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ABSTRACT OF THE DISSERTATION

Low-Rank Approximations for Estimation of Multivariable Dynamics with

Application to Energy Systems

by

Yangsheng Hu

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)
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Professor Raymond A. de Callafon, Chair

System identification is a powerful tool for estimation of the systematic and causal
dynamic relations by learning from measurements of input/output data. It provides an
effective alternative when first-principles modeling is intractable. It plays an important role
in model-based controller design especially during the stage of software-in-the-loop (SIL)
and has been widely exploited in a wide range of real-world applications. This dissertation
presents a study of theories and applications on multi-input multi-output (MIMO) system
identification for estimation of multivariable dynamics between input/output data. The

objective is to finally obtain a simplified dynamic model by emphasizing low-rank information
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during estimation with the aid of singular value decomposition (SVD).

In this dissertation, we study the Covariance Based Realization Algorithm (CoBRA)
for estimation of linear time-invariant and time-periodic dynamics and the tensor network
(TN) based algorithm for estimation of nonlinear dynamics described by Volterra series. The
CoBRA, one branch of subspace methods by using covariance data, is able to focus on the
estimation of a low-order deterministic model from noisy data by exploiting the low-rank
feature of the data matrix. We propose an optimal implementation of the CoBRA and inves-
tigate its efficacy in a closed-loop setting compared with other subspace methods. A MIMO
Volterra model is powerful to approximate nonlinear dynamics on the basis of input/output
observations. We cope with the curse of dimensionality during model formulation and present
TN-based noniterative algorithms for MIMO Volterra system identification. The proposed
algorithms show numerical advantages over iterative algorithms.

This dissertation also studies two real-world applications in energy systems which
involve estimation of multivariable dynamics. First, we investigate the microgrid dynamic
modeling with power flow covariance data. We propose a model structure which consists of
a MIMO linear part concatenated by a static nonlinear part to account for the power loss in
transmission lines. Second, we study the modeling for lithium-ion batteries to accurately pre-
dict the output terminal voltage. We develop a TN-based Volterra double-capacitor (VDC)
model, which is capable of predicting both static and dynamic nonlinearities simultaneously

in a more accurate way than other equivalent circuit models (ECMs).
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Chapter 1

Introduction

1.1 System Identification

System identification is a technique building mathematical models of dynamic systems
from input/output measurement data [1, 2, 3, 4]. It serves as a powerful alternative when
first-principles modeling is intractable. On the other hand, it is impossible to model every
single detail of a system due to the complexity or limited knowledge. This is one limitation
of using first-principles modeling. However, data-driven modeling using system identification
can capture important features observed from the data and facilitate the modeling process
by careful selections of certain model structures. With the proliferation of various sensors
of high precision and low cost, system identification becomes more and more attractive
nowadays. As a core subject of control systems theory, system identification is also crucial
for the model-based controller design.

A large amount of papers on system identification have been published over the last

60 years. The theory of system identification started in the mid-1960s when two important



papers were published. The first one was contributed by K.J. Astrom and B. Torsten in 5],
in which the maximum likelihood (ML) was extended to estimate AutoRegressive Moving
Average with eXogenous inputs (ARMAX) models. Many relevant identification techniques
which are now labeled as prediction error methods (PEM) and instrumental variable (IV)
methods have been developed since then. These techniques have been summarized and an-
alyzed comprehensively in [1, 2]. The second one was contributed by B.L. Ho and R.E.
Kéalman in [6], in which the deterministic state-space realization problem was solved for the
first time by constructing a Hankel matrix by using impulse responses. This work provided
insights into identification of a state-space model which more naturally accounts for a multi-
input multi-output (MIMO) system than a transfer function used in PEM. A new effort
in system identification and digital signal processing by referring to the QR decomposition
and the singular value decomposition (SVD) emerged in the mid-1980s. These realization
theory-based techniques have been intensively studied and led to a development of the so-
called subspace (identification) methods. It should be noted that the origin of subspace
methods may date back to multivariable statistical analysis especially to the principal com-
ponent analysis (PCA) due to H. Hotelling in the 1930s [7, 8, 9]. The first comprehensive
monograph on subspace methods for linear system identification was published by P. Van
Overschee and B.L. De Moor in [10]. T. Katayama advanced subspace methods by incorpo-
rating stochastic realization theory [11]. Another development of subspace methods is the
emergence of predictor-based subspace identification (PBSID) [12], which is similar to esti-
mating a high-order ARX structure. An advantage of subspace methods over PEM especially
in MIMO system identification is that there is no need to refer to nonlinear optimization

algorithms which often lead to local optima.



A lot of effort has been put into the linear system identification mostly based on
classical statistical methods. However, nonlinear system identification still remains as an
important open issue and available techniques that have been demonstrated effective in
practice can be found in [13, 14]. In addition, system identification theory is being pushed
forward in recent years by interacting with other fields such as statistics, machine learning,

etc and it brings up many interesting topics [15, 16, 17].

1.2 Motivation and Problem Formulation

Estimation of multivariable dynamics may be required when multiple inputs and even
multiple outputs are involved in an application problem. System identification, serving as
the interface between the real-world applications and the mathematical world of control
theory and model abstractions, is usually an necessity for dynamic modeling and successful
applications. In addition, different techniques of system identification are selected based on
the character of the models to be estimated: linear, nonlinear, time-invariant, parametric,
MIMO, etc. The problem of estimating a reliable model becomes more difficult and compli-
cated especially when only short and noisy data is available and/or the model structure is
too rich with too many parameters to be estimated which leads to overfitting problem. Also,
one expects a simplified model capturing the major dynamics between the input/output data
for the sake of numerical robustness and controller design. Thus, how to perform low-rank
approximations during system identification becomes crucial for estimation of multivariable
dynamics.

The real-world systems are in general nonlinear by nature but can be approximated



by a linear time-invariant model around a certain equilibrium. This observation lays the
foundation for the intensive research in system identification by using linear time-invariant
models. For the estimation of linear multivariable dynamics, subspace methods are pre-
ferred due to its numerical advantage over PEM. It is worth investigating the properties and
implementation of subspace methods in the case of noise-contaminated data. The Covari-
ance Based Realization Algorithm (CoBRA), as a branch of subspace methods, allows one
to extract the low-rank deterministic information from the noisy data by using covariance
pre-processing. The corresponding estimates are consistent, but the optimal implementation
of the CoBRA is still an open issue.

Although linear system identification is widely used, the need for nonlinear system
identification extends far beyond the control application field. Nonlinear models are instru-
mental in achieving a basic understanding of how a system works such as brain activity
modeling and chemical reactions. Since every system that is not linear is nonlinear, nonlin-
ear system identification is an expansive topic and it is impossible to give a full overview
of all aspects of this field. A user guide for the state-of-the-art nonlinear system identifica-
tion can be found in [14]. Among these techniques, we are interested in the identification
of Volterra models, which are always bounded-input bounded-output stable. In addition, a
MIMO Volterra model of high degree and long memory length is able to capture compli-
cated coupled nonlinear multivariable dynamics. However, a normal representation of such
a model suffers from the curse of dimensionality and requires a prohibitively large storage to
save an enormous amount of parameters. This observation motivates us to break the curse
of dimensionality with the aid of a tensor network (TN) technique. However, developing

consistent and numerically robust TN-based algorithms which are able to estimate a model



with low TN-ranks from short and noisy data is crucial and also an open issue for Volterra
system identification.

