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ISOTOPE AND ISOMER SHIFTS IN MERCtJRYt 

R. C. BARRETT. 

Lawrence Radiation Laboatoy, University of California, Berkeley, California 

Abstract Calculations have been made of the change in the mean square 

charge radius of the mercury isotopes which results when a neutron 

is adde.d to an even-even core. Both the ground and isomeric states 

of the odd-A isotopes were considered First-order perturbation 

theory was used to obtain the amplitudes of monopole excitations of 

the proton core The calculations were carried out by first assun-

ing a conventional neutron-proton force, and then using various 

density-dependent interactions. The results show a very marked 

• 

	

	
A-dependence and achieve partial success in explaining the exper- 

imental shifts in the optiLal spectra 

Work perfprmed under the auspices of the U. S. Atomic Energy 

Commission. 
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i Introduction 

A number of experiments have been carried out in recent years 

to measure the optical spectra in sets of isotopes 1 ). Some of the rneas-

urements on odd-N isotopes have been made with the nucleus in an iso-

meric state, as well as the ground state. Theoretical aspects of these 

spectra have been described by a number of authors 25). In heavy 

nuclei the differences between these spectra are due mainlyto the finite 

charge distribution of the nucleus 25), and these differences are pro-

portional to the changes which occur in the mean square radius of the 

protonst (For odd-A isotopes we assume that the statistically-weighted 

mean of each multiplet has been taken ) 

fThe changes arise almost entirely from changes in the electron-

nucleus Coulomb energy of s-electrons. If we use point-nucleus wave 

functions, thenfor a given s-electron this Coulomb energy is propor -

tionalto [/Zp(Zp + I)) +C, where C is independent of the nuclear 

radius Here p (1_a2z2)1/'2, where a is the fine-structure constant 

If, on the other hand, we use electron wave functions appropriate to a finite 

nticleus, then the Coulomb energy is proportional to [(5/3 r )P/10}  + C. 

A full treatment of this effect has been given by Bodmer 6 ). The author 

is grateful to Professor L. Wilets and A. S. Reiner for discussions on 

this point. 
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In the mercury isotopes a feature of the experimental results is 

the fact that the change in the spectrum which occurs when a pair of neu-

trons is added to an even-N isotope is approximately independent of N, 

vhereathe change which results when a single neutron is added (with 

the odd-N nucleus in the ground state) varies with N and is, in some 

cases, considerably less than half the change which results from adding 

a pair of neutrons. This is known as the odd-even staggering effect 	). 

The change in the spectrum which occurs when the nucleus is excited 

from the ground state to an isomeric state is the isomer shift. 

There are various mechanisms by which the addition of one or 

more neutrons can contribute to the changes in the proton wave functions. 

If a single-particle model is used for the proton wave functions then the 

neutron-proton force will cause monopole, quadrupole, and higher multi-

pole excitations of the core. Here we shall consider only the first-order 

effects (i.e. , monopole excitations). An additional effect, which is not 

considered here, results from the modification of the pairing correla-

tions in the proton wave functions caused by changes in the proto single-

particle energy levels due to the neutron-proton interaction. 

The effect on the proton wave functions ofa neutron in a particular 

orbital depends on the quantum numbers of the orbitaL Because of pairing 

7-10 
 in the neutron wave functions it is, in general, not valid 

to assume that a neutron can be added into one particular orbital. Instead, 

the changes in the average number of particles in each of the neutron or-

bitals near the top of the Fermi sea must be calculated. These changes 

can then be dbmbined with the results of the perturbation theory calcula-

tions to give the isotope and isomer shifts. 

4 
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2. Formulation of the Model 

The method used to describe the excitation of the core is the 

particle -hole formalism of BrownH 12) We assune that the protons 

form a cor the ground state of.which is the vacuum, and we define 

particle creation and annihilation operators at and am,  where a 

represents the quantum numbers nj, which describe the shell model 

state, and rn is the projection of the anglar momentum j on the 

z-axis We shall use the following convention with regard to the labels 

n2jm (and am) labels without a subscript refer to neutron statcs lbc'js 

with subscript . refer to proton states below the Fermi surface, lalbols 

with subscript Z refer to proton states above the Fermi surface. We 

represent states of the neutron together with core excitations of aguiar 

momentum L bythe state vector 

Jaa 2 L;jm) 

