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ABSTRACT OF THE DISSERTATION

Dark Matter and Neutrinos in the Lives and Deaths of Supermassive Stars

by

Kyle Scott Kehrer

Doctor of Philosophy in Physics

University of California San Diego, 2026

Professor George Fuller, Chair

Supermassive stars offer an intriguing solution to a problem compounded by recent
observations that there exists objects in the very early universe which are much too massive
than would be expected from standard formation channels. This dissertation explores
supermassive stars and their basic properties primarily analytically, thereby discovering
a means of stabilizing them with dark matter and possible signatures of their demises

induced from the complicated interplay of neutrinos with these stars during collapse.
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Introduction

0.1 Dark Matter

Under the mainstream view of modern cosmology, known as ACDM, the universe
is spatially flat! and the contents of the universe are distributed homogeneously and
isotropically. While this is not true on small length scales (i.e. planets, galaxies, and
galaxy clusters are clearly neither homogeneous nor isotropic), on the scales of hundred of
megaparsecs (~100’s of millions of lightyears), this is basically accurate. The condition
of spatial flatness is predicated on comparing the observed total energy density within
the universe to the so-called “critical” energy density, given by solving the Friedmann
Equations for a homogeneous and isotropic universe:

3H?

e lads 10~* MeV fm ™, (1)

Perit., ACDM =

where Hy ~ 70 km s~ Mpc™! [1] is the “Hubble Constant,” parameterizing the rate of
expansion of our universe today, and G ~ 6.71 x 10~** MeV 2 is Newton’s Gravitational
Constant. To put this critical density in perspective, this is equivalent to a mass density
of about five hydrogen atoms per cubic meter.

Observations tell us that the average total energy density on the largest of cosmo-

logical scales agrees with this critical energy density within error bounds [1], with the

1This is only true for a fixed time-slice; the components of the Riemann curvature tensor in ACDM
do not vanish so it is not truly a flat manifold. On a given time-slice, the geometry is (at least within
error bounds) completely Euclidean.



caveat that the vast majority of it is composed of “stuft” we do not understand at all. Per
the Planck Collaboration [1, 2|, roughly 70% of this critical energy density is derived from
something known as “Dark Energy,” which manifests as constant energy density throughout
the entire universe with no known source. Einstein’s Theory of General Relativity suggest
that such a constant energy density, i.e. one whose value is unaffected by cosmological
expansion, serves to accelerate the expansion already observed in distant galaxies. This
dissertation will not touch on dark energy any further, but the reader should be aware that
there exists many proposed mechanisms for its origin and properties available elsewhere.

The leftover ~30% of this critical energy density is, for lack of a better word, matter,
though the vast majority of this fraction is completely foreign to any usual notions of the
term. Less than a quarter of this “matter” refers to things like protons, neutrons, electrons,
and anything made of those constituent particles, whereas the remaining matter’s presence
is only inferred through careful indirect and independent observations. This “Dark Matter”
(DM) is so named for its lack of any directly detectable electromagnetic, weak, or strong
interaction signatures; it has so far completely eluded direct observation and appears to
not interact with standard model (SM) matter in any way, except through gravity.

The first hints of its presence came from applying the virial theorem to velocity
dispersion observations of the Coma cluster of galaxies by the astronomer Fritz Zwicky
in 1933 [3]. Based on the observed “luminous” matter (i.e. SM matter) content alone,
the galaxies were moving far too quickly to remain bound in a cluster of that size and
would have flown apart from one another long ago. This indicated that there exists a great
deal of non-luminous matter acting gravitationally on the cluster, thereby permitting the
large velocities observed. This paper popularized the term “dark matter” in the field of
astronomy, though Zwicky assumed no notion of peculiar properties and instead reasoned
(in a later paper) that this missing mass was situated in matter too difficult to see, such
as “[...|cool and cold stars, macroscopic and microscopic bodies, and gases.” [4].

Along the same vein in the late 1960’s, though this time with more advanced



instruments focused on the Andromeda galaxy, careful measurements made by astronomers
Vera Rubin and Kent Ford revealed later that stars in Andromeda’s periphery were orbiting
its center much too quickly than what would be expected if all of its mass were composed
of its detectable stars and interstellar media. This same pattern was borne out in the
rotation curves of many more galaxies beyond Andromeda [3], all suggesting that there is a
substantial portion of basically every galaxy that is completely invisible yet still produces
a strong gravitational effect.

While both of these observations could be reasonably well explained by positing
Newton’s 2"¢ Law is altered for small accelerations (i.e. those that would be expected far
from a galaxy cluster/galactic center), an observation of two colliding galaxy clusters in
2006 by Douglas Clowe and collaborators would place scientific consensus firmly afield of
this idea. Known collectively as the “bullet cluster,” this observation showed that there
was a strong distinction between the intergalactic gas of these colliding clusters (where
the lion’s share of the SM mass is) and the clusters’ actual gravitational mass. Using a
combination of X-ray observations and microlensing data from these colliding clusters, the
researchers determined that—during the collision where the galaxies within the clusters
passed by each other unimpeded—the intergalactic gas was stripped off each cluster and
remained in the center of the collision, causing it to glow bright in the X-ray band from
turbulent shocks. The microlensing data suggested, however, that the gravitating mass
within the clusters had also passed through each other unimpeded as opposed to remaining
with the intergalactic gas at the collision region [5, 3|, which would be inexplicable by
modifications to gravity alone. A figure from the 2006 paper showing this fact clearly is
presented in Fig. 1.

These observations, as well as many others, point to an unsettling fact about our
universe: we have no idea what the vast majority of the “stuftf” comprising the universe is.
Setting aside dark energy, of that which could be reasonably described as matter, we do

not have a remotely firm handle on about 80% of it aside from a few basic properties. We
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Figure 1: X-ray heatmap (colored regions, no provided scale) from Chandra X-ray Ob-
servatory data and weak gravitational lensing contours (green curves, no provided scale)
of the bullet cluster. The X-ray data traces the standard model mass in the cluster,
and is centered at the collision area between the clusters. The green contours trace the
gravitational mass of the clusters and are separated from the collision. Adapted from

Ref. [5], Figure 1.



can surmise that this “dark matter” is “cold,” i.e. non-relativistic in its dynamics (a core
assumption of the successful ACDM model), that its interaction with normal matter is
likely only gravitational, and that it may interact with itself though very weakly (or to be
more precise, observations similar to and including the bullet cluster place upper rather
poor upper limits on its self-interaction cross-section to be o/mpy < 1em? g~ [6]).

This dearth of specifics leaves much room for an entire cottage industry theorizing
DM particle physics. The parameter space is wide open for physics at scales smaller than
galactic halos, such as: small scale structure, particle mass, DM-SM interactions, DM-DM
self-interactions, the presence of a “dark sector” (i.e. are there many types of DM particles
with their own internal “dark” interactions?), and many more. This dissertation will take
advantage of the wide parameter space available to us for local scale distributions and
particle physics, and use that leeway to examine a some theoretical scenarios where dark

matter’s presence and impact may be important.

0.2 Supermassive Stars

0.2.1 Background and Motivation

Recent observations from the James Webb Space Telescope (JWST) and the
Chandra X-ray observatory at high cosmological redshifts (z ~ 10) have revealed scores of
supermassive black holes (SMBHs) with masses in excess of ~107 M. While the existence
of SMBHs at or above that mass on its own is not noteworthy—the SMBH at the center
of the Andromeda galaxy is about 10® M, [7| and is dwarfed by that contained in the
galaxy Messier 87—the fact they exist at z ~ 10 raises some eyebrows. Being that massive
only about 400 million years after the Big Bang, standard formation pathways (already an
active area of research for SMBHs in general) seem to not be sufficient to explain their
existence.

The largest black holes we know nature produces are born at ~10-100 M, and are



the result of core-collapse supernovae or pair-instability collapse of high mass stars [§].
From there, these black holes can grow by accreting matter into them and merging with
other black holes, but the timescales for these processes are fixed by some fundamental
physics. Accretion cannot rise above a rate known as the Eddington limit, where the
intense heat of infalling gas and dust near the event horizon produces enough radiation
pressure to drive away any more material from being absorbed by the black hole.? The

luminosity at which this is achieved is [9]

M
~ 1.26 x 10*® (%) ergs (2)

where M is the black hole mass, m, ~ 938 MeV is the proton mass, and or ~ 6.65 x
1072 cm? is the Thomson cross section for light scattering off electrons. While it is known
that this limit can be exceeded for brief periods of time, Ref. [10] found that for a particular
high-redshift SMBH observed, this accretion rate would need to be roughly twice the limit
to explain its large mass at such a short time following the Big Bang.

The other pathway to large masses from binary SMBH mergers is also fraught.
As two gravitating bodies orbit one another, gravitational wave (GW) radiation will
carry energy from the system and their distance between one another will decrease. The

timescale for GW radiation to bring both bodies to merge in a circular orbit is [11]

1 a 6 a \' 108 M\’
TmergeN@M—%Nlo (1pc> i years, (3)

where a is the initial separation distance, M is the total mass of the binary system, and

w = My My/(M; + M) is the reduced mass. Considering that the universe has only
been around for ~10'° years, this poses a clear problem to explaining SMBHs at redshift

2z ~ 10 when the universe was less than 10° years old. While it is true that an orbit

20bservers use this Eddington limit to work backward from an observed luminosity to determine the
minimum possible mass of an accreting black hole.



with eccentricity e > 0 reduces this merger timescale because of larger accelerations, GW
radiation also serves to circularize the orbit after several cycles, making the above estimate
fit-for-purpose in most cases [11].

These physical limitations indicate that, perhaps, our assumptions about the initial
state of these black holes may be wrong. If instead the black hole began its life at a
much larger mass than ~10-100 M, both of these problems could be avoided to explain
something as massive as 107 M, existing so soon after the Big Bang. These objects,
self-gravitating gas clouds in excess of ~10* My, could have formed in the early universe,
and (as will be explained later) would eventually suffer an instability upon reaching a
critical central density and collapse directly into a black hole of similar mass, leaving behind
a high-mass seed that could continue accreting at the Eddington limit as investigated
by Ref. [10]. This formation pathway shifts the issue from the well-established physics
of accretion and mergers to one of forming these supermassive objects in the first place,
where large uncertainties in the physics of star formation (especially in the early universe)

abound.
0.2.2 Equations of Structure and Polytropes

Owing to their gargantuan mass, these supermassive stars (SMSs) are well described
in rather simple ways, specifically that they are fully ionized, radiation dominated in
their pressure support, and fully convective. The key parameter governing them is their
ratio of gas pressure to total pressure [ = Pyus/(Peas + Prad.), Where the total pressure
is a combination of Maxwell-Boltzmann gas pressure and relativistic radiation pressure.

Individually, these contributions are (using units where ¢ = A = kg = 1, a.k.a. “natural



units”)

0
Pas - —T, 4
i = (@)
a
Prad. = §T s (5)

where p is the mass density, p is the mean atomic weight per particle in the gas, my, ~
939 MeV is the atomic mass unit, 7' is the temperature, and a = 72/15 is the radiation
constant in natural units®. For fully ionized hydrogen gas, where each proton is paired
with an electron, 4 = 0.5, and for fully ionized “primordial” gas (~75% hydrogen and
~25% helium by mass), u ~ 0.59.

If 3 is constant throughout the star, then it is related to the total mass M via [12]

1-8 M2
i ™ o.oo:n(M@) . (6)

In the radiation dominated regime where § < 1, this reduces to

43 ( M\ " 4059\ /106 M\ "
~ 2 (22) ~7.23 %10 . 7
0 [ (M> * I M )

We can follow Ref. [12] to determine the relationship between the total pressure

P = P,,s + Paq. and the density p. From the definition of 3, we have

P = 2T = 3P, (8)
Hmy
P = %T4 = (1-B)P. 9)

3The entirety of this dissertation will use “natural units” in equations unless otherwise stated.



We find then that 7" as a function of 8 and p is

3 1_ 1/3
()

which we can plug into Eq. (8) to find P as a function of § and p:

31 1-p1"

pP= {——4—4 f] p*/3. (11)
amy, (it

In principle, the ratio of gas pressure to total pressure 5 need not be constant throughout

the star, and in such cases more information is needed to constrain the above equation of

state. However, under the assumption that it is constant, which as said before is expected

for an object that is fully convective, we can write the pressure as
P= Ky, (12)

a so-called “polytropic” equation of state (EOS) where K is the polytropic constant and
« = 4/3 is the polytropic exponent.

For equations of state of the above kind, the equation governing the resulting
density profile under hydrostatic equilibrium can be derived. First, the EOS can be slightly
reparameterized as

P=Kp"m (13)

where n is the “polytropic index” defined as v = 1 + 1/n. In this definition, n = 3
corresponds to v = 4/3. Under hydrostatic equilibrium, a fluid element in a star of mass

dm = pdV feels two forces that must cancel out: a gravitational force pointing inward:

dF, = _G]MLC-(T)pdV7 (14)

72



where M, (r) is the mass enclosed within a radius r, and an outward pointing force
arising from a pressure gradient acting on an area dA oriented orthogonal to the radial
direction:

dpP

dFp = (P(r) — P(r+dr))dA = —Edv, (15)

with the negative sign being required as pressure decreases for radii further from the center.
Adding these two together and requiring that the net force on a fluid element vanishes, we

obtain the equation for hydrostatic equilibrium:

AP GMaep

g 16
dr r? (16)
This will be used in tandem with the mass continuity equation
dMenc
ra 4rr?p (17)

to derive the equation for the structure of the polytrope.
We will follow Ref. [11] for this derivation. The two first derivative equations above
can be combined into a single second derivative equation to yield

1 d (T2 dP

r2 dr

which resembles Poisson’s equation in spherical symmetry. We will now posit that the

density follows a functional form

p=pl", (19)

where p. is the central density and 6 € [0, 1] is a real-valued unitless function. Therefore,

the pressure is now

P = I(p(13+1/n8n+17 (20)

10



so its radial gradient is

dpP do

— = DK pitt/mgn—, 21
= = (0 DEpH 1)
Plugging these in to Eq. (18), we find
1d/, .dg
—— DKp/m—) = —4xGp.0" 22
i (P ) = <t (22)

which can be simplified to

(n+ 1)K 4, 11/ ,db
/[ rf— | = —O". 2
4G Pe r2dr " dr (23)

As 0 is unitless, the prefactor on the left must have units of length-squared, so it can be

removed with the reparameterization

12,

to yield the Lane-Emden equation of order n

1d deo
aae(©3) =" )

The boundary conditions at the core r = £ = 0 are

0(0) = 1, (26a)

0'(0) = 0, (26b)

where the former is required to match the density at the core p. and the latter to force
the density to vary smoothly at the core. While analytical solutions exist for some choices
of n, it is often more prudent to solve this equation numerically. Another restriction on

the solution is that # remain non-negative, so the first root of each solution is denoted

11
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Figure 2: Solutions to the Lane-Emden equation (Eq. (25)) subject to the boundary
conditions Egs. (26). For n € [0,5), 6 has a root &, < oco.

as 0(&¢,) = 0 upon which integration ceases. A plot of solutions for various choices of
n is given in Fig. 2. Also relevant are the numerical values for &, and 6'(&,), which are
presented in Table 1.

With the solution for # determined for any n, radius R of the configuration is

K]

R = CYLEgn = |: Iy pC?T&w (27)
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and M is determined from using the relation r = a € and Eq. (25):

R
M:/ dr 4mr?p(r),
0

En
= 47ad L pe de £20m(¢),
T3P /0 €07 (¢)

oo d [ ,df
— 3 277

do &
= —47ra?ﬁEpC§2— .

d§
(n+ 1)K]3/2

P €210/ (E)], (28)

M=4
~ W{ e

where we have used the fact that 0'(§,) < 0 for n € [0,5). It is clear that n =3 (v = 4/3)
is a special polytropic index as it is the only one for which the mass M is independent of
the central density. Indeed, it describes the structure of an object for which it costs no
energy to expand or contract because the central density is a free parameter for a given
mass. These objects are metastable configurations and will be important for the specific
study of supermassive stars.

A useful relation between M, R, and p. follows from the above calculations:

M 0 (&
= 4w'§—n)'pc, (20)

which reduces to p. = M/ (%ﬂ'R?’) for n =0, i.e. a constant density sphere. Another useful

relation is the ratio of the central density to the average density pe/pave.:

Pe Pe &n

pe. M/(3R?) ~ 3J0/(E)]

(30)

whose values are also presented in Table 1. We will turn focus back to supermassive stars,

which take n = 3.
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Table 1: Tabulated values for the first root of the solution to Eq. (25) (6(§,) = 0), the
absolute value of the derivative of the solution at that root |¢'(&,)|, and the ratio of the
central density to the average density pc/pave. for n =0, 1, 2, 3, 4, and 5.

n 5” ‘el(fn)’ pc/pavg.
0 2.4495 0.8165 1.0000
1 3.1416 0.3183 3.2899
2 4.3529 0.1273 11.403
3 6.8969 0.0424 54.183
4 14.972 0.0080 622.41

5} %) 0 00

0.2.3 Supermassive Stars in Detail

As mentioned before, SMSs being fully convective permits us to use the polytropic
equation of state with v = 4/3 (n = 3) because the ratio of gas pressure to total pressure
is constant within the SMS. Being radiation dominated (5 < 1), we can approximate the
total entropy-per-baryon s to be primarily derived from the radiation field:

B da T3 B damy, T3

8%87—

= . 31
3 1y 3 p (31)

With this, the temperature can be written as a function of s and p to find that

4 ( M\Y? 4 (32)
s~ — | — - —

using the definition of § and its approximate relation to the total mass via Eq. (7). Since

Praa. = (1= B)P = (1 — B)K p*/3, a more useful equation for K can be found in terms of s:

1 af 3 302843/ s \4/3
K(s) = a ~ ( ) MeV /3,
) =1=33 <4amb S) 1— 3 \1000 ¢ (33)

Since these SMSs are radiation dominated, their pressure is primarily derived from

relativistic particles (specifically: photons). Per a phrase attributed to Nobel laureate
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William Fowler, objects supported by relativistic particles are said to be “trembling on
the verge of instability,” a fact borne out in several astrophysical scenarios. White dwarfs,
for example, contain roughly a solar mass of material in about the same volume as Earth
and are supported against collapse—not by any nuclear burning—but by the quantum
mechanical effect known as electron degeneracy pressure. While they are stable objects
on their own, if they happen to be in a binary system with another star, their deep
gravitational well can strip off gas from the other star’s outer layers and grow in mass.
Any increase in mass needs to be offset by an increase in pressure to avoid collapse, so the
white dwarf reaches a new equilibrium by contracting in size. The electrons in the white
dwarf eventually become so dense that the only energy levels available to them are at
high momentum states on the top of the Fermi sea as quantum mechanical effects become
dominant, meaning that many of the electrons are moving close to the speed of light.
When the vast majority of pressure support becomes derived from these ultra-relativistic
electrons, the white dwarf becomes unstable to collapse and promptly detonates from the
sudden nuclear reactions that take place, causing a Type IA Supernova. A similar process,
though this time gravity overcoming neutron neutron degeneracy pressure, results in the
collapse of a proto-neutron-star to a black hole during core-collapse supernovae [11].
Besides the quantum mechanical degeneracy pressure, the commonality between
these two instabilities is that they are caused by general relativity (GR). In a purely
Newtonian theory of gravity, neither the white dwarf nor the neutron star should collapse
and should instead approach meta-stable states. Being neither stable nor unstable to
collapse, it should cost no energy to compress or expand their size as gravitational forces
and pressure forces are always matched in lock-step. Including 1%° order effects from GR
however, the picture changes. Since it is a non-linear theory, any deepening of the potential
well resulting from compressive perturbations feeds back on itself, causing the well to
deepen even further. For configurations where most of their pressure support is derived

from relativistic particles, this effect is the most pronounced and can induce collapse even
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at modest densities.
The moment at which a configuration transitions from marginally stable to unstable
is quantified by Chandrasekhar’s Adiabatic Index

dlog P
Iy = 34
' (dlog,O)'s (34

a unitless parameter that represents—since the derivative is taken at constant entropy-per-
baryon s—the pressure change for a given change in density with no heat flow. Without
including the effects of GR, configurations are stable if (I';) , > 4/3, where the angled
brackets with a P subscript indicates the pressure-averaged I'y over the entire object. Once
GR effects are considered, this condition for stability changes to [11, 13|

(T')p > g + C’)<QGTM), (35)

i.e. basically the same as the Newtonian condition but with a correction of order-of-
magnitude the ratio of the Schwarzschild radius of an object to its actual radius. Once the
configuration crosses the above threshold, it becomes unstable to radial perturbations and
will collapse. This instability is known as the Feynman-Chandrasekhar Instability [13, 14].
For extremely dense objects, like white dwarfs and neutron stars, this correction can be
substantial as 2GM ~ R. However, as we will discuss later, this represents a correction
of no more than one part in ten-thousand for SMSs. Indeed, this fact means that the
structure of SMSs is completely determined by Newtonian gravitation balancing pressure
gradients, but their stability is instead completely determined by GR.

While the above approach to determine stability is rather general, we can use an
alternative approach that captures the spirit of the Feynman-Chandrasekhar instability
and gives the same result for SMSs. We will use an energy extremization approach to

determine where an inflection point in the total energy as a function of the central density
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occurs, following closely the method of Ref. [15]. To 1% order in GR effects, the total

energy F of a configuration is captured by three terms:

E= EintA + Egrav. + AEﬁGRa (36)

representing the internal gas energy (both Maxwell-Boltzmann and radiation contributions),
the Newtonian gravitational binding energy, and the 15 order effect from GR, respectively.

