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CYCLOTRON ECHOES IN Cs VAPOR 

John Wesley Shaner 

Inorganic Materials Research Division, Lawrence Radiation Laboratory, 
and Department of Physics, 

University of California, Berkeley, California 

ABSTRACT 

Cyclotron echoes have been studied in a weakly ionized cesium plasma 

in a magnetic field. The behavior of the multiple echoes following two 

resonant microwave pulses (two-pulse echoes) and those following three 

resonant microwave pulses (three-pulse echoes) are shown for various 

pulse spacings and neutral Cs densities. These results are compared 

with various theoretical models. On the basis of this comparison, the 

velocity dependence of the electron-neutral collision frequency is chosen 

as the mechanism for two-pulse echo generation. Several mechanisms are 

invoked to explain the three-pulse echoes, including scattering without 

diffusion and diffusion across flux lines. A detailed comparison is 

made between the results from these models and the experimental results. 
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II now Echo always 
says .the last thing she hears, and nothing further. 11 

Ovid1 

I. INTRODUCTION 

Accordi~g to Bul~inch, 2 Echo was well known to Greeks and Romans 

over two centuries ago. She was the nymph who distracted Hera with her 

chatter while Zeus, who was amusing himself with the other nymphs, made 

gc;cid_ b:is retreat. When Hera found out this scheme, she punished Echo by 

limiting her speech to those words she had just heard. With this curse, 

Echo had the further misfortune·:.to meet by chance and fall in love. with 

Narcissus. When this self-centered youth repulsed her advances, Echo 

ran away to the mountains to hide her shame. In her grief her flesh 

shrank away until only her voice remained to reply to all who called to 

her in the mountains. 

This was undoubtedly only a formal description of the phenomenon 

of echoes, which had amused men since our simian ancestors first heard 

their screeches echoed in mountainous areas. Unfortunately the first 

observation went unpublished, so it cannot be properly referenced. 

No echo phenomena other than returning waves bounced off of reflec

ting surfaces were observed until 1950, when Hahn3 reported the first 

nuclear spin echoes. These echoes were shown to be useful in the study 
---- ~ 

of the various relaxation mechanisms affecting nuclear moments.' Soon 

thereafter echoes were observed in several other quantum systems involving 

a small number of levels. The list now includes transitions in electron 

paramagnetic, 4 nuclear quadrupole,5 electric dipole,
6-7 molecular rota-

8 9 - 10 
tional, molecular vibrational, and atomic hyperfine systems. 
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ll In a paper by Feynman et al. the fact that all two level quantum 

systems can be cast into the same form as the nuclear spin l/2 system is 

proved. Also, it is well known that when proper statistical averages are 

taken in a quantum mechanical spin system, the resulting equation of motion 

for the macroscopic moment is the same as that obtained from classical 

12 
theory. Therefore, to the extent that these quantum systems can be cast 

into a two-level form, they can all be explained by Hahn's original treat-

3 ment. 

MOre recently similar echo phenomena have been observed in the Landau 

levels of a free electron gas, and in several systems with collective 

modes. The former are called cyclotron echoes. 13 The latter include 

ferrimagnetic modes,
14 

and electron15 and ion
16 

plasma waves. 

What all of these systems have in common is an inhomogeneously 

broadened spectrum (frequency or velocity), defined as follows: there is 

some subensemble of the system, including all its interactions with 

the whole system, for which the spectral width of the subensemble is 

less than that of the whole system. Also some condition on how wildly 

the inhomogeneous broadening mechanism varies with time is necessary. A 

sufficient, though not necessary condition for all the systems in which 

echoes have been observed is that the frequency of any oscillator is con-

stant for the duration of the echo experiment. Less strict conditions are 

shown to be sufficient in Appendix D. Examples of such a broadening 

mechanism for localized oscillators, like spins, are an inhomogeneous 

magnetic field; strain broadening, and doppler broadening. In the electron 

plasma wave echoes, the spectrum can be thought of as the whole electronic 

velocity distribution. Any subsystem, for example, that part that is 

affected by the Landau damping;)h~s a smaller spread in phase space, and 

.. 

, ... 
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therefore a smaller spectral width, according to the above definition. 

In addition, there may be a homogeneous broadening mechanism acting 

on the system. By this is meant the spectral width of a single oscilla-

tor plus its interactions. This mechanism ultimately determines the decay 

rate of the echo. Therefore, a study of this decay rate is a study of the 

homogeneous broadening. 

When a signal comes from such an inhomogeneously broadened system 

it is usually an average over the whole line weighted by a spectral dis-

tribution function, g(0) (or f(v) for the plasma wave echo). If the 

inhomogeneous line has a width 6, such an average decays with a character

* istic time T2 = l/6. Thus, any signal arising from an average over the 

whole spectrum will decay with this time constant. However, a particular 

isochromat (a collection of oscillators with the same center frequency 

for their homogeneously broadened lines) continues its coherent motion in 

phase space for a time T2 = 1/o where o is the homogeneous spectral width. 

* Therefore the inhomogeneously broadened line condition (T2 . < T2 ) implies 

* that although the macroscopic signal decays with a time constant T2 , the 

microscopic dynamics of each isochromat remains· coherent for a time T2 , 

and therefore the system contains more information between these two times 

than the macroscopic signal would indicate. All of these echo phenomena 

use some form of trickery to extract this information, thereby yielding 

a measure of T2 • 

The first observation of cyclotron echoes was made by Hill and 

Kaplan13 in 1965. Their system consisted of the free electrons in a 

weakly ionized plasma in an inhomogeneous magnetic field. The magnetic 

field was such that the electron cyclotron frequency was resbnant with 

the microwave fields. X-band microwave pulses, ten nanoseconds in 

duration were directed at the system in the time sequence shown in Fig. l. 
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INCIDENT PULSES 

TWO-PULSE 
ECHOES 

r ,------JA-~------~, 

1['------------~ 

THREE-PULSE 
ECHOES 

-------J~ .... ------~ 
f ' 

Figure 1. Two- and three-pulse cyclotron echo timing sequence. 
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Multiple echoes, e~ually spaced in the time domain were radiated 

from the system after both the second (two-pulse echoes) and the third 

(three-pulse echoes) microwave pulses. These echoes were extremely power-

ful, sometimes as large as 0.1 milliwatt. The plasmas in which cyclotron 

echoes were observed ~~~ere Argon, Neon, ,a.nd Nitrogen, with typical neutral 

. . 14 15 -3 ( -3 ) densltles of 10 -10 em 3-30Xl0 Torr .and electron densities of 

108-109 cm-3. Echoes were also observed somewhat later in a strongly 

21 ionized Cs plasma. 

These observations resulted in several theoretical papers discussing 

echo forming mechanisms. Included in these mechanisms were the non

linear inte~action of the electron with the microwave fields, 17 the rela

tivistic electron mass shift, 18 and the velocity dependence of the colli

sion fre~uency. 19 The first two mechanisms were calculated to give echo 

2 powers proportional to (v/c) where v is the electronic velocity, and c 

is the speed of light, but no numbers were reported for an absolute mag-

nitude of the echo power. When such a number is calculated, it turns 

out orders of magnitude too small to explain the observed echoes. The 

velocity dependent collision fre~uency mechanism was shown to give the 

correct order of magnitude for the echo amplitude, but no detailed com-

parisons of theory with data have yet been published. In this work, we 

present such a comparison for a weakly ionized cesium plasma. 

The only theoretical mechanism which has even predicted a correct 

order of magnitude for the three pulse echoes involves the diffusion of 

20 electrons across flux lines in the plasma. Again, no detailed compari-

son of experimental data with this theory have been published. 

In this report, the velocity dependent collision and other mechanisms 

for two-pulse echoes are discussed in Chapter II. Also, in that chapter 



-6-

detailed calculations of the two-pulse echo behavior for the weakly 

ionized Cs plasma are presented. In Chapter III, three-pulse echo 

mechanisms are discussed. Finally, in Chapter IV the experiments are 

discussed and the experimental results are compared with the theories 

of Chapters II and III. 



II. TVJO-PlfiJSE ECHOES 

A. Assumptions 

Several assumptions shall be made at the outset concerning the system 

considered. First, we assrnne a linear interaction of the plasma electrons 

with the resonant microwaves. This assumption will be reasonable so long 

as the incident microv1ave pulse pov1er is not too large. When the pu:J_se 

pov1er gets so large that the resuJ_ting electron velocity cannot be neglec-

ted when compared to the speed of light, this first asswnption breaks 

down. Of course, this is equivalent to ignoring all relativistic effects. 

The consequences of large pulse pmvers are discussed in Section IIE. 

A second assumption to be made in the follovling discussion is that 

the system is classical, as opposed to a quantum system. Since the 

characteristic electron energy in this wor~ is 1 electron volt, the Landau 

4 level quantum number is of the order of 2xl0 , so quantum effects in 

the degrees of freedom transverse to the magnetic field can be ignored. 

Also, in view of the macroscopic size of the plasma (~10 em) the velocity 

component parallel to the magnetic field can be considered continuous. 

The typical electron densities used in this work were around 109 cm-3• 

At this density, the Fermi energy corresponds to 10-3 degrees, so for 

a room-temperature plasma we certainly may neglect degeneracy effects. 

B. Interaction 

By considering the electron distribution in velocity space, one 

can write the equation of motion for an electron in a static magnetic 

field, H = ~' and a time varying electric field, E(t): 

:. -e 
v -- m 

-' A ~ 
E (t) + ro z X v , 

,.,.1here ro is the cyclotron frequency. (ro = eH/mc~) . For the vector 

(1) 
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components transverse to the magnetic field we shall use the complex no-

tation v = Re(~) and v = Im(v). In this notation, the transverse part 
X y 

of Eq. (l) becomes 

• e ~ 

- iii E (t) + (2) 

which is solved by the convolution 

V(m,t) = J: e E~ ( ) ia:( t-T) d -- Te T. 
m 

(3) 

The case of interest in this work is that of an electric field 

oscillating at a frequency near the cyclotron frequency and polarized 

linearly in a direction perpendicular to the magnetic field. Thus, 

l iru t -im t 
E(t) = 2 (E(t) e 

0 
+ E(t) e 

0 
) 

where E(t) is real. Further, the assumption is made that E(t) varies 

slowly compared with the oscillation frequency: 

l 
E 

Then for times after the end of a microwave pulse, 

f oo -i(ro~ )T 
v(ro,t) = - ~ eirot} (E(t)e 

0 

-oo 

- i ( IDt<l) )T 
+ E(T)e 0 )dT 

l -e 
2 

imt 
~ E(n) 
m ' 

(4) 

(5) 

where E(D) is the Fourier transform of E(t), and Q = ~0• If further 

..l 
we go to a frame rotating about H at frequency ro0 , then 
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~( . ) int l e ( ) v D,t = -e 2 mE D . (6) 

Thus, the magnitude of the velocity of an electron with a particular 

cyclotron frequency will be proportional to the Fourier component at 

that frequency of the microwave pulse spectrum. Hereafter we shall refer 

to ~'( n) as the area of the pulse. 

For the simple model of two-pulse echoes the pulses will be assumed 

short enough so that t << Dn, where t is the pulse width and 6n is the 
p p 

total electron spectral line-width. In this case the pulse spectrum is 

iDt constant over the electron line, and the e ter.m can be neglected during 

the pulse, so all the electrons respond identically. If the pulse spec-

trum is not constant over the electron line, it is possible, in view of 

Eq. (6) to store the spectral information in the electron velocity 

distribution. Harp, et a1.
20 have shown this to be the case, and also 

they have shown that under suitable conditions this spectral information 

canbe retrieved as modulation in the echo shape. 

In this rotating frame in velocity space representation, the free 

motion of an electron is simply described by 

v(t) int = e v(O) (7) 
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C. Simple Model 

Using Eqs. (6) and (7) one can see what the response of the electrons 

will be to two pulses of resonant microwaves. The first pulse is applied 

at t = 0, and the sec-:>nd pulse, equal in area, is applied at t = -r, where 

T is much greater than the reciprocal spectral width of the electron 

resonance. As is shown in Fig. 2, the electron distribution in velocity 

space will be a thermal ball at t = 0 with· a radius of about 0.17 

(e.v.)
1

/
2

, corresponding to a Maxwell-Boltzman distribution at 300°K. 

