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CYCLOTRON ECHOES IN Cs WAPOR
o thn.Wesléy Shaner
Inorganic Materials Research Division, Lawrence Radlatlon Laboratory,
and Department of Physics,
Un1vers1ty of Callfornla, Berkeley, Callfornla
ABSTRACT
"Cyclotron éghoes ﬁave Been stﬁdied.in.a weakly ionized cesium plasma
in a maénetic field; .The behévior of thé»multiple echoes following two
resonant microwave ?ulses (two-pulse echoes) aﬁd those following three
resohant micréwave pulses (three-pulse echoes) are shown fqr various
pulse Spacings and neutral Cs densifies. These résults are compared
with various the;retical models. On the basis of this comparison, the
Qelbcity depgndence of the eleétron-neutral collision freghiency is c¢hosen
as the meéhanism for twd-pulse echo generation. Several mechaniéms are
invoked to expiaihbthe three-pulse echoes, inclﬁding scattering without
diffusion.and‘diffﬁsioﬁ across flux lines. A detailed comparison.is

made between the results from these models and the experimental results.



"... now Echo always

says the last thing she hears, and nothing further."
' 1

Ovid
‘i. INTRODUCTION

Acéordiqg to Bulfinch,2 Echo was well known to Greeks and Romans
over two éenturies ago. She was the nymph who distracted Hera with her
chafter While-Zeﬁs, whé was amusing himself ﬁith the other nymphs, made
g0 his retreat. When Hera found out fhis scheme, she punishéd Echo by
limifing‘hér speech to those words she had just heard. With this curse,
Echo had the further misfortune:to meet by“chahce'and fall in love.with
Narcissﬁs.v When this self-centered ybuth repulsed her advanceé, Echo
ran‘aWay to the mbuntaiﬁs to hide hef shéme. In her grief her flesh
shrank aﬁay until ohly her voice remained to feply to all who called to
her'in the mountains. | | | |

This was undoﬁbtedly only a formal description of the phenomenon
of eéhpéé, which.had amused men since our simién ancestors first heard
their screéches echoed in mountainous areas. Uhfortunateiy'fhe first
observétién went unpublished, so it cannot be prbperly referenced.

No echo- phenomena other than returning waves bounced off of reflec-

5

ting surfaces were observed until 1950, when Hahn” reported the first

nuclear spin echoes, These echoes were shown to be useful in the study

of the various relaxation mechanisms affecting nuclear moments.” Soon
thereafter echoes were observed in several other quantum systems involving

a small number of levels. The list now includes transitions ih electron

2 6-1 molecular rota-

paramagnetic,u nuclear quadrupole,” electric dipole,

tional,8 molecular vibrational,9 and atomic hyperfinelo systems.
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In a paper by Feymman et al.ll the fact that all two level quantum
systems can be cast into the same form as the nuclear spin i/2 system 1is
proved. Also, it is well known that when proper statistical averages afe
taken in a quantqm mechanical spin system,'the resulting equation of motion
for the macroscopic moment is the same as that obtained from classical
theory.12 ‘Therefore, to the extent that these quantum systems can be cast
into a two-level form, they can all be explained by Hahn's original treat-
ment.j |

More recently similar echo phenomena have been observed in the Landgu
levels of a free electron gas, and in several systems with collective
modes. The former are called cyclotron echoes..l5 The latter include

15

ferrimagnetic modes,lu and electron. and ion16 plasma waves.

What‘all of these systems have in common is an inhomogeneously
broadened spectrum (frequency or velocity), defined as follows: there is
some subensemble of the system, including all its interactions with
the whole system, for which the spectral width of the subensemble is
less than that of the whole system. Also some condition on how wildly
the inhomogeneous broadening mechanism Qaries withbtime is necessary. A
sufficient, though not necessary condition for all the sysﬁems in which
echoes have been observed is that the frequency of any oscillator is con-
stant for the duration of the echo experiment. Less strict conditions are
shown to be sufficient in Appendix D. Examples of such a broadening
mechanism for localized oscillators, like spins, are aﬁ inhomogeneous
magnetic field; sttrain broadening, and doppler broadening. In the electron
plasma wave echoeéi the spectrum can be thought of as the whole electronic

velocity distribution. Any subsystem, for example, that part that is

affected by the Landau dampingiﬁﬁ@s a smaller spread in phase space, and
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therefore a smaller spectral width, according té the above definifion.

In addition, there may be a homogeneous broédening mechanism acting
on the system. By this is\meant the spectral width of a single oscilla-
tor plus its interactions. This mechanism ultimately determines the'decay
rate of the echo. Therefore, a study of this decay rate is a study of the
homogeneous broadening. |

'When a signal comes from such an inhomogeneously broadenéd system
it is usually an average over the whole line weighted by a spectral dis-
tributioﬁ function, g(Q) (or f£(¥) for the plasma wave echo). If the
inhomogeneous line has a width A, such an average decays with a character-
istic time Ié* = 1/A. Thus, any signal arising from an average.over the
whole spectruﬁ.will decay with this time constant. However, a particular
isochromat (a éollection of oscillators with the same center frequency
for their homogeneously broadened lines) continues its cohérent motion in
phase space for(é time T2 = 1/8 wheré & is the homogeneous spectral width.
Therefore the inhémogeneously broadened line condition (Té*_< Té) implies
that although the macroscopic signal deéays with a time constant Tg*, the
microscopic dynamics of each isochromat remains coherent for a time T.,
and therefore the system contains more information between these two times
than the macroscopic signél would indicate. All of these echo phenomena
use some form of trickery to extract this information, thereby yielding
a measure of Té;

The first observation of cyclotron echoes was made by Hill and
Kaplan15 in 1965. Their system consisted of the free electrons in av
weakly ionized plasma in an inhomogeneous magnétic field. The magnefic
field was such ﬁhat the electron cyclofron frequency was resonant with
the microwave fields. X-band microwave pulses, ten nanoseconds in

duration were directed at the system in the time sequence shown in Fig. 1.
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Figure 1, Two- and three-pulse cyclotron echo timing sequence.
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Multiple echoes, equally spaced in tﬁe time domain weré radiated
from the system after both the_second (two-pulse echoes) and the third
(three—pulse echoes) microﬁéve pulses. These echoes were extremely power-
ful, sometimes as large as 0.1 milliwatt. The plasmas in which cyclotron
echoes were observed wererArgon, Neon, and Nitrogen, with typical neutral
densities of lOlu—lO15 em™ (5-50><10"5 Torr) and electron densities of
108-109 cme. Echoes were also observed somewhat la?ér in a strongly
ionized Cs plasma.21

These observations resulted in several theoreﬁical papers discussing
echo forming mechénisms. Included in these mechanisms wére the non-
linear intefaébion of the.electron with the microwave fields,17 the rela-
tivistic eiectron mass shift,18 and the veiocity dependence of the colli;

19

sion frequency. The first two mechanisms were calculated to give echo
powers proportional to (v/c)2 where v is the electroniq velocitj, and ¢
is the speed of lighﬁ, but no numbers were reported fof an absolﬁte mag-
nitude of the echo power. When such a number is calcﬁiated, it turns
out orders of magnitude foo small to explain the observed echoes. Thé
velocity dependent collision frequency mechanism was shown to give the
correct order of magnitude for £he echo‘amplitude, but no detailed com-
périsons of theory with data have yet been published. In this work, we
present such a comparison for a weakly ionized cesium plasma.

The only theoretical mechanism which has even predicted a correct
order of magnitude for the three pulse echoes involves the diffusion of
electrons across flux lines in the plasma.go Again, no detailed compari-
son of experimental data with this theory have been publishgd.

In this report, the velocity dependent collision and other mechanisms

for two-pulse echoes are discussed in Chapter II. Also, in that chapter
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detailed.calculations of the two-pulse echo behavior for the weakly
ionized Cs plasma are presented. In Chapter III, three-pulse echo
mechanisms are discussed. Finally, in Chapter IV the experiments are
discussed and the experimental results are compared with the theories

of Chapters II and IIT.



II. TWO-PULSE ECHOES
A. Assﬁmptions

Severai assumptions shall be made at_the outset concerningrthe system
considered. First, we assume a linear interaction of the plasma electrons
with the resonant microwaves. This assumption will be reasonable so long
as thevincident hiérowave pulse power'is not too 1arge; When the pulse
pover gets so large that the resulting electron vélocity cannot be neglec-
ted wheh coﬁpared'to the speed of 1light, this fifst assumption breaks
down. Of‘COufse, this is equivalent to ignoring all relativistic effects.
The consequences of large pulse poweré are discussed .in Section IIE.

A second assumption to be made in the fbllowing discussion is that
the system is classical, as opposed to a quantum system. Since the
characteristic electron energy in this wbrk is 1 electron volt, the Iandau
level quantum number is of the order of 2x10u, so quantum effects in
the degrees of freedom transverse to the magnetic field can be ignored.
Also, in view of the macroséopic size of the plasma (~10 cm) the velocity
component parallel to the magnetic field can be considered continuous.

-3

The typical electron densities used in this work were around lO9 cm 7,

b

At this density, the Fermi energy cofresponds to 10~ degrees, so for

a room~temperature plasma we certainly may neglect degeneracy effects.

B. Interaction
By considering the electron distribution in velocity space, one
can write the equation of motion for an electron in a static magnetic

field, ﬁ = HZ, and a time varying electric field, E(t):

jeal B

=?% (t) +02x v, . | (1)

<y

vhere @ is the cyclotron frequency. (w = eH/mc;)n For the vector
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componsernts transverse to the magnetic field we shall use the complex no-
tation v, = Re(¥) and vy = Im(¥). In this notation, the transverse part

of Eq. (1) becomes

av

e E () + iV (2)

which is solved by the convolution

V(w,t) = / - 2B g (3)
-Co m .
The case of interest in this work is that of an electric field
oscillating at a frequency near the cyclotron frequency and polarized .
linearly in a direction perpendicular to the magnetic field. Thus,

i t -im t

E(t):%(E(t)e ° 4+ E(t)e ° )

where E(t) is real. Further, the assumption is made that E(t) varies

slowly compared with the oscillation frequency:

dE
5 << . (4)

eal ol
o,

Then for times after the end of a microwave pulse,

ei‘“t%-f (E(-fc)e-l(w-mo)m
- (5)
-i(wrtw )t
o} )dj

v(w,t)

e
m

+ E(7)e

1 iwt e
%—g—e I.EE(Q) )

where E(Q) is the Fourier transform of E(t), and Q = o If further

Oo

we go to a frame rotating about ﬁ-at frequency‘ab, then



H(e,t) = el 5 SE(0) . | o - (6)

Thus, the magnitude of the veloéity of an electron with a particular
cyclotrbn frequency'will be proportional to‘the Fourier component ét
that ffequency of the microwave pulse épectrum. Hereafter we shall refer
to —E(Q) as the area of the pulse. |

For ‘the 51mple model of two-pulse echoes the pulses will be assumed
§hort enough so that t? << AQ, where tp ;s the pulse width and AQ is the
ﬁotal electron spectral line-width; In this case the pﬁlse spectrum is
constant ovéf the electron line, and the eiQJC term can be neglected during
fhe pulse,-so all the electrons respond identically. If the pulse spec—
trum is not constant over the electron line, iﬁ is possible, in view of

(6) to étore the spectral information in the electron velocity
distribution. Harp, et al.zo have shown this to be the case, and also
they'ha#e shown that under suitable conditions this spectral information
can .be ietrieved as modulation in the echo shape._

In this rotating frame in velocity space representation, the free

motion of an electron is simply described by

it ~
(

#t) = ' Ho) | S
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C. Simple Model

Using Egs. (6) and (7) one can see what thz response of the electrons
will be to two pulses of resonant microwaves. The first pulse is applied
at f = 0, and the second pulse, equél in area, is applied at t = 1, where
T .1s much greater than the reciprocal spectral width of the electron
resonance., - As 1s shown in Fig. 2, the electron distribution in velocity
space will be a thermal ball at t = O with a radius of about 0.17
(e.v.)l/é, corresponding to a Maxwell-Boltzman distribution at 300°K..
After the first pulse the ball is displaced by vo(~ 1 (e.v. )1/2). At

t = T the ball has fanned out into a doughnut, of radius v.,due to the

o’
spread in Q. The second pulse further accelerates those electrons. that
are iﬁ phase with the microwave pulse at t = T, and decelerates those

that are out of phase with the pulse,.resulting in a displaced doughﬁut

after the second pulse. In fact, a simple geometrical construction shows

that the velocity of any electron after the second pulse is given by

V()| = 2volcos %;I . v | (8)

This function is seen to be periodic in Q with period 2ﬂ/T. Since the
radiating dipole moment is proportional to IGI, this velocity distribu-
tion in itself hints at beating, with beatsispaced by 7 in the time do-
main, However, care must be taken in considering the initial phases of
the electron oscillators.