The terms are calculated from the following integrals [11]:

P
Eint. = /UdMenc. = n/_dMenc.7 (378‘)
P
GMenC.
Egrav. = _/ r dMeHC.7 (37b)
542n—n% [ GMee 3n—1 [(GMue\"
AFEqr = —2 “AMepe. — = ) dMepe.s 37
R n(b—n) /u r 25—n/( r ) (87¢)

where u = nP/p is the internal energy per mass for a polytropic gas of index n. All
integrals are taken over the entire configuration. The final complicated term basically
serves as an additional binding energy but depends on the central density differently
as compared to the Newtonian binding energy. For a polytrope of mass M, polytropic
constant K, central density p., and index n, these integrals can be evaluated to yield the

total energy as a function of p.:

E(pe) = ki MK p/™ — kyGM®p}/3 — k) G2MT/3 23, (38)

where ki ~ 1.7558, ko =~ 0.6390, and k; ~ 0.9183 are numerical constants derived from
integrating functions involving various powers of () for n = 3. The numerical constant k3
is skipped as, in this formalism, it is usually reserved for including the effects of rotation.
Here we will assume the SMS is static, so that term’s contribution has been ignored. Note

that the final term in this energy is proportional to G2, owing to the non-linearity of
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GR. At this 1% order expansion in general relativistic effects, the final term represents a
“gravitational self-coupling” of the SMS’s own gravitational potential well.
As determined in Ref. [16], I'; in a supermassive star can be calculated to be

approximately

[GCRTEN
o™

T~ =+ (39)

for § < 1. Since this follows from a derivative, it is a local condition at a given point
in the configuration, but we will assume this applies throughout the entire SMS with

[ = constant. The associated polytropic index n is therefore

13
-1 143/2

(40)

n

which we will use in Eq. (38). Since this index is not exactly 3, K (s) needs to be adjusted
to ensure correct units. We will call this adjusted polytropic constant K’(s) and will define
it as

K'(s) = K(s)p~", (41)

which for § < 1 is a slowly varying enough function of p to not offend the assumption
of constancy for K in the polytropic EOS. For the rest of this analysis, we will drop the
primed notation in K, but it should be in the back of the reader’s mind that it is not
necessarily the same as that in Eq. (33).

To make determining the inflection point in that equation easier, we will intro-

duce some reparameterizations to remove the units and simplify some exponents. The
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substitutions are as follows:

- G3/2
E = W s (42&)
B G3/2
M = oM (42b)
z = GM*3pl/3, (42¢)
yielding the dimensionless total energy
E = k’lMl_Q/nfE?)/n - ]{?QMI - k’4Ml‘2. (43)

We will now use n = 3/(1 + /2) and take two derivatives with respect to x, setting both

to zero at © = x4, we have the system:

OF - - i
5l =0= (1 + g) ey NIV/3=B3B2  jo) NI — 2key Moy, (44a)
L N zeris.
O*E o4 B ~r1/3-8/3, 8/2—1 ¥
W _— =0= 5 (1 + 5) k’lM / / Lerit.  — 2]{?4M (44b)
The first equation gives M in terms of
k 3/2
M=(———) +0(). (45)
k2 + 2k4xcrit.

If we “turn off” the GR correction by setting k4 = 0, we recover the Newtonian M =
(k1/kq)?? ~ 4.555 to 0" order in 3, a constant with respect to the central density .
We can divide each equation by M and solve for the resulting term with several

annoying exponents (1 + 5/2)/{:1]\%*2/3*6/320&/13 to arrive at the equation

ko + 4kaT it k4
T _4— =0, 46
Lerit. ﬂ ( )
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and finally solving for x.. we arrive at

by B _ K2

_ vl 2
ren = i og = a0 O, (47)

Using the scaling relationship for x and p. (Eq. (42c¢)) and g as a function of M (Eq. (6)),
the critical central density that creates an inflection point in the total energy, where the

configuration transitions from stable to unstable, is

ka \° B 059\ /10° M \"*
Pe, crit. = (m) W%&% p i gem ™. (48)

The reader should note the steep dependence on mass M and that a ~10°% M, SMS

encounters GR instability at a central density comparable to that of water on Earth’s
surface.

Once the SMS is formed from an initially diffuse state (the particulars of that
formation remain to be investigated, perhaps in a different dissertation), the star will
contract on the Kelvin-Helmholtz timescale set by its mass. As we will show, the usual
approach for determining this timescale is insufficient for these radiation dominated objects,
and as a result the timescale will be comparatively short.

We will begin by trying to find a more convenient way of expressing the total energy
in Eq. (38). Ignoring for now the final term in that equation, we can use the internal
energy per mass for a polytrope u = nP/p and the equation for hydrostatic equilibrium
to derive the total energy in terms of Fg.,,., the Newtonian gravitational binding energy.

From the integral for Ejy :

P
By = n/ —dMepe. = n/PdV, (49)
p

where dV = 4xr2dr is the differential volume of a shell at radius r. We can integrate both

sides of the equation for hydrostatic equilibrium (Eq. (16)) over the radius of the star
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multiplied by the volume enclosed V = [dV:

R R R

aP GM,,.

/ & var = / VdP = — / T e lygp, (50)
o dr 0 0 r

3

Integrating by parts and using V' = %7?7“ , we find

0 1 [ GM.
VP - / PaV = / 2 Mene., (51)

r

which means that

Eint. = _ﬂEgrav.a (52)
3
so the total Newtonian energy is
n
ENewt. = Eint. + Egrav. = (1 - g)Egrav.- (53)

For stars supported primarily by non-relativistic particles instead, the polytropic index is
n=3/2 (v~ 5/3), so we recover the standard viral relation 2Ei,; + Egray. = 0, meaning
that we can write the Kelvin-Helmholtz contraction time as

Enewt.|  |Egay M\’ (R (L
o el el g1 (G ) () (5 Jvews o

This would be the timescale for the Sun (or any other star on the main sequence) to
contract if all nuclear reactions stopped in the core, for example.

For stars supported primarily by relativistic particles on the other hand, where
n ~ 3, the Newtonian total energy is instead basically zero, so the only contribution to
the Kelvin-Helmholtz contraction time scale is the final GR correction term in the energy
functional. The SMS will contract from an initially diffuse state (p. ~ 0) with almost

zero total energy through photons leaving the surface at the Eddington rate (Eq. (2))
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until it reaches the critical central density for collapse. The Kelvin-Helmholtz timescale is

therefore

2/3 2 5
nes |Ear|  kaG*M"Pp 0y (0.59) <10 M@>
TKH "~ ~ ’ ~ 3,000 ears, 55
i Lgqa. Lgaqa. 1% M Y (55)

a substantially shorter time than what would be expected for an n ~ 3/2 configuration.
Once the SMS reaches this GR instability, it will collapse on the free-fall timescale

~1/2 o .
) /2 This is an even shorter timescale:

TE ~ (Gpc, crit.

s/ A \T/A
T ~ 10_5(()ME> (105 M®> years, (56)

closer to a duration of thousands of seconds rather than thousands of years. When the SMS
mass is ~10% M), these two timescales coincide, so there is essentially no point beyond
this mass where the SMS is in quasi-static hydrodynamical equilibrium. Therefore, SMSs

in excess of 108 M, will not be considered throughout this dissertation.

0.3 Collapse of Supermassive Stars

Upon reaching the critical central density in Eq. (48), an SMS will contract rapidly
under free-fall. Before GR considerations become important, the collapse can be modeled
analytically in Newtonian gravity following the prescription in Ref. [17], which derived this
result from mass continuity, Euler’s fluid equation in vortex-free flow, Poisson’s equation
for the gravitational potential, and n = 3. As the SMS contracts, the central density
becomes a function of time p.(t), hence the Lane-Emden length scale oy is also a function
of time. Specifically, the equation of motion for arg was found to be

-9 3 1/2
dig _ 4A (K7(s)) 77 1
2 N 3 ( 7TG A1E + C’ (57>

where A is a constant to be discussed shortly and C' is determined from the condition that
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the SMS is initially at rest @ g(t =0) = 0.
Under these considerations, the structure at any given time for the collapsing SMS
is determined by a modified Lane-Emden equation:

1 d de
e () =+ o

with the usual boundary conditions #(0) = 1 and #'(0) = 0. The case of A = 0 is the
hydrostatic case, whereas A > (0 means that the SMS is in some manner of free-fall. There
is a maximum value for lambda that gives a physically reasonable solution, determined
numerically to be Ay, ~ 0.0065438, on account that the solution to # becomes tangent to
the ¢ axis when 6(§) = 0. A plot of solutions to the above equation with different choices
of X is presented in Figure 3.

For now, we will take A = A\, unless otherwise noted. To continue with our analysis,
we can use the condition dpg(t = 0) = 0 to determine the constant of integration C'. We
will take the initial state to be an SMS with initial entropy-per-baryon sy determined by

its mass (Eq. (32)) having reached its critical central density for the onset of GR instability

K(so)\'/* _
QLE,0 = (ﬂ> Pciﬁ (59)

(Eq. (48)), meaning that

TG

The stipulation of an initially stationary SMS at this length scale means that C' is found

to be

3 7TG - __K(So)pc,crit.v (60)

o _@(K(so))lﬂf((so) AN 1/
QLE,0 3

so the equation of motion for arg as the SMS collapses is

. 8A 12 13 K(s0) 173
i =~ |G \/pc e (o)

where the negative solution has been taken because the SMS is collapsing instead of
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Figure 3: Solutions to the modified Lane-Emden equation (Eq. (58)) for various choices
of A\, corresponding to various degrees of free-fall for a collapsing n = 3 polytrope. The
maximum permitted value of A is achieved at Ayax =~ 0.0065438, where 6(£) becomes
tangent to the £ axis where it also vanishes. The interior region of the solutions remain
basically unchanged, however the overall size of the configuration does grow for a given
apg. This effect, however, is tempered by the actual density following the cube of these
functions, so a very small portion of the SMS is altered.
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expanding.
Similar to the static case, we can determine the total radius and mass of the

configuration:

K(s)\'?
R =arpé\ = ( W( )> pe s, (62)
R
M:/ dr dmr?p,
0
£3,A
—tralpp. [ d6€6°(6)
0

- 4”([;(5))3/2 /og “ [w G (52 df)]

v= (i (C?)fi,m (63)

where &3\ ~ 9.8894 is the dimensionless radius when A\ = A« and the final total derivative
term inside the integral vanishes because 6'(&5 ) = 0. The new mass-radius-density relation

is therefore

3 M 3 M

LA . 64
P 4ma B3 ~ AmAEZ, ol (64)

so the time evolution of the central density is

) 9 M .
e = T~ 1 QLE,
p 471'/\53’)\ afE LE
’ iR Bl s
T4, 3 K(s)
. 97 )\ G*M 4/3\/ 1/3 4/3 1/3
Pc = 4A€3 \ K3/2 ¢, crit. (65)

Because of the initial condition that dpg(0) = 0 at a finite initial density, solving this
differential equation numerically will require setting p. o to be slightly larger than pe crit. .
If the entropy-per-baryon s of the SMS is not expected to evolve throughout the

collapse, then the above differential equation is simple enough to solve numerically. During
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collapse, however, we expect processes that could change s to be present, specifically
neutrino processes. While neutrinos in the context of SMSs will be discussed in more
detail in the next introduction section, for the purposes of this chapter they will be treated

as particles that just sap energy away from the SMS.
0.3.1 Entropy Evolution from Neutrinos

As the SMS collapses, some of the in-fall kinetic energy will be converted into
neutrinos that free-stream out of the SMS without giving their energy back to the
configuration. In these high entropy-per-baryon SMSs, there are plentiful relativistic
electron (e™) positron (e™) pairs in electromagnetic equilibrium with the radiation field (i.e.
et + e~ = 2v). Sometimes, when these pairs annihilate, neutrinos are produced instead
of photons (et + e~ — v + ) which escape the SMS and are therefore not in equilibrium.
For a given temperature 7', the emissivity (luminosity per volume) of neutrino radiation
from these relativistic e*e™-pair annihilations is [12, 18]

128

T 9
Ey = ?G%Tg ~ 4.31 x 1025 <m> erg S_l Cm_37 (66>

where G &~ 1.167 x 107! MeV 2 is the Fermi constant which sets the interaction strength
of weak interactions. For reference, G is about 8 orders-of-magnitude smaller than the
Thomson cross section for photon-electron scattering.

Another process that could change the entropy-per-baryon is nuclear fusion processes.

If the SMS is of primordial composition, the dominant nuclear process is the PPI chain:

p+p—=D+e’ +u.,
p—i—D—>3He—|—’y,

3He + 3He — “He 4 2p
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where D denotes deuterium and v, is an electron flavor neutrino. The emissivity for this

entire process is [12]
_ 2 2 —2/3 Ty /? 1/3 2/3 13
epp1 = 1 X P ls e (1 3Ty +edTy™ + 5T ) ergs™ em ™, (67)

where ¢; = 2.319 x 105, ¢; = 33.81, ¢35 = 0.0123, ¢, = 0.0109, and c5 = 0.00095 are
numerical constants, Xy ~ 0.75 is the hydrogen mass fraction, pgs is the density expressed
in units of grams-per-cubic-centimeter, and T = T'/(10° K) is the temperature in units of
10% Kelvins. Due in part to the exponential dampening factor and the weak dependence
on temperature, however, this emissivity is subdominant to that of neutrinos at basically
any conditions involved in SMS collapse (where the maximum temperature is ~1 MeV),
so it will not be considered going forward.

From the 2" Law of Thermodynamics, any net heat flow in a system Q is accom-

panied by a change in total entropy S = N,s per the relation
0Q =TdS. (68)

We will take 0Q) = Ly dt, i.e. the net luminosity from processes that add entropy and
those that take it away. For now we will only consider the latter from neutrinos, but this
leaves the door open for other processes to consider. The total luminosity in this case is

therefore

L — — / Ve,

511 R
= ——4G% / dr 2T (r),
@ 0

oll 5 5 9 3 2,9
:_?GFQLETC ; d¢ £°60°(€),

511 K(s)\*?/ 3 1-8\°
Ltot.(svpc) = _?G%< Wg)) ( TB) 03[97 (69)

apmy
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where the relation between temperature and density is given in Eq. (10) and the shorthand
I, = f[fs’* d¢ £20%(€) were used. Here, Iy ~ 0.2897. The time derivative of the entropy-per-

baryon s is therefore

ds Liot (S, pe
dt N, T

for some choice of T'. Clearly the temperature varies throughout the SMS, so some
averaging process must be used. Any choice will be in agreement within a prefactor of

order 1-10, so to hedge our bets the most we’ll take the maximum value T' = T.

We now have a set of coupled differential equations:

dpc 9 / 8A G2M 4/3\/ 1/3 So 4/3 1/3
B 3 : ¢ o\ it.” 71
dt 4)\55”)\ 3 K3/2(3) Pe P < s ) pc,crlt. ( a)
1 5111 K(s)\*? 1 3\%3
b oD (R 2 LAY, (71b)
dt Nyt e apmy 3

which dictate the collapse dynamics. Without any further context, these equations
imply that the central density will increase without bound and the entropy-per-baryon
will decrease without bound, which is surely unphysical. To make our toy model more
physically relevant, there should be a final state the collapsing SMS reaches beyond which
more sophisticated modeling is required. Since GR was not considered in this analysis, it
would be prudent to establish when GR effects are not ignorable.

A gravitational trapped surface is formed in a collapsing body wherever r =
2G Moy (1), i.e. wherever a portion of a configuration collapses within its own Schwarzschild
radius. For collapsing bodies that are not isotropic (i.e. spherically symmetric but whose
density varies throughout, such as polytropes with n > 0), this trapped surface will appear

somewhere within the configuration as opposed to enclosing the entirety of the matter all
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at once. For a freely-falling n = 3 polytrope, the enclosed mass function is

Mepe. (1) = 47 /T dr’(r')zp(r’),

0

3
— dmaipp. / ag’ (€)%0°(€),
0

i (%f))w / e {(5’)% % ((5’)23—9] ,

T s 3/2
M (r) = T (K ( )> E[ex—30/(6)), (72)

3 TG

where 7 = apg€. The condition for a trapped surface, now in terms of the scaled radius &,

is the transcendental equation for &,, the location of the trapped surface:

b = SK (Pl — 30/ (&) (73)

For small K(s)pi/g, the L.H.S. of the above equation is always greater than the R.H.S.,
but there is a particular p. for a given mass (i.e. a given s and () for which the R.H.S.
becomes tangent to the line y = £ at some point &,. It turns out that, no matter the
mass, the ¢ that satisfies the above equation at the correct p. is always &, ~ 2.66. In
Chapter 2 the static polytrope enclosed mass function was used at time of publication,
however numerically this result and the following results are within ~few% agreement.
The central densities at which the equation is satisfied for some SMS masses are given
in Table 2. The central density at which a trapped surface is formed p., is well fit by a

power law, found to be specifically

M —2.03 -
Peo ~ 1.44 X 107(105 M@) gem ™2, (74)

though this fit is somewhat deficient for higher masses.

This is clearly a crude estimate. GR effects become significant for r ~ 2G My (1),
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Table 2: Tabulated central densities at which a gravitational trapped surface forms
somewhere within the collapsing SMS for several masses.

Mass [Mo] pe [gem™]

10* 1.55 x 10°
10° 1.47 x 107
106 1.45 x 10°
107 1.44 x 103
108 1.44 x 101

not just when the equality is satisfied. GR would serve to collapse the inner layers of the
SMS faster than what would be expected from this analysis because of the high densities.
These densities presented should therefore be a strict upper limit on the central densities
at which a trapped surface forms. Nonetheless, for the purposes of the following analyses,
it will be sufficient as a guide to the effects presented, specifically as a final p. to terminate
calculations.

The purpose of the preceding calculations is to eventually determine if the entire
collapse of the SMS is homologous—which is to ask—does the entire SMS collapse together
as one unit, or does a smaller portion within the SMS instead collapse to form a black
hole? In Ref. [17] as well, it was found that the entire n = 3 polytrope does indeed collapse
all as one unit if the pressure loss from any entropy decrease at a given density was no
more than 3% of the initial value, i.e. that K(s¢)/K(so) < 3%. If the pressure loss is

greater than this, the homologously collapsing inner portion of the SMS has a mass

K 3/2 2
MHC ~ |: (Sf):| Minit‘ - (ﬁ> Minit.a (75)

S0

where MH€ is the mass of the collapsing homologous core, M. is the initial mass of the
configuration, and sy = s(Mp;) is the initial entropy-per-baryon. In the original paper’s
context of collapsing Chandrasekhar-mass stellar cores preceding supernovae, the entropy

loss was quite drastic as it was derived from neutrinos produced from electron capture
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on nuclei, but the final result presented above will work well for our purposes. In those
situations, about 10% of the rest mass of the core is radiated away as neutrinos.

Solving the coupled set of differential equations (Egs. (71)), s; can be determined for
a range of My s between 107-10® My, by integrating those equations until p. = p... The
resulting homologous core mass is presented in Figure 4. The effect is much more drastic at
“low” masses (i.e. ~107-10% M, where the final densities—and therefore temperatures—are
the highest. The strong 7* dependence on neutrino emissivity means that these smaller
mass SMSs lose a lot more of their entropy relative to their initial entropy from neutrino
emission.

This toy model is missing a rather important contribution: neutrino scattering and
absorption. In the vast majority of astrophysical scenarios, the tiny cross-sections for both
mean that neutrinos are basically unaffected by the surrounding matter (as will be discussed
in the next Introduction section and Chapter 2. However, as can be seen from Table 2, these
are not normal astrophysical scenarios by any means; the densities and hence temperatures
involved are quite extreme, and as such the high energy neutrinos being created within
high density environments can interact with the surrounding matter significantly. If we
ignore energy deposition from elastic scatterings, the total neutrino luminosity (Eq. (69))
should therefore be calculated taking into account the total attenuation from absorption

and scattering between the center and the surface, i.e.
R
Lyos. = L5 = / drdmre,e ™", (76)
0
where the optical depth along the travel path 7 is calculated via

7(r) = /07” dr'ngy(r")o(r'), (77)

with n,; is the number density of targets that can absorb and/or scatter neutrinos and o
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Figure 4: Plot of the ratio of the final homologous core mass to the initial SMS mass
MHC /M. against the initial SMS mass, per Eq. (75), following the result of integrating
the coupled differential equations Egs. (71) until p. = pc .. The minimum value on the y-
axis (~ 2%) occurs for the lowest initial mass. This is due to lower mass SMSs having higher
densities, and hence higher temperatures. The results in the range M, ~ 10*-10° M
are rather dubious as the densities reached are quite high, so more processes than what
are considered in the toy model are likely to dominate the evolution. The more modest
homologous core mass ratios above ~10° M, are more physically reasonable.
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is the cross section for absorption. As mentioned previously, more about neutrinos and
the relevant cross sections will be discussed later, however since both the number density
of targets and the cross section increases with increasing densities, this will tamp down
the strong result seen in Figure 4 in the lower mass range. In those cases, 7 will be ~1 or

even >1 in the regions near the core at times in collapse where p, ~ pc.,.
0.3.2 Gravitational Wave Signal

Detailed analysis of SMS collapse may be needed to determine if they are detectable
by future gravitational wave (GW) observatories. In Ref. [19], the authors examined the
GW wave signal from the neutrino burst generated from collapse at the moment just
before a trapped surface is formed. If the burst is at least modestly aspherical, there
will be a non-vanishing time-varying quadrupole moment in the stress-energy tensor for
the neutrinos, which GR predicts will therefore produce gravitational radiation. This is
analogous to electrodynamics where a non-vanishing time-dependent dipole moment in
electric charge produces electromagnetic radiation. The neutrino burst asphericity in the
authors” model was described by a parameter «, governing the overall spatial distribution

of the neutrinos via
1+ acos® 6

FO) = i amy

(78)

which they chose to be axially symmetric for simplicity in later calculations. The neutrino
emission may not necessarily be axially symmetric—indeed it may not follow the above
shape at all—though it must not be spherically symmetric in order to emit graviational
radiation. As the gravitational wave passes through an Earth-based detector arm, it will
change the length by a fractional amount h known as the “gravitational strain.” This was

estimated to be

MHC 10 Gpc
h ~ 6.5 x 10_20aw( > ( ) 79
105 M, d (79)

where w is the mass-energy fraction of the SMS radiated away as neutrinos, and d is
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the proper distance between the SMS collapse event and the detector. In the paper, the
authors choose a = 2% resulting from modest rotation that does not alter the collapse
significantly.