System identification has attracted a lot of attention due to its practical significance
and data-driven property which makes it widely applicable to many different fields. On the
other hand, applying the system identification techniques to real-world applications will pro-
vide insights into the practical efficacy and inspire further improvements. In this dissertation,
we will investigate two real-world applications in energy systems where system identification
is applied for estimation of multivariable dynamics. We only consider two types of energy
systems: microgrid power delivery system and battery energy storage system. The first appli-
cation is the estimation of microgrid power flow dynamics via the CoBRA. Feedback control
of transient effects in power flow through a microgrid requires a better understanding of the
dynamic aspects of distributed energy resources (DERs) located within the microgrid. The
second application is the estimation of battery dynamics via TN-based Volterra system iden-
tification. Rechargeable batteries have been widely used nowadays due to the proliferation
of portable consumer electronics, electric vehicles, etc and advanced battery management
systems require proper battery models. The battery dynamics is nonlinear by nature and a
careful modeling will facilitate utilizing the full potential from a battery without violating

constraints.

1.3 Main Contributions

In this dissertation, we aim to push forward the theories on the CoBRA and MIMO

Volterra system identification and apply them to the real-world applications. Our main



contributions are summarized as follows:

e A detailed investigation of CoBRA: The CoBRA, a branch of subspace methods
using covariance data, has been demonstrated to be effective in identifying a low-order
model from experimental data contaminated with unknown and possibly high-order
spectral characteristics. We propose to modify the basic CoBRA to adapt to different
settings. First, we extend the CoBRA to identify an LTP system by referring to its
generalized time-lifted model. We develop a novel method to compute a topologically
equivalent realization for the linear time-periodic (LTP) system and a measure of the
estimation quality. Second, we investigate the statistical properties of the CoBRA
in detail and develop an optimal implementation of the CoBRA in terms of minimum
variance. The optimal CoBRA is then incorporated into a two-stage closed-loop system

identification and shows superior performance to other competitive methods.

e Development of TN-based algorithms for MIMO Volterra system identifi-
cation: Volterra model serves as one of the powerful alternatives to approximate the
nonlinear dynamics on the basis of input/output observations. Few literature exploits
the Volterra models of high degree or even the MIMO case to capture complicated cou-
pled nonlinear behaviors within data. This is due to the exponentially growing number
of kernel coefficients as the degree increases, also known as the curse of dimensionality.
We propose novel TN-based algorithms for MIMO Volterra system identification since
the TN structure can break this curse by trading storage for computation. We pro-
pose two noniterative TN-based algorithms with /without regularization and both can

automatically seek a low-rank representation of a MIMO Volterra model to overcome



overfitting. The proposed algorithms show advantages over the Alternating Linear
Scheme (ALS) and the Modified ALS (MALS) which are iterative and do not guar-
antee a convergence to an appropriate solution. In addition, by using the properties
of cumulant, we derive the persistent excitation condition for MIMO Volterra system

identification with Gaussian distributed input signals.

Microgrid dynamic modeling with power flow covariance data: Feedback
control of transient effects in power flow through a microgrid requires a better under-
standing of the dynamic aspects of DERs located within the microgrid. We present
a data-driven approach to modeling DER power flow dynamics within a microgrid by
using the discrete-time dependent covariance between active and reactive power flow.
First, we consider a simplified case with the microgrid excited around one power equi-
librium and demonstrate that the CoBRA works well in a microgrid setting. Then, we
consider a more realistic case taking into account nonlinearities such as ramp limit in
the DER inputs and power loss due to the admittance of the microgrid network. It is
shown via a simulation and an experimental study that simulated and measured power

flow transient effects can be matched with high accuracy.

Lithium-ion battery modeling for terminal voltage prediction: Accurate bat-
tery modeling is fundamental for battery management system to function well and
extract the full potential from a battery without violating constraints. It has been
demonstrated that a (nonlinear) double-capacitor (NDC) model can accurately de-
scribe the operation of a lithium-ion cell by using an electrical circuit structure. We

propose a TN-based Volterra double-capacitor (VDC) model to further improve the



prediction performance of the NDC model. The whole modeling can be regarded as a
combination of equivalent circuit model (ECM) and supervised learning. We propose
a bond core sweeping algorithm to estimate low-rank TN-cores. The experimental

results show that the VDC model outperforms other ECMs in battery modeling.

1.4 Organization

The remaining part of the dissertation is organized into three parts. Part I performs
an in-depth study in the CoBRA, including Chapters 2,3. Part II investigates the MIMO
Volterra system identification, including Chapters 4,5. Part III concerns the real-world ap-
plications to energy systems by using the CoOBRA and MIMO Volterra system identification,
including Chapters 6,7.

In Chapter 2, we extend the CoBRA to perform the parameter estimation for MIMO
LTP systems in the time domain. A generalized time-lifted state-space model for an LTP
system is developed so that the CoBRA can be applied to get a low-rank deterministic linear
time-invariant model. We formulate a topologically equivalent realization for the original
LTP system by using the estimated time-lifted model.

In Chapter 3, we conduct an in-depth study of the statistical behavior of the noise
effects on the CoBRA. We propose an approach to reducing the variance of an estimate
obtained by the CoBRA via the choice of optimal row and column weighting matrices. We
adopt a two stage technique with the estimate on an intermediate instrument for closed-loop
implementation of the CoBRA.

In Chapter 4, we investigate the MIMO Volterra system identification in the TN



representation, which alleviates the high storage cost due to the curse of dimensionality. We
propose noniterative TN-based algorithms with two tuning factors to solve either a linear or
ridge regression to produce low-rank estimates and the simulation results show advantages
over the iterative algorithms proposed in other literature.

In Chapter 5, we derive a persistent excitation condition for the parameter estimation
in MIMO Volterra system identification in the case of zero mean, Gaussian distributed (not
necessarily white) input signals. We assume a symmetric structure of kernels without loss
of generality. We reformulate and simplify the persistent excitation problem by performing
a moments to cumulants conversion.

In Chapter 6, we use the CoBRA to identify a low-order dynamic model during
microgrid dynamic modeling with power flow covariance data. We consider the nonlinearity
caused by line power loss by estimating the admittance matrix of the microgrid network.
The resulting model consists of a linear dynamic part and a static nonlinear part and shows
high prediction accuracy in a simulation and an experimental study.

In Chapter 7, we use the MIMO Volterra system identification to improve the pre-
diction performance in battery modeling. We adopt the Volterra model to build a mathe-
matical mapping from features, which are obtained from a linear double-capacitor model, to
the output terminal voltage. We implement the TN-based algorithm to compute a low-rank
representation of the Volterra model.

In Chapter 8, we summarize and draw concluding remarks for this dissertation. We

will also look into the future of relevant research.



Part 1

Covariance Based Realization

Algorithm
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Chapter 2

Identification of Linear Time Periodic

Systems via CoBRA

This chapter focuses on the parameter estimation of multi-input multi-output (MIMO),
linear time-periodic (LTP) systems in the time domain. Discrete-time state-space models
are selected for the description of LTP systems and the Covariance Based Realization Al-
gorithm (CoBRA), one branch of subspace methods, is used for the identification of the
generalized time-lifted state-space model for an LTP system. The use of the CoBRA for
estimation is motivated by the robustness against output noise with (high-order) noise dy-
namics and a focus on the estimation of low-rank deterministic model for the LTP system.
In addition to the use of the CoBRA, a novel method is proposed to compute a topologically
equivalent realization for the original LTP system. The method includes two different but
theoretically equivalent approaches to calculating the state matrices, the estimate difference

between which can be also used as a measure for the estimation quality.
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2.1 Introduction

System identification for linear time-invariant (LTI) models is well established in
recent decades [2, 3]. System identification is about building a mathematical model with low
order, followed by a procedure to estimate a finite number of parameters, from experimental
input and output data. However, there are many cases where the time-invariant assumption
cannot be met due to time-varying intrinsic nature of the data generating system [18, 19].
Among these time-varying cases, a variety of systems can be modeled appropriately through
LTP models.