	

x aa 	
+ a 
	fo 	 (I) am 	a 2 m 2  a 1 	/ m  

and.the energy of the state is written as .E 	. If the core is in the 
aaa 

ground state, we write the state vector as. [OOaO; jn-i). The correlated 

state with angular momentum jm is then given by 

jrn) = OOaO; jrn) + 	E 	B 	 a a a 1 L; jm). 	 (2) 

	

aci 2  aL aa2a L 
	.2 

We define the Hamiltonian for the system consisting of the proton core 

and the last od neutron to be 

(3) 

5 



B,L = aa 2e?L; jmOOaO; jrn) /(E00 _Eacat)• 	 (4) 

For convenience we omit the subscripts jm on the B's. The mean 

square proton radius is given by 

	

= (3 	
2 	

(5) 4 r  

where the summation is over the Z. protons. Substituting from eq. (2) 

we obtain, to first order in V, 

r 2  = 	(OOaO E r2 100a0) 
p Z 	 p 

+ ! a1ctct'L BIL (OOaO; jmj r 2  a 1 a 2ct'L; jm) 

a1m 1r21a1m1) 

	

+ 2 
 Ea2Baa2aO (2j 1+) 	(a!Jr 2 Ifa 2 ), 	 (6) 

where the reduced matrix element (a 1 Ir 2  ha 2) is equal to the thitrix 

-element am 1  hr 2  1a 2m2 ) itself since r 2  has no angular dependence. 

We note that this lack of angular dependence means that to first order 

in V.  only the monopole excitations contribute to the expectation value 

of r 2 . For L = 0 the amplitudes B reduce to a particularly simple 

form given by 
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B 	,(E 	-.E 	) 

	

cia 2a 0 OOo. 	a 1 aa 

= 6 , 6. . & 	(Zj +/2/01a 	a 	a, 	V a 	O\, (7) 

	

aa 	m 1 ni 2  1. 	 arn a 2rn am2  0 am 

where V 0  is the monopole part of V. Putting 

k 	k k
1 k 2 V 0  fk3k4) akt aki ak ak 	(8) 

k 234  

we obtain the two types of matrix elements which are represented diagram-

matically in fig. 1. We shall neglect the exchange terms in eq. (7). (since 

we are dealing with short-range forces) so that we obtain finally 

a 1 ct 2aO 	OOa 	
E 

 

6 	6. . 6 	(Zj +)hj2fama m 	J&ma m ). 	(9) • 	 aa' jj 	m 1 m 2 	1. 	 1. 0 	2 2. 

The Kronecker deltas in eq. (9) restrict the contributing particle-hole 

excitatiofls to those in which a proton is excited by two major shells (in-

creasing • 	by 1, but keeping the same value of and j) while the neutron 

state remains unchanged (& a). 

The second term in eq. (6) represents the change in r 2  'hich 

results when the occupation number of the neutron state am is increased •  

by unity. Near the top of the Fermi ,sea, however, the states of particles 

in a nucleus are modified by pairing corre.lations7°) • When an odd 

particle is added, one of the pairs of states which was previously avail-

able becomes blocked and all the particles are rearranged When nairing 

correlations are taken into account the ground state of the neutrons in an 

even-N isotope may be written 

7 
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1°) =  cir)'O  (tJct  + VcL 	at)1 0). 	 (10) 

For an odd-N isotope the state of angular momentum jm is 

(U a 	- Va) J 0 

The U s and V 1  s must be calculated for each value of the neutron number 

.N and, inthe case of odd-N, for each value of the spin of the nucleus. 

•These wave functions have a disadv.antage for isotope shift calculations in 

that they do not represent a fixed number of particles. This difficulty can 

be overcome by projecting out the components which do represent a fixed 

number of particles. Details of this projection have been given previousl 	
14) 

3. Results 

The first calculations were done by using harmonic-oscillator \vave 

functions, both with a zero-range and with a finite-range neutronproton 

force. Subsequently the nucleon wave functions were taken to be those of 

15,'16 
a Woods -Saxonpotential 	). In the zero-range, harmonic-oscillator 

case, it was possible to write down the matrix elements and amplitudes in 

closed form. For the finite-range force a Gaussian shape was assumed, 

and the integrals were calculated numerically on a computer. As a chck a 

calculation was carried out with a range of 0 0 05fm and the results were found 

to agree to within 0.1%of the zero-range results. A second computer code 

was written, using an iterative procedure., to obtain the eigenfunctions in a 

Woods-Saxon potential. 	Both codes were written in Fortran II and run on 

the Columbia Jniversity and the Lawrence Radiation Laboratory IBM 7094 

computers. 	 . 

t 	
i 	

. 	17 This was based on a method described n ref. ). 
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The results for the change in r 	which occurs when a neutron 

r is added in various states is shown in Table 1. For the proton wave 

functions a nuclear potential of Woods-Saxon shape was used, i.e.,, 

V(r) = {1 exp[(rr0Ah/3)/}}, with V = 80 MeV, r 0  = 1.2 fm, a= 0.65 fm. 