After the first pulse tile ball is displaced by v0 (~ l (e.v. )1/ 2 ). At 

t = T the ball has fanned out into a doughnu~of ~adius v0,due to the 

spread inn. The second pulse further accelerates those electrons. that 

are in phase with the microwave pulse at t = -r, and decelerates those 

that are out of phase with the pulse, resulting in a displaced doughnut 

after the second pulse. In fact, a simple geometrical construction shows 

that the velocity of any electron after the second pulse is given by 

This function is seen to be periodic in .\1 with period 2rr/-r. Since the 

radiating dipole moment is proportional to I vi, this velocity distribu-

tion in itself hints at beating, with beats::,spaced by T in the time do-

main. However, care must be taken in considering the initial phases of 

the electron oscillators. 

In order to see that no beating or echo phenomena occur for the 

system so far described, consider the classical cyclotron radiation 

from the electron gas. The dipole moment for a given oscillating electron 

is simply -JeJR, where R is the cyclotron radius. Since R = v/ro, c c c c 

the electric dipole moment for an electron with cyclotron frequency ro 
c 
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a. f=O 

C. t:T 

--+----®
~'lfo ---.).j 

b. t >O 

d. t>T 

Figure 2. Electron velocity distribution at various times 

during the pulse sequence. 
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l·s IP..ll __ mHc lv~l. We can then define an average polarization for the 

whole gas as 

'P(t) = J 00 

v:cn,t) g(n,t) dn , (9) 
-oo 

where we have gone to the complex notation in the rotating velocity space, 

and we have introduced an electron spectral distribution function, 

g(D,t), which may be time dependent. The distribution function is normal

ized so that ~00
00 

g(D,O) dD = 1. This form ignores propagation effects, 

and thus really applies only if the system is small compared with a micro-

wave wavelength. The propagation effects will be considered in Section 

IIE. The total power radiated by a collection of coherently oscillating 

dipoles is 

4 
p = ~ INPI 2 

' 
(10) 

3c3 

where ru is the frequency, c is the velocity of light, and N is the number 

of oscillators. Therefore, the power radiated by the plasma electrons 

can be written 

p = (11) 

This expression has, of course, ignored the incoherent dipole radiation 

which occurs even when P = 0. But the incoherently radiated power is 

less intense by a factor of N. That is, the power radiated incoherently 

by 1011 electrons (109 cm-3 over 102 cm3 volume) is about 2x10-ll watts, 

or a factor of ten smaller than the sensitivity of the wide-band receivers 

used in this work. 

Using Eq. (9), we can now calculate the linear response of the 
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electron gas to resone,nt radiation pUJ:.ses. Referring to Fig. 2, we can 

write 

Therefore, 

v(n,o) = 0 ' 

-c ) wt c 2) v n, t > t = v 
0 

e , and 1 . · 
p . 

v(n,t > 1" + tp) = vo(eint + 1) eiQ(t--r) • 

p (0) = o, 

P ( tp < t < -r) = v 0 G( t), and 

P (t > -r + tp) = v0 (G(t) + G(t--r)), 

(13a) 

(13b) 

(13c) 

where G ( t) is the Fourier transform of the distribution function: 

!
00 • t 

. G(t) = g(U)~ 1U dQ 
-oo 

These expressions have ignored the thermal smearing of the electron velo-

city distribution. Equation (13b) expresses the result, familiar as free 

22 
induction decay in magnetic resonance, that the response of a system to 

a delta function excitation pulse is just the Fourier transform of the 

system's spectrum. Since we have assumed tnat the electron spectral width 

is much greater than 1/-r, g(t) is essentially zero fort> -r. Equation 

(13c) then shows that the response following the second pulse is simply 

another free induction decay, this time centered about t = -r, the time 

of the second pulse. As promised above, there is no echo at t = 2-r, or 

any later time. 

From Fig. 2 we can see that the velocity of a part~cular isochromat 

has in general an x component.after the second pulse. Therefore, at t=-r, 

just after the second pulse, each isochromat has a phase ' e, associated 

with it, where e = tan-1(v /v ). If this phase is ignored, and the total 
X y 

velocity given by Eq. (8) is considered to be v at t=-r (v = 0 at t=-r), y X 
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then (v(D,t) = iv(n,t.)i = 2v0 icos n;i. Since this expression for vis 

periodic inn and even, we can write it as a Fourier series: 

v(n,r) [ inD-r - innr ] a e + e n 

Then, inserting this into Eq. (9), we have the result: 

P(t > ~ + t ) = vn ~ 
p ../ 0 

a {G(t + (n-1)~) + G(t-(n+l)~)}, 
n 

where the first few Fourier coefficients, an' are: 

a
0 

4/rr 

l 
a1 3" (4/rr) 

a - ];_ ( 4/rr) 
2 15 

(14) 

Thus we see maxima in the average macroscopic polarization centered around 

t = (n+l)~ for n = 0, 1, 2, .••• These maxima, echoes or beats, are 

just what one would expect from a spectrum of oscillators with amplitudes 

a periodic function in the frequency domain, if all the oscillators started 

out in phase. The importance of considering the phase of each oscillator 

exactly, is then clear, since the tre~tment of Eq. (12) leads to no 

response after the free induction tail following the second pulse. Thus, 

as expected, the linear system so far described behaves linearly. 

The non-linearity we shall introduce in the simple model is the 

energy dependence of the elastic scattering cross section for electron-atom 

collisions. 19 .. This choice is motivated by the fact that the experimentally 

observed cyclotron echoes have maximum amplitudes for pulse spacings of 

the same order as the electron-atom collision times. The electron-Cs 

and the electron-A total scattering cross sections are shown in Fig. 3, 

along with an idealized cross section which is useful in conceptualizing 
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- -·--- -- -- --- - ----

1.0 2.0 3.0 ~.0 
.!. 

Velocity ( (e.v.) 2 
) 

Figure ~. Argon and cesium total scattering cross sections 

as a function of electron velocity. The argon data and the 

cesium data above 0.5 (e.v.)t is from Brode23, and the low 

energy Cs data is from Chen and Raether24 . 
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the echo process. The striking minimum in the Argon cross section is 

known as a Ramsauer minimum after the early measurements of this effect 

by Ramsauer. 25 This effect was explained theoretically by Allis and 

Morse, 26 who used the then new quantum mech8.nics of atoms. The effect 

arises essentially because an electron in the vicinity of a neutral atom 

polarizes it, thereby creating a potential well for the free electron. 

If the electron's de Broglie wavelength is comparable to the width of the 

potential well, then there is a possibility of resonant transmission 

through the well or reflection from the well. Allis and Morse's 

calculations indicated that this process was exactly what happened 

for electron energies in the one volt region, with the resulting large 

oscillation in the elastic scattering cross-section for electron ve

locities of about 1 (e.v.)1/
2

• In the Cs case the measured cross-section 

is not entirely due to elastic scattering. The cesium D lines fall 

at ll,l78'and 11,732 cm-l respectively, 27 corresponding to an energy 

of 1.3 e.v. Thus, the cross-section measured around the peak at 

1.5 (e.v.)1/ 2 is for a combination of elastic and inelastic scattering 

events. This problem of interpretation does not arise in the Argon 

case, since the first excitation for Argon is at much higher energies 

than those used in this work. 

·<! 
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The final step in the simple model is to include the effect of 

collisions on the distribution function. Jl..t any given time the electron 

in its orbit has a phase angle associated with it determined by the 

direction of the radius vector to the electron position relative to 

some fixed direction. This phase angle-can be thought of as the angle 

between the instantaneous velocity vector and some arbitrarily defined . 

direction perpendicular to the magnetic field. If the magnetic field 

variation is small over distances comparable to the cyclotron orbit 

size, electrons in orbitsnearby the one under consideTation will have 

essentially the same phase angle, if they are still oscillating co-

herently. Any change in this phase angle changes the phase of the 

radiated electr:Lc field, and only that component of the electric field 

in the direction of the radiatedJfield from the unscattered electrons 

will add coherently to the radiation from the electrons. Such a 

change in the phase angle of an electron orbit is analogous to the T2 

processes of magnetic resonance. But an elastic scattering event results 

in just such a discontinuous change in phase angle. As a result of a 

scattering event,the electron velocity changes abruptly as the electron 

starts orbiting around a new center. The center of the orbit moves less than 
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twice the cyclotron radius, so the fixed reference direction for deter-

mining phases is the same for the new orbit, whiile the direction of the 

radius vector changes abruptly. We shall defer until the next section a 

detailed discussion of what cross section is to be used in describing the 

relaxation of the polarization. For the simple model it suffices to say 

that we can separate the distribution function into a coherent part, gc' 

for those electrons which have not been scattered, and an incoherent 

part, g., for those electrons which have been scattered. 
l 

g(n,t) s g (n,t) + g.(n,t). . c l 
(15) 

Since those electrons contributing to g. have a random phase, the inte
l 

gration giving the macroscopic polarization will vanish for this part 

of the distribution function. Thus, only the coherent part of the dis-

tribution function is then to be used in Eq. (9) to calculate the polari-

zation. The equation of motion for g can be written 
c 

g (n,t) = - v (n,t) g (n,t), 
c c c 

where v (n,t) is the collision frequency, 
c 

v (n,t) = Ncr(n,t) v c 

(16) 

(17) 

where N is the density of scattering centers (e.g. neutral atoms), cr is 

a scattering cross section, which depends on n through the velocity de-

pendence on n, and v is essentially the electronic velocity (or more pre-

cisely, the average relative velocity between the electron and an atom). 

Solving Eq. (16), 

g (n, t) 
c 

- ft v (n,t') dt' 
=g(D,O)e 0 c 

c (17) 

.i.; 
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one can see that the distribution function gets a periodic modulation 

imposed on it, since v c is now a periodic function of n. Therefore, on~e 

can see that the cancellation which resulted in no echoes ~-n Eq. (13) 

no longer holds, and multiple echoes are expected. In fact, using the 

cross section model of Fig. 3, where 

v<v . c 

v>v 
c 

one can see that the fast electrons (those with fre1uencies around 

Q = 0 ± 27Tn(r) are rapidly scattered. The resulting distribution function 

is a relatively smooth one with periodic holes chewed in it spaced by 

27T/Te The resulting response should be that from the smooth distribution 

(free-induction decay) minus that from a distribution of oscillators 

spaced periodically in the frequency domain. The latter distribution gives 

pulses spaced by T in the time domain in vj_ew of the fact that all those 

oscillators started almost in phase at t=T. A more accurate expression 

for an arbitrary cross section is derived in the next section. 

D. Exact Description 

We wish to derive the analog of Eq. (l3c) with collisions included. 

After the first pulse, all the electrons have the same speed, so the 

collision time has no frequency dependence. Thus, 

P(t < t < T) p 

t 

!
00 -f v dt' 
g (o; 0) e 0 ° x ( e int dQ) 

-oo 

(1,8) 
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where gc(n,o) = g(n,o), and v0 is the collision time associated with 

the electron speed v
0

. After the second pulse the polarization is given 

by 

f ool _ Jt v (n) dt'} 
x -oo ( e in-r + 1) e T c (19) 

X eiQ(t .. T) g(n,O) dQ. 

In this expression, both pulses have been assumed to have equal amplitude. 

Since lvl is a periodic function of Q [Eq. (.-8 )], so is v (n). There
c 

fore, the term in braces in Eq. (19) is a periodic function of n, with 

period 2n/T. We may then write 

where 

co 
= L: 

-co 
a (t) 

n 

+l·n~~ 1·~~ -y_.c(n)(t--r) 
e ~"· (e ~"·~1) e dQ 

Putting Eq. (20) back into Eq. (19), we have, 

- vot CXl 

P(t > -r+tp) = v0e L: 
-oo 

a (t) 
n 

G(t-(n+l)T ). 

(20) 

(21) 

(22) 

Thus, the calculation of the nth echo amplitude has been reduced to the 

evaluation of the Fourier coefficient a (t). Since G(t-(n+l)-r) is 
n 

strongly peaked at t = (n+l)T, only a ((n+l)T) need be calculated. n 

•· 

.. 
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Next we must come to grips with the problem of which cross-section to 

use. Unfortunately, there is no simple answer to this problem. If the 

electronic motion were confined to a plane, the answer would be that the 

momentum change cross-section should be used. Reference to Fig. 4 shows 

that in this case the phase· shift, ¢, in the electronic orbit is equal to 

the scattering angle, e. The radiated electric field from such an elec-

tron still has a projection in the direction of the field radiated by the 

unscattered electrons' but it is reduced by a factor of cos e. by the 

scattering. That is, small angle scattering is not a very effective 

relaxation process. Therefore, the relevant cross section is just the 

momentum change cross-section, which weights events by a (1-cos 6·) factor: 

am =I (1-cos 9·) da/dD df/, • (23) 

In Appendix A we prove that the above conclusion is valid even if 

... 
scattering out of the plane transverse to H and into helical orbits is 

allowed if the magnitude of the magnetic field is constant along a flux 

line. 