If the physical system contains periodic motion (e.g. electrical motors, fans, wind
turbines, human locomotion, etc.), then a nonlinear time-invariant system can be formulated
around the periodic stable trajectory. Alternatively, a system may be subjected to multi-
rate sampling and LTP models are often encountered [20, 21, 22, 23]. LTP models can also
capture the features that are not presented in the LTI approximation. For example, the
effect of frequency-coupling dynamics can be captured by an LTP model in the applications
that use grid connected DC/AC inverters [24]. As in the LTI case, there is a large number
of possible situations where the parameters of the LTP model for a real system can not be
determined directly from first principles. That’s when system identification or experiment
based modeling can be used as a powerful alternative regardless of the physical structure.

However, relatively little attention of system identification has been paid to LTP mod-
els. A comprehensive summary of different descriptions of LTP models can be found in [25].
Most experimental identification methods for LTP models are conducted in the frequency

domain based on the idea of harmonic transfer function (HTF) in the exponentially modu-
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lated periodic (EMP) regime [20, 26]. Very few results are performed in the time domain and
they are typically applicable to the general time-varying case [27]. Although a large amount
of data is required, it is more straightforward to perform the time domain identification.
This chapter investigates a novel method to identify a state-space representation of an LTP
model in the time domain while reducing the requirement of storage space.

A (MIMO) LTP model can be reformulated as an LTI time-lifted state-space form
with augmented input and output signals [25]. Once an LTI time-lifted representation is
used, identification methods for (MIMO) LTI systems can be incorporated. Popular tech-
niques are subspace methods [3, 10, 11]. One advantage of a subspace method is the lack
of nonlinear optimization and facilitated by the robust numerical computation of QR fac-
torization and singular value decomposition (SVD). However, the storage requirements and
numerical computations become intensive since a large number of data points may be needed
in the time domain.

The CoBRA, a branch of subspace methods, provides a solution to this problem
28, 29, 30]. The CoBRA enables the data compression by using covariance functions. In
addition, correlation with an instrumental variable avoids the estimation of possibly high
order noise model and allows a focus on the estimation of potential low-order deterministic
dynamics.

The contribution of this chapter is to formulate a CoBRA that enables the identifi-
cation of discrete-time LTP models. This is done by proposing a novel method to compute
a topologically equivalent realization in the time domain. Two different but theoretically
equivalent approaches to calculating the state matrices are given in the proposed method.

The extent of the closeness between the two estimated state matrices can be used as an
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additional measure for the estimation quality.

The remaining part of the chapter is organized as follows: Section 2.2 provides in-
sights into the potential time-invariant property of LTP models and proposes a generalized
time-lifted state-space reformulation. The procedure of incorporating the CoBRA into the
identification of LTP models is presented in Section 2.3. Pole location constraints based
on the concept of monodromy matrix are also included. In Section 2.4, a novel method for
a topologically equivalent realization of the original LTP model is proposed. Section 2.5
illustrates the efficiency of the proposed method by a simulation and Section 2.6 summarizes

this chapter.

2.2 Representation of Discrete-Time LTP Systems

2.2.1 Time-Invariant Relation in Discrete-Time LTP Systems

Consider the following state-space model for a discrete-time LTP system:

x(t+1)=A{t)z(t)+ B(t)u(t)
(2.1)

yt)=C )z (t)+D(t)ult)
where A(t) € R™™, B(t) € R™? C(t) € R™*", D(t) € R™*? are periodic matrices of period
T, and t € Z. u(t), y(t), and x(t) are input, output, and state vectors, respectively. Note

that it is assumed here that the dimension of z(t) is fixed to be n. In order to determine the

stability of the above system, we should refer to the corresponding monodromy matrix [31]:

V() =d(I+T,10), 1€{1,2,- T} (2.2)
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where ®(¢,1) is state-transition matrix defined by

I, ift=1
O (t,1) = (2.3)
At—-1)---A(l+1)AQW), ift>1
It is obvious that W([) is a serial concatenation of A(t) over a single period and its eigenvalues
are called characteristic multipliers, independent of  [31]. The system is stable if and only if
its monodromy matrix is stable, i.e., all the eigenvalues of U(l) are lying in the unit disk in
the complex plane. From now on, we assume that the LTP system to be identified is stable.

Since it is not straightforward to see the potential invariant relationship from (2.1),

we first resort to its equivalent input-output representation via the convolution sum

Z M; (t)u (t —1) (2.4)

where M;(t) € R™*P 4 =0,1,2--- are periodic Markov coefficients of period T" over ¢. The

relationship between (2.1) and (2.4) can be described by

(2.5)
Myros (1) = C () U() D (t,t —s+1) B (t —s)

where k =0,1,--- and s € {1,2,--- | T'}. Using the periodicity of M;(t), we can rewrite the

output y (kT + s) of (2.4) at time instant t = kT + s according to

y (kT + s) = [i i ( k—j)T+s—z)]

J/

-

H; o(z)us—i(KT)

us (KT)
(2.6)

Us—1 (]{/’T)
= {Hos( ) His(2) -+ Hp_ys (2)}

Us—T+1 (kT)
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where w; (KT) = w (kT +1), H;(2) is a time-invariant transfer function for any fixed ¢
and s, and z is a one step ahead shift operator over k. For a given s, we can obtain a
time-invariant relation as shown in (2.6). It is obvious that the system is also with period
T. = cl',c € {1,2,---}. The reason for introducing 7, is that the proposed method may
need to construct the time-lifted model using more than one period of the signals. Also, the
symbol 7 is used from now instead of s to represent the more general case. Thus, we can

further define an augmented signal in a generalized sense

/

i) (k) = \uy (KT,) - g1 (KT (2.7)
and y(, (k) is defined in a similar way. Note that 2’ represents the transpose of a vector (or
matrix) z in this chapter. We are not using z7 instead as in other chapters to avoid the
confusion between the transpose and period 7" in this chapter. Without too much effort, we

have the following time-invariant relation from (2.6)

Y (k) = Gy (2) ugy) (k) (2.8)

where G, (2) is a fixed block transfer function from wug)(k) to yg,(k) for a given n €
{1,2,---,T.}. At this point, we have deduced the potential time-invariant relation contained

in the given LTP system.

2.2.2 Generalized Time-Lifted State-Space Reformulation

Since a realization algorithm is used in this chapter, a state-space form is preferred.
Although (2.8) provides us with a time-invariant framework between the augmented signals

{ue (t), yep ()}, we would not go further into the specific representation of G, (2). Instead,
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we denote n = dT +1, 1 € {1,2,--- , T}, where d is some integer to make this equation hold,
and a state-space form of the relation in (2.8), which is a generalization of the time-lifted

state-space model in [25], and given by

xy (k+1) =Awmay (k) + Byue) (k) 2.9)

Y (k) =Cnyy (k) + Deyyug) (k)
where z, (k) = z (kT. + n), and matrices A, € R™™, B € RV () € R™*" and

D,y € R™=x#Te are functions of {A(t), B(t), C(t), D(t)} in (2.1) defined as follows:
A =21+ T, 1) =V () (2.10)

B<n>=[¢(z+Tc,l+1)B(z)...
S(I4+T., 1 +T.—1)B(1+T,—2) B(z+TC—1)]
(2.11)
= [[qf ' (U+T,04+1)B(l) ---
SU+T,I+T—-1)B(l+T-2) B(Z+T—1)]
Qm=wa o1+ 1,0C(L+1)
e O+ T, - 1,0 CU+T. — 1)’]
(2.12)
= [C(l)’ o1+ 1,0)Cl+1)

e+ T - 1,1 CU+T - 1)’}

D) = {(D(U))ij}’ 6,j=12,--- T, (2.13)
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where (D(n))ij is given by

;

0, ifi <
(D)= D +i—1), ifi=j (2.14)

Cl+i-1)Q(U+i—-11+5)B(Il+j—-1), ifi>y

\

Remark 1. Note that B, is the reversed extended controllability matriz and C, is the
extended observability matriz. D, can be nonzero even if the original LTP system in (2.1)
has one-step time delay, i.e., D(l) = 0. Although the time-lifted state-space model in (2.9) is
with the augmented signals {u(,)(t), yo)(t)}, the order of the reformulated model is still the

same as the original one.

