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LIMITING BEHAVIOR OF EXTREMA OF CERTAIN CONDITIONAL
SAMPLE FUNCTIONS

ZHENWEI ZHOU AND PRANAB K. SEN

ABSTRACT. Let (X1,Y1),(X2,Y2),...,(X»,Yn) be independent identically distributed as
(X,Y) (X € RY and Y € RY). Given Y = y, X has the conditional distribution G(z|y)
(unknown). We investigate the behavior of the extrema of sample functions of the form
U (z,Gnr(z|y)), where G,r(x|y) is the k nearest neighbor (k-NN) estimator of G(z|y). Specifi-
cally, we first study the properties of a multiparameter process W,, = k'/%(Gnx (z|y) — G(z|y)),
(z,y) € RT x C, where C is a compact set in R?. Then under some regular conditions
we show that there exists a Gaussian process W(.), such that {k'/?(sup, ¥(z, G.x(z|y)) —
sup, ¥(z,G(zly))), ;y € C} convergences weakly to W. The above problem is motivated by
the study of the strength of a bundle of parallel filaments in reliability theory when there are

concomitant variates.

1. INTRODUCTION

In reliability theory, there is a considerable literature on the statistical theory of the strength
of a bundle of n parallel filaments or fibres. Suppose that a bundle is clamped at each end
and elongated by increasing the distance between the clamps, the problem is to determine the
probabilistic characteristic of the maximum tensile load that the bundle will sustain in terms
of the probabilistic and mechanical characteristics of the individual fibre and the clamping

mechanism.

Let X1 < --- < X,,;, be the n ordered values of Xy,---, X,,, representing the strengths (non-
negative random variables) of individual filaments in a bundle of n parallel filaments of equal
length. If we assume that the force of a fre e load on the bundle is distributed equally on each
filament and the strength of an individual filament is independent of the number of filaments
in a bundle, then the minimum load B,, beyond which all the filaments of the bundle give away

is defined to be the strength of the bundle.

1991 Mathematics Subject Classification. Primary 62E20, 62G20; secondary 62G05 62N99 .
Key words and phrases. bundle strength of filaments; conditional distribution; conditional sample function;

gaussian process; conditional multiparameter process; shrinking neighborhood; extrema.
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2 ZHENWEI ZHOU AND PRANAB K. SEN

If a bundle breaks under a load L, then the inequalities nX,;; < L,(n—1)X,o < L,--- , X,,, <L
are simultaneously satisfied. Consequently, the bundle strength can be represented as: B, =
max{nX,1, (n — 1)Xp2, -+, Xun} Note that if Fn(T) is the empirical distribution function for
X1, , Xy, then B =n"'B, = sup,5z[l — E,(z)] (see Sue et al.(1970)). The above formu-
lation of By, is due to Daniels (1945) w ho investigated the probability distribution of B} (By)
and established its asymptotic normality by very elaborate and complicated analysis. Later
on, Sen et al.(1973), Phoenix and Taylor (1973), Smith (1982),Daniels (1985, 1989), and oth
ers studied some extensions of Daniels’ model. We will propose another model by allowing
some mechanism variations and investigate its probabilistic properties. Specifically, since the
strength of a bundle of fibres depends on the materials, the individu al length, diameter and
so on, it is natural to take these kind of variations into account. Let (X1,Y7), -+, (X,,Y,) be
independently distributed as (X,Y) € RP*!, where X € R, Y € RP,and X; (i = 1,--- ,n)
represents the strength of the i-th fibre, Y; represents the corresponding individual variations.
Instead of F),(z), we will use the conditional empirical distribution Gy, (z|Y)—the estimator of
conditional distributi on G(z|Y), and want to study the behavior of the functionals of the form
O(y) = sup ¥(z,G(zly)), y € C (compact) C RY.
z€RT

Obviously A(y) has a natural estimator

en(y) = SuprU\II(Iu Gn(I‘Y))a y € Ca (11)

where G, (z|y) is a estimator of conditional distribution G(zly).
Remark: if ¥(z,z) = x(1 — 2) and F,(z|Y) is replaced by F,(z), then (1.1) has the form

sup, o7 (1 — F,(x)) which is the same as B.

We will explore the behavior of stochastic process

Va(y) = kY 0a(y) — 0(y)],

for y belonging to some neighborhood of Yg € C where k,, tending to infinity, is a constant
sequence. The study of V,,(y), in turn, may require to investigate the properties of the multi-

dimensional parameter conditional empirical process

Wa(2,y) = ky/*[Gug, (x]y) — G(zly)], (,y) € RY x C,

The next section deals with the empirical process. First we define the estimator G, (z|y) of
G(z|y) by the nearest neighbor method. If, say, k, observations are used in estimating G(z|y),
and k, = [n*/5t], 0 < a <t < b < oo, then in section 2.1 we show that (in one dimensional
case) for fixed y, W),(z,y) converges weakly to a Gaussian process jointly in = and ¢ as its

parameters. In section 2.2 we show that when y varies in a neighborhood of a fixed point yyq,
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process W,,(z,y) converges weakly to a Gaussian process in y (as its parameter). The behavior
of process V,(y) , as y varies in a neighborhood of a fixed point yq is investigated in section
3. Under some conditions such defined V,,(y) converges weakly to a Gaussian process too. All

the proofs are given in section 4.

2. ASsYMPTOTIC PROPERTIES OF THE CONDITIONAL EMPIRICAL PROCESS.

In this section we mainly investigate the properties of the stochastic process
Wa(x,y) = ki (G, (z]y) = G(aly)], (2,y) € RT x C.

First we define the estimator G, (z]y) of G(x|y) by the nearest neighbor method.

Suppose we have a collection of observations {(X;,Y;),7 > 1} which are independent identically
distributed as (X,Y) ( X € R' representing the strengths and Y C RY representing the
corresponding variations). Given Y =y, we set Z;, = ||Y; —y| i = 1,---,n, where |||
is a norm on RY (e.g., Euclidean) so that we have the usual topology. Therefore, we have
the data transform: (X;,Y;) — (X;,Z;),i = 1,---,n. Let 0 < Zyy < Zpo < -+ < Zp, be
the order statistics corresponding to 21, Zs,--- , Z,, and let X,;1, X;,0,--- , X;,, be the induced

order statistics, i.e.
Xni = X] Zf Zni = Z]a f()’F 217 = ]-a y 0.