We can improve our toy model by trying to determine this parameter w. To do
this, we let M be a quantity to be solved for in the coupled set Egs. (71) by adding its
evolution equation. Neutrinos will carry away mass-energy from the SMS exactly in the
amount L. in Eq. (69), i.e.

& L (80)

The coupled set then reads

dp. 97 /8N G*M 4/3\/ s (So\Y3 1/
e _ oA 3 _ (%0 . .
dt 4)\&,?:7/\ 3 K3/2<5)pc (8) c, crit. (8 a)
ds L5l (K)\( 3 125 8/3,05/3 (81b)
dt Nb i F TG apmy, 6 <
A5l g (K) (3 1-8), 10
dt TP\ 7@ apmy, [ Pes

b

where /3 and sy are now functions of M described by Egs. (6) and (32), respectively. Upon
integrating this set, terminating now once p, = pco(M) (i.e. now it is a function of the
current mass), we determine sy and My. The fraction of mass-energy radiated away of
neutrinos is therefore w = 1 — My /M. Because the mass is changing throughout the
collapse, this also slightly alters the evolution of entropy-per-baryon s and hence the size
of the homologous core mass. Plots for both w and the HC mass as a function of the
initial SMS mass are given in Figure 5. With the final mass determined, the gravitational
wave strain h can be calculated per Eq. (79). Fixing d = 10 Gpc (corresponding to a
cosmological redshift of z ~ 10 [20]) and o = 2%, the GW strain from a collapsing SMS is
presented in Figure 6.

With a peak strain calculated to be ~1072!, this would put the signal within the
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Figure 5: Plots for the fraction of mass-energy of a collapsing SMS radiated as neutrinos
w (top) and the ratio of the final homologous core mass to the final mass (bottom), both
as a function of the initial SMS mass M;,;.. The reader should note the local maximum
in the top plot at M, ~ 10° My, for which @ ~ 30%, and that it also corresponds to a
subtle knee in the bottom curve.
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Figure 6: Gravitational wave strain caused by an anisotropic neutrino burst with asphericity
a = 2% at a distance of 10 Gpc (z &~ 10) measured by a detector on Earth, as a function
of initial SMS mass. There is a peak strain of almost 1072 at M. ~ 10% M.
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strain sensitivity of LIGO [21]. However, LIGO is optimized for oscillating signals with
frequencies in the ~100 Hz band, whereas these SMS collapse signals would have their
peak power spectrum in frequencies near 1/7g, ~ (Gpcy.)l/ 2 ~ 0.01-1 Hz, depending on
the mass. This instead slots nicely in the anticipated sensitivity range for The DECi-
hertz Interferometer Gravitational wave Observatory (DECIGO), a Japanese space-based
detector projected to begin operation in the 2030s [22].

This calculation was performed again under the assumption that neutrinos are
always free-streaming through the SMS instead of scattering off surrounding material
or being absorbed. A more detailed calculation using L% that takes into account
the absorption of neutrinos will be presented in the following section. Including this
contribution should serve to push the peak strain in Figure 6 to higher masses and to a

lower amount, though the overall shape should not change much.

0.4 Neutrinos in More Detail

As touched upon briefly in the previous section, neutrinos are fundamental spin-'2
particles in the Standard Model of particle physics. Being leptons, they inhabit three
“generations” of particles denoted by their “flavor” of electron (e), muon (u), and tau (1),
though unlike the electrically charged leptons of the same name, the only charge they
only possess is weak charge. Therefore, they only interact with themselves and other
matter via the weak interaction. This interaction is maximally chirality violating, that
is, only so-called “left-handed” neutrinos and ‘“right-handed” antineutrinos participate in
any interactions, in contrast to the other three fundamental forces which are chirality
blind. Here, chirality describes how each particle transforms under the relativistic Lorentz
transformation, but for the purposes of this section it will be unimportant.

Neutrinos are nearly (but not entirely) massless, with the “sum of neutrino masses”
Y¥m,, constrained to no more than ~1 eV [1]. At least two of the three neutrino flavors

must have mass because of a peculiar property observed by them: their observed flavor
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appears to oscillate as a given neutrino traverses the vacuum. If neutrinos were massless,
this flavor oscillation would not be observed since their states could not evolve in time as
they cross large distances. This is fundamentally due to a mismatch between their flavor

states and their mass states, as will be described below.
0.4.1 Vacuum Flavor Oscillations

Neutrinos are often borne of interactions within nuclei, and as such must be created
in a particular flavor state to locally preserve lepton number ¢. For example, a neutron
unbound from a nucleus is unstable, and will decay to the slightly less massive proton
with a half-life of about 10 minutes [1]. In order to conserve charge, an electron must also
be produced, but as the reactant side did not contain a lepton, which has a lepton number
¢ = +1, an anti-lepton of the same flavor must also be created on the products side with a

lepton number ¢ = —1. The reaction equation is therefore

n—p+e +0, (82)

where 7, denotes an electron antineutrino. Now, both the total charge and lepton number
are conserved, i.e. Ag =0 and A¢ = 0.

A similar process plays out in many other nuclear reactions, and as such almost
any time a neutrino and/or antineutrino are created, they are created in what is known as
a “weak eigenstate” that preserves lepton number. The weak eigenstates for neutrinos are
Ve), |vu), and |v;) (|7e), |7y), and |7,) for antineutrinos), and are created in accordance
with whichever charged lepton is also a product of these nuclear reactions. However,
these are not necessarily coincident with the mass eigenstates |my), |m2), and |mg) which
determine the time evolution of the flavor states as governed by the Schrédinger Equation.

Let us consider a two-flavor toy model where there are two weak eigenstates |v,)

and |v,) and two mass eigenstates |m;) and |msy) with mg > m;. These two sets of states
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are related to each other by a unitary rotation transformation U (0) via

. m cosf) —sinf m
_ 00 ma) | m1) | (83)
V) |mg) sinf  cosé |ma)

‘Ve>

where 6 # 0 is the so-called “mixing angle.” Consider a reaction where the initial quantum
state of the neutrino is a v, to preserve lepton number, i.e. |¢(t =0)) = |v.). Per the

Schrodinger equation

.0 -
i |0) = H ), (84)

where H is the Hamiltonian operator describing the total energy, the time-evolved solution

to the neutrino’s quantum state (or any quantum state) is

() = exp(—iflt) [t = 0)) (85)

where exp(-) indicates a matrix exponential. For the Hamiltonian, the eigenstates are the

mass eigenstates |my), where the eigenvalue is determined from

where py is the neutrino momentum. When created in nuclear processes, such as nuclear
decay, these neutrinos have energies typical of the nuclear shell spacing £ ~ 1 MeV.

As the sum of neutrino masses is no more than ~1 eV, neutrinos are almost always
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ultra-relativistic (i.e. £ ~ py > my), so their energy can be well approximated as

Ek: = \/pi—f_m%a

mi
= Dk PR
k

k )

_|_

1+
2py

2

m
E.~FE k
k 1/+2EV7 (87)

where the energy FE, is specifically the energy as measured on Earth by a detector. Writing
the initial state in terms of the mass eigenstates [1)(t = 0)) = |v,) = cosf |my) —sin |my),

the solution to the Schrodinger Equation is therefore

(1)) = cosBe 1t my) — sin fe 2! |my) |

E,,+m§/(2E,,)) i El,+m§/(2El,))

— cos e “lmy) — sinfe” ( “lmy) . (88)

The probability that [¢)(¢)) is measured as an electron neutrino is then given by

2

)

Pe _ |<V3W)(t)>|2 _ COS2 eefi(El,er%/(QEl,))t N SiIl2 eefi(E,,+m§/(2Ey))t
m3 — m?

=1 —sin®20sin? | —2——11¢

S11n S1n ( 1E

Am3
P, =1 —sin® 20 sin® = 89
sin” 26 sin ( 1B, ') (89)

where Am32, = m3 — m? is the mass-squared difference between the mass eigenstates.
This probability has a minimum of 1 — sin?260 and averages over many wavelengths
A =8rE/Am3, to (P.) =1 — 1sin®26.

The case of three flavor oscillation, i.e. what is observed in nature, follows readily
from the two flavor example, but the extra complication is not particularly illustrative.

For three flavors, there are three mixing angles: 615, 013, and 6,3, and three mass-squared
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differences: Am3,, Am3;, and Am3,. The values for each of these are measured to be

(adapted from Refs. |1, 23])

sin?(26;5) = 0.845 £ 0.018,
sin?(26,3) = 0.086 + 0.002,
sin?(20y3) = 0.56 & 0.04,
Am3, = (7.4140.02) x 107" eV?,

|Am3, | ~ |Am3,| = (2.44 £0.03) x 1072 eV?,

where the sign of the final two mass-squared differences is unknown. Since the individual
masses are not known, this sign ambiguity means that neutrinos fall into one of two “mass
hierarchies,” known as “normal” and “inverted.” In the normal hierarchy, mass states
my and my are near each other in mass with mjs residing far above both, whereas in the
inverted hierarchy, mg is the lightest mass state with m; and ms near each other but
greater in mass. For both cases, if the lightest neutrino is massless, then the largest mass
any neutrino could be is ~50 meV. A pictorial representation of these hierarchies is given
in Figure 7.

These measurements also show that the mixing between all three flavors is not
insignificant. Indeed, their large mixing angles led quite quickly to the discovery of flavor
oscillations through the Homestake Experiment in the late 1960s, where less than the
expected conversion of chlorine from certain Solar neutrinos to a radioactive argon isotope
was observed. This became known as the “solar neutrino problem,” however the issue was
resolved by proposing that during transit from the Sun to the chlorine tank on Earth, the
probability that initially v, neutrinos would remain in the same flavor state became only
about %3 when averaged over a few orbits of Earth around the Sun, with the remaining %3

having been essentially transmuted into p and 7 flavors that have no interaction with the
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Figure 7: The two possible neutrino mass hierarchies, with colors corresponding to the
proportion each flavor state contributes to the mass states’ linear combinations. Here,
Am?, corresponds to the previously mentioned Am3, and is determined through solar
neutrino observations, and Am? _ corresponds to the previously mentioned AmZ, ~ Am2,
and is determined from neutrinos produced by cosmic rays. Note that the |m3) state
has almost no |v.) contribution and the |v,) and |v,) states are almost maximally mixed.

Figure from Ref. [24], Figure 1.
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chlorine.
0.4.2 In-Media Flavor Oscillations

As stated earlier, neutrinos only interact with themselves and the rest of the
standard model through the weak interaction. This interaction is mediated by two force-
carrying bosons: the electrically neutral Z° boson and the electrically charged W+ boson.
Interactions mediated by the former are known as “neutral current” (NC), and those
mediated by the latter two are known as “charged current” (CC). Both bosons are spin-1
and have masses mz ~ 91.2 GeV and my =~ 80.4 GeV, respectively [1].

Consider neutrinos of different flavors encountering material with some total electron
number density n, = n.- — n.+, i.e. the net number density of electrons minus positrons.

All flavors will “feel” the same NC scattering reaction mediated by the Z° boson:
& re 2 7 +e, (90)

where 7 denotes (anti-)neutrinos of any flavor. For just the electron neutrinos, however,

they will “feel” an additional scattering reaction mediated by the W+ boson:
- wt
Vet e —r e + Ve (91)

The interaction Hamiltonian for this CC process is [25]

Gr

HCCZ\/§

[&VEPL'QDVE] [&BPLwe} ) (92)

where v, and 1), are the electron neutrino and electron spinor fields (barred indicate
electron anti-neutrino and positron spinor fields), respectively, and Py, is the left-handed
projection operator required for weak interactions. The mathematics involved in spinor

fields will not be required to understand the essence of the final result. From this
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Hamiltonian, one can derive a potential Vo only “felt” by the electron flavor, given by [25]

Voe = V2Gen,. (93)

Let us return to our two-flavor toy model, where the x flavor is a stand-in for the u

and 7 neutrino flavors. Recall that, in vacuum, the Hamiltonian in the mass basis reads

R E, 0
H = , (94)
0 b,

where Ej, = \/p} + m} =~ E, +m}/(2E,) as argued in the previous section and my > m;.
The Hamiltonian for the CC potential is (in the flavor basis) just Hoe = Ve |ve) (Ve
because it is only felt by the electron flavor. For later convenience, we can subtract off the
constant operator E, = E,1 from the total Hamiltonian, which is justified as changes by
a constant offset in the energy have no impact on the underlying physics.

With all of these considerations, the total Hamiltonian is therefore

. E, 0 E, 0 o [ Vee 0 .

a=1"" - + Ut U, (95)
0 FEs 0 E, 0 0
mas;gasis mas;%asis flavor basis

where U is the rotation matrix in Eq. (83) and Ut is the conjugate-transpose of U. Using
the computer algebra software Mathematica [26], the eigenvalues for this Hamiltonian,

which in its eigenbasis is represented as

(96)
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where my v and mg ps are the effective masses in-media, are found to be

2 2 4+ 2v/2GpE,n. 1 2
m2y = mi+ma +2\/_ BRvle 5\/<Am2 cos 20 — 2\/§GFEl,ne> + (Am?sin 29)2,
(97)
2 2 4+ 2v2GrE,n. 1 2
mgM =M + My +2\/_ il + 5\/<Am2 cos 20 — ZﬁGFEVne) + (Am?sin 20)2,

(98)

which both reduce to m?,; — m? and m3,; — m3 when n., — 0. This change in mass is
analogous to photons in dense plasma acquiring an effective mass from electromagnetic
interactions with surrounding charged particles. The in-media squared mass difference is

therefore

2 _ 2 2 _ 2 WG 2 2 2
Amyy = may — miy = A/ (Am2cos20 — 2vV2GrE, n. ) + (Am?sin26)°. (99)

Clearly, this has a minimum value when 2v/2GrE,n. = Am? cos 20, specifically it achieves
AM3y in. = Am?sin 2. This matter effect also changes the mixing angle in Eq. (83) to a

matter mixing angle 6y, defined via [25]

Am? cos 20 — 2v/2Gy E,n,
cos 20y = e eos V26 Eyn ) (100)

\/(Am2 cos 260 — QﬁGFEyne)Q + (Am?sin 20)2

which depends on the local electron number density n.. For GrE,n, > Am? (i.e. in high
density environments, such as stellar cores), the above ratio reduces to cos 26y ~ —1,
so Oy ~ m/2. This means that, in high density environments, |v.) ~ |may), i.e. the
electron flavor state is primarily in the heavier in-media mass eigenstate as opposed to
the lighter state, and wice versa for |v,). In vacuum (n. ~ 0), cos 26y ~ cos 26, which
is the normal vacuum mixing. Using # = 63, this means the |v.) is primarily in the

lighter vacuum mass eigenstate |my), and wvice versa for |v,). The interesting case appears
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when 2v2G¢E,n, = Am?2 cos 20, where the above ratio vanishes. Therefore, 0y = 7/4
50 sin Ay = cos By = 1/+/2, meaning that the unitary transformation U (7 /4) maximally
(evenly) mixes the two mass states in the superposition.

For a given neutrino energy, this establishes a resonant electron number density

nt* for which the two neutrino states are most indistinguishable:

Am? cos 20
pies: = 21 S8 2T (101)
2V/2GrE,

A schematic of all of the above considerations is given in Figure 8, which plots the two
in-media mass eigenstates against the local electron number density.

As mentioned before, when neutrinos are created in nuclear reaction processes, they
are created in a particular flavor eigenstate to locally conserve lepton number. Consider
an initially electron flavor neutrino created in a dense environment where n, > n;*, such
as the core of a star. This v, will be primarily in the heavier in-media mass eigenstate
may because 6 ~ w/2. As the v, travels from the core to the surface, its in-media mass
will change depending on the local electron number density n., until it finally exits the
star. Assuming the change in density it experienced was “gentle” (to be elaborated upon
later), this means that it will stay on the top track of Figure 8 and exit the star in the
heavier mass eigenstate in vacuum. However, this mass state is primarily composed of
the v, flavor in vacuum, not v,, so this neutrino will have been essentially transmuted
into a v, from a v, purely from sustained weak interactions with the electrons in the star.
The probability that an initially electron flavor neutrino created in a dense environment

remains a v, in a diffuse environment is given by [25]
1 i
P_. = 5 <1 + cos 201(\/[) cos 29), (102)

where the (i) indicates the initial in-media mixing angle. If the origination region for the v,

46



— 2

:} m27 " Am2 = Am?sin20
S, v -
S M2y, V)

g

0 >
nl(;es.
0
Ne [a.u.]

Figure 8: Squares of both mass eigenstates in media m?,; (bottom) and m3,, (top) (Egs. (97)
and (98), respectively) as a function of local electron number density n., both presented in
arbitrary units on a linear scale. In vacuum (n, = 0), the masses reduce to their vacuum
values m? and m3, which (for § = 63 &~ 0.15) means that |v,) is primarily in the lighter |m;)
mass eigenstate and |v,) is primarily in the heaver |ms) mass eigenstate. On the right side
of the graph (very dense environments), the mixing angle is 0y ~ 7/2, so the correlations
between the flavor and mass eigenstates is flipped compared to vacuum. Between these
two extremes, there exists an electron number density such that 6y = 7/4, meaning that
both flavor eigenstates are an equal linear combination of the mass eigenstates, which
occurs at n.*. This also corresponds to a minimal squared-mass difference in media, given

e

by Amiy i, = Am?sin 26.
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is sufficiently dense, then cos 291(\2) ~ —1, so this probability will be P,_,, ~ %(1 — cos 20),
which for 6 = 013 ~ 0.15 means a probability of about 2% that it will remain a v, upon
leaving the star.

The above analysis is only true if the change in density over the neutrino’s path is
“gentle,” i.e. that the length scale of density changes is large relative to the flavor oscillation
wavelength. To quantify this relationship, we introduce an “adiabaticity parameter” 7.

defined via [27]
Am?sin? 26 !

2F, cos20

1 dn,
ne dr

Yres. = X (103)

res.

res.

where the derivative is taken at n}

. This parameter indicates “gentleness” (adiabaticity)
if Yes. > 1. This condition is analogous to the so-called geometric optics limit for light
traveling through a lens—if the size of the refractor is much larger than the wavelength of
light, then the light can be treated as a straight beam being deflected as prescribed by
Snell’s Law instead of invoking complicated wave mechanics to determine the light path.

For the vast majority of astrophysical scenarios, ... > 1 if a resonance occurs
because the density-change length scale (the derivative portion of the above equation) is
of order-of-magnitude the size of the object. However, in extreme environments, like the
moments following core-collapse, the density-change length scale may be quite small across
the edge of the proto-neutron star, so the adiabaticity condition may not be satisfied. In
either case, the probability that the neutrino will “jump” to the other track and therefore
not experience this matter-induced flavor conversion is [27]

s
-F}ump ~ exp <_§7res.> . (104)

It is a valid question to ask if the two-flavor toy model we discussed for vacuum
and matter flavor oscillations is even physically illuminating given that neutrinos actually

have three flavors. By a quirk of nature, it turns out to be quite accurate. Specifically, it
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turns out that the y and 7 flavors are almost evenly mixed as sin fy3 & 1/4/2. This means
that the new z flavor can be written as an even and equal linear combination of those two

flavors via [28]:

1
|va) = E(W + [vr)), (105)

and introduce a new flavor 2’ that is an odd and equal linear combination:

1
Vpy = —(|v,) — |vr)). 106
|Var) \/5(| ) = vr)) (106)
Now we have three flavors (e, z, and 2’) as observed in nature, however the final flavor

2’ is orthogonal to both e and x and therefore does not contribute to any e and x flavor

evolution, nor does it evolve itself. As a linear combination in vacuum, this condenses to

|Ve) cosf —sinf 0 |ma)
lvz) | = | sinf cos@ 0 |ma) | - (107)
’yx/> 0 0 1 |m3>

Of course, more careful considerations can be included since fq3 is not exactly 7 /4, however
for the broad brushes of what is expected in nature, this two-flavor toy model therefore

suffices.
0.4.3 Scatterings and Absorptions

In most astrophysical scenarios, neutrinos will either scatter off or absorb onto
baryons (protons and neutrons), composite nuclei, electrons, or themselves. FElastic
scattering off of electrons is the simplest interaction, and all possible incident neutrinos

have the same general form for the cross-section o, being [25]

o x 2GEm.E, (108)
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if the electrons are non-relativistic and neutrino mass is neglected. The proportionality
constant depends on the particular neutrino involved in the interaction.
Due to both NC and CC channels, the reaction v, + e~ — v, + e~ has the largest

cross section, specifically

G ety . . - EV
Oppte— = % |:(1 + 251112 Q?W)Q + %sm4 ’l9wj| ~ 9.49 x 10 45 <m) Cm2, (109)

where sin? ¥y = 0.23 [1] is the sine-squared of the Weinberg mixing angle. The next

largest is v, + e~ — U, + e, which has the form

G m.E . . _ E,
Opore- = F27r [%(1 + 25sin? 79w)2 + 4 sin* ﬁw] ~ 397 x 107 <m) cm?, (110)

which is slightly smaller despite also having both NC and CC channels because of the
particle physics particulars involved with antiparticles incident on particles. The final two
interactions v, + e~ — v, + ¢~ and v, + e~ — U, + e~ , where x = pu, 7 are similar to each

other in magnitude and take the forms

G e . . — El/

Opto- = F;:LT [(1 — 2sin? ﬁW)Q + §81n4 ﬁw} ~ 1.56 x 107% (M) cm?,  (111)
G e . . — EV

Opope- = F;LT |51 = 25in? 0y)” o+ dsin’ | ~1.33 x 10 45(@) cm?. (112)

For reference, the Thomson cross section or, which governs photon scattering off of
electrons, is energy independent and is about 20 orders of magnitude larger than any of
these.

