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Scaling rates of true polar wander in convecting planets

and moons

Ian Rose1,∗, Bruce Buffett1

Abstract

Mass redistribution in the convecting mantle of a planet causes perturba-
tions in its moment of inertia tensor. Conservation of angular momentum
dictates that these perturbations change the direction of the rotation vector
of the planet, a process known as true polar wander (TPW). Although the
existence of TPW on Earth is firmly established, its rate and magnitude over
geologic time scales remain controversial. Here we present scaling analyses
and numerical simulations of TPW due to mantle convection over a range of
parameter space relevant to planetary interiors. For simple rotating convec-
tion, we identify a set of dimensionless parameters that fully characterize true
polar wander. We use these parameters to define timescales for the growth
of moment of inertia perturbations due to convection and for their relaxation
due to true polar wander. These timescales, as well as the relative sizes of
convective anomalies, control the rate and magnitude of TPW. This analysis
also clarifies the nature of so called “inertial interchange” TPW events, and
relates them to a broader class of events that enable large and often rapid
TPW. We expect these events to have been more frequent in Earth’s past.
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1. Introduction1

A rotating, quasistatic body like a planetary mantle will tend to spin2

about the axis of its maximum moment of inertia. Convection in a planetary3

mantle continuously redistributes mass, which can change the moment of4

inertia tensor, necessitating a change in the spin axis of the planet to conserve5

angular momentum, a process known as true polar wander (TPW).6

TPW was first considered in detail by Darwin (1887), and the theory has7

been subsequently developed by many (e.g. Munk and MacDonald, 1960;8

Goldreich and Toomre, 1969; Ricard et al., 1993). Despite this, the ability9

of internal mass anomalies to drive large-scale TPW remains controversial.10

Paleomagnetic data have been interpreted to require up to 3◦−12◦/Myr rates11

of TPW (Mitchell et al., 2011), but the ability of the mantle to respond at12

such rates has been questioned (Tsai and Stevenson, 2007).13

The primary uncertainties in assigning a maximum TPW rate to a con-14

vecting planet are the size of convective anomalies, which drive the rotational15

adjustment, and the viscosity structure of the mantle, which retards it. These16

two uncertainties are not unrelated: they are both expected to be functions17

of the geometric and material properties of the mantle. As such, they do not18

vary independently, and first-order questions about the propensity for plan-19

ets to experience TPW remain: how are rates of TPW expected to vary with20

the vigor of convection? Are other planetary bodies more or less likely than21

Earth to experience TPW? And are these rates expected to vary through22

Earth history?23

These questions suggest that an approach rooted in dimensional analysis24

and fluid dynamics can clarify the rates and magnitudes of TPW. Most pre-25

vious studies coupling mantle convection models to polar wander calculations26

have done so with prescribed density perturbations (e.g. Greff-Lefftz, 2004),27

or prescribed moment of inertia variations (e.g. Tsai and Stevenson, 2007;28

Creveling et al., 2012). Richards et al. (1999) coupled thermal convection29

models to a polar wander model, but did not address in detail the scaling30

relationships between the two.31

Herein we perform a scaling analysis of rates of TPW for a minimal32

system of a rotating, convecting mantle. We identify a set of dimensionless33

parameters that fully characterize TPW and use numerical simulations to34

quantify the expected dependence on these parameters. Finally, we use the35

scaling results to make predictions about TPW over Earth’s history and for36

other planetary bodies.37
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2. Rotational dynamics38

2.1. The Liouville equation39

Conservation of angular momentum for a torque-free system in a rotating40

reference frame requires41

dH

dt
+ Ω×H = 0 (1)

where H = I ·Ω is the angular momentum vector, I is the moment of inertia42

tensor, and Ω is the angular velocity vector. On a dynamic planet I is a func-43

tion of time, so Ω must also vary with time to conserve angular momentum.44

In this case, Equation (1) is often called the Liouville equation (e.g. Munk45

and MacDonald, 1960). For a slowly convecting fluid, such as a planetary46

mantle, the inertial term ∂H/∂t is negligible, so we may solve the simplified47

quasistatic equations48

Ω(t)× (I(t) ·Ω(t)) = 0. (2)

Equation (2) indicates that Ω and H are parallel, so a solution for Ω(t) is49

equivalent to solving an eigenvalue problem for the principal values of I(t);50

the eigenvectors define the principal axes and the eigenvalues correspond51

to the principal moments of inertia. The rotation axis is expected to align52

with the axis for the largest moment. In practice, this eigenvalue approach53

has been often used in previous studies for computing the spin axis of a54

planet (e.g. Steinberger and O’Connell, 1997; Roberts and Zhong, 2007).55

The moment of inertia tensor in Equation (2) includes all contributions to56

the mass structure of the planet, including the spherically symmetric mass57

distribution, rotational deformation, deformation due to self gravity, internal58

and surface density anomalies, and the associated surface deflections. Here59

we are interested in those contributions that arise from mantle convection.60

The moment of inertia tensor is commonly separated into three parts for61

mantle convection problems (Sabadini and Peltier, 1981; Spada et al., 1992):62

Iij(t) = I0δij + Jij(t) + Eij(t) (3)

where I0 is the spherically symmetric reference moment, Jij is the contribu-63

tion due to rotational deformation, and Eij is the contribution due to internal64

density anomalies, as well as the surface deflections caused by them. If we65

plug this decomposition into Equation (2) the spherically symmetric part66

I0δij drops out, and we are left with67

Ω× (J ·Ω) = −Ω× (E ·Ω). (4)
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This form of the quasistatic Liouville equation makes clear that the polar68

wander problem represents a balance between the mismatches of the convec-69

tive part of the moment of inertia (E) and the rotational deformation part70

of the moment of inertia (J). Our goal is to characterize this balance from a71

perspective of scaling and fluid dynamics.72

2.2. A note on reference frames73

True polar wander can be described in different reference frames, and this74

choice is fundamentally an arbitrary one. However, certain aspects of the75

physics can be made much simpler by an appropriate choice of the reference76

frame. In our treatment of TPW, we will refer to three different reference77

frames. First, there is the inertial, non-rotating frame corresponding to spa-78

tial coordinates that are fixed in time. Second, there is the body-fixed (or79

geographic) frame. By definition, the rotation of the body-fixed frame rel-80

ative to the inertial frame is specified by Ω. A terrestrial no-net-rotation81

or hotspot reference frame are common choices for the body-fixed frame.82

Treatments of gravitational or rotational deformation of a planet are most83

naturally expressed in the body-fixed frame, as described in Section 2.3. Fi-84

nally, there is the frame described by the principal axes of convective part of85

