. There is a polynomial-time algorithm that on input an integer N (in
unary) returns explicit descriptions of parity check matrices Hx and Hz on ©O(N) qubits

such that the following hold:
1. The weight of each row of Hx and Hz is ©(1) ;
2. The code C = CSS(Hx, Hz) has dimension O(N) and distance ©(N/(log N)?) ;

3. C is a qLTC with soundness p = Q(1/(log N)?).

2.4 A lower bound on the code rate

A natural approach to bounding the code dimension is to count the number of
qubits and the number of X and Z checks. The number of qubits, X and Z checks are
dimg, C;(X, F), dimg, C;_1 (X, F), and dimg, C;11(X, F), respectively. This leads to a lower
bound on the code dimension: k > dimy, C;(X, F) — dimp, C;_1 (X, F) — dimp, Ci11 (X, F).
However, when applied to our construction, this bound yields a negative value, making it
trivial.

To obtain a nontrivial lower bound on the code dimension, we need to take into
account the linear dependencies among the X and Z checks. Rather than simply counting
the total number of checks, we refine our estimate by counting only the number of linearly

independent checks. We formalize this refinement by establishing a correspondence between
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two chain complexes: our original complex, where the i-cochain consists of i-cells, and an
alternative complex that combines cells of different dimensions. This relation is analogous
to the relation between the constructions in [15] and [2]. Conceptually, the new chain
complex reorganizes the qubits and checks to remove redundant checks that are linearly
dependent on others. Within this modified framework, the counting of qubits and checks

leads to a nontrivial lower bound on the code dimension.

2.4.1 Shifting the complex

We now describe the construction of the new chain complex. Recall that our main
construction defines C*(X, F) = @ex(;) Vy where we take all cells of dimension 7 to form
C*. Notice that the dimension of a cell f can be expressed as [type(f)| and the space of all
possible types type(f) C [t] can be viewed as a t-dimensional hypercube. Therefore, the
process of forming a chain complex from a cubical complex can be rephrased as choosing a
diagonal direction of the t-dimensional hypercube. In the case of C*(X, F), the diagonal
direction goes from (0,0, ...,0) to (1,1,...,1).

More generally, given a subset T C [t], it specifies a direction from 17 to 1p_r,
where 17 is the vector whose i-th coordinate is 1 if 7 € T and 0 otherwise. This induces
the following chain complex:

CYX,F,T) = P Vy (2.16)
feX,type(f)AT|=i
where A is the symmetric difference of the two sets. In particular, C*(X, F) = C*(X, F, ().

The coboundary map of this new chain complex, § : C/(X, F,T) — C"Y(X, F,T),
is again a map between faces with incidence relations, just like the original chain complex.
In particular, the coboundary maps can be decomposed into maps consist of o5 ¢ : Vi — Vpr,
for f, f' € X, [type(f)AT| =i, and |type(f)AT| =i+ 1. If f > f’, we set the map to be

co-resy ¢, as defined in (2.10). If f < f’, we set the map to be ress s, as defined in (2.11).
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If there is no incidence relation between f and f’, we set the map to be 0.

The coboundary maps satisfy d o 9 = 0 because, in some sense, the corestriction and
restriction maps commute with themselves and with each other. To check § 0 6 = 0, it is
equivalent to check > pcx 0 oy = 0 for every f, f € X. The LHS is nontrivial only

when f and f” are both incident to a common face and
o type(f”) = type(f) U{Jj, k},
e type(f”) = type(f) U{j} —{k},
e type(f”) = type(f) — {J, k},

for j,k € [t] and j # k. In each case, there are exactly two f', say f{, f}, with nontrivial
o g and oy p. What remains is to verify is the identity dg g0y s = dp; yn0y;, which
follows from the definitions of the restriction and corestriction maps given in Section 2.3.3.

This new family of chain complexes is, in a certain sense, equivalent to the original
chain complex from our main construction. In particular, for any subset T" C [t], there
exists a sheaf Fr (which we will specify below) such that the chain complex C*(X, F) is
chain homotopy equivalent to C*(X, Fr,T). Furthermore, this chain homotopy equivalence
is “sparse”, which implies that the code parameters induced from the two chain complexes
are the same up to constant factors. That means if we only care about the asymptotic
scaling of the code parameters it is sufficient to study C*(X,F). See [22, App A] and [41,
Sec 2.1] for more detail on the notion of chain homotopy equivalence.

We now formally define Fr. We write F({h;}!_;) to denote the sheaf constructed
from h; : Fli — Ffi. Recall that h;- : FJ — IF;;‘Z'_AZ' is a linear map that satisfies hi-h! = 0,
i.e. the code with parity check matrix hi is dual to the code with parity check matrix
h;. Let Fr be the sheaf F({h;}!_,), where h, = h; if i ¢ T and h, = h;" if i € T. In some

sense, the structures are flipped when ¢ € T'.
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Rather than establishing a full chain homotopy equivalence, Instead, for the purpose
of deriving a lower bound on the dimension it suffices to prove a weaker statement: that
the homologies of the two complexes have the same dimension. In the next subsection we

show the following.
Theorem 2.19. For any 0 <i <t and T C [t]

dim H'(X,F) = dim H (X, Fr,T). (2.17)

Using the theorem, we can show the lower bound on the rate k; claimed in Corol-

lary 2.16. For this we require the following simple estimate.
Lemma 2.20. Let D, = dim C*(X, F(h'),T). Then

Di=N Y SIS (2.18)
SCIHISAT|=i i#5

where m’; is the dimension of the codomain of .

Proof. We have that D = 3~ e v type(f)ar|=; dim Vy. Foreach f, dim Vi = [];¢eyper) M-
Moreover, we have | X (type(f))| = NnltvpeDIgt=ltyre(/)l where N is to choose g € G,

nleveelHl is to choose a; for j € type(f), and 2t-1Pe(Nl is to choose 0 or 1 for j ¢

type(f). O
The results above lead to the bound on the code dimension claimed in Corollary 2.16.

Proof of the lower bound on k; in Corollary 2.16. Choose m; =vn for 1 < j <1
and m; =(1—v)nfori+1<j<t Let T'={i+1,...,t}. We have the following bound
on k;

k; = dim H'(X,F) = dim H (X, Fr,T) > D, — D,_, — D}, (2.19)

Notice that m; = vn for 1 < j <t. Thus, Dj > Nn' from the term S = {1,...,t} alone.
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Notice that Y35_, Dj = NII;_;(n + 2m}) = Nn'(1+ 2v)". Thus, D; | + Dj,, <
‘_oD} — D; < Nn'(1+ 2v)" — Nn' which implies k; > D; — D; , — Dj,, > 2Nn' —
Nnt(1 + 2v)t. Therefore, as long as v < (2'/* —1)/2, we have k; = ©(¢;). When evaluating

the dimension over Fy, this leads to ©((log, q)¢;). O

2.4.2 Proof of Theorem 2.19

We prove Theorem 2.19 using the following claims.
Claim 2.21. Forany 0 <1<t and0<j <,

dim H'(X, Fjjp, [j — 1]) < dim H'(X, Fyy, 7)) (2.20)

Claim 2.22. Forany0<i<tand0<j<t,
dim Hi(Xv f[ﬂ? [jD = dim Htii(‘X? f[ijf[j}a [ﬂ - []])7 (2'21)
where F* is the sheaf where every hy, is replaced with hi-.

Proof of Theorem 2.19. We first show the following corollary.

Corollary 2.23. Forany0<i<tand0<j<t,

dim HY (X, Fj_1, [j — 1]) = dim H (X, F;, l4])-

Proof of Corollary 2.25. By Claim 2.21, we have dim H'(X, Fjj_1,[j — 1]) <
dim H'(X, Fi;,[j]). Additionally, we have

dim H'™ (X, Fig_ gy, [1] = [7]) < dim B (X, Figpg, [ = [ = 1),
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where we reverse the ordering of the ¢ directions of the cubical complex, which maps [t — ]

to [t] — [j] and [t — j + 1] to [t] — [j — 1]. Together with Claim 2.22, we have
dim H'(X, Fiy, [j)) < dim H'(X, Fy ) [j - 1)),
Thus, dim H*(X, Fj;_1, [j — 1]) = dim H"(X, F;, [j]) as desired. O
By applying the corollary inductively, for any 0 < 7 < ¢, we have
dim H'(X, F) = dim H' (X, Fp,0) = dim H*(X, F;1, [j])-

Rearranging the order of the ¢ directions of the cubical complex maps [j] to 7', which gives

the desired result, dim H*(X, F) = dim H" (X, Fr,T). O

We now prove the two claims. We first prove Claim 2.22, which is more straightfor-

ward.

Proof of Claim 2.22. The main observation is that the two chain complexes C* (X, F;1, [7])

and Cy_. (X, -7:[%}—[]']’ [t] — [j]) are exactly the same. In particular,

= D Vi
feX,|type(f)A[f]|=i

_ @ Fpketype(f)\[j

feX,|type(f)A[j]|=i

On the other hand,

] Ak ® Fpketype(f>m[jJ A=

Coi(X, Fig_pp, 1t = [4])

1
— @ Vf
feX,|type(H)A([t]-[5])|=t—i
1
= @ vf
FeX,|type(f)Aljll=i
L Ap—Ay

_ ® ]Fl_[ketype(f)\([t]*[l])

feX|type(f)Alf]|=i

© F;[ketype(fmat]—[m A
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— D F(l;[kewpemmm e o ]Fquewpe<f>\[j1 A

feXileype(f)AL]|=i
Thus, C'(X, Fi;, [7]) = Cr—i(X, Fﬁ_m, [t] = [j]). Similarly, one can verify that the cobound-

ary maps and the boundary maps agree. Therefore,

Because the dimension of homology equals to the dimension of cohomology, we have the

desired result, dim H*(X, F};, [j]) = dim H*7*(X, ]:[f}_[j], [t] = [J])- O
We now prove Claim 2.21.

Proof of Claim 2.21. To establish the result, we first construct a family of maps
o+ CN(X, Fij—a, [J — 1]) — C'(X, Fyj, [4]), and then show that these maps form a chain
map, i.e. o’ = o'14. Finally, we prove that the induced map on cohomology is injective,
which implies the desired result dim H* (X, Fj;_1), [j — 1]) < dim H(X, F;, [4])-

We start by constructing the maps o' : C(X, Fj_, [ — 1]) = C(X, Fyy1, l4]),
Lo @rexfopenal-ti=i Vi-11r = Drexioperani=i Visp, where Vij_y,p is the local
coefficients induced from Fi;_;). The map can be decomposed into maps consist of V;_1)  —
Vij1.5 between |type(f)A[j —1]| =4 and [type(f’)A[j]| = i. Most of the maps are the zero
maps except for a few pairs of f and f’ with a certain geometric relation.

To describe such a geometric relation, we establish a natural coordinate system in
R, where we assign each cell a point py, which is its center and takes value in {0, %, 1}t In

particular, for the cell f = [g; (ax)res, (br),egl, the k-th coordinate of its center is
o Oifk¢s,bk:0;
° % if ke S,

o 1if k¢ S b, =1.
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The map o« : Vjj_y 5 — V[;,5 is nonzero only when the faces f, f' are incident

1. ej, where e; is the standard vector with value 0 at

to each other and py — py = 3

every coordinate except the j-th coordinate which has value 1. More explicitly, suppose
f=19; (ak)kes, (br)yes)- 1 j € S, then f' = [g - a;; (ak)kes—{5}, (br)yez, by = 1]. Otherwise,
if j ¢ 5, then f" = [g; (ar)res, @}, (br)yes_(;y] for some @) € A;. In the first case f » f’
and pys; = %, psj = 1; In the second case f < f' and ps; =0, pp; = %

For each pair f, f’ that satisfies the above condition, we now define the map
a Vg — Vg e FpkegA[j_l]’k — FpkEST{“AM’k, where A[M is Ay if k ¢ [j]
and A, — A, if k € [7]. Note that /Al[j,l]’k = /Alm,k when k& # j and fl[j,l],j = flj,
fl[m = A — flj. We again split into two cases. If 7 € S, the domain and codomain
simplify into Fpk‘e?ﬁ“ M IF,II_[’CEEAU o T A , and the map is obtained by extending
the Aj-coordinate from a; to F;¥ and applying hy F9 — Fi A Otherwise, if j ¢ S,
the domain and codomain simplify into Fgq s Auie ® Ff}j — ]F(ll_lkegA[j]’k, and the map is
obtained by applying hJT : Ffi — F?i and restricting the Aj-coordinate to a;. The first case
is like applying the restriction map, except that it uses A+ instead of h, while the second
case is like applying the co-restriction map. This completes the construction of the maps «.

Next, we show that these maps form a chain map. Specifically, we need to verify

that

da = ad.

The proof is similar to the proof for § o 6 = 0. What we need to check is

Y ey =Y ap el

flex frex

for every f, f” € X. Since the maps are nonzero only when the faces are incident to each

other, there are three possible relative positions between f and f”

opfu—pf:%-ej:t%-ekforsornek:;éj,

® ppr =Py =€,
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[ ] pf// _pf = 0

The first case was analyzed in the proof of § o d = 0. For the second case, there is only one
possible f’ on both sides. So we need to check 04 gy = opr gndy g for that f/. Indeed,
both sides are written as res# puco-resy pr, where resﬁ v 18 the restriction map using ht.

For the third case, we will show that both sides are 0. Let us first focus on the
left hand side ey 6p pray . Suppose that for some f', 0y prapp is nonzero, then
pf—pf = % -e; by the construction of a. Since pg» —py = 0, this implies pyr —pp = —% - €.
If we review the definition of ¢ for C*(X, F;, [j]), either pyr — pp = j:% - e, for some
k # jorpp,; = % to pgr; = 0 or 1. Thus, the map could be nonzero only when
P =D =0,pp ;= % In this case, « acts as a co-restriction map using h; and ¢ acts as
a restriction map using hi. Overall, we have Y ey 0p provgp = (hjhl) @ I =0, where
I . is the identity operator on the other components.

The analysis is similar for the right hand side -y cx ay 70y . Suppose that for
some f', o 0y g is nonzero, then ppr — pp = % - e; by the construction of a. Since
pgr — py = 0, this implies pp — py = —% - e;. If we review the definition of ¢ for
C*(X, Fij_1), [j]), either py — py = £1 - ¢ for some k # j or pyj = 1 to py; =0 or 1.
Thus, the map could be nonzero only when py; = ppr; = 1,pp ; = % In this case, § acts
as a co-restriction map using h; and « acts as a restriction map using hjl. Overall, we have
S prex Qupr gnly pr = (hjh;[) ®I_ =0.

Finally, we show that the induced map o' : H*(X, Fjj_1), [ — 1]) = H(X, Fp;, [J])
is injective. In particular, we need to show that for any z € Z*(X, Fj_1,[j — 1]), if
o(x) € BY(X, Fy, [4]), then @ € BY(X, Fj_1), [j — 1]). The remainder of the proof relies on

two claims.

Claim 2.24. For0 <i<t. Ifa(x) € BY(X, Fy, [j]), then there exists = € C* (X, Fy_1, [j—
1]), such that a(z) = d(a(2)).
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Claim 2.25. For 0 < i < t. Ifw e Z'(X,F,_,[j — 1) satisfies a(w) = 0, then

w € BY(X, Fj-y, [j — 1]).

(Note that C(...) is defined to be {0} for i < 0.)

We first prove the theorem assuming the two claims. By Claim 2.24, there exists z

such that a(x) = d(a(z)) = a(d(z)), where we use the fact that « is a chain map. This
implies, a(w) = 0 for w = x—d(2) € C'(X, Fjj_1), [J —1]). Because z € Z*(X, Fj_1}, [ — 1))
and 0(z) € B (X, F_1,[j — 1]), we have w € Z'(X, Fj_1;,[j — 1]). By Claim 2.25,
this implies w € B*(X, Fjj_1],[j — 1]). Since = w + 6(z), we have the desired result
v € BI(X, Fiyy,[j — 1))

We now prove the two claims in order.

Proof of Claim 2.24. For i = 0, B'(X, F;, [4]) = {0}, which means a(z) = 0. Thus,
we set z = 0.

For ¢ > 0, since a(z) € BY(X, Fyj, [j]), there exists y € C"71(X, F;, [j]) such that
ox) = 6(y). We claim that y can be expressed as ' + d(s), where s € C"*(X, Fi;, [4])
and y' is supported only on faces f such that p; # 0. (When ¢ = 1, y already has the
desired support. So we can set y' = y.) This follows from the fact that part of the §
map that relates faces with the j-th coordinate equal to % to those faces with the j-th
coordinate equal to 0 is surjective. In particular, for every f with py; = 0, consider the map
Qg5 Vijl.pr — Vj1.p estricted from 4. By the definition of 6 on C*(X, i, [5]), the map
can be written as hjL ® I... Such a map is surjective, because hj is surjective. Therefore,
we can find s € C"" (X, F;), [J]), that cancels out the contribution of y on faces f where
prj=0.

Since a(z) = 6(y) = §(y/), it suffices to find z € C"" (X, Fjj_1, [j — 1]) such that
a(z) = y'. In our construction, z is chosen to be supported on the faces where the j-th

coordinate is either 0 or % We first describe the faces with py; = % To define the value of
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z on those faces, we utilize the restriction of a t0 gy Vjj—1),5 = V;),;» where pp ; = 1.
By the definition of «, this map can be written as hj ® I, which is surjective. Therefore,
we can demand z|g-  to be the preimage of y'| .

We now describe the faces with ps; = 0. To define the value of z on those faces, we
utilize the restriction of o to Vj_y; — Q- 5 Viji.pr where pyr ; = % By the definition of
a, this map can be written as hJT ® I, which is not surjective. Nevertheless, we claim that
Y'| >, ¢ is in the image of hJT ® I, which allows us to define z|; as its preimage.

To show that 3| s ¢ is in the image of h] @1, we use the property that a(z) = d(y/)
and the fact about their support. By construction a(z) and ' are not supported on the
faces f where py; = 0. That means a(z)|; = (hy @ I.)(¥/|p»,) which is equal to 0.
Therefore, y'|f/>jf is in the kernel of hjL ® I, which means it is in the image of th &I,

as claimed. 0

Proof of Claim 2.25. The goal is to construct v € C*"1(X, F;_q), [j — 1]) such
that w = d(v). For i = 0, we set v = 0. For ¢ > 0, v is chosen to be supported on
the faces where the j-th coordinate is 1. For every f with ps; = 1, consider the map
V-1, = ®ps=, s Vij—1),p testricted from . By the definition of § on C*(X, F;_1,[j — 1),
the map can be written as h]T ® I, which is not surjective. Nevertheless, we claim that
w 3, ¢ 18 in the image of th ® I, which allows us to define v|; as its preimage.

To show that w3 is in the image of hJT ® I, we use the property that a(w) = 0.
The restriction of the domain of a to {f" =; f} gives the map ® ps— ; Vjj_1p» — Vj1.5- By
the definition of «, the map can be written as hjL ® I ... Therefore, w| ¢ is in the kernel
of hj ® I, which means it is in the image of hJT ® I, as claimed.

We now show that §(v) = w. We check that the equality at faces with j-th coordinate

equal to 0, %, 1 in order. For faces with p;; = 0, we claim that both sides have a value
of 0. We have §(v)|; = 0 because v is supported on faces where the j-th coordinate is 1.

This implies that 6(v) is supported on faces where the j-th coordinate is either 1 or % To
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check w[y = 0, we use the fact that a(w) = 0. Consider the map Vj;_1jy = Qs s Vij.p
restricted from «. By the definition of «, the map can be written as th ® I, which is
injective. Since a(w)|ss- ;= 0, we obtain w[; = 0.

We now study the faces with py; = % For every f’ with py/ ; = 1, by the construction
of v, wlys p = (h] ® I)(v]p). By the definition of 6, (] @ I.)(v|s) = 6(v)| s, s Thus,
d(v) and w agrees on the faces with py; = 1.

Finally, we study faces with py; = 1. Let w’ = w — §(v). To show w'|; = 0, we
utilize the fact that d(w’) = 0, and that w' is supported within the faces with py; = 1.
§(w'") = 0 follows from w € Z'(X, Fj;_1,[j — 1]), and the second statement follows from the
previous parts of the proof. Consider the map Vjj_1y = @ps 5 V]j-1),p restricted from
0. By the definition of 4, the map can be written as hJT ® I, which is injective. Since
o(w')| -, = 0, we obtain w’|; = 0, which implies 6(v) and w agrees on faces with py; = 1.

This completes the proof. O

]

2.5 The local chain

In this section we define a “local” chain complex C(Lg), for each subset S C
{1,...,t}. This chain complex will be used as a tool in the analysis of the complex
C.(X, F) introduced in the previous section. In particular, as we will show in Lemma 2.27,
the chain complex C(Lg) is isomorphic to the “local view” of C,(X,F) from any face f
such that type(f) = S, i.e. the subcomplex C.(X5y; F). In Section 2.5.2 we introduce an

important property of the local chain complex, robustness.

71



2.5.1 The complex

We start by defining a 1-dimensional complex L; = L;(0)UL;(1), wherei € {1,... t},
as follows. There is a single O-dimensional face L;(0) = {0} and there are n; 1-dimensional
faces which we label using elements of A;, L;(1) = A;. The incidence structure is the
obvious one, () < a for any a € A;.

Next we introduce coefficient spaces Vj = IF;;‘Z' and V, = F, for each a € A;. The
coboundary map is defined, for x € Ffi and (with a slight abuse of notation, which we will

repeat) a; the a;-th canonical basis vector of IF;;Z', as

dgiy(@)(a;) = (b (x))(a;) -

The boundary map Jy;y = d7;, is then

Oy (y)(0) = hiy,

where y € .V, ~ F.

Above we used a subscript {i} to distinguish them from the (co)boundary maps
associated with the complex C'(X). We denote the resulting complex as C(L;).

More generally, for S C {1,...,t} we define an |S|-dimensional complex C(Lg) as
follows. For k € {0,...,|S|} the k-faces are Lg(k) = Urcsrj=xLs(T"), where the faces
Ls(T) of type T are in bijection with elements [];,cr A;. The incidence structure is given by
'+ fiff f"is of type T" such that |T"| = |T| + 1 and 7' C T". The local coefficient space
associated to a face f of type T"is V; = ]FyiES*T Ai. For x € V4, the coboundary map is
defined as

bs(x) = Y (I_;@h))(x) € P Vp,

jes-rT I f
and the boundary map is

Os(x) = >_(I; @ y)(x) € P V.

JET f=<f
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Remark 2.26. One can verify that the complex C'(Lg) is the homological product [42] of the 1-
dimensional complexes C(Ly;), for i € S. In particular, we see that Co(Ls) ~ ®;csCo(Lyy),

C1(Ls) = @ies(C1(Lgy) ®jes—giy Co(Lyjy)), ete.

Lemma 2.27 (Local and global). For any face f = |g;a,b] of type S there is a natural

isomorphism between C(Xy) and C(Lg). In particular, for every T C S, C(X5;(SUT)) ~

C(Lg(T)).

Proof. A face g € X5¢(SUT) is given by ar € Ar and can be written as g = (g;)
fi 1¢T

where ¢; = . In shorthand, ¢ = (f_r||ar). By definition, for a face g of type
a; 1€T

) A;
SuT,V,= IF{I”Z(SUT) " = Veur so

C(Xzp(SUT))= @B Vo= D Vil = P Vour -

geEX > F(SUT) a€AT ac€Ar
. H‘Q(SUT) Aj
An element of C(X5;(SUT)) is thus a tuple = (23)zea, where z; € Fy™ :
er AL esir Aj
therlbesa® _ o1o(1) by setting

Such a tuple is naturally identified with 2’ € Fq

A

Ty o = (Ta)a for a € [[jer Aj and @' € ez 4j-
It is easy to check that under this isomorphism the boundary and coboundary maps
of C(Lg) and of C(X-y) coincide. O

We will use the following.

Lemma 2.28. Forany S C {1,...,t} the chain complex C(Lg) is exact ati =0, ...,|S|—

1, i.e. for any x € C;(Lg) such that Os(x) = 0 there is a y € C;j11(Ls) such that ds(y) = x.

Proof. This follows from the Kiinneth formula, using that C'(Lg) is the homological

product of 1-dimensional complexes C'(Ly;;) which satisfy dim Ho(Lyg;y) = 0. O

Lemma 2.29. Forany S C{1,...,t} and for any x € C|g/(Ls) such that Os(x) =0, x

must be in the tensor code @ ;cgker(hy;).

73



A
Proof. Observe that Cig(Lg) = IF;LES

, so an element x € Cg/(Lg) is an |S]-
dimensional tensor. The condition dsz = 0 for x € C|g/(Lg) implies that for every j € S
and every (a;)jes € [jes Aj, the column vector x(a_j;, -) where we fix all coordinates except

the j-th belongs to ker(h;). This is exactly the definition of the space @;cgker(h;). O

2.5.2 Robustness

Let S C {1,...,t} and C(Lg) be the dimension-|S| complex described in the

previous section. For ¢ € S let

C-=im(h]) C IF:;‘Z' :

)

Let d;i- be the minimum distance of Ci*, i.e. di- = min{|z|y : x € C;*}, where recall that |- |g

. A;
denotes the Hamming weight. For a k-face f € Lg(k) of type T and = € V; = IF(IZ_LGS\T
we let |z = 1o4. For # € C*(Lg) we let x| = X cp ) |2(f)], ie. the number of faces f

such that z(f) is nonzero. We refer to | - | as the block-(Hamming)-weight.

Definition 2.30. Let k € {1,...,]S|}. An element z € C*(Lg) is called minimal if for

any y € C*Y(Lg), |z + ds(y)| = |=|.

Definition 2.31 (Robustness). Let S C {1,...,t} and £ = |S]. For 0 < k < ¢ —1 let
ke be a positive real. We say that C'(Lg) is k¢ -robust (implicitly, at level k) if for any

x € C*(Lg) such that x is minimal it holds that

10s(x)| = Kegpnlz| .

Remark 2.32. The condition of k-robustness is stronger than the notion of product-expansion
from [14] because it applies to all levels k£ < |S| as opposed to only k& = |S|—1. Nevertheless,

in Lemma 2.38 below we show a reduction from the later to the former. Furthermore,
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both notions are equivalent to co-boundary expansion of the complex C'(Lg). For k €

{1,...,|S| — 1} the co-boundary expansion coefficient h*(Lg) is defined as

hk(LS) = min 195 ()]

2€Ck(Ls)—im (5s) Milyeim (55) [T + Y|

We have that h*(Lg) < repn because if x is minimal then mingeim g |2 + y| = |z].
Conversely, if  achieves the minimum in the definition of h*(Lg) then 2’ = z + y for any

y € im (Jg) that minimizes |z + y| will be such that |ds(z')| = h*(Lg)|2'].

Remark 2.33. For the case |S| = 1, the condition of z € C°(Lg) being locally minimal
is vacuous, because there are no (—1)-faces. Moreover, in that case S = {i} for some
i, 05(z) = hl'(z), |x| = 1z and |d5(z)| = |0s(x)|m, the Hamming weight. Thus in this
case the condition of robustness is equivalent to the condition of distance, i.e. for each
i€ {1,...,t} we have that Ly is (di-/n)-robust, where d;- is the distance of the dual code

Ci.

(2

Definition 2.34. Let x > 0. We say that the family {h;} is two-way k-robust if the

following conditions hold.

e When based on the matrices {hy,...,h;}, the complex C(Lg) is k-robust for each
S C{1,...,t} and at each level k =0,...,|S| — 1.

e When based on the matrices {hi,...,hi}, the complex C(Lg) is x-robust for each

S C{l,...,t} and at each level £ =0,...,|S| — 1.

We show the following:

Theorem 2.35. For each collection of intervals Iy, ..., 1, € (0,1), there exists k > 0 such
that for all n € N there exist parity check matrices h; € Fgl_pi)"m, where ¢ = 2("+3)£, such

that p; € I; and {hy, ..., h} is two-way k-robust.
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We note that the theorem was previously known for / = 1 and ¢ = 2 over fixed ¢
(for example [Fy). The case for £ = 1 is known as the Gilbert—Varshamov bound and the
case for ¢ = 2 was shown recently in [14, 15] (and earlier for a sub-constant robustness
parameter in [2]). Our proof crucially relies on a recent result by Panteleev and Kalachev
on the existence of code tuples with product expansion, provided that the field size q is

large enough.

Theorem 2.36 (Panteleev and Kalachev [4]). For each collection of intervals I, ..., I, C
(0,1), there exists p > 0 such that for all n € N there exist codes Cy ...,Cy C Fy, where

q= 2 +3)"  such that %dim(Ci) € I; and both collections Cy,...,Cp and Ci-,...,C} are

p-product expanding.

In Lemma 2.38 in the following section we show that any p-product expanding

family is also p’-robust, for positive p’. This proves Theorem 2.35.

2.5.3 Product expansion implies robustness

In this section we show that product expansion implies robustness. Recall the

definition.

Definition 2.37 (Product expansion, [14]). A family of codes {C;},.|, is said to have
p-product expansion iff the co-cycle expansion of Ly at level £ — 1 is at least p, namely, if

5cocyc<€ - 1) > n-p.

To be precise, the definition in [14] is given in slightly different terms, but it is exactly
equivalent to the definition above, as shown in [14, Appendix BJ.

For our results, we need a bit more: as stated in Definition 2.34, we need not only
coboundary expansion at level £ — 1, but also for all levels k < ¢ — 1. In the next lemma we
show that the latter follows from the former. For convenience, assume for the remainder of

this section that the family {C;}, is fixed, and we omit it from our notation.
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Lemma 2.38. Let { > 1 and S such that |S| = (. For every p > 0 there is some p' > 0
(depending on p and £) such that the following holds. Suppose that for every S" C S and

V' =|S" > 1 the complex Lg satisfies kpp—1 = p. Then for all0 <k <l —1, ke > p'.

The proof of the lemma is given in the next two subsections.

Proof of Lemma 2.38

We prove Lemma 2.38 by induction on ¢. For ¢ = 1 it is true because the only
relevant case, k = 0, is covered by product expansion. We assume for convenience that
S ={1,...,0} = [{]. Assume that we have a lower bound on ks, for all 0 < k& < ¢. We show
a lower bound on 41, for any k£ < ¢ (the case k = ¢ is covered by product expansion).

Recall the sheaf F;, which is such that for any s € Ljg, Fi(s) = F{qu]\type(s) Ai. Let
C(Lig41), Fes1) denote the chain complex. We partition L) into two parts, Ly and Ly,

as follows.

1. Lo consists of all faces whose type is contained in [(] = {1,...,¢}. Clearly Ly = Lyy.

Moreover, for each face s € Ly,

(.Fg(S))AHI _ (]Fpie[é]\type(s) Ai)AzH ~ Fl—[ie[ul]\type(s) Ai = f£+1(3)~

So

C*(Lo, Fesr) = CH(Lig, F) | (2.22)
for M = |Ag+1|. Here, FM is the sheaf where each space Fy(s) is replaced by the
cartesian product Fy(s)M. We will rely on Proposition 2.39 below that upgrades

coboundary expansion with respect to coefficients from F to the same with respect

to FM for any M € N.

2. L, consists of faces whose type contains £+ 1. These faces can be written as (s; j) for a

face s € Ly and an element j € Agyy. Thus Ly (k) is partitioned into n = | A1 | copies
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of Lig(k). Put differently, for each s € Ly we have an n-tuple (Fri1((s;5)))jea,,, of

coefficients that naturally lives in Fy(s)™. So

C*(Ly, Fer1) = CH(Lig, F).

Here we are using the fact that there is a face (s;j) € Ly for each j € Ayyq, and the

coefficient space of this face satisfies
H'€[4+1]\t (« -'>>Ai H'em\t ( A;
. . T e((s; _ 7 e(s) o
Fey1((s;4)) = Fq I =T ” = Fu(s).

For x € C*(Ly, Fri1), we can decompose z = Y., z(s) according to the value
J € Apyq that s takes on the (£ + 1)-st coordinate, as
xTr = Z Yj Oj , Y; € Ck(L[g],Fg) (2.23)
JE€AL

where y; 0 j € C’k(L[gH],]:gH) is defined by

Vs € Lyg(k), Vi€ Ay, (yj0j)(s;1) = :
0 LF

Let # = 0y € C*™(Lyp41), Fey1) be such that |z = | X (k + 1)|. Write zg = x|, €
C*(Lo, Fey1) and observe that x¢ = (8y)|z, = d¢(y|1,), where &, denotes the coboundary
map in C(Lyy, Foy1) = C(Lyy, F'). (This is because §; only adds coordinates in one of
the first ¢ directions.) To complete the argument we need a bound on &g, the coboundary
expansion constant of the chain complex C*(Lyg, F'). Let kp be the infimum of all
coboundary expansion constants of Ck(L[g], FM), taken over all natural integers M. We call
Ky, the collective robustness because of its similarity to the notion of collective cosystolic

ezpansion studied in [43, Definition 1.2].

In Section 2.5.3 below we show the following.
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Proposition 2.39. Let k = min,cp<ykp ;. There is a constant A > 0 depending only on

¢ such that kep > A - k%,

In words, this proposition roughly says that if the chain complex C*(Lyg, F) has
constant robustness .., then the chain complex has constant collective robustness &. ..
By the inductive hypothesis we have a lower bound for s ; for all i < ¢/ < ¢, so by

the proposition, there is g € Ck(L[g], FM) such that §,50 = xo and
Repn - [Go| < |zo| < [z, (2.24)

Let 2’ = x — 6§y € C*¥(Ly, Foy1). By construction 2’ € im § since o = 6(y — ), and also,

using n = | Ao,

nt 14
<(1+— . 2.25

) )

|| < J| + 1670l < fa| +nl - [go] < |z] +

Claim 2.40. There are chains z; € C*~1(Lo, Fy) for each j € Ay, such that

= > (0z) 0. (2.26)

JEAL1

Proof. We have ' = 0y’ for y/ = y—1o. Since 2’|, = 0, we deduce that y'|1, € ker d,.
By exactness of ¢, there is some 2’ such that y/|,, = 62’. Letting v/ = ¢/ — 62/, we
still have dy” = 2’ but now y"|r, = ¥'|r, — 02|, = ez’ — 02|, = 0. In conclusion,

y" € C*(Ly), so by (2.23) it can be written as ¢/ = > z;j 0 j, and then we can write

JEAL+1

= 5?// — ZjeAg+1 562’]' 07. []

Let y" = Yjca,., Zj © J, where Z; are chosen to have smallest weight while satisfying

0¢Z; = 0425 By induction kg ,_1n - |Z;| < |dez;], and

V=Y < 3Lk

j j Nkek—1
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2]

Kgk—1m
1 l
< 14+ —)|z|, 2.27
el (2.27)

where the second line is by (2.26) and the third is by (2.25). This allow us to define

U = 9o + 3", which satisfies 0§ = x and

~ . 1 1 14
19| < 19| +1y"] < <_ + (T4 — )) |z
KegM Ky g—1M Kk

which follows from (2.24) and (2.27). Thus,

Re+1,k > 1 1 ( 1 )

Ko,k Kek—1

which concludes the induction step. O

Proof of Proposition 2.39

In this subsection we prove Proposition 2.39, which lower bounds the coboundary
expansion of a direct product sheaf based on the coboundary expansion of the original
sheaf. To lighten the notation, we fix ¢ and let X = L;, and we fix M € N and denote
by F the sheaf that to each face f of L, associates the coefficient space F(f) = (F(f))M.
The coboundary operators in this complex simply operate component-wise. Moreover,
the weight of a chain is still the number of faces with non-zero values. Let ;5 be the

robustness of C(X,F) at level k, as in Definition 2.31.

Definition 2.41. Let 0 <p < 1and 0 < r <. Given an i-chain z we say that an r-face
e is p-heavy for z if
2(Xze)| 2 pr | Xze(d)]

If e is not p-heavy then we say that it is p-light.

Proof of Proposition 2.39. Let y; € C’k(L[g],]:") and let x = dy;. We will find
y € C¥(Lyg, F) such that §y = z and |y| < == - |X(k)|, where || = & - |X(k + 1)|. We
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may assume wlog that € < %(%)%. This is because if not, then as long as A < W%)Z the

proposition follows trivially as
I_{&kn . |Y1| < l_i47k|X<k + 1)| < €|X(/{3 + 1)| == |ZE| .

For each a € F, we denote a -y the chain in C*(X, F) that satisfies (a-y1)(s) = a-(y1(s))
for every s € X (k). By linearity, 0(a - y1) = a - (0y1) = a - z. Observe that for any face s,
z(s) = 0 implies a - z(s) = 0 so |a - 2| < |z|. Let g, € C*(Lyy, F) be the minimum-weight

chain such that ¢, = o - . By coboundary expansion of C(Lq, F),

Vo,  kKegn - |Ual < 100a] = o - x| < 2. (2.28)
Let eq,...,eym € IF(]]M be the standard basis and define

Vs € X(K),  ¥(5) = (Gar(5)s - e (), (2.20)

Clearly dy = (e; - z,...,epy - x) = x. To conclude the proof we will show the following

claim.

Claim 2.42. Let p = 5(%)*. Let H C X(k) be the set of k-faces that are above some

p-heavy face of x:

H = {se X(k)| Je < s, e is p-heavy for x} . (2.30)
Then
Vs ¢ H Vo, € FY, Ua(8) + 05(5) = Garp(s) - (2.31)
Moreover,
H| < 28 51X (k)| (2.32)
p

We first show how the claim can be used to conclude the proof. For any face s ¢ H

and for any a € F)/, (2.31) implies that J,(s) = >; e, (s). If y(s) # 0 then there is some
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i such that ge,(s) # 0 which means that P,[f,(s) # 0] > 1/2, where the probability is
taken over a uniformly random choice of a. We conclude that for every s € supp(y) \ H, at
least half of the o have §,(s) # 0. Reversing the order of the quantifiers, there is some «

such that §,(s) # 0 for at least half of s € supp(y) \ H. Namely |supp(y) \ H| < |fal, or
y| < 2[gal + [H|. (2.33)
Using the bound (2.32) on the size of H,

~ _ €
nlyl < 2nlgal + nlH| < 2(kex) " a| + 2kn;|XUf)|

where the last line uses (n/t)| X (k)| < | X (k+1)| and the definition of €. Since by definition
Kok = K, this shows that Ry = Qi (1)s%, as desired.

It remains to prove Claim 2.42. We start by showing the upper bound (2.32) on the
size of H. Towards this, consider the random process of choosing a face in X (k4 1) by first
choosing uniformly at random an r-face e and then a random (k + 1)-face containing it,
s = e. If e is p-heavy for x, then the probability that x(s) # 0 is at least p. The fraction of
r-faces that are heavy for x is thus at most €/p. A k-face has exactly (f) r-faces below it,
so it has this many chances to contain a heavy r-face. By a union bound, the probability

of this event is at most (ff) -€/p. Summing over all r < k,

<X (1) b= £ xon

1™

It remains to prove (2.31). First observe that for all «, j3,
0o + 00 — 0Jarp=a-x+ -2 —(a+ ) -z =0.
SO Yo + Us — Jatp € ker 6 = im d;_; and therefore we can write

ga —I— @/3 — Qa—&-ﬁ = 52! (234)
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for some z € C*1(X, F). Let 2 be such a chain with minimal weight. We assume that
dz(s9) # 0 for some sy € X(k), and show that sy € H. This will show (2.31).
We begin with the following claim that will help find a face e below sy that is heavy

for dz.

Claim 2.43. Let 1 <r <i</{ andlet z € C(X). Define fi,, gir : [0,1] = [0,1] by

Re—ri—r t—r+1 Re—ri—r t—r+1

fiﬂ“(p) = 2 : 7”(@—7’—1— 1) ‘P, U/nd gl,?“<p) = 2 g—Z

Then for any 0 < p < 1, if e € X(r) is p-heavy for z yet each ¢’ < e is f;.(p)-light for z,

then e is g;,(p)-heavy for 0z.