Neutrinos can also scatter elastically off of free baryons through NC channels. Due
to being NC, the cross-sections are independent on the incident neutrino flavor and parity

and only depends on whether the baryon is a proton p or neutron n. Each cross section
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is [25]

G2E2
6, = T [ - st ) )
E 2
~ 214 x 1074 ’ H
<10 <1Mev) o o
GLE?
E 2
o 10— v 2 114
56 x 10 (1MeV) cm’, (114)

where v refers to neutrinos of any flavor and parity (both neutrinos and antineutrinos) and

ga ~ 1.3 is the so-called “axial coupling constant.” Note that these cross sections depend

quadratically on the incident neutrino energy instead of linearly as with electrons.
Neutrinos may also scatter elastically off of composite nuclei with atomic mass A

composed of Z protons and N neutrons. This scattering has the form [29]
NC Gt 2 2 2
CTV_,'_A:E[(ZLSID dw—1)Z + N]|" E, (115)

however since sin® ¥y = 0.25, the proton number contribution can be ignored. Therefore,
the cross section scales quadratically with both the neutrino energy and the number of
neutrons?:

xo _ GF

. E, \*
oNC, = ENQEg ~ 4.22 x 10 45N2<m) cm?. (116)

We will not be considering so-called “deep NC inelastic scatterings” where the final state
of the nucleus may be excited, split into several components, or otherwise structurally
impacted by the incident neutrino which would require E, ~ the nuclear binding energy.

Neutrinos may also scatter off nucleons inelastically through the CC channel, which

converts the neutrino to its associated charged lepton in exchange for transmuting the

4This differs slightly from Eq. (2.2) which appears in a paper sent for review for publication in Physical
Review D, and will be rectified upon responses from the reviewers. The main results of that paper are
unaffected.
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nucleon to its isospin mirror. For certain processes, this requires a “threshold energy” for
the neutrino that it must have to complete the reaction as the total mass of the final
state may be larger than the initial state. For the purposes of this dissertation, we will be
considering the reactions v, +n — p+e¢e~ and U, +p — n + e' and ignoring the reactions
with other leptons in the final state as their high mass requires very energetic neutrinos.

These reactions have the form

o5, = SVl (1 sy, - 0,

~ 9.70 x 1044<E1/11/M—;\C}2)2cm2, (117)
05, = Vel (e, 4 0,

~ 9.70 x 10—44<?”1\;e\?>2cm2, (118)

where |V,4|* & 0.948 is the squared magnitude of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix element corresponding to up-down quark flavor mixing [1]|, and @ = m, —m, ~
1.29 MeV is the mass difference between a neutron and a proton. Note that the first
reaction only applies for E, > @), however the second can happen for any E, > 0 because

there is no kinematics blocking the reaction.
0.4.4 SMS Collapse Including Neutrino Interactions

We turn our attention back to SMSs, specifically to determine the neutrino lumi-
nosity at the surface of the SMS (Eq. (76)) that includes the effects of scatterings and
absorptions. An SMS of primordial chemical composition is composed of ~75% by mass
protons and ~25% by mass helium nuclei (a.k.a. a particles) with Z = N = 2. Denoting

the hydrogen mass fraction as X ~ 0.75 and the helium mass fraction ¥ =1 — X, the
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number density of electrons can be determined from overall charge neutrality:
Ne = Ny + 2N, (119)

which is to say (assuming the gas is fully ionized) each species p and « contribute 1 and 2
electrons, respectively. In terms of the total mass density p, the number densities for each

species is

Np = N (120)

Ny = —— 1 (121)

where my, &~ 939 MeV is the atomic mass unit. Therefore,

1+X p
=P 122
n SR (122)

The total (inverse) mean free path is then a sum-product of the cross-sections

discussed in the previous section with the relevant number densities of targets:

(0N 101, = (nyp + %JDeer@[Eu - Q])”p + O—I/N-EAna + %(O_Ve—&-e* + Oyt )M,

1-X 1+ X p
= X(U}/\pr + %Uf/e-&-p@[Ev - Q]) + 1 UIIJ\I—EA + T(UveJre* + Opete)

WLb7

— 0o (E) L (123)

where we assume all of the neutrinos are an even split of v.s and 7.s (hence the odd factors
of 1/2 appearing next to some cross sections) and the Heaviside function O[F, — Q)] ensures
that only neutrinos with £}, > ) contribute to that cross section. In reality, neutrinos
in collapsing SMSs are produced in v pairs of all flavors (though not equally and in

fact primarily in the electron flavor, see e.g. Ref. [30]) and are produced in a spectrum of
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energies (again see Ref. [30]), for the purposes of this calculation we will take the F, that
appears in these cross sections to be the average neutrino energy given the spectrum in
Ref. [30], which is approximately (£,) ~ 5.87", i.e. almost six times the local temperature.
Due to the strong dependency on temperature on the neutrino emissivity (Eq. (66)), we
will also consider only the central temperature in the optical depth, i.e. T = T, from

Eq. (10) by setting p = p.. Therefore,

1 " / /
T(r) = Utot.(5-8Tc)m—b/ dr'p(r')
0

E=r/aLy
= Gior (5.8T,) LYLE / de’ 63(¢),
mb 0

(1) = o100 (5.8T2) (Ifr (;))1/2 pi” /0 fae e, (124)

mp

where 6 is the solution to the freely falling Lane-Emden Equation (Eq. (58)). Therefore,
the total neutrino luminosity at the surface taking into account scatterings and absorptions

is (rather cumbersomely)

R K 1/2 (2:/3 ¢
Lt — / dr 4726, exp [—o—tot.(asm( (S)) Pe / a3 |
’ 0 TG 0

my,

£3,2 1/2 2/3 ¢
= Gty / dé £26°(¢) exp [_gtot,(asn)(f((s)) pe” / 0 93(5,)],
" 0

0 7TG my

Lsurf. — QCYQ K(S) i 3 I— 6 3p2
tot. ! F QG apmy, ﬁ ¢

&30 K(S) 1/2)0(2:/3 13
209 1 N3 (¢!
x /0 4 £26°(€) exp [—atot.<5.8Tc>( WG) pe /0 ag'ei(e)| . (125)

my

The above outer integral reduces to Iy = f(f“ d¢ £20°(¢) for oyt — 0, i.e. in the limit of

low energy neutrinos. Subsequently, the differential equations governing the collapse of
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the SMS now read

ch 9 8A G2M 4/3\/ 1/3 <30 > 4/3 1/3
- E} e i 126
d¢ 4)\6?7)\ 3 K3/2(5) Pe s ¢, crit. ( a)
ds Lisit (5, pe)
- NT 126b
dt N (126b)
dm sur
E = _Ltot.f.(sa pc)- (126C)

Following the same process as in Section 0.4, the gravitational strain at a distance of
d =10 Gpc as a function of the initial SMS mass is calculated and presented in Figure 9.

This calculation shows that, indeed, the peak gravitational strain is slightly de-
creased and shifted to a slighty higher mass. An interesting note is that, for smaller masses
(i.e. higher neutrino energies), the strain is increased relative to the case of not considering
neutrino interactions within the SMS. This is due to the larger homologous core mass
predicted as the scatterings and absorptions of neutrinos serve to “trap” at least some of
them within the SMS during collapse and hence prevent them from carrying away as much
entropy. This is also despite the associated decrease in the mass-energy fraction radiated

away by neutrinos .
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Figure 9: Plots of both the gravitational strain when not including the effects of neutrino
scatterings/absorptions (red curve) and when including those effects (black curve). The
latter’s peak is slightly reduced and slightly shifted to a higher mass, though the strain
is increased at lower masses by at most almost a factor of 10 and is in good agreement
at higher masses. For the lower mass range, the increase is due to an increase in the
homologous core mass as fewer neutrinos are able to escape the SMS to carry away entropy
due to considering scattering and absorption. In the higher mass range, the neutrinos
produced in a given SMS up to and including the black hole formation density are at too
low of an energy to appreciably interact with the surrounding matter, hence the agreement
with the model that does not consider these interactions.
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Chapter 1

Dark Matter and General Relativistic

Instability in Supermassive Stars

We calculate the extent to which collisionless dark matter impacts the stability of
supermassive stars (M = 10* M). We find that, depending on the star’s mass, a dark
matter content in excess of ~1% by mass throughout the entire star can raise the critical
central density for the onset of general relativistic instability, in some cases by orders of
magnitude. We consider implications of this effect for the onset of nuclear burning and

significant neutrino energy losses.

1.1 Introduction

In this dissertation chapter, we examine how dark matter (DM) could impact the
onset of general relativistic instability in massive self-gravitating configurations, i.e., super-
massive stars (SMSs), as well as their nuclear and neutrino evolution. SMSs are supported
principally by radiation pressure, making them vulnerable to general relativistic instability.
If these extreme objects had existed in the early universe, and then collapsed to black
holes, they could provide massive seeds that facilitate early production of supermassive

black holes (SMBHs).
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Indeed, SMBHs seem to be extant at an embarrassingly early epoch in the history
of the universe. For example, recent high redshift surveys from the James Webb Space
Telescope (JWST) [31] and even the Chandra X-Ray Observatory [10] suggest the existence
of compact objects with masses 2107 M, at redshift z ~ 10, when the universe is a scant
~400Myr in age. These observations are consistent with lower redshift observations
(e.g. [32, 33, 34, 35, 36, 37|) that also suggest a significant inventory of SMBHs early on.
Moreover, these black holes may be growing too quickly to be consistent with building up
the observationally-inferred SMBH masses given a ~1-10 M progenitor black hole, as
expected in the standard pictures of stellar evolution and mass accretion.

By contrast, at the end of their lives, SMSs would likely collapse directly to black
holes, providing large SMBH “seeds” that would be able to grow to the SMBH sizes
observed in the early universe. Such scenarios are favored by some modelers since they do
not invoke super-Eddington accretion rates to explain the high masses observed [38, 39|.
Ref. [10] reports having observational evidence that supports this argument. The collapse
of the SMS itself is potentially observable with future gravitational wave observatories like
DECIGO |22]. This gravitational wave signal stems, in part, from an assumed (slightly)
non-spherically symmetric neutrino burst generated from the collapsing homologous
core [19].

For the purposes of this chapter, an “SMS” is any hydrostatic and self-gravitating
gas cloud with a mass in excess of ~10* M. These are fully convective, high entropy
systems whose pressure support is almost entirely derived from radiation (i.e. relativistic
particles). They will eventually suffer general relativistic instability [40, 41, 42, 43].
Such configurations, those that in general rely on pressure from relativistic particles, are
“trembling on the verge of instability!,” and are most widely realized in compact scenarios
like white dwarfs and neutron stars. In Newtonian gravitation, radiation dominated

systems are nearly neutrally buoyant under radial perturbations. If the pressure is entirely

IPhrase attributed to W.A. Fowler.
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derived from radiation, the outward pressure forces always perfectly match the inward
gravitational forces as the object is expanded and contracted, meaning such perturbations
cost no energy to perform, i.e., a metastable configuration.

The situation changes, however, when first order general relativistic (GR) corrections
are included in the analysis. Being non-linear, GR predicts that both stress-energy
(primarily baryon rest mass, in this case) and spacetime curvature itself cause local
spacetime curvature. This makes the metastable system under Newtonian gravity actually
marginally unstable under GR. This is the Feynman-Chandrasekhar post-Newtonian
instability [13, 14].

Specifically, upon the star’s core exceeding a critical central density, it will become
unstable to collapse and unable to establish hydrostatic equilibrium. It will most likely
collapse directly into a black hole, but may explode completely if energy derived from
nuclear reactions (or some other source) can be added quickly enough to make up for the
in-fall kinetic energy of collapse and neutrino energy losses [44]. If the energy source in
this scenario indeed stems from nuclear reactions, then an explosion is only possible if the
star has sufficient metallicity to burn Hydrogen with the more efficient Carbon-Nitrogen-
Oxygen (CNO) cycle instead of through the Weak Interaction limited proton-proton (PPI)
chain [43].

While the formation of such SMSs seems dubious at first, especially when considering
cloud fragmentation, Ref. [45] argues that tantalizing evidence of such objects may have
been observed by JWST. This, however, begs the question as to how they would have
been observed in the first place since they are so close to instability. Ref. [46] puts forward
the idea that these SMSs could be supported through particle DM self-annihilation into
standard model particles which would keep them “puffy” (i.e. lower the central density)
and prevent GR instability, at least until they exhaust their DM reserves.

Alternatively, a SMS also could be stabilized by DM without assuming such a self-

annihilation cross section [47, 48|. If it is assumed that the DM particles are collisionless
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and only interact with the Standard Model component of the star through gravitation,
then it is possible to derive how much its presence alone raises the critical central density
beyond which the star suffers the Feynman-Chandrasekhar instability.

Non-intuitively, adding more matter to the meta-stable star, specifically a non-
interacting non-relativistic fluid, actually tends to stabilize the configuration as opposed
to tipping it closer to collapse. The physical mechanism of this increased stability arises
from the DM acting as a source of non-relativistic stress.

Absent a significant DM content, heavier (210° M) SMSs will undergo the
Feynman-Chandrasekhar instability prior to, or just after Hydrogen burning ignition,
meaning they effectively have no main sequence phase (see e.g. Ref. [43]). An interesting
question is then whether a sufficient DM content in these objects could delay the onset of
instability, allowing a hydrostatic burning phase, and thereby changing the downstream
nuclear and entropy evolution of these stars.

It will be shown in what follows that the amount of DM needed to substantially
change where this instability occurs is rather extreme. For example, the DM density at the
galactic center or in DM halos considered in standard cosmology are small compared to
the those considered here. However, the early universe and some proposed DM candidates,
e.g. self interacting models, may provide the necessary DM densities in the compact
configurations considered below. It has been argued that the DM density can be greatly
increased via adiabatic contraction, a purely gravitational process. For example, this has
been proposed in works on “Dark Stars,” e.g. in Ref. [49]. We return to these issues in the
conclusion of this chapter.

In Section 1.2, we establish the overall framework to analyze stability of SMSs
by considering the case without any DM. We determine the critical central density from
extremizing the total energy of the configuration with a 1% Order GR correction term to
derive the standard result.

In Section 1.3, we examine two kinematic limits of the DM based on its specific
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kinetic energy relative to the gravitational potential at the SMS’s surface, determine the
total energy added by this DM, and derive how its presence impacts the critical central
density as a function of the DM mass fraction. We then present our results for several
SMS masses to examine how the effect also depends on the total mass.

In Section 1.4, we approximate how the total fraction of DM changes with radial
perturbations of the SMS, providing insight into the physical mechanism for the enhanced
stability discussed in the previous section.

In Section 1.5, we determine the extent to which the equilibrium SMS density
distribution is impacted by explicitly considering the gravitational influence of the DM.
This analysis is performed for several SMS masses and DM mass fractions.

Finally, in Section 1.6, we investigate nuclear burning rates, neutrino emission
rates, and their respective luminosities as a fraction of the stars’ Eddington luminosities.
This allows us to ascertain how “important” nuclear burning is to an SMS’s evolution and
when neutrino emission overpowers it. We also determine by how much these luminosities
change with the addition of DM, and what that may mean for the downstream stability

and entropy evolution.

1.2 Stability of Supermassive Stars

The analysis in this section will closely follow Ref. [15]’s analytical treatment,
specifically their “Approach II” in Section 2.5, to derive the onset of stability for SMSs.
The SMSs of concern in this chapter are taken to be spherically symmetric, with primordial
metallicity, fully ionized and fully convective. They are high entropy gas clouds supported
against gravity almost entirely by radiation pressure P,.q., with a marginal but important

contribution from classical Boltzmann gas pressure Py,s. We define the parameter 5 as the
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ratio of gas pressure to total pressure (the final approximation following from Ref. [16])

Pras 43 ( M\ ?
g Tas 43 (_) | (1.1)
Pgas+Prad. % M@

where p = 0.59 is the mean molecular weight (in atomic mass units) per particle for a
primordial composition gas.
Given our approximations, the equation of state (EOS) for this configuration can

be modeled accurately as a polytrope:
P(s,p) = K(s)p" = K(s)p""/", (1.2)

where P is the total pressure, s is the entropy per baryon, p is the mass density, and I is the
so-called polytropic exponent, with the associated quantity n being the polytropic index.
For a radiation dominated system, we can safely assume that the radiation field dominates
the entropy per baryon s & $,,q. = %mbaT:} /p, where T is the plasma temperature, and
my, ~ 939 MeV is the average free baryon mass. Here, in natural units, a = 72/15 is the
radiation constant. Since s is constant throughout the fully convective SMS, we can use

Eq. (1.1) and Pyas = pT'/(ppmy,) and Praq. = aT*/3 to derive

4 ( MN\Y?* 4
P L (1.3)

where here we express s in units of Boltzmann’s constant kg per baryon. Note that for
the SMSs considered here the entropy per baryon is large, e.g., s ~ 1000 for M ~ 10° M.
This large entropy implies a large number of photons per baryon, resulting in implications
for the e* content of the star during its eventual collapse which, in turn, has implications

for neutrino emissivity [18, 50, 30].
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Using P(S, p) = Pgas + Praa. and n = 3, K(s) is found to be

1 3 43 0.2843 4/3
K(s)=—=(—2) =~ (5 ) MeV—4/3, (1.4)
1— 33 \dam, 1— 8 \1000

For the stars discussed in this chapter, their EOS and structure are well approximated by
an n =3 (I' = 4/3) polytropic model.

Since these stars are fully convective, we can take their entropy per baryon to be
constant throughout. With constant entropy, the polytropic exponent I' = 1 4+ 1/n is

equivalent to Chandrasekhar’s adiabatic index I'y, defined as [51]

dlog P
I =
' (310gp)

In the purely Newtonian gravitation case, the frequency of oscillations in response

(1.5)

S

to radial perturbations is proportional to ((I'y), — 4/3)Y/2, where the pressure-averaged
value of I'; throughout the star is (I';) ,. Therefore, in order for oscillations to have a
real frequency and thereby stable against perturbations, (I'y), must be strictly greater
than 4/3. When including 1°* Order GR corrections, however, this condition of stability

changes to

<nﬁ>§+o(%), (1.6)

where R is the radius of the star and Rg = 2G'M is the star’s Schwarzschild radius. For
the types of stars considered in this chapter, this correction is typically no more than one
part in ten-thousand.

As the star quasistatically contracts, however, (I'1), asymptotically approaches
4/3 from above, meaning that the adiabatic index will eventually fall below this threshold
and make the whole configuration unstable. This point highlights a striking fact about
the nature of these stars: while the internal structure is accurately determined by just

Newtonian gravitation, their stability is entirely determined by GR.
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To quantify this instability point, we can extremize the total energy of the star. As
a function of the central density p., the total energy F of this star is [11]

E(pe) = ki MK pl/™ — koG M2 p}/3 — kyGP M3 23, (1.7)

C

where k1 &~ 1.7558, ko =~ 0.6390, and k; =~ 0.9183 are structure coefficients calculated for
an n = 3 polytrope (see Ref. [11] for derivation). The first two terms of Eq. (1.7) are the
standard internal gas energy and Newtonian gravitational binding energy, respectively,
and the final term represents the non-linear gravitational self coupling term arising from
1%t Order GR corrections. A convenient dimensionless re-scaling follows from performing

the transformations

- G3/2
5 G3/2
z = GM*3pl/3, (1.8¢)

where here n = 1/(I';y — 1) and we take the standard adiabatic index for a radiation
pressure dominated plasma to be [16]:
Fl ~

_|_

(1.9)

[GCRTEN
o™

We assume I'; is constant throughout the SMS since it is fully convective. Substituting

the above into Eq. (1.7) gives
E = ky MY3=PBgB2 _ ) Mo — kyMa?. (1.10)

The extremization follows on finding the first and second derivatives of Eq. (1.10)
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with respect to x, setting them both to zero, and solving simultaneously. The first derivative
vanishing determines the point of hydrostatic equilibrium. The second derivative also
vanishing determines where this hydrostatic configuration changes from stable to unstable.
If we ignore the correction from GR and take the  — 0 limit for the first derivative, we

find the standard Newtonian rescaled mass for an n = 3 polytrope:

M = (/?1) ~ 4.5547, (1.11)
2

which is independent of x (and hence the central density) as expected for an n = 3
polytrope. In other words, a star with Newtonian gravitation and supported entirely by
radiation (particles with relativistic kinematics) has zero total energy, and hence there
is no energy cost for expanding or contracting this configuration. This self gravitating
configuration is therefore very close to instability.

Such metastability means that even very small effects can have a dramatic effect
on stability to push a configuration over the edge. As we have argued above, GR gives a
negligible effect on the structure of the star, i.e., the run of pressure with density. However,
the inclusion of a very simple 1%°-Order correction from GR, namely one that captures
the non-linearity of gravitation through self-coupling, can make stable configurations in
Newtonian gravitation unstable.

Including general relativistic corrections in this way and simultaneously solving the
two extremization equations, leads to a critical value of x where a hydrostatic configuration

changes from stable to unstable:

— kQ
Terit, = 4—k45+0(52). (1.12)
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This corresponds to a critical central density of

ke \° 33 0.59\° /10° M.\ *

0 2 o) -3

o o~ -] ———— 3. m 1.1
o erit. (4]{74) G3M? 398 ( 7k ) ( M ) &¢ ( 3)

where we have used Eq. (1.1) to relate 5 to the star’s composition and mass. The physical

interpretation of Eq. (1.13) has two parts. First, note that the rest mass of an SMS stems
almost entirely from baryons, whereas the pressure is mostly from radiation. Increasing
the mean molecular weight p by fusing baryons in composite nuclei has the effect of
lowering the gas pressure contribution to the total pressure. That, in turn, decreases the
critical density for the onset of instability. Secondly, increasing the mass M of the SMS
requires a higher pressure for hydrostatic equilibrium, implying a higher temperature and
a higher pressure contribution from radiation. Hence, increasing mass also serves to push

the critical central density lower.

1.3 Collisionless Dark Matter

We will now consider the effects of including a cloud of collisionless DM that
permeates the entire star. Assuming standard spherical accretion, we expect the density

profile of this DM cloud to be given by [11]

QGL(T)) v (1.14)

e
pom(7) pDM( + -y

where p., and v, are the typical DM density and DM particle velocities far from any
gravitational sources, respectively, and M (r) is the total mass enclosed in a sphere of
radius r.