the moment of inertia E, which we will refer to as the “E-frame.” Redistribu-86

tion of mantle mass anomalies due to convection changes the principal axes87

of E, causing the E-frame to slowly rotate with respect to the geographic88

frame.89

2.3. Rotational deformation90

Rotational deformation in an elastic body is traditionally related to the91

degree-two part of the centrifugal potential using a Love-number formalism.92

When the perturbation in gravitational potential is related to the moments of93

inertia using MacCullagh’s formula (Munk and MacDonald, 1960), we find:94

Jij =
ka5

3G

(
ΩiΩj −

1

3
ΩqΩqδij

)
(5)

where k is an elastic Love number, a is the semimajor axis of the planet, and95

G is the gravitational constant. Both Ωi and Jij are defined in the body-fixed96

frame. An extension to viscoelastic rheology is permitted by the viscoelastic97

correspondence principle (e.g. Peltier, 1974):98

Jij =
k(t)a5

3G
∗
(

ΩiΩj −
1

3
ΩqΩqδij

)
(6)
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where k is now a time-dependent viscoelastic Love number which is convolved99

with the time-dependent rotation vector.100

The infinite-time limit of Equation (6) for a constant rotation vector101

around the z-axis implies102

Jzz = C =
2

3

kfa
5Ω2

3G

Jxx = Jyy = A = −1

3

kfa
5Ω2

3G

(7)

where C and A are the polar and equatorial moments of inertia, respectively,103

and kf is the fluid limit of k. We can solve for kf in terms of C − A:104

kf =
3G(C − A)

Ω2a5
. (8)

This infinite-time limit ensures that the left-hand side of Equation (4) van-105

ishes. It follows that the contribution from the convective perturbation Eij106

also vanishes, so no further TPW is permitted.107

Ricard et al. (1993) obtain an approximation to Equation (6) which re-108

tains its long-time behavior by entering the Laplace domain and truncating109

a Taylor series for k(s) to first order. This introduces a new parameter, τR,110

which can be seen as a weighted relaxation time for the system. This simple111

approximation in the Laplace domain allows for an analytical transformation112

back into the time domain. Neglecting second order terms in Ω̇ we find:113

Jij =
kfa

5

3G

(
ΩiΩj −

1

3
ΩqΩqδij

)
− kfa

5τR
3G

(
Ω̇iΩj + ΩiΩ̇j −

2

3
ΩqΩ̇qδij

)
. (9)

The two terms of this equation have simple interpretations. The first term114

corresponds to the fluid limit of rotational deformation (in the absence of115

any long-term elastic strength). The second term represents the lag in the116

moment of inertia due to the viscous adjustment of the rotational bulge,117

where τR is the characteristic time constant for this adjustment. Since the118

first term represents the hydrostatic limit of rotational deformation, it auto-119

matically satisfies Equation (2), and hence does not contribute to the polar120

wander problem.121

2.4. The convective moment of inertia122

The term on the right-hand side of Equation (4) represents the moment123

of inertia due to internal density anomalies as well as the surface deflections124
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due to them. Both of these contributions may also be parameterized using a125

viscoelastic Love number approach:126

E =
[
δ(t) + kL(t)

]
∗C (10)

where kL is an internal loading Love number representing the surface deflec-127

tion due to density anomalies, and Cij is the moment of inertia due solely128

to the internal load. When the timescale of the surface response is short129

compared to the true polar wander timescale, it is reasonable to use the fluid130

limit geoid kernels (e.g. Richards and Hager, 1984):131

Eij = (1 + kLf )Cij. (11)

An alternative to the Love number formalism is to calculate surface deflec-132

tions directly using mantle convection simulations with a true free surface133

boundary condition. A recent implementation of a free surface boundary134

condition in the CIG-sponsored mantle convection software ASPECT (Rose135

et al., 2016) permits more general treatments of mantle rheology.136

2.5. Rate of true polar wander137

We are in a position to address the rates of true polar wander for a given138

convective moment E. A considerable simplification occurs if we neglect139

secular changes in the rotation rate, and just consider changes in direction of140

the pole (dΩ2/dt = 2ΩiΩ̇i = 0) Substituting Equation (9) into Equation (4)141

we find142

kfa
5τRΩ2

3G
Ω× Ω̇ = Ω× (E ·Ω) . (12)

Introducing a unit vector ω = Ω/‖Ω‖ and using Equation (8) for kf , we may143

solve this equation for ω̇:144

ω̇ =
1

(C − A)τR
[E · ω − (ω · E · ω)ω] . (13)

In order to evaluate ω̇ we require knowledge of both E and ω in the geo-145

graphic frame (i.e. the frame used to derive Equation (13)). The same frame146

is also used to measure TPW, but the expressions on the right-hand-side147

of Equation (13) are more naturally evaluated in the reference frame of the148

principal axes of E. We can avoid the need to reconcile these two frames149

by confining our attention to the rate of TPW because scalar quantities are150
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invariant under coordinate rotations. (We denoted the rate of wander by151

Ẇ = |ω̇|) . Evaluating the scalar product Ẇ 2 = ω̇ · ω̇ gives152

Ẇ 2 = ω̇2 =
1

(C − A)2τ 2
R

[
(E · ω)2 − (ω · E · ω)2

]
. (14)

The scalar terms on the right-hand-side of Equation (14) can now be eval-153

uated in either the geographic or the E frames. Therefore we can enter the154

coordinate system of the convective moment of inertia E with principal mo-155

ments λ1 ≤ λ2 ≤ λ3. In this case the orientation of ω is defined in the156

E-frame using colatitude θ and longitude φ (see Figure 1). Plugging this157

description of ω into Equation (14), and after some tedious algebra, we find158

Ẇ 2 =
1

4(C − A)2τ 2
R

sin2 2θ
[
(λ3 − λ1)2 cos2 φ+ (λ3 − λ2)2 sin2 φ

]
+

1

4(C − A)2τ 2
R

sin4 θ sin2 2φ (λ2 − λ1)2 . (15)

