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Let F be a totally real number field, k a finite field of characteristic p and p : Gal(F/F) —
GL,(k) a continuous Galois representation. Under some technical hypotheses on p we
extend the method of Khare and Ramakrishna of constructing ramified characteristic
zero lifts of p from the setting of GLy to GL,. As an application of this method we prove
the existence of closed points # € Spec(R*4[1/p]), on a certain nearly ordinary deforma-
tion ring R°*Y, such that Mazur’s dimension conjecture is true locally at z. In the process
we obtain examples of ordinary Galois representations p : Grsug — GL,(O), where O
is a finite extension of Z,, such that its adjoint Selmer group H}(Grsug, ad’ p@Q,/Z,)
is finite. We then determine the exact size of these Selmer groups in terms of the

ramification index of the primes in the auxiliary set.
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CHAPTER 1

Introduction

A fundamental conjecture in Galois deformation theory is a conjecture attributed to
Barry Mazur on the dimension of deformation rings. It states that the Krull dimension
of a deformation ring of a global residual Galois representation is no larger than the one
predicted by cohomological constraints. There is an analogous conjecture for deforma-
tion rings parameterizing deformations with prescribed local behaviour. In dimension
one, as Mazur himself pointed out in his foundational article [Maz89], this conjecture
is equivalent to the Leopoldt’s conjecture and therefore the general conjecture is, con-
ceivably, of vexing difficulty. But in the special case when the residual representation is
unobstructed the conjecture follows trivially. On the other hand, a method of Ramakr-
ishna (suitably generalized to GL, following [CHTO08]) shows that for many residual
Galois representations unramified outside a finite set of primes S, we can find an auxil-
iary set of primes @) such that a new deformation problem, consisting of lifts which are

of a prescribed type at primes in @), is unobstructed.

In this thesis we show that, under several assumptions on the residual representa-
tion p, we can find an auxiliary set ) of Ramakrishna primes such that the resulting
universal deformation is ramified at all primes in S U ). This is done by adapting a
forcing ramification technique of [KR03|. Such a generalization has also been obtained
by Patrikis [Pat16b]. While the focus of [Patl6a] and [Pat16b] is the construction of
Galois representation with exceptional monodromy groups, our focus is on the structure

deformation rings.

As a consequence of our method we show the existence of closed points on the

deformation ring R§’,, parameterizing nearly ordinary deformations of p unramified
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outside S U @, which are formally smooth of the correct dimension. This gives some
empirical evidence in favor of the dimension conjecture for the generic fiber of these

nearly ordinary deformation rings as stated in [Til96, §7.5] .

Here is one of our main results from which we later draw a number of consequences.

Theorem 1. Let F' be a totally real number field, k a finite field of characteristic | and
p:Gp — GL,(k) = GL(V) a continuous Galois representation, with n > 2. Let S be a
finite set of places of F' containing all the places above |, co, and the primes at which p

is ramified. Let x : Gp — W (k)* be a lift of det p.

Assume the following:

1) 1>2(n+1).
2) The image of p contains S L, (IF;).
3) [F(p)(G) : F(p)] > 3, where F(p) denotes the splitting field of p.

4) pis totally odd. (i.e. for every choice of complex conjugation ¢, of F', tr(p(c,)) =0
or +1).

5) p is ordinary at each v|l and satisfies the conditions (REG) and (REG¥), in the

sense described below.

Then there exists a finite set of Ramakrishna primes Q) such that taking D, to be the
nearly ordinary deformation condition at each v|l, and the Ramakrishna deformation
condition at each v € Q, the global deformation problem S"°(Q) = (p, x, S U Q,{ D, }vesug)
15 unobstructed. Furthermore, we can choose Q) such that the universal deformation cor-

responding to §™°(Q) is ramified at all places in S U Q.

Theorem 1 is proved in two stages. First in §3.1 we show the existence of an auxiliary
set following [CHT08, §2.6]. The method amounts to choosing primes such that a certain
dual Selmer group vanishes. The original method of killing dual Selmer group is due

to Ramakrishna [Ram99]. He considered the case n = 2. His methods have been
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generalized and axiomatized in [Tay03], [CHTO08] and [Pat16a]. In the second stage, in
§3.2 we adapt the forcing ramification method of [KRO03] to get a ramified auxiliary set

from an auxiliary set and thus prove Theorem 1.

This theorem has some immediate consequences: finiteness of a Selmer group and
existence of points of deformation rings whose formal neighborhoods are smooth of the

correct dimension (see Theorem 3 and 4 of Chapter 4).

We make a few remarks about the assumptions on p and [ in the above theorem.
The first condition on the characteristic being large with respect to the dimension is
so that in junction with absolute irreducibility of p (which is ensured by the second
condition) we have that the pair (5(Gr), V) is adequate in the sense of [GHT12]; this, in
particular, ensures that H'(Gal(F(p)/F), ad"p) = 0, which is crucial for Ramakrishna’s
method [Ram99]. The second condition on the image ensures that lifts of p to the
artinian rings W (k) /p™ still have large image, so that the method of forcing ramification
of [KR03] goes through. The third assumption guarantees the independence of certain
Chebotarev conditions associated to Selmer and dual Selmer classes which we are trying
to annihilate. The fourth condition on the oddness of p is not essential to the method; it
is imposed so that the numerics in Greenberg-Wiles formula works out neatly. Finally,
the last condition of regularity is imposed so that the relevant local deformation rings

are formally smooth.
This thesis is organized as follows.

Chapter 2 covers preliminary material. In it we recall the basic notions of Galois
deformation theory. We review the natural identification of the tangent spaces of de-
formation rings with certain Galois cohomolgy groups and the definition of obstruction
class. The definition of Selmer and dual Selmer groups and the presentation of defor-
mation rings as a quotient of a power series ring over W (k) are also discussed. The last
section is about a criterion of Greenberg about the surjectivity of the global to local

map defining Selmer groups of characteristic zero representations.

In Chapter 3 we prove theorem 1 about the existence of ramified auxiliary sets for



p. First we prove the existence of an auxiliary sets () by showing that a relevant dual
Selmer group vanishes. The resulting universal deformation is not guaranteed to ramify
at all the primes in (. We then modify this () to obtain a ramified auxiliary set. The

method of modification is same as that of [KR03].

In Chapter 4 we deduce some consequences of theorem 1. We show the existence of
closed points = on the nearly ordinary deformation ring R, such that the localization
completion of Rgl, at z is formally smooth of the correct dimension. We deduce that
at such point H%(Gr,ad’p,) vanishes. Then we turn to showing that the Selmer group
associated to a natural map of deformation rings RSY? — RS(Q) ~ W (k) is finite and
compute the exact size of this Selmer group in terms of the ramification index of the
primes in the (ramified) auxiliary set (). Here S(Q) is a balanced deformation problem,
with Selmer and dual Selmer groups of equal size, with Ramakrishna deformation condi-
tion at primes in (). And SUQ is the deformation problem where the local deformation
condition at places in S are the ones specified by S and at places in ) we impose no

restrictions on lifts. The theorem we prove (see Theorem 4 and 5 of Chapter 4) is the

following:

Theorem. For the canonical map g : RS9 — RS(Q) of deformation rings we have

Hom (ker g/ (ker mq)?, Qp/Z,) = ®ueo W (k)/(p™),

where m,, is the ramification index at v, defined in §4.2.

In the setting of GLs, the isomorphism above is stated as a conjecture in [KRO03]

(conjecture 23).

The chapter ends with some speculations about the complete intersection property

of RS9,



CHAPTER 2

Preliminaries

2.1 Deformations of Galois representations

2.1.1 Generalities

In this section we review the basic notions of Galois deformation theory.

Throughout this chapter k£ denotes a finite field of characteristic p, W = W (k)

denotes its ring of Witt vectors and K the fraction field of W.

Let I be a profinte group. We suppose that I' satisfies Mazur’s p finiteness property:

for every open subgroup A C I'
|Hom (A, Fp)| < 0.

This condition is satisfied when I' = Gal(Fgs/F), the Galois group of the maximal
extension of a number field F' unramified outside a finite set of places S, or when
[ = Gal(F,/F) the local Galois group of F' for any place v of F. (This property im-
plies hypothesis (Hj3) of Schlessinger’s criteria for representability holds true for various

functors considered below.)

Let p : I' = GL,(k) be a continuous homomorphism. We shall denote by V5 the
underlying k-vector space carrying the I' action. And by adp we mean the adjoint
representation of I' on M, (k) obtained by composing p with the conjugation action of
GL,(k) on M,(k). Also, ad’p denotes its subrepresentation on M?(k)-the trace zero

matrices in M, (k).

We are interested in a systematic study of deforming p into larger rings. We shall

work in the category Cy . It is the category of complete noetherian local W-algebras
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R for which the structure map W — R induces an isomorphism of residue fields. The
morphisms in Cy are local W-algebra homomorphisms. Objects in Cy, carry natural

topology - the adic topology defined by the maximal ideal.

We consider the functor Lift; on Cy:
Lift;(R) = {continuos homomorphims p : I' = GL,(R) : pmodmpg = p5}.

Lift; is representable; we denote the representing object by RﬁD and call it the universal
lifting ring of p.

Two lifts py, po € Lift; are said to be strictly equivalent if there exists g € ker(GL,(R) —
GL,(k)) such that py = gp1g~*. A strict equivalence class of lifts in Lift;(R) is called a

deformation of p to R. The corresponding functor is denoted by Def.

Def; is not always representable. When the centralizer of p(I') in GL, (k) consists of
only the scalar matrices, i.e. when Homy(V5, V5)' = k, Def; is representable. In such
cases, we denote the representing object by R; and call it the universal deformation

TIng.

Definition 2.1. A deformation condition is a subfunctor D C Lift; satisfying the fol-

lowing conditions:

e D is represented by quotient RP'P of R%.

e For all R € Cy, g € ker(GL,(R) — GL,(k)) and p € D(R), we have gpg~! €
D(R).

For a deformation condition D let I(D) denote the ideal defining it, i.e., RPP =
R3/1(D).