The Coulomb potential used was that due to a uniformly charged sphere of 

radius r0A 1/ 3 .  For neutrons, r 0  and a were unchanged, with V = 45 

MeV. The spin orbit force was taken to be 39.5 times the Thomas poten- 

tial 18). The neutron-proton force was of the form 

f_n•  +r 
...p 	 / v, r 	

r 

)= EI 	• 	 ( 12) 

VA 

with •V = - 0. 625X 32,5 MeV and p = 1.8 fm 19 ). The four shapes of f which 

were used are shown in fig. 2; 	is the conventional density-independent 

force; f11 has a nuclear-density dependent which is given by 

f(x) = c 1  - c 2  { I - exp[(r-R)/a]} 1 , where R and a are the same as in the 

nuclear potentials 2.0) The values of c 1  and c 2  are 3.6 and - 4. 2 respectively. 

• • In 	c 2  is changed to - 3.6; f 	 has the shape fc 1 + c 2 (r/R)]/c 1 +c 2 ),IV  

with C 1  = I and •c 2  = 0. 5. 

An example of the wave functions used in the calculation of two par-

ticular matrix elements is shown in fig. 3(a). Fig. 3(b) shows why it happens 

that for a conventional (attractive) force, a Ii neutron causes a negative 

matrix element while a 3p neutron causes a positive matrix element. 

Moreover it is easy to see how a force which is repulsive near the centre 

of the nucleus results in a change in the sign of the matrix element for the 

case of the 3peutron. 	 • 	 • 

The nurhbers of neutrons in different shell-model states of Hg are 

plotted against N in fig. 4. The discontinuities in slope of the ground-state 
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curves occur when the ground-state spin changes. 	 . 

Table 2 shows the change in the number of neutrons in each orbital 

which results when the neutron number is changed. These results were 

obtained by using values, of 'U. and V. calculated with a computer pro-

gramme of G. Struble. The pairing force G was taken tobe01'1 MeV 

and the single-particle energies were the same as those used by Kis slinger 

and Sorensen 10 ). 

Using the numbers in Tables '1. and 2 we obtain the isotope shifts 

shown in figs. .4 and 5. 	Fig... 6 shows the.isomer shift. In converting the 

line shifts to changes in nuclear radius, the electron wave functions used 

23 were taken from a relativistic self-consistent calculation of Cohen 22, 	). 

Since this calculation was carried out for a point-charge nucleus, the wave 

functions were multiplied by a correction factor for finite charge distributions 

given by Bodme.i). 

4. Conclusions 

The calculations show that the monopole 'excitations of the proton 

core produce a large change in the radius. Both the conventional' density-

independent force, and the linearly varying force (IV) give the wrong sign 

for the isotope and the isomer shifts. ' The Migdal force (II) and the modified 

Migdal force. (III) give the right sign for the isotope shift but only the former 

will reproduce the positive isomer shift for'197Hg. It is in the 'isomer shift 

that these calculations are expected to be most reliable, since the particle 

number is not changed.. The numbers in Table 2 could also be used to ob- 

tain the shift corresponding to the addition of a pair of neutrons to an even-N 

nucleus. The 'resultant shifts are less than twice the shift due to adding a 

single neutroltwhereas the, experimental ratios are usually greater than two). 
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This indicates that there are non-negligible contributions wh ich have beer' 

ignored here 

Although the whole picture of isotope shifts has not yet been satisfac-

torily explained, these calculations do show how it is possible to achiee an 

A-dependence and do reproduce the puzzling change in the sign of the isomer 

shift which occurs at about A = 95. It is apparent that the monopole cx-

citations contribute significantly to the isotope shift and that they must be 

taken into account in any complete explanation of the phenomenon. 