2.3 CoBRA for LTP Systems

Given the augmented signals {u(,)(t), yu) ()}, the CoBRA can be used to identify
the unknown matrices in (2.9) up to a similarity transformation. It can reduce the storage
requirements and allow pole location constraints during parameter estimation. Only basic

notations and procedures are outlined here and more details on CoBRA method can be

found in [28, 29, 30].

2.3.1 Realization by CoBRA

Usually only the noise contaminated measured output z(t) = y(t) + v(t) is available,
where v(t) is a quasi-stationary zero mean (probably colored) Gaussian noise with unknown
spectrum. Although it may not cause an ambiguity, it should still be mentioned that z

here is not an operator as in Section 2.2. For the time-lifted version in (2.9), we have
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2 (k) =y (k) + v (k). We may assume that v(t) is the output of a linear (probably
time-invariant or periodic) system with a zero mean Gaussian white noise e(t) as the input.

Similarly as in (2.8), the following time-invariant relation holds:

Vi) (k) = Hyy (2) ey (k) (2.15)

where H(;(z) is a fixed block transfer function from e (k) to v (k) for a given n =
{1,2,---,T.}. The augmented e (k) is still Gaussian white noise although its dimension
increases. Thus, the augmented v, (k) is still a quasi-stationary zero mean Gaussian noise
but with a different spectrum. In many cases, we care more about the deterministic part of
a system than the noise dynamics. For this reason, we introduce an instrumental variable

&(t) satistying:
o £ (t) € RPTx! g correlated with g (t).

o {(t) € RPT*! is uncorrelated with v, (t).

In that case, we have Rz<n>5 = Rymﬁ + Rv<n>€ = Ry(n>€ since the stochastic part Rv(mﬁ =01in
the ideal case. The time-lifted state-space form in (2.9) can be rewritten as:
Rape (T +1) = Ay Raye (T) + By Ruge (7) (216

Rz(n)f (T) = C(H)Rxnﬁ (T) + D(U)Ru(n)f (T)
where 7 € {—7, -7 +1,---,0,1,--- ,7} and the initial condition is R, ¢ (—7) = R-. The

values of these covariance functions can be used to create the block Hankel matrices

;

R{ ", = Hankel (R.¢(r),r, 7,7~ 1)

Ri;?grl) = Hankel (Rz(mg (1),r,—T+1, %) (2.17)

\ R, ¢ = Hankel (R"(n)€ (1),r+1,—7, 7")
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where

gn)  gmn+1) - glp-r+1)
Hankel (g (1) ,7, 71, 72) = g(ﬁ' 1) g(ﬁ. t2) - eln —'7’+2) (2.18)

grn+r—=1)g(m+r) - g (72)

and r is the number of block rows. Note that the Hankel matrix of the input signal should be

of full row rank. These Hankel matrices are related by the data matrix equations according

to
R{ ") = O:R,e + TRy e (2.19)
R{ 7Y = 0:A¢)Raye + TRy e (2.20)
where R, e= [Rzng (=7) Roe(=T+1) -+ Rye(7— 7“)}» T and T are Toeplitz matrices

of unknown Markov parameters, Ri(::;l) is the one-step time-shifted version of Ri;:g in

(2.17), and O3 is the extended observability matrix

Or = [C(n), (ConAm)" - (%)A?ml)} (2:21)

Now we may introduce an orthogonal projection

-1
1 N / ,
H “t T= R [R“wﬁRu(n)f} R, (2.22)

and (2.19) and (2.20) can be rewritten into

(=P 17L 0. L
R, e, = OReyelln, (2.23)
(=T+1) L _ L
RZ(n)§ Rie OfA(??)13”?1%75111%(”)5 (2.24)
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From the expression, the estimation of matrix A, can be done by solving the optimization
problem

min

1 (=T+Dy7L
OfA(n)Rmngan - R HR/
Ay KON

2(m)€ ()€

(2.25)

F

whose solution is explicit and given by

1, — (O VRCTHIL L

)T (2.26)

Note that O- and Rxngﬂﬁ, . can be estimated through the singular value decomposition
“(n)

of (2.23) via
¥, 0 [V

-7l _
RZ"')gnR%)E_ [U" US}
0 X, |V

(2.27)
~ UXY2 w2y

——— ——

Or  Ry,elly,
RO
where n is the selected order for the time-lifted system in (2.9) so that 3, contains the
dominant singular values in comparison to ¥,. An estimate C(n) for matrix C,)) can be
achieved by selecting the first mT, rows of O; computed in (2.27).
Estimation of matrices By, D,y and the initial condition Rz can then be done via

a linear regression optimization as in common subspace methods. Given matrices A, and

C(n): these parameters are related via

T+T
RZ(mﬁ (T) :C(W)AZ;STR‘F—F Z C(U)Az;)lB(U)RU(n)ﬁ (T - Z')—i_D(ﬁ)Ru(n)i (T) (2'28)
=1

and this relation can be transformed into a linear regression form by using the vectorization
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operator vec(-):

— vec (R-) _
vee <RZ<’7>£ (T)> - {800 (1) @5 (1) ¢p ()| |vee (By) (2.29)
) / vec (D))
where (
o (1) = Lr, ® Cp ALYT
¢p (1) = T:iz R, (1T —1)®Cip Ay (2.30)
| ¥ (1) = Ry, (7) @ Lo,

Finally, denote

vec (Rz(mf (?)) | v (T)

then the estimates of R, B(n), D(n) can be obtained by solving the following optimization

problem: i i
vec (Rz)
R;,%TD(W) Y - X |yec (Bw) (2.31)
vee (D) | |,

2.3.2 Pole Location Constraints

It is obvious from (2.9) that matrix A, is a multiple of the monodromy matrix
W (1), whose eigenvalues are fixed and independent of [. Thus, pole location constraints can
be incorporated into the estimation of A, during solving (2.25). Stability constraints are

mostly used to avoid unstable estimates due to computational errors. It can be transformed
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into the following relaxed convex optimization problem:

_ T
0:Q —R{ VI, E <Rzngnﬁ, ) P
“(n)

min
QP 2§ ) €
F
t. P ! ">
s.t AaQP+02Q+b0 Q" >0, (2.32)
P =P >0,
trace (P) =n

01
where a = 1 — 4,6 € [0,1] and b = [ 00 } The estimate of A(,;) can be found from the

optimal {Q, P} via fl(n) = QP! and the eigenvalues of A(n) are restricted inside the disk
with radius (1 — §) in the complex plain. More details and other kinds of constraints can be

found in [32].

2.4 Topologically Equivalent Realization

An estimated state-space model of (2.9) up to a similarity transformation can be
obtained from Section 2.3. The next step is to extract the underlying LTP model described

n (2.1) from the estimated time-lifted model of (2.9).

2.4.1 Definition of Topological Equivalence

For the LTI case, only an equivalent realization up to a similarity transformation
can be achieved by subspace identification methods. Similarly, we would like to find an

equivalent form for (2.1).

Definition 1. [33]/ The matrices A(t), B(t), C(t), and D(t) are said to be topologically
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equivalent to matrices A(t), B(t), C(t), and D(t) in (2.1) if the following conditions

(

A{t)y=L({t+1)A(t) L7 (t)

B(t)=L(t+1)B(t)

(2.33)
Ct)=C(t)L™(t)
\ D(t)= D (t)
are satisfied, where the matrices L(t) and L™ (t) in (2.33) are bounded for all t € Z.
The following relation can be also derived using (2.33):
D (o, t1) = L (t2) ® (ta, t1) L' (t1) (2.34)

where ® (ty,t1) is the state-transition matriz corresponding to A(t).

If {A(t), B(t),C(t),D(t)} are periodic matrices of period T, matrix L(t) should also

be periodic, i.e., L (kT + 1) = L (l). Thus, the following equations holds:

AT -1)=L(T)A(T-1)L(T -1) (2.35)

() =L)T ()L () (2.36)

and similar properties can be obtained for B(t) and C(t).

