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 Oxygen Vacancies of Anatase(101): Extreme Sensitivity to the

. Density Functional Theory Method

3 Mai-Anh Ha*' and Anastassia N. Alexandrova® ™"+

4 "Department of Chemistry & Biochemistry, University of California, Los Angeles, California 90095, United States
s *California NanoSystems Institute, Los Angeles, California 90095, United States

o 0 3 N

14  neighboring surface Ti atoms.

1. INTRODUCTION

15 The anatase surface remains ubiquitous in the field of catalysis
16 for its unique photoactivity,' ™ tunable through the use of
17 dopants,4’5 or size and structural selection,®™® and reactivity,
18 such as water-splitting”'® and the decomposition of organic
19 pollutants." "> Both theory and experiment have cited surface
20 defects such as oxygen vacancies to be a major contributing
21 factor in anatase’s catalytic activity. Although recent theoretical
22 studies have concentrated on the more reactive 001 facet,> a
23 return to the more thermodynamically stable 101 facet'* reveals
24 interesting subtleties, regarding the presence of surface and
25 subsurface oxygen vacancies.

26 Previous studies neglected spin polarization and used
27 semilocal functional Perdew—Burke—Ernzerhof (PBE)" in
28 collaboration with scanning tunneling microscopy (STM)
29 studies'®'’to establish the formation of subsurface oxygen
30 vacancies to be favored over that of surface vacancies. However,
31 a recent STM study found that surface oxygen vacancies
32 formed in the presence of a high positive sample bias or an
33 electric field."® Under experimental conditions, such as an
34 electrochemical cell, the presence of a potential bias and electric
35 field would guarantee the formation of surface oxygen
36 vacancies. Anatase remains a complex system to understand,
37 both experimentally and computationally. This study will strive
38 to elucidate a complete computational description of oxygen
39 vacancies in anatase (101) under varying parameters available
40 to density functional theory (DFT).

41 While the use of a semilocal functional may correct, in some
42 part, the tendency in DFT calculations to overdelocalize
43 electrons, it still falls short in reflecting the moderate to extreme
44 localization present in semiconductors and insulators.'”
4s Strongly correlated systems that feature localized d- or f-
46 orbitals require a hybrid functional or a DFT+U (LDA+U or
47 GGA+U) approach to reflect the properties of this system in
48 agreement with experiments. This becomes especially impor-
49 tant in nonstoichiometric systems, such as those containing

_
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ABSTRACT: We present a systematic investigation of the influence of theoretical parameters
on the characterization of surface and subsurface oxygen vacancies in anatase with the 101 facet
exposed. This metastable phase of titania continues to resist a facile description of its defects,
particularly, in the reduced state. Nine nonequivalent sites were examined under varying levels
10 of theory with characterization of formation energies, geometry, and electronic states extracted
11 from Bader charges, charge density, and density of states. At DET+U levels of theory, these sites
12 remain nonequivalent. We note a new surface oxygen vacancy minimum related to localization
13 of electrons at surface and a subsurface Ti atoms, rather than the more favorable localization at

oxygen vacancies. When a neutral oxygen vacancy is present, so
the additional two electrons from this defect may localize on s1
nearby Ti atoms, reducing Ti** to Ti**.””*' Moreover, spin- 5
restricted and generalized gradient approximation (GGA) s3
calculations neglect the magnetic properties of oxygen-deficient s4
TiO,.”* Previous theoretical studies using a hybrid functional or ss
a DFT+U approach recovered the antiferromagnetism of s6
reduced anatase,” a band gap of >3 eV typical of TiO, (PBE s7
underestimates at 1.77 eV),”" and gap states ~1 eV below the ss
conduction band found in the experiment.””*> These studies s
have primarily focused on characterizing the effects of an 6o
oxygen vacancy in bulk anatase. 61

Although the DFT+U formalism describes the oxygen 62
vacancy in the rutile phase of TiO, well, both in the bulk 63
and on the surface, the results for anatase remain ambiguous. 64
Bulk anatase featured quasi-degenerate simple and split 6s
geometries, ie, the two electrons from a neutral oxygen 66
vacancy either localized on a single Ti atom together or ¢
individually localized on neighboring Ti atoms.”” Allen et al.s s
occupation matrix control, which investigated specific occupa- 69
tion of d- and f-orbitals, found the same localization as DFT+U 70
and identified the stability of integer occupation of d_,-, d_;-, 71
and d;-orbitals.”’ Moreover, the incorporation of nonlocal 72
effects such as dispersion forces using Grimme’s method*® (the 73
DFT+D formalism) correctly predicted the thermodynamic 74
stability of the phases of TiO, (rutile > brookite > anatase).”” 7

