
UC Berkeley
UC Berkeley Electronic Theses and Dissertations

Title
On Calabi-Yau metrics of Calabi type

Permalink
https://escholarship.org/uc/item/5j15r2rk

ISBN
9798288862700

Author
Chen, Yifan

Publication Date
2025-03-15
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/5j15r2rk
https://escholarship.org
http://www.cdlib.org/


On Calabi-Yau metrics of Calabi type

by

Yifan Chen

A dissertation submitted in partial satisfaction of the

requirements for the degree of

Doctor of Philosophy

in

Mathematics

in the

Graduate Division

of the

University of California, Berkeley

Committee in charge:

Professor Song Sun, Chair
Professor Richard Bamler
Professor Sung-Jin Oh

Spring 2025



On Calabi-Yau metrics of Calabi type

Copyright 2025
by

Yifan Chen



1

Abstract

On Calabi-Yau metrics of Calabi type

by

Yifan Chen

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Song Sun, Chair

In this dissertation, we study complete Calabi-Yau manifolds asymptotic to Calabi model
space, which appears in singularity formation and limit of Kähler-Einstein metrics. The
first example goes back to Tian-Yau [33], where they constructed Kähler Ricci-flat metrics
ωTY in the zero class which is exponentially close to the Calabi model space. The tool was
systematically generalized by Hein [17] to a powerful package to find Calabi-Yau metrics. In
particular, it implies the existence of Calabi-Yau metrics in the compact-supported Kähler
classes, which are also exponentially close to the Calabi model space.

Building on previous fundamental work, we further generalized this existence result to non-
compact-supported Kähler classes on a type of quasi-projective manifold. Unlike earlier
results, these new metrics are not exponentially close, but only polynomially close with a
fixed rate. We also proved a uniqueness theorem, which, together with the existence result,
gives a relative complete understanding of Calabi-Yau metrics asymptotic to the Calabi
model space on this type of quasi-projective manifolds.
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Chapter 1

Introduction

In Chapters 3, 4 of this thesis, we study a special type of complete non-compact Calabi-Yau
metrics.

1.1 Overview

A fundamental problem in complex geometry is to determine when a complex n-dimensional
manifold M can admit canonical metrics, such as a Calabi-Yau metric, defined as a Kähler
metric with zero Ricci curvature, or equivalently, with reduced holonomy in SU(n). The
study of Calabi-Yau metrics is a fruitful area of differential geometry, closely related to both
algebraic geometry and theoretical physics.

The name commemorates Yau’s celebrated resolution of Calabi conjecture [34]. This
states that given a compact complex manifold M with the topological condition c1(M) = 0,
any Kähler class admits a unique Kähler Ricci-flat metric. Although Ricci-flat metrics
are generally difficult to find, under the Kähler condition, the Ricci curvature simplifies
significantly, reducing the problem to finding a solution to the Monge-Ampère equation. The
proof relies on the continuity method, which requires uniform a priori estimates developed
by Aubin and Yau. A natural question is whether Yau’s theorem can be generalized to
non-compact manifolds.

Question 1.1.1. When does a non-compact complex manifold X admit a complete Kähler
Ricci-flat metric? If so, is the metric unique in any sense?

In the non-compact setting, one cannot hope that c1(X) = 0 is a sufficient condition for
the existence of complete Calabi-Yau metrics. There are more obstructions, for example,
strictly pseudoconvex bounded domains in Cn can not admit complete Calabi-Yau metrics
since they admit negative Kähler Einstein metrics. On the other hand, traditional methods
like the continuity method encounter difficulties such as the unbounded nature of the Kähler
and Ricci potentials. So typically, we will impose some constrain of the asymptotic behavior
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zero section of L
at infinity

S1

D
C ⊂ L

Figure 1.1: The calabi model space C ⊂ L

at infinity, which would allow us to do estimates in a suitable weighted space. For exam-
ple, complete Calabi-Yau manifolds with conical and cylindrical behavior were classified by
Conlon-Hein [11], Sun-Zhang [27], and Haskins-Hein-Nordström [15].

This thesis focuses on the complete Calabi-Yau manifolds asymptotic to Calabi model
space, which appears in singularity formation and limit of Kähler-Einstein metrics. The
first example goes back to Tian-Yau [33], where they constructed Kähler Ricci-flat metrics
ωTY in the zero class which is exponentially close to the Calabi model space. The tool was
systematically generalized by Hein [17] to a powerful package to find Calabi-Yau metrics. In
particular, it implies the existence of Calabi-Yau metrics in the compact-supported Kähler
classes, which are also exponentially close to the Calabi model space. Building on previous
fundamental work, we further generalized this existence result to not compactly-supported
Kähler classes on a type of quasi-projective manifold. Unlike earlier results, these new
metrics are not exponentially close, but only polynomially close with a fixed rate. we also
provide a uniqueness theorem, which, together with the existence result, gives a relatively
complete understanding of Calabi-Yau metrics asymptotic to the Calabi model space on this
type of quasi-projective manifolds.

1.2 Existence

Let me first introduce the Calabi model space.

1.2.0.1 Calabi model space

The ambient manifold is the total space of the disc bundle C inside an ample line bundle L
over a compact Calabi-Yau manifold D. Under the induced holomorphic structure, it has a
Calabi-Yau metric ωC with S1 symmetry given by Calabi ansatz. The precise definition of
Calabi model space will be given in Section 2.2.2.
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The Calabi model space (C, ωC) has the following geometric features:

• It behaves nicely like a doubly warped product R+ × S1 ×D locally at infinity as in
Figure 1.1, with the S1 direction collapsing and the D direction growing sublinearly.

• The growth rate of VolB(x, r) is between 1 and 2, which gives an interesting example
of non-integer volume growth rate of Calabi-Yau manifold. This behavior makes a
crucial difference in the analysis from the higher-order growth case like asymptotically
conical case.

1.2.1 Calabi-Yau manifold of Calabi type

We now turn our attention to complete manifolds that are asymptotically close to the model
space at infinity. A complete Kähler manifold (X,g) is of Calabi type if there exists a
diffeomorphism Φ identifying X and C outside some compact subsets such that the metrics
are close at infinity.

A natural candidate for such anX is the complement of a smooth divisorD in a projective
manifoldM . In this case, a diffeomorphism identifies the punctured neighborhood of a divisor
D with the punctured disc bundle C inside the normal bundle of D. Even though we do
not have a holomorphic tubular neighborhood theorem for complex manifold, we can still
identify the holomorphic structures on M ∖D and C with exponentially small error. If we
choose D to be a smooth anticanonical divisor inside a projective manifold M with ample
normal bundle, then the total space of its disc normal bundle C admits the Calabi model
metric ωC.

In 1990, Tian and Yau [33] constructed complete Calabi-Yau metrics ωTY on M ∖ D
on these quasi-projective manifolds, called Tian-Yau metric, extending the techniques in-
troduced in [34] to the non-compact case. For any compact supported class in M ∖ D,
Hein-Sun-Viaclovsky-Zhang [14] find Calabi-Yau metric exponentially close to the Calabi
model space. We call the complete Calabi-Yau manifold with this property asymptotically
Calabi, which is defined as follows.

Definition 1.2.1. Let X be an n-dimensional complete Kähler manifold with, complex struc-
ture I, 2-form ω and (n,0)-form Ω. We say (X,I,ω,Ω) is

1. weak asymptotically Calabi with rate κ if there exists δ > 0, κ > 0, a Calabi model
space (C, IC, ωC,ΩC) with function z on C defined in Section 2.2.2, and a diffeomorphism
Φ ∶ C ∖ K → X ∖K, where K ⊂ X and K ⊂ C are compact, such that the following hold
uniformly as z → +∞:

∣∇k
ωC
(Φ∗I − IC)∣ωC + ∣∇

k
ωC
(Φ∗Ω −ΩC)∣ωC = O(e

−δzn/2),

∣∇k
ωC
(Φ∗ω − ωC)∣ωC = O(z

−κ) for all k ∈ N0.
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2. asymptotically Calabi if it is weak asymptotically Calabi and

∣∇k
ωC
(Φ∗ω − ωC)∣ωC = O(e

−δzn/2) for all k ∈ N0.

These manifolds are well understood by Hein-Sun-Viaclovsky-Zhang [14], in which they
showed that any asymptotically Calabi manifold that is Calabi-Yau can be compactified
complex analytically to a weak Fano manifold, i.e. a smooth projective manifold with nef and
big anti-canonical bundle. In this thesis, we are going to show the existence and uniqueness
of weak asymptotically Calabi Calabi-Yau metrics that are not asymptotically Calabi. Our
setting is as follows:

Definition 1.2.2. Let M be a compact Kähler manifold with complex dimension n ⩾ 3,
D ∈ ∣ −KM ∣ be a smooth divisor with ample normal bundle and X = M ∖ D. We denote
H2
+(X) as the subset of H2(X) which consists of classes k such that kp is positively paired

with any compact analytic subset Y of X of pure complex dimension p.

Remark 1.2.3. One needs to be slightly careful when talking about paring on noncompact
manifolds since we cannot always have integration by parts. The good thing is that in our
definition we only care about the compact Y , so H2

+(X) is well-defined. Assume now we have
a Kähler metric ω on X, ω has to be in H2

+(X). So we can view H2
+(X) as the Kähler cone

of X.

Building on the work of Tian-Yau [33] and Hein [17], Hein-Sun-Viaclovsky-Zhang [14]
showed the existence of Calabi-Yau metrics in all compact-supported Kähler classes onM∖D
exponentially close to the Calabi model space, generalizing earlier Tian-Yau metric presented
in [33].

In [5], I further generalized this existence result to all Kähler classes on M ∖D:

Theorem 1.2.4. For any class k in H2
+(X), there exists a Calabi-Yau metric ω in the class

k which is weak asymptotically Calabi with rate 1.

The proof consists of two main parts. The first step is to find an initial metric close to our
model metric in a given cohomology class. A key observation is that all the Kähler classes
on X arise from the restriction of a smooth closed form β on M by a vanishing theorem.
With this good representative β we can formulate an initial metric ω0 to start working with.
The second part is to modify this almost Calabi-Yau metric to a genuine Calabi-Yau metric
by the generalized continuity method of Yau’s solution to the Monge-Ampère equation to
the complete non-compact case developed in Tian-Yau [33] and Hein [17].

However, we cannot directly apply Tian-Yau-Hein’s package here because the Ricci po-
tential of this initial metric will only decay at the rate r−

2
n+1 , whereas Tian-Yau-Hein package

requires decay faster than r−2. We need to modify our background metric by solving the
linearized operator of Monge-Ampère equation in an iterative way to improve the decay,
which motivates the following study of Laplacian operator:
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Lemma 1.2.5. For any smooth function v on C in a suitable weighted norm space with
∣v∣ = O(rδ) with δ not in the indicial roots of λωC , there exists a smooth solution u on C such
that ∆ωCu = v with ∣u∣ = O(rδ+2) for any ϵ > 0, and with weighted higher regularity estimates.

This result is of interest from an analytic perspective. Similar elliptic estimate also
appears in the work of Xuwen Zhu studying Fredholm theory on ALH* space via microlocal
analysis. Furthermore, the slower-than-quadratic volume growth of the Calabi model space
imposes an additional integral requirement on the Ricci potential of our initial metric, a
condition that plays a crucial role in Tian-Yau-Hein package. Geometrically, this requirement
helps determine the choice of the Hermitian metric on the normal bundle.

Once the initial metric is modified to satisfy both the decay and integral conditions,
we can proceed by applying Tian-Yau-Hein package to solve the Monge-Ampère equation.
Through our iterative process, we demonstrate that the solution decays at any specified
polynomial rate. As a result, the Calabi-Yau metric ω admits an expansion at infinity, a
phenomenon that also appears in asymptotically conical and cylindrical cases.

1.3 Uniqueness

Having established the existence of these metrics, I next turn to the question of their unique-
ness.

Theorem 1.3.1. If we have another Calabi-Yau metric ω̃ in the same class k satisfying

∣ ω̃ − ω∣ω ⩽ C ⋅ r−ϵ, for some positive constant C, ϵ,

where r is a distance function with respect to ω, then ω̃ = ω.

This result shows that all Calabi-Yau metrics onM ∖D of Calabi type are parameterized
by the Kähler classes of M ∖D. They fall into two categories: exponentially close to (C, ωC)
for compactly-supported Kähler classes, and polynomially close with a fixed rate for the rest.

Similar uniqueness results are obtained by Conlon-Hein [11] in which they considered
the asymptotically conical Calabi-Yau manifolds. Analytically, the proof of Theorem 1.3.1
requires two new ingredients: the

√
−1∂∂̄ lemma with the L2 estimate on manifold X, and

a Liouville type theorem on model space C.

1.4 Compactification and Classification

The goal is to classify all complete Calabi-Yau manifolds of Calabi type. Since the topological
closure of X at infinity is the zero section of L, which is isomorphic to the compact Calabi-
Yau manifold D, it is natural to expect that we can compactify the manifold analytically.
Hein-Sun-Viaclovsky-Zhang [14] showed that any Calabi-Yau manifold that is exponentially
close to a Calabi model space can be compactified analytically to a weak Fano manifold. For
the polynomially close case, we propose the following conjecture:
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Conjecture 1.4.1. Any Calabi-Yau manifold (X,ω) which is polynomially close to a Calabi
model space can be compactified complex analytically to a weak Fano manifold.

We should be able to prove this roughly as follows: Repeating the argument in Hein-Sun-
Viaclovsky-Zhang [14] via slight modification, we can also construct holomorphic functions
on X at infinity using the holomorphic sections of the ample line bundle L over D via
Hörmander’s L2 estimates. The next step would be showing that under the metric given
by these coordinates, the map into the projective space is an embedding outside a compact

subset and showing that under the compactification X
′
given by the image of this map, the

holomorphic (n,0) form has a simple pole along D′. Then we are able to show that the
compactification we get is Kähler and hence projective by considering the behavior of the
class at the end. By our uniqueness Theorem 1.3.1, this metric ω in fact must come from
our existence result in Theorem 1.2.4.

This question fits naturally into the broader framework of complex analytic compactifi-
cations of complete Calabi-Yau manifolds raised by Yau, which is known to be true in the
case of asymptotically conical end by Conlon-Hein [12] and Chi Li [21] and asymptotically
cylindrical end by Haskins-Hein-Norström [15]. Moreover, Sun-Zhang [29] confirmed that
for 2-dimensional hyperkähler manifolds with bounded L2 norm of the curvature can also by
compactified analytically, once again utilizing a detailed understanding of the geometry at
infinity.

1.5 Outline of the proof

To show the existence, we use the method in Tian-Yau [33], which was subsequently gener-
alized and refined by Hein [17]. This Tian-Yau-Hein’s package facilitates the production of
complete Calabi-Yau metrics provided a suitable model metric at infinity is known. How-
ever, we cannot directly apply it here because the 2-form on X coming from the restriction
of 2-forms on M will only decay at the rate r−

2
n+1 , while Tian-Yau-Hein’s package requires

the Ricci potential decays faster than r−2. We need to modify our background metric by
solving the linearized operator of Monge-Ampère equation to improve the decay.

In Section 2.2.2, we provide an introductory overview of the Calabi ansatz, denoted by
ωC, within an open neighborhood C of the divisor D in its normal bundle, excluding the zero
section. Our exposition primarily adheres to the notation and discussion presented by Hein,
Sun, Viaclovsky, and Zhang [19]. Furthermore, we briefly review the analytical framework
developed by Tian, Yau, and Hein [17], list some geometric properties of the Calabi model
space that facilitates the later application of uniform elliptic estimates.

In section 3.2, we have the solution of the Poisson equation with appropriate weighted es-
timates. The method of variable separation, as detailed by Sun and Zhang [28], allows us to
simplify the Poisson equation in the model space into a particular form of ordinary differen-
tial equation. Leveraging the solutions’ estimates for these ordinary differential equations, as
presented in Appendix 3.3, we construct an inversion of the Laplacian operator within suit-
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ably weighted spaces. This enables us to initiate the iterative processes detailed in Sections
3.5 and 3.6.

In Sections 3.5 and 3.6, we construct a good background metric ω within the cohomology
class k. We solve the Poisson equation on the model space iteratively to enhance the decay
rate of the Ricci potential of ω, as detailed in Section 3.5. In Section 3.6, we refine the Kähler
potential by incorporating the harmonic moment map z alongside other pluri-subharmonic
functions. This adjustment ensures not only the positivity of ω but also its compliance
with the integral condition outlined in Tian-Yau-Hein’s package [17]. The iterative method
adopted here is inspired by Conlon-Hein [11]. The specific technique of modifying the po-
tential via the harmonic moment map z is equivalent to choosing appropriate scaling of the
metric hD on the normal bundle in Hein-Sun-Viaclovsky-Zhang [14].

In Section 3.7, we deform our good background metric ω to a genuine Calabi-Yau metric
on X by Tian-Yau-Hein’s package. We also show that the perturbed metric is weak asymp-
totically Calabi with rate 1. This requires a slight generalization of Hein’s decay result in
[17].