In order to see that no beating or echo phenomena occur for the
system so far described, consider the classical cyclotron radiation
from the electron gas. The dipole moment for a given oscillating electron
is simply'-|e|Rc, where Rc is the cyclotron radius. Since RC = V/dk’

the electric dipole moment for an electron with cyclotron frequency w,
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c. t=7T

Figure 2. Electron velocity distribution at various times

during the pulse sequence.




is Iﬁl = %§-|$ . We can then define an average polarization for the

whole gas as

B(t) =/O° Ha,t) g(e,t) a0 , | (9) .

-0

where we have gone to the complex notation in the rotating velocity space,

and we have introduced an electron spectral distribution function,

g(9,t), which may be time dependent. The distribution function is normal-
©

ized so that/ g(2,0) dQ = 1. This form ignores propagation effects,

and thus reall;éapplies'only if the system is small compared with a micro-

wave wavelength., The propagation effects will be considered in Section

ITE. The total power radiated by a collection of coherently oscillating

dipoles is

L

[4V)

P =
5c3

%, (10)

where @ 1is the frequency, ¢ is the velocity of light, and N is the. number.
of oscillators. Therefore, the power radiated by the plasma electrons
can be written

NE 22
e w ~ 2
P = — |P|

3¢

. (11)

This expression has, of course, ignored the incoherent dipole radiation.
which ocecurs even when P = 0. But the incoherently radiated power is
less intense by a factor of N, That is, the power radiated incoherently

-3 ) 11

2 ' -
by 10™ electrons (lO9 em © over 10 cm” volume) is about 2x10 watts,
or a factor of ten smaller than the sensitivity of the wide-band receivers
used in this work.

Using Eq. (9), we can now calculate the linear response of the
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electron gas to resonent radiation pulses. Referring to Fig. 2, we can

write »
$(2,0) = 0,
G(Q,f > tp)f o eigt,.and . _ (12)-
Fa,t > 1+ t) = vo(ém’E v 1) ilt-T) |
. Therefore, - o o :
B(0)=0, | S ()
B (tp <t <q) = Vo G(t), and | (1§b)
Bt >t + tp) = vy (6(t) + 6(t-1)), - (13c)

where Gv(t) is ﬁhe Fourier transform of the distribution function:
Ca(t) = fm g(-Q)eiQt an
—c0

_These expressions have ignored the thermal smearing of the electron velo-
city distribution. Equation (13b) expresses the resﬁlt, famiiiar as free
induction decay in m.agneti_c.resonance,22 that the résponse of a system to-
a delta.funcfion excitation pulse is Jjust the Fourief transform of the
systéﬁ's spectrum. Since we have assumed thnat the electron spectral width
is much greater than 1/t, g(t) is essentially Zerovfor t > 7. Equation
»(150) then shows that the response following the secoﬁd pulse is simply
anothef free induction decay, this time centered about tv= 7, the time

of the second pulse. As promised above, there is no echo at t = 21, or‘.
any later time.

From Fig. 2 we caﬁ see that the velocity of a particular isochromat
has in general an x componeﬁt;after the second pulsé. Therefore, at t=r,
Just after the second pulse, each isoéhromat has'a‘phase , 6, associéted
with it, where 6 = tan'l(vx/vy). If this phase is ignored, and the total

velocity given by Eq. (8) is considered to be vy at t=t (VX =0 at t=t1),
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then (v(Q,t) = |¥(Q,t)| = EVOlcos %;I. Since this expression for v is

periodic in @ and even, we can write it as a Fourier series:

G(Q,T) - eanT + e-anT]

0 % an[ :

Then, inserting this into Eq. (9), we have the result:

B(t >1 + tp) =v, & a {G(t + (n-1)7) + G(t-(n+1)7)}, (1k4)
e

where the first few Fourier coefficients, a ., are:

a, = L /m
a, == (4/m)
15
1
a2 = - 1—5— (LI-/’fT)

Thus we see maxima in the average macroscopic polarization centered around
t = (n+l)t for n = 0, 1, 2, .... . These maxima, echoes or beats, are
just what one would expect from a spectrum of oscillators ﬁith amplitudes
a periodic function in the frequency domain, if all the oscillators started
out in phése. The importance of cohsidering the phase of each oscillator
exactly, is then clear, since the treatment of Eq. (12) leads to no
response after the free induction tail following the second pulse. Thus,
as expected, the linear system so far described behaves linearly.

The non-linearity we shall introduce in the simple model is the
energy dependence of the elastic scattering cross section for electron-atom

19n This choice is motivated by the fact that the experimentally

collisions.
observed cyclotron echoes have maximum amplitudes for pulse spacings of
the same order as the electron-atom collision times. The electron-Cs

and the electron-A total scattering cross sections are shown in Fig. 3,

along with an idealized cross section which is useful in conceptualizing
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Figure 3. Argon and cesium total scattering cross sections
as a function of electron velocity. The argon data and the

1
cesium data above 0.5 (e.v.)? is from Brode?3, and the low

energy Cs data is from Chen and Raetherzu.
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the echo process. The striking minimum in the Argon cross section is
known as a Ramsauer minimum after the early measurements of this effect
by Ra.msauer.25 This effect was explained theoretically by Allis and
Mbrse,26 who used the then new quantum mechanics of atoms. The effect
ariées essentially'because an electron in the #icinity of a neutral atom
bolarizes it, thereby creating a potential well fbr'the.free electron.

It the electron's de Broglie wavelength is comparable to the width of the
potential well, then there is a possibility.of resonant transmission
through the well or reflection from the well. Allis and Morse's
calculations indicated that this process was exactly what happened

for electron‘ehergies ih the one volt region, with the resuiting large
oscillation in ﬁhe elastic scattering cross-section for electron ve-
locities of about 1 (e.v;)l/g. In the Cs case the measured cross-section
is not entirely due to elastic écattering. The cesium D lines fall

at 11,178'and 11,732 cm_l respectively,27 corresponding to an energy

of l.Bvé.v. Thus, the cross-section measured around the peak at

1.5 (e.v.)l/2 is for a combination of elastic and inelastic scattering
events. This problem of interpretation does not arise in the Argon

case, since the first excitation for Argon is at much higher energies

than those used in this work.
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The final sﬁep in the éimple model is to includé ﬁhe effect of
collisions on the distribution funétion.b At any given time the.electr§n
in its orbit has a phasé angle associafed.wiﬁh it determined by'the
directioh of the radius vector tb the électron poSifiQﬁ relative to‘
some fixed dirédfi@n. This phase angle/éan be thought.of as the angle{
betwéeh therihstantaheoﬁs Qéioéity vector and some arbitrarily defined :
direction perpe.ndicular to the xﬁagnetié field. If the magnetic field
variation is smali over diétances'cﬁmparable to the cyclotrdn orbit
siie, eiéctrons in brbitsneérby £he oné under considerétion will have
e»és.en‘tia‘lvly‘ -;chébsame phase anélé, if théy are still oscillating co-
herenfly. Any change in this phase angle changes the phase of the
radiated-eiectfic field, and only thét component of the electric field
in the direction of the radiated field from the unscattered eléctrons
will add cohérently to the radiation from the electroﬁs} Such a
change in the ﬁhase angle of an electron orbit is analogous to thé Eé
processes of magnetic resonance. But an elastic scattering event resu;ts
in just such a diécontinuoué éhéhéé-in pﬂasé angle. As a result of.a .
scattering event,the electron velocity_éhanges abrupﬁly as the electron

starts orbiting around a new center. The center of the orbit moves less than
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twice the cyclotron radius, so the fixed reference direction for deter-
mining phases is the same for the new orbit, while the direction of the
radius vector changes abruptly. We shall defer until the next section a
detailed discussion of what cross section is to be used in describing the
relaxation pf the polarization. For the simple model it sufficés to say
‘that we can separate the distribution function into a coherent part, 8.»

- for those eiectrons which have not been scattered, and an incoherent

part, g5 for those electrons which have been scattered.
g(Q,t) = gC(Q:t) + gi(Q,t). (15)

.Since those electrons contributing to gi have a random phase, the inte-
gration giving the macroscopic polarization will vanish for this part

of the distribution fUnction. Thus, only the coherent part of the dis=-
tribution function is then to be used ih Eg. (9) to calculate the polari-

zatioﬁ.' The equation of motion for g, can be written

éC(Q;t) = - Vc(Q’t) 8C<9;t>J <l6)
where vC(Q,t) is the collision frequency,

VC(Q:t) = No(Q,t) v ’ . ' '(17)

where N is the density of scattering centers (e.g. neutral atoms), o is

a scattering cross section, which depends on Q@ through the velocity de-

-

pendence on 2, and v is essentially the electronic velocity (or‘more pre-
cisely, the average relative velocity between the electron and an atom).

Solving Eq. (16),
- ft v (Q,t') at!

g (2,t) =g (0,00 e O ° (17)
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one can see that the distribution function gets a periodic modulation.

imposed on it, since Vo is now a periodic function of Q. Therefore,voﬁe
’ ) ' r

can see that the cancellation which resulted in'no echoes in Eq. (13)

no longer holds, and multiple echoes are expected. In fact; using the

cross section model of Fig. 3, where

" one caﬁ see that the fast electrons (those with frequencies around

Q =vO #-Qﬁn/r) are rapidly scattered. The resulting distriﬁution_function
is a felatively smooth one with periodic holes chewed in it spaced by
2ﬂ/T.v The resulting response should be that frém the smooth distribution
(free-indﬁétion decay) minus tﬁat from a distribution of oscillators |
spaced periodically in the frequency domain. The latter distribution gives
pulses spaced by 7 in thevtime domain in view of the fact that all those
osciilators_starfedkalmost in phase at t=t. A more acéurate expression

for an arbitrary cross section is derived in the next section.

D. Exact Description

We wish to derive the analog of Eq. (13c) with collisions included.
After the first pulse, all the electrons have the same speed, so the.

collision time has no frequency dependence. vThus,

_ t
: o -[Tv, at' .
f’(tp <t <T) Yo /g(‘Q,o) e 00 (elQ.t Q)

=00

(18)

I
<
m
[}
L~
o+
S
-
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' wherevgc(Q,O) = g(Q,0), and Vv, is the collision time associated with

the electron speed Vo After the second pulse the polarization is given

by
-VOT
P(t>'r+tp) =V, €
% .

(. -ty (o) at |

xf ;(elm+1) e 1 € (19)
-0

x e Hlter) g(2,0) dq.

In this expression, both pulses have been assumed to have equal amplitude.
Since |v| is a periodic function of 9 [Eq. (8)1, so is vC(Q). There-
fore, the term in braces in Eq. (19) is a periodic function of Q, with

period Eﬂ/T. We may then write

(elf41) ve(@) (=)
-3 a_(t) o ~inae | | (20)

where .
) , v (9)(t-
a (t) = 3= /W/T T (10T ¢ Ve T)'dQ (21)

-1/t
Putting Eq. (20) back into Eq. (19), we have,

Bt > ’L‘+tp> = Ve b aﬁ(t) G(t-(n+l)7). (22)

-c0

Thus, the calculation of the nth echo amplitude has been reduced to the
evaluation of the Fourier coefficient an(t). Since G(t-(n+l)r) is

strongly peaked at t = (n+l)T, only an((n+l)T) need be calculated.