Clarification of the presence of surface and subsurface oxygen 76
vacancies with additional computational parameters such as 77
those mentioned above has not been pursued. This study 78
proposes a comprehensive 3-fold approach in accounting for 79
the presence of surface and subsurface oxygen vacancies (V). 80
These parameters include spin polarization, localization of the s1
two electrons due to Vg, through the Hubbard U-value, and s2
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consideration of long-range interactions such as London
dispersion and van der Waal forces. These parameters will be
investigated individually and in combination, in order to
explore the method dependence of the formation of oxygen
vacancies in anatase. Results will be compared to the
experiment. Finazzi et al. had explored the dependence of U
in bulk anatase, specifying a U range of 3—4 eV to best reflect
experimental data, and that range will be pursued here for
surface anatase.””

2. COMPUTATIONAL METHODOLOGIES

All plane wave density functional theory (PW-DFT) calcu-
lations were performed with the QUANTUM ESPRESSO
package.”* ™" Spin-restricted and unrestricted calculations were
performed employing the PBE'® functional and using the most
recently available ultrasoft pseudo-potentials’™ with scalar
relativistic corrections. The PBE functional was used in all
cases. For brevity, DFT+PBE+D is referred to as DFT+D and
DFT+PBE+U, DFT+U. All calculations were spin-unrestricted,
except for the system labeled “Spin Restricted” in Tables 1 and
2 (given later in this work), in order to recover the presence of
localized electrons forming Ti*" states. The gap states caused by
these Ti*" states will be further discussed in the following
section. Large kinetic energy cutoffs of 32 (320) Ry were
applied to the wave functions (charge density). For
comparison, calculations utilizing the screened hybrid func-
tional by Heyd, Scuseria, and Ernzerhof (HSE) were also
pursued.””** The implementation of HSE required use of
norm-conserving pseudo-potentials with the PBE potential and
kinetic energy cutoffs of 32 (128) Ry, with respect to the wave
functions (charge density).” The HSE functional with 25%
Hartree—Fock (HF) exchange and a screening parameter of @
= 0.200 bohr™" was able to reproduce anatase’s band gap (see
Table 1).%° Janotti et al.’s values of 20% HF exchange and o =
0.106 bohr™' (~0.200 A™') were also tested. For their study,
these parameters yielded accurate band gaps and lattice
constants for the rutile phase of TiO,. However, for our
anatase slab, these same parameters resulted in large band gaps
of >3.60 eV and are not further reported here. All calculations
were done at the I point with a convergence threshold of 10~
Ry implemented during SCF cycles.

The anatase slab was modeled with lattice constants of a =
3.7845 A, ¢ = 9.5143 A from experimental crystallographic
data.”” The appropriate cuts were made to construct the most
stable and dominant facet (>94%) of the anatase crystal, the
101 surface, as a cell of 16 TiO, units.'* This cell was first
relaxed in the bulk under a Monkhorst—Pack grid of 4 X 4 X 4
centered at I" and then doubled along the z-axis for a total of 96
atoms. In surface calculations, the bottom third was fixed to
reflect the bulk and ~12 A vacuum gap was added to minimize
spurious effects between periodic cells. In order to facilitate
calculations and post-processing, lattice vectors that describe an
orthorhombic cell were used. Post-processing of calculations
was done with QUANTUM ESPRESSO to generate charge
density files and projected density of states (PDOS) plots.
Visualization of charge density difference was generated
through VESTA.”® The Bader charge algorithm for PW-DFT
was used to analyze shifts in electron density, following the
formation of an oxygen vacancy.”’