In Section 3.8, we discuss the uniqueness with restricted asymptotics of the Calabi-Yau
metric in the fixed class. We first prove the i∂∂̄-lemma on X based on the global Hörmander
L2 estimate. Then by our solution of the Poisson equation and the behavior of the harmonic
function on the model space we can deduce the global C0 estimate to do integration by parts.

In Section 3.9, we present some examples of Calabi-Yau manifolds which are weak asymp-
totically Calabi but not asymptotically Calabi under a fixed diffeomorphism. We also make
some conjectures about the stronger uniqueness theorem.

In Chapter 4, we discuss some improved estimates used in the compactification and
classification of weak asymptotically Calabi manifold or under even weaker condition.

1.5.1 Other complete non-compact Calabi-Yau manifolds

The topic of complete Calabi-Yau is very rich. There are many progress in the exploration
of new complete Calabi-Yau manifolds, extending the seminal work of Tian and Yau to cases
where D is singular. Collins-Li [7] constructed new complete Calabi-Yau metrics when D
consists of two proportional transversely intersecting smooth divisors. The metric in their
construction is

√
−1∂∂̄ exact and polynomially closed to the generalized Calabi ansatz. Later

Collins-Tong-Yau [8] solved a certain free boundary Monge-Ampère equation crucial to the
inductive strategy proposed in [7] to deal with the general case when D is simple normal
crossing.

There are also many interesting works on other asymptotic behaviors based on Tian-Yau-
Hein’s package. For example, the non-flat Calabi-Yau metric on Cn constructed by Li [22],
Székelyhidi [30] and Conlon-Rochon [10] with maximal volume growth, and Min [24] with
volume growth 2n − 1 when n is even. Those works constructed Calabi-Yau with singular
tangent cone at infinity.

Recently, Apostolov-Cifarelli [1] constructed new complete Calabi-Yau metrics on Cn

with volume growth 2n − 1. Their new method using toric geometry and Hamiltonian 2-



CHAPTER 1. INTRODUCTION 8

forms is significantly different from Tian-Yau-Hein package and produces exotic complete
Calabi-Yau metrics with interesting behavior at infinity.
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Chapter 2

Preliminaries

2.1 Kähler-Einstein metric

2.1.1 Kähler structure

Definition 2.1.1. A Kähler structure on a smooth manifold X is a pair (g, J) consisting
of a Riemannian metric g and an almost-complex structure J ∶TX→TX satisfying

g(J ⋅, J ⋅) = g(⋅, ⋅), ∇J = 0,

where ∇ is the Levi-Civita connection of g.

Extending J to the cotangent bundle by (Jθ)(v) ∶= θ(Jv) yields the eigenspace decom-
position

TX ⊗C = T 1,0X ⊕ T 0,1X, T ∗X ⊗C = T ∗1,0X ⊕ T ∗0,1X.
Consequently,

Λk(T ∗X ⊗C) = ⊕
p+q=k

Λp,qT ∗X ∶= ⊕
p+q=k

ΛpT ∗1,0X ⊗ΛqT ∗0,1X.

Denote by Ak(X), Ak
C(X), and Ap,q(X) the spaces of smooth k-forms, complex k-forms,

and (p, q)-forms, respectively. The exterior derivative splits as d = ∂ + ∂̄; for f ∈ C∞(X),

2i∂∂̄f = dJdf.

Kähler form. Define the real 2-form

ω(v,w) = g(Jv, w), v,w ∈ TX.

Because of the Kähler conditions, ω is closed and of type (1,1). Extend g and ω complex-
bilinearly.
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Choose holomorphic coordinates (z1, . . . , zn) with zj = xj +
√
−1yj. Then

J∂xj = ∂yj , J∂yj = −∂xj ,

and set
∂zj = 1

2
(∂xj −

√
−1∂yj), ∂z̄j = 1

2
(∂xj +

√
−1∂yj),

with dual coframe dzj = dxj +
√
−1dyj and dz̄j = dxj −

√
−1dyj.

In this frame,

g = ∑
j,k

gjk̄(dzj⊗dz̄k + dz̄k⊗dzj), ω =
√
−1∑

j,k

gjk̄ dz
j∧dz̄k,

where (gjk̄) is a positive–definite Hermitian matrix at each point.

2.1.2 Ricci Curvature on Kähler Manifolds

Let (X,ω) be an n-dimensional Kähler manifold with local holomorphic coordinates (z1, . . . , zn)
and metric coefficients gjk̄ ∶= g(∂zj , ∂z̄k). Because ∇J = 0, the Levi-Civita connection co-
incides with the Chern (holomorphic) connection, and the only non-vanishing Christoffel
symbols are

Γm
jk = gml̄ ∂jgkl̄, Γm̄

j̄ k̄
= gm̄l ∂j̄glk̄,

where gml̄ is the inverse Hermitian matrix.
The curvature of the Chern connection has components

Rjk̄ lm̄ = −∂k̄∂jglm̄ + gpq̄ ∂jglq̄ ∂k̄gpm̄,
and satisfies the Kähler symmetries Rjk̄ lm̄ = Rlk̄ jm̄ = Rjm̄ lk̄.

Contracting once with the metric gives the Ricci tensor

Ricjk̄ = glm̄Rjk̄ lm̄ ,

and the associated (1,1)-form

Ric =
√
−1Rjk̄ dz

j ∧ dz̄k.
A direct computation shows that Ricci form in this case can be written as

Ric = −
√
−1∂∂̄ log det gjk̄,

so that Ric is closed. Moreover, its cohomological class in H1,1(X,R) is independent of g
and is a multiple of the first Chern class of X.

The volume form of the Kähler metric is

dVg =
ωn

n!
= det gjk̄ (

√
−1)2n dz1 ∧ dz̄1 ∧⋯ ∧ dzn ∧ dz̄n.

Hence the Ricci curvature can be rewritten as

Ric = −
√
−1∂∂̄ logωn,

and we denote it as Ricω or Ric g.
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Definition 2.1.2. Let X be a Kähler manifold. A Kähler metric ω on X is called a Kähler–
Einstein metric if its Ricci form satisfies the Einstein condition

Ric g = λg for some constant λ ∈ R. (2.1.1)

When the ambient manifold X has complex dimension n, equation 2.1.1 involves 2n(2n+1)
2

variables and imposes 2n(2n+1)
2 condition. However, with the Kähler condition, this equation

of tensor can be reduced to an equation of a single real-valued function.

2.2 Monge-Ampère equation

2.2.1 On compact Kähler manifold

In this section, we outline the general strategy for finding Kähler–Einstein metrics, following
the pioneering works of Calabi, Aubin, Yau and others.

Given a reference Kähler metric ω0 in λc1(X), we seek a Kähler metric ω cohomologous
to ω0 of the form

ω = ω0 +
√
−1∂∂̄φ,

where φ is a real-valued smooth function on X. The Ricci form of ω satisfies

Ric(ω) = Ric(ω0) −
√
−1∂∂̄ log

det (gij̄ + φij̄)
det (gij̄)

,

where gij̄ are the components of ω0.
Thus, the Kähler–Einstein equation reduces to solving the following complex Monge–

Ampère equation:

(ω0 +
√
−1∂∂̄φ)n = ef−λφωn

0 , (2.2.1)

where the smooth function f is determined (up to a constant) by the relation
√
−1∂∂̄f = Ric(ω0) − λω0.

The solvability of the Monge-Ampère equation depends on the value of λ, which represents
the sign of c1(X):

when λ < 0, the independent work of Aubin [31] and Yau [34] guarantees the existence and
uniqueness of a solution upto a constant, thus producing a unique Kähler-Einstein metric.

when λ = 0, Yau’s famous solution to the Calabi conjecture [34] provides a solution of
2.2.1 and hence gives Kähler Ricci flat metric in any Kähler class.

when λ > 0, the existence is more subtle and related to the K-stability in algebraic
geometry. There have been many works in this direction and we refer interested readers to the
survey of Donaldson [13] and only mention here the break through work of Chen-Donaldson-
Sun [2, 3, 4], which solves the Yau-Tian-Donaldson conjecture for Fano manifolds, proving
that a Fano manifold admits a Kähler-Einstein metric if and only if it is K-polystable.
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2.2.2 On complete Kähler manifold

While the existence results for compact Kähler-Einstein manifolds are well-studied, the ex-
plicit behavior of their metrics remains largely unknown. However, we do have a lot of
explicit examples of the noncompact complete Calabi-Yau manifolds constructed by many
mathematicians which appears in the singular formation and limits of Kähler-Einstein man-
ifolds. One typical example is Tian-Yau metric that is asymptotic to Calabi model space.

2.2.2.1 Calabi model space

Let us give a brief introduction of Calabi ansatz and some notations we will use later. The
notations in this section mainly follow Hein-Sun-Viaclovsky-Zhang [19, Section 3].

Let L be an ample line bundle over a compact Calabi-Yau manifold D with a nowhere-
vanishing holomorphic (n − 1,0)-form ΩD and a Calabi-Yau metric ωD ∈ c1(L) with

ωn−1
D = i(n−1)2ΩD ∧ΩD.

We choose an hD on L such that the curvature form is ωD. This choice is unique up to
rescaling the metric h by multiplying a constant e−A

For any point ξ ∈ L, let
t = − log ∣ξ∣2hD

and
z = t 1

n

be functions on the complement of the zero section in the total space L ∖D. Let

C = {0 < ∣ξ∣hD
< 1} ⊆ L

be the disc bundle over D with complex structure IC restricted from L. On C, we have a
Calabi-Yau metric given by the Calabi ansatz:

ωC =
n

n + 1
√
−1∂∂̄(tn+1n )

= z
√
−1∂∂̄t + 1

nzn−1
i∂t ∧ ∂̄t.

Let ΩC denotes the unique holomorphic (n,0)-form on L such that

Z ⌟ΩC = π∗ΩD,

where Z denotes the holomorphic vector field generated by the scalar multiplication along
the fiber direction and π ∶ L→D is the projection map.

Definition 2.2.1. The data (C, IC, ωC,ΩC) is called a Calabi model space.
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2.2.2.2 Tian-Yau metric

We want to construct a complete Kähler metric on the complement of a divisor D in a
projective manifold M , which is asymptotic to the Calabi model space. More precisely, we
denote the complement of D in M by X = M ∖D. The metric we want to construct is a
Kähler metric ω on X such that:

there exists a diffeomorphism ϕ ∶ C →X such that ϕ∗ω = ωC + o(1) as r →∞.

With this diffeomorphism, the topology at infinity of X is the same as that of C, hence the
base of line bundle L should be D and hence we require D to be Calabi-Yau and has an
ample normal bundle. By adjunction we need D to be a smooth anticanonical divisor in M .
Since D is anticanonical, we can find a holomorphic section S of −KM such that S−1 can be
seen as an (n,0)-form ΩX on X with a simple pole and residue ΩD along D.

One natural way to construct such a diffeomorphism is to use the exponential map. The
exponential map exp ∶ Tx0X → X is a local diffeomorphism around x0, and we can use it to
construct a diffeomorphism Φ from C to X outside some compact set, mapping the fiber of
ND = Tx0M/Tx0D to the fiber of (Tx0D)⊥ over D, then composed with exp. This gives us a
local diffeomorphism Φ between the tubular neighborhood of D in M and the disc bundle C
over D. Under this diffeomorphism and the condition that D is anticanonical, we have the
following (1,1)-form on X that is exponentially close to the Calabi model space as proved
by Tian-Yau [33]:

Proposition 2.2.2. We choose a metric hM of −KM such that hM ∣D = hD. Then we can
construct the following (1,1)-form on X:

ωX =
n

n + 1
√
−1∂∂̄ (− log ∣S∣2hM

)
n+1
n .

It is asymptotically Calabi in the following way: The complex structure IX and IC, metric
ωC and ωX and canonical form ΩX and ΩC are exponentially closed. To be more precise,
there exists a compact set K in X, a compact set K in C, and a diffeomorphism induced by
exponential map Φ ∶ C ∖ K →X ∖K such that for all k ⩾ 0, ϵ > 0:

∣∇k
gC
(Φ∗IX − IC)∣gC + ∣∇

k
gC
(Φ∗ΩX −ΩC)∣gC + ∣∇

k
gC
(Φ∗ωX − ωC)∣gC = O(e

−( 1
2
−ϵ)zn).

This metric is constructed by Tian and Yau [33] with the following setting:

Theorem 2.2.3. Let X = M ∖ D, where M is a projective manifold and D ⊂ M is an
ample smooth anticanonical divisor. Then there is a complete Kähler Ricci-flat metric that
is asymptotic to Calabi model space.

2.2.2.3 Tian-Yau-Hein’s package

More generally, Tian-Yau [33] proved a perturbation result via the continuity method for
Monge-Ampère equation in noncompact case, with some assumptions on boundedness of
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curvature, growth of the volume and decay of the Ricci potential that we will define in this
section.

It is systematically summarized and generalized later by Hein [17] and becomes a very
powerful tool in constructing noncompact Calabi-Yau metric. Roughly speaking, the main
idea is to find a Kähler metric ω on X such that the Ricci form Ric(ω) decays sufficiently fast
then we can apply the continuity method to solve the Monge-Ampère equation if we have
uniform weighted Sobolev inequalities and uniform Hölder estimates for the Kähler metric
ω.

Before we state the main theorem of Tian-Yau-Hein’s package, we need to introduce some
requirements of the base Riemannian manifold (N,g) in Tian-Yau-Hein’s package. We begin
with the definition of SOB(ν) property:

Definition 2.2.4 (SOB). Let (N,g) be a complete noncompact Riemannian manifold with
real dimension at least 3. We say (N,g) satisfies SOB(ν) condition for some ν > 0 if and
only if there exists a point p ∈ N and a positive constant C > 1 such that

1. Volume growth is at most ν, i.e. Volg(B(p,R)) ⩽ CRν for all R > C.

2. Ric(x) ⩾ −Cdg(x, p)−2, ∀x ∈ N .

3. Volg(B(x, (1 − 1
C )dg(x, p))) ⩾ 1

Cdg(x, p)ν.

4. For any D > C, any two points x, y ∈ N with dg(p, x) = dg(p, y) =D can be joined by a
curve of length at most C ⋅D, lying in the annulus

A(p, 1
CD,CD) ∶= {x ∈ N ∣ 1CD < dg(p, x) < CD}.

Remark 2.2.5. In the original definition of SOB(ν) property in [16], we need that the
annulus A(p, s, t) is connected for any t > s > 0. To apply Theorem 2.2.7 it suffices to check
the Relative Connected Annulus (RCA) property 4. instead of the connectivity of the annulus.

We continue with the definition of HMG(λ, k,α) property:

Definition 2.2.6 (HMG). We say that (Nn, g) is HMG(λ, k,α), for some λ ∈ [0,1], k ∈ N0,
α ∈ (0,1), if there exist C ⩾ 1 such that

1. There exists a covering for every x ∈ I with r(x) ⩾ C there exists a local holomorphic
diffeomorphism Φx from the unit ball B ⊂ Rn into N such that Φx(0) = x and Φx(B) ⊃
B (x, 1

C r(x)λ),

2. h ∶= r(x)−2λΦ∗xg satisfies Inj(h) ⩾ 1
C ,

1
C geuc ⩽ h ⩽ Cgeuc, and ∥h − geuc∥Ck,α(B,geuc)

⩽ C.

Locally, we can always define Ck,α norm of a function f on a ball Bg(x, r) inside a
manifold (N,g) with respect to the metric g as follows:

∥f∥Ck,α(Bg(x,r))
=

k−1

∑
j=1

∥∇j
gf∥C0(Bg(x,r))

+ ∥∇k
gf∥C0,α(Bg(x,r))

.
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With this quasi-atlas, we can define the global Hölder norm C l,γ(N) as:

∥f∥Cl,γ(N) ∶= sup{∥u ○Φx∥Cl,γ(B) ∶ x ∈ N} .

Now we are ready to present the following result taken from Hein’s thesis [17] which is
a powerful tool to give the existence of Calabi-Yau metric on complete noncompact Kähler
manifold.

Theorem 2.2.7 (Tian-Yau-Hein’s Package). Let (Xn, ω) be a complete noncompact Kähler
manifold, which satisfies the condition SOB(ν) and HMG(0,3, α) for some ν > 0, 0 < α < 1.
Let r be the distance function to a fixed point p ∈ X with respect to the metric ω. Let
f ∈ C2,α(X) satisfy

∣f ∣ ⩽ Cr−µ on {r > 1} for some µ > 2
and

∫
X
(ef − 1)ωn = 0.

Then there exist ᾱ ∈ (0, α] and u ∈ C4,ᾱ(X) such that

(ω + i∂∂̄u)n = efωn.

Moreover ∫X ∣∇u∣2ωn < ∞. If in addition f ∈ Ck,ᾱ
loc (X) for some k ⩾ 3, then all such solutions

u belong to Ck+2,ᾱ
loc (X).

There are several key ingredients that are different from the compact setting when we
apply the continuity method in [34] to solve the Monge-Ampère equation which motivates
the definition of the above properties. One of the key ingredients is the Sobolev property
which is used to control the volume growth of the manifold and to ensure that the Ricci
curvature decays sufficiently fast at infinity. The second key ingredient is the local chart
with weighted Hölder continuity which is used to control the local geometry of the manifold
and to ensure that the curvature is bounded in a suitable sense. Both of the conditions are
motivated to provide the uniform elliptic estimates which are used to control the regularity
of the solutions to the Monge-Ampère equation.