Remark 2. Given the same input signal and zero initial state, a system with a topologically

equivalent form of (2.1) will produce the same output.
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2.4.2 Identification Framework

Assumption 1. The pair {A(t), B(t)} in (2.1) is uniformly controllable [27]. In terms of
(2.11), it means there exists a positive integer ¢ = § such that By is of full row rank n for

any l € {1,2,--- ,T}. Denote the smallest 0 as 6.

Assumption 2. The pair {A(t),C(t)} in (2.1) is uniformly observable [27]. In terms of
(2.12), it means there exists a positive integer ¢ = § such that C,) is of full column rank n

for any l € {1,2,--- ,T}. Denote the smallest § as Js.

Let Assumption 1,2 hold for the following discussions. Thus, select ¢ such that ¢ >
max{dy, Jo}. Suppose we’ve already got the realizations of the time-lifted state-space models
in (2.9) forn € {1,2,---,T.}. In other words, {A(,), B, C(n), D(» }, which are the similarity
transformations of the matrices shown in (2.10)—(2.13), can be achieved. This can be done
by using LTI system identification methods such as CoOBRA method in Section 2.3. Denote

these relations as

Ay =L (1) Agy L~ (1)

(2.37)
Ciy = CippL71 (1)

Dy = D)

\
It is enough to choose n =1,2,--- ,T", in which case n = (.

Result 1. Given {Ay,), Buy, Cip. D}, a topologically equivalent realization {A(t), B(t),

C(t),D(t)} of (2.1) is given by

Bayny (p(Te = 1) + 12 pT) (2.38)

—~
o~
~—

C (l) = C(l) (1 .m, :) (2.39)



A()Bgy (,p+1:pT.) = Bayny (1,1 : p (T, — 1)) (2.40)
Curny(L:m (T, —1),:) A(l) = Cyy (m+1:mT,,:) (2.41)
and D(I) can be obtained directly from (2.14). Note that the period of these matrices is T.

Proof. Under Assumption 1,2, the result can be proved using the periodicity and relations

in (2.10)-(2.13) and (2.37). 0

Remark 3. The interesting point is that there are two approaches to compute matriz A(l),1 €
{1,2,--- T} as shown in (2.40) and (2.41), denoted as A*(l) and AP(I) respectively. The-
oretically speaking, it is sufficient to use only one of them, i.e., A(l) = A*(l) = AP(l).
However, the advantage of this point is that it can be used to testify if the estimated model
1s right. Taking computational errors into account, the achieved model is not applicable if

d(A~(1), AP(1)) > €, where d (-,-) is a metric and € is the allowance of error.

2.5 Simulation Results

The efficiency of the proposed CoBRA method for identification of an LTP system

is illustrated by means of a simulation example. Consider an LTP system described by a
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state-space model in (2.1) with the following parameters:

(

1.55 —0.6 1.78 —0.93
A1) = A(2) =
1 0 1 0
1
B(1)=B(2) =
0

where the period is T' = 2. The measured output is z(t) = y(t) +v(t), where v(t) is a colored
noise described by

-1

v(t) = —L e (t)

T 1+403¢!
in which e(t) is zero mean Gaussian white noise.

For excitation a PRBS signal is used as an input signal with the amplitude changing
randomly between —1 and 1. For the noise v(t) perturbing the output, the variance of e(t)
is chosen to be 0.3%2. Furthermore, c is chosen as ¢ = 2 so that T, = 2T for the time-lifted
state-space model in (2.9), which is a four-input four-output LTT system from the augmented
input wu(,; (k) to the output yu) (k). We use the CoBRA in Section 2.3 to get an estimate

{/_1(77), B(n): C_'(n), D(n)} forn=1,2,---,T in (2.9), where the instrumental variable is chosen

The values of the covariance functions are computed by using their sample coun-
terparts with data length N = 1500. Note that the original data length is 4N = 6000.
Other parameters are set as 7 = 50, r = 30 in (2.17), and n = 2 in (2.27). Pole location

constraints are not implemented in this simulation. Finally, a topologically equivalent real-
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ization {A(l), B(1),C(l), D(1)} with [ € {1,2,--- , T} can be obtained by using Result 1. It
can be also observed that the parameters of the given LTP system change mildly. Thus, it
is reasonable to consider an LTI model for identification. This can be done directly by using
the CoBRA and included here for comparison purposes.

From our experience, choosing A(l) = A®(l) computed in (2.41) performs better. For
the purpose of a good demonstration, a single simulation experiment with the above setting

is conducted. The computed estimates A(l) are shown as below:

) _ -
_ 0.7073  —0.1857
A (1) =
—0.2679 —0.9537
2 2 (2.42)
) 0.7054 —0.1685
AP (1) =
—0.2665 —0.9525
\ L .
) _ -
) 0.7417  0.3651
Ac(2) =
0.3241 —0.8709
L i, (2.43)
) 0.7423  0.3630
AP (2) =
k 0.3193 —0.8864

It can be observed that A%(I) ~ A%(l), 1 € 1,2,--- ,T. Thus, we conclude that the original
periodic dynamics are captured and the estimated results are acceptable. The corresponding
simulated outputs and output errors are illustrated in Fig. 2.1. The accuracy of both ap-
proaches is acceptable, with the method in (2.41) leading to slightly smaller output errors.
Note that, without taking the periodic dynamics into account, the (average) variance of the
output error from an LTI model is larger than the variance of the output error obtained from

the estimated LTP models.
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Figure 2.1: The simulated outputs of the estimated topologically equivalent LTP models via
CoBRA. The output error from an LTT model estimated via CoBRA is also illustrated with
a larger output error variance.
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Theoretically, A%(l) should be equal to A%(l). In practice, noise and computational
errors exist, and estimation of A(l) using (2.41) is recommended. Its accuracy just depends
on the estimate C(,). However, estimating A(l) through the method in (2.40) is based on the
estimate B, which is further based on the estimate {4, C(,;} as shown in (2.29). Thus,

computational errors may be accumulated.

2.6 Conclusion

In this chapter, a novel time domain parameters estimation method for LTP models
has been proposed based on the CoBRA. The method is based on time-lifted signals, but
these signals may be of a high dimension, so a large amount of data points may be required.
The CoBRA reduces the storage requirements and emphasizes the identification of the de-
terministic part of the system. Two approaches to estimating the state matrices of an LTP
system are introduced and provide us with a way of determining if the estimate captures
the periodic dynamics of the LTP system. The proposed method is efficient in terms of the
simulated outputs as illustrated in the simulation example.

This chapter is based on the following paper that was published:

Y. Hu and R.A. de Callafon, “Covariance Based Realization Algorithm for identification of
linear time periodic system,” in Proceedings of 2018 Annual American Control Conference

(ACC), Wisconsin Center, Milwaukee, USA, Jun. 27-29, 2018, pp. 1102-1107.
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Chapter 3

Closed-Loop System Identification via

CoBRA

The Covariance Based Realization Algorithm (CoBRA), a branch of subspace meth-
ods, enables the estimation of multivariable models using a large number of data points
due to the use of finite size covariance matrices. The covariance pre-processing allows the
CoBRA to ignore any (high-order) noise dynamics and focus on the estimation of the low-
order deterministic model. However, subspace methods and the CoBRA in particular are not
maximum-likelihood methods. In this chapter, an in-depth study on the statistical behavior
of the noise effects is conducted. A method to reduce the variance of an estimate obtained
by the CoBRA is proposed via the choice of optimal row and column weighting matrices.
For closed-loop implementation of the CoBRA, a two stage technique is adopted with the
estimate on an intermediate instrument. At the first stage, a least-length perturbation of
a scalar accuracy function is used to obtain an analytic solution for the optimal weighting

matrices. The instruments produced by the first stage are then used for the identification at
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the second stage to extract the plant model.

