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ABSTRACT OF THE DISSERTATION

Personalized and Efficient Distributed Machine Learning

by

Kaan Ozkara
Doctor of Philosophy in Electrical and Computer Engineering
University of California, Los Angeles, 2025
Professor Suhas Diggavi, Chair

Modern machine learning faces two simultaneous explosions of scale: i) vast amount of data
generated at the edge, ii) number of model parameters have scaled up to billions, particularly
for large language models (LLMs). Firstly, data is now generated from an ecosystem of
devices whose statistical characteristics and hardware capabilities differ widely, demanding
a personalized distributed learning that enables collaboration of heterogeneous clients and
is tailored according to specific needs. Secondly, model capacity has grown to billions of
parameters, stretching the limits of memory bandwidth and computational capabilities, which
necessitates efficient training methodologies while preserving numerical stability. The goal of
this thesis is to advance both fronts. For personalization, we develop a statistical framework
that enables a fundamental understanding and characterization of client heterogeneity both
in supervised and unsupervised learning settings. Our methodologies allow collaboration
of clients that may possess data from distinct distributions, and have different resource
constraints. For large scale training of LLMs, we propose novel meta-optimizers that speeds
up convergence, and lower precision training strategies that enable training with lower memory

and faster throughput. The contributions of this thesis can be summarized as follows:
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e We introduce QuPeD, Quantized Personalization via Distillation, where we introduce
a relaxed quantization objective coupled with knowledge distillation thats lets each
client learn a model compressed to its own precision and architectural constraints while
enabling collaboration. We develop an alternating proximal gradient algorithm that
outperforms prior personalized FL baselines across diverse vision and language tasks.
The convergence of our method reveals the coupling between heterogeneity and resource

constraints.

e We generalize the hierarchical Bayes framework to personalized FL. We unify disparate
personalization techniques—regularization, model interpolation, clustering—under one
statistical lens, which also yields AdaPeD, an information geometry regularized algo-
rithm. Extending the framework, we provide user level differential privacy guarantees
without sacrificing personalized performance. Furthermore, we utilize a similar frame-
work for unsupervised learning; viewing client models through a hierarchical prior, we
design adaptive algorithms for personalized dimensionality reduction and diffusion based
generation. Our analysis reveals the provable utility obtained from collaboration for
generative models, and experiments confirm these gains. For the personalized diffusion
generative models we further propose an architectural personalization, using a shared

backbone and individual client identities to steer the shared backbone.

e For LLM training, we develop MADA, which parameterizes a spectrum of adaptive
optimizer rules (Adam, AMSGrad, etc.), and employ hyper gradient descent to select
the best optimizer interpolation adaptively online. MADA consistently outperforms
popular optimizers on pre training/fine tuning and vision tasks, and our theory shows

how optimizer interpolation tightens convergence bounds.

e We propose using stochastic rounding (SR) for Adam optimizer updates to enable a full
BF16 training recipe. Theoretically, we show SR results in implicit regularization of the

loss function and faster convergence compared to deterministic rounding approaches.
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Empirically, our recipe yields higher throughput and lower memory while obtaining

better validation perplexity compared to state-of-the-art mixed precision training.
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CHAPTER 1

Introduction

The last decade has witnessed an unprecedented double-explosion of scale in machine learning.
On one axis, data generation has migrated to the edge: billions of phones, wearables, and
[oT sensors stream privacy-sensitive data whose statistical signatures vary as widely as the
hardware that produces them. On the orthogonal axis, model capacity has ballooned to
the billion-parameter regime, driven most visibly by large language models (LLMs). Taken
together, these two forces render the classical paradigm of centralized, one-size-fits-all training

both economically and statistically untenable.

On the first front, data generation at the edge introduced novel challenges. Edge devices
collect data that are non-i.i.d. across clients and often scarce within any single device.
Training a single global model therefore risks underfitting rare sub-populations and overfitting
dominant ones, while purely local models squander the collective data abundance strength of
the system. The remedy is personalized federated learning (FL), in which clients collaborate to
jointly learn models that adapt to their unique data distributions. Furthermore, heterogeneity
is not merely data driven. Clients range from micro-controllers with kilobytes of memory
to data-center GPUs. A practical solution must match model size, precision, and update

frequency to each client’s budget while still allowing meaningful collaboration.

On the other hand, due to advances in hardware/accelerators and model architectures
such as transformer blocks, we are now able to scale our deep learning models to billions of
parameters. Training these large models strains the hardware and valuable resources such as

training time. We thus need algorithms that converge faster, communicate less, and operate



in low precision—all without compromising numerical stability and downstream accuracy.

1.1 Contributions and Outline

In Chapters 2-4, we delve into the problem of heterogeneity in FL and propose personalization
as a solution. While the traditional FL pertains using a single global model for all clients, we
show its shortcomings and how carefully designed and statistically motivated optimization

criteria allows design of personalized algorithms that is suitable under data heterogeneity.

In particular, in Chapter 2, we introduce QuPeD [131] where we augment the traditional
FL distributed optimization criterion with two additional terms: (i) a knowledge distillation
penalty between global and personalized model logits that allows collaboration of models
with different architectures and precision, (ii) a soft quantization penalty term that enables
quantization aware training. We examine the overall convergence behavior and discover a
coupling between data heterogeneity and clients’ quantization aggression. Specifically, clients
that are relevantly more out of distribution can tolerate the quantization less and vice versa.
Lastly, we empirically compare our model to other personalized and non-personalized FL

algorithms, our algorithm outperforms all the competing methods.

In Chapter 3, we introduce a statistical framework that is based on a hierarchical Bayes
view of clients’ data generation [126]. Our framework is based on maximum a posteriori
estimation of clients’ model parameters given a prior model which induces different regularizers
in optimization criteria and dictates collaboration. By adjusting the prior model assumption,
our framework obtains diverse set of personalization algorithms that were explored in the
literature, as well as it is able to propose new algorithms with adaptation. We utilize our
framework both in personalized mean estimation and learning, under differential privacy
and communication efficiency constraints. We derive theoretical performance guarantees
indicating the utility rooted from collaboration. Empirically, both for estimation and learning

problems we show the success of our method under various prior assumption such as based



on Gaussian, GMM, information geometric population distributions.

Afterwards, in Chapter 4, we extend personalized FL framework to unsupervised learning
tasks such as dimensionality reduction (personalized PCA and Autoencoders) and personalized
diffusion generative models [129]. Furthermore, we introduce a notion of hyper-priors that
helps with empirical stability and prevents ill-posedness. We introduce ADEPT as a family of
algorithms. We prove convergence results that draws a connection between heterogeneity
and adaptivity, such as on Stiefel manifold for personalized PCA. We show how collaboration

may help with better generation quality.

In Chapter 5, we propose a particular architectural partitioning for personalized generative
models. We assume the model is made up from two parts: a lower dimensional-easy to
learn personalized part and a larger backbone that is shared among clients. We connect this
architecture learning Gaussian Mixture Models and derive error bound for learning mixing
weights that provide insights for the personalized diffusion model training. Our proposed

architecture excels at new client fine-tuning tasks.

Chapters 6.6 and 7.6 are related to the second front of training LLMs. In Chapter 6.6
we develop MADA, which parameterizes a spectrum of adaptive optimizer rules (Adam,
AMSGrad, etc.) to construct an optimizer space, and employ hyper gradient descent to select
the best optimizer interpolation adaptively online. By adaptively searching the optimizer
space, MADA consistently outperforms popular optimizers on pre training/fine tuning and
vision tasks, and theoretically we show that optimizer interpolation may result in faster

convergernce.

In Chapter 7.6, we propose using stochastic rounding (SR) for Adam optimizer updates to
enable a full BF16 training recipe. Theoretically, we show SR results in implicit regularization
of the loss function and faster convergence compared to deterministic rounding approaches.
Empirically, our recipe yields higher throughput and lower memory while obtaining better

validation perplexity compared to state-of-the-art mixed precision training.



CHAPTER 2

Quantized Personalization via Distillation

Traditionally, federated learning (FL) aims to train a single global model while collaboratively
using multiple clients and a server. Two natural challenges that FL algorithms face are
heterogeneity in data across clients and collaboration of clients with diverse resources. In
this work, we introduce a quantized and personalized FL algorithm QuPeD that facilitates
collective (personalized model compression) training via knowledge distillation (KD) among
clients who have access to heterogeneous data and resources. For personalization, we allow
clients to learn compressed personalized models with different quantization parameters and
model dimensions/structures. Towards this, first we propose an algorithm for learning
quantized models through a relaxed optimization problem, where quantization values are
also optimized over. When each client participating in the (federated) learning process has
different requirements for the compressed model (both in model dimension and precision), we
formulate a compressed personalization framework by introducing knowledge distillation loss
for local client objectives collaborating through a global model. We develop an alternating
proximal gradient update for solving this compressed personalization problem, and analyze
its convergence properties. Numerically, we validate that QuPeD outperforms competing
personalized FL. methods, FedAvg, and local training of clients in various heterogeneous

settings.



2.1 Introduction

Federated Learning (FL) is a learning procedure where the aim is to utilize vast amount of
data residing in numerous (in millions) edge devices (clients) to train machine learning models
without collecting clients’ data [116]. Formally, if there are n clients and f; denotes the local
loss function at client ¢, then traditional FL learns a single global model by minimizing

arg min (f(w) = %Z]ﬂw)) (2.1)

weRd

It has been realized lately that a single model may not provide good performance to all
the clients in settings where data is distributed heterogeneously. This leads to the need for
personalized learning, where each client wants to learn its own model [42,48|. Since a locally
learned client model may not generalize well due to insufficient data, in personalized FL
process, clients maintain personalized models locally and utilize other clients’ data via a
global model. Resource diversity among clients, which is inherent to FL as the participating
edge devices may vary widely in terms of resources, is often overlooked in personalized FL
literature. This resource diversity may necessitate clients to learn personalized models with
different precision as well as different dimension/architecture. Systematically studying both
these resource heterogeneity together with data heterogeneity in personalized FL is the

primary objective of this paper.

In this work, we propose a model compression framework! for personalized FL via
knowledge distillation (KD) [69] that addresses both data and resource heterogeneity in a
unified manner. Our framework allows collaboration among clients with different resource
requirements both in terms of precision as well as model dimension/structure, for learning
personalized quantized models (PQMs). Motivated by FL, where edge devices are resource

constrained when actively used (e.g. when several applications are actively running on a

Model compression (MC) allows inference time deployment of a compressed model. Though MC is a
generic term comprising different methods, we will focus on its quantization (number of bits per model
parameter) aspect.



battery powered smartphone) and available for training when not in use (e.g., while charging
and on wi-fi), we do training in full precision for learning compressed models to be deployed
for inference time. For efficient model compression, we learn the quantization parameters
for each client by including quantization levels in the optimization problem itself. First,
we investigate our approach in a centralized setup, by formulating a relaxed optimization
problem and minimizing it through alternating proximal gradient steps, inspired by [18]. To
extend this to FL for learning PQMs with different dimensions/architectures, we employ our
centralized algorithm locally at clients and introduce KD loss for collaboration of personalized
and global models. Although there exist empirical works where KD is used in personalized
FL [96], we formalize it as an optimization problem, solve it using alternating proximal
updates, and analyze its convergence.

Contributions. Our contributions can be summarized as follows:

e In the centralized case, we propose a novel relaxed optimization problem that enables
optimization over quantization values (centers) as well as model parameters. We use
alternating proximal updates to minimize the objective and analyze its convergence

properties.

e More importantly, our work is the first to formulate a personalized FL optimization
problem where clients may have different model dimensions and precision requirements
for their personalized models. Our proposed scheme combines alternating proximal

updates with knowledge distillation.

e For optimizing a non-convex objective, in the centralized setup, we recover the stan-
dard convergence rate of O(1/7) (despite optimizing over quantization centers), and
for federated setting, we recover the standard convergence rate of O(1/vT) (despite
learning PQMs with different precisions/dimensions). In the federated setting, our
convergence bound has an error term that depends on multiplication of two terms

averaged over clients: one characterizing client’s local model smoothness and the other



data heterogeneity with respect to overall data distribution.?

e We perform image and text classification experiments on multiple datasets in various
resource and data heterogeneity settings, and compare performance of QuPeD against
Per-FedAvg [48], pFedMe [42], FedAvg [116], and local training of clients. We observe
that QuPeD in full precision outperforms all these methods on all the datasets that we
considered for our experiments. Further, our results show that even with quantization,
QuPeD outperforms the other methods in full precision on multiple settings and datasets,

demonstrating the effectiveness of our scheme for FL settings.

Our work should not be confused with works in distributed/federated learning, where
models/gradients are compressed for communication efficiency [12,83]. We also achieve
communication efficiency through local iterations, but the main goal of our work is personalized
quantization for inference.

Related work. To the best of our knowledge, this is the first work in personalized federated
learning where the aim is to learn quantized and personalized models potentially having
different dimensions/structures for inference. Our work can be seen in the intersection of
personalized federated learning and learning quantized models, we also employ knowledge
distillation for collaboration. Personalized federated learning: Recent works adopted different
approaches for learning personalized models: (i) Combine global and local models throughout
the training [40,65,114]; (ii) first learn a global model and then personalize it locally [48]; (iii)
consider multiple global models to collaborate among only those clients that share similar
personalized models [56,114,157,185]; (iv) augment the traditional FL objective via a penalty

term that enables collaboration between global and personalized models [42,64,65].

Learning quantized models: There are two kinds of approaches for training quantized
networks that are of our interest. The first one approximates the hard quantization function

by using a soft surrogate [38,62,110,175], while the other one iteratively projects the model

2An error term depending on data heterogeneity is commonly observed in personalized FL algorithms [42,48].



parameters onto the fixed set of centers [7,71,94,177]. Each approach has its own limitation;
see Section 2.2.1 for a discussion. While the initial focus in learning quantized networks was
on achieving good empirical performance, there are some works that analyzed convergence
properties [7,97,177|, but only in the centralized case. Among these, [7] analyzed convergence
for a relaxed/regularized loss function using proximal updates. Knowledge distillation (KD):
KD [69] is a framework for transfer learning that is generally used to train a small student
network using the soft labels generated by a deep teacher network. It can also be used to train
two or more networks mutually by switching teacher and students in each iteration [186]. KD
has been employed in FL settings as an alternative to simple aggregation which is not feasible
when clients have models with different dimensions [102]. [96] used KD in personalized FL
by assuming existence of a public dataset. [135] used KD in combination with quantization
in a centralized case for model compression; in contrast, we do not use KD for model
compression but for collaboration between personalized and global model. Unlike the above
works which are empirical, our paper is the first to formalize an optimization problem for
personalized FL training with KD and analyze its convergence properties. Our proposed
scheme yields personalized client models with different precision/dimension through local

alternating proximal updates; see Section 2.2.2 for details.

Paper organization: In Section 2.2, we formulate the optimization problem to be
minimized. In Sections 2.3 and 2.4, we describe our algorithms along-with the main conver-
gence results for the centralized and personalized settings, respectively. Section 7.5 provides
extensive numerical results. Omitted proofs/details and additional experiments are provided

in supplementary material.

2.2 Problem Formulation

Our goal in this paper is for clients to collaboratively learn personalized quantized models

(with potentially different precision and model sizes/types). To this end, below, we first



state our final objective function that we will end up optimizing in this paper for learning
personalized quantized models, and then in the rest of this section we will describe the genesis

of this objective.

Recall from (2.1), in the traditional FL setting, the local loss function at client ¢ is denoted
by f;. For personalized compressed model training, we define the following augmented loss

function at client 4:
Bl e, w) 1= (1= 4,) (£ix1) + Qe (x:)) ) + AR(xi )

_ (2.2
Ay (5P (i, w) + f5P (G (), W) )

Here, w € R? denotes the global model, x; € R% denotes the personalized model of dimension
d; at client i, ¢; € R™ denotes the model quantization centers (where m; is the number
of centers), éci denotes the soft-quantization function with respect to (w.r.t.) the set of
centers ¢;, R(x;, ¢;) denotes the distance function, fXP denotes the knowledge distillation
(KD) loss [69] between the two input models on client i’s dataset, A is a design parameter
for enforcing quantization (large A forces weights to be close to respective centers), and A,
controls the weighted average of regular loss and KD loss functions (higher A, can be used
when client data is limited). We will formally define the undefined quantities later in this

section. Consequently, our main objective becomes:

weR? {x;€R% c;ER™izi=1,...,n}

min (F(W,{xi},{ci}> - %iﬂ(xi,ci,w)) (2.3)

Thus, our formulation allows different clients to have personalized models xy, ..., x, with
different dimensions dy,...,d, and architectures, different number of quantization levels
my,...,m, (larger the m;, higher the precision), and different quantization values in those

quantization levels. Note that there are two layers of personalization, first is due to data
heterogeneity, which is reflected in clients learning different models x;,...,X,, and second
is due to resource diversity, which is reflected in clients learning models with different sizes,

both in terms in dimension as well as precision.



In Section 2.2.1, we motivate how we came up with the first three terms in (2.2), which
are in fact about a centralized setting because the function f; and the parameters involved,
i.e., x;,c;, are local to client 7; and then, in Section 2.2.2, we motivate the use of the last two

terms containing f&P in (2.2).

2.2.1 Model Compression in the Centralized Setup

Consider a setting where an objective function f : R¥™ — R (which could be a neural
network loss function) is optimized over both the quantization centers ¢ € R™ and the
assignment of model parameters (or weights) x € R? to those centers. There are two ways to
approach this problem, and we describe these approaches, their limitations, and the possible

resolutions below.

Approach 1. A natural approach is to explicitly put a constraint that weights belong to
the set of centers, which suggests solving the following problem: miny . f(x) + dc(x), where
d. denotes the indicator function for ¢ € R™, and for any ¢ € R™, x € R%, define §.(x) := 0
if V j € [d], x; = c for some ¢ € {ci,...,¢n}, otherwise, define d.(x) := co. However, the
discontinuity of d.(x) makes minimize this objective challenging. To mitigate this, like recent
works [7,177], we can approximate d.(x) using a distance function R(x,c) that is continuous
everywhere (e.g., the ¢;-distance, R(x,¢) := min{i||z — x|[1 : 2; € {c1,- -+, },Vi}).* This

suggests solving:

min f(x) + AR(x, c). (2.4)

X,C

The centers are optimized to be close to the mean or median (depending on R) of the weights;
however, there is no guarantee that this will help minimizing objective f. We believe that
modeling the direct effect that centers have on the loss is crucial for a complete quantized

training (see Appendix in [131] for empirical verification of this fact), and our second approach

3 17] and [177] proposed to approximate the indicator function d.(x) using a distance function Rc(x),
where c is fixed, and unlike ours, it is not a variable that the loss function is optimized over.
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is based on this idea.

Approach 2. We can embed the quantization function into the loss function itself, thus
solving the problem: miny . <h(x, c) = f(Qc(X))>, where for every x € R% ¢ € R™, the
(hard) quantization function is defined as Qc(x); := ¢y, where k = arg min; ¢, {|x; — ¢;|},
which maps individual weights to the closest centers. Note that Q(x) is actually a staircase
function for which the derivative w.r.t. x is 0 almost everywhere, which discourages the use
of gradient-based methods to optimize the above objective. To overcome this, similar to
62,175], we can use a soft quantization function Q¢(x) that is differentiable everywhere with
derivative not necessarily 0. For e.g., element-wise sigmoid or tanh functions, used by [175]

and [62], respectively. This suggests the following relaxation:

min (h(x, c) i= f(@c(x))). (2.5)

X,C

Though we can observe the effect of centers on neural network loss in (2.5); however, the
gradient w.r.t. x is heavily dependent on the choice of ch and optimizing over x might deviate
too much from optimizing the neural network loss function. For instance, in the limiting case
when @c(x) — Qe(x), gradient w.r.t. x is 0 almost everywhere; hence, every point becomes a

first order stationary point.

Our proposed objective for model quantization. Our aim is to come up with an
objective function that would not diminish the significance of both x and c in the overall
procedure. To leverage the benefits of both, we combine both optimization problems (2.4)

and (2.5) into one problem:

min (FA(X, ¢) = f(x) + f(Qu(x)) + AR(x, c)>. (2.6)

X,C

Here, the first term preserves the connection of x to neural network loss function, and the
second term enables the optimization of centers w.r.t. the neural network training loss itself.

As a result, we obtain an objective function that is continuous everywhere, and for which we

4In their setup, the quantization centers are fixed. In contrast, we are also optimizing over these centers.
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can use Lipschitz tools in the convergence analysis — which previous works did not exploit.
In fact, we compute the Lipschitz parameters for a specific soft quantization function @c(x)

based on sigmoid in Appendix of [131].

Remark 1. It is important to note that with this new objective function, we are able to
optimize not only over weights but also over centers. This allows us to theoretically analyze
how the movements of the centers affect the convergence. As far as we know, this has not
been the case in the literature of quantized neural network training. Moreover, we observe

numerically that optimizing over centers improves performance of the network; see Appendiz

of [131].

2.2.2 Towards Personalized Quantized Federated Learning: Knowledge Distilla-

tion

Note that the objective function defined in (2.6) can be used for learning a quantized model
locally at any client. There are multiple ways to extend that objective for learning personalized
quantized models (PQMs) via collaboration. For example, when all clients want to learn
personalized models with the same dimension (but with different quantization levels), then
one natural approach is to add an ¢y penalty term in the objective that would prevent local
models from drifting away from the global model and from simply fitting to local data. This
approach, in fact, has been adopted in previous works [42,65,101] for learning personalized
models in FL, though not quantized ones.® In this paper, since we allow clients to learn
PQMs with potentially different dimensions, the above approach of adding a ¢, penalty term
in the objective is not feasible. Observe that, the purpose of incorporating a ¢, penalty in the
objective is to ensure that the personalized models do not have significantly different output

class scores compared to the global model which is trained using the data generated at all

®We also analyze this approach in our setting (for learning PQMs but having the same dimension), and
we call this version QuPeL; see Appendix of [131] for problem setup and convergence results of QuPeL. In
Section 7.5, we demonstrate that QuPeD (for the same task but using KD as opposed to the ¢5 penalty)
outperforms QuPeL.

12



clients; this does not, however, require the global model to have the same dimension as that
of local models and can be satisfied by augmenting the local objective (2.6) with a certain
knowledge distillation (KD) loss. In our setting, since clients’ goal is to learn personalized
models with different dimensions that may also have different quantization levels, we augment
the local objective (2.6) with two separate KD losses: f&P(x;, w) and fEP(Qe, (x;), W),
where the first one ensures that the behavior of x; € R% is not very different from that
of w € R? and the second one ensures the same for the quantized version of x; and w.
Formally, we define them using KL divergence as follows: f&P(x;, w) := Dy (s¥(w)]|s:(x;))
and fiKD(QCi (xi), W) := DKL<S§U(W)||SZ~(QVCZ. (x;))), where s and s; denote functions whose
inputs are global and personalized models, respectively — and data samples implicitly — and

outputs are the softmax classification probabilities of the network.

We need to train x; and w mutually. Identifying the limitations of existing approaches for
theoretical analysis (as mentioned in related work in Section 5.1), we use reverse KL updates
(i.e., taking gradient steps w.r.t. the first parameter in Dy (+,)) to train the teacher network
w from the student network x;. This type of update can be shown to converge and also
empirically outperforms [152] (see Section 7.5). We want to emphasize that though there are
works [96,102] that have used KD in FL and studied its performance (only empirically), ours
is the first work that carefully formalizes it as an optimization problem (that also incorporate

quantization) which is necessary to analyze convergence properties.

2.3 Centralized Model Quantization Training

In this section, we propose a centralized training scheme (Algorithm 1) for minimizing (2.6)
by optimizing over x € R? (the model parameters) and ¢ € R™ (quantization values/centers).
During training, we keep x full precision and learn the optimal quantization parameters c.
The learned quantization values are then used to hard-quantize the personalized models to

get quantized models for deployment in a memory-constrained setting.
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Algorithm 1 Centralized Model Quantization
Input: Regularization parameter )\; initialize the full precision model x° and quantization

centers c’; a penalty function enforcing quantization R(x,c); a soft quantizer @C(X); and

learning rates 1y, 7.

1: fort=0toT —1do

2:  Compute g' = Vi f(x") + Ve f(Qet (x1))
3 xitl = PTOX, \p, (x* —mg')

4:  Compute h! = Vctf(éct (xi1))

, tH1 t_ okt
51 ¢ = prox, g ., (¢ — n2h’)

6: end for

Output: Quantized model X7 = Q.r(xT)

Description of the algorithm. We optimize (2.6) through alternating proximal gradient
descent. The model parameters and the quantization vector are initialized to random vectors
x% and ¢”. The objective in (2.6) is composed of two parts: the loss function f(x)+ f(Qe(x))
and a quantization inducing term R(x,c), which we control by a regularization coefficient
A. At each t, we compute gradient g’ of the loss function w.r.t. x* (line 2), and then take
the gradient step followed by prox step for updating x* to x!™ (line 3). For the centers, we
similarly take a gradient step and follow it by a prox step for updating ¢’ to ¢**! (line 4-5).
These update steps ensure that we learn the model parameters and quantization vector tied
together through proximal® mapping of the regularization function R. Finally, we quantize

the full-precision model x* using Q.r (line 7).
Assumptions. We make the following assumptions on f:

A.1 (Finite lower bound of f): f(x) > —oo, Vx € R which implies F\(x,¢) > —oo for

any x € R ¢ € R™, \ € R.

6 .
As a short notation, we use Prox, \g_, to denote prox, \p( ct), and PIOX,, R, for prox,,\p(xt+1,.)-
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A.2 (Smoothness of f): f is L-smooth, i.e., for all x,y € R? we have f(y) < f(x) +
(Vf(x),y —x) + §lx -yl
A.3 (Bounded gradients of f): |V f(x)|l2 < G < o0, Vx € RY.

A.1 and A.2 are standard assumptions for convergence analysis of smooth objectives;
and A.3 is commonly used for non-convex optimization, e.g., for personalized FL in [48]. To
make the composite function f(Qc(x)) smooth, we need additional assumptions on the soft
quantization function Q.(x). Our choice of Q¢(x) (see Appendix in [131]) naturally satisfies

these assumptions.

A4 (Smoothness of the soft quantizer): We assume that Qg(x) is lg,-Lipschitz and
Lg,-smooth w.r.t. x, ie., for c € R™ V x,y € R%: 1Qe(x) — Qe(y)| < lo,|Ix — ¥y
and | VyxQe(x) — VyCNQC(y)H < Lg,|lx — y||. We also assume Qo(x) is lg,-Lipschitz and
Lg,-smooth w.r.t. c, ie., for x € R%: V ¢,d € R™ 1Qe(x) — Qa(x)|| < lg,|lc — d|| and
IVeQe(x) = VaQa(x)[| < Lg,llc —d]|.

A5 (Bound on partial gradients of soft quantizer): There exists constants Gg,, Gg, < 00
such thats [V4Qe(x) 7 = [V0e(®)1aslli < Gay and [Ve@e(x) 5 = [V Oe(Xas sl <
Gq,, where X,,,. denotes sub-matrix of X with rows between p and ¢, and || - ||z is the

Frobenius norm.

Convergence result. Now we state our main convergence result (proved in Appendix
of [131]) for minimizing Fy(x,c) in (2.6) w.r.t. (x,c) € R*™™ via Algorithm 1. This provides
first-order guarantees for convergence of (x,c) to a stationary point and recovers the O (1/1)

convergence rate of [7,18].

Theorem 1. Consider running Algorithm 1 for T iterations for minimizing (2.6) with

m = Y2L+GLg,+Go,Llo,) and Ny = Y/2(GLg,+Go,Lle,). For any t € [T], define G' :=
[Vt Fy (x0T Ve Fy (x0T Then, under A.1-A.5 and for Ly, = min{nil, n%}’
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11

o m}, we have:

Limax = max{

T—1
1 12 lenax (F)\ (XO,CO) —F/\(XT,CT))
t:(] min
Remark 2. In Theorem 1, we see that gradient norm decays without any constant error
terms. The convergence rate depends on Lipschitz smoothness constants of f and f(@c())
through Lyax and Lyy,. Choosing a smoother @c() would speed up convergence; however, if
chosen too small, this could result in an accuracy loss when hard-quantizing the parameters at

the end of the algorithm.

Remark 3 (Number of centers and convergence). The number of quantization levels m has
a direct effect on convergence through the soft quantization function @C(X) and Lipschitz
constants. Note that as m — oo, we have @C(x) — x,Vx. In this case, @c(x) is 0-smooth
and 1-Lipschitz w.r.t. all parameters. As a result, we would have Ly, = L and Ly, = 2L.
Note that the ratio Lax/L.., increases as the quantization becomes more aggressive, and

consequently, affects the convergence.

2.4 Personalized Quantization for FL via Knowledge Distillation

We now consider the FL setting where we aim to learn quantized and personalized models
for each client with different precision and model dimensions in heterogeneous data setting.
Our proposed method QuPeD (Algorithm 4), utilizes the centralized scheme of Algorithm 1
locally at each client to minimize (2.3) over ({x;,c;}!,,w). Here, x;, c;, denote the model
parameters and the quantization vector (centers) for client i, and w denotes the global
model that facilitates collaboration among clients which is encouraged through the knowledge

distillation (KD) loss in the local objectives (2.2).

Description of the algorithm. Since clients perform local iterations, apart from
maintaining x!, ¢! at each client ¢ € [n], it also maintains a model w! that helps in utilizing

other clients’ data via collaboration. We call {w!}” , local copies of the global model at
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clients at time t. At each iteration ¢ server samples a subset of all indices K; C [n] with
K < n elements. Client i updates w! in between communication rounds based on its local
data and synchronizes that with the server which aggregates them to update the global
model. Note that the local objective in (2.2) can be split into the weighted average of loss
functions (1 — A\p)(fi(x:) + fi(Qe, (x:))) + Ap(FEP (xi, wi) + fEP(Qe, (x:), W;)) and the term
enforcing quantization AR(x;,c;). At any iteration ¢ that is not a communication round
(line 3), if i € Ky, client ¢ first computes the gradient g! of the loss function w.r.t. x! (line
4) and then takes a gradient step followed by the proximal step using R (line 5) to update
from x! to x{™*. Then it computes the gradient h! of the loss function w.r.t. ¢! (line 6) and
updates the centers followed by the proximal step (line 7). Finally, it updates w! to w!™
by taking a gradient step of the loss function at w! (line 8). Thus, the local training of
x!, ¢t also incorporates knowledge from other clients’ data through w!. When ¢ is divisible
by 7, sampled clients upload {w'} to the server (line 10) which aggregates them (line 15)
and broadcasts the updated global model (line 16) to all the clients. At the end of training,

clients learn their personalized models {x7 }?_, and quantization centers {c!}?* ,. Finally,

client i quantizes x! using Q.r (line 19).

7
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Algorithm 2 QuPeD: Quantized Personalization via Distillation

Input: Regularization parameters A, \,; synchronization gap 7; for client i € [n], initialize

full precision personalized models x?, quantization centers cY

ngi), ng), ns; quantization enforcing penalty function R(x,c); soft quantizer @C(X); number of

, local model w?, learning rates

clients to be sampled K.

1: fort=0to7T —1do
2: if 7 divides ¢t then
3: On Server do:

Choose a subset of clients IC; C [n] with size K

4: Broadcast w' to all Clients

5: On Clients i € K; to n (in parallel) do:
6: Receive w' from Server; set w! = w'

7. end if

8:  On Clients i € K; to n (in parallel) do:

9:  Compute gf = (1 — \)(Viefi(x!) + Vi fi(Qet(x)) + Ap(Vae FEP(x, wh) +
Vo [P (Qet (1), wh))

0 X = prox, o, (<~ 1)

11:  Compute h! := (1 — )\p)chfi(CN)cg (x!T1)) + )\pvcgfiKD(@cg (xith), wi))

3 (2

) t+1 _ t ()t

13 Wit = wh =\ (Ve fEP (G W) 4 Vi P Qe (3, W)

14: if 7 divides t + 1 then

15: Clients send w! to Server
: . 1
16: Server receives {wf}; computes w'tt = L 370 W]
17:  end if
18: end for

19: %] = Qcr(x]) for all i € [n]

Output: Quantized personalized models {x! }7,
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Assumptions. In addition to assumptions A.1- A.5 (with A.3 and A.5 modified to have
client specific gradient bounds {G®, Gg)u Gg)z} as they have different model dimensions’),

We assuine:

A6 (Bounded diversity): At any t € {0,---,T — 1} and any client ¢ € [n], the variance of
the local gradient (at client ) w.r.t. the global gradient is bounded, i.e., there exists k; < oo,
such that for every {x/*!' € R¢ ¢! € R™ : i € [n]} and w' € R? generated according to
Algorithm 4, we have: [V Fy(x;", /", wh) — L3570 Vo (x5, ft, wh)||? < ;. This
assumption is equivalent to the bounded diversity assumption in [42,48|; see Appendix A.1.

A7 (Smoothness of fEP): We assume f&P(x,w) is Lp,-smooth w.r.t. x, Lp,-smooth
w.r.t. w for all ¢ € [n]; as a result it is Lp-smooth w.r.t. [x, w] where Lp = max{Lp,, Lp,}.
Furthermore, we assume fiKD(@C(X),W) is Lpg,-smooth w.r.t. x, Lpg,-smooth w.r.t. c
and Lpg,-smooth w.r.t.w for all i € [n]; as a result it is Lpg-smooth w.r.t. [x, c, w] where

Lpg = max{Lpg,, Lpg, Lpg,}- In Appendix in [131] we discuss how this assumption can

actually be inferred from previous assumptions.

Convergence result. In Theorem 2 we present the convergence result when there is
full client participation, i.e. K = n, in Appendix in [131] we discuss the modification in
convergence result under client sampling. The following result (proved inAppendix in [131])
achieves a rate of O (1/v7) for finding a stationary point within an error that depends on the

data heterogeneity, matching result in [42]:

Theorem 2. Under assumptions A.1-A.7, consider running Algorithm 4 for T iterations
for minimizing (2.3) with T < /T, ngi) = 1/200,(2+Lp, +Lpg,)

H(1 = AL+ GO L, + GY) Lig,)), 05 = Y20(+Loay) +1-A) (G Loy +GE) Lig, ), and ny =
140 Luv/CrvT) where Ly, = Lp, + Lpg,-

"We keep smoothness constants to be the same across clients for notational simplicity, however, our result
can easily be extended to that case.
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Let Gi:=[V en Fi(x et wh) TV a1 Fi(x; L e wh T Ve (x5 e w7, Then
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or some constants Cy,Cy, where Ap = 37 Lffl)ax 2(F(xY, e, wh) — F, x!' T WT
f n =1
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T-1 n
1
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(%) .
R=1 Zz 1<L§flax)2lﬁ, CL= 1+ﬁ, and Lfﬁ)ax depends on the smoothness parameters

and the gradient bound at client i — the expression can be found in Appendiz of [151].

Remark 4 (Resource and data heterogeneity.). Firstly, our observation from Remark 3
holds here as well. Aggressive quantization has a scaling effect on all the terms through L.
Now the interesting question is: how does having different model structures across clients
affect the convergence rate of Theorem 27 Note that in Assumptions A.3, A.5, we assume
clients have different client-specific gradient bounds; this results in client specific LI(EILX, and
consequently ®, which couples resource and data heterogeneity across clients. Here we make
an important first observation regarding the coupled effect of data and resource heterogeneity
on the convergence rate. Suppose data distributions are fized across clients (i.e., k;’s are
fized) and we need to choose models for each client in the federated ecosystem. Then, for a
fast convergence, for the clients that have local data that is not a representative of the general
distribution (large k;), it is critical to choose models with small smoothness parameter (e.g.,

choosing a less aggressive quantization); whereas, clients with data that is representative of

the overall data distribution (small k;) can tolerate having a less smooth model.

2.5 Experiments

In this section, we first briefly compare numerical results for our underlying model quantization
scheme (Algorithm 1) in a centralized case against related works [7,177]. For a major
part of the section, we then compare QuPeD (Algorithm 4) against other personalization
schemes [42, 48, 152] for data heterogeneous clients and demonstrate its effectiveness in

resource heterogeneous environments. Additional experimental results on a language task
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Method ResNet-20 ResNet-32

Full Precision (FP) 92.05 92.95
ProxQuant [7] (1bit) 90.69 91.55
BinaryRelax [177] (1bit) 87.82 90.65
Algorithm1 (1bit) 91.17 92.20
Algorithm1 (2bits) 91.45 92.47

Figure 2.1 Test accuracy (in %) on CIFAR-10.

are provided in Appendix of [131]. Implementation details, and further experiments with

modifications to settings in this section, are also in Appendix of [131].

Centralized Training: We compare Algorithm 1 with [7,177| for ResNet-20 and ResNet-
32 |66] models trained on CIFAR-10 [91] dataset.

While both [7,177] are limited to binary quantization, [7] can be seen as a specific case
of our centralized method where the centers do not get updated. From Table 2.1, we see
that updating centers (Algorithm 1) significantly improves the performance (0.48% increase
in test accuracy). Allowing quantization with 2 bits instead of 1bit for Algorithm 1 further

increases the test accuracy.

Personalized Training: We consider an image classification task on FEMNIST [21]| and
CIFAR-10 [91] datasets. We consider two CNN architectures: (i) CNN1 (used in [116]): has
2 convolutional and 3 fully connected layers, (ii) CNN2: this is CNN1 with an additional
convolutional layer with 32 filters and 5 x 5 kernel size. For CIFAR-10 we choose a batch size
of 25. For FEMNIST, we choose variable batch sizes to have 60 iterations for all clients per
epoch. We train each algorithm for 250 epochs on CIFAR-10 and 30 epochs on FEMNIST.
For quantized training, as standard practice [136], we let the first and last layers of networks
to be in full precision. We use last 50 epochs on CIFAR-10, and 5 epochs on FEMNIST for

the fine-tuning phase.
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Table 2.1 Test accuracy (in %) for CNN1 model at all clients.”

Method FEMNIST CIFAR-10

FedAvg (FP) 94.92£0.04 61.40=£0.29
Local Training (FP) 94.86 £0.93 71.57 £0.28
Local Training (2 Bits) 93.95+0.23 70.87+0.15
Local Training (1 Bit) 93.00£0.50 69.05+£0.13
QuPeD (FP) 97.31+0.12 75.06 = 0.40
QuPeD (2 Bits) 06.73 £ 0.27  74.58 £ 0.44
QuPeD (1 Bit) 05.15 4+ 0.21  71.20 £ 0.33
QuPeL (2 Bits) 06.10 £ 0.14  73.52 £ 0.51

QuPeL (1 Bits) 94.06 +0.28  71.01 +0.32
pFedMe (FP) [42] 96.60 & 0.37  73.66 & 0.65
Per-FedAvg (FP) [48] 97.16 +0.21  74.1540.41

Federated ML (FP) [152] 96.3240.32 74.34 4 0.30

Data Heterogeneity (DH): We consider n = 50 clients for CIFAR-10 and n = 66 for
FEMNIST. To simulate data heterogeneity on CIFAR-10, similar to [116], we allow each
client to have access to data samples from only 4 randomly chosen classes. Thus, each client
has 1000 training samples and 200 test samples. On FEMNIST, we use a subset of 198
writers from the dataset and distribute the data so that each client has access to data samples
written by 3 randomly chosen writers. The number of training samples per client varies
between 203-336 and test samples per client varies between 25-40. Test samples are sampled
from the same class/writer that training samples are sampled from, in parallel with previous

works in heterogeneous FL.

Resource Heterogeneity (RH): To simulate resource heterogeneity for QuPeD, we consider

"Here QuPeD (FP) corresponds to changing alternating proximal gradient updates with SGD update on
model parameters in Algorithm 4, Local Training (FP) corresponds to SGD updates without communication.
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Figure 2.2 Test Acc. vs epoch (CIFAR-10)
Table 2.2 Test accuracy (in %) for CNN1 model at all clients, with client sampling.

Method MNIST (K =0.1) FEMNIST(X = 1)
FedAvg (FP) 92.87 + 0.05 91.30 4 0.43
QuPeD (FP) 98.17 + 0.32 94.93 + 0.25
QuPeD (2 Bits) 98.01 + 0.15 94.56 4 0.18
QuPeD (1 Bit) 97.58 + 0.23 92.52 4 0.64
pFedMe (FP) [42] 97.79 4 0.03 93.70 + 0.39
Per-FedAvg (FP) [48] 95.80 + 0.29 92.10 + 0.22
Federated ML (FP) [152]  98.03 + 0.31 92.73 + 0.36

4 settings: (i) half of the clients have CNN1 in full precision (FP) and the other half CNN2
in FP, (ii) half of the clients have CNNI1 in 2 bits and the other half CNN2 in FP, (iii) half
of the clients have CNN1 in 2 bits and the other in FP, (iv) half of the clients have CNN1 in
2 bits and the other half CNN2 in 2 bits.

Results (DH): We compare QuPeD against FedAvg [116], local training of clients (without
any collaboration), and personalized FL methods: pFedMe [42], Per-FedAvg [48], Federated
Mutual Learning [152], and QuPeL (Footnote 5). For all methods, if applicable, we set 7 = 10
local iterations, use learning rate decay 0.99 and use weight decay of 10~*; we fine tune the
initial learning rate for each method independently, see Appendix of [131] for details. The

results are provided in Table 2.1 with full client participation (K = n), plotted in Figure 2.2
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Table 2.3 Test accuracy (in %) on CIFAR-10 for heterogeneous resource distribution among

clients.
Resource Heterogeneity CIFAR-10
Local Training QuPeD
CNN1(FP) + CNN2(FP) 72.81 £0.03  75.50 £ 0.25
CNN1(2 Bits)+CNN2(FP) 72.424+0.17  75.08 £0.18
CNN1(2 Bits)+CNNI1(FP) 71.234+0.08  74.84 £0.30
CNN1(2 Bits)+CNN2(2 Bits)  72.15+0.47  74.64 +0.27

Table 2.4 Test accuracy (in %) on FEMNIST for heterogeneous resource distribution among

clients.
Resource Heterogeneity FEMNIST
Local Training QuPeD
CNN1(FP) + CNN2(FP) 93.414+0.82 97.44+0.14
CNN1(2 Bits)+CNN2(FP) 92.70£1.09 97.01 £0.05
CNN1(2 Bits)+CNNI1(FP) 93.56 £0.38  96.96 £ 0.15
CNN1(2 Bits)+CNN2(2 Bits)  91.11 £0.23  96.64 £+ 0.31

for CIFAR-10, and in Table 2.2 with client sampling where we state average results over 3
runs; all clients train CNN1 (see Appendix in [131] for CNN2) and quantization values are
indicated in parenthesis. Thus, we only consider model personalization for data heterogeneity.
In Table 2.1, we observe that full precision QuPeD consistently outperforms all other methods
for both datasets. Furthermore, we observe QuPeD with 2-bit quantization is the second best
performing method on CIFAR-10 (after QuPeD (FP)) and third best performing method
on FEMNIST despite the loss due to quantization. Hence, QuPeD is highly effective for
quantized training in data heterogeneous settings. Since QuPeD outperforms QuPeL, we can

also (empirically) claim that considering KD loss to encourage collaboration is superior to /5
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distance loss. Lastly, we observe from Table 2.2 that QuPeD continues to outperform other

methods under client sampling.

Results (DH+RH): We now discuss personalized FL setting with both data and resource
heterogeneity across clients. Note that since FedAvg, pFedMe, and Per-Fed Avg cannot work in
settings where clients have different model dimensions, we only provide comparisons of QuPeD
with local training (no collaboration) to demonstrate its effectiveness. The results are given
in Table 2.4. We observe that QuPeD (collaborative training) significantly outperforms local
training in all cases (about 3.5% or higher on FEMNIST and 2.5% or higher on CIFAR-10)
and works remarkably well even in cases where clients have quantized models without any

significant loss in performance.

2.6 Discussion

In this work, we introduced QuPeD: an algorithm for training of quantized and personalized
models in heterogeneous Federated Learning (FL) settings. Our proposed scheme tackles two
of the major problems in practical FL applications: resource and data heterogeneity among
participating clients. QuPeD allows clients to learn personalized models based on their local
data distributions while simultaneously allowing these models to be different in architecture
and weight precision. This is unlike existing personalized FL algorithms in literature which
only consider the data heterogeneity aspect of FL. Our theoretical results on the convergence
rates recovers previous results, which are in simpler settings, when the clients have identical
resources, i.e., same model size and precision. When clients have distinct resources, our
result ties convergence speed to combination of resource and data heterogeneity revealing
additional insights. Our experimental results demonstrate that QuPeD delivers superior

empirical performance even under aggressive quantization.

Convergence results stated in Theorems 1, 2, use bounded gradients assumptions A.3,

A.5 for non-convex objectives considered in this paper. Incorporating recent progress on
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weakening gradient assumptions in convergence analyses for FL (e.g., [82,155] and references
therein) into our framework is part of future work. We remark that our current assumptions
are fairly standard and applicable to our new optimization formulation to tackle data and
resource heterogeneity of the clients, which is the principal focus and contribution of our work.
Simulations consisting of tens of thousands (or more) of clients and lower client sampling
ratios are also crucial, and are left for potential future investigations that can shed further

light on our methods at massive scale.

Societal Impact: This paper considers collaborative personalization in learning, which can
significantly improve learning performance. However, such personalization is only as good as
the data used for training, and if not used properly could lead to information bubbles and
disjointed views for each client, e.g., clustering methods that put together clients with similar
data statistics. We ameliorate that by not clustering similar data and models, but this is an
aspect that might need more examination for social consequences. We explicitly consider
diverse resources in our designs, potentially enabling clients with fewer resources (devices
with less capabilities) to benefit from richer resources; potentially a positive impact in using

resources more equitably.
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CHAPTER 3

A Statistical View of Personalized Learning

A distinguishing characteristic of federated learning is that the (local) client data could have
statistical heterogeneity. This heterogeneity has motivated the design of personalized learning,
where individual (personalized) models are trained, through collaboration. There have been
various personalization methods proposed in literature, with seemingly very different forms
and methods ranging from use of a single global model for local regularization and model
interpolation, to use of multiple global models for personalized clustering, etc. In this work, we
begin with a statistical framework that unifies several different algorithms as well as suggest
new algorithms. We apply our framework to personalized estimation, and connect it to the
classical empirical Bayes’ methodology. We develop novel private personalized estimation
under this framework. We then use our statistical framework to propose new personalized
learning algorithms, including AdaPeD based on information-geometry regularization, which
numerically outperforms several known algorithms. We develop privacy for personalized
learning methods with guarantees for user-level privacy and composition. We numerically
evaluate the performance as well as the privacy for both the estimation and learning problems,

demonstrating the advantages of our proposed methods.

3.1 Introduction

The federated learning (FL) paradigm has had huge recent success both in industry and
academia [80,116], as it enables to leverage data available in dispersed devices for learning

while maintaining data privacy. Yet, it was recently realized that for some applications, due
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to the statistical heterogeneity of local data, a single global learning model may perform
poorly for individual clients. This motivated the need for personalized learning achieved
through collaboration, and there have been a plethora of personalized models proposed in
the literature as well [1,40,42,48,73,100,114,131,185]. However, the proposed approaches
appear to use very different forms and methods, and there is a lack of understanding of
an underlying fundamental statistical framework. Such a statistical framework could help
develop theoretical bounds for performance, suggest new algorithms as well as perhaps give

grounding to known methods. Our work addresses this gap.

In particular, we consider the fundamental question of how one can use collaboration
to help personalized learning and estimation for users who have limited data that they
want to keep private. Our proposed framework is founded on the requirement not only
of personalization but also privacy, as maintaining local data privacy is what makes the
federated learning framework attractive - and thus any algorithm that aims to be impactful
needs to also give formal privacy guarantees. The goal of this paper is to develop a statistical
framework that leads to new algorithms with provable privacy guarantees, and performance
bounds. Our main contributions are (i) Development of a statistical framework for federated
personalized estimation and learning (ii) Theoretical bounds and novel algorithms for private
personalized estimation (iii) Design and privacy analysis of new private personalized learning

algorithms; as elaborated below. Omitted proofs/details are in appendices.

e Statistical framework: We connect this problem to the classical empirical Bayes’ method,
pioneered by [77,145,160|, which proposed a hierarchical statistical model [52]. This is modeled
by an unknown population distribution P from which local parameters {8;} are generated,
which in turn generate the local data through the distribution Q(6;). Despite the large
literature on this topic, especially in the context of statistical estimation, creating a framework
for FL poses new challenges. In contrast to classical empirical Bayes’ estimation, we introduce

a distributed setting and develop a framework that allows information (communication and
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privacy) constraints'. This framework enables us to develop statistical performance bounds
as well as suggests (private) personalized federated estimation algorithms. Moreover, we
develop our framework beyond estimation, for (supervised) distributed learning, where clients
want to build local predictive models with limited local (labeled) samples; we develop this

framework in Section 3.3, which leads to new (private) personalized learning algorithms.

e Private personalized estimation: Our goal is to estimate individual (local) parameters,
when each user has very limited (heterogeneous) data. Such a scenario motivates federated
estimation of individual parameters, privately. More precisely, the users observe data generated
by an unknown distribution parametrized by their individual (unknown) local parameters
0,, and want to estimate their local parameters @; leveraging very limited local data; see
Section 3.2 for more details. For the hierarchical statistical model, classical results have shown
that one can enhance the estimate of individual parameters based on the observations of a
population of samples, despite having independently generated parameters from an unknown
population distributions. However, this has not been studied for the distributed case, with
privacy and communication constraints, which we do (see Theorem 4 for the Gaussian case and
Theorem 6 for the Bernoulli case, and also for mixture population models in Appendix B.5 We
estimate the (parametrized) population distribution under these privacy and communication
constraints and use this as an empirical prior for local estimation. The effective amplification
of local samples through collaboration, in Section 3.2, gives us theoretical insight about
when collaboration is most useful, under privacy and/or communication constraints. Our
results suggest how to optimally balance estimates from local and population models. We
also numerically evaluate these methods, including application to polling data (see Section
7.5 and Appendices) to show advantages of such collaborative estimation compared to local

methods.

e Private personalized learning: The goal here is to obtain individual learning models

capable of predicting labels with limited local data in a supervised learning setting. This

!The homogeneous case for distributed estimation is well-studied; see [187] and references.
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is the use case for federated learning with privacy guarantees. It is intimately related to
the estimation problem with distinctions including (i) to design good label predictors rather
than just estimate local parameters (ii) the focus on iterative methods for optimization,
requiring strong compositional privacy guarantees. Therefore, the statistical formulation
for learning has a similar flavor to that in estimation, where there is a population model
for local (parametrized) statistics for labeled data; see Section 3.3 for more details. We
develop several algorithms, including AdaPeD (in Section 3.3.2), AdaMix (in Section 3.3.1), and
DP-AdaPeD (in Section 3.3.3), inspired by the statistical framework. AdaPeD uses information
divergence constraints along with adaptive weighting of local models and population models.
By operating in probability (rather than Euclidean) space, using information-geometry
(divergence), enables AdaPeD to operate with different local model sizes and architectures,
giving it greater flexibility than existing methods. We integrate it with user-level privacy to
develop DP-AdaPeD, with strong compositional privacy guarantees (Theorem 7). AdaMix is
inspired by mixture population distributions, which adaptively weighs multiple global models
and combines it with local data for personalization. We numerically evaluate these algorithms

for synthetic and real data in Section 7.5.

Related Work. Our work can be seen in the intersection of personalized learning, estimation,
and privacy. Below we give a brief description of related work; a more detailed comparison

which connects our framework to other personalized algorithms is given in Appendix C.1.

Personalized FL: Recent work adopted different approaches for learning personalized
models, which can be explained by our statistical framework for suitable choices of popu-
lation distributions as explained in Appendix of C.1. These include, meta-learning based
methods [1,48,87|; reqularization [40,65,114]; clustered FL [56,114,157,185] [115]; using
knowledge distillation [102,131]; multi-task Learning |42,65,157,168,183|; and using common
representations |34,44,140,164] and references therein. Our work enables not just a unified
view of these methods, but suggests new algorithms developed in this paper, along with

privacy guarantees.
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After the conclusion of our work [127], we found two concurrent and independent works
[27,90] that use a hierarchical Bayes approach to construct personalized learning algorithms,
and are closest to our statistical framework. [90] is based on using a MCMC method? to
estimate a population distribution; such methods could be computationally intensive (see the
discussion in [17]; [27] considers the unimodal Gaussian prior, and effectively does what the
classical empirical Bayes suggests (see also Theorem 3). None of these works consider privacy,
which we do both for estimation and learning algorithms (see Theorems 4, 6, Appendix B.10,
and for DP-AdaPeD in Theorem 7). Note that MCMC methods could have detrimental privacy
implications. Also, they do not include information-geometric techniques (like our AdaPeD)

or methods inspired by mixture distributions (e.g., AdaMix).

Privacy for Personalized Learning. There has been a lot of work in privacy for FL
when the goal is to learn a single global model (see [60] and references therein); though there
are fewer papers that address user-level privacy [55,95,105|. There has been more recent
work on applying these ideas to learn personalized models [53,58,73,75,99]. These are for
specific algorithms/models, e.g., [75] focuses on the common representation model for linear
regression described earlier or on item-level privacy [73,99]. We believe that DP-AdaPeD
proposed in this paper is among the first user-level private personalized learning algorithms

with compositional guarantees, applicable to general deep learning architectures.

3.2 Personalized Estimation

We consider a client-server architecture, where there are m clients. Let P(I') denote a
global population distribution that is parameterized by an unknown I' and let 64,...,0,,
are sampled i.i.d. from P(I") and are unknown to the clients. Client i is given a dataset
X; = (Xi1,...,Xin), where X;;,5 € [n] are sampled i.i.d. from some distribution Q(6;),

parameterized by 8; € R?. Note that heterogeneity in clients’ datasets is induced through the

2In our understanding their numerics seem to be restricted to a unimodal Gaussian population model.
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variance in P(T"), and if the variance of P(T") is zero, then all clients observe i.i.d. datasets

sampled from the same underlying distribution.

The goal at client i for all i € [m] is to estimate 6; through the help of the server. We
focus on one-round communication schemes, where client j applies a (potentially randomized)
mechanism ¢ on its dataset X; and sends g; := ¢(X;) to the server, who aggregates the received
messages, which is denoted by Agg(q, ..., qm), and broadcasts that to all clients. Based on
(X, Agg(qr,---,qm)), client i outputs an estimate 0, of 6;. We measure the performance of
6, through the Bayesian risk for mean squared error (MSE), as defined below (where P is
the true prior distribution with associated density m, 8; ~ P is the true local parameter, and

6, = é(Xi, Agg(q1, ..., qm)) is the estimator):

Eo.pEg, 4 x,...x,, 10: = 0" = /E@,q,xl,...,xmﬂei — 0;]*7(6:)de;. (3.1)

The above statistical framework can model many different scenarios, and we will study
in detail three settings: Gaussian and Bernoulli models (Sections 3.2.1, 3.2.2 below), and

Mixture model (Appendix B.5).

3.2.1 Gaussian Model

In the Gaussian setting, P(T') = N (u, 021,;) and Q(0;) = N(0;,021,) for all ¢ € [m], which

x
implies that 6y,...,0,, ~ N(u,021,) iid. and X;, ..., X, ~ N(0;,0%1,) i.id. for i € [m].
Here, 0y > 0,0, > 0 are known, and u, 64, ..., 8,, are unknown. For the case of a single local
sample this is identical to the classical James-Stein estimator |77]; Theorem 3 does a simple
extension for multiple local samples and is actually a stepping stone for the information

constrained estimation result of Theorem 4. Omitted proofs/details are provided in Appendix

B.

Our proposed estimator. Since there is no distribution on p, and given p, we know

the distribution of 6;’s, and subsequently, of X;;’s. So, we consider the maximum likelihood
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estimator:

51, . ,é\m,ﬁ = argmax pgg, x;}p (01, -, O, X1, ..., X |pt) (3.2)

01,....0m,p

Theorem 3. Solving (3.2) yields the following closed form expressions for g and 51, . é\m

1 & ~ — o2
= — d 01 = Xz ]_ — A, ) & , h - —9 .
- z_: an aX;+ (1—a)p, fori€[m], wherea A
(3.3)
The above estimator achieves the MSE: Eei,Xl,...,XmHH 0;|* < (1 ¢ 4 a)

It follows that the mechanism ¢ and the aggregation function Agg for the estimators in
(3.3) (as described in (3.1)) are just the average functions, where client i sends ¢; = ¢(X;) :=
X; =1 2?21 X;; to the server, and the server sends fi := Agg(qi, ..., qm) = = >.i" ¢ back

to the clients.

Remark 5 (Personalized estimate vs. local estimate). When oy — 0, then a — 0, which
implies that 0; — i and MSE — do? /mn. Otherwise, when o2 is large in comparison to o2/n
orn — 00, then a — 1, which implies that @ — X; and MSE — do?/n. These conform to
the facts that (i) when there is no heterogeneity, then the global average is the best estimator,
and (i) when heterogeneity is not small, and we have a lot of local samples, then the local
average is the best estimator. Observe that the multiplicative gap between the MSE of the
proposed personalized estimator and the MSE of the local estimator (based on local data only,
which gives an MSE of do?/n) is given by (1;1—“ + a) <1 that proves the superiority of the
personalized model over the local model, which is equal to 1/m when oy = 0 and equal to 0.01

when m = 10*,n = 100 and 02 = 10,03 = 1073, for ezample.

Remark 6 (Optimality of our personalized estimator). In Appendiz B.9, we show the
minimazx lower bound: infgsupgeq IEXNN(&U%)H@\(X) —0|? > %(:—“ + a), which ezxactly
matches the upper bound on the MSE in Theorem 3, thus establishes the optimality our

personalized estimator in (3.3).
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Privacy and communication constraints. Observe that the scheme presented above
does not protect privacy of clients’ data and messages from the clients to the server can be
made communication-efficient. These could be achieved by employing specific mechanisms ¢
at clients: For privacy, we can take a differentially-private ¢, and for communication-efficiency,
we can take ¢ to be a quantizer. Inspired by the scheme presented above, here we consider ¢
to be a function ¢ : R — ), that takes the average of n data points as its input, and the
aggregator function Agg to be the average function. Define pi, := % S q(X;) and consider

the following personalized estimator for the i-th client:

~

i =aX;+ (1 —a)fy, for some a € [0, 1]. (3.4)

)

Theorem 4. Suppose for all x € RY, q satisfies E[q(x)] = x and Eq(x) — x||* < do? for

some finite o,. Then the personalized estimator in (3.4) has MSE:

~ do? (1—a 05 + %4/m-1
Eo, 0, — 0> < —= h = 0 . (35
017‘17X17--~7XmH H =5 ( m + a) wnere a gg T Jg/m71 T Jg/n ( )

Furthermore, assuming p € [—r, 7] for some constant r (but p is unknown), we have:

1. Communication efficiency: For any k € N, there is a ¢ whose output can be represented
using k-bits (i.e., q is a quantizer) that achieves the MSE in (3.5) with probability at

least 1 — 2/mn and with o, = ﬁ, where b =1 + 0g+/log(m?n) + Z£/log(m?n).

2. Privacy: For any €y € (0,1),8 > 0, there is a q that is user-level (g, 0)-locally differen-
tially private, that achieves the MSE in (3.5) with probability at least 1 — 2/mn and with

0, = %\/8log(2/5), where b =1 + g¢+/log(m?n) + 7 log(m?n).

3.2.2 Bernoulli Model

For the Bernoulli model, P is supported on [0, 1], and py, ..., p, are sampled i.i.d. from P,
and client 7 is given n i.i.d. samples Xj1,..., X;, ~ Bern(p;). This setting has been studied

in ( [163,169]) for estimating P, whereas, our goal is to estimate individual parameter p;
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at client ¢ using the information from other clients. In order to derive a closed form MSE
result, we assume that P is the Beta distribution.> Here, I' = (a, 3), p1, . . ., Pm are unknown,
and client i’s goal is to estimate p; such that the Bayesian risk E,...Ez, x, . x,. (0; — pi)* is
minimized, where 7 denotes the density of the Beta distribution. Omitted proofs/details are
provided in Appendix B.

Analogous to the Gaussian case, we can show that if «, 8 are known, then the posterior

@

t where a = "/a+8+n

mean estimator has a closed form expression: p; = aX; + (1 — a)
and @/(a+p) is the mean of the beta distribution. When «, 5 are unknown, inspired by the
above discussion, a natural approach would be to estimate the global mean 1 = @/(a+s) and
the weight a = "/(a+8+n), and use that in the above estimator. Note that, for a we need to
estimate o + 3, which is equal to #(1-1)/s2 — 1, where 02 = @8/(a+8)?(a+4+1) is the variance
of the beta distribution. Therefore, it is enough to estimate p and o2 for the personalized
estimators {p;}. In order to make calculations simpler, instead of making one estimate of

wu, o for all clients, we let each client make its own estimate of y, 0% (without using their own

data) as: fi; = -5 22, Xy and 67 = 15 3 .(X; — )?," and then define the local weight

n

e - W Now, client ¢ uses the following personalized estimator:

as a; =
D =a; X, + (1 — ). (3.6)

Theorem 5. With probability at least 1 — %, the MSE of the personalized estimator in (3.6)

is given by: By Ex,..x, [ —pi)* < E[a]] (W’ZWH)) + E[(1 - aiﬂ(% +

3log(4m?n)
m—1 :

Remark 7. When n — oo, then a; — 1, which implies that MSE tends to the MSE of the
local estimator X;, which means if local samples are abundant, collaboration does not help

much. When 0% = o8/(a+8)2(a+p+1) — 0, i.e. there is very small heterogeneity in the system,

3Beta distribution has a density Beta(a, 3) = ﬁx‘kl(l — )8~ is defined for o, 3 > 0 and z € [0, 1],

o

where B(a, () is a normalizing constant. Its mean is s

and the variance is (a+6)20275+,6’+1)

4Upon receiving {X;} from all clients, the server can compute {fi;, 52} and sends (fi;, 57) to the i-th client.
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then a; — 0, which implies that MSE tends to the error due to moment estimation (the last

term in the MSE in Theorem 5).