Experimentally, there are two problems which cast doubt on the 

accuracy of the model so far described. First, the magnetic field is 

not constant along a flux line. In fact, along a flux line D'i" for 

typical ~ (200 nsec) varied through several TI from one end of the plasma 

to the other. Using a model inhomogeneity, the effect of this complica-

tion could, in principle, be calculated in much the same way as diffusion 

in an inhomogeneous field was handled ih Hahn's original paper. 3 However 

since DT varies by many TI along a single flux line, there will be several 

places where p~ = 2Tin where n is an integer. Since these are regions 

where the electrons have large velocity and large scattering cross-sections, 
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------------
)~ 

Figure 4. Effect of an elastic scattering on an electron 

orbit. Theta is the scattering angle; phi is the phase shift .... 
in the orbit; and hR is the change in the orbit center. 
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scattering in these regions is more rapid than in the intermediate regions. 

Yne result will be some space-charge developed along a flux line, and 

this is the second complication. If there are space charge .fields along 

a flux line the motion of the electrons is no longer free in this direction. 

Then the complicated dynamics of an electron in the regime of ambipolar 

diffusion must be considered. More will be said about this complicated 

situation in reference to the three-pulse echoes. 

In the case o'f a Cesium plasma, since the first excitation of the Cs 

atoms occurs at such low energies, inelastic collisions must be considered. 

We shall treat an inelastic collision in two parts. First, the velocity 

for an electron with an energy in excess of the excitation threshold is 

reduced to (v~), where ~ is the electron velocity corresponding to the 

atomic excitation energy. Secondly, the electron is elastically scattered. 

From the calculation analogous to that already presented in Appendix A, 

we have then a new cross-section, 

dcr dQ 
dQ. 

~ ' 
(24) 

where (dcrjdn). is the inelastic differential cross section, which may 
~ 

still have a velocity dependence. This form was chosen since the 

weighting factor in square brackets is just (P-P' )/P, where P' is the 

component of the scattered electron's polarization along the direction 

of the unscattered electronic polarization. P is the polarization of a 

single electron before scattering. If~ goes to zero in Eq. (24), cr. 
~ 

goes to a , which is correct since the scattering becomes elastic. If 
m 

v = ~, a. becomes the total inelastic cross section since any scattering 
~ 

event will cause the electron velocity to vanish, and in such a case 
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every inelastic scatte11;i:ng:event is coiilplet~ly successful:at destroying 

the radiation from the electron involved. The cross section to be used in 

the collision frequency of Eq. (21), if there is no variation in magnetic 

field along a flux line, is then 

a dD (25) 

where a is the elastic scattering momentum change cross section, and 
m 

the sum is over final atomic states for an inelastic process. 

In order to simplify the expression (25), we shall replace the sum 

with the total inelastic cross section., Since in the experiments des-

cribed in this report the electronic velocity is never more than twice 

the first inelastic threshold, calling the sum the total inelastic cross 

section is at least a better approximation than calling it the momentum 

change inelastic cross section. However, Brode's data,23 shown in Fig. 2 

are for the total elastic, ere' plus the total inelastic cross sections. 

28 
Some measurements have been made, by a crossed beam technique, of 

the differential scattering cross-section for electron-potassium calli-

sions. These measurements indicate a considerable increase in small angle 

scattering as the electron velocity is increased. Also, data presented 

by Brown,29 show a fore--A and e--Ne collisions falling below the total 
m 

elastic cross sections. The difference between a and a in these 
m e 

rare-gas cases appears to be linear in electron energy up to about 10 e.v. 

If the Cs cross-section data were for purely elastic scattering, we could 

simply assume a similar scaling law held in Cs and multiply Brode's data 

by (l-xv
2

) where x would be a variable parameter chosen to fit the data, 

and v is the electron velocity. However, calculations by Karule and 
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"10 
Peterkop~ indicate an inelastic contribution to the total cross section 

which rises to 50% for electron energies of 5 volts. In view of the 

decreasing contribution of elastic scattering to the total cross section 

and our approximation of using the total inelastic cross-section in 

Eq. (25), a more accurate fudge factor with which to multiply Brode's 

data would be (1-xv). 
-vo'r: 

Computer calculations of the two pulse echo amplitudes, e an(n+l-) 

as given by Eq. (21) will be presented shortly. First, some exact results 

proved in Appendix B will be discussed. The first results proved are that 

for the velocity dependent collision frequency mechanism, the echo ampli-

tude is linear in T for v T << 1, and the echo amplitude is zero if the 
c . 

collision frequency is independent of velocity. Obviously these results 

are just statements of the facts that one needs collisions before echoes 

appear, and that the collisions must affect different parts of the spectrum 

differently. Next, if the collision frequency is a monotonic increasing 

or a monotonic decreasing function of velocity, and the area of the first 

pulse is less than or equal to the area of the second pulse, the power 

of the first echo has a single maximum. If the area of the first pulse 

is greater than the area of the second pulse, there may be more than one 

maximum. If one ignores the low velocity increase in a shown in Fig. 3, 

(this is less pronounced in v since v « vcr), one sees that the electron-
c c 

atom collisions give a monotonic increasing v (v). If electron-ion collisions 
c . 

are the dominant process, the collision frequency is a monotonic decreasing 

function of velocity (v o: l/~). 31 The conclusion is that unless one 
c 

can measure the phase of the echo relative to the input pulses, there is 

no way of distinguishing a monotonic increasing :vc(v) from a monotonic 

decreasing one. 
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These general conclusions have been verified by Herrmann, et a1. 13 

They performed numerical calculations of the echo power as a function of 

T for v ~ v
2 

and v ~ 1/~, approximations to the electron-atom and c c 

electron-ion collision frequencies, respectively. They found, as we have 

shown in general, that for v1 ~ v2 , there is a single maximum in the 

echo envelope, and for v1 > v2 there may be multiple maxima. 

Lastly, it is proven in Appendix B that if the collision frequency 

is not a monotonic function of velocity, then under suitable conditions 

the amplitude of the first echo can pass through zero. In particular, for 

b v < v2 
v . - a v2 < v < vl (26) c 

c v > v1 ' 

where v1 > v2 , if b < c <a, and if cis small enough, a1 (2T,T) changes 

sign for a T denoted T . This critical T shows up in the echo envelope 
c 

as that T for which the echo power goes to zero. For a given c, T 
c 

varies in an involved way as the input pulse area is increased above a 

certain threshold. At this threshold, T is zero, and below the threshold, 
c 

there is no T • Also, for a given pulse area above threshold, T is 
c c 

-1 roughly proportional to c . 

from zero. 

That is, as c is decreased, T moves away 
c 

The relevance of these analytical results can be appreciated by re-

ferring to Figs. 3 and B2. It is seen that the model looks very much like 

the actual e - Cs collision frequency. Then, since the cor~ections dis-

cussed in relation to reducing the elastic scattering component in Brode's 

data tend to reduce the collision frequency at high velocities (c), one 

expects the echo power to be zero for some T, and this critical T should 
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behave roughly as predicted by the results of Appendix B. 

The computed echo power as a function of~, and input pulse area (v
0

), 

for Brode's cross section is shown in Fig. 5. The quantity labelled power 
··~· 

is given by 

power = (e -vo' 

where n is the echo number. 

a 
n (27) 

The calculation was performed by a Simpson's Rule integration of Eq. (2l) 

with one hundred intervals between D~ = 0 and D~ = TI These curves corre-

-4 spond to a Cs pressure of 10 torr, but a change in pressure only results 

in a scaling ofT. That is, since the Cs pressure enters the calculation 

only through v, and since v appears only in the expression (v-~), doubling c c c 

the Cs density has the same effect as scaling ~ up by a factor of two. The 

units for v0 , the velocity corresponding to the input pulse area, are 

(e.v.)1/
2

. These curves are compared with the experimental data in 

Chapter IV with quite satisfactory agreement. 

Similar curves were computed using the a shown in Fig. 3, multiplied 

by (1"-xv). For x large enough (0.13), 

envelope assumed the appearance of that 

of ~c with v0 and x is shown in Fig. 6. 

sponds to a Cs pressure of 10 -4 torr. 

the correction factor (l-xv
2

) was used. 

~ became non-zero, and the echo 
c 

shown in Fig. B3. The variation 

The :scale on ~', again corre-c 

Similar curves were obtained when 

In fact, .even;had ~- been observed 
c 

experimentally, choosing between the two correction factors would not 

have been possible. 

In order to search for ~c' experiments were done with v0 up to at 

l/2 least 1.3 (e.v.) , but no ~ was observed. One can then place an upper 
c 

limit on x, if indeed this model is valid, of 0.15. 

Two more complications in the simple model should be mentioned. 
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Figure 6. Calculated 1r, for Brode's cross section data multiplied 

by (1 - xv). 
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First, the calculations really should take into account the thermal 

smearing of the initial electron velocity distribution. Secondly, since 

the microwave electric field is not expected to be uniform across the 

whole sample, one should calculate an echo amplitude for a particular part 

of the microwave model, average over the mode, and then square the ampli-

tude to get the echo power. 

Numerical integrations for the echo power were performed with elec-

tron velocities before the first pulse averaged over circles of radius 

l/2 0.1 and 0.4 (e.v.) . A uniform distribution was assumed over these 

circles. In the case of the 0.1 (e.v. )
1

/
2 

radius circle, which was taken 

to approximate the Maxwell-Boltzman distribution for an electron tempera-

ture of l50°K, the calculated echo power nowhere deviated by more than 

10% from the echo power calculated for an electron temperature of 0°K. 

The average over an 0.4 (e.v. )1/
2 

circle was taken to approximate an 

electron temperature of 2000°K. Calculations for this case indicated 

an overall shift up or down of the echo envelope, depending on whether 

v0 was less than or greater than that corresponding to a pulse area giving 

a maximum echo amplitude. In no case was the shift by more than a,factor 

of two in power, and in every case the characteristic structure shown in 

Fig. 5 was preserved. Since the electron temperature was probably not 

much different than that of the ambient gas in the experiments (500°K), 

we assume that thermal averaging does not require significant changes 

in the curves shown in Fig. 5. 

In the experiments reported here, the microwave power incident on 

the discharge bulb did not vary by more than 3db over the whole bulb. 

One or two db variations over the plasma volume would be a reasonable 

estimate. Since this implies a pulse area variation of less than 2oojo, 
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an average over the microwave mode was not considered necessary. If the 

experiment were done in waveguide, such an average would certainly be in 

order. 

If the thermal or mode averages are applied to the corrected Brode 

data, they result in a considerable shift in -r c" However, they do not ·. 

alter the characteristic cusp-like shape of the zero in echo power. When 

the possible 20% variation in input pulse area is taken into consideration, 

the upper limit ·on x in the correction factor raises to x < 0.18. 

E. Potpourri 

If one relieves the restriction of v/c being small, several new effects 

ente.r the problem, 17 the most interesting of which is the relativistic 

mass shift. 18,32 This problem can be treated as an example of an an-

harmonic oscillator. We write first 

2 2 
ill ~ ill (l + v /2c ) 

r ' 

for the relativistic frequency shift tc lowest order, and 

(28) 

(29) 

In this section, we shall not use the rotating velocity space, since 

the results are more straightforward in the standing-still velocity space. 

We write the velocity after a first pulse as 

. 't 
v(ill,t) = vl elill (30) 

where ill' =ill+ ~a v1
2

, and v1 =- ~i E(ill). We shall assume, as usual, 

that the pulse width is much smaller than the electron spectral width, 

so v
1 

is a constant independent of ill. If a second pulse is applied at 

t = 'r' 
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.;:(w,t >r) = (v
1 (31) 

where v
2 

- ~ ~ E (ill' ) and 
2 m 2 ' 

(32) 

We must assume E2 (w') = E2 (w) is uniform ove: the electron spectrum also, 

or else we get into the same problem the early cyclotron builders found. 

That is, as the mass shifts during a pulse, the gyrofrequencies of some 

oscillators will be shifted so far as to be unaffected by the remainder 

of the pulse. Thus, we still confine ourselves to small mass shifts. 

The polarization is now 

We write33 

iav1v2 (t-~)cosill'~ 
e 

(-i)n J (f3) 
n 

-oo 

(33) 

' 
(34) 

where ~ = av1v2 (t-T), and Jn is the Bessel function. Then note that g(ill) 

is a fairly sharply peaked function for the conditions already specified. 