This equation is a version of what has been called the “Milankovitch theorem”159

(Munk and MacDonald, 1960). Once the orientation of ω is specified in the160

E-frame by angles θ and φ, we can evaluate the rate of TPW in terms of161

the principal moments of E. Two special cases of this equation are identified162

by noting a similarity in the form of Equation (13) to the shear stress on a163

plane in classical elastostatics. First, if ω coincides with the normal to the164

octahedral plane (i.e. the plane defined by a normal with direction cosines165

all equal to 1/
√

3, or φ = 45◦, θ ≈ 55◦, cf. Fung (1965)), then it can be166

expressed in terms of the second invariant (EII) of the moment of inertia167

deviator (Eij − 1/3Ekkδij):168

Ẇ 2 =
1

9(C − A)2]τ 2
R

[
(λ3 − λ1)2 + (λ3 − λ2)2 + (λ2 − λ1)2

]
=

EII

9(C − A)2τ 2
R

.

(16)

The second invariant of the stress deviator is commonly used in the theories169

of plasticity to characterize the state of shear stress. The second invariant of170

the moment of inertia deviator can be viewed as a “rotational stress” that171

drives a TPW response.172
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e1 e2

e3

ω

ω̇

θ

Figure 1: Relevant vectors and angles for the TPW analysis. The axes e1, e2, and e3
represent the principal axes of the convective moment of inertia E, with associated eigen-
values λ1, λ2, and λ3, respectively. The angle θ represents the mismatch between the
rotation axis ω and the e3-axis. For illustration, the longitude φ of the rotation axis is
taken to be zero so ω lies in the e1-e3 plane. In general φ is not zero. True polar wander
moves the rotation axis towards the e3-axis. Observations of ω̇ are made in the geographic
frame, which drifts relative to the E-frame.
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The second special case occurs when the rotation vector ω lies in e1-e3173

plane (φ = 0). Equation (15) reduces to174

|Ẇ | = 1

2(C − A)τR
sin 2θ(λ3 − λ1) . (17)

An equivalent expression was given by Tsai and Stevenson (2007). We adopt175

Equation (17) as the basis for our dimensional analysis. Note that the max-176

imum rate is achieved when θ = 45◦ (see, e.g. Fung (1965)).177

From Equation (17) it is clear that the important quantities for estimating178

the rate of true polar wander (Ẇ ) are θ and λ3−λ1. Both of these quantities179

depend on the structure and dynamics of mantle convection. The size of180

convective anomalies directly determines E, and hence λ3 − λ1. We also181

expect convection to alter the orientation of the principal axes of E, which182

drives a change in θ. Relaxation of the rotation axis back toward the principal183

axis of E acts to reduce θ. In the next section we focus on the role of mantle184

convection in setting λ3 − λ1 and in driving changes in θ.185

3. Internal dynamics186

Mantle convection and rotational dynamics of planetary bodies are usu-187

ally considered separately, yet the processes are based on a common set of188

governing equations. As such, some extra care must be taken to ensure that189

the equations we consider are self-consistent. Furthermore, since our goal is190

to establish a scaling for TPW rate, we must identify a minimal set of nondi-191

mensional numbers that fully characterize the problem. For simplicity we192

consider an isoviscous planet in a rotating reference frame with no internal193

heating in the incompressible Boussinesq approximation. The equations for194

mass, momentum, and energy then read195

∇ · u = 0 (18)

−∇P + η∇2u = ρg − ρΩ×Ω× r (19)

∂T

∂t
+ u · ∇T = κ∇2T (20)
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where u is the velocity, P is the pressure, and T is the temperature. The196

vector g is the gravitational acceleration, which defined in terms of a gravi-197

tational potential V by g = −∇V . The gravitational potential obeys198

∇2V = 4πGρ. (21)

where G is the gravitational constant. For the purposes of scaling, we assume199

that the magnitude of the gravitational acceleration, g0, is approximately200

constant (as is the case for Earth’s mantle). In addition we use the simple201

equation of state202

ρ = ρ0 (1− α(T − T0)) . (22)

to define the density. The remaining parameters are defined in Table 1.203

Note that we retain the centrifugal term in the momentum equation, which204

is normally either neglected or absorbed into a modified pressure (in the205

latter case the boundary conditions on P must be modified). The centrifugal206

term is generally small compared to gravitational forces (at least for Earth-207

like parameters). Consequently, it does not have a strong influence on the208

style of convection. However, this term is critical for determining the size of209

the rotational bulge. It is also essential for establishing a connection between210

the linear and angular momentum equations.211

Four dimensionless parameters are required to characterize the dynamics212

of true polar wander (cf. Barenblatt (1996)). A fifth parameter, defined by213

the ratio of the length of day to a diffusion timescale, does not appear in214

the governing equations. Convenient choices for these numbers are listed in215

Table 2, along with approximate Earth-like values for them. This particular216

choice relies on R for the length scale, R2/κ for the time scale and ∆T for217

the temperature scale.218

Two of these four dimensionless parameters have a prominent role in our219

scaling analysis. The first is the Rayleigh number, which characterizes the220

vigor of convection. The second is the ratio of centrifugal to gravitational221

forces. This nondimensional number does not have a uniformly agreed-upon222

name: it has been called a Froude number in analogy with other applications223

of inertial-to-gravitational effects (McKenzie, 1968), and in the geodesy com-224

munity has commonly been termed m (e.g. Nakiboglu, 1982; Chambat et al.,225

2010), which we adopt here. Since we have begun with equations that do226

not have inertia or compressibility, we have implicitly thrown out the depen-227

dence on the nondimensional numbers that characterize those effects (e.g.,228
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the Prandtl and dissipation numbers). It would be straightforward to include229

them, but they do not affect the overall treatment of this scaling.230

The dynamics can be characterized in terms of deviations from a refer-231

ence hydrostatic state. We define a dynamic pressure by P ∗ = P − P0 and232

introduce density perturbations δρ = ρ−ρ0 = −ρ0α(T −T0). In addition, we233

expect deviations in the figure of the planet from its hydrostatic shape, which234

we denote by V = VH + ∆V , where VH is the hydrostatic figure and ∆V is235

the deviation. Our rationale for this decomposition is simply that the hydro-236

static pressure is defined in the hydrostatic configuration VH rather than V .237