The final term in the above equation represents the ratio of the gravitational
potential of a DM particle to its specific kinetic energy. It permits two natural limits:

02 > GM(r)/r and v2, < GM(r)/r which, following Ref. [15]’s convention, we will
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call “hot” and “cold” DM, respectively. It should be noted that this nomenclature is not to
be confused with the cosmological notion of “Hot Dark Matter” and “Cold Dark Matter,”
which refers to the kinematics of DM at its decoupling epoch and how these kinematics
affect early structure formation. Here, we will assume that both our “hot” and “cold” limits

refer to DM particles with non-relativistic kinematics.
1.3.1 “Hot” Dark Matter

In the “hot” DM limit, Eq. (1.14) reduces to the simple relation

pom(T) = PDm = PDM, (1.15)

i.e. a constant density fluid to first order. The energy added to the system by the DM
is calculated by first determining the gravitational potential created by the fluid. From

Poisson’s Equation, this DM has the harmonic potential
2m 9
(I)HDM(T) = ?GpDMT' + C, (116)

where we have assumed regularity at the origin and C is a constant of integration. To

calculate the total gravitational energy contributed by this fluid, we use

8 2 R
EHDM = /dm (I)HDM = %GPDM/ p(’f‘)’f‘4 dr + CM. (117)
0

We will assume that M, dm, and p(r) are dominated by the baryon rest mass. Note that
p(r) very closely follows the profile of an n = 3 polytrope. We will extremize the total
energy while keeping the mass M fixed, so the final term in Eq. (1.17) will be ignored.

The first term in Eq. (1.17) can be evaluated by employing the well known solutions to
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the Lane-Emden Equation of order 3, yielding

Eupm = kHDMMK,ODMPC_2/3; (1.18)

where kgpy = 3.5845 is the structure coeflicient for the included DM and K is the same
from Eq. (1.2). Following the same transformation in Eqgs. (1.8a)-(1.8¢), the total energy

now reads

E = ky M'Y3=PBAB2 _ o M — kyMaz? + kHDMMl/%%Mx’Q, (1.19)

where 73\, = G®*M?ppy. Extremization of this yields the following set of equations to

be solved simultaneously after expanding in powers of the ratio of gas pressure to total

pressure [3:

ky krpwm $3DM
= MQ/?: 1-2 kjl 5(]3 - kQ - 2]{?41‘01%. + O(ﬁ), (120&)
crit.
kh S ( kupm I%M) 2
0= —2ky + —— 1412 + O ) 1.20b
! 2M2/3 Lerit. klﬁ l'g)rit_ <6 ) ( )

After identifying that the ratio z3,;/x? is related to the DM mass fraction f via

@by _ pom _ pom _ Mpu _ f
:L'g Pe, crit. CSpavg. CSM 03 7

crit.

(1.21)

where C3 ~ 54.18 is the core-to-average-density ratio (a.k.a “condensation parameter”) for

a n = 3 polytrope, we find that

1 ko Skikapm f)°
eait. X s o Bt ——— = ] 1.22
Pescrit. = G2 (4k46+ ko 03> (1.22)
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which for typical values of p, M, and f is

py (M N
1+0'197<0.59) (105M@) (W)] (1.23)

where p? ., is the critical central density without DM given in Eq. (1.13). Here, we have

HDM . 0
IOC, crit. ~ pc, crit.

ignored O(3*) and O(f*) terms. It should be noted that all higher order terms in f have
positive coefficients, so Eq. (1.23) give a slight underestimate to the true increase in pc, crit.
for larger f. Eq. (1.23) recovers the standard case when f — 0, as expected.

In Figure 1.1, we show the critical central density pc crit. at the onset of GR instability
as a function of DM mass fraction f in the hot DM case (dashed lines) for various SMS
masses between 10 and 10® M. While the relative increase is not too significant for
smaller mass SMSs, the effect is quite strong for larger masses (e.g. 2> 10° M,,), increasing

Pe,arit. Dy as much as 4 orders of magnitude at f ~ 20%.
1.3.2 “Cold” Dark Matter

The alternative limit of Eq. (1.14) reduces to the profile

<, [GM
pDM(r):’?—M e (1.24)

where we have also made the same approximation as Ref. [15] that since an n = 3 polytrope
is so centrally condensed, it is reasonable to treat the SMS as a point source of mass M.
Without this assumption, the DM density profile would feature a flattened core as opposed
to the above divergent cusp at the origin. Such a flat shape would be closer to the limit
described in Section 1.3.1, so the ‘cuspy’ profile offers sufficiently disparate extreme from
the “hot” DM case to allow us to explore the full range of DM effects we would expect to
see.

The mass fraction of this DM is found by integrating the density throughout the
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DM Mass Fraction f

Figure 1.1: Critical central density for the onset of general relativistic instability, pc cit, for
SMSs vs. total DM mass fraction f for different SMS masses. Dashed lines are the “hot”
DM limit and solid lines are the “cold” DM limit (Egs. (1.23) and (1.32), respectively).
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entire star and dividing by the mass:

Mo /QGPDM /R 3
/ M T M v Jy s

. 87T\/§ GR5 PDM

5 M vy’
3

x
f= CCDM_xI;/I\§7 (1.25)

where Cepy &~ 60.0151 is the “cold” DM equivalent to the condensation parameter in the
previous section and is calculated in part from solutions to the Lane-Emden equation of
order 3, x is the reparameterized central baryonic density given by Eq. (1.8¢c), and zpy; is
defined as

TN = G3M2@. (1.26)

Voo
This definition is similar to xpy of the previous section with the inclusion of v, the
typical DM particle velocity far from the SMS. Since the only the ratio p;/v appears
in our calculations, both have been collapsed into the single quantity zpy;.

Solving Poisson’s Equation again for the gravitational potential caused by this

“cold” DM, we find that

1672 S

Do (r) = \/_G3/2M1/2 PDM P32, (1.27)
15 Voo

where we again assume regularity at the origin and have ignored the constant of integration

for the same reason as the previous section. The total gravitational energy is then calculated

to be

Ecpm = /dm Depy = kCDMMKg/Q?_Mpc_l/Q (1.28)

o

where kcpy &~ 14.066 is calculated following a similar process to the previous section. The
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rescaled energy per Egs. (1.8a)-(1.8¢c) and Eq. (1.26) is then

Ecpy = kCDM$?f3M$_3/2, (1.29)

so the total rescaled energy is

E = ky MY3=BBgHBI2 _ oy M — kyMa® + kepmaiya /2. (1.30)

Following the same process as the “hot” DM case with the mass fraction in Eq. (1.25),
we find that
(1.31)

s ﬁﬂ N kskoom [ \°
Pe, crit. ~ GBM?2 4k4 8M1/3/€1k’4 CCDM

where M = 4.5547 (per Eq. (1.11)) and we have again ignored 4" order terms in 3 and f.

Again, for typical values of p, M, and f, this reduces to

gy (M NPT
1+O.262<0‘59> (105M®) (m)], (1.32)

which has a slightly stronger dependence on the DM mass fraction than the “hot” DM

CDM ._ 0
pc, crit. ™ pc, crit.

case, as evidenced in Fig. 1.1.

1.4 DM Response to SMS Contraction

As the star quasistatically contracts, we would like to quantify how much the mass
fraction of DM within the star changes. If the fraction of DM decreases for a hypothetical
decrease in radius (enclosing the baryons), the SMS would be enclosing less total mass.
That may help stabilize the configuration. Alternatively, or perhaps in addition to this
effect, if SMS contraction serves to increase the velocity dispersion of the DM, the effective

pressure provided by the dispersion would increase and also stabilize the configuration.
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From Egs. (1.21) and (1.25), the fractional change in DM fraction f is

ﬁ _ 6PDM 5pc

f PDM pe’

(1.33)

where k = 1 or 5/6 for the “hot” and “cold” limits, respectively.

The largest potential deviation in DM density from its background value would
occur where M (r)/r achieves its maximum value, which is at 7 = R, so we will consider
that region and small changes in the SMS’s radius 0R < 0 where §R/R < 1. Since
pe ~ M/R?,

0pe oR

=3 1.34
Pe R (1.34)

for a fixed mass, and from Eq. (1.14) we find that

dppm GM 2GM\ ' 6R
= 1+=—) = 1.35
PDM 3R ( " UgoR) ( )

R

We will now consider both the “hot” and “cold” DM limits to calculate this fractional

change.

1.4.1 “Hot” Dark Matter Case

To first order in GM/(v3 R), Eq. (1.35) reduces to

5PDM -~ _GM 5R

~ - 1.
o _CMOR, (1.36)
SO
5f GM \ 6R
— ~3(1- — 1.37
i ( ?wzoR) 7 (1.37)

Therefore, the total mass fraction of DM would tend to decrease since R < 0, unless

GM/(6R) > sv2, which is the opposite of the limit we are considering, so this can be
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further reduced to

5_f> ~ 30t 1.38

1.4.2 “Cold” Dark Matter Case

If GM/(v2 R) > 1, then Eq. (1.35) becomes simply

dppm 1R
~ LR 1.39
PDM 2 R (1.39)
SO
(5_f) ~ 208 (1.40)
[/ com R

which is again negative for dR < 0, indicating that the total DM mass fraction also

decreases in this limit but by a less severe amount compared to the “hot” DM case.

1.4.3 Physical Origin of Enhanced Stability

The stability of a purely standard model star (i.e., composed of baryons, electrons,
photons, etc.) is determined by its pressure-averaged adiabatic index as given in Eq. (1.5).
A heuristic physical picture for this effective “spring constant” for the star’s material is as
follows: Squeeze the star radially and rapidly (so rapidly that heat does not flow and so
entropy remains constant) to higher density and ask how much the pressure increases —
i.e., how much does the material “push back” when quickly perturbed to higher density?

Of course, when the pressure support for a self-gravitating configuration stems from
particles with relativistic kinematics (e.g., photons in the SMS case), that configuration
is close to instability. For example, this case would correspond to a zero total energy
configuration in purely Newtonian gravitation, therefore pressure forces will grow in lock-
step with the increased gravitational force from compressing the star. This means the

configuration is in a meta-stable state as it costs no energy to expand or contract the star,
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making it ripe for instability once the non-linearity of GR comes into play.

When collisionless DM is added to this picture there are several effects to consider.
We envision that the standard model portion of the star, contained inside a radius R, is
embedded in an extended halo of DM. When the star is radially and adiabatically squeezed
to higher baryon density there are two questions that arise: (1) What is the effect of
reducing R in the limit where the DM distribution in space is fixed so that less DM is
enclosed inside the SMS radius?; and (2) If the standard model star is squeezed to higher
density, what is the response of the DM spatial distribution and how does this affect
stability?

To the first issue, as discussed previously, enclosing less total mass as the SMS is
squeezed is a contributing factor in the enhanced stability afforded by DM. Indeed, as
evidenced in Egs. (1.37) and (1.40), the total DM mass fraction decreases in both DM
kinematic limits. Curiously, this total mass decrement effect is less pronounced for the
“cold” case despite it producing a stronger stabilizing effect (c.f. the coefficients in the
correction terms in Eqgs. (1.32) and (1.23) and Figure 1.1). This indicates that DM induced
stabilization is not only due to enclosing less total mass.

As for the second issue, the gravitational response of the DM spatial distribution to
a perturbation in the standard model star is second order, so it is not accounted for in our
calculations. The “cold” DM case possesses a more centrally condensed DM distribution,
which changes the outcome of the extremization calculation as compared to the “hot” case.
In the end, adding non-relativistic stress from DM to the supermassive star in general,
and doing so in a way that provides a nearly fixed background, is inherently stabilizing.

We note that the increased stability stemming from a fixed DM distribution inside
our SMS may have similarity with the enhanced stability found in giant-planet envelope
models with a fixed, incompressible core [52]. In both the giant-planet envelope and our
SMS cases there is little or no change in the background gravitational potential of the core

in the former case, or the DM envelope in the latter.
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1.5 Equilibrium Structure of Star with Dark Matter

Let us consider the “hot” dark matter case where the density profile follows a flat
distribution. Considering that SMSs are well approximated by the structure of an n = 3
polytrope, they are highly centrally condensed relative to their average density. For any
non-zero DM mass fraction f, there should be a radius r., < R beyond which the DM
density is greater than the standard model matter density. Since the pressure gradient of
the SMS depends on the local gravitational field strength, we should expect that around
and beyond this radius the SMS structure may be altered by this extra gravitation source.

Specifically, if we assume the DM provides no direct pressure support but does

interact with the SMS gravitationally, the pressure gradient at a given radius r is

dPO _ _G(mo + mDM)<,0() + ,ODM) (1 41)
dr r2 ’ )

where Fy, mg, and py are the standard model pressure, mass enclosed, and density,
respectively, and mpy and ppy are the DM mass enclosed and density, respectively. Both

mg and mpy have the following continuity conditions:

dm

d_ro = 47nr?py, (1.42)
d

TZ;?M — 4mr2ppur. (1.43)

With these three equations, Eq. (1.41) can be manipulated to derive

1d

r2dr

7"2 dPg
——— | = —4nG(po + . 1.44
() = =476 + o) (1.4)

Let us now assume that the standard model density is parameterized by its central density
poe and a function of radius 0 via pg = po.0"™, where n is the polytropic index. Plugging this

into BEq. (1.2) yields Py = Kpg!/"6m+1. Collecting these relations together in Eq. (1.44)
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gives

1d r? 9 do f
—_— "— | =— (0" + = 1.45
r2dr (Qn+iaLE dr> ( +Cg>’ ( )

Cs
where ofp = (n+1)K péén_l /(47 @) is the square of the standard Lane-Emden length scale
and f/Cj5 is the DM mass fraction scaled by the central condensation as per Eq. (1.21),
specifically for a flat DM distribution.

Scaling the radius r via r = apg€, we arrive at a modified Lane-Emden equation

La (e a0\ _ (T
?d?(ewcif dg)‘ <9+03)’ 149

which reduces to the standard Lane-Emden equation for f — 0. We can solve this equation

which reads

numerically for different values of f, as presented in Figure 1.2 for n = 3. The solutions
agree with the standard (no DM) case for most of the x-axis range of the figure, but
begin to diverge radically at roughly where the standard model and DM densities are
comparable.

Using these functions, the altered values of the structure coefficients ky, ks, ky,
and kgpy are tabulated as a function of DM mass fraction f in Table 1.1. These were
calculated following the prescriptions in Chapter 6 of Ref. [11]. In Figure 1.3, the relative
change in the critical central density for several SMS masses and DM mass fractions is
visualized. For all SMS masses and DM mass fractions, including the effect of the altered
equilibrium distribution of the standard model matter lowers the critical central density
slightly from Eq. (1.23).

Clearly, considering the change in the SMS equilibrium density profile only confers
significant changes in the critical central density for DM mass fractions f in the larger

end of the range we are considering (>1%).
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Figure 1.2: Solutions to Eq. (1.46) of the function 6 for different DM mass fractions f.
The actual physical density is po(r) = peof?(£), where £ = r/arE.

Table 1.1: Tabulated structure coefficients determined upon integrating the solutions
to Eq. (1.46). The “n = 3” column corresponds to the standard Lane-Emden solution
(i.e. f=0), and the following columns are the values calculated for several chosen and
increasing DM mass fractions f.

n=3 f=10"% f=10"3% f=10"% f=10""
oy 1.75579  1.75595  1.75714  1.76558  1.80913
o 0.63900 0.63911  0.63999  0.64650  0.68533

k4 0.91829 0.91853  0.92044  0.93485  1.02386
Eupm  3.58450  3.58409  3.58044  3.55002  3.37575
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Figure 1.3: As a function of the DM mass fraction f, the relative change in the critical

central density is plotted. Here, the quantity pc, crit. NEW/Pe, crit.oLp 18 the ratio of the critical
central densities considering the change in the equilibrium density profile of the SMS
vs. not considering such a change.

79



1.6 Nuclear Burning and Neutrino Losses

It should be expected that, at least for some masses in the range ~10%-10% M,
nuclear (hydrogen) burning on the PPI chain is taking place at a high enough rate to
significantly contribute to the total energy budget of the SMS. This rate depends on
both the density and temperature throughout the star, both of which decrease as the
mass increases. Specifically, at the onset of collapse where the density and temperature
are highest, po ~ M~7/? and T, ~ M, the latter following from the definition of an
n = 3 polytrope. Since including DM can raise the critical central density (and hence the
temperature) required before collapse, we can also investigate how the DM mass fraction
impacts the energy released by the PPI chain throughout the star. Ref. [53] investigates
Helium burning in SMSs, which could be relevant for SMSs light enough to have a stable
Hydrogen burning phase. The following calculations in this section are determined for
the non-altered SMS density distribution, contra the previous section’s treatment, for
simplicity.

While significant nuclear burning would potentially lead the star through a stable
“main-sequence”’ phase of evolution, neutrino emission from the high entropy plasma could
carry that extra energy generation away from the core, providing no direct pressure support
and hence adding no more stability to the configuration. At such high entropies and
temperatures, the neutrino luminosity may outshine that of nuclear burning completely,

causing the star to contract more quickly and leading it closer to GR instability.
1.6.1 PPI Chain Nuclear Burning

For zero metallicity, protons p can only fuse to Helium nuclei « via the PPI chain
4p — a + 2et + 2v,, where et indicates positrons and v, indicates electron neutrinos. In
total, each such reaction releases about 26 MeV of energy to the plasma while the neutrinos

carry away about 0.5 MeV away from the star as the likelihood they will transfer energy

80



to the plasma is vanishingly small [12]. The energy generation rate for this reaction is

calculated to be (in ergem™3s7!)

Qppt = c1p? X213 exp (—czTgl/ 3) <1 Ve T 1 e T2 4 c5T6> . (147

where p is the density in gem™3, Xy ~ 0.75 is the total hydrogen mass fraction, Ty =
T/(10°K) is the temperature in units of 10° Kelvins, and ¢; = 2.319 x 10°, ¢, = 33.81,
c3 = 0.0123, ¢4 = 0.0109, c5 = 0.00095 are numerical constants (see Ref. [12] for derivation).

To determine if the PPI chain provides a significant contribution to the energy

budget of the star, we will compare the integrated luminosity at the surface, i.e.

R
LPPI = / Qpp147TT2d7" (148)
0

to the Eddington luminosity, which is approximately [11]

M
Lpqq. ~ 1.3 x 10* (V@) ergs™ !, (1.49)

which comes from considering at what photon luminosity momentum transfer via photon-

electron Thomson scattering balances the gravitational force.
1.6.2 Neutrino Losses

The high entropy per baryon (s 2 1000) required for hydrostatic equilibrium in
SMSs implies a significant e pair content in electromagnetic equilibrium et + e~ <« 27.

These electrons and positrons can both annihilate and interact with the local radiation
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field to produce neutrinos via [18, 50, 54]:

e +et sv+D (pair production)

ytet sefdvto (photo-emission)

where 7 represents an incident photon and v (7) refers to (anti-)neutrinos of any flavor.
These processes are expected to be the dominant source of neutrino emissivity in the low
density and low-to-moderate temperature regimes in SMSs. There is also a process where
plasmons () decay to neutrino pairs (¥ — v + ), but this only dominates in high density
and temperature regimes.

If the electrons and positrons are non-relativistic and non-degenerate, the energy

density loss rates for the two dominant neutrino production processes are calculated to be

[12, 18] (in ergem ™2 s71):

11.86
Qpair ~ (4.9 x 10") T3 exp (— = ) : (1.50)
9
Qphoto. = (0.98 x 10%) 2 ¢, (1.51)
il

where p is the mass density in gem™, p is the mean molecular weight, and Ty = T'/(10° K)
is the temperature in units of 10° Kelvins. While the pair production mechanism has a
much higher prefactor than the photo-emission process, the former suffers an exponential
suppression for low temperatures that the latter channel does not, actually making that
channel dominant in higher mass SMSs.

Using a similar process as in the previous section, we calculate the combined

luminosity from these neutrino emission processes to be

R
Lu, Tot. — / (Qpair + Qphoto.) 47TT2 dr. (152)
0
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While the PPI chain does emit two v, per reaction, the energy they carry away is far
smaller than the energy released from fusing four protons into one «a particle, so we will
ignore that contribution from the total neutrino luminosity.

To examine how the PPI chain luminosity compares to the neutrino luminosity as
the star contracts, we can simply scale down the central density and let it approach the
critical central density from below. Assuming that the run of density and temperature
closely follows an n = 3 polytrope, this is a valid analysis as such a polytrope is entirely
self similar (i.e. the mass is independent of the central density and only depends on s and
i via the polytropic constant of proportionality K).

In Figure 1.4, we present this result in three symmetric log-log plots showing
the total luminosity from both sources (Lppr — L, mot.) as a fraction of the Eddington
luminosity for various SMS masses and DM mass fractions. We subtract the neutrino
luminosity since it carries away energy from the star, as opposed to creating energy like
the PPI process. This plot should not be treated as an evolutionary plot since the curves
shown in the figure are calculated with a fixed mean molecular weight, u = 0.59, i.e., the
value corresponding to a fully ionized primordial gas. Nuclear evolution, in the sense of
burning via incorporating baryons into nuclei, should serve to increase the mean molecular
weight 1 as higher mass nuclei are created.

We would also expect that when nuclear burning is “important” (for the purposes of
this chapter chosen to be ~1% of a star’s Eddington luminosity) the central density is held
almost constant until its fuel is exhausted. This would prevent an unabated contraction
of the star to the critical central density for GR instability, if only for a relatively short
duration.

Since adding DM serves to increase the critical central density, more DM can push
massive stars to higher central densities without causing them to become unstable. Both
the PPI process and the relevant neutrino processes depend sensitively on the central

temperature (and hence the central density), so a delicate balancing act ensues between
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Figure 1.4: Symmetric log-log triptych plot showing total luminosity (burning minus
neutrino losses) normalized to each SMSs’ Eddington luminosity versus the SMS’s central
density as a fraction of its critical central density for different DM mass fractions. Solid
(dashed) curves correspond to the “cold” (“hot”) kinematic limit. The top panel is for a
star with no DM, the middle for a star with 1% DM by mass, and the bottom for a star
with 10% DM by mass, all for various SMS masses between 10*-10% M. Indicated in
each panel is a dashed gray line at 1% Eddington luminosity to indicate when burning
is “important” for the evolution of the star. Note that these should not be taken to be
evolutionary plots since the mean molecular weight p is fixed.
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energy generation from proton fusion and energy loss from neutrino emission.

