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Abstract
On Calabi-Yau metrics of Calabi type
by
Yifan Chen
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Song Sun, Chair

In this dissertation, we study complete Calabi-Yau manifolds asymptotic to Calabi model
space, which appears in singularity formation and limit of Kahler-Einstein metrics. The
first example goes back to Tian-Yau [33], where they constructed Kéhler Ricci-flat metrics
wry in the zero class which is exponentially close to the Calabi model space. The tool was
systematically generalized by Hein [17] to a powerful package to find Calabi-Yau metrics. In
particular, it implies the existence of Calabi-Yau metrics in the compact-supported Kéahler
classes, which are also exponentially close to the Calabi model space.

Building on previous fundamental work, we further generalized this existence result to non-
compact-supported Kéhler classes on a type of quasi-projective manifold. Unlike earlier
results, these new metrics are not exponentially close, but only polynomially close with a
fixed rate. We also proved a uniqueness theorem, which, together with the existence result,
gives a relative complete understanding of Calabi-Yau metrics asymptotic to the Calabi
model space on this type of quasi-projective manifolds.
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Chapter 1

Introduction

In Chapters [3] [ of this thesis, we study a special type of complete non-compact Calabi-Yau
metrics.

1.1 Overview

A fundamental problem in complex geometry is to determine when a complex n-dimensional
manifold M can admit canonical metrics, such as a Calabi- Yau metric, defined as a Kahler
metric with zero Ricci curvature, or equivalently, with reduced holonomy in SU(n). The
study of Calabi-Yau metrics is a fruitful area of differential geometry, closely related to both
algebraic geometry and theoretical physics.

The name commemorates Yau’s celebrated resolution of Calabi conjecture [34]. This
states that given a compact complex manifold M with the topological condition ¢; (M) =0,
any Kéhler class admits a unique Ké&hler Ricci-flat metric. Although Ricci-flat metrics
are generally difficult to find, under the Kéahler condition, the Ricci curvature simplifies
significantly, reducing the problem to finding a solution to the Monge-Ampere equation. The
proof relies on the continuity method, which requires uniform a priori estimates developed
by Aubin and Yau. A natural question is whether Yau’s theorem can be generalized to
non-compact manifolds.

Question 1.1.1. When does a non-compact complexr manifold X admit a complete Kdhler
Ricci-flat metric? If so, is the metric unique in any sense?

In the non-compact setting, one cannot hope that ¢;(X) = 0 is a sufficient condition for
the existence of complete Calabi-Yau metrics. There are more obstructions, for example,
strictly pseudoconvex bounded domains in C"* can not admit complete Calabi-Yau metrics
since they admit negative Kahler Einstein metrics. On the other hand, traditional methods
like the continuity method encounter difficulties such as the unbounded nature of the Kahler
and Ricci potentials. So typically, we will impose some constrain of the asymptotic behavior
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Figure 1.1: The calabi model space C c L

at infinity, which would allow us to do estimates in a suitable weighted space. For exam-
ple, complete Calabi-Yau manifolds with conical and cylindrical behavior were classified by
Conlon-Hein [11], Sun-Zhang [27], and Haskins-Hein-Nordstrom [15].

This thesis focuses on the complete Calabi-Yau manifolds asymptotic to Calabi model
space, which appears in singularity formation and limit of Kahler-Einstein metrics. The
first example goes back to Tian-Yau [33], where they constructed Kéhler Ricci-flat metrics
wry in the zero class which is exponentially close to the Calabi model space. The tool was
systematically generalized by Hein [17] to a powerful package to find Calabi-Yau metrics. In
particular, it implies the existence of Calabi-Yau metrics in the compact-supported Kahler
classes, which are also exponentially close to the Calabi model space. Building on previous
fundamental work, we further generalized this existence result to not compactly-supported
Kéhler classes on a type of quasi-projective manifold. Unlike earlier results, these new
metrics are not exponentially close, but only polynomially close with a fixed rate. we also
provide a uniqueness theorem, which, together with the existence result, gives a relatively
complete understanding of Calabi-Yau metrics asymptotic to the Calabi model space on this
type of quasi-projective manifolds.

1.2 Existence

Let me first introduce the Calabi model space.

1.2.0.1 Calabi model space

The ambient manifold is the total space of the disc bundle C inside an ample line bundle L
over a compact Calabi-Yau manifold D. Under the induced holomorphic structure, it has a
Calabi-Yau metric we with S symmetry given by Calabi ansatz. The precise definition of
Calabi model space will be given in Section [2.2.2]
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The Calabi model space (C,we) has the following geometric features:

e It behaves nicely like a doubly warped product R, x S x D locally at infinity as in
Figure with the S! direction collapsing and the D direction growing sublinearly.

e The growth rate of Vol B(x,r) is between 1 and 2, which gives an interesting example
of non-integer volume growth rate of Calabi-Yau manifold. This behavior makes a
crucial difference in the analysis from the higher-order growth case like asymptotically
conical case.

1.2.1 Calabi-Yau manifold of Calabi type

We now turn our attention to complete manifolds that are asymptotically close to the model
space at infinity. A complete Kéhler manifold (X,g) is of Calabi type if there exists a
diffeomorphism ¢ identifying X and C outside some compact subsets such that the metrics
are close at infinity.

A natural candidate for such an X is the complement of a smooth divisor D in a projective
manifold M. In this case, a diffeomorphism identifies the punctured neighborhood of a divisor
D with the punctured disc bundle C inside the normal bundle of D. Even though we do
not have a holomorphic tubular neighborhood theorem for complex manifold, we can still
identify the holomorphic structures on M \ D and C with exponentially small error. If we
choose D to be a smooth anticanonical divisor inside a projective manifold M with ample
normal bundle, then the total space of its disc normal bundle C admits the Calabi model
metric we.

In 1990, Tian and Yau [33] constructed complete Calabi-Yau metrics wry on M N D
on these quasi-projective manifolds, called Tian-Yau metric, extending the techniques in-
troduced in [34] to the non-compact case. For any compact supported class in M \ D,
Hein-Sun-Viaclovsky-Zhang [14] find Calabi-Yau metric exponentially close to the Calabi
model space. We call the complete Calabi-Yau manifold with this property asymptotically
Calabi, which is defined as follows.

Definition 1.2.1. Let X be an n-dimensional complete Kahler manifold with, complex struc-
ture I, 2-form w and (n,0)-form Q. We say (X, I,w,Q) is

1. weak asymptotically Calabi with rate s if there exists § > 0, k > 0, a Calabi model
space (C, Ic,we, Qc) with function z on C defined in Section and a diffeomorphism
O:C\K - XK, where K c X and K cC are compact, such that the following hold
uniformly as z - +oo:

‘szc ((I)*] - IC)|wc + |v4]zc ((D*Q - QC)L;C = O(G_Q’Zn/z)7

|V¢’ZC (®*w —WC)Luc =0(z™") for all k € Ny.



CHAPTER 1. INTRODUCTION 4

2. asymptotically Calabi if it is weak asymptotically Calabi and

[Vhe (@*w-we)|, = O(e®™) for all k €Ny,

These manifolds are well understood by Hein-Sun-Viaclovsky-Zhang [14], in which they
showed that any asymptotically Calabi manifold that is Calabi-Yau can be compactified
complex analytically to a weak Fano manifold, i.e. a smooth projective manifold with nef and
big anti-canonical bundle. In this thesis, we are going to show the existence and uniqueness
of weak asymptotically Calabi Calabi-Yau metrics that are not asymptotically Calabi. Our
setting is as follows:

Definition 1.2.2. Let M be a compact Kdhler manifold with complex dimension n > 3,
D e |- Kyl be a smooth divisor with ample normal bundle and X = M ~ D. We denote
H2(X) as the subset of H*(X) which consists of classes € such that € is positively paired
with any compact analytic subset Y of X of pure complex dimension p.

Remark 1.2.3. One needs to be slightly careful when talking about paring on noncompact
manifolds since we cannot always have integration by parts. The good thing is that in our
definition we only care about the compact' Y, so H2(X) is well-defined. Assume now we have
a Kdhler metric w on X, w has to be in H2(X). So we can view H2(X) as the Kdhler cone

of X.

Building on the work of Tian-Yau [33] and Hein [17], Hein-Sun-Viaclovsky-Zhang [14]
showed the existence of Calabi-Yau metrics in all compact-supported Kahler classes on M\ D
exponentially close to the Calabi model space, generalizing earlier Tian-Yau metric presented
in [33].

In 5], I further generalized this existence result to all K&hler classes on M \ D:

Theorem 1.2.4. For any class € in H2(X), there exists a Calabi-Yau metric w in the class
€ which is weak asymptotically Calabi with rate 1.

The proof consists of two main parts. The first step is to find an initial metric close to our
model metric in a given cohomology class. A key observation is that all the Kahler classes
on X arise from the restriction of a smooth closed form g on M by a vanishing theorem.
With this good representative 8 we can formulate an initial metric wy to start working with.
The second part is to modify this almost Calabi-Yau metric to a genuine Calabi-Yau metric
by the generalized continuity method of Yau’s solution to the Monge-Ampere equation to
the complete non-compact case developed in Tian-Yau |33] and Hein [17].

However, we cannot directly apply Tian-Yau-Hein’s package here because the Ricci po-
tential of this initial metric will only decay at the rate r‘%, whereas Tian-Yau-Hein package
requires decay faster than r=2. We need to modify our background metric by solving the
linearized operator of Monge-Ampere equation in an iterative way to improve the decay,
which motivates the following study of Laplacian operator:
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Lemma 1.2.5. For any smooth function v on C in a suitable weighted norm space with
[v| = O(r®) with § not in the indicial roots of \,., there exists a smooth solution u on C such
that Ag.u =v with [u| = O(rd*2) for any € > 0, and with weighted higher regularity estimates.

This result is of interest from an analytic perspective. Similar elliptic estimate also
appears in the work of Xuwen Zhu studying Fredholm theory on ALH" space via microlocal
analysis. Furthermore, the slower-than-quadratic volume growth of the Calabi model space
imposes an additional integral requirement on the Ricci potential of our initial metric, a
condition that plays a crucial role in Tian-Yau-Hein package. Geometrically, this requirement
helps determine the choice of the Hermitian metric on the normal bundle.

Once the initial metric is modified to satisfy both the decay and integral conditions,
we can proceed by applying Tian-Yau-Hein package to solve the Monge-Ampere equation.
Through our iterative process, we demonstrate that the solution decays at any specified
polynomial rate. As a result, the Calabi-Yau metric w admits an expansion at infinity, a
phenomenon that also appears in asymptotically conical and cylindrical cases.

1.3 Uniqueness

Having established the existence of these metrics, I next turn to the question of their unique-
ness.

Theorem 1.3.1. If we have another Calabi-Yau metric © in the same class € satisfying
@ —-w|, <C-r™¢, for some positive constant C|e,
where 1 is a distance function with respect to w, then © = w.

This result shows that all Calabi-Yau metrics on M \ D of Calabi type are parameterized
by the Kahler classes of M \ D. They fall into two categories: exponentially close to (C,wc)
for compactly-supported Kéhler classes, and polynomially close with a fixed rate for the rest.

Similar uniqueness results are obtained by Conlon-Hein [11] in which they considered
the asymptotically conical Calabi-Yau manifolds. Analytically, the proof of Theorem
requires two new ingredients: the v/-100 lemma with the L2 estimate on manifold X, and
a Liouville type theorem on model space C.

1.4 Compactification and Classification

The goal is to classify all complete Calabi-Yau manifolds of Calabi type. Since the topological
closure of X at infinity is the zero section of L, which is isomorphic to the compact Calabi-
Yau manifold D, it is natural to expect that we can compactify the manifold analytically.
Hein-Sun-Viaclovsky-Zhang [14] showed that any Calabi-Yau manifold that is exponentially
close to a Calabi model space can be compactified analytically to a weak Fano manifold. For
the polynomially close case, we propose the following conjecture:
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Conjecture 1.4.1. Any Calabi- Yau manifold (X,w) which is polynomially close to a Calabi
model space can be compactified complex analytically to a weak Fano manifold.

We should be able to prove this roughly as follows: Repeating the argument in Hein-Sun-
Viaclovsky-Zhang [14] via slight modification, we can also construct holomorphic functions
on X at infinity using the holomorphic sections of the ample line bundle L over D via
Hormander’s L? estimates. The next step would be showing that under the metric given
by these coordinates, the map into the projective space is an embedding outside a compact
subset and showing that under the compactification X , given by the image of this map, the
holomorphic (n,0) form has a simple pole along D’. Then we are able to show that the
compactification we get is Kahler and hence projective by considering the behavior of the
class at the end. By our uniqueness Theorem [1.3.1] this metric w in fact must come from
our existence result in Theorem [1.2.4l

This question fits naturally into the broader framework of complex analytic compactifi-
cations of complete Calabi-Yau manifolds raised by Yau, which is known to be true in the
case of asymptotically conical end by Conlon-Hein [12] and Chi Li [21] and asymptotically
cylindrical end by Haskins-Hein-Norstrom [15]. Moreover, Sun-Zhang [29] confirmed that
for 2-dimensional hyperkahler manifolds with bounded L? norm of the curvature can also by
compactified analytically, once again utilizing a detailed understanding of the geometry at
infinity.