2.2.2.4 Poincaré and Sobolev inequalities

The Poincaré inequality is a fundamental result in analysis that provides a bound on the
average value of a function over a domain in terms of its gradient. In the context of Rieman-
nian manifolds, it can be used to control the behavior of functions on the manifold in terms
of their geometry. The Sobolev property on noncompact manifold is a generalization of the
classical Sobolev inequality and only depends on the volume and Ricci curvature at infinity.

We can see the motivation of this definition from the Poincaré inequality locally on a fixed
ball, with the coefficient constant depending only volume and Ricci curvature on this ball.
We will use it later in proving the decay of the final solution of our perturbed Monge-Ampère
equation.
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Theorem 2.2.8. [23, Theorem 1.1] Let (N,g) be a complete connected Riemannian manifold
of real dimension n. Suppose the Ricci curvature on N is bounded below by Ric ≥ −a2g for
some a ≥ 0. Then there exists a constant cn depending only on n, and for every pair (p, q)
satisfying 1 ≤ p < n and p ≤ q ≤ pn

n−p , there exists a constant Cp,q such that for all x ∈ N , all

r > 0, and all functions f ∈ C∞(B(x, r)), we have:

(∫
B(x,r)

∣u − ū∣q dv)
1/q

≤ Cp,qe
cn(1+ar)r ∣B(x, r)∣

1
q
− 1

p (∫
B(x,r)

∣∇u∣p dv)
1/p

,

where ū denotes the average of u over the ball B(x, r).

We also have Poincaré-Sobolev inequality on the annulus.

Theorem 2.2.9. [17, Proposition 3.4] Let (N,g) be complete, x ∈ N , and

A(κ) ∶= A (x, r1 − κs, r2 + κs)

if r2 > r1 > κs. Suppose that A ∶= A(0) is connected,

Ric ≥ −Cs−2 on A(6), sup
y∈A(3)

∣B(y, s)∣ ≤ C inf
y∈A
∣B(y, s)∣,

and

Λ ≥max{, s−1 diam(A), ∣A(1)∣
infy∈A ∣B(y, s)∣

} .

Then, for all u ∈ C∞(A), denoting uA ∶= ∮A u,

∫
A
∣u − uA∣2 ≤ CΛ2s2∫

A(6)
∣∇u∣2.

In the continuity method, we also need the complete manifold having good volume growth
and curvature condition at infinity to have a uniform weighted Poincaré-Sobolev inequality.

Theorem 2.2.10. [18, Theorem 1.2] Suppose that (N,g) satisfies SOB(β) for some β ∈ R+.

1. For all ε > 0 there exists a positive step function ψε ∼ (1+ r)−max{β,2}−ε on N such that
for all α ∈ [1, n

n−2
] and all u ∈ C∞0 (N),

(∫
N
∣u − uε∣2α (1 + r)α(min{β−2,0}−ε)−βdvol)

1
α

≤ C(ε)∫
N
∣∇u∣2dvol

where uε denotes the average of u with respect to the finite measure ψεdvol.

2. If β > 2, then, for all α ∈ [1, n
n−2
] and all u ∈ C∞0 (N),

(∫
N
∣u∣2α(1 + r)α(β−2)−βdvol)

1
α

≤ C ∫
N
∣∇u∣2dvol
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2.2.2.5 Uniform Schauder estimates

The HMG properties are mainly used to define the weighted global Ck,α-norm and guarantee
that we can do elliptic estimates for a second order elliptic differential operator L if L has
coefficients in C l,γ(M) with l ≤ k − 1.

Recall that the Ck,α norm of a function f on a ball Bg(x, r) inside a manifold (N,g) is

∥f∥Ck,α(Bg(x,r))
=

k−1

∑
j=1

∥∇j
gf∥C0(Bg(x,r))

+ ∥∇k
gf∥C0,α(Bg(x,r))

.

If we scale the metric by a constant 1
z0
, i.e. g̃ = 1

z0
g, we then have

∣∇j
g̃f ∣g̃ = z

j
2
0 ⋅ ∣∇j

gf ∣g,

∥f∥Wk,p(Bg̃(x,r))
=

k

∑
j=0

z
j
2
0 ∥∇j

gf∥Lp(Bg(x,
√
z0r))

,

∥f∥Ck,α(Bg̃(x,r))
=

k−1

∑
j=0

z
j
2
0 ∥∇j

gf∥C0(Bg(x,
√
z0r))
+ z

k+α
2

0 ∥∇k
gf∥C0,α(Bg(x,

√
z0r))

.

Now we can prove the uniform Schauder estimate here for future reference:

Proposition 2.2.11. Let (N,g) be a manifold satisfying HMG(λ, k,α) property. Let u and
v be smooth functions on M such that ∆gu = v. Then there exist some constants Ck such
that

r(x)kλ ∥∇ku∥
C0(Bg(x,r(x)λ))

⩽ Ck (∥u∥C0(Bg(x,r(x)λ))
+

k−1

∑
i=0

r(x)(i+2)λ ∥∇iv∥
C0(Bg(x,r(x)λ))

) .

Proof. Fix any x in N . Let h = r(x)−2λΦ∗g be the rescaled pull back metric on the unit ball
B(0,1) in Rn, let ũ = Φ∗xu, ṽ = r(x)2λΦ∗xv. Since we use the pull back metric, the Laplacian
is preserved. We have ∆hũ = ṽ. Write this elliptic equation under the Euclidean coordinate,
with ∥∇kh∥geuc ⩽ C(k) for any integer k ⩾ 0, we have ũ satisfies the following elliptic equation

1√
deth

∂

∂xi
(hij
√
deth

∂

∂xj
ũ) = ṽ. (2.2.2)

By the standard elliptic estimates on the Euclidean space and passing to the original metric
g we get the required estimate. To be more precise, by W 2,q estimates we know that there
exists a uniform constant Cq only depends on q such that for any 1 < q < +∞

∥ũ∥W 2,q(B(0, 1
2
))
⩽ Cq ⋅ (∥ṽ∥C0(B(0,1)) + ∥ũ∥C0(B(0,1))) .

Consequently by Sobolev embedding, we know

∥ũ∥
C

1,1− 2n
q (B(0, 1

2
))
⩽ Cq ∥ũ∥W 2,q(B(0, 1

2
))
⩽ Cq (∥ṽ∥C0(B(0,1)) + ∥ũ∥C0(B(0,1))) .
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Taking derivative of (2.2.2) under the Euclidean coordinate, we have:

∥ũ∥W 3,q(B(0, 1
2
))
⩽ Cq ⋅ (∥ṽ∥W 1,q(B(0, 2

3
))
+ ∥ũ∥W 2,q(B(0, 2

3
))
)

⩽ Cq ⋅ (∥ṽ∥C1(B(0,1)) + ∥ũ∥C0(B(0,1))) .

And by bootstrapping and Sobolev embedding

∥ũ∥
C

k+1,1− 2n
q (B(0, 1

2
))
⩽ Cq,k ∥ũ∥Wk+2,q(B(0, 1

2
))

⩽ Cq,k (∥ṽ∥Wk,q(B(0, 2
3
))
+ ∥ũ∥Wk+1,q(B(0, 2

3
))
)

⩽ Cq,k (∥ṽ∥Ck(B(0,1)) + ∥ũ∥C0(B(0,1))) .

Passing to the original metric, we know that for any k ⩾ 1

r(x)kλ ∥∇ku∥
C0(Bg(x,r(x)λ))

⩽ Ck (∥u∥C0(Bg(x,r(x)λ))
+

k−1

∑
i=0

r(x)(i+2)λ ∥∇iv∥
C0(Bg(x,r(x)λ))

) .
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Chapter 3

Asymptotic Calabi metric on weak log
Fano pairs

3.1 Geometric properties of Calabi model space

Let us first list some geometry properties of Calabi model space directly coming from the
formula of ωC. Globally, it is complete when ∣ξ∣hD

→ 0 and incomplete when ∣ξ∣hD
→ 1.

Locally, it behaves nicely like a doubly warped product R+ × S1 ×D as in Figure 1.1.

Lemma 3.1.1. We have the following quantitative estimates:

• Any distance function on C will be comparable to z
n+1
2 .

• It has volume growth of order 2n
n+1 .

• The S1 direction collapsing at rate z−
n−1
2 and the D direction growing at rate z

1
2 .

• Its sectional curvature decays at the rate r−
2

n+1 .

Then we show that our model space (C, ωC) satisfies those properties. One may refer to
[17] for details and examples.

Proposition 3.1.2. (C, ωC) has SOB( 2n
n+1) property.

Proof. (2) follows from the Ricci-flat property of C. For (1), recall that ωC = z
√
−1∂∂̄t +

1
nzn−1 i∂t ∧ ∂̄t and the volume form ωn

C
= (
√
−1∂∂̄t)n−1 ∧ i∂t ∧ ∂̄t. The distance function

rωC to some fixed point p in C is comparable to z
n+1
2 . Consequently, one can see that

Ã(z1, z2) = {x ∈ C ∣ z1 < z(x) < z2} is comparable to the annulus A(p,R1,R2) in the sense
that: for any z2 > z1 > C and R2 > R1 > C, we have

Ã(z1, z2) ⊆ A(p, 1
C z

n+1
2

1 ,Cz
n+1
2

2 ) ,

A(p,R1,R2) ⊆ Ã(( 1CR1)
2

n+1 , (CR2)
2

n+1) .
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Similarly, for any R ⩽ C, we have:

B(p,R) ⊆ K ∪ Ã (0, (CR) 2
n+1) .

Moreover, we can see from the ansatz that the diameter of {x ∈ C ∣ z = z0} is comparable to√
z0, which shows that

Ã (z(x) − 1
C (z(x) − z(p)) , z(x) + 1

C (z(x) − z(p))) ⊂ B (x, (1 − 1
C
)dg(x, p)) .

With all these equivalences, we know that

Volg(B(p,R)) ⩽ C + ∫
{−(CR)

2n
n+1 ⩽ t⩽(CR)

2n
n+1 }
(
√
−1∂∂̄t)n−1 ∧ dt ∧ dct ⩽ CR 2n

n+1 .

Similarly for (3) we have

Volg(B (x, (1 − 1
C
)dg(x, p))) ⩾ C ⋅ z(x)n ⩾ C ⋅ dg(x, p)

2n
n+1 .

To show (4), for D large enough and any two points x and y with dg(x, p) = dg(y, p) = D,

we have z(x), z(y) ∈ ( 1
C ⋅D

2
n+1 ,C ⋅D 2

n+1). Then by the formula of ωC we can join x and y by

a curve of length at most C ⋅ (D +D 1
n+1) lying in A ( 1

C ⋅D
2

n+1 ,C ⋅D 2
n+1) and consequently in

the annulus A(p, 1
CD,CD).

Hence we have the SOB( 2n
n+1) condition on (C, ωC).

Next we show that the model space C satisfies the HMG(0, k, α) property. Tian-Yau [33,
Proposition 1.2.] provides a simple criterion for a complete Kähler manifold (N,ω) to be
HMG(0, k, α). We refer to Hein’s thesis [17, Lemma 4.7.] for a slightly generalized statement
and sketch of the proof.

Lemma 3.1.3. A complete Kähler manifold with ∣Rm∣ + ∑k
i=1 r

iλ ∣∇iScal∣ ⩽ Cr−2λ for some
k ∈ N0 and λ ∈ [0,1] is HMG(λ, k + 1, α) for every α ∈ (0,1).

Proposition 3.1.4. (C, ωC) has HMG( 1
n+1 , k, α) property, for any k ∈ N0 and α ∈ (0,1).

Proof. The proof goes almost verbatim with the proof of Lemma 3.1.3. The proof of Lemma
3.1.3 only used the completeness to guarantee that the injectivity radius of local universal
cover around x0 has uniform lower bound independent of x0. Since C is the disc bundle over
D, after we do rescaling by ω̃C = z(x0)−1ωC, the S1 action gives the only collapsing direction
which disappears after passing to the local universal cover. So the local universal cover has
uniform curvature bound and is volume non-collapsing, which leads to uniform injectivity
radius lower bound.

Remark 3.1.5. We can not directly use Theorem 2.2.7 because in our setting, the decay rate
of the class k is only r−

2
n+1 which is slower than r−2. So we need to modify the representative

β by
√
−1∂∂̄u for some function u on X, which comes from the suitable solution of Poisson

equation on model space C, which we will discuss in section 3.2.
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3.2 Solving Poisson Equation on the Model Space

In this section, following the approach of Sun-Zhang in [28], we will use separation of variables
to solve ∆ωCu = v for u, v functions on C and give some uniform estimate of our solution.
We use the same notation introduced in section 2.2.2.

We first notice that C is diffeomorphic to Y ×R where the level set Y = {ξ ∈ C ∣ − log ∣ξ∣2hD
=

zn0 } for a fixed z0 > 0 and Y is equipped with an S1 bundle structure over D and a metric
hY induced by ωC. Let 0 = Λ0 < Λ1 < ⋯ be the spectrum of the Laplacian −∆(Y,hY ) on
Y with respect to the metric hY . Let {ψk}∞k=0 be the corresponding eigenfunctions with
∥ψk∥L2(Y ) = 1. They showed that Λk = z−10 λk +nzn−10 j2k for some λk ⩾ 0 and jk ∈ N. Moreover,
{ψk}∞k=0 form an orthonormal basis of L2(Y ) and each ψk is homogeneous of degree jk under
the S1 action. The product structure allows us to do Fourier expansion on C. In particular,
for any smooth function v on C, if we take Pk(v)(z) = ∫Y v(z, y)ψk(y), we can write

v(z, y) =
∞

∑
k=0

Pk(v)(z) ⋅ ψk(y), (3.2.1)

which is convergent in L2 sense. In fact, we will prove later that the convergence is in Ck if
v has proper higher regularity estimate. For the separated function u(z)ψ(y) we have

∆ωCu(z)ψ(y) =
1

nzn−1
(u′′(z) − (λ + j

2n

4
⋅ zn)nzn−2u(z))ψ(y).

Moreover, [28] proved the following:

Proposition 3.2.1. Let (C, gC) be the Calabi model space, and let u solve the Poisson equa-
tion ∆Cu = v for some v ∈ CK0(C) and K0 ∈ N sufficiently large. Let u, v have ”fiber-wise”
expansions as in (3.2.1). Then for every k ∈ N, the coefficient functions uk(z) and vk(z)
satisfy

u′′k(z) − (nλk +
j2kn

2

4
⋅ zn) zn−2uk(z) = nzn−1 ⋅ vk(z), z ⩾ 1. (3.2.2)

Specifically, they found a solution of ∆ωCu = v by solving ODE (3.2.2). With the estimate
of the solution of this equation, they showed that the L2 formal solution given by ∑ukψk

is actually a regular solution to the Poisson equation. Similarly but directly via careful
estimates, we can construct the solution of Poisson equation with respect to ωC with some
weighted regularity and finer polynomial growth order.

3.3 Estimate of the solution of ODE

In this section, we will look closely to the solution of the following ordinary differential
equation:

u′′ − (j
2n2

4
+ nλ)zn−2u = nzn−1v,
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where λ > 0, n ⩾ 3 and n, j ∈ N.
By the transformation in [28], we have two cases: zero node case when j = 0 and non-zero
node case when j > 0. We will give a brief summary of the estimate of fundamental solutions
and have a estimate of u with polynomial rate which slightly generalizes the results in [28].

3.3.1 fundamental solution of zero mode

In this section we focus on the zero mode: the equation

u′′ − nλzn−2u = nzn−1v. (3.3.1)

By [28] we have the decaying solution D(z) and growth solution G(z) of the homogeneous
equation u′′(z) = nzn−2λu(z) given by

D(z) =
√
zK 1

n
(2
√

λ
n ⋅ z

n
2 ) , (3.3.2)

G(z) =
√
zI 1

n
(2
√

λ
n ⋅ z

n
2 ) (3.3.3)

where K and I have the following expression: for ν ∈ R

Kν(y) = ∫
∞

0
e−y cosh t cosh(νt)dt,

Iν(y) =
1

π ∫
π

0
ey cos θ cos(νθ)dθ − sin(νπ)

π ∫
∞

0
e−y cosh t−νtdt

Lemma 3.3.1. [28][Proposition 3.3.] We have the following uniform estimate:

1. For all ν ∈ R, there is a constant C(ν) > 1 such that

C−1(ν) ⋅ e−y√y ⩽Kν(y) ⩽ C(ν) ⋅ e
−y
√
y , y ⩾ 1;

Iν(y) ⩽
⎧⎪⎪⎨⎪⎪⎩

C(ν) ⋅ ey√y , y ⩾ 1,
C(ν) ⋅ yν , 0 < y ⩽ 1.