As evidenced from the top plot (i.e. zero DM) in Figure 1.4, specifically for SMSs
of masses <10° My, increasing the central density increases the fraction of PPI energy
generation, and hence net energy deposition, but only up to a point. Eventually, the
neutrino losses from the increasing temperature win out, and the star is net losing energy
instead of generating energy.

Should the quasi-statically contracting SMS encounter this situation during its
evolution, the neutrino emission would cause the star to contract more quickly. This is
because the neutrinos carry away the plasma’s entropy faster than Hydrogen burning can
generate it throughout the configuration. Per the solutions to the Lane-Emden equations,
an n = 3 polytrope’s radius scales as R ~ K2 ~ s?/3_ and since p, ~ R~3, the central
density will increase as the radius decreases as neutrinos remove entropy from the SMS.
This serves to push the SMS closer to instability.

The situation changes slightly for the ~1% DM mass fraction case (middle panel)
and quite dramatically for the ~10% case (bottom panel). At a given central density
fraction pc/pe, crit, increasing DM mass fraction corresponds to a higher absolute density
on each mass curve. If we examine the 10° M, curve, for example, this mechanism allows
for the energy generation fraction from PPI to quite closely approach 1% of the Eddington
luminosity as the DM mass fraction increases. This potentially permits such stars to burn
stably on the main sequence instead of a direct collapse as expected in the standard case.

This would drastically change their evolution as opposed to the case without DM.

1.7 Conclusion

These SMSs are quite interesting case studies, primarily because their existence
provides a potential physical explanation for several observational mysteries that have
only deepened as more advanced telescopes have come online. Not only has JWST, as an

example, seen plenty of high mass quasars at high redshift which puts the standard picture
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of solar mass remnant accretion into doubt, it may also have observed SMSs supported in
some way by DM prior to collapse in the JADES survey, per Ref. [55].

Considering that these stars are “trembling on the verge of instability” due to the
Feynman-Chandrasekhar Instability, it begs the question as to how they would be observed
at all prior to collapse. One possible avenue to support these stars is through some form
of non-interacting and non-relativistic DM. The enhanced stability would certainly also
have implications for the nuclear and neutrino evolution of the stars.

In Section 1.2, we derived the standard result for the critical central density beyond
which a hydrostatic SMS is unstable to collapse. This rested upon extremizing the total
energy of the star with respect to the central density. We found that, as expected, higher
mean molecular weight plasmas and higher mass SMSs are more unstable to collapse.
Both of these factors serve to decrease the critical central density.

In Sections 1.3.1 and 1.3.2, we derived analytically how the critical central density
changes as a function of the DM mass fraction within the star. We considered two limiting
cases of the DM kinematics, the “hot” case and the “cold” case, which compared the typical
DM particle’s specific kinetic energy far away from the SMS to the gravitational potential
felt at the SMS surface, and found that in both cases the critical central density for the
onset of general relativistic instability increased as the DM mass fraction increases. The
“cold” case shows a slightly stronger effect, and the relative increase is greater for more
massive stars in both kinematic limits.

In Section 1.4 we investigated a possible mechanism for the increased stability. We
showed that if the star contracts, the total mass fraction of DM inside the star decreases,
so the total mass enclosed by the star also decreases. This added stability is therefore
completely agnostic to any particle physics specific to the DM, so long as any consideration
of such physics keeps the DM non-relativistic and non-interacting with the baryonic matter.
In fact, if the DM possesses some self-annihilation cross-section, like in the model discussed

in Ref. [55], this may further bolster the stability by providing an extra source of energy
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and entropy.

This brings up a potential limitation of our stability analysis. Our procedure was
preformed under the assumption that the mass, total entropy, and angular momentum
were fixed. If we include additional physics, such as rotation, or DM self interactions
that inject entropy into the star, our analysis may fall short. Specifically, in Ref. [56], it
is shown that a sufficient but not necessary condition for the onset of instability is that
both the first and second derivatives of the total energy vanish for the case that total
energies parameterized by multiple quantities. However, our analysis involves a sequence
of configurations with only one parameter, the central density p., so this condition is
sufficient and necessary.

In Section 1.5, we have determined the equilibrium stellar density profile for an SMS
embedded in a field of DM at a constant density. We note that the profile closely follows
that of a standard n = 3 polytrope until the two densities become comparable, whereupon
they radically diverge to form a slightly smaller total configuration. The standard and
new profiles are quite similar for low DM mass fractions, as expected. Using these new
profiles; the change in critical central density is determined quantitatively by integrating
them to calculate the structure coefficients that directly determine the critical central
density. We find that for all SMS masses and DM mass fractions considered, considering
the new equilibrium density profile would serve to slightly lower the increased critical
central density due to the DM presence alone.

Finally, in Section 1.6, we considered by what degree Hydrogen burning could
impact the evolution of these SMSs and how DM influences that burning. We also analyzed
how neutrino emission from the high-entropy plasma would take away energy, potentially
faster than what is generated from fusion, as the star approaches the critical central density
from below. We found that, considering both energy generation from fusion and energy
losses from neutrino emission, DM could allow heavier stars than previously predicted

to stably burn on the main sequence at some point in their lives, increasing the rough
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upper limit of ~30, 000 M to about 50,000 M), depending on when one considers nuclear
burning to be “important” to the evolution of the star.

More investigation is needed to understand these extreme objects. If they are to
explain the high mass SMBHs in the early universe by providing a supermassive seed
black hole, there should be enough of them formed to account for all or most of them.
This is complicated by a suspect formation history, since if the collapsing gas is cool
enough to contain molecular Hydrogen instead of atomic Hydrogen, the enhanced cooling
efficiency via rotational and vibrational modes [57] could favor a fragmented formation
into many stars instead of one SMS. However, enhanced cooling from early molecular
Hydrogen formation via Beyond the Standard Model (BSM) channels (e.g. in Ref. [58])
can lead to very early star formation. Whether SMS formation may accompany this early
star formation is an open question. Additionally, if a sufficient population of primordial
black holes (PBHs) formed with low enough mass to fully evaporate before z ~ 10, the
extra heating provided can suppress molecular Hydrogen formation [59], possibly allowing
another channel to form SMSs. A similar result can also be reached by considering the
decay of relic particles [60].

We would expect that nuclear burning, i.e. fusing bare nucleons into larger composite
nuclei, would lower the critical central density for the onset of collapse since the mean
molecular weight increases. The gas pressure is provided primarily by non-relativistic
baryons, which is proportional to the total number of particles, so nuclear fusion reduces
this number and hence lowers the gas pressure if sufficient burning takes place. While
sufficient burning would serve to slow the SMS’s contraction by injecting energy in the
region surrounding the core, the critical central density is being reduced nonetheless,
hastening the approach to instability if the chemical composition of the star is significantly
changed.

Including DM further complicates this picture. We saw that sufficient DM will

change the evolution of some SMS masses that would normally collapse via GR instability,
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making them also vulnerable to burning induced instability. As DM raises the critical
central density, it also permits these stars to host greater central temperatures, making
neutrino emission more efficient at carrying away entropy. This would cause the SMS to
collapse on a different adiabat, specifically one at lower entropy than expected, potentially
altering the prospects for post-collapse detection.

If such stars existed and underwent sufficient burning, they could be detected from
their collapse directly if they then explode (instead of directly onto a black hole), and
indirectly from enriching their surrounding medium with burning products both pre and
post-collapse [61, 62]. The enhanced neutrino emission from DM would also alter the
gravitational wave signature from an anisotropic neutrino pulse as the homologous core’s
entropy would be reduced for a given mass (see e.g. Ref. [19] for details on this neutrino
driven gravitational radiation for standard SMSs).

The authors would also caution those who may be unfazed by the supposedly
‘modest’ amount of DM invoked in this study. Consider a 10° M, SMS with ~1% DM
by mass. If the DM is at a constant density within the star, such a DM mass fraction
corresponds to a density of ~10% GeV cm ™3, which would be an over-dense region of DM
about 20 orders of magnitude more dense than the expected background at redshift z ~ 10.

If these DM supported SMSs had existed, this huge accumulation and concentration
of DM greatly constrains models for DM particles. Specifically, models where these particles
cannot alter their phase space density and clump together through self and/or standard
model interactions would clearly be disfavored in this regard. An example of a model where
particles can alter their phase space density appropriately is discussed in Ref. [63], which
in turn also provides a different mechanism for seeding SMBHs. Densities approaching
the requisite amount of DM needed to stabilize SMSs through purely gravitation can be
reached via adiabatic contraction of a baryonic cloud in a DM halo (e.g. Ref. [49]), but
would still need an additional source of heating to substantially change the stability of the

SMS (e.g. Ref. [64] for the case of DM self-annihilation).
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Moreover, the huge concentration of DM that we discuss here likely also constrains
the manner and environments of SMS formation. Whether such environments can be
found, and whether a component of the DM can be compatible with the concentrations
discussed here, remain intriguing and open questions. In the end, such speculation may
be warranted given our relative ignorance of DM and dark sector physics, and given the
existence of SMBHs at very high redshift.

Here we have used a very simplistic model, a non-rotating and isolated SMS, to
explore the physical effects of a large DM content. Nonetheless, our findings pose several
open questions. First, with the inclusion of DM, what is the interplay of nuclear burning,
hydrodynamics, energy transport, neutrino emission, etc., in the evolution of the SMS
up to instability and the subsequent collapse to a black hole? Second, are there specific
observational “handles” on the collapse of a SMS with or without DM? For example, is
the gravitational radiation signature [19] different in these two cases, and to what extent
would it depend on the amount of DM? Third, in this chapter we have not considered the
effects of DM on scenarios where a supermassive core undergoes rapid accretion, as in
the hylotropic configurations proposed in Ref. [65]. The stabilizing effect of DM on such
hylotropic configurations has been recently considered [66]. These scenarios may provide
the most plausible route for the production of an SMBH from an SMS-like object.

Finally, perhaps the most significant issue is how an SMS would form with the
huge quantities of DM considered in this work and in others that invoke DM effects in the
production of SMBHs. However, there is urgency for consideration of these issues because
of the existence of SMBHs at very early epochs in the history of the Universe, and because

both the sources and properties of DM remain mysterious.
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Chapter 2

Neutrino Flavor Transformation in

Collapsing Supermassive Objects

The collapse of supermassive stars (SMSs, M > 10* M) to black holes is accom-
panied by a prodigious flux of neutrinos of all flavors. These are produced thermally

+ annihilations, mostly in the core and just before gravitational trapped surface

via e
formation. There, the ratio of fluxes for v.7.-pairs to v,7, /v, U,-pairs is ~ 5-to-1. This
is because at SMS temperature scales, .7, pairs have both charged and neutral current
production channels, whereas v,7, /v, V.-pairs only have neutral current production chan-
nels. We point out that the typical energies of these neutrinos, and the run of density in
collapsing radiation-dominated supermassive configurations, leads to Mikheyev—Smirnov—
Wolfenstein (MSW) resonances inside these objects for the atmospheric neutrino mass
splitting scale, Am?, =~ 2.4 x 1072 V2. In the normal neutrino mass hierarchy, adiabatic
flavor transformation through the MSW resonances would then swap the fluxes v, = v, ;,
whereas, in the inverted neutrino mass hierarchy, the anti-neutrino fluxes are swapped,
Ve = 1, . We also examine the prospects for collective neutrino flavor oscillations in these

environments. Implications for flavor oscillation’s effects on neutrino energy deposition and

neutrino-induced nucleosynthesis in the SMS’s outer layers are examined, as are prospects
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for detections of SMS collapses through various means.

2.1 Introduction

In this dissertation chapter, we point out an intriguing connection between neutrino
flavor physics and the conditions and neutrino fluxes accompanying the gravitational
collapse of supermassive stars (i.e., stars with masses in excess of ~10% M). The forma-
tion and collapse of supermassive stars may figure in the solution of several important
cosmological mysteries. Perhaps the most vexing of these is the existence of supermassive
black holes (SMBHs) early in the history of the universe [32, 33, 34, 35, 31]. Specifically,
Ref. [10] suggests that if these objects had existed no later than about 100 million years
after the Big Bang and collapsed directly into black holes at the end of their lives, the high
mass “seeds” left behind would be able to accrete at the Eddington rate into such massive
quasars. Since black holes created from supernovae are at most ~10 M, they would need
to accrete at super-Eddington rates for hundreds of millions of years to achieve the same
mass as these quasars. This fact could make the scenario involving prompt collapse of
individual SMSs and standard Eddington accretion rates preferred.

Ignoring for now the issue of how such supermassive stars (SMSs) would have
formed into single gravitationally bound objects instead of fragmenting, investigating their
properties is still of fruitful academic interest at the very least. Moreover, beyond-standard-
model (BSM) physics has been invoked as a way for SMSs to circumvent several formation
pathway problems [55, 45, 60, 67, 68, 69]. In any case, hydrostatic supermassive objects
share some common features regardless of the particulars of their formation mechanisms.

As SMSs are so massive, the vast majority of their pressure support is derived from
relativistic particles (in this case, photons) and will therefore eventually suffer general
relativistic (GR) instability [40, 41, 42, 43]. Such configurations can be fully convective
and hence have a constant entropy profile throughout the star. In that case, the entropy

is determined only by the total mass and overall chemical composition.
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In purely Newtonian gravity, these SMSs would be nearly neutrally buoyant, neither
stable nor unstable to radial perturbations. Any contraction or expansion of the star would
see the gravitational and pressure forces change together in lock-step and therefore cost no
energy, leaving the SMS in a metastable state. Being rather large (R ~ 1 AU) and diffuse
(pe ~ 10 g cm™3), SMSs’ structure can be accurately modeled by just Newtonian theory.

Their stability (or lack thereof), however, is entirely determined by GR. In general,
objects whose pressure is derived primarily from relativistic particles are said to be
“trembling on the verge of instability,” and the inclusion of 1%° order GR corrections to
Newtonian theory is sufficient to push them over the edge to instability. The inherent
non-linearity of GR predicts that both stress-energy and local spacetime curvature itself
both generate spacetime curvature, which in this context materializes as a slightly stronger
than expected gravitational force. Inward radial perturbations would serve to condense the
metastable SMS, increasing the pressure forces throughout the star while also deepening
the gravitational potential well. While GR at this scale has nothing to say about this
increase in pressure, the slightly stronger gravitational forces would then break this delicate
balance and shift the configuration from metastable to unstable, leading to a direct collapse
into a black hole. This is the so-called Feynman-Chandrasekhar Instability [13, 14].

The SMS evolutionary timescale from the onset of GR instability to black hole
formation is of particular interest to this chapter. During collapse, the central density
and temperature will increase dramatically until a gravitational trapped surface is formed.
Prior to black hole formation, the high densities and temperatures will convert some of
the kinetic energy of the infalling stellar material into neutrinos, sapping energy from the
interior as they mostly free stream from the core through the SMS basically unimpeded.
The chance scatterings on their way out may physically deposit some of their energy into
the SMS’s outer envelope, or transmute free nucleons into their isospin mirrors thereby
also creating e~s and eTs.

As for neutrino inelastic scattering, Ref. [62] determined that there would be
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fairly substantial production of deuterium through this mechanism, potentially above the
primordial deuterium abundance created during Big Bang Nucleosynthesis (BBN). This
could offer tantalizing observational signatures of SMSs having ever existed during the
universe’s early history.

A possible enhancement of the deuterium production would be realized through
the Mikheyev-Smirnov-Wolfenstein (MSW) mechanism, assuming that neutrinos exist in
the “normal mass hierarchy,” where the lightest mass eigenstate for neutrinos is primarily
associated with the e flavor state. Neutrinos already oscillate between the e, p, and 7
flavors in vacuum, however interactions with the electrons in the SMS interior can alter
this oscillation. Specifically, v.s would “feel” both a charged current and neutral current
interaction with the ambient electrons that energetics forbid for the other flavor neutrinos,
giving the v,s a larger in-medium mass that depends on the local electron number density.

Depending on the neutrino energy, there exists a resonant electron number density at
which the flavor oscillation frequency becomes maximal, causing initially e-flavor neutrinos
produced in the dense core to convert to v,s and v;s in the diffuse outer layers. As there
is no net positron density, 7.s are unaffected in the normal mass hierarchy. This means
that the reaction v, +n — p + e~ is now substantially disfavored relative to the reaction
Ve +p — n+eT, creating a large population of free neutrons in the SMS. Of course, this
only is the case if the MSW resonant density is experienced somewhere within the star,
which we will show is the case for a range of SMS progenitor masses.

The first few sections of this chapter will serve as an overview of well established
neutrino processes in SMSs, focusing on the formation channels, the cross-sections for
interaction on various targets, and the overall structure of SMS. Specifically, Section 2.2
will establish the relative initial amounts of each flavor of neutrino at creation and the
total thermally averaged cross section of all neutrinos combined. These considerations will
be relevant for determining the interaction rates of each species.

Section 2.3 will discuss the structure of SMSs pre-instability, the point of instability,
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and the point at which a gravitational trapped surface is formed. Any analysis in this
chapter begins at the point of instability and ends when the subsequent black hole appears,
as further numerical study is needed to explore conditions that arise after the formation of
an event horizon.

Section 2.4 will consider all kinds of neutrino flavor oscillation. First, we will
consider collective effects that would arise from the high neutrino number densities we
expect to occur in SMSs. If collective oscillations are important, they will wash out
the initial preference given to v.v.-pair creation, equalizing all flavors of both neutrinos
and antineutrinos. We will show that these non-linear effects are likely unimportant
except potentially at the lower end of the SMS mass range. We will then discuss the
aforementioned MSW effect, the result of which will suppress the presence of v.s relative
to 7.s in the SMS’s outer layers. We will show that there is an initial mass range of SMSs
where the MSW resonances are present within the SMS, and that where it occurs in the
SMS also depends on the mass. We will finally show that this flavor oscillation occurs
adiabatically, that is, the flavor oscillation wavelength at resonance is much smaller than
the resonance width, so the net effect is a true en mass flavor conversion.

Section 2.5 will discuss the process of 7, capture on free protons to convert them to
neutrons in the SMS’s outer layers. We expect, assuming this transmuted material does
not subsequently fall directly into the newly formed black hole, that these free neutrons
will readily combine with free protons to form deuterium and potentially even « particles.
We then speculate on whether this could provide an observational signature for detection

of these SMSs.

2.2 Neutrino Creation and Interactions

Despite modest temperatures, SMSs posses large entropy-per-baryon (s/kg ~
100-1000), meaning there exists a significant abundance of e*-pairs in electromagnetic

equilibrium. Neutrinos are created as vv-pairs of all flavors in the centers of collapsing
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SMSs, primarily from relativistic e* annihilations [43, 50, 62]. These can be mediated
by the neutral Z° boson (“neutral current,” NC) and the charged W* boson (“charged
current,” CC). NC production channels are flavor agnostic, so the v.7,, v,7,, and v, ;-pairs
are produced in equal amounts. CC production channels only produce e flavor pairs to
preserve lepton number of the reactants at tree-level, and the energetics involved forbid p*
or 7F annihilation to create the other flavors in the CC channel. This production channel
asymmetry leads to a flux enhancement of v,.-pairs over v,v, or v,v,-pairs, as calculated
in Ref. [30], to be about 5-to-1, i.e., v.-pairs constitute about 70% of the total neutrino
flux. This will be relevant for CC scattering on nucleons, as discussed later in this section.

As neutrinos travel through an SMS, they may scatter on free nuclei, specifically free
protons and composite nuclei of atomic mass A. Neutrinos may also scatter on electrons,

but these are greatly subdominant to nucleon interactions at the energy scales considered

in this chapter [25]. NC scatterings are elastic and have the form

(=) Z0 (=)
Ve+p —Vy+p,

(=) Z0 (=)
Vy —|—A —>rVy +A,

=) . . .
where v, refers to neutrinos and anti-neutrinos of lepton flavor £ = (e, 1, 7) and p denotes
protons.

CC scatterings are inelastic and have the form

+
l/e—i—nW—Ha_—i—p,

+
De—l—pw—>e++n.

Assuming the protons and neutrons are nearly at rest in the COM frame, these CC
reactions require £, > E™™ = Am +m.+ to occur, where Am ~ £1.29 MeV is the nucleon

mass difference after the reaction and m.+ ~ 0.511 MeV is the mass of the resulting
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electron or positron (both in units of ¢ = h = 1, a.k.a “natural” units, which we will use
throughout the chapter). The maximum temperatures achieved in SMS collapse (which
we will show is ~0.5-5MeV, in units of kg = 1) therefore forbid the other neutrino flavors
from participating in the above CC reactions as they do not have the requisite threshold
energy to produce the heavy charged leptons.

The NC scattering on nucleons by neutrinos of any lepton flavor has the cross

sections |25, 11]

v G5 :
one(Ey) = 4—; [(1—4sin’ Ow)® + 3¢3] EL.
o\2
~ —a4 v 2
~2.2x 10 (1MeV> cm?, (2.1)
GQ
O-KIé(EV) = 4_;A2E§7

(2.2)

AN?/ E, \*
~ 6. 1 —44 v 2
0.7>10 (4) (1Me\/) om

where Gp ~ 1.1664 x 107" MeV~2 is the Fermi constant, sin®fw ~ 0.23 is the sine-
squared of the Weinberg mixing angle [1], g4 &~ 1.3 is the axial-to-vector weak strength
ratio for free nucleons, and F, is the neutrino energy. Note that these cross sections are
energy dependent, in contrast to, say, the energy independent Thomson cross section
(op ~ 6.65 x 107?° cm?) which governs electromagnetic interactions, and are also ~20
orders of magnitude smaller for MeV scale neutrinos.