Privacy constraints. For any privacy parameter ¢y > 0 and input = € [0, 1], define

g [0,1] = R:

—1 e0 e0—1

e‘0—1 w.p. e0+1 xe‘0+17

™ (z) = (3.7)

€0 1 0-1
666071 Wp 650+1 + x650+1
The mechanism ¢P" is unbiased and satisfies user-level ¢)-LDP. Thus, the ith client sends

¢"™(X;) to the server, which computes %™ = —+3 i ¢""V(X,) and the variance &, GAprv) _

s 2 (P (X)) - P™)2 and sends (7™, 57®™) to client 7. Upon receiving this, client i

defines @™ = e, and uses P =a" X, + (1 —a™)AP™ to estimate p;.
Theorem 6. With probability at least 1 — -=, the MSE of the personalized estimator ™

defined above is given by: Ep B x, . x,. (ﬁf”v —p;)? < E[(@™)?] (W{L) +E[(1-

)(a+B+1)
~privy2 af (e€0+1)2 log(4m?3n)
a; ) ]((a+,3)2(oc+,3+1) + 3(e0—1)2(m—1) )

3.3 Personalized Learning

Consider a client-server architecture with m clients. There is an unknown global popu-
lation distribution P(T")® over R¢ from which m i.i.d. local parameters 6y,...,0,, € R?
are sampled. Each client i € [m] is provided with a dataset consisting of n data points
{(Xi1,Yi1), ..., (Xin, Yin)}, where Yj;’s are generated from (X;;, 0;) using some distribution
pe, (Yij| Xij). Let Y :== (Yi1,....Y,) and X; = (X;,...,X,,) for i € [m]. The underlying

statistical model for our setting is given by

PO B Voo Yol X1, Xon) = [0 HH YolXy).  (38)

5For simplicity we will consider this unknown population distribution P to be parametrized by unknown
(arbitrary) parameters I'.
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Note that if we minimize the negative log likelihood of (4.1), we would get the optimal

parameters:
0,,...,0, = arg mlnz Z —log(pe, (Yij| Xij)) + Z —log(p(6;)). (3.9)
""" Om 21 j=1 i=1

Here, f;(0;) := >_7_| —log(pe, (Yij|Xij)) denotes the loss function at the i-th client, which
only depends on the local data, and R({6;}) := > ", —log(p(6;)) is the regularizer that
depends on the (unknown) global population distribution P (parametrized by unknown T').
Note that when clients have little data and we have large number of clients, i.e., n < m —
the setting of federated learning, clients may not be able to learn good personalized models
from their local data alone (if they do, it would lead to large loss). In order to learn better
personalized models, clients may utilize other clients’ data through collaboration, and the
above regularizer (and estimates of the unknown prior distribution P, through estimating
its parameters I') dictates how the collaboration might be utilized. The above-described

statistical framework (3.9) can model many different scenarios, as detailed below:

1. When P(T') = GM({pi}{_y, {m}ioy. {03, }i1) is a Gaussian mixture, for T' = {({pl}le,
{mibiiy, {Ue,z}fil}) 20,30 = Loog 2 0, € Rd}, then,
R({6)) = Zlog (Zp expl(~ M) (2 )
ey
Here, the client models 60y, ..., 8, are drawn i.i.d. from P(T"), where 6; ~ N (u;, nglld)
with prob. p;, for [ = 1,...,k. For k = 1, R({6;}) = Z¢log(2no3) + > 1", ln—0illz

205

Here, unknown g can be connected to the global model and 6,’s as local models, and
the alternating iterative optimization optimizes over both. This justifies the use of ¢,

regularizer in earlier personalized learning works [42,64, 65,100, 131].
2. When P(I") = Laplace(p, b), for I' = {, b > 0}, then R({0;}) = mlog(2b) + > ", M

3. When py, (Yi;]X;;) is according to N'(0;,52), then f;(6;) is the quadratic loss as in linear
regression. When pg. (Y| Xi;) = o((0;, Xi;)) ¥ (1—0((0;, Xi;))) 1Y), where o(2) = U/14e=

for any z € R, then f;(0;) is the cross-entropy (or logistic) loss as in logistic regression.
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3.3.1 AdaMix: Adaptive Personalization with Gaussian Mixture Prior

Now we write the full objective function for the Gaussian mixture prior model for a generic
local loss function f;(0;) at client ¢ (the case of linear /logistic regression with (single) Gaussian

prior and solving using alternating gradient descent is discussed in Appendices.):

argmin 3 FE(0;) = (fi(ez) —log(D_m eXP(——”'uz _zeng)/((%ffe,l)d/?)))

{03 At Apit{ooat . i=1

A common example of f;(6;) is a generic neural network loss function with multi-class
softmax output layer and cross entropy loss, i.e., fi(6;) := >_7_| —log(pe, (Yij|Xi;)), where
o, (Yij| Xi) = 0 ({0, Xi;)) Y (1 — 0((0;, X;5)))27Ye) | where o(2) = 1/1+e-= for any z € R. To
solve (3.10), we can either use an alternating gradient descent approach, or we can use a
clustering based approach where the server runs a (soft) clustering algorithm on received
personalized models. We adopt the second approach here (described in Algorithm 3) as it
provides an interesting point of view and can be combined with DP clustering algorithms.
Here clients receive the global parameters from the server and do a local iteration on the
personalized model (multiple local iterations can be introduced as in FedAvg [116]), later
the clients send the personalized models. Receiving the personalized models, server initiates

GMM algorithm that outputs global parameters ¢

6A discrete mixture model can be proposed as a special case of GM with 0 variance. With this we can
recover a similar algorithm as in [115]. Further details are presented in Appendix.
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Algorithm 3 Personalized Learning with Gaussian Mixture Prior (AdaMix)

Input: Number of iterations 7', local datasets (X;,Y;) for i € [m], learning rate 7.

1: Initialize 0%0), e ,052) and PO, ugo), e ,u,(fo), O’é?l), e ,aé?,z.
2: fort=1to T do
3:  On Clients:

4: fori=1to m: do

5: Receive P, ugt_l), e ,u,(:_l), and agfl_l), . ,agflzl) from the server
6: Update the personalized parameters:

ez(t) — 01(15—1) _ nvegt_l)ﬂgn’l(ez(t—l))
7: Send 01@ to the server

8: end for
9: At the Server:
10:  Receive Oit), ...,0%) from the clients

11:  Update the global parameters:

]P(t)7y’§t)’ ce >#§:)a‘7gi7 e 70_&;6

m

<—GMM<0§t),...,0(t),k>

12:  Broadcast P®), {p,l(t) L {Jéfg * | to all clients
13: end for

Output: Personalized models 7, ... 0.
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3.3.2 AdaPeD: Adaptive Personalization via Distillation

It has been empirically observed that the knowledge distillation (KD) regularizer (between
local and global models) results in better performance than the ¢ regularizer [131]. In fact,
using our framework, we can define, for the first time, a certain prior distribution that gives
the KD regularizer (see Appendix B). We use the following loss function at the i-th client:
J iKD(Hi, K)
2

where p denotes the global model, 8; denotes the personalized model at client 7, and 1 can

(6 + 5 log(20) + (3.11)

be viewed as controlling heterogeneity. The goal for each client is to minimize its local loss
function, so individual components cannot be too large. For the second term, this implies
that ¢ cannot be unbounded. For the third term, if fXP(0;, u) is large, then ¢ will also
increase (implying that the local parameters are too deviated from the global parameter),
hence, it is better to emphasize local training loss to make the first term small. If f<P(6;, )
is small, then ) will also decrease (implying that the local parameters are close to the global
parameter), so it is better to collaborate and learn better personalized models. Such adaptive
weighting quantifies the uncertainty in population distribution during training, balances the
learning accordingly, and improves the empirical performance over non-adaptive methods,

e.g., [131].

To optimize (3.11), we propose an alternating minimization approach, which we call
AdaPeD; see Algorithm 4. Besides the personalized model 6%, each client i keeps local copies
of the global model p! and of the dissimilarity term ¢!, and at synchronization times, server
aggregates them to obtain global versions of these u!,4'. In this way, the local training of
0! also incorporates knowledge from other clients’ data through p!. In the end, clients have

learned their personalized models {67} .

40



Algorithm 4 Adaptive Personalization via Distillation (AdaPeD)
Parameters: local variances {¢?}, personalized models {69}, local copies of the global model

{uY}, learning rates n;, 7, 773, synchronization gap 7

1: fort=0to7 —1do

2: if 7 divides ¢ then

3: On Server do:

4: Choose a subset X' C [n] of K clients
5: Broadcast p! and 1)*

6: On Clients i € ' (in parallel) do:
7 Receive !, 9% set pt = pt, ot = ot
8 end if

9:  On Clients i € K (in parallel) do:
Vot.fiKD(eg’p'ﬁ)

10:  Compute g} := Vg fi(6]) + o0

11:  Update: 07 = 6! —nig!

12:  Compute ht := Ve /[0 1) 2y

13:  Update: pl™ = p! — noht

14:  Compute k! := 2+lﬂf — ARO[ty
15:  Update: !t = ot — nskt

16:  if 7 divides ¢t 4+ 1 then

17: Clients send p! and ¢! to Server

18: Server receives {p!t}ticxe and {Wf}icxe

19: Server computes ptt = £ 3 . pband P = L 3.
20:  end if

21: end for

Output: Personalized models (87)™,
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3.3.3 DP-AdaPeD: Differentially Private Adaptive Personalization via Distill.

Note that client ¢ communicates pl, ¢! (which are updated by accessing the dataset for

computing the gradients hf, k}) to the server. So, to privatize u!, ¢!, client ¢ adds appropriate

noise to h¥, kf. In order to obtain DP-AdaPeD, we replace lines 13 and 15, respectively, by the

1771

update rules:

t t
t+1 __ hz kz

L — oyt — d ottt = ot —

where vy ~ N (0, Ugl]ld) and vy ~ N(0, 022), for some oy, 0,4, > 0 that depend on the desired

privacy level and C', Cy, which are some predefined constants.

The theorem below (proved in Appendix B) states the Rényi Differential Privacy (RDP)

guarantees.

Theorem 7. After T iterations, DP-AdaPeD satisfies (o, €(a))-RDP for a > 1, where

e(a) = (%)26§a <% + %), where % denotes the sampling ratio of clients at each

global iteration.

We bound the RDP, as it gives better privacy composition than using the strong compo-
sition [122]. We can also convert our results to user-level (e, d)-DP by using the standard

conversion from RDP to (¢,0)-DP [22]. See Appendix B for background on privacy.

3.4 Experiments

Personalized Estimation. We run one experiment for Bernoulli setting with real political
data and the other for Gaussian setting with synthetic data. The latter one is differentially

private.

e Political tendencies on county level. One natural application of Bernoulli setting is
modeling bipartisan elections [163]. We did a case study by using US presidential elections on

county level between 2000-2020, with m = 3112 counties in our dataset. For each county the
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Figure 3.1 Private Estimation (Sec. 3.2.1)
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goal is to determine the political tendency parameter p;. Given 6 election data we did 6-fold
cross validation, with 5 elections for training and 1 election for test data. Local estimator
takes an average of 5 training samples and personalized estimator is the posterior mean. To
simulate a Bernoulli setting we set the data equal to 1 if Republican party won the election
and 0 otherwise. We observe the personalized estimator provides MSE (averaged over 6 runs)

gain of 10.7 + 1.9% against local estimator.

e DP personalized estimation. To measure the performance tradeoff of the DP mech-
anism described in Section 3.2.1, we create a synthetic experiment for Gaussian setting. We
let m = 10000,n = 15 and oy = 0.1, 0, = 0.5, and create a dataset at each client as described
in Gaussian setting. Applying the DP mechanism we obtain the following result in Figure 3.1.
Here, as expected, when privacy is low (g is high) the private personalized estimator recovers
the regular personalized estimator. For higher privacy the private estimator’s performance

starts to become worse than the non-private estimator.

In Fig. 3.1, we plot MSE vs. ¢y for personalized estimation. In Fig. 3.2, we plot Test Accuracy
vs. € on FEMNIST with client sampling 0.33, for DP-AdaPeD with unsampled client iterations. Since

local training is private, both plots remain constant against e.

Personalized Learning. First we describe the experiment setting and then the results.
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Figure 3.2 Private Learning (Sec. 3.3.3)
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e Experiment setting. We consider image classification on MNIST, FEMNIST [21],
CIFAR-10, CIFAR-100 (experimental details for CIFAR-100 is given in Appendix); and train
a CNN;, similar to the one considered in [116], that has 2 convolutional and 3 fully connected
layers. We set m = 66 for FEMNIST and m = 50 for MNIST, CIFAR-10, CIFAR-100. For
FEMNIST, we use a subset of 198 writers so that each client has access to data from 3
authors, which results in a natural type of data heterogeneity due to writing styles of authors.
On MNIST, CIFAR-10 we introduce pathological heterogeneity by letting each client sample
data from 3 and 4 randomly selected classes only, respectively. We set 7 = 10 and vary the
batch size so that each epoch consists of 60 iterations. On MNIST we train for 50 epochs,
on CIFAR-10 for 250 epochs, on FEMNIST for 40 and 80 epochs, for 0.33 and 0.15 client

sampling ratio, respectively. We discuss further details in Appendix F.3.

e Results. In Table 3.1 we compare AdaPeD against FedAvg [116]|, FedAvg+ [78] and
various personalized FL algorithms: pFedMe [42], Per-FedAvg [48]|, QuPeD [131] without
model compression, and Federated ML [152|. We report further results in Appendix. We
observe AdaPeD consistently outperforms other methods. It can be seen that methods that use
knowledge distillation perform better; on top of this, AdaPeD enables us adjust the dependence
on collaboration according to the compatibility of global and local decisions/scores. For

instance, we set 03 to a certain value initially, and observe it progressively decrease, which
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Table 3.1 Test accuracy (in %) for CNN model. The CIFAR-10, MNIST, and FEMNIST columns

have client sampling ratios £ of 0.2, 0.1, and 0.15, respectively.

Method CIFAR-10 CIFAR-100 FEMNIST

FedAvg 60.86 £0.94 3048 £0.33 92.18 £0.13
FedAvg-+fine tuning [78] 63.124+0.31 39.98 £0.26 94.12+0.26
AdaPeD (Ours) 7249+ 0.42 53.11+0.34 96.55£0.32
pFedMe [42] 69.53 +£0.16 43.65+0.18 94.95+0.55
Per-FedAvg [48] 59.95+0.79 3478 £0.41 93.51£0.31
QuPeD (FP) [131] 71.61£0.70  51.94+0.21 95.99 £ 0.08
Federated ML [152] 71.09£0.67 50.42+0.26 95.124+0.18

Table 3.2 (DP-AdaPeD) Test Accuracy (in %) vs. € on MNIST without client sampling.

Method €=3.35 e=1316 €=27.30

DP-FedAvg 11.73+£0.85 2991 £1.28 55.79£0.29
DP-AdaPeD (Ours) 93.32+£1.18 98.51 £0.90 99.01 + 0.65

implies clients start to rely on the collaboration more and more. Interestingly, this is not
always the case: for DP-AdaPeD, we first observe a decrease in o3 and later it increases. This
suggests: while there is not much accumulated noise, clients prefer to collaborate, and as
the noise accumulation on the global model increases due to DP noise, clients prefer not
to collaborate. This is exactly the type of autonomous behavior we aimed with adaptive

regularization.

e DP-AdaPeD. In Figure 3.2 and Table 3.2, we observe performance of DP-AdaPeD under
different ¢ values. DP-AdaPeD outperforms DP-FedAvg because personalized models do
not need to be privatized by DP mechanism, whereas the global model needs to be. Our
experiments provide user-level privacy (more stringent, but appropriate in FL), as opposed

to the item-level privacy.
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Table 3.3 Mean squared error of our AdaMix algorithm and the local training for linear regression.

Method n =10 n =20 n =30

Local Training 39.93 £0.13 30.024+0.08 19.97 £0.07
AdaMix 10.42+£0.15 3.12+£0.04 2.554+0.04

e DP-AdaPeD with unsampled client iterations. When we let unsampled clients to do
local iterations (free in terms of privacy cost and a realistic scenario in cross-silo settings)
described in Appendix, we can increase DP-AdaPeD’s performance under more aggressive
privacy constants e. For instance, for FEMNIST with 1/3 client sampling we obtain the

result reported in Figure 3.2.

e AdaMix. We consider linear regression on synthetic data, with m = 1000 clients and
each client has n € {10,20,30} local samples. Each local model §; € R is drawn from a
mixture of two Gaussian distributions N'(u,Y) and N (—p,X), where ¥ = 0.001 x I; and
d = 50. Each client sample (X;;,Y;;) is distributed as X;; ~ N (0,14) and Y;; = (X5, 0;) +w;j,
where w;; ~ N(0,0.1). Table 3.3 demonstrates the superior performance of AdaMix against

the local estimator.

3.5 Conclusion

We proposed a statistical framework leading to new personalized federated estimation and
learning algorithms (e.g., AdaMix, AdaPeD); we also incorporated privacy (and communica-
tion) constraints into our algorithms and analyzed them. Open questions include information
theoretic lower bounds and its comparison to proposed methods; examination of how far the
proposed alternating minimization methods (such as in AdaMix, AdaPeD) are from global

optima.
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CHAPTER 4

Personalized Federated Unsupervised Learning

Statistical heterogeneity of clients’ local data is an important characteristic in federated
learning, motivating personalized algorithms tailored to local data statistics. Though there
has been a plethora of algorithms proposed for personalized supervised learning, discovering
the structure of local data through personalized unsupervised learning is less explored. We ini-
tiate a systematic study of such personalized unsupervised learning by developing algorithms
based on optimization criteria inspired by a hierarchical Bayesian statistical framework. We
develop adaptive algorithms that discover the balance between using limited local data and
collaborative information. We do this in the context of two unsupervised learning tasks:
personalized dimensionality reduction (ADEPT-PCA and ADEPT-AE) and personalized dif-
fusion models (ADEPT-DGM). We develop convergence analyses for our adaptive algorithms
which illustrate the dependence on problem parameters (e.g., heterogeneity, local sample
size). We also develop a theoretical framework for personalized diffusion models, which shows
the benefits of collaboration even under heterogeneity. We finally evaluate our proposed
algorithms using synthetic and real data, demonstrating the effective sample amplification

for personalized tasks, induced through collaboration, despite data heterogeneity.

4.1 Introduction

One of the goals of unsupervised learning is to discover the underlying structure in data and
use this for tasks such as dimensionality reduction and generating new samples from the data

distribution. We might want to perform this task on the local data of a client, e.g., data
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collected from personal sensors or other devices; such data could have heterogeneous statistics
across clients. The desired personalized task should be tailored to particular distributions of
the local data, and hence to discover this structure one might need a significant amount of
local data. There might be insufficient local samples for the task, motivating collaboration
between clients. Moreover, as argued in the federated learning (FL) paradigm, we would like
to leverage data across clients without data sharing [80,116]. In this paper, we initiate a
systematic study of personalized federated unsupervised learning, where clients collaborate

to discover personalized structure in their local data.

There has been a plethora of personalized learning models proposed in the literature,
mostly for supervised federated learning [42,48,114,126,131]. These methods were motivated
by the statistical heterogeneity of local data, causing a single “global” model to perform
poorly on local data. The different personalized federated supervised learning algorithms
were unified in [126] using an empirical /hierarchical Bayes statistical model [47] !, which also
suggested new supervised learning algorithms. However, there has been much less work on
personalized federated unsupervised learning. We will build on the statistical approach stud-
ied in [126] for supervised learning, applying it to personalized unsupervised learning. This
leads to new federated algorithms for personalized dimensionality reduction and personalized
diffusion-based generative models for heterogeneous data. Compared to the application of the
hierarchical Bayes model to a supervised setting, in our work, there are several differences.
For generative models the likelihood function is not available, hence, we utilize ELBO to
derive the optimization criteria. Moreover, for all settings, we introduce hyper-prior which
is necessary for stable training and meaningful theoretical analysis (e.g. for convergence).
Empirical performance is not sensitive to hyper-prior (a small stability parameter) as we
show in the ablation studies, yet without the hyper-prior, there is a risk of converging to

trivial solutions.

INot to be confused with Bayesian inference/deep learning, our statistical model is being used to model
the data, and consequently, to develop personalized adaptive optimization solved using first-order methods.
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A question is how to use local data and learn from others despite heterogeneity. The hierar-
chical Bayes framework [47| suggests using an estimated population distribution effectively
as a prior. However, the challenge is to make each client efficiently combine local data and
collaborative information for the unsupervised learning task. We do this by simultaneously
learning a global model (a proxy for the population model) and a local model by adaptively
estimating the discrepancy between the global and local information. In Section 4.2, we
define this through a loss function, making it amenable to a distributed gradient descent
approach. Our main contributions are as follows.

Unsupervised collaboration learning criteria: Section 4.2 develops and uses the hierar-
chical Bayes framework for personalized dimensionality reduction and diffusion (generative)
models. We develop an Adaptive Distributed Emperical-Bayes based Personalized Training
(ADEPT) criterion which embeds the balance between local data and collaboration for these
tasks (see below). As far as we know, these are the first explicit criteria for such personalized
federated unsupervised learning tasks.

Personalized dimensionality reduction: Section 4.3 develops adaptive personalized
algorithms for linear (PCA) (ADEPT-PCA) and non-linear (auto-encoders) (ADEPT-AE) for
dimensionality reduction. We also demonstrate its convergence in Theorems 8 and 9. In
Remark 9, we see that these allow us to theoretically examine the impact of heterogeneity,
number of local samples, and number of clients, on optimization performance. We believe
these are the first adaptive algorithms for personalized dimensionality reduction and their
convergence analyses. Finally, in Section 4.5, we evaluate ADEPT-PCA and ADEPT-AE and show
the benefits of adaptive collaboration. For example, table 4.2 shows effective amplification of
as much as 20x in local sample complexity through collaboration.

Personalized diffusion models: Section 4.4 develops an adaptive personalized diffusion
generative model (ADEPT-DGM) to generate novel samples for local data statistics. We believe
that ADEPT-DGM is the first algorithm for federated personalized diffusion. We develop a

theory for such personalized federated diffusion models through our statistical framework
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61~Pr(6) Om~Pr(6)
X1~Pg, (x) | Xm~Pg,, (X)

Client 1 Client m

Figure 4.1 Hierarchical Bayesian model of data distribution

and use this to demonstrate, in Theorem 10, conditions when collaboration can improve
performance, despite statistical heterogeneity. Finally in Section 4.5, we evaluate ADEPT-DGM,
demonstrating the value of adaptive collaboration despite heterogeneity, as well as significant

performance benefits for “worst” clients.

The common goal of dimensionality reduction and generation tasks is due to the aim
of modeling the local data generation process p(z). Diffusion models model the generation
process to sample new data from the underlying distribution; whereas, in dimensionality
reduction, the goal is to discover a low dimensional latent space, for the underlying distribution.

We provide related work in appendix C.1.

4.2 Problem Formulation

We present a hierarchical Bayesian framework for personalized unsupervised learning, using
it to develop optimization criteria for federated personalized dimensionality reduction and

personalized diffusion models. Notation preliminaries can be found in appendix C.2.
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4.2.1 Hierarchical Bayes Model for personalized learning

The statistical model based on hierarchical Bayes, suitable for federated unsupervised learning,
is illustrated in Figure 4.1. There are m clients. Each client 7 is associated with a parameter
0, and has a local dataset X; consisting of n data points (x;1, . .., €,) i.i.d. from distribution
p(x|0;). The parameters obey a population distribution (a.k.a. prior distribution in the
Bayesian model) p(@|I") parameterized by I". We have a (carefully designed) hyper prior
distribution 7 over I', i.e., I' ~ 7 to prevent ill-posedness. This statistical model defines the

joint distribution

pr,{oi},{xi}(n 0,,...,0,,X,,... 7Xm)
=x(0) [[p0:0) [ [T ] p(@is160). (4.1)
i=1 i=1 j=1
We learn the distribution parameters I', {6;} from data {X;} by maximizing the joint

distribution (a.k.a. maximum a posteriori), by minimizing ADEPT loss function:
1 m
FQO:}, T Xa}) = — > 165 Xi) + R({6:},1),
i=1

where f;(0;; X;) := — > 7 log(p(®;]6;)) is the local loss function for client i reflecting
the likelihood of the local dataset, and R({6;},I') = —Llogm(I') — L 3™ logp(6;|T) is a
regularization allowing the collaboration among clients. When the likelihood function is not

easy to optimize, we leverage surrogates such as evidence lower bound (ELBO) instead.

In this work, we focus on a Gaussian population distribution over an dy-dimensional

normed metric space (O, || - ||)%. Specifically, I' = (u,0), the parameters 8, u € © and

p(0|") = W exp(—M), where d is the dimensionality of @ and p has the same

202

dimension as 6. We assume an improper (non-informative) hyper prior m over I' = (p, 0),

as p ~ N(0,00 - I;,) and o? follows an inverse gamma distribution parameterized by a

ZNote that this general framework can be applied to any general (parametric) population distribution.
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hyper-parameter ¢, i.e., m(p,0) exp(?—Qg) 3. We thus have the regularization

1 1 &
R({6:},1) = ——logn(I) = —» "logp(64{T)
=1
;26 -6
- Z 52 + dglogo. (4.2)

i=1

The Gaussian population distribution is a natural way of capturing relationships between
clients’ models by modeling the heterogeneity via covariance. Such a population distribution
leads to an /5 regularization, and hence is a natural one to focus on for unsupervised methods.
Hence, given the Gaussian population distribution, heterogeneity can be modeled via variance

parameters, which enables adaptive optimization problems.

4.2.2 Personalized Dimensionality Reduction

Linear Dimensionality Reduction: The linear dimensionality reduction is equivalent
to PCA. We extend a personalized PCA formulation that was previously studied in [128]
by introducing adaptivity i.e. optimizing the loss over ¢. In this setting, the dataset from
client i is X; € R?¥", which contains n samples of d dimensional vectors. Let us denote
S, = %)(ZX,LT as the sample covariance matrix of client 7. For notational consistency with
canonical PCA notations, we set the parameters 8; = U; € R?". Similar to [128|, we adopt

the probabilistic view of PCA [165],

IBij = Uizij + Gij, (43)

where 2,1, ..., Zin i N(0,1,) and €1, ..., €, i N(0,0%1,). This results in the likelihood

function p(X;|0 = U;) = N(0,U;U," + 02I). Recall that the prior parameter is I' = (u, o),
here for notational consistency we use U = p. The underlying metric space (O, ||-||) containing
the parameters U and U in the Steifel manifold where St(d,r) := {U € R*"|{U'U = I}.
The metric is (U, U) = || Py, (U)|| where Pr, (U) = U—3U(U U +U "U) is the projection

3Inverse-Gamma distribution is conjugate prior distribution for the variance term.
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of U onto the tangent space at U. Because computing the (geodesic) distance on St(d, )
is hard, the defined metric first projects a matrix to the tangent space of another matrix
and then computes the Frobenius norm. The personalized unsupervised learning is then

minimizing the ADEPT-PCA loss function, fP* over {U,},U,o:

(i (log(|W)) +tr<m—lsi>>+—25+d2w’UZ'))

l\3|3

202
+dplogo (4.4)
st.U'U=I,U,'U=1Vi;W;=U,U, +02I).
Non-linear dimensionality reduction: While PCA is a good starting point for dimensionality

reduction, it cannot capture non-linear relations between the latent variable and the observed

space. Hence, one can extend (4.3) to model non-linearity as follows,
Xij = Voa(2ij) + €35, (4.5)

where 8¢ parameterizes a non-linear decoding map. We can parameterize the encoder structure

such that z;; = gge(Xi;). Using Gaussian distribution we get the ADEPT-AE criterion:

{Bi}zllf’g

1 m
argminf*({6;}, p, o) = EZ (HX Voo (9o ( X)|%

2 — 6,2
L2t 6
202

) + dglogo (4.6)

where p is the global model and {6;} are the personalized AEs through concatenation of 65,
0:.

(2

4.2.3 Personalized Generation through Diffusion Models

The denoising diffusion model has attracted attention recently due to its capability of
generating high-quality images and the theoretical foundation of the stochastic differential

equations [144,158]. The mathematical model of a diffusion model is the following stochastic
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differential equation [159]
dx; = dw; (variance exploding process), (4.7)

where w; is standard d-dimensional Brownian motion. For time ¢€[0, T, its time-reversed

process is
de; = VInpg, (x;)dt + dw;", (4.8)

where p,, is the probability density function of x;, w;™ is a standard Wiener process. It can
be shown that X, follows the same distribution as x;_;. More strongly, suppose X~ has
the same distribution as &y, and then the two processes {@r_}icpo), {Z; }ico,r) have the

same distribution.

Suppose that the score function VlInp,, (x) can be represented by a neural network
¢(x;0,t) € R? for some parameter 6. The data generation is then integration over the
time-revised process (4.8) with the drift function ¢(x;0,t) and the starting distribution
xi ~ N(0,021;). The generated distribution p(x|@) is then implicitly defined without a
closed form. [89, Eq (3)] shows that

Inp(z|0) > ELBOg(x) (4.9)

1

T
= 2/ (El(@:565,8) = Ve, Inpa, oy (w1]) |*dt + C
t=

where x; ~ N(x,I;) and C is some constant factor independent of 6. Accordingly, we
use ELBO as a surrogate function for the negative log-likelihood; thus, the personalized
loss function is f;(6;; X;) = —ELBOs,(X;) = —>_7_| ELBOg,(;;). The personalized data

generation is then minimizing the ADEPT-DGM loss function

df
{OTI;EUQf ({0}, p, 03 {Xi}) (4.10)

_ 0.2
72 _BLBOg,(Xi)+ 2B =07 | e
202

4.3 Personalized Federated Dimensionality Reduction

We present our algorithms and convergence results on personalized dimensionality reduction.
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4.3.1 Personalized Adaptive PCA: ADEPT-PCA

We introduce ADEPT-PCA (algorithm 15 deferred to Appendix C.3) to train adaptive per-
sonalized PCA. To show the convergence of the algorithm we need the following standard

assumption and naturally occurring lower bound on o.

Assumption 1. For each client i, the operator and Frobenius norms of S; are bounded by
||Sz||F S Gi,F and ||Si||op S Gi,opa

and Gae,r = MaXicim] G r,Gmaz,op = MaXicm] Giop- The assumption implies the Lipschitz

smoothness properties of the loss function w.r.t. personalized PCs {U,}.

Lemma 1 (A lower bound on o0y). Given any w € (0,1). Let the learning rate ns < (1 —w) %

and the initialization oq > wy/ Z—g. Then, for allt € [T], we have oy > w %.

See Appendix C.3.3.1 for the proof. We will fix some w € (0,1) for the rest of the
paper and initialize oy accordingly so that we can utilize the lower bound in Lemma 1.
The bound is due to £ and is necessary to guarantee that the loss does not explode due
to vanishing 0. Let us now define g, = PTUMil(vUi’t,lfipca(Ui,t—laUt—lagt—l))y g/ =

%221 PTUH(VUt,lfipca(Ui,t,Ut—1,0t—1))7 and g7 = 0 fP?({Ui-1}i,Us-1,04-1). Then,

0o—1

algorithm 15 has the following convergence bound for finding a first-order stationary point.

),

(g7)%. By choosingm = min{ﬁ, 1}, m = min{ﬁ, 1}, and n3 = min {?)(L?W’ ﬁ, i},

2

Theorem 8 (Convergence of ADEPT-PCA algorithm 15). Let G, = <% o g/ || +

U
it

we have

Tmin{ﬁh M2, 773}’
where T is number of total iterations, AY* = fP*({U,0}:, Uo, 00) — fP*({U;r}i, Ur,o7),

T
1 3APH
T E Gy < T
=1

and ny,m2,n3 are the learning rates for updating U;, U, and o respectively. The constants are
defined such that fr°(-) isL,-smooth w.r.t. o and ggt,gy are Lg’),LE}’) continuous w.r.t. o

respectively. C,

'ms o are defined in Appendiz C.3 and depend on smoothness w.r.t. U,U.
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We provide a detailed comment on the factors impacting the convergence rate in Remark 9.

Remark 8 (The Polar Retraction). In algorithm 15, we use the polar retraction to map the
updated U and U; back to the Steifel manifold. We define the polar retraction in appendiz C.3

i detail.

Proof outline of Theorem 8. We show that a lower bound on o is obtained with proper
initialization of oy and we can further derive the Lipschitz constants of the loss function (4.4).
The sufficient decrease of the loss function w.r.t. U;, U, and ¢ (Lemma 17) are derived
individually using non-expansiveness of polar retraction (lemma 11) and Lipschitz type
inequality (lemma 12). After the sufficient decrease, we show that carefully choosing the
learning rates results in an upper bound on the squared norm of gradients. The detailed
proof is in Appendix C.3. Technical challenges in this proof are to control the error due to
projections, utilize the lower bound on ¢ to avoid non-smoothness, and use the Lipschitz

continuity of the gradients to combine updates on PCs with the update on o.

4.3.2 Personalized Adaptive AEs: ADEPT-AE

Algorithm 5 shows the alternating gradient descent training procedure for personalized
adaptive AEs. At the beginning of local iterations (line 8) the clients receive the global
model and o terms then do local updates on 6; (line 10). At the end of local iterations, the
client updates the global model and variance term using its personalized model lines 12,13

and sends them to the server where it is aggregated.

Assumption 2. The loss function f}“e)({e,-},u,a) is Lg-smooth w.r.t. individual {6;},
L,,-smooth w.r.t. p and L,-smooth w.r.t. o. Note that only the first one is an assumption,
second and third ones are derived from the fact that o is lower bounded when initialized

properly (Appendiz C.4).

4In the experiments we use individual variance terms for each weight that is & € © which only has a
constant effect on convergence (see Appendix C.4).
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Algorithm 5 ADEPT-AE Algorithm

Input: Number of iterations 7', learning rates (1,72, n3), number of local iterations 7

1: Init local models {0;}7,, global model p, and oy.
2: On server:

3: Broadcast pg, g to all clients

4: fort=1to T do

5. On Clients:

6: fori=1tomdo

7: if 7 divides t — 1 then

8: Receive py_1, 041

9: end if

10: 0,,=0;,_1—m Vem,l [2(0; -1, i1, 04-1)
11: if 7 divides ¢t then

12: Wit = -1 — 112V [79(O5 0, i1, 0¢-1)
13: Oit = 01—1 — 13V, [7(O0; 4, i1, 0¢-1)
14: Send p; ., 0,4 to server

15: else

16: e = i1, Op = 01

17: end if

18: end for
19: At the Server:

20: if 7 divides ¢ then

21: Receive {p;:}7, and {o;:}7,

22: P = 2= 2 i, Or = 2= > Oy
23: Broadcast u;, o, to all clients

24:  end if

25: end for

Output: Personalized autoencoders {0 7, .. 58m1}-




o 8 O'Lt 7 —1,0¢t—
Let ggt = Vei,t,lfiae(ei,tfl,Mtfl,atfl),gf = Vm_lfae({ai,t}ulitq,th),gt = 20uditimroen)

0ot—1

For algorithm 5, we obtain the following convergence bound for finding a first-order stationary

point.

Theorem 9 (Convergence of ADEPT-AE (algorithm 5)). Let us define G, = (5 Y1 [|8%,]|?) +

m

1 . 1
— 53, and 73 = min{1, E}’ we have

2 o\2 ; | _
lgt'l]? + (¢7)*. Then, by choosing 1 = LT e

minge ) -t { G} is upper bounded by

2
max{ Lg, Lo+L% Ly, 1A%
R ?

where R = T/r is the number of communication rounds, A¥ = f2°({0;0}i, o, 00)— f*({0ir}i, r, o7),

and the constants can be found in Lemma 18.

Remark 9. By ezamining the multiplicative constants within the bounds specified in theorems 8
and 9, we note a consistent observation: o exhibits an inverse relationship with convergence
speed. A higher o, whether resulting from a large value of & or inherent heterogeneity in the
setting, can expedite the convergence process. Essentially, a large o diminishes collaboration,
allowing the model to fit quickly due to a reduced effective number of samples. Conversely,
a smaller o promotes collaboration and may augment the effective sample count. This
theoretical observation persists in the experiments as well, as can be seen from the convergence
plots in Appendiz F.3. Note that faster convergence does not necessarily imply a superior
generalization error. Consequently, in our experiments, opting for a high value of oy facilitates
fast convergence in the initial stages, while still allowing flexibility for adjustments to yield a

superior generalization error.

Proof outline of Theorem 9. Similar to our proof for Theorem 8, we utilize the lower
bound on o; and look for the sufficient decrease w.r.t. 8;, p, and 0. However, now we have
to deal with the fact that we are doing 7 local iterations after each communication round.
Thus, we consider the two cases of whether it is a communication round or not separately

and come to our Theorem in the end. The proof is in Appendix C.4.
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4.4 Personalized Generation through Adaptive Diffusion Models:

ADEPT-DGM

The ADEPT-DGM algorithm is given in algorithm 16 (deferred to Appendix C.5). It is based
on optimizing the criterion given in (4.10). The adaptation method to discover the balance
between local data and collaborative information is similar to that in ADEPT-AE algorithm 5.
As an illustration of the effectiveness of personalized diffusion model learning, we analyze a
simple personalized Gaussian distribution generation problem, i.e., client-i’s target distribution
is a Gaussian distribution p(z|0;) = N (x;0;,051,). In the following, we first introduce some
details of the canonical denoising diffusion model for Gaussian target distribution and analyze

the improvement by collaboration in the proposed personalized algorithm. Diffusion model

with Gaussian target distribution: When the desired distribution is N (x;8,031,), the

diffusion process (4.7) is a Gaussian process and the drift term for the reverse-time process

(4.8) is a linear function, i.e., VInpg, , (x;) = —%. The time-reversed process is
dey = VInpg, ,(x7)dt +dw x5 ~N(0, (o} + T)1,). (4.11)

Without the knowledge of 8, we approximate the score function by a neural network of

o(x; é,t) = —f{f; and approximate the initial distribution of the time-reversed process
0

N(0, (o2 + T)1;) by N(O, (03 + T)I;). The learned/approximated time-reversed process is
then

x—0

def = ———dt +dwj ,z§ ~ N(0, (0] +T)1y). (4.12)
oy +t

The following lemma characterizes the difference between the generation and target distribu-

tions.

Lemma 2. The output distribution P16 of the learned reversed-time process (4.12) satisfies,

2 , (4.13)

2
0p

0
o2+ T

Dk1(PeiollPes o) = H9 —60+

where Dy, is the Kullback-Leibler divergence and pgzje = N (z; 0;,021,) is the target distribu-

tion.
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The lemma shows that the KL-divergence between target distribution and the learned

A 2 A
distribution is measured by the difference between 8 and 6 a bias term U%FLTH due to the
0

initial distribution mismatch of the time-reversed process. It is straightforward to verify

that for ¢(a; 0,t) = —fgjz, training with dataset X = (x1,...,®,) by maximizing ELBO
(4.9) has a closed-form sample-mean solution, i.ec., @ = argmax, ELBOy(X) = #
Since the data are i.i.d. sampled from N(8, 0514), we have E[Drr (Dol [Py 9)] = %(2), when
omitting the initial distribution bias by T — oco. It can be viewed as personalized training

without collaboration and in the following, we show that the proposed personalized training

with collaboration can improve over this. Personalized denoising diffusion model with

Gaussian targets: The local dataset X; of client-i sampled i.i.d. from a target Gaussian
distribution P(z|0;) = N (x;0;,031;), and the population distribution is also Gaussian with
P(OIT,) = N(0; ., 021;). Note that we analyze a fixed unknown population distribution
parameterized by I'y, = (., 0,), though the proposed loss function and algorithm follows a
Hierarchical Bayesian model as in Section 4.2.3.

x—60

Lemma 3 (Personalized estimation). For the parameterized score function ¢(x;0,t) = — =7,
0

the optimal solution to (4.10) is

moNtn g, ) o
~ Zi:l Zj:l Lij é __ hao Zj:l Lij ~
M= y Vs — ~9 + M,
mn nao® + 1 n
5 1 1 d 62 sati 52 _ 26 | 2( nad® \2 o (2 St sy e
where & = 25 — S and & satisfies 6° = 5 + s°(;0555 )" with s° = n

Remark 10. We note that the global optimum model is the average of average samples of
each client. The personalized optimum model is an interpolation of the local estimate and the
true global model. The interpolation coefficient depends on the heterogeneity (large o skews
the result towards the local estimate and low o skews it towards the true global model). A
large amount of local samples n decreases the reliance on p These observations are in parallel

with findings in [126] on mean estimation.

Theorem 10 (Condition for performance improvement). Consider an asymptotic regime that

m — oo and T — oo. Compared to training without collaboration, the solution of ({é,}, [, 6%)
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in Lemma 3 improves the averaged KL-divergence = > DKL(pm|9i||pm¥|éi) by a factor of

m

262+02 /n—o? o2/n  of ~92 o2 o2
-0 —x _ 0
< 62403 /n 62402/n n’ when 0% > 2 2n

3d0'8
2n

Corollary 1. Under the same setting as in Theorem 10, choosing & > guarantees

improvement of collaboration for any population distribution N (pu., o.1y).

Remark 11. Note that if our estimate 6% of the population variance is accurate, i.e., 62 = o2,

then collaboration always improves over only using local data for a personalized generation;
and the collaboration gain is the largest. In this case the gain is larger when the number

of local samples is small. However, if the estimate is inaccurate, one could be better off

3d03
2n

without collaboration. However, by setting the hyperparameter & > , we can ensure that

2

our estimate 6% > 3 (02 — o /n), ensuring that collaboration is useful.

4.5 Experiments

4.5.1 Experimental Setting

In our experiments, we compare our adaptive personalized unsupervised algorithms with
global training (FedAvg, FedAvg-+fine-tuning), local training (training individual models
without collaboration), and competitive baselines in terms of testing performance under
different heterogeneous scenarios. While the supervised personalized FL methods that are
based on architectural changes, such as shared representations [34], are not applicable to
unsupervised personalized FL due to symmetric model architecture; optimization-based
methods can be applied to unsupervised settings, without providing theoretical insights that
our framework provides. From such methods, we compare to pFedMe [42] applied them in
the AE problem. Experiments for ADEPT-PCA are in appendix C.6.1. Additional experiments,
and details hyper-parameters can be found in appendix F.3.

ADEPT-AE: We do synthetic and real data experiments for AEs. We use 50 clients (m = 50)
for all AE experiments. In the synthetic experiments, from a zero mean o, = 0.1 standard

deviation Gaussian distribution, we sample weights for a single layer decoder pu®* with 5
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latent dimensionality and 64 output dimensionality. Then by perturbing the weights with
another zero mean Gaussian with ¢* we obtain the true personalized decoders, which are
used as in (4.5) to generate 10 local samples across 50 clients. Heterogeneity among clients
will depend on ¢* and is quantified in terms of signal-to-noise ratio as 201log;, Z—“ dB. For
real data experiments, we use MNIST, Fashion MNIST (F. MNIST), and CIFAR-10. To
introduce heterogeneity, we distribute the samples such that each client has access to samples
from a single class which simulates distinct data distributions for each client (referred to
as pathological heterogeneity [116]). For MNIST and F. MNIST, each client has access to
120 training samples; and for CIFAR-10, 250 samples. In the experiments, we update ¢ in
the first iteration instead of the last one and update the global model locally in each local
iteration. Details of the models are in Appendix C.6.2.

ADEPT-DGM: In the experiments, we let the number of clients be m = 50, 30, 6 respectively
for MNIST, Fashion MNIST (F. MNIST), CIFAR-10 due to the increased size of the models.
For MNIST, we use a 6-layer U-Net from Hugging Face. For F. MNIST and CIFAR-10
we use 1.7M and 9.4M parameter models respectively. The model with size 1.7TM has 3
downsampling and upsampling blocks, and the model with size 9.4M has 4 of them; each of
the blocks consists of multiple attention and residual layers. More details are shown in the
Appendix F.3. For the MNIST experiments, every client has access to 600 or 1200 samples
from one class depending on the experiment; and for CIFAR-10 each client has 2000 samples
sampled from 2 classes. We compare to FedAvg-+fine-tuning since FedAvg cannot exclusively
generate samples from the client’s target distribution. We do the same modifications to
Algorithm 16 as we did for ADEPT-AE. The results for F. MNIST, and more results with

different numbers of samples or heterogeneity levels are deferred to Appendix C.6.2.

4.5.2 Results

ADEPT-AE: The results are in terms of the percentage of total energy captured per sample,

which is 100(1 — ||z — #||?/||x]|?) for each sample x. The results are averaged over 3 runs
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Table 4.1 Total energy captured % averaged over samples and clients in the synthetic

experiments, where heterogeneity(Het.) is the std of noise and SNR.

Heterogeneity Method Energy

captured %

0.05 Baseline 88.3+£0.5
(6dB) ADEPT-AE 87.3+1.1
Global Training 81.3 0.1

Local Training  83.24+1.9

0.025 Baseline 95.4+0.8
(12dB) ADEPT-AE 95.9 + 0.1
Global Training 94.3 + 0.2

Local Training 83.2+1.9

0.01 Baseline 98.6 + 0.1
(20dB) ADEPT-AE  98.74+0.1
Global Training 98.4+0.4

Local Training 83.2+1.9
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and reported together with the standard deviation. Results on synthetic data are shown in
Table 4.1, the baseline denotes that each client trains a personalized AE whose decoder part is
the true data generating decoder. Our method outperforms local and global training and even
the competitive baseline when heterogeneity is smaller. The result is similar to Figure C.1,
showing our method outperforms both local and global training in the regimes in which they
are strong alternatives. For results on real datasets, the competitive baseline in Table 4.2
is evaluated when 10 clients maintain all the training data from their corresponding classes
(n = 5000 per client). Remarkably, our method (n = 250 per client) matches the baseline on
CIFAR-10 (for high latent dimensions), indicating that adaptive personalized collaboration
results in 20x effective sample size. For other datasets, our method consistently outperforms
FedAvg and local training by an important margin regardless of latent dimensionality. Our
method reduces reconstruction error by as much as ~ 35% and ~ 25% compared to local
training and FedAvg respectively. In MNIST and F. MNIST experiments, ADEPT-AE also
outperforms all the other methods except the strong baseline we implemented.

Comparison to fine-tuning of regularization parameter: Many of the previous
works propose personalization through regularization as outlined in Appendix C.1. Here
we compared to pFedMe as one instance, and showed that our method with adaptivity can
outperform pFedMe with offline fine-tuning. ADEPT-DGM: For diffusion models, we use
KID [15] metric to quantitatively measure the quality of generated dataset (see Table 4.3),
instead of the commonly used FID [68]; since FID is biased, it tends be unreliable when the
generated datasets are small [15] as in a personalized federated setting. At the end of the
training, each client generates 200 samples using the model with the lowest validation loss and
compares it to the local test dataset to compute the metrics. Our method consistently results
in generated samples with better quality and improves upon other methods by 5% — 22%.
Moreover, in fig. 4.2 we depict the resulting KID values of the clients. We see that our
method brings equity, that is, the worst-performing client is much better compared to the

worst clients of other methods, and the performance variance of the clients is lower. We
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Table 4.2 Total energy captured % averaged over samples and clients in the real dataset

experiments
Dataset Method Latent dimensionality
Low High
MNIST Baseline 789+£0.5 85.7£04
ADEPT-AE 708 +0.5 77.7+0.1
FedAvg 66.2+09 759+0.7
Local Training 67.0£0.8 69.1 £1.1
pFedMe 70.5£0.5 76.5£0.8
F. MNIST Baseline 88.5+0.2 91.3+£0.1
ADEPT-AE 83.9+02 85.64+0.2
FedAvg 81.2£0.2 84.9+0.2
Local Training 76.9£2.0 77.14£0.5
pFedMe 83.0£0.6 85.2£0.9
CIFAR-10 Baseline 88.7+0.5 93.3+£0.1
ADEPT-AE 88.4+05 93.34+0.2
FedAvg 87.4+0.2 91.24+0.1
Local Training 87.7+£0.2 92.24+0.2
pFedMe 87.7+0.3 924+0.3
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Figure 4.2 Violin plot of KID values of clients.

also illustrate randomly chosen sample images in fig. C.4 in appendix C.6.3 and estimate
the amount of noise using [74]. Compared to ADEPT-DGM, we observe missing features and
inconsistent hallucinations in images obtained using Fed Avg+fine-tuning. On the other hand,
local training outputs images with significantly more background noise in images (e.g. 1st
from the last row and 2nd from the first row), and there is a 1.5x increase in noise level in
terms of noise standard deviation (o = 0.032 for local training vs ¢ = 0.024 for adaptive

personalized method). Additional results in appendix F.3: In the Appendix, we provide

Table 4.3 Diffusion model generation quality for generating MNIST samples using U-Net

model.
Method MNIST CIFAR-10
Baseline 0.062 £ 0.003 -
ADEPT-DGM 0.069 £ 0.002 0.058 &= 0.003

FedAvg+fine-tuning 0.090 £ 0.009 0.071 £ 0.006

Local Training 0.083 £ 0.003  0.064 £ 0.004

convergence plots under different heterogeneity for ADEPT-AE and ADEPT-PCA that validate
our theoretical findings. Moreover, we provide additional results for ADEPT-DGM in different
settings alongside with generated images. We also do ablation studies for sensitivity to

hyper-prior &, which is low.
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4.6 Conclusion

We developed, ADEPT, a hierarchical Bayes framework for personalized federated unsupervised
learning; leading to new criteria for linear (ADEPT-PCA), non-linear (ADEPT-AE) dimensionality
reduction, and personalized federated diffusion models (ADEPT-DGM). Each of our algorithms
included adaptation for the heterogeneity during training which resulted in novel theoretical
interpretations and superior empirical performance. Open questions include extensions with

information constraints such as communication and privacy.
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CHAPTER 5

Conditional Personalization for Federated Diffusion

Generative Models

Recent advances in diffusion models have revolutionized generative Al, but their sheer size
makes on-device personalization—and thus effective federated learning (FL)—infeasible. We
propose Shared-backbone Personal Identity Representation Embeddings (SPIRE), a framework
that casts per-client diffusion based generation as conditional generation in FL. SPIRE
factorizes the network into (i) a high-capacity global backbone that learns a population-level
score function and (ii) lightweight, learnable client embeddings that encode local data
statistics. This separation enables parameter-efficient fine-tuning that touches < 0.01% of
weights. We provide the first theoretical bridge between conditional diffusion training and
maximum-likelihood estimation in Gaussian-mixture models. For a two-component mixture
we prove that gradient descent on the DDPM with respect to mixing weights loss recovers
the optimal mixing weights and enjoys dimension-free error bounds. Our analysis also hints
at how client embeddings act as biases that steer a shared score network toward personalized
distributions. Empirically, SPIRE matches or surpasses strong baselines during collaborative
pre-training, and vastly outperforms them when adapting to unseen/new clients—reducing
Kernel Inception Distance while updating only hundreds of parameters. SPIRE further
mitigates catastrophic forgetting and remains robust across fine-tuning learning-rate and

epoch choices.
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5.1 Introduction

Modern diffusion models have achieved striking success in image, audio and video synthesis,
yet their ever-growing scale puts them beyond the reach of the low-power devices that generate
most of today’s data. Federated learning (FL) offers a remedy by training a single global
model across millions of clients without centralizing raw data. Unfortunately, a one-size-fits-all
generator rarely serves individual users well: camera characteristics, usage patterns and
personal preferences all induce client-specific distributions that differ markedly from the
global average. These discrepancies are most pronounced for new clients, who arrive after the
global model has been trained and possess only a handful of local samples. A key question is,
how can we enable a large diffusion model with the flexibility to personalize quickly—even

when users’ data are scarce and heterogeneous?

Our key insight. Many real-world data sets share a high-dimensional structure that
is common across clients (e.g., the geometry of natural images) plus a low-dimensional
client-specific component (e.g., class priors, color statistics or individual identities). We
formalize this intuition through a simple heterogeneity model in which shared parameters ¢
captures the complex structure, whereas each client controls lightweight parameters ~;. For
diffusion models we operate the split by (i) training a shared backbone that learns a population
score function and (ii) injecting a conditioning embedding that acts as a signature of client
statistics. Personalization thus reduces to jointly learning ¢ from all users and individually
learning ~;,—a few hundred parameters instead of millions—making it feasible to adapt

on-device. Our key contributions can be summarized as follows.

e We introduce SPIRE, a framework that treats per-client diffusion modeling as a conditional gen-
eration problem in FL. SPIRE decouples global and local learning through an embedding-based
conditioning mechanism, enabling parameter-efficient fine-tuning for new clients. who have
not participated in the federated pretraining.

e We provide the first theoretical analysis connecting conditional diffusion training to maximum
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likelihood estimation in Gaussian-mixture models (GMMs). In the two-component case we
show that gradient descent on the DDPM objective with respect to mixing weights (which
corresponds to low dimensional client specific parameters ;) finds the global maximum and
derive dimension-free error bounds (Theorem 11). The GMM also provides a theoretical
insight into conditioning mechanism in our architecture, including bias to steer personalization.
We develop a practical FL algorithm that trains backbone and embeddings jointly, requires
no additional communication during personalization, and is robust to catastrophic forgetting.
Our experiments on MNIST, CIFAR-10 and CELEBA [106] demonstrate that SPIRE matches
or exceeds strong baselines during collaborative pre-training and vastly outperforms them

when adapting to new clients while updating fewer than 0.01% of the parameters.

Below we relate to closest works, but we provide more detailed related work in Ap-
pendix D.1.
Personalized FL. There has been very limited work on personalized federated diffusion
models, despite the vast amount of work for personalized FL, particularly for supervised
learning scenarios. The previous personalized FL works have focused on adjusting the op-
timization criteria [42,65,126], meta learning based approaches [1,48,87|, clustering based
approaches [114], knowledge distillation based approaches [102,131] and so on. Conceptually,
even though exclusively supervised learning is considered, the most related to our work is
shared representation approach in [34], where the authors vertically partition neural networks
as global feature extractors and local heads. In contrast, our approach is a horizontal partition-
ing, where high dimensional backbone is trained with light weight conditioning information
based on client’s data statistics. In terms of the task, [129] also looks at personalized diffusion
models, through a lens of statistical hierarchical Bayesian framework. Their method causes
a regularization in the loss function, whereas, ours is based on a conditional architecture.
Furthermore their method requires two separate models which is less suitable for new clients.
Conditional diffusion models. Conditioning is one of the key properties to add additional

information while training diffusion models [41]. The most common way of conditioning
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is to embed the information to a vector space and use in intermediate layers as bias (or
modulate the activations). Our work explains this use in a principled way and connects it to
a theoretical view (see Section 7.4), for the first time, as far as we are aware. We utilize the
embeddings to estimate a function that extracts the client data statistics. Furthermore, our
work utilizes conditioning mechanism as a way to do PEFT, we are not aware of any other
works that consider conditioning for FL. and new clients.

Diffusion models for GMMs. The two-component symmetric Gaussian-mixture model
(GMM) has long served as a testbed for analyzing EM-algorithm convergence (see, e.g.,
[37,92]). [151] shows that diffusion models (DDPM loss) can be learned through gradient
descent to estimate GMM score function when mixing weights, covariances are known. [32],
further shows diffusion models can be used to efficiently learn general GMMs, through piece-
wise polynomial function approximations. In Section 7.4, our method extends the former; in
a distributed and heterogeneous setup, we use gradient descent to learn the mixing weights

of the GMMs and prove dimension-free bounds.

5.2 Problem setup: Personalized federated diffusion generative mod-

els

downsample blocks middle block  upsample blocks

I\ A A
[ \ \[ 1

inp image
outimage

positional
embedding

timestep t

identity vector
token embedding

Figure 5.1 Overall diffusion model architecture.Each client holds an identity token which is mapped to a
vector embedding that is trained throughout with the backbone. During the inference, a client can use its

identity token to do a personalized generation.
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Figure 5.2 In GMM heterogeneity model, all clients share the same means but the mixing weights are

individual.

In this section, we first introduce a heterogeneity model of clients’ data that is partitioned
into two: a complex common structure and a lower dimensional individual structure that is
specific to clients. A concrete example is a mixture model where high dimensional cluster
centers are common for every client but mixing weights are individual (e.g. see Figure5.2).
Later, we will explain (conditional) diffusion models for personalization and the overall
federated learning setup that we consider. Lastly, we will explain how the formulation is

especially useful for new clients.

5.2.1 Problem setup and background

We consider a conditional personalization approach for learning individual diffusion models
tailored to local data from clients. Let us denote ¢V)(z) as the data distribution of a
particular client j. We assume ¢\)(x) is implicitly conditioned on two types of variables, i.e.
qV) (z) = q)(x|p, ;) where ¢ € ® is a high dimensional shared parameter, and v; € I is a
lower dimensional parameter that is specific to a client 7. Note that through the Bayes rule,
the pdf implies a mapping from data distribution of a client and the shared parameters to ;,
there is a (random/data dependent) mapping such that v; = g(x, ¢),x ~ ¢¥). To motivate,

we give a theoretical and an empirical example.

Example 1. Consider data generated by a two component GMM with mean, mixing weights,

and covariance parameters (£, {w;}1L,,%), each client shares the high dimensional mean
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parameter [ but individually possesses different mizing weights w; of the components. In this

example ¢,y; corresponds to p,w; respectively.

Example 2. Consider a non-parametric score function that is approzimated through a neural
network with parameters 0;, for a client j. Potentially, 8; can be partitioned into high
dimensional Oy, that is learned collaboratively and low dimensional e; that is learned locally.
The goal is to use O, e; as prozies for ¢,7; respectively. Ideally, Oy, should describe a
general structure in generation task, and e; should add personalization according to input

data statistics.

The goal of the personalized diffusion models is to learn ¢')(x) that is the individual
conditional data distribution of a client given ¢, ;. In federated learning, every client holds
a small dataset {Xi(j )}?:1 ~ ¢ (assuming same n for simplicity), yet the globally data is
from m participating clients, where m is assumed to be larger tan n. This abundance enables
collaborative learning of the complex ¢, while each client estimates its low-dimensional
7; locally. New clients, absent from pre-training, can fine-tune only 7; with few samples,

achieving sample-efficient personalization.

Diffusion Models. Conventionally, diffusion models are composed of several parts.
First, a forward process that mathematically describes the gradual transformation from a
true sample to noise. A corresponding backward process is necessary to formalize how the
score function can be used to denoise a noisy sample to obtain a data point from the true
distribution. Lastly, since the true score function is unknown one needs to formulate an
optimization problem (i.e. score matching) to estimate it to be used in the backward process.
Due to space limitations we define the original diffusion model in Appendix D.2. Here we
introduce the personalized diffusion models. In the personalized FL setup, we would like to
generate samples from clients’ individual probability distributions. We first start with the

forward process. The forward diffusion process is defined as
XY = —5, X9 dt + /26, dW,, XY ~ ¢¥ (). (5.1)
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here q(()j )(a:') denotes the true underlying distribution that generates client js data, similarly
qt(j ) (x) will be used to denote a latent distribution, J; is a drift coefficient, commonly assumed
a constant e.g. 1. W, is the standard Brownian motion. Xt(j )~ q,fj ) is a latent variable.

Equivalently, it can be shown [151] for some f; : lim;_,o 5y = 1, 5y = 0,
X9 = /1= 82X + 8,7, with XY ~ ¢§ and 2, ~ N(0,1). (5.2)

Corresponding to the forward process, is the backward SDE process, which is defined to
formalize recovering a data sample from true distribution, given a corrupted sample and score

function,
ax - [5T X9 4267, Viog g, f?gj))} At + /2 dW,, X ~g@().  (53)

In the backward process, we use ? U) to denote a sample from pure noise Qi(r Vlog q( ) (?Eﬂ ) )
is the true score function at time 7" — ¢ (or at time ¢ in terms of the forward process). Of
course the true score function is unknown, hence we need to estimate it from the data using
a fixed pure noise distribution. To that end, one constructs the score matching optimization

criterion,

T , T
min [ By |[on e0) - Thoga? ()] at 5.4

where 0, is a neural network that is assumed to parameterize the score function. Equivalent

to score matching is the DDPM view, which yields [31],
T
T /T Exp gt ()2

5.3 SPIRE: Personalized FL using conditional diffusion models

dt. (5.5)

In our work, we consider using client’s data (through learning its embedding) as the condi-
tioning information to the model. This results in an horizontal split of the model. During pre-
training, Gy, {e; } ; are trained jointly, hence, the model implicitly learns to estimate the func-

tion e; = g9 (1) @y,). One can see that finding the embedding in the diffusion model training
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corresponds to extracting data statistics, in other words, g\ (z, 6y,) = arg min, depm(q(j), g,),

where Lygp, is the score matching loss in (5.6) and 2 ~ ¢\ (x).