Next we_must come to grips_with the problem of which cress-section to
. use. Unfortunately; fhere is no simple answer to this ﬁroblem. If the
electroniekmotion were confined to a plane, the answer wculd be that the
momentum change cross-section should be used. Reference to Fig. b shdwe
that in thls case the phase shift, ¢, in the electronic orbit is equal to
the scattering angle, 6. The radiated electric f1e1d from such an elec-
tron still has a projection. in the direction of fhe field radiated by'the
vunscattered'electrons, but if is reduced by a factor of cos & by the
scattering. That is, small_angle scattering is not a very effective
relaiafien §rocess. Therefore, the relevant cross section is just the

momentum change cross-séctibn, which weights events by a (l-cos @) factor:

m

o /(1 ~cos6) dc/dQ ao . (23)

- In Appendix A we brove that the above conclusion is.valid even 1if
scattering out of the blane transverse £§ ﬁ end into helicai ofbits is
allowed if the magnifude of the magnetic field is constant aleng a flux
line. |

| Experimentally, there are two problems'which cast doubt oﬁ the
accuracy of.the model so far described. First, the magnetic field is
~ not cehstant along a flux line. In fact,‘along‘a flux line Q1 for
typicai T‘(QOO nsec) varied through seVeral_ﬂ from one end of the plaema
to the other. Using & model inhomogeneity, the effect of this complica-
tion could, in principle, be calculated in much the same way-as diffusion
in an inhomogeneous field was handled in Hahn's original paper.5 However
since {7 varies by many T along a single flux line, there will be several
places where QT = 2n where n is an integer. Since these are regions

where the electrons have large velocity and large scatterlng cross-sections,
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Figure 4. Effect of an elastic scattering on an electron
orbit. Theta is the scattering angle; phi is the phase shift

-t
" in the orbit; and R is the change in the orbit center.
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scattoring in fhese regions is more rapid.than in the intermediate regions.
‘The result will be some spaoe-charge deveioped aloné a flux line, and
this is’the second complication.' If there are space charge.fields along
a flux line the motion of the eiectrons is no longer free in this direction.
Thon thovcomplicatedvdynamico of an eléctron in the fegime of ambipolafj
diffosion mﬁstvbe oonoidefed. More will be said about this complicatod '
situation in referonce to the‘three-pulse echoes. |

- In the case.of é_Cesium plasma,:éinoe the4fifst exoitation of the Cs
atoms occurs af such low energies, inelastic collisions must be considerea.
We shall treat an inelastic collision in two parté. First, the velocity
for an eiectron with an onergy in excess of the excitétion threshold is
reducod to (v-A), where A is the eiectron Velocitybcorresponding to the
atomic excitation energy. Secondly, the electron is elastically scattered.
From the calculation anologous to‘that alfeady presented in Appendix A,

we have then a new cross-section,
o Ay do. . o :
A _/[1 - (1- ;) cos 6] d—ﬁi an » ‘ (2h)

1,Whore:(dc/d9)i is the inelastic differeotial cross section, which may
still have a velocity dependence. This form was chosen since the
weighting factor in square brackets is just (P-P')/P, where P' is the
component of the scattefed eléctron's polarization along the difection"
of the unscattered eléctronic polarization. P is fhe polarization of a
single electron before scattering. If A goes to zero“in Eq. (24), o5
goes to cmg'which is correct since the scattering becomes elastio. If
v o= A, o5 becomes the total inelastic cross section since any scattering

-event will cause the electron velocity to vanish, and in such a case
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every inelastic :scattering.event is completely successfuliat destrbying
_the radiation from the electron involved. The cross section to be used in
the collision frequency of Eq. (21), if there is no variation in magnetiec

field along a flux line, is then

o =0 + .i. f[l- <1- %) cos Gv](g%l)i ao (25)

where o is the elastic scattering mcomentum change cross section, and
the sum is over final atomic states for an inelastic process.

In order to simplify the expression (é5), we shall replace the sum
with the total inelastic cross sectidn; Since in the experiments des-
cribed in this report the electronic velocity i1s never more than twice
the first inelaétic threshold, calling the sum the total inelastic cross
séétion is at‘least a better approiimation than calling it the momentum

23

éhange inelastic cross seétion. However, Brode's data, shown in Fig. 2
are faor the totél elastic, 0> plus the total inélastic cross sections.
Some measurements have been made,28 by a crossed beam technique, of
the differential scattering cross-section for electron-potassium colli-
sions. These measurements indicate a considerable increase in small angle
scattering as the electron velocity is increased. Also, data presented

29

by_Brown, show % for e™-A and e -Ne collisions falling below the total
elastic cross sections. The difference between o, and A in these
rare-gas cases appears to be linear in electron energy up to about 10 e.v.
If the Cs cross-section data were for purely elastic scattering, we could
simply assume a similar scaling law held in Cs and multiply Brode's data

by (l-xv2) where x would be a variable parameter chosen to fit the data,

and v is the electron velocity. However, calculations by Xarule and
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.Peterkop50 indiéate an inelastic contribunion to the total crosé éection
which rises-tn SO%Ifor electron energies bf 5 volts. In view of the
decreasing contribution of elastic scattering to the total cross section
“and onr appréXimation of using thentotal.inelastic cross-section in |
Eq. (25), a more éccufate fudge factor with which to multiply Brode's
data wouid»bé (1-xv). | | / | |

Computer calculaﬁinns of the fﬁo pulnevecho ampliﬁudes; enV Tan(n+l)
as given by Eq. (21) will be presented shortly; First; some exact.résults
proved in Anpendix B will be_discussed, The firsn results proved are that
fOT the velonity dependent collision fréquency mechanism, the echo ampli-
tude ié linear in T for vcf.<< 1, gnd the eqho amblitude is zero if the
collision freguency is independént of velocity. Obvionsly>these results
are just statéments of the faéfs that one needs collisions before echoes
appear, and.that the collisions must affect_différent parts of the spectrum
differently. Next, if the collision frequency is a nonoﬁnnic incréasing

or a monotonic decreasing function of.velocity, and thé area éf the.first
pulsé is less than or équaivto the area of the seqond pulse, the power

of the first echo has a_single maximnm._ If the area‘of the first pulse

is greate? than the‘area of the second pulse, there may be more than one
méximum. If one ignores the low velocity increase innc‘shown in.Fig.»B,
(this‘isvlesé.pTOnounced in v, since v, = vo), one sees that thé électfon—
atom collisions give a monotonic increasing vc(y). If electron~ion collisions
are the dominant process, the collision frequency is a monotonic decreasing
function of velocity (vC « l/vj)".51 The conclusion is that unless one

can measure the phase of the echo relative to the input pulses, there is

no way of distinguishing a monotonic increasing fvc(v) from a monotonic‘

decreasing one.
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Theée general conclusions have been verified by Herrmann, et al.
They pérformed numerical calculations of the echo power as a function of
T for Vo v2 and L l/vB, approximatidns tc the electron-atom and
electron-ion collision frequencies, respectively. They found, as we have

shown in general, that for v < v,, there is a single maximum in the

1

echo envelope, and for v, > Vo there may be multiple maxima.

1
Lastly, it is proven in Appendix B that if the collision frequency
is not a monotonic function of velocity, then under suitable conditions

the amplitude of the first echo can pass through zero. In particular, for

b v<v

2
v,o=1{a vy, <v<v (26)
c v > vl >

Where vy > Vg5, if b <c <a, and if é is small enough, al(ET,T) changes
sign for a T dehoted Tor This critical T shows up in the echo envelope
as that T for which the echo power goes to zero. TFor a given c, Te
varies in an involved way as the input pulse area is increased above a
certain threshold. At this threshold, Te is zero, and below the threshold,
there is no Tor Also, for a given pulse area above threshold, To is
roughly proportional to c_l. That is, as é 1ls decreased, T, MOves away
from zero. |

The relevancekof these analytical results can be appreciated by re-
ferring to Figs. 3 and B2. It is-seen'that the model looks very much like
the actual e - Cs collision frequency. Then, since the corrections dis-
cussed in relation to reducing the elastic scattering component in Brode's

data tend to reduce the collision frequency at high velocities (c), one

expects the echo power to be zero for some T, and this critical T should
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behave roughly as predicted by the results of Appendix B
The computed echo power as a function of T, and 1nput pulse -area (v ),

for Brode's cross section is shown in Fig. 5. The quantity labelled power

' d -V T: ' : | é o | - S
power '=»<e 0 a ((n+l)T,i’>) , (27)?'

where n is the echo number.

is given:by

The calculation wa.s performed by a Simpson s Rule 1ntegration of Eq (21)
w1th one hundred 1ntervals_oetween Q1 = 0 and QT =T . These curves corre-
spond to a Cs pressure of lO_hktorr; but a change in pressure only results
in\e SCaling of T. Thet_is, since the Cs pressure enters'the calculation
only thrOugh ﬁc; and since v, appears only in the expression (vcr), doubling
- the Cs density has the same effect as scaling 7 up by a factor of two. The
units for Vor the velocity corresponding to the input pulse area, are
(e.v.)l/gfj These-curves are compared with the experimental data in
Chapter IV with quite satisfactory agreement..

Sunilar curves were computed using the o shownlin Fig. 3, multiplied
by (l-xv) For x large enough (0.13), T, became non-zero, and the echo
envelope assumed the.appearance of that shown inVFig. B3. The vériation
of Tcswith Vo and x is shown in Fig. 6. The scale on Té again corre-
sponds to . a Cs pressure of 1o'u torr. Similar curves were obtalned when
the correction factor (l—xve) was used. In fact,_even:had T been observed
experimentally, choosing between the two correction factors would not
have been possible.

In order to search for Tor experiments were done with v up to at

0
least 1.3 (e.v.)l/g,fbut no 7, was observed. One can then place an upper
limit on x, if indeed this model is valid, of 0.15.

Two more complications in the simple model should be mentioned.
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First, the calculations really should take into account the thermal
smearing of the initial electron velocity distribution. Secondly, since
the microﬁave electric field is not expected to be uniform across the
whole sample, one should calculate an echo amplitude for a particular part
of the microwave model, average over the mode, and then square the ampli-
tude to get the echo :power.

Numerical integrations for the echo power were performed with elec-
tron velocities before the first pulse averaged over circles of radius
0.1 and O.L (e.v.)l/e. A uniform distribufioﬁ was assumed over these
circles. In the case of the 0.1 (e.v.)l/2 radius circle, which was taken
to approximate the Maxwell-Boltzman distribution for an electron tempera-
ture of‘l50°K,_the calculaﬁed echo power nowhere deviated by more than
lO% from the echo power calculated for an electron temperature of 0°K.
The average over an O.h4 (e.v.)l/2 circle was taken to approximate an
electron temperature of 2000°K. Calculations for this case indicated
an overall shift up or down of the echo envelope, depending on whether

v. was less than or greater than that corresponding to a pulse area giving

0]
a maximum echo amplitude. In no case was the shift by more than a.factor
of two in power, and in every case the characteristic - structure shown in
Fig. 5 was preserved. Since the electron temperature was probably not
much different than that of the ambient gas in the experiments (500°K),
we assume that thermal averaging does not require significant changes
in the curves shown in Fig. 5.

In the experiments repcrted here, the microwave power incident on
the discharge bulb did not vary by more than 3db over the whole bulb.

One or two db variations over the plasma volume would be a reasonable

estimate. Since this implies a pulse area variation of less than 20%,
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‘an average over the'microwave_mode was not considered necessary. _if the
‘experiment were done in waveguide, such an average would certainly be in
.order.

If the ﬁhermal or mode averages are applied to the corrected Brode-
data, they result in avconsiderable shift in Té; However, they'do.ndffi
alter the characteristicvcusp-likevshapé of the zero in echo,powér. When
theipossiblé 20% variation in input.pﬁlse area is taken into considefafion,

the upper limit on x in fhe correction factor ralses to x 5.0.18.

E. Potpourri -

If one relievés the restriction of'v/c being small, several new effects

17

enter the problemn, the most interesting of which is the relativistic

18,32

mass shift. This problem can be treated as an example of an an-

harmonic oécillator. We write first

o ~o(l +,V2/2C2) " : (28)
for the relativisfic'ffequency shift'to lowest order, and

o= Bewr/avg ~ a)/c2 . : (29)

. In this section, we shall not use the rotating velocity space, since
the results are more straightforward in the standing-still velocity space.
' We write the velocity after a first pulse as

Ho,t) = vy 0 (50)

'ewsLlgv?
where ®° = ®HF AV, and_vl

that the pulsé_width is much smaller than the electron spectral width,

= - %-%-E(uﬂ. We shall assume, as usual,

S0 vy is a constant indepéndent of w. If a second pulse is applied at

t =1,



- iw't iw"(t-7)
viw,t >r) = (vl e + v2) € ( ) ’ ' (51)
__te '
where vy, = - 5= E2(m ), and
o =+ za (v e + v 2 + 2v.V, cos ®'T) (32)
2 1 2 12 :

We must assume Eg(m') = Eg(w) is uniform over the electron spectrum also,
or else we get into the same problem the early cyclotron builders found.
That is, as the mass shifts during a pulse, the gyrofrequencies of some
oscillators will be shifted so far as to be unaffected by the remainder
of the pulse. Thus, we still confine ourselves to small mass shifts.