The CC capture cross section of 7.s on protons is |25, 70, 71|

G%’VudF

ocd = == (1+303) (B, - Q)
E,—Q\>
~ 1074 X< 2 2.
0 ( 1Me\/) cm”, (2.3)

for E, > Q, where |V,q|> ~ 0.948 is the squared magnitude of the Cabibbo-Kobayashi-

Maskawa (CKM) matrix element corresponding to up-down quark flavor mixing [1], and
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Q = m, —m, ~ 1.29MeV is the mass difference between a neutron and a proton. Here,
we assume that the electron’s momentum after creation is negligible and that there is
no phase-space blocking from ambient positrons resulting from Fermi statistics. We will
also not consider the cross section for the isospin mirror reaction v, +n — p+e~. Any
free neutrons would be quickly incorporated into nuclei via strong and electromagnetic
interactions. Moreover, the high entropies that attend the collapse of SMSs inhibit the
formation of heavy nuclei.

In the context of collapsing SMSs, Ref. [30] found that the energy spectrum of
neutrinos produced by annihilating e* pairs near the growing event horizon is well fit by
the normalized Fermi-Dirac distribution

1 E;
- T3Fy(ny) ePe/Temm 417

fu(Ey) (2.4)

where T, ~ 1.6 T is the “neutrino temperature,” about 60% greater than the local plasma
temperature T, 1, ~ 2 is the “degeneracy parameter,” and F5(7,) is a numerical factor

calculated in general to be

Fu(n,) / T (2.5)
) = —duz, .
kT . e 41

hereafter referred to as Fermi integrals of order k. It is worth noting that these are fitting
parameters and should not be misconstrued as the thermodynamic notions of temperature
and degeneracy.

The spectrum-averaged NC elastic scattering cross section is then

(o%e) = /0 " h(B)oko(E) dE,, (2.6)

where ¢ = vp or vA. For SMSs with primordial element abundances, the only other

scattering targets besides protons are helium nuclei (« particles) with A = 4. As a function
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of the hydrogen mass fraction X, the number fractions of each target are

4X
n,(X) = 11 3%

n,(X)=1-—mn,,

assuming the SMS is composed of only hydrogen and helium.

The total thermally-averaged NC elastic scattering cross section is then

{one) = my {ox6) + Mo (ORE) 5

_ GE Fx(n.)

- Ry Te) 27)

where g(X) = np<[1 — 4sin® 9w}2 + 3931) +16(1 — n,). For a hydrogen mass fraction of
~T75%, typical of a primordial gas, ¢g(X) ~ 5.9. In standard units, this cross section is

therefore

T, \’
(onc) ~ 4.0 x 10_43(@) cm? (2.8)

for n, = 2.

To find the thermally averaged cross section for the CC case, we use [70]

o0

(088) = | oE2f(B)dB, (29)

where E™ = @Q +m, ~ 1.8 MeV is the threshold energy required for this interaction. This
evaluates to

17 — Tl/ 2
<0'Ceé)> ~ 10 43 (m) @(Ty) cm2, (210)

where the function &(7,) is a linear combination of Fermi integrals of several orders:
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with temperature dependent coefficients

ao(Ty) = (@*m? +2Qm +m}) /T},
ai(T,) = 2(Q*me + 3Qm? + 2m}) /T3,
ay(T,) = (Q° + 6Qme + 6m?) /T,
a3(1,) = 2(Q + 2m.) /T,

Oé4(T,,) = 1.

This function is rather involved but has convenient limiting behaviors. &(T,) vanishes
precipitously for T, < @, illustrative of the fact that neutrinos with energies sufficient
to carry out the reaction are exponentially suppressed. For T, > @, &(T,) approaches a
limiting value Fy(n,)/F2(n,), which for n, = 2 is about 16.

The total thermally-averaged cross section from both the NC and CC interactions

is therefore (taking into account that ~40% of neutrinos are 7,):

(o) = (one) + 0.4n,(X <0V€p

2
~ 4.0 x 107* (11\7/;—2\/) [1+0.16(T,)] cm?, (2.12)

for X = 0.75, or in terms of the local plasma temperature 71"
T 2
~ 1072 —— ) [1+0.16(1.6T . 2.13
(0) %102 (e ) [+ 0100167 cn (2.13)

This total cross section will determine where, if anywhere, neutrinos are effectively
“trapped” within the SMS as they stream from the center during collapse. Neutrinos that
are not trapped by the time they encounter the MSW flavor resonance will be of particular

interest for this chapter.
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2.3 SMS Structure, Instability, and Black Hole For-
mation

The supermassive stars we consider here are radiation-pressure dominated, fully
ionized, totally convective, isentropic, and non-rotating hydrostatic configurations of gas
with masses in excess of ~10* M. Here, we consider only non-rotating and non-magnetic
configurations in order to focus on the neutrino physics of collapse. For these SMSs, the
ratio of gas pressure to total pressure [ is constant throughout the star, and is calculated

to be [72]

P 4.3/ M\ 2
gz tws A3 MA T (2.14)
Prad. + Pgas % M@

where 1 =~ 0.59 is the mean molecular weight for a fully ionized primordial gas, and

P,

was and Praq. are the Maxwell-Boltzmann pressure and radiation pressure contributions,

respectively. [ is much less than unity for the mass range considered in this paper

(10* < M/Mg, < 108). The entropy-per-baryon s is similarly calculated as

4 ( MN\Y? 4
~— [ 22) 2 2.15
’ 4-3<M®> p ( )

in units of Boltzmann’s Constant kg, which we will use hereafter.
The above properties combine to make an SMS’s equation of state match closely to

that of a polytrope, i.e.:
P(s,p) = K(s)p" /", (2.16)

where P is the pressure, p is the mass density, n is the “polytropic index,” and K (s) is
the “polytropic constant” that depends on the entropy-per-baryon. Since s is constant

throughout the SMS, K (s) is also a constant. Specifically, we take n ~ 3 for SMSs, so
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K(s) is calculated to be

1 3 4/3
K(s)=—=3(—]
1— 53\ 4amy,

0.2843 / 5 \4/3
~ MeV—4/3 2.1
1-8 <1000> eV (2.17)

where a = 72/15 is the radiation constant and my, ~ 939 MeV is the average baryon mass.

The total energy for such a configuration is given by [15]

E(pe) = ki MK (s)pY/™ — kaGM®/3pl/3 — kyG2MTp2/3, (2.18)

where k1 ~ 1.7558, ky =~ 0.6390, and k; =~ 0.9183 are numerical constants calculated from
integrating over an n = 3 polytrope, p. is the central density, and G =~ 6.7 x 1074 MeV 2
is Newton’s gravitational constant.

The terms represent, in order, the internal kinetic energy (non-relativistic Maxwell-
Boltzmann and relativistic photon contributions), the gravitational binding energy, and
first order corrections from GR, all as a function of M and p.. For n ~ 3, the virial
theorem dictates that the first two terms nearly perfectly cancel, so the total energy is
dominated by the GR correction term. Since that energy is proportional to G2, it is in
effect a gravitational “self-coupling,” hinting at the true non-linear nature of GR.

As these SMSs are radiation dominated, they will also radiate photons from their

surface at the Eddington limited rate Lgqq, [11], defined to be

47 G Mmy,
LEdd. =
ar
M
~ 1.3 x 10% (F) ergs L. (2.19)
©

This energy loss causes the SMS to quasi-statically contract, raising the central density

and temperature over time. As discussed in the Appendix (Sec. A), this will not change
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the total entropy of the SMS by much, but it is key to the inevitable instability brought
about by GR.

2.3.1 SMS Structure and Instability

With the above equation of state (Eq. (2.16), n = 3) and the following rescalings

for radius r and density:

B KN\ s
r=apé = ) P 3 (2.20)

p = pep’, (2.21)

the equations for hydrostatic equilibrium can be manipulated to yield the Lane-Emden

Equation of order 3:

1d [ ,de 3

eae(€5) 1o o -
0(0) =1, (2.22b)
£'(0) =0, (2.22¢)

the solution of which is used to find the density profile as a function of radius. Denoting
the location of the first zero of ¢(&) as ¢(&3) = 0, the total mass M and radius R of the

configuration are

o\ 32
M=ix( 1) @I, (2.23)
1/2
Rz(%) o g, (2.24)

where &5 &~ 6.9868 and |¢'(&3)] ~ 0.0424.

Under a purely Newtonian theory of gravity, these n = 3 polytropes are neutrally
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stable, i.e. it costs no energy to expand or contract the configuration. This fact is also
realized by the hydrostatic mass in Eq. 2.23 having no dependence on the central density,
lending them a self-similar structure.

Upon considering first order GR corrections to Newtonian theory, one can derive the

critical central density pe crit. above which the configuration is unstable to collapse |72, 11]:

- ~7/2
W 3 M _3
Pe, crit. & 3.98(—) ( ) gcm™ . 2.25

¢ 0.59 105 M, (225)

Per Ref. [11], the SMS will contract from a diffuse state (p. ~ 0) to the critical state
on roughly the Kelvin-Helmholtz thermal timescale mxy. For n ~ 3 polytropes radiating
at the Eddington luminosity Lggq., this timescale is calculated using the final term in

Eq. (2.18) at the critical state via

(2.26)

TKH ~~

kG2 M3 %3 M -1
4 pc,cnt. ~ 89 x 103( ) yr,

Lgaa. 105 Mg,

since the internal energy and Newtonian gravitational binding energy cancel each other
out.

During this quasi-static contraction phase, the central density will approach pc, eris.
from below (Eq. (2.25)), at which point it will become unstable to collapse and begin
a rapid contraction phase roughly at the free-fall timescale 74 ~ (Gp)~'/? ~ 4.8 x
107°(M/10° Mo)/*yr. For M ~ 10® Mg, both of the prior timescales are equal, so
masses greater than this are not considered as there is basically no distinction between a

quasi-static contraction phase and free-fall collapse.
2.3.2 Trapped Surface Formation and Neutrino Trapping

As the SMS collapses after instability sets in, neutrino production in the center

will sap entropy from the SMS. Ref. [43] shows that this loss in entropy will cause a
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smaller so-called “homologous core” (HC) with mass MY ~ 0.1M™* to collapse while
maintaining the same overall n = 3 polytropic structure. The central density will rise and
the radius will decrease per Eq. (2.24), while the total HC mass stays the same. This

process continues until a trapped surface is formed at a radius r, such that
Te = 2GMenc.<To> (227)

where M, (r) is the mass enclosed at radius r with boundary conditions M. (0) = 0
and M, (R) = M.
The enclosed mass function can be calculated directly to be, using the Lane-Emden

rescalings:

M (1) = / Un ()2 p(r") dr’ = dmadspf [0(€)]. (2.28)

The condition for a trapped surface now simplifies to the transcendental equation

&0 =8K(s)pl*¢2 | (&)1, (2.29)

where for fixed entropy-per-baryon s, the above equation is just parameterized by p..

There exists some minimum central density p, such that Eq. (2.29) has one solution
for & for any choice of HC mass. It turns out that, for an n = 3 polytrope, &, is
independent of the mass and always occurs at &, &~ 2.632, a bit under 40% of the total
radius. No GR considerations went into this calculation, so it should be emphasized that
this “quick-and-dirty” approach is likely an over-estimate of both the central density at
trapped surface formation and the subsequent trapped surface radius.

Indeed, Ref. [73]| have already performed several full-GR simulations of collapses
of initially n = 3 polytropes with masses ranging from 5 x 105 M, to 10° M. They
found that—regardless of the mass—a gravitational trapped surface forms during collapse

that encloses the innermost ~25% of the total SMS mass. Assuming the collapsing SMS
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structure is still close to that of an n = 3 polytrope (this is surely not the case when GR
considerations become important), this means the trapped surface forms at about 20% of
the total radius, which would make our naive calculation an overestimate for the trapped
surface size. The authors, however, do not report the central densities at which these
trapped surfaces form, so for the purpose of this paper the p, determined in Eq. (2.29)
will be sufficient. The densities that satisfy that condition for various SMS homologous
core masses have been computed numerically and are presented in Table 2.1.

Despite the small cross-section for NC elastic scattering and CC inelastic scattering
(Eq. (2.13)), the high densities and temperatures involved behoove us to consider if the
neutrinos become “trapped” within the SMS. We will consider the neutrinos trapped if
their mean free path A, is of order the radius R and determine at what p. this is the

case. This condition yields the equation:

i,
Pv trap <U(putrap)>

)\mfp ~ R(pytrap) ~ ) (230)

where R(p.) is given in Eq. (2.24).

The cross section’s dependency on central density is determined from noting that a
radiation dominated n = 3 polytrope’s central temperature is related to the central density
via

1/4
= (a-n) e (2.31)

where T, =~ 1.6 T, as discussed previously. The neutrino trapping densities p, rap are also
calculated numerically and are presented in Table 2.1.

It is clear that for some homologous core mass ~10° M, the neutrinos are trapped
by scatterings at the same time as the formation of a gravitational trapped surface.
Therefore, any SMS mass above this will permit neutrinos to escape the star even after

the trapped surface is formed.
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Table 2.1: Calculated central densities at which a trapped surface is formed (p,) and at
which the neutrinos’ mean free path becomes less than the radius (p, trap). For homologous
core masses =105 M, the black hole formation density is lower than the neutrino trapping
density, meaning that neutrinos are free streaming from the core to the surface before a
trapped surface is formed.

MYC [Mo]  pe [g/cm®] pyirap [g/cm?]
104 1.61 x 10°  4.89 x 107

10° 1.52 x 10" 1.52 x 107
109 1.50 x 10°  4.81 x 10°
107 1.49 x 103 1.52 x 106
108 1.49 x 100 4.80 x 10°

2.4 Neutrino flavor conversion

Neutrino flavor conversion is a complex quantum mechanical phenomenon that can
have important consequences on the macroscopic scale. Dense astrophysical environments—
such as core-collapse supernovae and neutron stars mergers—are two important venues
where neutrinos are expected to undergo flavor conversion because of extremely high
neutrino number densities near the neutrino-baryon decoupling regions. Neutrino forward
scattering on background matter offers a simple phenomenology described by the MSW
effect; however, neutrino forward scattering on background neutrinos can lead to a
plethora of non-linear collective effects where neutrinos of different momenta couple to
each other significantly [74]. These non-linear interactions lend a great deal of complexity
to the oscillation phenomenology. Here we explore whether neutrino collective effects are
important for SMSs.

In order to describe the oscillation phenomenology, one needs to know the energy

scales present in the neutrino interaction Hamiltonian, which reads

H = Hvac. + Hmatt. + Hym (232)

where Hy,.. is the vacuum (i.e. free streaming) contribution, H .. is the matter interaction
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term, which in our case will describe forward scatterings of neutrinos on electrons, and
H,, is the neutrino self-interaction term, describing forward scatterings of neutrinos with

other neutrinos. The vacuum term is proportional to the vacuum oscillation frequency

Am? 1 MeV
w="0 ~6.3( ¢ )kml, (2.33)

2F, E,

where Am? = m3 — m? is the difference between the squared mass eigenvalues in vacuum,
E, is the neutrino energy, and we used Am? ~ 1073 eV?2. This is roughly the scale for
the wavenumber of flavor oscillations in vacuum. For the following section of this paper,
wherein we discuss the matter term in the Hamiltonian in more detail, we will take
Am? = Am?, =~ 2.4 x 1073 eV?, the so-called “atmospheric”’ mass-squared splitting.
The matter term is only felt by v.s, and it interferes with the vacuum contribution
to produce the MSW effect. It is proportional to the neutrino-electron interaction strength,
with its scale being set by
A = V2Gen,, (2.34)

where n, = p/umy, is the local number density of electrons. In the dense core, just before
gravitational trapped surface formation, we expect A\ > w, whereas at the relatively diffuse
SMS outer layers we expect A < w. Somewhere within the collapsing SMS homologous
core, we expect A ~ w, wherein the interesting MSW effect lies. A detailed exploration of
this effect is provided in the forthcoming second, third, and fourth sub-sections of this
section.

Before discussing the MSW effect, we will discuss collective flavor oscillations borne
from the H,, term in the Hamiltonian and whether we expect these non-linear interactions

to be important in collapsing SMS homologous cores.
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2.4.1 Collective Flavor Oscillations

The Hamiltonian contribution that describes neutrino forward scattering on other
neutrinos is fixed by the neutrino-neutrino interaction strength p,, = V2G rn,, where n,
is the number density of neutrinos. For a collapsing HC, Ref. [30] calculated the peak

~3/2 _
/ ergsL.

luminosity of e"e™ pair-produced neutrinos to be L, ~ 10°(M1¢/10° M)
Take for example a collapsing 10° M, homologous core that forms a trapped
surface at Ry ~ 2GMYC. The neutrinos have average energy (E,) ~ 1MeV (since
E, ~ T, ~ T, calculated from using p. = p, for M"¢ = 10° M, in Eq. (2.31)), so the
neutrino number density produced at the gravitational trapped surface R, ~ 10! cm is
n, ~ L,/(47cR2E,) ~ 10*® cm~3. We can now calculate the neutrino-neutrino interaction

strength scale pu,, to be
N V2Gp L,

—1
o = 2B, 10km™". (2.35)

Thus, one can see that roughly u,, ~ w, meaning that collective effects, if any, would
occur on the same timescale as neutrino vacuum oscillations. SMS masses larger than
10° M, see a precipitous drop in u,, relative to w (both L, and 1/R? decrease quickly
with increasing mass), meaning that collective effects are even less prominent.

Moreover, the neutrino emission derived entirely from annihilating thermal e*e™
pairs, so the spatial distribution of these neutrinos is completely isotropic. Therefore,
there are no crossings in the (anti)neutrino angular distributions, suggesting that fast
flavor conversion (FFC) mechanisms |75, 76, 77| (see [78, 79| for recent reviews) are most
likely not operative [80, 81, 82|. Slow flavor conversion (SFC), on the other hand, can
lead to unstable solutions of the flavor evolution even for isotropic systems [74, 83| and
non-isotropic systems without angular crossings [84]. If the distributions are perfectly
isotropic, the system is described by the “single-angle approximation” which is unstable in
the inverted mass ordering, i.e. w oc Am? < 0, and stable in the normal mass hierarchy

w > 0 [74, 83]. In reality, however, the neutrino distributions are not exactly isotropic, and
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even small perturbations in the emission can lead to multi-angle instabilities that break the
axial symmetry [85]. The single-energy Hamiltonian describing neutrino-neutrino forward

scattering is

H,, = uyy/dv’(ﬁ’ —ap') (1 —wvr), (2.36)

where o = ny,_/n,, is the asymmetry parameter (a« = 1 in SMSs) and v = cos#§, is the
cosine of the neutrino emission angle. p and p are the neutrino and anti-neutrino density
matrices, respectively, whose diagonal terms are proportional to the neutrino number
densities and the off-diagonal terms encode coherence among flavors.

Lastly, a novel type of instability, the so-called collisional flavor instability (CFI),
has been identified in core-collapse supernovae and neutron star mergers [86, 87, 88, 89, 90|.
This type of instability, arises due to sufficiently distinct scattering rates on matter of v,
and 7, and is most effective when n,, =~ n;_, both conditions present in SMSs. SMSs can
guarantee a large asymmetry between collision rates I'), ~ nonc and 'y, ~ n(onc + occ),
where n is the number density of targets (roughly the number density of protons). These
can differ by as much as I';_ /T',, ~ 4 despite the exponential temperature cutoff dependence
for T'< 1.8 MeV in o¢c.

The collision rates for neutrinos in SMSs are, however, very small, reaching only
[,.,T5 ~ 1072 km™! in the dense core for even the most favorable low mass scenario
with MHC ~ 10* M. Higher mass SMS homologous cores are less dense at gravitational
trapped surface formation, and therefore less hot, lowering these scattering rates and their
asymmetry. In SMSs, we can therefore conclude that collisional rates are so low that CFI
is most likely unimportant even where it does arise. We leave a more thorough exploration
of flavor instabilities in lower mass SMSs for future work.

All of that said, in this paper we can rather safely say that collective effects are
not important. We will assume the normal mass hierarchy, so since p,,, ~ w and because

our neutrino distributions are perfectly isotropic (single-angle), no flavor instabilities will
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occur. The scattering rates on matter for both v.s and 7,.s are small, so collisional flavor
instabilities are likely unimportant. These considerations indicate that there is basically
no influence from collective effects in general, so in-medium flavor conversion will proceed

exclusively through the MSW effect.

2.4.2 MSW Flavor Conversion

The primary neutrino production channel in collapsing SMSs is e™ + e~ — v + i.
This produces neutrino/anti-neutrino pairs of any flavor. If the reaction is mediated by
a Z° boson, then the flavors are produced in equal amounts. If the mediator is a W*
boson, however, v,.v,-pairs will be produced to preserve lepton number at tree-level. As
discussed previously, this causes a flavor asymmetry of about 5-to-1 in the relative numbers
of v U-pairs over v,v, and v, U,-pairs.

After being created, neutrinos will oscillate between the e, u, and 7 flavors as they
propagate through matter and vacuum. The former case is of particular interest to this
paper as there exists a matter density—depending on the neutrino energy—such that
this flavor mixing is maximal, a.k.a. the MSW effect. For simplicity, we will consider a
scenario where there are only two neutrino flavors (weak eigenstates) |v.) and |v,), the
latter representing both the p and 7 flavors. Neutrinos also have mass eigenstates |m;)
and |msy) where m; < my. In this 2x2 case, we take the unitary transformation between

flavor states and mass states in vacuum to be:

|Ve) = cos @ |my) +sinf |my) , (2.37a)

|vg) = —sinf |my) + cosf|ms) , (2.37b)

where 6 # 0 is the vacuum mixing angle. Here, we will take 6§ = 613 ~ 0.15 [1] so that the
electron flavor is primarily in the smaller mass eigenstate in vacuum, i.e. the normal mass

hierarchy. Neutrinos are always created in flavor eigenstates to preserve lepton number, but
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the Schrodinger equation predicts that |m4) and |msy) will accumulate different complex
phases as they propagate since my # mo.
The situation becomes more complicated in the presence of matter. While both

flavors can forward scatter on electrons via NC Z° exchange:

_ z° _
Vet+te —Ve+e

_ z° _
Vyt+e —Vv,+e

the lower mass of the electron also allows charged current W*-mediated forward scattering

between electrons and v, only:
- wE
Vet e —— € + U,

in effect giving the v.s an extra charged current potential Acc. One can derive this extra
potential to be [25]
Acc = 2V2GyE,n,, (2.38)

where n, is the electron number density. This additional potential is completely unfelt by
the v,s as they propagate.