Note that, for ease of comparison, the surfaces utilized in this
study were grown from a bulk unit cell modeled from
experimental crystallographic data. Other sample cases were
examined under a denser k-point mesh (DFT+D+(U = 3.6)

with 3 X 3 X 1) or with an optimized lattice constant (DFT+(U
= 3.6)). Both of these cases resulted in some changes to the
energy, but did not change resulting trends in the lowest three
to four minima of oxygen vacancies as listed in Tables 1 and 2
(presented later in this work). These conditions resulted in a
minimum whose geometry was midway between the initial and
final geometries described in Figure 2. This is not surprising,
given the sensitivity of oxygen vacancy sites to computational
parameters (as evidenced below in Figures 2 and 3 and the
following section, Results and Discussion).

3. RESULTS AND DISCUSSION

The formation energies of oxygen vacancies were calculated
using the equation below:

1
Eform(VO) = Etot(def) - Etot(no def) + 5”(02)

where E,(def) represents the total energy of defective anatase,
E(no def) represents the total energy of stoichiometric
anatase, and p(0,) is the total energy of an O, molecule. The
reference energies of stoichiometric anatase and oxygen were
calculated under the same conditions as the defective anatase.
Figure 1 illustrates the cell and possible oxygen vacancy sites,

bottom
s kept
fixed

Figure 1. Depiction of a 32 TiO, unit cell with oxygen vacancies (V)
labeled. (Left) A monoclinic cell is displayed for ease of viewing the
nonequivalent sites for oxygen vacancy formation. (Right) For
calculations and post-processing, the lattice vectors were modified to
represent an orthorhombic cell (a = 9.869 A, b =7.569 A, ¢ > 25 A, a
=f =y =90°).

Voi1-09 and Table 1 lists the lowest formation energies. The
trend in formation energies at other sites, as compared to the
minimum, is presented in Table 2. Cheng et al. had previously
investigated sites V,_os under DFT+PBE, and V(, and Vj,
under DFT+U.'%* Slight differences in formation energies are
a result of our more rigorous kinetic energy cutoff and cell size.
Although Cheng et al. found Vs to be particularly stable at
larger cell sizes of 216 atoms, we did not find this to occur in
our cell. The formation energy of Vo remained >0.5 eV from
the minimum.

Because of the interest in anatase for photocatalysis and solar
cell use, the band gaps (Eg) of stoichiometric and reduced
anatase were extracted from PDOS plots (see Table 1 for
energies, Figure S (presented later in this work) for plots).
Projected density of states (PDOS) plots will be discussed in
conjunction with surface oxygen vacancy formation. Typically,
DFT underestimates the band gaps of materials with DFT+U,
providing some correction to increase the band gap, and hybrid
functions or GW many-body perturbations, providing the best
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Table 1. Lowest Formation Energy (Eg,,) and Band Gaps (E,) of Oxygen Vacancy under Varying Computational Parameters”

system Vo vacancy site settings Erom (eV) Eqtoich (€V) Egger (€V)
I 9 subsurface (see Figure 3) spin-restricted 3.88 1.72 1.67

I 9 subsurface (see Figure 3) spin-polarized 3.88 1.71 1.62, 1.71
I 1 surface DFT+D 4.19 1.72 1.58
v 1 surface DFT+(U = 3.0) 412 2.02 2.10
\% 1 surface DFT+(U = 3.6) 3.82 2.10 2.15
VI 1 surface DFT+(U = 4.0) 3.61 2.15 222
VI 1 surface DFT+D+(U = 3.6) 393 2.10 215
VIII 1 surface HSE (HF,,s, PBE, ;) 291 3.21 3.20

experiment

32,0 34¢

“Note: Band gaps (E,) were calculated from density of states (DOS) plots of both stoichiometric (stoic) and defective (def) anatase with the lowest
oxygen vacancy formation energy. There are two values for spin-polarized calculations on the defective surface, because of the splitting at the
conduction band. The total DOS plots revealed a shift in energy apart of the spin-up and spin-down components at the conduction band resulting in
two different band gaps. Systems II—VIII are spin-unrestricted. “Data taken from refs 42 and 43. “Data taken from ref 44.

