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This report was prepared as-an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, express
or implied, with respect to the accuracy, com-
pleteness, or usefulness of the information
contained in this report, or that the use of
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ABSTRACT

A plausibility argument is msde thaﬁ the réal and imaginary parts of the

A nucleon-nucleon scattering amplitude as a function of the cosine of the barycentric
‘system scattering angle, for fixed energy, are analytic in the complex plane, with
s1ngu1arities confined to the real axis. It is congectured that in the real part
there are poles at cos 6 = (1 + ——; ), where p is the pion rest mass and k

the barycentric momentum, branch points at cos 6 = {1 + k ),‘ (1 + 2; )5 etcf
The residues of the poles are related directly to g s the pion=nucleon coupling

constant, and a procedure is outlined for determining 'ge by an extrapolation of

experimental data on either backward or forward nucleon-nucleon scattering.
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I. Introduction

Dispersion relastions have mede feasible a systematic deterﬁination of the
pion-nucleon coupling constant g2 from experimental meésufements of the scattering
of © mesons by nuéleonso1 The method depends on the fact that g2 is the residue
of a pole in the séattering'amplitude for fixeds=momentum transfer as a function
of W2, the square of the total energy in the barycentriec system. Except for
this residue, all other quantities bccurring in the dispersion relations for
pion-nucleon scattering are physically measurable. It has been pointed ou'i;2 that
a somewhat similar situation exiéts for nucleonmnucleén scattering at fixed momentum

transfer where again g2 occurs. as the residue of a pole in the variable W2°

However, in this case, there are extensive nonphysical contributions to the dis-

. persion relations which make practical applications difficult. It is the purpose

of this paper to point out that if one considers instead the reél'part ef the
N-N scattering amplitude at fixed energy as a function of A?, the square of the
momentum transfer, then there is probably a pole of residue g2 located at

2

A = =u2, where p  is the pion rest mass. More important, a method is outlined

for determining the residue by extrapolation from the physical region of positive

2
A °

ILehmann has recently demonstrated that there exists a region of

analytieity in the complex A?_ plane which includes the physical regiono3 We

are conjecturing that once the pole in question has been removed this region of

analyticity includes the point A? = auz and that an extrapolation to determine

the required residue is possible.
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The physicaliidea underlying the present proposal is an old one, although
it is usuelly stated in a different Way,‘namelj, that the nucleon-nucleon inter-
action at large distances is;dominated by single pion exchange, which in turn is
uniquely related to g2 and p.h A rough correspondence of this statement to the
existence of a pole at A? = ~u2 may be seen if one believes that at.high energies
the outer fringe of the interactionédetermines the real part of the forward
scattering amplitude. Remembering tﬁe relation between momentum transfer and the
angle of scattering in the barycentriec system,

A?

cos & = ; -5 | , (1.1)
where k eis the magnitude of the momentum of either particle in this system, one
sees that although the point A? = _ug always is unphysiecal, correéponding to
cos 8 =1 + Ei; > 1 ,‘this point comes nearer and nearer to physical forward
scattering as k2 increases. If, therefore, there is a pele at this point as a
function of cos.e and no other singularities in the immediete neighborhood, then
the residue of this pole determines the asymptotic behavior of the real par? of
the forward scattering amplitude.

For practical reasons, eome of which are discﬁSsed below in Sec. IV, the
region of very high energy may not be.most suitable for the determination of gg.
(FOr example, ohe needs a complete set of phase shifts in order to obtain the
real part of.the amplitude, and phase-shift analysis of experiments has so far
been possible only at energies sufficiently low that inelastic processes may be
neglected.) We are basing our hopes then on the poseibility of bridging by analytic
continuation an appreciable gap between the physiEal region and the pesition of the
pole. The practical accuracy 6f such a continuation presumably reqpires that the |
gap in eos 8, which is e;%; » be small compared With'the interval in cos ©
—m-"—“*wherewﬁhe amplitude“iS“exPETiﬁEﬁtéll?”kﬁéwn,‘ Since we have 2k2 = M TZ , if M

is the nucleon mass and Tﬂ the laboratory kinetic energy, we have the requirement
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‘u?//Mmz << 2

or (1.2)

T, >> WM = 10 Mev .
This means the energy must be high enocugh so that nonzero orbital angularb
‘momentea are impbrtant. In the old way of describing the principle exploited here
such a circumstance would be obvious. The "tail" of the interaction can be
isolated only in states that are prevented by an angular momentum barrier from

penetrating to short distances.