By universality, conjugation of the universal lift to RﬁD by an element of h € ker(GLn(RﬁD) —

GL,(k)) induces a morphism ¢, : R5' — RS The second part of the above definition im-
plies that I(D) is invariant under ¢, for all h € ker((GLy(R3) — GLy,(k)). Conversely,
any ideal I C RﬁD with this property defines a deformation condition D([), represented

by RﬁD /I. This is a nullstellensatz type correspondence [CHT08, lemma 2.3.3].
6



Fixing the determinant of lifts defines a deformation condition: if x : I' — W* is a
continuous lift of det(p) we denote the subfunctor LiftY C Lift; of lifts p : T' — G'L,(R)
such that det(p) = x. (Here we view x as a character valued in R* via the structural map
W — R). If p is representable then we can consider deformations with fixed determinant
x and it is represented by a quotient R%‘ of R;. Throughout this dissertation we shall
be working with a fixed choice of determinant and we will usually ignore to make this

explicit in the notation.

For any functor F : Cyy — Sets such that F(k) = % we define the tangent space of
F as
tr = F(kle),

where kle] = k[X]/(X?) is the dual numbers of k. The tangent space of a representable
functor is canonically isomorphic to the tangent space of the representing object; there

are canonical isomorphisms
Lifty(k[e]) = Home,, (RS, k[e]) = Hom, (ng [(m2s, ), k) .
There is also a canonical isomorphism
Lift,(k[e]) = Z'(T, ad p), (2.1)

given by sending a cocycle f to the lift g — (14 €f(g))p(g) € GL,(k[e]). Thus we get

canonical isomorphisms
Lift,(k[e]) = Homy (mRE /(m;%,m,k) ~ 74T, ad ). (2.2)
The isomorphism (2.1) determines an isomorphism
Def,(k[e]) = H'(T, ad p), (2.3)
and if Def; is representable we also have
Def,(k[e]) = Homy, (mgﬁ/(méﬁ, »), k) ~ {1, adp). (2.4)
If D C Lift; is a deformation condition then

D(kle]) = Home,, (RS /1(D), k[e]) = Homy, <m}LE/(m§,%],p, 1(D)), k:) :
7



which under the isomorphism (2.2) identifies D(k[e]) C Lift;(k[e]) as a subspace L(D) C
Z (T, adp). Because the ideal defining D is invariant under ker(GL,(R7) = GLy(k)) =
1+ Mn(ng), L(D) is the full preimage of a subspace of H(I',ad p). We denote this
subspace by L(D) and refer to it as the tangent space of D. Thus, we have an exact

sequence

0 — (adp)" — adp — L(D) — L(D) — 0.

Remark. If DX denotes the deformation condition D N LiftX

5> statements analogous to

above hold true with adp replaced with ad® p.

A small surjection in Cy is a morphism R — R/I such that mgz.l = 0. We then
view [ as a k vector space, necessarily finite dimensional. Associated to such a small

surjection we have an exact sequence
1— 14 M,(I)— GL,(R) - GL,(R/I) — 1. (2.5)

Whether or not a p € Lift;(R/I) admits a lift to R is determined by an element Obs(p) €
H?*(T',ad p) @ I being zero or not. Obs(p), called the obstruction class of p depends
only on the deformation class of p and is defined as follows. Choose a continuous (set
theoretic) section o : GL,,(R/I) — GL,(R) of (2.5). Consider the map p=0co0p:I' —
GL,(R) and define amap ¢, : ' x I' = ad p ®; I as

(v, B) = plaB)pla) ' (B) " — 1 € My(I) = adp @y 1.

It is easily verified that ¢, defines a 2-cocycle in Z*(T,adp @ I) = Z*(T,adp) @ I
and one checks that the corresponding cocyle in H?(T', ad p) ®;, I is independent of the
section o and depends only on the deformation class of p [Til96, lemma 5.4]; the class
of ¢, is Obs(p). If Obs(p) = 0, i.e. if Obs(p) = d¢ for ¢ € ZY (T, ad p) @y, I then viewing
1 + ¢ as taking values in 1 + M, (1),

p=1+¢)p:T = GLn(R)

defines a homorphism which lifts p. Conversely, if p does admit a lift 7 to R then

g 7(9)p(g)~! — 1 defines a cocycle 9 such that §1) = Obs(p). In summary, we have:
8



Proposition 2.1. For a small surjection ¢ : R — R/I the image of ¢ : Lift;(R) —
Lift;(R/I) are those p € Lift5(R/I) such that Obs(p) =0

Definition 2.2. A deformation condition D is said to be liftable if for all small surjec-

tions R — R/I, the induced map
D(R) — D(R/I)

is surjective. This is equivalent to R™P being isomorphic to a power series ring over W

in dimy L(D) variables.
For a small surjection R — R/I while H*(T', ad p) controls the image of ¢ : Lift;(R) —
Lift;(R/I), H (T, ad p) controls the fibers of .

Proposition 2.2. For a small surjection ¢ : R — R/I the fibers of ¢ : Lift5(R) —
Lift;(R/I) are torsors for Z'(T',ad p) @ I. And the fibers of ¢ : D(R) — D(R/I) are
torsors for L(D) &y I.

Proof. Let p € Lift;(R/I) and suppose p € Lift;(R) maps to p under . Then for any
fone ZY T, adp) @i I, (1+ f @ n)p gives another lift of p in Lift;(R). Conversely, if
T € Lift;(R) is another lift of p then the map

g plg)r (g)—1

defines a cocycle in Z!(T', ad p) ®;, I. Clearly, these maps are inverses of each other.

Now, suppose p € D(R/I). The second part follows from above and the following
statement: if p € D(R) is a lift of p then for any ¢ € Z(T',ad p) @4 I

(1+¢)peD(R) — ¢ L(D)xy 1.

In other words, under the the simply transitive action of Z!(T',ad p) ®; I on the fiber

0 1(p) (supposing it is not empty) L(D)®y, I is precisely the subspace that preserves the
subset of o~ 1(p) of type D lifts. This follows in a straight forward way from the definition

on L(D) [CHTO8, lemma 2.2.5]. Suppose p € D(R/I) corresponds to a homomorphism
9



o : R} — R (which factors through R™?). And suppose p = (1 + ¢)p € Lift;(R)
corresponds to a homomorphism £ : R% — R. a and ( agree mod [ and « vanishes on
I(D) . Set

f=0—a: RE — I

it has the following properties :

flx+y) = flx)+ fy),

f(zy) = f(z)aly) + alz)f(y),

flw =0.

Therefore, f is determined by its restriction to m Y and by the second and third prop-
erties it vanishes on (m2o,p). Thus f gives rise to (and is determined by) a W-linear
map ”

fe Homw(mR%/(m ), )= Homk(l‘nR%/(m2 ), 1),

K

which under the isomorphism (2.2) maps to ¢. Now, 3 will factor through RP if and
only if f vanishes on I(D) if and only if ¢ € L(D). O

Remark. It could happen that p € Lift;(R/I) admits no lifts to R in which case the
torsors are empty. This happens precisely when Obs(p) # 0. On the other hand if p
does admit a lift R then the propsition implies that it admits a lift of type D to R.

It is also true that the fibers of ¢ : Def;(R) — Def;(R/I) are H'(T', ad p) ®y, I-torsors.
This follows from the above proposition, by checking that two cocycles ¢ and 1 define

the same deformation of p to R if and only if ¢ — ¢ is a coboundary.

2.1.2 Relative deformations

For an object A € Cy we denote by Ale] its ring of dual numbers A[X]/(X?). The

natural surjection A[e] — A is canonically split.

For any A € Cy we denote by Cy(A) the category whose objects are diagrams
h : B — Ain Cy. Morphisms in Cy (A) are defined the obvious way. (Note that

Cw(k) =Cw).

10



For any functor F : Cy(A) — Sets such that F(A) = % we define the tangent space
of F as
tr = F(Ale).

Given p € Lift;(A) we define the functor of relative lifts and deformations of p on the

category Cy (A) as follows:
Lift,(B) = {7 € Lift;(B) : hoT = p}
= Home,, (4)(R5, B);
Def, (B) = {¢ € Dely(B) : ho & = [g]}.

Similarly, for any deformation condition D and p € D(A) we can define the functor

D, of (relative) lifts of p of type D on Cy (A) as:

D,(B) ={r € D(B) : hot = p} = D(B) N Lift,(B).
We note that we still have a cohomological interpretation for the tangent spaces of the
relative functors [Maz97, §21]. Denoting the underlying free A-module for the represen-
tation p by V,

trin, = Z1(T, End (V) = Hom, (Q}LD w®poA, A) ,

P P

tDefp = Hl(F, EHdA(V)> = HOHIA (QRﬁ/WQA@RﬁA, A) s
where the last isomorphism holds when Def; is representable. We recall that when
A =k, we have a canonical isomorphism

Qo jw @ pok = mpo/(mps, p),
so that the above isomorphisms recovers (2.2) and (2.4). Naturally, we also have,
tpp = HOIHA (QRD,D/W®RD,DA, A) .

tp, is naturally an sub A-module of Z'(I', End,(V')) which, like in the residual case, is
the full preimage of a sub A-module of H'(T', End4(V)). We have the following exact
sequence:

0 — (Enda(V))' = Enda(V) — L(D,) — L(D,) = 0,
11



which is useful for computing the A-module L(D,) (or computing its cardinality when

A is artinian).

A case of special interest to us is when we start with a p : R%] — W that factors
through R™P. In this case we can reduce p mod p' for any i > 1 and we denote the
reduction by p; and the underlying free W; := W/p'W module by V;. We may view V;’s

as a directed system of A-modules,
RN /AN VA
where i,, is the injective map induced from multiplication by p viewed as an endomor-
phism of V,,1 (i.e. i,(x) = pZ, T being a lift of x in V;;). This also gives us a directed
system of I' modules
- = Endy, V; 2% Endw,,, Vigr — - -
where, for f € Endy, V;
In(f) : Vipn =V, i>‘/i i—n>Vi+1-
This gives a directed system of cohomology groups
... — HY(T, Endy, V;) 2 H'(T', Endw,_, Vis1) — - (2.6)
the direct limit of which is
HYT,adp) @w K/W.
For each ¢ > 1 we also a subspace
tp.,;, € H' (T, Endy, V;), (2.7)

which is the tangent space of relative deformations of type D of p; (to Vj[e]). One checks
that (see [Maz97, §27]) the inclusions (2.7) are compatible with (2.6); by taking direct
limit we get a subspace

Lp(p) € HY(T,ad p) @w K/W.
Such subspaces and calculation of Selmer groups associated to such subspaces will play

an important role in Chapter 4.