The polarization is now

P = / g(w) (vleiw Ty VE) eim (t-7) aw . (33)
We write55
eialeE(t-T)cosw'T
[oe] ’ -3 1 ‘
= 2 (-1)7 g (B) T , (34)

. where B = avlve(t-T), and J_ is the Bessel function. Then note that g(w)
is a fdirly sharply peaked function for the conditions already specified.
In typical cyclotron echo experiments, the width of -g(w) is less than
0.0l w. Putting in typical numbers of 6x10'° sec™  for w, 1077 sec

for =, 108 cm/sec for v, QNET =~ 0.06. Thus, all terms involving

exp(i awg(t-r)) are essentially constant over the region where g(w) is

non-zero for t many times T. Therefore, we may pull all such terms out

of the integral and replace w in them by @y the center of the line. Then
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B2 a(t-1) Gleem) L D)
1,2 2 12 | |
where . L el §ea(vl W, )(t—T)'el 5 vy (1-n)t

X [(-i)n 3(8) v, + (-1)7 an__l(B) v2] (36)

This is essentially the result of Kegel and courd,® but in the rinal

apprdximafion,.they used the large argument expansion of the BeSsél
Fﬁﬁctions. The numbefs we have used shbw that the small argument e#pansion
is more appropriate..‘Sihce fhe first echo occurs at n = 2, we expand the
Besselbfunctions and find that to lowest order in ve/cg,

| %

ae = (i__]_)V2 ((DOT) c2 i . ) . (57) _

Putting in the‘humbers quotéd above, fhis_expression giveé an‘echo power
one order éf magnitude weaker than the maximum calculated echo for Cs
and'thrée orderé,of magnitude weaker than the maximum calculated echo for
Argoﬁ; FOfucourse, scattering will ﬁend to‘reduce thié echo amplitude.
Higher order echoes have powers reduced by'factoré of (ve/cg)g, so they

' would_be more difficult to observe.

Tt can be seen that this mechanism wpuld compete with the velocity
dependent collision frequency for a relatiﬁely'small increase in v. = Also,
in a semifconductor where the condﬁétion band ma&.not be exactly parabdlic,
the effective mass shift will act just like the relativistic mass. shift
of a free elecfron. For example, it was shown by Aggarwal, et al.,BLL
that 1n Ge the effective mass for cyclotron motion in a plane perpendicu-

lar to the long axis of the constant energy ellipsoids [(111 axis)] has

an energy dependence:
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m = m (0) (14 -Eé—g- : - (38)
where QL(O) is the mass at the Bottom of the conduction band, Ae is the
energy measured from the bottom of the conduction band, and eg is tﬁe band
gap. Since € = 0.67 volts, it is easy to see that the mass shift is
significant even for Ae a small fraction of a volt. Unfortunately, to date
no observations of cyclotron echoes in such a solid have been made because

12 sec).

the scattering time is in general far too short (~10~
If the plasma sample is comparable with the wavelength of the microwave

radiation, but still small compared with an absorption length, then the

direction of observation of the echo is of some importance. Cyclotron

echoes have been observed in. transmission and reflection, and these will

be the two cases discussed. Two plane wave pulses propagating through the

plasma will set up a polarization like that of Eq. (19), but with an

additional spacial dependence:

P(x,t) « ei(kx«ut) s ’ (39)

where x is measured from the surface where the radiation enters the
plasma., We shail consider a rectangular plasma volume, so the problem
is reduced to a one-dimensional one.

The radiation from the polarization at x arriving at point x' at
time t can be written |

i[kx-m(t——jx'c-xl )]
Er(jx'—xf,t) « e . (L4o)

Let the plasma extend to x = L. For forward scattering we calculate Er

for x' = L. Then,
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E_(L-x,t) « e D08 )

which is independent of.x. Thus all the radiation from.the plasma addé

in phase at,thé exit’béundary, and the calculation is fhe séme as that

for plasma dimensions small éomparéd to fhe wavelength.-. -
In ordér to calculate thevecho radiation in the réverse direétion,

let x' = 0. Then

' i Wt :
E_ (x,t) « el(Equwg) . (%)
Integrating.o?er the sample length,
ik -~iwt sinkL :
. Er < e e [T] . (43)

Thus , the-ﬁevefse"radiéted,eché‘power is 1ess.than the forward radiated
powerrby a facfor of the square of the term in the brackets. Since the
teim_ih brackets bscillatés, the reverse radiated power may be g sensitive
function éf k and the plasmg dimensions. For the real plasma, however,
the volqme is more ellipsoidal, and there is some damping as the wave
propagates. - Both ofbthese effects will smooth out the oscillations in
the reverse radiated power. However, one would expect in general tovget
more echo ﬁéWer in the forward direction. Typically the difference
experiméntally'measured is a factor of five.

Finally,'if the plésma dimension is much lérger than an absorption
length the pioblem.wbuldAhave to be handled self-consistentiy5 as was

done for optical pulse propagatidn.55
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F. Relation to Spin Echoes

Earlief in this chapter, we showed two systems with a periodic
modulation of oscillator strengths in their spectra. One of these systems
gave no echoes at all, and the other gave an infinite train of them. In
Appendix C, we‘give a similar system - a spin 1/2 system in an inhomo-
geneous magnetic field. It is shown there that following two 90° pulses
the transverse component of the spin, or magnetization also has a periodic
modulation. This system gives one and only one echo, again due to the
initial’phasing of the oscillators. Any mechanism that alters the magni-
tude of the transverse spin, and that depends on the magnitude of thev
transverse spin, is analogous to the-velocity'dépendent collision frequency
for cyclotron echoes. This is proved in Appendix C. Thus, it is at least
mathematically possible to generate multiple echoes from a collection of
two level oscillators.

This observation is especially appropriate to the subject of photon
echoes in ruby. Since an electric dipole transition is involved in these
echoes, what we have written as the transverse spin corresponds to the
total electric dipole moment. If the chromium density in the ruby is
high enough, or if there is local clustering of chromium atoms, dipole-
dipole coupling may become strong. The local electric field seen by one
chromium atom will then be proportional to the dipole moments of its
neighbors. If Q is slowly varying over the nearest neighbor distanée,
then for pairs or for low symmetry clusters of chromium atoms, the local
electric field of a chromium atom has a component rotating at the local
resonant frequency and 90° out of phase with the instantaneous polariza-
tion. Such a local field has the same effect as a resonant pulse, but

it will typically act over a longer time (7 >tp), and need not be so



 where r5 is the neighbor distance. For chromium pairs separated by 10A
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1arge to alter. the angle of the chromium dipole.
To give an Qrder of magnitude for this effect in ruby, we write

T~ 1l A _ hrj
T, T T2 4

2 1 Pree p

o

in ruby, T, = 10_8 sec. ?Sincevthié numbervis not far from T iﬁ typical
photon echo experiﬁents, and r = 1o& corresponds to 2% doped‘ruby'without
clustering, or.mﬁcﬁ'less with clustéring, this meéhanism should yield
multiple photon echoes. | : | |

Multiple photon echoes have been observed by Abella,et al.6 in Ruby,

and by Bolger and Diels7 in Cs vapor. Abella, et al. have attributed their

multiple echoes to the echo radiation acting as a third driving pulse,
and they refgrenée'two other observations of similar phenomena. However;
in these two other observations the fields from the echbes had an arti-

56

ficial enhancement. In one case they were radiated into a high Q cavity.

In the other case nuclear spin echoes were observed in a ferromagnetic

. metal, where a small low fréquency field drives the electron spins,

theréby resuiting in large resonant hyperfine'fieldé acting back on the
nuclei.57v The echoés of Abella,et al. ha&e no sucﬁ.field enhancement,
and, judging from the published oscilloscope traces?bthey represent very
small angle pulses. Their first echo appears to be 30db less»intense
than their transmitted pulses, which may be taken for 90? puises.’ It
this is the case the echo pulse acts as a 2° pulse, and the second echo
should be another 60db less intense th;h the first. Thé'oscilloscope
trace in the paper by Abella,et.al., indicates a second echo power mofe
like 10 db below the first echo power., In view of ﬁhese comments, it would
be interesting to see a more complete calculation of multiple echoes and
more experimental data on multiple echoes vs doping in ruby.

v
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III. THREE-PULSE ECHCES

If a third microwave pulse is applied to the electron gas a time
T5 after the second pulse, another train of echoes is generated. These
echoes appear at t = 1 + T5 + nT where n is an integer (see Fig. 1). The‘
initial observation15 of these three pulse echoes showed tlat they persisted
for T5 as large as tens of microseconds, a time long compared with the
electron-neutral collision time, but short compared with the electron
thermalization time. The power of the first three-piilse echo (nzl) as
T3 is varied shows a non-monatonic structure,15 and if T3 is kept fixed
while T is increased the power of this echo decreases rapidly. A
One mechanism that explains the qualitative featuresbof the three-
pulse echoes is that presented by Harp, et al.go They considered a
collision frequency similar to the model shown in Fig. 3. That is,

Vc (V): {O V<Vc

v V>V .
c c

Let the magnetic field be constant along the flux lines and have a

Linear inhomogeneity perpendicular to the flux lines. Then, for incident
pulse areas darge enough, after  the second pulse the plasma volume will
consist of slabs of hot electrons (v > vc), alternating with slabs of
cold electrons (v < Vc)' Electrons in the cold slabs will stay pinned
on their flux lines, while those in the hot.slabs will tend to diffuse
over the whole plasma veolume. When the hot electrons have diffused half-
way out into the low velocity slabs, we can say that those electrons for
which-Gc < qrfom < GC CGC = Q1 for which v = v, as in Eq. 8)),
where n is an integer, have been redistributed uniformly over the whole
spectrum. The result is again a periodic modulation of the spectrum.

The phases have by now been randomized, so at the time of-the third pulse,
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the net moment of each isochromat is zero. The third pulse excites the 
electrons uniformly, so the specfrum of oséillators, with periodic ﬁodu-
lafioh in the SPectral‘distribution function starts out in phase at
4 = :T + T Therefore, one expeéts an infinite train of beats, or‘echqes,
spaced by T in the time domain, as predicted -in Eq. (14).

- If we consider N electrons per unit length on a single flux line, and

solve the'two-dﬁnensionalvdiffusionvequation for the concentration n,

o o2, -
5 = D¥n (4)

where D is_the diffusion coefficient,

: 2
N o T /WDt . (45)

n(rt) = g

In this solution, r is the distance the center of the cyclotron orbit
has moved. For diffusion of the orbit center across: flux lines, the

diffusion coefficient is given by38

R 2
D = __iﬁgl_ : ‘ (46)-

= -,
2t
. c
whére'RC is the cyclotron. radius, and té is a collision time., Thus
for diffusion to spread the line of electrons out over a distance, £,

we must have 5

t AN ——,

Lp
Further, if we take the high and low velocity slabs as roughly eguwal in
thickness, the spacial distance between them, I, will be

me

. - . | L
_ L e(dH/ax) T (47)
Then the characteristic time for the redistribﬁtion of the hot electfons

will be
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The (v2) in the denominator of EQ. (48), is an average over the velocities
of the hot electrons.

Two mechanisms will tend to damp out the spacial inhomogeneity ir the
electron density. These are space change effects and the non-zero colli-
sion. frequency of the cold electrons. Any space charge fields in this
model will be directed perpendicular to the slabs. Since the space change
field is perpendicular also to the magnetic field, the result is that the
electron ofbit cenfers will drift parallel to the slabs and perpendicular
to fhe electric and magnetic fields. This drift is seen to leave the
»spectralvdistribution function unchanged. If the magnetic field inhomo-
geneity 1s more realistic than the one chosen for the model, drift can
alter the spectral distribution function. However, since the drift
velocity is (E/H)c, where ¢ is the speed of light, space charge fields
in excess of 100 volts/cm.would be required to cause the electron orbit
center to drift significantly (several cﬁ) in a microsecond. Also, since
the surfaces of constant magnetic field at least near the center of the
plasma bottle will be almost planar even for a real system, the space-
charge fields will be approximately perpendicular to the éonstant field
surfaces. Therefore, the drift is still confined roughly to constant
field surféces, as in the linear inhomogeneity case, and the electrons
near the center of the plasma will not be significantly dephased by
this drift.

If Va is non-zero for the cold electrons, there is a characteristic
time for decay of the periodicity in the spectral diffusion function

which is obtained from Eq. (48) by replacing v, by the cold electron
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'collision frequéncy. ‘In.the real plasma,bof course, the diffusion co-
efficient is a cohtinudus function of electron velocity, makiné an exact
.calculation even for a model'field inhomogeneity out of the question. |
If we put in typlcal numbers of 5000 gauss for H, 10 gauss/cm for dH/dx,-

1.5X108 cm/sec for (v >1/2

5 éxlo7 secvl for Vi and 2x10 ol sec for 7, wei
have that T = 25 usec. The damping mechanisms will tend to make the peak
of the.threefpulse echo envelope océur at earlier times, in good rough
aéfeement with the experimentally observed envelope, Also, as 7 is in-
creased, scatteriﬁg bétween the first and second pulses ﬁill tend to
randomize the‘Veiocities aftef the secona pulse, thereby reducing the
sharp‘spacial variatioh in electron velocity. This proéess then reduces
the émplitudé of the three pulse echo'as T is increased with a decay rate
'roughly.equal.to thé.decay rate of thevtﬁo pulse echoes.