3.1 Introduction

In this chapter, we focus on the closed-loop identification of multi-input multi-output
(MIMO) discrete-time LTI systems. Popular techniques for the identification of MIMO
systems are subspace methods, which are well-known to have a computational advantage
over prediction-error methods (PEM) [10, 11]. It should be noted that subspace methods
will identify a state-space model up to within a similarity transformation. In a closed-
loop setting, the correlation of the input signals with the process and measurement noise
signals is a well-known issue that hampers consistent parameter estimation when noise model
estimation is omitted. Solutions to circumvent this issue have been traditionally classified as
direct, indirect, and joint input-output methods [34]. A comprehensive summary of recent
direct subspace methods can be found in [12]. Those methods are based on a predictor
form and assume that the bias is negligible for an appropriate past window size, making the
methods equivalent to identification of a vector-ARX structure. Direct subspace methods
have less restrictions on the controller, but they are seeking an innovation model, which may
be of high-order since the noise dynamics are included. Joint input-output methods based on
Orthogonal Decomposition (ORT) and Canonical Correlation Analysis (CCA) are proposed
in [11] and followed by a model order reduction in a closed-loop setting.

In many cases, one is more interested in the estimation of a low-order deterministic
model. Thus, an alternative approach is based on the introduction of an instrument, which

is correlated with the closed-loop data, but uncorrelated with the noise on the data. The

32



use of an instrument allows one to ignore noise dynamics and focus on the deterministic
model identification. With the aid of the instrumental variable (IV), the CoBRA has been
demonstrated to be efficient in identifying low-order deterministic models [28, 35, 29]. Fur-
thermore, the use of covariance functions allows pre-processing of the MIMO closed-loop
data and restricts the column number of Hankel data matrices to a level O(1) instead of
O(N) as in traditional subspace methods, where N is the data length. In this sense, the
CoBRA can cope with a large amount of data without extensive storage requirement and
enable consistent model identification in the presence of colored closed-loop noise. Note that
the use of covariance functions for MIMO system identification is not new and has been
investigated in other works [36, 37, 38], but they refrain from using an IV to reduce the noise
effects.

In this chapter, the CoBRA is incorporated into a two stage indirect method in a
closed-loop setting. At the first stage, the CoBRA is applied to perform a joint input-
output identification, which is actually an open-loop identification of the whole closed-loop
system. At the second stage, the CoBRA is applied again to extract the plant model from
the estimated noise-free input and output signals, which are the instruments produced by
the closed-loop model from the first stage.

It is obvious that the estimation accuracy of the first stage plays a very important role
in identifying an accurate model of the plant. Tuning the IV can be a reasonable approach
to achieving better performance. In [39], the optimal extended instrumental variable (EIV)
estimation was proposed to obtain an optimal estimation in terms of parameter covariance.
In [40], the optimal refined instrumental variable (RIV) estimation, which is actually equiva-

lent to the optimal EIV, was described from the aspect of maximum likelihood optimization.
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Both optimal EIV and RIV are tackling Box-Jenkins-like models. In [41], a combined in-
strumental variable-weighting subspace fitting (IV-WSF') approach was proposed to estimate
a deterministic transfer function model based on an IV matrix (also named instrumental-
product matrix). The parameters were estimated through optimally extracting the range or
null space of the Sylvester matrix within the IV matrix.

In the CoBRA framework, the covariance function of a sampled signal and IV can
be seen as an IV matrix. However, the CoBRA stacks different IV matrices to construct
Hankel matrices within a state-space model and extracts the range space of the extended
observability matrix for parameter estimation. In addition, for MIMO state-space models, an
optimal column weighting matrix was proposed for MOESP-like (Multivariable Output-Error
state SPace identification) subspace methods in [42] by using a similar idea from [39, 43].

This chapter analyzes a two stage CoBRA for closed-loop MIMO system identifica-
tion. Under mild assumptions, a statistical analysis of the noise effect reduction by the IV
is formulated on the basis of the properties of a sum of stochastic variables. An approach is
then provided to reduce the variance of an estimate obtained by the CoBRA via the choice
of optimal row and column weighting matrices. For the closed-loop implementation of the
CoBRA, a two stage procedure is proposed with an estimate obtained from an intermediate
instrument. At the first stage, a least-length perturbation of a scalar accuracy function is
used to obtain an analytic solution for the optimal weighting matrices. The resulting in-
struments produced by the first stage are used for the identification at the second stage to
formulate a plant model.

The remaining part is organized as follows. Section 3.2 presents the objective of the

closed-loop identification and an introduction of the two stage technique and CoBRA. A sta-
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tistical analysis of a stochastic vector signal with bounded covariance is given in Section 3.3.
In Section 3.4, an optimization problem is formulated that can be used to tune the IV to
achieve an optimal variance reduction. A least-length perturbation is also introduced to
achieve an analytic solution. The two stage CoBRA is summarized in Section 3.5, where in
Section 3.6, a closed-loop simulation example is given to demonstrate the efficiency of the

proposed method. Section 3.7 summarizes this chapter.

3.2 CoBRA in a Closed-Loop Setting

3.2.1 Closed-Loop Identification of MIMO Systems

Consider a LTT minimal system G(g~') described by a state-space model:

x (t+1)= Ax (t) + Bu(t)
(3.1)
y(t)=Cx(t)+ Du(t)+v(t)

where A € R™*" B € R™? C' € R™" D € R™? and v (t) is a zero mean stochastic noise
signal with unknown spectral properties, but assumed to be uncorrelated with the input.
Note that if we are only interested in modeling the deterministic part of the system, any
process noise on the state equation can be ignored here since it can be incorporated into
v (t). The noisy output can also be represented as y (t) = ¥ (¢) + v (t), where ¥ (¢) is the

noise-free part.

In a closed-loop setting as shown in Fig. 3.1, the input can be represented as

u(t)=ri(t) = C(¢") [y (t) —r2(t)]=0(t) + w (1) (3.2)
where the controller C'(¢~!) is assumed to be LTI, {r;(¢),r2(t)} are the reference signals and
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Figure 3.1: Block diagram of a closed-loop system.

4 (t) and w (t) are respectively the deterministic and stochastic part of u(¢). Obviously, the
noise part w(t) of the input is correlated with v(t) in the output, which is a common issue
in a closed-loop identification setting.

The objective is to identify, from the experimental data {ry(¢),r2(¢),u(t),y(¢)}, the
deterministic parameters {A, B,C, D} in (3.1) up to within a similarity transformation,
regardless of the spectral properties of the noise v(t).

To cope with the correlation of {u(t),y (¢)} with v(¢) during a closed-loop identi-
fication, a two stage technique is used in this chapter. The first stage is to identify the
deterministic model from the reference signals {r; (¢),rs ()} to the noisy joint input-output
signals {u (¢),y (¢)}. This model can be used to produce an estimate of the noise-free version
{u(t),y (t)}, known as instruments. The second stage is to identify the deterministic part

of the system described in (3.1) by using {u (t),¥ (¢)} from the first stage.

3.2.2 Realization through CoBRA

CoBRA can serve as a powerful tool to extract the underlying low-order deterministic

state-space model. In order to handle deterministic and stochastic signals simultaneously, a
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general (cross) covariance function of two zero mean signals s;(t) and s,(t) is denoted as:

Ry, (1) =E {51 (1) sa(t — T)T}

N-1 . (3.3)
: 1
= NETOON t;() E {51 (t)so(t —7) }
whose sample counterpart is
N-1
~ 1 T
Rslsz (T) = N St (t) Sg(t — 7‘) (34)

t

I
=)

Note that F {-} is called the extended expectation associated with the normal expectation
operator E{-}. Set s;(t) =0 for t ¢ [0, N —1]. A bounded IV £(t) is introduced to eliminate

the noise effect and satisfying
(a) &(t) € RP*! is correlated with {u(t),y(¢)},
(b) £(t) € RP*! is uncorrelated with v (¢).