In proposition 2.3 we shall give yet another description of Lp(p).
12



2.1.3 Global deformations with local conditions

Through out the rest of this dissertation we shall work with a fixed number field F' and
representations of Gal(F/F) factoring through quotients Gal(Fx/F) for various finite
set of places ¥ of F'.

Now suppose I' = Gfs and we start with an absolutely irreducible p : Gpg —
GL, (k). For each v € S we have fixed a choice of decomposition group G, at v inside
Grgs. By restricting, we get homomorhisms 7, := plg, : G, = GL,(k) and all the
associated functors defined in §2.1.1. Thus we have functors Lift; and Der; and we

can define subfunctors D,, C Lift; which are deformation conditions as in definition 2.1.

Definition 2.3. A global deformation problem is a tuple

S = (57 ﬁ? X {DU}’UGS)7

where
- S is a finite set of places of F',

- p:Gps — GL,(k) is a continuous homomorphism,

X : Grs — W(k)* is a continuous lift of det p.

for each v € S, D, C Lift; is a deformation condition.

Associated to such a global deformation problem S = (5, p, x, { Dy }ves) is the functor
of deformations of type S, Defs C Def; defined on Cy as follows:

Defs(A) = {[p] € DefX(A) : for all v € S, pla, € DY(A)}.

Let us remark that this definition make sense because if one lift p € [p] is of type D,
at v then any other lift in [p] is also of type D, at v because of the second condition in

definition 2.1.

Defs is representable whenever Def; is [CHTO8, proposition 2.2.9]. When Defs is
representable we denote the representing object by R®. From now on we shall further
assume that S contains all the primes at which p is ramified, all the places above [ and

the infinite places of F'. This assumption makes Defgs ‘better behaved’.
13



The tangent space Defs(k[e]) of Defs is a subspace of H'(GFs,ad’p) which is de-

termined by the local tangent spaces
L, = L(DX) C H'(G,,ad"p).

Let us see how. Put L, = ZU(fo)—the preimage of L, in Z'(Grg,ad’p). We shall
make use of certain complexes as defined in [CHTO08, §2.2] whose cohomology groups
controls the presentation of RS as a quotient of a power series ring over W. We do not
recall the definition of this complex whose definition can be found in loc.cit. Taking the

cohomology of the complex gives an exact sequence :

0 — H§(Grs,ad’p) — H'(Grs,ad’ p) — ®pesH' (Gy, ad’ p)/L,
— Hg(GF’S, ad’ ﬁ) — H2(GF75, ad’ ,5) — @v€5H2<GU, ad’ ﬁ) (28)

— H3(Grg,ad’p) — H*(Gpg,ad’p) — - -

The cohomology group

H'(G,, adoﬁ)>

H}(Grs. ad’p)) = ker(H'(Grs, ad'p) — @yes ——7

is called the (residual) Selmer group associated to S.

Lemma 2.1. The tangent space Defs(k[e]) is canonically isomorphic to Hs(Grs,ad’p)).
Hence R® is a quotient of a power series ring in dimy H:(Gpgs,ad’p) many variables
over W. Furthermore, if each D, is liftable it is sufficient to quotient out by at most

dimi H3(Grs,ad’ p) many relations.

Proof. For ¢ € Z'(Grs,ad’p), it follows from the proof of proposition 2.2 that the lift
p=(1+¢€p)p: Grs — GL,(k[e])

will be of type D, at v if and only if

¢|Gv € fv.

The first part of the lemma follows from this. Thus we have natural isomorphisms:

Home,, (R, k[e]) = Homy(mps /(m%s, p), k) =2 HY(Gr.s,ad’ p).
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As a result we can obtain a surjection in Cy
T W[X1,...,X,]] = R°,  g=dimy, H(Grs,ad" p) (2.9)

by sending X;,..., X, to elements s;,...,s, € mgs which generate the g-dimensional

k-vector space mgs /(m%s, p).

The second part of the lemma is equivalent to J = kerm being generated by at
most dimy H2(Gr s, ad’ p) many elements. This is done by first showing the existence
of an obstruction class Obsg in H%(Grs,ad’ p) which governs the image of Defs(R) —
Defs(R/I) for any small surjection R — R/I. The definition of this obstruction class,
though similar to the one in §2.1.1 uses the liftability of local deformation conditions

[CHTO08, lemma 2.2.11]. After this one proceeds as in [Maz89, proposition 2]. O

Corollary 2.1. If D, is liftable for all v € S and Hi(Grs,ad’p) = 0 then RS is

isomorphic to a power series ring over W in dimyH3(G s, ad® p) many variables.

Now suppose that we are given a homomorphism « : R® — W. Denote the corre-
sponding deformation to W by p,. As described in §2.1.2 we can construct a subspace
L,(a) C HY(G,,adp, @ K/W) by taking direct limits of £, ;(«). Thus we can define a

Selmer group associated to a:

Hl(Gu,adopa®K/W)>

Hé(GES, adopa®K/W) = ker(Hl(GRg, adopa®K/W) — Bpes Z.(0)

Proposition 2.3. We have the following isomorphism for the Pontryagin dual of ker o/ (ker «)?
Homyy ((ker )/ (ker a)?, K/W) = Hy(Grs,ad’p, @ K/W). (2.10)

Proof. Denote by a,, the composition o : RS — W — W/p"™. Consider the topological
W algebra W @ eK/W where ¢2 = 0. It is not an object in Cy but is the direct
limit of W @ ep™*W/W which are objects in Cy. Any continuous homomorphism
a: RS — W @ eK/W that lifts a will actually take values in some W @ ep™‘W/W

because of compactness. The left hand side of (2.10) is the direct limit of

Homyy ((ker o)/ (ker o)?, p~*W/W)
15



which correspond to such homomorphisms.

On the other hand, a lift of a to W @ ep“W/W will be of type D, at v if the
cohomology class corresponding to the lift in H' (G, ad’p, @ p~*W/W) on restriction
to G, lies in £, ;(a) C HY(G,, adp, @ p~*W/W). Thus we have a natural identification

Homyy ((ker o) /(ker &), p™'W/W) = Hg(G s, ad’pa ® p~'W/W)

from which the proposition follows by taking direct limits. ]

2.2 Galois Cohomology

2.2.1 Local and global duality

Let us record the statements of duality theorems for local of global fields which play an

important role in this dissertation. The main reference here is [Mil06, chapter 1].

For v a finite place of F let G, = Gal(F,/F) and let M be a finite G, module of

exponent m (i.e. mM = 0). Let M* = Hom(M, p,,,(Q)) be the Cartier dual of M. Also

let O, be the valuation ring of F,. We have the following theorem due to Tate:
Theorem. (a) The groups H'(G,, M) are finite for all i > 0 and vanishes for all i > 3.

(b) Duality: for ¢ = 0,1,2, the G, pairing M x M* — p,, induces via cup product a

perfect pairing

H Gy, M) x H* (G, M*) — H*(Gy, i) = L72)Z

1
m

(c) If M ® O, = 0 (i.e. then the unramified cohomology groups H'(G,/I,, M™) and
HY(G,/I,, M*™) are annihilators of each other under

H'(Gy, M) x H'(Gy, M*) = H*(Gy, i) = L7/
(d) local Euler characteristic formula:
HY(G,, M

#HO(Gy, M)#H?*(G,, M)
16



The case of interest to us is M = ad’p. In this case the trace pairing
ad’p x ad’p — k, (A, B) — Trace(AB)
gives an isomorphism ad®p = (ad’ p)¥ of Galois modules and we see that
(ad’p)* = Hom(ad’ p, 1) = (ad’ p)’ @ pp = ad’ p @ i, = ad’ p(1),

as Galois modules. Hence the paring on cohomology induced from ad®p x ad’ p(1) —
k(1), (A, B) — Trace(AB), via cup product is a perfect pairing by the local Tate duality
(b) above:

HY(G,y,ad’p) x H (G, ad” p(1)) — H*(Gy, k(1)) = k. (2.11)
The isomorphism H?(G,, k(1)) = k is from local class field theory. For us the choice of

this isomorphism will be irrelevant.

Now suppose S = (5, p, X, {Dy }ves) is a global deformation problem. Associated D,

we have its tangent space L, C H'(G,,ad’ p). We define a subspace
LY C HY(Gyyad 5(1)),

as the annihilator of L, under the pairing (2.11). Note that L} does not depend on
the choice of the isomorphism H?*(G,, k(1)) = k in (2.11). We also remark that if we
take L, = HY(G,/1,, (ad’p)™) then L} = HY(G,/1,, (ad’ p(1))!*) by part (c) of Tate’s
theorem above.

We define the (residual) dual Selmer group associated to S as

HY(G,, ad’p
Hg. (Grs,ad’p(1)) = ker (Hl(GﬂS’ ad’p) — ues %)

The groups H$(Gps,ad”p) and H, (Gp,s,ad’p(1)) are part of an exact sequence
which is obtained by splicing the Poitou-Tate nine term exact sequence of global duality

[Mil06, theorem 4.10]:

0— H}g(Ggs,adO ,5) — Hl(prs,adOﬁ) — EBUGSHl(GU,adOE)/LU
— Hg. (Grs,ad’ p(1))Y — H*(Grs,ad’p) — ®uesH* (G, ad’ p) (2.12)
—s H(Grs,ad"p(1))” — 0

17



Lemma 2.2. (a) dlmk Héu_ (GF,Sa ado ﬁ(l)) = dlIIl]c H‘%(Gﬂs, ado ﬁ)

(b) Greenberg-Wiles formula:

#Hé'(GF,Sv adoﬁ) #HO(GF,S7 adoﬁ)

. v

i
#H, (Grs,ad’p(1))  #H(Grs,ad"p(1)) UI;IS #H0(Gy, ad’p)

Proof. First part follows from comparing the exact sequence (2.8) with (2.12). The sec-
ond part is a consequence of (2.12), local Tate duality and the global Euler characteristic
formula for the G5 module ad p:

#H' (Grs,ad’ D)
#H?*(Grs,ad"p)

|ad’ 7|
(Gy,ad’p)’

_ g0 0
= #H"(Grs,ad p)H#HO
O

Corollary 2.2. For a global deformation problem S = (S, 0, X,{Du}ves) suppose that
each D, is liftable and HS, (Gp,s,ad’p(1)) = 0. Then RS is a power series ring over W

in dimy, H3(G s, ad’ p) many variables.
Proof. Immediate from lemma 2.1 and part (a) of lemma 2.2. O

Notation. From now on, without further mention, we shall feel free use h'(e) to denote
dimy, H'(e) of various (residual) cohomolgy groups, with additional embellishments that

shall be self-explanatory.