1.5 Outline of the proof

To show the existence, we use the method in Tian-Yau [33], which was subsequently gener-
alized and refined by Hein [17]. This Tian-Yau-Hein’s package facilitates the production of
complete Calabi-Yau metrics provided a suitable model metric at infinity is known. How-
ever, we cannot directly apply it here because the 2-form on X coming from the restriction
of 2-forms on M will only decay at the rate r‘%, while Tian-Yau-Hein’s package requires
the Ricci potential decays faster than r=2. We need to modify our background metric by
solving the linearized operator of Monge-Ampere equation to improve the decay.

In Section [2.2.2] we provide an introductory overview of the Calabi ansatz, denoted by
we, within an open neighborhood C of the divisor D in its normal bundle, excluding the zero
section. Our exposition primarily adheres to the notation and discussion presented by Hein,
Sun, Viaclovsky, and Zhang [19]. Furthermore, we briefly review the analytical framework
developed by Tian, Yau, and Hein [17], list some geometric properties of the Calabi model
space that facilitates the later application of uniform elliptic estimates.

In section [3.2], we have the solution of the Poisson equation with appropriate weighted es-
timates. The method of variable separation, as detailed by Sun and Zhang [28], allows us to
simplify the Poisson equation in the model space into a particular form of ordinary differen-
tial equation. Leveraging the solutions’ estimates for these ordinary differential equations, as
presented in Appendix [3.3] we construct an inversion of the Laplacian operator within suit-
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ably weighted spaces. This enables us to initiate the iterative processes detailed in Sections
3.5 and [3.6]

In Sections and [3.6] we construct a good background metric w within the cohomology
class €. We solve the Poisson equation on the model space iteratively to enhance the decay
rate of the Ricci potential of w, as detailed in Section[3.5] In Section [3.6] we refine the Kéhler
potential by incorporating the harmonic moment map z alongside other pluri-subharmonic
functions. This adjustment ensures not only the positivity of w but also its compliance
with the integral condition outlined in Tian-Yau-Hein’s package [17]. The iterative method
adopted here is inspired by Conlon-Hein [11]. The specific technique of modifying the po-
tential via the harmonic moment map z is equivalent to choosing appropriate scaling of the
metric hp on the normal bundle in Hein-Sun-Viaclovsky-Zhang [14].

In Section [3.7, we deform our good background metric w to a genuine Calabi-Yau metric
on X by Tian-Yau-Hein’s package. We also show that the perturbed metric is weak asymp-
totically Calabi with rate 1. This requires a slight generalization of Hein’s decay result in
[17].

In Section we discuss the uniqueness with restricted asymptotics of the Calabi-Yau
metric in the fixed class. We first prove the i90-lemma on X based on the global Hérmander
L? estimate. Then by our solution of the Poisson equation and the behavior of the harmonic
function on the model space we can deduce the global C? estimate to do integration by parts.

In Section [3.9] we present some examples of Calabi-Yau manifolds which are weak asymp-
totically Calabi but not asymptotically Calabi under a fixed diffeomorphism. We also make
some conjectures about the stronger uniqueness theorem.

In Chapter 4] we discuss some improved estimates used in the compactification and
classification of weak asymptotically Calabi manifold or under even weaker condition.

1.5.1 Other complete non-compact Calabi-Yau manifolds

The topic of complete Calabi-Yau is very rich. There are many progress in the exploration
of new complete Calabi-Yau manifolds, extending the seminal work of Tian and Yau to cases
where D is singular. Collins-Li [7] constructed new complete Calabi-Yau metrics when D
consists of two proportional transversely intersecting smooth divisors. The metric in their
construction is v/-100 exact and polynomially closed to the generalized Calabi ansatz. Later
Collins-Tong-Yau [§] solved a certain free boundary Monge-Ampere equation crucial to the
inductive strategy proposed in [7] to deal with the general case when D is simple normal
crossing.

There are also many interesting works on other asymptotic behaviors based on Tian-Yau-
Hein’s package. For example, the non-flat Calabi-Yau metric on C" constructed by Li [22],
Székelyhidi [30] and Conlon-Rochon [10] with maximal volume growth, and Min [24] with
volume growth 2n — 1 when n is even. Those works constructed Calabi-Yau with singular
tangent cone at infinity.

Recently, Apostolov-Cifarelli [1] constructed new complete Calabi-Yau metrics on C"
with volume growth 2n — 1. Their new method using toric geometry and Hamiltonian 2-
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forms is significantly different from Tian-Yau-Hein package and produces exotic complete
Calabi-Yau metrics with interesting behavior at infinity.



Chapter 2

Preliminaries

2.1 Kahler-Einstein metric

2.1.1 Kahler structure

Definition 2.1.1. A Kéhler structure on a smooth manifold X is a pair (g,J) consisting
of a Riemannian metric g and an almost-complex structure J:TX =T X satisfying

g(“’?‘]) ::g(W')v vJ= OJ
where V is the Levi-Civita connection of g.

Extending J to the cotangent bundle by (J0)(v) := 6(Jv) yields the eigenspace decom-
position
TX®C=T"XeT"X, T'XeC=T""XeT"X.

Consequently,

AT X®C)= @ AT X == @ ANTOX @ AT X.

p+q=k p+q=k

Denote by A*(X), AL(X), and AP(X) the spaces of smooth k-forms, complex k-forms,
and (p, q)-forms, respectively. The exterior derivative splits as d = 9 + 9; for f e C*>(X),

2i00f = d.Jdf.
Kahler form. Define the real 2-form
w(v,w) = g(JU, w), v,weTX.

Because of the Kahler conditions, w is closed and of type (1,1). Extend g and w complex-
bilinearly.



CHAPTER 2. PRELIMINARIES 10

Choose holomorphic coordinates (z!,...,z") with 27 = 29 + \/=1yJ. Then
JOpi = Oy, JOyi = =044,

and set

0, = %(@;j -V —18yj), 0z = %(@j + \/—18yj),
with dual coframe dz/ = dz? + \/-1dy’ and dz7 = dx? —/—1dy7.

In this frame,

9= gp(dFed +dz*®dz’),  w=V-1 g;pdzrdz",
4.k

gk

where ( gj,;,) is a positive—definite Hermitian matrix at each point.

2.1.2 Ricci Curvature on Kahler Manifolds

Let (X, w) be an n-dimensional Kahler manifold with local holomorphic coordinates (z1,. .., z")
and metric coefficients g,z := g(@zj,azk). Because VJ = 0, the Levi-Civita connection co-
incides with the Chern (holomorphic) connection, and the only non-vanishing Christoffel
symbols are

m _ mil _ m _ mlq . _
k=9 6jgkl7 F;;; =g 8jglk7
where g™ is the inverse Hermitian matrix.
The curvature of the Chern connection has components

Ritim = —01059um + 977 0013 OxGpm,

and satisfies the Kahler symmetries R,z 5 = Rig jm = Bjmk-

Contracting once with the metric gives the Ricci tensor
Ricyz, = glijfczm 3
and the associated (1,1)-form
Ric = V-1R;zdz? ndZ".
A direct computation shows that Ricci form in this case can be written as
Ric = —/-199logdet 9jk

so that Ric is closed. Moreover, its cohomological class in H'(X,R) is independent of ¢
and is a multiple of the first Chern class of X.
The volume form of the Kahler metric is

AV, = =+ = det gy (V-1)2"dz' Adz! A A d2" A d2".
n!
Hence the Ricci curvature can be rewritten as
Ric = -V-100logw",

and we denote it as Ricw or Ricg.
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Definition 2.1.2. Let X be a Kdhler manifold. A Kdahler metric w on X is called a Kéahler—
Einstein metric if its Ricci form satisfies the Finstein condition

Ricg = \g for some constant \ € R. (2.1.1)

When the ambient manifold X has complex dimension n, equation involves w

variables and imposes % condition. However, with the Kahler condition, this equation

of tensor can be reduced to an equation of a single real-valued function.

2.2 Monge-Ampere equation

2.2.1 On compact Kahler manifold

In this section, we outline the general strategy for finding Kahler—Einstein metrics, following
the pioneering works of Calabi, Aubin, Yau and others.

Given a reference Kéahler metric wy in Aeq (X), we seek a Kéhler metric w cohomologous
to wy of the form

w = wo + V=100,

where ¢ is a real-valued smooth function on X. The Ricci form of w satisfies

_d — .
Ric(w) = Ric(wp) - V-109log %4-9)0”)
€t \ 9i5

where g;; are the components of wy.
Thus, the Kéahler—Einstein equation reduces to solving the following complex Monge—
Ampere equation:

(wo +V=100¢p)" = e/ w?, (2.2.1)
where the smooth function f is determined (up to a constant) by the relation
V=100 = Ric(wy) — Awo.

The solvability of the Monge-Ampere equation depends on the value of A, which represents
the sign of ¢;(X):

when A < 0, the independent work of Aubin [31] and Yau [34] guarantees the existence and
uniqueness of a solution upto a constant, thus producing a unique Kéhler-Einstein metric.

when A\ = 0, Yau's famous solution to the Calabi conjecture [34] provides a solution of
2.2.1) and hence gives Kahler Ricci flat metric in any Kahler class.

when A > 0, the existence is more subtle and related to the K-stability in algebraic
geometry. There have been many works in this direction and we refer interested readers to the
survey of Donaldson [13] and only mention here the break through work of Chen-Donaldson-
Sun [2, |3 4], which solves the Yau-Tian-Donaldson conjecture for Fano manifolds, proving
that a Fano manifold admits a Kéahler-Einstein metric if and only if it is K-polystable.
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2.2.2 On complete Kahler manifold

While the existence results for compact Kéhler-Einstein manifolds are well-studied, the ex-
plicit behavior of their metrics remains largely unknown. However, we do have a lot of
explicit examples of the noncompact complete Calabi-Yau manifolds constructed by many
mathematicians which appears in the singular formation and limits of Kahler-Einstein man-
ifolds. One typical example is Tian-Yau metric that is asymptotic to Calabi model space.

2.2.2.1 Calabi model space

Let us give a brief introduction of Calabi ansatz and some notations we will use later. The
notations in this section mainly follow Hein-Sun-Viaclovsky-Zhang [19, Section 3.

Let L be an ample line bundle over a compact Calabi-Yau manifold D with a nowhere-
vanishing holomorphic (n - 1,0)-form Qp and a Calabi-Yau metric wp € ¢;(L) with

w}‘)_l = i(n_1)2QD A QD.

We choose an hp on L such that the curvature form is wp. This choice is unique up to
rescaling the metric h by multiplying a constant e4
For any point £ € L, let

t=-logl¢l

and
z = tn

be functions on the complement of the zero section in the total space L \ D. Let
C={0<|¢,, <1}cL

be the disc bundle over D with complex structure I¢ restricted from L. On C, we have a
Calabi-Yau metric given by the Calabi ansatz:

n+1

we = —N/Z109(5)
n+1

= 2/-100t + 1 iOt A Ot

nzn—l
Let Q¢ denotes the unique holomorphic (n,0)-form on L such that

Z_IQC=7T*QD,

where Z denotes the holomorphic vector field generated by the scalar multiplication along
the fiber direction and 7 : L - D is the projection map.

Definition 2.2.1. The data (C, Ic,we, ) is called a Calabi model space.
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2.2.2.2 Tian-Yau metric

We want to construct a complete Kahler metric on the complement of a divisor D in a
projective manifold M, which is asymptotic to the Calabi model space. More precisely, we
denote the complement of D in M by X = M ~ D. The metric we want to construct is a
Kahler metric w on X such that:

there exists a diffeomorphism ¢ : C — X such that ¢*w =we +0(1) as r - oo.

With this diffeomorphism, the topology at infinity of X is the same as that of C, hence the
base of line bundle L should be D and hence we require D to be Calabi-Yau and has an
ample normal bundle. By adjunction we need D to be a smooth anticanonical divisor in M.
Since D is anticanonical, we can find a holomorphic section S of —Kj; such that S~ can be
seen as an (n,0)-form Qx on X with a simple pole and residue Qp along D.

One natural way to construct such a diffeomorphism is to use the exponential map. The
exponential map exp : 7,, X - X is a local diffeomorphism around xzy, and we can use it to
construct a diffeomorphism ® from C to X outside some compact set, mapping the fiber of
Np =T,,M|T,,D to the fiber of (T,,D)* over D, then composed with exp. This gives us a
local diffeomorphism ® between the tubular neighborhood of D in M and the disc bundle C
over D. Under this diffeomorphism and the condition that D is anticanonical, we have the
following (1,1)-form on X that is exponentially close to the Calabi model space as proved
by Tian-Yau [33]:

Proposition 2.2.2. We choose a metric hyy of =Ky such that hy|p = hp. Then we can
construct the following (1,1)-form on X :

n+l
n N 2 o
(JJsz\/ —186(—10g|8|hM) .