In typical cyclotron echo experiments, the width of·g(w) is less than 

0.01 ill. Putting in typical numbers of 6x1o10 sec-l for ill, 10-7 sec 

for ~, 10
8 em/sec for v, av2T ~ 0.06. Thus, all terms involving 

exp(i av
2

(t-T)) are essentially constant over the region where g(ill) is 

non-zero for t many times ~. Therefore, we may pull all such terms out 

of the integral and replace w in them by w
0

, the center of the line. Then 
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P = ~ a ( t--r) G( t-m) 
n 

i ~a(v1
2+v2

2 )(t--r) 
= e ~ 

' 
(35) 

i l av 2 (1-n)-r 2 l . 

18 This is essentially the result of Kegel and Gould, but in the final 

approximation, they used the large argument expansion of the Bessel 

Functions. The numbers we have used show that the small argument expansion 

is more appropriate. Since the first echo occurs at n = 2, we expand the 

2 2 
Bessel functions and find that to lowest order in v /c , 

(37) 

Putting in the numbers quoted above, this expression gives an echo power 

one order of magnitude weaker than the maximum calculated echo for Cs 

and three orders of magnitude weaker than the maximum calculated echo for 

Argori. Of course, scattering will tend to reduce this echo amplitude. 

2 2 2 Higher order echoes have powers reduced by factors of (v /c ) , so they 

would be more difficult to observe. 

It can be seen that this mechanism would compete with the velocity 

dependent collision frequency for a relatively small increase in v. Also, 

in a semi-conductor where the conduction band may not be exactly parabolic, 

the effective mass shift will act just like the relativistic mass shift 

of a free electron. For example, it was shown by Aggarwal, et al. , 34 

that in Ge the effective mass for cyclotron motion in a plane perpendicu-

Jnr to the long axis of the c,mstant energy ellipsoids [ (111 axis)] has 

an energy dependence: 
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(38) 

where ml(O) is the mass at the bottom of the conduction band, 6€ is the 

energy measured from the bottom of the conduction band, and E is the band 
g 

gap. Since E 
g 

0.67 volts, it is easy to see that the mass shift is 

significant even for 6E a small fraction of a volt. Unfortunately, to date 

no observations of cyclotron echoes in such a solid have been made because 

the scattering time is in general far too short (-lo-12 sec). 

If the plasma sample is comparable with the wavelength of the microwave 

radiation, but still small compared with an absorption length, then the 

direction of observation of the echo is of some importance. Cyclotron 

echoes have been observed in transmission and reflection, and these will 

be the two cases discussed. Two plane wave pulses propagating through the 

plasma will set up a polarization like that of Eq. (19), but with an 

additional spacial dependence: 

P(x,t) oc ei(kx~t) 
' 

(39) 

where x is measured from the surface where the radiation enters the 

plasma. We shall consider a rectangular plasma volume, so the problem 

is reduced to a one-dimensional one. 

The radiation from the polarization at x arriving at point x' at 

time t can be written 

E ( : lx ' -x I , t ) oc 
r 

i[kx-<l.)( t-j.x' -xl ) ] 
c 

e ( 4o) 

Let the plasma extend to x = L. For forward scattering we calculate E 
r 

for x' = L. Then, 
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E (L-x,t) ~ ei(kL~t) 
r ' (41) 

which is independent of x. Thus all the radiation from the plasma adds 

in phase at the exit boundary, and the calculation is th~ same as that 

for plasma dimensions small compared to the wavelength. 

In order to calculate the echo radiation in the reverse direction, 

let x' = 0. Then 

( 1J2) 

(43) 

Thus, the reverse radiated. echo power is less than the forward radiated 

power by a factor of the square of the term in the brackets. Since the 

term in brackets oscillates, the reverse radiated power may be a sensitive 

function of k and the plasma dimensions. For the real plasma, however, 

the volume is more ellipsoidal, and there is some damping as the wave 

propagates. Both of these effects will smooth out the oscillations in 

the reverse radiated power. However, one would expect in general to get 

more echo power in the forward direction. Typically the difference 

experimentally measured is a factor of five. 

Finally, if the plasma dimension is much larger than an absorption 

length the problem would. have to be handled self-consistently, as was 

done for optical pulse propagation.35 

'I 
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F.. Relation to Spin Echoes 

Earlier in this chapter, we showed two systems with a periodic 

modulation of oscillator strengths in their spectra. One of these systems 

gave no echoes at all, ru1d the other gave an infinite train of them. In 

Appendix C, we give a sL~ilar system - a spin l/2 system in an inhomo-

geneous magnetic field. It is shown there that following two 90° pulses 

the transverse component of the spin, or magnetization also has a periodic 

modulation. This system gives one and only one echo, again due to the 

initial phasing of the oscillators. Any mechanism that alters the magni-

tude of- the transverse spin, and that depends on the magnitude of the 

transverse spin, is analogous to the velocity dependent collision frequency 

for cyclotron echoes. This is proved in Appendix C. Thus, it is at least 

mathematically possible to generate multiple echoes from a collection of 

two level oscillators. 

This observation is especially appropriate to the subject of photon 

echoes in ruby. Since an electric dipole transition is involved in these 

echoes, what we have written as the transverse spin corresponds to the 

total electric dipole moment. If the chromium density in the ruby is 

high enough, or if there is local clustering of chromium atoms, dipole-

dipole coupling may become strong. The local electric field seen by one 

chromium atom will then be proportional to the dipole moments of its 

neighbors. If n is slowly varying over the nearest neighbor distance, 

then for pairs or for low symmetry clusters of chromium atoms, the local 

elect~ic field of a chromium atom has a component rotating at the local 

resonant frequency and 90° out of phase with the instantaneous polariza-

tion. Such a local field has the same effect as a resonant pulse, but 

it will typically act over a longer time (~ >t ), and need not be so p 

,• 
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large to alter the angle of the chromium dipole. 

To give an order of magnitude for this effect in ruby, we write 

P'Eloc ' 

0 

~where r 3 is the neighbor 

-8 

distance. For chromium pairs separated by lOA 

in ruby, T2 ""' 10 sec. Since this number is not far from -r in typical 
0 . 

photon echo experiments, and r ""' lOA corresponds to 2% doped ruby without 

clustering, or muchless with clustering, this mechanism should yield 

multiple photon echoes. 

Multiple photon echoes have been observed by Abella,et a1.
6 

in Ruby, 

and by Bolger and Diels7 in Cs vapor. Abella, et al. have attributed their 

multiple echoes to the echo radiation acting as a third driving pulse, 

and they reference two other observations of similar phenomena. However, 

in these two other observations the fields from the echoes had an arti-

ficial enhancement. 
. 6 

In one case they were radiated into a high ~ cavity~3 

In the other case nuclear spin echoes were observed in a ferromagnetic 

metal, where a small low frequency field drives the electron spins, 

thereby resulting in large resonant hyperfine fields acting back on the 

nuclei. 37 The echoes of Abella,et al. have no such field enhancement, 

and, judging from the published oscilloscope traces, they represent very 

small angle pulses. Their first echo appears to be 30db less intense 

than their transmitted pulses, which may be taken for 90° pulses. If 

this is the case the echo pulse acts as a 2° pulse, and the second echo 

should be another 60db less intense than the first. The oscilloscope 

trace in the paper by Abella, et al., indicates a second echo power more 

like 10 db below the first echo power. In view of these comments, it would 

be interesting to see a more complete calculation of multiple echoes and 

more experimental data on multiple echoes vs doping in ruby. 
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III. THREE-PULSE ECHOES 

If a third microwave pulse is applied to the electron gas a time 

T
3 

after the second pulse, another train of echoes is generated. These 

echoes appear at t = T + T3 + nT where n is an integer (see Fig. 1). 
; 

The 

. . t . 1 b t . 13 f th ' h 1 h h 1n1 1a o serva 1on o ese -c ree pu se ec oes s owed tm t they persisted 

for T
3 

as large as tens of microseconds, a time long compared with the 

electron-neutral collision time, but short compared with the electron 

thermalization time. The power of the first three-pulse echo (n~l) as 

T3 is varied shows a non-monatonic structure, 13 and if T
3 

is kept fixed 

while T is increased the power of this echo decreases rapidly. 

One mechanism that explains the qualitative features of the three-

20 
pulse echoes is that presented by Harp, et al. They considered a 

collision frequency similar to the model shown in Fig. 3. That is, 

v<v 
c 

v>v. c 

Let the magnetic field be constant along the flux lines and have a 

linear inhomogeneity perpendicular to the flux lines. Then, for incident 

pulse areas :J.arge enough, after the second pulse the plasma volume will 

consist of slabs of hot electrons (v > v ), alternating with slabs of 
c 

cold electrons ( v < v ) • Electrons in the cold slabs will stay pinned 
c 

on their flux lines, while those in the hot • slabs will tend to diflf'tise 

over the whole plasma volume. When the hot electrons have diffused half-

way cut into the low velocity slabs, we can say that those electrons for 

which-8 < D't ± 27fn < 8 (8 = Sh for which v = v as in Eq. {8) ), 
c c c c 

where n is an integer, have been redistributed uniformly over the whole 

spectrum. The result is again a periodic modulation of the spectrum. 

The phases have by now been randomized, so at the time of· the third pulse, 
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the net moment of each isochromat is zero. The third pulse excites the 

electrons uniformly, so the spectrum of oscillators, with periodic modu-

lation in the spectral distribution fUnction starts out in phase at 

t = T + T7. • 
. _") 

Therefore, one expects an infinite train of beats, or ech~es, 

spaced by Tin the time domain, as predicted in Eq. (14). 

If we consider N electrons per unit length on a single flux line, and 

solve the two-dimensional diffusion equation for the concentration n, 

()n 
dt . = 

2 
Dt:'n 

where D is the diffusion coefficient, 

n(r,t) = 
N 

4711)t- e 

(44) 

2 
-r /4Dt 

(45) 

In this solution, r is the distance the center of the cyclotron orbit 

has moved. For diffUsion of the orbit center across flux lines, the 

diffUsion coefficient is given b;s 

D = 
(!tc)2 

2t· 
c 

where R is the cyclotron radius, and t is a collision time. Thus 
c c 

(46) 

for diffusion to spread the line of electrons out over a distance, £, 

we must have 

t ::::: 
4D 

Further, if we take the high and low velocity slabs as roughly eqml in 

thickness, the spacial distance between them, L, will be 

L = mnc (47) 
e(dH/dx)-r 

Then the characteristic time for the redistribution of the hot electrons 

will be 
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l 
2 v 'r 

c 

(48) 

The (v
2

) in the denominator of Eq. (48), iE an average over the velocities 

of the hot electrons. 

Two mechanisms will'tend to damp out the spacial inhomogeneity iri the 

electron density. These are space change effects and the non-zero calli-

sian frequency of the cold electrons. Any space charge f.ields in this 

model will be directed perpendicular to the slabs. Since the space change 

field is perpendicular also to the magnetic field, the result is that the 

electron orbit centers will drift parallel to the slabs and perpendicular 

to the electric and magnetic fields. This drift is seen to leave the 

spectral distribution function unchanged. If the magnetic field inhomo-

geneity is more realistic than the one chosen for the model, drift can 

alter the spectral distribution function. However, since the drift 

velocity is (E/H)c, where c is the speed of light, space charge fields 

in excess of 100 volts/em would be required to cause the electron orbit 

center to drift significantly (several em) in a microsecond. Also, since 

the surfaces of constant magnetic field at least near the center of the 

plasma bottle will be almost planar even for a real system, the space-

charge fields will be approximately perpendicular to the constant field 

surfaces. Therefore, the drift is still confined roughly to constant 

field surfaces, as in the linear inhomogeneity case, and the electrons 

near the center of the plasma vlil1 not be significantly dephased by 

this dr.ift. 

If v is non-zero for the cold electrons, there is a characteristic 
c 

time for decay of the periodicity in the spectral diffusion function 

which is obtained from Eq. (48) by replacing v by the cold electron 
c 
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collision frequency. In the real plasma, of course, the diffusion co-

efficient is a continuous function of electron velocity, making an exact 

calcUlation even for a model field inhomogeneity out of the question. 

If we put in typical numbe:rs of 3000 gauss for H, 10 gauss/em for dH/dx, 

1.5x1o8 em/sec for (v2 )1/ 2 , 2Xl07 sec-l for v:, and 2xl0-7 sec for -r, we:~· 
' c 

have that T "':: 25 ~sec. The damping mechanisms will tend to make the peak 

of the three-pulse echo envelope occur at earlier times, in good rough 

agreement with the experimentally observed envelope. Also, as -r is in-

creased, scattering between the first and second pulses will tend to 

randomize the velocities after the second pulse, thereby reducing the 

sharp spacial variation in electron velocity. This process then reduces 

the amplitude of the three pulse echo as T is increased with a decay rate 

roughly equal to the decay rate of the two pulse echoes. 