For every positive integer k,(< n), the k, nearest neighbor (k-NN) empirical distribution

estimator of G(z]y) is defined by

kn
Gk, (z]y) = k! ZI(Xm- <), xR,

i=1
where I(A) stands for the indicator function of the set A.
Remarks: (1) The induced order statistics X1, Xp9, -+, Xpp are not i.i.d. (however, they are
conditionally independent as stated in the proposition 1). This brings some difficulties in the
study of related statistics.
(2) For any two distinct points y; and ys, the number of observations &, (y;) (i = 1,2) being
used to estimate G(x|y;) (i = 1,2) are small compared to n ( since usually k,,/n — 0);
(3) As n increases, the intersection of the induced order statistics sets for these two neighbors
becomes asymptotically a null set (by Bahadur theorem), thus the two estimators Gx(x|y1)

and G (z|y2) are asymptotically independent.
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The induced order statistics have many nice properties. For our purpose we state one of them
which is due to Bhattacharya (1974). Let G*(:|z) be the conditional distribution of X given
Z = z, then

Proposition 1. For every mn, the induced order statistics Xp1,Xpo, -+, Xnn
are  conditionally independent given Zy,Zs, - ,Z, with conditional distributions
G*(:1Zn1), G*(-|Zn2), -+, G*(-|Zpp) T espectively.

In the following, for the sake of simplicity, we only consider the situation where y is on the
(positive) real line.

2.1 AN AsymMPTOTIC PROPERTY OF THE CONDITIONAL EMPIRICAL PROCESS. Let k, =
/%], 0 < a <t <b< oo, and

Wa(t,,y) = ky/* (G, (2ly) — G(z]y)).

Note that for any fixed two points y; and ys, the processes Wy, (¢, z,y1) and W, (¢, x,y92) are
asymptotically independent. This leads us to first consider the case when y is fixed. In this
case it is expected that the process W, (¢, z,y) possesses some usual properties as the ordinary
empirical process has, namely, as k,, tends infinity, under proper conditions W, (¢, z, y) converges

weakly to a Gaussian process. We show that indeed this is the case.

For the random vector (X,Y), let f(y) denote the marginal density function (pdf) of Y, and
g(-|y) the conditional pdf of X given Y = y with corresponding conditional distribution function
(cdf) G(-|ly). For any fixed point yp € C (compact set) it is assumed that:

[A1: ] (a)

f(yo) > 0. (2.1)

(b) f"(y) exists in a neighborhood of y;, and there exist € > 0 and a constant A* < oo
such that |y — yo| < € implies

() = £ (o)l < A%ly — yol- (2.2)

[A2: ] (a) g(-yo) > 0.
(b) The partial derivatives gy, (z|y) of g(z|y) and Gyy(x|y) of G(x|y) exist in a neighbor-
hood of yy, and there exist ¢ > 0 and Lebesgue measurable functions uj(z), u3(x) and

u3(z) such that for |y — yo| <€,

gy (2ly)| < ui(z), |9yy (2]y)| < u5(z),

9yy (zly) — gyy(zlyo)| < u3(z)|y — yol. (2.3)
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Remarks: (1) Recall that Z; = |Y; — yo|, let Fz(2), z > 0, be the marginal distribution of Z;.
Then Fz(z) has a density function

fz(2) = f(yo +2) + f(yo — 2), 2> 0. (2.4)

Thus, from (2.1) and (2.2), we conclude that [A1] holds for f too.
(2) Let G*(z|z) and ¢g*(x|z) be the conditional distribution function and conditional density

function of X given Z = z, respectively, then

G*(2l2) = {f(yo+2)Galyo +2) + Flyo — 2)Glalyo — 2)}/2(2), (2.5)
g'(@lz) = {0+ 2)glalyo +2) + Flyo — Dglaiyo — 2)}/F2(2). (2.6)

(3) Note that G*(z]|0) = G(z) and ¢*(z|0) = g(z|yo). For notational simplicity, from now on
G(z|yo) and g(z|yo) will be denoted by G(z) and g(x), respectively.

Theorem 1. Under the above conditions, at any fized point yo,

{Wn(t,z,yp), t x x € [a,b] X [0,1], 0 <a <b< oo}

B AW (t,z,y0), t x 7 € [a,0] x [0,1], 0 < a<b< oo},

where W (t,x,y0) is a Gaussian process with mean B(z,y0)t>? and covariance
EW (t1, z1,y0)W (t2, 22, yo)

= (t2/t1) " {G(ar]yo) — G(x1]yo)G(walyo)} + Bla1,yo)B(w2, yo)(tita)™?, for t1 < ty, and
x1 < @9, where B(x,y0) = 51{Gyy(|y0) f (Yo) + 2 (y0) Gy(@|yo) }/ f*(yo)-

Remark: This theorem remains true if (2.2) and (2.3) are replaced, respectively, by existing an

a > 0 such that

") — (o)l < A'ly — yol®, (2.7)
|9yy (2y) — gyy(zlyo)| < uz(z)ly — yol”. (2.8)

The proof of the theorem is given in section 4.

2.2 LocAL ASYMPTOTIC BEHAVIOR OF THE CONDITIONAL EMPIRICAL PROCESS. It is known
that for distinct two points y; and ys the processes W, (¢, z,y1) and W, (¢, z,y2) are asymp-
totically independent and each converges to its corresponding Gaussian processes. However,
when y; and yy are “close” enough (in a shrinking neighborhood of a fixed point), these two
processes (W, (t,x,y1) and W, (¢, x,y2)) may have some dependence structure. In fact, let
Li(yo) = {y : |y — vo| < n 'k,C} be such a shrinking neighborhood of 1o, where C' satisfies
Cf(yo) <1, and f(y) is the marginal density of random variable Y. For any two points y, and
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yr, belonging to I,,(yo), let k(yn,y,) be the number of elements in common between this two

neighbor sets defined as before. Consider the intersection set I, (yn,y,) :

[n — (20 f (0)) ™ Kns g + (20 f (40)) ™ kin] 0 [yr, — (20 (90)) ™ o 1y + (200 (0)) ™" K]
(2.9)

Let 1,,(yn,y;,) be the length of this intersection set, and k(y,,, y,,) be the number of observations

in common, then by the Bahadur (1966) representation, we may claim that

nilk(yn,y;) — f(Wo)ln(Yn, yn) = o(nflkn) a.s., asmn — oo.

As such, we may reach the conclusion that the number of common observations used in esti-

mating G, (2|yn) and G, (x|y),) asymptotically is

nf (Y0)ln (Yn: Yn) [ kn.- (2.10)

Proposition 2. Let y, = yo +n 'kns1, ¥, = yo + n Ykysa, 51,52 € [-C/2,0/2] and s1 < so.
Then

nf (40)ln (Yns Yp) [kn — [51f(y0) — 1/2,51f(yo) +1/2] O [s2f (yo) — 1/2,52f (yo) + 1/2], 51 < s2.