IT. The Single Pion Exchange Term
A motivation for our conjecture concerning the pole at A? = ~u2 can be
given in terms of Feymman diagrams. The diagram shown in Fig. 1, when renormalized,

yields a term

CE tyrew ) (B, T v u )
2 Py, a@’5 P TPy, @5 p,

)

A - :
where A = (p, - p,')

1]
—
o)

n

8

g
n

(11.2)

A corresponding term with pl’ and pe‘ gxchanged'also occﬁrs, but a little |

thought about more complicated diagrams shows that none of them becomeé infinite
for A? - -ue, Also the modification of the pion propagator and of the vertex
functions in this limit are entirely_absorbed by thé renormaiizatioﬁ of g2 anﬁ
p. Thus, in perturbation theory, the scattering amplitude when evaluated in the

2. ~u2 is exactly répresented by the renormalized Born

neighborhood of .

approximation.
Confirmation ié given by the circumstance that the term obtained'from

Eq. (iIJE)'by exchanging pl' and pe', has been singled out for a special réle

in fhe dispersion~-relation discussion‘éf fhe scattering amplitude as a function of

2 2 . 12
W = (pl + P2) = "(Pl + pg )

b4
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for fixed momentum transfer.2 Here the denominator is
(0, -2,0% + B = WP - wf o 2B, ©(11.3)

so0 that there is a pole at W2 = hMe - u2 + A?, and in the neighborhood of this
pole the renormalized Born approximation is exact. In the present discussion,
where W2 is fixed, we'regard this exchange term as . giving rise to a second pole

in A?. In terms of cos 8, the location of this pole is very natural: whereas

2
the denominator in Eq. (II.2) vanishes at cos € = 1 + _EE , (II.3) vanishes
o > 2k= 7
at cos 8 = =1 = -Eg . With identical particles one of course expects symmetry

2k
(or antisymmetry) with respect to cos ©.

It seems very plausible, therefore, that a determination of the scattering
amplitude near either of these twb poles correspdnds to a ﬁeasurement of the
value of g2. We need information, however, about the.location of other
singularities in the A? complex pléne before we can formulate an appropriate

procedure for continuation from the physical region.

- ITI. The Iocaﬁion of Siﬁgularities in the Z? Plane

| To make a guess about the singulsrities of the scatfering amplitude as a
function of A? ,vlet us.consider, iﬁstead of nucleon-nucleon scattering as
indicated in Fig. 2(a), the process of nucleon-antinucleon scattering, as
indicated in Fig. 2(b). In perturbation theory we could obtain the NN amplitude

from the NN by making the substitutions5

— . = wen ! !'____" .|=‘= R
% =Py %L =P’y 4’ =Dy &' =-p, - | (I11.1)

Notice that the variable

>
!

(p; - 2;")

(g + q2)2 y | - (111.2)
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becomes the negative energy sgquared in the NN case, while

2 2
we = ~(p; + »p,)

B

' (III;5)

]

(g - g,")°
becomeé a negative (exchange) momentum transfer squared. In the NN case A? .
and W2 are both positive whereas they become both negative in the NN case.
'Neverthelesé we shall optimisfically assume that the location of singularities of
the scattering amplitude considered as a function of A? for fiked W2 in the
NN case can be carried over to the NN case.