We defer the proof of the claim to the end of this section. Since dz(sg) # 0, there
must be some ey < sg such that z(eg) # 0. Clearly ey € X (k — 1) itself is pg = 1-heavy for
z € CFYX). If all e < eg are p; = fr_1x_2(po)-light for z, we let s; = ¢5. By Claim 2.43,
$1 18 ¢1 = gr—1k—2(1)-heavy for §z. Otherwise, choose e; € X(k — 2), e; < ey a p1-heavy
face for z. If all e < ey are py = fr_1,—3(p1)-light, we let s; = e;. By Claim 2.43, s; is
¢2 = gr—14k—3(p1)-heavy for 0z. Otherwise we continue taking e; < ---e; < ¢ such that

e; € X(k—1—j) is pj-heavy for z, where

Pi = fo1h—j—10 -0 fr_1k—2(1)

i. 2. (j+1)
2l jl—j5+1)
1 741

o7 Re—k421 0 Rk, (ﬁ—j—l—l)---é'

= Ke—k+2,1 " Rb—k+j+1,5

We can continue this process until either j = k or for some j < k all e < e; are p;,-light for
z. In the latter case Claim 2.43 applies and we find s; that is gj41 = gk—1.4—j—2(pj)-heavy
for §z. Note that if j = k then there is a single face e;1; € X(0) such that e;;; < e, and
being py_1-light is the same as the fractional weight of x being smaller than p;_;, which

holds by assumption (given the assumption made on € at the start of the proof).
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To summarize the argument, letting ¢ be the minimum of all ¢;, for j € {k—1,..., 1},
we have found s; < ey such that s; is at least g-heavy for 6(z). Moreover, ¢ = Q(k%), with
the implicit constant depending on ¢ only.

By (2.34), and relying on the triangle inequality, one of g, §s, or J,+s have at least
1/3 of the weight of 6z above s;. Assume without loss of generality that it is g, , so s7 is
q/3-heavy for g,.

We now repeat the same argument as before. This yields a sequence sy = e;; <

eji_1 =< -+ = s; such that sy is Q(k'q) = Q(k*)-heavy for 6§, = o - x. Thus s, is also

heavy for z. Since sy = s1 = so this implies so € H,as desired. O
Proof of Claim 2.43. By definition,
. . t—r i—r
2(Xe@)] 2 p- [Xoe@)] =p- | ] 0" (2.35)

Let d. denote the coboundary operator of X, and notice that X-.(i) = Ly_, (i —7). (Note
that we allow r = 4, in which case this complex has a single element ¢ in level i — r = 0.)

By coboundary expansion of Ly, (i — ),

0e2(Xoe(0)] 2 0w Kppir - |2(X5e(4))]

2 n-Keg—ri—r-pP- |X2€(Z)|
()
=T
= Kf—rji—r " —r
(ifrJrl)

=2 gir(p) - [Xse(i+ 1)] - (2.36)

P Xoe(i + 1))

We need to compute the weight of 6z inside X-.(i + 1). Recall that for z € C(X) and

s € Xs(i + 1) the coboundary map is defined as

6z(s) = Y coresy(z) = > (I_; @hl)(2(s)]... 85, -] -

s'<s s'<;s

Separating i-faces into s’ = e and s’ ¥ e,

dz(s) = Z CO-TeSy 52 + Z CO-TeSy 32 = Z CO-TeSy 52 + 0cze(S) - (2.37)
eAs'<s e<s'<s eAs' <s
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We claim that the first summand on the right hand side is non-zero only for few s € X-.(i).
The key is that for each fixed s’ i e, co-resy s(z) can be non-zero for exactly one s €
Xse(i + 1), namely, the one that is above both s and e. Each such s’ can be ‘charged’
to €, the (r — 1)-face directly below both e and s’ (this is the empty face in case r = 1).
However, by assumption on e, no ¢ < e is f;,.(p)-heavy for z. So the number of faces s’
that are charged to €’ is at most |ze/| < fi,(p)| X>e(7)]. Summing over all r possible €’ < e,
this gives at most

e fir(0) - [ Xoe ()] = [Xoe (@i + 1)] - 6ir(p)

non-zero faces that come from the first summand in (2.37). Observe that we are comparing
two numbers of the same order of magnitude: the number of (i + 1)-faces above e,

| Xoe(i+ 1) = (ifir>ni“*’", and the number of i-faces above ¢/, | X (1) = (e;ijl)ni“”".

Plugging in (2.36) we deduce
[(02)(Xze(i 4+ 1))| 2 [0e(2(X2e ()] = 7 fir (P)| X e (4)]
2 29ir(p)| Xze(i + 1) = rfir(p)[ Xoe (4)]

= 9ir(p) - [Xoe(E + 1),

so e is g;,(p)-heavy for dz. O

2.6 Expansion properties of the geometric complex

In this section we we define some random walks on X that will play an important
role in the analysis, and show that all these random walks have good expansion properties,
assuming only that the “1-dimensional” random walks on the Cayley graphs Cay(G, A;)
are expanding. Before proceeding, we start by formulating some useful incidence properties

of the geometric complex X.
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2.6.1 Incidence properties

Lemma 2.44. Let 0<i<t. Let f € X(i). Then
P(f)] = 2i and lu(f)| = ({t—i)n. (2.38)

More generally, if 0 < ¢ <1 < k <t then

t—i ‘ N\
X1 (k)| = (k _Zz>nk and | X<;(0)] = @ 2t (2.39)
As a consequence,
1 E\ otk k
(XK = 55 2 [Xsu(B)l = ()2 "Gl
veX(0)
Proof. An i-face is f = [g;a, b] of type S such that |S| = i. To specify an element

in 9(f) we specify (i) an index j € S (i choices) and (ii) a value b; (2 choices). To specify
an element in u(f) we specify (i) an index j ¢ S (¢ — i choices) and (ii) a value for a; (n
choices).

More generally, to specify an element of X (k) we specify (i) a subset S’ C S of
size |S'| = k — ¢, and (ii) a value for ag. To specify an element of X< ;(¢) we specify (i) a
subset S’ C S of size |S'| =i — £ and (ii) an element b € {0,1}%".

Finally for the “consequence”, for the first equality note that each f € X (k) lies
in X-,(k) for exactly 2% vertices v € X (0). For the second equality, we have |X(0)| =
21G|. O

2.6.2 Markov operators

We recall some basic notation and facts.

Definition 2.45. Let V be a finite set. Let RV denote the vector space of real functions

on V and (-,-) the standard inner product. For M : RV — RY linear we say that
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1. M is symmetric if (M@, ) = (¢, M) for any ¢, € RY;

2. M is Markov if M¢ > 0 whenever ¢ > 0 (entrywise) and M1y = 1y, with 1y the

constant one function;

3. M is A-expanding, for some 0 < X\ < 1, if (M ¢, ¢) < A9, ¢) for all ¢ € RV such that
<¢7 1V> =0.

We will use the following well-known lemma.

Lemma 2.46. Let M : RV — RY be a symmetric, Markov, A-expanding linear operator.

Then for any x € R,
[Edlk

Vi

(@, M) < A|l2l3 +
where ||z||1 = Siey |i| and ||z]|2 = (Ziev #2)Y/? denote the 1- and 2-norm of x respectively.

Proof. Decompose x as © = au + [v, where u, v are orthogonal vectors of norm 1

such that u is colinear to the all-1 vector. Then

(x, Mx) = o® + *(v, Mv)
< a? 4+ \p?

— (1 - A) + el

where the inequality uses that v_Lu and the assumption that M is A-expanding. Moreover,

because u; = 1/4/|V| for all i. Combining both inequalities completes the proof. O

Given a graph G = (V| E), we say that G is A-expanding if the Markov operator

that is given by the normalized adjacency matrix of G is A-expanding. This notion is only
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suitable for graphs that are connected. However, the constant degree complex described in
Section 2.3.5 is not connected, so we have to generalize the notion. We say G is A-expanding
up to size r|V| if the graph is a disjoint union of graphs of size > r|V| where each graph
is A-expanding. In particular, the constant degree complex satisfies 7 = Q((log |G|)~¢=Y).
For each set A;, we let G; = Cay(G, A;) denote the graph whose vertex set is V; = G,
and such that there is an edge between (g, ¢') if and only if ¢’ = ¢ - a; for some a; € A;.
Since we assumed that A; is closed under inverse, Cay(G, A4;) is an n-regular undirected
graph (which for simplicity one may assume does not contain any self-loops, although our

arguments extend verbatim if there are).

Definition 2.47. For a set of permutations A on G, we say that the pair (G; A) is

A-expanding if the Markov operator M : R® — R such that

M(e,) = |A| > ega (2.40)

acA

is A-expanding, where e, denotes the g-th canonical basis vector of RE.
More generally, for 0 < r < 1 we say that (G; A) is A-expanding up to size r|G| if

the graph is a disjoint union of graphs of size > r|G| where each graph is A-expanding.

Let M; be the Markov operator associated with the normalized adjacency matrix
of G; = Cay(G, A;) as in (2.40). Hereafter, we assume that G; is A-expanding up to size
r|G| for all j.

Let D : R* — RX be the normalized unsigned boundary operator, i.e.

Tl P

Note that |u{f}| is independent of f (see Lemma 2.44), and so this is a linear operator.

Do(f) =

Let U be the normalized unsigned coboundary operator, i.e.

> of

U
o0 = =
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Claim 2.48. The operators D and U satisfy that for any ¢ and ¢ : X({) — R, ¢ :
X({—-1) =R,
E ¢(NDe(f) = E U (fe(f),

fex(e—1) frex(o)

where both expectations are uniform.

Proof. To verify this, for any ¢, ¢’ we have
1 1
< d'()DO(f) = 77— ¢'(f
X(E—l)fexzé1 X — 1))06)(2Z 1)u{f}fgf
1
= 2 > IS
X(£> GX(K) D{f/} f‘<f’
1
< 2 Ud(fe(f).
TX0 %,
Here the second line is because for any f < f’, X)(f(;)l) = 1{{];}} . m

2.6.3 Expanding random walks

We define and analyze some random walks on the vertex set X (k).

Definition 2.49. For 0 < ¢ < k define the following walk W®** on X (k). Starting at
fe X(k),
1. Choose a uniformly random v € X () such that v € 9*=9{f}. (If £ = k then set

v=Ff.)

2. Write v = [g;a,b] and S = type(v). Choose a uniformly random i € S and a; € A;.
Let ¢ = gay,

=lg;d,V].

af = aj for j € S, by =1 —1b;, and b = b; for j € S — {i}. Let

3. Return a uniformly random f’ € u*=9{v'}.

We write WEO . RX(*) — RX*) for the Markov operator associated with this walk and

ngf) : R¥(®) — RX®) for the adjacency matrix associated with this walk.
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Definition 2.50. Let 0 < ¢ < k <t and v € X (¢). Recall the definition of the set
@ouw)Xoy(k) = {f € X(k) | 3f € Xou(k +1), f = £}

In words, these are k-faces that are included in a (k + 1)-face that contains v. Such faces
can either contain v, or intersect but not contain v, or not intersect v. We write the set of

k-faces that intersect but do not contain v as

Nby(k) = {f € X(k) | 3f € Xou(k+1), f < f', fOv#DvAf},
and those that do not intersect v as

Op,(k) = {f € X(k) | 3f € Xou(k+1), f = f', fRv=0}.

From the definition, it is clear that
(Dou)Xo,(k) = Xsu(k) UND, (k) U Op, (k) . (2.41)

The following lemma states a useful “covering” property for the neighborhoods Nb, (k).

First, for any 0 < ¢ < k < t we define

= X(l+1): = d v, € Nb,, (k)¢ . (2.42
Ukt veEX(Z)I:%ii{ZEX(k): HU@JA < ( + ) U = Vg1 2 U and v € £+1( )}‘ ( )
Vg =V, Vg <V},

We observe the crude bound

ary < [Xeo (C+1)] < 2 (2.43)

for all ¢, k. Here the first inequality is because vpy; in (2.42) must be in X, (¢ + 1), and
the second inequality is by Lemma 2.44. Furthermore, we observe the following claim

(which will not be used in the proof).

Claim 2.51. Ifk=t—1thena,_1,=1 foralll <t—1.

90



Proof. Fix v, € X(¢) and wvg, v, € X(k) such that v, < v; and v, < vj,. We
first show that any vey; € X (¢ + 1) such that vy < ve1 = v and v, € Nb,,,, (k) has
type(ves1) = type(ve) U ([t]\ type(vy,)). This is because using the first condition necessarily
type(ver1) 2 type(vy) and has exactly one more element; furthermore, using the second
condition that element must be the unique element of [¢] that is not in type(v}). Once its

type has been fixed, vy, is uniquely determined by the condition vy < vy =< vp. O

Lemma 2.52. For all v, € X (k) and ¢ < k,

|_| Nbvé+l(k) - Qg0 |_| X}’ue(k),

V41 3Vk Vp <V,

where U denotes the union of multisets, i.e. elements are counted with multiplicity, and

a- S is all elements of the multiset S with multiplicity multiplied by a.

Proof. Let v, € X(k). For vy € X(€ + 1), each face vj, € Nb,,,, (k) intersects
Vg4 on some (-dimensional face. This is because, since Nb,,, (k) € (0 ou)X>,, (k) by
definition, the types of v, and v, must differ by at most one element. Additionally, the

intersection could not be an ¢ 4 1-dimensional face, otherwise vy; =< v}, which implies

vy, & Nb,,,, (k). Therefore,
L] Nby, (k)= [] L {wd
Vo413V Vo413V v;ENbUH1 (k)

= |_| |_| |_| 1W+1ﬁv§€:7}z ’ {U;c}

V041 20k v ENby, (k) V<Vt

= |_| |_| |_| 1W+1ﬂv;€=ve ) 1v§c€Nbv4+1(k) ’ {U;c}

Ve=UE v =g Vpt1:04 =041 30k

c I L awe-{ur}

Ve=Vk v} ~vy

=are- || Xoy(k).

V<V

O

Definition 2.53. For 0 < ¢ < k define the following walk Op(k’é) on X (k). Starting at
feX(k),
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1. Choose a uniformly random v € X (£) such that v € 9*=9{f}. (If £ = k then set

v=f.)
2. Return a uniformly random f” € Op, (k).

We write Op(k’e) : RX(®) 5 RX(K) for the Markov operator associated with this walk and

Op((;jl’f) : RX®) — RXK) for the adjacency matrix associated with this walk.

The random walk Op(k’é) is used in the proof of co-systolic distance. For the analysis,

k,0)

it will be convenient to relate it to the walk W®*®_ This is done through the following

claim.
Claim 2.54. For any A C X (k),

E\(t—/¢
(14,0p05714) < (L, Wh14) = <€> (k 3 E) (t = 025 "1, W01 )

Proof. It is not hard to check that (14, Opfl’;f)lA) < (14, k)

ag; 1) from the def-

initions. To show that Wé;?g) = (’;) (Z:l;) (t — 0)2F k1=t (k0 - we observe that the

normalization factor for W®*% is, using notations from Definition 2.49,

X (OIS AN (R)] = ( (’;) z) (t=0)(n) ((2: i)“)

-

where the first equality uses bounds from Lemma 2.44. O

One would hope that W®*% has spectral expansion. However, W*® shares sim-
ilarities to the random walk on a hypercube, which is not a good spectral expander.

Nevertheless, W#:9 has small-set expansion, as the next lemma shows.
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Lemma 2.55. Assume that for each j € {1,...,t} the pair (G; A;) is A\-expanding. Let
0</l<kand AC X (k). Then

t |AP?
L, WO 4) < A 2!t : 2.44
Note that AlA| is the dominating term when )l(fl/ln is a small constant.
Proof. Let M be the Markov operator associated to step 2 of the walk W)

introduced in Definition 2.49. We first discuss the structural properties of M. Notice that
the type of the face does not change after a step of the walk M. Thus, M is a direct sum of
Markov operators Mg, for S a subset of size ¢, each of which corresponds to the restriction
of M to faces of type S. Mg can be further decomposed into a sum of operators Mg, for
i € S, associated to the walk in the i-th direction. This decomposition is not a direct sum,
but an average. Finally, Mg; is isomorphic to the direct sum of n‘2!=*~! disjoint copies of
the walk on the double cover of Cay(G, A;). This is because ag and bg_, are not changed
by Mg;; only g and b; are. Denote the random walk on the double cover of Cay(G, 4;) as

P;. To summarize,

221&7271

_ ®n
Ms;, and Mg, = P,

We now prove the lemma. For P;, by applying the expander mixing lemma, Lemma 2.46,

on the double cover of Cay(G, A;) we have

|7
2r|G|

(@, Px) < M]3+

for all real functions = on the vertices. The factor 2r|G| appears in the denominator because
each connected component is A-expanding with size at least 2r|G|. Because Mg; is a direct

sum of P;, the same inequality carries over:

[l

2r|G|

(@, Ms;z) < Al +
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1
Because Mg = = >>,c5 My,

213
2r|G| -

1
<$,MS.T = ﬁz z, MSzm /\”IH%"‘
es

Finally, since M is a direct sum of Mg, we obtain that for any real function x on the faces

X(0),
|||
(@, Mx) < Alzl; + 201Gl (2.45)
We can now evaluate
(La, WEDL 1) = (14, U°F=O M D207 )
| ( )| (k—2) (k—£)
D 14, MD° 1
= x0T A)
IXCR)y  poce-—s X ()] (Lx(, D°*~914)?
< MDE=01 , pete=01
X A X @) 2|G|
XK pote—e . X (B)] (D291, D01 )
= T ANDR01 4 Dok0] ) 4
[ X(0)] X (0)] 2r|G

X ()| (1 14)2

X(k)| 2r[C]
1X(0)] AP

M X e
(1)2n"IG] AP

S e ]

Here the second line uses Claim 2.48. The third line uses (2.45) and the fact that D°*=91 4
has nonnegative entries, which implies that ||[D°*=91 4|y = (1x(p, D°*~914). The fourth
and fifth lines use that D is an averaging operator, and the regularity properties of the

complex. The last line uses | X (¢)| = (2) 2!=n*|G| by Lemma 2.44. O

2.7 Locally co-minimal distance

The main result of this section is that for any 0 < k < ¢, the co-chain complex

C*(X, F) is a co-systolic expander in dimension k according to Definition 2.3, assuming
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the expansion parameter A (see 2.47) is small enough as a function of ¢ and the robustness
parameters introduced in Section 2.5.2.
Quantitatively, we first prove a lower bound on the locally co-minimal distance of

Ck(X). This is introduced in Section 2.2.1. For convenience we recall the definition
deoloc (k) = min {|x| : x € ker 0, — {0}, x is locally co-minimal} ) (2.46)

Bounds on the co-cycle expansion parameters follow immediately from a lower bound on

deoloc(k), as shown in Lemma 2.5.

Proposition 2.56. Let 0 < k < t. Assume that there exists ki_;x—; > 0, for each
0 <@ < k, such that for each S C {1,...,t} with |S| =t — 1 the local chain complex C(Lg)

is Ki—;k—i-robust (at level k — i) according to Definition 2.31. Then

1-XC
dcoloc(k) 2 ;T‘X(k” )
Cy
where
t22t2+3t t22t2+5t t
o R S s
Hi:() Rt—i k—i Hi:() Rt—i k—i

Remark 2.57. The constants C) and Cy are simplifications of constants C and C) which
provide a slightly tighter bound, see (2.51) in the proof of Proposition 2.56, where the
coeflicients ay ¢ are defined in (2.42). To simplify these bounds, we we apply the estimate

are < 2' from (2.43).1° Then,

E (YO (8 — 02811 ap totpot (ot\t
Ci:ZQ)(k—é)( ) ILi=, ax, <t22t2 (24

k k
=0 Hi:e Rt—i k—i Hizo Rt—i k—i

and

RN ) 0 [ o i = R 1S
=0 15, keini 15 Foiei

19The bound is often much tighter, for example a;_1, =1 for all £ as shown in Claim 2.51. Such tighter

bounds could be of interest if one cares about the dependence of C7, C4 on the dimension ¢.
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Remark 2.58. We explicitly work out the requirements on A and the x,; that suffice to

guarantee a linear (in X (k)) co-systolic distance, i.e. such that 1 — AC| > 0, for certain

cases of interest. We use the shorthand x; = k;,;_1 for the robustness at the last level of

the chain complex. Note that when k£ =t — 1, by Claim 2.51 we have that a;; = 1.
When t = 2,k = 1 the sufficient condition is

1 8 1

. 247

K1 K1K2 A ( )
This is the sufficient condition for obtaining good qLDPC using our construction. When
t = 4,k = 3 the sufficient condition is

1 24 108 128
—+—+ + <<
K1 KiKe  K1KoKs  KiKakska A

(2.48)

This is the sufficient condition for obtaining good (again, up to polylog factors) qLTC using

our construction.

Let k <t and x € C*(X) be such that §(z) = 0. For f € X (k) we say that f is
active if the projection x(f) of x on V} is nonzero. Let A C X (k) be the set of active faces.
At a high level, the proof of Proposition 2.56 amounts to showing that, whenever x is
locally co-minimal, the set A only expands a little under a suitable expanding random walk,
which is based on the robustness of the local codes. However, when A # (), the spectral
expansion of the graph implies to have such small expansion, the set must be large, leading

to a lower bound on |z|.

Proof of Proposition 2.56. Let x € C*(X) be such that 6(z) = 0 and x is locally
co-minimal. We start with a preliminary claim, which shows that the locally co-minimal

condition implies the following.

Claim 2.59. Let ¢ <k andv € X({). Using the isomorphism from Lemma 2.27, the
restriction x(Xs,(k)) can be seen as a (k — {)-chain of the dimension (t —{) complex C(Lyg)

where S = typev. Let z be that element. Then z is minimal (according to Definition 2.50).
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Proof. It suffices to show that
Vy supported on X5, (k — 1), ’x(X>v(/<:)) + 6§(y)‘ > ‘x(X>U(k))‘ :

Let y be supported on X, (k —1). Then d5(y) = 0(y)(Xs,(k)). Thus z + (y) decomposes

as a sum
v+0(y) = (2(Xou(k)) +05(0)) + (v — 2(Xou(h)))
where the two elements on the right-hand side are supported on a disjoint set of faces:

Xs, (k) for the first and its complement in X (k) for the second. Thus
2 (Xou(B)) + 05(0)| = |2+ 0(n)| = | = 2(Xou (k)|

> o~ (8

= ‘T(XEU(k>)

where the second line uses local minimality of = (according to Definition 2.4). O

The key step in the proof is the following claim, which uses the robustness assumption

on the local chain complex C(Lg).

Claim 2.60. Let ¢ < k. Forallve X({),
Kt h—en |2(Xz0(K))| < |2(Opy(K))[ + |2(Nb, (k)] - (2.49)
Proof. We apply the robustness condition to z = x(Xs,(k)), seen as a (k — £)-chain
of C(Lg) where S = typev. By Claim 2.59, z is minimal. Therefore,
Kt h—en |2(Xso (k)] < |05(2(X50(K)))] -

Because 0z = 0 and (0ou)X>, (k) = X5, (k)UNb,(k)UOp, (k) by (2.41), each nonzero entry

in 05(z(Xs,(k))) has to be canceled by some nonzero entries in z(Op,(k)) or z(Nb,(k)).
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Moreover, each nonzero entry of z(Op,(k)) or z(Nb,(k)) cancels at most one nonzero entry

of 0g(x(X>,(k))). Hence,
|05(2(X=0(R)))] < |2(Op, (K))| + |2(Nby ()] -
Combining the two inequalities above gives (2.49). O

Informally, Claim 2.60 for ¢ = k states that whenever a face v € X (k) is active, i.e.
|z(X5y (k)| = |x(v)| = 1, it must have either many neighbors that are active, or many
opposite neighbors that are active. In the latter case, we can make a step according to the

Fk) introduced in Defition 2.53, and use the expansion properties of that

random walk Op!
walk to conclude. However, in the former case a step to Nb, (k) would not be expanding
(because neighbors share a lower-dimensional face). In that case, we instead first sample a
lower-dimensional sub-face of v, and move to an opposite neighbor of the latter face. The

following claim analyses this recursive process. Recall the definition of the coefficients ay

in (2.42).

Claim 2.61. Let vy € X (k). Then

Xk: > [T~ a.

|z(or)| < ———[x(Op,, (k)] - (2.50)
=0 vy v, H?:Z(K/t—i,k—in) ‘

Proof. We apply Claim 2.60 recursively, yielding the following sequence of inequali-

ties.

[2(Opy, (K] [2(Nby, (K))]

[z (ve)| <
Rt—k,0M Rt—k,0M
(O k Xeo, (K

< 2O (DL 3 [2( Xy, (K))]
thk,On yk71-<’uk Iit*k,on
Op, (k z(Op,, (k Nb,, . (k

< 17(0py ( ))|+ak7k71 3 ( [2Opy, (DI [2(Nbyy_, (k)] )
Kt—k,0T vp_1<vp \Ft—k,0T0 * Rt—k4+1,11 Kk, 0T * Rg—k4+1,170
Op,, (k x(Op,, . (k

TOP D~ [ Op ()
Kt—k,0M vy <oy, Wt—k, 0T - Rt—k4+1170
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(X, _, (K
s Y |2(Xou, 5 (K))]

vp_g<vy, Ft—k,0T * Rt—k41,17
< -

Hk 7%
< Z > — |2(Op,, (k)] -

=0 ve=<vy = E(/{t i,k— zn)

Here the second inequality, and every other subsequent step thereafter, uses Lemma 2.52.

Note that the recursion terminates because Nb,, (k) = 0 for all vy € X(0). []

The previous claim draws the consequences of the robustness assumption on the
local chains C'(Lg), which can be understood as a “local” expansion property. We now
conclude the proof by combining this with the global expansion properties of the cubical
complex, which are manifest in the expansion properties of the walks W4 introduced in
Section 2.6.3, see Lemma 2.55. For any v, € X (k), applying Claim 2.61 we have

lc 1

(La; L) !ka\\zz

|2(Op,, (k)]
=0 vp=vy, 11li= é(/{t i,k— zn)
Hk:zl Qg
H’L E(K}t i,k— 1”)
k 14 _ _
o O
vk

%
[i—e Ke—i ki

k
.
= Z<1A7 Opz(zdj )1vk>
=0

)

k
<30

=0
where the third line follows from Claim 2.54. By averaging over v, € X (k), we obtain

Al (e) (120) (t = 02" T12) a

()]~ X)) S

Z W(k £)

/=0 H?:e Rt—ik—i
< |A| (t 02X TS any
~X

, g/ft—i,k—i

’X(k” =0 Hi‘c:e Rt—ik—i

where the last line follows from Lemma 2.55. Let

or 3= () - 02T o,

k 9
=0 Hi:g Rt—i k—i

(Y 2t—£—1n21; If;:i Py 2’““H?;@1ak,i
i(‘”)(z() ()G =0 )
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e ()2t (5) () (¢ - 02 T a

Cl = 2.51
? =0 Hf:g Rt—i k—i ( )
It follows that either |A] =0 or 1—(;\503 < r‘)';&)‘, ie.
1 -\
ol > X (k)
The proof follows using C] < Cy and C} < Oy, as discussed in Remark 2.57. O

Remark 2.62. The proof of Proposition 2.56 can be generalized to show that the chain
complex has small-set co-boundary expansion, (sequential) co-decoder, and co-decoder with
syndrome error by modifying Eq. (2.49). The rest of the proof follows similarly.

For small-set co-boundary expansion, we want to show that for z with small weight,
|0z > P dist(x,imd) for some 5. We can reduce the problem to the case of locally co-
minimal x in a way simile to the proof of ficosyst(?) = deoloc(?) in Lemma 2.5. Here we want
to show that for locally co-minimal z with small weight, |dz| > /3 |z|. This follows from
the same argument as in the proof of Proposition 2.56. The only modification needed is to

replace Eq. (2.49) with

ool (Xou (0))] < 1200y, ()] + [2(Nby ()] + ly(Xo (k+ D), (2.52)
where y = dx. The reason is that
Rkt (Koo, (k)| < 105(2(Xon, (K)))| < [2(Opy, (k)2 (NDy, (k) [+[y(Xon, (k+1))] -

The first inequality follows from the local co-minimality of x as before. The second
inequality is modified because now y = dx # 0; therefore, the remaining nonzero entries in
|05(2(X >0, (k)))| can now be canceled from x(Op,,(k)), z(Nby,(k)), or |[y(X>y,(k+ 1))].
For (sequential) co-decoder, we want to show that for a syndrome z = dx obtained
from a (qu)bit error x with small weight, one can efficiently find Z which is homologous to

the actual error, T—x € im d. A natural co-decoder is the generalized small-set flip discussed
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in [15]. The main challenge is to show that the generalized small-set flip co-decoder only
terminates when z = 0 and the key lemma is to show that a flip that reduces the syndrome
always exists when the error has small weight. To show such lemma, we suppose the flip

does not exist, which implies
Kt h—en|2( Xz, (K))| < 2(]2(Op,, (k)] + [2(Nby, (K))]) - (2.53)

By replacing Eq. (2.49) with the inequality above, the same argument in the proof of
Proposition 2.56 implies that = 0.

The inequality (2.53) follows from
Rt h—en|2( Xz, (F))| < 05(2(X>0,(K))) < 2(|2(0p,, (K))[ 4 |2(Nby, (K))]) -

The first inequality follows from the local co-minimality of x as before. If the second
inequality does not hold, then flipping z(X>,,(k)) reduces the weight of z = dz. In
particular, flipping x(X,,(k)) only affects z(Xs,,(k 4+ 1)). Additionally, z(Xs,,(k + 1)) is
induced from 0g(z(X>.,(k))), 2(Op,,(k)), and x(Nb,,(k)). Therefore, the current syndrome

on Xy, (k + 1) has weight
|2( X, (k + 1)) > 105(2(X>0, (K)))| = (J2(Opy, (k)| + |2(Nby, (K))]) |
while the new syndrome after the flip of z(X,,(k)) has weight
|2( X, (k + 1)) + 05(2(Xo, (F)))] < [2(Op,, (k)] + [2(Nby, (k)] -

This means that if [0g(z(X>,,(k)))| > 2(|2(Op,, (k)| + |2(Nby, (k))|) then |2(X5,, (k+1)) +
dg(x(Xsy, (k)| < |2(Xsu,(k +1))|, which implies that the flip exists. This concludes the
proof of Eq. (2.53). More details of the co-decoder can be found in [15].

For co-decoder with noisy syndrome, we want to show that given the noisy syndrome
z = dx+y from (qu)bit error x and syndrome error y with small weights, one can efficiently

find  which is homologous to the actual (qu)bit error, & — z € imJ. We again use the
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generalized small-set flip decoder. To guarantees a flip, we apply a similar argument but

replace Eq. (2.53) with
Rt ko2 (X, ()] < 2(|2(0py, (F))] + [(Nby, (k)] + [y(Xou (b + 1)) (2.54)

to account for the syndrome error.

2.8 Distance

For integer 1 < k <t we let pusyst (k) be the systolic distance of Cy(X), that is
Usyst (k) = min{|x! : x € ker 0y, — im 8k+1} :

We also let e.yc(k) be the cycle expansion,

0(2)|

MiNyeier g, |7 — Yl

Ecyc(k) = min{ sz e Cp(X) — ker@k} )

We show a lower bound on the systolic distance, and the cycle expansion, of Cy(X)
by reduction to the co-systolic distance at level k' = t — k of a t-dimensional complex
C(X) which we now define. The complex C'(X) is defined exactly as C(X), except that
the matrices hY and h; that are used in the definition of the co-boundary and boundary
maps for C(X) respectively are replaced by matrices (h;")" and hj-, where hj- € Fii*™ is a

parity check matrix for the dual code C;i (with linearly independent rows).

Proposition 2.63. For every 0 < k' <t — 1, let ficosyst (k') and ecocye(K') denote the

co-systolic distance and co-cycle expansion of C* (X) respectively. Then for any 1 < k < t,

1
luSySt(k) 2 W : Mcosyst(t - k) :
Furthermore, for 2 < k <t
1 1 1 Heos st(t —k + 1)
eye(k) = STma g Eeocye(t — k), . Y }
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The proof of Proposition 2.63 is given in Section 2.8.2. Before giving it, we introduce
a new sheaf on X, and associated linear maps. The sheaf will play an important role in

the proof, facilitating a reduction from the distance back to the case of co-distance.

2.8.1 Preliminaries

We begin by introducing a new sheaf F, over X.

Definition 2.64. Let 0 < k < t. We define a sheaf over X, Fy, by letting Fi(f) = Cr(X>y)
for each f € X. If dim(f) > k we have Fi(f) = {0}. We define co-restriction maps in the
natural way, by restriction. Namely, for any f < f’, we let co-ress p : Fp(f) = Fi(f') be
defined by

Co—resf,f/(x) = I|X2f/(k) .

The coboundary map Ay : CY(X, F) — C"(X, Fy) is defined as follows. For
y € CY(X, Fy.) define Ay € C*7H(X, Fy.) by setting, for each f € X (i+1) and u € X5 p(k),
Agy(f)lu] = > coresyp(y(f)ul = 3 y(f)lul, (2.55)

7= 7=

where we have used that co-ress (y(f))[u] = y(f)[u] for all f < f' < u.

Note that we define the (block) norm for x € CYX,F) as usual by |z| =
Yrexqy [z(f)] and [z(f)] = La(p)20-

The coefficient space assigned by Fj, to each face of X is itself a space of k-chains.
One possible way to think about C*(X, Fy) is that it is similar to the space Cy(X), except
that now each face u € X (k) may have different values, or “opinions”, about it that are
obtained from different i-faces f < u. The map A, measures the amount of inconsistency

among the local views. In particular,
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Claim 2.65. Let z € C°(X, Fy) be such that Az = 0. Then there is 2’ € Ci,(X) such
that 2'|x., ) = 2 for all v € X(0). Furthermore, we can choose such a z' which satisfies

2’| < 2'nt|z]|.

Proof. For each u € X (k) we choose some vertex v < u and define 2'(u) := z,(u).
We next show that the definition is independent of the choice of v. Let v,v" be vertices

such that v,v" < u. If e = {v,v'} € X(1) then necessarily z,(u) = z,(u), since
0= Arz(e)|u] = z,(u) + zy(u) .

The equality holds true also for any pair v,v’ < w that are not neighbors, because the
graph (X(0), X (1)) induced on {v : v < u} is connected.
The factor 2'n' originates from the difference in the definition |2'| = 3, cx [2'(u)]

and [z = X ex(o) [2(v)]. Indeed,

= > F@l= > > [z

ueX (k) veX(0) ue X (k):u>v
< D X (R)]|z(v)]
veX(0)
<2'nb Y0 Jz(v)| = 2'nt|2|
veX(0)
where the last inequality uses that by Lemma 2.44, X, (k) = (Z) nk < 2nt. ]

The next lemma verifies that the sequence of spaces C*(X, Fy) for i = 0,...,k,

together with the coboundary map Ay, forms a co-chain complex.

Lemma 2.66. The map Ay satisfies A o Ay = 0. Moreover, A, is exact on i-chains
for 0 <i <k, ie forany0<i<kandye C(X,Fx) such that Ar(y) = 0 there is a
z € C"7YX, Fy) such that Ay(z) = y. Furthermore, there exists such a z that satisfies

|Z’ < 22tnt’y|'11

HTn reality, the bound is much tighter |z| < |y|. The proof is however more complicated, so we adopt

the loose bound.
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Proof. To show the lemma, we first observe that Ay is the coboundary map of a
local chain complex induced from X,. In particular,
CX,Fe)= P P V= P Ci(Xcu V)
FEX (i) ueX (k)uf ueX (k)

where the set X<, = {f € X, f < u} is a graded incidence poset, consisting of all faces
that have an opinion about the k-face u. The map A, then decomposes as the direct sum
of maps A, : C"(X¢,, Vi) — C"(X¢,, Vi) for each u € X (k). This means that to check
Ag o Ay =0, it suffices to check A, o A, = 0 for each u € X (k).

The chain complex C*(X,) is isomorphic to the following “hypercube” construction.
Let S = type(u). For i € S, define a 1-dimensional chain complex C*(L;) over F,, where
Li(0) = {0,1}, L;(1) = {e;} and § : C°(L;) — C*(L;) is defined by dz(e;) = z(0)+z(1) € F,.
Let C*(Lg) be obtained by taking the homological product of all C*(L;) for i € S. Then
C*(Lg) is an |S|-dimensional complex, with a single |S|-dimensional face that can be seen
as a hypercube, the (|S| — 1)-dimensional faces are the (]S| — 1)-dimensional faces of
the hypercube, etc. Moreover, because dim H%(L;) = 1 and dim H'(L;) = 0 then by the
Kiinneth formula, dim H°(Lg) = 1 and dim H’(Lg) = 0 for all 0 < j < |S|. In particular,
C*(Lg) is exact at all i > 0. Since each of the maps A, is isomorphic to a copy of dyype(u)
it follows that A is exact at all levels 7 > 0.

Finally, we have the trivial size bound |z[u]| < 2'|y[u]|, which follows from |C?(Lg)| <

2t for all 7. Therefore,

< D0 )l Y 2l < Y. Y 2w(HR < DD 2N (R)ly(F)] < 2ty

weX (k) ueX (k) FEX (i) ueX (k)rui-f feX(z)
where the fifth inequality follows from Lemma 2.44, | X- (k)| = (Z:Z) nk=t L 2int. O

We have defined the coboundary maps A,. We now move to define boundary
maps J;, (where the subscript L stands for “local”). For S C {1,...,t} recall the local

chain complex C(Lg) introduced in Section 2.5, and its boundary map ds. Fix f € X (1)
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and let S = type(f), so that |S| = ¢ and |S| = t —i. By Lemma 2.27, the space
Fi(f) = Crx(X>y) is naturally isomorphic to Cy(Lg). Hence there is a naturally defined
map 0y, : Fr(f) = Fr_1(f) given by

Filf) = Cul(Xsp) = ChilLg) 2 China(Lg) = Chor(Xsp) = Fia(f) (2.56)

This map extends to C'(X, Fy) 2 C(X, Fy_y), i-face by i-face.

The next lemma shows that the maps A, and d;, commute.
Lemma 2.67. Forany0<i<j<tandyec C(X,F),
O o Aw(y) = Ap_100n(y) € CHX, Fer) -

In other words, the following diagram is commutative:

z € O X, Fy) 2 CHY(X, Folr) D 2,2

A,J Ak,ﬁ

yeCUX,F) —2 5 C/(X,Frt) D

Proof. Let y € CY(X, F), and define the following chains as in the figure: x =
Ay € CHYX, Fy), o' = 0y € CH(X, Fir_1), and let 2 = Opx = O Ay and 2/ = Ay 12’ =
Ap_10ry both in C""(X, Fi_1). The goal is to prove that z = z/. For any faces f < v of
dimension i 4+ 1,k — 1 respectively, we have, (using the definition of J;, and (2.55))

AN = pe(Hl] = 22 w(Hlul = X2 Awy(Hlu] = X2 > uly

uPv uPv uv g=<f

which equals

d (] = Apad' (] = > o = (gl = > > yly

g=f g=f g=fu>v
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2.8.2 Proof of Proposition 2.63

Let 1 < k <tandx € Cyx(X) be such that d(z) = 0 and |z| < (2nt) ™" - feosyst (t — k).

For any vertex v € X(0), let

be the local view of x restricted to the k-faces above the vertex v. The set of local views
{x&o)} can be seen as a cochain z(%) € C°(X, F) where F is introduced in Definition 2.64.
By construction

129 < 28|2| < 2], (2.57)

because each value of z on a k-face is copied 2* times, to the face’s 2* vertices, to form
their local views. (Note that here and as always, | - | denotes the block norm taken in the

corresponding coefficient space.) Furthermore, from the definition it follows that
Ap(z®) =0, (2.58)

where A}, is introduced in Definition 2.64.
Using the isomorphism from Lemma 2.27, xfjo) is naturally seen as an element of

Ci(Lpg). The condition d(x) = 0 implies that for all v € X(0),
() =0, (2.59)

where Jj is the “local” boundary map defined in Section 2.5.

If £ =t then the two conditions (2.58) and (2.59) already suffice to conclude the
argument. This is done in Claim 2.70 below. If k < t then we reduce to this case by
identifying an element 2(*~*) that satisfies both conditions and is, in some sense, a “lift” of
2 to C**(X, F,). The details follow.