Introducing ∆V requires another nondimensional number to characterize it,238

and we find that the quantity Γ ≡ α∆T is convenient. (The motivation for239

this choice is explained below.) Finally, we define Ω = Ω0ω, where ω is a240

unit vector in the direction of Ω.241

By definition the hydrostatic reference state is a solution to Equation (19)242

where there is no flow:243

−∇P0 = ρ0g − ρ0Ω×Ω× r. (23)

Removing this reference state from the full momentum equation defines an244

equation for the perturbations. When the perturbed momentum equation is245

written in nondimensional form using the parameters in Table 2 we obtain:246

−∇P ∗ + ∇2u− Ra T g + Ra m T ω × ω × r = 0. (24)

Only two dimensionless parameters appear in Equation (24); the buoyancy247

force is specified by Ra and the centrifugal force depends on the product248

Ra m. No additional parameters appear in the energy (temperature) equa-249

tion because ∆T is used to scale temperature and time is scaled by the250

thermal diffusion time τT = R2/κ. The aspect ratio A arises in the problem251

through definition of the boundary conditions, whereas the dependence on252

the dimensionless density deficit Γ has not yet emerged. This dependence is253

revealed by drawing a connection between the linear and angular momentum254

equations.255

We start with the dimensional form of Equation (19). Crossing it with r256

and integrating over the volume of the mantle gives:257

−
∫
V

r×∇P dV +

∫
V

ηr×∇2u dV −
∫
V

ρr× g dV +

∫
V

ρr×Ω×Ω× r dV = 0.

(25)
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The first three terms represent pressure, viscous torques, and gravitational258

torques on the mantle. Convection in the outer core, atmospheres, and oceans259

is not strong enough to provide significant pressure and viscous torques over260

geologic timescales, and a self-gravitating body cannot self-torque (Braginsky261

and Roberts, 1995). Therefore we can neglect those terms, and we are left262

with263 ∫
V

ρr×Ω×Ω× r dV = 0
(26)

which may be rewritten via the Jacobi identity to find264

Ω×
∫
V

ρr× (Ω× r) dV = 0. (27)

This equation can be directly identified with Equation (2); it is a statement265

that a quasistatic body will rotate around the principal axis of its total266

moment of inertia.267

We now seek to quantify the perturbation to Equation (26) due to dy-268

namics. Hydrostatic balance (Equation (23)) ensures that the integral over269

the reference shape VH vanishes when ρ = ρ0. Nonzero contributions arise270

from perturbations in the density field or from perturbations in the shape. To271

make this dependence explicit, we split the shape into the reference volume272

VH and perturbations from it ∆V , and use Equation (22) to define density273

perturbations. Substituting this decomposition into Equation (26) brings the274

integral into the form275 ∫
VH

ρ0r×Ω×Ω× r dV +

∫
VH

ρ0α(T − T0)r×Ω×Ω× r dV+∫
∆V

ρ0r×Ω×Ω× r dV +

∫
∆V

ρ0α(T − T0)r×Ω×Ω× r dV = 0.

(28)

As previously noted, the first term of this equation is zero due to the hydro-276

static equation. The fourth term is negligible due to being second order in277

the smallness parameters ∆V/VH and Γ ≡ α∆T . Removing these, we find278 ∫
∆V

ρ0r×Ω×Ω× r dV = −
∫
VH

ρ0α(T − T0)r×Ω×Ω× r dV. (29)

This equation may be identified with Equation (4), where disequilibrium in279

the rotational deformation (left side) is balanced by the mismatch of the280

12



Table 1: Parameters for rotating mantle convection

Symbol Definition
Ri inner radius
R outer radius
G gravitational constant
V gravitational potential
M mass of the planet
Ω0 reference rotation rate
η viscosity
κ thermal diffusivity
α thermal expansivity
g0 reference gravity
I0 reference moment of inertia
T0 reference temperature
ρ0 reference density
∆T temperature drop across mantle

Table 2: Nondimensional numbers with approximate Earth-like values

Symbol Name Definition Approximate value
Ra Rayleigh ρ0g0α∆TR3/ηκ 107

m Froude Ω2
0R/g0 = Ω2

0R
3/GM 10−3

A aspect ratio Ri/R 0.54
Γ density deficit α∆T 10−2

convective moment of inertia with the spin axis (right side). Equation (29)281

also reveals the need for the dimensionless parameter Γ = α∆T . The pertur-282

bation α(T − T0) on the right-hand side must be related to the perturbation283

∆V on the left-hand side because all other terms in Equation (29) are the284

same. A change in the scale of ∆V implies a change in the scale of α(T −T0),285

and vice versa.286

We now proceed to characterize the rate of TPW in terms of the dimen-287

sionless number identified in Table 2. This approach ensures that we reduce288

the problem to the minimum set of parameters.289
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4. Scaling290

Equation (17) defines the rate of TPW in terms of four physical param-291

eters: (C − A), τR, (λ3 − λ1) and θ. This equation can be expressed in292

nondimensional form using the dimensionless numbers from Table 2. We293

begin by expressing Ẇ in terms of a nondimensional time t′ = t/τT , where294

τT = R2/κ is the thermal diffusion time. Similarly, the time constant τR can295

be expressed in terms of τT and other dimensionless numbers. In detail τR296

represents a weighted average of different relaxation modes, but it is sufficient297

for our purposes to let298

τR ∼
η

ρ0g0R
= τT

Γ

Ra
. (30)

Combining these results gives the dimensionless rate of TPW299

dW

dt′
∼ Ra

Γ

(λ3 − λ1)

(C − A)
sin 2θ . (31)

A more convenient form is obtained by noting that difference in the polar300

and equatorial moments (C −A) is proportional to the ratio of rotational to301

gravitational forces (Munk and MacDonald, 1960):302

(C − A) ∼ I0m. (32)

We can also define a nondimensional eigenvalue differencing using Λij =303

(λi − λj)/I0. Introducing these results into Equation (31) gives304

dW

dt′
∼ RaΛ31

Γm
sin 2θ (33)

which defines the rate of TPW in terms of dimensionless parameters Ra, m305

and Γ. At this point we do not have estimates for Λij or θ. However, we do306

know that they must be functions of the dimensionless numbers in Table 2307

and our dimensionless time t′.308

For the case of slowly rotating bodies (m� 1), we do not expect rotation309

have a large influence on the style of convection, so it would be reasonable to310

look for scalings of the form Λij(Ra,Γ, t′) and θ(Ra,Γ, t′). We avoid the com-311

plications of dealing with the time dependence by considering time averages312

for Λij and characterizing an upper bound on θ.313
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4.1. An estimate for Λij314