Similar to how photons traveling in a medium acquire an effective mass from
electromagnetic interactions with the ambient electrons, the v.s now have an effective mass
that increases with increasing Acc. A higher electron number density forces the v.s to
be mostly in the heavier mass eigenstate |ms) instead of the lighter mass eigenstate |my),

meaning that the in-medium mixing angle fy; now depends on the surrounding matter.
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This matter dependent mixing manifests as the superposition

|Ve) = cos Oy |v1) + sin by |ve) (2.39a)

|vz) = —sinby [1v1) + cos Oy 1) (2.39b)

where 0y is related to the vacuum mixing angle 6 and the CC potential Acq via [25]

Am?cos20 — A
cos 20y = mcos 20 oc (2.40)

\/(Am2 cos 20 — Acc)® + (Am? sin 20)°

where Am? = m2 — m? is the difference of the squares of the mass eigenvalues in vacuum.

As stated previously, we will take Am? = Am?2,_ ~ 2.4 x 1073 eV?2.

atm.

2.4.3 MSW Resonance Density

For dense environments where Acc > Am? cos 26, the fraction in Eq. (2.40) reduces
to cos 20\ &~ —1, hence 0y = 7/2. Therefore, the superposition in Egs. (2.39a) and (2.39b)
is such that |v,) is primarily in the heavy mass state and |v,) is primarily in the lighter
state. Outside of the SMS, where n, ~ 0 so Acc < Am? cos 20, it is instead the case that
cos 260y — cos 260, so the superposition reduces to the standard vacuum case.

Between these two extremes, where Acc ~ Am? cos 26, the numerator vanishes

so cos 20y ~ 0, meaning that 6y ~ 7/4. This condition corresponds to maximal mixing

between the two flavor states which establishes a “resonant density” n.® given by
Am? cos 20 E -

s — — — "7 9.6 x 10%7 cos 20( Y ) cm ™3, 2.41

‘ 2v/2GrE, 1 MeV (2.41)
which corresponds to a mass density of

2 10 100 cos20( B2 ) & (2.42)
s, = ———=mpn & 1. cos , :
Pres. = 1T x "M IMeV)  cm?
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where X = (.75 is the mass fraction of hydrogen in a primordial gas cloud.
Averaging over the distribution described in Eq. (2.5) we find that the resonant

density in terms of the plasma temperature T is

T -1 g
(pres.) ~ 4.1 x 102 cos 29<1Me\/) -l (2.43)

where we have again used T, ~ 1.6 T as per Ref. [30].

A plot of where this resonance occurs in the homologous core at the black hole
forming density p, as a function of homologous core mass is in Figure 2.1. The plasma
temperature 7" was taken to be the central temperature T, related to p, by Eq. (2.31).
Also plotted in the same figure is the neutrino mean free path at p, for neutrinos emitted
from the core. The region following the intersection of these two curves is of interest as
those neutrinos would undergo MSW resonance and are likely to escape the homologous
core without being trapped by scatterings. A final addition to the figure is the location of
the gravitational trapped surface at p, using the naive prescription detailed in Section 2.3.2.
While the precise location of this curve should be calculated with an approach that tackles
the collapse with full GR, it should still be a guide to the eye for where effects from the

MSW resonances are suppressed as material may be trapped behind an event horizon.
2.4.4 Adiabatic Flavor Conversion

Analogous to the geometric optics limit for light waves and lenses/mirrors, en
masse flavor conversion between neutrino species in non-uniform media is only observed if
the length scale on which the density changes is much larger than the flavor oscillation

wavelength. The location where this matters most is at densities around p,.s since the

115



Central Temperature T, [MeV]
7 5 4 3 2 1 0.7 0.5

T 1 T l! T T T

Tres/Ra )\mfp/R

10 10° 10°
Homologous Core Mass MHC [M)]

Figure 2.1: The radial location of the resonant density (p.es.) (solid red line, scaled by
the HC radius) at the black hole forming central density pe as a function of the HC mass
MHUC on the bottom z-axis and the central temperature 7, on the top z-axis. The mean
free path of neutrinos produced at the center as a ratio of the HC radius is also plotted
as the dashed-dotted black line. We have chosen the neutrino mass-splitting and mixing
angle to be, respectively, Am? = Am2, =~ 2.4 x 107® eV? and 6 = ;3 ~ 0.15. The radial
location of the trapped surface (per Eq. (2.29)) as a fraction of the HC radius is plotted

as a dotted black line.
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flavor mixing is maximal and the in-media mass-squared difference, Am3;, is minimal:

Am?; = \/(Am2 cos 20 — Acc)? + (Am? sin 20)2,

= Am? sin 26. (2.44)

Following the prescription in Ref. [27], we can introduce an “adiabaticity parameter”

at the resonant density, notated as v;.s., given by

-1

(2.45)

Am? sin® 20 ‘ 1dp
Yres = -5

2F, cos?26

?
res.

pdr

which is the ratio of the resonance width dr = |dIn(p)/dr|~!tan26 ~ Rtan26 to the
flavor oscillation wavelength at the resonance density. The probability that a neutrino will
“jump” to the other mass state at resonance is P ~ eXp(—%%es,) [91]. If the neutrino does
indeed jump from one mass state to the other at the resonant density, there will be no
flavor conversion, i.e. the correlation between the flavor and mass states remains the same
between the high density and vacuum environments.

On the other hand, if v, > 1, the probability of a mass state jump is negligible
and en masse flavor transformation will occur. If we calculate the adiabaticity parameter
for MHC = 10* My, we find 7,5 ~ 500, so the jump probability is exponentially suppressed.
For masses greater than 10* M, the neutrino energy decreases and the density scale height
increases, so Ve increases in turn and the jump probability continues to be exponentially
suppressed.

If a v, is created in an initially dense environment where cos260y; ~ —1, passes
through the resonance density in Eq. (2.41), then continues out to where cos 26y ~ cos 26,

the probability that it remains in the 1, state upon interacting with another particle is
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found to be approximately [25]

1 .
P, ., ~- (1 + cos 201(\2 Cos 29), (2.46)

\)

if Yres. > 1, where (91(\2 is the initial matter mixing angle when the v, was created. Clearly,
for cos 26’1(\? ~ —1 and cos 20 ~ 1, almost all of the v.s created will be converted to v,s and
UrS.

The same resonant flavor transformation applies to the v,s, so we would therefore
expect nearly complete swapping of flavor labels for the e and x flavor neutrinos after
encountering adiabatic resonance. While it may seem at first that these effects cancel
out and there is no net change in the relative abundances of flavors, recall that neutrinos
produced via e™ + e~ — v + © have an overabundance of v 7.-pairs relative to v, /v, ;-
pairs by a factor of about 5-to-1 [30]. As discussed in the next subsection, this asymmetry
at creation will have drastic downstream effects for the final flavor flux ratios after MSW
adiabatic flavor transformation.

We have preformed this analysis in the normal mass hierarchy, so 7, will not
experience this maximal mixing resonance with the other anti-neutrino flavors. In the
inverted mass hierarchy m; > ms, however, we would see maximal flavor mixing between
the |7.) and |p,) states with the |v.) and |v,) states unaffected, the opposite of the case

just discussed.
2.4.5 Ratio of Flavor Fluxes

Our simplistic picture of a 2 flavor case can be easily cast into the real 3 flavor case
by notable coincidence: the |v,) and |v;) weak eigenstates are nearly maximally mixed

(sin fag ~ 1/+/2 [1]). We can therefore rewrite the “z” flavor as (following Refs. [28, 92])

1
|ve) = EUW + [vr)), (2.47)
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and introduce a new flavor 2’ that is fully decoupled from the e and z flavors:

1

Vo) = ﬁ(lm = [vr)). (2.48)

Recall now that Ref. [30] found that v.7, pairs have a ~4.7 times greater flux than
the v, /v, v, pairs for e* annihilation-produced neutrinos in the centers of collapsing
SMSs. This dense environment gives the neutrinos created in the |v.) state a higher
effective mass than those in the |v,) state on account of the extra CC potential Acc o n.
These neutrinos stream through the SMS HC almost entirely unimpeded, pass through
the MSW resonant flavor mixing density somewhere in the bulk of the HC, and continue
to the diffuse outer layers. Since this process is adiabatic for these neutrino energies
and SMS density profiles, the net result is an almost complete swapping of flavor labels
between e flavor and x flavor neutrinos, the latter representing about one-half of the u
and 7 flavor neutrinos. Whether this occurs for neutrinos or anti-neutrinos depends on
the mass hierarchy.

In the normal mass hierarchy m; < ms, the neutrino flavors are maximally trans-
formed. The new ratio of flavors is closer to v./v, . — 1/5, an inversion of the original
ratio at the SMS center. The other half of ;1 and 7 flavor neutrinos, represented by the '
state, are decoupled and hence unaffected. The anti-neutrino flavors are unaffected. This
is in contrast to the inverted mass hierarchy m; > ms,, where the MSW resonance inverts
the anti-neutrino flavor flux ratio to v./v,, — 1/5, leaving the neutrino flavors unaffected.

Per Figure 2.1, we predict a wide range of SMS homologous core masses to exhibit
nearly complete flavor transformation of core-produced neutrinos or anti-neutrinos at some

point in their collapse.
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2.5 Neutrino Capture Induced Burning

For stars burning on the main sequence with low metallicity, the principle p-p

reaction chain follows as [12]

p+p—>D+e +u,
p+°D — *He + 1,

SHe + 3He — *He 4+ p + p.

The first step of this chain involves converting a proton into a neutron, a weak interaction
process, making this the primary bottleneck for this reaction.

This bottleneck can be overcome if there is already a supply of free neutrons in
the gas. While, normally, free neutrons decay into protons on a rather rather short time
scale, neutrons can be made via inverse-3 decay through the reaction v, +p — n +et.
Assuming equal amounts of v, and 7., the reverse reaction v, +n — p + e~ and neutron
decay would basically ensure no such supply can be maintained.

If, however, the neutrinos experience resonant flavor mixing on their way out of the
core, the amount of v, will be heavily suppressed relative to the amount of 7.. Ref. [62]

found that the probability that inverse-3 decay occurs at radius r is given approximately

by

B E, 108 em '\ 2
Py1 = 4.5 x 1075 f f5, M <1<Me>\/) ( . ) (2.49)

where fr ~ 0.1 is the amount of gravitational redshift experienced by the neutrinos,

. ~ 0.4 is the fraction of all neutrinos which are 7., and MHC is the homologous core
mass in units of 10° M. Most neutrons created in this process will almost immediately
find a proton and fuse to 2D. If the rate of n +p — ?D + v is fast compared to both
the material ejection and neutron decay rates and slow compared to compared to the

p + ?D — *He + v rate, then the probability in Eq. (2.49) is also the fraction of hydrogen
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Figure 2.2: The mass fraction of the SMS homologous core that is converted to deuterium
in the region after MSW resonance as a function of the homologous core mass. For
MHYC > few x 10° M, the mass fraction calculation may be dubious (see Figure 2.1) as
the MSW resonance density occurs within the naively calculated gravitational trapped
surface horizon at p. = p,.

converted to ?D at a given radius 7.

Following this assumption, the mass fraction of the SMS homologous core that is

converted to deuterium is

1 R
fo = W/ drr?p,(r) Pa-1(r) dr, (2.50)

where p, = Xp is the mass density of free protons if X is the mass fraction of hydrogen.
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With the standard Lane-Emden coordinate transformation, this mass fraction is

_ T, \ Xpe(10% cm)’arg /53
~3.3x 107 fufs < < 3(£) d€, 2.51
o3 x 10 (i ) e [P0 e

where (E,) ~ 1.6%%2ng¢ is the thermally averaged neutrino energy as a function of the

central temperature, . is the location of the MSW resonance density (see the solid red line
in Fig. 2.1), and s = res/arLe. Evaluation of this mass fraction at p. = p, as a function
of SMS homologous core mass is presented in Figure 2.2. For a homologous core mass of
MYC ~ 108 M, this means that around a few tenths of a percent of the HC is converted
to deuterium, with some unspecified amount more transmuted in the SMS envelope that
did not collapse homologously. This makes what is presented in Figure 2.2 a conservative
underestimate of the amount of deuterium produced because 7,s will continue reacting
on free protons outside of the homologous core. Depending on local temperatures and
densities, the deuterium could then readily react with the surrounding matter, potentially

up to « particles.

2.6 Conclusion

Supermassive stars may yet be a key to understanding the very early universe
and the structure formation therein, providing an explanation—however unlikely—to the
apparent overabundance of very massive black holes soon after the Big Bang. In this paper,
we have discussed their structure, which is well approximated by an n = 3 polytrope, and
how general relativistic corrections to Newtonian gravity cause their eventual rapid collapse.
During this infalling period on the short time scale of 74 ~ 4.8 x 107°(M/10° M)/ yr,
the central core will rapidly increase in density and temperature, causing copious creation
of vv pairs. Charged and neutral current weak interactions, as well as the energetics
involved in this environment, favor the creation of v.v. pairs over v,v, and v.v, pairs

by a factor of ~5-to-1. We showed that the conditions, at least for homologous core
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masses of HTC > 10* M, likely do not facilitate appreciable collective oscillation effects
as the neutrino number densities are too low. We then proceeded to show that, for SMS
homologous core masses between 10* M, < MY1C < 105 M., and at the central density
where a gravitational trapped surface is formed, there exists a density away from the
core where there are MSW resonances where flavor conversion is adiabatic. This maximal
flavor mixing (at least in the normal mass hierarchy) serves to completely swap the flavor
labels between v.s with v, and v;, leaving the s of all flavors unaffected. Therefore, the
electron anti-neutrinos will outnumber the electron neutrinos by n;, /n,, ~ 2.5 in the outer
layers of the SMS beyond the MSW resonance location. We then show this enhanced
v.U.~asymmetry leads to an appreciable creation of free neutrons in the outer layers of the
SMS. Clearly, however, questions for future work abound.

While it is clear that the neutron-to-proton ratio would change in the SMS as a
result of these MSW resonance neutrinos, what implications would that have? Ref. [62]
showed that there are a wide range of conditions where any free neutrons created would
readily find a proton to create deuterium, implying that Eq. 2.49 also gives the fraction
of hydrogen that that is converted to deuterium. With the weak bottleneck in the p-p
chain overcome, it would also be reasonable to assume at least a substantial amount of the
deuterium would eventually be incorporated into a particles, releasing ~ 32 MeV of energy
into the diffuse outer layers of the SMS per reaction. As SMSs are very well described
by n ~ 3 polytropes, there is very little gravitational binding energy holding on to the
outer layers. Is this energy deposition enough to perhaps eject material from the already
loosely held together SMS? Does the SMS reach a neutrino Eddington-like luminosity from
elastic scatterings? That is, can outer layers be ejected by substantial neutrino flux alone?
Are these questions made moot by the entirety of the SMS falling into its own black hole
regardless? As opposed to our analysis, which tried to be as analytic as possible, all of
these questions likely need detailed simulations that includes robust neutrino processes,

energy transport, and full general relativity to be answered satisfactorily. Nevertheless,
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our results suggest that the MSW resonance in SMSs is something worthy of consideration
when analyzing these objects, and warrants future study.

Collective flavor oscillation effects were touched upon in this paper, and we deter-
mined that their contribution is likely unimportant at least for M€ > 10* M. In this mass
range, the number density of neutrinos is such that v2Ggn, ~ Am?/(2E,) < v/2Ggn, in
the core, i.e. any collective effects occur on the same timescale as vacuum oscillations and
are swamped by matter effects. Collective flavor oscillations would serve to equilibrate
the initial flavor asymmetry at the core, severely dampening the MSW enhanced neutron
production after MSW resonance. Since collective flavor oscillations are a non-linear effect,
however, a full integration of the neutrino flavor quantum kinetic equations in these SMSs
is warranted instead of just examining relative energy scales.

Furthermore, energy scale comparisons suggest that collective effects would be
important for the lighter SMS homologous core masses. As the neutrinos are effectively
trapped in the core by scatterings for M€ < few x 10° M, anyway, this regime was not
studied in detail in this work, but future work is needed to examine it further. At these
higher densities, there may also be substantial v, flux from electron capture on protons,
thereby altering the neutron-to-proton ratio in the core and creating an asymmetry in
v.s and 7,s. The former consideration has implications for energy deposition in the core
region during collapse, and the latter has further implications for collective flavor effects
as the assumption of n,,_/n; ~ 1 in the core breaks down.

Finally, being such massive objects in the early universe, it is also worth examining
dark matter’s effect on this entire process. It has been shown that (see, e.g. [48, 47, 67,
66, 67]) a substantial dark matter mass fraction in SMSs increases their stability, that
is, the critical density at which the SMS is unstable to collapse is increased. This means
that, before the gravitational trapped surface is formed, the core is denser and hotter
than what’s considered in this paper, so the neutrino emissivity during collapse is greatly

amplified. This means that more entropy is carried away from the core, causing the
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homologous core mass to likely be less massive than the figure of MHC ~ 0.1M™ from
Ref. [30]. Another possibility is that dark matter plays a role via dynamical heating, for
example in Supermassive Dark Stars [68].

SMSs are of great interest for study, and may hold the key to understanding why
there are so many supermassive black holes in the early universe of such high masses. We
have examined, being as analytic as possible, the realization that a confluence of neutrino
energies and matter densities in SMSs are such that an MSW resonance occurs for the
prodigious amount of neutrinos produced in and leaving the core. This effect greatly alters
the initial neutrino/anti-neutrino flavor distribution, leading to a substantial amount of
free neutrons in the outer layers. Whether this process may provide an observational
handle on these objects remains to be seen, but the subsequent evolution of these SMSs
post instability will be impacted by this effect. Future work that studies this evolution in
more detail with this MSW flavor oscillation resonance will be more complete, offering

greater insight into these objects and the early universe in general.
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Appendix A

Validity of Complete Homologous

Contraction Pre-Instability

For n ~ 3 polytropes, quasi-static contraction will be complete and homologous
if K(s) decreases by no more than ~2.9% before free-fall begins [17]. For radiation
dominated SMSs, this change in K (s) would be due to photons leaving the SMS surface
at the Eddington rate Lgqq. ~ 1.26 x 1038(M /M) ergs™! and carrying away entropy to
the surrounding vacuum.

The rate at which the central density would increase from this radiation emitted is
given by

dE

_ _ 2 21 77/3 —1/3dpc
dt == LEdd. = 3]€4G M Pe dt s (Al)

where we have ignored the first two terms for the total energy in Eq. (2.18) as per the
virial theorem applied to an n ~ 3 polytrope.

Since the SMS is not in thermal equilibrium, the luminosity profile as a function of
the enclosed mass coordinate L(m) satisfies the differential equation

o 1o
om my, Ot
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with boundary conditions L(0) = 0 and L(M) = Lgaq., where € is the net heat genera-

tion/loss, typically from fusion and neutrino emission respectively. Per Chapter 1, these

are insubstantial compared to the Eddington luminosity during the quasistatic contraction

(pre-GR instability) phase, so we will ignore e. These SMSs are also fully convective, so

their entropy profile is constant throughout the structure, allowing us to replace the partial

derivative with respect to time with a full derivative.

Integrating across the entire mass of the star, we have

M AL 1ds M
0 0

m my, dt

Mass continuity allows us to integrate instead over r via dm = 47r?pdr:

4 ds (B
Lgaa. = el pTr? dr.

The standard Lane-Emden substitutions are as follows:
KO\ /2 1
= —= _— - /3
r aLEf (WG) pc 57
R = OéLEf:z,

p(r) = pep’(€),
3K

1/4
T0) = Tegl®) = |2 1-5)| e

leaving us with
(1—p)" K7/4p1/3§
my  G327C dt’

LEdd. = _C

where ( is a numerical factor calculated as

1/4 g
(= il (§> / o1 (£)€2 dE ~ 3.895.
0

Jr

a
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Equating (A.1) and (A.9), we find that

2k‘4 G7/2M7/3 my

ds = ———
3¢ (1= B)VAKT/A ,02/3

dpe. (A.11)
We can re-write K = Kys*/3/(1 — B) where Ky = 0.28429/1000%3 MeV~%/3 to isolate the
explicit dependence on s:

2k,
3¢

3/ G7/2M7/3mb d,Oc

/390 .
s'°ds = (1 ) 77 p2/3’
0 C

(A.12)

and integrating both sides from the initial state (p. = 0, so = s(M) (Eq. (2.15)) to the
final state (pc = pe,crit., S = sf), we find that

10/3  20ky

3/10
7/2 ) 7/3
Sy = [30 3¢ (1 —5)3/2u e ] : (A.13)

7/4 ¢, crit.
K

The corresponding fractional change in K (s) is plotted in Figure A.1. From Ref. [17],

The mass of the homologous core that will undergo contraction is

O (f[g EZ;)M M (A.14)

if AK/K, is more than about 2.9%. Fig. A.1 shows that for most of the SMS mass
range between 10%-10® M, this fractional change is below 2.9%, so the entire SMS will
quasistatically contract homologously before GR instability sets in.

Chapter 2, in full, except for the included appendix, has been submitted for review
and eventual publication of the material as it may appear in Phys. Rev. D, 2026, Kehrer,
Kyle; Fuller, George; Padilla-Gay, Ian; Kishimoto, Chad. The dissertation author was the

primary investigator and author of this paper.
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Figure A.1: Fractional change in the polytropic constant K(s) of an SMS from the
initially diffuse state (p. ~ 0) to the critical state as a function of the SMS mass M. The
fractional change in the polytropic constant AK/K is found from determining the change
in entropy-per-baryon via Eq. (A.13) and comparing it to the initial entropy, calculated
from Eq. (2.15). SMSs with a fractional drop in K (s) less than ~2.9% will quasistatically
contract entirely and homologously, whereas those with a greater loss than this threshold
will homologously contract with a slightly smaller mass, specifically found via Eq. (A.14).
The quasistatic contraction is only marginally non-homologous for SMS masses less than
~2 x 104 M,
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