Table 2. Sorted Formation Energy (AEg), with Respect to Minimum of Oxygen Vacancy under Varying Computational

Parameters”
I II 1T v \Y% VI VII VIII
Spin-Restricted Spin-Polarized DET+D+ HSE
(DFT+PBE) DFT-+PBE) DFT+D DFT+(U = 30) DFT+(U=36) DFT+(U = 4.0) (U = 3.6) (HF, 55 PBEq )
Vo AEs(eV) Vo AEr(eV) Vo AE(eV) Vo AEs(eV) Vo AE:(eV) Vo AEr(eV) Vo AE(eV) Vo AE: (eV)
9 0.00 9 0.00 1 0.00 1 0.00 1 0.00 1 0.00 1 0.00 1 0.00
4 0.0S 4 0.05 9 0.00 6 0.35 6 0.31 9 0.78 6 0.32 4 0.39
6 0.22 6 0.22 6 0.01 4 0.49 4 0.73 N 0.78 4 0.83 6 0.50
1 0.23 1 0.23 4 0.02 S 0.68 3 0.92 8 0.81 3 0.93 S 0.83
N 0.85 N 0.70 N 0.58 9 0.70 S 0.92 6 0.82 S 0.98 7 0.89
8 0.93 8 0.90 8 0.74 8 0.80 9 0.93 7 0.84 9 0.98 9 0.89
7 1.05 7 0.98 7 0.81 7 0.82 8 0.99 4 0.89 8 1.02 8 0.90
3 1.30 3 123 3 1.01 3 0.86 7 1.02 3 1.01 7 1.04 3 121
2 1.83 2 1.70 2 1.49 2 1.32 2 1.38 2 1.10 2 1.40 2 1.22

“Note: In all systems except for System I, spin-restricted (DFT+PBE) calculations were spin-polarized and often exhibited gap states of localized

Ti** in projected density of states (PDOS) plots.

. . . 222441 .
correction to directly reproduce the experiment. Since

the band gap is a bulk property, the band gaps calculated for
surfaces will not necessarily be reflective of the bulk. He et al.
observed that the anatase surface is particularly sensitive to
experimental conditions, displaying color changes from orange-
clear to darker blue, so band gaps extracted from surface
calculations might still be of considerable interest.'” Our values
of the band gap at the surface are not unusual for DFT with E,
~ 1.7 eV and DFT+U with E, ~ 2.1. HSE reflected the most
accurate band gap with E, ~ 3.2 eV for both stoichiometric and
defective anatase. In our calculations, DFT+D resulted in a
slight decrease in the band gap, but the effect was negligible in
conjunction with Hubbard U. The presence of an oxygen
vacancy produces a slight compression of the band gap under
DFT+PBE and DFT+D and slight expansion under DFT+U
and DFT+D+U levels of theory.

In our systematic investigation of oxygen vacancy formation
in anatase, we found a significant dependence on computational
parameters in influencing not only the geometry and energy of
surface and subsurface sites V5, and V,, but also many other
sites. Notably, further analysis of Vo4 and Vg yielded other
unique, DFT-method-dependent minima (see Figure 2 and 4
(presented later in this work) on Vg, Figure 3 on V). Cheng
et al. noted that subsurface site V4 is unstable, resulting in the
surface O, filling the site (in Figure 2, surface O, are colored
green, for the sake of clarity). Our investigations show that this

Figure 2. Under the DFT+D, DFT+(U = 3.0, 3.6), and DFT+D+(U =
3.6) formalism, the surface oxygen O, (colored green) will migrate to
fill the vacancy site Vo during geometric relaxation. This results in a
surface oxygen vacancy, whose electronic structure is identical to the
one formed through vacancy site Vg, under DFT+D, but remains
unique, compared to Vg, under the DFT+U and DFT+D+U (see
Figure 4).

occurs in all calculations except for DFT+(U = 4.0) and HSE,
whether we remain at the DFT+PBE level or continue in
complexity toward the DFT+D, DFT+(U = 3.0, 3.6), and DFT
+D+(U = 3.6) formalism.

In comparison to Vg, the formation of V4 remains unstable
only at DFT+PBE and DFT+D levels of theory and minimizes
to form a distorted Vi, (see Figure 3). This phenomenon at
sites Vs and Vo, reinforces the need for acknowledgment and
understanding of the theoretical parameters in use to
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DFT+PBE
-
E.,. (€V)=388

DFT+D
E,. (eV)=4.19

Form

Figure 3. Creation of an oxygen vacancy Voo (green, labeled) is unstable in DFT+PBE and DFT+D calculations, resulting in the oxygen above
(green) attempting to fill the site (indicated by a black arrow). The resulting geometry is that of a distorted subsurface oxygen vacancy with the site
symmetry of Vi, (green, labeled). These are the global minima of DFT+PBE and DFT+D calculations.