2. For all ν > −1, we have

Iν(y) ⩾
⎧⎪⎪⎨⎪⎪⎩

C(ν)−1 ⋅ ey√y , y ⩾ 1
C(ν)−1 ⋅ yν , 0 < y ⩽ 1

Corollary 3.3.2. [28] For z > n
√

n
4λ1

, there exists a constant C which only depends on n
such that

1

C
⋅ e
− 2
√

n
λ

1
2 ⋅z

n
2

λ
1
4 ⋅ z n−2

4

< D(z) < C ⋅ e
− 2
√

n
λ

1
2 ⋅z

n
2

λ
1
4 ⋅ z n−2

4

1

C
⋅ e

2
√

n
λ

1
2 ⋅z

n
2

λ
1
4 ⋅ z n−2

4

< G(z) < C ⋅ e
2
√

n
λ

1
2 ⋅z

n
2

λ
1
4 ⋅ z n−2

4

.
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With those estimates, we can give a C0 bound of u(z). By computation in [28] we know
that the Wronskian

W(G,D) = G(z)D′(z) − G′(z)D(z) = −n
2
.

Hence we have a solution of 3.3.1 as follows:

u(z) = −2(D(z)∫
z

1
G(s)sn−1v(s)ds + G(z)∫

∞

z
D(s)sn−1v(s)ds) (3.3.4)

We firstly introduce an estimate of the solution of this ordinary differential equation:

Proposition 3.3.3. Recall that λ1 is the first nonzero positive eigenvalue of −∆Y . Let v be
a function such that ∣v(z)∣ ⩽ C0zδ for z > 1. For any λ such that λ > λ1 > 0, we can find
solution of equation u′′(z) = nzn−2λu(z) + nzn−1v such that

∣u(z)∣ ⩽ C ⋅C0z
δ+1,

∣u′(z)∣ ⩽ C ⋅C0z
δ+n

2 ,

∣u′′(z)∣ ⩽ C ⋅C0z
δ+n−1

on z > C for some constant C > 1 only depend on n, λ1 and δ .

Proof. Now we can estimate ∥u∥
L∞((max{1,( n

4λ1
)
1
n },∞))

. Let µ = 2√
n
λ

1
2 . By integration by parts

the first term D(z) ∫
z

1 G(s)sn−1v(s)ds in 3.3.4 is bounded by a constant C(n) times the
following term:

1

λ
1
2 ⋅ z n−2

4
∫

z

1
eµ(s

n
2 −z

n
2 )sδ+

3n−2
4 ds

⩽ 1√
nλ
zδ+1 −

δ + n+2
4

nλ
3
2

zδ+1−
n
2 +
(δ + n+2

4 )(δ + −n+24 )
n
√
nλ2

zδ+1−n

−
(δ + n+2

4 )(δ + −n+24 )(δ + −3n+24 )
n2λ

5
2

zδ+1−
3n
2

+
max{0, (δ + n+2

4 )(δ + −n+24 )(δ + −3n+24 )(δ + −5n+24 )}
n2λ

5
2

zδ+1−
3n
2

− ( 1√
nλ
−
(δ + n+2

4 )
nλ

3
2

+
(δ + n+2

4 )(δ + −n+24 )
n
√
nλ2

+C(n, δ) 1
λ

5
2

) eµ e
−µz

n
2

z
n−2
4

.

Here we also use the following observation: Since µ ⩾ 2√
n
λ

1
2
1 , we know that the maximum

of sδ+
−5n−2

4 eµ(s
n
2 −z

n
2 ) on the interval [1, z] is at z when z is larger than a uniform constant

which is independent with respect to λ but only on n and λ1. So we have

∫
z

1
sδ+

−5n−2
4 eµ(s

n
2 −z

n
2 )ds ⩽ (z − 1)zδ+−5n−24 < zδ+−5n+24 .
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For the second term G(z) ∫
∞

z D(s)sn−1v(s)ds, we have similar estimate:

1

λ
1
2 ⋅ z n−2

4
∫
∞

z
eµ(z

n
2 −s

n
2 )sδ+

3n−2
4 ds

⩽ 1√
nλ
zδ+1 +

δ + n+2
4

nλ
3
2

zδ+1−
n
2 +
(δ + n+2

4 )(δ + −n+24 )
n
√
nλ2

zδ+1−n

+
2 ∣(δ + n+2

4 )(δ + −n+24 )(δ + −3n+24 )∣
n2λ

5
2

zδ+1−
3n
2 .

So we have the uniform estimate for u that for any z > C(n, δ, λ1),

∣u(z)∣ ⩽ C(n) ⋅C0
zδ+1

λ
.

For the derivative u′ we can do the same computation as in [28] to estimate D′(z) and
G′(z). In fact, we have the following estimate:

Lemma 3.3.4.

1

C
⋅ e

y

√
y
< I ′1

n

(y) < C ⋅ e
y

√
y
,

1

C
⋅ e
−y

√
y
< −K ′1

n

(y) < C ⋅ e
−y

√
y

for some fixed constant C and any y > 1.

Proof. Notice that

I ′1
n

(y) = 1

2π ∫
π

0
ey cos θ (cos (n+1)θn + cos (n−1)θn )dθ +

sin π
n

2π ∫
∞

0
e−y cosh t (e−

(n+1)t
n + e

(n−1)t
n )dt.

As in the proof of [28] Prop. 3.3, we know that for any ν ∈ R

∫
∞

0
e−y cosh t−νtdt ⩽ e−y ∫

∞

0
e−

yt2

2
−νtdt ⩽ C(ν) ⋅ e

−y

√
y
,

∣∫
π

0
ey cos θ cos(νθ)dθ∣ ⩽ ey ∫

π
3

0
e−

y⋅θ2

4 dθ + 2e
y
2

3
⩽ 2ey√

π ⋅ √y +
2e

y
2

3
⩽ 10ey
√
y
.

For ν > −1 and ν ≠ 0, let ην =min (π, π
3∣ν∣),

∫
π

0
ey cos θ cos(νθ)dθ

= ∫
ην

0
ey cos θ cos(νθ)dθ + ∫

π

ην
ey cos θ cos(νθ)dθ

⩾ 1

2
ey ∫

ην

0
e−

θ2

2
ydθ − ∣∫

π

ην
ey cos θ cos(νθ)dθ∣

⩾ C(ν) e
y

√
y
− ∫

π

ην
ey cos θdθ

⩾ C(ν) e
y

√
y
− (π − ην) ecos(ην)y ⩾ C(ν)

ey
√
y
.
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So we get that 1
C ⋅ e

y
√
y < I ′1

n

(y) < C ⋅ ey√y .

On the other hand,

K ′1
n

(y) = −1
2 ∫

∞

0
e−y cosh t (cosh (n + 1)t

n
+ cosh (n − 1)t

n
)dt

= −1
2
(Kn+1

n
(y) +Kn−1

n
(y)).

By the estimate of Kν , we know that 1
C ⋅ e

−y
√
y < −K ′1

n

(y) < C ⋅ e−y√y .

Corollary 3.3.5. For z > n
√

n
4λ1

, there exists a constant C which only depends on n such
that

1

C
⋅ λ 1

4 z
n−2
4 e
− 2
√

n
λ

1
2 ⋅z

n
2 < −D′(z) < C ⋅ λ 1

4 z
n−2
4 e
− 2
√

n
λ

1
2 ⋅z

n
2
,

1

C
⋅ λ 1

4 z
n−2
4 e

2
√

n
λ

1
2 ⋅z

n
2 < G′(z) < C ⋅ λ 1

4 z
n−2
4 e

2
√

n
λ

1
2 ⋅z

n
2
.

Proof. This can be seen directly from computing D′ and G′ with the substitution in (3.3.2).

−D′(z) = − 1

2
√
z
K 1

n
(2
√

λ
n ⋅ z

n
2 ) −
√
nλz

n−1
2 K ′1

n

(2
√

λ
n ⋅ z

n
2 ) ,

G′(z) = 1

2
√
z
I 1

n
(2
√

λ
n ⋅ z

n
2 ) +
√
nλz

n−1
2 I ′1

n

(2
√

λ
n ⋅ z

n
2 ) .

By Lemma 3.3.4 we get the estimate.

Consequently, by integration by parts as before we have the C1 estimate of u:

∣u′(z)∣

= ∣2(D′(z)∫
z

1
G(s)sn−1v(s)ds + G′(z)∫

∞

z
D(s)sn−1v(s)ds)∣

⩽C(n) ⋅C0
zδ+

n
2

λ
1
2

and

u′′(z) = nλzn−2u + nzn−1v ⩽ C(n) ⋅C0z
δ+n−1

for z > C(n, δ, λ1).
In the end, we get if ∣v(z)∣ ⩽ C0zδ on z > C(n, δ,M), then for any z > C(n, δ,M)

∣u(z)∣ ⩽ C(n) ⋅C0
zδ+1

λ
,

∣u′(z)∣ ⩽ C(n) ⋅C0
zδ+

n
2

λ
1
2

, ∣u′′(z)∣ ⩽ C(n) ⋅C0z
δ+n−1.
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3.3.2 fundamental solution of non-zero mode

In this section we focus on the non-zero mode: the equation

u′′ − (j
2n2

4
+ nλ)zn−2u = nzn−1v. (3.3.5)

By [28] we have the decay solution D(z) and growth solution G(z) of the homogeneous

equation u′′(z) = ( j2n2

4 + nλ)zn−2u given by

D(z) = e jzn

2 ⋅Ψ♭ (β,α,−jzn) , (3.3.6)

G(z) = e jzn

2 ⋅Φ♯ (β,α,−jzn) , (3.3.7)

where α = 1 − 1
n , β = n−1

2n − λ
nj ⩽ 0, Φ♯ (β,α,−jzn) and Ψ♭ (β,α,−jzn) have the following

expression:

Ψ♭(β,α, y) = ey

Γ(α − β) ∫
∞

0
eyssα−β−1(1 + s)β−1ds, (3.3.8)

Φ♯(β,α, y) = Γ(α)
Γ(α − β) ⋅ e

y(−y)β−α ⋅ ∫
∞

0
e

s
y ⋅ sα−1

2
−β ⋅ Iα−1(2

√
s)ds. (3.3.9)

Let Q = α − β − 1, γn = 1
2 + 1

n . Denote

F (t) = yt +Q log
t

t + 1 .

Then F is strictly concave in R if Q > 0. Let t0 be the only critical point of F . We have

t0 =
1

2

⎛
⎝
−1 +

√
1 + 4Q

−y
⎞
⎠
.

Denote
G(u) = −u2 + 2(−y) 12 ⋅ u + (2Q + γn) logu.

Then G is strictly concave in R+. Let u0 be the only critical point of G. Then

u0 =
(−y) 12

2
⋅
⎛
⎝
1 +
√

1 + 4Q

−y +
2γn
−y
⎞
⎠
.

In [28] by Laplace method, we can show the following estimate:

Lemma 3.3.6. [28] There is a constant C which only depends on n such that
when Q ⩾ 1,

C−1n ⋅Q−
1
4
− 1

2n ⋅ (−y)
−1 ⋅ ey+F (t0)

Γ(Q + 1) ⩽Ψ♭(β,α, y) ⩽ Cn ⋅Q
1
4 ⋅ e

y+F (t0)

Γ(Q + 1) ,

C−1n ⋅Q−
1
4 ⋅ (−y)

2−n
4n ⋅ ey+G(u0)

Γ(Q + 1) ⩽Φ♯(β,α, y) ⩽ Cn ⋅
(−y) 2−n4n ⋅ ey+G(u0)

Γ(Q + 1) ;
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when Q ⩽ 1,

C−1n ⋅ ey ⋅ (−y)β−α ⩽ Ψ♭(β,α, y) ⩽ ey ⋅ (−y)β−α,
C−1n ⋅ (−y)−β ⩽ Φ♯(β,α, y) ⩽ Cn ⋅ (−y)−β

for any y ⩽ −1.

Corollary 3.3.7. [28] There is a constant C which only depends on n such that
when Q ⩾ 1,

C−1 ⋅ Q
− 1

4
− 1

2n

Γ(Q + 1) ⋅ e
−

jzn

2
+F (t0(z)) ⋅ (jzn)−1 ⩽ D(z) ⩽ C ⋅ Q

1
4

Γ(Q + 1) ⋅ e
−

jzn

2
+F (t0(z)),

C−1 ⋅Q− 1
4 ⋅ (jz

n)
2−n
4n

Γ(Q + 1) ⋅ e
−

jzn

2
+G(u0(z)) ⩽ G(z) ⩽ C ⋅ (jz

n)
2−n
4n

Γ(Q + 1) ⋅ e
−

jzn

2
+G(u0(z));

when Q ⩽ 1,

C−1 ⋅ e− jzn

2 ⋅ (jzn)β−α ⩽ D(z) ⩽ C ⋅ e− jzn

2 ⋅ (jzn)β−α ,

C−1 ⋅ e jzn

2 ⋅ (jzn)−β ⩽ G(z) ⩽ C ⋅ e jzn

2 ⋅ (jzn)−β

for any z > 1.

We also need the following lemma

Lemma 3.3.8. For any z ⩾ 1, eF (t0(z))+G(u0(z)) ⩽ C ⋅ j n+2
4n z

n+2
4 ejz

n
e−QQQ+n+2

4n .

Proof. By similar straight forward computation as in [28].

With those estimates, we can give a C0 bound of u(z). By [28] we know that the
Wronskian

W(G,D) = G(z)D′(z) − G′(z)D(z) = Γ(α − 1)
Γ(α − β)j

1
n .

Hence we have a solution of (3.3.5) as follows:

u(z) = Γ(α − β)n
Γ(α − 1)j 1

n

(D(z)∫
z

1
G(s)sn−1v(s)ds + G(z)∫

∞

z
D(s)sn−1v(s)ds) .

Then we can have the following estimate of our solution:

Proposition 3.3.9. Recall that λ1 is the first nonzero positive eigenvalue of −∆Y . Let v be
a smooth function such that ∣v(z)∣ ⩽ C0zδ for z > 1. For any λ such that λ > λ1 > 0, we can
find solution of equation

u′′ − (j
2n2

4
+ nλ)zn−2u = nzn−1v
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such that

∣u(z)∣ ⩽ C(n) ⋅C0 ⋅ zδ+1 ⋅ (
j2n2

4
⋅ zn + nλ)−1, and ∣u′′(z)∣ ⩽ C ⋅C0z

δ+n−1

on z > C for some constant C > 1 only depends on n, λ1 and a.

Proof. Similar as the zero-mode case, we estimate

D(z)∫
z

1
G(s)sn−1v(s)ds + G(z)∫

∞

z
D(s)sn−1v(s)ds.

By integration by parts we have

D(z)∫
z

1
G(s)sδ+n−1ds + G(z)∫

∞

z
D(s)sδ+n−1ds

= −W(G,D)
N−1

∑
k=0

P (TP )k(zδ+n−1) + D(z)∫
z

1
G(s)(TP )N(sδ+n−1)ds

+ G(z)∫
∞

z
D(s)(TP )N(sδ+n−1)ds,

where P,T ∶ C∞(R+) → C∞(R+) are given by

P (f) = f

zn−2( j2n2

4 zn + nλ)
, T (f) = f ′′.

By straight forward computation and induction we can see that

(TP )k(zδ+n−1) ⩽ C(k,n, δ)z
δ+n−1−2nk

j2k
.

So by taking N large enough we have (TP )N(zδ+n−1) ⩽ C(n, δ, j)z−M for some M > 2
which will be chosen later.
We first consider the case that Q ⩾ 1. By Lemma 3.3.8 the first term becomes

D(z)∫
z

1
G(s)(TP )N(sδ+n−1)ds

⩽ C ⋅ e− jzn

2
+F (t0(z))∫

z

1
(jsn)

2−n
4n s−M ⋅ e− jsn

2
+G(u0(s))ds

⩽ C ⋅ e−jzn+G(u0(z))+F (t0(z)) ⋅ j 2−n
4n ⋅ z 2−n

4
−M+1

⩽C(n,Q) ⋅ j 1
n ⋅ z2−M .

For the second term, we have similar estimate:

G(z)∫
∞

z
D(s)(TP )N(sδ+n−1)ds

⩽ C ⋅ (jzn)
2−n
4n ⋅ e− jzn

2
+G(t0(z))∫

∞

z
s−Me−

jsn

2
+F (u0(s))ds

⩽ C ⋅ e−jzn+G(u0(z))+F (t0(z)) ⋅ j 2−n
4n ⋅ z 2−n

4
−M+1

⩽C(n,Q) ⋅ j 1
n ⋅ z2−M .
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Then we consider the case where Q ⩽ 1, the first term becomes

D(z)∫
z

1
G(s)(TP )N(sδ+n−1)ds

⩽ C ⋅ e− jzn

2 ⋅ (jzn)β−α∫
z

1
s−Me

jsn

2 ⋅ (jsn)−β ds

⩽ C ⋅ j−αz1−nα−M ,

Also for the second term, we have

G(z)∫
∞

z
D(s)(TP )N(sδ+n−1)ds

⩽ C ⋅ e jzn

2 ⋅ (jzn)−β ∫
∞

z
s−Me−

jsn

2 ⋅ (jsn)β−α ds

⩽ C ⋅ j−αz1−nα−M .

So we have the uniform estimate for u that for any z > C(n, δ),

∣u(z)∣ ⩽ C(n) ⋅C0 ⋅ zδ+1 ⋅ (
j2n2

4
⋅ zn + nλ)−1.