Proof: note that here k,, = [n4/5t], plug yn, = yo +n 'kns1, yl, = yo +n 'kysy into (2.9) which
gives I, (yn, y),). Simple calculation shows that (2.10) is nothing but

[s1f(yo) — 1/2,81f(yo) +1/2] N [saf(yo) — 1/2,s2f(yo) +1/2].

Since when y,, and y,, belong to a shrinking neighborhood of a fixed point yg, it has such a
interesting dependence structure between W, (¢, z,y,) and W, (¢, z,y),), it leads us to further
investigate the properties of the stochastic process Wy, (¢, x,y) when y varying in some shrinking

neighborhood of a fixed point yq.

Let

W2(s) = Wy(t,z(s),yo +n kns), s € [-C/2,C/2],
where z(s) is defined in a way that for any given 0 < p < 1, G(z(s)|yo +n 'kpns) = p. Namely,
for any fixed p 2(s) = 2,(s) = [G(-lyo + n~ 'kns)] " (p). Then, we have

Theorem 2. Suppose [A1], [A2] hold, then
{Wi(s),s € [-C/2,C2} B W (s),s € [-C/2,C/2]},
where WO(s) is a Gaussian process with mean B(z,yo)t"’? and covariance (s; < s9)

EWO(s1)W0(s9) = I(G(z) — G*(x|yo)) + B%(x,y0)t?, where | =1 — f(yo)(s2 — s1)-

Remarks: This theorem also remains true if the conditions (2.2) and (2.3) are replaced by (2.7)
and (2.8).
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3. LIMITING BEHAVIOR OF THE CONDITIONAL SAMPLE FUNCTIONS

In this section, we will study the properties of

V() = k/*[ sup W(Xoi, G, (Xnily)) — sup ¥z, G(z[y))].

1<i<kn P
Notice that for distinct two points y; and yo (fixed) V,,(y1) and V,,(y2) are asymptotically
independent since the data set involved in estimating G(z|y;) and G(z|y2) are asymptotically
disjoint. Therefore, it is expected that at each fixed point, say yg, under some conditions V,, (yo)
converges to a normal random variable. However, when y varies in a shrinking neighborhood of
the fixed point yo € [—C/2, /2], as we saw in the previous section that for such y’s, G, (z|y)
has some dependence structure, it is not surprise that for those y’s, V,,(y) also has that kind
of structure. More precisely, we reach the conclusion that under some conditions V;,(y) does
converge to a Gaussian process as y varying in the shrinking neighborhood of a fixed point
yo. Explicitly, for y = yo + n 'k,s, where s € [~C/2,0/2] and C satisfies Cf(yo) < 1,
we show that under suitable ¢ onditions, V,,(y) is uniformly in probability proportional to
k}/Q(Gnk(xO(y)\y) — G(2°(y)|y)), where 2°(y) is the point at which W(xz, G(z|y)) reaching its
maximum.

Let

G'(a]s) = Glalyo + 0" 'kns),  h(z,y) = U(z, G(z]y)),

ho(y) = sup W(z,G(zly)),  hn(z,y) = U(z, Gu, (x]y)).
x
The following conditions are assumed:

[B1: | For each y, h(z,y) reaches its maximum h°(y) at a unique point z%(y), and 0 <
inf, h°(y) < sup, h’(y) < oo, for y € I, (yo).

[B2: | The conditional density function g*(z|y) is greater or equal some constant, i.e.
g*(z|y) > ¢ > 0 for y in the neighborhood of y.

[B3: | The partial derivatives of ¥(-,-) exist and continuous. Further, it is assumed that
there exist positive finite constant ¢;,m;(> 1),i = 1,2, independent of y such that for all

x|z —2%(y)| < p(> 0) and uniformly in y

z— 2 (y)[™ < h(z,y) < bz (y),y) — calz — 2 (y)|™ (3.1)

h(z"(y).y) — a1

holds, where p may be taken small. In order to avoid confusion, let Wyg(-,-) and Wgq (-, ")
denote the partial derivatives of U(-, ) w.r.t. its first and second variable, respectively.

Further, it is assumed that
(a) if €(y) = Por (2" (y), G(z°(y)]y)), then 0 < infy E(y) < sup, E(y) < oo
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(b) for all y, o (z,y)| < 7(z), where 7(z) is continuous and 72 (x) is uniformly integrable
w.r.t. G*(z|y), namely

sup/ 72(2)dG* (z|y) — 0 as t — oo uniformly in y. (3.2)
y Jm(z)>t

[B4: | To avoid the possibility of having another local maximum of h(z,y) to be arbitrary
close to h°(y), we impose the following separability condition, i.e. if h!(y) be the second

largest local maximum of h(z,y), then
irylf[ho(y) —hl(y)] > h* > 0. (3.3)
Remark: if h(x,y) has a continuous second derivative (w.r.t. ) which is negative and uniformly

bounded away from 0, and bounded below in the interval [2°(y) — p, 2°(y) + p], then (3.1) holds

with my; = m9g = 2.
Then, the main theorem is the following:

Theorem 3. under the conditions [A1], [A2], [B1] up to [B4], Vi (y) is uniformly (in y €
I,(yo)) in probability proportional to k}L/Q(Gnkn(xo(y)\y) — G2 (y)|y)), namely

Valy) = ki/Q[KS;g; U (Xnis G, (Xnaly)) = sup ¥ (. G(zly))]
= E(o)kn X (G, (z°(y)]y) — G (y)|y)) + 0p(1) (3.4)

where ¥ is the point at which U(x,G(z|y)) reaching its unique mazimum, and &(yg) =
Wo1(2°(y0), G (2° (y0)|y0))-

The above theorem has some obvious but important consequences. One is at any fixed point ,
say, 40, Va(yo) tends to a normal random variable as n tending to infinity; another fact is that
when y varying in a shrinking neighborhood of yg, V,,(y) converges to a Gaussian process. We

state these facts as corollaries:

Corollary 1. Under the same conditions as those in theorem 3, at any given point yo, Vi (yo)

18 asymptotically normal.

Corollary 2. under the conditions of theorem 3, when y varying in a shrinking neighborhood
of yo, i-e. y =yo +n ‘kys, s € [=C/2,0/2] and C satisfies Cf(yo) < 1, V,,(y) converges to a

Gaussian process.