Assume k < t. Using exactness for dy (Lemma 2.28), (2.59) implies that there is a

20 = {20}, where 29 € Cy11(Lyy) for all vertices v, such that

v

Oy (20) = 2. (2.60)

107



Furthermore, if (%) = 0 we take z(*) = 0. Note that 2(¥) is an element of C°(X, Fy,1),

and (2.60) can be rewritten as

oL (2®) = 2O (2.61)

where 0y, is the map introduced around (2.56). We observe the size bound

FOl= 3" 17 < X 2] = 1. (2.62)

vEX(0) vEX(0)

If all 2{”) are consistent, meaning that whenever v, v’ < u then 29 (u) = 2189) (u), then
the {250)} can be “stitched” together into one z € Cj41(X) such that for every v € X(0),
z|x., = 2%, More precisely, by Claim 2.65, if Aj41(2?) = 0 then there is a z € Cj41(X)
such that for every v € X(0), z/x.,k+1) = 2}, and moreover z satisfies 9(z) = = with |z| <
2¢nt|2(9)| which implies the size bound |z| < 2'nt[2(] < 2in?|2(©)| < 2%nt|z| using (2.57)
and (2.62).

However, the different 2(’) may be inconsistent with each other. In such a case
we will have to look into the differences between local views along edges of X, and then
continue to move into higher and higher dimensions. Towards this we make the following

definition.

Definition 2.68. Let 0 < r <t —k — 1. A sequence 29, ..., 2" where for each
i€ {l,...,r}, 29 € C(X, Frpis1), is said to explain (¥ if the following hold. There are
(

+M . 20+ such that 2 € CYX, Frys), 20T =0, and for all s = 0,...,7 — 1,
Ak+i+1(2(i)) =z, 2 = 8L(Z(i)) - (2.63)
Furthermore, we require the size bounds
120 < |29, |20 < nt]29)] . (2.64)

foralli=0,...,r.
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Figure 2.3: An illustration of the requirements on the sequences 2 and 2,

Figure 2.3 gives an illustration of the conditions given in Definition 2.68. We first

show that having such a sequence lets us find a small chain z whose boundary 0(z) = x.

Claim 2.69. Suppose that 1 < k <t and there is some r < t—k—1 such that 20, ... 2"

explains 0. Then there is some z € Cyi1(X) such that 0(z) = x and |z| < (L2%n'*)!|z|.

Proof. The special case where » = 0 was handled directly above, relying on Claim
2.65. We reduce the general case to this case. For general r > 0, 20D = A ,.,1(2™)
by (2.63), so ™Y = 0 implies (by exactness, Lemma 2.66) that there is an u"~V €
C™ (X, Fiyrs1) such that Apypyr(u1) = 2. Furthermore, we can choose u("™) in
such a way that |u("=V| < 2%nt|2(")|.

Let w1 = 9, (u ). Then w" Y € C"YX, Fry,), and [wr= Y| < |[ul—Y)|

(because both vectors are labeled by faces in X (r — 1)). Furthermore,

A (W) = Ay (O ("))
= O (Apyra (uY))

= aL(Z(T))
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_ 0

)

where the second equality is by Lemma 2.67 and the last is by (2.63). Now let 201 =
2071 4 wl=Y. We easily verify that this element satisfies Ay, (20"Y) = 0 and
Op(2=Y) = 20—V This means that 2, ... 2("=2) 20=1 explains 2(?). We went from the

assumption that 2"+tY) = 0 to the same situation, but now z(") = 0, and furthermore
120701 < 207D 4+ 220t 20 < (1 4 nt22nt)] Y] (2.65)

where the second inequality uses (2.64). Iterating, we reduce the case of general r to
the case where r = 0, which as shown above (see Claim 2.65) completes the proof of

Proposition 2.63. The weight of (9 before applying Claim 2.65 satisfies
|2(0)| < (1 + (nt22tnt) I (’)’Lt22tnt)r)|$(0)| < (ntQZtnt)T+1|£L'(0)| < (t22tnt+1)t_1|:13(0)|

where the second inequality follows from 2 < nt2%n! and the third inequality follows from

r<t—k—1<t—2 Thus,
‘Z‘ < 2tnt|2(0)‘ < Qtnt(tQQtnt+l)t_l|w(o)] < 2t2tnt(t22tnt+1)t_1’l" < (t22tnt+l)t’$‘ )
]

Now we show how to construct a sequence that satisfies the conditions of Defini-
tion 2.68. We do this inductively. Suppose that z) and ) have been defined for all
0 < j < r, such that they satisfy both conditions in the definition. Suppose first that
r <t — k. We show how to extend the sequence.

Let 2 = Ay, (27D). We wish to define z("). By assumption, 9 (2(""1) = x("=1),

which implies

O (') = 0y 0 Ay (2U7Y)

= Apiro109p(207Y)
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=0, (2.66)

where the first equality is because 209 = A, (2"?), the second equality is by
Lemma 2.67 and the last because A? = 0 by Lemma 2.66. Therefore, using the exactness
condition for the local complex we find 2" € C"(X, Fji,+1) such that 9, () = () as
desired.

Moreover, because |2(")| and |z(™| are labeled by faces in X (r) we have |2("] < |2(].
And because each nonzero face f € X(r) in 2" results in at most |u(f)| nonzero faces
in 20D = Apz™ 20| < Ju(f£)]]2™)] < nt|2™)| where we apply Lemma 2.44, |u(f)| =
(t —i)n < nt.

It remains to treat the case where we have defined ... =% but 2% =£ 0.

This is handled by our last claim.

Claim 2.70. Suppose that 2% #£ 0 and |2¢9)| < peosyst(t — k). Then there is some
v € Cr1(X) such that (v) =z and |v| < 2(t222tnt+1)tm]x\.

Proof. If k = ¢, then we have that A;(z(?)) = 0 as shown in (2.58), and 9. (z(¥) =0
which follows from (2.59). If £ < ¢, then both equalities hold as well, as we now show.

Using %) = A,(2(=*=V) and A, o A; = 0 by Lemma 2.66, we get that
Ay(ztPy = 0. (2.67)
Moreover, using a similar chain of equalities as for (2.66),

8L(x(t’k)) =00 At(z(t’k’l))
_ Atfl o aL(Z(tfkfl))
— At_1($(t—k—1))

=0.
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Note that for each f € X(t — k), 20 (f) € F},_[ﬁt”’e(f) Y so Op(x*®) = 0 means

that =R (f) € ®j¢type(f)Cj by Lemma 2.29. In particular, by replacing the tensor

codeword 2% (f) by a decoding ) (f) € Ell_[jetypem g of it, we obtain a (t — k)-cochain
—F) € C*#(X) such that, for any f € X(t — k + 1),

(@ whr)iatnm=( Q

J¢type(f)

W) (X @ @)

j¢type(f) Vi Vi

- (( @ @) “”(f))

fr=<f J¢type(f)

_ Z ptk

fr=<f
= Atlﬁ(tik)(f)

=0.

Here, the first equality is by definition of §, where co-res is defined as co-res in (2.10) but
with the map A7 replaced by (hi)T. The second equality is by definition of co-res. The
third equality is by the definition of (h;-)?, which re-encodes £k in 2(=%) The fourth
equality is by the definition of A; in (2.55). The last equality is by (2.67). Finally, because
(k)T are injective, this implies 6(2**)(f) = 0 for all f which means §(z*~*) = 0.

Because 6(2) = 0, as long as [Z7F| < fieosyst(t — k), 278 € im §, and we can
find an @+ € C*F=1(X) such that §(a**D) = z¢=*) and furthermore

1 1
~(t—k—1) ~(t—k) (t—k)
U < x = T
‘ | gcocyc (t k 1) | | gcocyc (t k 1) | ’

where the last equality follows from the construction of #=% which is the decoding
of 2=, Note that [FF)| < peosyst(t — k) is satisfied when || < (2nt) " ieosyst (t — k),
because [#0F)| = |20=F)| < (nt)!*|2©| < (nt)*"*2%|2| where the last inequality follows
from (2.57).

By re-encoding @, i.e. applying ®j¢type( f)fL]T to each a*~*=1(f), we obtain an element

ut=F1 ¢ O+ X, F,) such that A,(u®*D) = =% (because 6(a*1) = £ and
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O (u=F=D) = 0 (because u~*~V is obtained by applying ®j¢wype(sh]). From there
we can reduce the problem to Claim 2.69, by setting z¢—*=1 = 2(t=k=1) 4 ¢ (t=k=1) and
observing that it satisfies the conditions of the claim, where 2% = A, (2(=*=1) = 0 and
By (F0F=1)) = glt—h=1),

Similar to Claim 2.69, for r =t — k — 1 we have

’2(r71)| < ‘Z(rfl)l _'_22tnt‘§(r)‘

< [V 2200 (2] + [u®))
22tnt
Ecocye(t — K)(r)

22t t
= ()2
CL:cocyc("ﬂ)

< (1 + nt22tnt)|z(r—1)| + |x(r+1)|

< (14 nt2%n?)| 20—V +

and

(t22tnt+1 )t—2

50)| < ($92tpt+1Yt=1],,(0)

(nt)'2! x| .

Finally,

(t22tnt+1)t_2

|Z| g 2tnt|§(0)| < (thtnt+1)t|Qf| +
Ecocye(T)

1
ttn2t22t|l‘| < (t222tnt+1)t <1 + > |:B|

2(t222tnt+1)t

Tl .
cee)

X

We now conclude. First, we show the lower bound on jist (k). It suffices to show
that whenever x € Ci(X) satisfies d(x) = 0 and |z| < (2nt) " feosyst(t — k), there is
z € Cry1(X) such that 9(z) = x. If k =t this follows immediately from Claim 2.70 and

0 ..., 2" that explains z(©. If such

the bound (2.57). If k < t, we construct a sequence z(
a sequence is found with » <t — k — 1 then Claim 2.69 gives the desired conclusion. If not,
then our assumption on |z| together with (2.64) shows that the assumption of Claim 2.70

is satisfied, allowing us to conclude the argument.
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Finally, we show the “Furthermore” part of Proposition 2.63. Let € C¢(X) be the

vector with the smallest cycle expansion where z’ := 9(z) # 0,

= min |z - 2.
2] = min |z —y| (2.68)

and |0(x)| = ecye(k)|z|. If 2] = (2nt) " ticosyst (t — (K — 1)) then because |x| < |X (k)| we
deduce ecyc(k) = (2nt) " pfleosyst (t — (K — 1)) /| X (k)| If |2] < (2nt) " feosyst (t — (K — 1)),
then following the arguments above, applied to 2/, which satisfies d(z') = 0, we find a

2" € Cyx(X) such that 9(z) = 2’ and |7/| < 2(t222tnt+1)t%|az’|. By (2.68), |2| > |z|,

5cocyc(t_k/‘
which concludes the proof.
Dissertation Note

Chapter 2 is based on joint work with Irit Dinur and Thomas Vidick, published
as “Expansion of high-dimensional cubical complexes with application to quantum locally

testable codes,” Proc. IEEE FOCS, 2024.

114



Bibliography

1]

2]

Irit Dinur, Shai Evra, Ron Livne, Alexander Lubotzky, and Shahar Mozes. Good
locally testable codes. arXiv preprint arXiv:2207.11929, 2022.

Pavel Panteleev and Gleb Kalachev. Asymptotically good quantum and locally testable
classical LDPC codes. In Proceedings of the 54th Annual ACM SIGACT Symposium
on Theory of Computing, pages 375-388, 2022.

Fernando Granha Jeronimo, Tushant Mittal, Ryan O’Donnell, Pedro Paredes, and
Madhur Tulsiani. Explicit abelian lifts and quantum LDPC codes. In Mark Braverman,
editor, 13th Innovations in Theoretical Computer Science Conference, ITCS 2022,
January 31 - February 3, 2022, Berkeley, CA, USA, volume 215 of LIPIcs, pages
88:1-88:21. Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik, 2022.

Pavel Panteleev and Gleb Kalachev. Personal communication, 2024.

Adam Wills, Ting-Chun Lin, and Min-Hsiu Hsieh. Tradeoff constructions for quantum
locally testable codes. arXiv preprint arXiv:2309.05541, 2023.

Matthew B Hastings. Quantum codes from high-dimensional manifolds. In §th Inno-
vations in Theoretical Computer Science Conference (ITCS 2017). Schloss Dagstuhl-
Leibniz-Zentrum fuer Informatik, 2017.

Anthony Leverrier, Vivien Londe, and Gilles Zémor. Towards local testability for
quantum coding. Quantum, 6:661, 2022.

Michael Sipser and Daniel A. Spielman. Expander codes. IEEE Trans. Inform. Theory,
42(6, part 1):1710-1722, 1996. Codes and complexity.

Pavel Panteleev and Gleb Kalachev. Quantum LDPC codes with almost linear
minimum distance. IEEE Transactions on Information Theory, pages 1-1, 2021.

Uriya A First and Tali Kaufman. On good 2-query locally testable codes from sheaves
on high dimensional expanders. arXiv preprint arXiv:2208.01778, 2022.

115



[11]

[12]

[13]

[14]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Tali Kaufman, David Kazhdan, and Alexander Lubotzky. Ramanujan complexes
and bounded degree topological expanders. In 55th IEEE Annual Symposium on
Foundations of Computer Science, FOCS 2014, Philadelphia, PA, USA, October 18-21,
2014, pages 484-493, 2014.

Shai Evra and Tali Kaufman. Bounded degree cosystolic expanders of every dimension.
In Proceedings of the 48th Annual ACM SIGACT Symposium on Theory of Computing,
STOC 2016, Cambridge, MA, USA, June 18-21, 2016, pages 3648, 2016.

Gleb Kalachev. High-dimensional expansion of product codes is stronger than robust
and agreement testability, 2023.

Gleb Kalachev and Pavel Panteleev. Two-sided robustly testable codes. arXiv preprint
arXiv:2206.09973, 2022.

Irit Dinur, Min-Hsiu Hsieh, Ting-Chun Lin, and Thomas Vidick. Good quantum
LDPC codes with linear time decoders. In Proceedings of the 55th Annual ACM
Symposium on Theory of Computing, pages 905-918, 2023.

G. Kalachev and P. Panteleev. Maximally extendable product codes are good cobound-
ary expanders, 2024.

Nathan Linial and Roy Meshulam. Homological connectivity of random 2-complexes.
Combinatorica, 26(4):475-487, 2006.

Mikhail Gromov. Singularities, expanders and topology of maps. part 2: from combi-
natorics to topology via algebraic isoperimetry. Geometric and Functional Analysis,
20(2):416-526, 2010.

Daniel Gottesman. Fault-tolerant quantum computation with constant overhead.
Quantum Information & Computation, 14(15-16):1338-1372, 2014.

Anurag Anshu, Nikolas Breuckmann, and Chinmay Nirkhe. NLTS hamiltonians from
good quantum codes. In Proceedings of the 55th Annual ACM Symposium on Theory
of Computing, pages 1090-1096, 2023.

Shai Evra, Tali Kaufman, and Gilles Zémor. Decodable quantum LDPC codes beyond

the n distance barrier using high-dimensional expanders. SIAM Journal on Computing,
(0):FOCS20-276, 2022.

Matthew B Hastings, Jeongwan Haah, and Ryan O’Donnell. Fiber bundle codes:
breaking the n'/2 poly log(n) barrier for quantum LDPC codes. In Proceedings of the
53rd Annual ACM SIGACT Symposium on Theory of Computing, pages 12761288,
2021.

Nikolas P. Breuckmann and Jens N. Eberhardt. Balanced product quantum codes.
IEEE Transactions on Information Theory, 67(10):6653-6674, 2021.

116



[24]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

Ting-Chun Lin and Min-Hsiu Hsieh. c3—locally testable codes from lossless expanders.
In IEEFE International Symposium on Information Theory, ISIT 2022, Espoo, Finland,
June 26 - July 1, 2022, pages 1175-1180. IEEE, 2022.

Anthony Leverrier and Gilles Zémor. Quantum tanner codes. In 2022 IEEE 65rd
Annual Symposium on Foundations of Computer Science (FOCS), pages 872-883.
IEEE, 2022.

Dorit Aharonov and Lior Eldar. Quantum locally testable codes. SIAM Journal on
Computing, 44(5):1230-1262, 2015.

Lior Eldar and Aram W Harrow. Local Hamiltonians whose ground states are hard
to approximate. In 2017 IEEE 58th annual symposium on foundations of computer
science (FOCS), pages 427-438. IEEE, 2017.

Dorit Aharonov, Itai Arad, and Thomas Vidick. Guest column: the quantum PCP
conjecture. Acm sigact news, 44(2):47-79, 2013.

Adam Wills, Ting-Chun Lin, and Min-Hsiu Hsieh. General distance balancing for
quantum locally testable codes. arXiv preprint arXiv:2305.00689, 2023.

Shouzhen Gu, Eugene Tang, Libor Caha, Shin Ho Choe, Zhiyang He, and Alek-
sander Kubica. Single-shot decoding of good quantum LDPC codes. arXiv preprint
arXiv:2306.12470, 2023.

Tali Kaufman, David Kazhdan, and Alexander Lubotzky. Isoperimetric inequalities for
ramanujan complexes and topological expanders. Geometric and Functional Analysis,
26(1):250-287, 2016.

Michael Freedman and Matthew Hastings. Building manifolds from quantum codes.
Geometric and Functional Analysis, 31(4):855-894, 2021.

Matthew B Hastings. Quantum codes from high-dimensional manifolds. arXiv preprint
arXw:1608.05089, 2016.

Elia Portnoy. Local quantum codes from subdivided manifolds. arXiv preprint
arXiv:2303.06755, 2023.

Alexander Lubotzky. High dimensional expanders. In Proceedings of the International
Congress of Mathematicians: Rio de Janeiro 2018, pages 705-730. World Scientific,
2018.

Bruce Jordan and Ron Livne. The Ramanujan property for regular cubical complexes.
Duke Mathematical Journal, 105:85-103, 1999.

A Robert Calderbank and Peter W Shor. Good quantum error-correcting codes exist.
Physical Review A, 54(2):1098, 1996.

117



[38] Andrew M Steane. Error correcting codes in quantum theory. Physical Review Letters,
77(5):793, 1996.

[39] Noga Alon and Yuval Roichman. Random Cayley graphs and expanders. Random
Structures & Algorithms, 5(2):271-284, 1994.

[40] N. Alon, O. Goldreich, J. Hrastad, and R. Peralta. Simple constructions of almost
k-wise independent random variables. Random Structures and Algorithms, 3, 1992.
See also Addendum in Random Structures and Algorithms 4 pages 77 1993.

[41] Ting-Chun Lin. Transversal non-clifford gates for quantum ldpc codes on sheaves.
arXiv preprint arXiv:2410.14631, 2024.

[42] Sergey Bravyi and Matthew B Hastings. Homological product codes. In Proceedings of
the forty-sixth annual ACM symposium on Theory of computing, pages 273-282, 2014.

[43] Tali Kaufman and Ran J Tessler. New cosystolic expanders from tensors imply explicit
quantum ldpc codes with Q(\/ﬁlogk n) distance. In Proceedings of the 53rd Annual
ACM SIGACT Symposium on Theory of Computing, pages 1317-1329, 2021.

118



Chapter 3

Transversal Non-Clifford Gates for

Quantum LDPC Codes on Sheaves

Chapter 3 is sole-authored work (arXiv:2410.14631), with a companion paper with Louis
Golowich (arXiv:2410.14662).

3.1 Introduction

A major goal in quantum computing is to build a fault-tolerant quantum computer.
Without fault tolerance, running quantum algorithms (quantum circuits) directly leads
to error propagation, and the resulting output becomes unreliable. In contrast, a fault-
tolerant version can achieve arbitrarily low error, provided that every gate has error below
a certain threshold. It has been proven that any quantum algorithm can be implemented
in a fault-tolerant manner. This result is known as the threshold theorem and was first
demonstrated using concatenation of quantum codes [1, 2, 3].

Although fault-tolerant circuits have reliable output, they often require more qubits

and longer runtime. These costs, known as the space and time overheads, are not only of
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theoretical importance but also poses practical challenges. As a result, researchers have
been exploring various fault-tolerant schemes each with different trade-offs and advantages.
Some notable techniques include code concatenation [1, 2, 3], magic state distillation [4],
gate teleportation [5], gauge fixing or code switching [6, 7], transversal gates [8], and
quantum low-density parity-check (qLDPC) codes [9]. See [10] for a review.

One of those fault-tolerant schemes relies on qLDPC codes with transversal gates.
In this approach, the quantum state in the original circuit |¢) is encoded into a new state
Enc(|¢))) using a qLDPC code. Additionally, gate operations from the original circuit U
are implemented as transversal operations Enc(U) = @, U; where U; acts on the i-th qubit,
such that Enc(U|¢)) = Enc(U) Enc([¢))). The advantage of transversal operations is that
they do not spread errors. The advantage of qLDPC codes is that the syndromes can be
extracted rather reliably in constant depth. Therefore, every layer of gates in the original
circuit is transformed into two layers where the first layer applies Enc(U) on Enc(]¢)), and
the second layer runs the decoder to correct the error. In many cases, this process keeps
the errors under control which leads to a fault tolerant quantum circuit. (In actuality, this
scheme often requires code switching to achieve a universal gate set, but we will not discuss
that aspect here.)

The challenge in implementing this idea lies in constructing qLDPC codes that
support transversal gates. While it is known that any quantum CSS code supports
transversal CNOT gates, additional gates are required to obtain a universal gate set. Some
examples include: 2D color codes which support transversal H gates, 3D color codes which
support transversal T gates [11] and 3D toric codes which support transversal CCZ gates
[12]. More recently, there have been efforts to construct codes from manifolds [13] and
codes formed by gluing color codes [14, 15]. However, for these constructions, a key code
parameter kccyz, which quantifies the number of logical CCZ gates that can be applied, is

currently unknown. This highlights the need for further construction of qLDPC codes that
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support non-Clifford gates.

In this work, we provide a large family of qLDPC codes that supports transversal
CCZ gates. These are known as sheaf codes [10, 16|, and they encompass all recent
constructions of qLDPC codes [17, 25, 18, 19, 20]. In a companion paper [21], we present
an instance of this family that achieves [[n,k > n'=% kocz = n'=¢,d > n'/3/ poly log n]]
over qubits with polylogn locality for arbitrarily small € > 0. In the context of magic
state distillation, this means that, given n noisy CCZ resource states, the code can output
kccoz more reliable CCZ states. This leads to a magic state distillation protocol with
v = log(n/kccz)/ log(d) — 0. In comparison, recent magic state distillation protocols with

v — 0 [22, 23, 24] rely on codes with stabilizers that have linear weight.

Remark 3.1. We note an upcoming paper with overlapping results [25]. We will discuss the

similarities and differences in the next version.

3.1.1 Main result

To explain the result, we first briefly review the notion of sheaves over cellular
complexes. Given a cellular complex X of dimension ¢, the traditional cochain complex
C*(X,F,), is defined by functions (also known as cochains) which assign a value in [F, to
each cell of the complex. In contrast, a cochain complex based on a sheaf, assigns a value
in a vector space F, to each cell o, where the vector space F, depends on the cell. The
vector spaces J, are specified by F, for the (t — 1)-cells 7 € X (¢ — 1). This additional
structure {F; },e x(t—1) 1s known as the local codes in Tanner code and plays a crucial role
in constructing good qLDPC codes.

Given the sheaf F, we can define a cochain complex C*(X, F), analogous to the
standard cochain complex. The corresponding quantum code is then obtained by choosing

a particular dimension ¢ where the X checks are placed at the (¢ — 1)-cochains, the qubits
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are placed at the ¢-cochains, and the Z checks are placed at the (¢ + 1)-cochains.
In algebraic topology, it is well-known that the cup product can be defined on
the cochains C*(X,F,). One of our main results is to extend the cup product to cochain

complexes based on sheaves C(X, F). The cup product is defined on the cochains
CHX,F1) x CU(X, F) = CH (X, F, © F) (3.1)
and induces a corresponding cup product on cohomology classes
HY (X, F) x H(X,F) = HY (X, F, © F). (3.2)

For each (t — 1)-cell T € X(t — 1), (F1 © F2)r ={c1 ©®ca: ¢y € (Fi)r, 2 € (Fa),} where
c1 ® co denotes the entrywise product of ¢; and cs.

Using the cup product, we derive a sufficient condition for constructing qLDPC
codes that support transversal CCZ gates. In particular, if three sheaves Fi, Fo, F3
satisfy the condition that for every set of vectors ¢; € (Fi),,¢c2 € (F2)r, 3 € (F3)r, We
have 2, (c1)i(ca)i(es); = 0, then this induces a transversal CCZ operation on the three
quantum codes C(X, F),C(X, F2),C(X, F3).

This general framework enables us to explore a wide family of codes, including
the new qLDPC code with v — 0 studied in [21]. Additionally, it clarifies the sufficient
conditions to realizing transversal non-Clifford gates, which paves the way for future
construction of qLDPC codes with improved parameters.

In addition to the result on the cup product we also study various aspects of sheaves
over cellular complexes. Specifically, we propose an alternative definition of sheaves that
differs from [26] and prove an analogous statement of the Poincaré duality in the context

of cellular complexes.
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3.1.2 Proof overview

Our construction is inspired by various observations and previous works. The first
observation is that the triorthogonal code introduced in [27] heavily relies on the trilinear
function f(aq, s, a3) = S0 (a1)i(a2)i(as);, where ai, as, az are vectors in Fy. This
suggests that a degree 3 function is necessary to access the non-Clifford gates at the third
level of the Clifford hierarchy. This also raises the possibility that other degree 3 functions,
such as more general trilinear functions, may be sufficient to capture the non-Clifford
features. This idea is formalized into the CCZ formalism discussed in Section 3.3. In
particular, all we need is a trilinear function f defined on the cohomology classes, which

we mean by the condition

F(C, G, G3) = f(G A+ Bry G+ B2, 3+ F3) (3.3)

for any (; in the cocycle (corresponding to the logical operators) and any f3; in the
coboundary (corresponding to the stabilizers). This modification provides more flexibility
to the construction of codes with transversal non-Clifford gates.

The second observation is that many known codes with non-Clifford operations can
be linked to the triple intersection number of their corresponding topological spaces. For
example, the [[8, 3, 2]] code [28] and 3D toric codes support transversal CCZ gates [12]. This
is related to the fact that the 3D torus has three homology clases Ho(T? Z/27Z) = (Z/2Z.)?
with a nontrivial triple intersection. Furthermore, the topological nature of the triple
intersection number implies that it is defined on the homology classes. This observation
suggests an approach to study quantum code with a topological nature and define f as
the triple intersection. This strategy has also been observed recently and applied to 3D
manifolds in [13].

This brings us to the final observation that the good qLDPC codes in the recent

breakthrough [17, 25, 18] do have a topological interpretation, including their higher
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dimensional analogue [20]. This topological perspective is inspired by a series of work
on geometrically local codes [34, 29, 30, 31] which implicitly uses the topological nature
of the qLDPC codes. For qLDPC codes constructed from 3D cubical complexes, the X
logical operators can be interpreted as surface configurations on the cubical complex. This
geometric interpretation allows us to define the triple intersection number, which leads
to the transversal CCZ gates on these codes. Together, these observations provide the
foundation for our main result regarding the cup product on chain complexes induced from

sheaves.

3.1.3 Further directions

Quantum LDPC codes with transversal non-Clifford gates and nearly linear
distance. An immediate question is to improve the code parameters obtained in the
companion work [21]. It would be desireable to obtain qLDPC codes with linear distance (or
up to polylogs). Achieving such a result should also lead to quantum locally testable codes
(qLTCs) with transversal non-Clifford gates with inverse polylog soundness, by extending

the arguments from [20].

Fully-fledged fault-tolerant scheme. With the improved qLDPC codes and qLTCs,
the next goal is to construct a complete fault-tolerant quantum computing scheme based
on such codes. A key question here is to develop an efficient code-switching protocols
between these codes. This probably relies on the relation between the cellular complexes
these codes are based on. In particular, the structural property that a cubical complex

contains lower-dimensional cubical complexes, may facilitate code-switching.

Quantum PCP conjecture. The fault-tolerant scheme based on quantum LDPC codes

with transversal gates may also contribute to progress on the quantum PCP conjecture [28].
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It has been pointed in [32] that an adversarially robust fault-tolerant scheme can be used
to construct local Hamiltonians for which it is QMA-hard to decide whether the energy
density is < a or > a + 1/ poly logn. If the scheme using qLDPC codes with transversal
gates proves to be adversarially robust, it would be a major step toward addressing the

qPCP conjecture.

3.2 Preliminary

3.2.1 Chain complex

We review some definitions for chain complexes, which are helpful for explaining
the technical parts of the paper. In our context, all vector spaces are equipped with a
chosen basis. Additionally, we place significant emphasis on the LDPC condition, which is
essentially about sparsity of matrices. A matrix is sparse if each row and column contains
at most a constant number of nonzero entries. Note that the definition requires a chosen

basis on the vector spaces.

Definition 3.2 (Chain complex). A chain complex C is collection of vector spaces over I,
C', and linear maps ¢ : C* — C**!, such that 616 = 0.

A chain complex with basis C, additionally have a chosen basis for every vector
space C'.

A chain complex with basis C is sparse if every coboundary ¢° is sparse under the

chosen basis.

Definition 3.3 (Chain map). A chain map f from C to D is a collection of maps f?: C* —
D', such that d5f" = foH140.

A chain map f is sparse if every f? is sparse under the chosen basis.
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Definition 3.4 (Chain homotopy). Given two chain maps f, ¢ from C to D, a chain
homotopy from f to g is a collection of maps h? : C* — D" ! such that f' — ¢' =
S5 LR+ hit1gE,

A chain homotopy h is sparse if every h' is sparse under the chosen basis.

Two chain complexes C, D are homotopy equivalent if there exists chain maps f
from C to D and ¢ from D to C such that g o f is homotopic to ide and f o ¢ is homotopic
to idp.

Such homotopy equivalence is sparse if the chain homotopies are sparse.

From now on, we only consider the sparse version of every definition above. Therefore,
we often drop the word sparse.

Given a chain complex, we can change the direction of the linear maps and form
the dual chain complex consists of the boundary operators. Let C; be the dual vector space
C' — F,. In our context, since each vector space has a chosen basis, we can identify C; = C*.
Furthermore, we can define the associate boundary operators 0; : C; — C;_1 as the matrix

transpose of 571, 9; := (6=1)T. The boundary operators automatically satisfy
@_1& = O

which again forms a chain complex. For most of the discussion, we will focus on cochains
rather than chains.

We introduce some standard terminologies. The elements in C* (C;) are called the
i-cochains (i-chains). The elements of the kernel of the coboundary (boundary) operators

are called cocycles (cycles)
7" =kerd' = {a €C" :d'a =0}, Z; =ker0; = {a € C; : 0;a = 0}. (3.4)

The elements of the image of the coboundary (boundary) operators are called coboundaries

(boundaries)

B :=imd ' ={"""a:aecC}, B; =im ;41 = {01 a € Ciyr}e (3.5)
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Because 66" = 0 (9;0;11 = 0), it follows that B* C Z' (B; C Z;). The cohomology
(homology) group is the quotient of the coboundaries by the cocycles (boundaries by the
cycles)

H =27//B', H,=Z/B. (3.6)

The elements are known as the cohomology classes which will be denoted as the equivalence

class of a coboundary [¢] = {C+ 3: 8 € B'} for ( € Z".

3.2.2 Quantum operators over finite fields

We briefly review qudits over finite fields [33]. Let ¢ = p”, be a power of primes.

The basis of qudits over F, is generated by {|z) : x € F,}. The Pauli operators over F, are
XO2) = |z +a),  Z%) =er Marm (@) (3.7)

for a € F,. Notice that Z°X® and X*Z" differ by a phase factor
ZPX = ¢ earp (@) xa gb (3.8)

With the Pauli operators defined, the Clifford hierarchy can be generalized to the
setting of qudits. Let C be the Pauli group generated by the Pauli operators. We define

the Clifford hierarchy iteratively, where the i-th level C; is defined as
C; ={U:UCU" C Ci_}. (3.9)

The second level C5 are also known as the Clifford group, and its elements are known as the
Clifford gates. The hierarchy characterize some form of computing power. In particular,
the gates in C5 do not form a universal gate set and can be simulated efficiently using
classical computers. In contrast, the gates in C3 form a universal gate set. These gates
outside of (5 are known as the non-Clifford gates and are essential for building universal

quantum computers.
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We illustrate some of the gates in the hierarchy. At the second level Cs, for a € I,

we have the following operators

M z) = |ax), (3.10)

a _ B trg, , (azy)
CZ%z,yy = er T/ gy, (3.11)
CNOT®|z,y) = |z,ax + y). (3.12)

At the third level Cs, for a € F,;, we have the following operators

To|z) = &% "o/ (@) | 1) (3.13)

2mi

CCZ%x,y,z) = e v "a/m (@92 |1 0y 2y, (3.14)

In particular, since M* is a Clifford gate, in the context of magic state distillation, CCZ*

and CCZ! are of the same resources. This follows from the relation
CCZ*=M* CCZ'M®. (3.15)

It is common to perform alphabet reduction which reduces qudits over [F, into r
qudits over [F,. This allows us to obtain codes over qubits (p = 2) while working with
large finite fields (¢ = 2"). By viewing F, as a vector space over F,,, F, = (F,)", we can
express |z) as |71) ® |r2) @ ... ® |z,), where 1, ...,x, € F,. One can verify that the Clifford
hierarchies over F, and F, agree after alphabet reduction. Conceptually, this means that
the computation model only depends on the characteristic of the field. More concretely,
there are several methods to perform alphabet reduction while preserving the properties
of the stabilizer codes [23, 24]. Therefore, there is no need to be intimidated by the large
field size IF,.

Notice that several notations in this section overlap with those used in the chain
complex. From now on, we will only use CCZ, while X and Z will mainly refer to concepts

in the context of the chain complex.
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3.2.3 Quantum CSS codes

A quantum CSS code of length n over IF, is specified by a three term chain complex
50 5!
Q:F —F; — F (3.16)

where m, is the number of X checks, n is the number of qudits, and m. is the number of Z
checks. The coboundary maps 6° and 8 specify how the checks act on the qudits.

It is understood that the X and Z logical operators correspond to cocycles Z! and
cycles 77, respectively. Additionally, the X and Z stabilizers correspond to coboundaries
B! and boundaries By, respectively.

The dimension k¥ = dim H' is the number of logical qubits. The distance is

d = min(d', d;) where

d'= min |a], di = min |af. (3.17)
acZ\B! a€Z1\B1

These are the minimal weights of the nontrivial X and Z logical operators.

We say the quantum code is a low-density parity-check (LDPC) code if the chain
complex is sparse, i.e. each check interacts with a bounded number of qudits and each
qudit interacts with a bounded number of checks.

To simplify notation in later sections, where many indices are needed to label
variables, we will sometimes drop the indices and use Z for Z! and B for B! as the

discussion mostly focuses on the properties of cochains.

3.2.4 Cubical complexes and cubical codes

The cubical complexes are formed by vertices, edges, squares, cubes, and their high
dimensional counterparts. Their first application in error correcting codes was introduced in

[20] to construct quantum locally testable codes. Prior to this, their 1D and 2D counterparts
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had been applied in [34, 35] and [36, 37]. Our discussion will focus on labeled cubical

complexes because it is more straightforward to apply local codes.

Labeled cubical complexes

A t-dimensional labeled cubical complex X (V; Ay, As, ..., A;) can be constructed
from a set V of size N = |V| and subsets of permutations A, ..., 4; C Aut(V) of size
A = |A;|. These permutations should pairwise commute, i.e. a,a; = aja; for all a; € 4;
and a; € A;. The complex is also denoted as X (V;{4;}).

Each k-dimensional cell (0 < k < t) is associated with a type, which is a subset
S C{1,...,t} of size |S| = k. Denote S as the complement of S in {1,...,t}. A cell o of
type S is specified by

o = (v; (aj)jes; (b))e3); (3.18)
where v € V, a; € A; for each j € S, and b; € {0,1} for each j € S. Let X(S) be the faces
of type S. Then, | X(S)| = |V|A*2!=%. The type of a cell ¢ is denoted as type(c).

Geometrically, a k-cell of type S, o = (v;a,b) contains the following 2% vertices

{( II o -v;b'||b> b e A0, 1}5}, (3.19)
jibl=1
where b'||b denotes string concatenation with re-ordering of the indices in the natural way.
We use the notation a; - v to denote the element a;(v) € V for a; € A; is a permutation of
V. Note that the order of the product in []; a; - v does not matter since the permutations
a; from different sets A; pairwise commute.

A family of labeled cubical complexes to keep in mind is to take V' to be an abelian
group G, and A; to be a collection of left actions A; = {(g — a;9) : @ € flz} for a
generating subset 4; C G. Since the group is abelian, the elements from different sets
pairwise commute. Because of this example, from now on, we will use GG instead of V' to

denote the vertex set.

130



When t = 2, we can take G to be a non-abelian group, A; to be a collection
of left actions A; = {(g — a19) : a1 € fll}, and A, to be a collection of right actions
Ay ={(g > gas) : ay € Ag}. The permutations a; € A; and a, € Ay commutes, because
left and right actions commute. This is known as the left-right Cayley complex [37] which
is an essential ingredient to the recent breakthroughs in classical locally testable codes and
quantum low-density parity check codes [37, 17].

Another family of labeled cubical complexes comes from a Cartesian product of
three bipartite graphs. These are used for constructing qLDPC codes with v — 0 in the
companion paper [21].

We introduce some additional notations. Let X (i) be the set of i-cells. Given two
cells o, 7, we write 0 < 7 if ¢ is a subcell of 7, and write ¢ < 7 if ¢ is an ‘immediate’

subcell of 7 where their dimensions differ by 1.

X, denotes the sub-complex consists of all cells above o
Xo,={r€X:7=0} (3.20)
X<, denotes the sub-complex consists of all cells below o
Xeow={reX: 720} (3.21)

We define Xo, (k) = X5, N X (k) and X, (k) = X<o N X (K).

Chain complexes from cubical complexes

To generate a chain complex, we attach each cell with local coefficients similar
to a Tanner code construction. Let C,...,C; C IFqA be classical codes of length A with
dimension m; and generating matrix hl : Fy — IFqA. The local coefficient space associated
with a k-cell o of type S is F, = ;5 Fy".

The local coefficient can be identified with a codeword in the tensor code @, g C;.
Given ¢ € F,, it is clear that (®,.g h] )c is a codeword in ®, 5 C; C (FqA)@g. The codeword

€S '
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can be further interpreted as a function that assigns every t-cells above o with a value
in Fy, (®;c5hi )e: X=o(t) — Fy. Since each t-cell above o is obtained by extending the
directions in S and each direction has |4;] = A labels to choose from, we can identify A5
with X5, (t) and obtain (]F‘qA)@)g =~ Ff”(t) = (X5,(t) — F,). This induces a map from F,
to ]Fé(é" and we define G, C ]Fé(é"(t) as the image. It is clear that G, = F,. These G, will
be helpful when discussing the generalization to sheaf code in Section 3.6 and defining the
co-restriction map below.

We first define the vector spaces for the desired chain complex. The vector space C°
is the space of functions «, that assigns a value a(o) € F, for each i-cell o. In particular,

C'= P F. (3.22)

oceX (i)

To define the coboundary maps, we first describe the co-restriction maps. For
every pair of cells 0 < 7, we have an embedding X-,(¢) C X.,(¢). This induces the map
Go — Gr, which maps ¢ : X>,(t) = F, to ¢|x. ) : X>-(t) = Fy. Because G, = F,, this
induces a map from F, — F,, which we denote as co-res, ;.

More explicitly, co-res can be defined by mapping through h]T among certain direc-

tions and restrict to certain slices. Given a pair of cells 0 < 7 with type(7)\type(c) = {j},

co-res, () = ((I_j ® h]T)c) [y @iy -], (3.23)

where a; € A; is the label for the j-th direction of 7. For a general pair of cells o < 7, we
again apply h] and restrict to a; € A; for all j € type(r)\type(c). One can verify that
this agrees with the previous definition of co-res.
The coboundary maps §° : C* — C**! is defined by
da(r) = Y coresy . (a(0)). (3.24)
o=
(In general, there will be signs, >, (=) co-res,,(a(c)). We evade this technical

discussion by studying finite fields with characteristic 2 where —1 = 1.)
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We can verify that § o 0 = 0, where we have

itloa(m) = > coresyq(afo)) =0. (3.25)
o~

The last equality holds because for each pair ¢ € X(i),7 € X(i + 2), there exist two
7€ X(i+1) such that 0 <7 < 7.