In the end, we get if ∣v(z)∣ ⩽ C0zδ on z > C(n, δ,M), then for any z > C(n, δ,M)

∣u(z)∣ ⩽ C(n) ⋅C0 ⋅ zδ+1 ⋅ (
j2n2

4
⋅ zn + nλ)−1,

∣u′(z)∣ ⩽ C(n) ⋅C0 ⋅ zδ+n,
∣u′′(z)∣ ⩽ C(n) ⋅C0 ⋅ zδ+n−1.

Remark 3.3.10. Even though the separation of variable method is very explicit, we can only
get a bound of u with respect to the polynomial growth order of v rather than the function
v itself. This is mainly because the behavior of operator T and P is not clear for general
function.

3.4 Solution of Poisson equation

Now we are ready to present the estimate of the solution of Poisson equation:

Proposition 3.4.1. Assume that v is a function on C such that for any k ∈ N there exist
constants Ck and δ such that ∣z k

2∇kv∣ωC ⩽ Ckzδ on z > Ck. Then there exist constants C ′k and
a function u ∶ C → R such that ∆ωCu = v and

∣u∣ ⩽ C ′0zδ+n+1+ϵ, ∣∇u∣ωC ⩽ C
′
1z

δ+n+1
2
+ϵ, ∣∇ku∣

ωC
⩽ C ′kzδ−

k−2
2
+ϵ

on z > C ′k, for any ϵ > 0 and any integer k ⩾ 2.



CHAPTER 3. ASYMPTOTIC CALABI METRIC ON WEAK LOG FANO PAIRS 30

Proof. Let

u(z, y) = u0(z)ψ0 +
∞

∑
j=1

uj(z)ψj(y)

be the formal solution, where u0 is constructed as follows and uj is constructed in Section 3.3.
Step 1: We first show that the formal solution converges in C0 sense with the polynomial

order depending on the polynomial order of v.
For u0, we have

u′′0(z) = nzn−1P0v(z),

u′0(z) = ∫
z

C2

nsn−1P0v(s)ds,

u0(z) = ∫
z

C1

(∫
t

C2

nsn−1P0v(s)ds)dt.

We choose C1 and C2 here to be 1 or +∞ depending on the order of P0v to make u0(z) and
u′0(z) finite with proper order. Also, the integration here is the only place that we will lose
the rate zϵ.

For uj, we first notice that the projection Pj(v) is well-defined and has the following
estimate:

∣vj(z)∣ = ∣Pj(v)(z)∣ =
RRRRRRRRRRR
∫
Y

∆K0

hY
v(z, y)ψj

(Λj)K0
dVolY

RRRRRRRRRRR
(3.4.1)

⩽
∥v(z, ⋅)∥C2K0(Y,hY )

(Λj)K0
(3.4.2)

⩽ CK0

zδ

ΛK0
j

(3.4.3)

for any K0 and z > C. Consequently, the solution uj constructed in (3.3.3) and (3.3.9) for
the equation (3.2.2) has the following C0 bound for z > Cn,δ,λ1 :

∣uj(z)∣ ⩽
1

(Λj)K0

Cn,δ,λ1,K0z
δ+1

nλ1
. (3.4.4)

Here the constant C is uniform for j and z and only depends on K0 and n. We also have
the uniform estimate of ψj as the eigenfunctions of −∆ωY

on Y by its eigenvalues showed in
Sun-Zhang [28, Lemma 5.1.]:

∥ψj∥Ck(Y ) ⩽ Ck,Y ⋅ (Λj)
n+k
2 . (3.4.5)

Combine (3.4.4) and (3.4.5), we get

∣
∞

∑
j=1

ujψj ∣ ⩽
∞

∑
j=1

∣uj(z)∣ ⋅ ∣ψj(y)∣

⩽ Cn,δ,λ1,K0,Y

∞

∑
j=1

zδ+1

(Λj)K0−
n
2

.
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Weyl’s law gives the bound of Λj with C−1Y j
2

2n−1 ≤ ∣Λj ∣ ⩽ CY j
2

2n−1 for some CY only depend
on (Y,hY ). Take K0 = 2n we can conclude that the summation converges.

Step 2: We prove that u is smooth. We mostly follow the proof in Sun-Zhang [28,
Proposition 6.2.]. Let

UN =
N

∑
j=0

ujψj, VN =
N

∑
j=0

vjψj.

Then we have ∆ωCUN = VN .
We first show that VN has Ck bound independent of N . In fact, we have the higher regularity
estimate for vj as in (3.4.1):

∣∇kvj(z)∣ = ∣∇kPj(v)(z)∣

= ∣∇k ∫
Y
(Λj)−K0 ∆K0

hY
v(z, y)ψj dVolY∣

⩽ Cz,Y,K0,kΛ
−K0
j .

Then given by the estimate of ψj (3.4.5), for any integer j, we know that

N

∑
j=1

∣∇k(vjψj)∣ ⩽ Cz,Y,K0,k

N

∑
j=1

Λ
n+k
2
−K0

j .

So again by Weyl’s law VN converges to v as a Ck function. Now we can prove that UN also
have the uniform Ck bound with respect to N via local elliptic estimates.

For any fixed point x ∈ C, we consider the ball BωC(x,1). Then for any p > 0, there exists
a constant Cp,x such that

∥UN∥W 2,p(Bω
C
(x, 1

2
))
⩽ Cp,x ⋅ (∥VN∥C0(Bω

C
(x,1)) + ∥UN∥C0(Bω

C
(x,1))) ⩽ Cp,x.

By bootstrapping and Sobolev embedding, for any k ⩾ 0 and p > 0, there exists a constant
Cp,x such that

∥UN∥
C

k+1,1− 2n
p (Bω

C
(x, 1

2
))

⩽Cp,x ∥UN∥Wk+2,p(Bω
C
(x, 1

2
))

⩽Cp,x (∥VN∥Wk,p(Bω
C
(x,1)) + ∥UN∥Wk,p(Bω

C
(x,1)))

⩽Cp,k,x.

Consequently we have UN converges to u in Ck. Since x is arbitrary, we know that u is
smooth on C.
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Step 3. We can now give global bound on the C1, C2 and higher regularity of u. We
treat u0 and u − u0 separately.

For u0, we have explicit estimate by computation of the Christoffel symbol under the
following holomorphic coordinate: Let π ∶ C → D be the projection map. For any point
ξ ∈ C we take the local holomorphic coordinate z = (z1, z2, . . . , zn−1) on B ⊂ D around the
point π(ξ). Take ξ0 be a local holomorphic section of ND such that ∣ξ0∣hD

= e−φ, where√
−1∂∂̄φ = ωD with φ(0) = 0, ∇φ(0) = 0. Then ξ = ξ0 ⋅ w where w is the fiber coordinate.

Recall that z = (− log ∣ξ∣2hD
)

1
n , w = eiθ−t+φ/2 and

ωC = zπ∗ωD +
1

nzn−1
⋅
√
−1 ⋅ (dw

w
− ∂φ) ∧ (dw̄

w̄
− ∂̄φ) .

Under this coordinate, direct computation gives us that

∆ωCt
α = Cn,αt

α−n+1
2n ,

and
∣∇tα∣ωC ⩽ Ct

α−n+1
2n

Apply Proposition 2.2.11 with tα and use iteration, we have the following:

∣∇kzi∣ωC ⩽ Ckz
− k

2 , for any k ⩾ 1,

∣dt∣ωC ⩽ Cz
n−1
2 ,

∣∇kt∣
ωC
⩽ Ckz

− k
2 ,

∣∇kta∣
ωC
⩽ zn(a−1)− k

2 , for any k ⩾ 2. (3.4.6)

Now we can estimate the higher derivative of u0:

∇ku0 =
k

∑
j=1

u
(j)
0 (z) ∑

i1+⋯+ij=k
i1>0,⋯,ij>0

Ci1,⋯,ij∇i1z ⊗∇i2z ⊗⋯⊗∇ijz,

= u′0(z)∇kz +
k

∑
j=2

u
(j)
0 (z) ∑

i1+⋯+ij=k
i1>0,⋯,ij>0

Ci1,⋯,ij∇i1z ⊗∇i2z ⊗⋯⊗∇ijz,

= u′0(z)∇kz +
k

∑
j=2

(nzn−1P0v(z))
(j−2) ∑

i1+⋯+ij=k
i1>0,⋯,ij>0

Ci1,⋯,ij∇i1z ⊗∇i2z ⊗⋯⊗∇ijz,

where f (k) refers to the higher derivative of the function f . Since

(nzn−1P0v(z))
(j−2) =

j−2

∑
l=0

Cl,j,nz
n−j+l+1P0v

(l)
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and

∣P0v
(l)(z)∣ ⩽ CY ∣∇lv∣

ωC
⋅ ∣dz∣−lωC ⩽ CY z

δ+
(n−2)l

2 ,

we know that

∣∇ku0∣ωC ⩽ Cn,k,Y z
δ+1− k

2
+ϵ +Cn,k,Y

k

∑
j=2

j−2

∑
l=0

zn−j+1+δ+
nl
2

⋅ ∑
i1+⋯+ij=k
i1>0,⋯,ij>0

∣∇i1z∣
ωC
⋅ ∣∇i2z∣

ωC
⋅ ⋯ ⋅ ∣∇ijz∣

ωC

⩽ Cn,k,Y z
δ+1− k

2
+ϵ +Cn,k,Y z

1+δ

⋅
k

∑
j=2

∑
i1+⋯+ij=k
i1>0,⋯,ij>0

∣z n−2
2 ∇i1z∣

ωC
⋅ ∣z n−2

2 ∇i2z∣
ωC
⋅ ⋯ ⋅ ∣z n−2

2 ∇ijz∣
ωC
.

By ∣∇z∣ωC ⩽ z
−n−1

2 and ∣∇iz∣ωC ⩽ z
− i

2
−n+1 for i ⩾ 2, we have

∑
i1+⋯+ij=k
i1>0,⋯,ij>0

∣z n−2
2 ∇i1z∣ ⋅ ∣z n−2

2 ∇i2z∣ ⋅ ⋯ ⋅ ∣z n−2
2 ∇ijz∣ ⩽ Ckz

− k
2 .

Consequently, we have

∣∇u0∣ωC ⩽ Cn,Y z
δ+n+1

2
+ϵ,

and for k ⩾ 2
∣∇ku0∣ωC ⩽ Cn,k,Y z

δ+1− k
2
+ϵ.

For u−u0 we use our C0 bound of u−u0 and do elliptic estimate around a point x ∈ {z = z0}
by Proposition 2.2.11. We have the uniform estimate of u − u0 on {z ⩾ C ′}:

z
k
2 ∥∇k(u − u0)∥C0(Bg(x,

√
z))

⩽Ck (∥u − u0∥C0(Bg(x,
√
z)) +

k−1

∑
i=0

z
i+2
2 ∥∇iv − P0(v)∥C0(Bg(x,

√
z))
) ,

which yields

∣z k
2∇k(u − u0)∣

ωC
⩽ C ′kzδ+1.

Together with the estimate of u0, we have

∣u∣ ⩽ C ′0zδ+n+1+ϵ,
∣∇u∣ωC ⩽ C

′
1z

δ+n+1
2
+ϵ,

∣∇ku∣
ωC
⩽ C ′kzδ−

k−2
2
+ϵ for k ⩾ 2.
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Remark 3.4.2. We see from the proof that the main term in C0 and C1 estimate of the
solution u is the fiber direction u0. However, for the higher estimate Ck where k ⩾ 3, they
will give the same order contribution.

3.5 Improve the Decay of the Ricci potential

Now we look back at the quasi-projective manifold X and the class k ∈H2(X). In this section
we are going to find a good representative form β inside the class k ∈ H2(X). We look at
its behavior on the model space and then find some function U by finite step iteration such
that

(Φ∗β +
√
−1∂∂̄U)n
ωn
C

− 1

has faster decay rate.

3.5.1 A good representative

Lemma 3.5.1. For any k ∈ H2(X), there exists a closed (1,1)-form β on M such that
[β∣X] = k.

Proof. By discussion in Section 2 of [14] we know M is weak Fano, and consequently simply
connected by [32]. Consider the exact sequence 0 → OM(−D) → OM → OD → 0, we have
long exact sequence

⋯ →H1(M,OM) →H1(D,OD) →H2(M,OM(−D)) → ⋯

On the other hand, by Serre duality we have

H2(M,OM(−D)) ≃H2(M,KM) ≃Hn,n−2(M,−KM).

Apply Kawamata–Viehweg vanishing theorem to the nef and big line bundle −KM so we
know that Hn,p(M,−KM) = H0,p(M) = 0 for p ⩾ 1. So when n ⩾ 3, we have H1(D,C) = 0.
The long exact sequence given by the excision theorem and Thom-Gysin sequence

H0(D) →H2(M) →H2(X) →H1(D) → ⋯

yields that the restriction map j∗ ∶ H2(M) → H2(X) induced by j ∶ X → M is surjective
with dimKerj∗ = 1, generated by c1(−KM). Hence there exists a closed (1,1)-form β on M
such that [β∣X] = k.

Remark 3.5.2. Here we use the fact that dimCX = n ⩾ 3 to apply Kawamata–Viehweg
vanishing theorem. When n = 2 we have H2(M,KM) ≃ H0,0(M) ≃ C, so H1(D,C) may not
vanish.

The global (1,1) form β on M satisfies the following property on the end:
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Proposition 3.5.3. Let Φ ∶ C ∖ K →X ∖K be the fixed diffeomorphism and let p ∶ C →D be
the projection map. Then ∣Φ∗β − p∗(β∣D)∣ωC = O(e

−( 1
2
−ϵ)zn).

Proof. Let p be a fixed point in D. Let (w, z) = (w, z1,⋯, zn) be local holomorphic coordi-
nates around this point such that D is given by {w = 0}. Then (w, z) can also be seen as a
group of local holomorphic coordinates around p in C where w represent the fiber direction.
We can express β locally around p on M as

β =
n−1

∑
i,j=1

fijdzi ∧ dz̄j +
n−1

∑
i=1

fiw̄dzi ∧ dw̄ +
n−1

∑
i=1

fwidw ∧ dz̄i + fww̄dw ∧ dw̄,

Φ∗β =
n−1

∑
i,j=1

fij(Φ)dzi(Φ) ∧Φ∗(JX)dzj(Φ) +
n−1

∑
i=1

fiw̄(Φ)dzi(Φ) ∧Φ∗(JX)dw(Φ)

+
n−1

∑
i=1

fwi(Φ)dw(Φ) ∧Φ∗(JX)dzi(Φ) + fww̄(Φ)dw(Φ) ∧Φ∗(JX)dw(Φ).

Notice that we have the estimate of

∣∇k
gC
w∣ = O(e−( 12−ϵ)zn), ∣∇k

gC
zi∣ = O(1).

Since Φ is the exponential map, we know that

Φ∣D = Id,

and the complex structure Φ∗JX −JC is exponentially decay as in Proposition 2.2.2, we know
that on C we have

(Φ∗β)∣D =
n−1

∑
i,j=1

fij(0, z)dzi ∧ JCdzj +O(e−(
1
2
−ϵ)zn).

On the other hand, we know that

p∗(β∣D)∣D =
n−1

∑
i,j=1

fij(0, zi)dzi ∧ dz̄j.

So Φ∗β − p∗(β∣D) extends to a smooth form on ND vanishing on the zero section D, which

yields ∣Φ∗β − p∗(β∣D)∣ωC = O(e
−( 1

2
−ϵ)zn).

3.5.2 Iteration process

With this exponential closeness, we can view Φ∗β as a (1,1)-form on C with only horizontal
direction component. This will greatly simplify our computation below.

Definition 3.5.4. Let η be a (1,1)-form on C. We define F (η) ∶= 1 − (ωC+η)
n

ωn
C

, called ωC-

potential.
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Definition 3.5.5. With the same β as before, we define by iteration

F0 ∶= F (p∗(β∣D)),
Fj ∶= F (p∗(β∣D) +

√
−1∂∂̄Uj)

= 1 − (ωC + p
∗(β∣D) +

√
−1∂∂̄Uj)n

ωn
C

where

U0 = 0, Uj = Uj−1 + uj, ∆ωCuj = Fj−1.

Here uj is the solution constructed in Proposition 3.4.1. We will prove in Proposition 3.5.6
that the derivative of Fj’s satisfy the decay condition required for v in Proposition 3.4.1 so
this iteration process works.

Proposition 3.5.6. With Uj’s and uj’s defined in 3.5.5, we have Fn = F (p∗(β∣D)+
√
−1∂∂̄Un)

decays faster than z−n. More precisely, we have higher order estimate, for any positive integer
j and k

∣z k
2∇kFj ∣ωC ⩽ Ck,jz

−j−1+ϵ. (3.5.1)

Proof. We prove (3.5.1) by induction.
For F0, we can see this estimate directly follows from computation:

F0 = 1 −
(ωC + p∗(β∣D))n

ωn
C

=
n

∑
j=1

n − j
nzj

⋅ p∗( β∣
j
D ∧ ω

n−j−1
D

ωn−1
D

).

By (3.4.6) we know that ∣z k
2∇kF0∣ωC ⩽ C(k)z−1, for any positive integer k. So when j = 0

(3.5.1) holds.