DFT+PBE

(D)

Figure 4. Isosurfaces of defective anatase depicting the difference in charge density, with respect to the stoichiometric cell. The considered defects
are the surface oxygen vacancy resulting from Vj, (top) and surface oxygen vacancy resulting from Vo4 (bottom, see Figure 2 for labels). Red
represents a negative difference in charge density and blue denotes a positive difference, with respect to the stoichiometric cell. Surface oxygen
vacancy formed from minimization of site Vy; or site Vg is indicated on the image. (A, D) In the DFT+PBE and DFT+D formalism, the differences
in charge density remain negligible between the surface oxygen vacancy formed by minimization of V; and V. (B, E) In the DFT+U and DFT+D
+U formalism, the surface oxygen vacancy formed by V, results in more extreme shifts in the electron density of atoms surrounding the site. (C, F)
Under the DFT+(U = 3.6), Bader charges at neighboring Ti atoms for a surface oxygen vacancy formed from site Vy, (C, electronic occupations at
surface Ti) and from site V4 (F, electronic occupations at surface and subsurface Ti).

216 characterize oxygen vacancies in anatase. At DFT+PBE and
217 DFT+D levels of theory, Vo, and Vg4 (see Figure 2 for
218 formation of the surface oxygen vacancy), Vo, and Vg, (see
219 Figure 3 for formation of the subsurface oxygen vacancy) are
220 almost interchangeable, resulting in the same minimum. At
221 DET+(U = 4.0) and HSE, all Vj, sites remain stable. Moreover,
222 the formation energies of these sites reflect the symmetry of
223 their coordination to other atoms. The energies become
224 increasingly degenerate for vacancies formed deeper in the cell;
225 Vo7 and Vg are almost degenerate, while sites Vo5 and Vg are
226 degenerate.

227  Under the DFT+U formalism, the surface oxygen vacancy
228 that results from minimization of V4 differs from surface
229 oxygen vacancy V. Plots of the difference in charge density,
230 with respect to the stoichiometric cell, reveal subtle shifts in the

electron density at the subsurface oxygen vacancy cite (see 231
Figure 4). Bader charge analysis pinpoints the shift. Integration 232 14
of the density along the zero flux surface results in occupation 233
of ~0.3—0.4 e on neighboring titanium atoms. The localization 234
of electrons on two Ti atoms differs between the resulting 235
surface oxygen vacancy from Vi, and Vj,. At Vy, a localization 236
of ~0.3—0.4 e occurs on both surface Ti atoms that are 237
connected to Vg, while the localization is split between the 235
surface Ti and subsurface Ti atom bridged by Vs A shift of 239
~0.3—0.4 e is significant, with respect to the original charge of 240
+2.2 e on Ti atoms, reflective of the mixed ionic—covalent 241
nature of the Ti—O bonds in semiconductor titania, character- 242
istic of easily reducible oxides.* The subsurface oxygen vacancy 243
Vs is stable only at the DFT+(U = 4.0) and HSE levels of 244
theory, but atoms are significantly distorted around the site, 245

DOI: 10.1021/acs.jctc.6b00095
J. Chem. Theory Comput. XXXX, XXX, XXX—XXX


http://dx.doi.org/10.1021/acs.jctc.6b00095

fs

Journal of Chemical Theory and Computation

-5 -4 -3 -2 -1 0 1
Energy (eV)

100 total DOS - spin up— total DOS - spin up—
—_ total DOS - spin down - total DOS - spin down -+
%J 80 1
S~
n
c
260
—

[S) ¥
Q@
40
8
A 20
o
-5 -4 -3 2

20 total DOS - spin up—
— total DOS - spin down -
> surface Ti (left)- spinup -

surface Ti (right)- spinup =

g 15 9 pinup
(%)

c

o

S

© 10

Q

L

Q5

@)

[a]

a

- -1 0
Energy (eV)
total DOS - spin up—
total DOS - spin down -+
subsurface Ti - spin up *
surface Ti - spinup =

T5 10 05

-0.5 0
Energy (eV)

-1.5 -1.0 0

-0.5
Energy (eV)

Figure 5. (Left) Density of states (DOS) plots depicting localization of electrons in the band gap on surface Ti atoms with the formation of a surface
oxygen vacancy at Vg,. (Right) DOS plots of electrons localized on the surface and subsurface Ti atoms with the formation of a surface oxygen
vacancy from Vi (for visualization of this process, see Figure 2). The top graph displays the total DOS, with respect to spin, and the bottom graph
illustrates features of the partial DOS of Ti’s d-orbitals. Energies are shifted with respect to the Fermi energy set at zero. These plots are from DFT

+D+(U = 3.6) calculations.