4. PROOFS

4.1 PRELIMINARY RESULTS (all equalities and inequalities below hold a.s. without specifica-

tion):
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Lemma 1. Let k = [n*t] for some A\ (0 < X< 1) andt (0 <a <t <b< oo). Assumption [A1]
holds. Then (a) for every A such that Af(yo) > b > a > 0, there exists an ny < oo such that

Pl Z ) > An” "] < exp[—2n TP (AS (yo) — b)°], Yn > ng.

(b) If Upy < Upa < -+ < Upyp denote the order statistics in a random sample Uy, Us, - .U, of

size n from uniform distribution [0, 1], then for A > b there exists an ng(< oo) such that
PlUp ) > An~ A <exp[-2n "2 (A — b)?], Vn > ny.

Hence, Uy, n0 and Z,, 4,0 are stochastically O(n=1+).

For the proof of this lemma, we may refer to Bhattacharya and Mack (1987).

Lemma 2. Let k = [n*/%1] (0 <a <b<oo). Suppose that the assumption [A1] holds, then

Z i = {121%(yo)} ' (k/n)* + Ry, where (4.1)
_ —3/5
o |Rnk| = O(n="77) (4.2)

A similar result was proved by Bhattachy and Gangopadhyay (1990) under a little stronger

conditions. However, the result still is true under [A1] by the similar proof.

Note that if k; = [n4/5t1] and ky = [n4/5t2] (0<a<t; <ty <b< ), then by (4.1) and (4.2)

we have

”22 ka”QZ = {12/%(y0)} (ka/n)2ky"” — (k1 /0)%ky"*] + Rt

— {12f2(o)} 157 - 47, (4.3)

where max;, 4755 [Rii| = O(n /7).
Lemma 3. Under conditions[A1] and [A2], the following ezpansions hold for the conditional
pdf g* (2|2) and the conditional cdf G*(z|z) :

g (al2) = g(z)+ (1/2)q(x)2” +r(z,2)2°, (4.4)

G*(xl2) = G(z)+(1/2)Q(z)2" + R(x, 2)2°, (4.5)
where

9(z) = g(zly),  G(z) = G(z|yo),
q(x) = gyy(@[yo) + 21 (yo)gy(2lyo)/f(yo),  Q(x) = Gyy(zlyo) + 2 (y0)Gy(=|y0)/ f (vo),

and there exist € > 0 and M < oo such that |q(z)|, |Q(x)|, |r(z, 2)| and |R(x, z)| are all bounded
by M for 0 < z < e.
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For the proof, we refer to Bhattacharya and Gangopadhyay (1990). 4.2 PROOF OF THEOREM 1:
First, the normality of W, (¢, z.yo) : Let k,; = [n4/5tj], j=1,2,--- ,m, from Wald theorem,
it is equivalent to show that VA € R™ arbitrary but fixed, 327" A\jWy(t, 75, y0) tends to a
normal random variable as n(ky) tending to oco. Without loss of generality, we assume that

t1 <ty <--- <ty Rewrite Z;":l ANiWh(tj, xj,90) into

kn1 m
ZZ I{Xm<rc]}_ () + Z ZA K I{Xm<:c]} G(xj) +---
i=1j=1 i=kn141 j=2
kn(m—1) knm
+ ) Z Mkt P Tixnicayy — G+ Y Akl 2(Ix, <o) — Glam)
i=k(m—2)+1j=m—2 i=k(m—1)+1
knm
= Z Vi, where
i=1

Z;‘nzl )‘jk;jl/Q(I{Xmﬁxj} - G(T]))a for 1 <i < kny,
71/2(I{Xni§a:j} — G(I])), for k1 +1 <10 < kyo,

Akt (Ix <y — G(@m)),s for Kpgm 1) + 1< i < k.

Observe that V,,; are (conditionally) independent random variables. Using lemma 1 ( k;leTQn =

O(n=9/5)) and lemma 3, it can be showed that for kn;, +1 < i < Enhg1)y, 1 < h <m —2
(kno = 0),

= Y ik )G (g) - G (a))]

j=h

+ Z )\])\l kn]knl I/Q[G(min(mjaml)) *G(TJ)G(Tl)] +O(n76/5)a
j#£l=h

.

and for ky,(;,—1) + 1 < i < kym,

o2 (Vii) = N2k, L (G() — GH (). (4.6)
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Therefore,

knm

sim = Z (Vi)

i=1
— h Z Nt G (g) — G2 ()] + t Y NNiltyt) PG min(eg, 2) — G(z,)G ()]
=1
+ (to — t1){ Z/\2t h — G*(x)]

+ Z Aai(tit) (G (min (g, 21)) — G(a5) G}
#1=2
+ o (b = ) 0Nt (G(ag) — GP () > 0.

Note that for all 1 < i < kpm, EVpi = O(n=4%). Ve > 0

k’er
ZE — BVai) IV, BV, >esm)]
nm l 1
k
1 TnIm
s a2 ZE[(Vm EVy,;) I{Z;n:l NillLgx, <oy~ G (21 Zni) | >k es00m }
=1

since for all i, Y7y [Nj[[T{x,.<a;) — G* (25| Zni)] < 2501 [Aj], but ki’ sum — oc. Thus, the
Lindeberg condition is satisfied, and it means that >>7"; ;W (5, z;, yg) — Normal.

Next, we prove that Wy, (¢t,z,yo) (t X € [a,b] x (0,1)) is tight. Let T" = {ﬁ,[kzna] <1<
[knb]} x [0,1]}, then, T, is dense in [a, b] x [0, 1]. Define
Wit2) = kY [Guk(zlyo) — G(@)] — ky)) [Gon(ly0) — G()]

= Wn(tamayO) - Wn(tﬂamay())a
where ty = a, ko, = [n4/5a]. Thus, W (t, z) vanishes along its lower boundary a x [0, 1] U [a, b] x
{0} and its increment over block B = (t1,t2] X (a1, as] is

Wi(B) = [Wy(ts, a2) — Wy(te, a1)] — [Wi(t1, a2) — Wyt a1)]
= [Wal(t2,a2,y0) — Wnl(ta, a1, y0)] — [Wa(t1, a2, y0) — Wa(ti, a1, 90)],

which is the same as that of W, (¢, z,yo) over the block B. Likewise, for the neighboring blocks

C = (t1,t2] x (ag,a3] and D = (tg,t3] x (a1, as], the corresponding increments can be similary
obtained. Let

Uni(z) = I{x,, <2y — G(2),
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for By = (a1, ag], define
Uni(B2) = Upi(az) — Uni(a1) = I{q, < x,i<as} — G(Ba),

where G(Bg) = G(a2) — G(ay). Similarly we define Up,;(Cs) for block Cy = (ag,as]. It’s easy to
show that

EU2(By) < G(By)+ O(n=2/%), (4.7)
BUZ,(By)Upi(Cy) < G(B3)G(Co) + O(n~2/%), (4.8)
EUY(By)Upi(Cy) < G(By)G(Cy) + O(n*/?). (4.9)
Define
kn
Wy (t,x) = n2/5 Z(I{Xméx} —G(x)), t Xz € [a,b] x [0,1].