If Hy, (Grs,ad’p(1)) # 0, but still assuming that all local deformation problems are
liftable, lemma 2.1 and lemma 2.2 implies that the relative dimension of RS over W is

at least

hs(Grs,ad’p) — hg.(Grs,ad’p(1)) = B (Gr, ad’p) — B°(Gr, ad’p(1))

+ ) (dimy L, — 1°(Gy, ad’p)) (2.13)
vES\Seo

- Z ho(Gw ado ﬁ)

v|oo
Equation (2.13) also implies the following:

18



Corollary 2.3. Let Q) be a finte set of primes of F' disjoint from S and let (D,)veq be a

collection of deformation conditions at these primes for p. For the deformation problem

S(Q) - (S U Qaﬁa X5 {Dv}vGSUQ)

we have

h};(g)(GF,SuQa ad’ p) — h}g(Q)J. (Grsug; ad’ p(1)) = hé“(GF,& ad’ p) — h}s’l (Grs, ad’ p(1))

+ Y (dimy, L, — h°(G,, ad’ ). (2.14)
vEQR

Definition 2.4. A a global deformation problem & = (5,7, x, {Dy}ves) is said to be

unobstructed if

B (Grs, ad (1)) = 0.

S is said to be balanced if
h‘lg(GF,g, ado ﬁ) = h‘lgL(GF,S, ado ,5(1))

Remark. For a balanced deformation problem § it is expected that the deformation

ring R is a finite flat complete intersection over W.

2.2.2 Selmer groups: definition

In this section we shall follow [Grel0] in defining Selmer groups in very general contexts.

As in the previous sections, F' denotes a number field and S a finite set of places of
F' containing all the archimedean places of F' and all the places above p. For each place

v € S we shall fix a decomposition group G, of v inside G g.

Let us start with a continuous Galois representation Ggg — GL,(R) where R is a
noetherian complete local W-algebra with residue field k. Denote the underlying free
R-module on which Gpg acts by 7. Define D =T ®p R, where R = Hom(R, Q,/Z,) is
the Pontryagin dual of R carrying the trivial Grg action. G g acts on D via its action
on 7. Thus, D is a discrete R module isomorphic to R™ with a continuous R-linear G FS

action.
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The Galois cohomology group H'(Grs, D) can be considered as a discrete R-module
and it is cofinitely generated in the sense that its Pontryagin dual is a finitely generated

R-module.

A Selmer specification for D is collection of R-submodules L,(D) € H'(G,, D) for
each v € §. We denoted it by £(D) or simply by L. Define

P(D) =[] H'(G.,D) and L(D)=]]L.(D).

veS ves
The natural global-to-local restriction maps for H'(-, D) induce a map
®, : H(Grs,D) — P(D)/L(D).
The Selmer group of D for the specification L is defined to be ker(®,). We denote it by
H:(Grs, D).
It is clear that H}(G s, D) is an R-submodule of H}(G s, D) and hence is a discrete,
cofinitely generated R-module.

Now suppose D is a discrete, cofinitely generated W-module with a continuous W-
linear G'r s action. Define
T* = Hom(D, fipe0)-
It is a compact, finitely generated W-module. Then we can define the (continuous)
cohomology groups H'(Grs, T*) and H'(G,, T*) as in [NSW00, Chapter I]. These are

compact, finitely generated W-modules.

The perfect pairing D X T* — p, induces a non degenerate W-pairing [Grel0, §2]
(,)o : H(G,,D) x H'(G,, T*) = Q,/Z, (2.15)

for each v € S. Let L,(T*) denote the orthogonal complement of L, (D) under the above
pairing. Denote by L£(7*) the Selmer specification for 7* consisting of L,(T*). Define
P(T*) and L(T*) as above. The Selmer group for 7* associated to the specification
L* = L(T*) is defined as the kernel of

Cp: H' (Grs, T7) — P(T")/L(T").
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We denote it by H:.(Grg, T*); it is a W-submodule of H(Grg, T*). (It is also called
the dual Selmer group of H}:(Grgs,D) in the literature).

In §4.2 we shall be interested in proving that a certain ®, is surjective. The condition
for the surjectivity of ®, will also involve the cohomology groups of 7*. For this purpose

let us define

II'(S, 7*) = ker (H'(Gps, T*) — @ H' (G, TY)). (2.16)
vES
Obviously, ITT*(S, 7*) is a W-submodule of H}.(Grgs, T*) for any L*.
The cokernel of @, has been studied by Greenberg in [Grel0] and we shall be using

results from his paper.

Proposition 2.4. For the Pontryagin dual of coker(®.), we have an isomorphism of

W -modules :

coker(®p) = H (Gpg, TF) /IS, TF).

In particular, if H.(Grs, T*) =0, then O is surjective.

Proof. This is [Grel0, Proposition 3.1.1]. It follows from duality theorems of Poitou and
Tate. [

Thus we are lead to finding conditions under which the dual Selmer group H.(Grs, T*)
vanishes. Using long exact sequence of Poitou-Tate the size of H}.(Grg, T*) can be con-
trolled using the size of H}(GFrgs, D)) and the size of the local conditions £,’s. To make
this precise, let us define for a discrete cofinitely generated W-module M the W-corank
of M as coranky, (M) = rankW(/\//T).

The quantity coranky (H}(Grs, D)) —ranky (H}. (Grs, T*)) is of importance to our

situation. Note that both these numbers are finite in our situation.

Proposition 2.5. Assume D is discrete and cofinitely generated as a W-module. We

have

coranky (H}(Grs, D)) — rankyy, (H . (Grs,T"))

= coranky (H°(G g, D)) — ranky (H*(Grs, TF)) + Z coranky (L,) — coranky (H°(G,, D))

veS
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Proof. For finite modules M the analogous formula was obtained by Wiles [DDT94,
Theroem 2.18] by splicing the Poitou-Tate nine term long exact sequence for M and its
dual M* [Mil06, Theorem. 4.10]. We can deduce the above proposition (see [Lunl6,
Lemma 2.6, for example) by considering M; = D[p‘] and M; and taking direct and

inverse limits, since we have
D =lmM; and T"=lim M.
]

Even if we could prove ranky (H}. (Grs, T*)) = 0, it may still happen that H}. (Grs, T%)
is non zero because it has torsion. The following proposition gives a condition under

which this can be ruled out.

First, note that D[p], the p torsion in D, is a finite dimensional k vector space with

a Grg action.

Proposition 2.6. Assume that D is divisible as a W-module and that D[p|] has no
subquotient isomorphic to p, for the action of Grs. Then H'(Grg, T*) is torsion free

as a W-module.

Proof. This is [Grel0, Proposition 2.2.1]. ]
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CHAPTER 3

Ramified Lifts

3.1 Existence of auxiliary sets

Let S = (5,79, X, {D,}ves) be a global deformation problem for p.

Theorem 2. Keeping the previous notation, suppose S satisfies the following assump-

tions:
1)1>2(n+1).
2) The image of p contains SL,(IF;).
3) [F(p)((): F(p)] >3, where F(p) denotes the splitting field of p.
4) For each v € S the deformation condition D, is liftable and

h = h5(Grs,adp) — hs. (Grs, ad’p(1)) > 0.

Then there exists an auziliary set ) of Ramakrishna primes of size h}s . such that
taking D, Ramakrishna deformation condition at each v € @Q the global deformation

problem S(Q) = (p, x, S U Q,{Dy}vesug) is unobstructed. i.e.,

RS(Q) = W<k)[[X17 s 7Xh]]'

In particular there is a lifting p : Gp — GL,(W(k)) of p unramified outside S U @,

with determinant x and such that p|g, lies in D, for allv € S.

The rest of the section is devoted to the proof of theorem 2. First, let us note some

consequences of our assumptions (1), (2) and (3) on p. As the image of p contains
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SL,(IF;), p is absolutely irreducible. As MY (k) is an irreducible SL, (F;) module, we also

have that ad’p (and hence ad’p(1)) is an irreducible k[Gr] module.

Proposition 3.1. Under the above assumptions ad’p and ad’p(1) are non-isomorphic

k|G| modules.

Proof. Let ¢ denote the cyclotomic character and y the character of the adjoint repre-

sentation , i.e. the composite
Gp — GL(ad"p) — k.

It suffices to show that x(g) # x(g)e(g) for some g € Gr. But this follows from the the
assumption that F'(¢;) is not contained in F'(ad’p). Take any g € G which act trivially
on ad’p and non-trivially on ¢;. Then x(g) = n? — 1 € k is non-zero by our assumption

that [ > 2(n + 1), and we are done. O

Proposition 3.2. Let K be the compositum of F(ad’p) and F(¢;) . Then,
HY(Gal(K/F),ad’p) = 0.

Proof. Let L be the compositum of F'(p) and F'((;). Let E denote the intersection of F'(p)
and F(¢;). Since the inflation map with respect to the normal subgroup Gal(L/K) C
Gal(L/F) is injective, it suffices to prove that H'(Gal(L/F),ad"p) = 0. Under the
assumption that [ > 2(n+ 1), any subgroup of G L, (k) which acts absolutely irreducibly
on V is adequate (see [GHT12], theorem 9). In particular H'(Gal(F(p)/F), ad’p) = 0.