It is asymptotically Calabi in the following way: The complex structure Ix and Io, metric
we and wx and canonical form Qx and Q¢ are exponentially closed. To be more precise,
there exists a compact set K in X, a compact set K in C, and a diffeomorphism induced by
exponential map ® :C K - X ~ K such that for all k> 0,e>0:

‘VSC (CI)*IX - [C)|gc + |V§C ((I)*QX — Qc)‘gc + ‘v];c ((I)*wX _WC)‘ _ 0(6_(%_E)zn).

gc

This metric is constructed by Tian and Yau [33] with the following setting:

Theorem 2.2.3. Let X = M ~ D, where M is a projective manifold and D c M is an
ample smooth anticanonical divisor. Then there is a complete Kahler Ricci-flat metric that
1s asymptotic to Calabi model space.

2.2.2.3 Tian-Yau-Hein’s package

More generally, Tian-Yau [33] proved a perturbation result via the continuity method for
Monge-Ampere equation in noncompact case, with some assumptions on boundedness of
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curvature, growth of the volume and decay of the Ricci potential that we will define in this
section.

It is systematically summarized and generalized later by Hein [17] and becomes a very
powerful tool in constructing noncompact Calabi-Yau metric. Roughly speaking, the main
idea is to find a Kahler metric w on X such that the Ricci form Ric(w) decays sufficiently fast
then we can apply the continuity method to solve the Monge-Ampere equation if we have
uniform weighted Sobolev inequalities and uniform Holder estimates for the Kahler metric
w.

Before we state the main theorem of Tian-Yau-Hein’s package, we need to introduce some
requirements of the base Riemannian manifold (N, ¢) in Tian-Yau-Hein’s package. We begin
with the definition of SOB(v) property:

Definition 2.2.4 (SOB). Let (N,g) be a complete noncompact Riemannian manifold with
real dimension at least 3. We say (N, g) satisfies SOB(v) condition for some v >0 if and
only if there exists a point p e N and a positive constant C > 1 such that

1. Volume growth is at most v, i.e. Vol,(B(p,R)) < CRY for all R> C.
2. Ric(z) > -Cdy(z,p)2, Vo e N.
8. Volg(B(z, (1 - £)dy(z,p))) > dy(, )"

4. For any D > C, any two points x,y € N with d,(p,z) = d,(p,y) = D can be joined by a
curve of length at most C'- D, lying in the annulus

A(p,£D,CD) :={z e N|$D < dy(p,z) < CD}.
Remark 2.2.5. In the original definition of SOB(v) property in [16], we need that the

annulus A(p, s,t) is connected for any t >s>0. To apply Theorem m it suffices to check
the Relative Connected Annulus (RCA) property 4. instead of the connectivity of the annulus.

We continue with the definition of HMG(A\, k, o) property:

Definition 2.2.6 (HMG). We say that (N7, g) is HMG(\, k, @), for some A € [0,1], k € Ny,
a€(0,1), if there exist C' > 1 such that

1. There exists a covering for every x € I with r(x) > C there exists a local holomorphic
diffeomorphism ®, from the unit ball B c R™ into N such that ®,(0) =z and ®,(B) 2

B(z, 4r(x)*),
2. h:=r(x) P ®ig satisfies Inj(h) > &, E9euc S < CGeye, and |h - geuc”ckﬁa(B,gm) <C.
Locally, we can always define C* norm of a function f on a ball By(z,r) inside a

manifold (N, g) with respect to the metric g as follows:

k=1
”f”Ckva(Bg(z,'r)) = JZ; HvéfHCO(Bg(x,r)) + HVlgfHCO’”‘(Bg(Zﬂ")) '
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With this quasi-atlas, we can define the global Holder norm C%7(N) as:

I fllcrveny = sup{”uo (I)chm(B) tx € N}.

Now we are ready to present the following result taken from Hein’s thesis [17] which is
a powerful tool to give the existence of Calabi-Yau metric on complete noncompact Kahler
manifold.

Theorem 2.2.7 (Tian-Yau-Hein’s Package). Let (X™,w) be a complete noncompact Kdhler
manifold, which satisfies the condition SOB(v) and HMG(0,3,«) for some v >0, 0 << 1.
Let v be the distance function to a fixed point p € X with respect to the metric w. Let
feC?(X) satisfy

IfI<Cr " on {r>1} for some u>2

L(ef—l)w”:0.

Then there ezist & € (0,a] and u e C+*(X) such that

and

(w + i@éu)n =efwm.

Moreover [y |Vul2w" < co. If in addition f € CL:¥(X) for some k > 3, then all such solutions
k+2,a
u belong to C\)7"(X).

There are several key ingredients that are different from the compact setting when we
apply the continuity method in [34] to solve the Monge-Ampere equation which motivates
the definition of the above properties. One of the key ingredients is the Sobolev property
which is used to control the volume growth of the manifold and to ensure that the Ricci
curvature decays sufficiently fast at infinity. The second key ingredient is the local chart
with weighted Holder continuity which is used to control the local geometry of the manifold
and to ensure that the curvature is bounded in a suitable sense. Both of the conditions are
motivated to provide the uniform elliptic estimates which are used to control the regularity
of the solutions to the Monge-Ampere equation.

2.2.2.4 Poincaré and Sobolev inequalities

The Poincaré inequality is a fundamental result in analysis that provides a bound on the
average value of a function over a domain in terms of its gradient. In the context of Rieman-
nian manifolds, it can be used to control the behavior of functions on the manifold in terms
of their geometry. The Sobolev property on noncompact manifold is a generalization of the
classical Sobolev inequality and only depends on the volume and Ricci curvature at infinity.

We can see the motivation of this definition from the Poincaré inequality locally on a fixed
ball, with the coefficient constant depending only volume and Ricci curvature on this ball.
We will use it later in proving the decay of the final solution of our perturbed Monge-Ampere
equation.
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Theorem 2.2.8. (25, Theorem 1.1] Let (N, g) be a complete connected Riemannian manifold
of real dimension n. Suppose the Ricci curvature on N is bounded below by Ric > —a?g for
some a > 0. Then there exists a constant ¢, depending only on n, and for every pair (p,q)
satisfying 1 <p<n and p < q < %, there exists a constant C,, such that for all x € N, all
r >0, and all functions f € C*(B(z,r)), we have:

(fo jw-ata) " <puemtmppnfid ([ wupa)”
u—ﬂqdv) <Ch eV |B(x,r qp(f Vupdv) ,
B(a,r) e B(a,r)

where @ denotes the average of u over the ball B(x,r).
We also have Poincaré-Sobolev inequality on the annulus.
Theorem 2.2.9. (17, Proposition 3.4] Let (N,g) be complete, x € N, and
A(k) = A(x,r) — KS,T9 + KS)
if ro > 11 > KkS. Suppose that A= A(0) is connected,

Ric > -Cs™2 on A(6), sup |B(y,s)| < Cinf|B(y,s)|,
yeA(3) yed

and

A > max{, st diam(A), inf |:1|(Blzi/ s)| } .
ye ’

Then, for all ue C=(A), denoting us = ¢, u,

/ u—uyl” < CAQSZ/ |Vul?.
A A(6)

In the continuity method, we also need the complete manifold having good volume growth
and curvature condition at infinity to have a uniform weighted Poincaré-Sobolev inequality.

Theorem 2.2.10. (18, Theorem 1.2] Suppose that (N, g) satisfies SOB(S) for some € R*.

1. For all € >0 there exists a positive step function ¥, ~ (1 +r)-max{82}=¢ on N such that
for all « € [1, %] and all uwe CP(N),

-

([ u—u [ (1 + r)a(min{5‘2’0}‘5)‘5dvol) " <C(e) / |Vul*dvol
N N
where u. denotes the average of u with respect to the finite measure .dvol.

2. If B>2, then, for all € [1,-2] and all ue C&(N),

2

1
(/ |u|2o‘(1+r)°‘(5_2)_f3dvol)a SC’f |Vul*dvol
N N
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2.2.2.5 Uniform Schauder estimates

The HMG properties are mainly used to define the weighted global C*%-norm and guarantee
that we can do elliptic estimates for a second order elliptic differential operator L if L has
coefficients in C/(M) with [ < k- 1.

Recall that the C* norm of a function f on a ball By(x,) inside a manifold (N, g) is

k-1 ‘
”f”Ckva(Bg(x,r)) = ]z:; HV;fHCO(Bg(x,r)) + Hv};fHCO’“(Bg(x,r)) .

If we scale the metric by a constant %, ie. g= %g, we then have
. i .
|ngf‘§ =25 - |V§f|ga

k % ;
[l By aryy = Z IV3s o, oy

k-1 kta
_ 2 j 2 k
HfHCkva(Bg(a:,T)) = jz_(:] % ijngCO(Bg(x,\/%r)) +2° HVQfHCO»a(Bg(x,\/%T)) :
Now we can prove the uniform Schauder estimate here for future reference:

Proposition 2.2.11. Let (N,g) be a manifold satisfying HMG(A, k, ) property. Let u and
v be smooth functions on M such that Agu = v. Then there exist some constants Cj, such
that

(i+2)A H

k-1 ‘
r(z)* HvkuHCO(Bg(x,r(x))‘)) <G (‘““cwg(x,r(az)*)) * ZO r(z) VZUHCO(Bg(x,r(x))‘))) '

Proof. Fix any x in N. Let h =r(x2)"2*®*g be the rescaled pull back metric on the unit ball
B(0,1) in R”, let @ = ®Xu, 0 =r(x)>*®*v. Since we use the pull back metric, the Laplacian
is preserved. We have A,u = v. Write this elliptic equation under the Euclidean coordinate,
with |V*h] 4. € C(k) for any integer k > 0, we have @ satisfies the following elliptic equation

1 0 g 0
- | hYVdeth—u | = 0. 2.2.2
Vdet h 07" ( ‘ iju) ! (2.22)

By the standard elliptic estimates on the Euclidean space and passing to the original metric
g we get the required estimate. To be more precise, by W24 estimates we know that there
exists a uniform constant C,; only depends on ¢ such that for any 1 < g < +oo

”a”WZQ(B(O,%)) <Gy (”77”00(]3(0,1)) + ”ﬂHC’O(B(O,l))) :

Consequently by Sobolev embedding, we know

Ha“cl’l‘%"(B(o,g)) < Cq HaHWZq(B(O,%)) < Cq (“77”00(3(0,1)) + “aHCO(B(O,l))) :
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Taking derivative of (2.2.2) under the Euclidean coordinate, we have:

flysaqaosy) < Co- (Ilwnaao 2y * 1lwsaao.sy)
<Cy- (H@Hm(B(o,l)) + Ha”CO(B(O,l))) :

And by bootstrapping and Sobolev embedding

”a“CkJrl,lf%(B(O’%)) < CQ:k ’|a”wk+2,q(3(07%))

< Co (18lwragseo,2)) * 1Elwsa(so.z2y) )
< Cyk (Hf)Hck(B(og)) + H&HCO(B(O,I))) :

Passing to the original metric, we know that for any k > 1

k-1 , .
r () HvkuHCO(Bg(x,r(x)A)) < Cy (‘UHCO(BQ(I,T(I))‘)) + Z(:) () HVZUHCO(BQ(“”T(I)A))) .
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Chapter 3

Asymptotic Calabi metric on weak log
Fano pairs

3.1 Geometric properties of Calabi model space

Let us first list some geometry properties of Calabi model space directly coming from the
formula of we. Globally, it is complete when [¢], =~ — 0 and incomplete when [¢], ~— 1.
Locally, it behaves nicely like a doubly warped product R, x S! x D as in Figure [1.1]

Lemma 3.1.1. We have the following quantitative estimates:

n+1

e Any distance function on C will be comparable to ="z .

2n

e [t has volume growth of order =%.

e The St direction collapsing at rate 2% and the D direction growing at rate 27,
e [is sectional curvature decays at the rate PR

Then we show that our model space (C,wc) satisfies those properties. One may refer to
[17] for details and examples.

Proposition 3.1.2. (C,wc) has SOB(2%) property.

n+1

Proof. (2) follows from the Ricci-flat property of C. For (1), recall that we = /—-100t +
—=i0t A Ot and the volume form wj = (v/-199t)"! A idt A Ot. The distance function

Twe to some fixed point p in C is comparable to 25 Consequently, one can see that
A(z1,29) ={x € C| z1 < z(x) < 2z} is comparable to the annulus A(p, Ry, Rs) in the sense
that: for any z5 > 2y > C' and Ry > R; > C, we have

N nal nel
A(zl,zQ)EA(p,%zl2 ,Czy? ),

A s, 1) € A((21) L (CR) ).
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Similarly, for any R < C', we have:
B(p, R) cKu A (0,(CR)#r).

Moreover, we can see from the ansatz that the diameter of {x € C|z = 2z} is comparable to
/20, which shows that

A(2(2) = & (2(2) = 2(p)) , 2(2) + & (2(2) = 2(p))) € B (2, (1~ &) dy(,p)) -

With all these equivalences, we know that

Vol,(B(p,R)) <C + [{

2n 2n
{CR)nTlsts(CR)nTl}

(V=180t)" Adt A d°t < CRw1.

Similarly for (3) we have
Vol, (B (a:, (1 - %) dg(x7p))) >C - z2(2)" > C - dg(g;’p)%.