If W)*(t, x) is tight on [a, b] x [0,1], so is W (t,z) (the reason we define W)*(t,z) is to simplify
the calculation below, such defined W, *(¢, z) has a nice representation by Uy;(-), but W} (t, z)
does not). Note that

Wy (B) = [W**(t2»02) — Wik (ta, a1)] = Wi (t1, a2) — Wit (ty, a1)]
= 72/5 Z Um B2
i=kn1+1

here k,; = [n4/5tj], j=1,2,3, and B, By as before. Similarly

kn? kn3
WrH(C) =n " N Uni(Cy), WD) =n"%" 3 Upni(Bs).
1=kn1+1 1=kno+1
Thus (by noting (4.7))
E[W;*(B)W,* (D)
knz knB
= 0 *PE{[ Y UuB)P[ Y. Unil(By)]} (4.10)
1=kn1+1 i=Kkno+1
< —8/5E{ o — k1) Z n3 — kn2) Z (4.11)
1=kn1+1 1=kno+1
< 16[(ts — t1)G(B2)][(t3 — t2)G(Ba)] + O(n~2/%) (4.12)

Note that from (4.10) to (4.11), we used the following inequality: for any real numbers
T1,T9, Tk, (Zle 7;)? < kZ ', x2. From (4.11) to (4.12) we used the property that for
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kni+1 <@ < ky2, Up; (X,,;) are (conditionally) independent of Uy,; (Xy,;) for kpo +1 < 5 < kp3.

E{(W;*(B )]Q[W**(C)]Q} (4.13)
kna
_ 78/5E{ Z Z U2(Cy) + Z
i=kn1+1 i=kn1+1 i=kn1+1
kno krno kno
XY Uni(C)Uni(Co) + > UZ(CY) > Uni(B2)Upnj(Bs)
kAl=kn1+1 i=kn1+1 i#j=kn1+1

+ > Uni(B2)Unj(Ba) Y. Uni(Co)Uni(C2)}
i#j=kn1+1 k=K +1

= L+1L+ 15+ 14
By virtue of (4.7), (4.8) and (4.9),

I, < n78/5[(kn2*knl)maXEUnQi(BQ)UnQi(OQ)

+(kn2 — kn1) (kn2 — kn1 — 1) max EU2,(By) max EU,%].(@)

IN

4[(ts — )G (B)][(t2 — t1)G(Ca)] + O(n~/?)
kn? kn?
I, = n78/5E[ Z UTQLZ(BQ) Z Unj(CQ)Unl(CQ)
i=kn1+1 j=itl—kn1+1
kn?

kno
+ Y UN(B) Y. Uni(Ca)Un(Ch)]

i=kn1+1 jAiIAI=kp 141
n78/5(kn2 - knl)(an - knl - 1)G(B2)G(02)
+ (1/4)n 78" (kpg — kp1) (kna — kny — 1) (kna — kn1 — 2)G(Bs)(max Z2,)? + O(n~2/%)

= [(t2 — t1)G(B)][(t2 — t1)G(C2)] + Ar(t2 — t1)(t2 — t1)G(B2)Q*(C2) + O(n /),

IN

where A; is a constant associated with lemma 1 and Q?(Cs) = (Q(a3) — Q(az))?. Likewise

Iy < [(t2 — t1)G(B))[(t2 — t1)G(Ca)] + Az(ta — t1)(t2 — t1)G(C2)Q*(Ba) + O(n~'/?),
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and
knz kn2
L] = [n*PE Y Uni(B2)Unj(B2) Y. Uni(Ca)Un(Co)}
i j=kn1+1 k=it l—kn1+1

an
+ > Uni(B2)Unj(B2)Unk(C2) Ui (C2)|
i#i kA k 1

< (1/A)n P (kg — k1) (kna — k1 — 1) (kn2 — n1 — 2)
xG(B2)G(C1)|Q(B2)Q(Cy)|(Azn 5 + O(n ™))
+ 1Y (kg = k1) (kn2 — Kt — 1) (Bn2 — kit — 2) (kna — k1 — 3)
xQ*(B2)Q”(Ca)|(A3n ¥/ + O(n /7))

< Alf(t2 — 1) G(Bo)][(t2 — 11)G(Ch)]

+ A3[(t2 — )G (Bo)][(t2 — 11)G(C)|Q*(B2)Q*(C) + O(n %),

where Ay, A5, A%, A%, Af are constants. From condition [A2], we know both |Q(B2)| = |Q(az2) —
Q(a1)] and |Q(Cy)| = |Q(a3) — Q(az)| are bounded. Now for B* = (x1,x9] € [0,1], define

u(5) = 65 an) + [ lgol) + 2L, ol

It is easy to prove that u(B*) (its extension) is a finite measure on [0, 1]. By noting the boundness

of |Q(B2)|(|Q(C2)|) we conclude that there exists a constant A such that

1| < A[(ta — t1)p(B2)][(ta — t1)p(Co)], j =1,2,3,4.

According to Bickel and Wichura (1971) W*(¢, x) is tight, so is W (¢, z).
Note that the process W, (a,z,yp) is also tight. It can be seen easily from the calculation of

Billingsley type inequality: for 0 < z1 < 2 < 29

E[Wn(auajuyO) - Wn(a7xluyO)]Q[Wn(aﬂwQuyO) - Wn(a7x7y0)]2
knu. kna

= kﬁfE(Z Una((mlam]))2(2 Una((z, 2]))

which is the special case of (4.13). Therefore W, (¢, z,yg) is tight. The calculation for the

covariance structure is straight forward. The proof of theorem 1 is complete.

If (2.2) and (2.3) are replaced by (2.7) and (2.8), after carefully checking the proofs, one can
see that they go through without any difficulty.



LIMITING BEHAVIOR OF EXTREMA OF CERTAIN CONDITIONAL SAMPLE FUNCTIONS 15

PROOF OF THEOREM 2: In this subsection, for the notation simplicity, let

Gle(s)s) = Gla(s)lyo +n”kns),

éyy(m(sﬂs) + 2C~¥y(m(s)\s)f'(y0 +n " kns)/ fyo + " kns).