As an example of this model, we will calculate the magnitude of the 

electron spacial density modulation for the one dimensional system depicted 

in Fig. 7. This figure depicts the hot (n1 ) and the cold (~) electron 

densities immediately after the second pulse. We assume diffusion co-

efficients, n1 for the hot electrons, and D2 for the cold electrons, 

where D
1 

> D2 • We are only interested in the magnitude and time develop.;. 

ment of the electron density modulation, so we shall calculate n(D-r,t) = 

41 
The solutions to the diffusion equations for this system are 

n1(o,t) "n1 (o,o) {err(4 ~) 
+ ~ [ erf (( 4n+l)a ) 

n=l 4 .JD:t 
l 

-erf ( ( 4n-l)a ) J t 
4 ~D1 t f (49) 

n1 (o,o) { ~ [erf((
4
n-l)a) 

n=l 4 .JD.;_t 
-erf((4n-3)a )] } 

4 ~D 1t 
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where erf denotes·the standard e:rror function. Similar equations are 

obtained for ~· 

In Fig. 8 we plot cx(t) = (n(7r,t) - n(O,t))/n(o,o), which is just the 

degree of modulation in the spectral distribution function. D
1 

was taken 

to be 625 cm2/sec, D2 = 1/4 D1 , and a was taken as 0.1 em, in accordance 

with the typical experimental numbers already presented. 

If the modulation of the spectral distribution function were sinusoidal 

in n, we could write 

g(D,t) = g(D,O)[l~(t) cos DT]. (50) 

Then thepolarization after the third pulse (applied at T' = T + T
3

) 

would be 

p =foo g(D,t) ei (t-T') = G(t-T')- ~cx(t) [G(t-(T'+T)) + G(t-(T'-T))J 
-oo 

(51) 

, 
The first term in the bracket of Eq. (51) is an echo centered at t = T+T, 

with amplitude ~ ~(t). Thus, as T
3 

is varied, this echo should map out 

the envelope specified by cx(T
3

). In general, the periodic modulation of 

g(D) has higher harmonic content, and the higher harmonics result in 

higher order echoes spaced T apart in the time domain. In the example 

calculated, cx(t) gets as large as 0.3, which indicates ~n echo amplitude 

roughly an order of magnitude greater than the maximum two-pulse echo 

amplitude calculated for Cs in Chapter II. 

If the magnetic field gradient is quadratic instead of linear, the 

characteristic time of Eq. (48) in the region of the plasma where H is 

an extremum will be 

7fCJ.) 

T = ---------~c~~~---~ 
(l/H)(d2H/dx2

) 2(v2
) 

il; 

l 
V T 

c 
(52) 
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Figure 7. Hot and cold electron spatial distributions 

after two pulses. 
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0.6 

0 

Figure 8. Calculated electron density fluctuation as a 

function of time after the second pulse. 
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where ro is local cyclotron frequency. In other regions of the plasma 
c 

T will be shorter. Thus, for a linear gradient, one expects a fairly 

sharp peak in the three-pulse echo amplitude, for which )r varies in-

versely with the neutral atom density and inversely with the square of T.• 

.On the other hand, for a quadratic gradient, one expects a broader peak, 

and one for which T varies inversely with the neutral atom density and 

inversely with -r. For field gradients higher than quadratic, T varies 

inversely with some lower power of -r. 

The motion of the electrons, once they start scattering is not 

restricted to the plane transverse to H. In Chapter II we showed that 

some of the transverse velocity may be scattered into the longitudinal 

degree of freedom. Since this is the case, and typically in these ex-

periments there is a variation of H along the flux lines, we shall now 

consider the same mechanism acting on the diffusion of electrons along 

the flux lines. We assume that after one scattering event, the longi-

tudinal velocity is a measure of the velocity acquired by the electron 

from the first two microwave pulses. Along a single flux line, there ,·. 

are regions where the local frequency satisfies D-r = 2nn, where n is an 

integer. In these regions, the electrons originally have a large trans-

verse velocity, so after a few collision times these will be regions of 

hot electrons. Since the longitudinal mobility is so much greater than. 

the transverse mobility, we shall ignore the motion of an electron away 

from its original flux line. Then the altering of the spectral distribu-

tion function proceeds as in the transverse diffusion case. 

For diffusion along the flux lines, 

2-
v 

D = 2v 
c 

(5:P) 
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·again from Feller's random walk treatment. 38 If this diffusion coefficient 

is used in the linear and quadratic field cases, we have characteristic 

times as before: 
v 

c 

2 2 2 
V T 

the linear gradient, and 

[ 
mnc ] vc 

T= 2 2 -2-
e ( d H/ dx ) . 2v 1: 

(54) 

(55)' 

for the quadratic gradient. Both of these characteristic times show the 

same dependence on 1: as in the transverse diffusion case, but they in-

crease linearly with the neutral atom density. Therefore, it would be 

in principle possible to distinguish between transverse and longitudinal 

diffusion. 

This longitudinal diffusion model suffers from a grave defect, 

however. One cannot ignore the effect of space-charge on the electronic 

motion along the flux lines. Any space charge fields in excess of l 

volt/em along a flux line will profoundly modify the electronic motion. 

Since a spacial modulation in the electron density of less than 1% is 

sufficient at the electron densities used in our experiments to generate 

space charge fields of several volts per centimeter, the free diffusion 

model breaks down. 

The usual treatment of space-charge limited diffusion (ambipolar 

diffusion)39 requires that there be only one kind of carrier of each 

charge. By this is meant that all the carriers of one charge have the 

same mobility. 

If the electron a·nd ion densities are large enol,lgh so that 

the free diffusion of electrons would produce non-negligible space-charge 

1,1,: 
I 

.,I 

.. 
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fields, then the electrons must drag the ions along with them, so their 

effective diffusion coefficient is lowered. The ambipolar diffusion 

·· 4o 
coefficient may be written 

Da ~ Di [ ~: + 1 J 

where D
1 

is the ion free diffusion coefficient and Te and T
1 

are electron 

and ion temperatures. 

However, our model has assumed two mobilities for two kinds of 

electrons. Since the mobility of even the cold electrons is much greater 

than that of the ions, these electrons will rapidly damp out any space 

charge. In a space-charge field of l V/cm, the drift velocity of the cold 

l t · 11· · t ·f 1o 0 -l · 1o7 1 e ec rons even assum1ng a co 1s1on ra e o sec lS em sec. Thus, 

the electrons can damp out any modulation in electron density over several 

centimeters along the flux lines in a time of the order of 100 nsec. 

Any smaller magnitude of modulation of the electron density could not 

account for the size of the three-pulse echoes. 

Another mechanism for three-pulse echo generation has been presented 

by Crawford and Harp.
19 They divide the electron distribution into four 

parts according to whether the electron has scattered or not during 

0 < t < ~ or~< t < T'. Crawford and Harp show that l) those electrons 

which are not scattered before t = T' will not in general generate a 

three-pulse echo unless ~3 = nr, where n is an integer; 2) those electrons 

which are scattered in both time intervals generate no three-pulse echoes 

at all; 3) those electrons which are scattered only during 0 < t < ~3 
generate echoes spaced by multiples of ~3 after the third pulse (just a 

two-pulse echo for the second and third pulses); and 4) those electrons 

which are scattered only during ~ < t < T' generate multiple echoes 
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spaced by T after the third pulse. Thus this last group, the coherent-

scattered group, is the only possibility for generating the observed 

three-pulse echoes without diffusion. 

In order to see the processes involved when this last group of 

electrons generates a three pulse echo, we show in Fig. 9 the velocity 

distribution of a particular isochromat before and after the third pulse. 

We assume several scattering times have elapsed for all isochromats, so 

that the velocities for each isochromat is distributed uniformly over a 

sphere, shown in cross section in Fig. 9a. (Of course the sphere in 

phase space becomes elongated along the magnetic field as time passe$. ) 

To get the average velocity of the isochromat after the third pulse, 

( v(n ) ) , we average over the spherical angles: 

)) [I 
DTI ] in(t-T') (v(n = v

0 
. cos 2! + l e (57) 

The decay terms due to scattering for 0 < t < T, t > T
3 

have been omitted, 

since we are assuming T is short compared to a scattering time. Since 

the term in brackets is periodic in D, writing our usual. Fourier expan-

sion, 

P(t > T') = L: 
Iil 

a G(t - (T' + nT)), n 

where an is the nth Fourier coefficient of (Ieos ~TI + 1~. Thus, we 

get echoes spaced by T in the time domain. 

There are two decay mechanisms for these echoes. First, any 

/(58) 

scattering during 0 < t < T and T' < t < T' + T will degrade the ampli-

tude of the first three-pulse echo. Secondly, diffusion in the inhomo-

geneous field will degrade the echo amplitude. In order to explain 

the effect of these decay mechanisms on the echo envelope, we shall 

anticipate the experimental section and define a time T1 • If the echo 

l 
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. cn--r) ,,.,-:: cos "'i: 

a. 

Figure 9. ELectron velocity distribution before (a) and 

after (b) the third pulse for a particular isochromat 

of the coherent - scattered group. 
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amplitude is plotted as a function of -r
3

, with the neutral atom density 

and -r held constant, there will be a single maximum for echoes generated 

by this coherent-scattered group. The -r
3 

for which this maximum occurs 

will be denoted T1 • 

We have already seen that the characteristic diffusion time, T, in 

the plasma is proportional to l/-r
2 

for a linear field gradient and 1/-r 

for a quadratic field gradient. Also,· it is proportional to n, the 

neutral atom density, for diffusion along a flux line, and to l/n for 

diffusion across a flux line. This is qualitatively because diffusion 

across flux lines requires collisions, while diffusion along flux lines 

is slowed by collisions. For a given n and a quadratic field gradient, 

for example, we would expect T1 to be roughly proportional to 1/-r. That 

is, as -r gets larger, the distance between regions where Q-r = 2Tin 

decreases, and the echo is degraded more quickly by diffusion. Finally, 

for this model for a given -r, as n is increased, the scattering time is 

decreased, and the diffusion time across flux lines decreases, so T1 

can be expected to shift toward smaller T
3

. If the diffusion is pri

marily along flux lines, the diffusion time increases with n, and the 

peak described by T
1 

broadens. 

Three-pulse echoes showing behavior described by two of these 

mechanisms have been observed. These are shown with the data and dis

cussion in Chapter rv. 
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"A real life plasma is a very complicated phenomenon. " 

42 
Heald and Wharton 

IV. EXPERIMENTS AND DISCUSSION 

The requirements for observing cyclotron echoes, or any echo pheno-

menan, are a source which generates pulses of radiation (or waves) with 

a pulse width less than the homogeneous relaxation time of the system, a 

system which can be made resonant with the input pulses and which radiates 

strongly enough to be detected by the necessary wide-band receiver, and 

a receiver with enough bandwidth so its temporal response will resolve 

the echoes. For the cyclotron echo experiments reported herein, the 

transmitter consisted of a Varian X-13 CW X-band microwave klystron 

followed by a Litton 10 watt grid modulated travelling wave tube ampli

fier (TWTA). Circuit diagrams for the blocking oscillators used to drive 

the grid of the ~A were kindly provided by Dr. D. E. Kaplan. When 

working properly this system was capable of producing groups of three 

ten watt pulses, with pulse widths variable from seven to fifteen nano-

seconds, at preset times. The pulses, however, could not be brought 

closer than 50 nanoseconds from one another without degradation of the 

second pulse power. 

The microwave pulses were propagated from a horn antenna toward 

the sample, which was in an oven between the pole faces of a 12" magnet. 

The direction of propagation was perpendicular to the magnetic field. 

After passing through the sample, the transmitted pulses, and echoes 

were picked up by another horn antenria and passed on to the receiver. 

After passing through suitable attenators, the signals were ampli-

fied by a Watkins-Johnson gated low-noise TWTA. This LNTWTA was gated off 

during the time the transmittt;d pulses were coming through to prevent 
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saturation of the rest of the receiver chain. Following the LNTWTA was 

an LEL superheterodyne receiver with a 250 MHz IF and a 100 MHz bandwidth. 