246 resulting in a higher formation energy. Surprisingly, the shift in
247 electronic occupation between the DFT+(U = 4.0) and HSE is
248 different. In DFT+(U = 4.0), the occupation resembles that of a
249 surface oxygen vacancy, localizing at the Ti atoms below Vg,
250 whereas, with HSE, the occupation remains at the neighboring
251 Ti atoms, 0.45 e at the surface Ti and 0.46 e at the subsurface
252 Ti.

253 The two surface oxygen vacancies are further examined
254 through PDOS plots (Figure S), which show band-gap states
255 comparable to experiment, displaying Ti** states ~1 eV below
256 the conduction band.***” Moreover, the PDOS of d-orbitals of
257 neighboring Ti atoms corroborates features observed in charge
258 density difference plots and Bader charge analysis. The
259 characterization of the formation of a surface oxygen vacancy
260 from site 1 and site 6 by PDOS reinforces their unique identity.
261 An oxygen vacancy formed at Vi, presents close, overlapping
262 peaks in the band gap states related to the neighboring surface
263 Ti atoms. Smearing occurs due to the similarity between the
264 neighboring surface Ti atoms, both feature 4 Ti—O bonds. In
265 contrast, a surface oxygen vacancy resulting from Vg presents
266 distinct split peaks ~0.5 eV from each other as a resulting of the
267 differing coordination of the Ti atoms: surface Ti coordinates
268 to 4 O atoms and subsurface Ti to 6 O atoms. In other words,
269 this electron experiences an electrostatic penalty by localizing in

the bulk, as opposed to the surface resulting in the AE ., ~ 0.3 270
eV. 271

The geometries of these surface oxygen vacancies may be 272
comparable, but their electronic occupations are not and may 273
influence future studies on the catalysis and binding of small 274
molecules.***’ Furthermore, in a recent STM study, the 275
formation of surface oxygen vacancies was observed to be a 276
result of subsurface oxygen vacancy clusters migrating to the 277
surface.'® Setvin et al. suggested that the presence of a positive 27
potential bias or electric field from the STM tip led to the 279
injection of “hot” electrons into the surface that aided in the 280
migration of subsurface vacancies to the surface. These 281
migrations resulted in pair and triangular formations of surface 282
oxygen vacancies, which may have been stabilized and 283
precipitated by these unequal occupations on neighboring Ti 284
atoms. 285

4. CONCLUSIONS

In this theoretical study on oxygen vacancies, we have shown 286
the influence of computational parameters on the energy, 287
geometry, and electronic occupation of these vacancies. While 288
there have been many studies conducted for bulk anatase or 289
surface anatase with an oxygen vacancy at Vg, or Vg, none 290
have attempted a comprehensive outlook on all nonequivalent 291
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sites and their subsequent optimization beyond PBE. Under the
DFT+U formalism, analysis of these nonequivalent sites
resulted in the discovery of two distinct surface oxygen
vacancies related to their component reduced Ti** states.
This may affect future studies regarding catalysis of small
molecules on surface anatase or aggregation of clusters of
oxygen vacancies. This study is meant to inform and guide
future modeling of defective anatase(101) to be aware of the
dependence of results on computational parameters on oxygen
vacancies.

Since the formation of surface versus subsurface oxygen
vacancies in anatase(101) seems to be condition-dependent in
experiment as well as in theory, the choice of DFT method lies
in what material properties are currently being investigated.
DFT studies comparing to experiments under ultrahigh vacuum
might neglect dispersion and Hubbard U corrections to
preferentially treat subsurface oxygen vacancies while those
considering catalysis in the presence of a potential gradient (as
in photocatalysis related to electrochemical cells) may well
include dispersion and Hubbard U corrections or hybrid levels
of theory to consider surface oxygen vacancies. Moreover,
consideration of gap states in experimental DOS absolutely
requires spin-unrestricted, Hubbard U or hybrid levels of
theory.
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