‘e
—_
=
VA
=
Il

Expand G (z(s)|s), Q(x(s)), it is easy to see that
Gla(s)ls) = G(0)) +O0m3), Qa(s)) = Q(0) + O~ /%),

where z(s) = z,(yo + 1 'kns) = [G(-|lyo + n~ "kns)] "' (p), for any given p € [0,1] (p may be
taken as G(z(0)|yo)). Then, z(s) — z(0) = O(n*%).

For the normality of W?(s), we need to show that for any A = (A1, g, -+, A) € R™ arbitrary
but fixed and s1,52, -+, 8m, 2y NjW2(s;) = Normal. For notation simplicity, we give the
proof of the two dimensional case. The higher dimensional situation can be proved by the same
routine. VA € R? arbitrary but fixed and s1 < s9, rewrite Ay W0 (s1) + AaW(s9) as

A1k;1/2 Z (I{XZ}S:C(Sl)} — é(fc(sl)\sl))
{i=1,-- ,kn}\{common}

+Mk, Y (Ixo1 <a(sryy — G(z(s1)ls1))

+hok, 2N (ixo2<a(sn)) — G(x(s2)]52))]
+>\2k;1/2 Z (I{ijgx(sz)} — é(m(32)|32))

{j=1,--- ,kn}\{common}
=Ins + In,ﬁ + In,?a

where XZ’Z (j = 1,2) are the induced order statistics with respect to yo +n~ ks,

First, observe that I, 5,1y, 7 are (conditionally) independent. Therefore, if we can prove
that each of the above terms tends to a normal random variable respectively, then Ay W0 (s1) +

MaW0(s9) also tends to a normal random variable.

Suppose there are k!, terms in common, then according to proposition 2,

Ky [kn —1=1— f(yo)(s2 — s1).
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We assume that 0 < < 1/2 (the proofs for 1/2 <[ < 1 are exactly the same), then

EIn,5 = (1/2)>\1k771/2Q*(I(51),51) Z (22;)24‘0(7172/5)
{i=1,-- ,kn}\{common}
kn —2k;, kn—2k!,
= (1/2Mk, Q) + O N X (2 + (1) Y (23]
=1 i=kn—2Kk!,

+0(n /%)
= (1/HMk, ' 2Q(x(0)) /(1212 (yo)){ (kn — 2k),)[(kn — 2K7,) /n)?
+ (1/2) (n (K /1) = (kn — 2k3,)[(kn — 2Kk3,) /)*)} + O(n /%)
= MQ(z(0))/(48f (yo))t*[(1 - 21)* + 1] (4.14)

E[Alkglﬂ(l{}(i}gz(sl)} — G(a}(sl)\sl))]Q = )\%kTII(G(a}(O)) _ G2(I(0)) + (’)(nil/r’))_

1\~Iote that E[Alk;I/Q(I{X,ﬂgx(sl)}*é(m(sl)\sl))] — O(n*/), we have JQ(Alkﬁl/Q(I{XZ%gx(sl)}*
Gx(s1)[51)) = A2k (G (2(0)) — G2(2(0))) + O(n ). Therefore, the sum of variances for I, 5 is
m = 0*(Ix 1 <y(syyy — Gl (s1)]s1))
{i=1, ,kn}\{common}
= A2k (ky — 2K)(G(2(0) — G2(2(0))) + O(n /%)

- A}(1-2)(G(x(0)) — G*(x(0))) > 0.
Hence, Ve > 0, by noting that

I, _ - - =0
{Alkn 1/2‘([{)(;1SI(SI)}7G(I(51)‘51)7E([{X75$Sw(sl)}7G($(51)‘51))‘>65n1}
when n is large enough, it’s easy to see the Lindeberg condition is satisfied. Therefore, I, 5

tends to a normal random variable. Likewise, I,, 7 also tends to a normal random variable.
As for I, 6,

Bl = (1/2Mk,2(Qx(0) + O(n %) 3 (242
+ (1/2)2k, 2(Q(2(0) + O 7)) 3 (Z82)2 + O 117))
= ik, Y2Q(2(0)) (4812 (yo)) Hkn(kn/n)? — (kn — 2KL)[(ky — 2Kk),) /n)?} +
Aok, 2 Q(2(0)) (4812 (y0)) ™ Wk (kn/n)? — (kyy — 2K, (K — 2K},) /1)?} + O(n™'/7)

= Qx(0)(48f%(y0)) /211 — (1 — 21)°J(M1 + o).
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For the variance of each term in I, g, since they are in common, for any j, X,; (w.r.t. so) must

be equal to certain X,; (w.r.t. s;). Pairing those X,;’s and X,,;’s, then we have

Bk, P (Iyet <oy — Gla(s1)ls1)) + Aok V2 (Iyo <o)y — Gla(s2)ls2)))”
= k(1 + M) E(Igx, <a0)) — G(2(0)) + O(n1/%))?
= k'O + M) HG(2(0) — GHx(0) + O(n~ /%)),

So the sum of the variance of I, ¢ is

sna = kpky (4 29)*(G(2(0)) — G*(2(0)) + O(n~ /7))
— 1A+ A2)%(G(x(0)) — G*(x(0))) > 0.

Again, the Lindeberg condition is satisfied for I,, ¢ since the indicator function I, ; in Lindeberg

condition is 0 when n is large enough (for all 4,5 =1,2,--- | k), where

Aig = (kP I xm1 cyyy — Gla(sn)]sn) + AQkﬁl/Q(I{xiggm(sz)} — G(x(s2)[52))

—E ik, P (I <0y — Gla(s1) 1)) + AQkﬁl/Q(I{xiggm(sz)} — G(x(s9)]92))]] > €} =0

for n large enough. Thus, I, 5,16, 1,7 all tend to a normal random variable, respectively.

Since they are independent, so A\; W (s1) + AW (s5) tends to a normal random variable too.