Form of 6;. Our heterogeneity modeling yields separability of 6; into two parts. A more
complicated (higher dimensional) backbone part 6y, that is shared among estimated scores
of different clients, and a lower dimensional embedding of clients’ data statistics, e;, that is
individual to each client. We can write §; = [y, ;). During training, overall personalized
federated DDPM objective consists of finding m different models (with shared backbone and

individual identity embedding in our case), ming,m [Hé’e (X, @ t) +

Jlm Jlf XONQ

%HQ] dt. Empirical version of the DDPM loss can be defined through averaging over local

dataset.

1 G ) BN /T
min — » L} X0 005) = — Ez,
(0,37, m ]Z:: ddpm({ i =1 J) n ; . Z

In practice instead of taking expectation over timesteps, we sample randomly. A client, then,

2

; Z
s, (X)) + 2°

] ol 60

can plug in the estimated score (sy,) into the backward process (5.3) to generate personalized

samples.

5.3.1 Federated training setup.

During training, each client maintains a personalized embedding (through a identity token,
e.g., client id number) which acts as a key for the backbone model. The embeddings are kept
in client and trained locally, and backbone model is shared and trained by essentially FedAvg.

Algorithm6 summarizes the key steps.

Personalization to new clients. Personalization for new clients is one of the key
challenges in federated learning. It is especially, pronounced for generative models due to
scale of the models. A new client joining the federated ecosystem, later than pre-training
stage, can utilize the pre-trained 6, and train only its own embedding parameters. In a
way, this defines a natural way of parameter efficient fine-tuning (PEFT) for personalization,

where we are estimating ¢"**) through (4, €pew). See Algorithm 17 in Appendix D.2, for
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new client fine-tuning details.

Algorithm 6 Conditional collaborative personalized pre-training for SPIRE

Input: Number of iterations K, learning rate (), batch size b, number of local iterations 7

1: Initialize backbone model 6y, and client embeddings {e;}7.,, set 6; = [0, e;].
2: for k =1to K do

3: fori=1tomdo

4: if 7 divides k then: Receive 0y, from server and set 0, = [Ou, i, € k]

5: Sample ({X;}o_,, {t;}2_,), use (D.2) to obtain noisy samples {X; }°_,

6: Take gradient step on local DDPM loss 6; .1 = 6, — Vg, Lé{}pm({Xti ° )

7 if 7 divides ¢ + 1 then: extract updated 6, ;+1 from 6, ;11 and send to server

8: end for
9:  On server aggregate Oy, = % Z;”:l 06,5, and broadcast to clients

10: end for

Algorithm 6 Line 1 initializes the shared backbone parameters @y, and the per-client
embeddings {e;}. Whenever the synchronization test 7 | k succeeds, each client receives
the latest backbone (line 5). During each local step the client samples a mini-batch and
timesteps, and corrupts the data with the forward process (line 6), and performs a DDPM
gradient update on the full parameter vector (line 7). At the next synchronization point,
sends the updated backbone slice to the server (line 8), and keeps e; ;41 locally. The server
averages the received slices (line 10) to produce Oy, k11, which is broadcast at the start of

the next round.
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5.4 Theoretical justification: connection to learning mixing weights

of GMMs

Recent work has revisited the same model with fized mixing weights to probe the theoretical
foundations of diffusion models and score matching [151]. In our setting we change the
emphasis to a distributed setup. The mean vector € R? is shared across all clients,
while each client j retains its own mixing weight w; € (0,1). This maps directly onto
our heterogeneity framework, where a global parameter (the shared mean) co-exists with
lightweight, client-specific parameters (the scalar weights). Conceptually, it reduces to a
one-layer version of our personalized architecture. Detailed proofs of the results in this section

is deferred to Appendix D.2.

5.4.1 Overview

We focus on a symmetric GMM with two equal components in the population level and
unknown mixing weights in client level as in Figure 5.2. In the personalization setup our
model consists of shared means 4 € RY, and individual mixing weights of the components

{(wj, 1 —w;)}7L,. In particular, the true data distribution for a particular client j is,
¢9 = wiN (1) + (1 = w) N (=, ) (5.7)

where ¢\ is the GMM distribution, I is the identity matrix of size d x d, u € R? is the
true mean parameter, w; € R is the mixing weight for the positive component for client j.
This particular mixture distribution is studied in literature, mostly when mixing weights are
known and equal, i.e. 1/2 [151]. Below, we consider the setup for a particular client and omit

the subscript in w;.

Noisy samples. Utilizing the same OU forward process as in [151] and above in
(D.1), it can be shown (see Appendix D.2) for X; ~ ¢ we have, X; = exp(—t)Xy +
V1 —exp(—2t)Z;, with Xy ~ qo and Z; ~ N(0,I). In the analysis, we will fix a particu-
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lar timestep t. Accordingly, we will focus on the equivalent DDPM objective:

2

Zy

X))+ ———
WXt Ao

(5.8)

min EXO Zs
St

Recall, in our case of two component mixture we have, go = wN (1, 1) + (1 — w)N (—p, I).

Accordingly, ¢; can be easily obtained to be (see Appendix D.2)
gt = WN (g, I) + (1 — w)N (—pe, 1), where py := pexp (—t).

The score function has a closed form solution as V,log ¢, (z) = ri(z)p + ro(z)(—p) —

wexp (—||z—p[*/2)
wexp (—|lz—pel|?/2)+(1—w) exp (= [la+pe[*/2) 7

where 7 (z) = and ro(z) = 1 — r(z) are conditional
probability of being assigned to a cluster, i.e. ’'beliefs’. Accordingly we can obtain the closed

form of the score function as outlined in Lemma 4 (see Appendix D.2 for the proof).

Lemma 4. The score function at diffusion time step t for q; is defined as follows ,
1
V. log q,(z) = tanh (p] z — 5 log(w/(1 —w)))pu: — . (5.9)

Connection to conditional architecture. The expression in Lemma 4 can be viewed
as a single-layer neural network with a residual (identity) connection. The shared mean vector
w; serves as the layer’s weight vector; the log-odds term %log<%> is an explicit bias that
shifts the pre-activation u, x. After applying the non-linearity tanh(-), the network outputs
a vector aligned with p;, which is then combined with the skip path —z. This construction
is exactly the one-layer special case of the conditional architecture introduced in the previous
section: the conditioning signal is carried solely by the client-specific mixing weight w, while
the weights p; remain global. Hence the lemma illustrates, in its simplest form, how general
conditional diffusion models encode per-client information through mixing-weight-induced
biases. Training a conditional model can therefore be seen as finding the appropriate mizing

weights that encode each condition, leaving the heavy shared parameters untouched.

Consequently, we consider (5.9) as the network architecture (s;(X;) parameterized by

te, w) to estimate the score function. In the personalized setup, we are interested in a
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fine-tuning stage where the means are known and each client learns the individual mixing
weight. As a result the problem of interest can be rewritten as,

2
Zy

= (5.10)

. 1
minEy, g0)()z || tanh (1f Xi — 3 log((1 —w)/w))pe — X +

Our goal is to examine the MSE at the convergence point; to that end, we relate the first

order convergence condition with EM updates [92], which are provided in Appendix D.2.

5.4.2 Theoretical results

Here, first, we discuss the resulting bounds in the two component GMM problem, for learning
the mixing weights. Then we look at score estimation error in a two step procedure where

the mean is estimated globally, and then each client learns the mixing weight locally.

Theorem 11. Fixing a pu;,, MSE of estimating w by a gradient method on the DDPM loss

results in,

w(l —w) N d
n Al pal[Pn

EXO(IU — Ib)z S

Proof Outline. We start by taking the derivative of (5.10) with respect to w at a particular

timepoint ¢. Let u, = ] X, — L log(w/(1 — w)), f(X;) = tanh (u) — X, + £, by the chain

> i,
rule, 4& = w(llfw)E [tanh’(u) (|| pe]|* tanh(u;) + ) X;)] , where L is the shorthand notation
for local DDPM loss. Hence, at the critical point we have the following condition being
satisfied, E[tanh(u;)] = —& ﬂi[”)gt]. Now looking at the EM algorithm and in particular M-step,

we see that wt = E[r(X;)] = E[5(1 + tanh(u,))], hence, plugging the convergence point

1 E[X4]
[l

of score loss into EM algorithm, w = (1 — ), in other words EM algorithm is also
converged, equivalently, E[X};] = u;(2w — 1) which is exactly the first order moment matching
condition. In other words, convergence of score estimation loss corresponds EM algorithm
convergence that satisfies the first order moment equality, since the means and covariances

are known this corresponds to the global maximum of the likelihood. At the convergence
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point we can measure the mean squared error of estimating the mixing weight from samples.

o .
In particular, let us define w = %(1 — %) as the sample mixing weight, where X, is the

sample mean at time ¢. Then the Ly error can be found to be E(w — w)? < w(lgw) + 4||uf||2n'

Remark 1. The bound on mixing-weight error is dimension-free because both its
numerator and denominator scale with d, unlike mean estimation, whose difficulty grows in
high dimensions. Thus clients with few samples can reliably learn their own weights. The
bound has two components: (i) sampling term—the variance of cluster assignments; it shrinks
when one mixture component dominates, (ii) separation term—inversely proportional to ||||%;
larger mean separation improves accuracy, while small separation can be offset by more data.
Crucially, the bound depends only on the norm ||u]|—mnot on how accurately the mean is
estimated—Dbecause correct assignment, not mean precision, drives weight estimation. Overall
generation quality will, however, reflect errors in both j andw. With the mixing-weight
bound in hand, we next assess score error: we measure the mean-squared gap between the
true score and that produced by the converged estimators, where the global backbone learns

iy via DDPM gradient descent [151] and each client refines its own @ using our personalized

procedure.

Theorem 12. Let L.y (f1,w) be the score matching loss between the true score function and
estimated score function where the fi, is estimated globally using the procedure in [151], and
muxing weights are estimated individually by doing gradient steps in the personalized DDPM

loss. Assuming B is a constant such that ||p:||*> < B. Then, the loss has the following error,

Les(ji, ) = O (%) +0 (%) (5.11)

Proof Outline. We start by utilizing Lipschitz continuity of tanh and log functions, and

~

some algebraic manipulations yield, Leg (i1, w) < 4B(d + (4w(1l — w) + 1)B)E||px — a* +

1
2wfnm(1—wmin)2

w(ln_w). Converting the high probability bound in [151] to an expectation bound

d°BS

pveyci for constant C' > 0. Combining with earlier bound concludes
t

we have, E||p; — u]|* < C

the proof outline.
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Remark 2. Theorem 12 shows that score-estimation error is governed by errors in
both the mean and the mixing weight. Except when the client count reaches ©(d°B?),
the mean-estimation term dominates. Because mixing-weight error is dimension-free and
small even with limited data, a client can accurately personalize once a good global mean is

pretrained. This shows the benefit of our split.

5.5 Experiments

Baselines. As diffusion models require very large U-Net models to be trained, personalized
FL methods with two different models, i.e. separate individual and global models, are not
feasible. Hence, we compare our method to single model methods. One such baseline is
the simple FedAvg-+fine-tuning for personalization, though it i s a simple approach it is
accepted as one of the competitive personalization methods. Another baseline is meta-learning
approaches, specifically [48], where the global model is minimizing a meta-learning based
loss that allows for better personalization. Lastly, inspired by [34], we introduce a shared
representation approach, as a competing solution to compare with, where downsample and
upsample blocks are trained globally and middle block is trained individually. The goal of
this such partition is to enable global learning of feature extraction (downsample blocks) and
feature generation (upsample blocks) similar to global feature extraction in [34]; however,
in classifier models [34] trains individual classifier heads which is not directly applicable to
U-Net models. Inspired by that, we enable individual learning of middle block to introduce
personalization in the latent space. We provide more details on implementation details of

baselines in Appendix F.3.

Datasets. We randomly generate a synthetic dataset (using the true underlying score

function) for synthetic experiments to estimate score function (mean and mixing weight) of
GMM. For real datasets, we use MNIST, CIFAR-10/100, and CELEBA (celebrity faces) with

increasing complexity. The images have 28x28, 32x32, and 64x64 resolutions respectively.
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For pretraining on MNIST, there are 30 clients and each client has access to 400 samples
from a randomly selected class; for fine-tuning on new clients, there are 30 clients each
client has access to 400 samples from 3 different classes which simulates another layer of
challenge, namely the new clients have samples from a different mixture dataset compared to
the pretraining clients. On CIFAR-10, there are 18 clients each with 2750 samples from a
randomly selected class. The new clients have samples from two randomly selected classes,
but the amount of data at each client drops to 275 to simulate a data scarcity setting. On
CelebA dataset there are 24 clients each with data coming from 5 different individuals, the
total amount of data per client is only around 25. This setting is very challenging and acts as
a stress test for our method. The new clients have data from different individuals compared

to pre-training data.

Models. We use a conditional U-Net architecture where client id’s, that are converted to
vector embeddings, are used as the conditioning information. We use 14 layer, 6M parameter
architecture for MNIST experiments, and 18 layer 13M parameter for CIFAR-10, CelebA
experiments. More details can be found in Appendix. We use AdamW [109] optimizer and

provide more details on hyper-parameters in Appendix F.3.

Table 5.1 Pre-training performance for participating clients, and fine-tuning performance for newly joined

client performance KIDJ values of respective methods on respective datasets.

Method Pre-training New client fine-tuning

MNIST CIFAR-10 CeLeBA | MNIST CIFAR-10 CELEBA

FedAvg-+fine-tuning 0.015 0.034 0.051 0.028 0.101 0.075
SPIRE 0.010 0.034 0.046 0.012 0.038 0.061

Shared Representation | 0.010 0.031 0.056 0.017 0.048 0.094
Meta learning 0.061 0.073 0.081 0.079 0.093 0.120
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Figure 5.3 Grid of original MNIST images and generated images by competing methods for particular

client, who has sampled data from classes ’5,6,9; using the same random seed. Our method results in less

hallucinations, more diversity while preserving structure.

5.5.1 Numerical Results

Collaborative pre-training. The main image quality metric we use is Kernel Inception
Distance (KID) [15], as FID [68] is not usable for smaller datasets due to biasedness. Table 5.1
reports KID after the collaborative pre-training phase. On MNIST and CELEBA our SPIRE
achieves the lowest KID, improving over baselines. Particularly, the gap is significant on
CELEBA dataset. On CIFAR-10 SPIRE matches FedAvg+FT while the Shared-Rep. variant
edges out both methods by a small margin. We attribute the CIFAR-10 result to the fact
that all clients observe only a single class during pre-training—global feature extractors alone
already generalize reasonably well in that setting. Across all three data sets the meta-learning
baseline struggles, confirming the practical difficulty of applying first-order MAMIL—style

algorithms to large diffusion models.

Generalization to new clients. The advantage of SPIRE becomes far more pronounced
once entirely new clients—holding data from unseen class mixtures or unseen identities—join
the federation (Table 5.1,b). After less than 10 epochs of local fine-tuning SPIRE yields
large gains over the next best method Shared representation. Neither FedAvg+FT nor
meta-learning can close the gap; in fact, both are outperformed by SPIRE on every data
set. These results support our central claim: embedding the client identifier as a learnable

conditioning signal equips a single diffusion model with enough capacity to adapt to novel
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client distributions.

Qualitative analysis. Figures 5.3 and D.1 (in Appendix F.3) visualize samples drawn
from models trained on CELEBA and MNIST, respectively, for a particular client. For
MNIST, the client has access to images labeled as ’5’,6’, and ’9’. For the most of the
images SPIRE is able to generate 5,6,9 images with occasional hallucination from other classes.
MAML approach fails to generate quality images. Shared representation approach often
misses the structure of the numbers, and FedAvg+FT does not generate diverse images
implying an overfitting to the data. For CELEBA , all methods struggle with the coloring of
images due to the challenge in pretraining task. Images generated by SPIRE exhibit noticeably
sharper facial details. Competing methods over-fit, producing more washed-out or saturated
outputs. The faces generated by our method are more diverse and have better visual features

e.g. shadowing.

6 —— True score
Estimated Score

-4

-6

—16.[) —]‘:.5 —5I.D —2I.5 D.IG EIS SIO TIS lﬂl.'l}
Figure 5.4 Estimated score function.
Synthetic experiments for GMMs. For synthetic experiments, we are verifying
correctness of our found score function form in (5.9). Given the objective in (5.10), we use
Adam algorithm to update both the mean and mixing weights. The results in the Figure

indicate convergence of training and success of estimating the score through the DDPM

objective. See Appendix for experimental details.

Conditional personalization is robust to catastrophic forgetting. A major
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Figure 5.5 Score loss convergence.
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Figure 5.6 The number of local epochs need to be carefully fine-tuned for new clients using shared
representation approach due to overfitting and underfitting risk, on the other hand conditional personalization

performs better and is more robust with respect to number of local epochs..

advantage of our method, in new client fine-tuning, compared to competing methods is its
robustness to overfitting, i.e. catastrophic forgetting. Since our method relies on updating only
a small part of the model, previously learned information through the backbone has no risk
of getting lost during the fine-tuning stage. This prevents an oversensitivity towards number
of fine-tuning epochs or learning rate; which are mainly responsible for a potential forgetting.
To display this notion, we compare to shared representation approach and illustrate the

resulting KID values for new clients under different finetuning epochs Figure 5.6.

Overall. In the experiments we showed the efficacy of our proposed way of personalization.

SPIRE is especially superior to other methods for new client fine-tuning which is a very crucial
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problem in FL and, in large scale ML. Due to the natural PEFT implied by our method, it is
robust to choices such as learning rate and number of iterations. It does not carry risks such

as catastrophic forgetting.

5.6 Conclusion

We introduced SPIRE, the first framework that treats personalized diffusion in federated learn-
ing as a conditional generation problem. By decomposing the model into a global backbone
and lightweight client embeddings, SPIRE enables parameter-efficient, communication-free
adaptation on devices that hold only a handful of samples. Our theory establishes a link
between gradient descent on the DDPM objective and Gaussian-mixture models, yielding
dimension-free error bounds for the client-specific parameters. Empirically, SPIRE consistently
matches or surpasses strong baselines during collaborative pre-training and delivers superior
performance for new-client personalization, resulting quantitatively and qualitatively better
generation. Future directions include (i) extending the embedding-based conditioning to
multi-modal and text-to-image diffusion, (ii) integrating differential-privacy guarantees, and
(iii) exploring hierarchical embeddings that capture groups of clients. Main limitation of our
work is that it requires changing pre-trainig recipe to be done in conditioned on clients, hence,
another future work that we would like to explore is integrating SPIRE into large pre-trained
diffusion models such as StableDiffusion [147]. We hope our results spur further research
on principled, efficient personalization for large generative models in federated settings. We

discuss broader impact of our work in Appendix D.1.
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CHAPTER 6

Meta-Adaptive Optimizers through Hyper-Gradient

Descent

Following the introduction of Adam, several novel adaptive optimizers for deep learning have
been proposed. These optimizers typically excel in some tasks but may not outperform Adam
uniformly across all tasks. In this work, we introduce Meta-Adaptive Optimizers (MADA), a
unified optimizer framework that can generalize several known optimizers and dynamically
learn the most suitable one during training. The key idea in MADA is to parameterize the space
of optimizers and dynamically search through it using hyper-gradient descent during training.
We empirically compare MADA to other popular optimizers on vision and language tasks, and
find that MADA consistently outperforms Adam and other popular optimizers, and is robust
against sub-optimally tuned hyper-parameters. MADA achieves a greater validation performance
improvement over Adam compared to other popular optimizers during GPT-2 training and
fine-tuning. We also propose AVGrad, a modification of AMSGrad that replaces the maximum
operator with averaging, which is more suitable for hyper-gradient optimization. Finally, we
provide a convergence analysis to show that parameterized interpolations of optimizers can

improve their error bounds (up to constants), hinting at an advantage for meta-optimizers.

6.1 Introduction

The choice of an optimization algorithm plays a critical role in determining the downstream

performance of a machine learning model. Adaptive moment optimizers are the most preferred
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class of optimizers employed in most learning tasks such as training Large Language Models
(LLMs) [19,166] and Diffusion Models [146]. In particular, Adam [88] is still the “go-to”

optimizer in LLM training, despite the emergence of many other optimizers since then.

Recently proposed optimizers [33,50,103,174,179] report improved performance compared
to Adam in specific tasks. However, it is unclear if their strong performance generalizes across
a wide range of tasks as Adam’s does [149]. It is also unclear if a single optimizer can be
uniformly the best across all learning tasks and training regimes, such as different batch sizes,

hyper-parameters, and datasets.

In this work, we introduce the concept of a parameterized optimizer, which can be viewed
as a unified parameterization of a collection of given optimizers. The parameters of a
parameterized optimizer define a convex polytope (e.g. hypercube), whose vertices may
correspond to individual base optimizers, while the interior represents new optimizers formed
by interpolating between them. To make this concept operational, we propose the meta-
adaptive optimizer (MADA), which combines the parameterized optimizer with hyper-gradient
descent [13| to learn the optimizer coefficients. MADA dynamically adjusts the parameterized
optimizer coefficients during training, and effectively adapts the optimizer choice to the
learning task. While MADA bears some connections to optimizer search methods, such as [33],
it does not solely output a final optimizer state. It dynamically adapts the optimizer to
the current neighborhood of the loss landscape on-the-fly, removing the need for an offline

optimizer search stage, or an outer hyper-parameter selection loop.

Contributions. We make the following contributions:

e We introduce the concept of a parameterized optimizer, which takes a collection of
existing optimizers, and unifies them into a single optimizer, combining the individual
update rules through learnable coefficients.

e We propose MADA, a meta-optimization framework that combines parameterized op-

timizers with hyper-gradient descent to learn a specific optimizer instance during
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training.

e We find that not all optimizers are suitable to use in a hyper-gradient optimization
framework. Specifically, among popular optimizers, using AMSGrad [143] results in poor
performance within MADA due to its use of the maximum operator. Motivated by this,
we propose a modification of it called AVGrad, which replaces the maximum operator on
the second-order moments with time-averaging, and leads to better performance when
used as part of MADA. We also analyze its convergence properties (see Appendix E.2).
We show that MADA converges to AVGrad in a simple example where it is known to
perform better than Adam, providing evidence for the effectiveness of MADA in adapting
the optimizer to the task (see Appendix F.3).

e To demonstrate that optimizer interpolations can improve convergence bounds in an
analytically tractable scenario, we theoretically analyze the convergence behavior for
interpolations between two optimizers, namely AVGrad and Adam. Our analysis shows
that the interpolated optimizer improves the convergence bounds of the base optimizers
up to constant factors.

e We develop a specific parameterized optimizer, which interpolates between Adam [88|,
AVGrad, Yogi [181], Adan [174], and Lion [33]. On language tasks we compare MADA,
which is based on this parameterized optimizer, against Adam, Lion, Adan, and

! and show that MADA consistently outperforms all baselines. We also

HyperAdam
illustrate the robustness of MADA to initial hyper-parameters and analyze the evolution
of hyper-parameters during training. On vision tasks we compare MADA to Adam, SGD

with momentum, and HyperAdam, and observe consistent performance improvement.

Related work. Motivated by the high cost of training large language models, a large
number of novel optimizers have been proposed in recent years to speed up the training,

increase generalization performance or train more resource-efficient models. As mentioned

'Throughout this paper we will refer to the version of Adam that uses hyper-gradients to tune 3; and S,
parameters, as in [25], as HyperAdam.
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before, Adam [88] is the most commonly employed optimizer, and succeeding methods, in
general, try to improve upon it under different scenarios. [143,181]| propose AMSGrad and
YOGI, respectively, to fix Adam’s potentially non-decreasing effective learning rate. [43,174|
introduce Adan and Nadam, respectively, to replace heavy-ball momentum in Adam with
Nesterov momentum. [178,179| propose LARS and LAMB to improve the performance of
Adam in large-batch regime. [67] proposes AdamP to avoid premature decay of scale-invariant
weights. AdaBound [111] and AdaBelief [188] try to estimate a more stable second-order
moment term. [50] proposes sharpness-aware minimization (SAM) and [29] proposes Padam
to increase the generalization performance of the trained models. [104] stabilizes the training
by reducing gradient variance. The work in [33] is similar in spirit to our work, in that it
introduces a method to symbolically search a space of optimizers; however unlike our work
they consider an offline search method, whereas our method learns the optimizer during

actual model training, and uses hyper-gradients.

A separate line of work proposed learned optimizers to delegate the optimization task
to neural networks (fully connected or LSTMs) [4,118,119|. Instead of directly using first
order information as in optimizers, these methods treat gradient information, alongside other
features such as training loss, validation loss [4] and so on, as inputs to a neural network
which outputs the update to be applied on a particular weight. Learned optimizers require
resource-intensive offline training (e.g. thousands of TPU-months in [118]) since the updates
are handled through a separate neural network that needs to be trained before deployment.
Integration of a separate neural network to the optimization process introduces additional

complexity, which MADA avoids by requiring only a few parameters to be learned on-the-fly.

Another related line of work is on gradient-based hyper-parameter optimization [5,13,
25,51,113]; our work applies a similar idea in a new setting, namely optimizer search and
adaptation. Finally, we note that our work more broadly relates to a long line of research on

AutoML and meta-learning [6,70,142,172].
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6.2 Parameterized Optimizers

We focus on minimizing a loss function F : R — R, that is, optimization problems of the
following form

min F'(x).

reR4

Throughout the paper, we denote by f : R — R a random function computed on a
minibatch sampled from the underlying data distribution. Therefore, for any z € R?, we
have E [f(z)] = F(x). Moreover, we assume F' is differentiable and that E [V f(z)] = VF(z)
for all x € R%. We use f, to denote the random function evaluated with input mini-batch

sampled at t.

As discussed in the introduction, various optimizers were proposed in the literature, each
excelling in different scenarios. The main goal in this work is to exploit the relationships
between given optimizers towards the development of a meta-optimizer that automatically
adapts the optimizer choice to the learning task. Informally, a parameterized optimizer can
be described as the convex hull of a set of optimizers, when mapped to a Euclidean space
under a certain parameterization. This section is devoted to explaining this notion in more

detail, before Section 6.3 discusses how to perform learning in this Euclidean space.

In order to build a parameterized optimizer, we begin with a collection of existing
optimizers. For the sake of concreteness, we illustrate the idea through the following four
optimizers: Adam, AMSGrad, Adan and Yogi. A careful inspection reveals that these four
optimizers can be described in one update rule that involves three iteratively generated
sequences: model parameters, first-order moments, and second-order moments, which will be
denoted throughout using the vectors x, m, and v, respectively. Each optimizer only differs
in the way it updates these sequences. More precisely, starting with any z, € R? and setting

vg = mgo = 0, the generic update rule is given by

(6.1)

Ty = Tp1 — Oy

my
VU +€
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Table 6.1 A unified framework to express adaptive moment optimizers.

Method First-Order Moment Second-Order Moment
Adam |[88] my = Bimy_1 + (1 — B1)ge v = Bave1 + (1 = Ba) g}
v = Boty_1 + (1 — Bo)g?

vy = max{v,_1, U}

AMSCrad [143] my = Bimy—1 + (1 — Br) g

my = Bimy—1 + (1 — B1)g
Adan [174]  n, = Bsng_y + (1 — Bs)(g: — gi—1)

my = My + PBsny

Gt = g1 + Bs(9t — gi—1)
vy = Pove_1 + (1 — 52)@?

gt = Vi1 + 9t2 : Sign(gf — V1)
v = Povi_1 + (1 — B2) Gy

Yogi [181] my = Bimy_1 + (1 — B1) g

where a; > 0 is the learning rate and € > 0 is given. table 6.1 shows how each optimizer defines
its first- and second-moment iterates within this formulation, where we define g, :== V fy(x;_1).

For simplicity of the exposition, we omit the bias-correction terms for all optimizers.

To be able to parameterize the design space of these four optimizers, we introduce real
coefficients restricted between 0 and 1 that interpolate terms arising from different optimizers.
Particular choices of these coefficients (typically at extreme values of 0 and 1) recover the

underlying optimizers, but they express a new optimizer for their intermediate values.

As an example, observe that the first-order moment update rule of Adan already subsumes
those of Adam, AMSGrad, and Yogi (where {m;} and {n;} are new sequences introduced by
Adan):

my = Brmy—1 + (1 — B1) g
ny = Psng—1 + (1 — B3) (9t — g1—1)

my = my + PB3ny, (6.2)

where taking 3 = 0 recovers the update rules of the other three optimizers. With respect

to the second-order moments, Adan similarly covers Adam when f3 = 0, since we get that
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g+ = g;. In order to incorporate the second-order moments of AMSGrad and Yogi in the same
parameterization, we introduce two new coefficients ¢, p € [0, 1], and unify the second-moment

computation as follows:

Ge = gt + B3(9t — gi—1)
i = cgi + (1= c) (v + g; - sign(g; — vi1))
U = Boli-1 + (1 — B2) 37

0" = max{v"1”, 3,}

(max)

ve = po+ (L= pJv, (6.3)

It is easy to check that, for instance, the second-order moments of Adam can be recovered
when (83 = 0, and ¢ = p = 1; those of AMSGrad are recovered when 3 = p =0 and ¢ = 1;
Adan can be recovered when ¢ = p = 1; and Yogi can be recovered with f3 = ¢ = 0 and
p=1

To summarize, in this example, for the four optimizers Adam, AMSGrad, Adan and
Yogi, our parameterized optimizer is given by the three updating rules: (6.1), (6.2) and (6.3).
Following the same line of arguments one can generate parameterized optimizers for other
collections of given optimizers as well. However, unless we know a priori how to set the
corresponding coefficients, the parameterized optimizer is not readily usable in practice. In
the next section, we develop our meta-optimizer which uses a parameterized optimizer and

learns the coefficients in an online fashion.

6.3 Meta-Adaptive Optimizers

In the previous section, we described how one can parameterize the design space of a
given collection of optimizers. Here, we define MADA as a meta-optimization framework that
dynamically learns the coefficients of a parameterized optimizer during training. In this work,

we use hyper-gradient descent [13,25] to learn these coefficients, which avoids an expensive
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hyper-parameter optimization loop that involves multiple training runs. However, we note
that in principle other techniques can also be combined with parameterized optimizers to

learn the coefficients.

Learning interpolation coefficients. Hyper-gradient descent views the hyper-parameters
as trainable parameters of the loss function, and thus differentiates the loss with respect to
them and updates them through gradient steps. [25] re-purposes PyTorch autograd machin-
ery [132] to automatically compute gradients with respect to optimization hyper-parameters
such as learning rate and Adam S; and [, parameters. Since the update rule of a parame-
terized optimizer is differentiable with respect to its learnable coefficients, we can apply the

same approach to update them using hyper-gradient descent steps.

Now, we describe our meta-optimizer MADA in detail. We will denote a parameterized
optimizer by O,, where ¢ € D denotes the vector of coefficients that defines the optimizer,
and D represents the domain of the vector ¢. In the case of the example from Section 6.2,
we have that ¢ = (b, b2, 83, p,¢) and O, is given by (6.1), (6.2), and (6.3). Note that
O, also encapsulates non-learnable state parameters (such as first-order and second-order
moments) and other hyper-parameters such as the learning rate, weight decay, and stability
parameter. The domain D represents the set of values that the vector ¢ is allowed to take in
the parameterization. In the example from Section 6.2, the domain is the unit hypercube
where each element is in the range [0, 1]. We denote by IIp the orthogonal projection onto

the set D. We provide a pseudo code to illustrate this (see Algorithm 7).

Hyper-gradient computation. Before concluding this section, we briefly illustrate
hyper-gradient computation?. In order to compute the hyper-gradient of the loss with respect
to a particular optimizer coefficient, we treat the updated model weights as a function of
the coeflicient. For instance, considering again the example from Section 6.2, we will show

how to compute the gradient of the function f; with respect to the coefficient p using the

2Further details on hyper-gradients can be found in [13,25].

94



Algorithm 7 Pseudocode for a generic MADA
Input: A parameterized optimizer O,, where ¢ € D, a hyper-learning rate o, number of

total iterations 7.
Init.: ¢ and qp.
1: for t=1to T do
2:  Sample f;.

3:  Update the model parameters:

vy = Oy, (T1-1).

>

Update the optimizer coefficients:

qt = IIp [Qt—l - avqft<l't_1)] .

5. end for

Output: Model wights x.

parameterized optimizer as given in (6.3). Using the chain rule, we obtain

Ofii1(xy) _ A fer1 () . 9y ) O

ap oxy vy  0Op
_ Ofen(w) O — ) o,
n 8.1Ut 3vt 3,0
_ Ofry1(xy) Qi1 ~ (maxz)
- o TR ™). (6.4)

where the first term 0f;, 1 (z¢)/0z; is readily computed using standard back-propagation®.
Note that the latter two objects of (6.4) are not explicitly constructed in practice; instead
autograd simply continues back-propagating the already-computed parameter gradients

into optimizer coefficients, while handling the necessary book-keeping for hyper-gradient

3In (6.4), the first term is a row vector, the second term is a Jacobian matrix, and the third term is a
column vector, and thus the - operator refers to a matrix multiplication.
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computation.

6.4 On Convergence of Interpolated Optimizers

Since MADA uses hyper-gradients to update the optimizer, a prerequisite for a base optimizer
to work well within MADA is that its update rules must allow efficient flow of hyper-gradients
to the parameterization coefficients. In particular, in our experiments with MADA we have
found that including AMSGrad among the base optimizers has an adverse effect on the
end performance of the trained model. We conjecture that this is caused by the maximum
operator in the second-moment term. Specifically, note that back-propagation of gradients
through max(a, b) corresponds to a simple routing operation to the larger one of a and b,
where the smaller one is passed 0 gradients. In AMSGrad, v; = max {v;_1,0;} which means
that for most steps the first term will be greater, causing insufficient hyper-gradient updates
on (3, parameter through o; path?. To remedy this, we introduce AVGrad (formally defined in
next section), which replaces the maximum operator with time-averaging of second moments,

and results in better hyper-gradient flow and validations loss.

6.4.1 AVGrad and its interpolation with Adam

Following the notation in table 6.1, we define AVGrad as an optimizer where the first-order

moments and second-order moments are defined by

me = fimi—1 + (1 — B1)gs
¥, = Boty—1 + (1 — Bo)g}
. 1, N

Vs = ;(’Ut + (t — 1)?},5,1),

Vg = 75t, (65)

4To be accurate, considering the example parameterization (6.3), 9; term provides another path for
hyper-gradients on 2. However, in practice we observed that when AMSGrad is used, p parameter tends to
vanish, diminishing the effect of this path as well.
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where ¥, is the running average of past 7,’s. We provide the convergence analysis of AVGrad

in Appendix E.2 in theorems 21 and 22

In what follows, we focus on the interpolation between Adam and AVGrad, with the
interpolation coefficient p;. Specifically, we replace last line in (6.5) with v, := p,0; + (1 — py) 0y

where p; interpolates between second-order moments of Adam and AVGrad.

Soundness of AVGrad. We start with a proposition showing that AVGrad is a valid
alternative to AMSGrad in mitigating the sub-optimal convergence issue in Adam [143].
Specifically, when p; decays with 1/t (i.e., converges to AVGrad), the interpolated optimizer

fixes the non-decreasing learning rate problem in Adam, similar to AMSGrad.

Proposition 1. The following inequality is a sufficient condition for non-increasing effective

learning rate:
1

< —
P10 =By + 1

In Appendix F.3, we use MADA to solve the convex problem given in [143|, an example
where Adam fails. We found that MADA quickly converges to AVGrad, and thus to the

optimum, by adapting p; — 0, even when we initialize it from Adam (py = 1).

6.4.2 Convergence of the interpolated optimizer

Due to the complexity of our overall parameterization, deriving theoretical guarantees for
MADA at its full scope is challenging. Therefore, in this section, we reduce the scope by
examining convergence properties of interpolations between two optimizers, namely, AVGrad
and Adam. In this setting, we will show that the parameterized optimizer allows the design
of novel interpolated optimizers which improve the convergence rate of either optimizer up to
constant factors, demonstrating the value of the parameterized optimizer formulation. We

defer the proof and other technical details to Appendix E.1.

We make the following standard assumptions: F'is bounded from below, is L-smooth,

and with stochastic gradients that are bounded almost surely.
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[39] proposed a unified analysis for the convergence analysis of Adagrad and Adam in the
non-convex setting. Since AVGrad can be seen as a version of Adagrad, the proof technique
of [39] can be adapted to AVGrad with some modifications. The modification includes the
introduction of p parameter which interpolates between the second-order moment and the
moment average, and results in an additional degree of freedom. Subsequently, p can be

chosen to skew the updates towards the advantageous term under different scenarios.

Here we state the convergence result of the interpolated optimizer without momentum,
that is when 51 = 0 (see precise statement in Appendix E.1). The extension to the case with
momentum can be done in the same way we extend Theorem 21 to Theorem 22, similar

to [39].

Theorem 13 (Convergence of interpolation of AVGrad and Adam without momentum).

Under the assumptions above and oy = % for some a > 0, and for p, = £ for a constant p:

In £ ,
P2
+
p+(1—p)T

where, Gp = %ZtT:l IVF(xy)||?, E(T) = ﬁ, and Cy, Cy, C3 are constants indepen-
dent of T, p, Bs.

G, Caln(E(T))

<
Gr < E(T) T T
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4 —— AVGrad
—— Adam
—— Interpolation

N N
o v}
=
S

-
N

-
v
L

/\

| —— AVGrad
\l —— Adam
—— Interpolation

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

=
o
L
©

convergence bound
convergence bound
=
o

v
L
o

o o
Figure 6.1 Value of the bound in Theorem 13 for Figure 6.2 Value of the bound in Theorem 13 for
a representative case where 85 = 0.9,7 = 10, 000. a representative case where 8, = 0.9, 7 = 1, 000.

Remark. Aligned with the condition in Proposition 1, the contribution from v, in

Theorem 13 is multiplied with 1/¢ in order to avoid divergent terms in the bound. Observe
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that when p = 0 or p = 1 we recover the convergence rates for AVGrad (see Theorem 21 in
Appendix E.2) and Adam [39] respectively. We note that for the right-hand side to remain
bounded, one would need either 0 < p < 3, (all terms vanish as in AVGrad), or p =1 (a
constant term remains as in Adam). To gain more insights, in figs. 6.1 and 6.2, we plot the
value of the bound in Theorem 13 with respect to p for two representative cases . The first
case with larger T' represents a more favorable setting for AVGrad as all the terms vanish
with T'. The second is more favorable for Adam since the vanishing terms vanish faster than
AVGrad. In both cases, the interpolated optimizer provides the best convergence bound when

p = (2, which suggests an advantage for the interpolated optimizers.

6.5 Experiments

In our experiments, we aim to answer how the generalization and downstream performance
of MADA compares against fixed optimizers, and how robust MADA is to poor hyper-parameter
initializations compared to fixed optimizers. We focus on the pre-training of models from
scratch. We also try to gain insights into the behavior of MADA by monitoring the evolution
of the optimizer coefficients. Additional details of our experimental setup, and results can be
found in Appendix F.3.

Validation losses vs. iterations 320 Training losses vs. iterations
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Figure 6.3 Validation losses of competing meth- Figure 6.4 Training losses of competing methods
ods on OpenWebText for GPT-2 (125M) model on OpenWebText for GPT-2 (125M) model using
using the same random seed. same random seed, smoothed for convenience.
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Table 6.2 Validation loss of MADA on OpenWebText vs other adaptive optimizer baselines.

Method Validation Loss
Adam 2.8956
Adan 2.8896
HyperAdam 2.8950
Lion 2.8892
AVGrad 2.8895
MADA 2.8806
MADA-F'S 2.8766

Poor initialization
MADA™ 2.8921
Adam™ 2.9157

6.5.1 A concrete parameterized optimizer

We use a concrete parameterization that is similar to the example presented in Section 6.2,
with two changes. First, we replace AMSGrad with AVGrad, and second, we include Lion
among the optimizers that we interpolate. Hence, second-order moment in (6.3) becomes
vy = pty + (1 — p); as in the interpolation in Section 6.4. Moreover, the update term becomes

Yt + (1 — v)sign(u;) where u; is the moment term from Lion [33]. We refer the reader to

Appendix F.3 for a complete description of the parameterization. Lion was omitted in the
example in Section 2 for the sake of simplicity, since it integrates less naturally with the rest

of the optimizers.
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Table 6.3 Validation perplexities of competing methods on OpenWebText, Wikitext and Lambada datasets.

Method OpenWebText Wikitext Lambada
Adam 18.0940 63.8544  77.3314
Adan 17.9863 63.5518  74.6970
HyperAdam 18.0843 61.7717  72.6803
Lion 17.9792 61.8661  75.3158
AVGrad 17.9840 64.2620  75.1317
MADA 17.8249 61.2513  74.2480
MADA-FS 17.7544 59.4086 73.5623

Poor initialization
MADA™ 18.0317 57.1613  75.3550
Adam™ 18.4624 72.9017 79.1217

6.5.2 Experimental setting

Data and models. In recent years, auto-regressive models have been widely used for
benchmarking and algorithm evaluation [103,138]. Motivated by this, we evaluate MADA on
the causal language modeling task with GPT-2, over two datasets: Shakespeare [84], and
OpenWebText [61]. On the Shakespeare dataset, we train a 6 layer transformer with context
size of 256 (11M parameters) and fine-tune GPT-2 (XL) with 48 layers (1.5B parameters). On
OpenWebText, we train GPT-2 (small) with 12 layers, 1024 context size (125M parameters)
and GPT-2 (medium) with 24 layers, 1024 context size (335M parameters). °

Baselines and learned optimizers. On OpenWebText, we compare MADA to Adam |[8§|,
HyperAdam [25] (Adam with 5; and By parameters learned through hyper-gradients), Adan
[174], Lion [33], and AVGrad. For all the methods we used decoupled weight decay [109],

®We use nanoGPT (https://github.com/karpathy/nanoGPT) code base for the implementation.

101


https://github.com/karpathy/nanoGPT

i.e. the AdamW variant of Adam is used. We keep the learning hyper-parameters such as
learning rate schedule and weight decay identical, except for Lion where we choose a lower
initial learning rate as suggested in [103|. For a fair comparison, for all optimizers, we use the
same codebase based on [25]. For OpenWebText experiments, we use established parameters
for Adam () = 0.9, 8> = 0.95,¢ = 107%) and also use these values as the initial parameters
for MADA, HyperAdam, and AVGrad; for other methods we use the parameters suggested in
respective papers; and measure the validation loss. For Shakespeare experiments, we compare
MADA to Adam and HyperAdam; the relatively small model size in this experiment allows us
to sweep the grid of initial 8 parameters and compare the final training loss across many
different hyper-parameter choices. In some experiments, we also evaluate the final state
of MADA statically, i.e., we take the final optimizer learned by MADA and use it as the fixed

optimizer from the beginning of training, which we refer to as MADA-F'S.
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Figure 6.5 Parameter evolution Figure 6.6 Parameter evolution Figure 6.7 Parameter evolution
for B1,0=10.9, 82,0 = 0.95, B30 = for B1,0 = 0.7, 82,0 = 0.8, 830 = for B1,0=10.9, 82,0 = 0.95, B30 =
0. 0. 0.9.

Tuning hyper-learning rates. While hyper-learning rates are additional hyper-
parameters to be tuned; the tasks are less sensitive to hyper-learning rates compared to other
hyper-parameters such as learning rate, most likely because each hyper-learning rate controls
the update of a single parameter. As a result, hyper-learning rates can be fine-tuned easily and
can be transferred across similar tasks. In general, for the hyper-learning rates of 1, 82, since
the gradients are relatively large, we search in a set of smaller values: {10735 x 107* 107*}.

For the other parameters we search in the set {107',5 x 1072,1072}.
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6.5.3 Results

In this section, we first present empirical results of training GPT-2 models on OpenWebText,
and provide a discussion of generalization performance and robustness of MADA. We also show
how the interpolation coefficients evolve during training. Next, we provide a visualization
of the optimal training loss given various initializations of (1, f; values using the smaller
Shakespeare dataset. We present additional results in Appendix F.3 including a toy problem
to show that MADA discovers optimal solutions that Adam cannot find, and comparing MADA
and Adam for GPT-2 (medium).

GPT-2 on OpenWebText. When we initialize MADA from AVGrad and Adan with
Bro = 0.9, 520 = 0.95, 850 = 0.9, py = 0 (where subscript 0 denotes the time index) from
Table 6.2 we observe that MADA consistently outperforms Adam and other recently proposed
optimizers, including Lion, Adan, and HyperAdam. In particular, MADA-F'S outperforms Adam
with established parameters by 0.019 in validation loss which is a significant improvement for
this task. In fig. 6.3 and fig. 6.4 we see that MADA is able to converge to a lower loss than
baseline methods (both in terms of validation and training loss). Note that MADA is able to
converge faster than AVGrad and Adam with the same learning rate and schedule, which

may be attributed to theoretical result theorem 13 on interpolated optimizers.

Perplexity on benchmark datasets. To measure the generalization of MADA to other
datasets, we compute the validation perplexity of the trained models on three datasets as
shown in Table 6.3. We see that on OpenWebText MADA outperforms Adam and HyperAdam
by 0.34 and 0.33 points); while on Wikitext [117], MADA outperforms these two baselines by
4.45 and 2.37 respectively. On Lambada [137] it is the second-best-performing method with a
small gap behind HyperAdam (0.88).

MADA-FS versus MADA. We find that MADA-FS performs slightly better than MADA for
OpenWebText (0.004 in validation loss and 0.07, 1.85, 0.68 points on validation perplexity
on OpenWebText, Wikitext and Lambada). More details are in tables 6.2 and 6.3. On the
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other hand, on Shakespeare we observe that, the dynamically-evolving optimizer performs
generally better than using the fixed final optimizer. We conjecture that the difference in the

number of iterations, the model size or dataset may explain this phenomenon.

Learning interpolation coefficients is crucial. We also see that HyperAdam perfor-
mance is very close to Adam (2.8950 vs. 2.8956), which suggests that the main performance
improvement of MADA does not simply originate from the tuning of the 3, f parameters, but

rather from the adaptation of the interpolation coefficients in the optimizer space.
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Figure 6.8 Final training loss of Adam, MADA, and HyperAdam vs. initial 8 values on Shakespeare dataset.
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MADA yields better performance for wider choice of initial 8 values, illustrating its robustness.

Robustness to initial hyper-parameters. Additionally, we compare MADA to Adam
when we initialize from the suboptimal hyperparameters 8,9 = 0.7, B30 = 0.8 (we call these
optimizers MADA~ and Adam™ respectively). Notably, we observe that even suboptimally
initialized MADA™ is able to outperform Adam with the established initial parameters, as
well as HyperAdam. This particular example indicates the robustness of MADA. We provide
more examples with poor initial hyper-parameter choices on Shakespeare dataset in the next
subsections.

Evolving hyper-parameters. We monitor the evolution of the interpolation coefficients
during training of GPT-2 (125M) model on OpenWebText for various choices of initialization
of 1, By (Figures 6.5, 6.6, and 6.7).

First, we observe that sub-optimal initialization of hyper-parameters (as in Figure 6.6)
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results in a more significant update of the coefficients. This suggests that default optimizer
state with 519 = 0.9, 820 = 0.95 is close to a local minimum. A closer inspection yields
insight into how MADA accelerates training. First, in Figures 6.5, 6.6 we see that (; increases
at the beginning which facilitates taking larger steps, while towards the end it decreases to
give more emphasis on individual gradients. Second, we observe that the interpolation factor
of AVGrad, p, follows a three-phase pattern. This suggests that MADA puts more importance
on individual normalization term in the beginning and towards the end, and it puts more

emphasis on the less noisy averaging term during the intermediate stages.

Another interesting behavior we observe is when we initialize (3 (which governs the
weight of Adan) from a higher value such as 0.9 (Figure 6.7), we see ; reaches 0.99 and
stays constant, in contrast with Figures 6.5, 6.6. Remarkably, MADA initialized with #3 = 0.9
automatically trains §; to be 0.99; i.e. MADA, when initialized from combination of Adan
and AVGrad, automatically finds the ; that is suggested by the authors of [174]. Note that
b1, B2, B3 in this work correspond to 1 — 81,1 — 33,1 — B in [174].

Shakespeare dataset. On Shakespeare dataset we compare MADA to Adam and Hy-
perAdam. We show that it results in significant increase in the performance across many
initial S, B2 values when training 11M parameter model. Particularly, in Figure 6.8, we see
that MADA results in better performance for the vast majority of initial 8; and (s parameters,

illustrating robustness.

Fine-tuning GPT-2 XL on Shakespeare dataset. We also fine-tune the pre-trained
GPT-2 XL (1.5B parameters) model on Shakespeare, for approximately 2 epochs, using MADA,
Adam, and HyperAdam methods. Table 6.4 shows the resulting training loss values, where

MADA results in a large improvement. Notably, HyperAdam achieves no gain over Adam.

Vision tasks. We also validated the performance of MADA on two computer vision models:
5-layer CNN and ResNet-9 on CIFAR-10 dataset. We observe that MADA shows consistent

improvement over our baselines (see test accuracy results below in Table 6.5).
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Table 6.4 Training losses after 2 epochs of fine- Table 6.5 Test accuracy of competing methods

tuning on Shakespeare dataset. for CNN and ResNet models.
Method Training loss Method 5-layer CNN ResNet-9
MADA 0.255 MADA 66.12 + 0.14 93.79 £+ 0.11
Adam 0.276 Adam 65.84 +0.11 93.73 +0.10
HyperAdam 0.278 HyperAdam 65.80 +0.21 93.69 4+ 0.06

Momentum SGD  65.97 £ 0.94 92.60 £ 0.10

6.6 Conclusion

In this paper we propose an approach to unify a set of optimizers into a parameterized
formulation. We further show we can use MADA to dynamically learn the most suitable
optimizer for a particular task during training using hyper-gradient descent. We employ MADA
to train language models and observe that it consistently outperforms Adam and other fixed
optimizers both in terms of best validation performance, and in terms of robustness to initial

hyper-parameters.

Limitations. The main limitation of our framework is the additional computational
requirement and memory usage of the parameterized optimizer due to the maintained optimizer
states. The additional computation can be broken down into two components (per-parameter
computational steps and computation of hyper-gradients); both can be shown to be negligible
with respect to the computational requirements of overall training (see Appendix E.4, where
we also provide the resulting memory use and iteration speed numbers). The additional
memory usage arises from the fact that we need to maintain a larger optimizer state per
parameter. To mitigate, one can employ sharded data parallelism techniques [141], which
shards the optimizer state across a large number of data-parallel devices. Another approach
is to analyze the contributions of the constituent optimizers to the learning performance, and

prune the ones that have little contribution.
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Future work. Theoretically, we have shown the convergence of interpolation of AVGrad
and Adam; as a future work we would like to construct a generic theoretical framework that
can characterize the convergence of optimizer interpolations more generally. Empirically, we
aim to gain a deeper understanding of the dynamics of the optimizer learning process in

practice.
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CHAPTER 7

Stochastic Rounding for LLM Training: Theory and

Practice

As the parameters of Large Language Models (LLMs) have scaled to hundreds of billions, the
demand for efficient training methods—balancing faster computation and reduced memory
usage without sacrificing accuracy—has become more critical than ever. In recent years,
various mixed precision strategies, which involve different precision levels for optimization
components, have been proposed to increase training speed with minimal accuracy degradation.
However, these strategies often require manual adjustments and lack theoretical justification.
In this work, we leverage stochastic rounding (SR) to address numerical errors of training
with low-precision representation. We provide theoretical analyses of implicit regularization
and convergence under the Adam optimizer when SR is utilized. With the insights from
these analyses, we extend previous BF16 + SR strategy to be used in distributed settings,
enhancing the stability and performance for large scale training. Empirical results from
pre-training models with up to 6.7B parameters, for the first time, demonstrate that our
BF16 with SR strategy outperforms (BF16, FP32) mixed precision strategies, achieving
better validation perplexity, up to 1.54x higher throughput, and 30% less memory usage.

7.1 Introduction

With the increased scale of LLMs, mixed precision (MP) training strategies [120] has become

the de facto training strategy. Compared to FP32 training, MP vastly increases the throughput
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without degrading the accuracy of the model by delegating some or most operations to 16-bit
depending on the strategy used. On the other hand, vanilla BF16 training, which is even
more efficient and faster than MP as every tensor and operations are in BF16 (with nearest
rounding behavior for FP operations), has been shown to cause significant degradation in

accuracy (see fig. 7.1 and [139,182]).

Previous efforts [139, 182] have proposed changing the default nearest rounding (NR)
behavior of some operators to stochastic rounding (SR) [36], an unbiased estimator for
quantization. Utilizing SR in the model update step of BF16 training improves the trained
model performance compared to vanilla BF16 approach. Recent accelerators such as AWS
Trainium instances enable SR for all downcasting operations (e.g. in GEMMs) in hardware
level [11,49,125]. However, there is still a clear performance gap between BF16+SR and MP
for LLM training (for instance a 7% degradation in validation perplexity for BERT-base [182],
and 2% degradation in validation loss for a 420M parameter decoder model [139]). These

works have used the same hyper-parameters for MP and SR training for a direct comparison.

BF16+SR (BF16,FP32) MP BF16

Accuracy T T i}
Throughput T 0 T
Memory eff. T b T
Robustness T 1 i}

Table 7.1 * denotes first shown in this work. Performance summary of competing methods. Our
BF16+4SR strategy shows better perplexity, faster throughput, less memory usage and more robustness

towards high learning rates compared to the state of the art mixed precision methods.

In this work, our primary goal is to understand the practical and theoretical properties of
stochastic rounding (SR) in training of LLMs. We hypothesize that as stochastic rounding
provides an unbiased estimator, it leads to improved performance in training with less

error accumulated. However, stochastic and nearest rounding’s interactions with the widely
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Figure 7.1 Validation losses of competing methods while pre-training GPT-2 (350M). When employed with
a relatively high learning rate, training with SR outperforms mixed precision strategy. If the same high
learning rate is used for the mixed precision training we observe divergent training, which indicates robustness

of SR to higher learning rates.

adopted Adam optimizer 88| have not been thoroughly examined in the literature. This
lack of understanding presents an opportunity to explore how different rounding methods
affect convergence and overall training dynamics. By investigating these questions, we aim to
provide valuable insights, both practically-by improving training efficiency and accuracy—and
theoretically—by advancing the knowledge of optimizer behavior under varying rounding

conditions.

We reveal that, SR shows a lower quantization error compared to NR in the convergence
bound. Empirically, we show that BF16+SR strategy can outperform state of the art (BF16,
FP32) MP training in terms of accuracy for training billion scale LLMs (up to 7B in our
experiments), while retaining all the advantages of BF16 training. Our detailed contributions

are as follows:

e Theoretically, we analyze convergence properties of SR & NR in Adam in a non-convex
setting (applied to the update step), and conclude that the additional convergence error
due to SR is strictly smaller than error when NR is used. With appropriate choice
of hyper-parameters (e.g. high learning rate) quantization error due to SR can be
subsumed by Adam’s original convergence bound.

e We demonstrate that training with SR implicitly regularizes the loss function by a
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quantization error penalty term. By examining training with small learning rates, we
find that the penalty term may dominate and result in stagnation, which highlights the
necessity of using higher learning rates for effective SR training.

e We propose a BF16 AdamW optimizer [109], with SR applied to the model update
step. This optimizer for the first time empirically outperforms mixed precision training,
with higher throughput and less memory usage in training billion parameter language

models.

Outline. In section 7.2, first, we introduce the problem and necessary backgrounds on
rounding options. Then, we motivate the use of stochastic rounding and examine the effect
of learning rate. Next, in section 7.3, we introduce the BF16-AdamW-SR algorithm utilizing
stochastic rounding. In section 7.4, we analyze the implicit regularization effect of SR, and
compare the convergence behavior of AdamW under stochastic, and nearest rounding. Lastly,
in section 7.5, we present our experimental results showcasing superior efficiency and efficacy
of training with BF164-SR compared to mixed precision (BF16, FP32) and (nearest rounding)
BF16 training schemes. Proofs of results, additional experiments, and details can be found in

appendices.

7.1.1 Related works

Stochastic rounding. SR is an alternative rounding approach to the canonical nearest
rounding (NR) where high precision number is quantized to the nearest low precision value.
While NR has the best worst error guarantees, it is biased. SR on the other hand, is an
unbiased quantizer, as the probability of quantization is inversely proportional to the distance
to low precision values, which makes it more suitable for training ML models to reduce
accumulating errors across iterations [63]. In particular, [35] shows that SR has better
probabilistic error bounds when summing small numbers, as in deep learning applications,

compared to nearest rounding. [97,173| analyze error terms due to SR in gradient descent

111



and show that for simple machine learning tasks (e.g. regression) SR gives competitive
performance. [139,181] apply SR for training <1B scale LLMs and argue that there is a

performance discrepancy compared to mixed precision training or FP32 training.

Efficient LLM training. Traditional machine learning training algorithms generally
rely on 32-bit representations (FP32) to avoid perturbing the training performance. Recently,
many works have been proposed to lower the training costs without accuracy drop using
various data types, such as FP16 [120], BF16 [81], FP8 [162,171] and so on. [120] realized
that FP16 operations can be utilized by keeping a FP32 master copy for accumulating the
updates without accuracy degradation. [182] showed that Kahan summation [79] could be
utilized to account for numerical errors of BF16 computations. [180] used multiple-component
floating-point to reduce errors during BF16 computations. Contrary to previous work, our
method is able to match the performance of mixed precision training without introducing

any auxiliary variables.

7.2 Motivation and Background

In this work, we are interested in minimizing a non-convex loss function £ : R — R, and in
optimization problems of the form

in F'(x).
e £

We denote by f : RY — R a random function computed on a mini-batch sampled from
the underlying data distribution. Therefore, for any model parameters z € R?, we have
E[f(z)] = F(z). We assume F is differentiable and that E [V f(z)] = VF(z) for all z € R
We use f; or f(z;) to denote the random function evaluated with input batch sampled at

time ¢.
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7.2.1 Stochastic and nearest rounding

Here we define stochastic rounding and examine why it is more preferred to nearest rounding

for training. Nearest (deterministic) rounding can be formalized as,

T 1
A_x + §J , (7.1)

where x is input with a higher precision compared to output (e.g. 32-bit and 16-bit

Q(x) = sign() - A, -

representations), A, = [x| — |x] is resolution, i.e. the distance between quantization
levels, around x. Note, for non-uniform data types such as floating point representations
the resolution depends on the magnitude of the input, which is denoted by the subscript
A,. Nearest rounding is the default rounding mode for (IEEE) FP operations (such as
summation /subtraction and so on); typically, a higher precision buffer is used and then the
result is nearest rounded. If the operands are in different precision, the lower precision is
upcast and standard FP operations are followed afterwards. Next, we define the stochastic

rounding operation,

Qsr(z) = R (7.2)

—
8
=
|
8

The crucial property of SR is, contrary to nearest rounding, unbiasedness, E[Qgsr(x)] = .
Unbiasedness property prevents stagnation (or imprecision), in expectation, particularly when
two numbers of different magnitude is summed in the update step. As an example, consider
the gradient step for the quantized model in the form x;,1 = x; +u where u is the update that
depends on learning rate and gradient information. When u < x;, we have Q(x; + u) = xy;

hence, stagnation occurs. However, with SR we have E[Qgsg(z: + u)] = 1 + u.

7.2.2 Effect of learning rate under SR

zamirai2021revisitingbfloat16training,rae2022scalinglanguagemodelsmethods have attempted

at BF16 training with SR but found out there is a performance gap with mixed precision
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training. Here, we present toy examples where this gap becomes more pronounced with a
small learning rate, suggesting the necessity of using a higher learning rate for SR training.
We model SR as a random walk and see that with small updates SR can take a long time to

converge compared to higher precision training.

FP > > T=2

............................................................ »> T=1 , W.p 1/2
SR | -=---mmmmmm - > T=2,w.p 1/4
—————————————— —  T=n, W.pi(l — )" 3¢

Figure 7.2 Depiction of updates when full precision and quantized stochastic rounding updates are used in

the toy example.