To show (4), for D large enough and any two points = and y with d,(x,p) = d,(y,p) = D,
we have z(x), z(y) € (% .Dwi,C - D%). Then by the formula of we we can join x and y by
a curve of length at most C'- (D + Dﬁ) lying in A (% . D%, C- D%) and consequently in

the annulus A(p, £D,CD).
Hence we have the SOB(:2%) condition on (C,we). O

Next we show that the model space C satisfies the HMG(O0, k, ) property. Tian-Yau |33,
Proposition 1.2.] provides a simple criterion for a complete Kéhler manifold (N,w) to be
HMG(O0, k, ). We refer to Hein'’s thesis |17, Lemma 4.7.] for a slightly generalized statement
and sketch of the proof.

Lemma 3.1.3. A complete Kdhler manifold with Rm|+ Y., 7 |viScal| < Cr=2* for some
keNg and X € [0,1] is HMG(\, k + 1, ) for every a € (0,1).
Proposition 3.1.4. (C,wc) has HMG (==, k, ) property, for any k € Ny and o € (0,1).

n+1’

Proof. The proof goes almost verbatim with the proof of Lemma[3.1.3] The proof of Lemma
only used the completeness to guarantee that the injectivity radius of local universal
cover around zy has uniform lower bound independent of xy. Since C is the disc bundle over
D, after we do rescaling by @&¢ = z(x¢) 'we, the ST action gives the only collapsing direction
which disappears after passing to the local universal cover. So the local universal cover has
uniform curvature bound and is volume non-collapsing, which leads to uniform injectivity
radius lower bound. O]

Remark 3.1.5. We can not directly use Theorem[2.2.7] because in our setting, the decay rate
of the class ¢ is only rwe1 which is slower than 2. So we need to modify the representative
B by /-100u for some function u on X, which comes from the suitable solution of Poisson
equation on model space C, which we will discuss in section [3.9
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3.2 Solving Poisson Equation on the Model Space

In this section, following the approach of Sun-Zhang in [28], we will use separation of variables
to solve Ay, u = v for u, v functions on C and give some uniform estimate of our solution.
We use the same notation introduced in section 2.2.2]

We first notice that C is diffeomorphic to ¥ xR where the level set Y = {{ € C| ~log [} =
zp} for a fixed zp > 0 and Y is equipped with an S bundle structure over D and a metric
hy induced by we. Let 0 = Ag < Ay < --- be the spectrum of the Laplacian —Ay,) on
Y with respect to the metric hy. Let {t;};2, be the corresponding eigenfunctions with
||1/’kHL2(Y) = 1. They showed that Ay = 25\, + nz =142 for some A, > 0 and jj, € N. Moreover,
{¢r}z2, form an orthonormal basis of L2(Y") and each v, is homogeneous of degree j; under
the S action. The product structure allows us to do Fourier expansion on C. In particular,
for any smooth function v on C, if we take Py(v)(2) = [, v(z,y)¥(y), we can write

o(z.y) = i Pe(0)(2) - (). (32.1)

which is convergent in L? sense. In fact, we will prove later that the convergence is in C* if
v has proper higher regularity estimate. For the separated function u(z)¥(y) we have
1 ji*n

(u"(2) = (A + == 2")nz""u(2))d(y).

Aueu(2)b(y) ;

Moreover, [28] proved the following:

N nzn—l

Proposition 3.2.1. Let (C,gc) be the Calabi model space, and let u solve the Poisson equa-
tion Acu = v for some v e CKo(C) and Ky € N sufficiently large. Let u, v have ”fiber-wise”
expansions as in (3.2.1). Then for every k € N, the coefficient functions uy(z) and vg(z)
satisfy

2,02

uy (z) - (n)\k - jkf

-z") 22 (2) =n2toue(2), 221 (3.2.2)

Specifically, they found a solution of A, u = v by solving ODE (3.2.2)). With the estimate
of the solution of this equation, they showed that the L? formal solution given by 3 uzvy
is actually a regular solution to the Poisson equation. Similarly but directly via careful
estimates, we can construct the solution of Poisson equation with respect to we with some
weighted regularity and finer polynomial growth order.

3.3 Estimate of the solution of ODE

In this section, we will look closely to the solution of the following ordinary differential
equation:
2,2

ull _ (]

+n\) 2" 20 = n",
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where A >0, n >3 and n,j € N.

By the transformation in [28], we have two cases: zero node case when j = 0 and non-zero
node case when 7 > (0. We will give a brief summary of the estimate of fundamental solutions
and have a estimate of u with polynomial rate which slightly generalizes the results in [28].

3.3.1 fundamental solution of zero mode

In this section we focus on the zero mode: the equation

u” = nA2"?u = nz""to. (3.3.1)

By [28] we have the decaying solution D(z) and growth solution G(z) of the homogeneous
equation u”(z) = nz"2?\u(z) given by

D(2) = /iK1 (2\/§ . z) , (3.3.2)
G(2) = V211 (2 2 z) (3.3.3)
where K and [ have the following expression: for v € R

Ky (y) = fo e vt cosh(vt)dt,
1 [r : -
[,,(y) = ; [0 ey0059 COS(VQ)d(g — @ [0 efycosht—ytdt

Lemma 3.3.1. [25/[Proposition 3.3.] We have the following uniform estimate:

1. For all v eR, there is a constant C(v) > 1 such that

CUW) S < K1) <CW) -S4, g3 1
. &% S
L,(y) S C(V) \/57 y/17
Cv)-y, 0O<y<l.

2. For all v > -1, we have

Clv) -4, y>1

Cv)y?-yv, O<y<l
Corollary 3.3.2. /28] For z > V1 there exists a constant C' which only depends on n
such that

n
2

Nl
IS

e
A

A2z
en

——<G(»)<C- —/—.

1 —
\i-z"

>
[
Q
NS

by
<D(z)<C-

[V

n—

ks
. 3

zZ
1
2
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R

SN
f Lk
e
[SRIS

. ‘
M
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With those estimates, we can give a C° bound of u(z). By computation in [28] we know
that the Wronskian n
W(G,D) =G()D'(2) - G'(2)D(2) = -

Hence we have a solution of [3.3.1] as follows:
() = =2 (D(z) [ “G(s)su(s)ds (=) [ D(s)s”‘lv(s)ds) (3.3.4)

We firstly introduce an estimate of the solution of this ordinary differential equation:

Proposition 3.3.3. Recall that \; is the first nonzero positive eigenvalue of —Ay . Let v be
a function such that [v(2)| < Coz? for z > 1. For any X such that X > A\ > 0, we can find
solution of equation u"(z) =nz""2 u(z) + nz""'v such that

|U(Z)| < C- 0026+17

[ ()| < C- Coz"*3,
|u”(z)| <C- C026+n_1
on z > C' for some constant C > 1 only depend on n, Ay and ¢ .

Proof. Now we can estimate |u ) Let p = %)\%. By integration by parts

Lo ((max{1,(2) 7 },00
the first term D(z) [ G(s)s" 'v(s)ds in is bounded by a constant C(n) times the
following term:

1 z 3_.% 3n-2
= [Tenlst ) o2 g
z

2 2 -n+2
5+%Z6+1—%+ (5+%)(5+nT+) d+1-n

n/\Z n\s n/nA?
O G
n2\3
max{0, (§ + Z2)(§ + ZL2)(§ + 22)(§ + 2242} se1_Bn
- 2 2
n2\z
5+ 2 5+ E2)(§ 4 2
(L —(+34 +<+4)(+4)+C'(n,5)i5 et
\/ﬁ)\ n\2 n\/ﬁ)@ A2

e‘“zg

n-2 °
Z 4

1
Here we also use the following observation: Since p > %)\f, we know that the maximum
of 75253 %) o1 the interval [1,2] is at z when z is larger than a uniform constant
which is independent with respect to A but only on n and \;. So we have

/Z P52 (a7 =27 g <(z-1)25 700 < 570
1



CHAPTER 3. ASYMPTOTIC CALABI METRIC ON WEAK LOG FANO PAIRS 24

For the second term G(z) [.” D(s)s"'v(s)ds, we have similar estimate:

1 = fwe“(zg‘sz) S+
z

AT
n+2 n+2 -n+2
g\/l_ 25+1+5+?Z(5+1—%+(6+ +\)/(_5-; +) o+1-n
nA n\2 n\/nA
2[(6 +22) (5 + =2)(§ + 22| ,
4 4 4 4 26+1—7".

n2\
So we have the uniform estimate for u that for any z > C(n,d, \1),
6+1
T
For the derivative v’ we can do the same computation as in [28] to estimate D’(z) and
G'(z). In fact, we have the following estimate:

Lemma 3.3.4.

lu(2)| < C(n) - Co=

<

é 7<1'(y)<c —y, é-€—<—K:1L(y)<C

for some fixed constant C and any y > 1.

Nz

<

Proof. Notice that

1 T SIHE e n+1)t n—1)t
[Q(y)z%/o ey cost (cos (n+1)6 +¢o (n 1)9)d9 27Tn fo e‘yCOSht(@—( nl) +€( nl) )dt.

As in the proof of [28] Prop. 3.3, we know that for any v € R

oo o 42 ey
/ e_yCOSht_tht <eV [ e~ 2 Vit < C(V) T,
0 0 VY

Y

jus Yy
Seyf3e_yf2d0+2€2 < 2eY +2e2 < 1063/‘
0 3 VTV 3 Y

‘/ﬂ ev<% cos(v0)db
0

For v > -1 and v # 0, let 1, = min (7r, ﬁ),
/ ev<>s% cos(vh)df
0
v ™
= f ev<% cos(vh)df + f ev<s% cos(vh)df
0 D
1 v _ﬁ 0
> —e f e 2Ydf - f e?°s% cos(v0)do
2 0 Nv

> C(n)2= - [ erestag
BNV

MNv

ey cos(n,) ey
26’(1/)%—(#—771,)6 bWy}C’(V)ﬁ.
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Sowegetthat%~%<Ii(y)<0-%.

On the other hand,
K (y) = . f e ycosht (cosh (n+1)t + cosh M) dt
n 2 n n
1
= —§(K"T+1(y) * KnT-l(y))

[]

By the estimate of K, we know that % . % <-K' (y)<C- %

Corollary 3.3.5. For z > /75, there exists a constant C which only depends on n such

e~

that

NS

1 1
A2 1 n=2 __2 33.
T D)< CNiz T e v

1 1 -2 __2

— . \izTe A

C

1 1 n=2 L)\%z% / 1 n-2 L)\%Z%
5-)\4246ﬂ < G (2)<C-NizTevn

Proof. This can be seen directly from computing D’ and G’ with the substitution in (3.3.2))
1 n n—-1 n
-D'(z) = —2—\/21(% (2\/% 22) -V n)\zTK'% (2\/% z2) ,
1 n n-=1 n
G'(z) = ﬁ% (2\/% zz) + \/n)\zTI’% (2\/% z2) .
By Lemma we get the estimate.
Consequently, by integration by parts as before we have the C! estimate of w:

[/ (2)]

Q(D’(z) [Zg(s)s"1v(s)ds+g’(z)£mD(s)s"1@(5)615)

n
o+

z

<(7(n) 'Cb

A3
and

u’(2) = nA2"2u +nz"to < O(n) - Coz®*m 1

for z > C(n,d,\1).
In the end, we get if [v(2)| < Cpz? on z > C(n,d, M), then for any z > C'(n,d, M)
20+1

[u(2)| € C(n) - Co "

+5
|u’(2)| éC’(n).C’OZ)\_l7 |U”(Z)| éC(n)-COZMn_l.
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3.3.2 fundamental solution of non-zero mode

In this section we focus on the non-zero mode: the equation

j2n2
u'’ - (T +nA) 2" 2u = n2" . (3.3.5)
By [28] we have the decay solution D(z) and growth solution G(z) of the homogeneous

2,2
i*n 2, o
1= +nA)z"2u given by

equation u(z) = (

D(z)=e7 -V (B,a,-j2"), (3.3.6)
G(2) =T - B (B,0,-j2"), (3.3.7)
where v = 1 -2, g = 21 - n—Aj <0, & (5,a,—jz") and Vb (S, a,-j2") have the following
expression:
Y 00
v :e—[ vsga=B-1(1 1 5)P1q 3.3.8
(o) = s f) s (1) s 3.35)
BB o y) = —D)_u(_yyia. fm e3P L (2/5)ds. (3.3.9)
I'(a-p) 0

Let Q=a-08-1, 7nz%+%. Denote

t
F(t) =yt + Qlog ——.
(t) y+Q0gt+1

Then F'is strictly concave in R if @) > 0. Let ¢y be the only critical point of F'. We have

t():%(—].'i‘ 1+£).

G(u) = —u2+2(~y)? -u+ (2Q +7,) logu.
Then G is strictly concave in R,. Let uy be the only critical point of G. Then

uo:@.(p, 1+£+2&).

Denote

2 Yy
In [28] by Laplace method, we can show the following estimate:

Lemma 3.3.6. [25] There is a constant C' which only depends on n such that
when @ > 1,

EEPNEEE (_y)—l . e¥+F(to) < . ey ey+F(to)
Cn Q F(Q+1) \\I] (ﬁvaay)\cn Q F(Q“‘l),
BN (_y)i_Tn . e¥+G(uo) <ol . . (_y)% ,6y+G(u0)'
Cn Q F(Q+1) \CI) (6»0479)\071 F(Q+1) )
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when Q) <1,

Cplrel - (=) W (B,ay) < (=),
Gt (=9) 7 < H(B,0,y) <Cp- (—y) ™7

for any y < -1.