As an example of.this model,.we will.calculate the magnitude of the
electron spacial density'modulation'for the one dimensional system depicted
ip-fig. 7. This figure depicts the hot}(ni) and the cold-(ne) electron
densitiéé immediately after the second pulse. We assﬁﬁe diffusion co-

efficients, Dl for the hot electrons, and D, for the cold electrons,

2

whére Dl > D2. We are only interested in the magnitude and time develop;
ment of the electron density modulation, so we shall calculate n(Qr,t) =
n (0r,t) +'n2(m,t) for 91 = O and Qt = T,

_ : N
The solutions to the diffusion equations for this system are 1

nl(o,ﬁ) = n,(0,0) :erf (Z_L— ,5?0_)

+ 3 [ erf (M)E—) -erf ((—M)] } (49)
n=l 4Dt 4Dt

ny(m,t) = n,(0, o){ [erf(ﬁ.n_-éb_) f(M)]}
_l L;:\/Dlt | LLNEJ_T’

i
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where erf denotes the standard error function. Similar equations are
obtained for hg.

In Fig. 8 we plot a(t) = (n(m,t) - n(0,t))/n(0,0), which is just the
degree of modulation in the spectral distribution function. Dl was taken
to be 625 cm?/sec, D, = 1/4 D), and‘a was taken as 0.1 cm, in accordance
with thebtypical experimental numbers already presented.

If the modulation of the spectral distribution function were sinusoidal

in @, we could write

g(9,t) = g(0,0)[1-a(t) cos qr]. (50)
Then the polarization after the third pulse (applied at T' =1 + TB)
would be
[ i (t-T") 1
o= [ e@e) et T 2 g(er) - R ale) [a(s-(11+1)) + 6(6-(7-1))]
-0

(51)

The first term in the bracket of Eq. (51) is an echo centered at t = Tir,

with amplitude % B(t). Thus, as 17, is varied, this echo should mep out

3
the envelope specified by'a(ra). In general, the periodic modulation of
g(Q) has higher harmonic content, and the higher harmonics result in
higher order echqes spaced T apart in the time domain. In the example
calculated, a(t)‘gets as large as 0.5, which indicates an echo amplitude
roughly an order of magnitude greater than the maximum two-pulse echo
amplitude calculated for Cs in Chaptér 1T, |

If the magnetic field gradieﬁt is quadratic instead of linear, the

characteristic time of Eq. (48) in the region of the plasma where H is

an extremum will be

Tw
- c R (52)
' (1/m)(PH/x") 2(vF) VT '
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Figure 7. Hot and cold electron spatial distributions

after two pulses.
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Wheré @, is local cyclotron frequency. In other régions of the plasma
'I will be shorter. Thus, for a linear gradient, one expects a fairly
sharp peak in the three-pulse echo amplitude, for which T varies in-
verSely-with-the'neuﬁral afombdenéity and iﬁfersely’with the square of Tg
,Oh'the othei‘hand, for a.quadratic gradienf, one expects.a broader peak,.
and one for Which T varies inversely'with'the neutral atbm density and
ihversely With:T. for field gfadientsvhigher than quadrétic, T varies
inveréély'wifh some lower power §f T

ixThe motion of'the'eleétrons, once they start scafﬁering is not
restficted to-the plane transvérse to Ho In Chaptér II.we showed that
 soﬁe of fhé tfahsverse velocity_maj be scattéred'into the longitudinal
_dégreé'éf freédom. Since this is the caée, and typically in these ex-
periments there is a variation of H along the flux lines, we shall now
consider fhe same mechanism acting on the diffusion of electrons alohg
the flux iinés. We aséume that after one scattering event, the longi-
tudinalrveloéity is a ﬁeasure of the vélocity acquired by the electron
from the‘first'two micrbwave pulses. Along a single flux line, there
are regions where the\local frequency satisfies Qt =b2ﬂn, where n is an
__integer.» Iﬁnfhese regions, the electrons originally have a large trans-
VerSé velocity, so d&fter a few collision times these will be regions of
hot.electrons; Since the_longitudinal ﬁobility'is so much greater than
the transverse mobility, we shall ignore the motion of an eléctron away
from its original flux line. Then the altering of the spectfal distribu-
tion funetion proceeds as in the transverse diffusion case.

For diffusion along the flux lines,

' vg' ' ' : ' s
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58 If this diffusion coefficient

"again from Feller's random walk treatment.
is used in the linear and quadratic field cases, we have characteristic

times. as before:

TTme 2 Ve
T= [%(dH]dx)] "B (54)
the linear gfadient, and

T = [ Tme ] Ve | (55)°

e(d2H/dx2) 2vor

for- the quadrafic gfadieht. Both of these characteristic times show the
same.dependence on T as iﬁ the transverse diffusion case, but they in-
creasévlinearly with the neutral atom density. Therefore, it would be
in‘principie possible to distinguish between transverse and longitudinal
diffusion;

This longitudinal diffusion model suffers from a grave defect,
however, Ohe cannot ignore the effect of space-charge on the electronic
motionvalong the flux lines. Any space charge fields in excess of 1
volt/cm aidng a flux line will profoundly modifyvthe electronic motion,
Since.a spacial modulation in the electron density of less than 1% is
sufficient at the electron densities used in our experiments to generate
space chafge_fields of several volts per centimeter, the free diffusion
model breaks dowﬁ.

The usual treatment of space-charge limited diffusion (ambipolar
diffusion)59 requires that there be only one kind of carrier of each
charge. By this is meant that all the carriers of one charge have the
same mobility.

‘If the electron and ilon densities are large enough so that

the free diffusion of electrons would produce non-negligible space-charge

[
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'fields, then the electrons must drag the ions along with thém, so their.
effective difquion coefficient is lowered. The ambipolér diffusion

~ coefficient may be writtenuo

D, = D; [ T; 1 L . (56)

ﬁhére Dl ié.fhe'ién free diffusion cogfficient and Te and Tl are electron
andviOn temperétures.v. |
Hoﬁever, our modél has’éssumed.two mobilitiés for two kinds of
electrons. VSincerthe mobility of even the cold electrons is much gréater_
than'thét of the ions, thése'electrons will rapidly damp out any spéce
charge. In’é space-charge field 5f 1 V/cﬁ; thé drift veiocity of the cold
' !

eieétrohs even assuming a collision rate of 10° sec-l is 10' cm/sec. Thus,
the electrdhs canvdaﬁp out any modulation in electrdﬁ density over several
céntimeters aiong the.flux lines in a time of the.order of 100 nsec.
Any smaller maghitude of modﬁiation-of.the electron density'could not
. account for>the size of the three-pulse echoes. |

Another mechanism for three-pulsé’echo generation hés béen presentéd
by‘Crawfbrd and:Harp;l9 fhey dividé the electron distribution intd four
parts according to whether the electron has scattered or not during
0 <t < T. br‘T <t < T'. Crawford and Harp show that 1) those electrons
which are hotvscaftéréd before t = T' will not in general generéte a o
" three-pulse eého unless 15 = nt, where n is an integer; 2) those electrons
which are sCattered in both time intervals generate>no three-pulse echoes
at all; 3) those electrons which are scattered only during O < t < 15
generate echoes spaced by multiples of T5 after the.third pulse (Just a

two-pulse echo for the second and third pulses); and 4) those electrons

which are scattered only during v < t < T' generate multiple echoes
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spaced by Tt after the third pulse. Thus thisvlast group, the coherent-
scattered group, is the only possibility for generating'the observed
three-pulse echoes without diffusion.

In order to seé the processes involved_when this last group of
electréns generates a three pulse echo, we show in Fig. 9 the velocity
distribution of a particular isochromat before and after the third pulse.
We aséume several scattering times have elapsed for all isochromats, so
that the velocities for each isochromat is distributed uniformly over a
sphere, shown'in cross section in Fig. Qa. (Of course the sphere in
phase space becomes elongated along the magnetié field as time pésseé.)
To get fhe average velocity of the isochromat after the third pulse,

(V(Q))',we average over the spherical angles:

(A®) = v, [lcos e T

The decay terms due to scattering for O <t <71, t > T3 have been omitted,
since we are assuming 7 is short compared to a scattering time. Since
the term in brackets is periodic in §, writing our usual Fourier expan-
»sion,

P(t >T') = = a o(t - (T' + 1)), (58)

wherevan is the nth Fourier coefficient of (|cos %}| + 1). Thus, we
get echoes spaced by v in the time domain. |

There are two decay mechanisms for thesé echoes., First, any
scattering during O <t < 7 and T' <t < T+ ¢ will degrade the ampli-
tude of the first three-pulse echo. Secondly, diffusion in the inhomo-
geneous field will degrade the echo amplitude. In order to explain
the effect of these decay mechanisms on the echo envelope, we shall

anticipate the experimental section and define a time Tl' If the echo



" Figure 9. Electron velocity distribution before‘(a) and
after (b) the third pulse for a particular isochromat

of the coherent - scattered group.
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amplitude is plotted as a function of TB, wifh the neutral atom degsity
and T held constant, there will be a single maximum for echoes generated
by this Coherent-scattered group. The 75 for which this maximum occurs
will be deﬁoted Tl'

We have already seen that the characteristic diffusion time, T, in
the plasma is proportional to l/'r2 for a linear field gradient and l/T
for a»quadratic field gradient. Aléo,‘it is proportional to n, the
neutral atom density,.for diffusion along a flux line, and to 1/n for
diffusipn acrosé a flux line. This is qualitatively because diffusion
across flux lines requires collisions, while diffusion along flux lines
is slowed by collisions. For a given n and a quadratic field gradient,

for example, we would expect T, to be roughly proportional to l/T. That

1
is, as T gets iarger, the distance between regions where Q1 = 2mn
decreases, and the echo iskdegraded more quickly by diffusion. Finally,
for thié model for a given T, as n is increased, the scattering time is
decreased, and the diffusion time across flux lines decreases, SO ’I'l

can be expected to shift toward smaller T If the diffusion is pri-

3
marily along flux lines, the diffusion time increases with n, and the
peak described by Tl broadens.

Three-pulse echoes showing behavior described by two of these

mechanisms have been observed. These are shown with the data and dis-

cussion in Chapter V.
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"A real life plasma is a very complicated phenomenon.”
Heald and Wharton b

- IV. EXPERIMENTS AND DISCUSSION

The requlremenps for observ1ng cyclotron.echoes, or any echo pheno—.
menon, are a source whlch generates ‘pulses -of radlatlon (or waves) with
a. pulse w1dth less than the homogeneous relaxatlon time of the system, a
‘system which can be made resonant with the input pulses and which radiates
.strongly enough to be detected by the necessary wide-band receiver, and
ajrecelver with enough bandw1dth so its temporal response will resolve
the.echoes. For the cyclotron echo experiments reported herein, the
transmitterﬁconsisted.of a Varian X-lBVCW’X-band microwave klystron
followed by a thton 10 watt grld modulated travelliing wave tube ampli-
fier (TWTA) Circuit dlagrams for the blocklng osc1llators used to drive
the grld of the TWTA were klndly prov1ded by Dr. D. E. Kaplan.v When
worklng properly this system was capable of produc1ng groups of three
ten watt pulSes; with pulse wldths variable from seven to. fifteen nano-
seconds,_at preset times. The pulses, however,.could not be brought
closer than 50 nanoseconds from one another without degradation of the
second pulse power.

The microwave pulses were propagated from a horn_antenna toward
the sample, whlch was in an oven between the pole faces of a 12" magnet.
The dlrectlon of propagatlon was perpendlcular to the magnetic fleld.
After pass1ng through the sample, the transmitted pulses, and echoes
were plcked up by'another horn antenna and passed on to the receiver.