Fluctuations in the nonhydrostatic moment of inertia are caused by a315

redistribution of density anomalies in the mantle. The direct contribution316

from internal temperature variations is given by317

Cij =

∫
VH

ρ0α(T − T0) (rqrqδij − rirj) dV (34)

An additional contribution arises from the deflection of the surface and inter-318

nal interfaces. The surface response is a function of the viscosity structure of319

the planet and the wavelength and depth of the internal load. It is customary320

to represent the surface response using the fluid-limit geoid kernals, where321

the factor 1 + kLf is close to 1. (Strictly speaking, dynamic compensation322

usually makes 1 + kLf less than one, (e.g. Richards and Hager, 1984)). For323

the purposes of scaling, we can omit this multiplicative factor and estimate324

Eij from the direct contribution Cij.325

For thermal convection, the convective part of the moment of inertia is326

related to the degree-two part of the temperature field (see Appendix A). To327

extract this component of the temperature field we can expand T − T0 in a328

sum of orthonormal basis functions RnYlm, where Ylm are spherical harmonics329

and Rn are some set of orthogonal radial polynomials. The coefficients Tnlm of330

the series expansion are normalized by ∆T , so we represent the temperature331

anomaly in the form332

T (r, θ, φ, t)− T0 = ∆T
∞∑
n=0

∞∑
l=0

l∑
m=−l

Tlmn(t)Rn(r)Ylm(θ, φ). (35)

Orthogonality of the basis functions means that the integral for Cij picks out333

degree-two spherical harmonics in the lateral dimensions, and only the lowest334

few radial functions Rn(r). Consequently, only a few terms in the expansion335

matter for TPW. We seek to estimate the power in those few modes, which we336

denote by Tdegree-two (see Appendix A for more detail). Once the contribution337

to Tdegree-two is established, the integral for Cij can be approximated by338

Cij ∼ I0(α∆T )Tdegree-two . (36)

The nondimensional difference in the principal moments becomes339

Λ31 ∼ ΓTdegree-two. (37)
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Figure 2: Left: Time series of the normalized difference between moments Λ21 = (λ2 −
λ1)/I0 for convection in a 2D annulus at several different Rayleigh numbers. As the
Rayleigh number increases, the average value of the relative moment decreases due to less
low-degree coherence in the temperature structure. Right: average value of Λ21 for the
different Rayleigh numbers. Also shown is a line with slope Ra−2/3, which is predicted from
the scaling analysis (the exponent is −2/3 instead of −1 due to the reduced dimensionality
of the simulations).

Normalizing the temperature field by ∆T means the summation over all340

basis functions in Equation (35) cannot exceed 1. This is a strong constraint,341

but it gives very little information about the distribution of power across the342

Tlmn. We can, however, think about the power spectrum in two different343

regimes: that of steady/quasisteady flow, (relatively low Ra) and that of344

chaotic flow (relatively high Ra). At low Rayleigh number we expect the345

spectrum of the temperature field to be dominated by only a few low-degree346

modes which are largely influenced by the aspect ratio. At high Rayleigh347

number become chaotic and there is a broadening of the spatial and temporal348

spectra (McLaughlin and Orszag, 1982).349

The lengthscale of temperature anomalies in the mantle is limited by the350

effects of thermal diffusion. Structure at very short lengthscales is erased351

by thermal diffusion, so there will be little power in modes with length-352

scales shorter than that allowed by diffusion. Therefore the infinite sum in353

Equation (35) can be truncated at some maximum wavenumber, set by the354
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smallest lengthscale d:355

nmax, lmax,mmax ∼
R

d
. (38)

Strictly speaking, convective mixing can produce smaller scales, but the356

power in these scales is greatly reduced by diffusion. Thus total number357

of modes that are accessible to the system are358

Nmodes = nmax × lmax ×mmax ∼
(
R

d

)3

. (39)

The value of each Tlmn(t) will in general be some complex function of time,359

but for a given style of convection we expect the time average to define a360

representative power spectrum. For chaotic flow the power should be spread361

out amongst the modes accessible to it. We may make the hypothesis that362

each of the modes are roughly as likely as any of the others, which implies363

Tdegree-two(t) ∼ 1

Nmodes

∼
(
d

R

)3

. (40)

Any of a number of scaling laws can provide an estimate for the char-364

acteristic length scale of a convecting system. The specifics are likely to365

depend on rheology, geometry, and density structure. The simplest model is366

based on boundary layer theory (Turcotte and Oxburgh, 1967), which finds367

d/R ∼ Ra−1/3. This scaling is roughly a measure of the diffusive length-368

scale for the timescale of a convective overturn, consistent with the cutoff369

in Equation (38). It thus furnishes us with an estimate of the power in the370

degree-two part of the field as a function of Rayleigh number:371

Tdegree-two(t) ∼ Ra−1. (41)

We test this prediction using a series of numerical simulations of mantle372

convection at different Rayleigh numbers. All calculations are based on the373

mantle convection software ASPECT (Kronbichler et al., 2012), which is built374

on the finite element library deal.II (Bangerth et al., 2015). This package375

allows for flexible implementation of different rheologies, geometries, and376

postprocessors. In order to test a wide range of Rayleigh numbers, we ran the377

simulations in a 2D annulus. At each time step we evaluate moment of inertia378

tensor in the frame of the convection calculation and evolve an initial rotation379

vector in time using Equation (13). Recall that Equation (13) describes the380

evolution of the rotation vector in a geographic frame. Here we adopt the381
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coordinate frame of the convection calculations as the geographic frame, so382

off-diagonal elements of E will generally be non-zero. We also calculate the383

eigenvalues of E at each time step to evaluate Λ21 = (λ2 − λ1)/I0.384

For the 2D simulations there is a reduced dimensionality when calculating385

the number of modes, so Nmodes ∼ (R/d)2. This leads us to a scaling of386

Tdegree-two ∼ Ra−2/3 and Λ21 ∼ ΓRa−2/3, according to Equation (37). A fit387

to the average value of Λ21 as a function of Ra is shown as a dashed line in388

Figure 2. This result has a simple interpretation. As the Rayleigh number389

of the system increases, the smallest lengthscale of convective features gets390

smaller. The total power in the temperature field is spread across a larger391

spectrum, leaving less total power for the degree-two part to drive TPW.392

Returning to the three-dimensional problem we expect Λij to scale as393

Λij ∼
Γ

Ra
. (42)