Corollary 3.3.7. (28] There is a constant C which only depends on n such that
when Q > 1,

4 Qi ny-1 Q“
oD ) <D(x)<C F(Q+1)
RPN (JZ”)4" (o)™
et ro <O T
when @ <1,

O () D() <O ()
Clefs . (2P <G(z)<C- e (jz")"
for any z > 1.

We also need the following lemma

.n+2 n+2 n+2

Lemma 3.3.8. For any z > 1, eF(o(z)+G(uo(2)) < O+ %n 2T ei2" e~ QQ i .

Proof. By similar straight forward computation as in [2§]. O

With those estimates, we can give a C° bound of u(z). By [28] we know that the

Wronskian

W(G.D) = ()P ()~ 0'(2)D(:) = [

Hence we have a solution of (3.3.5)) as follows:

u(z) = F(a B)n( (2) flzg(s)s”_lv(s)ds+g(z)fzwD(s)sn_lv(s)ds).

Then we can have the following estimate of our solution:

Proposition 3.3.9. Recall that \; is the first nonzero positive eigenvalue of —Ay. Let v be
a smooth function such that |v(2)| < Coz° for z > 1. For any \ such that A > A\ >0, we can
find solution of equation

2,02

u/l _ (]

+n\)2" 2 = n2"lo
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such that
j2n2
lu(z)| < C(n)-Cy- 2+ (T 2"+ nA\) 7 and [u”(2)| < C - Cp®!
on z > C' for some constant C' > 1 only depends on n, \; and a.

Proof. Similar as the zero-mode case, we estimate

D(z)[Zg(s)s”‘lv(s)ds+g(z)/;OOD(S)S”‘IU(S)ds.

By integration by parts we have
D(z) fzg(s)s‘”"_lds +G(2) fooD(s)s‘H"_lds
=-W(G,D) Z P(TP)k (22t +D(z)/ G(s)(TP)N (s 1)ds
+9(2) [ D) TPV (s s,
where P,T: C>*(R,) - C*(R,) are given by

) f
P(f)= Zn_g(jiTnQZn +n\)

By straight forward computation and induction we can see that

) T(f):f”’

Z(S+n 1-2nk

(TP)* (21 < C(k,n,0) ez

So by taking N large enough we have (TP)N (20" 1) < C(n,d,5)zM for some M > 2
which will be chosen later.
We first consider the case that () > 1. By Lemma the first term becomes

D(2) [1 “G(s)(TP)N (571 ds
<C- e‘%JrF(to(Z)) /z (js”)% M. e—%m(uo(s))ds
<C- e-J’Z"+G(UO(Z))+F1(t0(Z)) j%" ML
<C(n,Q)-ju-2>M.

For the second term, we have similar estimate:

6(2) [ ”D(sxTP)N(sé*"*l)ds
<O-(j2) 5 e 5 +Gl() f -,
<O eI G () F(to()) 252 . 25 -M 1

<C(n,Q)-jr -2,
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Then we consider the case where () < 1, the first term becomes

D(z)fzg(s)(TP)N(55+”‘l)ds

1

SO-e‘jzn-(jZ")ﬁafzs‘MejZn-(jsn)Bds
1

<O _j—azlfnan’

Also for the second term, we have
G(=) [ DE)TP)Y (s )ds
<O (jz")7" / sMe (™)’ ds
< C. jfazlfnan.
So we have the uniform estimate for u that for any z > C'(n, ),
j2n2
lu(2)| < C(n)-Cy-2°*L- (T 2"+ nA)7
In the end, we get if |v(2)| < Co2® on z > C(n,d, M), then for any z > C'(n,d, M)
j2n2
lu(z)| < C(n)-Cy- 22 (T 2"+ nA) 7

[/ (2)| < C(n) - Co- 2",
[u"(2)] < C(n)-Cy- 21

29

]

Remark 3.3.10. Even though the separation of variable method is very explicit, we can only
get a bound of u with respect to the polynomaial growth order of v rather than the function
v atself. This is mainly because the behavior of operator T and P is not clear for general

function.

3.4 Solution of Poisson equation

Now we are ready to present the estimate of the solution of Poisson equation:

Proposition 3.4.1. Assume tikzat v s a function on C such that for any k € N there exist
constants Cy, and & such that |22 V*vl,, < Cx2? on z > Cy. Then there exist constants C). and

a function u:C - R such that A,,u=v and

n+l _k=2
|u| < Céz5+n+1+6’ |vu|wc g C{Z6+ 2 +E’ ‘vku‘wc < C];Z(S 3 +€

on z>CY, for any € >0 and any integer k > 2.
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Proof. Let
w(z,y) = uo(2)o + iuj(zwj(y)

be the formal solution, where w is constructed as follows and u; is constructed in Section .
Step 1: We first show that the formal solution converges in C° sense with the polynomial
order depending on the polynomial order of v.
For ug, we have

ug (2) =nz""1Py(z),
ug(z) = f ns" 1 Pyv(s)ds,
Co

uo(z) = /; (fC: ns”‘lPov(s)ds) dt

We choose C and C5 here to be 1 or +co depending on the order of Pyv to make uy(z) and
uf(z) finite with proper order. Also, the integration here is the only place that we will lose
the rate z°.

For w;, we first notice that the projection P;(v) is well-defined and has the following
estimate:

AK;/)'U(Za y)%
w2 =PI =| [ —E R Voly (3.4.1)
lv(z,-) ”c2Ko(Y,hy)
< (A (3.4.2)
<Ok, A; (3.4.3)

for any Ky and z > C'. Consequently, the solution u; constructed in (3.3.3) and ([3.3.9) for
the equation ([3.2.2) has the following C° bound for z > C, 5 5,

Crsn, ko 20
—— . 3.4.4
|UJ(Z)| (A )KO n)\l ( )
Here the constant C' is uniform for j and z and only depends on K, and n. We also have
the uniform estimate of ¢; as the eigenfunctions of -A,, on Y by its eigenvalues showed in
Sun-Zhang |28, Lemma 5.1.]:

n+k
‘Wj”ck(y) <Oy - (A)) 7. (3.4.5)
Combine (3.4.4) and (3.4.5)), we get
IZUJ'%'I <l ()] [ ()]
j=1

j=1

,0,A1,K0,Y PN
< n 1,Ko, JZ;(AJ)KO_
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Weyl’s law gives the bound of A; with C’)}lj% <Al € Cyjz1 for some Cy only depend
on (Y, hy). Take Ky =2n we can conclude that the summation converges.

Step 2: We prove that u is smooth. We mostly follow the proof in Sun-Zhang |28,
Proposition 6.2.]. Let

N N
Un =Y ujhy, Vi =) v
3=0 J=0

Then we have A, Uy = Vy.
We first show that Vy has C* bound independent of N. In fact, we have the higher regularity
estimate for v; as in (3.4.1)):

VE0;(2)| = [VF Py(v) (2))]
v* /}:(Aj)‘KO A,i{yo v(z,y)1; dVoly

SCey kel

Then given by the estimate of ¢; (3.4.95), for any integer j, we know that

_KO

N N nik
DV < Coviroe o A2
j=1 5=

So again by Weyl’s law Vyy converges to v as a C* function. Now we can prove that Uy also
have the uniform C* bound with respect to N via local elliptic estimates.

For any fixed point x € C, we consider the ball B, (x,1). Then for any p > 0, there exists
a constant C), , such that

|Un ”W%p(ch(x,%)) <Cpa- (I ”00(ch (z1)) T |Un ”00(ch (:c,l))) <Cpa-

By bootstrapping and Sobolev embedding, for any k£ > 0 and p > 0, there exists a constant
C, - such that

[UN ora-2e (Bug (2,1))

D Cp,x ||UN ”W’C*Z’P(ch(a:,%))

< Cp,z (HVNHwk,p(BwC (z,1)) + ||UN ||Wk’p(BwC (ac,l)))

< Op,kﬂs'

Consequently we have Uy converges to u in C*. Since z is arbitrary, we know that wu is
smooth on C.
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Step 3. We can now give global bound on the C', C? and higher regularity of u. We
treat ug and u — ugy separately.

For ug, we have explicit estimate by computation of the Christoffel symbol under the
following holomorphic coordinate: Let m : C — D be the projection map. For any point
¢ € C we take the local holomorphic coordinate z = (21, 22,...,2,-1) on B c D around the
point 7(§). Take & be a local holomorphic section of Np such that |§|, = e, where

V~=1900¢ = wp with p(0) =0, Vi(0) = 0. Then & = & - w where w is the fiber coordinate.
Recall that z = (—log |§|%LD)%, w = ef-t+e/2 gnd

we = 2T wp + 171'\/—1 (d—w—(?go) (d—w—égo)
" w w

nz

Under this coordinate, direct computation gives us that

n+1

Ayet® = Cp ot 2n

and

n+l

Vi, <Ot
Apply Proposition [2.2.11] with t* and use iteration, we have the following:

‘szi‘wc < Cpz73, for any k> 1,
n-1
|dt|,, <Cz7,
‘vkt‘wc < Ckz_g’
‘th“‘% <2 D75 for any k > 2. (3.4.6)

Now we can estimate the higher derivative of uy:

VFug = Zu(J) (z) > CyiyV"'20V22@-- @ Viz,
i1+tij=k
11>0,-+,7;>0

=uy(2)VFz+ ) uéj)(z) Y Cii)V'20V?20-- 0 V2,
j=2 114 +’L]
11>0,++,3;>0

k :
=up(2)VFiz+ ) (nz”‘lPov(z))(] ? Y Gy, V'20V220-® V2,
J=2 il+~'-+ij:k
’L'1>0,~~,’L'j>0

where f(*) refers to the higher derivative of the function f. Since

. j-2 )
(nZnilpo’U(Z))(j 2) _ Z C«l’jVnZn—]JrlJrlPO,U(l)
=0
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and

S+ (n-2)1

|Pyo®(2)| < Cy ‘VZULJC : |dz|;i <Cy2’ 2

we know that

k s+1-% S n—j+leortd
‘V Uo‘wc < On,k:,YZ + 2+6+Cn,k,YZZZn J1l+6+%

=2 1=0
PO A I LA R e
. . we we we
ip+etij=k
’i1>0,---,i]‘>0
s+1-k 146
< Cn,k,YZ i 2+6+an‘YZ "
n-2 i1 n-2 io n=2_ ..
Z Z z2 Vizl -|z72 V22 |22 V2
7=2 i1+ +Z] we we we
41>0,--+,3;>0
_n-1 i —L_
By [V2l,, <272 and |Viz|, <z727" for i > 2, we have
n=2 _ . n=2_ n-2__,. _k
> |z 2 V2 -‘z 2 V22 ‘z 2 VYz| <Oz 2.
i1+ tij=k
i1>07“~7ij>0
Consequently, we have
S+ntly
|VU(]| < nYZ 2 67
and for k > 2
6+1—§+e'

[VEuo| < Crpyz
wc Yy

33

For u—uq we use our Cy bound of u—ug and do elliptic estimate around a point z € {z = 2y}

by Proposition [2.2.11} We have the uniform estimate of u —ug on {z > C’}:

23 |[V* (= w0) | o o

k-1 2 .
<=ty * 2 =7 170~ A n i )
1=0
which yields

zgvk( Cl 3+1

Together with the estimate of ug, we have

|u| < C(/)Z§+n+1+e’

n+l

|v,u|“]c < 126+7+6

|Vku| < C,'fz‘s‘TJr€ for k> 2
we
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Remark 3.4.2. We see from the proof that the main term in C° and C' estimate of the
solution u is the fiber direction ug. However, for the higher estimate C* where k > 3, they
will give the same order contribution.

3.5 Improve the Decay of the Ricci potential

Now we look back at the quasi-projective manifold X and the class € € H2(X). In this section
we are going to find a good representative form [ inside the class € € H2(X). We look at
its behavior on the model space and then find some function U by finite step iteration such
that

(%3 +/—=100U)" .

n
We

has faster decay rate.

3.5.1 A good representative

Lemma 3.5.1. For any ¢ € H%(X), there exists a closed (1,1)-form 8 on M such that
[Blx]=¢.

Proof. By discussion in Section 2 of [14] we know M is weak Fano, and consequently simply
connected by [32]. Consider the exact sequence 0 - Oy (-D) - Oy —» Op — 0, we have
long exact sequence

P Hl(M, On) — Hl(D,(’)D) — HZ(M, Ou(-D)) - -
On the other hand, by Serre duality we have
H*(M,O0p(-D)) =~ H* (M, Ky) ~ H""2(M,-Ky).

Apply Kawamata—Viehweg vanishing theorem to the nef and big line bundle —Kj; so we
know that H™P(M,-Ky) = H*?(M) =0 for p > 1. So when n > 3, we have H'(D,C) = 0.