We denote the chain complex as C(X, {C;}i_) or C(G, {A;}i_;,{C;}iz)).

j=01

Cubical quantum codes

Recall that a quantum CSS code is equivalent to a three-term chain complex. The
previous section provides a chain complex C(G,{A4;},{C;}). So the only additional data is
an integer ¢ which specifies which of the three terms to select. This leads to the quantum

code Q(G,{A;},{C;}, ) defined by
CTHG AL ACH = CUG A} {C}) — CTHG, {4} {Ci}). (3.26)

In particular, the X checks are placed on the (¢ — 1)-cells, the qubits are placed on the
(-cells, and the Z checks are placed on the (¢ 4 1)-cells,
Later, we will mainly discuss quantum codes based on 2D square complexes and 3D

cubical complexes with ¢ = 1.

3.3 CCZ formalism

This section introduces the CCZ formalism, where the goal is to establish a condition
on quantum codes that implies a transversal operation of CCZ gate. This framework should
be compared to the triorthogonal condition introduced in [27], which specifies a condition
on quantum codes that implies a transversal operation for the T gate. Our formalism
can be generalized to C"~1'Z gates or subsystem codes, although we will not discuss them

explicitly in this work.
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3.3.1 Definition of CCZ codes

In the CCZ formalism, the data consists of three quantum codes @1, Q)2, Q3 of length
n1,ng, ng, respectively, and a trilinear map f : Fy* x Fy2 x Fp2 — F,. We say a function
is trilinear if the function is linear when any of the two inputs are fixed. For example,
flag, e, a3) + flo], as,a3) = flag + o), as,a3) and f(aay, as, a3) = af(aq, as, as) for
a € [F,. The trilinear map f has to satisfy an additional condition which we will explain
shortly.

We associate the trilinear map f with an unitary operator CCZ’ defined by
CCZ! |, an, as) = e 7 rarmfenozea) |y o, g0 (3.27)

where «; € IF;” and |aq, g, a3) is the state on ny + ny + n3 qudits labeled by strings
aq, g, az in the Z basis. (Note that strings in the Z basis correspond to Pauli X operators.)
This is analogous to the definition of a CCZ gate. In fact, we will see that CCZ’ can be
implemented by applying multiple CCZ gates.

To ensure that CCZY maps codewords to codewords, we need to impose a condition

on f. The codewords in ()1 ® Q2 ® Y3 are spanned by

[¢1]; [Gas [G]) = Z Z Z G+ B, Co + B2, G5 + Bs) (3.28)

B1E€B1 B2€B2 B3€B3

for ¢; € Z;. Because CCZ’ only changes the phase under the Z basis, CCZ’ |[¢1], [¢2], [G])

is a codeword iff
cez’ I[C1]; [l [Ga]) o< [[Ga] [Gals [Ga]) (3.29)

which is equivalent to

tre, /r, (f(C15 G2, (3)) = trr,/m, (f(C1 + B, G2 + B2, (3 + B3)) (3.30)

for all (; € Z; and 3; € B;. Therefore, we require f to satisfy

J(C1,¢2,G3) = [(G + Bi, G+ B2, (3 + Bs) (3.31)
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which guarantees that CCZ’ maps codewords to codewords. This condition is appealing as
it is saying that f is uniquely defined on the cohomology classes. This is how we will refer

to this condition.

Remark 3.5. The condition we imposed (3.31) may seem stronger than what is necessary
(3.30). However, they are in fact equivalent. For all a € Fy, because a(; € Z; and af; € By,

from (3.30) we have

trr, /r, (f(aC1, 2, G3)) = trr,/r, (f(ali + aB, G + B2, G + B3)). (3.32)

Because f is trilinear, we have

trr, r, (af (G, G2, G3)) = trr, m, (af (G + Br, G + Bas G5+ B3)) (3.33)

for all a € IF,.
Since finite extensions of a finite field is separable, we have F,/F, is separa-
ble. Furthermore, for separable extensions F,/F,, the bilinear trace form trg,/p,(az)

is nondegenerate, meaning that if trg, r,(ax) = 0 for all a € F,, then = 0. Thus,

f(C1, G2, G3) = (G + Bi, G2 + B2, (3 + B3) which is exactly (3.31).

This leads to the definition of a CCZ code.

Definition 3.6. A CCZ code consists of three quantum codes Q1, @2, Q3 and a trilinear

map [ : Fpt x Fy2 X Fp? — [F, such that
J(C15G: G3) = f(G+ B, G+ Bo, G+ B5) (3.34)
for all (; € Z; and §; € B;.
Generally, nq, no, ng are of the same order.
Example 3.7 (Triorthogonal code). Three copies of the same triorthogonal code [27] form

a CCZ code. Let @ be a triorthogonal code of length n. Let {3} be the vectors correspond
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to stabilzer generators and let {(*} be vectors corresponds to logical generators. Recall

that a triorthogonal code is defined over Fy and satisfies
LY B =0,
2 TG = 1,
3. " a%ab = 0 for any distinct a®,a® € {5} U {¢?},
4. " atabal = 0 for any distinct a?, a®, a¢ € {5} U {¢?}.

Set f(an, an, a3) = Y0 | a0 0, where ay ; is the i-th entry of ;. It is straight-
forward to check that the conditions for triorthogonal codes imply the condition for CCZ

codes, Equation (3.34).

Example 3.8 (3D surface code). Three 3D surface codes form a CCZ code. Since similar
facts have been observed in [12, 13], we will not construct f explicitly. We will instead
make some high level remarks.

The key idea is that the X-logical operators of the 3D surface codes can be viewed
as 1-forms. A natural way to form a trilinear operator among three 1-forms is through the
cup product. Schematically, we can write f(a, s, a3) = [1; 01 U ag U az. Tt is well-known
in algebraic topology that cup product is well-defined on the cohomology classes. Therefore,
the construction automatically satisfy the condition for CCZ codes.

An alternative perspective, which may be more visually appealing, is to note that 1-
forms are Poincaré dual to 2D surfaces. In this dual perspective, f becomes the intersection
number of the three 2D surfaces. This can be visualized in Figure 3.1. In particular, the
fact that there is “one” nontrivial triple intersection corresponds to having “one” logical
CCZ gate.

In this example, we see that the reason f is defined on the cohomology classes

is largely induced from the topological nature of the construction. In particular, the
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intersection number is a topological invariant. This is the main idea that allows us to
construct transversal CCZ gates on qLDPC codes. Later, we will first provide a topological
interpretation of the qLDPC codes, which naturally induces the construction of f through

the intersection number.

Figure 3.1: The X-logical operators of three 3D surface codes, each oriented along a
different axis. These logical operators are represented by the corresponding surfaces. A

crucial feature of these surfaces is that their triple intersection number is always 1.

Remark 3.9. Codes with transversal T gates appear to be related to triple self-intersection.
An example with nontrivial triple self-intersection is the 3D real projective space RP® which

has a homology Hy(RP?,Z/27) = Z/27 with a nontrivial triple self-intersection.

3.3.2 Extra code parameters of CCZ codes: nccz, ko,

Besides the traditional code parameters, such as n, k, d, a CCZ code has additional
parameters ncoyz, kcoz, which are dependent on f. Intuitively, nocyz is the number of CCZ
gates needed to implement CCZ’, and kccy is the number of logical CCZ gates applied
by acting CCZ’. In the context of magic state distillation, this means, by consuming
ncoz noisy CCZ states, the error correcting code can output kccy cleaner CCZ states.
Therefore, the corresponding magic state distillation protocol has overhead log”(1/¢) for

v = log(nccoz/kocz)/ log(d), where ¢ is the target error rate.
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We first discuss nccz. Notice that the operator CCZ/ defined in (3.27) can be

rewritten as

core I corf - I ol
J1€[n1],j2€[n2)],j3€[ns] J1€[n1],j2€[n2],33€[ns], f(ej; €55 ,€55 )70
(3.35)

where CCZ;l(Z??l’;-?Q’ejS) is the CCZS e ei¢is) gate acting on the j1, ja, j3-th qudits in codes
@1, Q2, Q3, respectively. Recall that, CCZ" gates for different a # 0 are equivalent resources
up to Clifford operations, as discussed in Section 3.2.2.

One may notice that this application of CCZ gates is not strictly transversal. There
are two perspective to address this concern. First, for the purpose of constructing fault-
tolerant circuits, the encoded unitary does not need to be strictly transversal. In fact,
the same fault-tolerant analysis holds as long as the circuit has constant depth, which is
primarily the setting we consider. Since “transversal” is a well-established term, we will
slightly abuse its meaning. Similarly, constant depth circuits are also acceptable for magic
state distillation.

Alternatively, constant depth applications of CCZ gates can be transformed into
strictly transversal operation by enlarging the quantum code, [21, Lemma 2.45]. Conceptu-
ally, this can be compared to the weight reduction techniques, which also implies a certain

equivalence between different locality constants.

The above discussion leads to the following definition.
Definition 3.10. Given a CCZ code, we define

nocz = {(J1,J2: J3) : flej, €5y €45) # 0} (3.36)

where e; is the standard basis vector with all entries equal to 0 except for the j-th entry

which is 1.

It is clear that nccyz < ninanz. However, in the context of fault tolerance, we want

f to be sparse, meaning that each qubit is only involved in a bounded number of CCZ gates.
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This sparsity condition is analogous to the LDPC condition. Since each j; only appears a
bounded number of times on the RHS of (3.36), in this context, we have ncoz = O(ng). In

fact, we often have ncoz = ©(ny) = O(ng) = O(n3).

Remark 3.11. In magic state distillation with perfect Clifford gates, nccoz is a key code
parameter as it quantifies the number of resource state consumed. However, in the context
of transversal gates for building fault-tolerant circuits, it is crucial for the implementation
of CCZ’ to have a low depth. That means it is important to bound the maximal number of
CCZ gates that a qubit participates in, which leads to the definition of the code parameter

weez = max(wy, wy, ws), where

wy = maX} |{(]27]3> S [nQ] X [n?)] : f(ejuejzvejs) 7£ 0}|7 (3'37)

J1€[n
and wy and w3 are defined similarly.

We now discuss kccy, which is the number of logical CCZ gates applied by CCZ/.
Let kccoz be the largest integer such that there exist kcoyz X logical operators in each of

the codes @1, Q2, @3, denoted as (; ;, (25, (3 for j € [kcez], with the property that

(s Cogar Gajs) = Lji—jamijs (3.38)

for ji, j2, J3 € [kccz), where 15 _;,_;. is equal to 0 except when j; = j, = j3 which is 1.
Once we found those X logical operators, we treat them as the data qubits and set all other
qubits to be in the 0 state. One can see that CCZ’ act on the data qubits as kcoy copies
of CCZ gates.

More conceptually, kccz can be defined as the subrank of the 3-tensor obtained
by restricting f to the logical operators. We first describe the 3-tensor, then review the
definition of subrank. Let {( }?;1:1 be a set of basis for the X logical operators, i.e.

ko

the representatives of a basis for the cohomology group H(Q;). Define {CQJ‘é } =1 and
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G }2”:1 similarly. Let 7' be the 3-tensor in F¥ @ FF> @ Fs, where

Tyt in.g, = T (Cugps G G gty)- (3.39)

One can see that 7' contains all the information about how f acts on the codespace.

We now review the definition of subrank. The subrank of a 3-tensor T € IF’;l ®
IF';2 ® IF’(?, denoted as Q(T'), is the largest integer r such that there exist linear maps
M; - Fii — F; (r < k;) with the property that

(M1 ®M2®M3)T: Zej ®€j®6j. (340)
j=1

It is straightforward to check that the earlier definition of kccyz is equal to Q(T'). In
particular, the choice of the X logical operators (i j, (2,5, (3, for j € kccy corresponds to
the choice of the linear maps My, My, Ms.

The above discussion leads to the following definition.
Definition 3.12. Given a CCZ code, we define
kCCZ = Q(T) (341)

where T is the 3-tensor obtained by restricting f to the logical operators and Q(T') is the
subrank of T'.

Remark 3.13. In the definition of kgcy, we treat CCZ gates as the desired resource and
discard everything else. It is possible that the remnant contains nontrivial resource which
may be recaptured and utilize for better efficiency. We leave this possibility for future

exploration.

To summarize, the discussion of CCZ codes generally contains 3 parts:

1. Construct three codes ()1, ()2, Q3 together with a trilinear map f.
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2. Show that the trilinear map f is uniquely defined on the cohomology classes, i.e. f

satisfies Equation (3.34).
3. Bound ncez and k’ccz.

In this work, we focus on the first two aspects. The third aspect will be discussed in the

companion paper [21].

3.4 Interpret logical operators of qLDPC codes as
strings and surfaces

It is well-known that in a 2D surface code, logical operators can be viewed as 1D
strings. Similarly, in a 3D surface code, the Z logical operator corresponds to a 1D string
and the X logical operator corresponds to a 2D surface. These geometric interpretations
were crucial for understanding the intersection number that induces the CCZ gate on a 3D
surface code, as discussed in Theorem 3.8. In this section, we would like to obtain a similar
geometric interpretation for qLDPC codes, which will allow us to construct f through the
intersection number.

This geometric interpretation for qLDPC codes is largely motivated by the recent
works on subdivided codes [29, 31]. One key step in these works is to impose a 2D structure
on qLDPC codes and attach 2D surface codes on these 2D regions. See Figure 3.2. This
process provides a family of codes with different levels of subdivision characterized by L,
where the original code has L = 1. Since the new code is mostly formed by 2D surface
codes, the logical operators can be naturally interpreted as 1D strings that form a tree,

which branches at the place where the surfaces meet. See Figure 3.3.
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Figure 3.3: The left figure shows part of a Z logical operator, which has a natural string

structure illustrated on the right.

In a physics language, the boundary edge in the figure is condensed by ejeses, mims, moms
where e; and m; are the electric and magnetic particle on the i-th layer. See Figure 3.4.
We say a set of particles (e.g. ejeses) condenses on a boundary if this set of particles can
be created without extra energy near the boundary. This is related to the fact that three
logical Z strings ending on this boundary do not violate any stabilizers.

There are certain criteria on what sets can be condensed. For general TQFTs, we
need to make sure every condensing set is ‘bosonic’ and different condensing sets mutually

commute [38, 39]. For Z/27Z-gauge theories (i.e. toric codes), by using the braiding property
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of the e and m particles, the condition can be rephrased as the following. If we map e;
to Z; and m; to X;, then as Pauli operators, they commutes. Indeed Z; 7573, X1 X5, X2X3
mutually commutes. Because of this mapping, we will refer to these boundary condensing
patterns as the boundary stabilizers. If we further require that the boundary is ‘gapped’,
which is the case for stabilizer codes with large distances, every Pauli operator that
commutes with the boundary stabilizers has to be a boundary stabilizer, i.e. the quantum

code induced by the boundary stabilizers has k = 0.

layer 1
layer 2 moms
mimsa
€1€2€3
layer 3

Figure 3.4: The figure shows three condensing patterns for the code example above.

If the code is a CSS code, then each condensing set is either all formed by e or
m. That means the boundary stabilizers also form a CSS code and we can specify the
condensing pattern using two classical linear codes C,, C,, C IFqA, where A is the number of
squares meeting at the boundary. For example, the condensing pattern ejeses, mims, moms
has C, = span{(1,1,1)}, C,, = span{(1,1,0),(0,1,1)}. From the discussion in the last
paragraph, we observe that when the boundary is ‘gapped’, C, and C,, are the dual to
each other, C,, = C+.

In fact, the two classical codes C., C,, can be identified with the local codes used
in the Tanner code constructions [17, 25, 18]. In particular, for local codes Cy4, Cp, the

horizontal edges have condensing data C. = Cy4,C,, = C and the vertical edges have
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condensing data C, = Cg, C,, = Cﬁ.

As a fun fact, this observation can be used to prove that all three constructions
[17, 25, 18] are (sparse) chain homotopy equivalent as defined in Section 3.2.1. This implies
that if one of the three codes has certain properties, such as large distance or having a
decoder, then other codes also have such properties.

This observation also elucidate the appearance of dual codes when analyzing Z
distance versus X distance of the qLDPC codes. In the proof of the papers above, showing
7 distance boils down to certain properties of the local codes C'y,Cp, while showing X
distance boils down to certain properties of the local codes Cy,C%. We can now explain
this phenomenon as follows. The proof of distance is essentially about analyzing the
structure of the string patterns. Since the Z logical operators correspond to strings that
ends on the boundaries according to C,, proving 7Z distance only involves C,, i.e. C4,Cp.
Similarly, since the X logical operators correspond to strings that ends on the boundaries
according C,,, proving X distance only involves C,,, i.e. C1,C5%.

More generally, the discussion about boundary conditions applies to codes based
on 2D simplicial complexes such as the quantum variant of [19], to codes based on higher
dimensional cubical complexes [20], and to sheaf codes [10, 16]. The formal discussion for
sheaf codes will appear in Section 3.6.

In this work, the geometric interpretation of the logical operators is used to define
f as the intersection number. To achieve this, we will formalize this relation by providing

an explicit mapping for quantum codes constructed from 2D and 3D cubical complexes.
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3.4.1 An explicit map from Pauli X operators to geometric ob-

jects for 2D and 3D cubical codes

For the purpose of constructing CZ and CCZ gates, all we need is a mapping for
the Pauli X operators. This makes the task especially simple if we place the checks and
qubits geometrically, which is what we did in Section 3.2.4.

We start with quantum codes based on square complexes C(G,{A1, A3}, {C1, Cy}).
Given a vector on the qudits @ € CY(G,{A1, A2}, {C1,Cs}) that represents a Pauli X
operator. The local coefficient on each edge e, a(e) € F., corresponds to a function on the
A adjacent faces h! a(e) € G. C F3'. These values can be attached to the segments between
the midpoint of the edge e and the center of the corresponding face f. (This geometric

object should be thought of as the chain in algebraic topology.) See Figure 3.5.
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Figure 3.5: Each edge has a local coefficient a(e) € V.. Such a local coefficient induces
a vector hla(e) € F2. The vector hl a(e) is then used to induce segments between the
midpoints of the edges and the centers of the faces. Notice that because da = 0, the sum

of the segment values on a face is 0.

We observe three properties of this mapping. First, the string pattern near the
boundary belongs to the local codes C or C5. Second, the condition of a X logical operator

da = 0, corresponds to the condition that the sum of the segment values on each face is
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8| (d|erDate)

Figure 3.6: Each edge has a local coefficient a(e) € V.. Such a local coefficient induces
a vector (hI @ hT)a(e) € F2°. The vector (kI ® hT)a(e) is then used to induce the blue

surfaces. Notice that because da = 0, the sum of the surface values near a purple line is 0.

0, because da is obtained by applying the co-res map on «(e), which is exactly applying
hl on a(e). Finally, the X stabilizer generators correspond to logical operators that are
supported locally on the segments around a vertex.

A similar mapping exists for 3D cubical codes C(G,{A;, Az, A3}, {C1, Ca, C3}).
Given a vector on the qudits a € CY(G,{Ay, Ay, A3}, {C1,Cy,C3}). The local coeffi-
cient on each edge e, a(e) € F,, corresponds to a function on the A? adjacent cubes
(hi ® hj)a(e) € G, € FqA2. These values can be attached to the faces spanned by the
midpoint of the edge e, the two center of the corresponding neighboring faces, and the

center of the corresponding cube. See Figure 3.6.
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Figure 3.7: There are A cubes incident to a top boundary face. Each such cube carries a

value. These values form a codeword in C;.

Similarly, we observe three properties of this mapping. First, the surface pattern
near the boundary belongs to the local codes C;. See Figure 3.7. The A? values induced
from an edge belongs to C; ® C;. When viewed from the 2D boundaries perpendicular to
direction 7, this splits into A vectors in C; on A boundaries. Second, the condition of a X
logical operator da = 0, corresponds to the condition that the sum of the surface values
near an edge connecting the center of a face (Z check) and the center of the cube is 0. See
Figure 3.6. Finally, the X stabilizer generators correspond to logical operators that are
supported locally on the surfaces around a vertex. This description leads to an explicit way
to view X logical operators as surfaces, which will be used to define the trilinear function f

in the next section.

3.5 Transversal CCZ operations on 3D cubical codes

The goal of this section is to construct a trilinear function f for the 3D cubical code,
which as discussed in Section 3.3, leads to transversal CCZ operations. This construction
is based on the geometrical interpretation of logical operators described in the previous
section. We first present a simpler case for the 2D square code, where we construct a

bilinear function that is defined on the cohomology classes. We then generalize this idea
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to the 3D cubical code. Since the discussion involves three codes, we will label the three

codes using 1,2, 3, and label the directions using u, v, w in this section.

3.5.1 Warm up: a bilinear map on a 2D square code

Let X be the square complex X (G, {A,, A,}). Consider two quantum codes based

on the square complex

1 :Q(Xv {Civoi}vfz 1)7 Q- :Q(X,{Oi,Cf},Ez 1)' (342)

The goal is to construct a bilinear map f : C'(X, {C}, C!}) x C}(X,{C? C?}) — F, such
that

f(C: ) = f(G+ B, G+ Ba) (3.43)
for all ¢; € ZH(X,{C% C'}) and §3; € BYX, {C:, C'}).

To achieve this, we require that C! ® C% and C! ® C? are both contained within the
parity check code, where C' ® C? = span{c; ® ¢y : ¢; € C', ¢y € C?} is the vector space
generated by c¢; ® ¢ and ¢; ® ¢y is the entrywise product of ¢, ¢o. That means, for every
¢ € O ey € C?, we have 32 (c1)i(ca); = 0 where (c;); is the i-th entry of ;.

We now construct the bilinear map f : C}(X,{C},C;}) x C}(X,{C?%,C?}) — F,.
The goal is to map the vectors a; € CHX,{C!,C!}) and oy € CY(X,{C?,C?}) into
geometric strings, as described in Section 3.4.1, and then define f as the intersection
number of these strings. The appeared difficulty is that the strings overlap, making it
unclear how to define their intersection number directly. The solution is well-understood
in mathematics, which is to perturb the strings into a “generic position”. In our case, we
can achieve this by shifting the string as shown in Figure 3.8. Note that these strings have

associated values attached. When computing the intersection, we multiply the attached
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values. By summing up the contributions from all faces, we have the definition

flon, az) = > CO-TeSe, 1,5q(01(€41)) COTESeq. 5q(2(€04))
9€Gau €A, apvEAyY

+ co-1es,,, sq(a1(€1x)) coTeSe, sq(2(€sp)) (3.44)

where e.o = (g; ay,0), eox = (9;0,a,), €x1 = (a0g; au, 1), €1 = (aug; 1, a,), 5q¢ = (g; @, ay).!

co-rese,, sq(ar(ex1))

(arrg:, 0, 1) €x1 = (avg; Ay, 1) (a/uafq'g:, 1, 1)

J4h) ° /A

N\ N>
sq + (g; ay, ay)

€ox = (g; 07 av) @ €lx = (aug; 17 LL,[,)

< > co-Trese,, sq(a1(e1x))

J4A) ° /A

U N>

(9:0,0) €0 = (g; au, 0) (aug; 1,0)

Figure 3.8: The figure shows two quantum codes constructed based on a square complex,
Q) = Q(X,{CL,C} ¢ =1) and Qy = Q(X,{C? C?},¢ = 1). The associated Pauli X
operators are colored in green and in orange. On each face, there are two contributions
to the intersection number marked with a cross. These corresponds to the two terms

CO-T€Se,,; sq(1(€41)) CO-TESe,, sq(2(€px)) and co-res.,, sq(r(e1x)) co-res,,, sq(a(es)).

What remains to be done is to verify that f is well-defined on the cohomology
classes, meaning that it satisfies Equation (3.43). This is where the assumption that both
Cl© C? and C} ® C? are contained within the parity check code comes into play. The
following discussion aims to provide intuition for this result, while the formal proof is

deferred to Section 3.6.
'For general finite fields F, with characteristic other than 2, the definition has to be modified to

incorporate certain negative signs.
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a+b+c a+b+c

(a+b|+c)d

Figure 3.9: The three main types of topological deformations. We observe that the
intersection number is invariant under those deformations. This explains why f is well-

defined on the cohomology classes.
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In the language of topology, the condition in Equation (3.43) is saying that the
intersection number of two logical operators (y, (5 is invariant under topological deformations.
There are mainly three types of deformations, as illustrated in Figure 3.9. The invariance
of the first type holds for the simple reason that the intersections have the same value.
The invariance of the second type follows from the property that, for logical operators,
the four string values on a face sums to 0. The invariance of the third type is guaranteed
by the fact that the string patterns near the boundary are elements of the local codes,
¢ € C} ¢y € C?. The change in the intersection number is given by 2 (c1);(c2);, which
equals to 0 because C! ® C? is contained within the parity check code. We also require
Cl ® C? to be contained within the parity check code to ensure invariance for similar

topological deformations along the vertical boundaries.

3.5.2 A trilinear map on a 3D cubical code

The same idea of using intersections to define f can be extended to 3D cubical
codes. Let X be the cubical complex X (G, {A., A,, Ay }). Consider three quantum codes

based on the cubical complex
Q1= QX {C,. C,, Cu} L =1),
Q2 = Q(X,{C7. CF, CR}, 0 =1), (3.45)
Qs = Q(X,{C},C), Cut, 0 =1).
The goal is to construct a trilinear map f : C*(X,{CL,CL . C1}) x C1(X,{C? C? C2}) x
CHX, {C3,C3,C3}) — F, such that

F(C1, G, G3) = f(G A+ Bry G+ B2, 3+ F3) (3.46)

for all §; € Z1(X,{C",C! C1) and B; € BY(X,{C",C! C%1). As discussed in Section 3.3,

these data lead to a transversal CCZ operation on the codes.
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To achieve this, we require that C1 © C2 0 C3, C! 0 C?0 C3, CL © C%2 © C3, are all
contained within the parity check code. That means, for every ¢; € Cl, ¢y € C2,c3 € C3,
we have Zle(cl)i(@)i(c;;)i = 0 where (c1); is the i-th entry of ¢;. This can be satisfied, for
example, by taking low-degree Reed-Solomon codes over F, with A = gq.

We can similarly construct the trilinear map f by mapping the vectors a; €
Ci(X,{C!,C? C'}) into geometric surfaces, as described in Section 3.4.1, and then define
f as the triple intersection number of these surfaces. We again shift the surfaces slightly to

obtain the triple intersection number as illustrated in Figure 3.10. Overall, we have

f(OélaO@,Oés) = Z

g€G,ay €Ay, avEAy,awEAY
co-rese eu(1(ayayg; ay, 1,1)) corese c(a2(awg;0,a,,1)) corese o (as(g;0,0,a,))

+coresecu(1(avang; ay, 1,1)) corese cu(@2(avg; 0,1, a,)) co-rese  cu(as(g;0,av,0))
+ corese eu(@1(ayawg; 1, ay,1)) cores.  cu(a(aug;1,0,a,)) cores, o(as(g;as,0,0))
+ corese cu(@1(auawg; 1, ay, 1)) co-rese  eu(@a(wg; ay,0,1)) corese (as(g;0,0,a,))
+ corese  cu(@1(auang; 1,1, ay)) corese  cu(a(ang; ay, 1,0)) co-res.  ou(as(g;0,a,,0))

+ coreseeu(a1(auang; 1,1, ay)) corese cu(@a(aung; 1, ay,0)) co-rese cu(s(g;ay,0,0))

where e__is the edge in the argument of «y;, and cu = (g; ay, ay, ay,). For example, in the first
term, e = (a,a,9; ay, 1,1). Although these expressions are explicit, they are cumbersome
to work with. Therefore, we will reformulate the definition of f more succinctly using the
language of sheaves in Section 3.6.

Analogous to the discussion in the previous section, for f to be well-defined on the
cohomology classes, we want the intersection number to remain invariant under of the
topological deformations. One of the nontrivial deformations occurs near the boundary,
where we deform the surface as shown in Figure 3.11. With some imagination, we observe
that each cube introduces an extra triple intersection with the value (¢;);(¢c2)i(c3);, where

c1 € Cl ey € C% ¢35 € C? correspond to the patterns near the boundary. This means that
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(ayavg;1,1,0)

(ayayayg; 1,1, 1)

Figure 3.10: The figure shows three quantum codes constructed based on a cubical
complex, ()1, 2, Q3. The associated Pauli X operators are colored in purple, green, and
orange respectively. In each cube, there are a total of 6 intersections which contribute
to the 6 terms in the expression of f. We draw the first two contributions in the figure

marked by the crosses.
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Figure 3.11: A topological deformation where the invariance of f relies on the assumption

that C! ©® C% ® C? is contained within the parity check code.

the intersection number is changed by 32 | (c1)i(cs)i(cs)s, which evaluates to 0 due to the

assumption that C! ® C? ® C? is contained within the parity check code.

3.6 Transversal CCZ operations on sheaf codes

In this section, we prove the technical result that enables transversal CCZ operations
on sheaf codes. This includes the cubical code discussed in the previous section. We begin
by reviewing cellular complexes and sheaf complexes, This is followed by a discussion on
how to map Pauli X operators geometrically. Finally, we formalize these intuitions by
defining the cup product on all sheaf codes.

We remark that there have are several variants of sheaves that have been considered
[26, 10, 16]. There is the vanilla sheaf code in [26, 10] and the Tanner sheaf code and
maximally extendable sheaf code defined in [16]. In this work, we suggest a narrower
definition of sheaf codes compared to the definitions in [26]. In fact, our definition almost
agrees with the definition of Tanner sheaf code in [16], except a technical difference that

will be explained later.
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3.6.1 Cellular complexes

Let X be a t-dimensional cellular complex, where X (i) denotes the set of i-cells.
Given two cells 0,7, we write ¢ < 7 if ¢ is a subcell of 7, and write ¢ < 7 if ¢ is an
‘immediate’ subcell of 7 where their dimensions differ by 1.

Mathematically speaking, it is easier to formalize the notion of a simplicial complexes,
then obtain a cellular complex by merging the simplices. However, we will skip those
details.

In the later discussion we assume that for every pair of i-cell o and (i + 2)-cell 7,
such that o < 7, there are exactly two (¢ + 1)-cells 7 such that o < m < 7. This simplifies
the discussion on the gluability of a sheaf. This property generally holds with enough
subdivision of a cellular complex and is true for the cubical complexes discussed earlier.
In fact, this property can be shown rigorously for simplicial complexes. (Note that it is

generally assumed for simplicial complexes that the vertices of each simplex are distinct.)

Claim 3.14. Given a simplicial complezx. For every pair of i-simplex o and (i + 2)-simplex

T, such that o < 7, there are exactly two (i + 1)-simplices w such that o <7 < T.

Proof. Let V' be the vertices of o and W be the vertices of 7. Since the vertices of
each cell are distinct, W\V has size 2. Thus, the two (i 4+ 1)-cells 7 are specified by the

vertices V U {v} for v € W\V. O

We introduce some notations. X, denotes the sub-complex consists of all cells

above o

Xoog={r€X:7>0}. (3.47)

X<, denotes the sub-complex consists of all cells below o
Xeo={r€eX: 720} (3.48)

We define X, (k) = Xo, N X (k) and X<, (k) = X<, N X (k).
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For the purpose of constructing sheaves in the next section, it will be useful to keep
the following analogies in mind. We think of each t-cell as a point, and each i-cell o as
an “open” set that contains the points X, (). Therefore, the relation of set inclusion
Xoo(t) D X5, (1), corresponds to the relation o < 7. Notice that these “open” sets do not
form a standard topology, as they do not satisfy the property that the union of every family
of open sets is open. Instead, they form the Alexandrov topology, which only requires
that the intersection of every family of open sets is open. This perspective of Alexandrov
topology is discussed in [26] and [16], although we do not use this perspective in the later

discussions.

3.6.2 Sheaves on cellular complexes

Sheaf theory is a well-established topic in mathematics. Recently, chain complexes
induced from sheaves have emerged as a natural framework for constructing codes [10, 19,
20, 16]. For readers unfamiliar with sheaf theory, it can be helpful to consult chapter 2
in [40] to understand the motivation behind sheaves, which are traditionally defined over
topological spaces. It is known that sheaves over topological spaces have several categorical
properties and is the right object to study in various settings.

It is important to note, however, that the definition of sheaves over cellular complexes
differs somewhat from the traditional definition of sheaves over topological spaces. Therefore,
one should be careful when drawing parallels between established results on sheaves over
topological spaces and similar results for cellular complexes. In fact, the definition of sheaves
on cellular complex introduced in [26], seems more similar to the traditional definition of

presheaves in some respects?, and one might wonder whether it is the right object to study

2The reason the author refers to it as a sheaf is because the definition satisfies certain categorical
properties. As of my current understanding, the author may have implicitly applied certain sheafification

to make the object more well-behaved.
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in the context of error correcting codes.

These concerns motivate us to introduce additional conditions on sheaves over
cellular complexes. The conditions we impose have certain analogs in the traditional
definition of sheaves and could be useful for certain applications.

We begin by reviewing the definition of sheaves over cellular complexes as introduced
in [26]. To distinguish this from our definition of sheaves, we refer to this structure as a
“presheat” with quotation marks. A “presheaf” F on a cellular complex X is the following

data.

e For each i-cell o € X(i), we have a vector space over F,, F,. Recall that each cell

corresponds to a set X, (t), and we call the elements of F, as sections of F over

X?a(t)'

e For each inclusion 0 < 7 (i.e. X5,(t) O X5,(t)), we have a restriction map res, . :

Fo — Fr.
The data is required to satisfy the following two conditions.
e The map res,, is the identity: res,, = idz, .

o If o X m =< 7 are inclusions, then the restriction maps commute, i.e. res,, =

€Sy ; ISy .

When the context is clear, we write |, in place of res, ..

A useful way to think about an element in F, is to view it as a function defined
on Xs,(t). In particular, given ¢ € F,, we can define the value of ¢ at 7 € X5, (t) as
c(1) = resy,(c). This explains why we call the elements of F, as sections of F over
X>,(t). However, there is a caveat to this interpretation. In particular, the map from F,
to functions on X, () is not necessarily injective for “presheaves”. That means that some

information in F, may be lost when viewed as a function on X-,(¢). This is one reason why
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additional conditions are required to guarantee desireable behaviors for “presheaves”. As
we will see, the conditions we impose imply that the map is injective, so that the element
in F, one-one corresponds to a function on X, (t).

Even though we refer to the object as a “presheaf”; it differs from traditional
presheaves over topological spaces in several ways. While there appears to be a dictionary
between open sets in topological spaces and the regions X, (¢) for some cell o, this analogy
has some subtleties. For example, in topology, the union of open sets is an open set, but
the union of regions X-,(t) is generally not of the form X (¢). The presents a problem:
a presheaf should assign a vector space to each open set, yet the current definition of a
“presheaf” over a cellular complex does not assign a vector space to the union of such
regions. This indicates that the definition of “presheaves” over cellular complexes lacks
some nonlocal data compared to presheaves over topological spaces. This is why we put
the quotation marks around “presheaves”.

The definition of sheaves is designed to address these two issues. The first issue is
resolved by the identity axiom, which ensures that sections are uniquely determined by
their local values. The second issue is resolved by the gluability ariom, which states that
local sections can be glued together to form sections over larger sets. We first review these

two conditions for sheaves over topological spaces.

o Identity axiom: If {U;};c; is an open cover of U, and ¢1,¢2 € Fy, and resyy, ¢ =

resy,y, ¢z for all 4, then ¢; = cs.

e Gluability axiom: If {U;};cr is an open cover of U, then given ¢; € Fy, for all ¢, such
that resy, v,nu, i = resy, v,nu; ¢; for all 4, j, then there is some ¢ € Fy such that

resy,y, ¢ = ¢; for all 7.
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These two conditions can be interpreted as the exactness of the following chain complex

00— Fy — H‘FUi — H ‘FUimUj’ (3'49>

i€l ijel i
The second map is ¢ — {resy y,(c) }ier and the last map is {¢; }ier — {c; —¢;}ijer,izj, where
we impose an ordering on the elements in /. Identity is exactness at Fy; and gluability is
exactness at [[; Fu,.

In the context of topological spaces, these conditions must be satisfied by all possible
open sets. However, for cellular complexes, the analogous notion of open sets is a bit
different. So instead we impose the following condition: for every i-cell 0 € X with i < t—2,
the following chain complex is exact

0— F, — I 7. — I Fo (3.50)

0i+1€EX>4(1+1) 0i+2€X>,(i+2)

and for i-cell 0 € X with ¢« =t — 1, the following chain complex is exact

0— F, — 11 Foiir- (3.51)

0i+1€X >, (i+1)

We will refer to the exactness at F, as the identity axiom on ¢ and the exactness at
o iexs, (it1) Foirs as the gluability axiom on o.

The conditions we impose follow closely with the definition of sheaves over topological
spaces, with the difference being that we now restrict ourselves to a specific family of “open
covers” and a particular set of intersections between the “open sets”. It is worth noting
that in the traditional setting each intersection U; N U; corresponds to exactly two open
sets U; and Uj, which ensures that the sections on U; and U; are consistent. Similarly, in
our context, for every (i + 2)-cell 0,419 € X5, (i + 2), there are exactly two (i + 1)-cells
oir1 such that o < 0,41 < 0442 (discussed near Theorem 3.14), which guarantees that the
section on the two (i + 1)-cells are consistent. In fact, when X is a simplicial complex, and
we take {0i11}0,,,ex5,(i+1) as an open cover of o, the two expressions in Equation (3.50)

and Equation (3.49) are exactly the same.
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We now describe an explicit characterization of F, as a consequence of the sheaf

conditions.

Lemma 3.15. For every cell o € X, the map F, % [l-ex., @ Fr, which sends ¢ —
[lrex., ) 16807 (), is injective.
Furthermore, the restriction map res, . corresponds to the restriction map on X (t)
Fo —= Irexo,w Fr
I‘eSngJ/ J{resx>a(t>yx>ﬂ(t) (352)

-FW - ’ HTEX}W(t) -;ET

where Tesx. (1), x-.(t) S the map that restricts the domain of the function from Xoo(t) to

Proof. We first show the injectivity of ¢, through induction. For ¢ with dimension
1 = t, the result is straightforward. For ¢ with dimension ¢ = ¢t — 1, the injectivity is implied
from the identity axiom on o.

Assuming the statement holds for cells with dimension greater than i, we want to
show that the statement also holds for o with dimension . By the identity and gluability

axioms on o, we have

Fo & ({ertrexoan) V17 € Xog(i+1), p € Xop(i42), x € Fr,tesy p(cr) = resy (e}

(3.53)

where ¢ + {resy r(c)}rex.,i+1). The condition res; ,(cx) = resy ,(cx) is imposed only
when m < p and 7’ < p. Denote the RHS as S.

To show that ¢, is injective, we construct the inverse map im (t,) — F,. Given

h € im (1) C [lrex., @ Fr- Because h(T) = resg,(res,~(c)) for all 7 > 7w, we have

[Trex., @ M(7) € tx(Fr). By the induction hypothesis, ¢, is injective, which allows us to

define ¢, = ¢! (IT;ex,, ) (7)) € Fr for every 7 € X5, (i +1). It is straightforward to

check that {c;}re Xso(it1) € S. Therefore, we can define the candidate inverse map L;l as
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;' (h) = g, ({extrexs, i4+1))- Tt is straightforward to check that the composition ¢! o ¢, is
the identity map on F,.
The second statement about the restriction map is a direct consequence of the

presheaf condition, res; ; res, . = res,, for 7 € X(t). O

Therefore, from now on, we will ocacasionally abuse the notation by viewing F, as

a subset of [[;¢x. () F- and interpreting elements of F, as functions on X o (1).

Lemma 3.16. For every cell o € X,
Fo={ce [ Fr:VreXo,(t—1), resyr(c) € Frl. (3.54)
TEX;O-(t)

In particular, the sheaf F is completely determined by {Fr}rexu—1)-

Proof. We again proof by induction. For ¢ with dimension ¢ = ¢t — 1 or ¢ the
statement is clearly true.