Using this estimate in Equation (33) gives394

dW

dt′
=

1

m
sin 2θ (43)

Remarkably, Ra and Γ have completely dropped from the expression for the395

rate of TPW. The time constant τR goes down at high Rayleigh numbers.396

At the same time, the coherence in the temperature structure goes down,397

reducing the amount of power in the degree-two part of the field responsible398

for driving TPW. Tsai and Stevenson (2007) arrive at a similar result by a399

different path. Their estimate for the ratio of the convective timescale to400

the timescale for TPW depends only on m (see their Equation (4)). That401

the two results are similar is surprising, as their estimate of Tdegree-two varies402

linearly with d/R, rather than with (d/R)3 (Equation (40)).403

The cancellation of explicit Ra dependence is something of a coincidence404

due to the simple estimate of the smallest lengthscales of the problem. Scal-405

ings for lengthscales of convection in fluids with temperature dependent vis-406

cosity (e.g. Solomatov, 1995) or pseudoplastic rheology (e.g. Korenaga, 2010)407

have different functional dependencies on Ra or additional nondimensional408

parameters. However, a common feature in most scalings is that typical409

lengthscales are still some power-law of Rayleigh number d ∝ Ra−β. With410

this form, our scaling for TPW rate has the following dependence on Ra:411

dW

dt′
∼ Ra1−3β

m
sin 2θ. (44)
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In general, β is some small number between one-fourth and one-third, so we412

expect that more complicated estimates for d(Ra) will still result in a weak413

dependence on the Rayleigh number.414

4.2. An estimate for the angular mismatch angle (θ)415

Much of the debate about the magnitude of TPW on Earth comes down to416

the question of how big θ can be. Kirschvink et al. (1997) hypothesized about417

an inertial interchange event, where θ alters by approximately 90◦, and can418

lead to large (∼ 90◦) TPW over time (a process which they termed “inertial419

interchange” TPW, or IITPW). Conversely, many geodynamic simulations420

of recent TPW assume that θ is small (Steinberger and O’Connell, 1997). In421

this section we seek to characterize the maximum value for θ in terms of the422

dimensionless parameters.423

Two processes control the evolution of θ. It grows through perturba-424

tions in the convective moment and decays by relaxation of the rotation axis425

towards the principal axis of E. Large values of θ are achieved when con-426

vective perturbations deflect the principal axis away from the rotation axis427

faster than relaxation can reduce θ. Here we focus on the nature of perturba-428

tions that drive large increases in θ with the understanding that a complete429

description of θ(t) as a function of time must include both the growth and430

decay of the misalignment.431

An instantaneous change in the convective moment of inertia shifts the432

orientation of the principal axis, causing a change in the misalignment angle.433

A random change could make the angle larger or smaller, so there is no guar-434

antee that a given perturbation will cause θ to grow. On the other hand, we435

know that θ only grows through perturbation in the convective moment. Of436

course no change in the moment of inertia happens instantaneously. Instead,437

changes in E accumulate over finite durations and these gradual changes438

must compete with the relaxation process to define the evolution of θ. Still,439

the concept of an instantaneous perturbation is useful because the conditions440

that facilitate large changes in θ also promote rapid growth rates.441

Given a random perturbation to E, we would like to give a bound on the442

size of changes in the orientation of the principal axes. Let δ be the size of443

the perturbation to the convective moment of inertia tensor after some time444

interval ∆t, and let λ3 ≥ λ2 ≥ λ1 be the eigenvalues of that tensor. The445

corresponding rotation of the principal axes is defined by the angle ξ. A446
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Figure 3: Graphical demonstration of the sin 2ξ theorem of Davis and Kahan (1970). Two
spheroidal bodies with eigenvalues λ2 > λ1 start out with the rotation axis Ω aligned with
the λ2 axis. However, on the left the eigengap ‖λ2 − λ1‖ is large, while on the right it
is small. A negative mass perturbation is instantaneously added to both bodies, which
effects a small rotation of the principal axes on the left, but a large one on the right.

bound on ξ is given by (Davis and Kahan, 1970)447

| sin(2ξ)| ≤ 2|δ|
min
i 6=j
|λi − λj|

. (45)

Small changes in orientation (i.e. small ξ) occur when the difference in eigen-448

values is large. Conversely, large changes in orientation are possible when449

differences between the eigenvalues are small. This dependence is illustrated450

schematically in Figure 3. Unstable conditions prevail when the maximum451

and intermediate moments of inertia are nearly equal, leading to large TPW452

events (Evans, 1998). On the other hand, Tsai and Stevenson (2007) point453

out that large TPW events take a long time because the rate of TPW is small454

when Λ31 is small or when θ = 0 or π/2 (see Equation (33)). If the maximum455

and intermediate axes are interchanged when the misalignment angle is small456

θ ≈ 0, then the new definition of the maximum axis after the interchange457

ensures that θ ≈ π/2. In this case the rate of TPW may be small before and458

after the interchange.459

The angle ξ would correspond to a change in θ if relaxation was not460

allowed to operate. While this approximation is not realistic, it does suggest461
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that larger perturbations in θ are possible when (λi − λj) small. Scaling462

results and numerical simulations from the previous section show that the463

difference in eigenvalues scales with ∼ Ra−1. Therefore, the characteristic464

gap between the eigenvalues of the convective moment becomes smaller as465

the Rayleigh number increases. Additionally, the timescale of fluctuations466

in these values goes down because the density anomalies are moving faster.467

Overall, this makes the principal axes of high Rayleigh number systems much468

less stable, consistent with the result of Richards et al. (1999), based on469

mantle convection calculations.470

In the limit that the eigengap becomes zero, a small perturbation δ can471

produce an arbitrary rotation of the principal axes. In effect, the location of472