/\

AN /
\

F

Now, consider the inflation restriction sequence

0 — HY(Gal(F(p)/F),ad’p) — HY(Gal(L/F), ad"p) — H (Gal(L/F (7)), ad’p)SE/F).
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The rightmost term is zero since [L : F'(p)] = [F((;) : E] is prime to [. This proves that
HY(Gal(L/F),ad’p) = 0 and hence H*(Gal(K/F),ad"p) = 0. O

Proposition 3.3. We also have H' (Gal(K/F), ad’p(1)) = 0.
Proof. Consider the inflation restriction sequence

0 — H'(Gal(F(ad"p)/F), ad’p(1)“ /@)y — Y (Gal(K/F), ad"5(1))

— HY(Gal(K/F(ad"p)), ad’p(1))C1E/E),

As before, the right most term is zero. Therefore, if H'(Gal(K/F),ad’p(1)) is non
zero, so is H'(Gal(F(ad’p)/F), ad®p(1)GE/F@d®p))  But ad®p(1)Ga(K/F(ad’D) ig trivial

unless F'((;) C F(ad"p), which is against our assumption. O

3.1.1 Ramakrishna deformations

We describe the deformation conditions that we shall use at auxiliary primes.

Let v be a finite place of F' not in S such that

e Nv # lmodl

e Dlg, = %;Xz ® v, ®3,, where dimy, ¢, = 1, and 3, contains neither v, nor %;Xz as

a sub-quotient.

Let us call such a place of F' a Ramakrishna prime, or simply an R-prime. For the
moment, we assume the existence of such primes for p. The local deformation condition
D™ at an R-prime v consists of lifts p : Gp, — GL,(A) of p|,, which are (14+M,(m,))-

conjugate to a lift of the form

vy, * 0
0 ¢ 0],
0 0 s

where v an unramified lift of ¢, and s an unramified lift of 5,. Note that the cor-

responding tangent space LF*™ consists of cohomology classes consisting of cocycles
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G, — MP(k) of the form
o f 0
0 ¢ 0],
0 0 o

where ¢ and o are unramified cocycles.
Proposition 3.4. DE™ s liftable and

dimy, LE*™ = dimy, H°(G,, ad"p).
Proof. We only have to lift the cocycle f. See [CHTO08, §2.4.7]. O

If @ is a finite set of R-primes for p and S(Q) = (SUQ, D, X, {Dy }vesug) denotes the

deformation problem where for v € Q we take D, = DF*™ then from (2.14) we see that

3.1.2 An auxiliary deformation condition

We also need an auxiliary deformation condition D™ at an R-prime v [CHTO08, 2.4.8].
These consists of lifts p : G, = GL,(A) of p|g,, which are (1 + M, (m,))-conjugate to a
lift of the of the form

wl * O
0 ¥y 0],
0 0 s

where 11 is an unramified lift of ¥, x;, 1> is an uramified lift of ¥, and s an unramified
lift of 5,. Let S**({v}) denote the global deformation problem where the deformation

condition at v is Di"™.

The tangent space of D3, denoted by L™, consists of cohomology classes corre-

sponding to cocycles G, — M?(k) of the form

» f 0
0 ¢ 0],
0O 0 o
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where ¢1, ¢ and o are unramified cocycles. It is clear that L™ contains LF*™ as a
subspace of codimension 1. We also note that L2"* also contains the unramified space
H'(G,/I,,ad"p) as a subspace of codimension 1. This follows from our assumption that

S, contains neither %;Xz nor 1, as a sub-quotient, so we have that
HY(G,/1,,ad"p) = H (G, /1,, (adt ® ad3) N ad’p),

where t = ¥, x; © VU,

Now suppose that for each v € S, the local deformation problems D, is liftable. Then,
if we can find a finite set ) of Ramakrishna primes such that the dual-Selmer group
H é( o)+ (Grsug, ad’p(1)) vanishes, this would mean by corollary 2.2 that the deformation
ring R5(9) representing the global deformation problem S(Q) = (SUQ, 7, X, { Dy }vesuo)
is isomorphic to W(k)[ X1, ..., Xn], (where h = h‘ls( g))- That such an auxiliary set exists
when h‘lg—h‘lS . > 0 and under the assumptions on p made above is proved below, following

[CHTO08] theorem 2.6.3 and its proof.

3.1.3 Proof of theorem 2

We begin with proof of theorem 2. Recall the assumptions on the global deformation

problem & = (p, X, 5, { Dy }ves)
1) [ >2(n+1).
2) The image of p contains SL,,(F;).
3) [F(p)(Q): F(p)] > 3, where F(p) denotes the splitting field of p.
4) D, is liftable for each v € S and hs(Gp,s, ad’p) — hi. (Grs,ad’p(1)) > 0.

If hi, (Grs,ad’p(1)) = 0 then the theorem follows from corollary 2.2 by taking Q =
0. So assume hg, (Gps,ad’p(1)) > 1. By assumption 4 this implies h§(Gps, ad’p) > 1
as well. Suppose we have a systematic method to find a Ramakrishna prime v such that
dimension of the dual Selmer group decreases by one, i.e.,

his(ops = st = 1.
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Then we can inductively use this method to get a Ramakrishna-set @) as in the theorem
(this would work because the new deformation problem S({v}) also satisfies assumption
4).

Let 4; (resp. m) denote the G,-equivariant inclusion ,Y, <+ p (resp. projection
P — ,X;). Similarly let i, and 7 denote the ones corresponding to ¢,. From the above

remarks, we have the following obvious exact sequences

LE‘LHX
0— Hé(S7 adoﬁ) — Héaux({v}) (S U {U}, adoﬁ) N Lvun ,
0 Hl S do— Hl S do_ Lzux
= Hg(qup(SUA{v}, ad’p) = Hswwx(qoy (S U{v}, ad’p) = 7,
and
1L
1 0— 1 0 (Lgn)
0 = Hgaw(gopyr (S U {0}, adp(1)) = Hgi (S, ad"p(1)) — (o)
We note that
Laux
Lvun ~ HY(I,, k(iym)), (3.2)
and
L;;ux N . » .
LvRam = H (Gv/Iﬂv k(zlﬂ-l - 7/271-2))- (33)

Also, by a local computation at v using the trace pairing, we also get that
(L) o (e (LR
(L) (o 28" (L) (25)

HY(G./ L, (ad T/ k(irms))(1)), (3.4)

4

>~

where t = 1, x; ® 1, as before.

Let [¢] € Hg. (Gps,ad’p(1)) and [¢] € Hg(Gps,ad’p) be non-zero cohomology

classes. Suppose

[¢] maps non-trivially under (35)
HLL(S,ad*p(1)) = HY(Gy/ 1, (adF/k(irm)) (1))

and
[4)] maps non-trivially under
(3.6)
Hé(S, adoﬁ) —> Héaux({v})(s U {'U}, adoﬁ) — Hl(Gv/[v, k(ilﬂ_l —_ 7;27'(2))_
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Since we have by (2.13) that
h}gaux({v}) - h}gaux({v})J_ =1+ h}g - h};J_,

and since
hs(wy = hsgpr = hs — s

because of (3.1), we could then conclude that
Pse = hsqoye = 1= hs = hs(uy),

and the theorem would follow from the remarks above.

We now explain how to find such an v. Recall the notation from above. K denotes the
composite of F(ad’p) and F((;), D their intersection, L denotes the composite of F(p)
and F((;) and E the intersection of F'(p) andF((;). Identify Gal(F(¢;)/E) as a subgroup
of F/. Let z € Gal(F({;)/FE) be such that z* # 1. Since the extension E/F is abelian,
Gal(F(p)/E) contains the commutator subgroup of Gal(F(p)/F) and in particular, by
assumption (2) the commutator subgroup of SL,,(F;). But [SL,(F,), SL,(F,)] = SL,(F))
as [ > 7. Consider the element diag(z,z7%,1,...,1) € Gal(F(p)/FE) and let & denote its
projection to Gal(F(ad’p)/D). Let o = (z,z) € Gal(K/D) C Gal(K/F). Let v be a
place of F' not in S such that Frob, = o € Gal(K/F); by construction v is an R-prime
for p.

Put 3 =2"' €k and a = z = Bx(c). Under the action of o, V has a decomposition
V=Voa ®Vo5®S,

where V,, and V, 5 are the o and 3 generalized eigenspaces of p(c) respectively; both
are one dimensional by construction. Let m,, mg and i,,%3 denote the o-equivariant

projections respectively inclusions to the subspaces.

To ensure v will satisfy conditions (3.5) and (3.6), we impose the corresponding con-
ditions on v by working over a larger field. Since Gy acts trivially on ad’p, ¥|g, :
Gk — ad’p is a homomorphism. Moreover by looking at the inflation restriction se-

quence and using proposition 3.2, we see that ¢|q, is a non-zero Gal(K/F')-equivariant
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homomorphism. Let K, /K be its splitting field. Note that ¢ induces an isomorphism of
Gal(Ky/K) into a F;[GF] submodule of ad’p. Since ad’p is an irreducible k[Gr] module
the k span of this subspace must be all of ad”p. Consider the following property for

elements of f € ad"p :

Ta © folq # mgo foig;
note that for a subset W C ad’p, there is an element in the k span of W with the above
property if and only if there is an element in the F; span W with the above property.

Therefore from the remarks above we conclude that there is an n € Gal(K,/K) such
that

To 0 (n) 0 ia # 75 0 () 0 i5. (3.7)

Similarly using proposition 3.3, we see that ¢|q, : Gk — ad’p(1) is a non-zero
Gal(K/F')-equivariant homomorphism. Let K;/K be its splitting field. Arguing as

above, we can find an element 6§ € Gal(K,/K) such that
g 0 P(f) 0y # 0. (3.8)

By proposition 3.1 Ky and K are linearly disjoint over K. Let M be their composi-

tum. Let

7€ Gal(M/F) ~ Gal(M/K) x Gal(K/F)
~ (Gal(Kw/K) x Gal(K¢/K)) x Gal(K/F)
be the element (1,0) x 0. Let v be a prime of F' unramified in M and not in S such
that Frob, = 7. There are infinitely such primes by the Chebotarev density theorem.