After passing through suitable attenators, the signals’were ampli-
fied by a Watkins-Johnson gated lowfnoise TWTA. This LNTWTA was gated off

during the time the transmitted pulses were coming through to prevent
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Saturation‘of the rest of the receiver chain. Following the LNTWTA was:
an LEL superheferodyne’receiver with a 250 MHZ IF aﬁd a lbO MHz bandwidth.
The 250 MHz signal was amplified directly in an IFT wide‘band amplifier
and video detected. Several stages‘of video simplification preceded the
actual display of the signal on the Teletronix 5876 sampling oscillo-
scope. Finaliy, since the sampling gate could be manually set, the
sampling oscilloscope was used as a box-car integrator with a very short
gate. The oﬁtput from the sampling oéciiloscope was further filtered,
vgiving an overall integrating tiﬁe of’about oné second, and recorded on
an x-y recofder. With an overall noise figure of about ten db, this re-
ceiver had a noise limit of about -84 dbm. Echoes were measured to with-
in 4db of this figure. Since the maximuﬁ echo péwers detected in these
experiments were -40 dbm, the feceiver system had a dynamic range of
4O db. The overall time responsé was about five nanoseconds rise time
and about fifteen nanoseconds fall time. |

In these experiments the inhomogeneously broadéned electron system
was a weakly ionized cesium plasma in an ihhomogenequs.magnetic field.
The Cs cell consisted of a cylindrical pyrex discharge bulb (9 cm long,
5.cm diameter) that was kept typically at 20060, and a long side-arm
containing a Cs puddle at a temperature that could be varied between 7O6
and 110°C. After pumping the cell out to J_O'7 torr, it was baked for
12 hours at h}OéC, filled with Cs by the process described by Miller,lo
and sealed off. The purity of the cell was checked, after several months
of use, by examining»the spectrum of the discharge. A Jarrel-Ash l/h meter
spectrometer and a photomultiplier were used fo observe the Cs lines at
h555& and 45933. These lines had a signal-to-noise ratio of 10:1 and 5:1
respectively, and no other lines were observed over the photomultiplier

56 )
sensitivity range of 4000-5000A. These lines were also observed visually,

il
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and"no other lines were éeen’over the sensiti&ityvfange of the eye. The
lack of spectral lines fram maﬁerials other than Cs, ahdbfhe fact that the
elactroh_- Cs_scattering aross;secﬁion is an order bf magnitude greater
than that for scattering from.anyvother’common material (except other
_alkali‘metals) was taken‘as good indication'thaf electroﬁ - Cs aollisions
bwere'ﬁha dominant.electrbn,relaxation.mechanisﬁ. In particular this spec-
tral.éVidenca ruled out the poSéibility of nitrogen or other alkaii>matals
significantly.contaminating the system. | a
The Cs Qapar in the discharge bulb was ionizea by the electric field
of a 20 MHZ pulse. Metal plates at both ends of ﬂhe discharge bulb fdrmed
the,capacitof of a 20 MHz tank éircuit. The discharge pulse tyéiéally
was savéral fanfhs of a millisecondblong and one kilowatt>in power. The
reﬁefition rate_for this aischarge.pﬁlsa was about 150 sec:._l After the
dischafge»pulsevproduced the ionized gas, the electrqn density decayed with
a ﬁimé aoastant bf_abauf 1/5 millisecond. Thefefofe, the eiectron
density could be varied at will by initiating the sequence of micravave
pulses,atvdiffefent times in the afterglow. A;schamatic diagraﬁ for the
whole‘apbaratus is shown in Fig. 10.
The inhomogéneous magneticvfield in these experiﬁents was achieved

by moving. fhe discharge bulb out t'owarcli the édge of the gap between the
pole facés} The measured.inhomogeneity across the 5 cmvcell diameter was

a bout 25agauss in BOOO_gadss; The configuration of the inhomogeneity was
Ioﬁghly quadratic with meximum field toward the radial center of the gap.
The inhomogeneity along the cell axis was about 20 gauss in 4 cm. Again,
the canfiguration was roughly quadratic with ﬁhe minimum‘field at the
center of the cell, and the field rising by roughly 20 gauss at either end
of the‘cell. This kind of an axial graident corresponds roughly "to

120 regions along the axis where QT = 21 for T = 200 nanoseconds,

with these regions becoming more dense toward the edges. Since the plasma
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probably wes_confined more to the middle of the cell, the.average
distance between hot regions wes probably considerably larger than the
2/3 millimeter inaicated by the above numbers.

.Since a cyiindrical geometry was used, and the plasma dimension was
not too large, itlwas‘decided thaf an interferometric measurement of the
electron dehéity'would not be‘poseible. Therefore,vin order to be sure

that the Cs was weakly 1onlzed, -an indirect estlmate of the electron den-

3

sity had to be made. Tt is well known - that When électromagnetic

radiation propagates through a plasma in a direction transverse to a
static magnetic field aﬂd if the'polarization of the radiation is such
that the electrlc field is perpendlcular to the static magnetlc field, then

S [43] = .
a resonant absorptlon occups at b V&?C + me B where o, is the

plasma frequency. Since mb is proportional.to the square root of the

electron density, ®h is a measure of this density. When wp <K:wc,

a further reduction in electron debsify will not change O " By waiting

a time from 0. 5 to 0.7 msec after the dlscharge pulse, depending on the Cs

dens1ty3 it was found that the muh was constant. For earlier times,

o increased as the microwave pulse approached the discharge pulse.

uh
We can then place an upperflimit of 109 cm-5 for the electron density at

the time when muh becomes- essentially constant. DNotice that this scheme
does not require an absolute measurement of ®

uh”’
density wasfof the order of 5><lO12 cm"5 in these experiments, we mayesay

Then, since the Cs

that the gas was less than.O.I% ionized.
The fact that the gas was weakly’ionized was necessary to assure
us that we were not meaeuring electron-ion sereened Coulomb collisions
instead of electron-neutral collisions. The Coulomb collisions have
already beeﬁ-observed in a strongly ionized Cs plasma.gl For electron and lon

9 1/2

densities” of 10 cm_B, and electron veldcities of about 1 (e.v.)
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Since this is about 1/3 the electron-neutral cross section, we see that

the screened Coulomb momentﬁm change cross sectionm+ is about 10~

an ionizatidn of greatér than 50% is necesséry before this collision
mechanism Bécomes important.

The behavior .of multiple two-pulse echo powers as a function of 1
is shown in Fig. 11 aloné with theoretical calculations based on Eg. (21).
Figure 12 makes the same comparison for several diffefent Cs densities,
and Fig. 13 makes the same compafison for severai input pulse areas (i.e.

pulse power). For the calculated curves the Cs density in the discharge

_ . ) ’ 1/2 . . o
bulb was tgken as n = ng, (TSA/TB) , where n., is the vapor density

,dorresponding to the temperature of the Cs puddle in the side-arm, TSA’

and TB is the temperature of the discharge bﬁlb. It was assumed that

the temperature of the gas in the discharge was not significantly different

from the tempefature of the wallé, since the Cs neutral atom mean free
path wés a large fréction of the‘bﬁlb'diameter. The Cs vapor pressure
was taken from Smithells.l+5 Typically side-arm temperatures ran from
79°C to 105°C, corresponding (after the above correction) to 5.6x1012_
to 2XlOlé cm_5’Cs density.v It was found after comparing the data with
the theory that the agreement was better if the calculated density was
reduced by 30%. In view of the well knownlo difficulty of making
accurate measurements of vapor pressure vs temperature, fhis correction
does not seém unreasonable. It was probably a systematic error in
reading the temperéture’of the Cs puddle.

If the self;diffusion of electrons along the flux lines into regions
of different magnetic field were an important relaxation mechanism, the

characteristic relaxation time it would introduce would be proportional

to the Cs density from arguments similar to those used in Chapter III.
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Howevef; if the electronic mean-fcee path in the direction of fhe flux
lines-is long compared with.the characteristic distance in which the
cyclotfcn resonance frequency chenges Ey EW/T, the diffusion model breaks
down, Iﬁ this ceée, the degredation iﬁ echo'powef due to self-diffusion
should be indepehdentbof>thest nectrel density.i Herrmann, etval.,13
have shown that including the chlisionless electron drift along flux=-
lihes results ih e decay in the echo envelope which depende upon the
.exect form of the magnetic field inhoﬁogeﬁeity. In particular, for

a quadratic variation, they find an ettenuation factor proportional to
T—g erf(cfe), where ¢ is avccnstant, As is seen froﬁ the aéreement in
Fig. 12 between the deta and the theory without diffusion or drift,
theseveffects do not appear to be important.

Also,_all the theoretical curves are-multiplied by a single overall
scaie factor to bring them into agreement with the observed echo powver.
Since the echo power is proporticnal to the square of the total number
of elecfrons, and this number was not known with any certainty, this
scaling was necessary. As we shall show, however, the order of magnitude
- is correct.

vClassically5‘the electric dipole field from a.circulating electron
is given by B -

| E = (99)
r .
where p = éRC, the elecfron dipole moment. The total dipole field at

the edge of the plasma is
E, . . =N—e2 f (60)
total <r5> ? v :

where T is the calculated factor P/VO, N is the total number of electrons,
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Figure 11. Theoretical (solid curves) and experimental
two - puise echo power for the first three echoes. The
data was taken at a Cs pressure, corrected as described

in the text, of 1.2 x 107 Torr.
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-60~

10°}

10}

( paatts)

=
O,

Echo Power
|}

16°

1 1 '

loo 200 300 400
“T (nsec)

Figure 13. Theoretical (solid curves) and experimental
two-pulse echo powers for several input pulse powers. The
data for vo = 0.9 has been multiplied by 10 for clarity in the

graph. The corrected Cs pressure was 1.4 x 10')4’ Torr.
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and we have integrated over the plasma Volume; Since‘N/(rB) ~n, the

“electron dénsity; we can write the energy flux from the plasma as
) l 2 ’ .‘" A
S=gr (gere, o (6)

where ¢ isithe sbeed of iight. ,Pufting in.the éxperiméntai numbers of .
n, =10 en”’, v, =1 (e, /2, and the caleulated £ of 102, § ~ k10
watt/cm?. Theh,‘assuming the écho bower comes out as a plane wave, sSince
the receiver horn presenfs a. 25 cm? éfoss seétion,‘the reéeived'power
should be roughly‘lo'—7 watt,bin good agreement with the meaéﬁred ma.x imum
echo power. This figure. 1s two orders of magnitudé below the max imum
eého power for an Argén plasma used to tuhe up the.apparatus, élso in
good agreementhith calculaﬁion.
'Finally; thé relation Betweeﬁ vovéhdvthe'input pulse power.was
detefminéd.by:éomparingAthe pulse power for maximum echo with the cal-
cﬁlaﬁed vO féf maximum poWer. Thisvparameter can alsp be roughly cal-
culated, buﬁ'geometfiéal uncértaiﬁtieé make the calculation uncertain

L 1l e
by 50%. From Eq. (5), Vo =5 o

E tp, where E is the microwave electric
fiéid and t is the pulse width. In the waveguide, the maximum electric
field can be written as E(e.s.u.) ~ 0.1 (power (watts))l/e, gso for 1

watt ‘E(e.s.u.) & 0.1. The transmitter horn had dimensions between the
10 and l5 db standard gain horns, so the 3 db angular opening was roughly
40°. From the geometry of the horn ana the plasma, then, the average
maximum electric field in the plasma was 2.5 1072 é.s.u.;.and for a

10 nanosecond pulse, v, =~ 6x10 " cm/sec, or l(e.v.)l/g. This is seen
to be not far from our experimental choice of Vo = 0.5 (e.v.)l/2 for

1 watt incident pulse power (-10 db from maximum power ).

Three pulse echo behavior is shown in the next few figures. Figure
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14 shows the three-pulse echo amplitude as T, is varied and defines the

>3

three significant peaks. P, we identify with the coherent-scattered

1
group mechanism discussed in Chapter II, in part because this is the only
mechanism that does not involve diffusion and the time for the maximum

of Pl, called T., is only a few collision times, too short for any of

1?
-the diffusion mechanisms discussed. Also, Pl is identified with the
coherent scattered group mechanism.beéause of its behavior as 7 and Cs
" density are varied, as shown in Fig. 15.' Thus, Tl is proportional to the.
1/t as we might ekpect for a quédratic field variation; and it decreases
as n is increased, just as we predicted for the coherent-scattered group
mééhanism in Chapter III.

The varigtion of 'T,, the T5 for the maximum P2; as T 1s varied
is shown in Fig. 16, and as n is varied is shown in Fig. 17. It is
seen in Fig; 17 thatbthe behavior of T, as the Cs density is varied is
that predicted for the longitudinal diffusion model., The différence
- between transverse and longitudinal diffusion can be seén qualitatively
in that the transve:se diffusion fequires collisioné, while the free
longitudinal diffusion is slowed by collisions. Therefore the longitudinal
diffusion timé increases with density while the transverse diffusion time
behaves in an opposite manner. The slope of the line in Fig. 17 also
corresponds weil to the characteristic ambipolar diffusion time using
D, from Eq. (53).

waever,.in view of the objection to this model expressed in Chapter
IIT, we must regérd this agreement as fortuitous. Another mechanism
(considerably'uglier) can be proposed to explain the variation of T,

with Cs density. First, one must ask what causes maxima in the three-

pulse echo envelope. ‘One cause is the peaking of the electron density
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in the middie of the plasma cell. Then, at the time characterisfic for
diffusion of électrbns.between hot and.cold slabs'at the center of the
vplasma; there will be a maximum in the three-pulse echo envelope.. In
other words, if the:mégnetic field and electron density were known over
the Whole plasﬁa, then the three-pulse éché en&elbpevcould.bé calculated
by finding the distanée between hot slabs (a)‘for'each regién of the
plasma., calcuiating a curve analogous to Fig. 8, multiplying by a factor
proportionél to the loéal electron density, énd integrating over the
_whblé plasmé vélume. Then thoée regions where the electron density is
large will be weighted more heavily, resulting in a maximum in the
three-pulée'echernVélope.