Example. Let o = 0, we are interested in expected number of iterations E[T] where

T : xzp = 1 assuming 0 and 1 are consecutive quantization levels. Let the updates be u; = 1/2

for t = 0,1 and u; = € for t > 2. Note, with accurate full precision updates x5 = 1, the next

level is achieved in 2 steps. Whereas, for stochastic updates T' < 2 w.p. %, and T'=n,n >3
1

w.p. 5(1 —¢)" ¢ (as seen in fig. 7.2). Consequently, we have E[T] > 2 for € < %; and

E[T] — oo for decaying updates € — 0.
Example. We also present a toy simulation example with a linear function. Consider a

linear loss function,

—(x—=2)+1 forz <3,
fx) =

0 otherwise,
iterated over with Adam optimizer using a decaying learning rate with minimum learning
rate 1 x 107°. When we initialize from xy = 2, FP32 updates converge in 4600 steps; whereas
the BF16 stochastic rounding updates converge in average in 7700 steps (plots provided in

appendix F.3). And when the minimum learning rate is 5 x 107> SR converges in ~4600
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steps.

The toy examples indicate that SR can still result in stagnation. This stagnation can be
prevented when the updates are larger. To this end, in the next sections we will conclude,
both theoretically and empirically, choosing a higher learning rate for SR training is critical
for a competitive performance. A caveat is, in practice, Adam is known to diverge with

higher learning rates; we find that SR alleviates this in section 7.2.3 and section 7.5.

7.2.3 Robustness of Adam with SR

The examples so far implied that a higher learning rate is necessary for SR to be successfully
employed. In practice, a higher learning rate results in unstable training of LLMs, even
divergence. Such unstable training is associated with time-domain correlation of gradients in
training with Adam optimizer. In particular, [123] shows that as time-domain correlation
increases, a lower learning rate is required for training. In section 7.5, we observe that training
with SR is more robust towards higher learning rates compared to BF16 nearest rounding
training and (BF16-FP32) mixed precision training. We conjecture that additive noise while
training with SR enables a learning rate-robust training by decorrelating the gradients. To
formalize, we have the following proposition that demonstrates the decorrelation effect of SR

in the simple toy setting in [123],

Proposition 2. Assume that gradient estimated at dimensioni € {1,...,d} andt € [1,...,T]
is composed of two Bernoulli parts gli, t] = g [i] + g@[i, t], where gW[i] ~ p x Bernoulli(1)
and gP[i,t] ~ Bernoullz’(%) are independent. For simplicity, we model SR perturbation as
an additional independent term &[i, t] ~ A x Bernoulli(3), where A denotes aggressiveness
of quantization (e.g. resolution); and gsg[i,t] = gV [i] + gP[i,t] + €[i,t]. Then correlation

among gradients across time-domain while training with SR is corgg = and without

2
1 — P
SR is cor = el

2
1+,02+A2’

Clearly, cor > corgr and A reduces the correlation, hence, increases stability. Note, in
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practice, £[i,t] is dependent on the gradients but there is no clear correlation. Our result

holds as long as £ is not negatively correlated with gradients.

7.3 Adam Optimizer with SR

Algorithm 8 AdamW with Stochastic Rounding and Shared Randomness
Require: Learning rate oy, beta parameters (01, 82), weight decay A, reduced gradient

V f(z:) at iteration ¢, number of devices M, r]"” random states for each device, rio‘v "

random state for the optimizer.
1: 10 ¢ 1, C2,0 < 1
2: fort=1to T do

3: form=1toMdo

4: gt < V f(zy) #+# reduced gradient

5: Myy1 < Br-my + (1= B1) - g

6: Ut+1<_52'vt+(1_52)'gt?

7 Miy1 %

8: Vg1 ¢ 1i)t(j/;7;)t

9: r %Y 44 set the same random state across ranks for optimizer

Dp41+€

10: Tip1 — Qsp| 2 — | o - \/"”L +ap - 93,5)) HAt T,?Opt) is updated during SR
11: r 4— 1" #+# get the original random state

12:  end for

13: end for

14: return xp

In this section, we present the AdamW algorithm with SR applied to the update step
and shared randomness. algorithm 8 assumes a distributed setup that consists of M model
replicas. In our experiments, every tensor in algorithm 8 is in BF16 data type. At the start of

every iteration, the devices receive reduced (aggregated) mini-batch gradients (line 4); Using
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the gradients, the optimizer states of Adam is updated (line 5,6). Before the update step, (line
9) we fork the random state such that every rank has the same randomness; otherwise, model
replicas drift from each other, since same input in line 10 could be quantized to different
model weights due to SR. As models diverge from each other, the computed/aggregated

gradients deviates from its expectations, which will disrupt the training.

The model update (line 10) with SR is done by dithering [150], which temporarily upcasts
to FP32 and adds with a uniform FP32 noise to the mantissa bits, and finally shifting out
the fractional part; this implementation is standard and practically has nearly no overhead
on throughput (also simulates the hardware implementation e.g. [11]). Since the update
does not coincide with the forward pass, where the memory usage is the highest, temporary
FP32 tensors do not affect the peak memory occupied during training. Consequently, BF16
training and BF16+SR training report similar throughput and memory usage. Note that
mixed precision training typically uses FP32 optimizer states (lines 5,6) storage & FP32
gradient communication (line 5), and keeps the master weights in FP32 (line 10). In contrast,

our method adopts BF16 for all these variables.

For our theoretical result in section 7.4, we consider operations in lines 4,5,6 to be
computed in full precision for a simple analysis. We ablate the precision of these operations in
appendix F.3, where the performance difference with them in high precision vs. low precision
is virtually non-existent. We further provide a proof sketch for the case where, for instance

line 6 is also in low precision in appendix F.2.

7.4 Theoretical Analysis

In this section, we start with implicit regularization effect of SR when combined with gradient
descent. We utilize gradient descent for simplicity, general insights would translate to other
first order optimization methods as well. Then, we move onto convergence properties of

Adam when SR is used for parameter updates.
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7.4.1 Implicit regularization under SR

Gradient descent is assumed to discretize a continuous function z(¢) which is defined by the
ODE @(t) = l(z(t)) := =V F(x(t)) (also called gradient flow). The reason for discretization
is because gradient updates z;.; = x; — aVF(z(t)) are not computed continuously but
only at discrete points. This results in modified gradient flow: () = I(z(t)), where
I(x(t) = lx(t)) + odi(x(t)) + o2ly(z(t)) + ..., here I; are error terms due to discrete
approximation of gradient descent of the continuous function [10,156]. Note that as « — 0
we have continuous updates, i.e. I(x(t)) — [(z(t)). Stochastic rounding (SR) introduces an
additional error term such that the first order update is I(w) := l(w) + & (w). Hence, the
modified flow becomes I(z(t)) := [(w) 4 aly(z(t)) + a2ly(z(t)) + O(a3) where I; absorbs the
perturbed higher order terms due to SR and &,(z) defined as a Bernoulli random variable:

Lemma 5 (Effective gradient perturbation).

;

1 ([m —aVF(z)] — (v - aVF(x)))

w.p. z—onF(a:)—AEcz—onF(J:)j :

1 (Lx —aVF(z)| — (v — aVF(JE)))

[t—aVF(z)]—(z—aVF(z))
: A

T

§a<x) =

w.p

Y

\

where A, = [z — aVF(x)] — v — aVF(x)] is the difference between quantization

levels. Note that E[é,(z)] = 0 and variance is E[||&(2)]]?] = 2 ([(x —aVF(z)] — (z —

.
aVF(:r))) (L(:v —aVF(z)] — (z — aVF(x)) :

Now we present the implicit loss function that is minimized when gradient descent with
perturbed updates due to SR is employed.

Theorem 14. Let F(x) be the loss function to be minimized, o be a constant learning rate,

Ealwy) be random vector quantization error while doing updates with SR. Then during gradient
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descent with SR on the loss function, implicitly, the following expected modified loss, Fsr(x),

15 being optimized:
- 2 @ 2
Fs(x) i= F(w) + SIVF(@)| + JEIE )]

Furthermore, for a — 0,a > 0 assuming that terms with first order dependence on «

vanishes, we have that the second term vanished and from the third term we are left with

theorem 14 suggests that doing SR updates implicitly regularizes the loss function to
minimize the error due to quantization via SR. This implies the model is optimized in a
quantization aware manner. Under no quantization error case, e.g. when A, — 0, the
third term vanishes and we obtain the original implicit loss function in [10]. Additionally,
when o — 0 the quantization still has regularization effect that forces the gradients to be
small. The strength of the effect depends on A,. Note that for a large A, the quantization
regularization may dominate and cause stagnation. Here, for simplicity we analyzed the
case with gradient descent; the analysis could be extended to Adam optimizer following for
instance [24]. As shown in appendix F.1, with this modified flow, there is a O(a?) error
between the true solution of gradient flow and discrete update (similar to [10]); For any biased
rounding scheme, such as nearest rounding, there will be a O(«) error difference between the
true updates and modified updates at every iteration; consequently, at every iteration SR

benefits from lower error in expectation (see appendix F.1 for details).

7.4.2 Convergence analysis of Adam with SR

Our analysis is based on extending the Adam analysis in [39] with SR. We consider the case
with no momentum, i.e. 8; = 0, the extension to the case with momentum can be done easily
as in [39], effect of momentum is simply a multiplicative slow down term on all terms. For

the analysis we make the following standard assumptions.

Assumptions. (i) F'is bounded below by F™, (ii) bound on stochastic gradients, that is
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Vz € RY, ||Vf(2)||eo < R as. , (iii) F is smooth, i.e., Vo,y € RY,  ||[VF(z) — VF(y)|2 <
Lijz =yl

Theorem 15 (No momentum, 3; = 0). Assuming access to full precision gradients, and

learning rate oy = ay/ tgi with o > 0, when SR is used for the update step to obtain quantized

G <é+2Rd< 2R N aL)(Tln(i)>
=17 17 \VT=5% 1-5 B2

Vv
quantization error

weights, we have

Here A = max;A,,, Gr = %ZtT:lIEHVF(:Et)HQ and A is a constant that depends on
da Ra BQ?Q'

Note that the first two terms are in common with analysis in [39] where the second

term, Adam’s (non-vanishing) gap, is 2Rd <% + %) In (é) . And the third term, (non-

. . . . . . RdAL 1
vanishing) quantization error, is due to error introduced by SR as i In <E> Now
we examine when the quantization error (third term) becomes negligible or dominant over

Adam’s gap (second term).

Corollary 2 (Comparison to full precision Adam). Under A < \/ﬁw In (é) or A K

%, [in (é) , ‘quantization error’ in theorem 15 becomes much smaller than non-vanishing

gap in Adam.

The effect of quantization error can be mitigated through hyper-parameters only and
not solely dependent on the uncontrolled problem parameters (e.g. L, R,d). Note that
with increased a the quantization error tends to be negligible, this is in parallel with our
empirical observation that with high learning rate SR outperforms mixed precision training.

Another observation we make is that error due to SR can dominate when Sy — 1 and
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— O(1/V/T). Although, in practice f§; < 1 is used (82 = 0.95 commonly for GPT models),
in theory f; — 1, = O(1/+/T) diminishes the non-vanishing term in Adam error bound
while resulting slow down for vanishing terms [39], such cases will include a non-vanishing
quantization error when SR is employed. Note that our theoretical observations is also in

parallel with practical observations on performance drop with quantized training when gy ~ 1

in [180].

7.4.3 Convergence analysis of Adam with NR

Here, we present the convergence analysis when NR is applied in the update step instead of
SR. Note this corresponds to the mixed precision (MP) training where the update is in lower

precision with NR but other parts (e.g. optimizer states) are in high precision.

Theorem 16. Under the same setting in theorem 15, Adam with NR gives the following

convergence bound

G <A+2Rd< 2R ol )(Tl 1
—_— n JE—
st T \Uiss T 1—B2 62

2RAAL
T B (\/Tln <1 T 52 \/ )

| VI~ Bud(RA + LAY

«

Note that nearest rounding results in a larger error bound due to (i) multiplicative term
of x2 in the second line in theorem 16 and (ii) additional error term in third line (both
colored in red), indicating favorable convergence behaviour for SR training. The distinction
is caused by the biasedness of nearest rounding, while LA? is due to the variance (squared
error), other error terms are the results of bias of the error term. This result emphasizes the
detrimental effect of the accumulating bias resulting from nearest rounding. Focusing on the
new non-vanishing term of nearest rounding, we observe that a large o can make the term

negligible; however, in that case Adam’s convergence errors start to hurt (second term in the
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Table 7.2 Validation perplexity of competing methods for GPT models.

Method GPT(350M) GPT(770M) GPT(1.3B) GPT(2.7B) GPT(6.7B)
BF16-+SR (ours) 14.07 12.63 10.46 10.22 10.05
(BF16,FP32)MP 14.45 12.83 10.48 10.31 10.11
BF16 16.38 15.28 11.81 11.67 11.64

bound). Therefore, getting rid of the new error term without perturbing Adam’s original
terms is not plausible. For nearest rounding, with a decaying learning rate, e.g. a =1/ VT,

the error explodes unless 5, — 1.

Remark. The most related results are Theorem 1 from [72] and Theorem 1,2 from
[98]. Theorem 1 [72] uses nearest rounding for weight quantization in Adam optimizer
without momentum term (similar to our theorem 15) in a convex setting. To prevent error
accumulations due to quantization bias, hou2018analysis assumes that the diameter of weight
space is bounded. As a result, even as A — 0, their bound includes a non-vanishing term
that depends on diameter of the weight space which is not the case in our work. [98] uses
SR with gradient descent in convex setting and derives non-vanishing term in convergence
bound similar to ours. However, since the vanilla stochastic gradient descent does not include
any non-vanishing terms, there are no cases in their result where the quantization error
can be subsumed by the original full precision bound such as ours. Another related result
is [26] Theorem 3.2, where the authors analyze the convergence of weight quantized Adam
algorithm. Different than us, they assume {5 bounds for gradient boundedness, which results

non-vanishing term to implicitly depend on dv/d instead of d.

7.5 Experiments

We showcase the empirical success of our SR training paradigm by comparing to state-of-the-

art mixed precision strategies. As far as we are aware, our results are the first to outperform
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mixed precision training while using full BF16' training with SR without additional overhead
and auziliary tensors. We first describe our experiment setting and then move on with the

results.

7.5.1 Settings

Baselines. We compare with two widely-adopted mixed precision strategies:

e Ol-level: the native PyTorch’s automatic mixed precision (torch.amp), which patches
functions to internally carry out Tensor Core-friendly operations in BF'16, and operations
that benefit from additional precision in FP32. Because casts occur in functions, model
weights remain FP32;

e O2-level: “almost BF16" mixed precision proposed in [120]|, which maintains a high
precision FP32 copy of the model as master weights and casts model weights (except
batchnorm) and data to BF16 for forward & backward passes. It uses FP32 for optimizer
states, optimization and collective operations (e.g. all-reduce & gradient accumulation)

in distributed settings.

O1-level mixed precision has more operations in FP32, hence, is slower in terms of through-
put but can result in lower perplexity compared to O2-level mixed precision. We further
augment our experiments with a full BF16 lightweight training strategy with rounding-to-
the-nearest (as it is the default rounding mode for FP operations), where every tensor and
operations, including optimizer states, are in BF16. Note, unless otherwise stated BF16
denotes BF16-+default nearest rounding mode. Our SR strategy described in section 7.3 still
keeps every tensor in BF16 but modifies the final update step (line 10 in algorithm 8) in
optimization to be done with SR. For the sake of simplicity none of the strategies utilize

ZeRO (optimizer sharding) [141] or fused AdamW implementations.

Models. We conduct experiments using GPT-2 medium and large models, with 350M

Lexcept cross-entropy calculation for GPT-Neo, which is done in FP32 by default in code package.
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and 770M parameters respectively [138]; and GPT-Neo [16] with 1.2B, 2.7B, 6.7B parameters.

For GPT-2 experiments we follow nanoGPT [85] and for GPT-Neo we use NeMo repository 2.

Hyper-parameters. For each training strategy we use the same hyper-parameters
except for the learning rate, which is individually tuned for each method. In particular,
every competing method is trained with AdamW optimizer [109] with default GPT training
parameters f; = 0.9, By = 0.95, ¢ = 1le—8, and weight decay 0.1 (except GPT-2 350M model
where we used 0.2 for stability); our method, algorithm 8, also uses the same AdamW

parameters. We defer more details (e.g. warmup schedule) to appendix F.3.

Training setup. For GPT-2 (350M, 770M) we train, on 49B and 46B tokens for 100k
iterations. For GPT-Neo (1.3B), we train on 40B tokens; for GPT-Neo (2.7B, 6.7B) we train
on 20B tokens each for 20k iterations. More information on distributed training setup (e.g.

global-micro batch sizes) can be found in appendix F.3.

Learning rate. We individually tune the learning rate of each training strategy. We
observe that our SR method works better with a learning rate that is 2 — 4x of the default
learning rate recommended in O1 and O2 mixed precision strategy. Such a learning rate
may cause unstable or divergent training mixed precision strategy (table 7.3), and full BF16
training with rounding-to-the-nearest. The default learning rates for GPT-2 and GPT-Neo
models are from [16, 103] respectively. We tune the maximum learning rate and leave the
minimum learning rate as suggested by default settings similar to [130], see appendix F.3 for

more details.

7.5.2 Results

Our main comparison is to (BF16, FP32) Ol-level mixed precision training (torch.amp)
as it achieves better (lower) perplexity compared to O2-level, and is natively supported by

PyTorch. For throughput we also compare to O2-level, since it is considerably faster than

Zhttps://github.com /NVIDIA /NeMo
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Table 7.3 Default, tuned for mixed precision, tuned for SR learning rates (x1le—4); and
whether mixed precision training converges with SR’s learning rate. Note SR converges

in all cases.

Model size Default MP SR MP converges

350M 3 3 7 X
770M 2 2 7 X
1.3B 2 4 4 v
2.7B 1.6 4 5 v
6.7B 1.2 3.6 5.5 X

Table 7.4 Throughput (sequences/second) of SR compared to O1 level mixed precision

training (torch.amp).

Method GPT(350M) GPT(770M) GPT(1.3B) GPT(2.7B) GPT(6.7B)
BF16+SR. (ours) 501 254 125 84 43
(BF16,FP32) MP 469 224 105 57 28
Gain 1.07x 1.14x 1.19x 1.47x 1.54x

O1-level as most of the operations are in BF16.

Validation perplexity. In terms of validation perplexity, we compare our BF16+SR
strategy to BF16 and mixed precision training in table 7.2. We observe our proposed method
slightly outperforms mixed precision strategy, and significantly outperforms vanilla BF16
training. Although, our strategy does not use FP32 tensors it can converge to a better
minimum thanks to being able to using a higher learning rate. In particular, we observe up
to 2.6% improvement in perplexity (GPT-2 (350M) compared to MP); for GPT-Neo the
validation perplexity decreases are more conservative (for instance, 0.6% on 6.7B) as the
mixed precision models are already capable of achieving low perplexity. The difference in
the perplexity gap would be higher if we trained for the same wall-clock time or with higher

batch size to equate the memory usage.
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Table 7.5 Memory consumption (GB) per node; SR compared to O1 level mixed precision

training (torch.amp).

Method GPT(350M) GPT(770M) GPT(1.3B) GPT(2.7B) GPT(6.7B)
BF16+SR (ours) 186 208 184 171 184
(BF16,FP32) MP 234 298 206 197 232
Tensor parallelism 1 1 8 8 8
Memory savings 21% 30% 11% 13% 21%

Table 7.6 Throughput of SR compared to O2 level mixed precision training evaluated in
Megatron-LM.

Method \GPT-Neo size 1.3B  2.7B  6.7B

BF16+SR (ours) 135 75 32
(BF16,FP32) MP 129 71 31
Gain 1.06x 1.06x 1.03x

Throughput. In table 7.4, we compare to Ol-level mixed precision strategy and observe
that our method is considerably faster. The relative speed gain gets larger as the model size
increases due to increasing number of model parameters in FP32 operations, data conversions
and communication for the mixed precision strategy. For instance, we see a multiplicative gain
of 1.54x for 6.7B model. Additionally, we compare the throughput to O2-level (almost BF16
training) in table 7.6 using Megatron-LM repository [154] since it has more efficient training
implementations than NeMo. We observe that our BF16+SR strategy is only marginally
faster, as almost all operations for O2-level is done in BF16 and only accumulations are in

FP32.

Memory. As our BF16+SR training strategy uses only BF16 tensors without any
auxiliary tensors, it is the most efficient strategy in terms of memory as can be seen in
table 7.5. Note that GPT-Neo experiments use tensor parallelism which shards the model

across GPUs resulting in a smaller memory difference compared to TP=1. table 7.5 indicates
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a 30% reduction for GPT-2 (770M) and 21% reduction for GPT-Neo (6.7B); the memory
save is so significant that the training could support considerably larger models, batch sizes,

or lower gradient accumulation steps.

On shared randomness. Throughout our experiments we share the randomness by
keeping a designated random state for update steps as in algorithm 8. The absence of shared
randomness results in suboptimal performance due to model drift across different devices.
When a large learning rate is employed without shared randomness, the SR strategy is prone
to divergence. Conversely, with smaller learning rates, while divergence is mitigated, the
final validation loss experiences a reduction in accuracy. The influence of shared randomness
is also contingent upon the distributed computing setting. In particular, when sharding is
utilized (e.g., via TP), its effect is more nuanced, as the majority of the model remains shared
across devices, with the exception of components such as normalization layers and, in some

cases, embedding layers.

Overall, we observe that BF16+SR strategy is faster, more accurate, and memory efficient
compared to the state-of-the-art O1 and O2 mixed precision methods. Another advantage is, it
is easy to implement and does not require substantial changes to the model or training process.
To summarize our findings we report the results for GPT-Neo (2.7B) in table 7.7. We defer

the training loss curves, ablation studies and more details on experiments to appendix F.3.
Table 7.7 Overall comparison of all metrics for GPT-Neo (2.7B).

Metric MP SR

Validation ppl 10.31 10.22
Throughput (ol) 57 seq/sec 84 seq/sec
Throughput (02) 71 seq/sec 75 seq/sec
Memory 1572GB 1371GB

Downstream tasks. In this work, our main focus is optimization and pre-training of
LLMs. We pre-train models up-to 50B tokens, as a result we do not expect the models to do

very well in downstream tasks. However, for the sake of a downstream training comparison,
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here, we report zero shot evaluation experiments on common reasoning tasks using the 2.7B
model. The results in table 7.8 indicates that BF16+SR is able to match the mixed precision

downstream performance.

Table 7.8 Comparison of mean zero-shot accuracies for various datasets under BF16+SR

and (BF16, FP32) MP settings.

Dataset / Accuracy MP SR

hellaswag (acc) 30.21% 30.40%
hellaswag (acc norm) 33.71% 34.42%
arc-easy (acc) 48.19% 47.43%
arc-easy (acc norm) 41.84% 42.21%
arc-challenge (acc) 21.84% 22.27%
arc-challenge (acc norm) 25.26% 26.71%
openbookqa (acc) 17.67% 19.20%
openbookqa (acc norm)  29.60% 29.66%
piga (acc) 37.10% 36.50%

Note that both methods do not perform great in these tasks, as typically to excel in
these tasks very long duration of pre-training (usually with number of tokens larger than
250B) or fine-tuning from an existent heavily pre-trained model is used. In the paper our
main focus was pre-training/optimization with SR, where models were pre-trained for up to
50B tokens from scratch; hence, we are more interested in the perplexity/loss values similar
to [139,180, 182| does for quantized LLM training. Nonetheless, we conclude SR matches MP

in downstream tasks in our experiments.
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7.6 Conclusion

We demonstrate for the first time that low precision BF16 combined with SR training is
a highly competitive approach for large-scale LLM training. Our theoretical analysis on
Adam shows that, SR does not hinder convergence—its error can be absorbed within Adam’s
natural tolerance, particularly when an appropriately large learning rate is applied. Updates
with SR effectively lead to implicit quantization-aware training. These theoretical insights are
in parallel to our empirical results, where BF16+SR is able to outperform mixed-precision
strategies (BF16, FP32). Overall, SR training is lightweight, straightforward to implement,
and offers significant advantages, including higher throughput, reduced memory usage, lower
communication /network overhead, and improved validation perplexity. We note that our
method generalizes in a straightforward manner to even lower precision such as FP8/4, which

we leave as future works due to limited hardware support.
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CHAPTER 8

Conclusion and Future Direction

This dissertation set out to address two orthogonal but increasingly intertwined challenges
in contemporary machine learning: personalization at the edge and efficient optimization
at scale. The former is driven by the explosion of heterogeneous, privacy-sensitive data on
resource-limited devices; the latter by the ever-growing appetite for billion-parameter models
whose training footprints dwarf the capacity of even state-of-the-art accelerators. In response,
this thesis has contributed a research program that advances personalized federated learning

(FL) and principled, hardware-aware optimization for large language models (LLMs).

1. Personalization under Heterogeneity. We demonstrated, through the QUPED frame-
work (Chapter 2), that coupling knowledge-distillation penalties with quantization-aware
training yields a single, tunable objective capable of reconciling architectural and numeri-
cal asymmetries across clients. Empirically, QUPED exceeded prior approaches on both
accuracy and communication budget while illuminating a fundamental trade-off between

data heterogeneity and quantization aggressiveness.

Building on this, Chapter 3 developed a hierarchical Bayesian lens that unifies a broad
class of personalized FL algorithms. By casting collaboration as MAP estimation under
adjustable priors, we derived new regularizers, proved utility guarantees—both with and
without differential privacy—and instantiated practical algorithms that adapt automatically

to mixture-of-Gaussians and information-geometric population priors.

Chapter 4 extended personalization to unsupervised settings. The ADEPT family introduced

hyper-priors and adaptive penalties for tasks such as personalized PCA, autoencoders,
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and diffusion generative modeling. Theory linked the strength of adaptation to the degree
of heterogeneity, while experiments confirmed superior generation and dimensionality

reduction quality.

2. Adaptive and Efficient Optimization for LLMs. Addressing the second axis of
scale, Chapter 6.6 proposed MADA, a hyper-gradient procedure that learns to learn. By
parameterizing a continuum of adaptive optimizers and performing online interpolation,
MADA consistently outpaced canonical algorithms (Adam, AMSGrad, etc.) on both vision
and language workloads, with theoretical insights on the effect of interpolating optimizers

on convergence.

Chapter 7.6 aimed to improve the precision bottleneck by combining Adam with stochastic
rounding. We showed SR acts as an implicit regularizer, stabilizing low-precision updates
and provably accelerating convergence compared to deterministic rounding. The resulting
full-BF16 training recipe reduced memory footprint, increased throughput, and improved

validation perplexity on large-scale language tasks.

In this thesis, several unifying principles emerged:

e Personalization and efficiency. Effective personalization and efficiency are not separate
pursuits; statistical assumptions (priors, distillation penalties) must be thought with
systems constraints (quantization, low-precision arithmetic) for maximal benefit.

e Adaptivity. Whether via adaptive penalties in ADEPT or hyper-gradient interpolation in
MADA, adaptivity proved central to coping with challenging optimization tasks.

e Regularization. From Bayesian priors to stochastic rounding, regularization both stabilize

training and furnish generalization guarantees, bridging theory and practice.
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8.1 Concluding Remarks

Personalization and efficiency have emerged as parallel prerequisites for the next generation
of AI. While this thesis tackles them along two research tracks—personalized learning at
the edge and optimization for large models—it underscores their equal urgency and hints at
shared underlying principles such as adaptivity, principled regularization, and systems—aware
algorithm design. Taken together, these findings hint at a future where personalized models
run locally and lean training keeps costs low—opening Al to everyone without sacrificing

privacy or sustainability.
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APPENDIX A

Appendix of Chapter 2

A.1 Preliminaries

A.1.1 Notation

e Given a composite function g(x,y) we will denote Vg(x,y) or Vxy)g(x,y) as the
gradient; Vxg(x,y) and Vyg(x,y) as the partial gradients with respect to x and y.

e For a vector u, ||u|| denotes the fo-norm |lul|s. For a matrix A, ||A||r denotes the
Frobenius norm.

e Unless otherwise stated, for a given vector x, x; denotes the i'th element in vector x;
and x; denotes that the vector belongs to client i. Furthermore, x! denotes a vector

that belongs to client ¢ at time ¢.

A.1.2 Equivalence of Assumption A.6 to Assumptions in Related Work

In particular, diversity assumption (Assumption 5) in [48] is as follows:
2

wfz - wa(W) S B7

where f; is local function, B is a constant and V, f(w) = %22:1 Vwfi(w). Now we will

show the equivalence to our stated assumption A.6. Let us define,

z;(wh) —argmln{<x x! sz( )>+<X—x§,Vx§fi(@C§(xf))> <x xt A (x —Wt)>

xeRd

L P i]
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ci(w') := arg min {<c —cl, chfi(@cﬁ(xi(wt))» +2i772 e — csz + )\R(xi(wt),c)}

ceR™

Then we can define,

Vilx;(Wh), ;(wh), wh) = F(xTh et wh)

(2 ?

as a result, we can further define g;(w') := ;(x;(w'), ¢;(w'), w'). Therefore, our assumption
A.6 is equivalent to stating the following assumption: At any ¢ € [T] and any client i € [n],
the variance of the local gradient (at client i) w.r.t. the global gradient is bounded, i.e., there

exists k; < 0o, such that for every w! € R?, we have:

| wtgz - vatg]

And we also define x := £ 377" | k; and then,

2
S Ri,

2

wtgz - thg(wt) <K

)

here Vytg(w') = %Z?:l Vwtg;(w'). Hence, our assumption is equivalent to assumptions

that are found in aforementioned works.

A.1.3 Alternating Proximal Steps

We define the following functions: f : R? — R,@ : R*™ 5 R? and we also define
hx,c) = f(Qe(x)),h : R™™ — R where x € R? and ¢ € R™. Note that here Qc(x) denotes
@(x, c¢). Throughout our paper we will use @C(x) to denote @(X, c), in other words both
c and x are inputs to the function @c(x). We propose an alternating proximal gradient

algorithm. Our updates are as follows:

t+

X = prox,, sp.en (X' = mVF(x) = m Ve f(Qer (")) (A1)

CH_1 = pTOXm)\R(xt+1,~) (Ct - ngvctf(Qct (XH_I)))
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For simplicity we assume the functions in the objective function are differentiable, however,

our analysis could also be done using subdifferentials.

Our method is inspired by [18] where the authors introduce an alternating proximal
minimization algorithm to solve a broad class of non-convex problems as an alternative to
coordinate descent methods. In this work we construct another optimization problem that
can be used as a surrogate in learning quantized networks where both model parameters and
quantization levels are subject to optimization. In particular, [18| considers a general objective
function of the form F(x,y) = f(x) + g(y) + NH(x,y), whereas, our objective function is
tailored for learning quantized networks: Fy(x,¢) = f(x)+ f(Qe(x)) + AR(x, ¢). Furthermore,
they consider updates where the proximal mappings are with respect to functions f, g, whereas
in our case the proximal mappings are with respect to the distance function R(x, c) to capture

the soft projection.

A.1.4 A Soft Quantization Function

In this section we give an example of the soft quantization function that can be used in
previous sections. In particular, we can define the following soft quantization function:
Qc(x) : R — RY and Qq(x); := doy(es — i) (Pl — SEL=1Y) + ¢ where o denotes
the sigmoid function and P is a parameter controlling how closely @C(x) approximates Q¢ (X).

Note that as P — 00, Qc(x) = Qc(x). This function can be seen as a simplification of the

function that was used in [175].

Assumption. For all j € [m], ¢; is in a compact set. In other words, there exists a finite

Cmax Such that |¢;| < cpayx for all j € [m].

In addition, we assume that the centers are sorted, i.e., c; < --- < ¢,,. Now, we state

several useful facts.
Fact 1. @c(x) 18 continuously and infinitely differentiable everywhere.

Fact 2. o(x) is a Lipschitz continuous function.
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Fact 3. Sum of Lipschitz continuous functions is also Lipschitz continuous.
Fact 4. Product of bounded and Lipschitz continuous functions is also Lipschitz continuous.

Fact 5. Let g : R® — R™. Then, the coordinate-wise Lipschitz continuity implies overall
Lipschitz continuity. In other words, let g; be the i’th output then if g; is Lipschitz continuous

for all i, then g is also Lipschitz continuous.

In our convergence analysis, we require that Q.(x) is Lipschitz continuous as well as

smooth with respect to both x and c.

Claim 1. @c(x) is lg, -Lipschitz continuous and L, -smooth with respect to x.

Proof. First we prove Lipschitz continuity. Note,

a@c(x)i - 0, ifi# 7

0 - m CjTCi— cjtcj— e - .
j Py ilo(ej —cja)o(P(x; — %))(1 — o(P(x; — %)))’ ifi=j
(A.2)
As a result, H—a%x(;c)i < (e — 1) € Femas. The norm of the gradient of @c(x)i with respect

to x is bounded which implies there exists lg)l such that ||Qc(x); — Qc(x);i| < lg)l |x — x'||;
using Fact 5 and the fact that i was arbitrary, there exists lo, such that ||Qc(x) — Qe(xX)]|| <

lo,||lx —x'||. In other words, Qc(x) is Lipschitz continuous.

For smoothness note that, VXCNQC(X) = V@c(x)lzd’:. Now we focus on an arbitrary term of
Vxéc(x)jﬂ-. From (A.2) we know that this term is 0 if ¢ # j, and a weighted sum of product
of sigmoid functions if 7 = j. Then, using the Facts 1-4 the function Vxéc(x) ;i 1s Lipschitz
continuous. Since i, j were arbitrarily chosen, Vx@C(X) ;i 1s Lipschitz continuous for all 4, j.
Then, by Fact 5, Vxéc(x) is Lipschitz continuous, which implies that @C(x) is Lg,-smooth

for some coefficient L, < oo. O

Claim 2. @C(x) is lg,-Lipschitz continuous and Lg,-smooth with respect to c.
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Proof. For Lipschitz continuity we have,

%cix)i =o(P(z; — SRS +20j_1)) —o(P(x; — ST +20j+1))
F (e~ ) o (Pla— S5 (1o (Pa, - 4G
~ (e = ) g oPla — LI (1 = o(Pla; - SEIL)
As a result, ||%C(Jx)z|| <2+ cm(w; Similar to Claim 1 using the facts that 4 is arbitrary and

the Fact 5, we find there exists g, such that 1Qe(x) — Qa(x)]| < lo,||c —dJ|. In other words,
ch(x) is Lipschitz continuous. And for the smoothness, following the same idea from the

proof of Claim 2 we find Q¢ (x) is Lg,-smooth with respect to c. O

The example we gave in this section is simple yet provides technical necessities we require
in the analysis. Other examples can also be used as long as they provide the smoothness

properties that we utilize in the next sections.

A.1.5 Lipschitz Relations

In this section we will use the assumptions A.1-5 and show useful relations for partial
gradients derived from the assumptions. We have the following gradient for the composite

function:

Vixe)h(%,€) = Vixe) [(Qe(%)) = Vixe)Qe(X) Vg, (Qe(X)) (A.3)

where dim(Vh(x,c)) = (d+m) x 1, dim(Vijc(x)f(@c(x))) = d x 1, dim(VQc(x)) =

(d+m) x d. Note that the soft quantization functions of our interest are elementwise which

implies 66257(;:)1- = 0 if 4 # j. In particular, for the gradient of the quantization function we

have,
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v(xp)@c (X) =

Moreover for the composite function we have,

Vh(x,c) =

_aéc(x)
o1 : 0
0Qc(x)
0 o, 2 0...
9Qc(x)1  9Qc(x)2
dcy dcy
9Qc(x)1  9Qc(x)2
L dcm dem
af  9Qe(x)1
OQec(x)1 Oz1 +0
0 Of  9Qc(x)2
0Qc(x)2 Ow2
8f  0Qec(x)1 0f  0Qe(x)2

8Qc (X) 1 8C1

af  9Qc(x)1

aéc (X)2 861

af  9Qc(x)2

aéc ()1 Ocm

6@0 (%)2 Ocm

+...

(A.4)

(A.5)

In (A.5) and (A.4) we use z;, ¢; to denote (x); and (c); (i'th, j'th element respectively)

for notational simplicity. Now, we prove two claims that will be useful in the main analysis.

Claim 3.

Hvxf(@c<x)) -

Proof.

Vy [(Qey) =

IVA(x, €)ra = VA(y; ¢)rall < (GLo, + G, Llg,)[Ix =y

IV (x, )10 = VA(Y, ©)1all = [V (Qe(x)) -

= IV,
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Vy f(Qe(y))]
1 (Qe(x)) V< Qol(x) —

Ve (Qe(¥))VyQe(y)]



Vg0 f () VGe(x) — Vi F(Bel)) Ty Do)
" v@c<x)f<@c<x>>vy©c<y> Vo f (@) V3 e
2 19,0 QDI 70e(x) — Ty eyl
IV QeI ¥ 5,0 f (Oe) = V000 Qo)
< GLg/Ix —y| + G@anzc(x) ~ 0yl
< GLg |x =yl + Go, Llg,[|x — ¥

= (GLq, + G, Llg,)|[x =y
To obtain (a) we have used the fact ||Ax||2 < || Al #]|x]|2- O

Claim 4.

IVef(Qe(x)) = Vaf (QaGo)l = [IVA(X, ©)ar1im — VA, )t rml|

< (GLQQ + GQleQz)HC - dH
Proof. We can follow similar steps,

IVA(X, ©)a1om— VA, dat1oml| = [Vef (Qe(x))=Vaf (Qa(x))]

= IV .00 f (Qe () VeQe (x) =V 3, f (Qa(y) VaQa(y)]|

= HV@ 0 (Qe(x)VeQe(%) = V5o f(Qe(%)) VaQa(x)
600f (Qe(x))VaQa(¥) = V5, 0/ (Qa(y)) VaQa(y)|

< IV5. 00 f QeI VeQe(x) = VaQaly) | »

+ I VaQaW)I £l Vg, 0 (@e(x) =V g, ) f (Qa(¥))ll
< GLg,|lc = d|| + G, LI|Qe(x) — Qa(x)]|
< GLg, |lc — d|| + Go, Llg,|lc — d|

= (GLq, + Gq,Llg,)||c — d||
where VC@C( )= VQC( )(d+1:drm,:)- =
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A.1.6 Assumption A.7 is a Corollary of other Assumptions

In this section we discuss how Assumption A.7 can be inferred from A.1-A.5. Here we
drop client indices i for notational simplicity. Let us define f,,(w) as the neural network loss
function with model w. First we will argue that f&P(w,x) is smooth, given that f,(w) and
f(x) are two smooth neural network loss functions with Cross Entropy as the loss function,
and that f,(w) and f(x) have bounded gradients. These two standard assumptions imply

the smoothness of fXP(w,x) individually with respect to both input parameters.

Proposition 3. f5P(w,x) is Lp,-smooth with respect to x and Lp,-smooth with respect to

w for some positive constants Lp,, Lp,.

Proof. Note that f(x) = % vazl yr log(s(xl,g)) where i denotes the index of data sample, y;

is the one hot encoding label vector, N is the total number of data samples, log denotes
elementwise logarithm and @ denotes elementwise inverse; softmax function s(x) : R? —
RE where K denotes the number of classes (similarly s*(w) : R? — R¥ is the function whose
output is a vector of softmax probabilities and input is global model), is defined in Section 2.2,

here we explicitly state that data samples ; is a parameterization of s. Assuming f(x) is

smooth for any possible pair of (y;, ;) implies log(ﬁ) is C;-smooth for some constant C,,
J
1

here we used s(x); to denote j’th output of s(x) and we omitted &; since log(m) is smooth
J

independent of &;. Note that s(x); : R? — R. We have,

PO = Do )T o)) = S (s ar 0)T log(s (w3 )
1 S~ wpe p T 1
by D (i) ol )

=1

where the operations are elementwise as before. In this expression only the last term depends

on x and for each 4, since s*(w;&;); < 1 with } . s*(w;§;); = 1, the expression is a weighted

average of smooth functions log(s(%)_); as a result, fXP(w,x) is Lp,-smooth with respect to
J

x for some constant Lp, .
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Now we investigate smoothness with respect to w. First, note that we can assume for
all j and w, s (w); is lower bounded by a positive constant M > 0 and upper bounded
by a positive constant P < 1 since, by definition, output vector of the softmax function
contains values between 0 and 1 (we ignore the limiting case when a logit is infinitely
large, this is also implied by the smoothness assumptions on f,(w) and f(x)). Then, note

that assuming a gradient bound on f,(w) = + Ly yT log( S(W 7 )) implies that for all j

HVlog(sw o) )H I Sfu(w) | < Gy, for some constant G, (again the division operation is

elementwise); since 0 < s¥(w); < 1 we have |Vs¥(w);|| < G,. Moreover, similar to the

first part, by assuming f,,(w) is smooth we obtain that log(m) is smooth for all j. This
J

implies having a bounded Hessian:

v w V w T 2 w ]
for some constant C' we have C' > || V2 log( W = s*(w); Vs (W)J Vs (W);
sU(wW); | sv(w)3 s“(w);
@ ||| Vs*(w); Vs (w)]
B s(w); h
- Hv25w(w)3
F
GQ
= | - V25" (w);
s (w); .
2
> |[V2s(w),|| — wGw
s 5w
w G,
Z VZS (W)] F—M

where (a) is due to reverse triangular inequality and 0 < s*(w); < 1. As a result we obtain

C+ G—A“;“ > [|V2s*¥(w);|| forall 7, i.e., s“(w); is Lg-smooth with some constant Lg < C'+ Gﬁ
F

Thus, both s*(w); and log(s*(w);) are smooth functions. Note both s (w); and log(s"(w);)

are bounded functions. Consequently, the first summation term in the definition of fXP(w,x)
consists of the sum of product of bounded and smooth functions and the second term consists

of sum of smooth functions multiplied with positive constants (as log(-=+ (x ) does not depend
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on w). Using Fact 3 and Fact 4 we conclude there exists a constant Lp, such that f5P(w,x)

is Lp,-smooth w.r.t w.

Proposition 4. fXP(w, Q.(x)) is Lpg, -smooth with respect to x, Lpg,-smooth with respect

to ¢, and Lpg,-smooth with respect to w for some constants Lpg,, Lpg,, Lpgs-

Proof. The proof is exactly the same as in Proposition 3, instead of using smoothness of f(x),

using smoothness of f(Qc(x)) with respect to x, ¢ from Claims 3 and 4 gives the result. [

A.2 Proof of Theorem 1

This proof consists of two parts. First we show the sufficient decrease property by sequentially
using Lipschitz properties for each update step in Algorithm 1. For each variable x and ¢ we
find the decrease inequalities and then combine them to obtain an overall sufficient decrease.
Then we bound the norm of the gradient using optimality conditions of the proximal updates
in Algorithm 1. Using sufficient decrease and bound on the gradient we arrive at the result.

We leave some of the derivations and proof of the claims to Appendix A.2.3.

Alternating updates. Remember that for the Algorithm 1 we have the following

alternating updates:

X = prox, g, (x' = mVF(x') = 1 Ve f(Qet (x1)))

Ct+1 - prOXng)\th-l—l (ct - nchtf<Qct (XH_I)))

These translate to following optimization problems for x and c respectively (see end of the

section for derivation):

XtJrl = argmin {<X - Xta thf (Xt)> + <X - Xta vxif(@ct(xt>>> + % HX - XtH; + )‘R(Xa Ct)}
1

xER4
(A.6)
~ 1
¢! = argmin {<c — ¢, Vo f(Qur (X)) + 5= e — [, - ARG, c>} (A7)
ceR™ T2
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A.2.1 Sufficient Decrease

This section is divided into two, first we will show sufficient decrease property with respect

to x, then we will show sufficient decrease property with respect to c.

A.2.1.1 Sufficient Decrease Due to x
Claim 5. f(x) + f(Qc(x)) is (L + GLg, + Gg,LLg,)-smooth with respect to x.

Using Claim 5 we have,

1 L+GLg, + Go,LLq,

F)\(Xt—l—l’ct) + ( )HXt—H o Xt||2

2m 2
= FE) 4 (G (=) + ARG, ) (A3)
1 L+ GLQ1 + GQlLLQl t t
(g - y ) x|
< A+ F(Q () + ARG, ) + (T (x), x7 — x)
(Ve Q) x ™ =) e =X (A9)

Claim 6. Let

A(Xt-H) — )\R(Xt+1,ct) + <Vf(Xt),Xt+1 o Xt> + <vxtf(éct(xt)),xt+l N Xt>

1 t+1 t)12
+ X" —x
g x|

Then A(x') < A(x?).
Now we use Claim 6 and get,

PO + (7 =9 () + 5

n <vxt F(Oet(x1)), 1 — xt> < F(x) + F(Qu(x) + AR (x', )

= F)\ (Xt,Ct) .

[ = X3 + AR (x*, ) + f(Qet (%))
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Using (A.9) we have,

| L+GLg, +Gg,LLg,

F t+1 .t i
)\<X 7C ) + (27]1 2

)HXtJrl _ XtHZ < F)\ (Xt,Ct) )

Now, we choose 17, = and obtain the decrease property for x:

1
2(L+GLg, +Gq  Lg,)

L+ GLg, +Gg,Llg,

F (Xtﬂ7 Ct) + 5

[x = X2 < F) (x', ). (A.10)

A.2.1.2 Sufficient Decrease Due to ¢

From Claim 4 we have f(Qc(x)) is (GLq, + Go,LLg,)-smooth with respect to c¢. Using
Claim 4,

1 GLg, +Gg,LLq,
2772 2

_ f(XtJrl) + f(@ct+1(xt+1)) + )\R(Xt+1’ct+1) +(

F)\(Xt—H Ct—i—l) + ( )Hct-i-l _ CtHQ

1 GLg, +Gg,LLg,
27]2 2

< FETY) + F(Qet (X)) + AR(XL, ) + <vctf(©ct (x'*t1)), cft — ct>

Y

)HctJrl o CtHZ

1 t+1 t)12
+ —||c —C A1l

Now we state the counterpart of Claim 6 for c.
Claim 7. Let

B(e ) = ARG, ) + (Ve f(Qer (X)), ¥ — ) +

2_anctJrl - CtHQ
B(c") == AR(x", c").
Then B(c'™') < B(c!).

Now using Claim 7,

F(x) 4y Hct—i—l _ CtH; PR e 4 f(@ct(xt+1)) X <ct+1 _ ct,Vctf(@ct(Xt+1))>

< f (Xt+1) + f(@ct(Xt—H)) + AR (Xt—&-l,ct) _ (Xt+17ct)

144



Setting 1o = ) and using the bound in (A.11), we obtain the sufficient decrease

1
2(GLQ2 +GQ2 LZQ2

for c:

GLQ2 + GQz LlQ2

F)\ (Xt+1, Ct+1) + 5

||Ct+1 - ct||2 S F)\ (Xt—i-l’ct) (A.12)

A.2.1.3 Overall Decrease

Summing the bounds in (A.10) and (A.12), we have the overall decrease property:

F/\(Xt+1 Ct+1) + L+ GLQl + GQlLlQ1 th+1 . XtHQ + GLQ2 + GQ2L1Q2 Hct+1 i CtHZ
’ 2 2

< Py (x',c) (A.13)

Let us define Ly, = min{L + GLg, + Go,Llg,,GLg, + Gg,Llg,}, and z' = (x',c’). Then
from (A.13):

Lmin Lmin
F)\ (Zt-i-l) =+ : (”Zt—i-l _ ZtHQ) — F)\ (Xt—H,CH_l) + : (”Xt—i-l _ XtHQ + Hct-ﬁ-l _ CtH2)

S F)\ (Xt,Ct) = FA(Zt)

Telescoping the above bound for t =0,...,T — 1, and dividing by T

(Fy (2°) = 5 (2"))
LT

T-1

1

2
I (-2 <

(A.14)

t=0
A.2.2 Bound on the Gradient

We now find the first order stationarity guarantee. Taking the derivative of (A.6) with respect
to x at x = x!*! and setting it to 0 gives us the first order optimality condition:

V£ () + Vo f(Qer (x) + -

T

(x"*' = x") + AWV R (x1,¢') =0 (A.15)

Combining the above equality and Claim 5:

Ve B\, )|, = Hv FOY) 4 Vi f(Qer (X)) + AV R(xL, )

2
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1

o ) 4 V) = V) o F(Qu )

(a

=

- vﬂf(@ct (Xt))

2

< (nl +L+GLg, +Go Ll,) %+ — 1|,
1

Y 3(L+GLg, +Go, Lig,) X = x|,

<3(L+GLq, +Gq, Llg,) 1241 — 2z,

where (a) is from (A.15) and (b) is because we chose 7; = o L - First order

L+GLQ1+GQ1LIQ1
optimality condition in (A.7) for ¢! gives:

~ 1
Vet f(Qerrr (X)) + —(c"™ — ') + AWVan R(x' ) =0
2

Combining the above equality and Claim 4:

||Vct+1 F\ (Xt+1, Ct+1) H2 = cht+1 f(éctJrl (Xt+1)) + AVt R(X'H_l7 Ct'H) H

1 ~ ~
- ' — (e~ e) 4 Verrs f(Qerr (1)) — Vet f(Qer (x1))
1
(% + GLQQ + GQ2LlQ2) Hct+l - CtHg

2

Uy 2

IN

—
o
N

3(GLq, + G, Llg,) || — ',

<3(GLg, + Go,Ll,) ||z — 2|,

where (a) is because we set 1y = . Then:

1
2(GLQ2+GQ2LZQ2)
||[th+1F)\(Xt+1, )T Vo Py (x Ct+1>T]TH; _ HvxF)\ (x*, ') H;
(Ve (¢ e
< 32(G(LQ1 + LQQ) + L(l + GQllQl + GQlez))ZHZtJrl - ZtH2
Letting Lyax = max{L + GLq, + Gg,Llg,,GLg, + Gg,Llg,} we have:
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2
H[meF,\(xt“, Ct>T Vct+1F t+1 t+1 ||2 < 9L2 H t ZtH2

max

Summing over all time points and dividing by 7"

T-1

H xt+1F)\ t+1,ct)T VctﬂF)\ t+1 t+1 H2
t:O

| /\

ol Z 9Lmax HZH_I B ZtH2)

< 18L§nax (F)\ (ZO) — F)\(ZT))
o LminT ’

where in the last inequality we use (A.14). This concludes the proof of Theorem 1.

A.2.3 Omitted Details
First we derive the optimization problems that the alternating updates correspond to.
Remember we had the following alternating updates:

t+1

X = ProXyr, (x' =mVf(x') - Ulvxtf(éct (x)))

= PTOXp AR 141 (Ct - 772vctf(Qct (Xt+1)))

For x'*1, from the definition of proximal mapping we have:

1
xt+1:argmin{%Hx—Xt%-mthf( )—i—nlvxzf(Qct H + AR(x, c)}
1

x€R4

x€Rd

= arg min{ (x —x', Vi f (x)) + <X —x', thf(éct(xt))> + 2%71 Hx = XtH;
D F ) + Vi (@ ()P + ARG, ct>}

= argminq (x —x", Ve f (x")) + <X —x', Ve f(Q t(Xt>>> + L | — xtH2

x€R? T . ¢ 27]1 2

+ AR(x, ct)} (A.16)
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Note, in the third equality we remove the terms that do not depend on x. Similarly, for c***

we have:

) 1
¢! = argmin {—

ceR™ 2772

e — ¢t mVer f(Que )|+ ARG, c>}

ceR™

= argmin{ <c —c, chf(@cz(xt+l))> + 2%72 HC — CtH; + %chtf(@cf(XtH))HQ
- )\R(xtﬂ,c)}

= arg min {<c —c, Vctf(@ct(xt“))> + % e — ct”z + AR(x", c)} (A.17)
2

ceR™

Minimization problems in (A.16) and (A.17) are the main problems to characterize the update

rules and we use them in multiple places throughout the section.

A.2.3.1 Proof of the Claims

Claim (Restating Claim 5). f(x) 4 f(Qc(x)) is (L + GLg, +Gg,LLg,)-smooth with respect

to x.

Proof. From our assumptions, we have f is L-smooth. And from Claim 3 we have f(Qc(x))
is (GLg, + G, LLg, )-smooth. Using the fact that if two functions g; and g, are Ly and L,

smooth respectively, then ¢; + go is (L1 4+ Lo)-smooth concludes the proof. O
Claim (Restating Claim 6). Let
A1) = AR, ¢f) o (T (), X = x) o (Vi f(Qer (x)), X7 = )

1
4 _1||Xt+1 _ Xt||2

Then A(x') < A(x!).

Proof. Let A(x) denote the expression inside the arg min in (A.16) and we know that (A.16)

is minimized when x = x'*1. So we have A(x'™') < A(x'). This proves the claim. O
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Claim (Restating Claim 7). Let

B(e) = AR, 1) + (Ve f(Que(x)), e =) +

2—771”01”rl —c?

B(c") :== AR(x" ).

Then B(c™™') < B(ch).

Proof. Let B(c) denote the expression inside the argmin in (A.17) and we know that (A.17)

is minimized when ¢ = ¢'™'. So we have B(c'*!) < B(c'). This proves the claim. O

A.2.4 Proof of Theorem 2

In this part, different than Section 2.3, we have an additional update due to local iterations.
The key is to integrate the local iterations into our alternating update scheme. To do this,
we utilize Assumptions A.6 and A.7. This proof consists of two parts. First, we show the
sufficient decrease property by sequentially using and combining Lipschitz properties for each
update step in Algorithm 4. Then, we bound the norm of the gradient using optimality
conditions of the proximal updates in Algorithm 4. Then, by combining the sufficient decrease
results and bounds on partial gradients we will derive our result. We defer proofs of the claims
and some derivation details to the end of this section. In this analysis we take w* = £ 3% w,

so that w' is defined for every time point.

Alternating updates. Let us first restate the alternating updates for x; and c;:
x; " = prox,,\n,, (Xﬁ — (1= A)mVfi(xi) = (1= X)) Vi fi(Qer (x7))
- nl)‘pvxﬁ fz‘KD (ng Wf) - nlApvxﬁ fzKD(éc§ (Xz)a Wf))

Cg—H = prOanARx¢+1 <Cf - (1 - )‘p>772vc§fi(@c§ (XE-H)) - nQ)‘pvcgfiKD(écﬁ (X?H)’ Wf))

The alternating updates are equivalent to solving the following two optimization problems.

x€R4

X = arg min{u ) (=X V() (1= ) (X, Vo @ ()
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(o AV P wh) 4 (3 — x 0 T £ (et (x0), W )

1
+2—771 HX—XEH;—F)\R(X,CD} (A.18)

ceR™

C§+l = argmin{ <C — Cﬁ ( )V fl<Qc ( t+1))> + <C - CE? )‘pvcﬁf (Qc ( t+1)7 f)>
]' t t
gy le- el o (A19)

Note that the update on w' from Algorithm 4 can be written as:

witt = w' —n3g’,  where E Vet Fi(x et wh).

7

In the convergence analysis we require smoothness of the local functions F; w.r.t. the
global parameter w. Recall the definition of F;(x;,c;, w) = (1 —\,) (fi(xi) + £i(Qe, (xz))> +
AR(xi,¢;) + Ay (fiKD(X,', W) 4 fEP(Qe, (x,), W)) from (2.2). Tt follows that from Assumption
A.7 that F; is (A\p(Lp, + Lpg,))-smooth with respect to w: Now let us move on with the

proof.

A.2.5 Sufficient Decrease

We will divide this part into three and obtain sufficient decrease properties for each variable:
Xy Ciy W.

A.2.5.1 Sufficient Decrease Due to x;

We begin with a useful claim.

Claim 8. (1—X,)(fi(x)+ fZ(@t:(X))) + A (FEP (%, w) + fz’KD(QC(X)a w)) is (Ap(Lp, + Lpg,) +
(1=2)(L+GOLg, + G’g)l Llg,))-smooth with respect to x.

Proof. From our assumptions, we have f; is L-smooth, f&P(x,w) is Lp,-smooth and

fZKD(éc(x),w) is Lpg,-smooth with respect to x. And applying the Claim 3 to each
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client separately gives that f;(Qe(x)) is (G® L, + Gg)l Llg, )-smooth. Using the fact that if
two functions g; and go (defined over the same space) are L; and Lo-smooth respectively,
then g + g2 is (L1 + Ly)-smooth, and the fact that ag; is aL;-smooth for a given constant «

concludes the proof. O

From Claim 8 we have:

— (i) ()
R ¢! wt>+<2im—A”(LDIHDQIM1 B o B e e
= (1= 2) () L @er )] + 2y (FEPG, W) 4 FEP(Qer (x4, W)

1 M(Lp, + Lpg,) + (1= X)L+ GDLg, +GY) Lig,)

g ’ )+ = x|
+ ARG, cf)
< (1= 2) (Fx) + £i(Qu ()] + Ay (£t W) + £2(Qug (), w))

+ (1 - )<Vf,( ) t+1 Xt> + (1 - ) < th(Qc ( )) t+1 Xf>

A (Vg 70 W), X7 = ) 40 (T 1P (et (), ), x4 )
1

FARGE ) 5 = P
= (1) (ﬁ(xﬁ) + fi@cg <x§>>) 8 (PO w) + FEP Qe (x), wh)
(1= 2) (VL)X =)+ (1= M) (Vo il Qg (o), x4 = 1)

+/\p<Vx§fzKD(X§7Wt)—th.f-KD(X wi). x* = x!)
0 (Vi P Qg (). W) = Vo £ Qg o), wh), i =)
0 (Tt P ot i), X0 = ) 4 2y (Vo P (G (o), W), i = )

1 t+1 )2 t+1
+ Xi + )\R 1+ Y :
X P4 ARG )

< (1= 2) (Alxh) + L@t (x1))) + Ay (FE2(xE W) + FEP (e (), w))
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+(1-A ><sz< )Xt xf>+<1— ) { Vit £i( Qe (x)), X071 = 1)
x!) + Xy { Vo SEP(Qey (), wh), x4 — 1)

ill”

+ Ay <Vx§fZ~KD(X wh), xit —

A ~ ~
S IVt £ P Qe (x0), W) = Ve f157(Qet (57), WP + 13— x

pHV S w) - ngiKD(XE,WE)II“rQ—mHXE“—X§H2+AR(X§“,CE)- (A.20)

In the last inequality we used:

<)\p(vxzfiKD(X§7wt) - XffiKD(XEaWE))aX?Fl - Xf>
= (VAT P (') = Vo FEP (W), /A (= ) )

>‘Pth+1 1?”2

A
< 22V S W) — Vg fP (w2 +

and similarly,

(AT 5P Qg o). W) = Vi fP(Qer (),
A ~ -
< _pHfofzKD(Qci (X§)7 Wt) - vx:fzKD(Qcﬁ (X§)7 Wf)HQ

wi)), xt = x!)

)‘PHXtJrl 1§H2

Claim 9. Let
x—x) + (1= )< tfz(Qc( D)X XZ>

AT = (1= N\) (V fil(x!
Va FEP Qe (x), wh), %7 = 1)

+ <Ap<vngfD<xz,wz>>,x§“ = i) + (0

1
e — x|

+ A\R(x t+1 t R
A( ) - )\R<Xz7cz)
Then A(xT') < A(x!).

Proof. Let A(x) denote the expression inside the arg min in (A.18) and we know that (A.18)

is minimized when x = x*!. So we have A(x*!) < A(x!). This proves the claim. O
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Using the inequality from Claim 9 in (A.20) gives

1 M(Lp, + Lpg,) + (1= ML+ G Lo, + GY Lig,
RO ol w) (g - 2ot Eoe O AR LS B ) e

< (1= ) (£i6d) + fil@er (o)) + by (FEP ot W) + 5P (Qes o), w1) ) + A

A A ~
+ EpHvxffiKD@(E? Wt) - vxﬁfiKD(sz Wf)H2 + EpHvxffzKD(ch (XE), Wt)

Vo PP (G ) WP+ A P

(b) ~ ~

< (1= 2y) (fiC) + Sl @er(xt))) + Ay (P W)+ FEP(Qerlxt), W) ) + AR(x )
2T R w) — 9P W+ 2V S () W)

= VP Q) W 4+ A — x|
(c) ~ ~
< (1= ) (£0) + Qe ) ) + Ay (P (ot w') + FEP(Qur (). 1))
M(LD + L)
2
ML + Lbg)
2

+ AR(x!, cl) +

i Ci W' = will* + Al = xi)”

= F(x!, ¢!, w') +

19 19

[ — W Al = x| (A.21)

To obtain (a), we substituted the value of A(x/™') from Claim 9 into (A.20). In (b),
we used A(xI) € ARG, €l), [ Vo fEP(xt,w') — Vi fEP (w2 < [V FEP(xt, w) —
VP (x, w2 and [V f<P(Der (), 1) — Tt FEP (G (x1)), WP < IV £EP (o, wh)
VEP(xt, wh||?2. And in (c) we used the assumption that f&P(x,w) is Lp-smooth and

fiKD(@c (X), W) is LDQ-smooth.

. . _ 1 . . .
Substituting n; = 2w Loy g ) I LT G0 g G0 L) in (A.21) gives:

Ap(2+ Lp, + Lpg,) + (1 = M) (L + GO Lo, +GY Lig,)
9

Fi(x*t et wh) + (

R I ) )ng-i-l _Xﬂ|2

Ap(Lh + Ling)

< Fy(xt, et wh) + 5

1) 1)

Iw!—w'% (A22)

A.2.5.2 Sufficient Decrease Due to c;

In parallel with Claim 8, we have following smoothness result for c:
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Claim 10. (1—\,) fi(Qc(x)) + A\ fEP(Qe(x), W) is (AyLpg, + (1= M) (G Lg, +G5) Lig,))-

smooth with respect to c.