Property (3.8) implies that assumption (3.5) holds true and property (3.7) implies that

assumption (3.6) holds true and we are done. This completes the proof of theorem 2.
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3.2 Existence of ramified auxiliary lifts

3.2.1 Ordinary and nearly ordinary deformations

In this section we shall describe some variants of the ordinary deformation problem which
we use as local conditions at primes v above [. Let E be a finite extension of Q;. Denote
Gal(E/E) by G and its inertia subgroup by I. A representation p: G — GL,(k) is
said to be ordinary if 5(Gg) C B(k) for a Borel subgroup B of GL,. Let us recall the

definition of the nearly ordinary deformation functor associated to such a p.

A lifting p : Gg — GL,(A) of p to a complete Noetherian W algebra A is nearly
ordinary if there exists g € ker(GL,(A) — GL,(k)) such that 9p(Gg) C B(A). Let g
(resp. b) denote the Lie algebra of GL,, (resp. B). We consider them as k[Gg] modules
via the adjoint action through p. The following conditions on p ensures that the nearly
ordinary deformation functor (and its variant described below) is a liftable deformation

condition (see [Til96, chapter6)):
(REG)  H°(Gg,g/b) =0.
(REG")  H°(Gg, (g/b)(1)) = 0.
Let N denote the unipotent radical of B and let T" be a quotient torus of the torus
B/N. We can push forward p to a homomorphism
pr:Ge = (B/N)(k) = T(k).
Fix a lift x, : Ig — T(W) of pplr,-

Definition 3.1. Let p : Gg — GL,(A) be a lift of p. We shall say p is (B, T, x1)-

ordinary if
e there exists g € ker(GL,(A) — GL,(k)) such that 9p(Gg) C B(A).
e the restriction to inertia of the push-forward
Cp)1le, : Is = B(A) = T(A)

is equal to x.
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Denote the subfunctor of Lift; consisting of (B, T, x,)-ordinary lifts by Liftg T

We note that if we take T" to be the trivial torus, then we recover the definition of
the nearly ordinary deformation functor above. On the other hand, if we take T'= B/N

then we get what is usually called the ordinary deformation functor.

Lemma 3.1. Assume p satisfies (REG) and (REG*) and that ¢, ¢ E. Then Liftg’XT is

a liftable local deformation condition of tangent space dimension
Proof. The proof is similar to the proof of proposition 4.4 of [Pat16a]. ]

Remark. An analogous result holds if we fix the determinant of the lifts. Let u: Gg —
W be a lift of det(p). Let xp : Ig — T(W) be a lift of pp|;, such that det(x;) = p|r,-
Let Liftg’B’XT be the subfunctor of Liftg T consisting of (B, T, x)-ordinary lifts with
determinant p. Then Lift%’B’XT is a liftable deformation condition of tangent space

dimension

(dimy, b — dimy t)[E : Q] + dimy, H*(G g, ad’ p).

3.2.2 A balancing act

We return to the global setting as in theorem 1. To recall the notations, F' is a totally
real number field, which we assume to be Galois over Q for simplicity, k a finite field
of characteristic [ and p : Gp — GL,(k) = GL(V) a continuous Galois representation,
with n > 2. S denotes a finite set of places of F' containing all the places above [, oo,
and the primes at which p is ramified. And x : Gr — W (k)* be a lift of det 5. Assume

from now on that p and [ satisfies hypotheses (1)-(5) of theorem 1.

The purpose of this section is to demonstrate the existence of liftable local defor-
mation conditions {D,},es such that the corresponding global deformation problem
S = (5,7, X,{D,}ves) is balanced, i.e.the size of the Selmer group is equal to the size

of the dual Selmer group. To get a balanced deformation problem, we shall choose
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ordinary deformation conditions of the type defined above such that hs(Grg,ad’p) =
hgi(Grs,ad’p(1)).
At places v € S not dividing [.0co we can always choose liftable deformation conditions

D, with tangent space dimension
dimy, L, = dimy H°(G,,ad’p).

For example, we can use minimal deformations; see [CHTO08, §2.4.4]. Having chosen such
local deformation problems, only the places above [ and co contribute to the Greenberg-
Wiles formula for the difference hg(Gr,s,ad’p) — hg. (Gp,s, ad’p(1)). Also, assumption
(4) of theorem 1, of total oddness of p, implies that for every v|oo

(n? —2)/2, for n even
h0<Gva adoﬁ) =

(n* —1)/2, for n odd
Therefore the contribution from the Archimedean places is

(n2=2) .

Z hO(Gvy ad0p> = 2 [F . Q]7 fOI' n even
2

e DIF . Ql, for n odd.

2

v]oo

For each place A|l, let (By, Ty, (x1)x) denote a choice of a Borel subgroup, a quotient
torus, and an inertial weight as in definition 3.1. The contribution from places above [
in the Greenberg-Wiles formula is

> (dimy by — dimy, £,)[Fy : Q).
All
Since we have assumed F' is Galois over QQ each [F), : Q] is the same and it is clear that we

can choose tori T so as to get a balanced deformation problem S = (S, p, x, {Dy }ves)-

3.2.3 Proof of theorem 1

Let 8™ denote the nearly ordinary problem for p : Gps — GL, (k). In this section

we demonstrate the existence of a ramified auxiliary set ¢ for ™, i.e., we shall find
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a finite set of Ramakrishna primes () disjoint from S such that the new deformation
problem 8™ (Q) has trivial dual Selmer group and the universal deformation is ramified
at all places v € S U Q. The method is a modification of the one due to Khare and
Ramakrishna for GLy, [KR03].

We recall the two local deformation conditions we shall use at an auxiliary prime gq.
One is the Ramkrishna condition ([CHTO08, 2.4.7]) with tangents space by Lg{am. The
second one is an auxiliary deformation condition ([CHTO08, 2.4.8]) which includes all
unramified lifts and all Ramakrishna lifts. Its tangent space L7™ contains Lf;am as a

subspace of codimension one.

From now on we shall fix a choice of & = (5,7, x, {D,}ves) which is a balanced
deformation condition for p, whose existence is demonstrated above. Observe that a

ramified auxiliary set @) for S is also for §™°. (This is because
1 1
hS(Q)J' — O = h no(Q)J_ — 0)

Now we start with an auxiliary set () for S, existence of which is assured by theorem
2, and describe how to get a ramified one . Let RS(Q) denote the corresponding universal
deformation ring.
RSQ) =1 (k).
Also, let

p°9 : Grsug — GLA(R%9)

be the universal deformation. If pS(9) is ramified at all v € Q we are done. Otherwise,
write QQ = Qram UQuy, a disjoint union into ramified primes and unramified primes. Also,
discard any primes in ), such that resulting set along with Q,.,, is auxiliary. The idea

in [KRO3] is to inductively replace each ¢ € @y, with two new R-primes ¢, go such that
Q" =Q\ {q¢} U{q, ¢} is auxiliary for S and

p°9 : Gpsugr — GL,(RSCY)

is ramified at Qrom U {q1, ¢}

34



For r > 0, we put p>© : Grsug — GL,(W(k)/I")) for the reduction mod I" of

m( 1) is ramified at all primes in Q,4,. The primes

(Q) S(Q).

m— m—1"

p5(Q . Let m be an integer such that p

q1 and ¢ will be chosen so that p will be equal to p therefore p5(2") will be

ramified at all primes of Q4. We shall impose additional conditions on {¢i, ¢2} so that

p5(€") will be ramified at ¢; and ¢, as well.

Let @ = Q\{q}, where ¢ € Q.. Then Hé(g,) and H. | are both one dimensional.

5(Q)
Let 1 and ¢ span these spaces respectively. Let ¢; be an R-prime not in S U @ and put

Q) = Q" U{q}. We have the following exact sequences:

O — Hs(g/) — Hsaux(gl) — Laux/qu 5

0— H‘é(gll) - Héaux(g/) Laux/LRam’
and
0_>H1 —>H1 (Lun)J-/<Laux)J_
Saux(Q) )J— (Q’) @ - ]

Suppose ¢ is chosen such that it satisfies the following hypotheses:

(a) 90|GFq1 3& 0

(b) ¥lar, =0
(c) pi(?f is of Ramakrishna type at ¢ but pa < is not.

Conditions (a) and (b) imply, by the Greenberg-Wiles formula, that Hg s(o;) and Hg ! st

are both one dimensional. H} S(Q)) is spanned by the inflation of ¥. Let ¢ span Hé (o)L
1

Now, suppose we can also find an R-prime ¢, not in S U Q U {¢; }, such that

(d) ¥lap,, is non-zero in Ly}
(e) @‘GFQQ #0
(f) el #0

(g) pi(_gl) is of Ramakrishna type at gs.
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As before, we have the following exact sequences:

1 1 aux un
0 —> HS(Q&) _> HSaux(Q//) —> Lq /L

2 q2?

1 1 ux Ram
0— HS(Q”) — HSaux(Q/l) — LZQ /Lq2a ,

and

0 — H L—>H;

un J‘ ux J‘
Saux(Q) Q’l)J- — (LQQ) /(L32 ) :

(
Put Q) = @ U {g}. The first two assumptions imply, again by the Greenberg-Wiles
formula, that Q" = Q" U {qi1, ¢} is auxiliary for S. The third condition implies that
H ém(%) is one dimensional (and that SUQ), is auxiliary for §). The other assumptions

on ¢; and g9 imply the following:

o pi(?f is of type S for all v € S, is of Ramkrishna type at all v € @”, and unramified

outside SUQ". Obviously, pi(_glu) also has these properties. Since RS(9) and RS(2")
S(Q) S(Q")

m—1 m—1

are both isomorphic to W (k), we must have that p
deformations of p to W(k)/I™™1).

and p are equal (as

° p%(g) is unramified at ¢ and is not of Ramakrishna type at ¢;.

We regard both pm® and p5¢" as homomorphisms Grsugr — GL,(W(k)/l™).

Note that they are both equal mod ™. It follows that there is an h € H* (G sugr, ad’p)
such that

Proposition 3.5. ([KR03, proposition 14]) p>(<") is ramified at both q, and q,.