Note that R,¢ (1) = 0 and Ry¢ (1) = Rye (7) in the ideal case if v() is assumed to be
of zero mean. This means that computing the covariance functions could be used to eliminate
the noise effect. However, the sample covariance function in (3.4) is used in practice when
finite number N of sampled experimental data is available. Thus, the noise term will not

vanish. Without too much effort, we can obtain the following matrix equation:

R,c = O,Rue + YRy + Roe (3.5)

37



where
T
O,= [ cT o(cAT .. (oAt }
f{mg = Hankel (Rxg (1), 1,1, 79 — 1+ 1)

Rf& = Hankel (Rff (T) , Ty T, 7_2) 7f € {ya u, U}

g(m) g(r+1) - gm—T1+1)
Hankel (g (7) , 7o, 71, 72) = g(n+1)  gn+2) - gn-—1+2)
| g(r+m—1) gn+m) - g(m)

and ¥ is a Toeplitz matrix with unknown Markov parameters. A high-quality es‘;imation
of the extended observability matrix O, is the most important part in subspace methods.
Note that r, satisfying r > n, is the number of block rows, and 7y, 7, are selected so that
—7 < 7 < 1 < 7T for some finite 7 > 0 and the Hankel matrix of the input signal are
of full row rank. Then, the following matrix equation can be obtained by introducing an
orthogonal projection:

Rygnﬁa = orﬁxgnﬁzé + R%Hﬁgg (3.6)
where H%{E& =1- 13;35 [Rugﬁfg] _IRug and the Toeplitz matrix ¥ with unknown system
information is removed. Note that f{zgﬂjﬁ& is also assumed to be with full row rank equal
to the system order n.

The remaining procedures are similar to classical (MOESP [44]) subspace methods:
the first step is to perform SVD on f{ygﬂﬁzg and then extract the range space of the extended
observability matrix O,., which leads to O, = O, T ! with T being a nonsingular similarity
transformation matrix and the estimate of parameters {A, (j} through the shift-invariance

structure of O,; the second step is to estimate parameters {B, D} (and the initial state) via
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a linear regression optimization by using the estimated {A, C } from the first step. Note that
the estimated {A, B,C, 15} are related to the original {A, B,C, D} in (3.1) by a similarity
transformation T and they are actually equivalent from the perspective of input-output
description. This is a common feature for subspace methods.

In the ideal case of a perfect covariance estimate using (3.3), consistent parameter
estimation can be achieved. However, the noise effect of the residue f{vgﬂﬁ& may not
be eliminated even if the noise signals are ideally stationary, independent and identically
distributed (i.i.d.), and of zero mean. This is due to the use of the sample counterpart
in (3.4) and the limited number of data points in practice. Note that (3.4) is computing
the average of the terms under summation. For an i.i.d. stochastic signal, we can resort
to the Law of Large Numbers for the properties of its average over the time line. Under
the structure of CoBRA, it’s interesting and necessary to investigate the properties of the

average of the product of a more general noise signal and IV.

3.3 A Statistical Analysis of A Stochastic Vector Signal

with Bounded Covariance

Since we are computing the covariance functions using (3.4) in practice, the noise
term R in (3.6) is actually composed of the average of the product of v(t) and &(t — 7)
over a given time interval. The properties of this average for a finite data length N will
provide us an insight into how to design or tune an IV appropriately to reduce the noise

effect contained in RvgﬂﬁT as much as possible. It leads to deriving an optimal CoBRA in
ug
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Section 3.4.

Proposition 1. Let {n’ (t) € R™ teN,m € N} be an arbitrary stochastic signal and Sk, =
N
S 1’ (t) a partial sum. Denote Sy = Sk. If there exist ¢ > 0,0 < % such that the variance
t=i

of any S% satisfies

Tr {Var {Sy}} < c(N —i+1)° (3.7)
then

SN

L w.p.l, as N — 400 (3.8)

N
where py = + > E{n’ (1)} and w.p.1 means with probability 1.
=1

Proof. One can subtract uy from SWN beforehand. Thus, we can assume that puy = 0 in the

proof without loss of generality. Also, if one can prove that

(S—N) — 0, wpl, as N — +oo (3.9)
N/
for all k € {1,2,---,m'}, then we can prove the result in (3.8). The idea here is similar to

the proof of Theorem 2B.1 in [2]. To apply Borel-Cantelli lemma to prove the convergence

of { (SWN) k}, one could first sparsify the sequence by considering the subsequence { (i{ff ) k}

For Ve > 0, the following relation can be obtained via Chebyshev’s inequality and condition

SN2 1 SN2 CN%
{22 < = L B
UG =mmi() =5

where P {-} denotes the probability of a given statement. Thus,

2r{l(5),

N=1

(3.7)

c o 1
>5} < ?Z—N‘**% < +00
N=1
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for § < %, which, via Borel-Cantelli’s lemma, further implies that

(%VQ>;€ —0, wpl, as N = +00 (3.10)

Now, we come back to the original sequence. Obviously,

swp[(5),] = (%),

N2<i<(N+1)2
1 1 N2+41
= ﬁ‘(SNQ)k| + ﬁ‘ (S(N—H)Q)k‘
where N is the solution to the first equality. In addition, the first term on the right of the

inequality approaches 0 w.p.1 in terms of (3.10). With the same technique as above, one can

easily prove that the second term also approaches 0 w.p.1. Thus,

(2),

which proves (3.9). O

sup
N2<i<(N+1)?

— 0, w.p.l, as N — +o0 (3.11)

Note that only a sufficient condition is given and it is not required for n’(¢) to be
stationary or white. It only assumes that the variance of the sum does not increase too
fast. In other words, the covariance between n’(¢;) and n’(t3) is bounded and should go to
zero not too slowly as |t; — t3| — +o00. This assumption is mild but abstract. If we further
assume that the stochastic signal n’(¢) is stationary, the variance of SWN can be written in a

closed form.

Corollary 1. Let {n' (t) eR™ t e N,m' € N} be a stationary stochastic signal described
byn' (t) = H (¢ ') e(t), where e(t) € R™ is a white noise with zero mean and variance 1,

and H(q™ ') is a stable LTI filter with distinct poles {ax, k =1,2,--- ,m,}. Then,

S
WN — 0, wp.l, as N — +o0 (3.12)
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and the variance Var {SWN} satisfies

T {Var {3}
= ¥ (70 - 2}2 1—75;) +& ;2 et (3.13)
= O(%)
where {vi, k =0,1,--- m,} are some fived constants related to a given H (¢7').

Proof. 1t is obvious that

n' (t) = De(t) + f CA™'Be(t —1)

where {A, B,C, D} is a state-space realization of H (¢~!) and assume without loss of gen-
erality that A is in a diagonal form. To reduce the number of unnecessary denotations, we
use the same representation as in (3.1) for the system matrices of H (¢7') without caus-
ing confusion. Since H (¢~') is a stable filter, the variance of n’(¢) should be finite, i.e.,
Tr {Var {n’ (¢)}} = o for some constant 7. Denote Cov {-, -} as the covariance function of

two stochastic vector signals. For any 7 > 0, the covariance matrix is as follows:

+o0o
Cov{n' (t),n' (t —7)} = CA'BDT + S CA™MBBTACT.

1=0

Assume that the eigenvalues of A satisfy the condition |ai| < |as] < -+ < |am,|- This
assumption will not affect the form of the final result when conjugate complex poles are taken
into account. Since B,C, and D are fixed, the components of CA™"!BD" will be the linear
combination of {a] ',k =1,2,--- ,m,}. Similarly, the components of CA™"BBTA'CT will

. ) . I
be the linear combination of {a7™al k. h=1,2,--- m,}, where altal = a7(agay)’. Thus
k hy 'y b ) ) k h k )
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there exist certain constants oy, By 5 such that

Tr{Cov{n'(t),n'(t —7)}}

— T {CA'BD™} + 3 Tt {CAHBBTACT)
=0

+00 My My

= > akagfl +2 2 > Bk,h%(akah)l
k=1 !