The long exact sequence given by the excision theorem and Thom-Gysin sequence
H°(D) » H*(M) > H*(X) > H'(D) > -

yields that the restriction map j* : H2(M) — H?(X) induced by j : X - M is surjective
with dim Kerj* = 1, generated by ¢;(—K}js). Hence there exists a closed (1,1)-form 5 on M
such that [5|x] = ¢t O

Remark 3.5.2. Here we use the fact that dimcX = n > 3 to apply Kawamata—Viehweg
vanishing theorem. When n =2 we have H?>(M, Ky) ~ HY9(M) ~C, so HY(D,C) may not

vanish.

The global (1,1) form § on M satisfies the following property on the end:
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Proposition 3.5.3. Let ®:C N K - X \ K be the fixed diffeomorphism and let p:C - D be
1 n
the projection map. Then |®*3 —p*(/6|D)|wC = O(e—(i—e)z ).

Proof. Let p be a fixed point in D. Let (w,z) = (w, 21, z,) be local holomorphic coordi-
nates around this point such that D is given by {w = 0}. Then (w,z) can also be seen as a
group of local holomorphic coordinates around p in C where w represent the fiber direction.
We can express (3 locally around p on M as

8= Z fl]dzz N Z fiwdz; A dw + Z fuwidw A dZ; + frgdw A dw,

ljl

Q75 = Zl f”((I) dzi(®) A D" (Jx)dzj(P) + Z fiw(®)dzi (@) A O (Jx )dw(P)

n—1

+ ; Jui(@)dw(D) A P* (Jx)dzi(P) + fua(P)dw(P) A P*(Jx)dw(P).

Notice that we have the estimate of
—(L_e)zm
[Voew| = 0(e" 295", vy zi| = 0(1).
Since ® is the exponential map, we know that
|, =1d

and the complex structure ®*Jy — Jo is exponentially decay as in Proposition [2.2.2] we know
that on C we have

(®*B)], = Z £50,2)dzi A Jedzj + O(e” 9",
2,5=1
On the other hand, we know that
p*(ﬁlD)|D Z fz](o Zz)dzz/\dzj
2,7=1

So ®*5 - p*(B|,) extends to a smooth form on Np vanishing on the zero section D, which
yields [@*8 - p*(B|p)l,,, = O(e” (3792, O

3.5.2 Iteration process

With this exponential closeness, we can view ®*f as a (1, 1)-form on C with only horizontal
direction component. This will greatly simplify our computation below.

Definition 3.5.4. Let n be a (1,1)-form on C. We define F(n) :=1- %, called we-
potential.
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Definition 3.5.5. With the same [ as before, we define by iteration

Fo= F(p*(6lp)),
Ey:= F(p*(Blp) + V~100U;)
(we +p*(Blp) +V/~-190U;)"

n
We

-1-

where
Up=0, Uj=Ujq+u;, Ayuj=F.

Here u; is the solution constructed in Proposition[3.4.1. We will prove in Proposition [3.5.0
that the derivative of F;’s satisfy the decay condition required for v in Proposition |3.4.1] so
this iteration process works.

Proposition 3.5.6. WithU;’s and u;’s defined m we have F,, = F(p*(8|p)+V-100U,,)
decays faster than z=". More precisely, we have higher order estimate, for any positive integer
7 and k

|22 V¥ F|e < Chyz 1% (3.5.1)

Proof. We prove (3.5.1)) by induction.
For Fj, we can see this estimate directly follows from computation:

Fye1 e (o)
we
C&n-j L Bpawy
_Z j p( n-1 )
j=1 M@ “p

3.4.6) we know that |22 VFFylwe € C(k)z71, for any positive integer k. So when j = 0
13 5.1)) holds.
Assume (3.5.1)) holds for i < j, i.e. |z§VkFi|wc < C(k,i)z7"1 for any k > 0. By straight-

forward computation,

P ”Z‘:l (n - 1)n\/—186uj+1 A (p*(Blp) +V-100U;)F A wpk-t
j+1 =~
k

k=1

wg
( ) (V=100u141)" A (we + p*(Bl) + V/=100U;)"™

n
We

Actually, the function in each term is of the from

C\/__185Uj+1 A /\qEQ \/—_185111(1 A p*(ﬁlD)m A wg_m—|Q|_1

n
We

, (3.5.2)
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where @ is a set with repeated elements from {1,2,--- j + 1}, m is a non-negative integer
and positive when j + 1 ¢ (). By Proposition |3.4.1| we know that |22 vk Uy < Cyjz7% It
is easier to deduce the bound for (3.5.2)) by passing to the rescaled metric wc on B, (x,1),

where 2(z) = zp, We = 2. We have the uniform weighted bound for each term in the wedge
product

—q+1+e
< Ck 4”0 s

Hvk\/—_laguq‘ oo
(Bag (2,1))
Hvk\/—_lﬁéujﬂ

Hvkp*(5|D)HCO(BQC($’1)) < Ck

—j+e€
Crjz0”

<
CO(Bag (2,1))

If we consider the scaled metric @¢ our function (3.5.2)) becomes

CV/=100uj.1 A Ngeg /=108y A p*(B] )™ Ay ™19

2671+|Q‘+1a;c
So we have
C’\/ aaU/]+1 A /\qu \4 8auq /\p (6| ) ~n e O —J—2+€
m+|Q+1 ~ k.3,Qim =0 )
0 we C%(Bg (2,1))
Consequently,
o |94 <Gy ™
Zo VV P = ||V - k,i %0 -
OO(Bug (/7)) C(Bac(@1) =

So we finish the proof of (3.5.1). Specially,

k
22V

< CkZ_n_1+6.
c

3.6 The Integral Condition

For the convenience of statement, let us introduce the following notation.

Definition 3.6.1. For an (n,0) form Q, we say that a (1,1)-form « is Q-compatible if
[xQAQ-an=0.

Remark 3.6.2. Since QAQ and a” are not integrable for most of the time, this integration
identity means that the function f = 2= -1 satisfies [, fQA Q=0.
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In this section, we will show that by adding a suitable potential we can make 3++/-100U
to be {2 x-compatible.

Proposition 3.6.3. There ezists a smooth function U on X such that 8 +/=100U is an
Qx-compatible Kdhler form. Meanwhile, we have that

U - (2" + U, + A2)| € Ce™"
when z > C for some constant C' >0 and X € R.

Proof. We first show that we can find U such that (5 + V/-100U +wx )™ is integrable on the
end. Recall that we have U = 37, u,, and u; are functions on C such that

(p*(B|D) +we + \/—_135Uj)n _

AWCU,J’J& =1- g

n
We

We know that the following integration is finite since |F,| < Cpzn"1*<

’fc ’C(é[)*ﬁ +we +V/-100U,)" - wh

< fc IR(/=1000) dt nact

+

fc (@ B+ + V100U, = (5" (Blp) + e + V100U, )"

—1l+e

:/{ }nT n (V=190t)" Adt + C < +o0.
=T

Since we have the exponentially closed estimate between X \ K and C \ K, we will have
f (8+V=100(27) U, +wx) - wi
X\K
= [ (@B +V-100U, +we)™ —wit + O(e™") < +oo.
C\K

Now we can construct the Kahler potential following the construction in Hein-Sun-
Viaclovsky-Zhang [14, Lemma 2.7.]:

The ampleness of Np implies that X is 1-convex. Hence by Remmert reduction we know
that — K, is semi-ample, we denote its non-ample locus by E. Recall that [S]P-Y > 0 for
any p-dimensional compact subvariety Y in X, by the generalized Demailly-Paun criterion
in [9] we know that there exists a smooth function ug on X such that 3++/~109uy is positive
on the neighborhood U of E. Let xo be a smooth function on X support on U and x =1
on F. Then

B+/=180 (xo - ug) is positive around E

and
V=100 (xo - o) is supported on U.
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Let t = —log|S|; , then the curvature form V/~100t > 0 and /199t >0 on X \ E. Let
X1 be a smooth cutoff function on [0, +00) such that x; =1 on [0,1] and x; =0 on [2,+00).

Then /-109(x1 (& -) - t) is positive on {t <y} and supported on {t<2C,}.
Let pa be a smooth convex function on R Wlth pA(x) 24 on (—00,4] and ,oA(x) x on

(A, +00). Then we can obtaln that \/—_88(/)03({ n )) >0 on X and \/—_88(p03(mt n )) =

V-100(2 tn)on{t>26’"+1}
Let

B t n+l
61=6+1/_188(X0~u0+01>(1(0 ) t+p03(n+1t)).
2

By our choice of ug, B +v/—100uy is positive around E. By choosing C; and C, large we can
make 3 is positive on U. Then choosing C5 large enough depending on C; and C5 we have
that (1 is positive on {Cs < t<2C5} hence Kéhler on X.

Then we can glue our perturbation function U, via a cut-off function y, supported outside
a compact set K’ with y, = 1 outside a open neighborhood U of K’ and let

Ba(N) = B + V=100 (x2 - ((271)* (Un + A2))) -

Our goal next is to find suitable A and K' such that 5(\) is Kéhler and 2 x-compatible.
Let us first show that the {2x-compatible condition is a linear equation of A and only the

constant term depends on the choice of y,. By our previous estimate of U,, we know as a

starting point that [ + B2(0)" =Qx A Qx = C is finite. The Qx-compatible condition becomes

0= [ B0 -y A Dy
:[ Bo(A)" = B (0)" f Ba(0)" - O A Tl
X
n—1 B
i (Z) B £(¢1)*t<—loga} )\\/__188 (X2 ' ((I)_l)*z)
/\Bg(O)k/\\/_ﬁa()\XQ ((I) 1) )TL k-1 L C
n—1 n\ .. )
:I;)(k)%f{t__bge} AN~

Expanding the terms in the bracket, we notice that only w2 remains non-vanishing after
we take the limit, so we have the equation

— (we + B+ V=100U,)* A (A\W=100z)"* + C.

0 =lim At A (VI8 + O = - f e
D

=0 J{t=—loge}

This is a linear equation on A\. On the other hand, we also notice by the previous computation
that y2 does not affect the integral, so we can choose \q first to satisfy the integral condition
and then choose K’ large enough such that f5(\g) is Kéhler. So by choosing

U=xo- u0+Clxl( )t+p03(n+1tn:zl)+X2-((CI)_1)*(U”+)\Z))
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we finish our proof. O

In order to apply Tian-Yau-Hein’s package, we need to repeat the iteration process for
one more step such that the we-potential of 5 ++/-100U decays faster than r2.

Proposition 3.6.4. Furthermore, we can construct a Kdhler Qx-compatible form f+v/-100U
on X such that

| (B+V1000)"
QX AN QX

<Cr=27¢, |wc—q)*(ﬁ+\/—185U)| <Cz 1,

we

where 1 is the distance function to some point p € X under metric 8 +/-100U, C > 0.

Proof. Let uy.1 = Az, Ups1 = Up+upi1. Let w,40 be the solution of Ayt = Fyq constructed
in Proposition |3.4.1]

nv/=1000z A izt (M) (0 (Blp) + V100U )F A g
%
i (1) (VET0022)" A (we +p(Blp) + V100U,

n
We

Fn+1: n

By Proposition [3.4.1] we know that
|ngan+1(Za ')|wc < CKZ_n_1+Ea
which is of the same order of F,,. Then

/=100 A X321 (") (07 (Blp) + V=100Up1 )F A wp=h
we
i (1) (VET100u,0)" A (we +p* (Blo) + V100U )

n
We

n+2 =

Again by the estimate in Proposition [3.4.1] we have

k -
22V U | < Oz

S0 Fryp < Czmnm2e, )
Let U = U+ x2(P~1)*uyy2, we can choose K’ large enough such that 5++/-100U is Kahler
on X. Also we see from the construction of U that

n+2
’wc—tb*(ﬁ+\/—_185U)’w = [0 (B)|., + 3 |V~-100u,

k=1 we

<Czl. (3.6.1)
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Fix a point p € X. Let r(z) denote the distance function to p with the metric 8 +/~199U.
With this asymptotic behavior, we know that r(z) is in the same order of the distance
function on C. Then outside a compact set on X we have the estimate that

‘1 _(B+V-180U0)"

QX AN QX
p*(Blp) +we + V=100U,,,5)"

We

1- ( +0(e7%*")

:((I)—l)* (
=) (|Fasal + O(e7*"))
<C(®1y" (=)

_9_
<Cr=—=¢.

For the Qx-compatible condition, we notice that the small term u,,» does not affect the

integration of the form 3 ++/-190U:
fx(ﬁ +V/Z180U)" - Qx A Oy
_ / (B +V/-108U)" - (8 + V/=1080 )"
X

RS (”) li [ VZ100(pa, (371 tnsn))
(1)< loge} ’ "

e—0

A (ﬁ + \/—_183[7)k A \/—_165 (pA2((cD71)*un+2))n—k—1
n-1
= z:: (Z) lim /{t:-bgg} d“Up2 A 1 ((5 +we + V100U, 1 )" A (\/__185un+2)n_k_1)

k=0 \F/ £=0 nz"!
=0.

So B+ /-100U satisfies both Qy-compatible condition and decay condition required in
Tian-Yau-Hein’s package. [l

3.7 Existence and decay of the solution

3.7.1 Existence result

Now we are ready to apply Tian-Yau-Hein’s package to deform our metric 8 ++/—-100U to a
Calabi-Yau metric.