Proof. We have
P ?) = (L") D (3.9)

Note that h|g, € L, for all v € S U Q' since both sides are the mod [ reductions of

elements of L, for these v.
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Suppose p;i(g/) is unramified at ¢; for i = 1 or 2. Then h inflates from H'*! (GFsuQ”\{Q'}y ad’p).

Since we also have h|GFU € L, for all v € SUQ', it follows that h € Héaux(g,_). But
H éaux( o) are one dimensional, spanned by the inflation of v, for ¢ = 1, 2. By our choice,
¥ is trivial at ¢; and pfn(g) is not of Ramakrishna type at ¢;. Therefore the right hand
side of (3.9) is not of Ramakrishna type. But the left hand side is of Ramakrishna type

at ¢;. This contradiction proves the proposition. O

We now prove that we can find ¢; and g, satisfying the above seven conditions (a)-(g).

As before, let K denote the compositum F'(ad’p, 7). The cohomology classes 1) and
¢ when restricted to Gk becomes homomorphisms. Let K, and K4 denote the field
extensions of K cut out by these respectively. They are Galois extensions of F'. Denote

by P, the fixed field of p5'®|q,..

Lemma 3.2. Under the assumption (2) of theorem 1, that the image of p contains
SL, (), the field extensions Ky, Ky, P, and K, are strongly linearly disjoint over K
for allm > 0. (i.e. each of them is linearly disjoint over K with the compositum of the

other three).

Proof. This is essentially [Pat16b, Lemma 3.13] ]

Lemma 3.3. Under the assumption that the image of p contains SL,(F,), given a
balanced deformation problem S and an Ramakrishna set Q) for S, we can find ¢; and

G2 satisfying conditions (a)-(qg).

Proof. The proof is similar to the case of GLy, [KR03, Lemma 8]. We refer to [Pat16b,
Proposition 3.14]. O
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CHAPTER 4

Consequences of ramified lifts

4.1 Formal neighborhoods of ordinary deformation rings

In this section we shall denote by SUQ (resp. ™ U Q) the deformation problem (resp.
nearly ordinary deformation problem) where we take the local deformation condition at
an auxiliary primes v € @) to be unrestricted (i.e., all lifts of p|g,) and at v € S to be

the one prescribed by §.

For a balanced deformation problem S as above, it is proved in Theorem 1 that there
is an auxiliary set @) such that the new deformation problem S(Q) is unobstructed and
the corresponding deformation ring RS(?) ~ W (k). This easily implies that the corre-
sponding nearly ordinary problem §™°(Q) is also unobstructed and the corresponding de-
formation ring R5"(9 is isomorphic to W (k)[[X1, - - - , X4]] where h = ([n/2]+1)[F : Q).
This still leaves the structure of R°Y? and R®"“% mysterious. We have the natural maps

RS™YQ — RS™(D and RSYQ — RS,

Theorem 1 also further assures us that we can further choose the auxiliary set set
Q so that for all places v € @Q, the corresponding universal representation pS(@ :
Gr — GL,(W(k)) is ramified at all the primes in @ and similarly for p5™°(@ : Gp —
GL,(RS™(9). This implies that the corresponding universal representation pS"*(@) :
Gr — GL,(W(k)[[X1,---,Xp]]) is ramified for a Zariski dense set of specializations
pfm(g) corresponding to closed points x € Spec (Rsno(g)[l / p]) This is proved in lemma

4.2. We denote the pull back of these morphisms z to RS""Y? by the same symbol.

Theorem 3. For any of the Zariski dense set of specializations x as above at which
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Pz = pi"”(@ is ramified at all the places in @), we have an isomorphism

(RS™UQ)" ~ (RS™(@)" (4.1)

T

Thus the dimension conjecture is true locally at such an x.

Proof. For the first part we shall use a result of Kisin about the generic fiber of defor-
mation rings which relates deformation rings of char p deformations and ones in char
0. Let RP be the universal deformation ring corresponding to a deformation problem
D = (X,7,X,{Dy}vex). Then it is known (see [Gro66, §10.5], or [Tay08, lemma 2.6])
that maximal ideals are dense in Spec(RP[1/p]). In fact RP[1/p] is what is called a
Jacobson ring and any closed point z : RP[1/p] — Q, defines a finite extension L/Q,,
i.e., RP[1/p]/m, = L. Moreover, x maps RP into the valuation ring O of L, and the
map RP — Op is a local map. (Thus z determines a prime ideal p, of RP such that
RP/p, = Or.)
Let
pr: Grs — GL,(R”) = GL,(RP[1/p]) = GL,(L)

be the specialization of the universal deformation to L and
Pt Grs = GLL((RP[1/p])})

be induced from the natural map R? — (RP[1/p])2. Note that (RP[1/p])2 = (RP)),
on abusing notation by writing (R?), for (RP),, . Of course, we have the commutative
diagram
Grs —= GLy((RP);)
o |
GL,(L)

Lemma 4.1. p, is universal among deformations of p, of type D. More precisely, let Cy,
be the category of complete local Artinian L-algebras with with residue field L, then (RP)%
(pro) represents the functor on Cr, which takes objects A € Cy, to the set of deformations
of px of type D to A, which are continuous for the p-adic topology on A (on viewing A

as finite dimension vector spaces over L ).
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Proof. This is a consequence of a theorem of Kisin. See [Kis09, Lemma 2.3.3 and

Proposition 2.3.5]. O

In view of this lemma, to prove theorem 3 we have to show that any deformation
pa of p, to an Artinian L-algebra A which satisfies the deformation condition ™ U @),

actually satisfies the more stringent condition §™(Q).

Proposition 4.1. py restricted to a decomposition group D, for a place v in Q) is of

the form.:
v f 0
0 s 0],
0 0 s

where ¥; are unramified lifts of the corresponding characters for p, with f when restricted
to I, a homomorphism. Also, the representation pa|p, factors through the tame quotient

of D,.

Proof. This is because the universal deformation p,, of p, to (R‘S"OUQ)Q, which is obtained

by specializing along RS""Y? — (RS"OUQ)Q itself has such a form, by definition.

To see tame ramification of p4|p, note that p°""“? maps I, to
ker (GL,(R"Y9) — GL,(k)) = 1+ M, (mgsrouq)

which is a pro-p group. Hence the wild inertia in 7,,, which is the maximal pro-/ subgroup

of I,, maps to zero (recall for v € Q, p 1 Nv = ¢q,). As p, is obtained by specializing

pS""YUQ it too is tamely ramified at v, and hence so is p4. O

The tame decomposition group G, has a presentation of the form (o, 7|0, 70,1 =
7NV, where o, is a lift of Frobenius € D, /I, ~ Gal(k,/k,) and 7, is a generator of tame

inertia. The presentation forces the relation pa(c,)pa(7)pa(cy) ™t = pa(m,)N?, ie.,
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0 o(oy) 0 0 1 0 0 a(0y) 0
0 0 s(oy) 0 0 s(m) 0 0 s(oy)
Nv
1 f(r,) O
=10 1 0
0 0 s(m)

This implies 11 (0,)¢5 ' (0,) f (1) = Nvf(1,) = a(0.) f(7), ie.,
(Wi(on)y  (00) — €l0)) f(7s) = 0.

But the residual representation p, of p4 is ramified at each v € @), so we must have
f(r,) € A*. Hence v¥1(0,)05 " (0,) — €(0,) = 0; meaning py4 is of type S™(Q). Finally,

the following lemma completes the proof of theorem 3.
O

Lemma 4.2. Given a ramified auziliary set ) there exists a Zariski open set of points
x € Spec (RSM(Q)[l/p]) such that the specialization pfm(g) is ramified at all places
v € Q. The pullback of such points is Zariski dense in Spec (R°"“?[1/p]).

Proof. By definition p°""(9) — G L, (RS"(9) when restricted to G, has the form

w‘fl fv 0
0 v 01,
0 0 s

where ¢ and s are unramified and f, : I, = R%""(9) is non-zero a homomorphism which
factors through the tame quotient I:. Choosing the generator 7, of I’ as above, and
denoting f,(7,) by x, we observe that x, € RS"(Q is neither nilpotent nor annihi-
lated by a power of p since RS" (9 ~ W (k)[[Xy,---, Xp]]. Therefore the localization
Spec (RSM(Q) [l/p, (1/%)veQ]) is Zariski open in Spec (RSM(Q)[l/p]) and the special-

izations coming from closed points

x € Spec (R‘Sm(g) [1/P> (1/xv)veQD
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will suffice.

[

Corollary 4.1. For any of the Zariski dense set of specializations of x : RS""Y9[1/p] —

@p as in theorem 3, we have that
HQ(GESUQ, ado px) =0.

Proof. Using the standard obstruction theory [Maz89, §1.6] H*(Grsug, ad” p,) controls
obstructions to lifting p, to Artinian rings in Cg,. The deformation functor for p, is
represented by (RSMUQ)Q. But for such an z, by the isomorphism (4.1) from theorem
3, this ring is formally smooth, so there are no obstructions to lifting p, and the lemma

follows. O]

4.2 Selmer groups

Now, we draw some consequences from the existence of ramified auxiliary sets ) for the

balanced deformation problem §.

For v € @, the restriction of p5(@ : G — GL,(W(k)) to G, is of the form

77Z)€l fv 0
0 v 0],
0 0 s

for f, : I, = W (k) a homomorphism. We denote the ideal of W (k) generated by f,(I,)

by (p™) and call m,, the ramification index of p5?) at v.

Theorem 4. The kernel of the morphism 1 : RSV — RS(Q(= W(k)) is a minimal

prime ideal, and ker n/(ker n)* embeds into ®,eqW (k)/(p™), and in particular is finite.