Assuming the statement holds for cells with dimension greater than i, we want
to show that the statement also holds for ¢ with dimension i. Denote the RHS of

Equation (3.54) as T,,. By the identity and gluability axioms on o

Fo % Herbrexo, ey -V, € Xop(i1), p € Xop(i42), ¢r € Fryre87 ,(Cx) = 16870 5(Crr) }.
(3.55)
Denote the RHS as S.
It is clear that F, C T,, which is a direct consequence of the presheaf condition.
What remains is to show that T, C F,. Given h € T,, we define ¢; = [I,ex., ) h(r) for
every m € X5,(i + 1). It is clear that ¢, € T,. By the induction hypothesis, T, = F;.

Therefore, {cr}rex., i+1) € S, which implies h € F,, as desired. O

In fact, the statements of Theorems 3.15 and 3.16 together is equivalent to the

identity and gluability axioms. The means that we could have defined sheaves over
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cellular complexes using the statements in the lemmas. We denote the unique sheaf with
lo(Fy) = Cy C Ff”(t) as F(X, {Cs}oex(t-1)), We refer to C, as the local codes, which
serves a role similar to the local codes used in Tanner codes.

Conceptually, these F,. for 7 € X (t — 1) should be regarded as analogs of stalks. In
the context of sheaf over topological spaces, it is known that “many properties of the sheaf
are determined by its stalks”. Similarly, in our context of cellular complex, we can adopt
the same principle: “many properties of the global code are determined by its local codes”.

This characterization of sheaves allows us to define the concept of a dual sheaf F+,
where 1, ((F1)y) = (1o(F,))* for o € X(t — 1). (This notion was also proposed in [16]
using the notation F7.) As we will see, under suitable conditions, there exists a Poincaré
duality between F and F*. This will allow us to identify the X and Z logical operators
with the cohomologies of F and F*, respectively.

Interestingly, the two statements in the lemmas were used in [16] to define the
Tanner sheaves. The only technical difference is that we allow F. # F, for 7 € X(¢). In
[16], the statement of Theorem 3.15 is assumed as part of the definition of sheaves, and
the statement of Theorem 3.16 is treated as an additional requirement specific for Tanner
sheaves. In contrast, we argue that these two conditions probably should be included right
from the beginning in the definition of sheaves over cellular complexes, as they are closely
related to the identity and gluability axioms that are central to the definition of sheaves

over topological spaces.

Remark 3.17. Our definition of sheaf depends on the value of t. In particular, we apply
different conditions for i =t — 1 and ¢ <t — 2. As a result, if we take the discrete union of
a t-dimensional cellular complex X with sheaf F and a t’-dimensional cellular complex X’
with sheaf F’, the resulting structure is generally not a sheaf when ¢ # ', even though the
discrete union of X and X’ reamins a cellular complex. This contrasts with the definition

of sheaves in [26]
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We argue that this behavior is a feature, not a bug. In our context, even though
we describe the objects through t-dimensional cellular complexes, the goal is to model ¢-
dimensional manifolds. Similarly, the discrete union of two manifolds of different dimensions
is no longer a manifold. In particular, this dependence on ¢ is manifest in the statement of

Poincaré duality, which we will establish in Section 3.8.

3.6.3 Sheaf cohomology and chain complexes

Given a sheaf F on a cellular complex X, we can construct a chain complex
C(X, F) analogous to the construction of the cellular cohomology. This sheaf-induced chain
complex has recently become a valuable tool for constructing classical and quantum codes
[10, 19, 20, 16].
We first define the vector spaces. For 0 < i < t, let C*(X, F) be the space of cochains
defined on o € X (i) with values in F,
C(X,.F)= P F. (3.56)
ceX (i)
Otherwise, C'(X, F) = 0. It is clear that C'(X, F) forms a vector space, since each F, is a
vector space.
We now define the coboundary maps ¢° : C'(X, F) — C*(X, F). Let a € C" be
a cochain. To define §(a) € C*T (X, F), it is sufficient to specify (d'a)(7) € F, for every
7 € X(i+1). In particular, for 0 < i <t — 1 we define
S'a(r) = > res,,(a(o)). (3.57)
o=r
Otherwise, ¢° is defined as the zero map. (In general, the definition contains signs,
Sy (=) res, (a(0)). We evade this technical discussion by studying finite fields with

characteristic 2 where —1 = 1.)
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We finally check that § o 9 = 0. We have

itlta(m) = > resyq(afo)) =0. (3.58)
.

The last equality holds because for each pair ¢ € X(i),7 € X(i + 2), there exist two
7 € X (i + 1) such that 0 < 7 < 7, as discussed near Theorem 3.14.

Note that the standard cellular complex of X can also be viewed as a chain complex
induced from a sheaf, where the sheaf consists of constant sections, i.e. each F, = F,
forms a repetition code. So it makes sense to overload the notation and express the cellular
complex as C(X,F,).

Using the chain complex C*(X, F), we can define the dual chain complex Co(X, F).
These two chain complexes further induce the cohomology and homology groups, H*(X, F)
and H, (X, F).

We observe a relation between the homology and cohomology of the sheaf and its

dual sheaf.
Claim 3.18. Given a sheaf F on a cellular complex X, we have

H/(X,F)= H (X, FY. (3.59)

Proof. Following from the characterization of sheaves, let ' = F(X,{C,}sex@-1))
and F*+ = F(X,{CF}rex@—1)). By definition, Hy(X, F) is induced from the following part
of the chain complex 0 iEN Ci(X,F) KR Ci1(X,F) and H°(X, F1) is induced from the

following part of the chain complex 0 *— CO(X, Fh) LN CY(X,F1). That means

H(X,F)=kerd,={ae [[ F:VoeX(t—1),> res. (a(r)) =0} (3.60)

TEX(t) THo
and
H(X,Fh)=kers®={pe [[ Fr:Vpe X(1), res,,(B(r)) =0} (3.61)
TeX(0) m=p
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Recall that, in our context F, has a choice of basis, which allows us to define the transpose
resZ’T . F, = F,. We would like to show that both are isomorphic to the set of global
sections of Ft
S={ae [ F :VoeX(t—1),{a(r)}rexs.r) € Co}. (3.62)
TEX(t)

We begin by showing H;(X,F) = S. The key is to understand the meaning
of ¥ s, res] (a(r)) = 0. Let ¢5 : Fp — [lex., @ F- be the map such that ¢
[Trex., ) €80, (c). Notice that

; res, (a(7)) =0 <= 1f({a(7)}rex.,) =0 <= {a(T)}rex., €Cye (3.63)
The last iff holds because C, = im ¢,.

We now show H°(X,F1) = S. For each p € X(1), there are exactly two 7y, m, €
X (0) such that my,m; < p. This implies that the restrictions on p agree, res., ,(3(m)) =
resy, »(B(m)). Similar to the proof in Theorem 3.16, one can show that for each 7 € X (t),
the value res, -(5(m)) is independent of 7 € X (0). This allows us to map 5 to the function
a € [lrex@ Fr, where a(7) = res,.(8(m)) for any choice of 7 € X(0). The image a
satisfies {a(7)}rex., @) € Cy for all 0 € X(t — 1) because 3(m) € F; and its restriction
res;, € Fr. It is straightforward to check that this is an isomorphism. (This relation

between H°(X, F1) and the global sections holds generally for sheaves.) O

The equation Hy(X,F) = H°(X,F') is reminiscent of Poincaré duality. In fact,
as we will show in Section 3.8, under suitable assumptions detailed in Section 3.7, this

relation holds more generally, with H; ;(X, F) = H{(X,F*) for 0 <i <t — 1.

3.6.4 Quantum LDPC codes based on sheaves

We are ready to describe a family of qLDPC codes based on Tanner sheaf complexes.

We will later show that they have a natural geometric interpretation and a natural cup
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product.

Recall that a quantum CSS code is equivalent to a three-term chain complex. The
previous section provides a chain complex C(X, {C,}sex@—1)). So the only additional data
is an integer ¢ which specifies which of the three terms to select. This leads to the quantum

code Q(X,{Cs}sex(i-1),£) defined by
CZ_I(X7 {CU}UGX(t—I)) — C€<X7 {CJ}UEX(t—I)) — Ce+1 (X7 {CO'}UEX(t—l))' (364)

The X distance is related to the small set coboundary expansion [41] of the above chain
complex.
Following the discussions in Section 3.4, and more rigorously in Section 3.8%, the Z

distance is related to the small set coboundary expansion of another chain complex
C™ X ACT Yoexa-n) = CTHXACT boexa—n) = CT X ACS Joexe-n)-  (3.65)

We will not discuss how to prove small set coboundary expansion in this paper, but

the tools in [20, Sec 6] are well-suited for this task.

3.6.5 A map from cochains to chains for sheaf complexes

Similar to Section 3.4.1, we map Pauli X operators to geometric objects which can
be used to define the triple intersection number. More specifically, we will map cochains to
chains. Strictly speaking, this discussion is not necessary, since we will take a different route
and define the cup product directly. However, we still provide this discussion because these
geometric objects are easier to visualized and are helpful to keep in mind. For simplicity,

in this and the following sections, we will primarily focus on the case where 7, = I, for

3The discussion in Section 3.8 is not complete, as we have only show the correspondece at the level of
homology. To establish the claimed result, we must also show a correspondence that includes a bound
between the weight of the chain and cochain. Nevertheless, a similar setting for cubical complexes was

addressed in [20, Sec 7] and it is possible to generalize that proof to general cellular complexes.

166



all 7 € X(t). In Section 3.6.9, we will extend the discussion to the case where F is not
necessarily [F,.

For 0 < i < ¢, we will map every cochain a € C*(X, F), to a chain on the “interior”
of the nerve of X, denoted as & € C;—;(Nint(X),F,). The nerve of X, denoted as N'(X), is a
simplicial complex where the vertices correspond to the cells in X, and the edges correspond
to pairs of cells related by inclusion {(o,7) : ¢ 2 7}. More generally, the i-simplices of
N (X)) correspond to sequences of cell inclusions of length i + 1, {(0q9, ...,04) : 09 3 ... 2 0}
The boundary of the nerve NVy(X) consists of simplices that lie on the (¢ — 1)-skeleton of
X. The interior of the nerve N;,;(X) consists of simplices in N (X)\Np(X). Formally, the
chains in Co(N;n(X),F,) can be thought of as the quotient Co(N(X),F,)/Ce(Na(X),F,),
as in the construction of relative homology.

We are ready to define the map from a cochain a € C'(X,F) to a chain & €
Ci—i(Nint(X),F,). Given a pair of cells 0 € X (i), 7 € X(t) with o < 7. Let S(o,7) be the
collection of (¢ — i)-simplices, {(0o, ..., 0¢—i) : 00 2 ... 3 0y} with 0p = 0 and oy_; = 7.
We assign the value res, -(a(0)) € F, to every simplex in S(o, 7). Formally,

a = > > res, . (a(o))T. (3.66)
ceX(i),TeX(t) m€S(o,T)
Notice that @ do not involve any simplices that lie on the boundary Ny (X).

This construction is consistent with the one used for cubical complexes discussed in
Section 3.4.1. Similar to the case of a cubical complex, the corresponding (¢ —i)-dimensional
surface & ends on the boundaries in a specific way, where the values near a boundary
7€ X(t—1) form a vector in C» C F§>T'(t).

This geometric perspective helps clarify the upcoming discussion of the cup product.
The dual of the cup product is the intersection. Consider a (¢ — i)-dimensional surface &,
associated with oy € C'(X,{C1 +}rex@—1)) and a (¢t — j)-dimensional surface &, associated

with as € C/(X, {Cs+ }rrex—1)). The intersection of &; and s is a (¢t — ¢ — j)-dimensional
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surface &. Furthermore, the values near the boundary of & are derived from the product
of the boundary values of &; and &, which lie in C} . ® Cy ./, where C1; ©® Cy = {c; ® ¢y :
c1 € C1,c0 € Oy} and ¢ ® ¢y is the entrywise product of ¢; and ¢y. By taking the dual
from the surface ¢ back to the cochain ¢, this suggests that the the cup product of ¢; and
¢y should lie in C"(X,{C1 ® Cyr}rex—1)). This is exactly what we will show in the

remaining sections.

3.6.6 Cup product on a sheaf complex over a simplicial complex

We first consider a simpler case where X is a simplicial complex. In the next section,
we will triangulate general cellular complex, which allows us to reduce the problem to the
case of simplicial complex.

The goal is to define a cup product for the cohomology classes
HY (X, F) x H(X,F) = HY (X, F, 0 F) (3.67)

where 71 © Fa = F(X, {C1,6 © Co }oex—1)) Where Cy © Cy = span{c; @ cz : ¢ € Cy, ¢ €
Cy} is the vector space spanned by ¢; ® ¢y and ¢; ® ¢y is the entrywise product of ¢y, ¢s.

To do so, we will first define a cup product for the cochains
CH(X,F1) x C1(X, F) = C(X, F, © F) (3.68)

and show that such map interacts well with the coboundary map.

Notice that the “presheaf” constructed from {F; , ® Fa s }oex is generally different
from the sheaf F; ® F, defined earlier. In particular, while F, © Fo, C (F1 © F2),, they
are not necessarily equal. This parallels the situation the traditional sheaf theory, where
one often needs to apply sheafification after performing elementary operations.

Recall that for two cochains on a simplicial complex a € C'(X,F,), 8 € C?(X,F,),
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the cup product a U 8 € C*(X,F,) is defined by

(U B)([voy vy Viy ey Vig]) = ([0, -y vi]) B([V3 -y Vi j]) (3.69)

for every (i + j)-simplex [vg, ..., V;, ..., Vi1;] in X, where [vy, ..., v;] denotes the simplex with
vertices vy, ..., v;. Notice that the definition assumes an ordering of the vertices.

The idea behind defining the new cup product is simple. We combine the contribu-
tions from each simplex analogous to how we combine the values from each intersection.
Since the cup product on each simplex depends on the vertex ordering, we assign a global
ordering to all vertices in X from the start. This ensures a consistent ordering among all
simplices, which will be important later on.

Given a € C/(X, F), let ag, : X<, (i) = F, be the map where o — a(o)|,. (Recall
that c|, is a shorthand for res,,(c)) This local component a, captures the (¢ — i)-
dimensional surface structure in the ¢-simplex 7. It is clear that there is a bijection between
a € CH(X, F/") and {a< trexq € rex (X< (1) = Fy) where FIU = (Xo0(t) — Fy)
could be any local section. That means given the values {a<,}-cx (), we can combine them
into an element in C*(X, F/ull).

Notice that o<, : X<, (i) — F, can be interpreted as a i-cochain on the simplex

X<y, since (X, (i) = F,) = C(X<r, Fy). Thus, we define aU § as

(@Uf)<r = (acr) U (Br), (3.70)

where (a<,) U (B<,) is the usual cup product C'(X<,,F,) x C/(X<,,F,) = CH (X, F,).

At this moment, we only know that o U 8 € C**(X, F/ul). We now show that
aUp e Ct(X,F; ®F). All we need to show is that (« U B)|, € Fi, ® Fa,, since
Firo ©Foe C(F1 © F2)y. We have

(aUB)(o) = {(aUB)(0)]r }rexz, ) = {(@UB)<r(0) }rex, () = {((acr)U(B<r)) () }rexs, )

= {a<r(01)B<r(02) }rexo,t) = {a<r (01) brexe, (1) © {B<r(02) brexo, ) (3.71)
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where the equalities in the first line follow from definitions. The first equality in the
second line follows from the definition of the usual cup product. For o = [vg, ..., v, ..., Vit ],
we define o1 = [vp, ..., v;],02 = [v;, ..., vi+j]. Note that this step relies on having a global
ordering of the vertices, which ensures the vertex ordering is independent of 7.

Notice that {a< (1) }rex., (1) is a restriction of {a<;(01) }rexs,, (1) = a(o1). Because
a(o1) € Fi,, and by the definition of the sheaf, the restriction to X.,(t) is a vector
in Fio, ie. {ac(01)}rexo,) € Fro- Similarly, {B<r(02)}rex., ) € Fao. Therefore,
(U B)(o) € Fio ® Fap-

We have established a cup product for the cochains C'(X,Fy) x C/(X,F) =
CH(X, F; ® Fy). We now show that it interacts well with the coboundary operator and
induces a cup product for the cohomology classes.

First, a simple lemma.

Lemma 3.19. (da)<, = §(ac,) for a € CH(X, F).

Proof. We simply apply the definitions

(60)<r(0) = (Ba)(0)lr = 3 al(d)]- = D aw (o) = d(ax) (3.72)

o' <o o' <o
where the first and third equalities follow from the definition of (x)<,. The second equality
follows from the definition of § on C*(X, F) and the forth equality follows from the definition

of § on CY(X,,F,). O
This is the key formula.
Lemma 3.20. §(aU ) = (daU B) + («UdB) for a € CH(X, Fy) and 5 € CI(X, Fs).

Proof. All we need to show is that (6(aU f))<; = (0aU B)<, + (U §5) <, for all
T e X(t).
We have
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(6(aUB))<r =d((aUB)<r) = d(ac, U Ber) = (0(aer) U Ber) + (aer Ud(B<r))

= ((5O‘)<T U 6@') + (OKT U (66)@') = (504 U B)ST + (Oé U 56)@' (373)

where the first and fifth equalities follow from Lemma 3.19, and the second and forth
equalities follow from the definition of the new cup product. The third equality is the
nontrivial result that holds for the usual cup product (see, for example, [42, Lemma

3.6]). O

It is clear that if « and [ are cocycles, then o U 3 is again a cocycle. Also, if
one of a, 3 is a cocycle and the other is a coboundary, say da = 0 and § = J, then
aUf=aUdy=4d§aUv) is again a coboundary. This implies that there is an induced
cup product on the cohomology classes H{(X, Fy) x HI (X, F,) = H™M (X, F, © F).

3.6.7 Cup product on a sheaf complex

For the purpose of constructing quantum code, we can actually stop here and use
the result from the last section on simplicial complexes. The reason is that for any cellular
complex X with sheaf F, we can always subdivide it into a simplicial complex X and
extend the sheaf into F (see below). The codes defined on (X, F) and (X, F) are essentially
equivalent. Therefore, the result from the last section is sufficient for all practical purpose.
Nevertheless, since our discussion in Section 3.5 was on cubical complex, we will use this
opportunity to demonstrate the tools to convert between simplicial and cellular complexes.

Given a cellular complex X and a sheaf F on X. Let X be a simplicial complex
that triangulates X. The goal is to use the cup products defined on C(X, F) and H (X, F)
in the previous section to induce cup products on C(X, F) and H(X,F). The idea fairly
simple: since X and X have the same topology, the chain complexes defined on X and
X will be chain homotopy equivalent. However, explicitly constructing the maps between

them is somewhat involved, and will form the bulk of this section.
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Define the sheaf F: We begin by defining F. To achieve this, we need to specify a
vector space F, C F§>G(t) for every o € X. The idea is that each t-cell in X is decomposed
into many t-simplices in X. The vector space F, is induced from such a decomposition by
duplicating the value in a t-cell to the t-simplices it contains. Let 7, be the smallest cell in
X that contains o. Notice that every t-simplices above ¢ is contained in some t-cells above
7y. Let I : Xoo(t) = X, (t) be the map that maps every t-simplex to the unique t-cell it
is contained in. This induces the map I, : (X5, (t) = F,) = (X5,(t) — F,), which allows
us to define F, as the image I,(F,,). Tt is not hard to check that F, = F,. Essentially,
the map duplicates the values in X~ () to the values Xs,(t). It is also not hard to check

—_—

that this duplication operation commutes with the entrywise product, F; ® Fo = Fi o F.

Define the maps ¢ and § between the topological spaces X and X: Let X; and X
be the i-skeleton of X and X. We now view X and X as topological spaces and construct
two maps ¢: X — X and §: X — X, such that gg and ¢g are homotopic to the identity
maps on X and X, respectively. Furthermore, we require that the i-skeleton is map into
the i-skeleton, g(X;) € X;, §(X;) € X;. This allows us to use ¢ and § to naturally induce
the maps between the chains (cochains) of X and X. Additionally, for each simplex o € X,
we want (o) C 7, where 7, € X is the smallest cell in X that contains o. This guarantees
the correspondence between the local sections.

Since X; C X;, we can naturally define g as such an embedding. Defining § is more
complicated and we will construct it iteratively. We begin by defining g on the 0-cells. For
each o € X(O), we map o to a vertex in 7,. Now, assume that g : X, — X, is defined.
Our goal is to extend the definition of § to every (i 4 1)-simplex o € X (i + 1). Given the
image on the boundary §(do), we want to ensure that §(o) lies within 7,. By the induction
hypothesis, it is known that §(do) is supported on 7,. Since 7 is contractable, g(do) is

contractable on the (i + 1)-skeleton of 7,, (7,);+1. Such a contraction induces a map from
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o into (7,);41, thereby defining § on 0. By continuing this process, we obtain § : X =X,
We check that gg and gg are homotopic to the identity maps. It is clear that gg
is the the identity map on X. For gg, one can again build the homotopy map iteratively,

which we will skip the details.

Define the induced chain and cochain maps: With g and §, we can define the
corresponding chain maps g; : C;(X,Z) — Ci(X,Z) and g, : Ci(X,Z) — Ci(X,Z). Notice
that, by construction, the images of g and § for each cell is a combination of cells,
which leads to the map on the chains. In particular, g; can be explicitly expressed as,
9i(0) = Xsex()5c0 0 Where & are the simplices of the same dimension that form the cell
o. For g;(5), it is harder to express it explicitly, but we have the property that g;(5) is
only supported on the chain within 75. Since these chain maps are induced from maps on
the topological spaces, they naturally commute with the boundary operators.
The chain maps g;, §; naturally induce the maps on the cochains ¢’ : C/(X, F) —
C{(X,F), §: Ci(X,F) — C{(X,F). For ¢', we define
g@)e)= 3 I1(a()) (3.74)
5€gi(0)
Recall I, : F,, — F5 is an isomorphism. Because ¢ C ¢ and both have the same dimension,
we have 7; = 0. Therefore, I;!(a(¢)) € F, and the expression is well-defined. For g°, we

define
7e)@) =L X al).) (3.75)

o€3:(5)
By the construction of g, o is a cell in 75. This allows us to restrict a(o) € F, to
a(o)|,, € Fr,. Note that the sum accounts for the multiplicities: if o is covered twice in

9:(7), then we consider two contributions from o. Since these cochain maps are induced from

maps on the topological spaces, they naturally commute with the coboundary operators.
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Define the cup product: With the cochains maps ¢°, §*, we are ready to compose them

together with the cup product on C(X, F) to form the cup product on C(X, F),

Ci(X, F)xCH(X, Fo) L20 0i(X, F)xCH(X, Fy) S CHH(X, Fi0Fy) L5 CH (X, FIOF).
(3.76)
We use the property that Fy © Fy = ]-'1/53'2 in the last map. Since the cochain maps

commute with the coboundary operators, this induces the cup product for the cohomology

classes H (X, F;) x HI (X, F3) N HY(X, F O F,).

3.6.8 A local condition that allows transversal CCZ operations

for sheaf codes

We now use the cup product to prove our main theorem.

Theorem 3.21. Let Q(X,{Cio}oex(-1), 1), Q(X, {Coooex-1), l2), QX,{Cs0}oex(i-1), l3)
be three quantum codes (Q1,Q2, Q3 such that ¢, + ly + {3 = t. Let F; be the sheaf
F(X A{Cio}oex@-1)). We assume that the local sections satisfy (F;); = Fy for 7 € X(t).
We define a trilinear map f: Ct (X, F) x C2(X, Fp) x C(X, F3) — F, by
fla,as,as) = > ((oq Uan) Uas)(7). (3.77)
TEX(t)

If Ci o ©Cy,®Cs 4 is contained within the parity check code for every o € X (t—1),

then (Q1,Q2,Qs, f) forms a CCZ code.

Note that (a; U ag) U ag lies in Co+teti (X, F) © F, © F3), which can be viewed as

a function in X (¢t) — F,.

Proof. All we need to show is that f is defined on the cohomology classes. Given

(1, o, G and By, Po, B3 with (; € Z%(X, F;) and 3; € B%(X, F;). Because the cup product
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is defined on the cohomology classes, we have ((] U (}) U} — (¢ U () U = [ for some

B € BY X, F1 ® F, ® F3), where (! = (; + ;. This implies

f(C{a <éa Ci;) - f(CIa QQ, C3 Z 6 (378)

TEX(t)

Let 8 = da with o € C771(X, F; © Fo ® F3). We have

Y. Blr)= 3 da(r)= > Y alo)= > > alo).=0 (3.79)

TEX(t) TeX(t) TeX(t) o<1 oeX(t—1) 0o
In the last equality, we use {a(0)|;},-» € Ci,0 © Cyp © C5, and Y. s, a(0)|; = 0 which
follows from the assumption that C, ® Cy, © U5, is contained within the parity check
code. O

More generally, we can obtain multiple CCZ operations, by taking four codes,
QX {Cio}oex—1),l;) fori = 1,2,3,4, where {1 + o+ 54+, = t. (It is ok for the last code
to be classical with ¢4 = 0.) We assume that for every 0 € X(t—1), C1,©Cs,©C3,©Cy,

is contained within the parity check code. We can then define trilinear maps f¢, for every

G € ZM(X, {Cuotoexp—1)) as

fe, (a1, o, a3) = Z (((cq Uag) Uasz) U ) (7). (3.80)

TEX (1)

Similarly, one can show that f, is defined on the cohomology classes. This is related to a

known fact that a non-targeted CCCZ operation can induce targeted CCZ operations.

3.6.9 Abstract discussions

We make some abstract remarks and extend the cup product to the case where F.
for 7 € X(¢) is not necessarily F,,.
In mathematics, it is understood that given sheaves Fi, F, of vector spaces over I,

on a topological space X, there is the cup product

H{(X,F) x H(X,F) = HY (X, F, @ F). (3.81)
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In the context where the the value at each point is in I, this corresponds to the entrywise
product we considered above, (f,g) — fg where fg(x) = f(x)g(z). Thus, our result on
cellular complexes can be seen as an analog of this well-known result from traditional sheaf
theory.

This indicates that our result can be extended. In particular, given two sheaves Fi, Fo
on a cellular complex X, we can construct the sheaf F; ® F, defined by (F; @ F2)(7) =
F10(7) @ Fap(r) for every o € X(t — 1) and 7 € X5, (t). By following a similar proof
strategy, we can derive the cup product H (X, Fy) x HI (X, Fy) = H(X, FL @ F).

Acknowledgements

TCL was supported in part by funds provided by the U.S. Department of Energy
(D.O.E.) under the cooperative research agreement DE-SC0009919 and by the Simons
Collaboration on Ultra-Quantum Matter, which is a grant from the Simons Foundation

(652264 JM).

3.7 Appendix: Locally acyclic sheaves

For the purpose of studying sheaf cohomology, it is natural to demand that the
cohomology vanishes on each cell. This is essential to obtain Poincaré duality which will
be discussed in the next section. We denote X, as the cellular complex formed by o, and

F<. as the restriction of the sheaf where F,(p) = F, for all p < 0.

Definition 3.22. Given a t dimensional cellular complex X and and a sheaf 7 on X. We

say F is locally acyclic if for each i-cell o, H(X<,, Fey) =0 for 0 < j <t —i.

176



For simplicity, we will denote H?(X,, F<,) as H?(o,F). More explicitly, F is locally
acyclic iff for each i-cell o, the chain complex
I 7. I #.—--—= 1 % (3.82)
0i4+1€X > (i+1) 0i42€X > (i+2) 0t€EX >4 (1)
1s exact.

The acyclic condition is often essential for estabilishing a meaningful cohomology
theory, as it determine which structures are considered trivial. For example, in the case
of topological spaces, if X is contractible, then H*(X,F,) = 0 for all > 0. Similarly, for
schemes, if X is an affine scheme and F is a quasicoherent sheaf, then H'(X, F) = 0 for
all 7 > 0.

In the context of quantum codes, the acyclic condition naturally arises because it
implies that every cocycle ¢ supported on X, must be a coboundary ¢ = da for some «
supported on X¢,. If this condition is not satisfied, it is almost saying that ¢ is a nontrivial
logical operator with a constant weight. This is undesireable, since our goal is to construct
LDPC codes with large code distances.

Another way to view the locally acyclic condition is that this is analogous to the
condition of a Leray cover over topological spaces. The Leray cover implies that the
associate Cech cohomology is isomorphic to the sheaf cohomology. This is not essential
and we will not dwell on this point further.

Currently, all sheaves used for code constructions, such as those in [17, 37, 25, 18,
19, 20], are locally acyclic. Most of these constructions achieve local acyclicity by employing

tensor codes. The only exception is [19], which uses Reed-Solomon and Reed-Muller codes.

3.8 Appendix: Poincaré duality for cellular complexes

Theorem 3.23. Given a t dimensional cellular complex X and and a sheaf F on X. If F
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is locally acyclic, for 0 <i <t —1, we have

H, (X, F) = H(X, Fb). (3.83)

Proof. Our proof utilizes a spectral sequence, similar to the proof strategy used
in Thm 8.9 of Section 14 in [43]. This strategy often arises when working with Cech
cohomology which is closely related to our setting.

The idea is to construct a double complex (K**, 6, d) where § : KP4 — KP4 (
KP4 — KP9t!l and d? = 0,02 = 0,dd = dd. Let D = d + 6. Notice that D? = 0%, which
defines a chain complex (K*, D), where K* = @, ,_, KP4

It is known that one can compute a sequence of complexes {(E,,d,)}>°, where each
page E, is the cohomology of the previous page E,_;. The key result of spectral sequences
is that, if the sequence converges, the resulting complex corresponds to the cohomology
group of (K*, D). For a more detailed statement, we refer to Section 14 in [43].

In our use of the spectral sequence, we alter the roles of ¢ and d, which provides an
alternative way to compute the cohomology group of (K*, D). The desired result follows
from the fact that both computations lead to the same cohomology group.

We now describe the double complex. For 0 < p < r < t, let

Kri= ][ C'(o,F) (3.84)
oeX(p)
where r =t — g and C"(0, F) = [l;ex., () Fr- Otherwise, KP4 = 0.
For 0 <p<r <t letd: KP4 — KPTH4 be the map
(ba)(T) = ; ao) (3.85)

where 7 € X (p). Otherwise, ¢ is the zero map.

4We again avoid the discussion of the negative signs by working in characteristic 2.
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For 0 <p<r <t letd: KP? — KP4t be the map

(da) () = 9(a(T)) (3.86)

where 9 : C"(1,F) — C"~'(r,F) is the boundary map where (03)(7) = X, B(p)-
Otherwise, d is the zero map.
It is straightforward that d*> = 0,02 = 0. For 0 < p <r <t with r —p > 2 and
a € KP4 we have
(doa)(7)(m) = d(da()) () = D da(r)(p) = D D alo)(p) (3.87)
p pm o~

and

(9da)(7)(m) = D_ (da)(o)(m) = >_ dal(o))(m) = 3 > alo)(p) (3.88)

o=r o=r o= phm
which implies doa = dda. Otherwise dd = dd as they are both zero maps. We have now

established that (K**,,d) forms a double complex.
We are ready to discuss the spectral sequence. We will state the resulting pages in

the spectral sequence, and then justify each step. The double complex forms the zero-th

page
q
HUEX(O) 60(07 'F) 0 0 e 0
[loex (o) Cl(o, ]:)HUEX Cl(o"f) 0 0
EO = HUEX( C ((7 ‘F)HUEX C (U I)HUEX Cz(U,F) 0
HUEX (0) ct (U JT:) HUGX Ct(07 ‘F) HUEX(Q) Ct<0-7 ‘F) T HUEX(t) Ct(av *F)
(3.89)
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The first spectral sequence has

q

Co(X,F) 0

Ci(X,F) ?

Ey=H;Ey= | Co(X,F) 0

Ci(X, F) 0

and

Ew =FEy=H;HsFy =

Hy(X,F)
H(X,F)

Hy(X,F)

H(X,F)

(3.90)

p
(3.91)

Even though some of the values on the diagonals is unknown, we have H'(K,D) =

H (X, F)for0<i<t—1.
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The second spectral sequence has

q
0 0 0 0
0 0 0 0
E, = H;E, = 0 0 0 0 (3.92)
COUX, FF) CH(X, Fh) C*(X, FH) CHX,F*)
b
and
q
0 0 0 0
0 0 0 0
E.=F,=HsH;E, = 0 0 0 0
HY(X, FHHY X, FHYH?*(X, F1) HY(X,Ft)
b
(3.93)

We have H' (K, D) = H(X, F*) for 0 <i < t.
By comparing the results from the two spectral sequences, we have the desired result
H (X, F)2H(X,Ft)for0<i<t—1.

It remains to show the following statements:
1. 0= C(X,F) L [Trex(0)C°(0, F) — 0 is exact.
2. 0= Ci(X,F) 5 [yex C'(o, F) 2, [Trex1)Cl(o, F) is exact for 1 < i < t.
3. [yexi) C (0, F) 4 [loex()C'(0, F) — 01is exact for 0 <7 <t — 1.

4.0 = C'(X, F') = Iyex@ C'(o, F) = 0 is exact.
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5.0 Ci(X,FY) & [yex@ CHo, F) 4 [oex()C' (o, F) is exact for 0 <i <t — 1.

We will specify the maps f, g, h.

We show the first statement. Notice that C°(c,F) = F,. Let f be the map
a = [Trex) a(o). It is straightforward to check that f is an isomorphism. (Recall that in
our context Co(X,F) =CY(X,F).)

We show the second statement. Let g be the map a = [,ex o) {a(7)}rex., @) It
is clear that g is injective. It remains to show im g = ker §, specifically that im g 2 kerd.
Recall that for 8 € [I,cx (o) C (0, F), (08)(p) = Xy=, (). In this case, p is a 1-cell, so
there are exactly two 0O-cells 0,0’ with 0,0’ < p. This implies that the functions §(o)
defined on 7 € X5, (i) and B(0’) defined on 7 € X,/ (i) agree on their overlap 7 € X ,(¢).
Since the functions {3(c)}sex(0) are consistent, we can glue them together to form a global
section « defined on all of X (4). It is clear that 5 = f(«), and thus im g D ker 4.

We show the third statement. It suffices to show that C'(a, F) — C'* (o, F), i.e.
Fo = loiiiexs, i+1) Foias 18 injective. This follows directly from the injectivity axiom on
0.

We show the fourth statement. The statement is true as both C!(X, Ft) and
[loex() C'(o, F) are the space of functions defined on X(t), C'(X, F') = [lyexp Fy =
Moex@ Fo = Hoex@ CHo, F).

We show the fifth statement. Notice that C*(X, F*) = [I,ex() Fo - So all we need
is to show is the chain complex 0 — F+ <% Ct(g, F) & C'~1(0, F) is exact for each
o € X(i), where e = [T,cx(;) € and e, maps c to {resy, c}rex., ). In fact, the exactness
of such chain complex was discussed in Theorem 3.18, where we take o as the cellular
complex X. This concludes the proof for the case where F is locally acyclic.

For statements 3, 4, 5, it is helpful to keep in mind the following long exact sequence
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for each i-cell o:

0— F, — 11 Foiir = 11 Foiro = o= ] Foo—=Fy —0

oi+1€X50(i+1) 0i42€ X34 (i+2) 0t€X >4 (t)
(3.94)
which can also be written as
0— Co,F) = C* o, F) = C0,F) = ... » Ca,F) = F+ = 0. (3.95)
O

Dissertation Note

Chapter 3 is based on the sole-authored work “Transversal non-Clifford gates for

quantum LDPC codes on sheaves,” arXiv:2410.14631, 2024.
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Chapter 4

CFT Ground States as Critical Points

of an Entropy Function

Chapter 4 is based on joint work with John McGreevy (arXiv:2303.05444).

swimming in a sea of field theories
searching for shape

the RG flow reveals a hub—

roads threading outward

to grasp the center
i reach with the tweezer

of the vector fixed point equation

Quantum entanglement and quantum information have played important roles in the
study of quantum matter. For 241D gapped phases, this includes topological entanglement
entropy [1, 2|, entanglement spectrum [3], and the recent work on chiral central charge

[4] and minimal total central charge [5]. For 141D conformal field theories (CFTs), the
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entanglement entropy [6, 7, 8] of the ground state is related to the central charge. These
tools are useful to distinguish quantum phases analytically and numerically.

More ambitiously, one may wonder if the reverse holds, namely, could there be
entanglement conditions that are satisfied and only satisfied by ground states for certain
quantum phases? One proposal is given by Shi, Kato, and Kim [9] where they stated two
conditions that are conjectured to be satisfied and only satisfied by the ground states of
topological quantum field theories!. Remarkably, using the two conditions, they are able
to derive many known properties of 241D topological orders. Another nice feature is that
because the two conditions only involve the entropies of local regions, the conditions can
be checked easily. This program is called entanglement bootstrap and can be applied to
other settings, including gapped domain walls [10] and higher dimensions [11].

Given the success of entanglement bootstrap for gapped topological orders, one may
wonder if a similar set of entropy conditions exists for gapless states. In this work, we
propose a new set of ultra-violet (UV)-independent entropy conditions that apply to the
ground states of 1+1D unitary CFTs. The conditions additionally hold for 1+1D gapped
phases at RG fixed points. In the spirit of entanglement bootstrap, we conjecture that
these conditions characterize the ground states of 1+1D RG fixed points with Lorentz

symmetry.?

I More precisely, any state that satisfies the conditions is the ground state of a Hamiltonian that belongs
to a topological phase. And any topological phase has a Hamiltonian whose ground state satisfies the

conditions.

2Notice that in this statement we make a distinction between CFT and RG fixed point. In fact we know
examples of lattice wavefunctions that satisfy Equation (4.1) that are not CFT ground states. Nevertheless,
they are renormalization group fixed points.

To be clear, for the more specific case of CFT, this paper shows that Equation (4.1) is a necessary
condition, and we conjecture that Equation (4.1) can also be viewed as a sufficient condition for RG fixed
points. Furthermore, the following argument suggests that demanding Equation (4.1) for multiple choices

of regions may be a sufficient condition for CFT.
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Let A, B, C be three consecutive intervals; see Figure 4.1. Our essential observation

is that the ground state of a 141D unitary CFT |¢) satisfies

Ka o1 and Ka|Y) o [4)34 (4.1)
where
Ka = (Kap + Kpc) — n(Ka + Ko)
— (L =n)(Kp + Kapc) (4.2)
and Kx = —logpx?® is the entanglement Hamiltonian of the reduced density matrix

px = Trg|v) (4|, I is the identity operator, and 7 is the cross ratio of the intervals.

Moreover, when the central charge ¢ is known, the proportionality constant is given by

Ka=gh(n) and  Kalo) = Sh(n)v) (43)

The condition Equation (4.1) is a strong constraint; the fact that there are solutions to Equation (4.1)

is itself surprising. Notice that each vector equation has roughly the same number of constraints as the
number of variables in |¢), and therefore imposing the vector equation for multiple choices of intervals is
overconstrained. When the state has > 6 intervals, if we require the vector equation for every choice of
three contiguous intervals, there are at least 2 independent vector equations, generically. That means, in
general, we do not expect any |¢) that satisfy every vector equation to exist. However, as we have shown,
each CFT ground state is a solution to the vector equations. This is suggesting that these vector equations
have intricate relations that are yet to be understood, and it is possible that this relation between equations

has something to do with the Virasoro algebra.
3Even though the operator equation Ka o< I implies the vector equation Ka|¢) o [), we find the

vector equation to be more robust than the operator equation. Therefore, we write both.
4In [12], we give an argument that Eq. (4.1) for different choices of A, B, C' exhausts the linear relations

amongst single-interval entanglement Hamiltonians in a CFT groundstate.

5The reader might worry that —log px is not well-defined when px has zero eigenvalues. Here, we note
that the equation Ka 1) o< |¢) remains well-defined, because it projects out the problematic eigenvectors.

This point is discussed in further detail after the derivation of the main results.