The verification of the tightness for W0(s) s € [-C/2,C/2], where C satisfies C f (yo) < 1 : first
note that for any two points —C'/2 < 81 < 59 < C/2,

Wi(s2) = Wi(s1) =k, /2 > 1 x%2 <asnyy — Gla(s2)]52)]
{1, ,kn }\{common}
— k2 Z [I{XZ;SJ:(SH} — G(z(s1)|51)]

{1, ,kn }\{common}

ko 2D Ty cauyy — Gla(s2)ls2) = 30 (ya <y = Gla(s)|s1)i4.15)

common common

For the third term in the above expression since they are in common (corresponding to same
set of Y}/s in the original data set), so for any X,; (w.r.t. s;) which is corresponding to Yy, say,

in the original data set (i.e. X,; = Xj,), then X,; must be equal to certain X,;,j € common
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(w.r.t. s9). Therefor,

ko Bl Y (Ixmcy(sy)y — Glals2)ls2) = ) (xor<a(sn)y — G(z(s1)]s1))]
—1 2
= kn E[ Z I{min(z(sl),z(SQ))ng-Smax(z(sl),z(SQ))}]

common

—1
:kn E[ Z I{min(z(sl),z(SQ))ng-Smax(z(sl),z(SQ))}

common

+ Z I{min(x(sl),x(sz))ng-Smax(x(sl),x(sz))} X I{min(x(sl),x(sz))San Smax(x(sl),x(sz))}]

1#£jEcommon
=k, HQ(0)/2 Y [(Z2)? - (Z5)?]
QU @O)/4 Y U2 = (ZAZ)? — (23 + O 5)
i1#£jEcommon

=k, 'K max  [(Z32)? — (Z3)2)(Z52)? — (Z35)%) + O(n )

i,j Ecommon

S A3(32 — 51)2, (416)
where A3 is a constant. This is due to the fact that
(Z22)? = (Z3)? = (Z + Zo) (23 — Z3h),

753+ 735 < e P, 752 — 754 < con” P (59 — 1),

)

where ¢; and ¢y are some constants.
So for —C/2 < s1 < s < s9 < ()2,

WR(s) = Wl(s1) =k, /> > [Iixs <u(s)y — G(a(3)]5)]
111

kY 01 <oy — GalsDls)] + k237 Tixs <o)y — Ixt <aon)]

I I9UI10
= In11(s) — Ing(s1) + Inog(s1,8) + In0(s1, 5)

Likewise

Wi(sa) = W(s) =k, '/ Z[I{Xiggx(SQ)} — G(w(52)]52)]
L1

kY s <oy — GO+ kY T cagsny — Tixe,<a(s))]

Iy I1oUT1
= Ina2(52) — Ino(s) + Injo(S2. 8) + In11(s2, 5)

where I3 is the set of those terms (X/,s) which only involve in estimating G(-|lyo + n~tk,s1),
Iy is the set of those terms which involve in estimating G(-|yo +n 'k,s1) and G(-lyo +n " 'k,s)
but not G(-|lyo + n’lkn@), while I is the set of those terms which involve in estimating

G(-lyo +n Ykps1), G(-lyo +n 'kps) and G(-|lyo + n~ 'ky,s2). Likewise for I and Ips.
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Note that by (4.15) and (4.16), we have

EI? o(s,81) < A4(sz — 51)%,  EI7 19(s,51) < As(sz — 1)

g

Similar results hold for I,, 19(s2, s) and I, 11(s2, s). Keep in mind that EIgyj (7 =8,9,10,11,12)

are bounded (so are E|I, ;|) and, I, ; are conditionally independent, so if we can reach that

E(I,11(s) — In,8(81))2 < constant x (s3 — s1),

E(In2(s2) — Ing(s)* < constant x (sy — 1),

E((Iny1(s) — Ing(s1))In11(s2,8))* < constant x (sg — s1),
then
EW2(s) = W2(s1)]2[W2(s2) — W2(s)]? < constant x (sy — s1), (4.17)
which means the tightness for W2 (s). But
E(Ina1(s) — Ing(s1))?

=k 'BLY T <oy — Gla(s)s)}? = 2k, "Bl Y {Tixs <oy — Gla(9)]s)}]
[11(8) 111(5)

xE[Y Uixsi <oty — G(x(s1) s} + kB[ Y Uixei <oty — G(x(s1)]51)})?
Ig(s1) Ig(s1)
= I,+1I,+1I1,.

Note that (suppose that W/ (s) and W0 (s;) have k!, observations in common)

I = k,"ELY . {Tixs <as)) — Glz(s)]s)}]?

Ii1(s)
kn — k.1 )
= — 2 B{lxs <aey — Gla(s)]9)}
kn kn,—k
n 111(5)
kn B k;z 1 * s ~
T o (G (x(9)1Z5;) — Glx(s)]s))

N i£jelii(s)

X (G*(2(5)|Z35) — Gl (s)ls1))

< %(Gum)) — G2(2(0))
+ 1@ O a2 + 01 (4.1
< Az(s —s1) < Az(s2 — s1), (4.19)

where A7 is a constant, and from (4.18) to (4.19) by noting the facts that

(kn = kp)/kn =1 =1 = 1—[1=(s—s1)f(y0)] < f(yo)(s2 = s1),

1rna‘x(Z7§Z~)2(ZfL;-)2 < constant x n~4/°,
Z’]
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Likewise
IIIn S A8(32 - 81). (420)
As for I, since
L = (2/ka)l D (G*(2(9)|Z3) — Gla(s)]s)) x Y (G*(x(s1)]Zy5) = Glx(s1)]s1)]
Ii1(s) Is(s1)
kﬂ - k;z 1 5 \2 5112 -1
n n n [11(8) [8(51)
S AQ(SQ - S) S Ag(SQ - 81). (421)

Hence, by (4.19), (4.20) and (4.21), there is a constant Ajq such that

ElL,11(s) — Ing(s1)]*> < Ajg(sa — s1). (4.22)
Similarly

E[In2(s2) — Ing(s)) < Api(s2 — s1). (4.23)
Note that

E((Ina1(s) = Ing(s1) In11(s2,5))* < 2[EI, 11 (s2,5) 15 (s1)

HELL 1 (s2:8) (k'3 (Lx,i<atey — Ga(9)[s))” + O(n~17)]
J#i€n

< Apa(sy — 51)° (4.24)

Combining (4.22), (4.23) and (4.24), we conclude that (4.17) holds, which finishes the proof
of the tightness for WY(s). The covariance structure can be obtained by straight calculation.

Theorem 2 is proved.