Proof. The proof closely follows the proof of Lemma 16 of [KR03]. Namely we shall first
realize kern/(kern)? as the dual of a Selmer group which, by a computation, we shall

prove is finite.
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Suppose we are given a global deformation condition Dy, = (7, x, &, { D, }vex ) parametrized
by universal deformation ring RP> and homomorphism p : RP= — W in Cy. Let p,
be the associated deformation Gpy — GL,(W) and (for each i > 1) p,; : Gpy —
GL,(W/p') be its reduction mod p'. Then by the formalism discussed in §2.1.2 for each

v € 2 we get a subspace
'Cv,i C H* (Gv7 adopu,i) = Hl(Gm adopu ® p_iW/W)a

which is the tangent (sub)space of the relative deformations of p,,; of type D, inside the

tangent space of all relative deformations of p, ;. Specifically,
Lo; =D (W/p'le]) € Dt (W/p'[e]) = H' (Gu, ad’py.z)-

(In this notation, the tangent spaces L, = D, (kle]) that appear in §2.1 in the definition
of residual Selmer groups are nothing but £, ;). Taking direct limit over all i and using

the fact that cohomology commutes direct limit of discrete modules we get a subspace
L, C H(G,,ad’p, @ K/W).

Here K is the fraction field of W. For this collection of local conditions £ = {L£,}vex

we can define the Selmer group
H}(Grs,ad’p, @ K/W) = ker(®,),
where

HY(G,, ad’p, @ K/W)
L,

O H' (Gpy, ad’p, ® K/W) — P (4.2)

vEX

is the global to local map obtained by restricting to the decomposition groups G,.
By the natural identification (2.10) provided by proposition 2.3 we have an isomor-
phism
Homyy (ker p/ (ker p)?, K/W) = H.(Gps, ad’p, @ K/W) (4.3)

In the case of interest to us, i.e. in the context of the theorem above, D* is the
deformations condition SU @ and n : RSY? — RS(Q ~ W induces Py = 5@, For
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S UQ the local deformation condition at v € @) is the auxiliary condition of §3.1.2 with

tangent space £3"*. We have,

Homyy (ker n/(kern)?, K/W) = Hg o (Grsug. ad’py, @ K/W)

= kel‘((bqu)
HY(G,,ad® K
— ker <H1 (GF,SUQ7 adopn ® K/W) N @ (G , a Epn & /W))
veESUQ v
Also, since RS9 ~ W, we have that
ker(®s(g)) = Hs(o)(Grsug, ad’py, @ K/W) =0. (4.4)

But, it follows from definitions that

aux

ker(®s(g)) = ker(ker(fbqu) — @ ng>, ie.,
ve Y

£%ux
Hé(g)(GF,SUQy adopn @ K/W) = ker <HéUQ(GF,SUQ; adopn &® K/W) — @ LRam) (45)

veQ Y

Thus by (4.4) Hg,o(Grsuq,ad’p, ® K/W) injects into

aux

& YT (4.6)

ve@ Y

Hence by (4.3) the dual of kern/(kern)? injects into the same.

We now show (4.6) is a finite group. Recall that for v € Q, £, = LE*™ whose defi-
nition we now recall. Observe that by definition p,|q, (= p%(9|g,) is (1 + M,(mgso))

conjugate to a lift of the form

vx; * 0
0 ¢ 0],
0O 0 s

where ¢ and s are unramified lifts of the corresponding pieces of p|g,. Of course, the
reduction of p,|g, mod p has the same shape. Also, as p, is ramified at v the entry

corresponding to * is non zero after some i > m,,. Let A; be the underlying free p~*W /W

44



module of rank n on which G, acts giving rise to ad® p, @w p~*"W/W (restricted to G,,).
Denoting by W; the elements of End’(4;) of the form

a ¢ 0
0 a O
0 0 o

Write W, = R; @ S;, where R; is the two dimensional piece, which under the adjoint
action of G, decomposes as p~‘W/W @ p~W/W(1). Then

Lram — HY Gy /L, ()7 W/W (59)™) @ H (G, p” W/W (1)) ® H' (G /I, (End S;)™)
C H'(G,, End’ 4;) (4.7)

Similarly, denoting V; to be the elements of End’(4;) of the form

and writing V; = T; ® S;, where T; as a G, module decomposes as (p~‘W/W)%% @
p“W/W (1), we see that

L3% = HY Gy /L, (p7W/W (4)") @H (Gy/ L, (p W/W (3 %))") & HY (G, p™ W/W(1))
oH" (G,/I,, (End S;)™)

C H'(G,,End’ 4;)

Taking the direct limit over ¢ we see that the cokernel of the inclusion EvRam C Lo

is given by direct limit
. — Iy
lim ' (G /L, (p~W/W (5 %))™).

But this cardinality is clearly p™v. This proves the first part of the theorem 4.

Now we can prove that ker is a minimal prime ideal of RS“?. Denote kern by pg.

Since R%Y9 /pg ~ W (k), p cannot belong to pg therefore p is invertible in the localization
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(RSY9),,. This implies that maximal ideal m = pg (R5Y?),, has the property that

o0
m/m? = 0, because by theorem 4 this group, being p-torsion, is annihilated by p. Since

(RSY9),,, is noetherian we must have m = 0; therefore pg is minimal.

O

Corollary 4.2. 1 : RSYQ — RS9 defines an irreducible component of RSV isomorphic

to W(k).
We sharpen the statement of theorem 4, determining the exact size of Selmer group.

Theorem 5. Forn: RSY? — RS(Q)

—

(kern/(kern)?) = SveW (K)/(p™)

Proof. To prove this we shall using the results of §2.2.2. Essentially, we need to prove

the map in (4.5)

aux

HYo(Crsug, ad’p, © K/W) — D Zee.

ve Y

which is injective, is also surjective.

This would in turn follow from the surjectivity of

{(Gy ad®py @ K/W)
L, ’

H
Dsg) : H! (GF,SUQa adopn Q@ K/W) — @ (4.8)

veESUQR
which we now prove. The proof proceeds by showing that the dual Selmer group asso-

ciated to S(Q), namely Hg o). (Grsuq; ad’py(1)), also vanishes.

Since under the assumptions of thereom 1 ad’p is irreducible, the modules ad’p, @w
K/W and ad’p,(1) are also irreducible. Hence by taking D = ad’p, in proposition 2.5
and noting that 7* ~ ad’p,(1) we get that

rankWHé(Q)*(GF,qu, adopn(l)) = Z corankyy £, — coranky H°(G,, aalop77 ® K/W)

veESUQ
(4.9)
Since S is a balanced deformation problem we have that for each i > 1
Z lengthy, £, ; = Z lengthy, H(G,, ad’p, @ 7~ "W/W). (4.10)

veS veS
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This is clearly true for ¢ = 1 by choice of §. But the computations of tangent spaces
for v € S in the residual case can be carried out to determine £,; C H LG, adopn ®
7 'W/W) without change. For example, if v € S,v { [, we insist that the lifts be

minimally ramified at v, and for this deformation condition we have
£y = H' (Gy/1,, (ad’py @ m= W/W)P)

and therefore, lengthwﬁﬁn = lengthy, H°(G,, adop77 @ m"W/W) for all i > 1.
Taking direct limit of (4.10) over all ¢ we get that
Z corankyy £, — coranky H%(G,, ozalop77 ® K/W) =0.
ves
On the other hand, for the Ramakrishna deformation condition we have from the tangent
space description as given in (4.7) that coranky LX*™ = coranky H*(G,,, ad’p, @ K/W).
Then, from (4.9) we conclude that rankWHé(Q)*(GF,SUQ, ad’p,(1)) = 0.
This means that Hg q.(Grsug,ad’p,(1)) is at most a torsion W-module. But the
irreducibility of ad’p implies that it has no p, subquotient; proposition 2.6 applies and
we conclude Hg o.(Grsug,ad’p,(1) = 0. Finally, we can apply proposition 2.4 to

conclude that (4.8) is indeed surjective, completing the proof of theorem 5. ]

4.3 Concluding remarks

Fix a lift o, of Frobenius to the tame quotient of the decomposition group G,, define

vy = V1(0,)05 H(0,) — €0y) = ¥1(0,)5  (00,) — qu, where ¢, and 1), are the characters

appearing in the universal deformation p°“¢ — G L, (RSY?) when restricted to G

¢1 fv 0
0 ¥y 0
0 0 s

Lemma 4.3. 1. The kernel of the map RS9 — RS is generated by (ov,) with v

running through the places in Q).
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2. The kernel of the map RS""Y9 — RSYQ is generated by a reqular sequence of length
h. Thus if RSV is finite as a W (k)-module, then the dimension conjecture is true

for RS™VR.

Proof. The first part of the lemma follows from presentation results of Bockle [B99,
theorem 5.6 and corollary 7.1] by observing that the condition of «, being zero is precisely

what it means for the deformation to be of Ramakrishna type at v .

For the second part observe that we have the following commutating diagram of

deformation rings with all maps surjections:

RSnOUQ - Rsno(g)

|

RSYUQ ; RS(Q)

Of course, the vertical arrow on the right corresponds to the map W (k)[[ X1, ..., X}]] —
W (k) obtained by sending all X;’s to zero, the kernel of which is obviously a regular

sequence of length h.

]

Let us point out that it follows from aforementioned presentation results of Bockle
(or from Bockle’s appendix to [Kha03]) that the ring RS“? is well presented; that is, it

has a presentations of the form

WRXq, - Xl (fro - o)

Hence RSY? being finite as a W (k)-module is equivalent to it being a finite flat complete
intersection over W (k) [DDT94, corollary 5.12]. Wiles’s numerical criterion for complete
intersection [DDT94, Theorem 5.27] might hold here, even without the prior knowledge
of finite flatness of RSY? over W (k). In fact, this is almost true and we are thankful to
Najmuddin for showing us a proof of this generalization of Wiles’s criterion under the
assumption that depth(RSY?) > 1. Thus, one is lead to study the n-invariant of the

composition g of RSU? — RS(Q) with the isomorphism RS9 ~ W (k). By lemma 4.3
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and the result of Najmuddin, proving finiteness of RS9 as a W (k)-module amounts to

showing that for the ideal
JQ = kel"(’/TQ) = (Oév)veQ C RSUQ,

we have

o(Anngsue(Jg)) C (H pmv) (CW(k)), (4.11)
vEQR

where m,, is the ramification index defined in §4.2.
In [KhaO3], the containment (4.11) was obtained in the setting of GLs by proving
the analogous containment for a Hecke algebra. One could hope that a similar technique

is possible in general, via the cohomology of arithmetic groups and automorphy lifting

methods, for GL,,.
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