the principal axes are set by the location of a small density anomaly. This has473

a close correspondence with hypothesized IITPW (Kirschvink et al., 1997).474

As noted above, the interchange of the maximum and intermediate axes475

can produce a large change in θ because the misalignment angle is suddenly476

measured from a new axis. The resulting TPW event can produce a large477

change in the orientation of the rotation axis (potentially 90◦ if there are not478

further perturbations to the E tensor). However, the eigengap does not need479

to be zero for there to be large polar wander events. In addition, wander480

does not need to be 90◦ after an interchange of maximum and intermediate481

axes due to the subsequent evolution of density anomalies during the event.482

We clarify these points using numerical simulations of convection in a 2D483

spherical annulus.484

Figure 4 shows a representative time series from the convection calcu-485

lations. As before, we compute the convective moment of inertia in the486

geographic frame and evaluate the eigenvalues of E to determine the eigen-487

gap. We also evolve the orientation of the rotation axis by integrating Equa-488

tion (13) in time. Since it is a 2D model, the spin axis is described by489

a single angle. The misalignment angle θ also lies in the plane of the 2D490

model. When the eigengap gets small, the corresponding misalignment angle491

increases. Even though at that moment the driving force may be small, it492

can recover quickly due to convection, and the rate of polar wander becomes493

much faster. This behavior is consistent with the predictions from Equation494

(33). We draw special attention to two events in the time series. At ∼0.3 Gyr495

the eigengap dips and the misalignment angle increases to θ ∼ 20◦. There is496

a large change in the orientation of the spin axis, even though there is techni-497

cally no interchange of the maximum and intermediate axes. A conventional498

IITPW event occurs at ∼ 1 Gyr; the eigengap goes to zero, interchanging499
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the maximum and intermediate axes. The misfit angle goes to approximately500

90◦. During this time the orientation of the spin axis changes by roughly 90◦.501

Large TPW events are associated with inertial interchanges, but a broader502

class of events are evident when the principal moments are close to each other.503

We argue that large TPW events do not (necessarily) imply an inertial inter-504

change. Conversely, we do not expect all large TPW events to be associated505

with a 90◦ change in the spin axis. Our scaling results suggest that large506

TPW events are more likely to occur in the early Earth when the planet507

is convecting more vigorously and the characteristic gap between principal508

moments is small.509

Tsai and Stevenson (2007) suggested that large TPW events do not always510

accompany an interchange of the principal moments because the rate of TPW511

is low. A large 90◦ change in the orientation of the rotation axis can only512

occur over a long time. While this is true for idealized cases, the numerical513

convection calculation reveals a more complex behavior. First, the principal514

moments can interchange, or almost interchange, quite rapidly. In these515

cases the perturbations in the convective moments can become large soon516

after an interchange. Second, the location of the principal axes do not stay517

put during a IITPW event. A persistent drift of the principal axes can can518

lead to extended polar wandering, yielding angular changes greater than 90◦.519

5. Discussion520

The preceding results clarify the complex relationships that determine the521

rates of TPW for a convecting planet. As mantle convection redistributes522

mass in the planet’s interior, the spin axis moves around to stay aligned with523

the principal axes of the convective moment of inertia. There is a constant524

competition between growth of the mismatch angle θ through convective per-525

turbations and its relaxation through TPW. Goldreich and Toomre (1969)526

envisioned an analogy of beetles crawling on the surface of the globe, with527

the spin axis trying to keep up with the instantaneous figure axis set by the528

beetles. Our analysis begins to answer the questions “how big are the bee-529

tles?” and “how fast are they crawling?”. We find that the most important530

parameters are m, which acts as the brakes on the system, and the mismatch531

angle θ. Surprisingly, the direct dependence of Ẇ on Ra is weak (see Equa-532

tion (44)), but the indirect influence of Ra on the misalignment angle θ is533

quite strong.534
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Figure 4: Top: Time series of principal moments for 2D annular convection at Ra ∼ 108.
Center: Time series of spin axis and mismatch angle θ. Bottom: Time series of TPW
rate. When the two moments are close to each other (small eigengap), the mismatch angle
becomes large, and the rate of polar wander is significantly larger. At ∼1 Gyr the gap
goes to zero and there is a nearly 90◦ TPW event, with ∼ 80◦ degrees of polar wander
in ∼30 Myr. However, there are several other large TPW events which happen when the
eigengap is small. These results are fairly characteristic of high Ra convection.
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Indeed, we can identify two endmember behaviors of Equation (44). When535

convection is not sufficiently chaotic to create a large θ we are in the regime536

where the planet’s rotation axis closely tracks that of the convective moment.537

This is the regime considered in Steinberger and O’Connell (1997), Roberts538

and Zhong (2007), and Zhong et al. (2007), and can be considered the “slow539

TPW” regime. When convection is more chaotic, however, there may be540

large excursions in θ, which are driven by large changes in the orientation of541

the principal axes when (λi − λj) is small. In this case a dramatic increase542

in the rate of TPW is possible. We refer to this as the “fast TPW”. Inertial543

interchanges occur when the maximum and intermediate axis are swapped544

and this can lead to a large change in θ (Kirschvink et al., 1997). Increasing θ545

to π/2 does not necessarily require fast TPW, but our numerical simulations546

show that rapid motion often occurs because θ does not remain close to π/2.547

Moreover, the inertial interchange is only a special case of the large θ, “fast548

TPW” regime. We expect large θ and “fast TPW” to be more prevalent in549

the early Earth, when the mantle was presumably hotter and less viscous550

(i.e. higher Ra). More vigorous convection increases the rate of change of551

density anomalies and makes θ(t) less stable. Large (and potentially fast)552

TPW events should have been more frequent.553

We can substitute direct estimates of the important parameters into554

Equation (17) to obtain an estimate of maximum TPW rates for Earth.555

Typical values for the time constant τR are of order 30 kyr (Ricard et al.,556

1993). Estimates of the present day non-hydrostatic moment of inertia (due557

to mantle density anomalies, corresponding to Λ31I0 in the preceding scaling)558

are in the neighborhood of 10−5I0, while the hydrostatic moment of inertia559

(corresponding to C − A) is 3 × 10−3I0 (Chambat and Valette, 2001). A560

key question is whether convection is sufficiently chaotic to enter the large θ561

regime. Richards et al. (1997) performed TPW simulations based on Ceno-562

zoic plate motion reconstructions, and argued that the convective planform563

of Earth has been stable for the last few hundred million years. Cambiotti564

et al. (2011) took a similar approach, but allowed for the position of the spin565

axis to lag the principal axes (i.e. nonzero θ). In that study they found566

values for θ of up to 3◦-7◦. On the other hand, we know that there have been567

large reorganizations of that planform during Earth history, so this relative568

stability of the spin-axis may not hold in general (Evans, 2003). Our nu-569

merical simulations show that large values for θ are possible in a vigorously570

convecting mantle. Allowing for such a large mismatch angle (θ = 45◦) we571

24



may estimate the maximum polar wander rate572

max(Θ̇) =
(λ3 − λ1)