From Claim 10 we have:

i, it why 4 (L MeEpe T M) (G Lo, + GY) Lig,)
(2 7 '3 ) 2172 2

= (1= ) (fiE) + fi( Qe (7))
FARGE, ) 4y (P W)+ FEP Qe (xEF)), W)

1 MLpg, + (1= M) (GDLg, + Gy Lig,)
o 2
2

< (1= ) (A + Qe (xE)) ) + ARG )

0 (AP W) 1P Q) w1 ) el =

+(1- ><v Qe (R et = b )+ Ay (Ve fIP Qe (xtH), wh) e — )
= (1= ) (FO) + FilQu (1)) + ARG, elH)

0y (FP G W) 4 FEP Q7)) + 5l =

(1= ) (Ve fi@er (™)), ¥ = ef) 4 4y (Vg P Qs (xt), wi) b — )
0 (Ve FEP(Qut (), W) = Vg 1P Qg (1), wi el = cf)

< (1= ) (A + Qe (6 ) + ARG )

4 (AP W+ FPQe (), w0 ) + 5 el
+(1-2) (¥ tfz(Qc(t+1))aC§+1—C§>+>\p<Vc§f P(Qe (1), wh), el — )

22 P (G (), W) — Ve S @y () W+ 22 et . (A23)

e = cill?

Mei™ = cill?

t+1 C1§H2

in the last inequality we used:
(ATt SIP Qs (1), W) = Vg SIP Qg (), wh)), el = )
pIIV SIP(Qa (3, wh) = Ve fIP Qe (x0T, wi)|1”
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et — e
Claim 11. Let

B(c?—l) = /\R(X§+17C§+1) + (1 - ) < tfz(Qc ( t+1))7c§+1 - Cf>
1
A\ ) 1 oty otHl ot 1 t)2
2 (TP @ o), w1 = ) el ]

B( ) —)\R( t+1 t)

Then B(ci™) < B(ch).

Proof. Let B(c) denote the expression inside the argmin in (A.19) and we know that (A.19)

is minimized when ¢ = c/™. So we have B(c!*!) < B(c!). This proves the claim. O

Substituting the bound from Claim 11 in (A.23),

it et why 4 (L MeEpe T M) (G Lo, + GY) Lig,)
7 R 2172 5

< (1= ) (A + Qe (1)) + 2y (FEP (L, W)+ FEP(Qer (x4, W)
2T (G (), W) — Vet TP (s ), wh)

Bl + 2t — el

< (1= ) (FE) + Qe (6] + A (P W) 4+ FEP( Qe (1), W)

pIIVfKD(Qc( W) = VAP Qe (), whIP + R(x T ¢)

e = cill?

g

ﬁncm e

< (1= 3) (A + Fi@a k) + A (FEP R W) + P (Qua (671, W)
A

)\L
+ P9 Wt — w2+ R(x ef) + 22 ettt — ct)?

2 P

AN L3 A
= G e wh) + PR w - wi? o+ et — el

1 ) 17
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1

Substitutin = - '
ubstituting . 200 (14L D@, )+(1-2p) (GO Lo, +G) Llg,))

gives us:

Mp(1+ Lpg,) + (1= M) (GDLg, + GY) Lig,)
2

Fi(XH_l Ct+1,Wt)—|—

A At )

lei™t — cill®

ApLig
2

< Fi(xh el wh) +

VR It 3]

Iw' —wi?  (A24)

A.2.5.3 Sufficient Decrease Due to w
Now, we use (A\,(Lp, + Lpg,))-smoothness of Fj(x,c, w) with respect to w:

Fi<Xﬁ+1 ctJrl7 Wt+1) < Fi(xﬁrl Ct+17 Wt) 4 <wa-Fi<X§+17 CtJrl’ Wt), Wt+1 o Wt>

+ /\P<LD2 + LDQS)
2

Hwt+1 _ WtHQ

After some algebraic manipulations (see Appendix A.2.7) we have:

3
Fi(XH-l Cé+17wt+1) + (_ - )‘P(LD2 + LDQ3>77§)

t+1 41 t
A 2 VWt‘Fi(X’ G W )

() i

< E(Xﬁ—i-l Ct+1,Wt)

— VA )

2
+ (773 + 2>‘p<LD2 + LDQs)rr]?%) gt - vwaz’(XEJrlv C$+17 Wf)
2
+ (773 + 2/\p<LD2 + LDQ3)77§)()‘IJ(LD2 + LDQ3))2‘ Wf —-w' (A25)
A.2.5.4 Overall Decrease
Let L, LY for any i € [n] and L,, are defined as follows:
LY = (1= AL+ GDLg, + G5 Lig,) + M2+ Lp, + Lpg,) (A.26)
LY = (1 - A)(GY Lo, + GY) Lig,) + Mp(1 + Lpg,) (A.27)
L,=Lp,+ Lpg,. (A.28)

Summing (A.22), (A.24), (A.25) we get the overall decrease property:
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L

Ve FxE el wh) | S =

7 [’ K3

Fi(XH—l c1§+17wt+1) i (% _ )\prng)

2

L.
+ ettt = clll* < (s + 22, Lun3)

: gt_v tF( t-i-l t-‘rl’wl?)

) l 7

2
D 4 msA, L2 + 2N L) Apllwi — w2 + Fi(x}, ¢l w') (A.29)

79 19

Lf
(LQDQ + = 5

Let LY for any i € [n] and Ly, are defined as follows:

min

L](m)m = min{L®, LY (ns — 2\, L,n2)} (A.30)
Lunin = min{ L% i € [n]}. (A.31)

Ve B el wh)l| o I = et — el

K3 ?

E(Xt—&-l cz§+ljwt+1)+%

2
&' — Vo Fi(x 1, ! wh)

7, 1

< (3 + 2X\,Lun?)

2
+ M3\, L2 + 2)\2Lwn3))\p||wf —w! |+ Fi(xt, ¢k, w') (A.32)

1) 1)

L2
+(Lho+ -2 5

We have obtained the sufficient decrease property for the alternating steps; now, we need to
arrive at the first order stationarity of the gradient of general loss function. To do this we

move on with bounding the gradients with respect to each type of variables.

A.2.6 Bound on the Gradient

Now, we will use the first order optimality conditions due to proximal updates and bound
the partial gradients with respect to variables x and c. After obtaining bounds for partial
gradients we will bound the overall gradient and use our results from Section A.2.5 to arrive

at the final bound.
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A.2.6.1 Bound on the Gradient w.r.t. x;

Taking the derivative inside the minimization problem (A.18) with respect to x at x = x/*!

and setting it to 0 gives the following optimality condition:

(1= 2) (Ve filoc) + Vit fiQer () ) + Ay (Ve 5P ok, i) + Vo FP Qs (3, w1 )

1
+ —(xT = xh) + AV, +1R( ) =0 (A.33)

'l ? Z
Then we have,

V t+1F< t+1 t Wt)

Y ’L?

(1= %) (Vo filx ) + Vg Qs (x71)))

+ A, ( t+1fKD( Hl )+V f+1f (Qc( t+1)7 f))

+ AV H—IR( 1 t)

? Z

0= 20) (Vo ) = Vi fix) + Vg il G (1)
Vi (Qu(x) =~ (7 = x)

0 (Voo SEP (T ') = Vi f2 (, wh)

7

+Vx’§+1f (Qc ( H—l)awt) - fofzKD<écf (Xf),Wf)) H
< 77_+(1_/\p)(L+GZLQ1+GQ1LlQ1) %7 = x|
1
+ /\p||vxt+1fz‘KD(X§+1v w') — vxﬁfiKD(X§> w;) |l
+ )‘pHvxf‘*‘lf (Qc ( t+l)> Wt) - Vxﬁfz'KD(@t:E (XE)’ Wt)”

1 . i
< (E + (1= N)(L+GOLg, + GéﬁLle)) x|

+ X VP wh) = VP (G, wi) |
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+ MV P Qe (x), wh) = VP (Qer (), w') |

—~
o

)

IN

1 ; i
@g+u—&ML+G“um+Gau@Qw¢“ x|

+ M (Lo + Log) (" = xil| + [[wi — wl])
1 . .
= (U—+Ap(LD+LDQ)+(1—Ap)(L+G<1>LQ1+G<Q>ILJQ1)> I — x|
1

+ A\(Lp + Lpg)||w; — w'||

where (a) is from (A.33) by substituting the value of AV xtH1 R(x!*t ct), (b) is due to Claim 3
and A.1, and (c) is due to A.7. This implies:

2

Ven (e, W < 2(0(Lp + Lpg))*[[w; — w'||*

2
1 ; i
+2 <n— +M(Lp + Lpg) + (1 = ML + GV Lg, + Gé{L@)) i+ — xt||?
1

1

: 0) we have:
2(Ap(2+Lp, +Lpq, ) +(1=Ap)(L+G ) Lo, +G g Lig, )

Substituting n; =

2

Ven (x5 e, wh || < 2(0(Lp + Lpg))*[[wi — w'|*

+ 2 <)\p(4 +2Lp, +2Lpg, + Lp + LDQ)
2
+%1—%XL+GmMm+GngJ>Hf“ x|
)‘p
=18 3(4 +2Lp, +2Lpg, + Lp + LDQ)
2
%%1—MNL+GmMm+GngJ>Hf“ x|
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+2(\(Lp + Lpg))*[lwi — w'[|* (A.34)

A.2.6.2 Bound on the Gradient w.r.t. c;

Similarly, taking the derivative inside the minimization problem (A.19) with respect to c at

c = c!/*! and setting it to 0 gives the following optimality condition:

( - ) tfl(@c( t+1)) +)‘Pvc§f (Qc( t+1)7W§)

1
+n—(c§+1 ;) F AV R(x et ) =0 (A.35)
2

Then we have

\V/ t+1F< t+1 ;tJrl’Wt)

(1= X) Ve fil Qe (x{))

+ )\I7vc’§'H fiKD(éct.+1 (XEJrl) ) + AV t+1 R( 1 t+1)

? ’L

(a)

(1= %) (Vs i @epr (671) = Ve fi Qs (™))

0y (Vs £ Qe (1), W) = Vi P ( Qg (1), w0 )

(el el

< (1= 3)|| Vg fl G (! »—tma<mﬂ

[V [ (@ (), W) = Vg P (@ 1), i)
+ e — et

< (1= M\)|[Vers fil Qe () = Vet fi(Qer (xEH))

+)\p VfZKD(Q t+1(Xt+1) t) fKD(Qc( t—i—l)’ f)
el — et
Uy
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1 ; i
< (F + M Log + (1= 23)(G" Lo, + Gégu@z)) et =
2

+ M Lpgllw' — will

where in (a) we substituted the value of AV i1 R(x; 1 el from (A.35) and the last

inequality is due to Claim 4 and Assumption A.7. As a result we have,

2
\Y% t+1F( t+1 t+1,Wt)

2
1 4 ;
< 2(77— +XpLg + (1= %)(G L, +GgLLzQ2>) fei™! =<l
2
+2(\Lpg)*[[w' — wi?

substituting 7, = L O} we have:
2 (14+LpQy)+(1=2p) (G Lo, +G ), Lig,))

v t+1F( t+1 t+1’ Wt)

? Z

2
A
<18 <§p(2 +2Lpg, + LDQ)

2
+ (1= 2)(GVLg, + GSZLlQ2)> lef™ — cil?

+2(\pLpg)?lw' — wi|? (A.36)
A.2.6.3 Overall Bound
2
Let |G} = H[ e Fi(x el whT Ve Fi(x T e wh)T Ve (™ ¢ wh)T]T || L Then,
2
||Gf||2: [v t+1F( 1§+1’ E,Wt)T \V4 t+1F( 1§+1’ 1;—#—17 t) v F( H—l7 ;H—l’wt)T]T
2 2 2
= ||V t+1F( Hl, ch,whl + Vt+1F( f“, f“,wt) Vwt Fi( Hl, f“,wt)

IN

A
18 (f(xx +2Lp, +2Lpg, + Lp + Lpg)
2
+ (1= AL +GPLg, + Gg'iu@») It — x|?
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2
A ; i
+18 ({(2 +2Lpq + Lpg) + (1= 2)(GV Lo, + Gé;?u@z)) lei*! = el

2

+2(M\(Lp + 2Lpg) ) ?lwi — w'||* + ||V Fi(xT, e, wh)

Z

where the last inequality is due to (A.34), (A.36) and using that 2(\,Lpg)? + 2(A\,(Lp +
LDQ))2 S 2(>\p(LD + 2LDQ))2 . Let

1 /A , .
Lgm—nmx{ I@(£§Q+QLMb+LD@+%1—AMKWU@2+GQL@Q),

A ; i
(§@+2Lm+ﬂLmh+LD+Lmﬂ+(L—%ML+GWh%+G&L@J)}

Then,
2

’L’ ’L Z

H[V wmF(xt et wh)T, v t+1F( 1ot WwhT o F(x T et wh)T)T

< I8(Ligh) (™ = xi|1* + [l = il +

max thF( ?Fl t+17wt)

’L

+2(Ap(Lp +2Lpg))*[[w; — w'||*

. 2
@ (L9)?

< 36 g — Ve F(x™, et wi)

’L ? 7, K3

(3 42X, L)

min

L2
+(Lpo + = 5 T L2+ 202 L) A wi — w2

+ R el wh) — F(x el wit)

77 1) (3 g Y

+2(\(Lp + 2Lpg))*|lwi — w'||*,  (A.38)

where in (a) we use the bound from (A.32), and Ly, is defined in (A.31).

Now we state a useful lemma that bounds the average deviation between the local versions

of the global model at all clients, and the global model itself. See Appendix A.2.7 for a proof.

Lemma 6. Let n3 be chosen such that ny < T where LD — min{Lg?aX :
o2 (14—

max
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€ [n]} and Lyax = \/% Z?ZI(LE%X)? (where Lihy is defined in (A.37)), then we have,

1 T-1 1 1 T-1 1 n
52 D2 = Wil < 3 < 6r S (L)
t:O i=1 t=0 i=1

As a corollary:

Corollary 3. Recall, g' = 23" | Vo Fy(x™, ¢, wl). Then, we have:

< 3 Z max

—92 n
L 1 .
2 max 2 2_§ : (1) \2,..
+ B(APLU’) <1 + (L(min))2>6T T]S,n . (Lmax> K,

max

T—
gt_v tF( t+1 t+1 Wt

’L ? ’L

where L. is defined in (A.37), and Lyax, L) e defined in Lemma 6.

KINAYME

Let 7 := 13" (L max) ki and Cf =1 4 a using Lemma 6 and Corollary 3,

(mlnz{Lde})z ’
summing the bound in (A.38) over time and clients, dividing by 7" and n:

(n3 + 2/\pr77§) X | 3R+ 3(Apr)QCL6T277§’{

1 T-1 1 n
fZEZHGEHQ <
t=0 =1
2

5 D\, L2 + 2)\2Lw773))\p x 67°n3R

(L?DQ + -

n
Z rnax Xl’c’HW ) E<X§+17C§+17wt+1))
i=1

3I'—

=
T2

t=0

+2(\,(Lp + 2Lpg))* x 67°n3K

36
= 7 |37 R (2 Lig + AL Ay Ly (2 4 60%) + 15X, L, (4 + 1207))
36 1 o~ (L )2A%
3 6, Ly ht F
+ OSN3k + 173/{ + — 2 =
+12X2(Lp + 2Lpq)*T°n3k (A.39)
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where AY = Fi(x?, %, w9) — Fy(xT, ¢, wT).

17 71 RIS

Choice of 73;. Note that in Lemma 6 we chose n3 such that n3 < | /W. Now, we

further introduce upper bounds on 7;.

e We can choose 73 small enough so that L, =13 — 2)\pr77§; see the definition of Ly,
n (A.31).
e We can choose n3 small enough so that 13 — 2\, L,n3 > . This is equivalent to

: 1
choosing 73 < ol

These two choices imply Ly, > 2.
In the end, we have 2 critical constraints on 73, {ns : 73 < , /W,T]g < ﬁ} )
T pLaw

Then, let {n3 : n3 < yw, TF} Moreover, choosing 7 < /T we can take 13 = m

this choice clearly satisfies the above constraints.

From (A.39) we have,

T—1
1
T Z 37277§E(2)\ Lo+ AL + msA2L2 (2 4+ 6C1) + m3ASL3 (4 + 12C1))
=0 = i=1
721 o= (Lihe)2AY
+ 3m3F + 6\, L3R | + —— L
N3 n 4= T
+ 1202 (Lp + 2Lpo)*T°n3k
= 72|37 sRE(2Ap L] + Ap LD + msAiL2 (2 + 6CL) + i3 A LS (4 + 12C1))
721 o (Lih)?AY
3K 4 6y Ly, —— RN
+ oK + Nk | + s ; T
+ 1202 (Lp + 2Lpo)*T°n3k
In (a) we used Ly, > %. Now, we plug in 73 = m then:
T-1

3 L2+2L 1 3(2 + 6C 1 34+12C 1
D bQ 2+ L)TQE —I——( * 3 L>T2E—3

<72 + -
vV CLL \/T 160[, T 6405 T2

1 ~—1
Iy e

t=0 =1
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5 ) gAn
+3R+ s——~=

2\/_\/_ + 288\, Ly, \/CL Z

L3 (Lp +2Lpg)* 1
4 CpLL? T

+21.2 _ r i 7
54DWL§Q 7% + ABE 4 988\ /TpA Lyt 30 (L) PAY
VT

2724Cp , 2=

N el 2+CCL 2% 4 (Ligffng)QTQE . 2 CQST K ot
T T2
A.2.7 Omitted Details in Proof of Theorem 2
Obtaining (A.25),
Fi(xt et with) < Fy(xt ettt wh) + <thE (x1 et wh), wht _Wt>
+ )‘p(LDz ;’ LDQ3> ||Wt+1 _ WtHQ

P(LDQ + LDQ3)
2

A
—F( t+1 t+1’ t <thFz ¢+1 t+1,wt),n3gt>+ ||n3gt||2

9 ’L ’ ’L

— F( t+1 t+1

7 Z

,w')
— 13 <thF( E-H’ ;H—l’wt)’g _VwiF;( §+1’ f-}—l’ )+VWtFl< 1§+1’ §+1’Wt)>

, Loy + Log)

5 7]32,||gt—thF( §+1 1E+17 )+v F( 1§+1, §+17Wt)H2

? ’L

2

Vw F(x e w')

= Fi(xi* ettt wh) — s

K3 ?

-3 <thE( S t+luwt)7gt_thF( i t+17wt)>

9 ’L Y Z

Mp(Lp, + Lp
+ p( 2 Q3)77§Hgt—vwiF( t+1 t+l’ )—l—thF( §+17 :-I—l’wt)HZ

2 7, ? 7,
2 2
< Fy(x et wh) — || Ve B (x0T L wh) BN i Fy(xH, e wh)
2
0 |E — Vae B et w) |+ AL, + Log, )i ||8° — Ve Fi(xt el w)
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thF ( t+1 erl’ Wt>

+ )‘p(LDz + LDQs)ﬁ%

2

= Fi(x e wh) — (B — A (Lp, + Lpo,)nl)

t+1 t+1 t
i , G, 2 thFz< . ,W)

Z

+ (B

5 g = V(i o wi) + Ve Fi(x ™ e wy)

Y z ’ ’L 1

+ Mp(Lp, + Lpg,)n3)

2
_ v F ( tj—l t—‘rl’ Wt)

) ’L

< Fi(x e wh) — (B — A (L, + Loo,)nd)

5 thFz< 1§+1 t+1,Wt)

l

2
+ (13 + 20p(Lp, + Lo, )m3) ||8" — Ve Fi(x, ¢ wi)

’L 3

+ (13 + 22 (L, + Loy )0 || Vet Fi (6 €71 W) = Ve (3, €7, w)

? 7, K ? 7,

2
< Fi(x el w!) = (F = (L, + Log) 1) | Ve Fi(x( ™ e w)
2
+ (113 + 20 (L, + Lpgy)n3)||8" — Ve Fi(x;T €7, wy)
2

+ (3 + 2A(Lp, + Lpgs)n3) (Ap(Lp, + LDQg))QHW§ —w'

Rearranging the terms gives (A.25),

Proof Lemma 6. Let t. be the latest synchronization time before ¢. Define 5, = £ =% 1(Lgnax) ||w—
w!|?. Then:

1 . 4
M D DG RT3 SR YERR)
i=1 j=tc k=1
2
— (W' —mZVJF 7Lt wl)
Jj=tc
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n
7] 1 1 1 j 1 1 ‘
S 32 =YV AT e wl) = Vo BT W) ()
j=tec k=1
77 i 1 1 1 1 1 A
- TZ - Z Ll(nax 2 E (V Fk( Al ?j j) vaFk( - ]+ 7W])
] tc =1 L k=1

+vw3Fk( Jj+1 C?:-l W])) _VWJF( g+1 ]+1 )—l-vng( g+1 _]+1 Wj)

) z 7 ) z )
2]

1 1 ]
_v]F( J"r ]+ WJ

) z ) 7

te+T 2
<r> 3By [ § (Tug et ) = T )
Jj=te =1 k=
2
4= Z vw] Fk ]+1 _]+1 Wj) i VWJF( J+1’ iJrl7 WJ)
2
+ vaF( g-i-l’ iHij)—V JF( g-i-l’ i-i-l’wg ]
te+T n n
(ApLw)*n g~ 1 i 2y L i
<7 30 [T DD T lwi = WP+ =D (LG s
j=tec k=1 i=1 =1
1 — . . ,
Oy L) S0 wzw]
=1
tet+T 2 n n
> | (ApLw) nl (i) \2 1 (k) \211«d i (12
S T Z 37]3 [ 7’L2 n 4 (Lmax) (L(min))2 (Lmax) Hwk w H
j=t¢ i=1 max k=1
1 n
+ n (Lfrll)ax>2"{‘7f + (Apr)QVJHQI
i=1
te+T7 n n
=7y 305 | (AL )2l > (L) )2; 4+EZ(L(” ki + (ML),
- 3 pHw n 4 - max (L(min))QfYJ n - max ? pHw ’y]
j=tc = max i=
te+T z2 1 n
=7 3 ((/\pryﬁ% T D (L0 + (Apr)ZWJ) (x2)
j=te max i=1

in (a) we use the facts that | S8 a;||> < K S5, [lai||?, t < 7+, and that we are summing
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over non-negative terms. As a result, we have:

tet+T 72 n
L 1 .
2 2 max . = (1) 2.
v S (o (e o oS S

j=te i=1

totT et T tetT T2 1™
2 2 max ] - (%)
=3 e 35 Sam (14 o ) LS

t=tc t=tc j=tc max

2 te+T
= 37202 (ML)’ (1 + ;;ff ) > 43 Z(L '

(max Jj=tc i=1

Let us choose 13 such that 372n3(\,Ly,)? (1 + (L&“EE)(F) <lenp<

sum over all syncronization times, and divide both sides by 7"

1 T-1 1 T-1 1 n
T > on< 5 Do+ 37277:)2,5 D (L) s
§=0 i=1

=0
1 T—1 n
_} : 2 2_2 : (i) \2
:>T P Tt < 67 3 - (Lrnax) R

Proof of Corollary 3. From (x1) < (%2) in the proof of Lemma 6, we have:

t+‘r n 2

OFD

t=t. =1

&' — Vo Fi(x 1 ! wh)

Z K3

tc+T ZQ
SZ?)((Apr)?(H(L(HﬁT >%+ Z

t=t. max

Summing over all ¢. and dividing by 7"

T—l

1
T n Z max

t=0 =1
—2 1T 1
3(>\pr)2<1+( = ) Ve + 3~ Z ()

2gt — v Fi(xIH T w)

? ’L (2

max t=0 =1

max i=1

672(ApLay)? (1+

max

(L{min) )2

(a) EQ 1 n
2 max 2,2~
S 3()\pr) (1 + (L(mm))2> X 67— 773” Z( max Hl + 3 Z max KJ’L?

where (a) is from Lemma 6.
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A.2.8 Proof Outline with Client Sampling

Incorporating partial client participation and analyzing the resulting algorithm is fairly simple.
Essentially only changes are in Lemma 6 and Corollary 3, as everything before that is for

local updates only. Now we give a summary of what changes:

Let KC; denote the set of clients that participates at time ¢, where |[KC;| = K, i.e., K clients
participate in the training process at any time. In this case, we define the average parameter
w'! and the gradient g’ as the average over the respective parameters of only the active clients

at time ¢; we also define ~; similarly.

e Change in the proof of Lemma 6: In the proof of Lemma 6, the second term on
the RHS of the second inequality, with the above modification will be equal to
H% > kek, Vi Fiu (x0T e wi) — Vi, Fy(xI T Cg—H,Wj)”Z. Earlier, the average was
over all clients from 1 to n and this term was bounded by k; using Assumption A.6.
Now, we can use the Jensen’s inequality (iteratively) and Assumption A.6 and bound
this by 2k; + % Zjelct ;. This change will propagate over until the end.

e Change in the proof of Corollary 3: Since this is a corollary to Lemma 6, this will also
see a similar change.

e Remaining convergence proof: Now, continuing the exact same convergence proof and

using the modified bounds of Lemma 1 and Corollary 3 will give the bound of our

algorithm with partial client participation.

This is the modification in the entire proof.

A.2.9 Problem Setup and Convergence Result of QuPeL

For QuPeL, we define the following augmented loss function at client i:

~ A ~
Fy(xi, ¢, W) i= fi(x) + fi(Qe, (%)) + AR(xi, ¢:) + f(!lxi = W[+ [|Qe, (x:) — w]?).
(A.40)
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Here, w € R? denotes the global model, x; € R? denotes the personalized model at client 1,
and c¢; € R™ denotes the model quantization centers at client ¢, where m; is the number of
centers at client 7, with log m; representing the number of bits per parameter, which could
be different for each client — larger the m;, higher the precision. Note that different than

QuPeD, this time all the model parameters x; are of the same dimension with w.

From (A.40) we get the following global loss function:

argmin( ({Xl} {ci}, ) ZF X, Ciy W >, (A.41)

where minimization is taken over xi,...,x, € R% c; € R™ for i € [n], and w € R

We present our proposed algorithm QuPeL for minimizing (A.41) in Algorithm 9.

A.2.10 Convergence Analysis

First we state our convergence result for QuPel,

Theorem 17. Consider running Algorithm 9 for T iterations with 7 < /T, and with learning

1 _ 1
2(3/\p+)\pLQl +L+GLQ1 +GQ1 LlQl) 7 772 - Q(Ap+)\pLQ2 +GLQ2 +GQ2 LLQQ) 7

For any t € [T, define

and ng = 1/8x,vT

rates 1, =

Gt — [V t+1F( ¢+1 t wt)T \V4 t+1F( t+1 t+l> t) v F( 1+1 t+1’Wt)T]T_

(2 Z ’ l’ 7, ? 7, z Y ’L

Then, under assumptions A.1-A.6, we have:

T-1 n 2
1 1 A 2K + 72 L?
3 -y a :@( 4 Lo ? LT +L3nax>,
T L — ﬁ T T2
where ey = max{\/&, 52 + 22592 4 GLg, + Gg,LLq,, §A, + 254 + 2500 4 [ 4
Glg, + Gg,Llg,}, and A = L2, 7x(1 + G4, + G%)) + L2, + L2 NAp with Ap =

i (B, o, wi) — Fi(x] ¢f wy)).

70 71

The rest of this section is devoted to proving Theorem 17.
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The analysis is similar to the one in Appendix A.2.4, however, this time we can assume
same gradient bounds for each client since all the clients have the same model structure. As
a result the analysis requires slightly less algebraic manipulations. Naturally, we don’t need
A.7 in this analysis. We defer proofs of the claims and some derivation details to the end of

section. We take w! = 1 Zl L Wi, so that w' is defined for every time point.

Alternating updates. Let us first restate the alternating updates for x; and c;:

x; ! = prox, p_ t( — mVfi(x) = m Vi fi(Qee(x1)) — mAy(xt — wh)
+ vxi@cf (Xi)<Qc’§ (Xlzt) - Wf))
CE—H = prOan/\R t+1( 772v tfz(Qc ( )) 772)‘ \Y% “Fch ( t+1)(Qc ( t+1) Wf))

The alternating updates are equivalent to solving the following two optimization problems.

x*! = argmin {<x —x;, Vi (x})) + <X —x, ngfi(@cg(xﬁ)» + (x = x5, A\p(xt — wi))

xc€R?
+ <X - Xﬁ, )‘pvxf@cﬁ(xb(écf(xb - Wf)> 2771 HX XtHg + AR( )}
(A.42)
C;Jrl = argeﬂglniﬂ {<C - Cmv fl(Qc ( t+1))> + < /\ \% t+1QC ( t+1)(Qc ( t+1) Wf)>
oo — el + A )} (A.43)

Note that the update on w' from Algorithm 9 can be written as:

n
1
1 _ ot t t_ 1 bl ot
w =w' —n3g’, where g —EE Vat Fi(x;7, ¢, wy).

7

In the convergence analysis we will require smoothness of the local functions F; w.r.t. the
global parameter w. Recall the definition of F}(x;, i, w) = fi(x:) + fi(Qe, (x:)) + AR(x;, ¢;) +
22 (|l — wlf? + |Qe, (x:) — W||2) from (A.40). It follows that Fj is 2),-smooth with respect

to w:

VuFi(x, e, w) — Vo Filx, W) = [A,@2w - x - Ge(x) = A, (2% —x — Q)]
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<2\, |lw— W, VYw,w €R% (A.44)

Now let us move on with the proof.

A.2.11 Sufficient Decrease

We will divide this part into three and obtain sufficient decrease properties for each variable:
X;,Cijy W,

A.2.11.1 Sufficient Decrease Due to x;

We begin with a useful claim.

Claim 12. f;(x) + fi(Qe(x)) + 2 (||x — W||*> + [|Qe(x) — W||?) is (A, + AL, + L + GLg, +

G, Llg, )-smooth with respect to x.

From Claim 12 we have:

L M+ Mo + L+ Glo, + G, Llg,
2’)71 2

Fi(xi™ ef,w') + ( it —xi|?

(2 7

~ )\
= fz‘(XfH) + fz‘(ch (X§+1)) + AR(XfHa c;) + —2p ||X§+1 —w'|?
Ap < 1 AN+ MNLo 4+ L+GLo, +Go,Llg,
2p||QC$(x§+1) t||2 ( P pHQ Q Q1 @

)it = xi®
2771 2 % )

~ A A~
< fild) + [ Qe (%) + S llxi = WP + T Qer (%) = WP + AR(x™, )

(TR =) (Vo Qo) P ) (A — w1 )
(a6 @y ) — w0 )+ (! — w0 )
+ <)\vat.@/ct. (Xf)(Wf - Wt)>X§+1 - XZ> + LHXE-H - X§|‘2 (A45)
L 2m
Claim 13. Let

A = ARG ) 4+ (VD5 = x) 4 (Vg Qe () 5 = x¢)

3 (2
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(W@ (K@ ) — w7 =Xl + Oyl = w7 =)

1
+ 2—771||X§+1 — x{|?

A(xY) == AR(x!, cb).

1) 1

Then A(x!T1) < A(x!).

Using the inequality from Claim 13 in (A.45) gives

F-(XH_I ct Wt) + (L o )‘P + )‘pLQl + L+ GLQl + GQlLlQ1
2 7 Pt ) 2/'71 2

)i — x|
t >‘p t t12 )‘p A t )12 t+1
< fz Xz)+fZ(Qc ( ))—l—?HXz’_W H —f-—HQc%(XZ-)—W H +A(Xz’ )

(3

(b) )‘p t (2 p A )2
< filx) + fi( Qe (x xi) + oI = WP+ Qe () — W+ AR(x;, <)

(

<)\ \Y, tQC (x!)(wh —wh), xITt — >+<>\ wi—w'),x{th —x{)
(x;
)\p(1+G21>

lwi = w'I1* + Al ™ = x|

(14 GE
—F@M%ww~ﬁ774%w—wW+MWW—ﬁw (A6
To obtain (a), we substituted the value of A(x!™!) from Claim 13 into (A.45). In (b), we

used A(xiT) < AR(x!, cl) and (A, (wi —wt), x!T1 —xt) = (/A (Wl —wt), /A, (xT —xb)) <

Fllwh = w? + 3 [lx! — x{[?, and

_ -
(Vs () (= W) =ty < 2| Gty vt = w) | 22—
A A
_§C%<>nw—wm+iwm—ﬁw
F
A
slgww—ww 2l - x|

where the second inequality follows from ||Ax||s < ||Al|#||x[|2, which holds for any matrix A
and vector x (dimension compatible); and the third inequality uses Assumption A.5.

. . o 1 . . .
Substituting n; = BN TN I F+0Lo TGg Tig) 11 (A.46) gives:

Fy(x!t chwh) + (3)\;; + Lo+ L+ Glo, + Gollo, I — x| < Fi(xE, ek, wh)
(2 ) 2 (2 K3 —

19 1)
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Ay (1 + G2
+¥wa—w

t||2
(A.47)
A.2.11.2 Sufficient Decrease Due to c;

In parallel with Claim 12, we have following smoothness result for c:

Claim 14. f; @C x)) + 22 @c x) —w|?) is (\,Lo, + GLg, + Go,Llo., )-smooth with respect
2 pHQ2 Q2 Q2Q2

to c.

From Claim 14 we have:

i _ /\pLQ2 + GLQ2 + GQ2LZQ2 )Hct‘Jrl o Cfsz

27,]2 2 i i

= [+ [ Qe (xT)) + ARG ¢ ) + pHQc( i) =W
(L _ )‘PLQ2 + GLQ2 + GQ2LZQ2)HC7§+1 i Cz‘:HZ
27]2 2 1 (2

Fi(XﬁJrl Cz&l’wt)_i_(

7 ?

PHXt+1 tHZ

< O 4 A () ARG ) + 2 Qg — W
)\p ¢ t 2 t t+1 t 1 t+1 t)12
o I = WP+ (Ve fil@e ), ! = eh) o+ 5 el =
<A Vet Qet (%) (Quq (1) = wi) ! — ) (A.48)
(A Ve Qe (6 (w! = wh), et — f) (A.49)
Claim 15. Let

1
B(e() = ARG ) + (Vg fl Qg (i), € = cf) 5! — el
2

<)‘ \Y% t+1Qc ( t+1)(Qc ( t+1) Wf),CZ—H Cf>

B( ) —)\R( t+1 t)

Then B(ct™') < B(c}).

Substituting the bound from Claim 15 in (A.49),
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;L_A#@f+Gub+G@thw&H_cm2
27]2 2 % %

< O 4 @) ARG )+ 2w

Q) = w4 (A VesQeg (<) (- ). — el

R, e w) + (

K3 7

A A\, G2

= R e+ 2l = el S fwt - w?
o B 1 . '
Substituting 7, = 30w Lo, 1GLa, 1Ga, LLg,) S1VES Us:

>‘P + )‘pLQz + GLQz + GQzLLQ2 Hcﬁ-l

FZ-(XH_l Ct-+1 Wt)—l— ;

7 ? ?

tHQ < F( H—l C'? Wt)

Yt

e
(A.50)
A.2.11.3 Sufficient Decrease Due to w
Now, we use 2),-smoothness of F;(x, c, w) with respect to w:
Fy(x, et whtl) < Fy(xtt et wh) + <thFz (xtFL et wh), wit! _Wt>

+ )\pHWt—H . Wt||2
Then we have,

F’i(xﬁ+l Cferl t+1) < F( 7§+1 t+17 Wt) <VWtF( l‘f+1 t+1’ Wt>, Wt+1 o Wt>

) Yt} ? z z
+ )\pl|wt+1 . Wt||2

_F( t+1 t+l, +<thFz 1;4’].7 f+17wt)7773gt>+)‘pH773gtH2

Z ? l

— F( t+1 t+1 t — 13 <thE t+1 t—l—l7 Wt), gt o VWtFZ< t+1 H—l7 Wt)

Y z 7 ) z Y 7,

) Z

_{_thFl( H—l t+1,Wt)>

+02n05llg" — Ve Fi(x T, e wh) + Vi Fy(x T et wh)|)?

) )
2

= B e W) — g

et VWtF( t+1 t+1’ Wt)

Z ? 'L
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—773<waFz t+1 t+1awt)>gt_thF( i—Ha f+1awt)>

’L

+Amsllg" = Ve Fi (i, 67 wh) + Ve B e wh) ||

2
2 2
B L Fi(x et wh @ Vo Fi(x e wt
( Y ’L 7W ) + 2 ( Y ’L 7W )
2 2
+20,75 | |lg" — Ve Fi(x el wh|| + || Ve Fi(xE el wh)
2
—F L D ot 13 2\ 02) |Vt 1 Gt ot
(et w) — (B o) [V e et w)
+(7;3+2)‘p773) _v tF( H—lv f—H) )+V tF( H_la E—H:WD

2
_v F( t+1 t+1,Wt)

Z ? ’L

t+1 t+1 t
— U Et') thF( A z 7W)

< Fi(xt.Jrl c’?“,wt) (7723 2, 3)

2
oA ||g - Ve BT e w)

+ (03 + 4003 | Ve Fi(xH e wi) = Ve Fy(x( T el w)

Z ? 7, K3

2

Vot By, e wh)

< B el w) = (5 = 2n))

— 7 ?

2
g = Vy Fi(xH ot w)

) l 7

+ (15 + AM13)

2

wi —w'

+ (3 + 4N15) AN,
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Rearranging the terms, we have:
2

Fy(xi! C¢+1,Wt+1)+(@—2/\p7]§) Vi Fy (x4, e wh)

(2 P 2 'L
2 2
< (s +40m3)||8" = Vi F( T e wi) ||+ (75 + 4Am5) 40, || wi — W'
+F( et wh) (A.51)
A.2.11.4 Overall Decrease
Define
L, =3\, +M\Lg, + L+ GLqg, + Gg, Llg, (A.52)
L.= )\p + )\pLQ2 + GLQ2 + GQQLZQQ. (A53)
Summing (A.47), (A.50), (A.51) we get the overall decrease property:
’ L
F¢ el W) 4 (B 2d)| Ve G e wh |+ 2t
I 2
+ e = cll” < (ns + 4Apm3) |18 = Vi B e wi)
+ (1+ G, + Gp, + 43, + 1615\, [ w! — w'||? + Fy(x!, ¢}, w') (A.54)
Let
Linin = min{L,, L., (13 — 4\,n3) }. (A.55)
Then,
I 2
Fi(x, et with) 4 % Vo F(x L et wh) || [ — x| + ||t — ¢t]?
2
< (s +4AN3)|[8" — Ve B, e wi) ||+ Filxg, o, w')
+ (1+ Gy, + G, + 43k, + 16X05) N [[w! — w' || (A.56)
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A.2.12 Bound on the Gradient

Now, we will use the first order optimality conditions due to proximal updates and bound
the partial gradients with respect to variables x and c. After obtaining bounds for partial
gradients we will bound the overall gradient and use our results from Section A.2.11 to arrive

at the final bound.

A.2.12.1 Bound on the Gradient w.r.t. x;

Taking the derivative inside the minimization problem (A.42) with respect to x at x = x!**

and setting it to 0 gives the following optimality condition:

Vi(xh) + Vae £ Qet (x1) + Ap(x = W) + X, Ve Qe (x1) (Qt (x1) — W)
+ nl(xgﬂ X!) + AV (XM, ¢) =0 (A.57)
1

Then we have,

AV t+1F( ?*1’ f’W) sz( t+1)+v tHfz(Qc( t+1))+)\( t+1 Wt)

+ >\ Vv t"‘ch ( t+1)(Qc ( t+1) )+ AV H'IR( t+17 f)

DT () = V() + Ve Sl Qer (1) = Vet fi( Gt (x1)

+ 2 V1 Qe () (Qer (x1F) — W)
— AVt Qet (x4 (Qr (x1) — w)

+ (- n—)(X§+1 —x;) + Ap(wi — w')
1

1
(771 + >‘ + A GQllQl + L+ GLQl + GQlLlQ1>HXt+l - XtH

+Ap(1+ Go)[[w; — w'l|
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where (a) is from (A.57) and the last inequality is due to Lipschitz continuous gradients and

triangle inequality. This implies:

2

1
( + )‘ + A GQllQl + L+ GLQl + GQlLlQ1) HXtJrl f”Q

V t+1F( 2§+1 ¢ Wt)
T

Y ’L?

+20(1+ Go,)*llwi — w'|]”

1
2(3)\p+)\pLQl +L+GLQ1 +GQ1 LlQl

Substituting n; =

l

j we have:

2
Ve (I el wh)

) 17

< 2(7)‘10 + 2>‘pLQ1 + )‘PGQllQ1

+3(L+GLQ1 +GQ1LZQ1)) ”XH—1 f”2

+ 201+ Go, )*[lwi — w'||?
Ty 2elan  MGala,

= 18(=\ L+ Gl
+ G, L, )| — x|
+2A§(1+GQ1)2HW§ —w'|]? (A.58)

A.2.12.2 Bound on the Gradient w.r.t. c;

Similarly. taking the derivative inside the minimization problem (A.43) with respect to c at

c/*! and setting it to 0 gives the following optimality condition:

tfx@c(t“))ﬁ(cz“ ¢!) + A Vet (x1) (et (x1) — wl)

+ AV R(x;, ¢i) = 0 (A.59)

’L

Then we have

t+1 t+1 t
Vcﬁ“‘lFi(Xi Y 7W) =

Vo fil Qs (7)) AV gt Qoo (6 ) (G (<) — wh)
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FAV e R et

Z ? ’L

1
(et -

Ve i@ (041) = Ve Qo) + -

+ AV t+1Q t+1( t+1)(Q +1(Xt+1) Wf)

- /\ \% th ( t+1)(Qc ( t+1) Wt)

1
< (% + )‘pGQle2 + GLQz + GQQLZQ2)||C$+1 - Cf”

+ MG, lw; — w'l|

2§+1)

the first equality is due to (A.59) and the last inequality is due to Lipschitz continuous

gradient and triangle inequality. As a result we have,
2

1
< 2<_ + )‘PGQQZQz + GLQQ + GQ2L1Q2> HCtJrl

V t+1F( t.+1 t+1’wt>
2

) l

+ 2)\12,G222Hw§ — thQ

1
2()\p+)\pLQ2 +GLQ2 +GQ2 LLQ2

substituting 1, = j we have:

2_>‘p + QAPLQQ

<18

Ven F(xit it w! +GLg, + Gg,LLg,)?|cttt —
C; Q2 Q2 Q2

+ 2)@(%2 [wh — w'|?

A.2.12.3 Overall Bound

Then, let us write ||G!||? :

IGHP = || [Vt B el )T, Vs Fy (e, e wh)T, W Byt e, wh)T)T

az) ’z 172

2 2

_ t+1 .t t
_VH'IF(i?z?W) + VR At} + 72

VCE_HFi(Xf&l Ct~+1, Wt)
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7 2\, L AGao,l
<I8(3Ay + T+ SRS+ Lt Glg, + G, Lig, ) Ixi T — x|
2
2\, 2)\,L
+18(5F + T 4 GLg, + Go,LLo, llef™ — cll* + |V Fi(x{ ™, el w)

+20((1+ Go,)* + G4, ) [ wi — w'|?

where the last inequality is due to (A.58) and (A.60). Let

1 2X\ 2/\ L
LmaX:maX{\/E,Tp—i— 5 Q2 +GLg, + Gg,LLg,,

7 o\, L \,Go.l
Y pHQ1 P Q1'Q1
3 pt 3 + 3

+L+Glg, + GQleQl} . (A6

Then,

[V t+1F( t+1’ t ) V t+1F( t+1 t+1,Wt) VWtFZ( t+1 t+1’wt)T]T

7,7 ) 7, Y ’L

2

<ABLZ (X = x| + [l = cfl]? + || Ve Fi(x{ et wh) || )
+20((1+ Go,)* + G, [wi — w'||?

(@) L2, NI B Gt ot ;

S 36L— (773+4/\p7]3) g —v tF( . s z 7Wi)

+ (14 G3, + G, + Ansh, + 16X205) N[ w! — w2

+ 2>\2((1 + Go,)? + Gp,)|lwi — w'||>. (A.62)

In (a) we use the bound from (A.56), and Ly, is defined in (A.55).

Now we state a useful lemma that enables us to relate local version of the global model,

w;, to global model itself, w.

Lemma 7. Let n3 be chosen such that n3 < | /48T+)\2, then we have,
P

T-1 n

1 1

T Z - Z [w' — wil|* < 6773k
t=0 =1
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As a corollary:

Corollary 4. Recall, g' = 23" | Vo Fy(x™, ¢, wl). Then, we have:

Z

(Tl 2
1+l ot
— — Vat Fi(x;7 ¢ wy)

? (2

< 144)\]237'27@% + 3k.

t=0 i=1

See end of the section for the proofs. Using Lemma 7 and Corollary 4, summing the
bound in (A.62) over time and clients, dividing by 7" and n:

T-1

1 L?
- G_t 2 < 36 max
LS e < et

t=0 i=1 min
+ (1+ Gy, + Go, + 4ms), + 16X205)A,67°n

S (Fi(x),c?,wl) — Fy(xI' ], wl))
nT

(n3 + 4)\p773)(144)\27 77%/1 + 3k)

+

+ 200 (1 + Gg,)* + Go, )67 15k

2

LmaX
= 36m [67'277%/{()\])(1 + Gy, +Go,) + 287)3)\]2J + 112773%)\2)

A
+ 33k + 12\,m5K + TF + 12X2((1 + Gg,)* 4+ Gy, )T°n3x (A.63)

S (Fi (x9,e9,w)—F; (xT 7cZT,WiT))
p .

where Ap =

Choice of 7;. Assuming 7 < VT we can take 73 = ﬁ, details of this choice is
P

discussed in the end of this section, and after some algebra we have the end result:

_TZ 1 Z G < 5AL2, Th(1+ GE + G%)) + 54L%  + 57612,
T —n VT

N 151212 7%k + =722 (1 + Gp,) + G,)

max

AN AR

T
604812
+ $ +216L%, K
T3

This concludes the proof.
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A.2.13 Proof of Lemma 7 and Corollary 4

Let us restate and prove Lemma 7,

Lemma (Restating Lemma 7).

’i
3

(A.64)

1
Iw" — will* < 673k

3I’—‘

=1

Il
o

t
Proof. Let t. be the latest synchronization time before t. Define v, = £ 37" | [[w" — wf||.

Then:
2
1 ) ,
== Wit — ngZZV’Fk I i (w —%ZVJF LIt W)
= j=tc k=1 J=te
(a) t n 2
<7y, D ZV FGd e Wl - Vo B e w (1)
j=tc n =1
t o n [ n
1 - .
=3 B S (Vg el el o) = Vs Filoel el w)
j=tc i=1 k=1
_i_vaFk( Jj+1 Ci;+1 Wj)) _VWJF( j+1 iJrl Wj)
2
+ VWi B el wl) = Vi Fid g w) ]
te+T 772 i . ?
SONDD [ LS (T Al e wh) = T L el )
Jj=tec k=1
2
vaﬂFk J+1 ?j—l WJ) VWJF( ]'—i-l7 fH,Wj)
2
[V EB(x] T el Towl) = VG Fi(x) T el w] ]
AT 2 4N O , ) ) A
5723fz PN lwi = w7+ s+ AN [ — WP
j=te i=1 =
te+T
:7'23773(4)\2 5+ 4AXDy;) (x2)
Jj=tec
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in (a) we use the facts that || Zfil a;]|* < Ksz; la;||?, t < 7 +t. and that we are summing

over non-negative terms. As a result, we have:

te+T7

v <T Z 303 ( 8)\2% + R)

Jj=tec
te+T1 tet+T tetT tet+T

— > W< YD B3R Y k) = 24N Y v+ 30k

t=t, t=t. j=t. j=te

Let us choose 73 such that 24723\2 < § < 13 <, / 5557, sum over all syncronization times,
D
and divide both sides by T":

= =
T Y < 3 v+ 35k
t=0 7=0
T-1
1 2.2
:>T Y < 6773k
t=0

Let us restate and prove Corollary 4.

Corollary (Restating Corollary 4). Recall, g' = 137" | Vo F(xT!, i, w!). Then, we

7, ? Z 3

have:
2

~
H
3

b+l t+1 ¢
g -V fF X; W)

< 36)\]2372775?% + 3k

H
I
3I>—‘

=1

Proof. From (*1)

IN

Lemma *2 in the proof of (7), we have:

te+T7
< Z 8/\2% + k)

J=tc

t+1 41 t
g — (x;7, ¢, W)

3

Summing over all ¢, and dividing by T'

2 T-1

T—

1

SUNZ Y vt s
t=0

—
3

l g _ tF t+1 t+1 W¢>

(2

S|

t=0 =1
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(a)
< 144)\1207'27732,/1 + 3K

where (a) is from (7).

A.2.14 Choice of 73

Note that, in Lemma 7 we chose 13 such that n; < \/E;/\' Now, we further introduce upper
pT

bounds on 7.

e We can choose 73 small enough so that Ly, = 13 — 4\,n3; see (A.55) for the definition
of Lmin-
e We can choose 73 small enough so that 73 — 4,73 > 4>, This is equivalent to choosing

1
N < By
These two choices implies Ly, > %.

In the end, we have 2 critical constraints on 73, {1z : 73 < m%/\ﬁ, ng < ﬁ} . Then, let

{ns :m3 < ﬁ} Moreover, assuming 7 < /T we can take 13 = ﬁ this choice clearly

satisfies the above constraints.

From (A.63) we have,

T-1, n 2
1= L}

A
+ 3+ 12005k + | +1270((1+ Go,)* + G, )Tk

L2
< 7 max [67277§/<(Ap(1 + Gy, + Go,) + 28n3\) + L12m3 X))
M3

A
+ 3+ 12005k + | +1275((1+ Go,)* + G, )Tk

= T2L2 . [672773/4;()\,,(1 + G, + Gp,) + 28n3A) + L1203A0)
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A
+ 3Kk + 12 3Kk + —;

| T 12X2((1+ Go,)* + G, ) T°n3k

1
8\VT

Now, we plug in n3 =

3., 1+G3, +G3,) 1 1
= 7202 [Z K \/17 2=+ 217'2/<QT . 84%@%
31  8\AR 3 1
3 s - G2 GQ 2.2~
+/<:+4\/_ Nia ((+ )+ Q)TKT
54L3mx K1+ G, +Gp,) + 54Lfnax + 576 L%, NAF
VT
N 151202 7%k + =726* (1 + Gg,) + G3,)
T
6048 L>
—max +216L2 Kk
E
where Ly is defined in (A.61).
This completes the proof of Theorem 17. O

A.2.15 Additional Details and Results for Experiments

In this section, we first discuss the implementation details for the prox steps for Algorithm 1
and Algorithm 4 in Section A.2.16. Section A.2.17 discusses implementation details for the
algorithms along with hyperparameters which was omitted in Section 7.5 of the main paper
due to space constraints. Section A.2.18 provides additional experiments for comparison
of QuPeD (Algorithm 4) with other personalized learning schemes with additional types of
heterogeneity and datasets. Section A.2.19 discusses the hardware resources on which the

algorithms were implemented and the training times.

A.2.16 Proximal Updates

For the implementation of Algorithm 1,4, we consider ¢;-loss for the distance function R(x, c).

In other words, R(x,c) = min{%|jz — x||; : z; € {c1,- -+, cn}, Vi}. For simplicity, we define
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C=A{z:2z € {c1, -+ ,cm},Vi}. For the first type of update (update of x) we have:

: 1 2
P10, o(¥) = rgmin { o x - ¥ + M. o)

ind L Jx = yl2 + 2 min |z — x|
— arg min — || X — — Mmin ||Z — X
xge]Rd 2m iz 2 zeC !

= i i _1 H -y H2 _/\H - H
arg min min X + —|lz —x
& 2m 279 !

xcRd  Z€

(A.65)

This corresponds to solving:

zeC xeR4

.1
min min {77_ I — I3 + Allz — XHl}
1

Since both ¢; and squared f5 norms are decomposable; if we fix z, for the inner problem we

have the following solution to soft thresholding;:

/
)\7]1 : A1

wX(z)i = § yi + %, if y; + % < z (A.66)

z;, otherwise
\

As a result we have:

1 2
. _ * _ )\ _ *
ggg{m () — y I3 + Al x(z)\h}

This problem is separable, in other words we have:

1
z; = argmin {—(x*(z)z —i)® 4+ Az — w*(z)z|} Vi

zi€{ci, o ,em} T

Substituting z*(z); and solving for z; gives us:

z; = argmin {|z; —yl|} Vi
zi€{ct, - ,em}
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Or equivalently we have,
z" = arg Iélin |z =yl = Qc(y) (A.67)
VAS

As a result, prox, g (-) becomes the soft thresholding operator:

;

Yi — %, if ;i > Qc(y)i + %

PIOXyaR(.0)(¥)i = g+ 2, if g < Qely)s — 2 (A.68)

Qc(y)i, otherwise

\

And for the second type of update we have prox,,p(.)(-) becomes:

P10 e (1) = g { o1 o =l + Ai(x.)

ceR™

1 A
= argmin{ —— fle — g + 5 min 12 — x|

ceRm™ 27]2
1
—argmin{ o flo -l + 51Qu0 < xl}  (A09)
ceRm™ n

Then,

) 1
PIOX,, \r(x,) (K); = arg min {2—( Z Qe (x)i — 4 }

c;crm | 22

1 A
= arg min { 2772( i — 1) + 3 ; L(Qe(x)i = ¢j)lc; — x,-|}

Cj eRm™
We remark that the second term of the optimization problem is hard to solve; in particular we
need to know the assignments of x; to ¢;. In the algorithm, at each time point ¢, we are given
the previous epoch’s assignments. We can utilize that and approximate the optimization
problem by assuming c¢/*! will be in a neighborhood of ¢!. We can take the gradient of
R(x'! ¢) at ¢ = ¢! while finding the optimal point. This is also equivalent to optimizing
the first order Taylor approximation around ¢ = c¢'. As a result we have the following

optimization problem:

c;eR™

d
. 1 A
PrOX,,  g(xt+1,) (1) A arg min {—( )2+ 3 Z L(Qer (x1); = ¢)|cf — aft
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l\.’)>/

d t+1
_Z]l Qo (x1); = t)@\cﬁ—xi |
=1 . J 802
olct—ait!|
Oc t

In our implementation, we take as 1 if c > ot 1 if c < 2! and 0 otherwise.

Now taking the derivative with respect to ¢; and setting it to 0 gives us:

/\772
prOXngAR(xt+1,~)(U)j g — 5 —(

MQ“

L(Qct (x" )i = )L™ > ¢))

7

L(Qor (x"); = ) L(z7" < cf))

. Il
Il Q=
iR

Proximal map pulls the updated centers toward the median of the weights that are

assigned to them.

Using P — oo. In the experiments we observed that using P — oo, i.e. using hard
quantization function produces good results and also simplifies the implementation. The

implications of P — oo are as follows:

o We take Vi f(Qc(x)) = 0 and Vi fEP(Qc(x), w) = 0.
S D 1Qe(x); = 1)
o We take Ve f(Qe(x)) = Vef (Qe(x)) = : and
i AP U(Qelx)i = )
KD x).w
S, e (Qe(x)s = 1)
Ve ffP(Qe(x), W) = Ve fHP(Qc(x), w) =
KD X),W
S et Q)i = en)
A.2.17 Implementation Details and Hyperparameters
In this section we discuss the implementation details and hyperparameters used for the

algorithms considered in Section 7.5 of our main paper.

Fine tuning. In both centralized and federated settings we employ a fine tuning procedure

similar to |7]. At the end of the regular training procedure, model weights are hard-quantized.
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After the hard-quantization, during the fine tuning epochs we let the unquantized parts of
the network to continue training (e.g. batch normalization layers) and different from [7] we

also continue to train quantization levels.

A.2.17.1 Centralized Setting

For centralized training, we use CIFAR-10 dataset and train a ResNet [66] model following |7]
and [177]. We employ ADAM with learning rate 0.01 and no weight decay. We choose
A(t) = 107%. For the implementation of ResNet models we used a toolbox'. In Table 2.1 we
reported the results from [177] directly and implemented ProxQuant using their published
code?. We use a learning schedule for 7, particularly, we start with 1, = 10~* and multiply

it with 0.1 at epochs 80 and 140.

A.2.17.2 Federated Setting

For each of the methods we tuned the local step learning rate separately on the set
{0.2,0.15,0.125,0.1,0.075,0.05}. We observed that except for the two cases, for all other
cases, 0.1 was the best choice for the learning rate in terms of accuracy: The two exceptions
are the local training methods on FEMNIST and Per-FedAvg on CIFAR-10, for which,

respectively, 0.075 and 0.125 were the best choices for the learning rate.

e QuPeD?: For CNN1 we choose A, = 0.25, A(t) = 1075¢ for 2Bits and A = 5 x 10~ "t 537 for

1Bit training on CIFAR-10. On FEMNIST 4 and MNIST we choose A(t) = 5 x 107t for

2Bits and A = 10*6t0_39t for 1Bit training. For CNN2 we use A\, = 0.15. Global model has

the same learning schedule as the personalized models. Furthermore, we use 7, = 1074

thttps://github.com/akamaster/pytorch resnet cifarl0
Zhttps://github.com/allenbai01/ProxQuant
3For federated experiments we have used Pytorch’s Distributed package.

“We use https://github.com/tao-shen/FEMNIST _pytorch to import FEMNIST dataset.
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QuPeL: We used A\, = 0.2, n3 = 0.5 (same as pFedMe [42]) and took A values from QuPeD.

e Per-FedAvg [48| and pFedMe [42]:To implement Per-FedAvg, we used the same learning
rate as mentioned in Section 7.5, schedule for main learning rate and o = 0.001 for CNN1
and o = 2.5x 1072 for CNN2 (we tuned in the interval [8 x 1074, 5 x 1073]), for the auxiliary
learning rate. For pFedMe we used the same learning rate schedule for main learning rate,
K =5 for the number of local iterations; and we used A = 0.5, n = 0.2 for CNN1 and
A =0.2, 7= 0.15 for CNN2 (we tuned in the interval [0.1, 1] for both parameters).

e Federated Mutual Learning [152]: Since authors do not discuss the hyperparameters in the
paper, we used a = § = 0.25 for CNN1 and a = = 0.15 for CNN2, similar to our use of

Ap in QuPeD. Global model has the same learning schedule as the personalized models.

For QuPeD and Federated ML we used CNN1 as the global model in all settings. For the
other methods where global and personalized models cannot be different we used the same

structure as personalized models.

A.2.18 Additional Results for Federated Setting

In this section we provide additional experimental results for comparison of QuPeD with

other pearsonalized learning schems from literature.
Comparison on another CNN architecture (CNN2). We first report experimental

results on CIFAR-10 for CNN2 in Table A.1 (with the same setting we have for Table 2.1).

This is a deeper architecture than CNN1, as described in Section 7.5 in the main paper.

For the results in Table A.1, it can be seen that the comments made for Table 2.1 in
the main paper directly hold as QuPeD is able to outperform other schemes by a significant
margin. This demonstrates that QuPeD also works for a deeper neural network (than CNN1

considered in the main paper).
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Table A.1 Test accuracy (in %) for CNN2 model at all clients, CIFAR-10.

Method Test Accuracy in %
FedAvg (FP) 62.49 + 0.42
Local Training (FP) 73.86 £+ 0.22
Local Training (2 Bits) 73.24+0.14
Local Training (1 Bit) 70.23 £ 0.10
QuPeD (FP) 76.39 £ 0.36
QuPeD (2 Bits) 75.32 £ 0.18
QuPeD (1 Bit) 72.01 £+ 0.31
PFedMe (FP) [42] 74.70 £ 0.10
Per-Fed Avg(FP) [48] 74.60 £ 0.48
Federated Mutual Learning(FP) [152] 75.74 £+ 0.56

Another Type of Data Heterogeneity. We report results for another data heterogene-
ity setting where each client has access to data samples from random 3 classes on CIFAR-10.
Sampling data from 3 random classes per client is a more challenging setting compared 4
classes per client considered in Section 7.5. In Table A.2 we see that FedAvg’s performance
further decreased due to increased heterogeneity. Moreover, most of the other personalized FL
methods are outperformed by local training whereas QuPeD still performs better than local
training, and other personalized FL methods. We observe that QuPeD with 2 Bits aggressive
quantization outperforms all the other competing methods except Federated ML [152] (for

which it shows a similar accuracy). Moreover, QuPeD (1Bit) is able to outperform Per-Fed Avg.

Importance of updating the centers. In our proposed schemes: Algorithm 4, we opti-
mize over both the quantization levels and the model parameters. We compare performance
of our proposed scheme with the case when we only optimize over model parameters and

not quantization levels in Table A.3. As seen from the results in the table, having the center
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Table A.2 Test accuracy (in %) for CNN1 model at all clients, with 3 classes accessed per client on CIFAR-10.