Assume (3.5.1) holds for i ⩽ j, i.e. ∣z k
2∇kFi∣ωC ⩽ C(k, i)z−i−1, for any k ⩾ 0. By straight-

forward computation,

Fj+1 = −
n−1

∑
k=1

(n − 1
k
)n
√
−1∂∂̄uj+1 ∧ (p∗(β∣D) +

√
−1∂∂̄Uj)k ∧ ωn−k−1

C

ωn
C

−
n

∑
k=2

(n
k
)
(
√
−1∂∂̄uj+1)

k ∧ (ωC + p∗(β∣D) +
√
−1∂∂̄Uj)

n−k

ωn
C

.

Actually, the function in each term is of the from

C
√
−1∂∂̄uj+1 ∧⋀q∈Q

√
−1∂∂̄uq ∧ p∗(β∣D)m ∧ ω

n−m−∣Q∣−1
C

ωn
C

, (3.5.2)
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where Q is a set with repeated elements from {1,2,⋯, j + 1}, m is a non-negative integer

and positive when j + 1 ∉ Q. By Proposition 3.4.1 we know that ∣z k
2∇kuj+1∣

ωC
⩽ Ck,jz−j+ϵ. It

is easier to deduce the bound for (3.5.2) by passing to the rescaled metric ω̃C on Bω̃C(x,1),
where z(x) = z0, ω̃C = ωC

z0
. We have the uniform weighted bound for each term in the wedge

product

∥∇k
√
−1∂∂̄uq∥

C0(Bω̃
C
(x,1))

⩽ Ck,qz
−q+1+ϵ
0 ,

∥∇k
√
−1∂∂̄uj+1∥

C0(Bω̃
C
(x,1))

⩽ Ck,jz
−j+ϵ
0 ,

∥∇kp∗(β∣D)∥C0(Bω̃
C
(x,1))

⩽ Ck.

If we consider the scaled metric ω̃C our function (3.5.2) becomes

C
√
−1∂∂̄uj+1 ∧⋀q∈Q

√
−1∂∂̄uq ∧ p∗(β∣D)m ∧ ω̃

n−m−∣Q∣−1
C

z
m+∣Q∣+1
0 ω̃n

C

.

So we have

XXXXXXXXXXX
∇k
C
√
−1∂∂̄uj+1 ∧⋀q∈Q

√
−1∂∂̄uq ∧ p∗(β∣D)m ∧ ω̃

n−m−∣Q∣−1
C

z
m+∣Q∣+1
0 ω̃n

C

XXXXXXXXXXXC0(Bω̃
C
(x,1))

⩽ Ck,j,Q,mz
−j−2+ϵ
0 .

Consequently,

∥z
k
2
0 ∇kFj+1∥

C0(Bω
C
(x,
√
z0))

= ∥∇kFj+1∥C0(Bω̃
C
(x,1))

⩽ Ck,jz
−j−2+ϵ
0 .

So we finish the proof of (3.5.1). Specially,

∣z k
2∇kFn∣

ωC
⩽ Ckz

−n−1+ϵ.

3.6 The Integral Condition

For the convenience of statement, let us introduce the following notation.

Definition 3.6.1. For an (n,0) form Ω, we say that a (1,1)-form α is Ω-compatible if

∫X Ω ∧Ω − αn = 0.

Remark 3.6.2. Since Ω∧Ω and αn are not integrable for most of the time, this integration
identity means that the function f = αn

Ω∧Ω
− 1 satisfies ∫X fΩ ∧Ω = 0.
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In this section, we will show that by adding a suitable potential we can make β+
√
−1∂∂̄U

to be ΩX-compatible.

Proposition 3.6.3. There exists a smooth function Ũ on X such that β +
√
−1∂∂̄Ũ is an

ΩX-compatible Kähler form. Meanwhile, we have that

∣Φ∗Ũ − (zn+1 +Un + λz)∣ ⩽ Ce−δz
n

when z > C for some constant C > 0 and λ ∈ R.

Proof. We first show that we can find U such that (β +
√
−1∂∂̄U +ωX)n is integrable on the

end. Recall that we have Uj = ∑j
p=1 up and uj are functions on C such that

∆ωCuj+1 = 1 −
(p∗(β∣D) + ωC +

√
−1∂∂̄Uj)

n

ωn
C

= Fj.

We know that the following integration is finite since ∣Fn∣ ⩽ Cnz−n−1+ϵ:

∣∫
C∖K
(Φ∗β + ωC +

√
−1∂∂̄Un)n − ωn

C ∣

⩽ ∫
C∖K
∣Fn∣(
√
−1∂∂̄t)n−1dt ∧ dct

+ ∣∫
C∖K
(Φ∗β + ωC +

√
−1∂∂̄Un)n − (p∗(β∣D) + ωC +

√
−1∂∂̄Un)n∣

= ∫
{t=T}

nT
−1+ϵ
n (
√
−1∂∂̄t)n−1 ∧ dct +C < +∞.

Since we have the exponentially closed estimate between X ∖K and C ∖ K, we will have

∫
X∖K
(β +

√
−1∂∂̄(Φ−1)∗Un + ωX)

n
− ωn

X

=∫
C∖K
(Φ∗β +

√
−1∂∂̄Un + ωC)n − ωn

C +O(e−δz
n) < +∞.

Now we can construct the Kähler potential following the construction in Hein-Sun-
Viaclovsky-Zhang [14, Lemma 2.7.]:

The ampleness of ND implies that X is 1-convex. Hence by Remmert reduction we know
that −KM is semi-ample, we denote its non-ample locus by E. Recall that [β]p ⋅ Y > 0 for
any p-dimensional compact subvariety Y in X, by the generalized Demailly-Păun criterion
in [9] we know that there exists a smooth function u0 on X such that β+

√
−1∂∂̄u0 is positive

on the neighborhood U of E. Let χ0 be a smooth function on X support on U and χ0 = 1
on E. Then

β +
√
−1∂∂̄ (χ0 ⋅ u0) is positive around E

and √
−1∂∂̄ (χ0 ⋅ u0) is supported on U.
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Let t = − log ∣S∣2hM
, then the curvature form

√
−1∂∂̄t ⩾ 0 and

√
−1∂∂̄t > 0 on X ∖E. Let

χ1 be a smooth cutoff function on [0,+∞) such that χ1 = 1 on [0,1] and χ1 = 0 on [2,+∞).
Then

√
−1∂∂̄(χ1( t

C2
) ⋅ t) is positive on {t ⩽ C2} and supported on {t ⩽ 2C2}.

Let ρA be a smooth convex function on R with ρA(x) = 2A
3 on (−∞, A2 ] and ρA(x) = x on

(A,+∞). Then we can obtain that
√
−1∂∂̄(ρC3(t

n+1
n )) ⩾ 0 on X and

√
−1∂∂̄(ρC3( n

n+1 t
n+1
n )) =

√
−1∂∂̄( n

n+1 t
n+1
n ) on {t ⩾ 2C

n
n+1
3 }.

Let

β1 = β +
√
−1∂∂̄ (χ0 ⋅ u0 +C1χ1 (

t

C2

) ⋅ t + ρC3 ( n
n+1 t

n+1
n )) .

By our choice of u0, β +
√
−1∂∂̄u0 is positive around E. By choosing C1 and C2 large we can

make β1 is positive on U . Then choosing C2 large enough depending on C1 and C3 we have
that β1 is positive on {C2 ⩽ t ⩽ 2C2} hence Kähler on X.

Then we can glue our perturbation function Un via a cut-off function χ2 supported outside
a compact set K ′ with χ2 = 1 outside a open neighborhood U of K ′ and let

β2(λ) = β1 +
√
−1∂∂̄ (χ2 ⋅ ((Φ−1)∗(Un + λz))) .

Our goal next is to find suitable λ and K ′ such that β2(λ) is Kähler and ΩX-compatible.
Let us first show that the ΩX-compatible condition is a linear equation of λ and only the

constant term depends on the choice of χ2. By our previous estimate of Un we know as a
starting point that ∫X β2(0)n−ΩX ∧ΩX = C is finite. The ΩX-compatible condition becomes

0 =∫
X
β2(λ)n −ΩX ∧ΩX

= ∫
X
β2(λ)n − β2(0)n + ∫

X
β2(0)n −ΩX ∧ΩX

=
n−1

∑
k=0

(n
k
) lim

ε→0
∫
{(Φ−1)∗t⩽− log ε}

λ
√
−1∂∂̄ (χ2 ⋅ (Φ−1)∗z)

∧ β2(0)k ∧
√
−1∂∂̄ (λχ2 ⋅ (Φ−1)∗z)

n−k−1 +C

=
n−1

∑
k=0

(n
k
) lim

ε→0
∫
{t=− log ε}

λdct ∧ 1

nzn−1
(ωC + β +

√
−1∂∂̄Un)k ∧ (λ

√
−1∂∂̄z)n−k−1 +C.

Expanding the terms in the bracket, we notice that only ωn−1
C

remains non-vanishing after
we take the limit, so we have the equation

0 = lim
ε→0
∫
{t=− log ε}

λdct ∧ (
√
−1∂∂̄t)n−1 +C = λ ⋅ ∫

D
ωn−1
D +C.

This is a linear equation on λ. On the other hand, we also notice by the previous computation
that χ2 does not affect the integral, so we can choose λ0 first to satisfy the integral condition
and then choose K ′ large enough such that β2(λ0) is Kähler. So by choosing

Ũ = χ0 ⋅ u0 +C1χ1 ( t
C2
) ⋅ t + ρC3 ( n

n+1 t
n+1
n ) + χ2 ⋅ ((Φ−1)

∗ (Un + λz))
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we finish our proof.

In order to apply Tian-Yau-Hein’s package, we need to repeat the iteration process for
one more step such that the ωC-potential of β +

√
−1∂∂̄U decays faster than r−2.

Proposition 3.6.4. Furthermore, we can construct a Kähler ΩX-compatible form β+
√
−1∂∂̄U

on X such that

∣1 − (β +
√
−1∂∂̄U)n

ΩX ∧ΩX

∣ ⩽ Cr−2−ϵ, ∣ωC −Φ∗(β +
√
−1∂∂̄U)∣

ωC
⩽ Cz−1,

where r is the distance function to some point p ∈X under metric β +
√
−1∂∂̄U , C > 0.

Proof. Let un+1 = λz, Un+1 = Un+un+1. Let un+2 be the solution of ∆ωCun+2 = Fn+1 constructed
in Proposition 3.4.1.

Fn+1 = Fn −
n
√
−1∂∂̄λz ∧∑n−1

k=1 (n−1k )(p∗(β∣D) +
√
−1∂∂̄Un)k ∧ ωn−k−1

C

ωn
C

− ∑
n
k=2 (nk) (

√
−1∂∂̄λz)k ∧ (ωC + p∗(β∣D) +

√
−1∂∂̄Un)

n−k

ωn
C

.

By Proposition 3.4.1, we know that

∣z k
2∇kFn+1(z, ⋅)∣ωC ⩽ CKz

−n−1+ϵ,

which is of the same order of Fn. Then

Fn+2 = −
n
√
−1∂∂̄un+2 ∧∑n−1

k=1 (n−1k )(p∗(β∣D) +
√
−1∂∂̄Un+1)k ∧ ωn−k−1

C

ωn
C

− ∑
n
k=2 (nk) (

√
−1∂∂̄un+2)

k ∧ (ωC + p∗(β∣D) +
√
−1∂∂̄Un+1)

n−k

ωn
C

.

Again by the estimate in Proposition 3.4.1 we have

∣z k
2∇kun+2∣ ⩽ Cz−n+ϵ.

So Fn+2 ⩽ Cz−n−2+ϵ.
Let U = Ũ+χ2(Φ−1)∗un+2, we can choose K ′ large enough such that β+

√
−1∂∂̄U is Kähler

on X. Also we see from the construction of U that

∣ωC −Φ∗(β +
√
−1∂∂̄U)∣

ωC
= ∣Φ∗(β)∣ωC +

n+2

∑
k=1

∣
√
−1∂∂̄uk∣

ωC
⩽ Cz−1. (3.6.1)
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Fix a point p ∈X. Let r(x) denote the distance function to p with the metric β +
√
−1∂∂̄U .

With this asymptotic behavior, we know that r(x) is in the same order of the distance
function on C. Then outside a compact set on X we have the estimate that

∣1 − (β +
√
−1∂∂̄U)n

ΩX ∧ΩX

∣

=(Φ−1)∗ (∣1 − (p
∗(β∣D) + ωC +

√
−1∂∂̄Un+2)n

ωn
C

+O(e−δzn)∣)

=(Φ−1)∗ (∣Fn+2∣ +O(e−δz
n))

⩽C(Φ−1)∗ (z−n−2+ϵ)
⩽Cr−2−ϵ.

For the ΩX-compatible condition, we notice that the small term un+2 does not affect the
integration of the form β +

√
−1∂∂̄U :

∫
X
(β +

√
−1∂∂̄U)n −ΩX ∧ΩX

=∫
X
(β +

√
−1∂∂̄U)n − (β +

√
−1∂∂̄Ũ)n

=
n−1

∑
k=0

(n
k
) lim

ε→0
∫
{(Φ−1)∗t⩽− log ε}

√
−1∂∂̄(ρA3((Φ−1)∗un+2))

∧ (β +
√
−1∂∂̄Ũ)

k
∧
√
−1∂∂̄ (ρA2((Φ−1)∗un+2))

n−k−1

=
n−1

∑
k=0

(n
k
) lim

ε→0
∫
{t=− log ε}

dcun+2 ∧
1

nzn−1
((β + ωC +

√
−1∂∂̄Un+1)k ∧ (

√
−1∂∂̄un+2)n−k−1)

=0.

So β +
√
−1∂∂̄U satisfies both ΩX-compatible condition and decay condition required in

Tian-Yau-Hein’s package.

3.7 Existence and decay of the solution

3.7.1 Existence result

Now we are ready to apply Tian-Yau-Hein’s package to deform our metric β +
√
−1∂∂̄U to a

Calabi-Yau metric.

Theorem 3.7.1. For any class k in H2
+(X), there exists a Calabi-Yau metric ω in the class

k.
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Proof. Let β be the good representative we chose in U be the potential constructed in section
3.6 with the form β. We know that β +

√
−1∂∂̄U is a Kähler metric on X such that

F (β +
√
−1∂∂̄U) ∶= 1 − (β +

√
−1∂∂̄U)n

ΩX ∧ΩX

decays in order r−2−ϵ and ∫X(β+
√
−1∂∂̄U)n, here r is any distance function under the metric

β +
√
−1∂∂̄U . Let

f = log ΩX ∧ΩX

(β +
√
−1∂∂̄U)n

.

We have f satisfies integral condition ∫X(ef − 1)(β +
√
−1∂∂̄U)n = 0 and the decay condition

∣f ∣ ⩽ Cr−2−ϵ.
On the other hand, we have higher regularity estimate of ui’s:

∣z k
2∇k (Φ∗ (β +

√
−1∂∂̄U) − ωC)∣

ωC

= ∣z k
2∇kΦ∗(β) +

n+2

∑
j=1

z
k
2∇k
√
−1∂∂̄uj∣

ωC

⩽ Cz−1

for any z > C with some C > 0. Then we have higher estimate of metric and scalar curvature.
So (X,β +

√
−1∂∂̄U) satisfies the SOB( 2n

n+1) condition by Lemma 3.1.2 and HMG( 1
n+1 , k, α)

by Lemma 3.1.3 for any k > 0 and 0 < α < 1.
So we know that there exists a function ϕ on X such that

(β +
√
−1∂∂̄U +

√
−1∂∂̄ϕ)n = ef(β +

√
−1∂∂̄U)n = ΩX ∧ΩX , (3.7.1)

with ϕ ∈ C4(X).

3.7.2 Decay of the solution

The iteration process shows that for any K > 0, there exists function UK and constant CK

such that

∣fK ∣ ∶= ∣ log
ΩX ∧ΩX

(β +
√
−1∂∂̄UK)n

∣ ⩽ CKr
−K .

If we choose U such that the ωC potential F (β +
√
−1∂∂̄U) decays fast enough, we can show

that the solution ϕ of (3.7.1) also decays fast to a constant. To do this, we first present the
following local Poincaré lemma for SOB(ν) manifold with ν ∈ (0,2]:

Lemma 3.7.2. Assume (X,ω0) is a complete Kähler manifold satisfying

SOB(ν) condition with ν ∈ (0,2],
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and
r(x)κ∣B(x,1)∣ ⩽ C as r(x) → ∞

for some fixed κ > 0, C > 0.
Let u, f ∈ C∞(X) such that

sup ∣∇iu∣ + sup ∣∇if ∣ < ∞ for all i ∈ N0,

and

(ω0 + i∂∂̄u)n = efωn
0 .

Then for any δ > 0, there exists Kδ > 0 such that if

∫
X
∣∇u∣2ωn < ∞ and ∣f ∣ ⩽ Cr−Kδ ,

then
sup

B(x,1)

∣u − uB(x,1)∣ ⩽ Cr(x)−δ

for any x ∈X.

Remark 3.7.3. The proof is entirely same as the proof in [17, Proposition 4.8(ib)]. The
only difference is that we choose ri to be i. For reader’s convenience we give a sketch of proof
here.