| Fpllowing the by now familiar approaéh of contraction of the S-matrix
element,6 apﬁlied here to NN scattering, one sees that if a "normal" dispérsién-
relation exists for fixed W- = -'(q,l - q2')2, then the singularities in 2% are

associated with the possible vanishing of the two expressions

( + a)? + n® = &2 + (T11.4)
-and o ”
(qefn qg')Q + m2 = W2 =- ’-I-MQ —A2 + ll'Il2 3

(III.4)
where m ranges over the mass values of states that can be reached‘from the Nﬁ
system. The lowest ma.ss state of this kind is the single ﬁ meson, and it gives
rise preciselj fé the two poles discussed above. The next lowest masses belong
to the two-pion state. We expecfvthen two branch péints corresponding to m2 = hug,
with cuts to + ©© . More complicated states give rise to further pairs of branch |
points on the réél a?;is° Chaﬁging variableé from A? and W2 to cos © and
k2 aééordihg to | _
‘ke - %; - W | |  (I1I.5)

and
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22
cos & = 1 = =2 (I11.6)

we find the corresponding singularities in cqs_e for fixed k2:

2
Poles at cos ® = #H1 + —E§ ),
2k (III.7)
. 0,2 g2
Branch points at cos ® = H1 + -ﬁz ), 1 + -~ ), ete.
. k

This whole procedure of course aﬁounté to.nothing moré than an optimistic
K conjecture. Our guess (III.T) ﬁay be partiaily checked, however, against récent'
rigqréus resulfs cbtained by Lehnia.nn.3 _Lehmannlproves that the NN scattering
amplitude as a function of >cos e .for fixed W2 is free from singularity, at
least within an-ellipse wﬁose féqi are at *1 and whose semimajor axis is of
G

ukg(kz + M) , )

length

(111.8)

2 ‘
Xo(k ) = |1+

One may confirm that this region never includes the singularities whose existence
2 = % My | our poles lie exactly on the

boundary. At all other energies they are outside Lehmann's ellipse.

we have conjectured, although at k

Lehmann proves further that the imaginary part of the scattering amplitude
as a function of cos © is analytic within a 1arger ellipse, whose semimajor axis
2

is 2Xo - 1 or _ ;

1+ (oMp -+ ue)%//zke(ke + M2) . ' | (1I11.9)

For small k2 this ellipse includes not only our poles but also our first

‘congegturedvbranch points, which at first sight is somewhat surprising. (Our poles
have resal residues and therefore are singularities only in the real part of the

amplitude.) If one, however, believes that a two dimensional spectral representation
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exists, Which.exhibits simultaneously the behaviof of W2 and A? in the complex
plane, then it becomes plausible that the imaginary part of the amplitude has a
wider. domain of analyticity than does the real part.

For example, suppose the 5catterihg amplitude (excluding the poles) could

be expressed by representations of the form, .

2 2 2 2 € (m12’ meg) ' -
T(W y & ) L= jS dml dmg (m12 j 2)(m22 | 2) > (IIIolO)

where e(ml s m22) is real, as suggested by.Mandelsta_m7 in connection with

pion~-nucleon scattering. Then, for fixed W2 in the physical region,

2 2y o O, m?) |
(W, &%) =\ dm)” ——m— (I11.11)
‘ m + A : :
/ 2
wherev oo
' 2 2
e(m » I )
Re G(W°, m.2) = P 5 am_° 12 , (III.12)
2 5 1 2 B
() 1
and
2 2 2 2, ' '
Im G(W<, m,, ) = =x e(w ) Ty ) . (II1.13)

It follows from (III.12) and (III.13) that Re G(We, m22) is in general non-zero
for a wider range of 'm22 than is Im G(Wg, m22),,
the branch points of RerT(We, A?) extend over the wider range of the A2 real

Correspondingly, from (III.1l),

axis then they do for Im T(We, A?)° ‘

7 has shown that representations of the type (III.;lO) are

Mandélstam
compatibie with fourth order perturbation theory. We do not here rest our case
on the validity of Mandelstam's particular conjecture, but believe that the

general feature described is likely to be present in a correct two dimensional

representation.
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IV. Possible Continuation Procedures

One can think of many possible procedures for perfbrming.the required
continuwation from the physical regiqn, -1 € cos & & l, to the pdles at
éos e = (1 + Eﬁ; ). A detailed iﬁvéstigation of the kind of information
available from experiment, as well as the theoretical complications due to spin
and isotopic spin, must be madé before one éan say which‘procedureé'are practical.
Such an_investigation is uhder‘way and the results will be reported at a later
time. Here we merely mention a few general consi@erations.