190



I Ty
A B (C
f f f f A C
I ) T3 Ty
i) B T3
_ (z2—z1)(xa—23) _ sin(wz12/L) sin(wxzssa /L)
n= (z3—x1)(T4—72) n= sin(wz13/L) sin(rz24/L)

Figure 4.1: (a) Three consecutive intervals on an infinite system with the corresponding
cross ratio 1. (b) Three consecutive intervals on a circle with circumference L. Here,

x;; = x; — x; denotes the distance between z; and z;.

where h(n) = —nlogn — (1 —n)log(1 — n) is the binary entropy function. Finally, we

observe that Eq. (4.1) is the condition for |¢)) to be a critical point of the following function:

Sa(l¥)) = (Sap + Spc) — n(Sa + Sc)

— (1 =n)(Sp + Sanc) (4.4)

where Sy = S(px) is the von Neumann entanglement entropy between X and X. The
function is nonnegative because it is a convex combination of two nonnegative quantities,
by weak monotonicity Sap + Spc — Sa — S¢ = 0 and strong subadditivity Sap + Spc —
Sp — Sapc = 0 [13, 14]. All the statements above can be extended to the ground state on
a finite circle and the thermal state on an infinite line.

The formulae discussed above were derived in continuum CFT. In many physical
realizations, CFT arises as an approximation to a lattice model. Importantly, we show
numerically that the equations hold approximately for various lattice models and the error
Kalh) — 5h(n)[))| decays as the number of sites increases (as a power law).

Therefore, after obtaining the basic formulas, we explore their implications on states
supported on a discrete lattice, by the following device: divide up the spatial direction into
a collection of line segments, and regard each segment as a site of a lattice model with

infinite-dimensional local Hilbert space. We thereby identify new equations that could
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potentially hold for lattice models with finite-dimensional local Hilbert space, which can
then be validated numerically. Specifically, we express the entanglement Hamiltonians
of intervals and the six global conformal generators as a combination of 1-site and 2-site
entanglement Hamiltonians of the CF'T ground state. This has two important implications.
First, when the state satisfies the entropy formula, the six global conformal generators have
the expected scaling properties under real-space RG. This provides evidence that a state
satisfying the entropy formula enjoys conformal symmetry. Second, the result yields an
algorithm that can reconstruct the CFT local Hamiltonian from the CFT ground state.
This is remarkable since the parent Hamiltonian construction [15] that applies to matrix
product states cannot be applied to gapless phases due to their long-range correlations.
This algorithm offers an alternative method for recovering the local Hamiltonians from
states near RG fixed points, including gapped and gapless phases. This result corroborates
the general principle that a single representative wavefunction contains all the universal
data about a state of matter.

We want to highlight an implicit theme of this work, which aims to go beyond the
traditional algebraic formulation of CFT and provide an alternative analytic formulation.
Typically, CFTs are defined using algebras with equalities, which do not allow for the
discussion of approximate CFTs. However, many examples exist that we would like to
categorize as approximate CFTs, such as QFTs that are slight perturbations of CF'Ts or
critical lattice models that are CFTs in the IR limit. Because these models have different
Hilbert spaces, finding a criterion that applies to all cases is challenging. To address
this issue, we utilize the entanglement entropy and entanglement Hamiltonian, which are
agnostic to the Hilbert space. We propose to define approximate CFTs as systems whose
ground state approximately satisfies Eq. 4.1. Further research is needed to determine the

usefulness of this proposal.
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4.1 CFTs and their entanglement properties

Conformal field theories (CFTs) are field theories with scale invariance. Such scale
invariance often implies a larger invariance called the conformal symmetries, which include
transformations that locally look like rescalings. These conformal symmetries appear
naturally in many physical systems, including the fixed points of the RG flow and the
critical points of statistical models.

For 141D CFT, the entanglement entropy [8] and the entanglement Hamiltonian

(EH) [16] of the ground state on an interval [z, 23] are known to be

C To — T
Sfaraa) = 3 l0g —— (4.5)
and
Kizy 2] = 27r/ ’ dx (z 21wz — :E)Too(x) + const. (4.6)
x1 To — X1

where ¢ is the central charge, ¢ is the uniform UV cutoff, T is the stress-energy tensor,
and const. is a number that depends on the UV cutoff €. These two equations are the key
to showing the main results. As we will see, even though both equations suffer from UV

divergences, the combinations in Eq. (4.1) and Eq. (4.3) are free from UV divergences.

4.2 Derivation of the main results

We first show Eq. (4.1) and Eq. (4.3) for the ground state of a 14+1D CFT on an
infinite system. Then we show the equivalence of Eq. (4.1) to the critical point condition

of Sa defined in Eq. (4.4). Let A = [z1,22], B = [z2,23], and C = [x3,x4] be three

(z—a') (2" —x)

!

consecutive intervals. For convenience, we define the function fi, .7 (x) = L 2

where 1(,/ ;) is the indicator function. By Eq. (4.6),

(Kap + Kpc) —n(Ka+ Ko) — (1 = n)(Kp + Kapc)
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— /Oo dx ((fAB + fre) = n(fa+ fc)

-~ =n)(fs+ fABC))Too(a:) + const. (4.7)

A straightforward calculation shows (fag + fec) — n(fa+ fe) — (1 —n)(fs + fasc) =0
from which Equation (4.1) follows.

To obtain the ratio in Eq. (4.3), we multiply (| on both sides. Because (¢)|K4|¢) =
Sa, the left hand side becomes (Sap + Spc) — 1(Sa + Sc¢) — (1 —n)(Sp + Sapc) which
evaluates to £h(n) using Eq. (4.5).

Now we show that Eq. (4.1) is precisely the condition for vanishing variation of Sa
with respect to the state. Recall that [¢) is a critical point if the gradient is 0 subject
to ((¢] + (d|)(J¢) + |d)) = 1, ie., (d|) + (P|d) = 0. To compute the gradient of
Sa = (Sap + Spc) —n(Sa+ Sc) — (1 —n)(Sg + Sapc) we use the first order derivative of

the entanglement entropy:

dSx([¢)) = (dv|Kx[v) + (| Kx|dy) (4.8)

as reviewed in the Supplementary Material. Therefore, the critical point |¢) has
dSa = (dp|Ka i) + (Y[ Kaldi) =0 (4.9)

for all |dv) satisfying (diy|v) 4+ (¢|dy) = 0. Recall Ka = (Kap + Kpc) — n(Ka + K¢) —
(1 —n)(Kp + Kapc). This is equivalent to Kalt) o |1) in Eq. (4.1). Note that the left
equation in Eq. (4.1), Ka o I, does not follow from Ka|¢) o< |¢)) and the critical point
condition in general, but does follow under certain assumptions that will be explained later
in this section.

More generally, the result can be extended to the ground state on a finite circle
and the thermal state on an infinite line. In both cases, the entanglement entropy and the

entanglement Hamiltonian are known [8, 16], so the proof strategy still works. The difference

sin(mx12/L) sin(rwxs4/L)
sin(mz13/L) sin(mz24/L)

is to replace the cross-ratio ) with the effective cross-ratio n.g where nly =
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for the ground state on a circle of length L and nf = Zﬁﬁgnggg :iﬁg:ﬁii;g; for the thermal
state on an infinite line of inverse temperature (3.

We now discuss the subtle relation between the operator equation K = $h(n) and
the vector equation Ka|¢) = £h(n)|¢). We first present an argument that shows their
equivalence for quantum field theories, then discuss the difference in their approximate
versions. It is clear that the operator equation implies the vector equation and typically
the other way does not hold for finite dimensional Hilbert spaces. One extreme example
for finite dimensional Hilbert spaces is that Ky = —logpx could have singularities
when px has zero eigenvalues, while Kx|¢) is still well-defined with continuity, because
limy ;o AlogA = 0. On the other hand, for quantum field theories, due to the Reeh-
Schlieder theorem [17], [¢0) € Hapcp is cyclic, which means Oplv) is dense in Hapc for

Op supported on D. Because K is only supported on Hapc, Ka and Op commutes, and

we have KAOply) = $h(n)Opli). Since Oplip) is dense, this implies the operator equation

In the approximate case, one might hope that Ka =~ $h(n) in the operator norm
and Kaly) ~ £h(n)}1) in the vector norm. Numerically, we observe that the approximate
operator equation does not hold, while the approximate vector equation holds. This
suggests that the vector equation is more valid because it is stable against perturbation.
Nevertheless, we suspect that the operator equation remains stable under a different norm

which requires further investigation.

4.3 Local-to-global implications

In the last section, we established that K = £h(n) for any consecutive intervals
A, B,C'. In this section, we apply this relation to intervals with integer-valued endpoints

which can be associated with a lattice model. The benefit of having a lattice model is that
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it allows for concrete numerical verifications. We demonstrate that several quantities can
be expressed as a sum of local operators. First, we prove that the EH of an interval can be
expressed as a sum of 1-site and 2-site EHs from Eq. (4.1). This implies that the reduced
density matrix on an arbitrary interval can be reconstructed from the 2-site reduced density
matrix.

We first introduce the notation. To simplify the presentation, we define the reduced
EH as Ky = Kx — ()| Kx|1), which is the EH shifted by a constant so that (4| K x|¢) = 0.
This removes the constant term in Eq. (4.6), which implies that Ka = 0. The reduced EH of
an interval [a, b] is denoted as K la,p)- In the following discussion, we only consider intervals
with a,b € Z, so that they can be associated with a lattice model. The corresponding
lattice model regards each interval of length 1, [a,a + 1], as a single site®. Therefore, the
interval [a, b] corresponds to b — a sites. From now on, we refer to the reduced EH simply
as EH.

We now show that any EH of an interval can be written as a sum of 1-site and
2-site EHs, using Eq. (4.1) recursively. We begin with the example of a 3-site EH. Take
A=10,1,B =[1,2],C = [2,3]. The equivalent form of Eq. (4.1) K = 0 implies

_ — 1~ 1~ 3~ 3~
K[072} + K[l,?)] - ZK[O’H — ZK[ZB] — ZK[LQ] — ZK[O’?)} - 0 (410)
Therefore,
— 1~ — —~ 4~ 1~
K3 = _gK[O,l] + gK[o,Q] — Ko + gK[1,3] — gK[2,3]- (4.11)

Similarly, for a 4-site EH, take A = [0,1], B = [1,2],C = [2,4], and we have

_ 1— 3~  — 3_ 1
Koa = —5 Ko+ 5Kz — Kpay+ 5 g — 5K
1— 3~ 3 —

= —58ou + 5 K2 — 5K + 2K

60f course, these ‘sites’ have infinite-dimensional Hilbert spaces, and this is just a rewriting of the
continuum CFT information. In what follows, we will use the same relation in systems where the Hilbert

space of each site is replaced by a finite-dimensional Hilbert space.
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3~ 3~ 1~
— —K —Kio g — =Kjg.41. 4.12
7 [2,3] T 5 [2,4] 7 3,4] ( )

More generally, for an n-site EH, take A = [0,1], B = [1,2],C = [2,n], and we have

— n—92— 2n —1) — ~
Kpon = — Koy + ( >K[o,2} — Kpa
2(n—1) ~ n—2—~
K = — K (4.13)
By recursively expanding K, (1,n and K, 2,n], We obtain
~ > . ~ o1 =
Koy = > f2(+ DKo + f1( + 5) K (4.14)
j=—00
_ 2z(n—x) - *21(“*%)4’% . cq. .
where fo(z) = = —"1n), fi(x) = ——21)0z], and 1y, is the indicator function.

Therefore, any EH can be written as a sum of 1-site and 2-site EHs, which means the
reduced density matrix on arbitrary intervals can be reconstructed from the 2-site reduced
density matrix. This could be viewed as a solution to the quantum marginal problem for

CFTs where the Petz recovery map does not apply.

Remark 4.1. We note that the decomposition of EH into a sum of 1-site and 2-site EHs
is similar to Eq. (4.6) in field theory, where EH is a sum of local terms Tyo(x). We also
remark that there are different ways to decompose K, 0], yet all of them lead to the same

expression. This nontrivial property implies certain consistency relations between Ka=0

across different choices of A, B, C.

The state contains the universal data— The same logic that leads to Eq. (4.1)
implies that the CFT Hamiltonian (and hence all of the CFT data) can be extracted
from the groundstate. In fact, the same is true of all 6 global conformal generators
H, P, D, My, Cy, C; which are the Hamiltonian, momentum, dilatation, boost, and special
conformal generators. We first find their corresponding expressions for CFT ground

states when Eq. (4.6) applies. Because H = [%_ dx Tyo(z), Mo = [T, dx aTho(x), Cy =
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[ dx 2®Ty(x), applying Eq. (4.6), we have

1 & - _
H = p :z_:oo (KUJH] - K[j,j+1])
1
T _Z:OO Kj54, (4.15)
1 > . - . —_~
Mi= 5= 3 ((25+2)Kpgen — (25 + DKy
j=—00

N

=5 2 U+ DK, (4.16)

=

1 [e¢]
; Z (]+ JJ+2]_(] “f‘j—f-l)K[]H_”)
1 & 1 —

- <(9 1)K 12 - QKU,J'H}) : (4.17)

where K[ g2 = Kljjea — %_f(/wﬂ] — %K{j+17]’+2] is introduced to simplify the equations.

Because P = i[Mio, H], D = 1[Cy, H], Cy = i[Cy, M|, we have

i &~ —
P = ﬁ Z [K[/]+1]+3]7K[/jj+2]}7 (4.18)
Z ( J+1 J+3]’K[] ]+2]}
1 —
Y [KU J+117K[m+2]}
1 T
4 [K[J‘H J+2] K[j,j+2]} 5 (4.19)
G = 7r2 Z ( J+106+2) [K[J+IJ+3]7Kfj,j+2ﬂ
j=—o00
J+1 —
2 [K b+ K fj,j+2]}
j +1 —~
2 [K[J-H J+2] K[ijj+2]} ) . (4.20)

This constructs the 6 global conformal generators from 1-site and 2-site EHs. We use the
term reconstructed Hamiltonian to refer to the output of the process of taking a state and
constructing an associated Hamiltonian as in (4.15). This state could be on a lattice or in

the continuum.
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We make two comments on the expression for P. First, a similar expression was
considered in [18, Sec II.C]. The idea is to define the momentum density p; = i[h;, h;_1]
in terms of the Hamiltonian density h; where H = >~ h;. One challenge in implementing
this idea in practice is that the Hamiltonian H is only equal to the CFT Hamiltonian
Hcpr up to a multiplicative factor. Consequently, the momentum density p; is determined
only up to a multiplicative factor. In our work, we fix this multiplicative factor and
provide a better theoretical understanding. Second, there is a no-go theorem that prevents
expressing the momentum operator as a sum of local operators [19, Corollary 6.1] which
seemingly contradicts our expression above. There are several ways to reconcile this
apparent contradiction. One is to note that our expression holds exactly only for lattice
models with an infinite local Hilbert space dimension, whereas the no-go theorem applies
to models with a finite local Hilbert space dimension. Another way to reconcile this is to
recognize that, for models with a finite local Hilbert space dimension, e~'f is not precisely
equal to the lattice translation operator [20]. Instead, they are only approximately equal
at low energies, as we verify numerically below.

We further comment that there are additional commutation relations between the
generators which are not utilized in this work, such as [Miy, P] = —iH and [H,P] = 0.
In the context of field theories, this phenomenon where higher order commutator of EHs
are related to linear combinations of EHs can be understood from the operator product
expansion (OPE) of T, (¢, x). First, because EH is a sum of T.,(t = 0,z) and T%:(t = 0, x),
the commutator of EHs is a sum of the commutators of T..(t = 0,z) and T5:(t = 0, z).
Second, the commutator of T.,(t = 0, z) is generated by the singular part of the OPE of
T,.. Finally, the singular part of the OPE of T}, is generated by 7., and its descendent

0.T... The second and the final part can be summarized into the following expression [21,

199



Equation (B23)]

irc

[Tzz(ov xl); Tzz(07 .1'2)] - ?35’15(131 - xQ)
-+ 47TiTZZ(0, 372)8115(961 - 33'2)

—27i0,T,.(0, 25)6 (1 — x3). (4.21)

We leave these further relations between the higher order commutators of EHs and the
linear combinations of EHs for future study.

Having defined the 6 conformal generators using 1-site and 2-site EHs, we now show
that they have the expected scaling from real-space RG. We first study the case of the
Hamiltonian H. To perform real-space RG, we consider a new system which blocks 2 sites
in the original system into 1 site. We then compare the two reconstructed Hamiltonians

using Eq. (4.15), which are

1 &~ .

Hi=— > Kyjeo = Ky (4.22)
j=—00
1 &~ .

Hy=— > Kpjairg = Kpjajeo). (4.23)
j=—00

Note that the state we used for the reconstructions is the same. The only difference is
the size of the block. By expanding the 4-site EH as a sum of 1-site and 2-site EH using
Eq. (4.12), we have Hy = 2H;. Similarly, one can define P, and show that P, = 2P,
Dy = Dy, (Myg)s = (Mio)1, (Co)2 = 5(Co)1, and (C1)2 = 2(Ch)1. These are precisely the
scalings of the generators for CF'T under the transformation z — x/2, t — t/2.

It is perhaps not surprising that the scaling property holds because the construction
is motivated by the field theories. However, what is surprising is that the derivation of
the scaling property only uses the condition (4.1), which is independent from the field
theory description of CFTs. This observation supports the conjecture that states satisfying

Eq. (4.1) are the CFT ground states.
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4.4 Numerical tests

We now move on to numerics and verify that Eqs. (4.1), (4.3), (4.15) and (4.18)
hold approximately for critical lattice models. First, we test the validity of the main
Egs. (4.1) and (4.3) on small sizes of four different critical lattice models and on large sizes
of free fermions. We find that these equations hold approximately for all the models we
consider and the error decreases as the size increases. Then, we test the reconstruction of
the Hamiltonian and momentum operator Eqs. (4.15) and (4.18) on small sizes of the four
models.

The critical lattice models we consider are the critical transverse field Ising model,

critical three-state Potts model, XX model, and Heisenberg model” defined as:

Higng =Y —Z;i — XiXi1 (4.24)
Hpows = 3 —Z; = Z] = XX, — XXy (4.25)
Hxx = ZXZ'XH—I +YiYi (4.26)
Huecisenberg = iXiXi—H +YYi + 22 (4.27)

where X, Y, Z are the Pauli matrices and X', Z are the qutrit Pauli matrices

010 10 0
X=100 1|, Z2=]0 w 0], w=e""? (4.28)
10 0 0 0 w?

Table 4.1 lists the errors associated with Eqs. (4.1) and (4.3). The error in Eq. (4.1)

is defined as the norm of the component in Kz |¢)) orthogonal to [¢), | Ka|1) — (V| Ka|t)|Y)],

which is also the standard deviation of Ka, \/<Ki) — (Ka)2. The error in Eq. (4.3) is

"These models are all quantum critical and their universal properties are described respectively by the
following conformal field theories: Ising model with ¢ = 1/2; Potts model with ¢ = 4/5; compact scalar

CFT with radius 1 and 1/v/2.
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Table 4.1: The error in Eq. (4.1) |Ka|t)) — (¥|Ka|t)|9)| and the error in Eq. (4.3)

Kalp) — 5h(n)[))| for ground states on circles with circumferences L = 4,8, 12.

I Error in Eq. (4.1) Error in Eq. (4.3)
4 8 12 4 8 12
Ising Model 0.0282 0.0090 0.0057  0.0288 0.0090 0.0057
Potts Model ~ 0.0422 0.0434
XX Model 0 0.0399 0.0120  0.0486 0.0416 0.0125
Heisenberg 0 0.0562 0.0279  0.0566 0.0583 0.0286

defined as the norm |Ka[¢y) — $h(n)[¥)|. We computed these errors for ground states on
circles with circumferences L = 4, 8,12, where (A, B, C') have lengths (1,1,1),(2,2,2), and
(3,3,3), respectively. In all cases, n = 1/2. We observe that except for the accidental case
where the XX model and Heisenberg model with circumference 4 have 0 errors, the error
decreases as the system size increases. This result is consistent with the intuition that the
lattice model approximates the CF'T better in the IR as the system size increases.

Figure 4.2 shows the error in Eq. (4.1) for free fermions across various system sizes.
We again observe that the error decreases as the system size increases which roughly scales
as 1/L?. Simulating free fermions on a large system size is feasible due to their lower
complexity [22, 23].

We now test the reconstructed Hamiltonian and momentum on a circle in Eqgs. (4.3)

and (4.4) where

sin 27T/L L1 .
Bree = 2Lsin*(r/L) 4 Z 42 ~ K (4.29)
Prec = 2 Z { [i+1,5+3] K[] ]+2]} (430)

8 The factor % in H,.. comes from the coefficient obtained when expressing EH

8The analogous formula for the exact reconstructed momentum is

sin®(2n /L)1 i "=~

Prop = 2CTILT 4 NS e K
SLsin(x/L) 72 2 K343 Kijja)

=0
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Figure 4.2: The error in Eq. (4.1) [Ka|t)) — (¥|Ka|t)|¥))| for the ground state of the
critical free fermions. The circle is partitioned into four equal sized intervals, where the

lengths of A, B,C are L/4 and has cross ratio = 1/2. The error roughly scales as 1/L?.

as an integral of Tyo(x). On the other hand, the factor ﬂ—‘Q in P,.. is based solely on the
understanding at the infinite-size limit in Eq. (4.18). Despite this, as we will see, the
reconstructed Hamiltonian and momentum agree excellently. °

Before presenting the result, we first remark that the field theory Hamiltonian and

momentum satisfy

27 c

Hopr |A,s) = = (A - 12) A, 5) (4.31)
2w

PCFT |A> S> = fs ’Aa 3>7 (432)

where |A, s) is the image under the state-operator correspondence of a scaling operator
of dimension A and spin s. We emphasize that H,.. is equal to Hopr up to a constant

shift so that H,.. has ground state energy 0, i.e. H,.. = Horr — Ey '°. In particular,
2sin*(w/L)
- (1 - sin2 (27T/L)) [K[J Jj+2] [J j+1]]
)

2sin®(n/L
- (1 ) (27r/L)) [K[J-H J+2]’K[J J+2]]

9Note that H,. is equal to Hopp since both have the same expression in terms of 7. On the contrary,

because we put the system on a circle Py, is only equal to Popr in the thermodynamic limit.

10The constant —%’Tﬁ can be recovered by using the EHs of the ground state on an infinite system

203



the multiplicative factor is fixed, meaning that the scaling dimensions A can be obtained
without the rescaling required if one directly uses the spectrum of an arbitrary critical
Hamiltonian.

Figure 4.3 compares the spectra of the original Hamiltonian to the spectrum of the
reconstructed Hamiltonian at low energy. The reconstructed Hamiltonian H,.. is rescaled
by i and the original Hamiltonian is rescaled to fit H,... We observe the spectra have
excellent agreement even at the small system size where L = 4.

Figure 4.4 compares the spectrum of ilogT" to the spectrum of the reconstructed
momentum at low energy, where T' is the translation operator by 1 site. We test if
T ~ e Prec. Again both spectra are rescaled by % and we expect both to take integer
values. We observe the spectra agree at low energy and the agreement improves as the
system size increases.

We provide three technical comments on this test. First, we note that in lattice
models, it is not generally true that 7' = e~ ¢r7  for example, in the Heisenberg and
XX models. This is because ilogT may have a constant shift sy, where ilogT|¢) =
(so + %Fs)[Y). As an example, if we instead define the transverse field Ising model as
Hising = >; —Z; + X; X, 41, then the new ground state is obtained by applying Z on the

even sites of the usual ground state. This results with a shift s = 7. Sometimes this

instead of the EHs of the length L finite system, which we have tested for critical free fermions. However,
we do not discuss this aspect further because it is generally not possible to know the EHs on an infinite

system directly.
11We emphasize that this is a pleasant surprise: although we use field theory to derive our formula for

the reconstructed Hamiltonian, its form is numerically effective even on quite small lattices. It would be
interesting to understand why it works so well.

Locality clearly plays an important role. We note that the ideal Hamiltonian reconstructed from the
saddle point of the entropy function Sa and the model Hamiltonians we study (Egs. 24-27) both involve at
most 2-site operators. This means that the artificial model Hamiltonian can already be close to the ideal

reconstructed CFT Hamiltonian.
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Figure 4.3: Spectra of the original Hamiltonian and the reconstructed Hamiltonian, where
the states are ordered by energy along the X-axis. Top left: Ising model with L. = 4. Top
right: Lowest 40 eigenvalues for Ising model with L = 12. Bottom left: Heisenberg model

with L = 4. Bottom right: Lowest 40 eigenvalues for Heisenberg model with L = 12.
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shift cannot be removed easily due to anomaly [20]. This is why we did not show the
reconstruction in the case of Heisenberg and XX models for simplicity. Next, we remark
on two surprising properties of P,... One is that %Prec is close to taking integer values
at low energy. The other is that it is often the case that —7m < P,.. < w. Both properties

7iP’I‘6C

are expected when knowing T ~ e However, from Eq. (4.30) alone, it is unclear why

this happens; we leave this for future research. Finally, although we lack a full analytic
understanding of the factor # in P,.., it works well numerically. The precise nature of this
factor on a finite system, and whether this is a correct choice or merely a coincidence, is
left for further exploration.

Further directions— The further directions are sorted based on some subjective
measure of attractiveness.

(a) We show that CFT ground states satisfy the condition in Eq. (4.1). Motivated
by entanglement bootstrap, we ask whether the converse is also true, i.e. if a state
satisfying the condition can be interpreted as a CFT ground state. Additionally, we would
like the statement to be robust, useful even when the state only satisfies the condition
approximately.

(b) We proposed various formulas that hold exactly when the state is a CFT ground
state. However, for the ground state of critical lattice models, the formula only holds
approximately. What is the convergence behavior and the finite size scaling?

(c) Relatedly, one may wonder if we allow combinations of not only 1-site and 2-site
EH but also 3-site EH, which combination has the best approximation to the Hamiltonian
and the momentum. Furthermore, what if we include EH on larger sites? Could this lead
to a sequence of reconstructions that converges to the actual operator? Finding a good
approximation is crucial for obtaining a better estimation of the OPE based on the method

discussed in [24].

(d) Can we reproduce the key results in CFT directly using quantum information?
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Figure 4.4: Spectra of ilogT and the reconstructed momentum operator P, where T is
the translation operator by 1 site. The states are ordered by energy along the X-axis. In
the infinite-size limit, this order corresponds to the order of the scaling dimension of the
corresponding operator from the state-operator correspondence. For the small system sizes
shown here, these orders are not yet the same. This is why the order changes in the figure
when the system size changes. Top left: Ising model with L = 8. Bottom left: Ising model

with L = 12. Top right: Potts model with L = 6. Bottom right: Potts model with L = 8.
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For example, can we show that all nontrivial states must have ¢ > %? Can we show the

ground state energy is —2%1—‘32 on a circle with circumference L7 Can we show that the
reconstructed momentum operator should be approximately integer valued at low energy
and has a norm roughly below 77

(e) The appearance of h(n) in Eq. (4.3) suggests that n can be interpreted as a
probability. Could we find a physical meaning for this observation?

(f) We provide an information theoretic criterion for CFT ground state. Can we
transform this criterion into an algorithm that searches for CF'Ts by screening states that
satisfy Eq. (4.1)7 We believe the answer is yes and plan to explore this aspect in an
upcoming paper.

(g) We provide an entropy criterion that appears to describe ground states for 1+1D
unitary CFTs. We suspect a similar formula exists for 141D chiral CFTs, d+1D CFTs,
and perhaps complex CFTs [25, 26].

(h) We show that CFT ground states are critical points of the function Sa, with
a value proportional to the central charge. What is its relation to the Zamolodchikov
c-function [27] and the entropic c-function [28]7 For example, it is known that the second
and third-order expansion of the Zamolodchikov c-function near the CFT point contains
the CFT data, including the scaling dimensions and the OPEs. Does the same hold for the
entropy function we proposed?

(i) We showed that 141D phases at RG fixed points with Lorentz symmetry satisfy
Eq. (4.1). What happens to other RG fixed points without Lorentz symmetry, such as
those with dynamical critical exponent z # 1. In the case of free fermion models with
z € Z7°, the formula continues to hold. When z is even, the ground state is simply a

product state, and when z is odd, the ground state is same as the ground state for z = 1,

which is a CFT.
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Chapter 5

A Systematic Search for Conformal

Field Theories in Very Small Spaces

Chapter 5 is based on joint work with Xiang Li and John McGreevy (arXiv:2509.04596).

with a tweezer in hand, i dive

the water is vast—

more than i can hold

the tweezer opens into a probe

the water lifts into contour
i search for the saddle

in its hollow, glimmers gather

some hidden gem, some ordinary stone

i gather them all,

their virtue to be known
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5.1 Introduction

Conformal field theories (CFTs) are the endpoints of renormalization group flows of
relativistic quantum field theories, govern the universal information at continuous phase
transitions, and in the case of 141 dimensions, are a crucial ingredient in perturbative
string vacua. The space of CFTs remains an object of mystery. Even in 1+1 dimensions,
where conformal symmetry implies that a theory represents an infinite-dimensional Virasoro
algebra [1], a classification of unitary CFTs only exists when the Virasoro central charge ¢
is less than 1 [2]. Our knowledge of CFTs with ¢ > 1 relies on ad hoc constructions, and
solvable models with extra symmetries (see e.g. [3]). As a result, all well-understood explicit
constructions produce CFTs that are rational with respect to some chiral algebra (Virasoro
or one of its extensions). Despite a general belief that the generic CF'T is irrational, and
evidence from holographic duality for the existence of many irrational CFTs, an explicit
example of an irrational CFT is not yet known with certainty (but see e.g., [4, 5, 6, 7, §]
and references therein for a candidate construction of a few such theories).

The Entanglement Bootstrap is a program to understand the universal properties
of quantum many-body states from their entanglement structure, and it provides a new
perspective on quantum field theory (QFT). Let us define a universal property of a state to
be a property of a renormalization group fixed point, shared by its whole basin of attraction.
The idea is that the universal information in a groundstate is that of its low-energy QFT.
In the case of quantum critical lattice models, this low-energy QFT is a CFT.

The thus-far-most-well-developed aspect of Entanglement Bootstrap is its application
to liquid gapped bosonic phases [9, 10, 11, 12, 13, 14, 15, 16], where the low-energy field
theory is a topological quantum field theory (TQFT). A key ingredient of Entanglement
Bootstrap for gapped states is a set of local conditions on the state that guarantee that

the state is a good representative of a gapped liquid topological order. From these local
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conditions, much of the machinery of TQFT has been constructed.
In [17], we proposed an analogous local condition for 141 dimensional CFT ground-

states,

Kal$) < |¢), Ka=nA(A B,C)+(1—-ni(A:C|B), (5.1)
A(A,B,C)EKAB+K30—KA—K0, (52)
I(A:C|B) = Kag + Kpo — K — Kapc (5.3)

where A, B, C are three adjacent intervals, and 7 is the cross-ratio specified by their four
endpoints. The fact that a CFT groundstate satisfies this condition, which we call the
vector fixed-point equation (VFPE), follows from known properties of the CFT groundstate
entanglement Hamiltonian of an interval [18, 19]. Conversely, there is strong evidence
that a state satisfying the VFPE actually must be a fixed point of the renormalization
group!. Amongst the evidence for this conjecture, we mention its strong consequences
for the form of the entanglement Hamiltonian [20], that a reformulation of this condition
[21] can logically result in the emergence of conformal geometry, as well as the ability to
extract expressions for all six global conformal generators (including the Hamiltonian) and
Virasoro generators [22]. This VFPE, although is derived from continuum CFT, works
surprisingly well for critical lattice models, even in very small system sizes with small local
Hilbert spaces. This is not true for all results derived from field theory, due to strong finite
size effect. The VFPE is designed in such a way that finite-size effects and UV physics are
suppressed to some extent. This is the key reason that we can impose this condition on
small systems to study universal properties of phases of matter.

The VFPE turns out [17] to be the condition that the state is a critical point of a

certain linear combination of entropies of three contiguous regions, Sa = (¢|Kalt¢)). This

We note that not all such fixed points are CFTs; some of them have zero correlation length, rather

than infinite correlation length. We will explain below how to distinguish these two classes of states.
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suggests the possibility that Sa can behave like a Morse function on the space of 14+1d
states, similarly to the famous Zamolodchikov c-function [23], which is instead defined (for
relativstic QFT) in terms of correlation functions of local operators, and in terms of which
the renormalization group is gradient flow. The relationship between our entropy function
and the renormalization group is still open, but this picture has an exciting practical
consequence: it suggests a systematic algorithm to enumerate CF'Ts. A nice feature of this
algorithm is that it requires no input about symmetry or of a choice of Hamiltonian. In
particular, there is no reason that CFTs found this way should be rational for some chiral
algebra.

In this paper, we take steps toward implementing this algorithm. A crucial ingredient
is the ability [17] to reconstruct a local Hamiltonian from the groundstate. The reconstructed

Hamiltonian, on a circle with L sites, is

cot T T

rec = Z i,i+1 T . (54)

where Ky is the entanglement Hamiltonian for region X from the state |¢)). This Hamilto-
nian has several virtues. First, it is a local Hamiltonian; in fact it involves only nearest-
neighbor interactions. This means that from a small system, we can reconstruct the
Hamiltonian for a large system. Second, H,.. is a non-negative operator. This can be seen
by write it as

cot T -
HY = QLLZA —1,i,i+ 1), (5.5)

where A >0 by operator weak monotonicity [24]. Third, if the state is the groundstate
of a CF'T, and each site is identified with an interval in the continuum, it is exactly the
Hamiltonian of the CFT on the circle, with the normalization chosen so that the eigenvalues

are 2rA;/L where {A;} are the CFT scaling dimensions,

(H — Eo)|A) = T A A, (5.6)

rec
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where Fj is the ground state energy. Elsewhere [20] we will show that a state |¢) satisfying
the fixed point equation is the groundstate of its reconstructed Hamiltonian HY 2. The
spectrum of H.. computed from the groundstates of a critical quantum lattice model

matches surprisingly well with that of the original Hamiltonian even for small system sizes.

The fixed point equation for |1) also implies z = 1 scale invariance of HY%, [17].

5.2 Strategy for enumeration of CFTs

With confidence from the numerical tests in [17, 25], we are ready to describe an
algorithm that potentially enumerates all unitary CF'Ts. The algorithm contains two parts.
The first part generates approximate CFT ground states 1)) apcp on a circle of 4 evenly
partitioned intervals, A, B, C, D. We replace each interval with a single ‘site’, a Hilbert
space of finite dimension, d, which play the role of a control parameter in our search. We
proceed by finding states that are the critical points of Sx with n = 1/2. We search within
the set of translation-invariant states on four sites. For now, we also restrict our search to
time-reversal-invariant, i.e. real, states (see Figure 5.1).

The second part of the procedure generates approximate CFT Hamiltonians from
the ground states using (5.4). Once we have the Hamiltonian, we can obtain the CFT data,
including scaling dimensions and OPEs, through known algorithms [24]. Note that the
purpose of this algorithm is not to give accurate values for the CFT data. The purpose is
to generate as many CFTs as possible, including previously unknown ones. If one wants
accurate values, improvements to the Hamiltonians can be made, and conformal bootstrap

[26] can be used afterward to turn these approximate values into tighter bounds.

2The assumptions required to show the groundstate result are stronger than those used to enumerate
CFT in this paper. Specifically, proving the groundstate result requires taking the limit of many sites,
L — o0, and demands that the fixed-point equation hold for all possible three intervals. Whereas in this

paper, we rely only on the case L = 4.
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Figure 5.1: A two-dimensional cross section of the function Sa on the space of translation-
invariant real wavefunctions on four qubits. Remarkably, five of the critical points listed in

Table 5.1 can be seen, including trivial (green), Ising (purple), Heisenberg (red), Fibonacci

(blue), and maximum (black).
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Before continuing, let us introduce the operator ¢ proportional to He.:

R 3
ca(v) = m(KAB — Kp+ Kpc — K¢

+ Kep — Kp+ Kpa— Ka) (5.7)

with expectation value
ca(y) = (lea()[y). (5.8)

Since éA X Hyee, we have éal1)) o< Hiec|th) o [1) for CFT groundstates. The advantage
of this normalization is that when [¢)) is the ground state of the field theory, ca is exactly
the central charge of the corresponding CFT. Thus, equivalently, the goal in the first part
is to find all the critical points of ca.

Search. The process of finding the critical point consists of two steps. First, we
find an initial point close to the critical point. Notice that we cannot just do gradient
descent on ca, because we want to find all critical points, not just the local minima.?
Generally, performing gradient descent only gives local minima. On the other hand, it is

indeed possible to perform gradient descent over the error function?, which is the standard

deviation of éA°:

err = o(6a) = (] (Ea))? [6) — (] ea () [)2 (5.9)

Second, we use a second-order Newton’s method to converge to the critical point. Some
further details of the search procedure are given in App. 5.5.
Note that ca is invariant under local unitary transformations. Thus, each critical

point is actually an orbit of this gauge redundancy.

3If instead the goal is to find CFTs with spectral gap > 2 (also known as dead-end CFTs, since they

cannot be perturbed by relevant operators), then it may be sufficient to study the local minima.

4Note that when acting on a translation-invariant state, H,.. and KA are proportional to each other by

a purification move (e.g., Kapc [¢) = Kp [1)).
®Note that our choice of normalization differs from that used in [17].
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Analysis. Once the critical points are identified, we perform a series of diagnostics
to determine whether their properties are consistent with those of a conformal field theory.

As a preliminary step, we discard states with degenerate ground states, since it is
believed that a CFT has a unique ground state.

Next, we check whether the low-energy spectrum of the reconstructed Hamiltonian
H,e. exhibits universal behavior as the system size L increases. Let Er; denote the i-th
eigenvalue of Hy.. on L sites. In the absence of relevant perturbations, one expects that
for fixed ¢, the limit lim;_, L - Fp; exists. In fact this condition is also satisfied even if a
small relevant perturbation is present, as illustrated in In Fig. 5.9. Thus, the diagnostic is
to test whether the low-lying spectrum appears to decrease at the rate 1/L for L that does
not exceed the correlation length.

We also examine whether the ground state exhibits the entanglement entropy scaling
expected of a CFT, namely S(¢) = £ logsin %e + const. The diagnostic is to test whether a
plot of S(¢) vs logsin “fe yields a straight line.

In both cases, we use periodic MPS to obtain the low-energy spectrum and corre-

sponding eigenstates.

5.3 Results

Table 5.1 and Figure 5.2 list the critical states we found over 4 qubits and 4 qutrits
respectively. In the case of qutrits, we perform sampling — it might not be a complete list,
but a list of solutions we have found. In both cases, we restrict our search to translation-
invariant and time-reversal-invariant states. For qubits and qutrits, respectively, this space

has 5 and 23 dimensions.
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Table 5.1: All critical 4-qubit states.
(|0011)+1]0110) +|1100) 4]1001))/2 and |B) =

Actual CFTs are in blue. We defined |o) =
(]1010)+|0101))/+/2 as elements of our basis

of translation-invariant states. The coefficients for the Ising solutions are [ay, as, a5, ag] =

[0.11036,0.80152,0,0, —0.51103,0.29023]. In fact, there are two inequivalent maximum

point state with the same H,.. and Sa that are not related by on-site unitaries.

’ N \ Description \ Explicit form up to on-site unitary ‘
0 cat states a|0000) + b|1111)
0.526 Ising CFT a1|0000) + az|1111) + a5 |a) + ag |5)
1.132 W state £(]0001) + |0010> + |0100> + [1000))
1.211 XX model f |B) + f |a)
1.245 Heisenberg f |B) + a>
3.510 ferromagnet |0000>
' s(l0111) + |1011> +[1101) + |1110))
4.165 | Fibonacci chain % (\OOOO) +/v56—1 |ﬁ>>
6.000 | maximum point | £(]0000) + [1111) + [0101) + |1010))

Figure 5.2: Critical 4-qutrit states.
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two-fold degeneracy. “Ising in Fib."

refers to a state whose spectrum on L sites is the first

¢}, states of the Ising model below a gap, where ¢, is the Lth Lucas number. States labelled

‘gap’ are gapped fixed points.

degeneracy on 4 sites and were discarded.
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Qubits. The entries in the table are all RG fixed points, but some of them are
zero-correlation-length fixed points. Actual CFTs are in blue®. These two classes of states
can be distinguished by reconstructing the local Hamiltonian from the 4-qubit state and
studying it on larger system sizes. For the XX and Heisenberg solution, we discover that
the reconstructed Hamiltonian are exactly the well-known Hamiltonians H = XX +YY
and H = XX +YY + ZZ respectively up to a prefactor and an additive constant. In fact,
this prefactor, which gives the exactly correct scaling behavior of the Hamiltonian, is a
bonus from using the reconstructed Hamiltonian — one does not need to manually scale the
spectrum. The reconstructed Hamiltonians from the gapped fixed point states on qubits
all have a groundstate degeneracy.