Proof. We prove this via Moser iteration.
Step 1. We first show that local L2-norm of ∇u decays. Let Ai ∶= {i ≤ r ≤ i + 1} and

ends Ei ∶= {r ≥ i}. since
∣∇∣u∣ p2 ∣2 = p

2

4
∣u∣p−1 ∣∇∣u∣∣2 ,

Multiplying by ξu∣u∣p−2 to both sides of Monge-Ampère equation and taking integration by
parts we have the following inequality:

∫ ζ ∣∇∣u∣ p2 ∣2ωn
0 ⩽ Cn ⋅

p2

p − 1 (∫ ζu∣u∣p−2 (ef − 1)ωn
0 + ∫ u∣u∣p−2dζ ∧ dcu ∧ ωn−1) (3.7.2)

For any µ ∈ R, u − µ also solves the Monge-Ampère equation. Choosing p = 2 and
ζ = χ( rR)ζi to be a suitable bump function supporting on an increasing annulus A(x0,R,2R),
we have the following inequality.

∫
Ei+1

∣∇u∣2 ≤ ∫ ζi∣∇u∣2

≤ C ∫ ∣∇ζi∣∣u − µ∣∣∇u∣ +C ∫ ζi∣u − µ∣∣f ∣

≤ C (ri+1 − ri)−1 ∥u − µ∥L2(Ai)∥∇u∥L2(Ai) +C
∞

∑
j=i

(rβj+1 − r
β
j ) ∥f∥L∞(Aj)
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The diameter of the annulus is bounded by ri+1 − ri + r
1

n+1

i+1 . Sobolev inequality on the
annulus as in 2.2.9 yields that

∥u − µ∥L2(Ai) ≤ C (ri+1 − ri + r
1

n+1

i+1 ) ∥∇u∥L2(A(ri−6,ri+6))

Take Qi = ∫Ei
∣∇u∣2, we have

Qi+1 ⩽ C ⋅
⎛
⎝
(1 + r

1
n+1

i+1

ri+1 − ri
) (Qi−1 −Qi+2) +

∞

∑
j=i

(rβj+1 − r
β
j ) r

−Kδ
j

⎞
⎠

⩽ C ⋅
⎛
⎝
1 + r

1
n+1

i+1

ri+1 − ri
⎞
⎠
(Qi−1 −Qi+2) +C ⋅ r−Kδ+3

i

Choosing ri = i
1

n+1 , thus there exists some constant C such that

r
1

n+1

i+1

ri+1 − ri
⩽ C,

which implies
∥∇u∥L2(Ei) ≤ Cr−K

′

δ

for some other number K ′δ that could be arbitrary large if Kδ is large enough.
Step 2. We do the iteration via local Sobolev inequality:

(∮
B(x,s)

∣v − v̄∣2α)
1
2α

⩽ Cs ⋅ (∮
B(x,s)

∣∇v∣2)
1
2

(∫
B(x,s)

∣v − v̄∣2α)
1
2α

⩽ Cs∣B(x, s)∣−α−1
2α (∫

B(x,s)
∣∇v∣2)

1
2

By triangular inequality we have

(∫
B(x,s)

∣v∣2α)
1
2α

⩽ ∣B(x, s)∣ 12α v̄ +C ∣B(x, s)∣−α−1
2α ⋅ (∫

B(x,s)
∣∇v∣2)

1
2

Take v = ∣u∣ p2 :

(∫
B(x,s)

∣u∣pα)
1
2α

⩽ ∣B(x, s)∣ 1−2α2α ∫
B(x,s)

∣u∣ p2 +Cs∣B(x, s)∣ 1−α2α ⋅ (∫
B(x,s)

∣∇∣u∣ p2 ∣2)
1
2

⩽ C ∣B(x, s)∣ 1−α2α ((∫
B(x,s)

∣u∣p)
1
2

+ (∫
B(x,s)

∣∇∣u∣ p2 ∣2)
1
2

)
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Take λi be a decreasing sequence in (1,2), Choose a cut-off function support ζi on B(x,λi)
and is constant 1 on B(x,λi+1). By 3.7.2, the integration in the second term is bounded by

(∫
B(x,λi+1)

∣∇∣u∣ p2 ∣2)
1
2

(3.7.3)

⩽ C ( p2

p − 1)
1
2

(∫
B(x,λi)

∣u∣p−1 (ef − 1) + ∫
A(x,λi+1,λi)

∣u∣p−1 ⋅ ∣∇ζi∣ ⋅ ∣∇u∣)
1
2

(3.7.4)

⩽ C ( p2

p − 1)
1
2 ⎛
⎝
∣B(x,λi)∣

1
p ⋅ (∣f ∣ ⋅ +∥∇u∥L∞(X) ⋅ ∥∇ζi∥L∞(X)) ⋅ (∫

B(x,λi)
∣u∣p)

p−1
p ⎞
⎠

1
2

. (3.7.5)

Let λi = 1+α−
i
2 . We know that f decays, ∣u∣ is bounded, and we can choose ζi such that

∣∇ζi∣ < C α
i
2 . Then substituting (3.7.5) into (3.7.3), we have

∥u∥Lpα(B(x,λi+1)) = ((∫
B(x,λi+1)

∣u∣pα)
1
2α

)
2
p

⩽ C
2
p r

α−1
p(n+1)α

⎛
⎝
1 + α

i
2

r
1

p(n+1)

⋅ ( p2

p − 1)
1
2⎞
⎠

2
p

max{∥u∥Lp(B(x,λi)), ∥u∥
p−1
p

Lp(B(x,λi))
}

Let Bi = B(x,λi), pi = 2αi, and abusing notation we let Qi = ∥u∥Lpi(Bi) again. We can do
Moser iteration:

Qi+1 ⩽ C
2
pi r

α−1
pi(n+1)α (1 + pi)

2
pi max{Qi,Q

pi−1

pi
i }

By our choice of pi, there exists some constant a such that

∥u∥L∞(B(x,1)) ⩽ C ⋅ ∥u∥aL2(B(x,2)).

Since u − ū also solve the Monge-Ampère equation, where ū = ∮B(x,1) u, we have

∥u − ū∥L∞(B(x,1)) ⩽ Cr−δ

as long as we choose Kδ large enough.

Then we can improve the C0 bound of our solution ϕ to get the optimal close rate of our
weak asymptotically Calabi metric:

Theorem 3.7.4. For any class k in H2
+(X), there is a Calabi-Yau metric ω in k which is

weak asymptotically Calabi with rate 1.
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Proof. With Lemma 3.7.2, together with [17, Proposition 4.8(ii)], we know that if we choose
K large enough, there exists a constant ϕ̄ and C such that the solution ϕ satisfies that

∣ϕ − ϕ̄∣ ⩽ Cr−δ+ n
n+1 , for any x such that r(x) > C.

Then we can replace ϕ by ϕ−ϕ̄ to get a better candidate for the solution of (3.7.1), so ϕ could
be chosen to decay at any polynomial rate. Repeat our local rescaling and local Schauder
estimate, we know that the Calabi-Yau metric β+

√
−1∂∂̄UK+

√
−1∂∂̄ϕ is polynomially closed

to the Calabi model space with the leading error term β +
√
−1∂∂̄UK .

If β∣D = 0, the error term is exponentially close to Calabi model space. If β∣D is nonzero,

the decay rate of β is exactly r−
2

n+1 . If we choose β such that β∣D is primitive with respect

to ωD, the decay of
√
−1∂∂̄UK would be r−

4
n+1
+ϵ, which is strictly lower order term compared

with β. Thus, the Calabi-Yau metric β +
√
−1∂∂̄(U + ϕ) decays exactly at the rate r−

2
n+1 ,

which is equivalent to z−1.

3.8 Uniqueness

In this section, we prove that the Calabi-Yau metric asymptotic to ωC in the class k is unique.

Theorem 3.8.1. Let (M,D) be the pair we considered before. If we have another Calabi-
Yau metric ω̃ in the same class k satisfying ∣ ω̃ − ω∣ω ⩽ r−κ, when r → ∞, for some distance
function r with respect to ω and some κ > 0, then ω̃ = ω.

Remark 3.8.2. We are also interested in the problem that how different choice of the dif-
feomorphism Φ will change our Calabi-Yau metric. For example, the scaling in the fiber
direction will change the metric by the rate r−

2n
n+1 and by our uniqueness theorem, we get the

same Calabi-Yau metric.

The proof of the theorem can be sketched as follows. We start with a ∂∂̄-lemma by solving
∂̄ equation via the L2 method. Then we can write ω̃ = ω +

√
−1∂∂̄l with some estimate on

l. By pulling back to C, we construct f on the model space to solve the Poisson equation
∆ωCf =∆ωC l. Via the estimate of harmonic function on C in Sun-Zhang [28], we can use the
equation (ω +

√
−1∂∂̄l)n = ωn and take integration by parts to deduce that

√
−1∂∂̄l = 0.

Lemma 3.8.3. There exists a smooth function l on X such that ω̃ = ω +
√
−1∂∂̄l with

∣Φ∗l∣ < Ceϵt on {t ⩾ C} for any ϵ > 0 and some C > 0.

Proof. We prove the lemma by several steps:
Step 1: We show that there exists a smooth 1-form σ on X such that ω̃ − ω = dσ with

∣σ∣ω ⩽ Czn+
1
2
−κ.

After pulling back to the model space C we have Φ∗(ω̃ − ω) is a closed 2-form with
∣Φ∗(ω̃ − ω)∣ωC ⩽ Cz−κ. By viewing C as Y × (0,+∞), we can write it as

Φ∗(ω̃ − ω) = η + dz ∧ γ
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with ∂z ⌟ η = 0, ∂z ⌟ γ = 0. Then the fact that d(η + dz ∧ γ) = 0 implies dY η = 0, ∂zη = dY γ.
So we can choose

σ̃ = ∫
z

1
γdz

such that

dσ̃ = η + dz ∧ γ = Φ∗(ω̃ − ω).

Since ∣Φ∗(ω̃ − ω)∣ωC ⩽ Cz−κ, we have the decay of dz ∧ γ which implies that

∣γ∣ωC ⩽ Cz
n−1
2
−κ.

Given the formula of ωC we can have an estimate of ∣σ̃∣ωC at the point (y, z0) ∈ C:

∣σ̃(y, z0)∣ωC(y,z0) ⩽ ∫
z0

1
∣γ(y, z)∣ωC(y,z0)dz

⩽ ∫
z0

1
∣γ(y, z)∣ωC(y,z)z

n−1
2

0 z
1
2dz

⩽ Czn+
1
2
−κ

0 .

After extending (Φ−1)∗σ̃ as a smooth 1-form on X, we can write ω̃ − ω = d((Φ−1)∗σ̃) + θ for
some smooth compact supported closed 2-form θ on X.

Recall that X is 1-convex. Then by the vanishing theorem for 1-convex manifold from
Van Coevering [6, Proposition 4.2.], θ =

√
−1∂∂̄s = ddcs for some compact supported function

s on X. Then
σ = (Φ−1)∗σ̃ + dcs

is the smooth 1-form that we are looking for.
Step 2: Recall that E is the non-ample locus of −KM . The X ∖ E admits a complete

Kähler metric by Proposition 4.1 in Ohsawa [26]. So we can use L2-estimate on X ∖ E to
solve the ∂̄ equation to construct the potential l such that ω̃ − ω =

√
−1∂∂̄l.

Let τ = ϵ ⋅ρB1(t)− δ ⋅ρB2(t)
1
n . Choose z0, B1 and B2 large, then choose δ small depending

on ϵ, we can guarantee that the (1,1) form
√
−1∂∂̄τ =

√
−1∂∂̄(ϵ ⋅ ρB1(t) − δ ⋅ ρB2(t)

1
n )

is a Kähler form on X ∖E. We have
√
−1∂∂̄τ ⩾ Cϵ,δt−1ω outside a compact set.

If we take the type decomposition of

(Φ−1)∗ σ̃ = ((Φ−1)∗ σ̃)
1,0
+ ((Φ−1)∗ σ̃)

0,1
,

we have the estimate of ((Φ−1)∗ σ̃)0,1 that

∣((Φ−1)∗ σ̃)
0,1
∣
ω

⩽ Ct1+ 1−2κ
2n
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for t > C and (Φ−1)∗ σ̃ supported on t > C.
So with the same weighted L2 estimate in Hein-Sun-Viaclovsky-Zhang [14, Proposition

2.2.], we have

∫
X∖E

t ⋅ ∣(Φ−1)∗σ̃0,1∣
ω
e−τωn ⩽ C ∫

X∖E
t ⋅ t 2n+1−2κ2n e−ϵt+δt

1
n ωn < ∞

which yields that we have a solution ι such that ∂̄ι = σ0,1 with

∫
X∖E
∣ι∣2e−τωn ⩽ ∫

X∖E
t ⋅ ∣(Φ−1)∗σ̃0,1∣ωe−τωn.

Consequently, we have
√
−1∂∂̄(2Imι) = d(Φ−1)∗σ̃. Set l = 2Imι + s then we have ω̃ − ω =√

−1∂∂̄l.
Step 3: We give the C0 bound and Ck bound for l via elliptic estimates on the scaled

metric.
Let x be any point in X ∖K. With the same local elliptic estimate under the scaled

metric ω̂ = t(x)− 1
nω as in Proposition 3.4.1, we can give a global C0 bound of l. We know

that l satisfies the elliptic equation (ω +
√
−1∂∂̄l)n = ωn with

∫
Bω̂(x,1)

∣l∣2ωn

⩽ eϵ⋅Ct(x)∫
X∖E
∣l∣2e−ϵ⋅ρB1

(t)+δ⋅ρB2
(t)

1
n ωn

⩽Cϵe
ϵ⋅Ct(x),

since we have some uniform constant C such that t(y) ⩽ C ⋅ t(x) for any y ∈ Bω̂(x,1) and
any x ∈X ∖K. By adjusting ϵ small enough we have

∥l∥L2(Bω̂(x,1)) ⩽ Cϵe
ϵt(x).

Now we can do local elliptic estimates on the scaled metric after lifting to the universal
cover. Since the S1 direction on C collapsing in polynomial order with respect to z, we know
that

∥l∥L2(B̃ω̂(x,1))
⩽ C ⋅ t(x)n−12n ⋅ ∥l∥L2(Bω̂(x,1)) ⩽ Cϵe

ϵt(x).

We have the global C0 bound for l:

∣l∣(x) ⩽ ∥l∥W 2,2(B̃ω̂(x,1))
⩽ C ⋅ ∥l∥L2(B̃ω̂(x,1))

⩽ Cϵe
ϵt(x)

for any ϵ > 0.

Remark 3.8.4. In the proof of the
√
−1∂∂̄-lemma 3.8.3 we did not use the polynomial decay

of ω̃ − ω. In fact, we can always find l even when ∣ω̃ − ω∣ is polynomially growth.
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Furthermore, we can prove that ω̃ − ω has weighted higher regularity bound.

Lemma 3.8.5. There exists a constant C > 0 such that

∣z k
2∇k(ω̃ − ω)∣

ω
⩽ Cz−κ

for any z > C.

Proof. Fix any point x in X with t(x) = zn0 . We still work on the scaled metric ω̂ = z−10 ω
with uniform bounded curvature. The injectivity radius of the universal covering around x
is bounded below by a universal constant δ independent of x. Now we are working on the
ball B̃(x̃, δ) in the universal cover. Since ω̃ −ω is d-exact, locally we can take integration of
ω̃ − ω along the geodesic lines to have 1-form σ on B̃(x̃, δ) such that

dσ = ω̃ − ω,
∥σ∥C0

ω̂
(B̃(x̃,δ)) ⩽ ∥ω̃ − ω∥C0

ω̂
(B̃(x̃,δ)) ⩽ Cz1−κ0 .

Consider the type decomposition of σ = σ0,1 + σ1,0. The operator

N ∶ L2(B̃(x̃, δ),Ω0,1) → L2(B̃(x̃, δ),Ω0,1)

constructed in [20, Theorem 8.9] satisfies that

∆∂̄(Nσ0,1) = σ0,1,

∥Nσ0,1∥L2
ω̂
(B̃(x̃,δ)) ⩽ C∥σ0,1∥L2

ω̂
(B̃(x̃,δ))

and N commutes with ∂ and ∂̄. Then

∥Nσ0,1∥W 2,2
ω̂
(B̃(x̃,δ)) ⩽ C∥σ0,1∥L2

ω̂
(B̃(x̃,δ)) ⩽ C∥σ0,1∥C0

ω̂
(B̃(x̃,δ)).

Then we know by Sobolev lemma and iteration process that for any q > 1

∥Nσ0,1∥W 2,q
ω̂
(B̃(x̃,δ)) ⩽ C∥σ0,1∥Lq

ω̂
(B̃(x̃,δ)) ⩽ C∥σ0,1∥C0

ω̂
(B̃(x̃,δ)).

Take q > n, there exists α > 0 such that

∥Nσ0,1∥C1,α
ω̂
(B̃(x̃,δ)) ⩽ C∥Nσ0,1∥W 2,q

ω̂
(B̃(x̃,δ)) ⩽ C∥σ0,1∥C0

ω̂
(B̃(x̃,δ)).