Method Test Accuracy (in %)
FedAvg (FP) 59.23 + 0.25
Local Training (FP) 78.03 £ 0.59
Local Training (2 Bits) 77.47+£0.64
Local Training (1 Bit) 75.89 + 0.66
QuPeD (FP) 80.30 = 0.60
QuPeD (2 Bits) 79.31 +0.74
QuPeD (1 Bit) 77.23 £ 0.58
QuPeL (2 Bits) 77.87 £ 0.53
QuPeL (1 Bits) 74.46 £ 0.73
pFedMe (FP) [42] 78.22 £ 0.91
Per-FedAvg (FP) [48] 75.08 £ 0.39
Federated ML (FP) [152] 79.44 £+ 0.82

updates in the optimization problem is critical, particularly, for the 1Bit quantization case

for which we observe an increase in the performance by 4%.

Results on MINIST. We now provide additional results on MNIST dataset to compared
QuPeD with other competing schemes. We consider 50 clients in total, where each client
samples data from 3 or 4 random classes and uses CNN1. We train for a total of 50 epochs,

for quantized training we allocate the last 7 epochs for finetuning.

QuPeD (FP) outperforms all methods except Per-FedAvg on MNIST when clients sample
data from 4 random classes. The difference is almost negligible (0.04%). As we can observe
in Table A.4 with the increased heterogeneity QuPeD starts to outperform Per-FedAvg by

a 0.20% margin. Moreover, we observe QuPeD with 2Bit quantization also outperforms
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Table A.3 Test accuracy (in %) comparison between the cases with and without center updates for CNN1

model at all clients, 4 classes accessed per client on FEMNIST.

Method Test Accuracy (in %)
QuPeD (FP) 97.31 +£0.12
QuPeD (2 Bits) 96.73 £ 0.27
QuPeD (1 Bit) 95.15 + 0.21
QuPeD (2 Bits) no center updates 96.48 £ 0.10
QuPeD (1 Bit) no center updates 91.17£0.58

Per-FedAvg.

Text classification task on AG News Dataset. To show that our method can also be
applied for tasks different than vision tasks. text classification problem using the AG News
dataset (available at https://pytorch.org/text/stable/datasets.html). We used half of the dataset
to make the training procedure more challenging. We used EmbeddingBag structure available
at https://pytorch.org/tutorials/beginner/text sentiment ngrams_ tutorial.html and distributed the
data such that each of the 42 clients has access to samples from 3 out of 4 classes. The results

we obtained are provided in Table A.5

These results demonstrate the effectiveness of QuPeD on text data in comparison with

local training.

A.2.19 Computational Resources

For our experiments, we used a server which has 6 Nvidia RTX2080Ti GPU’s and Intel Xeon
Gold 6230 CPU @ 2.10GHz CPU’s. The longest epoch time is 125 seconds with QuPeD
(2Bit) training on CIFAR-10. Our code uses a maximum of 9GB memory per GPU.
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Table A.4 Test accuracy (in %) for CNN1 model at all clients, on MNIST.

Method 3 classes per client 4 classes per client
FedAvg (FP) 98.64 + 0.10 98.65 £ 0.09
Local Training (FP) 98.79 + 0.03 98.66 = 0.15
Local Training (2 Bits) 98.53 £ 0.07 98.37 £0.11
Local Training (1 Bit) 98.41 + 0.02 97.95 + 0.20
QuPeD (FP) 99.05 £0.10 98.89 £ 0.11
QuPeD (2 Bits) 98.96 + 0.13 98.67 £ 0.18
QuPeD (1 Bit) 98.57 £ 0.08 98.25 £+ 0.16
QuPeL (2 Bits) 98.95+0.12 98.61 +£0.19
QuPeL (1 Bits) 98.33 £0.14 98.11 £ 0.26
pFedMe (FP) [42] 98.98 + 0.05 98.82 +0.15
Per-FedAvg (FP) [48] 98.82 + 0.05 98.93 £ 0.09
Federated ML (FP) [152] 99.00 + 0.06 98.84 +£0.13

Table A.5 Test accuracy (in %) for Embedding Bag model at all clients, on AG News.

Method

FedAvg (FP) 83.04 = 0.60
Local training (FP) 84.20 £ 1.53
Local training (2 Bits) 82.68 +0.34
Local training (1 Bit)  82.12 £2.17
QuPeD (FP) 85.06 =+ 1.07
QuPeD (2 Bits) 83.62 = 0.50
QuPeD (1 Bit) 82.72 4 1.20
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Algorithm 9 QuPeL: Quantized Personalization
Input: Regularization parameters A, \; synchronization gap 7; for each client ¢ € [n], initialize

full precision personalized model x¥, quantization centers ¢?, and local model w?; a penalty

function enforcing quantization R(x,c); a soft quantizer @C(x); and learning rates ny, 12, 13.

1: fort=0to7 —1do
2:  On Clients i = 1 to n (in parallel) do:
3: if 7 does not divide ¢t then

& Compute ! = Vi fi(x¢)+ Vi i(Qet (x0) +-Xp (¢ — W)+ 0, Voo Qe (x0) Qe ()~ W)

t+1 _ t t
5 X; = PrOXy\r (x; — msg;)
7

6:  Compute h! := Ve fi(Qet (x™)) + A Vg1 Qet (6 (Qer (3 ) — W)

7 ) 7 7

& et = PIOXp AR 141 (c; — n2hf)

S W =l = x)  (w] - Qe (x4))
9: else

10: Send w! to Server

11: Receive w'! from Server and set w/t! = w

12:  end if
13:  On Server do:
14: if 7 divides t then
15: Receive {w!}?; and compute w' := 1 5" w!
16: Broadcast w! to all Clients
17 end if
18: end for

19: %] = Qcr(x]) for all i € [n]

Output: Quantized personalized models x! for i € [n]
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APPENDIX B

Appendix of Chapter 3

B.1 Preliminaries

We give standard privacy definitions that we use in Section B.2, some existing results on
RDP to DP conversion and RDP composition in Section B.2.1, and user-level differential

privacy in Section B.2.2.

B.2 Privacy Definitions

In this subsection, we define different privacy notions that we will use in this paper: local
differential privacy (LDP), central different privacy (DP), and Renyi differential privacy

(RDP), and their user-level counterparts.

Definition 1 (Local Differential Privacy - LDP [86]). For ey > 0, a randomized mechanism
R : X — Y is said to be ey-local differentially private (in short, eo-LDP), if for every pair of

inputs d,d' € X, we have
Pr[R(d) € 8] < e®Pr[R(d) € §], VS ). (B.1)

Let D = {x1,...,2,} denote a dataset comprising n points from X. We say that two
datasets D = {z1,...,x,} and D' = {2/, ..., 2]} are neighboring (and denoted by D ~ D’)
if they differ in one data point, i.e., there exists an ¢ € [n] such that z; # «} and for every

Jj €[n],j # i, we have z; = z/.
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Definition 2 (Central Differential Privacy - DP [45,46|). For €, > 0, a randomized
mechanism M : X™ — Y is said to be (€, )-differentially private (in short, (e,9)-DP), if for
all neighboring datasets D ~ D' € X™ and every subset S C Y, we have

Pr[M(D) € S| < e Pr[M(D') € §] + 0. (B.2)
If 6 =0, then the privacy is referred to as pure DP.
Definition 3 ((\, €(\))-RDP (Renyi Differential Privacy) [121]). A randomized mechanism
M X" — Y is said to have e€(\)-Renyi differential privacy of order A € (1,00) (in short,
(X, €(N))-RDP), if for any neighboring datasets D ~ D' € X™, the Renyi divergence between
M(D) and M(D') is upper-bounded by €(N), i.e.,

DA(M(D)[IM(D') = + i 1108 <E9~M(D’) [(ﬁ((g))i?)) D

< e(N),

where M(D)(0) denotes the probability that M on input D generates the output 6. For conve-
nience, instead of €(\) being an upper bound, we define it as €(\) = supp,..p Dr(M(D)||M(D’)).

B.2.1 RDP to DP Conversion and RDP Composition

As mentioned after Theorem 7, we can convert the RDP guarantees of DP-AdaPeD to its DP
guarantees using existing conversion results from literature. To the best of our knowledge,

the following gives the best conversion.

Lemma 8 (From RDP to DP [8,22]). Suppose for any A > 1, a mechanism M is (X, € (N))-
RDP. Then, the mechanism M is (¢,6)-DP, where €,0 are define below:

For a given 6 € (0,1) :

log (1/8) + (A —1)log (1 —1/X) —log ()
A—1

e:m/\ine()\) +

For a given e > 0 :

g 2O EW =) () 1)?
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The main strength of RDP in comparison to other privacy notions comes from composition.
The following result states that if we adaptively compose two RDP mechanisms with the

same order, their privacy parameters add up in the resulting mechanism.

Lemma 9 (Adaptive composition of RDP [121, Proposition 1]). For any A > 1, let My : X —
V1 be a (N, €1(N)-RDP mechanism and My : Yy x X — Y be a (A, €3(N\))-RDP mechanism.
Then, the mechanism defined by (My, M) satisfies (A, e1(N) + €a(N))-RDP.

B.2.2 User-level Differential Privacy [95]

Consider a set of m users, each having a local dataset of n samples. Let D; = {x;1, ...,z }
denote the local dataset at the i-th user for i € [m], where x;; € X and X C R¢. We define
D = (Dy,...,Dy,,) € (X™)™ as the entire dataset.

We have already defined DP, LDP, and RDP in Section B.2 w.r.t. the item-level privacy.
Here, we extend those definition w.r.t. the user-level privacy. In order to do that, we need
a generic neighborhood relation between datasets: We say that two datasets D, D’ are
neighboring with respect to distance metric dis if we have dis(D,D’) < 1.

Item-level DP /RDP vs. User-level DP/RDP. By choosing dis(D,D’) = 3 ", >0 1{w;; #
j;}, we recover the standard definition of the DP/RDP from Definitions 2, 3, which we call
item-level DP /RDP. In the item-level DP/RDP, two datasets D, D’ are neighboring if they
differ in a single item. On the other hand, by choosing dis(D,D’) = > 1" | 1{D; # D;}, we
call it user-level DP/RDP, where two datasets D, D’ € (X™)™ are neighboring when they
differ in a local dataset of any single user. Observe that when each user has a single item

(n = 1), then both item-level and user-level privacy are equivalent.

User-level Local Differential Privacy (LDP). When we have a single user (i.e., m =1
and D = X™), by choosing dis (D, D) = 1{D # D'} for D, D" € X", we call it user-level LDP.

In this case each user privatize her own local dataset using a private mechanism.

We can define user-level LDP/DP /RDP analogously to their item-level counterparts using
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the neighborhood relation dis defined above.

B.3 Personalized Estimation — Gaussian Model

B.3.1 Proof of Theorem 3

We will derive the optimal estimator and prove the MSE for one dimensional case, i.e.,
for d = 1; the final result can be obtained by applying these to each of the d coordinates

separately.

The posterior estimators of the local means 61, ..., 6,, and the global mean p are obtained
by solving the following optimization problem:

éla s 76‘Am>ﬂ = argmax px|e (Xla SR 7Xm‘917 B aem)p9|,u<917 s 76m’ﬂ)

01, ,0m,p

= alg min — IOg (PX|0 (Xla s 7Xm’917 B 76m)> - lOg (p9|,u<017 SR 79m’/’6>)

917 ,enuﬂ
= argmin C' + E E
01,....0m,p i=1 j=1 i=1

where the second equality is obtained from the fact that the log function is a monotonic

function, and C is a constant independent of the variables § = (64,...,6,,). Observe that

i_g.)?
the objective function F(¢,u) = >, X770, (x: 261) + >0 (ei;ﬂ)z is jointly convex in
0

Oz

(0, 1v). Thus, the optimal is obtained by setting the derivative to zero as it is an unbounded

optimization problem.

OF 200, — X)) 206 — p)
) po + P , i € [m)]
p={1,0;=0;
or| Sty
= 5 =0.
ol o;
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By solving these m + 1 equations in m + 1 unknowns, we get:

éi=a<%ixg>+(1—a) (%iixﬂ) (B.3)

i=1 j=1

where a = —%2-. By letting X; = %Z?Zl X/ for all i € [m], we can write 0; = aX; + (1 —
)L 3" X

Observe that E [91]9} = of; + =237, 0, where 0 = (6y,...,0,,). Thus, the estima-
tor (B.3) is an unbiased estimate of {6;}. Substituting the 6; in the MSE, we get that

X {(0}—@)2] CE [Ex, x. _<éi—9i)219”

~ o [Bx,,.ov, | (B~ 8 [d] + 8 [Ae] - 0) 1]

K, :EXI ,,,,, . :(éi—E[éiwDQ\eH (B.4)
+Ey {]Exl ..... ., (E [éiw} —01»)2|0H (B.5)
Claim 16.
Ey [IEXI ,,,,, X0 [(0}—1@ [&I@DZWH . ni +(1— )2m_i+2a(1 _Q)m_i
E, {EXI ,,,,, . [(E [0:16] —91-)2|9H — (1-a)’E, [(liek _91> 2} <a )Qag(n; 1)




2 2 2

20 o
— % L1 - 1—
an—l—( a)m ( a)mn

For the second equation, first note that E [QAZW} 0; = b + =230 0 —0; = (1 —

a) (% > e O — 0@’):

_d ;120‘)215; (Z(@k - ei)>

ki

1—a)? |
_ | - ) > E@O: -6+ > Elx—0:)(0 — ei)]
m | ki ket I, k]
(1-a)? 2 2
S Z[E(Qk: — )"+ E0; — p)] + Z E(0x — 0:)(60, — 0:)
| kti festi I, k]
1—a)? |
:( 2) 2(m — 1)o; + Z E(0, — 0,)(6, — 0;)
m L ki l#i,k#l
(1-a)? 2 2 .
= 5 2(m — 1)oy + Z E(p—6;) (Since E[y] = p for all k € [m))
m L ki I, k#]
N2
_u mf) [2(m — 1)oj + (m — 1)(m — 2)07|
— 1)
1— 209 (
(1 - a2
This concludes the proof of Claim 16. O]

Substituting the result of Claim 16 into (B.5), we get

~ 2 o2 o2 ,oa(m —1)
E (02-—@) <a?Ztf(1-a 1—a) 2 v (1—a)22 = (B
X1, Xm|: }_an‘i‘( )m ( a)m +(1-a) - (B.6)
:a_g%(Q (1—a)? +2a(1—a)+a(1_a)m—1>
n m m
_ag 1—04
T n
where in (a) we used v = —* for the last term to write (1—04)2%:%04(1—&)%_1.
‘79'*‘71
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Observe that the estimator in (B.3) is a weighted summation between two estimators: the
local estimator X; = 1 > i1 X7, and the global estimator /i = L5, X;. Thus, the MSE
in (a) consists of four terms: 1) The variance of the local estimator (%) 2) The variance
of the global estimator (%) 3) The correlation between the local estimator and the global
estimator (%) 4) The bias term Ey []E X100 X {(E [91]9} - (91-)2 ](9“ . This completes the

.....

proof of Theorem 3.

B.3.2 Proof of Theorem 4, Equation (3.5)

Similar to the proof of Theorem 3, here also we will derive the optimal estimator and prove
the MSE for the one dimensional case, and the final result can be obtained by applying these

to each of the d coordinates separately.

Let 6 = (04, ...,0,,) denote the personalized models vector. For given a constraint function
q, we set the personalized model as follows:
A 1~ o 1 &~ o~
0; = — X/ 1— — X; Vi , B.7
(1) ra-a (R Xum)  wem )

where X; = 1 > i1 X7. From the second condition on the function ¢, we get that

m

E [@\9} =ab; + 1—04%91’ (B.8)
=1

Thus, by following similar steps as the proof of Theorem 3, we get that:

B|(0-0)] - E ;(9} ~6) 1]
~E|E (9 _E [9}19: 4 E [éiw} —ei>2|9H

—5 || (o~ [30]) 1] + & || (2 [016] - 0.) e

(X, 6) (% S (X)) - 9l> |9] (B.9)




z B.10
1 & ’
+(1—a)’E —Zek—e,)
mk:l
2
2 (1—a)? %+02> 2 20m — 1
<a?Zz ¢ Y 4 9001 — )= 1 (1 — qy2em =
n m mn m
o) 02 1—a)?+20(1 — —1
(__)&<042+( o) 7200 70) 1 g)™ )
n m m

::%<a+1%a), (B.11)

where step (a) follows by substituting the expectation of the personalized model from (B.8).

Step (b) follows from the first and third conditions of the function ¢. Step (c) follows by
o2 g
9+—2m_12. This derives the result stated in (3.5) in Theorem 4.

2, % g
Totm—t

m— n

choosing a =

B.3.2.1 Proof of Theorem 4, Part 1

The proof consists of two steps. First, we use the concentration property of the Gaussian
distribution to show that the local sample means {X;} are bounded within a small range
with high probability. Second, we apply an unbiased stochastic quantizer on the projected

sample mean.

The local samples X}, ..., X" are drawn i.i.d. from a Gaussian distribution with mean
0; and variance o2, and hence, we have that X; ~ N(6;, %) Thus, from the concentration

property of the Gaussian distribution, we get that Pr[|X; — 6;| > ¢1] < exp (—Z—‘ﬁ) for all
i € [m]. Similarly, the models 6y, ..., 0, are drawn i.i.d. from a Gaussian distribution with

mean 4 € [—r, 7] and variance o3, hence,, we get Pr[|0; — u| > o] < exp (—5—%) for all ¢ € [m)].
6

Let £ = {X; € [~a,a] : Vi € [m]}, where a = r+ ¢, + ¢5. Thus, from the union bound, we get
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[

2
necy <y

that Pr[f] > 1 —m(e 7% +e 7). By setting ¢; = %g'log(an) and c; = +/0j log(m?n),
we get that a = r + Z&/log(m?n) + 09/log(m?n), and Prif]=1- 2.
Let qx : [—a,a] — Yk be a quantization function with k-bits, where ) is a discrete set of

cardinality |Y| = 2*. For given € [—a, a], the output of the function g is given by:

2a

qx(z) = STINE] (lz] + Bern(z — |Z])) — a, (B.12)

where Bern(p) is a Bernoulli random variable with bias p, and & = 2];—;1 (z +a) € 10,2 —1].

Observe that the output of the function ¢ requires only k-bits for transmission. Furthermore,
the function ¢ satisfies the following conditions:

E ()] = =, (B.13)

a?

70 = Ella@) = 2] <

(B.14)

Let each client applies the function g, on the projected local mean X; = Proji_q q W@]
and sends the output to the server for all i € [m]. Conditioned on the event &, i.e.,

X, € [~a,a] Vi€ |[m], and using (B.11), we get that

. 2 2 _
MSE = Eyx {(9 - ei) 1 < (1 a —|—a) : (B.15)

n m

2
2 a
o+

where o = — (zk_;ﬂ(m_l)ﬁ and a = r+ Z£+/log(m?n) + 09+/log(m?n). Note that the event

Tt F D2 T

& happens with probability at least 1 —

2
mn '’

B.3.2.2 Proof of Theorem 4, Part 2

We define the (random) mechanism ¢, : [—a,a] — R that takes an input = € [—a,a] and

generates a user-level (eg, 9)-LDP output y € R, where y = g,(z) is given by:

@) =7+, (B.16)

. . . . 8a? log(2/68
where v ~ N(0,02 ) is a Gaussian noise. By setting 02 = 2“18(/0)

, we get that the output
of the function ¢,(x) is (&, 0)-LDP from [46]. Furthermore, the function ¢, satisfies the
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following conditions:

E [gy(2)] = =, (B.17)
02 = E[(gy(x) — 2)?] < %gg(%) (B.18)

Similar to the proof of Theorem 4, Part 1, let each client applies the function ¢, on the
projected local mean X; = Proji_q.q [71} and sends the output to the server for all i € [m].

Conditioned on the event &, i.e., X; € [~a,a] Vi € [m], and using (B.11), we get that

R 2 2 /71—
MSE = Eg.x {(0 ~6,) } <= ( ¥ a) , (B.19)
n m
0_3+8a2210g(2/6)
where o = o 11((7;/;)11 7 and a =7 + Z&+/log(m?n) + 09/log(m?n). Note that the event
Oty T

eg(mfl)
2
mn’

& happens with probability at least 1 —

Remark 12 (Privacy with communication efficiency). Note that our private estimation
algorithm for the Gaussian case adds Gaussian noise (which is a real number) but that can

also be made communication-efficient by alternatively adding a discrete Gaussian noise [22].

B.3.3 Lower Bound

Here we discuss the lower bound using Fisher information technique similar to [9]. In
particular we use a Bayesian version of Cramer-Rao lower bound and van Trees inequality [57].
Let us denote f(X|0) as the data generating conditional density function and () as the
prior distribution that generates 6. Let us denote [Ey as the expectation with respect to the
randomness of # and [E as the expectation with respect to randomness of X and 6. First we

define two types of Fisher information:

Ix(0) = EgVylog(f(X10))Vylog(f(X]0))"

I(7) = EVylog(n(0))Vylog(m(6))"
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namely Fisher information of estimating 6 from samples X and Fisher information of prior 7.
Here the logarithm is elementwise. For van Trees inequality we need the following regularity

conditions:

e f(X|) and 7(-) are absolutely continuous and 7(-) vanishes at the end points of ©.
o EgVolog(f(X][6)) =0

e We also assume both density functions are continuously differentiable.

These assumptions are satisfied for the Gaussian setting for any finite mean pu, they are
satisfied for Bernoulli setting as long as parameters o and  are larger than 1. Assuming
local samples X are generated i.i.d with f(x|6), the van Trees inequality for one dimension is

as follows:

~ 9 1
BOX) =9 = SEr @ = 10m)

where Iy(0) = Eglog(f(X10))? and I(7) = Elog(n(#))?. Assuming # € R? and each

dimension is independent from each other, by [57] we have:

~ d?
E[|6(X) —0]* =

= SETH(L(0)) + Tr(I(7)) (B-20)

Note, the lower bound on the average risk directly translates as a lower bound on

~

supgeo Ex||0(X) — 6]|2. Before our proof we have a useful fact:

Fact 6. Given some random variable X ~ N(Y,07) where Y ~ N(Z,02) we have X ~

N(z,0% 4 a7).

Proof. We will give the proof in one dimension, however, it can easily be extended to
multidimensional case where each dimension is independent. For all t € R we have,

Ex[exp(itX)] = EyEx[exp(itX)|Y] = Ey [exp(itY — U%ﬁ)]
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= exp(—ﬁ)ﬂiy lexp(itY)]

2
2t2 O'2t2
= exp(—%) exp(itz — yT)
o2+ o2)t?
— explitz — %)

where the last line is the characteristic function of a Gaussian with mean z and variance
o2+ 05. [l
Gaussian case with perfect knowledge of prior. In this setting we know that

— 52
Oz

0; ~ N(ul,0314), hence, I(m) = 2514, similarly Ix(0) = —5I4. Then,
0

2 2 2
d dojo

d d -2 2
7”LIEO—Q%—|—U—g nog + oz

sup E[|0;(X) — 6;]* > (B.21)
0;

Gaussian case with estimated population mean. In this setting instead of a true
prior we have a prior whose mean is the average of all data spread across clients, i.e., we
assume 0; ~ N(fi,o5ls) where i = 37" X7. We additionally know that there is a
Markov relation such that X7|0; ~ N(6;,021;) and 6; ~ N(u,031,). While the true prior is
parameterized with mean p, 6; in this form is not parameterized by u but by iz which itself has

. 2
randomness due X7. However, using Fact 6 twice we can write 0; ~ N(u, (07 + 22 + ;—i)ld).

Then using the van Trees inequality similar to the lower bound in perfect case we can obtain:

4
2 2 [
0-90-56 + mn

sup Ex [|6;(X) — ;> > d (B.22)
0,€0

nog + o2
B.4 Personalized Estimation — Bernoulli Model

B.4.1 When o, are Known

Analogous to the Gaussian case, we can show that if o, 5 are known, then the posterior mean

estimator has a closed form expression: p; = aX; + (1 — a)z%5 (where a = "/atp+n) and
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2 af .
Pi)* < saTA aTFiD athn- e show this below.

achieves the MSE: E,...E5, x,... x,.(Di —

For a client 7, let 7(p;) be distributed as Beta(c, ). In this setting, we model that each
client generates local samples according to Bern(p;). Consequently, each client has a Binomial
distribution regarding the sum of local data samples. Estimating Bernoulli parameter p;
is related to Binomial distribution Bin(n,p;) (the sum of data samples) Z; since it is the
sufficient statistic of Bernoulli distribution. The distribution for Binomial variable Z; given

piis P(Z; = zi|pi) = (Z)pf(l —p;)" %. It is a known fact that for any prior, the Bayesian

MSE risk minimizer is the posterior mean E [p;|Z; = z,].

When p; ~ Beta(a, ), we have posterior

f(pilZi = 2zi) = P(z—zmﬂpi)

P(z;)
o (Z)pf(l —p)" T pe (1 — py) Pt
- P(a) B(o, §)
_ (:) Bla+z,8+n—z) pf‘+zl (1 — pi>5+n—zi—1
P(z;) B(a, B) Bla+z,8+n—2z) "’

where B(a, 3) = FF(E’OE%), and

P(z|p;)m(pi)dp;

0=/
e o
(!

) zl+an zl+6)/ potETl (1 — py)PHn-at
,B) Bla+z,f+n—z)

~
integral of a Beta distribution

dp;

( ) (z + o, n’ﬁ)szﬁ)

Thus, we get that the posterior distribution f(p;|Z; = z;) =

P )P

Blatsfinzy — s a beta

distribution Beta(z; + o,n — z; + ). As a result, the posterior mean is given by:

@:in:a(é)+(1—a)( a ) (B.23)



n

where a = m

Observe that E,, geta(a,)[Pi] = i.e., the estimator is a weighted

&
a+p?

summation between the local estimator % and the global estimator p = QLJFB

We have R, (p;) = E.E(p; — p;)*>. The MSE of the posterior mean is given by:

MSE = E[(p; — p:)’]

—5 |(o(2p) + G- an-n)]

= d’E {(Z — pz)z} +(1=a)’E [(n—p.)”]

_ pi(1 —p;) af
= GZEPiNW(Pi) {T} + (1 - G)Q(a + 5)2@ + 6+ 1)
=a? ab (1—a)? ap

n(Oé—Fﬂ)(Oé-i-ﬁ-i-l)_'_ (a+ B> a+F+1)

n(a+ﬁ)(()f+/8+1) (a+g+n)'

The last equality is obtained by setting a = rgm

Remark 13. Note that X; := % is the estimator based only on the local data and ©/(a+8) is the

true global mean, and p; = aX; + (1 —a where a = "/at+n (see (B.23)) is the estimator

)2
based on all the data. Observe that when n — oo, then a — 1, which implies that D; — X;.
Otherwise, when a+ f3 is large (i.e., the variance of the beta distribution is small), then a — 0,
which implies that p; — @/(a+8). Both these conclusions conform to the conventional wisdom
as mentioned in the Gaussian case. It can be shown that the local estimate X; achieves
the Bayesian risk of Ep,peta(a,sEx;: [(Xi — pi)?] = Evinsetatan Pil=pi))/n = aB/n(a48)(atp+1),

which implies that the personalized estimation with perfect prior always outperforms the local

estimate with a multiplicative gain a = "/(n+a+8) < 1.

B.4.2 When «a, are Unknown: Proof of Theorem 5
The personalized model of the ith client with unknown parameters «, 8 is given by:
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- n .. A 1 ~ .. .
where a; = pRin the empirical mean fi; = — >, 2 X1, and the empirical variance
5%

67 = L 21#(7, — fi;)%. From [163, Lemma 1], with probability 1 — ——, we get that

. 3log(4m?n
- ] <y 2tmn)
m—1
. 3log(4m?2n
ot — 57 < /2B,
m—1
where p = QLJFB, o? = m are the true mean and variance of the beta distribution,
respectively. Let ¢ = %_"112"). Conditioned on the event £ = {|u — ji;] < ¢, |0? — 6% < c:

Vi € [m]} that happens with probability at least 1 — %, we get that:

Gy
- (n(a " m(sz T 1)) P B =P T =)

" (n(a+5)zf+ﬁ+ 1)) H-ay ((a+5)2?§+5+1) ’ w_ﬂi)Q)

<@ <n(a+ﬁ)(()f+ﬁ+1)) +(1_a>2<(a+ﬁ)2?f+5+1> +62>7

where the expectation is with respect to z; ~ Binom(p;,n) and p; ~ Beta(a, §) and Z_; =

E [(p: —p)* 7] =@°E +(1-a)’E [(h — p1)* | 2]

{z1,...,2i-1, Zi+1, .- ., 2m} denotes the entire dataset except the ith client data (z;). By

taking the expectation with respect to the datasets Z_;, we get that the MSE is bounded by:

—2 o 2 af 3log(4m?n)
wse <E 7] (o rarn) - (e aparsrn T e

with probability at least 1 — % This completes the proof of Theorem 5.

B.4.3 With Privacy Constraints: Proof of Theorem 6

First, we prove some properties of the private mechanism g,. Observe that for any two inputs

x,z" € [0,1], we have that:

e0 e0—1
Pr[qP(x) = y] _ el IeGO-I—l < efo (B 25)
Prig(e) =y s oot = ~
QP y e€0+1 e€0+1

211



for y = we can prove (B.25) for the output y =

qp is user-level €p-LDP. Furthermore, for given z € [0, 1], we have that
E [gy(x)] = a. (B.26)

Thus, the output of the mechanism ¢, is an unbiased estimate of the input z. From the
Hoeffding’s inequality for bounded random variables, we get that:

~(p) =3(e® —1)%(m — 1)t?
Pr{|f™ — ul > ] < 2exp ( (e0 1 1)2

~2(p) =3(e® —1)2(m — 1)t?
Pr[|6;" — oq| > t] < 2exp ( e

(B.27)

Thus, we have that the event & = {|a{”) — | < ¢,, 67" — 02| < ¢, : Vi € [m]} happens with

probability at least 1 — ——, where ¢, = \/ e 4;)1 211°g(5imi)”). By following the same steps as the

non-private estimator, we get the fact that the MSE of the private model is bounded by:

5 af
MSE<E () (n(a+ﬁ)(a+ﬁ+ 1))
. af (e + 1)%log(4m?>n)
209 (e 5 e ) ®

where a®) = W and the expectation is with respect to the randomness of the private
72@) tn

mechanism g, and the clients data {z1,...,2i-1, Zi+1, - -, Zm}. This completes the proof of

Theorem 6.

Remark 14 (Privacy with communication efficiency). Note that our private estimation
algorithm for the Bernoulli case is already communication-efficient as each client sends only

one bit to the server.

Remark 15 (Client sampling). For simplicity, in the theoretical analysis in Gaussian and
Bernoulli models, we assume that all clients participate in the estimation process. However,
a simple modification to our analysis also handles the case where only K out of m clients
participate: in all our theorem statements we would have to modify to have K instead m.

Note that we do client sampling for our experiments in Table 3.1.
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B.5 Personalized Estimation — Mixture Model

Consider a set of m clients, where the i-th client has a local dataset X; = (X;1,..., X;,) of n
samples for i € [m], where X;; € R% The local samples X; of the i-th client are drawn i.i.d.

from a Gaussian distribution N (0;, 021;) with unknown mean 6; and known variance o2I,.

In this section, we assume that the personalized models 6, ..., 8,, are drawn i.i.d. from a
discrete distribution P = [py, ..., px] for given k candidates w1, ..., ux € RY. In other works,
Pr[@; = ] = p, for | € [k] and i € [m]. The goal of each client is to estimate her personalized

model {6;} that minimizes the mean square error defined as follows:

MSE = Eq, x[|6: — 6:]°, (B.29)

where the expectation is taken with respect to the personalized models 8; and the local
samples {X;; ~ N(0;,021,)}. Furthermore, 6; denotes the estimate of the personalized model

0, for i € [m].

First, we start with a simple case when the clients have perfect knowledge of the prior
distribution, i.e., the i-th client knows the k Gaussian distributions N (p1,03) , ..., N (px, 03)
and the prior distribution & = [avy, . .., ). This will serve as a stepping stone to handle the

more general case when the prior distribution is unknown.

B.5.1 When the Prior Distribution is Known

In this case, the i-th client does not need the data of the other clients as she has a perfect

knowledge about the prior distribution.

Theorem 18. For given a perfect knowledge ¢ = [av, . .., o] and N (p1,03) ..., N (px, 03),

the optimal personalized estimator that minimizes the MSE is given by:

k
0= a’m, (B.30)
=1
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o exp [ - 2= 155 =11
h (’L) . l 20923
where ag - = —— p( = Hxij—us\P)
s=14Fs X - 52

20%

denotes the weight associated to the prior model p;

for 1 € [K).

Proof. Let 0; ~ P, where P = [p1,...,px] and p;, = Pr[0; = ] for | € [k]. The goal is to

design an estimator 6; that minimizes the MSE given by:
MSE = Eg,sE(x, -n (0,02} [H@ - 0i||2] . (B.31)

Let X; = (Xj1, ..., Xin). By following the standard proof of the minimum MSE, we get that:

Eo.Ex, |16 - 6l = Ex.Eo,x, |16: — E6:|X,] + E[0:]X] - 6:] Xi]
— Ex.Eo,ix. [[E[6:|X:) - 6:[]2] Xi] +Ex,Eo,ix, | IE6:]X] - 61| X;]
> EXiE9i|Xi [HE[OJ‘X%] - 01H2| Xl] ’
(B.32)

where the last inequality is achieved with equality when 8; = E[6;]|X,]. The distribution on

0, given the local dataset X; is given by:
f(Xi|0; = pu) Pr[0; = pu]

Pr(0;, = | X;] =

f(X3)
_ f(Xil6; = ) Pr{0; = pi]
You F(Xi|0: = po) Pr(6; = p] (B.33)
n R 2
P exp (_Zj:l H;(i;j wll ) .
= 7}7 Xij_ s 3 = al
lec:lps exp (_Z],l ”203 ps|| )
As a result, the optimal estimator is given by:
0, = E[6;|X;] Zal - (B.34)
This completes the proof of Theorem 18. m

The optimal personalized estimation in (B.30) is a weighted summation over all possible

candidates vectors py, ..., g, where the weight ozl(i) increases if the prior p; increases and/or
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the local samples {X;;} are close to the model p; for [ € [k]. Observe that the optimal
estimator 6; in Theorem 18 that minimizes the MSE is completely different from the local
estimator (% 2?21 Xij). Furthermore, it is easy to see that the local estimator has the MSE
<%> which increases linearly with the data dimension d. On the other hand, the MSE of
the optimal estimator in Theorem 18 is a function of the prior distribution P = [py, ..., pl,

the prior vectors py, ..., ., and the local variance o2.

B.5.2 When the Prior Distribution is Unknown

Now, we consider a more practical case when the prior distribution P = [py, ..., px| and the
candidates p1, ..., pr are unknown to the clients. In this case, the clients collaborate with
each other by their local data to estimate the priors P and iy, ..., px, and then, each client

uses the estimated priors to design her personalized model as in (B.30).

We present Algorithm 10 based on alternating minimization. The algorithm starts by

initializing the local models {0,50) = %zyzl Xi;}. Then, the algorithm works in rounds

alternating between estimating the priors P+ = [pgtﬂ), . ,p,(fﬂ)], ,u,gtﬂ), e ,u,(fﬂ) for
given local models {02@} and estimating the personalized models {0§t+1)} for given global

priors P+ and pgtﬂ), . ,u,(fﬂ). Observe that for given the prior information P®) {u!},

each client updates her personalized model in Step 6 which is the optimal estimator for given
priors according to Theorem 18. On the other hand, for given personalized models {Oi(t)}7 we

estimate the priors P®) {u?} using clustering algorithm with k sets in Step 11. The algorithm

Cluster takes m vectors aq, ..., a,, and an integer k as its input, and its goal is to generate a
set of k cluster centers pq, ..., py that minimizes Y ;" | miney, ||@; — py]|*. Furthermore, these
clustering algorithms can also return the prior distribution P, by setting p; := %', where

S, C {a,...,a,} denotes the set of vectors that are belongs to the I-th cluster. There are
lots of algorithms that do clustering, but perhaps, Lloyd’s algorithm [107] and Ahmadian [2]
are the most common algorithms for k-means clustering. Our Algorithm 10 can work with

any clustering algorithm.
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Algorithm 10 Alternating Minimization for Personalized Estimation

Input: Number of iterations 7', local datasets (X1, ..., X;,) for i € [m

1: Initialize 8) = % " | X; for i € [m].

2: fort=1to 7T do

]

3:  On Clients:
4: fori=1tom: do
5: Receive P®), ugt), e p,,(:) from the server
6: Update the personalized model:
) o exp (_ o ||)2c;2u§“||2>
0! + Zal(i) ,ul(t) and al(i) = - - 5
— S b0 exp (_zjl ll);;é—us ||2>
T: Send 6! to the server
8: end for
9: At the Server:
10:  Receive af), ce 0) from the clients
11:  Update the global parameters: P®), ugt), e ,u,,(f) < Cluster <0§t), e ,052), k)
12:  Broadcast PW, ugt), L ,u,(f) to all clients
13: end for
Output: Personalized models 67, ..., 07T,
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B.5.3 Privacy/Communication Constraints

In the personalized estimation Algorithm 10, each client shares her personalized estimator
01@ to the server at each iteration which is not communication-efficient and violates the
privacy. In this section we present ideas on how to design communication-efficient and/or

private Algorithms for personalized estimation.

Lemma 10. Let iy, ... py € R? be unknown means such that |||l < r for eachi € [k]. Let
0.,...,0,, ~P, where P = [py,...,px] and p, = Pr[0; = w;]|. Fori € [m], let X;1,..., Xin ~
N(0;,02), i.i.d. Then, with probability at least 1 — %, the following bound holds for all

o? o2
< 44/ d—= + 24/ log(m?n)—= + 7. (B.35)
n n
2

Proof. Observe that the vector (X; — ;) = 711 S, Xij — 0; is a sub-Gaussian random vector

i€ [ml:

1 n
PPIRE

with proxy % As a result, we have that:

_ o2 o2
| X — 6|2 §4\/dﬁ+2\/10g(1/7])ﬁ, (B.36)

with probability at least 1 — 7 from [170]. Since p, ..., ux € R? are such that ||p;l]» < r for

_ 2 2
[0l < 44/d7F + 24 flog(1/m) 7= 4. (B.37)

with probability 1 — 7 from the triangular inequality. Thus, by choosing = —~ and using

m2n

each i € [k], we have:

the union bound, this completes the proof of Lemma 10. O

Lemma 10 shows that the average of the local samples {X;} has a bounded ¢, norm with

high probability. Thus, we can design a communication-efficient estimation Algorithm as

follows: Each client clips her personal model 6’1@ within radius 44/ d% +24/ log(an)% +r.

Then, each client applies a vector-quantization scheme (e.g., [3,14,59]) to the clipped vector

before sending it to the server.
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To design a private estimation algorithm with discrete priors, each client clips her

personalized estimator 02@ within radius 4\/ dil—g + 2\/ log(m%)% + 7. Then, we can use
a differentially private algorithm for clustering (see e.g., [161] for clustering under LDP
constraints and [54] for clustering under central DP constraints.). Since, we run 7T iterations
in Algorithm 10, we can obtain the final privacy analysis (¢, d) using the strong composition

theorem [46].

B.6 Personalized Learning — Linear Regression

In this section, we present the personalized linear regression problem. Consider A set of m
clients, where the i-th client has a local dataset consisting of n samples (X1, Yi1), - . ., (Xin, Yin),
where X;; € R? denotes the feature vector and Y;; € R denotes the corresponding response.
Let Y; = (Yi1,...,Ys) € R" and X; = (X;1,. .., Xin) € R™? denote the response vector and
the feature matrix at the i-th client, respectively. Following the standard regression, we

assume that the response vector Y; is obtained from a linear model as follows:

where 0; denotes personalized model of the i-th client and w; ~ A (0,02I,) is a noise

vector. The clients’ parameters 04, ...,0,, are drawn i.i.d. from a Gaussian distribution

0,,...,0, ~N(p, o2, iid.

Our goal is to solve the optimization problem stated in (3.9) (for the linear regression setup)
and learn the optimal personalized parameters {52} The following theorem characterizes the
exact form of the optimal {51} and computes their minimum mean squared error w.r.t. the

true parameters {6;}.

Theorem 19. The optimal personalized parameters at client i with known p, 03,02 is given
by: .
~ I X'X,\ /Xy,
o lop lop of
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The mean squared error (MSE) of the above @ s given by:

2 I X7x,\ "
:Tr<<a—g+ = ) ) (B.40)

Proof. The personalized model with perfect prior is obtained by solving the optimization

o~

Ew, 0, |0; — 0;

problem stated in (3.9), which is given below for convenience. Note that for linear regression
with Gaussian prior, we have P(I") = N(u, 031;) and pg, (Yi;]X;;) according to N (6;, o2).

iy Vg

o~

Oi = arg mlnz IOg pg ( Zj|)(”)) — IOg(p(GZ»

Z ] 1
(Vi — lee 16; _NHQ
= arg min E 207 + 209
_ HY Xibill* | 16; — pl®
= arg min
0; 20% 209

By taking the derivative with respect to 6;, we get

= : B.41
00; o? + Ug ( )

Equating the above partial derivative to zero, we get that the optimal personalized parameters

~ I XX, B XY, np

2
o oz oz o

@ is given by:

Taking the expectation w.r.t. w;, we get:

. I XTX,\ ' /XTX,6,
BBl = (+ 20 ) (B2 B, (B.43)
0-0 Ux O-z 0-9

Thus, we can bound the MSE as following;:

2 2

Ewiﬂi é\l -0 = ]EWi,Bi é\l - ]Ewi [é\l] + ]E'Wi [é\l] -
—~ —~ |12 ~ ~ ~
= Ewi,ei 01 - ]Ewi [01] + Ewi,ei Ewi [02] - w;,0; <01 - ]Ewl[ ’i]a ]sz[ z] - 01>
~ —~ |12 —~ 2
= ]sz'ﬂi 0; — ]EWi [01] + Ewiﬂi w; [01] -
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In the last equality, we used
Ev, 0, (i — Bw, 0], B, 6] — 6) = Fo, (Eu,[0)] — By, [6] Ev [6] — 6:) = 0,

where the first equality holds because E, [@] — 0, is independent of w;.

i

Ty,
Letting M = % + XUQX -, and Tr denoting the trace operation, we get
] T

~ 2 X w; X w;, T

Eu, o, ||0; — 60| = Tr (M‘IIEWZ. < il > ( Bl > ] M—1>

O-JJ 0-33
0; — 0 —p\"
+Tr | MRy, ( 2“’) < 2“) M
Ty 99

XTX; I

=Tr (M‘ll—2M_1> + Tr (M‘l—zM_1>
0z O

=Tr (M_l) .
This completes the proof of Theorem 19. m

Observe that the local model of the i-th client, i.e., estimating 6, only from the local data
(Y;, X3), is given by:
0" — (XIx,) "' X"y, (B.44)

where we assume the matrix X7 X; has a full rank (otherwise, we take the pseudo inverse).

This local estimate achieves the MSE given by:

E H@@ _oll = ((XiTXZ-)_1> o2 (B.45)

x?

we can prove it by following similar steps as the proof of Theorem 19. When 03 — oo, we

can easily see that the local estimate (B.44) matches the personalized estimate in (B.39).

To make the regression problem more practical, we assume that the mean u, the local
variance o2, and the global variance o3 are unknown. Hence, we estimate the personalized

parameters by minimizing the negative log likelihood:

m n

01.....0,, = argmin > > —log(ps, (Vs X)) + > _ —log(p ()
=1

{0:},,02,0% 1 j=1
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. nm o (Vi — X0)7 md 110 — pef?
= arg min —- log(2mo?) + Z Z % + - log(2mo}) + Z ”27”.
T =1 0

i=1 j=1

(B.46)

Instead of solving the above optimization problem explicitly, we can optimize it through

gradient descent (GD) and the resulting algorithm is presented in Algorithm 11. In addition to

t
z,i

keeping the personalized models {6;}, each client also maintains local copies of {u}, g ;, 0
and updates all these parameters by taking appropriate gradients of the objective in (B.46) and

synchronize them with the server to update the global copy of these parameters {uf, o), ot }.

B.7 Personalized Learning — Logistic Regression

As described in Section 3.3, by taking P(I") = N (u, 021,) and pp, (Vi;| Xi;) = 0((0;, X;5)) Y (1—
o((0;, X;;))) 1Y) where 0(z) = 1/1+e~= for any 2 € R, then the overall optimization problem

becomes:

m n

. 1 1
arg mlnz Z [Yij log (—1 " e<9i7Xz‘j>) + (1 — Yj;) log (1 n 6(&)%))}

{ei}vll/aae i=1 j=1

— 633

md 2 - |
+ = log(2m0}) +z~21 507 (B.47)

When g and o} are unknown, we would like to learn them by gradient descent, as in the

linear regression case. The corresponding algorithm is described in Algorithm 12.
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Algorithm 12 Logistic Regression SGD

Input: Number of iterations 7', local datasets (Y;, X;) for i € [m], learning rate 7.

1: Initialize 89 for i € [m], u°, o;°.

2: fort=1to T do
3:  On Clients:

4: fori=1tom: do

5: Receive (p!,0") from the server and set p! := pt, 0y = 07"
6: Update the personalized model:
n . . util — 0'.571
0 0/ = | D Vi ulfp(O7 (X7, Y7)) + B |
j=1 UG,i
where lg% denotes the cross-entropy loss.
t—1 t—1
7: Update local version of mean: p! « pi™' —n ("ﬁ—tel>
05
t—1_pt—1y2

8: Update global variance: JZ’? — ag’?_l —n (2 2‘?,5,1 — ”“21'( gﬁﬁ);' )

" " 90, %9,

9: Send (p!, UZ::) to the server

10:  end for

11: At the Server:

12: Receive {(p!, Jgf)} from the clients

13:  Aggregate mean: pf = L 5" !

14:  Aggregate global variance: aZ’t = % > 027’;
15:  Broadcast (u!,05") to all clients

16: end for

Output: Personalized models 67, ..., 0%,
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B.8 Personalized Learning — Mixture Model

In this section, we present the linear regression problem as a generalization to the estimation
problem with discrete priors. This model falls into the framework studied in [115] and is

illustrated to show how our framework also captures it.

Consider a set of m clients, where the i-th client has a local dataset (X;1, Yi1), ..., (Xin, Yin)
of m samples, where X;; € R? denotes the feature vector and Y;; € R denotes the corre-
sponding response. Let Y; = (Yi1,..., Y1) € R" and X; = (Xy1,..., Xin) € R™? denote the
response vector and the feature matrix at the i-th client, respectively. Following the standard

regression, we assume that the response vector Y; is obtained from a linear model as follows:

where 6; denotes personalized model of the i-th client and w; ~ N (0, 021,) is a noise vector.
The clients models are drawn i.i.d. from a discrete distribution 6,...,0,, ~ P, where

P = [p1,...,pi] such that p; = Pr[@; = ] for i € [m] and [ € [k].

Our goal is to solve the optimization problem stated in (3.9) (for the linear regression

with the above discrete prior) and learn the optimal personalized parameters {@}

We assume that the discrete distribution P and the prior candidates {g;}_, are unknown
to the clients. Inspired from Algorithm 10 for estimation with discrete priors, we obtain
Algorithm 13 for learning with discrete prior. Note that this is not a new algorithm, and is
essentially the algorithm proposed in [115] applied to linear regression. We wanted to show

how our framework captures mixture model in [115] through this example.

Description of Algorithm 13. Client ¢ initializes its personalized parameters 01(0) =
(X X;) "' X]Y;, which is the optimal as a function of the local dataset at the i-th client
without any prior knowledge. In any iteration ¢, for a given prior information P®), {ul(t)},
the i-th client updates the personalized model as 0! = Zle ozl(i)p,l(t), where the weights

@) (1) X -y ? : : :
a;” o< p;’ exp | ———-——— | and sends its current estimate of the personalized parameter
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0! to the server. Upon receiving 6%, ..., 60! . server will run Cluster algorithm to update the

global parameters P, ugt), ey ,u,,(f), and broadcasts them to the clients.

B.9 Personalized Learning — AdaPeD

B.9.1 Knowledge Distillation Population Distribution

In this section we discuss what type of a population distribution can give rise to algo-
rithms/problems that include a knowledge distillation (KD) (or KL divergence) penalty term
between local and global models. From Section 3.3, Equation (3.9), consider pg,(y|z) as
a randomized mapping from input space X to output class ), parameterized by ;. For
simplicity, consider the case where |X| is finite, e.g. for MNIST it could be all possible 28 x 28
black and white images. Every pg, (y|z) corresponds to a probability matrix (parameterized
by 6;) of size |Y| x |X|, where the (y,z)’th represents the probability of the class y (row)
given the data sample = (column). Therefore, each column is a probability vector. Since
we want to sample the probability matrix, it suffices to restrict our attention to any set of

|V| — 1 rows, as the remaining row can be determined by these |Y| — 1 rows.

Similarly, for a global parameter pu, let p,(y|z) define a randomized mapping from X to
Y, parameterized by the global parameter pu. Note that for a fixed global parameter p, the
randomized map p,(y|z) is fixed, whereas, our goal is to sample pg, (y|z) for i = 1,...,m,
one for each client. For simplicity of notation, define pg, := pg,(y|z) and p,, := pu(y|z) to
be the corresponding probability matrices, and let the distribution for sampling pg. (y|x) be
denoted by p,, (pe,). Note that different mappings pe, (y|x) correspond to different ;’s, so we
define p(0;) (in Equation (3.9)) as p,, (pe,), which is the density of sampling the probability

matrix pe, (y|z).

For the KD population distribution, we define this density p,, (pg,) as:

Do (po,) = C(w)e—wDKL(pu(ylw)llpoi(ylr)) (B.49)
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where 1 is an ‘inverse variance’ type of parameter, ¢(1)) is a normalizing function that depends

on (vau)u and DKL(py,(y‘x)”pHQ/’w))
= 0ex P(®) D ey Pu(ylz) log (%) is the conditional KL divergence, where p(z) denotes

the probability of sampling a data sample z € X. Now all we need is to find ¢(¢) given a

fixed p (and therefore fixed p,(y|z)). Here we consider Dk (pp||pe;), but our analysis can be

extended to Dk (pe,

) or |[pe, — pull2 as well.

For simplicity and to make the calculations easier, we consider a binary classification task
with Y = {0, 1} and define p,(z) := pu(y = 1|X = z) and ¢;(z) := pe,(y = 1| X = z). We

have:

D (pu(ylz)llpe, (y]2)) Zp ( z)(log pu(x) — log ¢i(x))

+ (1 = pu())(log(1 — pu(x)) — log(1 — qz-(x)))) -
Hence, after some algebra we have,

Dy, (Do,) = C(w)ewZxp(m)H(pu(Z))ewpr(fv)(pu(w) log(¢i(2))+(1—pp(2)) log(1-4:(z))))
i 7

Then,

1
() I [ /0 VP H (o () 6p() (a2 08(a1 ()4 (1= () 10810 0) g )] 1

xT

Note that

1
/ ewp(a;)(pu(a:) log(gi(z))+(1—pu(x)) log(l—Qi(Z))))dqi(x) — B (1 + pu(ﬂf) : 1+ 1-— pu(ﬂf))
0 ¥p(z) vp(x)
o~ Ty p(@) H(pp ()
L B(1+ 505 1+ 5
binary Shannon entropy. Substituting this in (B.49), we get

Accordingly, after some algebra, we can obtain ¢(¢)) =

), where H is

o~ . p(@) H(pu ()

H B( _}_Pu(x; 1+ 1-— p;(L()))

which is the population distribution that can result in a KD type regularizer. Note that when

Do (pe,) = e~ ¥ DxiL(Pulylz)lpe; (ylz))

we take the negative logarithm of the population distribution we obtain KL divergence loss
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and an additional term that depends on ¢ and p,. This is the form seen in Section 3.3.2

Equation (3.11) for AdaPeD algorithm. For numerical purpose, we take the additional term
— Sy (@) H (ppu ()
—log { — ORMETNG
[T B+ 1+ 505

serves the purpose of regularizing . This is in contrast to the objective considered in [131],

to be simple 3 log(2¢). As mentioned in Section 3.3.2, this

which only has the KL divergence loss as the regularizer, without the additional term.

B.9.2 AdaPeD with Unsampled Client Iterations

When there is a flexibility in computational resources for doing local iterations, unsampled
clients can do local training on their personalized models to speed-up convergence at no
cost to privacy. This can be used in cross-silo settings, such as cross-institutional training
for hospitals, where privacy is crucial and there are available computing resources most of
the time. We propose the algorithm for AdaPeD with with unsampled client iterations in
Algorithm 14:
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Algorithm 14 Adaptive Personalization via Distillation (AdaPeD) with unsampled client

iterations
Parameters: local variances {¢?}, personalized models {6}, local copies of the global

model {u}, synchronization gap 7, learning rates 7;,19,73, number of sampled clients
K.

1: fort=0to7T —1do

2:  if 7 divides t then

3: On Server do:

4: Choose a subset K C [n] of K clients
5: Broadcast pu! and 1!

6: On Clients i € ' (in parallel) do:

7 Receive p! and 9'; set pl = pt, ot = o
8 end if

9:  On Clients i ¢ K" (in parallel) do:

Vo [0 1e")
t/]

2,1
received global parameters from the server

10:  Compute gf := Vg fi(6]) + where ¢ is the last time index where client i

11:  Update: 8! = 0! —n,g!
122 On Clients i € £’ (in parallel) do:

Vo F1°(07.17)
13:  Compute g} := Vg fi(6;) + Zop em

297
14:  Update: 8!7" = ! —n,g!
V1007 )

15:  Compute h! := g 2
16:  Update: pl™ = p! — noht

. b L _ FOO
17:  Compute k; := G A 7
18:  Update: !t = ot — nskt
19:  if 7 divides ¢t + 1 then
20: Clients send p! and ¢! to Server
21: Server receives {pt}ticxe and {Wf}icxe
22: Server computes p'tt = £ 3 . pb and P = L 3.
23: end if 297

24: end for

Output: Personalized models (7)™,




Of course, when a client is not sampled for a long period of rounds this approach can
become similar to a local training; hence, it might be reasonable to put an upper limit on the

successive number of local iterations for each client.

B.10 Personalized Learning — DP-AdaPeD

Proof of Theorem 7

Theorem (Restating Theorem 7). After T' iterations, DP-AdaPeD satisfies («, e(a))-RDP for

a > 1, where e(a) = (%)2 6 (g) o} (% + %), where % denotes the sampling ratio of the

clients at each global iteration.

Proof. In this section, we provide the privacy analysis of DP-AdaPeD. We first analyze the
RDP of a single global round ¢ € [T] and then, we obtain the results from the composition
of the RDP over total T global rounds. Recall that privacy leakage can happen through
communicating {u;} and {¢!} and we privatize both of these. In the following, we do the
privacy analysis of privatizing {u;} and a similar analysis could be done for {1!} as well.

At each synchronization round ¢ € [T, the server updates the global model p!'™ as

follows:

ptt= = (B.50)

where p! is the update of the global model at the i-th client that is obtained by running 7
local iterations at the i-th client. At each of the local iterations, the client clips the gradient
h! with threshold C; and adds a zero-mean Gaussian noise vector with variance 031 I;. When

neglecting the noise added at the local iterations, the norm-2 sensitivity of updating the

global model p!™

.7 at the synchronization round ¢ is bounded by:

2
TCS

= (B.51)

Ap = max | — @2 <
Kt Kt

where K!, K'* C [m] are neighboring sets that differ in only one client. Additionally, p!*' =

2
q1

1 ¢ 1 _ 1 tq; : s - ; ; -
= Doiers i and p"t = 37 i Since we add i.i.d. Gaussian noises with variance o
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at each local iteration at each client, and then, we take the average of theses vectors over
K clients, it is equivalent to adding a single Gaussian vector to the aggregated vectors with

7_0.2 . . .
variance —2*. Thus, from the RDP of the sub-sampled Gaussian mechanism in [122, Table

1], [20], we get that the global model pu'*' of a single global iteration of DP-AdaPeD is
(v, egl)(a))—RDP, where €;(«) is bounded by:

eV(a) = (5)2 6aCi (B.52)

2
m Kaql

Similarly, we can show that the global parameter ¢'*! at any synchronization round of

DP-AdaPeD is (a, e?)(a))—RDP, where €;(«) is bounded by:

€2 (a) = (5>2 6aCy (B.53)

2
m K0q2

Using adaptive RDP composition [121, Proposition 1], we get that each synchronization
round of DP-AdaPeD is (a,e.” () + € (a))-RDP. Thus, by running DP-AdaPeD over T'/7
synchronization rounds and from the composition of the RDP, we get that DP-AdaPeD is
(a, €())-RDP, where e(r) = (L) (egl)(&) + 6,52)(04)). This completes the proof of Theorem 7.

O

B.11 Expanded related work and connections to existing methods

In Section 5.1, we mentioned that the our framework has connections to several personalized

FL methods. In this appendix we provide a few more details related to these connections.

Regularization: As noted earlier using (3.9) with the Gaussian population prior connects to
the use of /5 regularizer in earlier personalized learning works [42,64,65,100,131], which also
iterates between local and global model estimates. This form can be explicitly seen in Appendix
B.6, where in Algorithm 11, we see that the Gaussian prior along with iterative optimization

yields the regularized form seen in these methods. In these cases', P(T') = N (u, 031,) for

1One can generalize these by including 05 in the unknown parameters.
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unknown parameters I' = {t}. Note that since the parameters of the population distribution
are unknown, these need to be estimated during the iterative learning process. In the
algorithm, 11 it is seen the p plays the role of the global model (and is truly so for the linear

regression problem studied in Appendix B.6).

Clustered FL: If one uses a discrete mixture model for the population distribution then
the iterative algorithm suggested by our framework connects to [56,114,115,157,185]. In
particular, consider a population model with parameters in the m-dimensional probability
simplex {o : o = [ay,..., ), > 0,Vi,) . a; = 1} which describing a distribution. If
there are m (unknown) discrete distributions {D;, ..., D,,}, one can consider these as the
unknown description of the population model in addition to ae. Therefore, each local data
are generated either as a mixture as in [115] or by choosing one of the unknown discrete
distributions with probability a dictating the probability of choosing D;, when hard clustering
is used (e.g., [114]). Each node j chooses a mixture probability a?) uniformly from the
m-~dimensional probability simplex. In the former case, it uses this mixture probability to

)

generate a local mixture distribution. In the latter it chooses D; with probability o .

As mentioned earlier, not all parametrized distributions can be written as a mixture
of finite number distributions, which is the assumption for discrete mixtures. Consider
a unimodal Gaussian population distribution (as also studied in Appendix B.6). Since
P(T) = N(p,021,), for node i, we sample 6; ~ P(T"). We see that the actual data distribution
for this node is pe, (y|x) = N(0] x, 0%). Clearly the set of such distributions {pe, (y|x)} cannot
be written as any finite mixture as 8; € R? and pg,(y|x) is a unimodal Gaussian distribution,
with same parameter @; for all data generated in node 7. Essentially the generative framework

of finite mixtures (as in [115]) could be restrictive as it does not capture such parametric

models.

Knowledge distillation: The population distribution related to a regularizer based on
Kullback-Leibler divergence (knowledge distillation) has been shown in Appendix B.9. There-

fore this can be cast in terms of information geometry where the probability falls of exponen-
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tially with in this geometry. Hence these connect to methods such as [96,102,131,152], but
the exact regularizer used does not take into account the full parametrization, and one can

therefore improve upon these methods.

FL with Multi-task Learning (MTL): In this framework, a fized relationship between
tasks is usually assumed [157]. Therefore one can model this as a Gaussian model with known
parameters relating the individual models. The individual models are chosen from a joint
Gaussian with particular (known) covariance dictating the different models, and therefore
giving the quadratic regularization used in FL-MTL [157]. In this the parameters of the

Gaussian model are known and fixed.

Common representations: The works in [44,75] use a linear model where y ~ A (z'8;, 0?)
can be considered a local generative model for node 7. The common representation approach
assumes that 6; = Z?:l Bw](-i), for some k < d, where 8; € R?. Therefore, one can
parametrize a population by this (unknown) common basis B, and under a mild assumption
that the weights are bounded, we can choose a uniform measure in this bounded cube to
choose w® for each node i. The alternating optimization iteratively discovers the global
common representation and the local weights as done in |44, 75| (and references therein). This
common linear representation approach was generalized in [34, 44| to neural networks, where
a set of parameters to obtain a common representation (“head”) at each client was obtained
and each local client appendd it with a “tail” combining the representation to obtain the final
model. This also fits into our statistical framework, where the common representation (head)
parameters are chosen from a population model (like the common subspace in the linear case)

and the tail parameters are independently chosen (again as in the linear case).

Empirical and Hierarchical Bayes: As mentioned in Section 5.1, our work is inspired by
empirical Bayes framework, introduced in [77,145,160|, which is the origin of hierarchical
Bayes methods; see also [52, pp. 132]. [77,160] studied jointly estimating Gaussian individual
parameters, generated by an unknown (parametrized) Gaussian population distribution.