4.4 PROOF OF THEOREM 3: Let jip1 < piy2 < -+ - < iy i, be the order statistics corresponding
to pni = V(Xpi, G(Xnily)),i = 1,2,--- ,ky. Then p,; are (conditionally) independent with
(conditional) distribution FY', FJ',--- , F}! . Since sup, V(z, G(z|y)) = h®(y), we have

F'(h(y)|F) =1 for all 1 <i <k, and y,
where F = 0(Zpi,1 <i<n).
Lemma 4. Under the regularity conditions [B1] up to [B}], for every e >0

lim Pl ., > h'(y) — €/kn} = 1 uniformly for all y. (4.25)
n oo
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Proof: by virtue of (3.3) and (3.1), it follows that for every e > 0, there exists an k,, say ky,(€),
such that €/k,, < h* for all k,, > k,,(€) and uniformly in y, also there exists {€(k,)} such that
for all k, > kp,(e) and uniformly in y,

fo s hla,y) > hOy) — e/ka} D {: |o — 22| < (1/De(kn)},

where (by (3.1))

lim e(ky) =0, but lim kpe(k,) = oc.
n—oo n—oo

Hence, for every € > 0, k,, > ky,

L= F'(h’(y) = e/kn|F) > P{|Xni = 2" ()] < (1/2)e(kn) | F}
= P{2’(y) — (1/2)e(kn) < Xni <2°(y) — (1/2)e(kn)|F}
= P{Xni € [2"(y) — (1/2)e(kn),2°(y) + (1/2)e(kn)]|F}
= [G*(2(y) + (1/2)e(kn)| Zni) — G*(2°(y) — (1/2)e(kn)| Zni) = €(kn)g™ (2°(y)| Zni) 2 e(kn)e

= P{Mn,kn < ho(y) - E/kn} = P{Um < ho(y) - E/kn,’i =1,2,--- akn}
kn

= B{Pluni <h(y) —€/kn,i = 1,2, k]| F} = B{]] FI"(h°(y) — €/kn)|F}
i=1

Fon
< B{[k, 'Y F(R(y) = e/kal F)]F} < (1= e(kn)e)* = 0

n
1
uniformly in y since kye(k,) — oco.

By the definition just defined, %, must be equal to maxj<i<k, V(Xui, G(Xpily)) =
V(Xy(r), G(Xpryly), where r is a random variable taking integral values between 1 and ky,
and X, (1), -, Xy (x,) are the order statistics corresponding to X1, -, Xy, . Note that r also

depends on y.
Lemma 5.

Xy — X%y) B 0 uniformly in y. (4.26)

Proof: from lemma 4 and (3.1), and by the uniqueness of point at which the sup, ¥(z, G(z|y))

reaching its maximum, it follows X, ;) — X%y) % 0 uniformly in y.

Consider a set of intervals

1(8,y) = {z: 2°(y) — 0 < 2°(y) <a°(y) + 0},
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and let

Ju(8,y) = s ){‘krlz/Q[Gnkn (@|yo + 1 kns) — G(x|yo +n "kps)]
HAS Y

— kG, (22 () o + 1 k) — G (W) lyo + 1 ks |-

Lemma 6.
Jn(8,y) B 0asn— oo
uniformly in y € I,,(yo) as 6 — 0.
Proof: Using the same techniques and routines as those in the proofs of theorem 1 and theorem
2, we can prove that
Wz, s) = ki V2 [Gop, (lyo + 1 Ykns) — G(zlyo +n "kys)] (4.27)
is tight for z x s € [0,1] x [-C/2,C/2]. Hence , the lemma follows.

The following result is from Suh, Bhattacharyya and Grandage (1970), we state the result

without proof.
Lemma 7. Suppose random variable X|s are independent with distribution functions F;, and

(e e]
limsup/ |z|P < oo, then
— 00

lim P[mamlgign\Xi|/n1/” > €] =0 for every e > 0. (4.28)

Lemma 8. Under 3.2,

mazi<i<p, by 7 (Xni) = 0p(1)

Proof: Since X,; are (conditionally) independent with distribution function G*(-|Z,;),

from (3.2), the result follows from lemma 7.

Lemma 9. Under condition [B3], as n — oo

| max |V (Xpi, G(Xnily)) — U( Xy, Gk, (Xnily))| = op(1). (4.29)

uniformly for y.

Proof: Note that
1<i<ky,

—1/2 . 1/2 oy '
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Since for y € In(yo)(s € [-C/2, C/2)), TIL/Q(G(Xm|y) — Gk, (Xnily) is tight, it means
sup,, ké/2(G(Xm|y) — Gk, (Xnily) is bounded in probability uniformly in y. Thus, the lemma

follows from lemma 8.

Now, we are ready to prove the theorem: let

vp(y) =  max vni(y),  wn(y) = | Max fini = V(Xn(ry, G(Xnr)y),

where r is an integral random variable (1 < r < k). Let a’(y), a2 (y) be so defined that
h(z(y) — ap(y),y) = h(2*(y) + ap (y),y) = hO(y) — cky, /> logkni e > 0,

By the uniqueness of the maximum point, both a) and a2 tend to zero for any y.

Noting that X, (y) — 2(y) uniformly in y, we have

P{Xn)(y) € [2°(y) — an(y),2°(y) + az(y)]} — 1 uniformly in y.

Consider three random sets

Sp = AXuily) 1 2°(y) — an < Xpily) < 2"(y) + ag},
STQL = {Xm(y) : Xm(y) > [To(y) - a‘rlumo(y) + a‘%]vb“t ‘Xm(y) o To(y)| < p}a
Sp = {Xni(y) : [Xnily) —2°(y)| > p}.

Let
Wii(y) =k, (G (y)|y) — G, (2°(y)]y)), then

Slz!p{lkﬁm(um(y) —vni(y)) — You (2" (y), G2 (y)|y)) Wy (). € Sy} = 0p(1).

It means max;{p,;(y),i € SL} = u(y), in probability uniformly in y as n — co. Thus,

*

an(y) = max{yﬂi(y)ai GSTIL}

= i (y) + k2001 (20 (y), G () |[)) W (y) + 0y (K 1?)
= 1%y + kP T0a (20 (y), G (0)|y)) Wik (y) + op (K, /).

Note that for every ¢ > 0, uniformly in y
Pt > hO(y) — 1/2ck; /% log k] — 1.

To prove the theorem, it is sufficient to show that as n(k,) — oo, uniformly in y

3
3" P{max(vyi(y),i € $1] > h'(y) — 1/2k,*logk,} — 0
=2
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(which means k}/2(7/;§(y) — v} (y)) — 0 in probability as n — oo uniformly in y). Note that

sgp{\kiﬂ(um(y) ~ vni(y))] 1i € Sp}
< sup{Wo (@, G(aly)) s v € [2°(y) — p,2°(y) + pl}

x Sl;p{k}z/2|Gnkn (z]y) — Glaly)| : 2 € [2°(y) — p,2°(y) + p]}
= Op(l)u

and max;{ini(y),i € S2} < h%(y) — cky '/ log ky, it gives

max{v,i(y) : i € S2} < h(y) — ek, /?log ky in probability.
2

By the distinguishability of the maximum and lemma 9,

max{vyi(y) : i € Sp} < h0(y) — p*

for some p* > 0 uniformly in y, which finishes the proof of the theorem.

The corollaries are the direct consequences of the theorem.
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