Theorem 3.7.1. For any class t in H2(X), there exists a Calabi-Yau metric w in the class
e
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Proof. Let 8 be the good representative we chose in U be the potential constructed in section
with the form 8. We know that 5 ++/-100U is a Kahler metric on X such that

_(B+ V—100U)"
QX AN QX

F(B+V-100U) =1

decays in order =2~ and [, (f+V ~100U)™, here r is any distance function under the metric
B++/-100U. Let

Ox AQx
&8+ Toau )
We havegf satisfies integral condition [ (e/ - 1)(8++/~100U)" = 0 and the decay condition
/ S()irthe 6ther hand, we have higher regularity estimate of u;’s:

PEAvL (q>* (5 4 \/—_185U) - wc)

n+2

22V (B) + > 25 VP /100,
i

f=1o

we

<Ozt

we

for any z > C' with some C' > 0. Then we have higher estimate of metrlc and scalar curvature.

So (X, B3 ++/-190U) satisfies the SOB(:2%) condition by Lemma [3.1.2and HMG(:15, k, a)
by Lemma [3.1.3]for any & > 0 and 0<a< 1
So we know that there exists a function ¢ on X such that
(B +V=100U +/-100¢)" = e/ (B +V-100U)" = Qx A Qx, (3.7.1)
with ¢ € C4(X). O

3.7.2 Decay of the solution

The iteration process shows that for any K > 0, there exists function Ux and constant C
such that

QX A QX
(5 V=100Uk )"

If we choose U such that the we potential F(3++/~190U) decays fast enough, we can show
that the solution ¢ of (3.7.1)) also decays fast to a constant. To do this, we first present the
following local Poincaré lemma for SOB(») manifold with v € (0,2]:

K

|fxl=lo

|K7“

Lemma 3.7.2. Assume (X,wq) is a complete Kahler manifold satisfying

SOB(v) condition with v € (0,2],
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and
r(x)f|B(x,1)|<C as r(x) - o

for some fized k>0, C > 0.
Let u, f € C=(X) such that

sup |Viu| + sup |V f| < oo for all i € Ny,
and
(wo +i00u)"™ = el W
Then for any § > 0, there exists K5 >0 such that if
/X [Vul’w™ < 0o and |f| < Cr%s,

then

Sup |u — up(z1)| € Cr(z)™?
B(zx,1)

for any r e X.

Remark 3.7.3. The proof is entirely same as the proof in [17, Proposition 4.8(ib)]. The
only difference is that we choose r; to be i. For reader’s convenience we give a sketch of proof
here.

Proof. We prove this via Moser iteration.
Step 1. We first show that local L?-norm of Vu decays. Let A; := {i<r<i+1} and
ends E; := {r >i}. since

pi2 P - 2
[Vlul2]" =l 9l

Multiplying by &ulu[P=2 to both sides of Monge-Ampere equation and taking integration by
parts we have the following inequality:

2
f (|V|ulzPwi < C, - ]%1 (f CululP~2 (ef - 1) wy + / u|u[P~2d¢ A dCu A w”’l) (3.7.2)

For any p € R, u — p also solves the Monge-Ampere equation. Choosing p = 2 and
¢ = x(§)¢ to be a suitable bump function supporting on an increasing annulus A(zo, R, 2R),
we have the following inequality.

f |Vu|2SfQ|Vu|2
Ei1

<C [19Glu-plval+C [ Glu-pls

-1 ad
<C(ri—1i)" Ju=plzcan [ Vulizcan +C (r =) 1 l=ay)
j=i
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The diameter of the annulus is bounded by 7;,; — r; + TE . Sobolev inequality on the
annulus as in yields that

1
+1

|lu =gt p2a,) < C (ml -+ ) IVl 2(aqri-6,r:+6))

Take Q; = [, |Vul?, we have

1
Tﬁ+1 e —
Qi1 <C- ((1 + _,;i ) (Qi1 = Qi) + > (e =1)) 75 K‘s)
7 7 7=t

1
rn+1

<O\ 1+ —2 | (Qisy — Qi) + C -1 5573
Tit1 =Ty
Choosing r; = iﬁ, thus there exists some constant C' such that

1
rn+1

i+1
vl < C’)
Tiv1 — T4
which implies
_ !
HVUJHLQ(EZ) < Cr Ks

for some other number K that could be arbitrary large if Ks is large enough.
Step 2. We do the iteration via local Sobolev inequality:

1 1
(f, o) <o (f  vep)
B(z,s) B(z,s)
o 3
(/ |v—v|2a) " <Cs|B(z, s)[ = (f |Vv|2)
B(z,s) B(z,s)

By triangular inequality we have

5 :
([ wk=)" < B e [ v
B(zx,s) B(z,s)

Take v = |u|2:

1
2
(f |“|pa)
B(z,s)

1
<|B(z, )= [B(“) |u|é’+cs|B(x,s)|1z‘;‘.([ - |v|u|§f)2

1-a % 22 %
<C|B(z,s)|2 ([g(“) |u|p) +([g(“)‘V|u|z| )
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Take \; be a decreasing sequence in (1,2), Choose a cut-off function support ¢; on B(x, \;)
and is constant 1 on B(z, \;11). By [3.7.2 the integration in the second term is bounded by

(fB(m Noet) ‘VWF)Q (3.7.3)

1

1
) (o €0 [ ol 9ul)
<C P -1 PLve| - 3.7.4
(p—l B(x.A) (e =) + A(z,AHI,A»'u' val-|vu (374)

p-1

2\ X - 1

we have

Let \; =1+ a~2. We know that f decays, |u| is bounded, and we can choose (; such that
|V(;| < C a2, Then substituting (3.7.5) into (3.7.3)
1

BN
U|| e T, = ut™
” HL (B(z,Ai+1)) ((./B(a:,)\i+1)| | ) )
1

2
2 _a-1 o p? 2\” p-1
< CPTP(TL+1)<1 1+ I . (—) maX{|u”LP(B(x’)\i)), ||u||LZ;(B(m7)\Z))}

e \p—1

Let B; = B(x, \;), p; = 20/, and abusing notation we let Q; = |u| 1» (5,) again. We can do
Moser iteration:

Qi1 < Cvipritnena (1 +pz')”%' maX{Qi,Q:g}
By our choice of p;, there exists some constant a such that
|l (B1)) €O U]z
Since u — @ also solve the Monge-Ampere equation, where @ = ¢ B(x,1) Uy WE have
=] L= (o)) <CT7°

as long as we choose K large enough. O]

Then we can improve the C° bound of our solution ¢ to get the optimal close rate of our
weak asymptotically Calabi metric:

Theorem 3.7.4. For any class € in H?(X), there is a Calabi- Yau metric w in € which is
weak asymptotically Calabi with rate 1.
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Proof. With Lemma3.7.2, together with [17, Proposition 4.8(ii)], we know that if we choose
K large enough, there exists a constant ¢ and C such that the solution ¢ satisfies that

| — @] < Cr~*7+1, for any z such that r(z) > C.

Then we can replace ¢ by ¢—¢ to get a better candidate for the solution of , so ¢ could
be chosen to decay at any polynomial rate. Repeat our local rescaling and local Schauder
estimate, we know that the Calabi-Yau metric S+v/—=100U x +v/~180¢ is polynomially closed
to the Calabi model space with the leading error term /3 + /~100Uk-.

If B|p =0, the error term is exponentially close to Calabi model space. If §|p is nonzero,
the decay rate of [ is exactly r~ws1. If we choose [ such that f§|p is primitive with respect
to wp, the decay of V-100Ux would be r‘ﬁ“, which is strictly lower order term compared
with 8. Thus, the Calabi-Yau metric 8 + /-190(U + ¢) decays exactly at the rate r‘%,
which is equivalent to z7!. ]

3.8 Uniqueness

In this section, we prove that the Calabi-Yau metric asymptotic to we in the class € is unique.

Theorem 3.8.1. Let (M, D) be the pair we considered before. If we have another Calabi-
Yau metric @ in the same class € satisfying | & — wl|, < v, when r - oo, for some distance
function r with respect to w and some k>0, then © = w.

Remark 3.8.2. We are also interested in the problem that how different choice of the dif-
feomorphism ® will change our Calabi-Yau metric. For erxample, the scaling in the fiber
direction will change the metric by the rate Pt and by our uniqueness theorem, we get the
same Calabi-Yau metric.

The proof of the theorem can be sketched as follows. We start with a 9-lemma by solving
0 equation via the L2 method. Then we can write w = w + V/~1991 with some estimate on
[. By pulling back to C, we construct f on the model space to solve the Poisson equation
A, f =Al. Via the estimate of harmonic function on C in Sun-Zhang [28], we can use the
equation (w + \/—_185l)” = w" and take integration by parts to deduce that v/—=1991 = 0.

Lemma 3.8.3. There exists a smooth function | on X such that & = w +/-100l with
|P*l| < Cet on {t>C} for any e >0 and some C > 0.

Proof. We prove the lemma by several steps:

Step 1: We show that there exists a smooth 1-form ¢ on X such that @ - w = do with
o], < C2m3",

After pulling back to the model space C we have ®*(@w — w) is a closed 2-form with
| (0 — w)lwe < Cz7F. By viewing C as Y x (0,+00), we can write it as

O (W-w)=n+dznrvy
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with 0, 4n =0, 9, 2 =0. Then the fact that d(n+ dz A~) =0 implies dyn =0, 9,n = dy.

So we can choose
4
0= f vdz
1

do=n+dzny=0"(0-w).

such that

Since |®* (& — w)l,, € Cz7%, we have the decay of dz A~y which implies that
e <C2F 75

Given the formula of we we can have an estimate of |7, at the point (y, z9) € C:

20
|‘7(y>ZO)|wc(y7Zo) < l |7(yvz)|wc(y,zo)dz

z0 n-1 1
S [1 V(Y 2)lwe(wzy20” 22dz

<C zg e
After extending (®1)*5 as a smooth 1-form on X, we can write @ —w = d((®71)*) + 6 for
some smooth compact supported closed 2-form 6 on X.

Recall that X is 1-convex. Then by the vanishing theorem for 1-convex manifold from
Van Coevering [6, Proposition 4.2.], 8 = /=190s = dd¢s for some compact supported function
s on X. Then

o=(® )G +ds
is the smooth 1-form that we are looking for.

Step 2: Recall that F is the non-ample locus of —Kj;. The X \ E admits a complete
Kéhler metric by Proposition 4.1 in Ohsawa [26]. So we can use L?-estimate on X \ E to
solve the 0 equation to construct the potential [ such that @ —w = v/=190L.

Let 7= ¢ pp, (£) = 8- pp, (t)7. Choose zp, By and By large, then choose § small depending
on €, we can guarantee that the (1,1) form

V1007 = /=100 - p, (8) = 5 - i, (£)F)

is a Kahler form on X \ E. We have \/-190T > C.st"lw outside a compact set.
If we take the type decomposition of

we have the estimate of ((®1)" 6)0’1 that

(CON

1-2k
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for t> C and (®~')" 5 supported on t > C.
So with the same weighted L? estimate in Hein-Sun-Viaclovsky-Zhang [14, Proposition
2.2.], we have

- B 2n+1-2k 1
/ ’t"(q’_l)*ao’l‘ eTw'<C et e < oo
X\E w X\E

which yields that we have a solution ¢ such that dv = ¢%! with

f Pemwm < [ £ (D7) 60 e Twn.
X\FE X\FE

Consequently, we have /~100(2Imu) = d(®-1)*G. Set | = 2Ime + s then we have @ - w =
V=101

Step 3: We give the C° bound and C* bound for [ via elliptic estimates on the scaled
metric.

Let x be any point in X \~ K. With the same local elliptic estimate under the scaled
metric & = t(z) ww as in Proposition [3.4.1, we can give a global C° bound of . We know
that [ satisfies the elliptic equation (w +/~1991)" = w" with

/ |l|2wn
B&,(:C,l)

1
< ee-Ct(:p) |l|2€—e-p31 (D) +3-pp, ()7 W
X\E
< CfeeeC’t(;r)7

since we have some uniform constant C' such that t(y) < C'-t(z) for any y € By(z,1) and
any x € X \ K. By adjusting € small enough we have

” I ” L(Bo(a)) S Cﬁed(x) )

Now we can do local elliptic estimates on the scaled metric after lifting to the universal
cover. Since the S! direction on C collapsing in polynomial order with respect to z, we know
that

-l et(z
100 2B, ey < C - t(2) 5 - [ 2B, (1)) < Cee™).

We have the global C° bound for :

1] (z) < HZHWQ»Q(E;,(I,I)) <C- ||l||L2(§@(a:,1)) < Ceet™)

for any € > 0. O]
Remark 3.8.4. In the proof of the \/—185—lemma we did not use the polynomial decay

of ©—w. In fact, we can always find I even when |& - w| is polynomially growth.
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Furthermore, we can prove that @ — w has weighted higher regularity bound.

Lemma 3.8.5. There exists a constant C >0 such that

zgvk(dz—w)‘ <Cz™
for any z>C.