They showed a surprising result that one can enhance the estimate of individual parameters
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based on the observations of a population of Gaussian random variables with independently
generated parameters from an unknown (parametrized) Gaussian population distribution.
Effectively, this methodology advocated estimating the unknown population distribution using
the individual independent samples, and then using it effectively as an empirical prior for
individual estimates.? This was studied for Bernoulli variables with heterogeneously generated
individual parameters by [108] and the optimal error bounds for maximum likelihood estimates
for population distributions were recently developed in [169]. Hierarchical Bayes, builds on
empirical Bayes framework and is sometimes associated with a fully Bayes method. Our choice
to use empirical Bayes framework as the foundation is also because it is more computationally
feasible than a fully Bayes method. The subtle difference between the two is that empirical
Bayes uses a point estimate of a (parametrized) prior, whereas, the terminology hierarchical
Bayes often refers to a fully Bayes method where the (non-parametric) prior is estimated by
computationally intensive methods like MCMC (see the discussion in [17]). As mentioned
in Section 5.1, a contribution of our work is to connect a well studied statistical framework
of empirical (hierarchical) Bayes to model heterogeneity in personalized federated learning,.
This statistical model yields a framework for personalized FL and leads to new algorithms

and bounds especially in the local data starved regime.

B.12 Additional Details and Results for Experiments

B.12.1 Implementation Details

In this section we give further details on implementation and setting of the experiments that

were used in Section 7.5.

CIFAR-100 Experiment Setting. We do additional experiments on CIFAR-100.

CIFAR-100 is a dataset consisting of 100 classes and 20 superclasses. Each superclass

2This was shown to uniformly improve the mean-squared error averaged over the population, compared to
an estimate using just the single local sample.
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corresponds to a category of 5 classes (e.g. superclass flowers correspond to orchids, poppies,
roses, sunflowers, tulips). To introduce heterogeneity we let each client sample data samples
from 2 super classes (the classification task is still to classify among 100 classes). For
classification on CIFAR-100 dataset we consider a 5-layer CNN with 2 convolutional layers of
64 filters and 5x5 filter size, following that we have 2 fully connected layers with activation
sizes of 384,192 and finally an output layer of dimension 100. We set number of local epochs
to be 2, batch size to be 25 per client; number of clients is 50, client participation % = 0.2,
and number of epochs 200 (100 communication rounds). In this new dataset the classification

task is more complex given the increased number of labels.

Hyperparameters. We implemented Per-FedAvg and pFedMe based on the code from
GitHub,?. Other implementations were not available online, so we implemented ourselves. For
each of the methods we tuned learning rate in the set {0.3,0.2,0.15,0.125,0.1,0.075,0.05} and
have a decaying learning schedule such that learning rate is multiplied by 0.99 at each epoch.
We use weight decay of 1e — 4. For MNIST and FEMNIST experiments for both personalized
and global models we used a 5-layer CNN, the first two layers consist of convolutional layers
of filter size 5 x 5 with 6 and 16 filters respectively. Then we have 3 fully connected layers
of dimension 256 x 120, 120 x 84, 84 x 10 and lastly a softmax operation. For CIFAR-10
experiments we use a similar CNN| the only difference is the first fully connected layer is of

dimension 400 x 120.

e AdaPeD*: We fine-tuned ¢ in between 0.5 — 5 with 0.5 increments and set it to 3.5. We
set 3 = be — 2. We manually prevent ¢ becoming smaller than 0.5 so that local loss does
not become dominated by the KD loss. We use 1, = 0.1 and 1; = 0.1. > When taking the
derivative with respect to ¢ we observed sometimes multiplying the right term (consist of

KD loss function) by some constant (5 in our experiments) gives better performance.

3https://github.com/CharlieDinh /pFedMe
4For federated experiments we have used PyTorch’s Data Distributed Parallel package.

®We use https://github.com/tao-shen/FEMNIST _pytorch to import FEMNIST dataset.
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Figure B.1 AdaPeD Test Accuracy (in %) vs iteration on MNIST with 0.1 sampling ratio.

e Per-FedAvg [48] and pFedMe [42]: For Per-FedAvg, we used 0.075 as the learning rate and
a = 0.001. For pFedMe we used the same learning rate schedule for main learning rate,
K = 3 for the number of local iterations; and we used A = 0.5, n = 0.2.

e QuPeD [131]: We choose A\, = 0.25, 7, = 0.1 and n3 = 0.1 as stated.

e Federated Mutual Learning [152]: Since authors do not discuss the hyperparameters in
the paper, we used o = 3 = 0.25, global model has the same learning schedule as the

personalized models.

B.12.2 Additional Experiments

Convergence plots for AdaPeD. We put the experimental convergence plots (test accuracy vs

no. of iteration) for AdaPeD in Figures B.1, B.2.

Personalized estimation: synthetic experiments in Bernoulli setting. For
this setting, for P we consider three distributions that [163] considered: normal, uniform
and ‘3-spike’ which have equal weight at 1/4, 1/2, 3/4. Additionally, we consider a Beta
prior. We compute squared error of personalized estimators and local estimators (%)
w.r.t. the true p; and report the average over all clients. We use m = 10000 clients and

14 local samples similar to [163]. Personalized estimator provides a decrease in MSE by
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Figure B.2 AdaPeD Test Accuracy (in %) vs iteration on FEMNIST with 0.33 sampling ratio.

37.1 +3.9%,12.0 £ 1.6%,24.3 £ 2.8%, 34.0 & 3.7%, respectively, for each aforementioned
population distribution compared to their corresponding local estimators. Furthermore, as
theoretically noted, less spread out prior distributions (low data heterogeneity) results in

higher MSE gap between personalized and local estimators.

Linear regression. For this, we create a setting similar to [76]. We set m = 10,000,
n = 10; and sample client true models according to a Gaussian centered at some randomly
chosen 1 with variance o2. We randomly generate design matrices X; and create Y; at each
client by adding a zero mean Gaussian noise with true variance o2 to X;0;. We set true
values 02 = 0.01,02 = 0.05 and we sample each component of p from a Gaussian with 0
mean and 0.1 standard deviation and each component of X from a Gaussian with 0 mean
and variance 0.05, both i.i.d. We measure the average MSE over all clients with and compare
personalized and local methods. When d = 50, personalized regression has an MSE gain
of 8.0 £ 0.8%,14.8 & 1.2%, and when d = 100, 9.2 + 1.1%, 12.3 & 2.0% compared to local
and FedAvg regression, respectively. Moreover, compared to personalized regression where
I, 0g,0, are known, alternating algorithm only results in 1% and 4.7% increase in MSE

respectively for d = 50 and d = 100.

Estimation Experiments. We provide more results for the estimation setting discussed
in Figure 3.1. In Figure B.3 we have a setting with 1000 clients and 5 local samples and

in Figure B.4 500 clients and 5 local samples per client. We observe with as the number
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Figure B.3 Private Estimation with m=1000, n=5
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Figure B.4 Private Estimation with m=500, n=>5

of clients increase DP-Personalized Estimator can converge to Personalized Estimator with
less privacy budget. We also observe compared to Figure 3.1, less number of local samples

increases the performance discrepancy between personalized and local estimator.

Additional Learning Experiments with Different Number of Clients. We do
additional experiments with different number of clients. On FEMNIST we use the same
model and same data sample per client as in Section7.5, number of clients is 30, total number
of epochs is 30 and we fix the local iteration to be 40 per epoch, we do full client sampling to
simulate a cross-silo environment. As seen in Table B.1, AdaPeD continues to outperform

the competing methods following the trend in Section 7.5.

On CIFAR-10 we use the same model as in Section7.5, and divide the dataset to 30

clients where each client has access to data samples from 4 classes. Total number of epochs
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Table B.1 Test accuracy (in %) for FEMNIST with m = 30 clients.

Method FEMNIST

FedAvg 95.91 £0.78
FedAvg-+fine tuning [78] 96.22 4+ 0.57

AdaPeD (Ours) 98.10 + 0.09
pFedMe [42] 96.03 = 0.50
Per-FedAvg [48] 96.71 +£0.14
QuPeD (FP) [131] 97.72 + 0.16
Federated ML [152] 96.80 +0.13

is 250 and we fix the local iteration to be 40 per epoch; we set % = 0.2 and number of local
epochs to be 2. AdaPeD outperforms the competing methods in parallel to the experiments

in Section7.5, as can be seen in Table B.2.

Table B.2 Test accuracy (in %) for CIFAR-10 with m = 30 clients.

Method CIFAR-10

FedAvg 53.92 4+ 0.94
FedAvg-+fine tuning [78] 67.44 £1.11
AdaPeD (Ours) 73.86 +0.39
pFedMe [42] 71.97 + 0.09
Per-FedAvg [48)] 64.00 £ 0.46
QuPeD (FP) [131] 73.21 £ 0.44
Federated ML [152] 72.53 £ 0.36

Additional Experiment Implementation Details.

We use the same strategy as in Appendix B.12.1 to tune the main learning rates. We use

le-4 weight decay.
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AdaPeD: We fine-tuned v in between 0.5 — 5 with 0.5 increments and set it to 4 for CIFAR-
10/100 and to 3 for FEMNIST. We manually prevent ¢ becoming smaller than 1 so that
local loss does not become dominated by the KD loss. We use 1, = 0.075 and 7, = 0.075
for CIFAR-10 and CIFAR-100 and 7, = 0.1 and n; = 0.1 for FEMNIST.

Per-FedAvg (48] and pFedMe [42]: For Per-FedAvg, we used 0.1 as the learning rate and
a = 0.0001. For pFedMe we used the same learning rate schedule for main learning rate,
L = 3 for the number of local approximation iterations; and we used A = 0.1, n = 0.1.
QuPeD [131]: We set A\, = 0.25, n; = 0.1 for local learning rate and 7, = 0.1 for global
learning rate.

Federated Mutual Learning [152]: Since authors do not discuss the hyperparameters in the

paper, we used a = 3 = 0.25.
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Algorithm 11 Linear Regression GD

Input: Number of iterations 7', local datasets (Y;, X;) for i € [m], learning rate 7.

1: Initialize 8? for i € [m], u°, 022, 0;°.

2: fort=1to T do

3:  On Clients:

4:  fori=1tom:do

5: Receive and set pl = p!, 05 = 0", 00 = 02!

6: Update the personalized model: 8¢ < ' + (Z?Zl X”mi;ffgfil) + ;9; 1)

. — -1_gi—t h 92

7: Update local version of mean: p} < pl™' —n (“ng—i>

8: Update local variance: o> < 02t — 2033% — > i %)

9: Update global variance: 091 — agt — (202dt T ”“21(:2 tgtl);”2>
0 0l

10:  end for |

11: At the Server:

12 Aggregate mean: p' = =3 g

13:  Aggregate global variance: ag’t = % > agf

14:  Aggregate local variance: 02! = L3 o2

15:  Broadcast p!, U;’t, o2t
16: end for
Output: Personalized models 87, ... 0.
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Algorithm 13 Alternating Minimization for Personalized Learning

Input: Number of iterations T, local datasets (X;,Y;) for i € [m)].

1: Initialize 07 = (X! X;)71XTY; for i € [m] (if X X, is not full-rank, take the pseudo-

inverse).

2: fort=1to 7T do

3:  On Clients:
4: fori=1tom: do
5: Receive P®), ,Ll,(lt), e u,(:) from the server
6: Update the personalized parameters and the coefficients:
) PO exp (_ ||Xm§<:)%—m|2)
0! + ;al(l)p,l(t) and Ozl(l) = Z’;:lpgt) oxp <_||Xiu§:%—Yi||2>
7: Send Oi(t) to the server
8: end for
9: At the Server:
10:  Receive OY), e 0 from the clients
11:  Update the global parameters: P®), ,u,gt), e ,y,,gt) <+ Cluster (09, e ,97(7?, k;)
12 Broadcast PW, ugt), o ,u,(f) to all clients
13: end for
Output: Personalized models 67, . .., 0%,
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APPENDIX C

Appendix of Chapter 4

C.1 Related Works, Limitations, and Broader Impact

As mentioned earlier, there have been several recent works on personalized supervised learning,
and we give a more detailed accounting of it in Appendix C.1. There has been much less
attention given to personalized federated unsupervised learning. The closest work to ours on
personalized dimensionality reduction is [128,153] which studies personalized PCA algorithms.
[153] has a restrictive assumption that principal components for global and local models
are non-overlapping. [128| develops a criterion for personalized PCA; however, the authors
assume heterogeneity of the setting is known; in contrast, ADEPT-PCA learns and adapts the
solution accordingly. There is some literature on specific tasks such as training recommender
systems [93,134], grouping clients based on latent representations [176], generating data to
improve performance of personalized supervised learning [23,133]. However, our approach to
developing personalized dimensionality reduction for heterogeneous data is distinct from theirs.
We are not aware of any FL work for personalized diffusion generative models. There is work
using pre-trained diffusion models and then fine-tuning them [112,124,148, 184]. However,
these do not fit into the federated learning paradigm and require data collection from clients
to obtain the pre-trained model. One way to view our approach is to simultaneously build
such “global” models (akin to pre-trained models) and individual (personalized) models, while

not sharing data.

Related Works: Some of the related works beyond those given in section 5.1 are as follows:
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Personalized Federated Learning (FL) has seen recent advances with diverse approaches for
learning personalized models. These approaches encompass meta-learning-based methods
[1,48,87], regularization techniques [40, 65,114, clustered FL 56,114,115, 185], knowledge
distillation strategies [101,131], multi-task learning [42,157,168,183|, and the utilization of
common representations [34,44,164|. Additionally, recently there have been works on using a
hierarchical Bayesian view to derive novel personalized supervised FL algorithms [28,90,126].
Adaptation is also considered in [28,126]|. In [28], variance estimation is performed for
supervised learning to estimate the heterogeneity within the local models and the estimated
variance is used to form an initialization for each local model to be trained on. However,
if we apply variance estimation to our criterion, we observe an early stopping issue during
the training. In contrast, ours is based on a standard gradient descent. Moreover, they do
not examine convergence which we do in our unsupervised algorithms. In [126], the authors
consider an adaptation for supervised learning based on KL-divergence criterion and do not
have hyper prior. Moreover, a convergence analysis is not explored in their algorithm. In that
case, the o is inclined to smaller values or even vanishes during the training, and our ADEPT
criterion resolves the issue by introducing the hyper prior. [167]| investigated local features
of globally trained diffusion models through FedAvg, but they do not consider personalized

generation. We did not find any other works on personalized federated generation models.

Limitations: As we mentioned in the conclusion, the introduction of information constraints
such as privacy is an important future work. Without formal privacy guarantees, an adversarial
client can utilize a global model to generate data similar to other clients’ data. Being the
first such result, we have a simplified setting for the theoretical analysis of ADEPT-DGM; our

analysis can be extended to more complex settings.

Broader Impact: Discovering the structure of local data is important in many applications.
As we argued, collaboration becomes critical when there is insufficient local data for doing
such analysis. Such applications occur in many domains including cyber-physical systems,

autonomous systems, sensing, medical devices, etc., where one wants to discover the structure
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of heterogeneous local data. These applications are becoming widespread and therefore
solutions to these problems could have a broader impact in these applications, especially
where one wants to do this without explicit data sharing. Our methods for personalization
can benefit users with limited data and resources to discover their particular structure of
local data. Not explicitly sharing data is a first step towards privacy; however, as mentioned
earlier, building explicit privacy mechanisms is needed to give privacy guarantees. This is an
important aspect that has been studied in federated learning, but has received less attention
in personalized learning and is an important topic of future exploration. By incorporating

this as well, many more applications with societal benefits could be realized.

C.2 Preliminaries

For the notations used in this paper:

e We use bold lowercase letters (such as u, v) to denote vectors and we use bold uppercase
letters (such as U, V') to denote matrices.

e Given a composite function f(u,v), we denote V f(u, v) or V) f(u, v) as the gradient;
Vuf(u,v) and V, f(u,v) as the partial gradients with respect to u and v.

e For a vector u, ||u|| denotes the fo-norm ||ul|z. For a matrix U, |U||z and |U||sp
both denote the fy-norm (operator norm) of the matrix and ||U]|, ||U||r denotes the
Frobenius norm of the matrix.

e Weuse {U;}7, or {U;} (when the context is clear) to denote the collection {Uy, ..., U}
When there are multiple indices, we use {U;;}i := {Uiy,...,Uny} to denote the

collection over index 1.

C.3 Proofs for Adaptive PCA: ADEPT-PCA
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C.3.1 Proof Summary

First, we define the polar retraction used in ADEPT-PCA and show the non-expansiveness
and Lipschitz properties under the polarization retraction (lemma 11, lemma 12). Next, we
establish a lower bound on oy given a proper initialization oy (lemma 1). With the lower
bound on oy, we are able to derive the Lipschitz smoothness constants and gradients bounds
with respect to U, U (lemma 14 and lemma 15). Also, we derive the Lipschitz continuous
constants of the derivative 8% fP* with respect to U and U (lemma 16). With the Lipschitz
constants, we derive the sufficient decrease of the loss function for U, U, and o (lemma 17).

Finally, we combine them and get to our theorem 8.

C.3.2 Lemmas

For any point U € St(d,r), a retraction at a point U € St(d,r) is a map Ry : Ty — St(d,r)
that induces local coordinates on the Stiefel manifold. In this work, we use polar retraction
that is defined as Ry (U) = (U + U)(I + UTU) 2. The polar retraction is a second-order
retraction that approximates the exponential mapping up to second-order terms. Consequently,
it possesses the following non-expansiveness property and we state the Lemmas and properties

that we use throughout the proof before showing the proofs.

Lemma 11 (Non-expansiveness of polar retraction [30]). Let U € St(d,r), for any point
U € Ty with bounded norm, ||U||r < M, there exists C' € R such that

IRu(U) — (U +U)|lr < C|IUJE. (C.1)

Lemma 12 (Lipschitz type inequality [30]). Let U,U € St(d,r). If a function v is L-

Lipschitz smooth in RY", the following inequality holds:
L
[(U) = ((U)+(Pr, (VE(U)), U-U))| < FU-U]x
where Ly = L 4+ G with G := maxyesia,r |V (U)||2-

244



Assumption 3. For each client i, the operator and Frobenius norms of S; are bounded by
ISillr < Gir and [|S;|lop < Giop,
and we define Gaz,r = MaXicm) Gip and Guaz,op = MaXicfm) Giop-

For the remaining part of the paper, we fix some w € (0, 1) and initialize oy corresponding

to the w in order to obtain the lower bound in Lemma 1.

Lemma 13 (Lipschitz smoothness and bounded gradients with respect to o). For all i € [m)]

and U, U € St(d,r), within the domain o € [w\/%, 00|, the function fP*(U;,,U,0) is

d>

L,-Lipschitz smooth with respect to o with constants
I d? n 3d? n 3d?

T 26w? T 28wt 2t

Lemma 14 (Lipschitz smoothness and bounded gradients with respect to U;). The function
fP(U;,U, o) is Ly-Lipschitz smooth with respect to U; and ||V fF(U;,U,0)|l2 < Gy for

all i € [m] with constants

n 1 Gmamo 2Gmaazo 2 d
(e ) 2)-

2 2
2 \o: c (ops

max,o. 1 d
GU;:ﬁ(u_{_ )4__‘

4 52
2 lop: o;

Lemma 15 (Lipschitz smoothness and bounded gradients with respect to U). The function
fra({U;};,U, 0) is Ly-Lipschitz smooth with respect to U and ||V fP*({U;};,U,0)|2 < Gy

with constants

12d
Ly = —
1% €w27
3d
Gy = —.
v &
Lemma 16 (Lipschitz continuity of -2 fP°*(U,U, o) with respect to U,U). The function
do /1
2P U, o) is L\ _Lipschitz continuous with respect to U and L\?-Lipschitz continuous
ot U D p \7a 74

with respect to U with
2d3
w3 /53’
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NG
Before showing the convergence results, we define the following terms. Let

(Ly + Gp)(C3G3 +1)

C,, = C1Gy + : ,
Cip = CyGa + (Ly + Gv)2(022G3 + 1)7
G, = 2GpV4d,

Gy = 2GyVd.

with some constants C7, Cs given by Lemma 11 and Gy, Gy given in Lemma 14, 15.
Lemma 17 (Sufficient Decrease). At any iteration t, we have
fpca<{Ui,t}i; Ui, o) — fpca({Uz' t—1}i: Up—1,00-1)
2 pca 2
< ( m +C771771 +773( ) ZH Tu; 4 va 1f ( it— 1, Uiy, 00 1))||F

+ (= + O + (L) 1P, (Vo P (Ui Ui, )) 1

—n3 +n2L, 0 i
+< N3 + 13 ){ fpca({Ui,t—l}iaUt—170t—1):| .

2 80}71

Theorem 20. By choosing n, = min{ﬁ, 1}, m = min{ﬁ, 1}, and n3 = min {?)(LTZW, ﬁ’ ﬁ};

T m
1 U |2 o\2 3AT
- i + < —
Z((m;ug,tm) eI+ <gt>) Sl

t=1

we have

where

ggj = PTUt_l (VUt71fpca({Ui,t}ia Ut—17 Ut—l)) 3
gg& = PTU i1 (vUzt 1f’pca<Ui t—1, Utfla ) O-tfl)) ;

gf fpca({Uzt l}laUt 1, 0t— 1)

80} 1

T = fpca({Ui,o}i, Uy, 00) - fpca({Ui,T}ia Ur, UT)~
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C.3.3 Proofs

Fact 7. The gradients of the local loss function with respect to the local and global PC’s and

o are gien as

Vo, fPULU, o) = _g(VVfISiVVflUi—V‘Q‘IUiHPWU—gJi),
Vu fPU;,U) = _PTU(Ui)(UQiEI + UTUi)’
510]‘1?%‘(Ui7 U,o) = g 26+ di(SU, Ui)’
Vu. <(%ffca(Ui,U,a)> _ —QPTZ—:SU)
Vy (%fﬁ“(u, U,U)) S SUAIALAR ALY

Fact 8. For two matrices A € R**® and B € R"*°, we have
|AB|r < [[Allopl Bllr and [[AB|r < [[Al|¢||B|[op-

Fact 9. For matriz to matriz functions, {g;}*_,, with bounded output operator norms,

maxx || g;(X)||op < M;, we have
k
I]] &:(X) ng )z <HM (Z lg:(X )||F>
i=1

C.3.3.1 Proof of Lemma 1

Proof. We use mathematical induction to prove the lemma. For the base case, it is given

that o¢ > w\/%. Assume that for all 7 € {0,1,...,t},

/28
> —.
or > W 7

Then, we consider the following two cases. First, if o, € {w 275, 275] , we have
2 2 d 2
o < —£ = d< —5 = — — —i <0
d o? oy Oj



0 e d 2+ UL,
fp (UltaUhOt)_ g (3t ’t)

W) :
= Vi€ [m)] 9o, p =

. 0
= Viem]: o401 =0— 7]3—0ffca(Uz',t, Ui, o00) >0t > w
t

1 & [2¢
= UtJrl:E;Ui,tJrlZW vE

Otherwise, if we have o; > 5 , we have

d

ca d
Oit+1 = Ot — —fp (Uz t Ut,Ut) =0t —13 (

d 2 2
Zo-t_niio__tZ\/;_(l \/T d

1 & [2¢
Ot+1 m ;_1 Oit+1 = W d

Thus, by mathematical induction, we have

2+ dz(Ut, Ui,t))

and thus

2 2
VieNVYiem]: o >w 5 and 0;; > w 5
C.3.3.2 Proof of Lemma 13
Proof. For the Lipschitz smoothness, we have
6§ +3d*(U,U;) d
pca o ) v
802f (U U, )‘ B ’ ot o2
2 ,
<’6§—|—3d U,U,) n d
- ot o2
6§ + 12 d

TR PR TR
3 3 &
2wt 2t 26w?

for any U, U;, and 0 > w\/%.
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C.3.3.3 Proof of Lemma 14

Proof. For the bound on the gradient,

H—%(Wfl&m—lw — w2t
o op
n 2

<|| - (W, 'SW,'U; = W 'U))lop + =
o

2
n _ _ _ 2
§§(||“/Z ISZ'VVi 1Ui||0p + ||“/Z 1Ui||0p) + g

<n Gmaz,op_i_ 1 N d
-2 ol o? Ew?’

where in the last inequality we use ||[W; '||,, < Z. Therefore, we find that the norm of the

gradient is bounded by Gy = g(% + %) + 4. For the Lipschitz continuity of the

w2

gradient, we omit the client index ¢ and use U; and U, to denote two arbitrary points on

St(d,r) for simplicity. For any client i, we focus on the first term of the gradient,

WL SW U - W U - Wy S W U+ W, U, ||

1 Guazo 2Gmaz,op | 2
< (g—g—f— g L+ (1—1——02 p);) |Us — Ui||F, (C.2)

€ € €

where we defer the algebra to the Appendix. For the second part of the gradient we have

1
;HPTU(UD — Pr, (Us)||F
1 1
= ;||Ul—Uz—§U(UT(U1—U2)+(U1T—U2T)U)||F

2
< SlUL = Uellr,
< L - vl
>~ £w2 1 2| F>
where in the last inequality we use Fact 8. As a result, we find that the gradient is Lipschitz

. . Gmaz O QGWG(E O
continuous with Ly := g(% 4 mazor 4 (1 + Tp) %) + &%. u

ag
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C.3.3.4 Proof of Lemma 15

Proof. For the Lipschitz constant
2
s 1Pr, (Us)sym(U,' Uy)—Pr, (Uy)sym(U,' Us) | »
2

- 2

UU, (U, - U,) + U, (U, — Uy)U;'

1
- 5(Ul(UlTUi +U'U) - U, (U, U, + U, U,))

24
< UL = Usllr
o
12d
— £w27
where sym(U,'U) = U;'U+U "U; and we used Fact 9, hence Ly =
bound, is it straightforward to see that
4 < 2d
o2 = fw?’

Vo f7(U, U, 0)l2 <

C.3.3.5 Proof of Lemma 16

Proof. Using Fact 7, we have

a Cca
|Vu, <—fip (Ui,U,U))Hz <

4 2d3
do 3

o w3\/g
8 _ 2V 2d3

<
3 — .3 /¢3

IN

and

0 ca
HVU (%fzp (Uza U7 U)) HZ S

<

Q
&

C.3.3.6 Proof of Lemma 17

Proof. We have
fpca({Ui,t}i; Ui, Ut) - fpca({Ui,t—l}z‘, Ui, Ut—1)
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F

g%;’. For the gradient



= [fpca({Uzgt}i, Ui, Ut) - fpca({Ui,t}h U, Ut—l)]
+ [P ({Ushin Up 01) = P ({Uis}1, Uiy, 001)]
+ [P ({Uiihis U 01) = P (Ui}, Uiy, 010)]

With a similar proof as Lemma 5 in [128], we have

fpca({Ui,t}ia Ut—lao't—l) - fpca({Ui,t—l}ia U1, Ut—l)

—m+C. ?) < ca
< O S b (Vo S Ui, U i),

i=1
fpca({Uiyt}u Utaat—l) - fpca({Uz‘,t}u Ui, Ut—l)

< (=12 + C2m) | Py, (Vo fP*({Ui}i, Ua, 000) |7

where

Ly(C3GE +1)

C,, = C1Gy + 5 :
ity = CoGly + LgU(O§2G§ +1)
Gy = 2GyV4d,

Gy = 2GyVd

with some constants C, Cy given by Lemma 11 and Gy, Gy given in Lemma 14, 15. For the

sufficient decrease with respect to o, we have

fpca({Ui,t}i7 U, Ut) - fpca<{Ui,t}ia U, Ut—1)

0 L,
—fpca({Uz‘,t}iv Ui, Utfl)(o't - O't—l) + 7(@ — at,l)Q

~ doy
_ a fpca({U, } U o ) o a fpca({U' } U p )
= oy it fi, Uty Ot—1 7}3aat_1 it—15i, Ut—1,0¢-1
L, [ 0 2
+ = { SP{Us-1}i, Up, Ut—l)} (by the update rule of ;)
2 o1 ’
0 B

= (—773) 90 fpca({Ui,t}i7Ut70t—l) - 9 fpca({Ui,t—l}iaUt—laat—l)
t—1

O¢—1
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O¢—1

0 0
+ P{Ui 1 }in Upey, 001) fPe{Uis1}is Ui, 041)
Bat_l 8

L 2
7732 {8 . 1fpca({Uzt 1}27Ut 1, Ot— 1)}

0 0
= (—n3) L? - fP{Uis}i, Uy, 00-1) — 9 1fpca({Ui,t—1}z’>Ut—ljat—l)]

+

X |:80't fpca({Uzt 1}17Ut 1, Ot— 1):|

2r, ) 2
- (7]3 7732 > [&Tt_ fpca({Ui,t—l}i’Ut—lao-t—1>:|

<773 0
- 2

2
[8 o 1fpca({Uzt}zaUt>0t 1) fpca({Ui,t—l}iaUt—lvat—l):|

2
—1—% {8@ lfpca<{Uzt l}zaUt 1,0¢— 1)}
2L, o) 2
— |\ M3 s fpca({Ui,t—l}iy Ut—lagt—l)
2 aO't_l
(since 2ab < a? 4 b* for any a,b € R)
2
= @ fpCa {Uzt}zaUt70t 1) fpca({Ui,tfl}iaUtflﬂftfl)
2 Ot—1
a 2
( 2 {8Gt_lfpca({Ui,t—1}i, Ut—lao-t—l):|

0
|:80't 1fpca {Uzt}’wUtaO—t 1) 80't_1 (Ut7{Ui,t—1}i70-t—1>

0
) fpca({Ui,t—l}iy Ui, 0t—1)

fpca({Ui,t—l}i; U, Ut—l) -

- 0oy

-
s

a 2

- ca a ca
E p (Um Ui, o 1) fip (Ui,t—h UtaUt—l)
— 807& 1 0o_q

SIH
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0 0
aat, fpca({Uzt 1}17Ut70t 1) 8Ut71fpca({Ui,t71}i:Utflaatfl)
ns ML 0 ?
2
1 i g g
< % [(E ; ng)“Ui,t — Ui,t—lHF) + L&/)HUi,t — Ui,t—lHF]
n3 — 13 L 0 ?
- 379 fpca({Ui t—l}i7 Ut—l; O't_1> (fI'OIIl Lemma 16)
2 30’t_1 ’
2 2
<2 { ( ZL@HUM Ui 1HF> +2 (LU — Uil
N3 — 2L 0 2
— (BB fP{ Ui -1}i, U1, 00-1) (since (a + b)? < 2a* + 2b%)
2 aO't_l '
< | 230 (EON0~ Ul + (L0 = Uil
= 1/3 m - U it i,t—11(|F Vv it it—1]|F
— 2L 2
- 2173 J> {88 fpca({Ui,t_l}i,Ut_l,at_l)} (Cauchy—Schwarz inequality)
Ot—1

1 m
))QE (Z“PTUMl it S ( it—1, U1, 0 1))”%)
=1

+ (L) Pry, - (Vo P (Ui i, Uy, 00)) |13

— 2L, 0 2
_(773 2773 >|:aat1fpca({Ui,t—1}i7Ut—lagt—l):| :

Thus, we have

fpca({Ui,t}i; Ui, Ut) - fpca({Ui,t—l}z’> Ui, Ut—1)

= [fpca({Ui,t}ia Ui, Ut—l) - fpca<{Ui,t—1}i7 U1, 0t-1)]

F UL Unoi) = (Ui} Usr0i0)

+ [fP"({Uir}i, U, 00) — fP“({Uir}i, Uy, 04-1)]

S ( 771"‘0771771 +7]3 L(U ) Z“ TUzt 1 it— 1fp a( i,t— 17Ut 1,,0¢t— 1))”%‘

253



+ (=2 + Omaf + (L)) 1P, (Vo P ({Usahis Uiy o0e)) 1

— —+ QLU a ca 2
+< 3 1113 )|: fp ({Ui,t_l}i7Ut—170-t—1):| :

2 80't_1
. . 1 . 1 _ . 1
By choosing n; = mm{ﬂ, 1}, 72 = min{z-, 1}, and 73 = min { 3(L([, = 3(;}3’, v Ta}’ we
have
o+ O (LR <y (G — 5 ) —
P P 3 '3 3’
1 2
—ns + Canj + ms(LY))” <y (C7}2772 - g) -2y % = —%,
—n3 + 15 Ly 1\ n3s _ n
T (Lo — =) - B < B
2 BAFBETG) T3 =73
Therefore, we obtain
fpca({Uit}i7 U:, Ut) - fpca({Ui t—l}i; U1, Ut—l)
S _§< ZH TUtl(VU” 1fpca( i,t— 17Ut 15,0t~ 1))”}7)
=1
9 2

fpca({Ui,t—l}ia U1, Ut—1)

77 ca 77
= 2Pr,, (Vo (Ui o) = 2 |50

C.3.3.7 Proof of Theorem 8
Proof. Following Lemma 17, by telescoping across the iterations, we have

T
1
72 |1Pr,_ (Vo P (Uidki, U, o) 7

t=1

1 < ca
+ (EZHPTUt 1 VU” 1fp ( i,t— laUt 155 0¢— 1))“%‘)

=1

a 2
+ a fpca<{Ui,t71}’i7 Utflu O-t71>
Ot—1

254



T
1
S . fpca({Ui, —1}i7U—170—1) _fpca({Ui, }’i)U’70-)
Tmln{%,%,%}; t t t t t t

_ 3 (fpca({Ui,O}i> U, Uo) - fpca({Ui,T}h Ur, UT))
T min{ny, 2, 3} '

C.4 Proofs for Adaptive AEs: ADEPT-AE

C.4.1 Proof Summary

Since the form of the adaptation in the loss function is similar to the PCA loss function, the
lower bound on sigma (lemma 1) holds for ADEPT-AE as well. We utilize the lower bound
to derive the Lipschitz smoothness constants with respect to g and o (lemma 18), and
the Lipschitz smoothness constant with respect to 6 is stated in Assumption 2. Then,
we derive the sufficient decrease with respect to 8, u, and o with the Lipschitz constants.
However, we have multiple local iterations for one communication round in ADEPT-AE. Thus,
we have to deal with the sufficient decrease separately depending on whether the round is a
communication round. With careful derivation under the two cases, we can combine them in

the end and get to our theorem 9.

C.4.2 Lemmas
In the following proof, d = dy is the dimension of the models.

Lemma 18. The loss function f*(6;, p, o) is L,,-smooth w.r.t. p and L,-smooth w.r.t. o
with
o d
C26w?
3¢d? 3d*B? d?
= + + .
26200 T 2t T 2602

Ly

L,
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Also, we have
IV 0. 1 01) = V(0. . 0o)|| < LP|oy — o2

with

w_ BV®
7 wdy/263

Assumption 4. Assume that there exists some B > 0 such that for the weights of the

autoencoders, we have ||| < B and ||0;|| < B for all i € [m)].

C.4.3 Proofs
C.4.3.1 Proof of Lemma 18

Proof. Following the same proof in Lemma 1, we have the same lower bound on o; if we

initialized it in the same way.

The gradient w.r.t. p is

ae [,L—O
Vufi (97“?0): 20_2 .

Thus, we have

d
<l = pll < Lyl — pooll.

— 28w?

N1—9_M2—9 _ || He
202 207 202

For L,, we have

6 +3lu =0 d

82 ae
‘wfz (97“‘70)‘ - ‘

ot o2

6€ + 3|l — 0|2 d
c|osrsleor 10
o o

66 +3(2B)? &
4£%0* [ d? 28w?
3¢d? 3d*B? d>
- + +
26204 2t 26u?
=L,.
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For LY. we have

—0 -0
IV, f2(6, 1.0) — V0 (8, 1, 2)]| = H“ _H

20% 203
L _1)le—el
o o3 2
1 L | [n—0]
|0_1 - 02| D)
0102 0105 2

-3
<2 (w@) Bloy — 09|

B\/_|_|
w3\/—12

_L |0'1—0'2|

C.4.3.2 Proof of Theorem 9

Proof. Since p; and o, are updated only when 7 divides ¢, we consider the two cases separately.

When 7 divides t

First, for the sufficient decrease of 6, ;, we have
ffe(ei,t, Hi—1, 0t—1) - ffe(ei,t—h Hi—1, Ut—1)
ae L9
< <V0i,t71fi (0i1—1, t—1,01-1),0;1 — 9i,t—1> + 7”9” - 9i,t—1||2

= <V9” . (Gi,t—l,ﬂt—l,at—l),—771V0i,t_1ffe(9i,t—17Mt—l;Ut—1)>

_9 H_771V9¢ 1 7051, Mz’,t—170t—1)||2

( M+ 9 > HVOM 7O 1,Mt—1,Ut—1)||2-

Sum over the clients and we have

fae({ei,t}u i1, 0t—1) - fae({ei,t—l}7 Hi—1, 0t-1)
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( m+ni— 5 ) < ZHVQH M. 17Mt1a0t1)H2>- (C.3)

Second, for the sufficient decrease of o;, define

1< 90
- — e Oia -1, -1/
m;&ft_lfl ( it Hi—1,0¢ 1)

Thus, oy = 041 — m2g7 and

ae

i (eita.u't—laat) - fiae(ei,ta”t—laat—l)

Ly
(a o1 Zae( ity Ht—1, Ut—l)) (Ut - Ut—l) + 7 (Ut — Ut—1)2
ae o La o2
ao_ ~ i ( it Hi—1, O-t—l) (—7729,5 ) + 7 (_7729t ) .

Sum over the clients and we have

Ly, .
fae({gz‘,t}7 -1, Ut) - fae({ei,t}y M1, Utfl) < —772(927)2 + ?737(% )2

L, "
~(me )@
Then, for the sufficient decrease of u;, define

ae ]‘ -
gfft = Vi [{(0ig, i1, 00-1), g = m ng

3 e B 1 &
8t = Vi [0y, -1, 0), g = Ezgﬁ
We have

fae<{9i,t}7 i, Ut) - fae({ei,t}a Hi—1, Ut)
. L
< (g, pe — pe—1) + THHM — e
3 L3
= —ns (&l —f + el gl) + = el

L,n -
= (o ) g+ e — gt
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L3 73
< (-t 2B ) gt + Dlet - gt + et P
2
L 2 L((;“)
< (<% BB et + P o)
s Ly o mBL”
< (-2 2B et + P

27 (1)?
3 U nle” 5
< (-2 D) g+ BE gy

Finally, we have the overall decrease when 7 divides ¢ by summing with equation (C.4),

(C3),

fae({ei,t}a i, Ut) - fae({ez‘ t}v Hi—1, Ut—l)

< (cnent ) (B30T O

L, + L " ns  L,n?
+ ( 772+%T> (97) + (—5 + ”T3 g

When 7 does not divide ¢

At time steps that are not communication rounds we simply have a decrease due to the

updates of {6;}, that is,
fae({ei,t}a Wi, 01) — fae({ei,t—l}a M1, 00-1)
= fae({ei,t}v Hi—1, th) - fae({ei,tq}, Hi—1, O'tfl)

1 m
o Z(ffe(ei,m Bi-1,00-1) — 79001, Be-1,00-1))
i=1

( 771"’771 9 > < ZHVOM 1 zt laut—lvat—l)H2) ’

The final bound By choosing, n; = Lie,ng = W,ng = min{1, ﬁ}, and by averaging

over time steps while combining two type of decrease, we obtain

IN
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In 18 3
TZ (EZHVOM 1 (Oi,t—hlJ’t—l?O-t—l)”Q) +_ Z Hg#||2+_ Z (93)2

t=1
t%T 0 t%7T=0

2
_ max{Ly, L, + LY L, 1} Ap
_— T b

.
I
—

where Ar = f*({0,0}, o, 00) — f*({0; 17}, pr, or). Given that 7 is a finite constant let us

denote R = T'/7 as the number of communication rounds. Then we have,

=3 (%Z ||gth2> . Z gt + 7 > (o)

= =1 =1
t%‘r 0 t%7=0
Rl1&[(1E , T 2
T ﬁ;(ag\\gmll ) +5 Z let* + 35 3 (o)
B . it t%?:o
R[1 & 1 X 1 T
*7|w & (aZ\ tH) anfu? LS
t(%;io = t%T 0 to::O
R
> 7 aoin {lgf]"+ It + +(97)2}

Finally this yields,

2
max{Lg, L, + Lf,“) , Ly, 1YA%
R )

i {8l + g1+ (69} <

where A% = f*({6; 0}, o, 00) — f*({0ir}i, v, o1).

[]

Remark 16. In the experiments for ADEPT-AE, we treat sigma as a vector o € R? so that
each weight in the models can learn its own o; instead of sharing one o across all the weights.
The convergence for the modified algorithm is almost identical to the proof here. Moreover, it
can be shown that for the Lipschitz smoothness constant L, the dependence on the dimension
in the numerators becomes d instead of d*. This is because our lower bound in lemma 1 will

not depend on d in this case.
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C.5 Details and Proofs for Adaptive Diffusion Model: ADEPT-DGM

The main change compared to ADEPT-AE is that we input a corrupted sample to the network
during the forward pass (line 11) to train it as a denoiser. Accordingly, [ (6;, u,0) :=
lp(X(1—a)+ Za;0;) — X|* + 25n60® | dlog e, a is the random noise amount.

202

C.5.1 Proof of Lemma 2

Proof of Lemma 2. Let 5, = ——. For the stochastic differential equation
T—t+o§

daxs + By(xs — 0)dt = dw,, =5 ~ N(0, (02 +T)I,),

we have
d(eh B3 (g — @) = el s dgi 4 elo P53 (2 — @)t
— oo Beds <dm2— + Bi(x — é)dt) —eho Bsds day, .
Note that
2
ot Buds _ o Tz _ et rod)mr-riod) _ T 00
T—t+o?
and

T T 2\2
: T + o?) 1 1 T
2f065dsdt:/ (—Odt: T - - — | =(1+= )T
/06 o (T+o02—1)? (T + o) o2 T+ +ag

It then follows that
R R T T
efoTBSds(iB; _ 0) _ (wa— _ 0) ~N <07/ €2f0 Bsdsdt) =N <07 (1 + —2> T) ,
0

and equivalently

. o2 A 02T
i = O (g -0 0~ ¢
N

where € ~ N (0, I;).

Since x§~ ~ N(0, (62 +T)1,), we have Pasio =N (é — g, O'(Q)Id). The KL-divergence

0'(2)+T
between the target distribution pge = N (0,021;) and Pai-jg can then be calculated as

06+ -2 46| O
|

0(2) +T
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C.5.2 Proof of Lemma 3

Proof of Lemma 3. The parameterized score function is ¢(x;0,t) = —f{i. Note that
0
Vo, I P,z (X4 T0) = —F52 since xy|xg ~ N(x,tI;). The training loss of (4.10) can

then be written as

I e~ [T 1 2
Z Z/ EeNN(O,Id) |:§ HQ&(CL‘” + \/EG; Oj,t) + 6/\/EH :| dt
- t=

m

26+ 10, —pl® | d,
+Z 202 +§ln0.

j=1
Note that

T

EE~N(0,Id)[H¢(CUij + \/E€; 0.t) + 5/\/¥HQ]dt

—~

T 27
;i + \/1_56 -0 €
= E.. il AR S dt
/t:O N0 1) [H o5+t Vi
T 2 2]
0 —x;; o
— E.. Y 0 €|l | dt
/0 NOID o2 1t V(o2 +1)

I
N

T
1
—dt> 16 — z4;]|* + const.
/o (03 +1)? ’

. T 1 _ 1 1 .. . e e .. . .
Since fo GIDE dt = s el the optimization of minimizing the training loss is equivalent

to

n

. 1 & a 5 26 + ||0j _ l’l’”Q d )
91:{?%,102 E ; (Z §||0j - ml]” + 902 + §ln0 :

j=1

where a = C% — ﬁ By the KKT condition that
0 0

n 02‘—

Za(@z—ww)+—2”207 Vi:1,2,...,m,
o

j=1

1 m
N—Eizlei,

R R
_ —0
mZ 204 + 202 ’

i=1
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We thus have
Doty Do T

M =
mn
~ n ~
p naé? i Tij fu
i = —— -
nao? + 1 n nao? +1’

. 2
POy TED D
md

~2 : ~2 26 2/ naé? \2 - 2 _
where ¢ satisfies 6° = 5 + s7(;0577)" with s° =

C.5.3 Proof of Theorem 10 and Corollary 1

Proof of Theorem 10. When m — oo, s* — é +0? and fi — p,, a.s.. 6% satisfies

2 o o
S R R
7T +(n +U*>(62—|—1/(noz)

)%

Since 6; are sampled i.i.d. from a population distribution N (p, 021;). a = 1/0? since

T — oo. Let & ~ N (6, é[d), 0 ~ N (p,0%1;), by Lemma 2, we have

m 2

2

1 « 1 A o2 4
m iZIDKL(pri||px;|éi> = m ZZI 0, —0; + mei
1 2
=E|||0—-x———(p—=
’ na&2+1(“ )
2 ~2
oy/n s 2 o 2 2
=(=——)E||0— —)°E |||0 —
(5o E 18 = ) + (o PE 16 ~ )]
2 ~2
_ ay/n o o o 2 2
n (&24—08/71) ot (&24—08/71) oo/m
a3 (Paifndimd o d
n (62+02/n)? n o2+ at/nn

2 52 | 2 2 2 2
o5 20° + o5 /n — o} o5/n 0§
n

no a2+ ai/n 62+ 02/nn
where the expectation is taken w.r.t. x, 0.

Since without collaboration, the training of maximizing ELBO; for client-i leads to

parameter 0; = # and the KL-divergence between the target distribution and the
2
output distribution is %0, it follows that collaboration improves the performance as long as

2 2
572~ % %0
o> -
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2

* 7

2
g, . . ~
20l %0 and achieves the maximum when 62 = o
624+05/n n

2&2—#0(2)/71—05) o2/n

The improvement is ( +0/n

i.e., the learned 62 = o2 O

*

Proof of Corollary 1. Under the same setting as in Theorem 10, by Lemma 3, we have

2 ~ 2 2
62 = Z 4+ (2 + o2)( o* )2 Taking & > % = 33% gives that 62 > 3%, and thus

62+02/n d
_ 9
2n?

2 ~ 2
0% > (24 02) (5 fjg /n)2 > 2 (2 +02) > %’% which guarantees strictly improvement by

Theorem 10. OJ

C.6 Additional Experiments and Experimental Details

C.6.1 Experiments for ADEPT-PCA on synthetic data

We use synthetic datasets for the experiments of ADEPT-PCA. In the dataset, we first sample
a global PC, U* € St(d,r), uniformly on the Steifel manifold. We sample {U?}™, where
the entries of each IA]l* follows Gaussian distribution with mean being U* and variance o*.
Then, we let Uy = Ry (Pr,. (U})) so that it is in the Steifel manifold. Data on each client

are then generated by x = Uz + €.

175

1.70 1

1.65 7

ratio of the reconstruction error

—— Local training
Global training
—— Qurs

0.06 0.08 0.10 0.12 0.14 0.16 018
true o+ for data generation

Figure C.1 Ratio of the reconstruction error to the optimal error for different values of o*. We have d = 100,

r =20, m = 10, and n = 20.

We compare the reconstruction error between Algorithm 15, local training, and global
training. In the global training setting, we train a single global model with the average of

local gradients in each iteration. In Figure C.1, the value in the y-axis is the ratio of the
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reconstruction error of each training method to the true error, which is evaluated by {U;}™ ;.
When o¢* is small, the heterogeneity of the data among the clients is low, and thus global
training benefits from the sample size and performs better than pure local training. Our
algorithm also makes use of the sample size and achieves an even smaller reconstruction error
with the personalized models. When o¢* is large, the heterogeneity of the data among the
clients is high and thus training a single global model for each client does not work well.

In this case, our algorithm learns a larger o and performs more like local training. In the

scenario between the two cases, our algorithm also outperforms both global and local training.

C.6.2 Training and hyper-parameter Details

ADEPT-AE. We set £ = 1le—6 for all experiments. For the synthetic experiments, we don’t
apply local iterations and just do distributed training. For the other experiments, we do 20
local iterations per communication round, and each communication round corresponds to
an epoch. We use 300 global batch size for MNIST and 750 for CIFAR-10. For all datasets
and methods, we use SGD with a constant learning rate of 0.01 after individually tuning in
the set {0.5,0.1,0.05,0.01,0.005,0.001} and momentum coefficient of 0.9. For our method,
we choose 12 = 0.01, 73 = 0.001 and use SGD without momentum. For MNIST and Fashion
MNIST datasets, we train for 150 epochs/comm. rounds and for CIFAR-10 for 250 epochs.
We initialize ¢ = 1 in MNIST and Fashion MNIST experiments, and ¢ = 0.4 in synthetic
experiments, and do not update o for the first two epochs. For CIFAR-10 we initialize o = 0.2
and we do lazy updates that is we start updates after 200 epochs. We observed lazy updates
with relatively small initial o works better for deeper models, whereas simpler models do not

require it. For pFedMe, we set the number of local optimization steps to 3 and use a A =

For AE experiments we use simpler models (compared to Diffusion Model experiments)
as AEs tend to overfit the data and deeper models do not necessarily provide a better

performance in general. For synthetic experiments, we use a two-layer fully connected AE,

and for MNIST and Fashion MNIST we also use a two-layer AE with 784 input dimension
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with 10 and 20 latent dimensions depending on the experiment. For CIFAR-10 we use a
symmetric convolutional AE whose input and output layers are convolutional layers with 16
channels, 3 kernel size, 2 strides, and no padding; the intermediate layers are fully connected
layers that map 3600 dimensions to latent dimensions. We use 10 and 50 latent dimensions
depending on the experiment. We use ReLLU activation function after the first layer and
sigmoid after the last layer. To improve the empirical performance and have a more stable
training we make a few changes to algorithm 5. Namely, we keep individual o for each scalar
weight, for personalized and global models we clip the £, norm of the gradients by 1, and for
o by 10. We update o at the first iteration instead of the last one. We also update the global

model locally in each local iteration.

ADEPT-DGM. On MNIST and Fashion MNIST, we use 20 local iterations per com-
munication round and epoch during training. We use Adam optimizer with 1le—3 for all
methods. For our method, we use Adam with 0.01 learning rate for the updates of the global
model and SGD with 0.001 Ir for 0. We do 100 epochs/comm. rounds in total. We initialize
o = 0.8 and do not update it for the first 2 epochs. We multiply the learning rates 1y, 7o
by 0.1 at the 75th epoch. We employ the same changes in algorithm 5 and algorithm 16
as well. For demonstration, we use a variance preserving SDE (as in algorithm 16) instead
of variance exploding (as in section 4.4). On MNIST and Fashion MNIST, the models are
trained to predict images instead of noise. On MNIST we use a cosine noise scheduler and
on CIFAR-10 we use a linear noise scheduler. On CIFAR-10, for the results in table 4.3, we
train the model using 50 local iterations per communication round. We use Adam optimizer
with le—4 for all methods, and we use Adam with le—4 learning rate for the updates of the
global model and SGD with le—4 Ir for o and we initialize o = 0.35. We train for 200 comm.
rounds. For the results in table 4.3 we train for 100 comm. rounds in table C.3 and let each

client access samples from 3 classes.
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C.6.3 Additional Experiments

Convergence plots In both figs. C.2 and C.3 we observe that our theoretical findings from
section 4.3 hold; that is, high variance imply faster convergence albeit it can result in inferior

testing performance.
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Figure C.2 Training loss vs epochs for ADEPT-PCA with a different true standard deviation of data.

Training loss
Lt = L o

[¥]

—

o 5 10 15 20 25 30 35 40
Epochs

Figure C.3 Training loss vs epochs for ADEPT-AE with a different true standard deviation of data.
Sensitivity to &
As seen in table C.1, the sensitivity to £ is quite low in our experiments.

Additional ADEPT-DGM results

In table C.2, compared to the results in table 4.3, we observe similar trends across the

performance comparison of methods.
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Table C.1 Energy captured (%) versus hyper-prior parameter for the setting of F. MNIST

experiments with high latent dimensionality.

Value of ¢ KID

le—5 85.6
le—6 85.6
le—7 85.5
le—8 85.7
le—9 85.8
le—10 85.9

For CIFAR-10 when we have 50 comm. rounds and samples from 3 classes per client; we
observe a significant performance difference between our method and competition; indicating

faster convergence of our method in terms of image quality.

For F. MNIST, we look at a setting where each client has 200 samples from 2 classes;
despite the low number of samples per client, our method is able to outperform other methods.
We note that on F. MNIST, it is particularly hard to outperform local training due to less

diverse training and test samples.
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Table C.3 Diffusion model generation
quality for generating CIFAR-10 samples

(lower is better).

Method KID

Method KID
Baseline 0.062+.0.003

ADEPT-DGM 0.086 + 0.003
ADEPT-DGM 0.067 £+ 0.003

Fed Avg+fine-tuning 0.104 £ 0.005
FedAvg+fine-tuning  0.082 4+ 0.004

Local Training 0.111 £ 0.006
Local Training 0.0721+0.001

Table C.4 Diffusion model generation quality for generating F. MNIST samples (lower is

better). 200 samples and 2 classes accessed per client, m = 30.

Method KID

ADEPT-DGM 0.110 + 0.008
FedAvg+fine-tuning 0.118 + 0.010

Local Training 0.119 £ 0.005
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Figure C.4 Randomly chosen samples (Left:ADEPT-DGM, noise o = 0.024; Middle:Fed Avg+fine-tuning, noise
o = 0.028; Right: Local training, noise 0 = 0.032) (models are trained and samples are chosen with the same
seed across runs) from generated dataset for a client with data from 0’ class. The pictures are also included

in the supplementary material.
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Algorithm 15 ADEPT-PCA Algorithm

Input: Number of iterations T and

(1, m2,M3).

1: Initialize local PCs {U; o}, global PC Uy, and 0.

2: Broadcast Uy, og to the clients

3: fort=1to 7T do

4:  On the clients:
5. for:=1tom: do
6: Receive U;_1, 041
T Oip =041 — 13 50?_1fipca(Ui,t71; Ui_1,001)
8: g% = PTUI.’t_1 (Vu,, ST Ui, Uy, 001))
9: Ut RULFl(—mgﬁ)
10: gl = Pr, (Vu,_ 7 (Ui, Upa,001))
11: Ui < U1 — o875
12: Send U, 4, 0, to the server
13: end for
14: At the server:
15:  Receive {U;;}7, and {o;:}7",
16: U, =TRu,_, (% Yo Ui — Ut—l)
17: o0y = % Yo Tt
18:  Broadcast Uy, 0; to the clients
19: end for

Output: Personalized PCs {U; 7,..., Uy 1}

learning

rates
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Algorithm 16 Personalized Adaptive Diffusion Model: ADEPT-DGM
Input: Number of iterations 7, learning rates (12, 71, 73), number of local iterations 7, sample

corruption range v € Z*

1: Init local models {0;,}7,, global model p, and oy.
2: On server:

3: Broadcast ug, o¢ to all clients

4: fort =1to T do

5. On Clients:

6: fori=1tomdo

7: if 7 divides ¢ — 1 then

8: Receive 1, 041

9: end if

10: Sample noise amount «; € Uniform[l,...,~] independently for each sample and
construct & = [y, ..., ay)

11: 0y =011 — Ve, [ (0511, phi—1,01-1)

12: if 7 divides ¢t then

13: Mit = Pe—1— 1712V, 3;(01',167 Mi—1,0¢-1)

14: Oit = 041 — 77330(?_1 SL(Gi,t, Mi—1,01-1)

15: Send p; 4,0, to server

16: else

17: My = M1, O = 01

18: end if

19: end for
20: At the Server:

21:  if 7 divides ¢ then

22: Receive {p; .}, and {o;:}7,

23: e = % Yoty Wiy, O = % o it

24: Broadcast u;, o; to all clients

25:  end if 211
26: end for

Output: Personalized autoencoders {6y r,...,6,,1}.
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Figure C.5 Randomly chosen samples (Left:ADEPT-DGM; Right: Fed Avg+fine-tuning (models are trained and

|
_ o

samples are chosen with the same seed across runs) from the generated dataset for a client with data from
'frog’ and ’airplane’ class. We observe that Fed Avg-+fine-tuning hallucinates images from other classes/clients
(e.g. horses); which is both a privacy concern and indicates the lack of performance in generating images

from the target distribution.
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APPENDIX D

Appendix of Chapter 5

D.1 Additional Related Work

Related Works. Beyond the studies highlighted in Section 5.1, the literature on Personalized
Federated Learning (FL) has evolved along several complementary tracks. Meta-learning
approaches aim to learn initialization points that quickly adapt to each client’s data [1,48,87].
Regularization-based methods encourage personalization by adding client-specific penalties to
the global objective [40,65,114]. Clustered FL partitions clients into groups with similar data
distributions [56, 114, 115, 185], while knowledge-distillation techniques transfer information
between local and global models [101,131]. Multi-task formulations treat each client as a
related task to optimize jointly [42,157,168,183], and common-representation methods share
feature extractors across clients [34,44,164]. A hierarchical Bayesian viewpoint has recently

inspired new supervised FL algorithms with adaptation capabilities [28,90, 126].

D.2 Proofs and other details for theoretical results

D.2.1 Diffusion model setup

We first start with the forward process. Ornstein-Uhlenbeck (OU) forward diffusion process
describes the gradual transformation from a true data sample to noise through a SDE; it is

defined as
AX, = —6,X,dt + /26, dW,,  Xq ~ qo(x), (D.1)
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here ¢o(x) denotes the true underlying distribution, similarly ¢;(x) will be used to denote a
latent distribution, ¢; is a drift coefficient, commonly assumed a constant e.g. 1. W, is the

standard Brownian motion. X; ~ ¢; is a latent variable. Equivalently, it can be shown for

some [ : limy o By = 1, By = 0,
Xt =V 1-— BEXO + ﬁtZt,With XO ~ qo and Zt ~ N(O,I)

Corresponding to the forward process, is the backward SDE process, which is defined to
formalize recovering a data sample from true distribution, given a corrupted sample and score

function,
ax, = [5T_,§t + 267,V log qT_t(fE)} dt + /2070, dWs, X~ gr().

In the backward process, we use ?0 to denote a sample from pure noise ¢r. V log qT_t(yt)
is the true score function at time 7" — ¢ (or at time ¢ in terms of the forward process). Of
course the true score function is unknown, hence we need to estimate it from the data using
a fixed pure noise distribution. To that end, one constructs the score matching optimization

criterion,

T
min / Exymy [|l50(1,t) — Vlog a:(Xo) 7] dt, (D.2)

where 6 is a neural network that is assumed to parameterize the score function. Equivalent

to score matching is the DDPM view, which yields,

T
mein / Exq~go(-),2:

EM updates. EM algorithm is the most common approach to find parameters of GMMs.

Al

S@(Xt, t) + E

dt. (D.3)

E-step is consists of finding the soft assignments or so called responsibilities, and M-step

corresponds to updating the parameters. As can be seen in [92]:

wi exp(— [ X — wil*/2)
k
2 i1 wj exp(=[[ X = pyl[*/2)
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_ wexp(— || X — pul*/2)
wexp(—[[X = pl[?/2) + (1 — w) exp(=[| X + p[?/2)

in our case: ry(X) ,7o(X) =1 =11 (X)

(M-step) : wt =Ex[ri(X)], u" =Ex[ri(X)X]/Ex[ri(X)] where + denotes the next iteration.

D.2.2 Proofs in Section 7.4

Lemma 19 (Solution of the OU forward SDE). Let (W;);>0 be a standard d-dimensional
Brownian motion independent of the initialization Xo ~ qo. Consider the Ornstein—Uhlenbeck

(OU) forward (noising) process
dX; = —X;dt + V2dW,,  Xo~ q. (D.4)
Then for every t > 0 the marginal distribution of X, s
X, =e'Xo+Vice 22, Z~ N(o,I),(D.5)
with Zy independent of Xj.
Proof. Multiply (D.4) by the integrating factor e':
o' dX, el Xydt = V2eldW, = d(e'X,) = v2e! W,

Integrating from 0 to ¢ and dividing by e’ yields

t

X, = e'Xy + V2e / e* dW,.

0

Because the [to6 integral is Gaussian with mean 0, its covariance is

t t
COV<\/§e_t/ e’ dWS> = 26_%/ eXds=1—e2.
0 0

Thus the stochastic integral can be written as v/1 —e=% Z; with Z; ~ N(0,1), independent

of Xy. Substituting back gives (D.5), completing the proof. O
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Lemma 20 (Two—component mixture is preserved by the OU forward process). Let the

initial distribution be the symmetric two—component Gaussian mizture

qo(x):w/\/<x;u,1) + (1—w)/\/(x;—u,1>, O<w<1, peR?
Consider the Ornstein—Uhlenbeck (OU) forward SDE

X, = e'Xg + V1—e2 7, with Zy ~ N(0,1) independent of Xo.
Then, for everyt > 0, the law of X; remains a two—component mixture

q(x) = wN(x;ut,I> + (1— w)/\/(x; —ut,I>, where 1 = e ‘.

Proof. Condition on the component of the mixture that generated Xj.

Component “+p”. If Xy ~ N (i, I), then

X, = e ' Xg+V1—e27, ~ N(e_t,u, e T4 (1 — e_Qt)I> = N(e_tu, I).