Let f = ∂̄∗Nσ0,1. We have

∥f∥C0,α
ω̂
(B̃(x̃,δ)) ⩽ C∥σ0,1∥C0

ω̂
(B̃(x̃,δ)),

∂̄f =∆∂̄(Nσ0,1) = σ0,1.
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Let l̂ = z−10 ⋅ 2Imf . We have
√
−1∂∂̄l̂ = z−10 (ω̃ − ω). Hence (ω̂ +

√
−1∂∂̄l̂)n = ω̂n with

∥l̂∥C0,α
ω̂
(B̃(x̃,δ)) ⩽ Cz−κ0 .

By Schauder estimates we have higher regularity

∥l̂∥Ck,α
ω̂
(B̃(x̃,δ)) ⩽ Cz−κ0

which yields

∣z
k
2
0 ∇k(ω̃ − ω)∣

ω

⩽ Cz−κ0

for any z0 > C.

Now we are ready to prove the uniqueness:

Proof of Theorem 3.8.1. Given by previous estimate, we have ω̃−ω =
√
−1∂∂̄l with ∣l∣ ⩽ Cϵeϵt.

If we pull back l to C, by the closeness of complex structure we have

∣dJCdl∣ωC ⩽ ∣d(JC − JX)dl∣ωC + ∣dJXdl∣ωC ⩽ C(e−(
1
2
−ϵ)zn + z−κ).

The function Fl =∆ωC l has higher regularity bound on C:

∣z k
2∇kFl∣

ωC
⩽ Cz−κ for any z > C.

By Proposition 3.4.1 there exists a smooth function f on C such that ∆ωCf = Fl with

∣
√
−1∂∂̄f ∣ωC ⩽ Cz−κ+ϵ,

∣df ∣ωC ⩽ Cz
n+1
2
−κ+ϵ,

∣f ∣ ⩽ Czn+1−κ+ϵ for any ϵ > 0.

Since ∆ωC(l − f) = 0 and ∣l − f ∣ ⩽ eϵt for any ϵ > 0, from the behavior of harmonic function
[28, Proposition 5.3.] we know that

l = f + λz + g +O(e−δz)

for some λ > 0 and some harmonic S1-invariant function g on C with

∣g∣ ⩽ Ceδz
n
2 .

Since
∣zn−1gtt(t, q)∣ ⩽ ∣

√
−1∂∂̄g∣ωC ⩽ Cz−κ+ϵ
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holds uniformly for any q ∈D, integration along the R-fiber direction shows that g and hence
l is at most polynomially growth. Again by [28, Proposition 5.3.] we know that

l = f + λz +O(e−δz).

Recall that l satisfies that

∆ωC l =∆ωC l −∆Φ∗ωl +
n

∑
k=2

(n
k
)(dΦ∗JXdl)k ∧Φ∗ωn−k,

by our previous construction we know that ∣Φ∗ω − ωC ∣ωC ⩽ Cz−1, so

∣∆ωC l −∆Φ∗ωl ∣ωC ⩽ Cz−1−κ

∆ωC l ⩽ C (z−1∣
√
−1∂∂̄l∣ωC + ∣

√
−1∂∂̄l∣2ωC)

⩽ Cz−min{1+κ,2κ,1+n}. (3.8.1)

Thus by finite step iteration we can find a better candidate f̃ and another constant λ̃ such
that

l = f̃ + λ̃z +O(e−δz),
∣∇2f̃ ∣ωC ⩽ Cz−n−1+ϵ,
∣∇f̃ ∣ωC ⩽ Cz−

n+1
2
+ϵ,

∣f̃ ∣ < Czϵ.

On the other hand,

0 = ∫
X

√
−1∂∂̄l ∧

n

∑
k=1

(n
k
)(
√
−1∂∂̄l)k−1 ∧ ωn−k

= lim
ε→0
∫
{(Φ−1)∗t⩽− log ε}

√
−1∂∂̄l ∧

n

∑
k=1

(n
k
)(
√
−1∂∂̄l)k−1 ∧ ωn−k

= lim
ε→0
∫
{t=− log ε}

λ̃dcz ∧
n

∑
k=1

(n
k
)(
√
−1∂∂̄l)k−1 ∧ ωn−k

= lim
ε→0
∫
{t=− log ε}

λ̃dct ∧ (
√
−1∂∂̄t)n−1 = λ̃Vol(D).

Consequently, λ̃ = 0, l ⩽ Czϵ for any ϵ > 0. From the equation of l we know that

lim
ε→0
∣∫
{(Φ−1)∗t=− log ε}

ldcl ∧
n

∑
k=1

(n
k
)(
√
−1∂∂̄l)k−1 ∧ ωn−k∣

⩽ lim
ε→0
∫
{t=− log ε}

∣ C
z1−ϵ
⋅ dct ∧ (

√
−1∂∂̄t)n−1∣ = 0.



CHAPTER 3. ASYMPTOTIC CALABI METRIC ON WEAK LOG FANO PAIRS 52

Hence by integration by parts and

0 = l(ω̃n − ωn) = l ⋅
√
−1∂∂̄l ∧

n−1

∑
k=0

ωk ∧ ω̃n−1−k,

we have:

0 = −∫
X
l ⋅
√
−1∂∂̄l ∧

n−1

∑
k=0

ωk ∧ ω̃n−1−k

= ∫
X
dl ∧ dcl ∧

n−1

∑
k=0

ωk ∧ ω̃n−1−k.

Since ∑n−1
k=0 ω

k ∧ ω̃n−1−k is a positive form, we know that dl = dcl = 0. Hence ω = ω̃.

3.9 Examples and further discussion

3.9.1 Example

We present examples that (X,ω) is a Calabi-Yau manifold not asymptotically Calabi but
weak asymptotically Calabi under the fixed diffeomorphism Φ. As discussed in the end of
the proof of Theorem 1.2.4, we have the following:

Claim. Let (M,D) be the pair in Definition 1.2.2 with X = M ∖ D. Let H2
+,c(X) =

Im(H2
c (X) → H2(X)) ∩H2

+(X). Fix a diffeomorphism Φ ∶ C ∖ K → X ∖K. Then for any k
in H2

+(X) but not H2
+,c(X) the metric ω we constructed in Theorem 1.2.4 is a Calabi-Yau

metric not asymptotically Calabi but weak asymptotically Calabi.

Example 3.9.1. Let M = P1 × P2 with two projection maps π1 ∶ M → P1 and π2 ∶ M → P2.
Then we have D = −KM = π∗1OP1(2) + π∗2OP2(3). Pic(M) is generated by π∗1OP1(1) and
π∗2OP2(1) and the image of π∗1OP1(1)+π∗2OP2(1) under the map i∗ ∶H2(M) →H2(D) induced
by the inclusion map i ∶ D → M is not parallel to [ωD] = c1(ND). Choose a primitive
representative of this class and apply Theorem 1.2.4 we will find a Calabi-Yau metric not
asymptotically Calabi but weak asymptotically Calabi.

These kind of examples could be found on any Fano manifold M with dimCM ⩾ 3 and
h2(M) ⩾ 2. We can find many examples in Mori-Mukai [25]. Besides, there are also many
examples in the weak Fano case but we do not have a simple topological sufficient condition.

3.9.2 Weaker Decay Condition

In our statement of uniqueness Theorem 1.3.1, we need the metric ω̃ to be polynomially
closed to ω. The main difficulty to get rid of this condition lies in how to deduce the
decomposition of l = f +λz+O(e−δz) with ∣f ∣ ⩽ zϵ for any ϵ > 0, where we cannot do iteration
to improve the decay of f as in (3.8.1).

It is natural to ask the following question:
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Question 3.9.2. Can we prove a stronger uniqueness theorem: If we have another Calabi-
Yau metric ω̃ such that ∣ω̃ − ω∣ω → 0 when r → ∞ for some distance function r with respect
to ω, then ω̃ = ω?

One possible obstruction of this stronger uniqueness theorem is that we cannot rule out
the possibility that there is a Calabi-Yau metric ω closed to the Calabi model space in a
logarithm rate rather than any polynomial rate. The existence of this type of Calabi-Yau
metric is also an interesting question to study.
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Chapter 4

Compactification of asymptotically
Calabi space

4.1 Overview

Now that we know that for any weak log Fano pair, we have Calabi-Yau metrics of Calabi
type, the next goal is to classify all complete Calabi-Yau manifolds of Calabi type. Since
the topological closure of X at infinity is the zero section of L, which is isomorphic to the
compact Calabi-Yau manifold D, it is natural to expect that we can compactify the manifold
analytically. Hein-Sun-Viaclovsky-Zhang [14] showed that any asymptotically Calabi mani-
fold which is Calabi-Yau can be compactified complex analytically to a weak Fano manifold
and the Calabi-Yau metric comes from the construction by Tian-Yau-Hein’s package. In
our setting of weak asymptotically Calabi case, we can repeat the argument in Hein-Sun-
Viaclovsky-Zhang [14] with slight modification, we can also construct holomorphic functions
on X at infinity using the holomorphic sections of the ample line bundle L over D via
Hörmander’s L2 estimates. The next step would be showing that under the metric given
by these coordinates, the map into the projective space is an embedding outside a compact

subset and showing that under the compactification X
′
given by the image of this map, the

holomorphic (n,0) form has a simple pole along D′. Then we are able to show that the
compactification we get is Kähler and hence projective by considering the behavior of the
class at the end. By our uniqueness Theorem 3.8.1, this metric ω in fact must come from
our existence result in Theorem 1.2.4.
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4.2 From holomorphic section to holomorphic

function

Definition 4.2.1. For any holomorphic section s ∈ H0 (D,Lk), we define a holomorphic
function fs on L ∖ 0L as

fs(ξ) =
s(π(ξ))
ξ⊗k

where ξ ∈ L ∖ 0L, and π ∶ L→D is the bundle projection.

Under this definition, f is a holomorphic function on L that is complex homogeneous
along fiber with degree −k , i.e.

f(λ ⋅ ξ) = λ−kf(ξ), for λ ∈ C.

Pulling back f to X via the diffeomorphism Φ−1 ∶ X ∖ K → C ∖ K, we get an almost
holomorphic function on X ∖K. Abusing notation we still denote it by fs. We can also
extend the function to the whole space X by using a cutoff function χ which is equal to 1
on X ∖K and vanishes on a compact subset of K.

We can say χfs is almost holomorphic because of the closeness of the complex structure
between X and C.

We will use Hörmander’s L2 estimates to construct a holomorphic function L(s) that is
a perturbation of fs on X outside a compact set. To do this, we need to have C2 estimate
for fs on C as in [14]. More precisely, we have the following improved estimates for f .

Lemma 4.2.2. We have
∣∇lf ∣ωC ≤ Cl ⋅ e

k
2
zn ⋅ z l

2
(n−1)

for all l ⩾ 0 and any z > zl.

Proof. Assume we have local holomorphic charts (W )α ≃ (U)α × C with (U)α ⊂ Cn−1 and
the coordinates denoted by (z,w) = (z1, z2,⋯, zn−1,w). We can write

fs(z,w) = fs(z,1)w−k.

For l = 0, we have ∣fs∣ ⩽ Cs ∣w∣−k = Cs e
k
2
zn . Since fs is holomorphic, we know that fs is also

harmonic under the metric gC.
Given x ∈ C, let z0 = z(x). The injectivity radius of ωC is of order z

−n−1
2 , so scaling up the

metric by z
n−1
2

0 we have a local ball with definite size c in Cn with Kähler metric ω̃ = z
n−1
2

0 ⋅ωC
on C. By suitable scaling again we can denote it by Bω̃(x,1). Since the Riemannian curvature
of ωC is of order z−1 we know

∣Rmω̃ ∣ω̃ = O(z−n0 )
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on Bω̃(x,1). Together with the Ricci flatness we know that we have uniform Schauder
estimate as in Proposition 2.2.11, which yields that

z
−ln−1

2
0 ∥∇lfs∥

C0(Bg(x,z
−
n−1
2

0 ))
⩽ Cl ∥fs∥

C0(Bg(x,z
−
n−1
2

0 ))
.

Hence,

∣∇lfs∣ (x) ⩽ Cl ⋅ ∥fs∥
C0(Bg(x,z

−
n−1
2

0 ))

⩽ Cl ⋅ sup

y∈Bg(x,z
−
n−1
2

0 )

e
k
2
z(y)n ⋅ zl

n−1
2

0

⩽ Cl ⋅ e
k
2
z(x)n+C ⋅ z

l(n−1)
2

0

The last inequality uses the fact that

∣dt∣ωC = O(z
n−1
2 ).

Proposition 4.2.3. For any δ > 0, any holomorphic section s ∈ H0 (D,Lk), we have a
holomorphic function L(s) on X such that

∥e− kt
2 tkδ(L(s) − fs)∥

L2(X)
⩽ +∞.

Proof. The proof is similar to the one in [14]. We can use the Hörmander’s L2 estimates to
get a holomorphic function L(s). We only point out some key differences here.

Notice that for z > C with Lemma 4.2.2, we have

∣∂̄I(χfs)∣g = ∣∂̄Ifs∣g = ∣ (∂̄I − ∂̄C) fs∣g ⩽ e
k
2
zn ⋅ z n−1

2 ⋅ ∣∂̄I − ∂̄C ∣g
Then if we take φ0 = t − δ log t, then by simple computation we have

√
−1∂∂̄φ ≥ 1

zn+1
ωC.

Then by gluing process we have the references metric
√
−1∂∂̄φ on X such that

√
−1∂∂̄φ ≥ Φω

with Φ = z−n−1 with on X/E where E is the exceptional set of Remmert reduction as in [14].
Then ∂̄I (χfs) has weighted L2 norm if the complex structure is close enough to the one

in C:

∫
X/E

1

Φ(z) ∣∂̄I (χfs)∣
2

g
e−kϕdVolg

⩽C ⋅ ∫
X/E

zn+1 ⋅ ekzn ⋅ zn−1 ⋅ ∣∂̄I − ∂̄C ∣2g ⋅ e−kz
n ⋅ zkδdVolg

⩽C ⋅ ∫
X/E

z2n+kδ ⋅ ∣∂̄I − ∂̄C ∣2gdVolg
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Now in order to apply the Hörmander’s L2 estimates for the ∂̄-operator on X/E , we
need the complex structure to be close enough to the one in C, faster than z3n. And when
the integral is finite, we get a solution u to the equation

∂̄Iu = ∂̄I (χfs)

which is perpendicular to the holomorphic functions on X and

∫
X/E

1

Φ(z) ∣u∣
2 ⋅ e−kt ⋅ tkδdVolg

⩽ ∫
X/E

1

Φ(z) ∣∂̄I (χfs)∣
2

g
e−kϕdVolg < ∞

Let L(s) be χfs − u, then we have
∂̄IL(s) = 0

and
∥e− kt

2 tkδ(L(s) − fs)∥
L2(X)

⩽ +∞.

4.3 polynomially decay complex structure

We would like to make the following conjecture to further generalize this into slower decay
assumption.

Definition 4.3.1. Let X be a complete Kähler manifold with complex dimension n, complex
structure I, Kähler form ω and (n,0)-form Ω. We say (X,I,ω,Ω) is polynomial asymptot-
ically Calabi with rate (κ1, κ2) if:

there exists κ1, κ2 > 0, a Calabi model space (C, IC, ωC,ΩC), and a diffeomorphism Φ ∶
C ∖K →X ∖K, where K ⊂X and K ⊂ C are compact, such that the following hold uniformly
as z → +∞ :

∣∇k
ωC
(Φ∗IX − IC)∣ωC + ∣∇

k
ωC
(Φ∗Ω −ΩC)∣ωC = O (z

−κ1) , ∣∇k
ωC
(Φ∗ω − ωC)∣ωC = O (z

−κ2)

for all k ∈ N0.

For the polynomially close case, we propose the following conjecture:

Conjecture 4.3.2. There are optimal constants λ and µ such that for any κ1 > λ and
κ2 > µ, any polynomial asymptotically Calabi Calabi-Yau manifold with rate (κ1, κ2) can be
compactified complex analytically to a weak Fano manifold. Furthermore, the Calabi-Yau
metric comes from our generalized Tian-Yau construction in Theorem 1.2.4.
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[30] Gábor Székelyhidi. “Degenerations of Cn and Calabi–Yau metrics”. In: Duke Mathe-
matical Journal 168.14 (2019), pp. 2651–2700. doi: 10.1215/00127094-2019-0021.
url: https://doi.org/10.1215/00127094-2019-0021.

[31] AUBIN T. “Equations du type Monge-Ampere sur les varietes Kahleriennes com-
pactes”. jpn. In: C. R. Acad. Sci. Paris Ser. A-B 283 (1976), pp. 119–121.

[32] S Takayama. “Simple connectedness of weak Fano varieties”. eng. In: Journal of alge-
braic geometry 9.2 (2000), pp. 403–407. issn: 1056-3911.

[33] Gang Tian and Shing-Tung Yau. “Complete Kähler manifolds with zero Ricci curva-
ture. I”. In: Journal of the American Mathematical Society 3.3 (1990), pp. 579–609.

[34] Shing-Tung Yau. “On the ricci curvature of a compact kähler manifold and the complex
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