Proof. Fix any point  in X with t(z) = zJ. We still work on the scaled metric & = z5'w
with uniform bounded curvature. The injectivity radius of the universal covering around z
is bounded below by a universal constant § independent of x. Now we are working on the
ball B (Z,0) in the universal cover. Since © —w is d-exact, locally we can take integration of
& — w along the geodesic lines to have 1-form o on B(%,d) such that

do

w - w,

||U\|cg(é(5:,5)) <o - WHcg(B(;:,a)) <Cz".
Consider the type decomposition of o = g% + g0, The operator

N : L*(B(%,6),Q%") - L*(B(%,6),Q%")
constructed in [20, Theorem 8.9] satisfies that

Ag(No®') = o1,

”NUO’IHLg(B@,a)) < CHUO’IHLEJ(B@,@)
and N commutes with 9 and 0. Then
HNUO’1||W§72(B(5C,5)) < C”UOJHLE(B(&:,é)) < CHUO’1||cg(B(:7:,5))-
Then we know by Sobolev lemma and iteration process that for any ¢ > 1
HNO-O’IHWL?‘I(B(%,(S)) < CHUO’lfng(B(;z,a)) < CHUO’IHCg(B(z,s))-
Take g > n, there exists a > 0 such that
HNUOJ ”Cé’a(é(:i,é)) D CHNJOJ ||ij‘1(é(:z,5)) < CHUO’l ||Cg(B(i,5))‘

Let f=0*No%!. We have

Hf“cg”"(é(f,é)) < C|\UO’1\|og(B(gz,a))a
Of = Ag(No®t) = %1,
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Let [ = 25! - 2Imf. We have /=189l = z5' (& - w). Hence (& +v/=1881)" = &" with
||lA||cg’a(B(5;,5)) <Czx".

By Schauder estimates we have higher regularity
”ZHCU’;’D‘(B(:T:,&) <Czx"

which yields

E
2 VH(@ - w)

<Cz"

w

for any zy > C. O]
Now we are ready to prove the uniqueness:

Proof of Theorem [3.8.1 Given by previous estimate, we have @ —w = /~190l with |I| < C.ec.
If we pull back [ to C, by the closeness of complex structure we have

\dJedl|., < |d(Je = Jx)dl|u, +|dJTxdl|,, < C(e (G 4 27%).
The function F; = Al has higher regularity bound on C:

ngkFl < Cz ™" for any z > C.

we

By Proposition there exists a smooth function f on C such that A, f = F; with

V=100 f].,, < Cz,

n+l

|df|wc < CZ 2 K+€7
|f| < C2z"17F*¢ for any € > 0.

Since A, (I - f) =0 and |l - f| < e for any € > 0, from the behavior of harmonic function
[28, Proposition 5.3.] we know that

I=f+Xz+g+0(e®)
for some A >0 and some harmonic S'-invariant function g on C with
gl < Ceb*?

Since

12" gu(t, q)| < |V=100g|., < Cz7"*
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holds uniformly for any ¢ € D, integration along the R-fiber direction shows that g and hence
[ is at most polynomially growth. Again by |28, Proposition 5.3.] we know that
I=f+Az+0(e%).
Recall that [ satisfies that

Aol = Dl = Agegl + Y (Z)(dcbuxdok A D W,
k=2

by our previous construction we know that |®*w —wel,, < Cz71, so

Aol = Agegl oy < C2717
Al < O (27 V=100, + V10012,
< Cz—min{1+n,2n,1+n}_ (381)

Thus by finite step iteration we can find a better candidate f and another constant A such
that

l=f+Xz+0(e%),
V2 flue < C27m71,
IV floe < C2775,
|f| < C=.

On the other hand,
0= [ V=1001n Y] (”)(\/—mél)k-l Ak
X i \k
~ lim VIO Y (Z)(\/-wéz)“ A
=1

e~>0 J{(®-1)*ts-loge}

=0 J {t=—loge}

lim Sz Y () /=100 nurt
k=1

= lim At A (V/=100t)"! = AVol(D).

=0 J{t=—1loge}

Consequently, A=0, 1< Cz for any € > 0. From the equation of [ we know that

n n _
Jim / 1€ A ( ) N T
e=>0 | J{(®1) t=—loge} ]CZ:; k ( )
<lim lc ~dt A (V=-100t)" | = 0.
>0 J{t=—loge} | 2" €
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Hence by integration by parts and

n—1
0=Ua"-w") =1-V-100L A Y wk A" 17k,
k=0

we have:
_ n-1
0=~ [ V10008 Y, b A1t

X k=0

n—1
= [dindn Yt ani
X k=0
Since Y375 wk A @1k is a positive form, we know that dl = d°l = 0. Hence w = @. ]

3.9 Examples and further discussion

3.9.1 Example

We present examples that (X,w) is a Calabi-Yau manifold not asymptotically Calabi but
weak asymptotically Calabi under the fixed diffeomorphism ®. As discussed in the end of
the proof of Theorem we have the following:

Claim. Let (M,D) be the pair in Definition with X = M ~D. Let H? (X) =
Im(H?(X) - HX(X))nH2(X). Fiz a diffeomorphism ® :C\K - X ~ K. Then for any ¢
in H?(X) but not H? (X)) the metric w we constructed in Theorem is a Calabi-Yau
metric not asymptotically Calabi but weak asymptotically Calabi.

Example 3.9.1. Let M = P! x P2 with two projection maps m : M — P! and my : M — P2.
Then we have D = =Ky = miO0p1(2) + m30p2(3). Pic(M) is generated by miOp1(1) and
75 0p2(1) and the image of 7} Op1 (1) +75Op2(1) under the map i*: H>(M) - H*(D) induced
by the inclusion map © : D — M is not parallel to [wp] = ¢1(Np). Choose a primitive
representative of this class and apply Theorem |1.2.4] we will find a Calabi-Yau metric not
asymptotically Calabi but weak asymptotically Calabi.

These kind of examples could be found on any Fano manifold M with dimcM > 3 and
ho(M) > 2. We can find many examples in Mori-Mukai [25]. Besides, there are also many
examples in the weak Fano case but we do not have a simple topological sufficient condition.

3.9.2 Weaker Decay Condition

In our statement of uniqueness Theorem [1.3.1] we need the metric & to be polynomially
closed to w. The main difficulty to get rid of this condition lies in how to deduce the
decomposition of [ = f+ Az +O(e=%) with |f| < 2¢ for any € > 0, where we cannot do iteration
to improve the decay of f as in (3.8.1)).

It is natural to ask the following question:
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Question 3.9.2. Can we prove a stronger uniqueness theorem: If we have another Calabi-
Yau metric @ such that |© - w|, > 0 when r — oo for some distance function r with respect
to w, then 0 =w?

One possible obstruction of this stronger uniqueness theorem is that we cannot rule out
the possibility that there is a Calabi-Yau metric w closed to the Calabi model space in a
logarithm rate rather than any polynomial rate. The existence of this type of Calabi-Yau
metric is also an interesting question to study.
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Chapter 4

Compactification of asymptotically
Calabi space

4.1 Overview

Now that we know that for any weak log Fano pair, we have Calabi-Yau metrics of Calabi
type, the next goal is to classify all complete Calabi-Yau manifolds of Calabi type. Since
the topological closure of X at infinity is the zero section of L, which is isomorphic to the
compact Calabi-Yau manifold D, it is natural to expect that we can compactify the manifold
analytically. Hein-Sun-Viaclovsky-Zhang [14] showed that any asymptotically Calabi mani-
fold which is Calabi-Yau can be compactified complex analytically to a weak Fano manifold
and the Calabi-Yau metric comes from the construction by Tian-Yau-Hein’s package. In
our setting of weak asymptotically Calabi case, we can repeat the argument in Hein-Sun-
Viaclovsky-Zhang [14] with slight modification, we can also construct holomorphic functions
on X at infinity using the holomorphic sections of the ample line bundle L over D via
Hormander’s L? estimates. The next step would be showing that under the metric given
by these coordinates, the map into the projective space is an embedding outside a compact
subset and showing that under the compactification X , given by the image of this map, the
holomorphic (n,0) form has a simple pole along D’. Then we are able to show that the
compactification we get is Kahler and hence projective by considering the behavior of the
class at the end. By our uniqueness Theorem [3.8.1] this metric w in fact must come from
our existence result in Theorem [1.2.41
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4.2 From holomorphic section to holomorphic
function

Definition 4.2.1. For any holomorphic section s € HO (D, L*), we define a holomorphic
function fs on L~ 0p as
s(m(€))

fS(f): §®k

where £ € L~ 0p, and w: L - D 1is the bundle projection.

Under this definition, f is a holomorphic function on L that is complex homogeneous
along fiber with degree -k | i.e.

FON-E) = AFF(8), for NeC.

Pulling back f to X via the diffeomorphism &1 : X \ K - C \ K, we get an almost
holomorphic function on X ~ K. Abusing notation we still denote it by f,. We can also
extend the function to the whole space X by using a cutoff function y which is equal to 1
on X \ K and vanishes on a compact subset of K.

We can say x fs is almost holomorphic because of the closeness of the complex structure
between X and C.

We will use Hormander’s L? estimates to construct a holomorphic function £(s) that is
a perturbation of f, on X outside a compact set. To do this, we need to have C? estimate
for fs on C as in [14]. More precisely, we have the following improved estimates for f.

Lemma 4.2.2. We have
|vlf|wc < Ol . egzn . Z%(n—l)

for all 1 >0 and any z > z.

Proof. Assume we have local holomorphic charts (W), ~ (U), x C with (U), c C*! and
the coordinates denoted by (z,w) = (21, 22, *, Zn_1,w). We can write

fo(z,w) = fo(z, D)w™.

For [ = 0, we have |f,| < Cy|w|™* = C,e2*". Since f, is holomorphic, we know that f, is also
harmonic under the metric g¢.
. .. .. . . n=1 .
Given z € C, let zg = z(z). The injectivity radius of we is of order 2”2 | so scaling up the

n—1 n—1

metric by z,2 we have a local ball with definite size ¢ in C* with Kéhler metric @ = z,% -wc
on C. By suitable scaling again we can denote it by Bg(x,1). Since the Riemannian curvature
of we is of order 27! we know

Ring, = O(")
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on Bg(z,1). Together with the Ricci flatness we know that we have uniform Schauder
estimate as in Proposition [2.2.11] which yields that

B o) S o)

Hence,

Bg| z,2,

),

k n lL*l
<G sup W)L

_n=1
yeBy (x,zo 2 )

b neo I(n-1)
< ez @) zy 2

The last inequality uses the fact that
dt]e = O(27).
[

Proposition 4.2.3. For any § > 0, any holomorphic section s € H°(D,LF), we have a
holomorphic function L(s) on X such that

ECORNN

Proof. The proof is similar to the one in [14]. We can use the Hormander’s L? estimates to
get a holomorphic function L(s). We only point out some key differences here.
Notice that for z > C' with Lemma [4.2.2] we have

<+
L2(X)

n

01Oy = 101Flg =1 (01 = D) fly < €2 - 272 |0 = el
Then if we take g =t —dlogt, then by simple computation we have

_ 1
V —188(,0 > ﬁbdc.

Then by gluing process we have the references metric v/-109¢ on X such that \/-190p > ®w
with @ = 27"~ with on X\E where F is the exceptional set of Remmert reduction as in [14].
Then 05 (x fs) has weighted L? norm if the complex structure is close enough to the one

in C:

1 -
A 91 (x )]} e *4d Vo,
b'e g

\£ ©(2)
<C- 2L ekl g, - 5c|£2] ek 2R g Vol,
X\E
<C- 22010 = De|2d Vol

X\E
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Now in order to apply the Hérmander’s L? estimates for the J-operator on X\E , we
need the complex structure to be close enough to the one in C, faster than z3". And when
the integral is finite, we get a solution u to the equation

51“ = 51 (st)

which is perpendicular to the holomorphic functions on X and

1 2, -kt 4k
: -t"°d Vol
L\E d(2) Jul- ¢ Ol

1 5 2
< TN s - ¢d 1
A\E@(z)|81(xf)|ge Vol, < oo
Let L(s) be xfs—u, then we have )
ajL(S) =0

and

ECIORNN

<
L2(X)

4.3 polynomially decay complex structure

We would like to make the following conjecture to further generalize this into slower decay
assumption.

Definition 4.3.1. Let X be a complete Kdhler manifold with complex dimension n, complex
structure I, Kdhler form w and (n,0)-form Q. We say (X, I,w,) is polynomial asymptot-
ically Calabi with rate (k1,k2) if:

there exists ki,k2 > 0, a Calabi model space (C,Ic,we,$e), and a diffeomorphism ® :
CN\K—->X~NK, where K c X and K c C are compact, such that the following hold uniformly
as z — +0o :

‘ijc ((I)*IX - IC)‘wc + |Vf)c ((I)*Q - Qc)|wC =0 (Z_Rl) y |V£c (<I>*w - wc)|wC =0 (Z_m)
for all k e Ny.

For the polynomially close case, we propose the following conjecture:

Conjecture 4.3.2. There are optimal constants A and p such that for any k1 > A\ and
Ko > 1, any polynomial asymptotically Calabi Calabi- Yau manifold with rate (K1, k2) can be
compactified complexr analytically to a weak Fano manifold. Furthermore, the Calabi-Yau
metric comes from our generalized Tian-Yau construction in Theorem [1.2.4).
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