Component “—p”.  Analogously, if Xy ~ N (—pu,I), we obtain

Xy ~ N(—e’%,l).

Mixture. Because the two cases occur with probabilities w and 1 — w, the unconditional

distribution of X; is the weighted sum of the two Gaussians derived above, namely
() = wN(ﬂf; e, I) + (1 - w)N<x; —e 'y, I>,
which coincides with the claimed form after defining p; = e ‘. m

Proof of Lemma 4. Recall that ¢ is the symmetric two—component mixture

q(x) = wN(x;ut,I) +(1- w)/\/(x; —ut,I), O<w<l1, p=e"pu.
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Because () = S_o_, mpr(z) with pi(z) = N (z; 1), pa(z) = N (25—, T) and weights

m = w, Ty = 1 — w, the score can be written as

> mipi(w) Vo log pr(x)
V., log () = *=——;
Z TP ()
k=1
For a Gaussian with unit covariance, V, log N'(z;m,I) = —(z — m). Hence

Y

V. logq(z) = — [rl(:v) (x — ut) + ro(x) (:c + ut)

where
wpp(x)
wpi(z) + (1 —w)pa(x)’

are the posterior (“belief”) probabilities of the two components. A short algebraic simplification

ri(z) = ro(x) =1 —ri(x)

gives

V.logq(z) = <27‘1(x) — 1) e — .(D.6)
Writing the Gaussian densities explicitly:

1 1
pi(z) = Wexpl — 5llz — Mt||2]; p2(z) = WGXP[ — sl +

I

Then
R T e eXp[— e — gl - Hw+ut|\2)]-

I

|? = —4 pf 2, we obtain

Because ||z — p||* — ||© + e

r1(x)
1 —r(z)

w
= exp[Q,uth + log1 —w]'

Setting z(x) := 2u/x + logt“- and recalling that r; = o(z) with the logistic function
o(z) =1/(1+e?), we have 2r, — 1 = tanh(%z). Therefore

w

1—
2r(x) —1 = tanh(ujx—l—%logliuw) = tanh(u:x—%log w).
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Substituting the expression for 2rq(z) — 1 back into (D.6) yields

V. log g (r) = tanh(ut x — 3 log T - ),Ut -z,

which is exactly the claimed form in Lemma 4. m

D.2.3 Algorithm for new client fine-tuning

Algorithm 17 Conditional personalized fine-tuning for new clients

Input: Number of iterations K, learning rate (1)

1: Download backbone model, initialize the embedding e;

N

Set 0.0 = [Opp, €50]

3: for k=1to K do

4:  Sample a batch of samples {X;}_, and diffusion timesteps {t;}°_,

5. Use forward process (D.2) to obtain a batch of noisy samples {X; }2_,
6:  Take gradient step for embedding €41 = € — Vo, depm({Xt 1)

7. end for

Algorithm 17 A new client downloads the current backbone (line 1), forms 6;, by
appending a freshly initialized embedding (line 2), and for K iterations (line 3) repeats:
sampling data and timesteps (lines 4-5) and updating only its embedding via the DDPM loss
(line 6). No further communication is required after the initial download, so personalization

remains entirely on-device.

D.2.4 Proofs of Theorems 11, 12

Proof of Theorem 11. We start by taking the derivative of (5.10) with respect to w at a
particular timepoint ¢. Let u, = p) X; — 3 log(w/(1 — w)), f(X;) = tanh (u,) — X, + m,

by the chain rule,
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dL  dL df(X:)  dtanh(u) duy d(3 log((1 — w)/w))

dw — df(X;) dtanh(u)  du;  d(Elog((1 — w)/w)) w
) [2@ (tanh(uy) e — Xy + Z/ (V1 — e=2) tanh’ (“t)Wl—w)}
- w(l_—_lw)IE [Mj (tanh(ue)pe — Xi + Zo/V1 — e 2) - tanh'(ut)]
w(l_—_lw)]E [uj (tanh(ue) e — Xi + Zo/V/T — e 2) - tanh’(ut)}
w(l_—_lw)]E 2 i o) b () — 1] X, bl () - ] Ze/V/T— 2 ()|
@ w(l_——lw)E (1l tamh () tanh (uy) — 1 X tamby(ue) + [l2e]> tanh” (us)]
© w(1_——1w)E [—||2¢]2 tanh(u,) tanh'(u,) — 7 X, tanh’ (u,)]
= o () (e b + X0

Hence, at the critical point we have the following condition being satisfied,
_ MtT E [X{]

[[p2e]?
Now looking at the EM algorithm and in particular M-step, we see that

E[tanh(u;)] = (D.7)

wt =E[r (X;)] = E[%(l + tanh(u))]

hence, plugging the convergence point of score loss into EM algorithm,

1 1_/~LtTE[Xt]

= 5( W), in other words EM algorithm is also converged, equivalently,
e

w
E[X;] = p:(2w — 1), which is exactly the first order moment matching condition.

In other words, convergence of score estimation loss corresponds EM algorithm convergence
that satisfies the first order moment equality, since the means and covariances are known this

corresponds to the global maximum of the likelihood.
At the convergence point we can measure the mean squared error of estimating the mixing
weight from samples. In particular, let us define w = %(1 — %

weight, where X, is the sample mean at time ¢. Then the Ly error can be found to be:

) as the sample mixing
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Ellw — o = 1| _(B[x] — X))
- t t

A7 ]2
1 N
< E[X,] — X|]?
= 4”,”15”2” [ t] t”
1 tr(X
< 5 ( ), where X is true overall covariance vector
Al n
L1 d 4wl — w)
A e n
w(l —w d
_wliow) d
n A puel[Pre
which concludes the proof. O]

Proof of Theorem 12. Let us define u := X"y, — $log((1 — w)/(w)), and similarly for @

1

with estimated parameters, and b(w) = 5 log((1 — w)/w), we also assume there is a constant

such that ||i]|> < B. Then we have,

tanh (X 1, — = log((1 — w)/(w)))

Lest(/la ?IJ) = ]EXONDi,Zt 2

— tanh (X[ i — 3 los((1 — )/ ()

= E| tanh (u)p; — tanh(a@)u; + tanh(@)p, — tanh(a)?,
< el (banh e — tanh @) + | tanh |, —

< Ellpel*2(u — @) + |20 — fuell”]

= Bl 20X, (s — fie) + b(w) = b(@))* + [lpte — fe]1”],

R (w —w)?
AR el PN Xl e — el +

2w2 ) (1 — W )2 + HILLt - lﬁ/tHQ]

< 4BE|X|PEll e — pell + E(w — @) + El| . — fue]?

1 w(l —w)

< 4B(d + (4w(1 — DB)E|u — i1]]?
<4B(d+ (bl —w) + BB — il + g

Y

From [151], at the convergence point of their algorithm, we have that with probability at

least 1-2d exp —% the convergence is to a ball with [|u; — fi|*> = O(€). Now we convert
d*B
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this high probability bound to a expectation bound. In particular the non-vanishing e term
is introduced in Lemma E.7 of [151|. There we have the following high probability bound for

bounding the difference between population and empirical gradient,

Pr]

2B

1 n
Vi D Lilsp (w50)) = Lulsa,)
j=1

2 22
>e]§2dexp< ne ﬁt)

equivalently for some constant C' > 0, at the end of convergence of algorithm (where

exponential decaying contraction term has vanished), the result in [151] yields,

. ne*p}
Pr{||p: — ]| > Ce] < 2dexp (— d4Bé>

For conversion, we use the tail definition of expectation, E[Y?] = [ P(Y? > y)dy =
I3 P(Y > \/y)dy which yields,

A 0o ny52 dSBG
Ellp — fuull* = /0 2Cdexp <— d4Bt6)dy <C—07pg7,

mnf;
where we used the fact that fooo exp(—Cx)dx = é As a result, the overall bound is,

-0 ) o) o

where the first term is due to global estimation of mean and the second term is due to the

local estimation of mixing weight.

D.3 Additional Details and Results on Experiments

Experiment details. We use Adam optimizer with constant learning rate following the

original DDPM paper. For CELEBA, CIFAR-10 we use learning rate of le — 4, and for
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MNIST we use le — 3. During training, each round of local training corresponds to 1 epoch.
For CELEBA, we traing for a total of 800 epochs with 50 local iterations, for CIFAR-10 we
train for 400 epochs with 100 local iterations, and for MNIST we train for 200 epochs using
20 local iterations. For fine-tuning, for competing methods x0.1 of original learning rate

gives the best results, for our method we use 0.01 as the learning rate.

Model architecture. For every dataset we employ the same high-level design: a
identity-embedding layer maps each identity token y € {0,...,m — 1} to a learnable vector
of dimension d.p,,; this vector is injected into an UNet2DModel backbone through modulating
activations. Each backbone uses two residual blocks per scale, while its depth and channel

widths are dataset-specific:

e MINIST (28 x 28, 1 channel): three scales with feature widths (32,64,64). The encoder
follows DownBlock2D — AttnDownBlock2D — AttnDownBlock2D; the decoder mirrors this
with two AttnUpBlock2Ds and a final UpBlock2D. This lightweight configuration suffices
for the low-resolution digit images.

e CIFAR-10 (32 x 32, 3 channels): four scales with widths (64, 128,128,128). The down
path is DownBlock2D — AttnDownBlock2D — AttnDownBlock2D — DownBlock2D; the up
path is UpBlock2D — AttnUpBlock2D — AttnUpBlock2D — UpBlock2D. Both width and
depth are doubled relative to MNIST to handle the richer natural-image content.

e CelebA (64 x 64, 3 channels): we reuse the CIFAR backbone.

Across all variants, the parameter count rises from MNIST to CIFAR/CelebA, yet the
conditioning interface is unchanged. For our implementation we directly use label conditioning

interface of UNet architecture.

CELEBA qualitative results. In Figure D.1 we can observe generated images for the

modesl trained on CelebA dataset.

Shared representation approach architecture. Inspired by [34], in our framework

SPIRE, we introduce a novel shared representation approach as a strong competing baseline.
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Figure D.1 Grid of original CELEBA images and generated images by competing methods for particular

client, who has sampled data from 5 different individuals; using the same random seed maybe to appendix.

Concretely, each client’s U-Net is partitioned into three semantic parts: (i) the down-sampling
path, responsible for hierarchical feature extraction; (ii) the bottleneck (middle) block, where
the highest-level, most compressed latent representation is processed; and (iii) the up-sampling
path, which decodes latents back into the pixel space. During federated training, the down-
and up-sampling paths are synchronized across clients at every communication round in SPIRE
—mirroring the global feature extractor in [34] so that low and high-level visual features are
learned from the entire population’s data as can be seen in Figure D.2. In contrast, the
bottleneck block is kept client-specific and never uploaded to the server. This design has

several advantages:

1. Personalization without classification head swapping. Unlike classifiers, diffusion
U-Nets do not have a lightweight prediction head that can be individualized. By indi-
vidualizing the bottleneck, we inject client-specific inductive bias at the deepest latent
level, where semantic factors are most disentangled, enabling fine-grained customization

of generation quality and style.

2. Better fine-tuning performance. In SPIRE, global synchronization of the encoder
and decoder paths anchors each client’s individual bottleneck in a common feature
space, mitigating overfitting to narrow data distributions and preserving cross-client
coherence—a problem that pure fine-tuning baselines (e.g., FedAvg+FT) often suffer

from. Note that, as we see in Section 5, conditional personalization within SPIRE still
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results in better fine-tuning performance.

Training hardware. For training we use a GPU server of 6 NVIDIA RTX2080 GPUs.

The longest training is done on CELEBA, which lasts around 60 hours.

shared individual shared

inp image
outimage

J

positional

timestept embedding

Figure D.2 Shared representation partitioning.
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APPENDIX E

Appendix of Chapter 6.6

E.1 Setup, Details, and Proof for Theorem 13

Assumptions. (i) F' is bounded below by F*, (ii) stochastic gradients, that is Vz €
R [V f(2)|lee < R a.s. , (iii) the objective function is smooth, that is Va,y € R, |V F(x)—
VE(@y)ll2 < Lilz — yll2-

Setup. Our setup follows [39]. Let d € N be the dimensionality of the model. Given a
function i : R — R we define V;h as the i'th component of the gradient. For the stochastic
loss, we assume we have access to an oracle providing i.i.d samples (f;)ien. E;—1 is defined as
the expectation conditioned upon observing the past stochastic function values: fi,..., f;_1.
Unlike [39], for simplicity of calculations, we define ¢, = €/t where € is a small constant for
stability. Next we define adaptive moment updates in a generic way, and then specialize
them to AVGrad. These updates are different from those in Section 6.2, 6.4, but they are

equivalent, and facilitates easier analysis.

Adaptive updates. Similar to [39] we define the following vectors iteratively.

my; = Pimy—1,; + Vifi(x1)

Vi = Pavi_1, + Vift(xt—l)z

Note that m:; = (1 — f1)my; and 0y; = (1 — B2)vy; give the updates in Adam. [39] uses the

mi 4

learning rate to absorb (1—03) terms. In particular, if one has an update z;; = ;-1 ,— \/eJrT;
t,i

. . . 1_/31
Adam is recovered with oy = « it
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AVGrad updates. Let oy = % be the learning rate. AVGrad is defined via the following

iterative steps
(sum)

(sum) _ (sum) avg)
Vi =0y o= E Vi, andvt =

my 4 my 4
=Tt-1,i — &

/et + U(avg) ’ €+ Uislum)

Note that to obtain the AVGrad updates we also need to scale the learning rate with

Tti = Te—14 — O

1-B1 .
/1 7

but, for now, we assume it is already absorbed in the « for the sake of simplicity. We also

drop the bias correction for simplicity as justified in [39).

Precise Statement of Theorem 13. Under the assumptions above and «o; = % for

some « > 0, and a constant 0 < p < 1; when the second-order normalization term is in the

form of the interpolation 2v; + (1 — p)v,fa

> 2RVt (1 —p)T(Fo — F7)

%ng 2R+ al) (ln (1 " RQ(pe(t - 5_2),0)@) o {ln (ﬁzﬂ )

v9) we have:

E.1.1 Proof of Theorem 13

We multiply the normalization term of the update with ¢ from the decaying learning rate;
hence, there is a multiplying factor of ¢ difference in definition of interpolated term in

Theorem 13 and % in this proof. Let us start by defining v, ;

Vi = pugi+ (1 — P)U,Eszum) (E.1)
We also define z/;t,i:
?;t,i = ply; + (1 — P)Uﬁum = p(Povi—1,; + Et—lvift(ﬂft—OQ) (E.2)
+(1—p) (Ut(suln: + Bovi—1i + Be1 Vi fe(we-1)?)
=(1- P)Uisuﬁ) + Bov—1,i + Ee1 Vi frl@e)?, (E.3)
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where the contribution of the last gradient is replaced by its expected value conditioned on

the past iteration. Let us also define

Vift(a:tfl) _
\/ € + Em

From the smoothness of the objective function F', we can use the Descent Lemma to obtain

U =

that

T a’L 9
F(z) < F(w-1) — aVF(x-1) w + TH“t“ :

Taking the expectation of both sides conditioned on f1,..., f;_1, we have

Ev Fla) < Flaer) — oY By |ViF@o) YD) | 0l g 2, (@)

icld) Vet 2

To upper bound the second term on the right hand side, we use the following lemma

which generalizes Lemma 5.1 in [39] to be used with interpolated optimizer and replaces v,

with 1, ,; as the normalization term.

Lemma 21 (Updates approximately follow a descent direction).

) . 2 . 2
E; 1 viF(:pt_l)v\}f(%l? s Vilwo)” 2RE,_, {%] : (E.5)

B 2\/64—1;1571

Proof. For the sake of simplicity, we define G = V,;F(x;_1), g = Vifi(zi_1),v = by, ) = zﬁm

First obviously, we have

G __ G Gy Gy (E.6)
Vet \/E L VErY \/ et
A
For the first term, we use the fact that E,_;[g] = G to obtain that
g, |-G |- & (E.7)

\/€+1/~1 \/6+1Z~)
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In order to bound A, we begin with
1/; -y — Gy Ei_19° — ¢°
Vet e+ (et +/e+1) Vet e+ (et d+ /e + )

where the last equality follows from the fact that ¢ — 1) = E,_1[¢%] — ¢? (see (E.3) and the

A=0Gyg

definition of 1, ;). Hence, from the triangle inequality we have that

A < gl —2 gy I
Vet vlet+y) €+ (e + 1))
A1 ~~ -

Ao

where in the inequality follows from the fact that v/e + ¢ + /€ + ¢ > max(y/e + 1,1/ €+ 12)
A wuseful fact that will be used later is the following

2 2

x )
VA >0, R < — 4 == E.8
>0, zyeR ay < —-+ o (E.8)
To bound A;, we use (F.8) with A\ = ¥ E;Jj,x = \/li—i, Y= |g|%, which yields that
G2 QQEt—l[QQ]z

A1§ = .
wferd  (EHDPR(+)

Taking the expectation and noting € + ¢ > E,_1[¢%] ensures that

G2 ]E g G2 2
€[S [

4 e+ e+ €+ €+

where the last inequality uses our boundedness assumption /E;_1[¢g?] < R and the fact that

\e+ > Vv Ei—1[g?]. Similarly, for Ay, we use (F.8) with A = 5 et;@,x = \l/C¥g—|~,y = +¢,
t— E“r €

which gives us (we used similar bounding arguments)

G? E—1[g?]
E,_[A)] < .
1—1[As] < +R )

4 e+@z

E;1[A

Combining both upper bounds we have,

G? Ei1(g]
E:.[|A]] < 2
1 [[A]] < =+ 2R v

20/e+

)
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which can be equivalently written as follows

G2 Etfl[gQ]
E,_[—Al> - | —— + 2R
i—1|—|A]] > +2R "

2 e+1/~)

Finally, combining further with (F.7) and substituting into (F.6) gives us,

Gy G? G? Ei [92] G? Ei 1 [92]
E: 4 { ] > — + 2R = — 2R ,
Vet \ e+ 24/e+ ety 20/ e+ e+
which proves the desired result. ]

Using Lemma 21 in (F.4) yields that

Ei[F(@:)] < F(oi) - (2R TRl - 2aREt1H|utH2]>

Summing both sides for t = 1,...,T, and noting vt < v/T implies that

’ﬂ

-1

E[F(xr)] < F(zo) — 20R + =) ST E[|ul?)-

a’L
VF(x;) 24 ( )
=~ 0 QRWZH tH 2 5

Equivalently, we can write,

ay/1 Bz
2R+\/p+ (1

Il
=)

Z IVF(z)||* < F(x) — E[F(27)] + (2043 + —) > E[flul’]
(E.9)

Now, we would like to bound the last term on the right hand side. For this, we introduce the

following lemma that generalizes Lemma 5.2 in [39].

Lemma 22. Define b, = pZ] By e+ (1—p) Y, > i B3 a; fort >0 and by =0, we

have
An (St ()]
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Proof. Let I; = Z;Zl B a;, o= 3", > i1 B3 a;, we have b, = pl, + (1 — p)r. Since
by > a; > 0 we have that 1 — z < exp™* with z = ej—tbt < 1. Hence,

Qi
€+bt

<In(e+b;) — In(e + by — ay)
=1In(e+0b;) —In(e + p(ly —ar) + (1 — p)(re — ar))

=In(e +b;) — In (€+p/82lt_1+<1_p)rt 1+ (1 —p 252 a]—at>

:ln(E—Fbt) In <€+pﬁ2lt 1+(1—P)Tt 1+(1_ 52ZBt . ] >
7=1

—_———

ly—1

= ln(e + bt) —In (E + B2lt—1 + (1 — p)/’nt—l)

€ + by ) (€+Plt—1+(1—0)7“t—1)
=In + In

(e + b1 e+ Boli—1+ (1 — p)riy
€+ by ) ( p )

<In + In [ max{1, —
N (€+bt—1 { 62}
() = (5)

€+ b1 B2) ],

where the first equality is due to definition of b;. Summing the inequality above for ¢ =

1,2,...,T, yields that (recall that by = 0)

ytgen()ern()],

Also note that by < %ﬁgzp)) O

Using Lemma 22 in (F.13), dividing both sides by T, and after some algebra we have

1 ZHVF e < 2R\/p+ (1 — p)T(Fy — F*)

aT\/1=5,
sz/gd 2R+aL)(ln< RQ(Z;SE;)>T>>+T{IH(52)L>

which concludes the proof.
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E.2 Convergence of AVGrad

Using the notation and assumptions in Section 6.3, we give the following convergence results

for AVGrad.

Theorem 21 (Convergence of AVGrad without momentum). Under the above assumptions

and oy = % for some o« > 0, we have:

1 s _ 2R(Fy — F*) 2Rd . RT
ZHVF I < e = (R aD)] (1+—(1—52)e>‘

Theorem 22 (Convergence of AVGrad with momentum). Let 70 € {0,...,T — 1} denote a
random index such thatVj € N, j < T,P[r = j] 1 — BlT*j. Under the above assumptions

and oy = % for some a > 0, we have:

R d R2T
BIvF@E)? < 2L POVT oy oY, (1+750).
N/ ]. — /BQT T (1 - 62)6
_ aRL 2812 L2 12R2 5 B
where ' = =555 + a=ma-pr T viem = e

Remark. Comparing our Theorems 21 and 22 to Theorems 3 and 4 in [39], we observe that
AVGrad does not have the non-vanishing, constant term that Adam has (see [39], Theorem
2). Moreover, unlike the result for Adam, we do not require 55 > /1. Analogous to how
momentum slows down the convergence bound of algorithms (by multiplicative factors) [39]

AVGrad slows down the convergence of Adagrad by multiplicative factors of (1 — (s).

E.2.1 Proof of Theorem 21

Proof of convergence of AVGrad can be obtained by replacing the interpolated second order

(sum)

moment term 1);, by v, in the previous section. In other words, setting p = 0 in the Proof

of Theorem 13, going through the analysis will give the desired result

1 ) _ 2R(Fy — F7) 2Rd n( TR? )
ZHVF )2 < ﬁﬂ_ﬁ;ﬂ_&ﬁ@mra/:)l 1+—(1_52)6 .
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E.2.2 Proof of Theorem 22

The idea in this proof is to essentially change gradient terms in the Descent Lemma with first
order moments, as the difference in consequent model weights will now depend on the moment
term rather than a gradient at some time point. The necessary changes in the lemmas closely

follow the proof for Theorem 3,4 in [39]. We start by redefining some iterative vectors.

my; = Pimy—1,; + Vifi(zi1)

Vei = BoVs—1, + Vz‘ft(xt—1)2

My my;

)

T = Tt—15 — =777 = Tt—1; — O——F——
€ + vt(fvg ) \J e+ vfi-um)
Let us further define G, = VF(24_1),g: = V fi(z4-1), ur; = ——=2— and U;; = —2=
And also define:

der” = 0 4 B Z Zﬁ’ 93]

T=t—k+1 j=1

note that for j <t — k we have Et_k_l[gjz-] = gjz-, SO f)ﬁff :.n) essentially replaces the contribution
of last k gradients with their expected values. From the smoothness of the objective function

F', we have

o?
L
F(x,) < F(2i-1) — oG uy + —||u,5||2
Taking the expectations of both sides,
T a’L 2
E[F(x)] < E[F(ze)] = a Y EIG ] + —~Efflu3)- (E.10)

i€[d]

To bound the second term on the right hand side, we introduce the following approximate

descent lemma, whose proof is provided at the end of section.
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Lemma 23. [Updates approzimately follow a descent direction/

My 1 — " G} hi
E Gtﬂ' (sum) - 5 Z Z 61 E ~(sum)
€+, i€[d] k=0 €+Utk:+1z

_ 3Ry1 P K
= ZWH BR[| Ur-i[I’]

a?L? 9 &
_ mm — 6 lz; [ ;glx/ﬁ

Using Lemma 23 in (E.10) for the second term on right hand side, yields that

GY ki

i€(d] k=0 €+ Uy pi1y

3aR+\/1 ﬁg /— k

4R\/7V ﬁlZHut l||226 \/_—i-—E[HutH ].

R\/ZT:1 Zj:l 857 = RS, inserting in (E.12) implies that

E[F(z:)] < E[F(z:-1)] — QRQt (Z BiE [GF kJ) + %Ellutﬂi

304R\/ 52 /— k
m g BIEHUt /€||2

O[3L2 t—1 t—1
/1 e "k
4}%\/1_752 Bl;HUt l||2;51

Summing for t = 1,...,T results in
o e 1 a?L &
o5 2 o S AEIGE 3 < Flao) = P+ “3 3 Elu?)
t=1 "t k=0 ) =1 )
A B
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t—1

T t—1
k
e L S 1

t=1
~~

C

3aRVT — By e . ,
— k 4+ 187E[||U;— . E.14
L ZZ¢ FIGENU-l. (B14)

D

J/

We will examine each term separately, for B, we state the following lemma (whose proof

is given at the end of section) to bound the sum of squared norm term

Lemma 24. Assume, 0 < 3; <1, 0 < B, < 1 and we have sequence of real numbers (a;)se(r-
Letci=> " _ B Ta;, by=3"_, > i1 B577a2. Then,

T 2

C 1 bT
Ze%—tbt AL (H?)‘

Lemma 24 implies that

T (Sum)

OCL R2
Y ZEHUtH _2 Zln( c ) 1_51 Zln< 1_ﬁ2)>

(E.15)

Before moving on with other terms, we state some useful facts that are proven in [39].

Fact 10. Given 0 < a <1 and Q € N we have,

Q-1

> alg < A—ar

q=0

Fact 11. Given 0 < a <1 and @) € N we have,

Q-1

2
Zaq\/_ S T T e (1 —a)pre

q=0

Fact 12. Given 0 < a <1 and Q € N we have,

e 4a
Zaq\/@(fH— 1) S m

q=0
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Now we move onto examining other terms in (E.14). For C', we make the following change

in the index j =t — [ which yields the following steps

T t-1

043L2 ) t—1 i
Ry=g V2 2 Bl iV (E.16)

t=1 [=1
-1

- TR Y 3 5

tl]l k=t

- \/1_7\/76121@ WY X ovE

4R\/7\/7612EH’%H > Oﬁvffl
4R¢1_—¢7ﬂ1 ZE s ] :Bk\/_(k:Jr 1)
< }%jﬁgmwmm
< R\(j% AL Zln (1 i éf?m)) (E.17)
(2 R%u Y 1D o (1 T (1}3252) ) (E.18)

i€(d]
where in (a) we use Fact 12, in (b) we use Lemma 24, and in (c) the definition of Ué;s’i;m). For

D, we make the following change in the index j =t — k, and obtain that

T t—1
3altvl — P MZZ\/;@+15§E[||U,5_IC||2] 3O‘RV 5222#1“— BR[| U]
V1—05 t=1 k=0 t1]1

T
- ZE[HUAP] > VIR

—
S]
N

Rm 2
5 ZEHUH AL

) 6aR h_ﬁzzl ( (sum>>

| /\

—~
>

I/\

AL (E.19)

1€[d]

295



(b) 13, 2
2 Odf 5221( 1R ) (E.20)
—BhE 2 — B
where in (a) we use Fact 11 and in (b) we use Lemma 22. For A, first note that,
By (E.21)
ZZ R
Let us change index, j =t — k, and use (E.21):
T t—1
(0 1 Oé\/ 1 /82 t—
SEO T Zﬁl ey ZZ@ "E[|1G417
2R t=1 f — QR\/_ t=1 j=1
T
1— .
- Z 1617361
2RVT .
(1= 87 HE(G)?
(1 - 51 R\/— Z |
E[|VF (x)]%)-
(1 - 51 R\/— Z ’
Note, Z;‘tol(l — Bl =T - 511;%{ >T— 1_5 =T, and let 7 € {0,.. — 1} and
Plr = j] < 1 — 3] 7, then we have:
V=P v R, . (E.22)
2(1 — B)RVT

Inserting (E.15), (E.16), (E.19), (E.22) in (E.14) yields that

am T T 2 ra) — F* 2 Il( RQT )
?(1_51)RﬁTE[\IVF( T>H1§F( 0) = F" 4+ =~ 1_ﬁ1 %1 1 e

~~ N )
A V

adL? 51 RT 6aR\/1 — [y ( R? )
Rv1—52<1_51) Zln<1+(1—ﬁ2)€> (1—p51)? ZEZMI (1—p2)e/)

C D

and after some algebra we have,

2(1 — B1)RVT . aRL\Td N R2T
e e =+ e (L )

E[|VF(z,)]*] <
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2612 L2/Td | (1 N RT ) 12R2\T Td, (1 N R2T )
= 11 )
(1= 52)(1 = p)*T (1=B)e)  VI=BT (1= Ba)e
Equivalently,
R d R?T
IVFG P < 2B ) oy oY (14 ),
]_ — /BQT T (1 - 62)6

where C' = \/1_252’;_ 5y T (1_25'821)‘2‘12521)3 + \/112R which concludes the proof.

Proof of lemma 23. We start by separating the main term into two:

L My ZGtzB _ Y9i—ki (£.23)

sum sum
\/e+vm e—l—vg’i )

t—1
—ZGt w2 S G — G B2 (B24)
e+v§j“m) k=0 €+ ,Eslum)
A B

For B, we again utilize the fact (F.8) that VA > 0, z,y € R zy < /\” + 32’/\, for each

: : : _ V1-p1 _ o ) _ gl
dimension with A = RAGL T LT |Gri — Gkl y = —\/W Then,

|B|<ZZﬁ1( VIZP (G, = Gr)? QR”_B“’”“MZ‘)

G_ .
ARVT= Bk T 1 T T Rlet o)

i€[d] k=0

Note that € + vfsum) > e+ vfilﬁ), hence,

2 2
i ki 9 ki 2
(sum) — (sum) - Ut—kai'
€+ v, €TV ps

Moreover, smoothness of objective function implies

k k
|G = Gugl? < Lllees — gl = 221> awlP < 2128 e
=1 =1

As a result,

1< 3 I IS ey 3 I P

Bl Uil
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\ﬁ/ﬁlZnuuu ZB L ﬁzgy—m T8I, 4. (E.25)

4R\/7 e

For term A, we focus on the main term of the summation E {Gt_kﬂ} Let G =

Jeroem |

Gikir g = G1—kis 0 = @%uﬁ)i, v = vt(‘zum). Note that,
(sum) T— j 2 (sum)
U_U_Ut ki +]Etk1 E E B _Utz
T=t—k j=1
t
T— ] 2
=E; ] E g By 7 g5] E vy
T=t—k j=1 T=t—k
t T
— T— ] 2 T—3 2
=E; E E s J E E By gj -
T=t—k j=1 r=t—k j=1
Af A2

We continue similar to Lemma 21.

G G? A? — A2
g__ _ 4G (E.26)
Ve+v Vet \/6+U\/€+U(\/€+U+\/€+U)
b
We have
| < 1GolAL |Gl A3
T Vetv(e+v)  (e+u)Veto
¢ Co
1 s V(1=B1)VeFD G A7
We will utilize (F.8), for C, let A = +, x = \/LT'{}, Yy = \/EJ‘%@. Then,
G? 1 g* A}
(E.27)

= 4\/6+U VI=P1(e+9)2(e+v)

Given € + o > A? and taking the expectation:

G2 1 A2 g2
el e s ve+vEf““‘1 =il

Similarly, for Cy, we let \ = Y1=0Lyett o |G A | Yy = [429 Then,

QA% Vetd? e+v
G? A2 1 A2 g A2

“ s 4\/6+UA2 VI=PFiVe+v(e+v)?
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Using € + v > A3 and Et_k_l[ﬁ—g] =1,
1

G2 1 A% 1 { 92 :|

Ei_r1]Cs] <

+ E;_;_
T 4et+v V1= 01Ve+o o (e+v)
Hence,
G? 1 2A2 g°
E, 1 1[|C]] < + L 4 :
el s S TR Ve ““[(eﬂ)]

Using A; < ve+ 0, thus, Ay < RVk + 1y/1 — Ba:
< G2 + 2R\/k+1\/1—62E |: 92 :|
T 2Ve+ 0 V1-53 okt (e+v)]|

Taking complete expectation, using € + vt(i-“m) > e+ Ugiusz) and reintroducing the indices:

Eir1[IC]]

1 G} ki 2RVE + 11 = B, 97 i
EflC]] < §E + i Ei k1 T umn |
€+ 171523:?)2 — b (e + Uik )
Equivalently,
1 G2, 2RVE + 1T = Bs ik
E[-1C) > —5E e P
e+l —h (e+v,757)
Note,
& G i
E[|A]] > ZZﬂf E m + E[-|C]]
ie[d] k=0 €+ Uy i1

Then, inserting (E.28), we have:

MMZziﬁ@—ﬁﬂL- (E.29)

~\sum
i€[d] k=0 €+ Ut(,k+1),¢

e | Gl RVER VI 7 )
- a t—k—1

sum — (sum)
2 e+ @t{kﬂ)’i V1I=75 (e+v %)

1 — k G, 2R\1 = Do — k 2
= _— - t— . E
g g BiE =) e kgo Bivk + 1E[||U—k|"]. (E.30)

i€[d] k=0 €+ U1y

N |
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Note, in (E.23) we have,

My 4

Gy =A+B>A—-|B|,
€+ v(sum)
taking the expectation of both sides yields
E |G ——i | =E[A] + E[B] > E[A] + E[-|B]), (E.31)
€+ vﬁum)

Inserting (E.29) and negated (E.25) into (E.31) results in

t—1 2
My 1 k Gt—ki 3R\/ — 3 2
E|Gi—F———| > = E|—=— E VE + EIU

b (sum) 2 Zzﬁl —(sum) T A=5 B 51 Uikl

€+vtz i€[d] k=0 €+ tk+1z

4Rﬁ\/ @Znut |2 ZB

which completes the proof. O]

Proof of Lemma 2. For some ¢,

2

€+bt_1—5lzﬁ E+bt

We have € + b, > € + b, for any 7 < ¢, then,

T

G
;E-{-bt S 1—61;7_225

1 aT —T
:1—61;%1»;65

1 T a’?
Z T
(]_ — 51)2 — €+ bT

1 br
S —(1 — 51)2 ln (1 -+ ?>,

where in the last inequality we apply Lemma 22 with p = 0. Note, from the definition of by

IN

we also have that by < IR_Q ETQ O
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E.3 Additional Experiments and Details

E.3.1 Overall Parameterization in the Experiments

In Section 7.5, we provided the overall parameterization verbally, here we give the vector

updates for the overall parameterization. For the first order moment term we have,

my = Bimy_1 + (1 — B1)ge

ne = B3ne1 + (1 — B3)(gr — ge-1)

lion __ plion,  lion lion
my " = By my % + (1 — By ) g
_ plion, lion lion
up = By my + (1= 87" )gr,

where (; controls the strength of heavy-ball momentum and 3 extends the equation to
Nesterov momentum. The first order moment equations essentially capture the updates for

Adan and Adam. For the second order moment term we have,

9t = g + B3(9t — 91-1)

G =192+ (1= o) (B + §2sign(§2 — 0p1))
Uy = Boty—1 + (1 — B2)3;

Uy = (Up + (t — 1))/t

Vs = p@t ‘I— (1 — p)ﬁt

where ¢ controls whether the difference of consequent vy grows with g?sign(g? — vy_1), as in
YOGI, or g?(g? — v;1) as in Adam; the former, prevents rapid increases in effective learning
rate and provides more controlled updates. For the second order moment term, p; determines
whether to use, less noisy, average of past v;s (we call this method AVGrad and defer its
formal introduction to the next section) or the current v;, which may be more noisy but up

to date. Lastly, the update term together with the decoupled weight decay is as follows,

Tio1 = Ty — ATy
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my + PBan .
Ty = Tp—1—04 (”Y\t/—v—: + (1 - ’y)Slgn(ut)) )
t

where € is the stability parameter, sign(u;) is the element-wise sign operator, 7 controls

whether to do a Lion type update or not.

E.3.2 Training setup for the experiments

On OpenWebText, we use a global batch size of 480 sequences, cosine learning rate schedule
with the peak learning rate of 6 x 10™* (1.5 x 10™* for Lion) and the final learning rate of
1.5 x 107° (as chosen for Sophia algorithm in [103]). For Lion we use the tuned learning rate
from (Liu, 2023) for the same setting. For Adam we found that employing Sophia’s learning
rate schedule results in better loss compared to employing Adam’s learning rate schedule
in [103]. For our methods: AVGrad, MADA, MADA-FS, we directly employ Adam’s learning rate
and learning schedule without any tuning since our goal is to demonstrate that MADA can be

plugged in place of Adam without any changes in learning rate schedule.

We run the experiment for 100,000 iterations (first 2000 are warmup iterations) which
corresponds to training on ~ 492B tokens. We use a weight decay parameter of 0.1. On
Shakespeare, we use a batch size of 64, cosine learning rate schedule with the peak learning
rate of 1072 and the final learning rate of 107*. We run the experiment for 5,000 iterations
(first 100 are warmup iterations). We run our experiments on AWS p5.48xlarge instances
equipped with 8 NVIDIA H100 GPUs. To be able utilize multiple GPU’s we allreduced

hyper-gradients across GPU’s.

We initialize MADA with 83 = 0.9, p = 0 on top of Adam’s established (;, 2 parameters
for OpenWebText experiments as it resulted in a better validation loss. For Shakespeare
experiments, we compare MADA against Adam over a grid of (3, 52) values, where in the
case of MADA (31, B2) represents the initial values. For the OpenWebText experiments, we
do not update hyper-parameters for the first 50 iterations for the sake of stability. For both

experiments we use SGD as the hyper-parameter optimizer. On Shakespeare, for 10M model
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we use 2.5e—3 learning rate and 0.5 momentum (we do not use momentum for ) for learning
the hyper-parameters. On OpenWebText (and for 1.5B model on Shakespeare) we use a

learning rate of 5e—4 for training i, f2 and le—1 for other hyper-parameters.

Vision Tasks. For 5-layer model experiments, we use a CNN whose first two layers are
convolutional layers with 6 and 16 output channels and 5 kernel size; and last 3 layers are
fully connected layers with 120, 84, and 10 output dimensionality. We use ReLLU activation
in all layers except the last one and maxpool on the outputs convolutional layers. We use
a constant learning rate of le—3 for MADA, Adam, HyperAdam; and le—2 learning rate
and 0.9 momentum coefficient for SGD with momentum. We initialize MADA from Adam
state, we set hyper learning rate for 31, 5> to le—4 and for the other variables to le—2. We
use batch size of 256 and train for 50 epochs. For ResNet-9 experiments, we use the model
implementation from https://github.com/Moddy2024/ResNet-9. We use one cycle learning
rate scheduler with le—2 peak learning rate for MADA, Adam, HyperAdam and le—1 peak
learning rate for SGD with momentum. Again we initialize MADA from Adam, we set hyper
learning rate for 8; to le—4, for [y to le—4 and for the other variables to le—2. We use

batch size of 400 and train for 50 epochs.

E.3.3 Additional Experiments

Method OpenWebText (validation loss) OpenWebText Wikitext Lambada

MADA 2.8853 17.9084 61.4689  73.1291
MADA-F'S 2.8838 17.8822 63.9886  75.6158

Table E.1 Validation loss on OpenWebText and validation perplexities on OpenWebText, Wikitext and
Lambada datasets of GPT-2 (125M) models trained on OpenWebText with MADA when the initial optimizer
state is AVGrad.

In these tables, we observe MADA outperforms Adam in training of GPT-2 (medium) as

well. Moreover, we observe GPT-2 (small) training with different initialization (from AVGrad).
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Method OpenWebText (validation loss) OpenWebText Wikitext Lambada

Adam 2.6527 14.1928 50.1410  53.7468
MADA 2.6422 14.0441 43.8067  53.7575

Table E.2 Validation loss on OpenWebText and validation perplexities on OpenWebText, Wikitext and
Lambada datasets of GPT-2 (355M) models trained on OpenWebText with Adam and MADA. The initial state
of MADA is AVGrad + Adan (p =0, 53 = 0.9).

Synthetic convex experiment. This is a famous example from [143], where Adam
notably fails to converge to the optimal solution, x = —1; whereas AMSGrad (and AVGrad)
reach the optimum. The online learning experiment given in [143| to motivate AMSGrad is

as follows:

1010z for t mod 101 =1
gi(x) == (E.32)

—10x otherwise
with constraint set x € [—1, 1] and ¢ denotes the time index in the online learning setting.
In Figure E.1, we plot the average regret which is defined by (g;(z) — g:(—1))/t, as well as
the evolution of z and p with respect to iterations. Here, we reduce the effect of Lion by
assigning a small hyper-learning rate to -y, since signSGD based methods neutralize the effect
of large gradients which allow faster progress towards the optimum. We observe that even
when we initialize MADA from Adam (py = 1), it quickly recovers AVGrad (p; — 0), which is
the right optimizer to use for this example. This experiment shows that MADA can learn to

behave like AVGrad even when initialized from Adam.

E.4 Details on Computational Burden

As mentioned in the main text, the additional computation can be broken down into two

components: additional per-parameter computational steps during optimizer update, and the
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Figure E.1 Average regret, x;, p; with respect to iterations for MADA on simple convex function.

computation of hyper-gradients. Note that the first component is negligible compared to the
overall FLOPs requirement of a single training step in a language model. This is because for a
model with N parameters trained over a batch of T" tokens, the model parameter update in the
parameterized optimizer involves ¢cN FLOPs (with ¢ being on the range of 10-20 depending
on the parameterization), while the forward-backward passes require approximately 67N
FLOPs, with T being on the order of thousands. To analyze the second component, consider
the hyper-gradient example in (6.4), where the computation of hyper-gradient with respect to
p involves several vector-level element-wise operations (note that the multiplication of the first
term with second does not require a matrix-vector multiplication, since it can be implemented
by a dot product with the numerator followed by element-wise division with the denominator),

where each vector is of size N. As a result, the FLOPs requirement is still O(N) (does not

scale with T'), and much smaller than the 67N required for the forward-backward passes.

The derivative with respect to the other coefficients can similarly be shown to have O(N)
complexity.

We also profile the memory footprints of the methods and find that the peak memory usage
is 15.5 GB for Adam, and 24.9 GB for MADA; time per iteration is 0.65s for Adam and 0.85s
for MADA. If we exclude LION (which contributes the least in this setting) MADA results in

22.2GB of memory usage and 0.72s time per iteration.
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APPENDIX F

Appendix of Chapter 7.6

F.1 Implicit Regularization and Proof of Theorem 14

Proof of Lemma 5. Gradient perturbation can be defined as the effective perturbation on
the gradient that is induced by the update with SR. In other words, for gradient descent as

an example, we have the following equality:
r—a(VF(x)+ &) = Qsr(x — aVF(x))

As a result &, is defined as:

Q=

rz—aVF(x)—|(z—aVF(x
[(z — aVF(z)] - (x—onF(:c))), w.p. ¢ =l ()]

504($) =

z—aVF(zx)]|—(z—aVF(z
|(z —aVF(x)] — (z — onF(x)) . wp. U ( ﬂA ( ()

where A = [z — aVF(z)] — | — aVF(z)] is the difference between quantization

levels in terms of gradients. E[[|& (%] = = ([(x —aVF(z)] — (z — onF(x))) (L(x -

aVF(z)|] — (x — aVF(x) |. Consequently, when o — 0, after some algebra, we have

lim, o 0B[[[&]12] = S0, A

V().
O

Theorem (Restatement of theorem 14.). Let F(x) be the loss function to be minimized, v be
a small learning rate, £, () be random vector quantization error while doing updates with

SR. Then, implicitly, the following expected modified loss, Fsg(x), is being optimized:
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Fsn(v) = F(@) + ZIVF@) + ZE&(@)IP

= F(2) + Z|VF ()|

d

+ % Z (f—VF(a:ﬂa - (—VF<95))>

i=1

( - VF(z) - L—VF(JJ)JQ>
Proof. Our proof follows similar logic to [10], but we consider the perturbation due to SR.
We start by defining I(x) := I(z) + &, (x) which is the update due to gradient descent when
SR is applied. To measure the introduced error due to taking steps using modified-perturbed

flow we need to compare the continuous updates and discrete updates. Note, the discrete

updates with perturbed gradient flow results in the following modified flow:

[(x(t)) = [(x(t)) + aly(x(t)) + Ply(z(t)) + O(a?)

= U(x) + &) + ali (2(t)) + a®la(z(t)) + O(a®)
Note that gradient descent (Euler method) is defined by ;.1 = x; + al(x); in this work we
are interested in the average path the discrete updates follow, i.e., Eezyq = o, + aBe[l(2)].
The goal of backward error analysis is to compute lAZ-s; here, we equate one step of gradient

descent on original gradient flow with Taylor expansion via the modified-perturbed flow (in

expectation). This yields,

rital(zy) = Ee[z, + a[(:vt) + 042Vl~(xt)l~(xt) + 0(a?)]

= (1) + al(x(t)) + o2 (I (z(t)) + %Eg[v(l(x(t)) +&a(@()))(Ux(t) + Eal@(?))) + O(a?)

Assuming [(z) # 0 (this corresponds to case where the local minimum is achieved and
derivative of £ is not continuous) we have that expectation and differentiation operators

commute due to Leibniz rule. Using zero mean property of &, therefore we have,
o+ al(w) = 2(t) + al(z(t) + o (L (= (t)) + %V(l(x(t))l(x(t)) + %E[Véa(ﬂf(t)))éa(x(t))])
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+ 0(c?)
Now we can compute [ (z) as,
h(xz(t)) = —%Vf(:c(ﬂ)f (x(t)) — %E[Véa(:v(t)))ﬁa(m(t))])
= —V|IVF(2)|]* = VE||ga(2)]I*
Then we found the average perturbed-modified flow as:
Ei = () + B (z) + Ealy (z) + O(a?) = =V F(z) — %VHVF(J;)W - %V]EH@(&:)HQ

= -V <F<x> + ZIVE@IP + %Ellfa@:)\ﬁ)

and we obtain the theorem statement. Note that with this modified flow, [ is constructed
such that there is a O(a?) error between the true solution of gradient flow and discrete
update, i.e. |[Ecx; — 2(t)| < O(a?). This is similar to [10]; hence, on average SR does not
introduce additional error as expected due the non-biasedness. For any biased rounding
scheme, such as nearest, E{,(x) in the update step cannot be cancelled, as a result there will

be a O(a) error difference between the true updates and modified updates at every iteration.

]

F.2 Adam with quantized model updates convergence

F.2.1 Proof of Theorem 15

Theorem (Restated theorem 15). When SR is used for the update step to obtain quantized

weights we have the following upper bound:
T
1 2Rd 2R alL R? 1
— E||VE(z)]]? < ( + )(ln(1+—>+T1n(—)>
T; IVEC < =\ =% " 15 e(1 - Bo) 2

L () )
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Adaptive updates. Similar to [39] we define the following vectors iteratively.

my; = Pimy—1,; + Vifi(x,1)

Ui = PBoy—1,; + Vift(xt—1)2

Note that my; = (1 — f1)me,; and 0;; = (1 — B2)ve,; give the updates in Adam. we use the

learning rate to absorb (1 — 1), (1 — (32) terms for simplicity. In particular, if one has an

mt,i l—ﬁl

update x;; = 241, — oy m, Adam 1is recovered with oy = « i If we include the bias

VIR 14

correction terms, Adam is obtained with oy = « T 1A For the update step we further

define:

Tei = @ x Q e
ti = SR Tt—1, — O .
VE T Uy

mt,q

Lemma 25. Let us define uy; = Ty the perturbation due to SR updates, defined as

rei = Qor(i—1,; — awur;) — (w1, — auuy,) at timestep t per dimension i € [d] has the

following upper bound on ly norm,
Eyllrell3 < Aoyl < AVidayu]» (F.1)
where E,, is the expectation with respect to randomness of SR and A = Ay, |, _ayuy, -

Proof. Here we consider the update terms in Adam instead of gradient terms, other than

that the proof is similar to Lemma 1 in [97]. We redefine the perturbation due to SR updates

mt,q mt,q

for ease of analysis, r; = Qsr(Ti—1,; — ) — (415 — o ). Choose a random

number p € [0, 1], r;; can be expressed as,

Ti—1—OlUy [xi—1—ou ;]

—Tp_ 10Ut ; [xt—1—oue,; ] o
x + X +1, when p < = .
T = A
—Tp_ 1ot ; + [xt—1—oue,; ] otherwise

A A
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Ty_1 Ol [xs—1—ou ;)

Defining ¢ = N — N , note ¢q € [0, 1], we can rewrite,

—q+ 1, when p<gq

)

—q otherwise.
Consequently, E[r;;] = 0, and it can be shown that

Elr;,] < A%q(1—q)

< A’min{g, 1 — ¢}

Ut,;
<A20é| s
=~ t A

= AO{t|U,t7i |,

where the last inequality is due to the fact that the update term will be at least as large as

the error term. Then E||r||? < Aay||uelli < AvVdoy ||| O

Let us start by defining v,; which is a virtual sequence where the contribution of the last

gradient is replaced by its expected value conditioned on past iterations.

Uy = Povy—1, + Etflvift(l’tfl)z-

We also define the perturbed updates as follows:

From the smoothness of the objective function F', we can use the Descent Lemma to obtain

that
. a’L o,
F(zy) < F(xy—1) — ayVF(x-1) U + THutH
2

Qg

2
L
= F(wi1) — s VF(a)" (ut + ﬁ) Tl 1
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where r; is defined in lemma 25. Taking the expectation of both sides with respect to sampling

randomness (conditioned on Iy, ..., f;_1) and SR randomness, we have:
2
[ vift(xt—l)_ OétzL Tt
E,; 1F(x) < Floy_1) — « Ei 1 |ViF (2 + E,iq1|lug + —
p,tl(t)_(tl) tie%tl_ (tl)m_ 2p,t1tat

Vift(xtfﬁ Oé?L
= F(241) — oy Z]Et—l ViF(2y-) ———| +
i€(d] - €+ Vi | 2

L
Eoaluel® + 5 Bpea [Irall”

vift(xt—l)_ O‘?L

S F(l’t_1> — O E Et—l ViF(I't_l) + Et_l”UtHZ (F?))
ield) . Vet | 2
aVdAL
+ 5 Bl (F.4)

where the first equality holds due to E[r;] = 0. To upper bound the second term on the
right hand side, we use the following lemma which is a restatement of Lemma 5.1 in [39], we

provide the proof for completeness.

Lemma 26 (Lemma 5.1 in [39], updates approximately follow a descent direction).

Vz‘ft(l'tl)T '

€+ UVt

Vz’ft(xtfl) > ViF(ilftq)Q
\/€+Um' -2 €+ﬁt,i

Proof. For the sake of simplicity, we define G = V,F(24_1), g = Vifi(xi—1),v = 0y, 0 = Ty.

]Et—l ViF(fL’t_]_) — QREt_]_ |: (F5)

First obviously, we have

Gg Gy Gy Gy

= + — . F.6
Vetv  Vettv Jet+tuv Vet o (F-6)
A
For the first term, we use the fact that E,_[g] = G to obtain that
E { b9 } _ & (F.7)
Vera et o '
In order to bound A, we begin with
U —v Et_ng _ 92

_Gg\/e+v\/6+ﬁ(\/e+v+\/e+@) _Gg\/€+v\/e+75(\/6+v+\/e+z7)’
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where the last equality follows from the fact that © — v = E;_;[¢%] — ¢° (see the definition of

vy;). Hence, from the triangle inequality we have that

IEt—lQQ 92
Al < |Ggl—]m——— + |G| —=——,
| |_[ g’\/e—i-—v(e—l—??) | g‘\/e—i-—@(e—l—v)

A1 A2

where in the inequality follows from the fact that /e +v + Ve + 0 > max(v/e + v,Ve + ).

A useful fact that will be used later is the following

A 2 2
YA>0, 2,y €R xy§%+g—x (F.8)
To bound A, we use (F.8) with A = ¥ 7 = \/li—‘ﬁ, Y= |g|2%ﬁi+—v7 which yields that
o2 ¢Ey 1[g?)?

A < + ~ .
'S aeto (e+0)32%(e+ )

Taking the expectation and noting € + © > E;_;[g?] ensures that

G2 Etfl[QZ] |:92:| GQ
E; 1[A;] < + _ <
S TSt e o o) S avers

where the last inequality uses our boundedness assumption \/E;_1[¢g?] < R and the fact that
Ve+ > /E;1[g?]. Similarly, for Ay, we use (F.8) with A = X% 7 = %] g

g2
RE, | | — F.9
+ - [e+v} ( )

2192’ 4 d = o
which gives us (we used similar bounding arguments)
G° Ei—1[g%]
E; 1][As] < R ) F.10
t 1[ 2] = 4\/€_+_—1~) €+ v ( )
Combining both upper bounds we have,
G? Ei1[g°]
E,_1[|A]] < +2R ,
N AL
which can be equivalently written as follows
G? Et—l[g2l)
E, 1[—-|Al] > - | —+2R——— ),
A= (zm €+
Finally, combining further with (F.7) and substituting into (F.6) gives us,
2 2 E, 2 2 E, 2
Etl[ G ]2 ¢ ~—< G _ +2R “[g]): G _ 2R “[g],
VE+v VeE+ v 2V/e+ 10 €+v 2Ve+v €E+v
which proves the desired result. O
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Note that for any i € [d \/€+Ut1<R\/1+Zt 352

a (VZ'F(ZEt_l))2 N aviF(xt—l)z.

F.11
SCN T 2R (F.11)
Using (F.11) in conjunction with Lemma 26 in (F.4) further yields that
- 2 2 a;L 2
Ee-[F(a)] < F(ai1) = (55 VF(@n)|? = 200 RE - [fl?]) + Z5=Eea [ ?)
aVdAAL
+ tTEt—l[||Ut||2]~

Summing both sides for t =1,...,T, using a; < \/%72, and from the definition of [, norm

and taking the overall expectation yields that

B[F(or)] < F(zo) - —ZEHVF w)lP + ( 2of_, oL )%E[uu 7
o) 2 VI-B  20-py)) ="
a\/_AL
Equivalently, we can write,
—— 9%aR o2 T—1
2

afAL Z]E [||2] (F.13)

Now, we would like to bound the last two terms on the right hand side. For this, we extend

Lemma 5.2 in [39].

Lemma 27. Define by = 22:1 /Bg_jaj fort >0 and by = 0, we have

T oa R? 1
Ze+bt<ln(”m)+ﬂn<@)

Proof. Note b; > a; > 0 and we have that 1 — z < exp™® with z = Ei—fbt < 1. Hence,

Ay
€+bt

<In(e+b;) — In(e + by — a;)
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=1In(e + b;) — In(e + Baby_1)

o (eejbf;) o (%)

<In (:—:_bfil) +In (max{l, é})
1

—In (;:btbtl) +In (E) ,

where the first equality is due to definition of ;. Summing the inequality above for ¢ =

1,2,...,T, yields that (recall that by = 0)

Furthermore, we have

< ﬁ\/ln (1 + %T) +Tln <é)
< frin (1) o (1)

Also note that by < 1}_%;2. O

Using Lemma 27 in (F.13), i.e., a; = V,; fi(z;)? and b, = v,; = Z;Zl ,Bé_jaj, and dividing

both sides by T', and after some algebra we have the result.

F.2.2 Proof sketch with quantized second order moment.

For theorem 15 analysis we considered that the only quantized part is the model weights
x¢, which was shown to be the most important to affect the empirical performance from the

ablation studies in appendix F.3. Now we present a proof sketch in the case where second
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order moment v; is also quantized. Let d; denote the quantization error in computation of
v;. That is, vi; = Bove1; + Vifi(z-1)? + ;. We would like to examine what happens to
main lemmas under this error. For lemma 26, there is no changes in the proof until (F.9).
For (F.9) we have € + 0 > E;_;[¢?] + ¢*, which modifies the R in (F.9) to R + J where we
assume 0 is an upper bound on ||d;]|2 which depends on quantization resolution. We have the
identical effect on multiplicative term R in (F.10). For (F.11), we have again loosening effect,

hence, (/€ + 0; < \/}%. We see that the aggregated effect of d;s are modifying R constants

with R 4 ¢ until lemma 27. Looking at lemma 27, the perturbation will require us to have a
term b, = by + Z;zl 0;; for the lemma to hold we need by — 22':1 0; > 0 which will impose
an upper bound on the ¢; (hence, on resolution of quantization for this step) in terms of vy,
i.e. R such that it’s magnitude cannot dominate b;. Assuming such upper bound exists and

continuing with lemma we will again end up modifying the R? term to (R + 4).

F.2.3 Proof of theorem 16

Proof. The analysis is similar to stochastic rounding except r is not random and ||r||s < VdA.

From the smoothness of the objective function F', we can use the Descent Lemma to

obtain that

SN
F(It) S F(xt_l) — OétVF(l't_1> U + THUtH
2
r L r
= F(l‘t_l) — atVF(xt_l)T (Ut + _t) + 4= U + -
(e 2 (e

Taking the expectation of both sides with respect to sampling randomness (conditioned

on fi,..., fi_1), we have:
Vi) 'L 2
iJt\Te—1 T ay Ty
Et_lF(xt) S F(mt—l) — O Z ]Et—l |:VZF(.Z't_1)t—:| — VF(.Tt_l) Ty + _Et—l Uy + —
) \/ €+ Ut 2 (e

o?L

Vifi(zi—
M} — VF(zi-1) 'r + tTEt—1||“t||2

= F(l’t_l) — O Z ]E’t—l |:VZ‘F(ZEt_1) m

1€[d]
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S F(ZEt_l) — O ZEt_l |:viF(l't_1) m :| — VF<1]t_1)TTt + tTEt_1||ut||2

i€[d]
L 2
LB [[lula 7l + [l
a?L

|+ 9P + Bl

vift(xtfl)

Ut,z

< F(l“t—l) — Oy ZEt—l |:viF(xt—1)

i€[d]

L
+ o LBy [[[ullo] [rell + e

Using the fact that ||r;|| < V/dA and I, bound assumption, we have:

Vi Ti—

B_1F(a) < Frio) —op » By {ViF(xt_l)M + RdA (F.14)
, €+ Vi
i€[d] ’

+ Q2 LE, 1 |Jug||? + oy LVAAE,_y ||ug |2 + LdA?, (F.15)

Remark that the last term in (F.14) is due to variance of the nearest rounding and other
error terms are due to bias. We observe that although variance is low (O(A?) dependence)
the bias terms result in higher error compared to the proof with SR. Continuing as in proof

of theorem 15 we obtain the end result.

F.3 Additional Details and Results for Experiments

F.3.1 Training hyper-parameters and details.

For all our experiments we use AWS p4d.24zlarge instances each with 8 A100-40GB GPUs.
For GPT-2 (350M, 770M) we train, on a single node, for 49B and 46B tokens with 12 and
7 micro batch sizes and 480 and 448 global batch sizes respectively. For GPT-Neo (1.3B),

we train for 40B tokens with 1024 global batch size and 16 micro batch sizes on 4 nodes;
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for GPT-Neo (2.7B, 6.7B) we train for 20B tokens with 512 global batch size and 8 micro
batch sizes on 8 nodes. For GPT-2 we do not use tensor parallelism (TP), and for GPT-Neo

models we use TP=8.

Tuning the learning rate. For GPT-2 models we use 2000 warm-up iterations and
for GPT-Neo 200 iterations as recommended. We utilize cosine scheduling. We tune the
maximum learning rate individually for each method starting from the recommended/default
learning rates, we leave the minimum learning rate as default. For GPT-2 models we
search the learning rate in {2,3,4,5,6,7,8} x 107%. For GPT-Neo (1.2B,2.7B) we search in
{1.6,3.2,4,5} x 107%, and GPT-Neo (6.7B) {1.2,3.6,5.5} x 107,

F.3.2 Ablation studies.

Toy example in section 7.2.2

3.0 1 3.0 1
2.8 2.8
x x
G 2.6 G 2.6
c f=
o o
8 241 2244
o (8
2.2 2.2
2.04 2.0
0 1000 2000 3000 4000 0 5000 10000 15000 20000 25000 30000 35000 40000
iterations iterations

Figure F.1 Position of  vs. number of iterations for FP32 updates (Left) and BF16+SR updates (Right),
each position curve represents the position vs iterations for an individual run. With the decaying updates SR
can take a longer time to converge, here FP32 converges in 4600 steps and SR converges in on average 7700

(over 100 runs). We observe that an individual run with SR can converge in as much as 40,000 iterations.

Effect of full precision optimizer states and gradients.

In fig. F.2 we ablate the precisions of optimizer states, gradients and the update. In

particular, every variable is in BF16 in our experiments for algorithm 8; here, the ablation
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Figure F.2 Training and validation loss curves comparing FP32 training and BF16+SR strategy while

training GPT-2 (350M).

indicates that the effect of keeping optimizer states and gradients in higher precision does

not affect the performance significantly.

F.3.3 Loss curves.
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Figure F.3 Validation (left) and training losses (middle-zoomed out, right-zoomed in) for training GPT-Neo

(6.7B).
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Figure F.4 Validation (left) and training losses (right) for training GPT-Neo (2.7B).

The convergence plots show BF16+SR training can converge to a better local minimum

in terms of validation perplexity. Note that BF16+SR further gain can be provided when we
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Figure F.6 Validation (left) and training losses (right) for training GPT-2 (770M).

equate the wall clock running times.
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