Some comments about the zero-correlation-length fixed points that appear in the
table: The groundstate degeneracy and ca have a peculiar relation, i.e. log (degeneracy) =
0.46¢a. There are only two eigenstates with finite energy for the reconstructed Hamiltonian
of the W state: one ground state is the W state, and the other is the product state
|0)®™. This is consistent with the theorem of [27], which forbids a local Hamiltonian whose
unique groundstate is the W state. The reconstructed Hamiltonians for the states labelled

‘ferromagnet’ and ‘Fibonacci’ are (up to an additive constant):

HFerromagnet X — Z (XiXi+1 + YiY;'-&—l + ZiZi-H) (51())
Hribonacet < > (|11)(11])si41 (5.11)
which explains the nomenclature. The latter is well-known to produce the golden chain

[28, 29, 30, 8], which at system size L = 2,3,4,5,6,7, ..., has a ground state degeneracy

l;, =3,4,7,11,18,29, ..., where ¢, are the Lucas numbers. The maximum point of Sx on

5There exist translation-invariant states that are equivalent under an on-site unitary, but not under a
translation-invariant on-site unitary. For example, two realizations of the Ising CFT, a1]|0000) + a2|1111) +

as |a) & ag |B) are related by the unitary I®@ ZQ I ® Z.
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four qubits is something like a perfect tensor, where Sy = 2log 2 attains its maximal value
for any two contiguous sites.

It is not a coincidence that the three CFTs that fit into the 4-qubit Hilbert space in
Table 5.1 are ones for which we know a parent Hamiltonian acting on nearest-neighbor
qubits. Our reconstructed Hamiltonian always acts on 2 sites at a time. The question of
which CFTs will fit in a given local Hilbert space, with our nearest-neighbor reconstructed
Hamiltonian, is closely related in spirit to the c¢-d conjecture of [31], which says that a
lattice model of local Hilbert space dimension d and nearest-neighbor interactions can only
realize a CFT with ¢ < d — 1. The results so far are consistent with that conjecture. In
fact, our search strategy can in principle provide a rather stringent test of that conjecture:
In our search with local dimension d, we should find no CFTs with ¢ > d — 1.

Qutrits. Compared to Table 5.1, when searching in the space of translation-
invariant, real states on four qutrits, we find more CFTs (Figure 5.2). In the list for qutrits,
there are multiple representatives of the Ising model. One is the same state as realized on
qubits, making no use of the third register (labelled ‘Ising qubits’), and the other is a new
state whose value of ¢ is closer to 1/2. Interestingly, there is a solution which encodes the
Ising spectrum in the Fibonacci chain groundsate subspace.

We find representatives of the next two unitary minimal models after Ising, with
ca = 0.744 (tricritical Ising has ¢ = 7/10) and ca = 0.844 (3-state Potts has ¢ = 4/5), as
well as many more points along the ¢ = 1 line. At larger ¢ we find many more (of order
25) states whose reconstructed spectrum looks like that of a CFT, possibly with small
relevant perturbation. In Appendix 5.6 we give details of the information extracted from
the solutions of the VFPE on qutrits.

Further discussion. What determines the order in which CFTs appear in our
search, as we increase the local Hilbert space dimension? There is a preference for small

values of ¢, which, since the reconstructed Hamiltonian always acts on precisely two sites, is
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err vs. ¢, along gradient descent of the err function err vs. ¢, along gradient descent of the err function

* Gapped % Gapped/GSD > 1
* lsing « Ising group

* W state . . TC

o XX 41 « Potts

» Heisenberg AN = Qubit W state

» Ferromagnet \ + XX group o
=  Fibonacci “ * Heisenberg group

* c¢=1TBD

* Max state

*  Mystery CFTs
- TBD

Figure 5.3: Error of the VFPE versus ca along the trajectory of the gradient descent of
the error function on 4 qubits (top) and 4 qutrits (bottom). We first do a uniform sampling
in the space of translation-invariant and time reversal symmetric states. Then we use the
groundstates of their reconstructed Hamiltonians Hye. [Eq. (5.4)] as the initial states in the
gradient descent. There are forbidden regions for co when the errors of VFPEs are small.

The names in the figure legends will be explained below.

consistent with the spirit of the ¢-d conjecture of [31]. We observe that CFTs with primaries
of small dimension do not fit in small Hilbert spaces: In Figure 5.5 we show the error of
the VFPE in the XXZ model as a function of A, which determines the radius of the ¢ =1
boson; when the radius takes extreme values (near 0 or co) there are light primaries and
the error grows. This explains the slow appearance of the unitary minimal models in our
search as we increase d.

Approximate solutions of the VFPE. In addition to the exact or numerically-
exact solutions found above, it is also interesting to study approximate solutions of the
VFPE. One reason we are led to study such approximate solutions is the behavior of CFTs
with exactly marginal operators in our search: on four qubits, we find two special points in

the ¢ = 1 moduli space, as isolated critical points of Sa, despite the fact that the XXZ
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model

Hxxz =Y (XiXip1 + VYo + AZiZi1q). (5.12)

(2

is a nearest-neighbor Hamiltonian on qubits that realizes a whole family of ¢ = 1 CF'Ts with
different radii. We conclude that the error of the VFPE in these states is a finite-size effect.
By relaxing our search criteria to states with small error of the VFPE, we can indeed see
the whole ¢ = 1 moduli space (though we have not yet found the Ginsparg archipelago
[32, 33] likely because they have several primaries with small scaling dimensions), see
Figure 5.5. The pattern of approximate solutions also contains information about the
space of CFTs. In particular, one can see voids in the set of states in the plot of error
versus cp around known forbidden regions, see Figures 5.3 and 5.4. There could be some
quantum-information-theoretic reason that forbids states in these areas: we conjecture
that, when o(éa) < €, the values of ca are constrained to take a set of specific values with
a small window of deviations. It is also suggestive that we can observe similar voids in

regions for ¢ > 1 where there is so far no known condition forbidding unitary CFTs.

5.4 Discussion

ca as a c-function? Starting at a saddle point [1)) of ca identified with a CFT,
we can parameterize nearby states as [¢) 4 |di). In turn we can expand |dv) in a basis of

eigenstates of HY_, which, by the state-operator correspondence of CFT, correspond to

rec
operators of definite scaling dimension, |A;). Thus, we can ask about the change in ca
upon deforming the state by a given |A;). It is natural to ask about a possible relation
between the spectrum of HY_ and the spectrum of the Hessian of ca. The example of
CFTs with exactly marginal operators shows that the match is not precise. However, we

observe numerically in examples that the number of relevant operators is equal to the

number of downhill directions of ca, that is, negative eigenvalues of its Hessian. A visceral
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err vs. cp along gradient descent of ¢,

*  Fibonacci
¢ Max state

Figure 5.4: Each curve represents a trajectory of gradient descent on ca, flowing from
right to left. We generate these trajectories by starting with a solution of the VFPE on 4
qubits, adding a small random perturbation, and then perform gradient descent and ascent

on ca to complete each trajectory. Notice, for example, the flow from XX to Ising.

representation of the structure of this function is given in Figure 5.4, where we perturb the
solutions of the VFPE and do gradient flow by ca. From the plot one can read out flows
between fixed points.

The set of CFTs. Does a solution of the VFPE on four sites encode all the data
of the associated CFT? This seems quite believable, though turning this into a universal
algorithm remains challenging. An overly optimistic possibility is that the Hamiltonian
reconstructed from such a state, when extended to large system size, would automatically
realize the CFT in the IR limit. While this is true for some of the states (such as Heisenberg
and XX on qubits), most of the states we find produce H,e. with a finite correlation length
(of order 15 — 30 lattice spacing), even when the spectrum of H,.. for small sizes agrees with
the known list of scaling dimensions. We can systematically improve upon this situation in
many ways. A simple method is: start from the groundstate of H%_ on 8 sites of dimension

d, block the sites into 4 supersites of dimension d?, and use Newton’s method to find a

lower-error state on the larger local Hilbert space.

226
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Figure 5.5: Top: Gradient descent near the ¢ = 1 fixed points on qubits, XX (ca = 1.211)
and Heisenberg (ca = 1.245). Top left is gradient descent on the error, and top right is
gradient descent on ca. The void between these two points is a finite-size effect. Also
shown (in gray) are (ca,err) in groundstates of the XXZ model as A varies from 0 to 1,
which interpolate between XX and Heisenberg; for intermediate A on 4 sites, there is a
finite error. The green dots are obtained by selecting the states whose (ca,err) is close
(with deviation less than 1073) to that of an XXZ groundstate. In this way we match a
value of cx with a value of the parameter A in Hxxy. Bottom: The spectra of H,.. from
states at the boundary of the void of each of the two top plots, respectively. These spectra
agree with those of the ¢ = 1 theory on the circle line and that of the XXZ model (5.12) at

the values of A determined by the green dots.
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In addition to well-understood states with ¢ < 1 and ¢ = 1, in the qutrit search
we identify several candidate CFT states in the range 1 < ¢ < 2 (see Tables 5.2 to 5.10).
These states clearly deserve further attention. It would also be interesting to study further
the measure on the set of CFTs defined by the canonical measure on the 4-site Hilbert
space. Our search strategy provides a rich source of potential counterexamples to the c-d
conjecture of [31] — if we had found a smoking-gun CFT state with ¢ > 2 in our qutrit
search it would have disproved this conjecture.

Criticality in small spaces. We should emphasize an important practical point.
H.,.. is a useful tool for learning from small systems: If you just study the spectrum of
an arbitrary lattice Hamiltonian on four sites it doesn’t look like CFT, the normalization
is arbitrary. You need to get the stress tensor right to fix the normalization. But this is
generally a very high level in the spectrum and costly to find. The fact that Hyee = >, M K;
is completely fixed by >, \;8(z) = 1 means that its normalization is already fixed, as in
(5.4). Moreover, H,. for the optimized states we find gives the best realization of the
continuum CFT in the given Hilbert space, often better than our favorite lattice model.
We have thus provided a method to improve upon a given quantum critical Hamiltonian
with the given local Hilbert space dimension.

The error of the VFPE also provides a simple practical tool for drawing phase
diagrams of a given family of Hamiltonians. Scanning a phase diagram for minimal error of
the VFPE detects fixed points of the RG. In Figure 5.6 we give an example of this method.

More examples of this application of the VFPE can be found in [34].
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Figure 5.6: The error of the VFPE and the value of ¢ for the anti-ferromagnetic Ising chain
with transverse and longitudinal fields: the anti-ferromagnetic Ising chain with transverse
and longitudinal fields: H = + Zle ZiZj1—hx 3 Xj—hz 3; Z; with periodic boundary
conditions, L = 8, and A = {1,2}, B = {3,4},C = {5,6}. We can see two gapped fixed
points with ¢ = 0 separated by a wall of Ising transitions with ¢ &~ 0.5. After a sublattice
rotation to map to a ferromagnetic Ising model in a staggered field, it has a hidden Ising

symmetry acting by []; X;® translation by one site.
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5.5 Appendix: Details of search procedure

The goal is to obtain (ideally all) the critical points of the function cx = (éa) on

the space of translation-invariant and time-reversal symmetric states on 4 qudit sites. In
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the scope of this paper, we choose each site to be a qubit or a qutrit. After we obtain all
the critical points, we then want to single out those that correspond to a CFT, which will
be referred to as states of interest.

The search process contains mainly three components: (1) generator, (2) clusterer,
(3) analyzer. The flow charts can be found in Figures 5.7 and 5.8.

The generator is responsible for producing critical states with small error to be
analyzed. This involves sampling from a prior distribution and using gradient descent and
Newton’s method to find states with small error.

The clusterer groups states with the same physical properties together, allowing for
a more efficient analysis by reducing the number of states that need to be considered.

The analyzer performs a detailed examination of the critical states to determine
whether they correspond to CFTs. This is achieved through periodic matrix product state
(MPS) simulations. In addition, the procedure enables the estimation of key quantities,
including central charges and scaling dimensions. The states can also be used to estimate
OPE data [37], though this will be left for future work.

Generator. The generator mainly contains (1) a sampler that produces initial
translation invariant and time-reversal symmetric states. (2) a gradient descent optimizer
that refines the states to minimize the error until the error is less than 107*. (3) a Newton’s
method optimizer that further refines the states to minimize the error until machine
precision.

In between, we employ various filters to throw away states that are not desirable.
This includes states with ca ~ 0 (trivial states) and states that converge too slowly.

(1) We first produce a basis {|s)} for the translation invariant states on 4 sites. A
state can be expressed as 1)) = >, x4 |s), with x5 being real so that the state is time-reversal
symmetric. We then sample the coefficients x; from a normal distribution and normalize

x5, which amounts to uniformly sampling from a hypersphere.
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(2) We then perform gradient descent to minimize the error function. Before doing

gradient descent directly on the error function o(éa), on the initial states [¢). .. we first

init
construct its reconstructed Hamiltonian and then compute its groundstate |1)g). This step
can significantly reduce o(éa) as well as reduce ca, which can improve the frequency with
which we obtain states of interest. Starting from |1)g), we perform gradient descent on the

error function o(éa). To improve computational efficiency, we use numerical differentiation,

namely:

o+ o)) — o —2))

Os )
g 2e

(5.13)

where |¢ £ &) = (|¢) £ ¢s)) /Ny is the norm-preserving variation with the translation
invariant basis |s) and N is the normalization factor. In practice, we choose ¢ = 107°.
We’ve compared the numerical differentiation with the analytic differentiation, and we
found that choosing ¢ of the magnitude 107° has the smallest discrepancy. The numerical
differentiation is much faster compared with the analytic differentiation. Moreover, since
the goal of this step is just to reduce the error to a small amount rather than use it to
obtain the exact solution, the numerical error introduced by the numerical differentiation is
acceptable. Based on these considerations, we choose to use the numerical differentiation.

With the the gradient of o(|¢0)) = o[éa(]®))], which is of the form Vo (|¢)) =

> s 0s0(]1)) |s), we can update the state

[V new = 1) =7 - Va(|). (5.14)

The step size « is chosen through backtracking line search algorithm. Briefly speaking, we
first choose a (relatively large) step size et to update the state, examine the decrease of
the error. Then we gradually reduce the step size by a factor a: Viest — @Vtest, cCOMparing
the magnitude of the error decrease with the previous, until we find the best step size in
the sequence of tests. From the tests, we found that a = 0.5 gave the best performance.

Since the landscape we explore is quite rugged, we need to be careful about the step size
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to ensure convergence. This algorithm will choose a larger step size when the error is large,
which speeds up the computation. When the error is small, the number of tests to find the
optimal step size will increase and a small step size will be selected.

(3) Once the error becomes sufficiently small o(éx) < 107, the gradient descent
method becomes inefficient and we switch to Newton’s method to accelerate convergence.”
Traditionally, Newton’s method is applied near local minima to achieve quadratic conver-
gence. However, it is also known that Newton’s method can be applied near saddle points
to locate critical points. We adopt this approach to our search procedure.

The Hessian is computed through analytic computations. The time cost for analyti-
cally computing the Hessian is similar to that using numerical differentiation. Moreover,
since the task in this stage is to obtain an (almost) exact solution up to numerical precision,
analytic computation has a relatively small numerical error. If required, we can further
reduce the numerical error by changing the machine precision, but we did not find that
improving the precision of the numerical estimate of the critical points of the VFPE
improved the results for physical quantities. Once the Hessian A is computed, we can
update the state by

) pew = [90) = B- A1+ (Vea), (5.15)
where the gradient of ¢ can be computed as Vea = éa [10) — ca |¥0). Via several tests, we
found that 8 € (107',1072) is the best choice for efficiency. One potential issue is that A
might contain zero eigenvalues. We regulated the computation of the inverse by adding

an identity matrix with a small factor: A — A + §I, with § ~ 1077. At the end of this

"Intuitively, the Hessian of ca is believed to be related to the scaling dimensions of the CFT, assuming
that ca is related to the Zamolodchikov c-function. This suggests the condition number, the ratio between
the largest and smallest eigenvalues of the Hessian, is rather poor. Such ill-conditioning may explain the
slowness of the current gradient descent method.

Alternatively, one could employ variants of gradient descent with momentum estimation. Whether these

variants perform better is deferred to future study.
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step, we typically obtain o(éa) < 1078, which is approaching the machine precision for
computing o (éa).

In practice, Newton’s method is time-consuming. To address this, we clustered the
results from the gradient descent step and applied Newton’s method only to a representative
state from each cluster. The clustering algorithm is described below.

Clusterer. The clusterer uses ca as the key to group states together and outputs
one representative state for each group. When the error o(éa) is small enough, as shown
in Fig. 5.3, the values of ca is clustered. In our numerical results, when o(éa) ~ 1074, in
each cluster the standard deviation of cx is of order 10~7. States in the same cluster are
believed to have similar properties, with deviations decreasing as o(éa) further decreases.

We tested this conjecture by computing the spectrum of K; ;1 — K; for the states
in a cluster and examining their difference. Since K; ;11 — K; (the reconstructed Hamilto-
nian density) are the same up to numerical errors, it is plausible that the reconstructed
Hamiltonian Eq. (5.4) will have the same properties. In fact, in various cases of states of
interest, states in the same cluster are simply related to each other by a product of on-site
unitaries (up to numerical error), which correspond to the same CFTs. For example, two
states in the Ising cluster on qubits at ca = 0.526 in Table 5.1 with ag — —ag are related
by the on-site but not translation-invariant unitary ¢» — ZgZp |1).

In extreme settings where ca attains the maximal allowed value, the states are no
longer related by on-site unitaries, nevertheless, the reconstructed Hamiltonian and its
groundstate still have the same properties. We also tested multiple representatives from
clusters at larger ca and found the same spectrum of the extended H,.. on L > 4 sites.

Analyzer. For each cluster, we pick a representative state and check if its properties
are consistent with those of a quantum critical groundstate. We first employ a simple filter
that rejects states whose H,.. on 4 sites has degenerate ground states.

We then study the low-energy behavior of H,.. on many sites to approach the
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thermodynamic limit to extract the universal data. In particular, we want the energy and
the eigenstates. Due to the complexity in representing quantum states, we use MPS to
represent these low-energy states. We were able to find the first 8 eigenstates at system
sizes L = 4,6,8,10,12, 14 for the first 88 clusters of states, up to ca ~ 2.5. For certain
states, we also compute L = 16 when the spectrum depends on Lmod4.

Additionally, for each system size, we compute the groundstate entanglement entropy
of intervals of size ¢ = 1..L/2. The computation for each cluster takes about 2.5 hours on a
MacBook Pro 2021 with Apple M1 Max Chip, but is much faster for gapped states. We

also did the computation for a sample of clusters at larger ca.

5.6 Appendix: Details of qutrit search results

In Tables 5.2 to 5.18 we present an analysis of the first 88 solutions of the VFPE
on qutrits that pass the small-system filters (the states themselves can be found in the
supplementary material with the arxiv submission). For each of these states, we study HY.
on a chain of length L € {4,6,8,10, 12,14, (16)} with periodic boundary conditions using
the DMRG algorithm (or exact diagonalization for some of the smaller systems). We find
the first 8 eigenstates, and the entanglement entropy S(¢) in the groundstate of intervals of
size ¢ = 1..L/2. Based on this information, we group the states into three groups: states
that we believe correspond to CFTs (Tables 5.2 to 5.10), states that we believe do not
correspond to CFTs (Tables 5.15 to 5.18), and states where we cannot draw a conclusion

at the moment (Tables 5.11 to 5.14). For the states that we believe correspond to CFTs,

L H,ec, which (see (5.6)) is

we show the spectrum of the reconstructed dilatation operator, 5=

normalized so that the numbers should correspond to the list of scaling dimensions of the
CFT. In the middle of the plot, we show the spectrum normalized so that F; = 1, where

1= 1,2 or 3 is chosen so that the spectra collapse best with system size. On the right, we
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Figure 5.7: Flow diagrams of the generator and clusterer. The resulting output consists

of a list of critical points.
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Figure 5.8: Flow diagram of the analyzer. The resulting output consists of a list of CF'T

candidates together with their associated properties, including the spectrum. The three

final outcomes correspond to the three sets of tables at the end of the chapter.
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show the entanglement entropy S(¢) versus log sin %e’ whose slope should give ¢/3 for a

CF'T state. In an inset of the plot, we show the values of

1 =3(S(=2)—S(=1))/(log <Sm> : (5.16)

which gives a UV-insensitive estimate of ¢ that is less sensitive to the effects of a potential
relevant perturbation than the fits to the slope of S(¢) up to half the system size. From the
spread of these numbers we can infer the uncertainty in our estimate of the actual central
charge of the ideal CFT.

Among the states that we believe are CF'Ts, we are able to identify several realizations
of the Ising model, the tricritical Ising model (TCI), the Potts model, and many realization
of CFTs with ¢ = 1. Based on the spectra, most of the latter are either the XX point
(where the first two excited states are degenerate at A = 0.25) or the Heisenberg point
(where the first three excited states are degenerate at A = 0.5), though some realize radii
in between these two values. We do not see a clear realization of the orbifold line of ¢ =1
theories in exact solutions of the VFPE on (qubits or) qutrits, though representatives will
appear for d = 4 or if we allow finite error.

Farther down the list, we find 25 states that appear to correspond to CFTs with
¢ > 1, but which we have not yet identified, so we label them ‘Mystery CFTs’. Let us
describe the criteria by which we selected these states. There are essentially two: (1) Does
the spectrum behave like that of a CFT? In the leftmost plot of Figure 5.9, we show the
finite-size behavior of the spectrum of the critical transverse-field Ising model Hamiltonian
Hreng. The normalization is chosen so that at size L, the spectrum is that of aL Hrpng
where the constant a is chosen so that the state corresponding to ¢ is at 1 for L = 4. The
spectrum is visibly converging to the correct CFT spectrum. In contrast, when we make a
large relevant perturbation of the critical lattice model (as in the middle and right plots of

Figure 5.9), the spacing between E;(L) for fixed level i becomes linear in L. We refer to
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this as ‘drift’” of the spectrum, and infer that it indicates that the Hamiltonian is gapped.
A direct comparison a state whose reconstructed spectra ’drift’ (and therefore are not
included) and one whose spectra do not can be seen in Figure 5.10.

(2) The second necessary condition for us to declare a state to be a CFT is that the
entanglement entropy should behave like that of a CFT. Specifically, the fits of S(¢) to the
expected CF'T behavior should have high quality. For some of our states, the quality of
these fits deteriorates at larger system sizes, which we take as a sign that the correlation
length is in fact finite, and that H,.. is the critical Hamiltonian perturbed by a small
relevant perturbation. This interpretation is corroborated by the fact that when we do
infinite DMRG using the VUMPS method, the entanglement entropy of half the system
plateaus as a function of bond dimension.

We emphasize that the input to our search has no connection to integrability or to
rational CFT. So, although the CFTs we have managed to identify in our search all happen
to be rational for some chiral algebra, we see no reason to expect that this will be the case
for all the CFTs we have found. We have compared the reconstructed spectra with the list
of known (rational) CFTs with ¢ € (1,2) (as helpfully listed in [8]), but did not yet find a
good match. We note with some disappointment that the reconstructed spectrum of the
state labelled Mystery CFT 1 with ca = 1.29544, whose ¢ inferred from entanglement can
be estimated as 1.15, does not match the spectrum found for the candidate irrational CFT
of [8] with the same approximate c.

As was the case with the realizations of the Ising and ¢ = 1 theories, not all of the
solutions of the VFPE associated with CFTs appear to correspond to distinct CE'Ts. Thus,
some of our Mystery CFTs are assigned the same number.

Both in the examples where we know the correct answer for ¢, and from our
extractions of ¢ from the entanglement, indeed we find that ca always overestimates the

correct value. We note that while some of the qutrit states identified as CFTs have ca > 2,

238



Spectra of H=a(L) - (—-XX — 2)

Spectra of H = a,(L) - (=XX - 2)

S(f)ings.of H= —XX-Z

2.0 — 2.0 —_— Crie =0.5254, 51 = 0.5254
0.70 1 Ct=0.5174, ¢y =0.5196 pF
chit=0.5134,c;; = 0.5183 -
L5 L=4 . 151 L=4 0.651 —— cp=0.511,¢; =0.5178 5
K t=g g t=g Cie=0.5093, ¢, = 0.5176
= - = .| T B = 1 < 4 G = =
g 10 s © B8 O oio10] § 10 s © B8 O io10] Soso e =0.5081, Cz1 = 0.5174
o> - ° =
N > t—ii ¢ > t—ii 0551
0.5 - 0.5 -
0.50
= =
= =
R - R . 0.45 1 . . . . . .
0 2 4 6 8 0 2 4 6 8 —1.50 —1.25 —=1.00 —0.75 —0.50 —0.25 0.00
index index log(sin(mt/L))
Spectra of H=a(L) - (=XX—-0.9-2) Spectra of H=a,(L) - (=XX—0.9-2) S()ings.of H=-XX-0.9-Z
20 20 0751 e =0.5231, ¢ = 0.5231 P
B R BB 2 B B B B P Cit=0.5039, C3y = 0.5074 o
i =0.4874, 1 = 0.4981
= 0.70
151 w 151 t ‘; —— Ci=0.4712,C = 0.4908 ’/«/
El BB E 5 L_8 oesd crie = 0.4549, 3, = 0.4849
© N [ = 4 s Y027 = =
210 B L=4 4 210 = O oic10d 8 Crie=0.4387, 1 = 0.4801
L=6 -
2 e 2 L=12 0.60 4
= > L=14
0.5 4 o L=10 0.51
L=12 0.55 e
L=14
00{s & > . 00fs & 0.50 4
0 2 4 6 8 0 2 4 6 8 -1.50 —1.25 —1.00 —0.75 —0.50 —0.25 0.00
index index log(sin(mt/L))
Spectra of H=a(L) - (-XX—-0.8-2) Spectra of H=a3(L) - (-XX—-0.8-2) S(f)ing.ss.of H= -XX-0.8-Z
200 EE B BB 2.0 0.750 Cie=0.4946, C;1 = 0.4946 g
1.754 ) 0.725 Cie=0.4467, ;1 = 0.4534 =gal
B B B B - _
1.50 1 b b s E B E B 0.700 Cir=0.4033, C1 = 0.4272
" o, 1.5 —— Ccpe=0.3642, 1 = 0.4095
$1.25 B B B E] . 0.6751 —— cpr=0.33,c21 =0.3976
£ 1.00 B =4 1 %1, = t=4 7| So650{ — cn=03006c;=03897
20751 L=6 s L=6 0.625
] L=8 o L=8
0.50 1 0 L=10 0.5 0 oL=10 0600 -
0.25 1 L=12 L=12 0.575 : 5
0.00 {55 > L=147) 00fs—8 o=l hsso
0 2 4 6 8 2 4 6 8 -1.50 —1.25 —1.00 —0.75 —0.50 —0.25 0.00
index index log(sin(mZ/L))

Figure 5.9: The effects of a relevant perturbation on the low-lying spectrum of a quantum
critical lattice model.
H=-%,X;X;s1—h>;Z;at h=1 at L = 20 with periodic boundary conditions, from
DMRG. The normalization is chosen so that the ¢ state (third eigenstate) has energy 1.0
at L = 4. Middle: h = 0.9. Bottom: h = 0.8. Our purpose in showing this plot is for

purposes of comparison with the spectra of H,. from states that we identify as CFTs plus

a relevant perturbation.
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the inferred values of ¢ from the entanglement are all less than 2, consistent with the c-d
conjecture.

Amongst the states that we declare not to be CFTs, we do not distinguish between
CFTs with a large relevant perturbation (where the short-distance behavior resembles
CFT), and states which appear to have nothing to do with CFT at any scale (such as the
W state).

In Figure 5.3 (bottom) and in Table 5.2, one can see a solution of the VFPE on
qutrits that gives ca ~ 0.63, a place where no unitary CFT belongs. Surprisingly, the error
can be made quite small, and the result of DMRG shows a state with a large correlation
length! Closer inspection of the reconstructed spectrum shows that at system size L, H .
has ¢, low-lying states below a large gap, where ¢, are again the Lucas numbers. Moreover,
these low-lying states take the form of the lowest-energy states in the Ising spectrum. We
infer that the reconstructed Hamiltonian is approximately H,o. ~ I'Hpi, + Hising Where
Hyyy, is some realization of the Golden chain Hamiltonian (5.11) on qutrits, and I' is a large
number. As L grows, the spectrum rapidly becomes identical to the Ising CFT. Why ca
on 4 sites for this state is so far off we do not know.

We also studied a sampling of the many states with larger ca. Among them, we
did not find any states that look like good candidates for CF'Ts, consistent with the c-d
conjecture.

In the tables of results, we define various normalizations of the Hamiltonian, H =

a; (L) Hyee, with «;(L) defined as follows: ag(L) ap(L) is the predicted theoretical

_ L

= %.
prefactor, such that D, = ap(L)H is the reconstructed dilatation operator, whose
spectrum is the list of scaling dimensions of the CFT. a;(L) is a prefactor such that the

i+ 1-th level of the reconstructed Hamiltonian on L sites, o;(L)HE,,

is equal to the ¢ 4 1-th
level of D,.. on 4 sites. The other normalizations are an attempt to see if the spectra for

different L collapse. In the table we show oy and the best collapse for : = 1..3.
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Spectra of ap(L) - Hrec for ca =1.2105 in qubit CFT search
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Figure 5.10: Left: The spectrum of H, - % from the solution of the VFPE on 4 qubits
associated with the XX model. The reconstructed Hamiltonian is that of the critical
lattice model with infinite correlation length, and the spectrum is converging with system
size. Right: The spectrum of H,e - i from the solution of the VFPE on 4 qutrits at
ca = 1.502373 (labelled ‘Gapped/GSD>1" in Figure 5.2). The spectrum (above the first
four states) drifts up linearly with system size. States with this behavior are excluded from

our list of CFT states Tables 5.2 to 5.10 and appear instead in Tables 5.11 to 5.18.
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Table 5.2: States on four qutrits that we believe correspond to CFTs (part 1). % indicates

that the spectrum depends on L mod 4.
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Spectra of ao(L) - HL) for cy = 0.74138 Spectra of a3 (L) - HY) for cy =0.74138 EE for ¢y =0.74138
150 L=4 BB B B 12 v w B ° e =07414,¢;
125 L=6 8 1.0 11 =07252,¢;
g L=8 B 9 ] =07112,¢;
$ 100 - = $os8 -
2 o L=10 2 10— c=06933,c
0 74138 I CI go7s L=12 g 08 F e =0.6673, ¢
. Sosof & =M 204 09 ; €= 06298, c2
0.25 5 0.2 & 08 a/
000tz & R :
0 2 4 6 0 2 4 6 ~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(mt/L))
Spectra of ao(L) - HL) for cs = 0.84475 Spectra of as(L) - H) for cy = 0.84475 EE for ¢y = 0.84475
1.50 L=4 B B B B 12 L=4 88 g 8 12 Coe=0.8447, cy = 0.8447
125 L=6 1.0 i =0.8252, ¢y = 0.4 0
" L=8 " o 11 e =0.8079, ¢z B
%’ 1001 o [-10 B % 081 5 _ —— C=079,c; = 08137
0 84475 POttS 2075 =12 206 gto Ce=07707,¢;
g L=14 g — = =
: Soso ” Loaq ” 09 G =07501,cn
025 02 | s .
0oofs = P oofs o F :
0 2 4 6 0 2 4 6 ~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(mt/L))
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Table 5.3: States on four qutrits that we believe correspond to CFTs (part 2). x indicates

that the spectrum depends on L mod 4.

Chigh name spectra
Spectra of ag(L) - H) for c; = 1.09970 Spectra of as(L) - HY) for ¢, = 1.09970 EE for ¢, = 1.09970
1 1 ; n 5 B B 3 C=1.0997,C;; = 1.0997
5 B BB 2.0 S 12 o= L. g
-
2 0 g, " Cre=1.062, Cz3 = 1. y}
c 1 3104 © . 2157 o SR —— Cn=1.0538, c;1 = 1.0808
e s g 5 B S0 .
1.09970 R IR S 1 ¥ ’
. 051 . o T . L] 09
X X 05 08
L] L]
0.0t 0oim o 07
o 2 4 6 o 2 4 6 -15 - -0.5 0.0
index index log(sin(nt/L))
*
Spectra of ao(L) - HL) for ca = 1.14620 Spectra of a,(L) - HL) for ¢, = 1.14620 EE for cy = 1.14620
12 [ — P & B 1.3 Cre=1.1462,C;; = 1.1462 >
10 08 12 Cr=1.0926,c =1.1029 P75
¢ _ ¢ Che=1.0629, ;1 = 1.0881 ///
g08 I t=4'1 306 L _11{ — cx=1.0367,c;1 =1.0758
206 L=6 - 3 Cre=1.0088, 3y = 1.0624
1 14620 c 1 S04 ] :'fﬂ & LI 107 — r=09772,cn=1.0472
— g o - g g
: 0.2 L=12 0.2 0.9
> L=14 >
0.0 {8 0012 08
o 2 4 6 o 2 4 6 =150 -1.25 -1.00 -0.75 —0.50 -0.25 0.00
index index log(sin(nt/L))
R € (Rxx, Rueis)
Spectra of ao(L) - HL) for ¢, = 1.14670 Spectra of a,(L) - H{t) for ¢y = 1.14670 EE for ¢y = 1.14670
- B 1. = =
125 L=a BB 10 5§ ° 3 Ce=1.1467,C21 = 1.1467
L=6 s 1 e =1.0898, Cy = 1.102
9 1.00 L=8 B B 9 B 8 Cre=1.0606, C21
Sors{ 0 10 . 2061 U _ 11— cu=1041,c; =1.0851
go =12 s 5 e =1.0258,cx1
2} = g 1.0
1.14670 | c=1 | &2 ™" goo ® —aiese
= g g
: 025 B 02 oo 09 /7
0.00 {8 0.0 0.8 > o
0 2 4 6 0 2 4 6 ~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index Tog(sin(nt/L)
R e (RXX s RHeis)
Spectra of ao(L) - HY for ¢y = 1.15351 Spectra of as(L) - . for ¢y = 1.15351 EE for ¢, = 1.15351
12 BB B 5 5 B| 14 Cre=1.1535,c;1 = 11535 -
1o 08 13 Cre=1.0942, c;1 = 1.1055 /
%0z — Cr=1.0577,n =1.0871
£ o. = g o
3 B B B i 3 B o I = 12 ., 1.0713
206 = el 2oa Fu 1.0553 .
& B = & B | — cn=0.9489,c;, =1.039
Soa ooL= b o
115351 | c=1 | ¢ A
0.2 L=12 - >
> L=14 > or
0.0 0012 0.9
0 2 4 6 o 2 4 6 ~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(mt/L))
Heisenberg with relevant perturbation
Spectra of ao(L) - Ht) for ¢ = 1.15715 Spectra of as(L) - H{t) for cy = 1.15715 EE for ¢y = 1.15715
CRCE ) 08 5 B B 8 @8 13 Cre=1.1572,c =1.1572
o 12 €=1.0979,c;y = 1.1063
gos 06 Cre=1.0713,c =1.092 5~
C = ]. H 3 _ 11— u=1.0501,cn = 1.0811
1 15715 bl 505 é 0.4 3 10 Cre=1.0283, ¢z = 1.0687
. 2044 * e s 7] — ew=1.003,c=1.0532
t ] -
; 09
XX o 02
(YRR 00{m 08
0 2 4 6 o 2 4 6 ~1.50 =1.25 ~1.00 ~0.75 ~0.50 =0.25 0.00
index index log(sin(mt/L))
Spectra of ao(L) - H. for c; = 1.17090 Spectra of as(L) - H) for ¢, = 1.17090 EE for ¢, = 1.17090
1.50
L=4 Bl o ] Cn=1.1709,cpy =1.1709 >
125 L=6 BB - B B 12 Cpe=1.1084, 3y = 11163
£ 1.00 L=8 B B 508 BB 11 Cpe=1.0851,cz1 = 1.1043 ?/
3 o L=10 3 o . 0993~
1.17090 s
. Sos0q > L=14 Soa{ > 0.9 — cr=10542,c = 10052
S S
025 ] 02 8—8 08
00012 001z 07 g
o 2 4 6 o 2 4 6 =150 -1.25 -1.00 -0.75 -0.50 —-0.25 0.00
index index Tog(sin(nt/L)
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Table 5.4: States on four qutrits that we believe correspond to CFTs (part 3). x indicates

that the spectrum depends on L mod 4.

Chigh name spectra
Spectra of ao(L) - HL for ¢, = 1.17120 Spectra of as(L) - HY. for ¢y = 1.17120 EE for ¢y = 1.17120
L BB B B OBl o BB B B 8 cr=11712.cn =1.1712
1.0 L -l o < - e =1.1069, ¢z =1.1164 a
go8 L — 206 11 Ce=1.0809, 2y =1.1033
2 oL 2 o _ Cre=1.064, X o
C = ]_ 206 L Zoatf © i
1 1 7 1 20 ’ Soaf > L H = 0.9] — cm=1.0368,c; =1.0844
. @ CHlL] ®o02 ] i
-x x 0.2 08
0.0 & 0.0 12 of
0 2 4 6 [} 2 4 6 ~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(nt/L))
R e (Rxx, RHeis)
Spectra of ao(L) - HE. for ca =1.17384 Spectra of as(L) - H. for ¢y = 1.17384 EE for cy =1.17384
Las L=4 B B 1 Cr=11738,cn =
L=6 08 BB €r=1.1099, ¢z
g 1.00 L=8 p B B B P BB 11 C=1.088,cp1 = 1.
c = 1 L L=10 Sos L=a — Cw=10741,cn =
]. 17384 ’ £ n H L= || §ro Cpe=1.0645,C21
. Sos0{ > L=14 804 k=8 0.9 — ©n=1.0573,c = 14
x X m s ® T 5 8 L=10 . gk
025 02 t = ii 08 D//
> L=
0.00 1.2 0.0 {2 07 - s
o 2 a4 6 o 2 4 6 -1.50 -1.25 -1.00 -0.75 -0.50 -0.25 0.00
index index Tog(sin(mt/L))
Spectra of ao(L) - H for cy =1.17828 Spectra of (L) - . for ¢y = 1.17828 EE for ¢, =1.17828
12 —B—H—B g B B B| 12 Cn=11783,c =1.1783 -
1.0 = 08 5] Cr=1.1111,c3 = 1.11901 ,
" 2 3 11 0868, .
Sos L=4 So061 o L0723, 2 Ze
206 L=6 g S 10
1.17828 | Mystery CFT 0 | e | o] 2 :
° goa & o oL=101 % 09
0.2 B L=12 02 0.8
> L=14
0.0 & 0.0 18 0.7
0 2 4 6 [} 2 4 6 ~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(mt/L))
Spectra of ao(L) - HL for ¢y =1.17936 Spectra of as(L) - HY. for ¢y = 1.17936 EE for ¢y =1.17936
» B B B Bl os o 2 2 B 8/ Cr=11794,cn =1.1794
1.0 8 & o ot : Cre=1.1108, ¢z = 1.1189 .
208 506 11 Cre=1.0855, 1 =1.1055
C = 1 H o 3 o _ —— Cr=1.0708,cn =11 =
1 1 7936 ’ £ g047 ” 5107 — cn=1.0609, c;1 =1.0972
. S04l © & > 0.6 — cr=1.0536,c; =1.0955
XX w P
0.2 0.8
0013 [XEE-S 07 o
0 2 4 6 0 2 4 6 ~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(mt/L))
Spectra of ao(L) - HL) for ¢ = 1.18098 Spectra of as(L) - HL) for cy = 1.18098 EE for ¢y = 1.18098
12
o L B B BB Bl os B o8 & B ., Ci=1181,c;1=1181
) : e=11113,c; = 112 g%
208 L £ 06 11 Cre=1.0857, ¢z =1.1067 -
Cc = 1 H 0oL 2 o _ —— Cr=1.0709,c» =1.1011 r
1 18098 ’ e g04y ~ 107 — c=1.0609,c;1 =1.0983 __ £
. S0af > L & > 0.9 — cr=1.0536,c; = 1.0966
x x ¢ e @ “ o2 58
02 08
003 [XEE-S 07 filc
0 2 4 6 0 2 4 6 ~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(mt/L))
5 Spectra of ao(L) - H{t) for ¢y =1.18233 Spectra of as(L) - Ht) for cy =1.18233 EE for ¢y =1.18233
1
B B B B 0.8 L=4 5 B & B B 12 Cn=1.1823,¢ =1.1823 o
10 a 121,65 = 1122 -
208 506 11 r 11085
C ]_ 2 2 10l — 1.1029 x
1 18233 9 206 204 s 11 p
. XX % 041 © %‘\ > 0.9{ — Cre=1.0542,c31 =1.0983
02 -
0.2 08 D///
00im 001z 07 =
0 2 4 6 Y 2 4 6 ~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(mt/L))
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Table 5.5: States on four qutrits that we believe correspond to CFTs (part 4). % indicates

that the spectrum depends on L mod 4.