The author is indebted to Professors G. E. Brown and H. H. Stroke 

for suggesting this, work and for several most helpful discussions. Thanks 

are also due to Professor J. 0. Rssmussen, and Drs. N. K. G1endcnnin 

and G. Struble fdr illuminating discussions on pairing wave functions. 
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Tabiel 

Change in rD2 caused by adding a neutron (in 	
2) 

Statef 

added neutron Force I Force II Force III Force IV 

0.025 1113/2  0 O5 0.050, 0 028 

3/2 -0.131 0.18 o.o45 0.096 

2f5 12  -o.o8 0.103 o.o6 -o.o6 

-0 127 0 127 0 O3 -0 O9 



C'i 0 

0) 
01 
0 
-P 
0 
to 

•H 

4) 
C 

H 
0 
to 
(() 

0 

Cii 
-Q 

U) 
Cl) 
Cd 

Gl\ .+ C') () 0 
H  

6.66 

g 0) 0) 0) 0) 

4.) Ct) çr c (f\ 

Ci) 0. 
Zco 

C') 
Ct) 

CO 	 C 
H 	0 

4) 

0 
Ii) 

C'-) 	C 

lf\ 
0 

C') 
Cl.,  
p-I 

H 
(-3 

lD 
C 

C\J -H 
-S 

cr3 

0) 	ro 
--S 

(0 	'0 
H 

Co 
0 
Cd 
C-) 

0) 

H 	H 
H 
Ii) 
'C 

0) 	QD 

CC' 
H 

4) 
C 
(D 

0) 
Ii) 

-1 

C') 
-S.- 
(0 	0 
H 

C 
0 

4) 
C') 	cr3 

S.-. 
H 

V 
C) 
0 

C') 

tD 

S.- 

H 
(V 

. 0)  
---.5- 	'C 

Ci) 

(-3 

C-) 

Cd 
00 

001 	'C 
oto 

o 1 0 H N- 0) 

(\J 	• 
0 0 H 0 

CD I n 0 Co 0) 
ON 	CC' cOcO 	0 

6666 

'.0 	HI 	co 	0 	C') 
0\ 	N-. 110 	\0 	0 

' 	6 6 	 6 

CO 
co 

'0 0 * .-d-  tf\ CO 
0) (1) ON  

0' 
0 H 0 0 0 
cd -P 
C-) C 

((3 
to -P  

r- 0\ 0 0 ( 
H 0 
C-) . H 0 0 0 C 

- 0). 

'C 
z -  H H 

C'J to 0 N- IC\ CO N- C 
(Y 

(1) -P H 0 0 0 C H 0. o 
'C 0) 'C 
Cd P. 

.C'i C') O' r 
C H 0 0 C 

0'\. 
(I) H 0 0 0 C 
(1) 

CH 
o * 0' ( '.0 

tr. 0 '.0 $- .0 o ON 
o H 0 0 0 C 
-H 
-P 
Cd 

(f\ H 0 0 0 
0. 0' * 
O H 0 0 0 C 
0 I I 

110 0 .0 
C N- H H C 

Ci) 0\ • 
• w 0 0 0 C 

C 
Cd 
'C U\ tf\ 0\ 

0) H 0 0 0 0 
cj 

-1 
C H 

' 0 0) C.l IN IN 
-M Cd  

H 
0)0 

to 

15 

UCRL- 16732 



UCRL- 16 732 

Figure Captions 

Fig I Diagrammatic representation of the matrix elements in eq (7) 

Fig. 2. Shapes of density-dependent factor in eq. (12). 

Fig. 3. (a) shows four of the shell-model wave functions used in the cal-

culation of the matrix elements of V. From the top downwards 

they are: 
I 

R 	 and R 	 for protons and Rj, and 	for neutrons. 

(b) shows the functions R)R(4)2/r2 and R)R)(R)2/r2, 

which are the corresponding integrands for the matrix elements of 

V in the case of a zero-range neutron-proton force. 

Fig. 4. The numbers of particles, n. in the j = 13/2, j = 3/2, j 5/2 

and j = 1/2 subshells:for different Hg isotopes. 

Fig, 5. Curves showing theoretical isotope shifts for odd Hg isotopes, 

both for the case of a conventional force (f 1 ) and for a density-

dependent-dependent neutron-proton force (f 11 ). The isomeric 

• states have spin 13/2 and the .spins of the ground states are given 

in Table 2. The experimental pOints are from ref. 

• 	Fig. 6. Theoretical isotope shifts calculated using density-dependent 

factors f111  and 

Fig. 7. Isomer shifts for odd Hg isotopes. The crosses represent exper-

imental values taken from ref. 
1) 

 The full circles are values 

2.1 
from ref. 	). 
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