The 250 MHz signal was amplified directly in an IFI wide band amplifier 

and video detected. Several stages of video simplification preceded the 

actual display of the signal on the Teletronix 3S76 sampling oscillo-

scope. Finally, since the sampling gate could be manually set, the 

sampling oscilloscope was used as a box-car integrator with a very short 

gate. The output from the sampling oscilloscope was further filtered, 

giving an overall integrating time of about one second, and recorded on 

an x-y recorder. With an overall noise figure of about ten db, this re-

ceiver had a noise limit of about -84 dbm. Echoes were measured to with-

in 4db of this figure. Since the maximum echo powers detected in these 

experiments were -40 dbm, the receiver system had a dynamic range of 

40 db. The overall time response was about five nanoseconds rise time 

and about fifteen nanoseconds fall time. 

In these experiments the inhomogeneously broadened electron system 

was a weakly ionized cesium plasma in an inhomogeneous magnetic field. 

The Cs cell consisted of a cylindrical pyrex discharge bulb (9 em long, 

5 em diameter) that was kept typically at 200 6 C, and a long side-arm 

containing a Cs puddle at a temperature that could be varied between 70 6 

and 1106 C. After pumping the cell out to 10-7 torr, it was baked for 

12 hours at 430 6 C, filled with Cs by the process described by Miller,
10 

and sealed off. The purity of the cell was checked, after several months 

of use, by examining the spectrum of the discharge. A .Tarrel-Ash 1/4 meter 

spectrometer and a photomultiplier were used t0 observe the Cs lines at 

0 0 
4555A and 4593A. These lines had a signal-to-noise ratio of 10:1 and 5:1 

respectively, and no other lines were observed over the photomultiplier 
t· 0 

sensitiVity range of 4000-5000A. These lines were also observed visually, 
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and no other lines were seen over the sensitivity range of the eye. The 

lack of spectral lines fran materials other than Cs, and the fact that the 

electron - Cs scattering cross-section is an order of magnitude greater 

than that for scattering from any other common material (except other 

alkali metals) was taken as good indication that electron - Cs collisions 

were the dominant electron relaxation mechanism. In particular this spec

tral evidence ruled out the possibility of nitrogen or other alkali metals 

significantly contaminating the system. 

The Cs vapor in the discharge bulb was ionized by the electric field 

of a 20 MHz pulse. Metal plates at both ends of the discharge bulb formed 

the capacitor of a 20 MHz tank circuit. The discharge ·pulse typically 

was several tenths of a millisecond long and one kilowatt in power. The 

repetition rate for this discharge pulse was about 150 sec. -l After the 

discharge pulse produced the ionized gas, the electron density decayed with 

a time constant of about 1/5 millisecond. Therefore, the electron 

density could be varied at will by initiating the sequence of micrcwave 

pulses at different times in the afterglow. A schematic diagram for the 

whole apparatus is shown in Fig. 10. 

The inhomogeneous magnetic field in these experiments was achieved 

by moving the discharge bulb out toward the edge of the gap between the 

pole faces. The measured inhomogereity across the 5 em cell diameter was 

a bout 25 gauss in 3000 gauss. The configuration of the inhomogeneity was 

roughly quadratic with :rra.ximum field toward the radial center of the gap. 

The inhomogeneity along the cell axis was about 20 gauss in 4 em. Again, 

the configuration was roughly quadratic with the minimum field at the 

center of the cell, and the field rising by roughly 20 gauss at either end 

of the cell. This kind of an axial graident corresponds roughly to 

120 regions along the axis where 0-r = 2rrn for -r = 200 nanoseconds, 

with these regions becoming more dense toward the edges. Since the plasma 
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probably was confined more to the middle of the cell, the average 

distance between hot regions was probably considerably larger than the 

2/3 millimeter indicated by the above numbers. 

Since a cylindrical geometry was used, and the plasma dimension was 

not too large, it was decided that an interferometric measurement of the 

electron density would not be possible. Therefore, in order to be sure 

that the Cs was weakly ionized, .an indirect :estimate of the electron den

sity had to be made. It is well k~own 43 that when electromagnetic 

radiation propagates through a plasma in a direction transverse to a 

static magnetic field, and if the polarization of the radiation is such 

that the electric field is perpendicular to the static magnetic field, then 

a resonant absorption occu~s at c.o = .J 2 2 , where c.o 
uh c.o c + c.o c 

is the 

plasma frequency. 

electron density, 

p 
Since c.o 

p 
is proportional to the square root of the 

c.ouh is a measure of this density. When c.o << c.o , 
p c 

a further reduction in electron density will not change c.ouh. · By waiting 

a time from 0.3 to 0.7 msec after the discharge pulse, depending on the Cs 

density, it was found that the c.ouh was constant. For earlier times, 

c.ouh increased as the microwave pulse approached the discharge pulse. 

We can then place an upper limit of 109 cm-3 for the electron density at 

the time when c.ouh becomes essentially constant. Notice that this scheme 

does not require an absolute measurement of c.ouh" Then, since the Cs 

density was of the order of 5Xl0
12 

em -3 in these experiments, we may say 

that the gas was less tban 0.1% ionized. 

The fact that the gas was weakly ionized was necessary to assu~ 

us that we were not measuring electron-ion sereened Coulomb collisions 

instead of electron-neutral collisions. The Coulomb collisions have 

21 
already been observed in a strongly ionized Cs plasma. For electron and ion 

densities 
9 -3 1/2 

of 10 em , and electron velocities of about 1 (e.v.) 



-56-

th C mb h t . 44 . -14( 2) e screened oulo momentum c ange cross sec lOn lS about 10 em • 

Since this is about 1/3 the electron-neutral cross section, we see that 

an ionization of greater than 50% is necessary before this collision 

mechanism becomes important. 

The b~havior .of multiple two-pulse echo powers as a function of T 

is shown in Fig. 11 along with theoretical calculations based on Eq. (21). 

Figure 12 makes the same comparison for several different Cs densities, 

and Fig. 13 makes the same comparison for several input pulse areas (i.e. 

pulse power). For the calculated curves the Cs density in the discharge 

bulb was taken as n = nSA (TSA/TB)
1

/
2

, where nSA is the vapor density 

corresponding to the temperature of the Cs puddle in the side-arm, TSA' 

and TB is the temperature of the discharge bulb. It was assumed that 

the temperature of the gas in the discharge was not significantly different 

from the temperature of the walls, since the Cs neutral atom mean free 

path was a large fraction of the bulb diameter. The Cs vapor pressure 

was taken from Smithells. 45 Typically side-arm temperatures ran from 

79°C to 105°C, corresponding (after the above correction) to 3.6x10
12 

to 2Xl013 cm-3 Cs density. It was found after comparing the data with 

the theory that the agreement was better if the calculated density was 

reduced by 30%. In view of the well known10 difficulty of making 

accurate measurements of vapor pressure vs temperature, this correction 

does not seem unreasonable. It was probably a systematic error in 

reading the temperature of the Cs puddle. 

If the self-diffusion of electrons along the flux lines into regions 

of different magnetic field were an important relaxation mechanism, the 

characteristic relaxation time it would introduce would be proportional 

to the Cs density from arguments similar to those used in Chapter III. 
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However, if the electronic mean free path in the direction of the flux 

lines is long compared with the characteristic distance in which the 

cyclotron resonance frequency changes by 2rr/r, the diffusion model breaks 

down. In this case, the degradation in echo power due to self-diffusion 
I 

should be independent of the Cs neutral density. 13 Herrmann, et al., 

have shown that including the collisionless electron drift along flux-

lines results in a decay in the echo envelope which depends upon the 

exact form of the magnetic field inhomogeneity. In particular, for 

a quadratic variation, they find an attenuation factor proportional to 

-2 2 
~ erf(c~ ), where c is a constant. As is seen from the agreement in 

Fig. 12 between the data and the theory without diffusion or drift, 

these effects do not appear to be important. 

Also, all the theoretical curves are multiplied by a single overall 

scale factor to bring them into agreement with the observed echo power. 

Since the .echo power is proportional to the square of the total number 

of electrons, and this number was not known with any certainty, this 

scaling was necessary. As we shall show, however, the order of magnitude 

is correct. 

Classically, the electric dipole field from a circulating electron 

is given by 

E = g_ (59) 
r3 

where p = eR , the electron dipole moment. The total dipole field at 
c 

the edge of the plasma is 

E 
total 

-

f, (6o) 

where f is the calculated factor Pjv0 , N is the total number of electrons, 
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Figure 11. Theoretical (solid curves) and experimental 

two - pulse echo power for the first three echoes. The 

data was taken at a Cs pressure, corrected as described 

in the text, of 1.2 x 10-4 Torr. 
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Figure 12. Theoretical (solid curves) and experimental two-pulse 

echo powers for.several Cs pressures. Data for 0.86 and 0.7 

. -4 
x 10 Torr have been multiplied by 10 and 100 respectively. 
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Figure 13. Theoretical (solid curves) and experimental 

two-pulse echo powers for several input pulse powers. The 

data for v
0 

= 0.9 has been multiplied by 10 for clarity in the 

graph. The corrected Cs pressure was 1.4 x 1o-4 Torr. 
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and we have integrated over the plasma volume. Since N/ (r3) ~ n ' e 

electron density, we can write the energy flux from the plasma as 

the 

1 s = 47r (n .e R f)2 c, 
e ... ,c :(61)) 

'where c is the 

n = 109 em - 3, 
e 

speed of light. Putting in the experimental numbers of 

1/2 2 9 v0 = 1 (e.v.) , and the calculated f of 10- , S ~ 4xl0-

2 watt/em • Then, assuming the echo power comes out as a plane wave, since 

th . h t 25 2 t. th e recelver orn presen s a em cross sec lon, e received power 

should be roughly 10-7 watt, in good agreement with the measured maximum 

echo power. This figure. is two orders of magnitude below the maximum 

echo power for an Argon plasma used to tune up the apparatus, also in 

good agreement with calculation. 46 

Finally, the relation between v
0 

and the input pulse power was 

determined by comparing the pulse power for maximum echo with the cal-

culated v
0 

for maximum power. This parameter can also be roughly cal

culated, but geometrical uncertainties make the calculation uncertain 

by 50%. From Eq. (5), v0 = ~ i E tp, where E is the microwave electric 

field and t is the pulse width. In the waveguide, the maximum electric p . 

field can be written as E(e.s.u.) ~ 0.1 (power (watts))1/ 2 , so for 1 

watt : E( e. s. u.) ,;;, 0.1. The transmitter horn had dimensions between the 

10 and 15 db standard gain horns, so the 3 db angular opening was roughly 

40°. From the geometry of the horn and the plasma, then, the average 

-2 maximum electric field in the plasma was 2.5 10 e.s.u., and for a 

7 1/2 10 nanosecond pulse, v0 ~ 6x10- em/sec, or l(e.v.) • This is seen 

to be not far from our experimental choice of v0 = 0.5 (e.v.)1/
2 

for 

1 watt incident pulse power (-10 db from maximum power). 

Three pulse echo behavior is shown in the next few figures. Figure 
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14 shows the three-pulse echo amplitude as ~3 is varied and defines the 

three significant peaks. P1 we identify with the coherent-scattered 

group mechanism discussed in Chapter II, in part because this is the only 

mechanism that does not involve diffusion and the time for the maximum 

of P1 , called T1 , is only a few collision times, too short for any of 

the diffusion mechanisms discussed. Also, P1 is identified with the 

coherent scattered group mechanism because of its behavior as ~ and Cs 

density are varied, as shown in Fig. 15. Thus, T1 is proportional to the 

1/~ as we might expect for a quadratic field variation, and it decreases 

as n is increased, just as we predicted for the coherent-scattered group 

mechanism in Chapter III. 

The variation of T2 , the ~ 3 for the maximum P2 , as ~ is varied 

is shown in Fig. 16, and as n is varied is shown in Fig. l 7. It is 

seen in Fig. 17 that the behavior of 12 as the Cs density is varied is 

that predicted for the longitudinal diffusion model. The difference 

between transverse and longitudinal diffusion can be seen qualitatively 

in that the transverse diffusion requires collisions, while the free 

longitudinal diffusion is slowed by collisions. Therefore the longitudinal 

diffusion time increases with density while the transverse diffusion time 

behaves in an opposite manner. The slope of the line in Fig. 17 also 

corresponds well to the characteristic ambipolar diffusion time using 

D from Eq. (53). a 

~owever, in view of the objection to this model expressed in Chapter 

III, we must regard this agreement as fortuitous. Another mechanism 

(considerably uglier) can be proposed to explain the variation of T2 
with Cs density. First, one must ask what causes maxima in the three-

pulse echo envelope. One cause is the peaking of the electron density 
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in the middle of the plasma cell. Then, at the time characteristic for 

diffusion of electrons between hot and cold slabs at the center of the 

plasma, there will be a maximum in the three-pulse echo envelope. In 

other words, if the magnetic field and electron density were known over 

the whole plasma, then the three-pulse echo envelope could be calculated 

by finding the distance between hot slabs (a) for each region of the 

plasma, calculating a curve analogous to Fig. 8, multiplying by a factor 

proportional to the local electron density, and integrating over the 

whole plasma volume. Then those regions where the electron density is 

large will be weighted more heavily, resulting in a maximum in the 

three-pulse echo envelope. 