(C − A)

1

τR
∼ 6◦/Myr, (46)

which corresponds to about 66 cm/yr at a point 90◦ from the TPW axis573

(and is comparable to the maximum rates seen in Figure 4). This value is574

similar to the rates discussed by Cambiotti et al. (2011) for the past 100575

Myr, though our rate is roughly a factor of four larger because we allow576

for the possibility of a larger mismatch angle. Such large angles may be577

necessary to explain the range of rates suggested by some interpretations578

of paleomagnetic data (Mitchell et al., 2011). The bulk viscosity of Earth’s579

mantle is uncertain by up to a factor of ten (Mitrovica and Forte, 2004),580

which results in a corresponding uncertainty for the relaxation time τR and581

the maximum polar wander rate.582

Thus far we have restricted our discussion to planets with lithospheres583

lacking long-term elastic strength. For this case the long-time limit of the584

planetary figure is coaxial with the convective moment of inertia. This as-585

sumption is not necessarily true in all cases. Earth’s lithosphere is pervasively586

fractured and hydrated, and may not have much strength when subjected to587

rotational changes on geologic timescales. However, a planet with a stagnant588

lid (such as Mars) may have considerable strength, preventing the figure of589

the planet from reaching the fluid limit of Equation (8).590

The theory of TPW response for the case of elastic lithospheres has been591

developed in, among other places, Matsuyama et al. (2006), Creveling et al.592

(2012), and Chan et al. (2014). The formalism developed in Section 4 can593

still be applied to this case, though the response to internal variations in the594

moment of inertia becomes more limited (and potentially richer, as in the595

oscillatory motions suggested by Creveling et al. (2012)).596

6. Conclusion597

We have developed a framework for discussing the rates of true polar wan-598

der for a convecting planet from a perspective of scaling and fluid dynamics.599

We identified a small number of dimensionless parameters which describe the600

system, and showed how they affect the overall dynamics of the system.601

The most important parameters are the Rayleigh number and m, which602

defines the ratio of centrifugal to gravitational forces. Rates of TPW are603

proportional to m1 because the size of the equatorial bulge acts as a damper604
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to TPW. The dependence on the Rayleigh number is more complicated.605

Large Ra shorten the response time of the mantle, but also reduce the power606

in the degree-two part of the temperature field, which drives TPW. These607

two effects nearly cancel, although there is also an indirect influence of Ra on608

the misalignment angle θ. Overall, we expect a more vigorously convecting609

planet to be less rotationally stable, and experience more frequent large TPW610

events. This perspective allows us to consider not only the polar wandering of611

Phanerozoic Earth, but also allows us to hypothesize about polar wandering612

during the Archean and Proterozoic, or on other planetary bodies.613
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Appendix A. Degree-two moments724

There is a connection between the moment of inertia of a rotating object725

and the degree-two density structure. The moment of inertia tensor may be726

written in index notation727

Iij =

∫
V

ρ (rqrqδij − rirj) dV (A.1)

where r is the Eulerian coordinate, ρ is the density, and V is the volume of728

the material. It is useful to enter the principal axes of the moment of inertia:729

I = 1

λ1

λ2

λ3

 = 1

∫V ρ(y2 + zz)dV∫
V
ρ(x2 + z2)dV∫

V
ρ(x2 + y2)dV

 (A.2)

where 1 is the identity matrix, and λ1, λ2, and λ3 are the principal moments.730

From Equation (15) we see that the important quantities are the differences731

between the principal moments, (λ3 − λ1), (λ3 − λ2) and (λ2 − λ1). These732

quantities may be rewritten in terms of degree-two real spherical harmonics733

(e.g. Dahlen et al., 1999). The relevant (fully normalized) harmonics are, in734

Cartesian coordinates:735

Y20 =
1

4

√
5

π

2z2 − x2 − y2

r2

Y22 =
1

4

√
15

π

x2 − y2

r2
.

(A.3)

Solving for (λi − λj) in terms of these harmonics, we find736

(λ2 − λ1) = 4

√
π

15

∫
V

ρr2Y22 dV

(λ3 − λ1) = 2

√
π

15

∫
V

ρr2
(
Y22 −

√
3Y20

)
dV

(λ3 − λ2) = −2

√
π

15

∫
V

ρr2
(
Y22 +

√
3Y20

)
dV.

(A.4)

Up to the normalization constants, these expressions are identical to multi-737

pole expansions, picking out the degree-two part of the density field laterally,738
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and low-order polynomials radially. When density is a function of tempera-739

ture, we can insert the equation of state, Equation (22), into Equation (A.4)740

and integrate over a reference spherical volume VS. This allows us to drop the741

terms which integrate to zero due to the orthogonality of spherical harmonics,742

and we are left with:743

(λ2 − λ1) = −4

√
π

15
αρ0

∫
VS

Tr2Y22 dV

(λ3 − λ1) = −2

√
π

15
αρ0

∫
VS

Tr2
(
Y22 −

√
3Y20

)
dV

(λ3 − λ2) = 2

√
π

15
αρ0

∫
VS

Tr2
(
Y22 +

√
3Y20

)
dV.

(A.5)

We normalize the differences in eigenvalues by the reference moment I0:744

I0 =
2

3

∫
VS

ρ0r
2 dV. (A.6)

Dividing Equation (A.5) by I0 and nondimensionalizing the integrals results745

in a factor of Γ = α∆T and a normalized set of degree-two coefficients for746

the temperature field, which we abbreviate as Tdegree-two:747

Λij ∼ ΓTdegree-two. (A.7)
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