Anothér cause for the peaking in the threerulse echo eﬁvelope is
thaﬁ'théré_may‘be'regions in.the plasma where fhe fiéld éradienf is
stationary. Tha£ is, if théreAare large.regions ih the plasma where
the distance betweenvhot slabs 1is cohstant, the th?eefpulse echo envelope
will peak at the time charécteristic of such regioné.

| Undoubtédiy5 as the Cs neutral density is changed, the. spacial
eiéctron distribution in the plasma 1s changed. As an example, suppose
the transvérse inhomogeneity is quadratic with a minimum at the edge
of the plasﬁa bottle.. At low Cs dehsities cne might expect breakdown
to occur only neér the'axiél center of the bottle since electrons near
the walls are relaxed more readily and cannot ?roduce a discharge. As
thé Cs density is increased, the electron disﬁribution after the discharge
is more evenly spread over the bottle, resulting in_a lérger density
in regions of high and low a (distance between hot slabs). The three-
ﬁulse echo envelope will then develop peaks at eariiér and later times.

Then as the Cs density is increased, the characteristic time for the
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later peak increases., Many variations on this mechdnism can be invented
by using different magnetic field distributions. Therefore, unless great
caré is takén in producing a éimplé magnetic field distribution, the
variation of‘the three-pulse echo peaks with neutral density will be
subject to qdestidn.

Finally P, was a very broad peak with weak structure in it. As 7

5" )
and n were varied the various sub-peaks of P5 varied in relative amplitude
making a positive identification more difficult. Figure 18 shows P

5

for two densities with an identification of strﬁctures shoWing roughly
the predicted variation as l/n. More complete data on the variation of
the structure of P5 as T is varied are shown in Fig. 19. Againvthe
variation is what we expect for the transverse diffusion mechanism in a
quadratic field inhomogeneity. The étrucfure; of course, wbuld not be
there if the inhomogeneity were uﬁiform across thé plasma.

Finallj; in Fig. 20 we show superimposed the first>three-pulse
echo and a two-pulse echo from pulses two and three. The sémpling scope

gate was set T (390 nsec) after the third pulse, while 1 was swept

5

automatically. The resulting trace shows Pl and the beginning of P2.

When 13 z'596 nsec, a two-pulse echo is seen superimposed on Pl'
In conclusion, cyclotron echoes in a weakly ionized Cs plasma have
been measured and compared with various models, with satisfactory agree-
ment. In particular, the velocity dependent collision frequency is ade-
quéte t§ explain the features of the two pulse echoes. The data of
29

" Brode were shown to be adequate to describe the two-pulse echoes. The
combination of coherent-scattered group and transverse diffusion mechanisms
were shown to describe the gross behavior of the three-pulse echoes. A

description of the detailed behavior of the three-pulse echoes would
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Figure 15. Variation of the maximum of Py as a function
of the reciprocal of the two-pulse spacing for several Cs
pressures. The numbers in the upper left indicate the

pressures.
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Figure 18, The first three-pulse echo envelope vs for two Cs

pressures: a, 1.8 x.lO’u Torr, b, 2.4 x 10")+ Torr. The structure
on P3 is seen to be two bumps, P3a and P3b' Noté the opposing -

motion of-Pz and P3 as the Cs density is varied.
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Figure 19. Variation of the times for maximum P3 a and P3b vs

the reciprocal of the two-pulse spacing.
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require an accurate knowledge of the maghetic field and electron dehsity
disﬁributions over the plasma region. Sihcé these quantities were not
known’with much accuracy in these experiments, such,a detailed desciiption
was impossible, However, as a suggestlon for future experiments, we

would recommend examining the behavior of the echo envelope as the neutral
density is increased in a plasma system with a simple (e.g. linear

gradient) and accurately known magnetic field distribution.
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APPENDIX A

Two factors contribute to the degradation of the coherently radiated
electric field from a scattered electron. First, since the polarization
is proportional to the part of the velocity which is transverse to the

magnetic field, any elastic scattering of the electron into the helical

( .
torbit reduces the transverse velocity and hence reduces polarization and

@ ,
'radiated electric field proportionately. - Secondly, as is shown 1n Fig.

5, a scattering angle, 3y, in the transverse part of the veiocity results
in an equal phase shift and a reduction of the coherently radiated
electric field by a factor of cos(dy). Figure Al shows the geometry
necessary to calculate the effect of scattering to a velocity with non-
zero longitudinal component. In this figure we have that the magnitude
of the véiocify is unchanged by elastic scattering. Thus, I@'I, the
velocity after scatteriﬁg is equal to |$|. The component of V' in the
plane perpendicular to H is the transverse velocity, Vs and the com-

. Since v 2 +

t

vl2 = (v')? = ve, and v, = v sin 6 cos X, where 6 is the scattering

angle, and X is the azimuthal scattering angle relative to the direction

ponent of v' along H is the longitudinal velocity, v,

of H, we have

v, = v(l-sin2 6 cos” X)l/2 (A-1)

t
The phase shift, dy¥, in the transverse part of the velocity is then
given by

cos(8y) = veos® (A-2)

Vi

The component of the radiated electric field in the direction of
electric field radiated by the unscattered electrons is given by

E e v, cos(dy) (A-3)




-75-

Figure Ai. Geometry for a general elastic collision with

-scattering angle 0.
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Then Egs. (A-1)-(A-3) show that the effect of the scattering is to reduce
the electric field by a factor of cos 6, just as in the case where the
motion was restricted to a plane.

An implicif assumption in this derivation has been that the magni-
tude of thé mégnetic field is constant aldﬁg a flux line. If this is

not the case,.the velocity component, Vs will rapidly take the electron
\‘ -

into a region of different field, thereby further dephasing the orbit.
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APPENDIX B
~ Analytical Results for Two-Pulse Echo Amplitude
From Eq. (21) we may write the expression for the amplitude of the
first two-pulse echo s _
O 1722 N INRTRY €3 € B
: T . L2iQr 10T c 4 -
| a.l(t,"r) = 5 f [e *e ] e o * (B-1)
y LT ~T/T ‘ . v
Since VC(Q)‘is an even function of Q, this expression cdn be simplified
to

| m -v_(&)(t~7)
al(t,T) - L “/ﬁ [cos 20 + cos @] e Yo ’ ae (B-2)

T
0

'whéfebé =.07. We.éhall investigatevthis expfession and its derivative
for varidus‘forms of Vé(e) and then relieve the resﬁriction that the two
pulses be of thé‘same area.

1. If_fc.is'independent'of o, ai(t,r) = 0 as was shown in Section
" IIC. Howevér, one shbuldvnbte that this condition requires o « 1/v,
éincé'vc %chv,kwhére v is the electronic velocity. This is indeed a
severe restriction on the cross-section, and thus,vone would not expéct
it to apply to any real collision processes.

-2, In order to see the behavior of a

, 88T =0, we write vc(t-T) < 1,

and

T=% AT
a;(t,7) = lﬁ-/ (cos 2@ + cos @) v, (8) a8 =% I, (B-3)
O .

where the integral I is independent of t and 7. Two cases will be dis-
cussed in this section. One case will be for»vc(v) a monotonic increasing

function (MI) of vélocity. This 1s the case for most electron-atom
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collisions up to electron energies of about one volt. The other case will
be for vc(v) a monotonic decreasing function (MD) of velocity, which is

the case for the screened coulomb electron-ion collisions. First, we show

that-for.vc(v) MI, I >0, and for vc(v) MD, I <O. The function g(®)
cos 2§ + cos €, which is plotted in Fig. B-1 is positive for 0 < 9<:@c,
and negative forvGC < 6 <m. Since the integral of g(é) from O to 7 is

lidentically zZero,
&, . T '
f glo) d =-f g(0) ®. (B-1)
0 90

If vc(v) is MI, then vC(O) is MD. Therefore,

‘/ec g(@)'vc(e) @ > vc(ec)/@c [6) a6
» 0

0
>-v,(e,) [ elo) (B-5)
‘ ¢ '
2 [ o) v0) @,
-@C

and I > 0. The result for vc(v) MD is proved the same way.
Since G(t-2t) is assumed to be Sharply peaked at t = 21, the measured

echo amplitude will be

a (t =2%,7) = =1I. (B=6)

Thus, for vé(v) MI, I >0, and a; <O so that the absolute value of the

amplitude increases linearly with 7. For vc(v) MD, I <0, and ay > 0.

In this case also the amplitude increases linearly with t. (In fact,
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Figure Bl. The function g(@ ) = (cos @ + cos 20 ) and

a representative collision frequency for' ‘Ag(v) MI.
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from Eq. (B-3), one can see that a. « 7 for v,T << 1, independent of the

1
form of the collision frequency.) From this result it is clear that unless
one measures the phase of the first echo relative to the phase of the
Anput pulses, there is no way to distinguish a MI. collision frequency
from a MD 6ne.

3 Néxt, we shall prove that for MI or MD collision fréquencies and
equal input pulse areas, the echo amplitude has a single extremum. That
is, the echo power has a single bump as T is increased.

~ Since the quantity to be measured is al(t = 27,7) as a function of

T, the derivative of the echo amplitude with respect to 17 is given by

da, (t=27,7)  Oa.(%,7) da. (t,7)
T _ ot | t=21 T t=21
Thus,
da 0 -v (@)
d'rl - -;LT _/ e(®) Ve ® e °© @ (8-8)
0

from Eq. B-2 with t =27, Next let 1 =T + A, where T and A are both

‘greater than zero. Then,

da, 1 L -VC(Q)T -VCQ?)A
e l g0) v @) e e s
T -.v 8)r -v ()
o TR P (3-9)
o |
-v,(8)A

For vc(v)'MI, and A > 0, e is a MI function of &. Therefore,
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9c : o (e)r ;v ()
/ glewv @) © e ° a0
0 -
I e v,(0) T
<e ¢ / g(8) VC(G) e °© a8 |, (B-10)
, o c _ |
and - ' - | v
T e)T v (6) A
. g(e)vc(e)e e dg
9’C .- , | - .
-VC(G'C)A m ‘ -,vc(e‘)T, |
<e A g(@)vc(e) e ég . (B-11)

Combining results (B-8) to (B-11),

‘-VC@EJ.A da,
2 e ‘ . —_

= | ( B-12)

T=T+A T=T

In order to interpret'Eq. (B-12) we need a few more results. First,

since -a, is zero for v=0, and approaches zero as T — o, by the Mean Value

1
Theofem there must be at least one value of T between zero and infinity
fof which dal/dT vanishes., ~ We call the first such time Tc; Next, for
vc(v) MI, (dal/dr) < 0 for small T, as was shown in the last section.
Thus,_dal/dr <0 for 0 <7 <7, Inserting T =7  into Eq. (B-12) shows
that dal/dT >0 for 7 > Toe Therefore there can be no more extrema in
al(ET,T) as a function of 7. A similar result can be proved for vc(v) MD.
In terms of a two-pulse echo experiment this result implies that
the echo power as a function of T has a single maximm at Tt = 7 if vc(v)

is a monotonic function, and if the two input'pulses have equal area. For

T > Tos the echo power is a MD function of T.
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In this section we wish to relieve the restriction of equal pulse
areas. If the two pulses have areas eorresponding to electron velocities

v, and v, respectively, Eq. (B-2) is rewritten as

T -v (&)
al(t = 27,7) =%bé‘ nG)e °© ae (B-13)

lgwhere h(@) = v, cos 26 + v, cos & is the analog of g(6). All of the pre-

1
vious results of this appendix still hold if h(@) has only one zero in

the interval (0,m). This condition is satisfied for Vs > Vs but not
for V5 < e The condition Vo < vy has its most profound effect on the

results formulated in Section III, Namely, for 2 < vy, even if vc(v)

is monotonic, there may be multiple maxima in the echo power as a func-

tion of 't. ' This comes from the possibility of a. changing sign.

1

5.. In this section we relieve the restriction of monotonic vc(v),

but assume equal pulse areas. Suppose

0 v < vl and v > v2

vc-(v) = (B-1L4)
1 Vl <v < v2 .