Another cause for the peaking in the three-pulse echo envelope is 

that there may be regions in the plasma where the field gradient is 

stationary. That is, if there are large regions in the plasma where 

the distance between hot slabs is constant, the three-pulse echo envelope 

will peak at the time characteristic of such regions. 

Undoubtedly, as the Cs neutral density is changed, the spacial 

electron distribution in the plasma is changed. As an example, suppose 

the transverse inhomogeneity is quadratic with a minimum at the edge 

of the plasma bottle. At low Cs densities one might expect breakdown 

to occur only near the axial center of the bottle since electrons near 

the walls are relaxed more readily and cannot produce a discharge. As 

the Cs density is increased, the electron distribution after the discharge 

is more evenly spread over the bottle, resulting in a larger density 

in regions of high and low a (distance between hot slabs). The three

pulse echo envelope will then develop peaks at earlier and later times. 

Then as the Cs density is increased, the characteristic time for the 
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later peak increases. Many variations on this mechanism can be invented 

by using different magnetic. field distributions. Therefore, unless great 

care is taken in producing a simple magnetic field distribution, the 

variation of the three-pulse echo peaks with neutral density will be 

subject to question. 

Finally P
3 

was a very broad peak with weak structure in it. As T 

and n were varied the various sub-peaks of P
3 

varied in relative amplitude 

making a positive identification more difficult. Figure 18 shows P
3 

for two densities with an identification of structures showing roughly 

the predicted variation as 1/n. More complete data on the variation of 

the structure of P
3 

as T is varied are shown in Fig. 19. Again the 

variation is what we expect for the transverse diffusion mechanism in a 

quadratic field inhomogeneity. The structure, of course, would not be 

there if the inhomogeneity were uniform across the plasma. 

Finally, in Fig. 20 we show superimposed the first three-pulse 

echo and a two-pulse echo from pulses two and three. The sampling scope 

gate was set T (390 nsec) after the third pulse, while T
3 

was swept 

automatically. The resulting trace shows P
1 

and the beginning of P2 . 

When T
3 
~ 390 nsec, a two-pulse echo is seen superimposed on P1• 

In conclusion, cyclotron echoes in a weakly ionized Cs plasma have 

been measured and compared with various models, with satisfactory agree-

ment. In particular, the velocity dependent collision frequency is ade-

quate to explain the features of the two pulse echoes. The data of 

Brode29 were shown to be adequate to describe the two-pulse echoes. The 

combination of coherent-scattered group and transverse diffusion mechanisms 

were shown to describe the gross behavior of the three-pulse echoes. A 

description of the detailed behavior of the three-pulse echoes would 

,, ,, 
·I 
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Figure 15. Variation of the maximum of P1 as a function 

of the reciprocal of the two-pulse spacing for several Cs 

pressures. The numbers in the upper left indicate the 

pressures. 

'II 



"' 

-() 
Q) 
II) 

-67-

6.0 

4.o 

z.o 

o.z 0.4 0.6 

1/~ (nsec-1 x 100) 

Figure 16. Variation of the time of the maximum of P2 as a 

function of the reciprocal of the two-pulse spacing. The Cs 

-4 
pressure was 3.6 x 10 Torr. 



-68-

JO 

8 

~ 
oo 

2 

Cs Pressure ( x 10-4 Torr) 

Figure 1?. Variation of the time for the maximum of 

P
2 

as a function of the Cs neutral atom density. The 

two-pulse spacing was 200 nsec.A typical error flag is 

shown indicating the estimated uncertainty in measuring 

T2 and the Cs pressure. 
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Figure 18. The first three-pulse echo envelope vs for two Cs 

-4 -4 pressures: a. 1.8 x 10 Torr, b. 2.4 x 10 Torr. The structure 

on P3 is seen to be two bumps, PJa and P
3
b. Note the opposing 

motion of P2 and PJ as the Cs density is varied. 
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require an accurate knowledge of the magnetic field and electron density 

distributions over the plasma region. Since these quantities were not 

known with much accuracy in these experiments, such a detailed description 

was impossible. However, as a suggestion for future experiments, we 

would recommend examining the behavior of the echo envelope as the neutral 

density is increased in a plasma system with a simple (e.g. linear 

gradient) and accurately known magnetic field distribution. 
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APPENDIX A 

Two factors contribute to the degradation of the coherently radiated 

electric field from a scattered electron. First, since the polarization 

is proportional to the part of the velocity which is transverse to the 

magnetic field, any elastic scattering of the electron into the helical 
I 

''orbit reduces the transverse velocity and hence reduces polarization and 
i 
1 radiated electric field proportionately. Secondly, as is shown in Fig. 

3, a scattering angle, '01/J, in the transverse part of the velocity results 

in an equal phase shift and a reduction of the coherently radiated 

electric field by a factor of cos(51/J). Figure Al shows the geometry 

necessary to calculate the effect of scattering to a velocity with non-

zero longitudinal component. In this figure we have that the magnitude 

of the velocity is unchanged by elastic scattering. Thus, I~' I, the 

velocity after scattering is equal to 1~1- The component of~' in the 

plane perpendicular to H is the transverse velocity, vt' and the com

ponent of v' along H is the longitudinal velocity, v
2

• Since vt
2 

+ 

v 2
2 = (v')

2 = v2
, and v 2 = v sin 8 cos X, where 8 is the scattering 

angle, and X is the azimuthal scattering angle relative to the direction 

of H, we have 

(A-1) 

The phase shift, '01/J, in the transverse part of the velocity is then 

given by 
vcose 

cos(81/l) = 
vt 

(A-2) 

The component of the radiated electric field in the direction of 

electric field radiated by the unscattered electrons is given by 

E cc vt cos(o'I/J) (A-3) 
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Figure Al. Geometry for a general elastic collision with 

scattering angle 8 . 
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Then Eqs. (A-1)-(A-3) show that the effect of the scattering is to reduce 

the electric field by a factor of cos e, just as in the case where the 

motion was restricted to a plane. 

An implicit assumption in this deriva+.ion has been that the magni

tude of the magnetic field is constant alohg a flux line. If this is 

not the case, the velocity component, v
1

, will rapidly take the electron 

into a region of different field, thereby further dephasing the orbit. 
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APPENDIX B 

Analytical Results for Two-Pulse Echo Amplitude 

. From Eq. (21) we may write the expression for the amplitude of tb,e 

first two-pulse echo: 

f rr/" [ J -v (n)(t-'r) 
· (t ) " ··e2 in" + ei.Q'r · e c d,..., 
al '" = 27T H 

-7T/'r 
(B;;,1) 

Since v (n) is aneven function of n, this expression can be simplified c 

to 

-- :;rl /7T a1 (t,'r) [cos 2S + cos$] 

0 

-v (e )(t-'r) c 
e d~ (B-2) 

where e = fl'r. We shall investigate this expression and its derivative 

for various forms of v (e) and then relieve the restriction that the two c 

pulses be of the same area. 

1. If v c is independent of e, a
1

( t '") = 0 as was shown in Section 

IIC. However, one should note that this condition requires a a: 1/v, 

since v = Ncrv, where v is the electronic velocity. This is indeed a 
c 

severe restriction on the cross-section, and thus, one would not expect 

it to apply to any real collision processes. 

2. In order to see the behavior of a
1 

as '1: ~a, we write vc(t-'r) << 1, 

and 

'r~t (e) cte = --:;:r- I , (B-3) 

where the integral I is independent of t .and ". Two cases will be dis

cussed in th:(; section. One case will be for v (v) a monotonic increasing 
c 

function (MI) of velocity. This is the case for most electron-atom 
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collisions up to electron energies of about one volt. The other case will 

be for v (v) a monotonic decreasing fUnction (MD) of velocity, which is c 

the case for the screened coulomb electron-ion collisions. First, we show 

that for v (v) MI, I> 0, and for v (v) MD, I< 0. The function g(&) c c 

cos 26) + cos 8·, which is plotted in Fig. B-1 is positive for 0 < 6:k e' , 
c 

and negative for 8 < 9 < TI. Since the integral of g(&) from 0 to 7f is 
c 

!identically zero, 

d&. 

If v (v) is MI, then v (e) is MD. Therefore, c c 

g(e) v (e) 
c 

ce, > v (e) /'c g(e) dB· 
c c lo 

> - v (~ )}g(e) oo - c c 
B' c 

, and I > 0. The result for v (v) MD is proved the same way. 
c 

(B-4) 

(B-5) 

Since G(t-2T) is assumed to be sharply peaked at t = 2T, the measured 

echo amplitude will be 

Thus, for vc(v) MI, I> o, and a1 < 0 so that the absolute value of the 

amplitude increases linearly with T. For vc(v) MD, I< 0, and a1 > 0. 

In this case also the amplitude increases linearly with T. (:In fact, 
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from Eq. (B-3), one can see that a1 « ~ for vc~ << 1, independent of the 

for.m of the collision frequency.) From this result it is clear that unless 

one measures the phase of the first echo relative to the phase of the 

input pulses, there is no way to distinguish a MI.collision frequency 

.from a MD one. 

3. Next, we shall prove that for MI or MD collision frequencies and 

equal input pulse areas, the echo amplitude has a single extremum. That 

is, .the echo power has a single bump as ~ is increased. 

Since the quantity to be measured is a
1
(t = 2~,~) as a function of 

~, the derivative of the echo amplitude with respect to ~ is given by 

I + (B-7) 
jt=2~ t=2~ 

Thus, 

- v (& h 
(e) e c dB 

' 
(B-8) 

from Eq. B-2 with t = 2-r. Next let -r = T + 6, where T and 6 are both 

greater than zero. Then, 

da1 1 iec -v (e )T -v (e )6 
g(&) v (e) 

c e c de 
d-r = e 

7f c 

e 
- v (9)6 

c de f 1f - v (e)T 
+ . g(e·) v c (e) e c 

8' c 

(B-9) 

-v (<1 )6 c For v ( v) MI, and 6 > 0, e is a MI function of & • Therefore, 
c 

! 
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-v (e )T 
g(e )v (e· )e c 

c 

-v (e) 
c 

e 

-v (ff )D. 
< e c c 

"•Be 
r· g(B) v (e) 

}
0 

c 

-v (e· )D. ;: n -v (e )T 
< e c c . g(e)vc(e) e c c:.e 

e. 
c 

Combining results (B-8) to (B-11), 

I T=T+D. 

-v (9· ) .D. 
> e c c 

' 
(B-10) 

(B-11) 

(B-12) 

In order to interpret Eq. (B-12) we need a few more results. First, 

since a1 is zero for T::::O·; and approaches zero as T ~ oo, by the Mean Value 

Theorem there must be at least one value of T between zero and infinity 

for which da1/dT vanishes. We call the first such time T • c 
Next, for 

vc(v) MI, (da1/dT) < 0 for small T, as was shown in the last section. 

Thus, da1/dT < 0 for 0 < T < 

that da1/dT > 0 for T > Tc. 

a1 (21:, T) as a function of T. 

T • Inserting T = T into Eq. (B-12) shows c c 

Therefore there can be no more extrema in 

A similar result can be proved for v (v) MD. c 

In terms· of a two-pulse echo experiment this result implies that 

the echo power as a function of T has a single maximum at T = T if v (v) c c 

is a monotonic function, and if the two input pulses have equal area. For 

T > T , the echo power is a MD function ofT. 
c 

\ 
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In this section we wish to relieve the restriction of equal pulse 

areas. If the two pulses have areas eorresponding to electron velocities 

v1 and v2 respectively, Eq. (B-2) is rewritten as 

11T -v (e )'r 
a1 (t = 2T,T) = * h(e) e c d@ 

. 0 
(B-13) 

'iwhere h(e) = v1 cos 28 + v2 cos e· is the analog of g(9). All of the pre-

vious results of this appendix still hold if h(e) has only one zero in 

the interval (0,7T). This condition is satisfied for v2 ~ v1 , but not 

for v2 < v1 . The condition v2 < v1 has its most profound effect on the 

results formulated in Section III. Namely, for v2 < v1 , even if vc(v) 

is monotonic, there may be multiple maxima in the echo power as a func-

tion of T. This comes from the possibility of a1 changing sign. 