Chigh

name

spectra

Spectra of ao(L) - H{t) for ¢y = 1.18272

Spectra of as(L) - H{t) for ¢y =1.18272

EE for ¢y =1.18272

B B B B B

u
IS

4 B B B B B

L 12 Ce=1.1827,cn1=
10 L=6 T A L=6 112,60
508 L=8 506 L=8 11 0855, ¢
Cc = 1 2 o L=10 2 o L=10 10 0689, cz1 = 1.1009
1 18272 ’ 500 i g o4 L=12 g 056,21
. S04l » L=14 £ > L=14 0.9 .0446, ¢z, =1.0913
} (} ( ° B B “oz2 58
02 08
0.0 0.0 0.7
0 2 4 6 0 2 4 6 -1150 —125 ~1.00 ~0.75 —0.50 ~0.25 0.00
index index log(sin(mt/L))
Spectra of ao(L) - H{t) for cy = 1.21030 Spectra of as(L) - HL) for ¢y = 1.21030 EE for ¢, =1.21030
12 T8
L=4 m BB & B 0.8 L=4 oo B B B 12
10 L=6 5—f—o L=6
- Z 11
gos L=s gos L=s
c = 1 H o L=10 3 0 oL=10 ~10] —
1 21030 bl 206 L=12 204 L=12 53 e =1.069, Cz3 = 1.1101
. §oa) > Lou0 g b oL=14 09 10607, ¢z =1.1081
XX 0.2 e @ 0.2 58 08
0o0{m 0o{m 07
0 2 4 6 0 2 4 6 -1150 ~125 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(nt/L))
Spectra of ay(L) - H{L) for ¢y = 1.21051 Spectra of as(L) - HL for cy = 1.21051 EE for ¢y = 1.21051
1.2 =
L=4 B B B L=4 12
10 L=6 BB : 08 L=6 ' : i
g 08 L=8 206 L=8 11 €re=1.0975,c;1 =1.1199 7~
k! o L=10 s o L=10 10 , 1133
3 3 .
1 21 1 b S o6 L=12 S 04 L=12 g 0691, 1099 p
. 05 qu it 804l b L=14 g b L=14 m m B B B 09 11079 y
] 1
02 L. 02 08
XX = #
00{m 0oim 07
] 2 a4 6 0 2 4 6 -1.50 -1.25 -1.00 -0.75 -0.50 -0.25 0.00
index index log(sin(nt/L))
Spectra of (L) - H{L. for ¢y = 1.23873 Spectra of as(L) - HL for cy = 1.23873 EE for ¢ = 1.23873
08 5 B 8
10 B BB 12
208 8 506 B 11
c=1 : :
= T 06 3 =10
1.9 ) g g £ oa s B B :
. . S04 e ) L 0.9 L0785, ¢y = 1.1342
] o t o >
Heisenber
02 08
> >
00{m 0oim 07
0 2 4 6 0 2 4 6 ~1150 ~125 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(nt/L))
Spectra of (L) - H{L. for cy = 1.23906 EE for ¢, = 1.23906
1o B B B 12 Cre=12391,;, =1.2391 /
508 8 P 11 1207, g ?’/‘{a
— 3 H
C = 1 3 T 06 = s 1o “oggs. ;
2 z &
1.23906 . Sos| = BB 8 0s
b 3 o 3
Heisenberg | *.. : 0s
>
0.0 0.7
0 2 4 6 ~1/50 ~1225 ~1.00 ~0.75 —0.50 ~0.25 0.00
index log(sin(mt/L))
Spectra of ao(L) - HL) for cy =1.24511 EE for ca =1.24511
1.2
B B B 12 Cm=12451,c, = 12451 /»)
1.0 -
]. @ “w 11
& s gos 3 3 //z//zE
1.24511 bit
X 1 5 BB B 3 09
qu IR RO |
H . b 02 L 08
eisenberg | ..l - o
0 2 4 6 0 2 4 6 -1150 ~1225 ~1.00 ~0.75 —0.50 ~0.25 0.00
index index log(sin(nt/L))
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Table 5.6: States on four qutrits that we believe correspond to CFTs (part 5). % indicates

that the spectrum depends on L mod 4.

Chigh

name

spectra

Spectra of (L) - HLL. for ¢y = 1.29544

Spectra of as(L) - HL for ¢y = 1.29544

EE for cy = 1.29544

12 =
- [ -] 1.0 ]
10 L=4 B B 13
. L=6 ] 08 ]
- 1.2
goat i, ;
E} = 206
129544 Mystery CFT ]. S04 > L=14 g04y o 10 0759, cz1 = 11392
3 . t 5
02 -] 0.2 -] 0.9
L] B
00{m 0oim 08
] 2 4 6 o 2 a4 6 -1.50 -1.25 -1.00 -0.75 -0.50 -0.25 0.00
index index log(sin(nt/L))
Spectra of ao(L) - HiL for c, = 1.60459 Spectra of as(L) - HiL. for c, = 1.60459 EE for ¢, = 1.60459
125 B T4 B
oo B 10 o . s I o
g B 308 L=8 B e =1.4093, ¢z = 1.4611
Sos | L=10 _ . y
4 M FT foo| o iR e
1.60459 ystery 2 | Eosof - Soa) o o2 e ey o
] ]
0.25 | 0.2 F s B 12
B B
00012 00{m
0 2 4 6 0 2 4 6 -1.50 -1.25 -1.00 -0.75 -0.50 -0.25 0.00
index index log(sin(nt/L))
Spectra of ag(L)  HL for ¢y = 1.62156 Spectra of (L) - HLL. for ¢y = 1.62156 EE for ¢ = 1.62156
125 L=4 Bl 1 L=4 B Cr=16216,C;1 = 16216
1.6 Ce=1.491,¢; 5161 .
g 1.00 BB g 100 BB Cne=1.4294, 2 =1.4898 /
E o H o _ —— Cpe=1.3893,c;0 = 1477
1 2 1 F g 075 & g 075 & S1a e =1.3589, 0 = 1.4686
. IVlySt eI‘y ] Sos01 > Sosoq > —— Cpe=1.3336,c;) = 1.4622
s s
B B
0.25 5 5 0.25 5 3 1.2
0.00 1 & 0.00 1 & o
0 2 4 6 0 2 4 6 -1150 ~1.25 ~1.00 ~0.75 —0.50 ~0.25 0.00
index index log(sin(nt/L))
Spectra of (L) - H{L. for c = 1.73220 Spectra of as(L) - H for ¢ = 1.73220 EE for c; = 1.73220
L=a B 0.8 L=4 g cn=17322,cn =17322 -
1.0 L=6 B <] 16 15792, ¢z1 = 1.6039 i
gos LS B 506 5 503, c21 = 1.5687
T:u o L=10 E E % o . —— Cfit=1.4432,¢; =1.5458
1.7322 M FT 4 | &0]: & H e
. yS ery S04l > L2 3 >
@ 4 “o02
02 . 12
B B
0.0 18 0.0 18
0 2 4 6 0 2 4 6 ~1/50 —1225 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(nt/L))
Spectra of ao(L) - HiL) for ¢y = 1.73405 Spectra of as(L) - H{L). for ¢, = 1.73405 18 EE for cy =1.73405
1.2
L=4 B 0.8 B Cre=17341,, = 17341
10 L=6 B 4] it =1.5822, €21 = 1.6059
208 L=8 BB g 06 I 16 5079, 21 =1.5709 /
!% L=10 % . 4512, ¢, 5493
o6 =12 & o o S 3973, 01 = 1528
9 S04 > L=14 & > 13348, c;) = 1.4963
ster Lhg ] ?
. 02 02 12
B B
0.0 18 0018
0 2 4 6 0 2 4 6 ~1150 ~125 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(mt/L))
Related to previous
Spectra of (L) - H{L) for ¢y = 1.74111 Spectra of ag(L) - HiL. for ¢y = 1.74111 EE for cy = 1.74111
12 12
L=4 B B E B 18 Cre=17411, ¢ = 1.7411
10 =6 10 -
- B B 16 e
08 L=8 208 .
H o L=10 | H o | _
1.74111 | Myst FT 30 ISR ol ¢ e
. yS ery S04 > L=14 &04{ >
] s
02 02 12
g B B 8 BB
0.0 18 0.0 18
[ 2 4 6 o 2 4 6 =150 -1.25 -1.00 -0.75 —0.50 -0.25 0.00
index index log(sin(nt/L)
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Dissertation Note

Chapter 5 is based on joint work with Xiang Li and John McGreevy, “A systematic

search for conformal field theories in very small spaces,” arXiv:2509.04596, 2025.
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Table 5.7: States on four qutrits that we believe correspond to CFTs (part 6). % indicates

that the spectrum depends on L mod 4.

Chigh

name

spectra

1.74382

Mystery CFT 6

Spectra of ao(L) - HY) for ¢, = 1.74382

rec

Spectra of (L) - H{L. for ¢, = 1.74382

EE for ¢y =1.74382

1o L=4 B B 1o L=4 B B 18 17438, ¢, = 17438 %
L=6 =] L=6 =] 1.6054, ¢z, = 1.6247 2l
508 L=8 508 L=8 16 Cre=1.5428,c;1 =1.5938 y
2 o L=10 El o L=10 . —— i =1.4974, c;; = 1.5766
$06 L=12 B s06 L=12 B T e = 1.4585, ;= 1.5637
Soaf > L=14 Soaf > L=14 — Cr=1.4222,c =15528
0.2 0.2
T R 12 //
0.0 & 0.0 & a
0 2 4 6 0 2 a 6 ~1150 —125 ~1.00 ~0.75 —0.50 ~0.25 0.00
index index log(sin(mt/L))

Similar to previous,

spectrum is better

1.74805

Mystery CFT 6’

Spectra of ao(L) - H) for ¢, = 1.74805

rec

Spectra of as(L) - H for ¢, = 1.74805

EE for ¢, = 1.74805

1.0
L=a B L=a B 18 1748, ;1 =1.748 -
10 L=6 i 08 L=6 ® 16141, ¢ = 1.6319
208 L=8 5 P L=8 ] 16 >
2 L=10 Sos L=10 _ :
$o6 L=12 B S L=12 B % 14 Cre=1.4884,c5; = 1.5768
S04 > L=14 8047 > L=14 1 — c=1.4589,c;, = 1.5655
e 1 o
02 s ® 02 # 12
] 8 .
0012 0018
o 2 4 6 0 2 4 6 -1.50 -1.25 -1.00 -0.75 -0.50 -0.25 0.00
index index log(sin(nt/L))

Related to previous

1.82871

Mystery CFT 7

Spectra of ag(L) - HL) for c, = 1.82871

Spectra of as(L) - Ht) for cy = 1.82871

EE for cy =1.82871

1o L=4 JOL] L=4 s Bl 18 Cre=1.8287, ;1 = 1.8287

: L=6 3 08 L=6 1.6987, ¢z =1.7135
208 L=8 o L=8 1.6485, c;1 = 16874
$ g 1
H L=10 B 206 L=10 B ¢1 — cu=16173.c=16757
06 = B s - B =
2 L=12 i - L=12 s 1.5944, c21 = 1.6689
S04 > L=14 4 & boL=14 g 14 1.5758, C1 = 1.6645
g g

0.2 CR. 0.2 L 12 D//

0.0 18 001&

0 2 6 o 2 4 6 ~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00

index

log(sin(nt/L))

Spectra of ao(L) - H,

i) for cp = 1.83075

Spectra of ag(L) - HL) for c, = 1.83075

EE for ¢ = 1.83075

10 L=4 1.0 L=4 18 Cr=1.8308, 0 = 1.8308 -
L=6 L=6 Cre=17439,c1 = 1.7656 f
g 08 L=8 g 08 L=8 16 Cre=1.6527, ¢z =1.6906 - )/
206 L=10 206 L=10 - Cit=1.6767,c1 =17154 _~
s t=12, » B B B §| 2 =12, L o B B B Cre=1.601,C;1 =1.673
1.83075 | Mystery CFT 8 | Zoef > ton Boaf o cou S e A
. T - 3 =
] ]
02 02 12
00{m 00{m 10
0 2 4 6 4 2 4 6 -1.50 -1.25 ~1.00 =0.75 ~0.50 =0.25 0.00
index index log(sin(nt/L))
*
Spectra of ao(L) - H/t) for cy = 1.84206 Spectra of as(L) - HL) for ca = 1.84206 EE for cy = 1.84206
L=4 B L=4 ] 1.8421, ¢y = 1.8421
1.0 0.8 18 .
L=6 L=6 Cie=17102,c21 = 17264
508 L=8 » 206 L=8 ] 16599, c21 =1.7006 7
206 L=10 > 2" L=10 = _16 1.6292, ¢ = 1.6889
2 L=12 CHL 204 L=12 - B 5 e =1.6068, C1 = 1.6818
]. 84206 M t CFT 9 Foep b Lmm g . 141 — c;=1.5884,c =1.6764
. ystery B e
12
0045 004
4 2 4 6 0 2 4 6 -1.50 -1.25 =1.00 —0.75 —0.50 —0.25 0.00
index index Tog(sin(/L))

FEs = F3, By = Fs, relevant perturbation visible

1.84526

Mystery CFT 10

Spectra of ap(L) - HL)

L) for ¢y = 1.84526

Spectra of ay(L) - HY for ¢, = 1.84526

rec

EE for ¢, = 1.84526

1o L=4 B B L=4 g B Cre=18453,c = 1.8453
L=6 o 0.8 L=6 > 18 17112, ¢ = 1.7276 o
508 L=8 ° L=8 t  C2=17011
] o L= $061 o (= 16 -
2o6l 0 =10 i H L=10 Y _ —— Cn=1.6276,;1 = 1.6894
H L=12 204 L=12 3 1.6044, ¢z = 1.6826
So0af > L=14 &7 » =14 14 15858, ¢z =1.678
s 1 g
B 8 B = B B
02
02 12 r}//
0012 001 o
[} 2 6 [ 2 4 6 ~150 ~1.25 ~1.00 ~0.75 050 ~0.25 0.00
index index log(sin(mt/L))

Ey=E;=F,

248




Table 5.8: States on four qutrits that we believe correspond to CFTs (part 7). = indicates

that the spectrum depends on L mod 4.

Chigh name spectra

Spectra of ao(L) High for c, =1.84851 Spectra of ay(L) - Hig for cy = 1.84851 EE for ¢, = 1.84851
. L=4 B L=4 ] Cre=1.8485, cn = 1.8485
" L=6 BB 08 BB 18 7148, ¢ = 17309
508 L=8 P 16633,c;1 =1.7044 7.
2 o L=10 2067 o 18 -6312, 21 =1.6918
206 L=12 B H [ = 16065, C1 = 1.6829 c
1.84851 | Mystery CFT 11 | #o7° s ”
. y y s B B s 5
02 02 1 D/E/
0.0 18 0.0 18
] 2 4 6 [ 2 4 6 -1.50 -=1.25 -1.00 -0.75 -0.50 -0.25 0.00
index index log(sin(nt/L))

FE> = E3 = E4, relevant perturbation visible

Spectra of ao(L) - H't) for ¢ = 1.84926 Spectra of a,(L) - HiL) for ¢, = 1.84926 EE for ¢y = 1.84926
L=4 B 10 L=4 B Cie=1.8493, 3y = 1.8493
10 L=6 BB 08 L=6 BB 18 7157, =17317
208 L=8 9 16642, C;1 = 1705
2 o L=10 2064 0O _16 16318, =1.6919
206 L=12 ] 2 B 3 16063,z = 1.6821
1.84926 | Mystery CFT 117 | e bl e
. y y 5 B O o
0.2 0.2 12
0046 0048
4 2 4 6 4 2 4 6 -1.50 =1.25 ~1.00 =0.75 ~0.50 =0.25 0.00
index index log(sin(t/L))

FEy = E5 = Ey4, relevant perturbation visible

Spectra of ao(L) - H{L. for c, = 1.87447 Spectra of as(L) - HY. for ¢, = 1.87447 EE for ¢, = 1.87447
] g 8 B 8745, C1 = 1.8745
08 0.6 18 7362,c1 =17533
o " 6828, = 17262
Sos B E L=4 16 ; o /B/Ela
s S04 8 s | g sl
99 g 04 B g & L=8 14
1.87447 | Mystery CFT 11 NI o ol 8 # 5 1o
0.2 =
L=12 12
> > L=14
0.0 18 0.0 8
0 2 4 6 0 2 4 6 —150 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(nt/L))

Relevant perturbation visible, same as previous two?

Spectra of ag(L) - Hik) for ¢ = 1.90104 Spectra of as(L) - HL) for c, = 1.90104 EE for ¢y = 1.90104
18
12 Lig 1.25 L=4 Cre=1.901, ¢z =1.901 /
Lo 2:8 1.00 1 : f
% 084 o r=10 é_’ o ~14
206 L=12 LB g0 e
1.90104 | Mystery CFT 12 | fo =2 6 28 foso) = Bl e
. 304 g 3
B 025 g o B
02 B 1.0
0040 0.001 &
0 2 4 6 0 2 4 6 ~150 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00
index index log(sin(mt/L))
*
Spectra of ao(L) - Ht. for cy = 1.93044 Spectra of ag(L) - H{t) for cy = 1.93044 EE for ¢y =1.93044
1.0 L=4 1.0 L=4 18 Cre=1.9304, ¢y = 1.9304
L=6 16 7458, 5, = 1.7408 o
g 08 L=8 g 08 g 16959, C1 = 1.7129 _
goeq O L=l gos{ S 14 7093, =1.6997
H L=12 s 5 B|Z s 5 B &
) $044 > L=14 BB 044 > 5B
. ystery ¢ 5o ¢
02 02
10
0046 0.0{ %
0 2 4 6 0 2 4 6 -1.50 ~1.25 =1.00 -0.75 ~0.50 —0.25 0.00

index index log(sin(nt/L))

Related to previous %

Spectra of ag(L) - HE) for ¢, = 1.93838 Spectra of as(L) - H. for cy = 1.93838 EE for ¢, = 1.93838
12

L=4 } L=4 Cre=1.9384,c;, = 1.9384

1.0 L=6 10 L=6 7491, ¢ =17512 o
g 08 L=8 208 16 7133,c,1=1.7426
(_:n o L=10 =] % o _— 6581, ;1 = 1.6987
g0 L=l T e 206 S Cre=1.6464,c31 = 1713
1.93838 | Mystery CFT 13 | ] i bl Ly = r

12

02 g8 02 g 28 D//
8 i

0.0 00{m 10 o

~1.50 ~1.25 ~1.00 ~0.75 ~0.50 ~0.25 0.00

index index log(sin(nt/L))

&

°
~
IS
o
o
IS
o
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Table 5.9: States on four qutrits that we believe correspond to CFTs (part 8). x indicates

that the spectrum depends on L mod 4.

Chigh

name

spectra

Spectra of ao(L) - HL) for cy = 1.95423

Spectra of as(L) - HL) for c, = 1.95423

EE for ¢y =1.95423

2.0
10 L=4 s v 0 08 L=4 5 5B Cr=1.9542,C2 = 1.9542 >
08 L=6 L=6 18 1.8165,¢c;; = 1.8312 o
g L=8 506 L=8 17667, C;1 = 1.8047 /
2067 O L=10 2 o L=10 _16{ — . 7938
M t FT 14 g S %04 L=12 s — 17881 .
. yS el‘y §041 » L=14 s > L=14 144 — cw=17047,c; = 17847
° - Cd -] ] @ - = L
02 0.2 %7
12
0.0 & 0018
0 2 4 6 ) 2 a 6 ~1.50 125 ~1.00 ~0.75 ~0.50 =0.25 0.00
index index log(sin(mt/L))
Spectra of ag(L) - Ht) for ¢ = 1.99222 Spectra of a; (L) - HL! for ¢ =1.99222 EE for ¢y = 1.99222
08 B 06 B Che=1.9922,C;1 = 1.9922
18 1.8346, ¢;; = 1.8547
2 B OB OF 2o0. ~ 16— ca=17294,c; = 1.
204 BB 4§ H L L 5 17001, cz1 = 1.8012
S Y 14 1.6771,cz1 = 1.7965
Sster 3 302 !
. 02
12
0.0 {83 0.0{ 8
4 2 6 [ 2 4 6 -1.50 125 ~1.00 ~0.75 ~0.50 =0.25 0.00
index index log(sin(nt/L))
Spectra of ao(L) - . for cy =1.99325 Spectra of ay(L) - H) for cy = 1.99325 EE for 3 =1.99325
L=4 & b L=4 IO Cre=1.9933,c1 = 1.9933
10 L=6 10 L=6 3 17537,¢; =17271 //
o L=8 & B @ L=8 P 1.7175,c1 = 1.746 2
08 tf 08 > 16
H o L=10 B H o L=10 : _ —— Cp=16733,c = 1.6946 /
Sos L=12 e =12 @14 1.6405, cz; = 17098
1.99325 | Mystery CFT 16 | fo] - i+ boa] + 15 .
° y y @ # L=16 @ + L=16 124 — Cre=1.5888,cpn =1.6952
02 -4 § 02 e a B B B B 4//5/
8
0.0 5 0.0 {3 1.0 * .
0 2 4 6 0 2 4 6 -15 -1 -05 0.0
index index log(sin(mt/L)
*
Spectra of ao(L) - . for cy = 1.99972 Spectra of (L) - HY. for cy =1.99972 EE for cy = 1.99972
10 L=a g 10 L=4 y  ” 18 Cie=1.9997, ;1 =1.9997 g
L=6 L=6 1747, =1.7336 g o
408 L=8 Bl & 0.8 L=8 16 17288, ;1 =1.7609
206l O L=10 . 206l 0 Lm0 _ —— Cp=16717,¢; = 1.7085
e - L=12 b b B B 2z L=12 F 14 1.6595,c21 =1.7278
1 99972 MYStel“y CFT 17 o4y b L=14, § So4y o L=14 & 16182, = 1.7008
. ] 3 1
8 & & g B8 12 ~
0.2 8 = 0.2 5 g B B
8
0.0 18 001 1.0
0 2 4 6 o 2 4 6 -1.50 -1.25 -1.00 -0.75 —0.50 -0.25 0.00
index index Tog(sin(mt/L)
*
Spectra of ao(L) - H. for cy = 2.06646 Spectra of as(L) - HiL) for cs = 2.06646 EE for c3 = 2.06646
= 1.0 =
L=4 | B L=4 | B e =2.0665, 2 = 2.0665
o L=6 s B 08 L=6 T 18
508 L=8 # P L=8 & 16 :
2 0sl © L=10 2 061 o L=10 _ 1.7409, c;; = 17542
2 0 L=12 H S14 1.6524,C;1= 17336
2 06646 MYSteI‘y CFT 18 So4y > =M 5 5 5 B 804 173,61 =1.9372
. el s L=16 4 02 s &5 B B 12 1.5906, cz1 = 1.7167
02 ] -
0.0 0.0 o 7
o 2 6 o 2 a4 6 -15 -1.0 -0.5 0.0
index index log(sin(nt/L))
*
Spectra of ao(L) - H) for ¢y = 2.08015 Spectra of (L) - H{L) for cs = 2.08015 EE for ¢, = 2.08015
3 3
10 L=4 Eopog 10 L=4 Bogop 18 €21 =2.0801 -
L=6 L L=6 gt 1 =1.7104
g 08 L=8 B g 08 L=8 & 16 1.804, 20 = 1.8226 /
2] o oL=10 B 206l o L=10 i e 15515,5;,=1‘6494/
s L=12 s b 2 L=12 s B b 16992, c1 = 1.7661
2 08015 M SteI‘ CFT ]_9 goay > L-lp—y S04y > L=l gy 12] = cw=14776,cn =16154 .
* y y @ * L=16 ® « L=16 1.6016, ¢ = 1.7207
0.2 0.2
BB B 10
0.0{m 00{m
o 2 4 6 o 2 a4 6 -15 -1.0 -0.5 0.0
index index log(sin(nt/L))
*
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Table 5.10: States on four qutrits that we believe correspond to CFTs (part 9). * indicates

that the spectrum depends on L mod 4.

Chigh name spectra

Spectra of ao(L) - HL) for cp = 2.49527 Spectra of a,(L) - HL) for ¢, = 2.49527 EE for ¢y = 2.49527
20
2.0 L=4 L=4 B 2.00 Cre=2.4953, ¢y =2.4953
L=6 b s L=6 Cpe=1.5592, C;1 = 1.5461
215 L=8 g L=8 1.75 Cre=2.2593, Co1 = 2.2662
2 L=10 2 L=10 B B ~ 150 Cre=1.5781,C1 = 1.6188 /b/ef’
z10 L=12 s 2 B z1o L=12 > 7 3 Cr=2.0959,c1 =2.1839 ~
2.49527 | Mystery CFT 20 | ¢ |- & © g e g | = et
° “os L=161 ®os L=16 Cre=1.9252, cx1 =2.0823
*] ¥ 1.00
0.0 {1 0.0 {8 0.75

0 2 4 6 0 2 4 6 -15 -1.0 -05 0.0
index index log(sin(nt/L))
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Table 5.11: States on four qutrits where we cannot tell whether they correspond to CF'Ts

(part 1). x indicates that the spectrum depends on L mod 4.

Chigh spectra comments
Spectra of ao(L) - HL for cy =1.15139 EE for ¢y =1.15139
175 L=4. 12 . > >
L=6 > B B
150 L=8 o5 11 " n
w1254 O L=10 B o
g L=12 1.0 -
T1007  L=14 o B =
115139 H W B B @09 B L=a
075 B L=6
g &]
0.8 L=8
0.50 S
0.25 0.7 L=12
> L=14
0.00 & 06
o 2 4 6 2 3 4 5 6 7
index !
Spectra of ao(L) - HL) for cy =1.18670 EE for ¢, =1.18670
144
>
] s B
1.24 1.2 >
.1 B B B 11 B
o084 B
3
2. B L=4 1o B L=4 —
1.18670 | oo GSD = 2
? 0.4 L=8 0.9 L=8
L=10 L=10
0.2 L=12 0.8 L=12
> - _
0.04m > L=14 > L=14
0 2 4 6 2 3 4 5 6 7
index L
Spectra of ao(L) - H) for cy = 1.26197 EE for ¢y = 1.26197
1.4 L=4 — 3 1.0 L=4
124 L=6 L=6
P # o o 08 P Perh bi 1
grof O L=1o . L=io erhaps a big relevant per-
¢ - -
2087 p» L=14 > B o > L=14 .
> > 0.6
1.26197 § 061 turbation of a CFT. Larger
0.4+ 0.4
bl o B L has smaller S.
] I > > > > > >
0018 0.2
0 2 4 6 2 3 4 5 6 7
index ]
Spectra of ao(L) - H) for cy = 1.50674 EE for cy = 1.50674
12 L=4 B 16 s > P
L=6 B B B
1.04 L=8 S H 15 o o
0 L=10 B
g 0.8 L=12 14 g
g > L=14 S — . epry e
1.50674 | ges BB L= Spectrum is drifting?
& L=6
@ 0.4 12 L=8
o0 L=10
027 g " b L=12
0.04m B 1.0 > L=14
0 2 4 6 2 3 a4 s 6 7
index !
Spectra of ao(L) - H) for cy = 1.54380 EE for cp = 1.54380
144 =4 B> L=4
1.24 - L=6
. > 12 L=8
1.0 B L=10
Sosd L] 1.0 L=12
g = > L=14
1.54380 | £oe 5 Larger L has smaller S
@ ! : > > >
04 .
0.2 B B 0.6 >
B
0.04 8
o 2 4 6 2 3 4 5 6 7
index !
Spectra of ao(L) - H) for cy = 1.74272 EE for cp = 1.74272
175 =7 > s s > P
1.50 t=§ >0 i B
. 125 L=10 o . B
g - . .
Zi00f o oLmm2 _ Maybe the spectrum is con-
1.74272 | fie] s v sl g
. §o7s
- 11 L=6 . r?
050 10 L=8 vergimg!
: L=10
025 ——8 00 P
0.00{® & g 0.8 > L=14
o 2 4 6 2 3 a4 5 6
index !
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Table 5.12: States on four qutrits where we cannot tell whether they correspond to CFTs

(part 2). x indicates that the spectrum depends on L mod 4.

Chigh spectra comments
Spectra of ao(L) - H) for cy = 1.88979 EE for cy = 1.88979
L=4 > 16 L=4
14 L=6 5] L=6
124 L=8 & 14 L=8
wi10d O L=10 B d o o0 L=10
g L=12 o L=12
2 12
1 88979 081 > L=14 S > L=14
. H &
g 061 10 b > PP
0.4 y B ©
B
02+ g 0.8
[ R B
4 2 4 6 12 3 4 5 & 7
index 1
Spectra of ao(L) - L) for cy = 1.99557 EE for ¢y = 1.99557
0.7 D> D 2.0
0.64 S
B B 1.8 gk
, 05 «
i E & _ _ _ _
2044 L=4 _ 16 L=4 E2 = E3 - E4 - £;57 EG -
1.99557 | {.s e | ® :
. §031 L=8 14 L=8 —
® 024 L=10 L=10 E7 - E8
L=12 12 L=12
5
014 > L=14 > L=14
- B -
00m L=16 10 L=16
0 2 4 6 2 a 6 8
index 1
Spectra of ao(L) - H{t) for ca = 1.99790 EE for ¢, = 1.99790
> > B > > >
0.6 3 B
18 >
4 > >
05 N
" a
044 16
T S .
H - g - <
1.99790 | £os R B L= Related to previous
) L=6 1.4 L=6
@024 L=8 L=8
g8 L=10 L=10
017 L=12 12 L=12
0043 > L=14 B > L=14
0 2 4 6 12 3 4 5 6
index ’
Spectra of ao(L) - HL) for cy = 1.99834 EE for cy = 1.99834
> > B D> > >
) B B B >
0.6 18
0.5 L B 2] B
g [i] 5] 16 o
2044
g S B _ .
1.99834 | {.: 5. ° . Related to previous
& -
© 0.2 L=8
0 L=10
12
014 B L=12
> B > L=14
0.0 1o
4 2 4 6 12 3 4 5 & 7
index !
Spectra of ao(L) - HY) for cy =1.99851 EE for cy =1.99851
> B > R > >
0.6 [3 3 B 3 & =] 18 .
1 0 o o
05 N
w 8
$ 0.4+ 16
3 2|3 B - 1
1.99851 | £os e § L= Related to previous
) L=6 14 L=6
024 L=8 L=8
g L=10 L=10
014 L=12 12 L=12
0.013 > L=14 B > L=14
0 2 4 6 12 3 4 5 & 1
index 1
Spectra of ao(L) - H{t) for c; = 2.00000 EE for ¢, =2.00000
0.7 4 P S
18 ”
061 BB B "
0.5 g g
g 16 E
2044 _
2.00000 | TIE
. 034 L=6 14 L=6
@024 L=8 L=8
0 L=10 12 L=10
0.14 L=12 L=12
> L=14 B > L=14
0045 10
0 2 4 6 12 3 4 5 6
index ’
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Table 5.13: States on four qutrits where we cannot tell whether they correspond to CF'Ts

(part 3). x indicates that the spectrum depends on L mod 4.

Chigh spectra comments
Spectra of ao(L) - HY) for cy =2.03145 EE for cy = 2.03145
10] — 18 — %
L=6 B o
0.8 L=8 16 b
" o oL=10 B
S 061 L=12 s
2 03145 T > L=14 P o @ pg|sl4 B
H & &
: Boed g B °
@ 12
024 o
>
a 10{ B
00{m = ”
4 2 4 6 12 3 4 5 & 7
index [
Spectra of ao(L) - HL) for cy = 2.05983 EE for ¢, = 2.05983
12 L=d 18
L=6 O > > P
1.04 L=8 B4 >
w L=10 'S 16 o
o8 L=12 B
2.05983 | feei T il 5
. § 061 L=16 B © 14 8
°
@ 0.4+
02 8 12
1 >
s B B
00 1.0
[ 2 4 6 2 4 6 8
index '
Spectra of ag(L) - HiL) for ¢y = 2.06179 EE for cy = 2.06179
L=4 18 > ®
B
L0+ L=6 I 17 B
L=8 BB
L 087 =10 il 16 B
El L=12 15
S067 » L=14 S . )
2.06179 | ¢ . Sug B Related to previous
€04 2 13
L=8
I =
B 11 =
| B B - > L=14
0048 10
4 2 4 6 1 2 3 4 5 6 7
index [
Spectra of ao(L) - HY) for cy =2.06193 EE for ¢y =2.06193
= 18 ;5 -
1.0 L=6 T 17 B
L=8 p BOE T 16 g °©
L0987 o L=10 ) . B
g L=12 15
TO64 » =14 = ]
2.06193 | ¢ . Srq B Related to previous
2 0.4+ 13
12 o
0.2
B
B 11
1 4 9 5 > L=l
0.0 10
4 2 4 6 12 3 4 5 & 7
index [
Spectra of ao(L) - HY) for cy = 2.06802 EE for cy = 2.06802
18
4 L=4
10 . > > >
L=8 16
0.8 o
” L=10 >
P L=12 e
7% b L=14 B s B .
2.06802 | ¢ L Related to previous
20.4+ B8 g
@ 12
02 Y
i 1012
[ — c >
[ 2 4 6 1 2 3 4 5 6 7
index [
Spectra of ao(L) - H{t) for cs = 2.19797 EE for ¢y =2.19797
1.0 = 18
L=6
0.8 L=8 BB e .
g L=10 .o®
206+ L=12 .
H > L=14 S 14 .
2.19797 | ¢ 5 Same as previous
& 0.4 8 5
T 12
02 B
1.0
ools = B >
4 2 4 6 1 2 3 4 5 6 7
index [
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Table 5.14: States on four qutrits where we cannot tell whether they correspond to CF'Ts

(part 4). % indicates that the spectrum depends on L mod 4.

Chigh spectra comments
Spectra of ao(L) - H-) for cy = 2.49499 EE for ¢y = 2.49499
20 L=4 2.0
L=6
L=8 18 > b
” 15 L=10 > z
H L=12 > & B 16 >
[ > L=14 =
2.49499 | £ 8 Suef e
= L=6
) 05 12 P
B L=10
8 B 1.0 B L=12
0.04 3 > L=14
[ 2 4 6 12 3 4 5 6 7
index ]
Spectra of ao(L) - H:) for cy =2.50322 EE for ¢y = 2.50322
175
L=4
1.50 L=6 2.0 < >
L=8 > .7
LEPT o oL=10 g 1.8 B o
g L=12 o
2 1.00 u L=4
2 22 g > L=14 B B B gls e
. 503 § 075 L=16 @ B -
& 14 o L=8
 0.50 o L=10
B8 12 L=12
025 55 B > L=14
101° L=16
0.00 &=
0 2 4 6 2 4 6 8
index t
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Table 5.15: States on four qutrits that we believe do not correspond to CFTs (part 1). *

indicates that the spectrum depends on L mod 4.

Chigh spectra comments
Spectra of ao(L) - HL) for ¢y =1.13233 EE for ¢y =1.13233
e 07 5 .
5 L=6 >
L=8 06 .
wa L=10
g L=12 os .
] - > | gO .
1.13233 | 17~ 5 L= qubit W state
& L=6
32 & 04 > L=8
L=10
1 o B 03 L=12
L > > L=14
[ 2 4 6 12 3 4 5 6 7
index !
Spectra of ao(L) - HY) for cy = 1.50237 EE for cy =1.50237
144 L=4 = 15
124 L=6 . ’q ’
- L=8 H > > . . .
10l o 1210 E & 14 . v Spectrum is drifting. The
$ L=12 5
084 = 13 .
1.50237 | .17 3 . =t number of low-lying states
© 0. 12 -
i L=8 .
- . L=10 (below a gap) is ¢y..
EN g 8 L=12
oojm E 1odt > L=14
0 2 4 6 1 02 3 4 5 6 7
index !
Spectra of ao(L) - H{t) for ¢, = 1.58353 EE for cy =1.58353
145 :; Hous
121 L=8 5 B 12 e T
0w 1.04 L=10. £
£ L=12 11 =
158353 | 195 ¢ ol | misst
. 8064 @10 & e missing
B _
af E =
024 2 08l B L=12
oo{m B b L=i4
0 2 4 6 1 2 3 4 s 7
index !
Spectra of ao(L) - H%) for cy = 1.59520 EE for cy = 1.59520
124 L=4 n B 14
- L=6
1.0 L=8 B 13
" L=10 s b b . .
1.59520 =R I 7 a P Perturbation of a CFT into
H - 3 L=4
. 506 s @1l e .
%04 B 10f B P a gapped phase with GSD
024 § 09 iy
0012 08{p > L=14
0 2 4 6 1 2 3 a4 s 7
index !
Spectra of ao(L) - H) for cy = 1.63246 EE for cp = 1.63246
T > 1.50 B >
1.4 £ = B B
2] 145 B
» 1.04 > > > > 140 )
' b b o & o 135
g 087 Le =4 | S130 L=a
1.63246 | .| e E Ls Gapped
L=8 L=8
041 o L=10 1.20 o oL=10
02+ L=12 115 L=12
ools > L=14 110 > L=14
0 2 4 6 1 2 3 4 s 7
index !
Spectra of ag(L) - Hlél for cy =1.63298 EE for ¢y =1.63298
175 L=4 . . >
150 s 6 >
g 1257 0 L=10 15 B Gapped, GSD=4 for L=0
2100 L= )
3 > L=14 s . _
1.63298 | £.. s ] B L= mod 4, GSD=2 for L=2
] ) L=8
o ‘ 12 L=10 mod 4.
- B85+ L=12
00045 B e > L=14
[} 2 4 6 1 2 3 4 5
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Table 5.16: States on four qutrits that we believe do not correspond to CFTs (part 2). *

indicates that the spectrum depends on L mod 4.

Chigh spectra comments
Spectra of ao(L) - H%) for ¢y = 1.63357 EE for ¢y = 1.63357
- > > >
175 t:é B> 15 » B
150 L=8 B
L=10
» 14
2 125 L=12 8
7 1001 > L=14 = e
H & = =
1.6335 S0 1 Led Gapped, GSD=4
T L=8
0.50 12 L=10
025 L=12
oo00{s &5 B B 1148 > L=14
4 2 4 6 1 2 3 4 5 & 7
index 1]
Spectra of ao(L) - H) for cy =1.71387 EE for ¢y =1.71387
175 = — 14 -
1.50 L=6 N 13 L=6
L=8 L=8
1 L=10 12 L=10
g L=12 L=12 s
2 1.00 11 -
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Table 5.17: States on four qutrits that we believe do not correspond to CFTs (part 3). *

indicates that the spectrum depends on L mod 4.
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comments
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Table 5.18: States on four qutrits that we believe do not correspond to CFTs (part 4). %

indicates that the spectrum depends on L mod 4.
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