In ﬁrinciple it is poséible to work directly with measured differential
elastic-scattering cross sections. That is to say, thé location of singularitieéli.
of the absolute équare of the scattering amplitude is the same as for the amplitude
itself. The polés are of second order but their strength is still simply relaied '
%o g2° One might thinkvthat this method of approach alléws the use of experiments
at'very high energy where the poles come close to the physical region° However,
when inelastic.processes are frequent the imaginary part of the elaéticfscattering
amplitude has a strong maximm at small angles (the familiar diffraction peak),
which tends to obscure the behavior of the real part. At backwara angles for n-p
" scattering the maximum in the imaginary‘parﬁ should be less ﬁronounced°
Roughly speaking, in order to find g2 directly from a forward angulér

distribution, one could multiply the experimental distribution by
_ . o 2 .
[cosea(l + -&2-)] , - ' (Iv.1)
2k - - :

'plot against cos ©, and hope that the resulting function is smooth enough to be
extrapolated to the required point. The procedure for backward scattering would
* be analogous. The difficulty with this approaéh is that the complete NN amplitude,
because of spin and isotopic spin, is made up of ten scalar qmplitudes»Which may

interfere with dne another so as to obscure the behavioi of the individuwal functions.
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For example, p~p secattering in the region of a few hundred Mev is roughly isctropiec
==ghowing little of the forward and backward peaking which is expected from the
influence_of our poles and‘which is present in n-p angular distributions. Evidently
cancellations are at work in the bep amplitude.

.Bhould the pole in the backward n-p scatitering be of sufficient prominence
to warrant detailed analysis, é possible procedure is the following:

Defining

2
x = (1 + ~E§ ) + cos® , : (1V.2)
. 2k ' ‘ : ‘
one may, after ﬁultiplying the experimental points fof, %%L-by xg, attempt a least
squares fit with a form
o ,
A + Bx + Cx° + ... . : (1v.3)

o y 8
The coefficient A 1is the desired quantity, being proportional to g .
The range of experimental points which may be used is determined by the distance
from the pole to the nearest branch point as given by (III07). Since a power
seriés converges within s circle whose boundary contains the nearest singularity,

experimental points in the range

' 2
-1 > cos & > =1 + %Q (TV.4)

are suitable, In other words, the physical range available is twice the distance
of extrapolation. NQ doubt more sephisticatedbextrapolation procedures are
possible, which further extend the useful physiéal range.

If at some energy a complete set of phase shifts and mixing parameters‘
were aveilable, one could construct the ten separate scalar amplitudes for each

of which the residue of the poles is related to gzo Multiplying any one by

o2
cqs'e'.gf(l-r-—eiz),



UCRL-8283

-11-

one would hope to find a smooth function in the small-angle (or large=angle) region
that could be extrapolated. |

| Evidently the'program outlined here may be‘regarded as a check on local

field fheory as applied to strong coupling phenomena. We are predicting that the

constant gg, determined by the proposed extrapolation proceduré, will not only be

' the same for all ten scaiar amplitudes but will also be independent of energy and

have the same valﬁe as that determined by pion-nucleon and photopion dispersion

relations.
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fh M

kh(M? + k2)

A
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£© = ( gﬁ-g) 2~ 0.08.
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FIGURE CAPTIONS
Figure 1: The single pion exchange disgram for nucleon-nucleon scattering.

Figure 2: .Diagrams showing the relation between (a) nucleon-nucleon and (b) nucleon-

antinucleon scattering.
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