Then
1 g, <@&<e@
2

v (e) = { . (B-15)

0, 6 <6’2 and @ >9’l s

_ =1
where 6, = 2 cos (vl/EVO) from Eq. (8). We assume v, < 2v,, where v

corresponds to the pulse area, for otherwise o(v) is-MI over the velocity

range of interest. Putting equation (B-15) into Eq. (B-2) and integrating,

al(ZT,T) = [1-e77) {sirﬂ'i (cos@l +1)
‘ ‘ (B-16)
- sing, (cos@2 + l)}
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'Equation (B-16) shows the usual linear t dependence for small t. There
_maYQbeva zero‘in'.al if the term in braces vanishes, but this term is
depehdent only on the input pulse power (i.e. vo) and not on t. There-
fore the echo,envelqpe for this type of collision frequency has a
characteristic shape, multiplied by a scale factor which is some compli-
cated function of the input pulse power. This unphysical feature is
a resﬁlt of the zero collision frequency over part of the distribution.
6. In this last section‘we introduce a model which bears a closer
relation to the actual collision créss section shown in Fig. 2. The
collisién frequency to be used is shown és the solid curve in Fig. B2.

In terms of the angle, Gg'vc is expressed as

. va Ql <@'< 92
e v fee, )
¢ 6 < 61

With this cross section, Eq. (B-2) becomes

ai(ET,T) = %-[F(Ql)(e-CT-e_aT)
' " : , (B-18)
v 6(6,)(e7" - e"”>] ,
where G(6) =v%-sin 20 + sin 6. We have assumed, of éourse; that 2v, > vy
for otherwisé vc is'MI over the relevant velocity range (0 <v < QVO).'
If we let b and ¢ go to zero, we obtain the result of Eq. (B-16). If

a=c or a=b, LR is monotonic, and theresults are already known. Another

case that is easily handled is a >> b,c. Then
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a (27,7) ~ = (c;(e )e™" -_G(eg)é'bT) o (3-19)

A zero in a, occurs at Tos where

1
Ty &(6,) e | |
T, = -y 1n @ - . o . (B-20)

This form shows fhe‘quaiitative frends in which.we'a}e interested.
If 2vo is only sllghtly greater than vl, and 6 is sﬁall Since G is a
smooth functlon with a single peak at 6 = W/B, unless 2 is also small
(i.e. 6, approaches ﬂ), the logarithm term of Eq. (B-20) is negative and
thefe ls.no positive Tc unless b > c. For Gl near ﬂ/B (1.e.
vy = vl/‘JB ), the iogarithm,term is positive and a positive T; requires
c > Db.

Aesuming ¢ > b, as the pulse.areavis increased from vy = 1/2 vy
the log term of Eq. (B-20) starts out negatlve, passes through zero,
1ncreases to a maximum, and then approaches zero agaln for infinite pulse
area. The zero in the echo amplltude for thls case starts at v=0 for a
certain threshold pulse area (G(G ) = G(Qe)). ' As the pulse area is increased,
this Zero moves out to greater 7, and turns around and leads back toward
=0 for large pulse powers. Further, with pulse area held constant,
increasing ¢ and b by the same scale factor (i.e. incfeasing the atom
densipy)-decreases Tc. Decreasing c alone increase Tar

Conversely, assuming'c < b, as the pulse area increases to that
corresponding to Vo .

T=w, As the pulse area is increased, Te decreases monatonically toward

=,V1/2’ a zero appears.in the echo envelope at

zero. In this case also increasing b and ¢ by the same scale factor

decreases Tc,_while decreasing c alone decreases Tor
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In order to give some support to thése‘qualitative statements,
humérical calculations were performed by al(2T,T) by integration 6n a-
computer. The collision frequency actually used was that shown dotted
in Fig. B2. The numbers were taken to approximate the actuai Cs colli-
sion frequency for a Cs pressure of 1o"h Torr, and a time scale of ten

nanoseconds. That is, 7=l implies 7=10 nanoseconds. The velocities are

)1/2.

‘ .
~in units of (e.v.

Figure B3 shows a typical envelope of the echo power for Vg = 1.6
(greater:than half vl). The zero of the echo amplitude, als shows up as
a striking feature in the power (alg).envelopé at t=r,. Figure B4 shows
how T ipcfeases as the input pulse area is increased above a threshold

(in this case, ~ 1.19 (e.v. )1/2). Finally, Fig. B5 shows the sensitive

Yo
dependence .6 T, On ¢, the collision frequency'on the high velocity
shoulder. This figure shows roughly the 1/(cwb) dependence predicted in

Eq. (B-20).




10}

Echo Power (arb. units)

_87-

Vo= 1.6 6&&&)”1
Ceo0.10

16°L

e,

800

200 400 600
' “T (nsec)
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APPENDIX C

Multiple Echoes From a Two Level System

In this appendix, we pfove that it is in principle poSsible to get
miltiple echoes even from a quantum two-level system. To that end, we
take a spin 1/2 system, in an inhomogeneous magnetic field. The Hamil-

_tbnian for this system is

H = J:{o + ZHl (c-1)

- N, = -
whgre MO ﬁsz, and. 1 VGXHX cos wbt, where o, is the standard
Pauli spin matrix. The ® in HO refers to a particular oscillator (or
isochromat) in the assumed inhomogeneously broadened line. We make the
following rotating frame transformetion:

i J -1 J ¢
Hr = e H e z (c-2)

where w, is the frequency of the applied radiation HX(t) cos @ t. Then,
t — . l -
Hro= M+ 1/2 VH, o (€-3)

where ck is the Pauli spin matrix, and we héve averaged over @ since
the populations change little in one cycle of the radiation. This is
the usual procedure of ignoring the non-secular terms, or throwing out
the counter-rotating cémponent of H.

The density matrix for a particular isochromat is defined, as usual,

by

o= 19 i (c-b) :
Then in the rotating frame, »
im J t -im g t : '
o' = e 0 z o e 0z , or
, i9,.% o :
p'.. = c.tc, e It (c-5)

ij J i ’
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whefé cj is the static part of the amplitude for the jth basis state of
the wave function and Qij-b= 1/4 (Ei-EJ.) - ®.. The bar indicates an
ensemble average over a particular isochromat.

| in this reference frame, the equation of motion for the density
‘mat r‘ix‘_ is

i % 5'7 = [H*p, ?] | S | (c-6)

where ¥' = f(w-w,)J +1/2yH o . WhenH_ =0, the solutions are
g z X X X ‘ T

simply _ o
t B t -
, pyy" (8) = py,7(0) |
1 - t 0 : )
P () Pos' (0) (c-=7)
. t = o -t -i0t -
where ! = ® = ®ye In accordance with our usual assumption that the

pulse width of incident radiation is smaller than the reciprocal band-
width of the resonant transition, during a pulse, we shall ignore the
term in :H'p proportional to JZ' Then during a. rescnant pulse, the

density matrix elements which solve (C-6) are:

pll"(tj = pp"(0) cos®(F8) + pyy"(0) sin( )
4 (512'(0) - Py '(0))i sin &0y cos (36
b (8) = ppp'(O)cos® (5€) +py3'(0) sin” (3 6) T
4 (ppy(0) = 01, "(0)1 sin (F8)' cos (& 0)
Py, (1) ‘=  py,'(0) cos® (% 6) + pyy"(0) sing-‘(% 8)

+(p11'(0) - p,,'(0)1 sin (5'0) cos (£ 6)

ooy (8) = (pp,"(8)7)
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where g = ﬁﬁ&t.
The radiation from a particular isochromat with frequency € is

proportional to_SX(Q) for that isochromat, where
sx(n) Tr (p'(Q)8 X).
The‘total'radiating moment for thé system will be proportional - to
. N |
(s.) = [ &® s.(2) an. - (c-9)
X - X _

At time t=0 we assume a system in thermal equilibrim, so P11 = 85 P = b

‘and Pip = 0. A pulse of angle 61 is then applied. For later times

SX(Q) = - 1/2 (b-a) sin 91 sin ((wb + Q)t),
and | : _(C-lO)

<sx) = -1/2 (b-a) sin 6, sin @t a(t)

where G(t) is our usual Fourier transform of the distribution function,
armd a symmetric line has been assumed.
If a second pulse, with area corresponding to an angle 92, is

applied at t = v, then for t > 7,

SX(Q) = } 1/2 (b-a) sin 91 0052(1/2 92) sin ((mb+9)t)
+ 1/2 (b-a) sin 6, sin® (1/26,) x sin (@t + (t-27))
- 1/2 (b-a) cos el sin 6'2 sin (a)ot + (t-T)) (c-11)
Then,
(s,) = -1/2 (b-a) sinwt { sin 6, cos (1/29,) G(t)
.+ cos &, sin G(t-1) - (c-12)

s;n e-l sin® (1/292) a(t-27) }.
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The first term in the bracés corresﬁondé'to the usual frée: induction
' :tailvfrcm fhe first pulse; the second term corfesponds’to a free indauction
tail frdm the second‘pulse; the third téfm.corfésponds to the echo at
t = 21, This is the same as Hahn's Original-classical result,j but
without relaxation.

‘Before including relaxation,,we shall restrict  the pulse so that
91-¥_62 = m/2. Then‘ﬁhe last tem of Eq; (Crll) is zero (novfree in-
duction decay after the second pulse), and the other two‘terms can be

‘combined.to give the total transverse componert of the spin (SX for -

sin (.@bo+ﬂ)t) = 1) for the 9 isochromat as

s « (cos 2 Q1 - 1). o (c-13)

il
Siﬁce fﬂé_fransverée coﬁpoﬂent éf the.spin‘isAthe radiating part, we
_éeeAthﬁtv£W6 90° puises ihtréduéevé pefibdic modiilation on thé strength
of fhe fadiation from the spin system. The lack of higher drder echoes
at f = nf,‘n = 3,h .. ;; theﬁ , is Just a‘ manifestation of the lack of
higher order Fourier componénts iﬁ Eq. (C-13). . |
To.bring this system closer to cyclotron echoes, we introduce a
phénémenOIOgical T2 process which will depend on the magnitude of the
tﬁansverse spin component. This process is accounted for by multiplying
the off diagonal terms of the dens ity matrix by e_t/T . Since ]S£|
is constéﬁt over the spectrum. after the first 90° pulée, for 0 <t <7
the relaxafion term is an bverall damping factor, ahd.will be ignored.
For t > T, ]Stl has the periodicity indicated by Eq.v(c-lB), and so

—(t_T)/TQ. If we now write
-(t-7) /T,
e

will e

+inQT
€ >
n

(Cc-1k)
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and multiply the off diagonal density matrix elements by this sum, then

Eq. (C-12) becomes

(sx§ = -1/4 (b-a) sin ot = a [G(t-n7) +G(t - (nt2)1) 1.
(c-15)
Thus, multiple echoes are possible. In this calculation the implict
'agsumption was made that T2 remains con;tant, even though ISt (Q)I is
changing.v In realisitic cases this will not be true, and the problem

would have to be solved self-consistantly.

L ¥
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APPENDIX D
A Criterion for Spin and Cyelotron Echoes
We rewripe Eq. (19) for the case where { for a given electron is

time dependent. Let the frequency 0 = Q (x,t), where x is a spacial

coordinate locating the oscillator.

VbT
Pr>1) = ve
0
T i t
x [ (exp [i[ 9 (xt*) at']+  (expl-f v (x) at'])
0 v ‘ T C (D'l)
X exp [i [0 (x,¢t") at'] g (x) ax
. .
T o _ |
Let_é Q(x,t') dt' = @ (x)T. Then the first and secord terms inside the

integral (C-l) are periodic in 5, since Vc depends only on the etectron
velocity after the second pulse, and therefore on Q.

Therefore, we may make thelsubStitution of Eq. (20) to get

. -in Q@ (x)'r
P = wvgee 2 a, [ e

| (D-2)
X  exp [i‘lt Qlx,;tt) att)] glx) dax.
Assuming 7 is much greater than the electron spectral line width, the

integral in Eq. (D-2) is seen to average to zero unless
-t - .
[0 a(x,t') at' = nQ (x)T . (D-3)
T

for nearly all x. If Eq. (D-3) is satisfied for somé t and for all x, then
an echo,_with.an amplitude depehdént on a , can be expected at that t.
Obviaisly, if @ (x) is constant in time, then this condition predicts
echoes at t = nt as in Eq. (22). Condition D-3 also'holds for spin

echoes. For example, if one doubles the inhomogeneity in the magnetic
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field at t = T, one expects the echo rephasing to ocecur earlier than t = 27.
Equation (D-3) in this case reads
2 0 (x) (¢-1) = ha (x)1, ort=g- T

for the time of the echo. (In thds case the only non-zero fourier ampli-

tudes, a5, are n = 0, 1.)
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behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
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resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "'person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any Information pursuant to his employment or contract
with the Commission, or his employment with such contractor.




- - —a

TECHNICAL INFORMATION DIVISION
LAWRENCE RADIATION LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720