5· In this section we relieve the restriction of monotonic v (v), c 

but assume equal pulse areas. Suppose 

v (v) { : v < v1 and v > v2 
= c v1 < v < v2 

(B-14) 

Then 

f 
1 0 < e< a, 

v (e) 2 2 
= c oj B· < e·2 and e > e· 1 , 

(B-15) 

where ei = 2 cos-l (v
1
/2v

0
) from Eq. (8). We assume v2 < 2v0 , where v0 

corresponds to the pu~se area, for otherwise a(v) is,MI over the velocity 

range of interest. Putting equation (B-15) into Eq. (B-2) and integrating, 

a
1

(2T,T) = [1-e-T] { sin9·
1 

(cos9
1 

+ 1) 

si~2 ( co~2 + 1) } 
(B-16) 
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Equation (B-16) shows the usual linear ~ dependence for small ~. There 

may be a zero in a1 if the term in braces vanishes, but this term is 

dependent only on the input pulse power (i.e. v 0 ) and not on ~. There

fore the echo envelope for this type of collision frequency has a 

characteristic shape, multiplied by a scale factor which is some compli-

cated function of the input pulse power. This unphysical feature is 

a result of the zero collision frequency over part of the distribution. 

6. In this last section we introduce a model which hears a closer 

relation to the actual collision cross section shown in Fig. 2. The 

collision frequency to be used is shown as the solid curve in Fig. B2. 

In terms of the angle, 8·, v is expressed as 
c 

a el < e< e·2 

v b e· > e ,· c 2 

c e < e· l 

With this cross section, Eq. (B-2) becomes 

== ~ [G(El )(e-c'L_e-a~) 
7T l 
" 

+ a(e2)(e-a'- .-b")] 

(B-17) 

(B-18) 

' 

where G(El) ==}sin 28 + sin e. We have assumed, of course, that 2v0 > v1 , 

for otherwise v c is MI over the relevant velocity range (o < v < 2v0 ). 

If we let b and c go to zero, we obtain the result of Eq. (B-16). If 

a==c or a==b, v is monotonic, and theresults are already known. Another 
c 

case that is easily handled is a >> b,c. Then 
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A zero in a1 occurs at 'c' where 
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(B-19) 

(B-20) 

This form shows the qualitative trends in which we are interested. 

If 2v0 is only slightly greater than v
1

, and e
1 

is small. Since G is a 

smooth function with a single peak at e = n/3, unless v2 is also small 

(i.e. B2 approaches n), the logarithm term of Eq. (B-20) is negative and 

there is no positive 'c unless b >c. For e1 near n/3 (i.e. 

v0 = v1/~3 ), the logarithm term is positive and a positive 'c requires 

c >b. 

Assuming c > b, as the pulse area is increased from v0 = l/2 v1 , 

the log term of Eq. (B-20) starts out negative, passes through zero, 

increases to a maximum, and then approaches zero again for infinite pulse 

area. The zero in the echo amplitude for this case starts at •=0 for a 

certain threshold pulse area (G(B1 ) = G(B2 )). As the pulse area is increased, 

this zero moves out to greater,, and turns around and leads back toward 

•=0 for large pulse powers. Further, with pulse area held constant, 

increasing c and b by the same scale factor (i.e. increasing the atom 

density) dec~eases • • c Decreasing c alon§ increase 'c· 

Conversely, assuming c < b, as the pulse area increases to that 

corresponding to v0 = v1/2, a zero appears in the echo envelope at 

•=W. As the pulse area is increased, • decreases monatonically toward 
c 

zero. In this case also increasing b and c by the same scale factor 

decreases • , while decreasing c alone decreases • . c c 
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In order to give some support to these qualitative statements, 

numerical calculations were performed by a1 (2~,~) by integration on a 

computer. The collision frequency actually used was that shown dotted 

in Fig. B2. The numbers were taken to approximate the actual Cs colli

-4 sion frequency for a Cs pressure of 10 Torr, and a time scale of ten 

nanoseconds. That is, ~=l implies ~=10 nanoseconds. The velocities are 

l/2 in units of (e.v.) • 

Figure B3 shows a typical envelope of the echo power for v0 1.6 

(greater than half v1 ). The zero of the echo amplitude, a1 , shows up as 

a striking feature in the power (a1
2

) envelope at ~~c· Figure B4 shows 

how ~ increases as the input pulse area is increased above a threshold 
c 

l/2 (in this case, v0 ::::::: 1.19 (e.v.) ). Finally, Fig. B5 shows the sensitive 

dependence 6f ~2 on c, the collision frequency on the high velocity 

shoulder. This figure shows roughly the 1/(c-b) dependence predicted in 

Eq. (B-20 ). 
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APPENDIX C 

Multiple Echoes From a Two Level System 

In this appendix, we prove that it is in principle possible to get 

milltiple echoes even from a quantum two-level system. To that end, we 

take a spin 1/2 system, in an inhomogeneous :rmgnet ic field. The Hamil-

tonian for this system is 

(C-1) 

where :M0 = ~z' and :M1 = )'axHx cos cn
0
t, where ax is the standard 

Pauli spin rna trix.. The en in :M0 refers to a particular oscillator (or 

isochromat) in the assumed inhomogeneously broadened line. We make the 

following rotating frame transforrmtion: 

= 
-iro J t 

0 z e (c -2) 

where cn
0 

is the frequency of the applied radiation H) t) cos cn
0 
t. Then, 

:M 1 = :M
0 

+ 1/2 -yH a 
X X 

(a -3) 

where ax is the Pauli spin matrix, and we have averaged over cn0, since 

the populations change little in one cycle of the radiation. This is 

the usual procedure of ignoring the non-secular terms, or throwing out 

the counter-rotating component of H. 

The density matrix for a particular isochromat is defined, as usual, 

by 

Then in the rotating frame, 

II· 
I 

p' = 

p' .. 
~J 

:iro J t 
0 z e P e 

-ia> if t 
0 z 

iD .. t 
~ e J~ 

J ~ ' 

(C-4) 

, or 

(C-5) 
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where cj is the static part of the amplitude for the jth basis state of 

the wave function and n .. = 1/li (E.-E.) - ro0 . The bar indicates an 
lJ l J 

ensemble average over a particular isochromat. 

In thd.s reference frame, the equation of motion for tbe density 

matrix is 

i li p' = [J:it , p] (C-6) 
. p .. 

where J:ii = 11(ro-ro0)J + 1/2 -y H cr • When H o, the solutions are 
p Z X X X 

simply 

= p t (O)e-iDt 
12 

(C-7) 

where n = ro - ro0 • In accordance with our usual assumption that the 

pulse width of incident radiation is smaller than the reciprocal band-

width of the resonant transition, during a pulse, we shall ignore the 

term in J:ir proportional to J • Then during a resonant pulse, the p . z 

density matrix elements which solve (C-6) are: 

'(t.) = P '(o) 2 '(
1 e)' + '(o) · 2 ( 1 e) pl1 11 cos 2 . . p22 s lD 2 . 

P22 '(t) = P22 '(0)cos
2 '(~e_)' + p11 '(0) sin

2 (~ e) 

+ (P21 '(0)- P12 '(0)i sin (~B)' cos(~ e) 

p '{ t) 
21 

(C-8) 
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The radiation fran a particular is ochromat with frequency n is 

proportiol1ilol to sx(n) for that isochromat, where 

s (n) = Tr (p'(n)S' ). 
X X 

The total radiating moment for t be system will be proportional to 

00 

(S ) = 
X 

J g(n) 
-CD 

s (n) 
X 

dO. (C-9) 

At time t=O we assume a system in thermal equilibrim, so P11 = a, P22 = b 

and p12 = 0. A pulse of angle e1 is then applied. For later times 

sx(n) = - l/2 (b-a) sin el sin ( (cno + n)t)' 

and (C-10) 

(sx) = -1/2 (b-a) sinB·1 sincn
0

t G(t) 

where G(t) is our usual Fourier transform: of the distribution function, 

and a symmetric line has been assumed. 

If a second pulse, with area corresponding to an angle e·2, is 

applied at t = T, then for t > T, 

Then, 

sx(n) = - 1/2 (b-a) sin e
1 

cos
2
(1/2 19 2 ) sin ( (cn

0 
+n)t) 

+ 1/2 (b-a) sin &
1 

sin
2 

(1/28
2

) X sin (cn
0

t + 0(t-2T)) 

- 1/2 (b-a) COS 9
1 

sin 6·2 sin (cn
0

t + (t-T)) 

+ cos &
1 

sin 
2 

G(t-T) 

II 
i 

I, 

( c -11) 

(C-12) 
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The first term in the braces corresponds to the usual ·rree ·induction 

tail fran the first pulse; the second term corresponds to a free induction 

tail fran the second pulse; the third term corresponds to the echo at 

t = 2-r .• This is the same as Hahn's original classical result, 3 but 

without relaxation. 

Before including relaxation, we shall restrict the pu;t:se so that 

e1 = e
2 

= rr/2. Then the last tenn of Eq. (C-11) is zero (no free in

duction decay after the second pulse), and the other two terms can be 

combined to give the total transverse corrrponert of the spin (S for· 
X 

sin ( (m
0
+n)t) = 1) for the D isochromat as 

(cos 2 D-r- 1). (C-13) 

Since the transverse ccmponent of the spin is the radiating part, we 

. 0 

see that two 90 pulses introduce a periodic modulation on the strength 

of the radiation from the spin system. The lack of hi@l.er order echoes 

at t = n-r, n = 3,4 ... , then , is just a manifestation of the lack of 

h:igher order Fourier components in Eq. (C-13). . 

To bring this system closer to cyclotron echoes, we introduce a 

phenomenological T
2 

process which will depend on the magnitude of t be 

transverse spin component. This process is accounted for by multiplying 
-t/T 

the off diagonal terms of the density matrix by e 
2

• Since I St I 
is constant over the sp~ectrum after the first 90° pulse, for 0 < t < 'T 

the relaxation term is an overall damping factor, and will be ignored. 

For 

will 

t >T. I st I has the periodicity 

e -(t--r)/T2. If we now write 

indicated by Eq. (C-13), and so 

-( t--r) /T 
2 

e ::: L:a 
n 

+inD-r e 
' 

( c -14) 
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a.nd multiply th• off diagonal density matrix elements by this sum, then 

Eq. (C-12) becomes 

(s) -1/4 (b-a) sin ro0t L: an[G(t-n-r) + G(t - (n+2)..-) ]. 

( C-15) 

Thus, multiple echoes are possible. In this calculation the implict 

'assumption was made that T2 remains constant, even though 1st (n)l is 

clanging. In realisitic cases this will not be true, and the problem 

would have to be solved self-consistantly. 
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APPENDIX D 

A Criterion for Spin and Cyclotron Echoes 

We rewrite Eq. (19) for the case where n for a given electron is 

time dependent. Let the frequency it = it (x, t), where X is a spacial 

coordinate locating the oscillator. 

p (t > -r) 

T 

x f ( exp [ i f n ( x, t' ) dt' ] + 
0 

t 

'V T 
0 

t. 
(exp[-f v (x) dt']) 

T C 

X exp [if it (x,t') dt'] g (x) dx 
T 

T 

(D-1) 

Let 6 n(x,t') dt' = n (x)-r. Then the first and second terms inside the 

integral (C-1) are r:eriodic in n, since v depends only on the eiectron 
. c 

-
velocity·after the second pulse, and therefore on n. 

There~ore, we may make the substitution of Eq. (20) to get 

p = 2: a J e -in D ( xh 
n 

(D-2) 

X exp [i .ft n(x;t') dt'] g(x) dx .• 

Assuming -r is much greater than the electron spectral line width, the 

integral in Eq. (D-2) is seen to average to zero unless 

ft n(x,t') dt' = n n (x)-r 
T 

(D-3) 

for nearly all x. If Eq. (D-3) is satisfied for some t and for all x, then 

an echo,. with an amplitude de·pendent on an' can be expected at that t. 

Obvirusly, if n (x) is constant in time, then this condition predicts 

echoes at t = n-r as in Eq. (22). Condition D-3 also holds for spin 

echoes. For example, if one doubles the inhomogeneity in the magnetic 



field at t = T, one expects the echo rephasing to occur earlier than t = 2<. 

Equation (D-3) in this case reads 

2 n (x) Ct--r) = h f2 (x)-r, or t = ~ T 

for the time of the echo. (In th1s case the only non-zero fourier arnpli

i:lldes, a , are n = 0, l. ) 
n 
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