=0 k=1 h=1
mofap N Bra
- il ’ T
kgl ay ; 1—agan | "
b
Note that |ax| < 1 for a stable filter and
S
Tr {Var {WN}}

N N
S5 35 Cov{n’(5)0' ()}
— Tr{l_”_1 3 }

N N
22 22 Tr{Cov{n/(i),n’(5)}}
— i=1j=1 (314)

N2

N i—1 my o
= N%JrQZZZ%aZ”)

i=1j=1k=1

Moy N =1 .
= w NWo“Z%ZazZak])
k=1 =1 j=1

which can prove (3.13) after a few calculations. Since n’(¢) is stationary and of zero mean,

(3.13) also implies that (3.7) holds, which proves (3.12). O

In order to cope with the noise part Rvgﬂéﬂé, it is necessary to investigate the proper-
ties of the cross covariance function between a stochastic signal and a bounded deterministic

signal.

Proposition 2. Let {(p’ (t) € R teN,p € N} be a bounded deterministic signal such that
1" ()|, < ¢ < 0o and ¢'(t) is uncorrelated with the n' (t) in Corollary 1. Denote S n (T) =
N

> ny (i,7), where ny (i,7) = vec {n’ (1) ¢’ (i — T)T}. Then,

i=1

S¢/7N (7')

N — 0, wp.l, as N — +o0 (3.15)
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and the variance Var {S“"/’N ) } satisfies

N
Var{
p 1 27,7— N 1—1 i Moy i
= ZN— > W) 70+QZZWJ > Ykay, (3.16)
=1 =1 i=1j= k=1
= 0(%)
N

7]7—

where w;'" = @) (i — 1) @) (7 — T) is bounded weighting and {yi, k =0,1,--- ,m,} are some

fized constants as in Corollary 1.

Proof. The covariance function of ny (t,7) is

Cov {Ilcp; ('l, 7') ;ngog (jv T)}
= Bl ()eli-n)¢ (- nn()"}
= w7 Cov{n’ (i),n’ (j)}

and we have

(3.17)

N L.
y b Z:lw;’J’TCov{n/(i),n/(j)}
— 1 Tr{ =i w2 }

Similarly as in (3.14), the proof of (3.16) is straightforward. Note that the weighting w, i
is bounded, and n’(t) is stationary and of zero mean. Thus, (3.16) also implies that the

corresponding version of (3.7) holds, which proves (3.15). O

Remark 4. Note that the newly constructed signal n (t,7) is not stationary since it may
have different values of covariance functions at different time instants. In fact, similar results

as in Proposition 2 can be obtained for a non-stationary n'(t) as long as it satisfies (3.7).

Compared with (3.14) for a fixed N, the variance in (3.16) is altered due to the

introduction of weighting. The value of the weighting Wl’j " depends on the [th component of
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¢'(t). Obviously, for a fixed length N, the value of (3.16) arrives at its minimum if ¢'(t) = 0.
However, we need to add some constraints on ¢'(¢) for specific purposes throughout the

procedure of tuning ¢’(¢) in practice.

3.4 Variance Reduced Open-Loop ldentification

As explained in Section 3.2.2, the estimation of the extended observability matrix
O, plays an important role in the first step of the CoBRA. Thus, a good estimate of O,
expects to lead to a good parameter estimation of the system model. In order to quantify
the accuracy of the estimation, the covariance matrix of the parameter estimates is usually
considered [45]. Equivalently, the covariance matrix of the estimation errors could also be
used, where the trace function of the covariance matrix is used for a comparison of the
accuracy.

We can seek possible approaches to designing or tuning the IV £(¢) based on a scalar
accuracy function to achieve an optimal parameter estimation. Note that we are seeking an
optimal estimate of O, in terms of a minimum variance in this chapter, rather than directly
considering the system matrices or transfer functions. To consider a more general case, we
post-multiply (3.6) by a positive definite matrix W, pre-multiply it by a positive definite

orthogonal matrix W,., and perform SVD on the left hand side

L .
WrRygl_[REEWC = [ O O (3.18)

where diag{$;,S,} contains the singular values distributed in a non-increasing order. S

represents the set of n dominant singular values corresponding to the n principal left singular

45



vectors. Note that Sy will go to zero if the noise effect is eliminated as the data length N
goes to infinity. The reason for making W, an orthogonal matrix will be explained in Section
3.4.1.

It can be observed from (3.6) that the residue term will impact the quality of pa-
rameter estimation. From Proposition 2, the component Rvg of the residue in (3.6) will
vanish when the data length N goes to infinity as long as the noise signal v (¢) satisfy the
corresponding conditions. As mentioned in Remark 4, the residue term will also vanish (or
approach a constant) if the noise signals satisfy the conditions listed in Proposition 1, where
the stochastic signal is not necessary to be stationary. Thus, one approach to eliminating
the noise effect with a mild assumption on the noise signals is to let the data length N go
to infinity.

However, limited data is more practical. In this case, we can assume that the noise
signals within a certain period are stationary and satisfy the conditions in Corollary 1.
Given the data with a fixed length NV, we are seeking an estimate with a minimum noise
effect. A scalar accuracy function needs to be defined to quantify the quality of the estimate.
Obviously, this function should be a function of the residue term and arrive at its minimum

when the residue term vanishes.
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3.4.1 Optimal Variance Reduction in Weighted CoBRA

The following asymptotic relations can be derived from (3.6) and (3.18) by using
Proposition 2:
W, (f{ygngzg - OTﬁmgﬂﬁa) W, — 0, wp.l
X?\frl”mu,gr[lgtzgwc — Q15 VT =0, wpl
as N goes to infinity. To distinguish the asymptotic equivalence from the exactly holding

equivalence, such relations are denoted with a symbol 2.
W, Rl W, 2 W, 0, Roellgr W, 20,8,V (3.19)
In addition, there exists a nonsingular matrix T, . related to W, and W, such that
Wrorﬁxgnﬁggwc = (W,0,T,}) (T, .AW.,)
and
W,0,T; ' 2Q1, T, AW, =S5V (3.20)

where A = f{ISHﬁT . For subspace methods, one is only interested in the extraction of the
ug
range space of O,, spanned by its column vectors and denoted as range(O,). Note that

range (O,) = range (O, T;}) and O,T;} éW;lQl from (3.20). Thus, O, is estimated by
O, = W@, with range(O,) é1"ange(OT).

The estimation error of O, can be defined as the part lying in the orthogonal com-

plement of the subspace range (O,.):

e =135 0, =I5 W 'Q, (3.21)

T T

where IT5 =1-0, (OEOT)_lof. The matrix factorization for II§ suggested in [42, 46] to

handle the singularity will not affect the final results in this chapter because of the cyclic
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property of trace operator Tr (AB) = Tr(BA) and the property of the product II§ II§ =

Hér of the matrix projection.

Remark 5. Optimally extracting the range space is considered to be finding the corresponding
basis vectors in the directions that produce unbiased range space with the smallest variance.
W, and W, are actually applied to tune the angles of the basis vectors. To make (5.21)
reasonable, all possible estimated basis vectors should be with the same scaling. In this sense,
W.,. should be orthogonal performing only rotation operations. Ql, which is related to W,

and W, has already been scaled via SVD.

The noise term in (3.6) can be rewritten such that

=

A~

Ry — % n () ot — )" (3.22)

(. /
'

M%N(Tl)

11

where
v (1)

ny=| VOV (3.23)

v(t+r—1)

30
p(t) = < - g (3.24)

Et+mn—m+r—1)

and r < N. In addition, we can also derive from (3.6) and (3.18) the following relations

Hérﬁy.ﬁﬂ% WC = HéTMgo,N <T1>H$E§WC

. e (3.25)
HérRyﬁﬂﬁT chlsf :HOTW; O
u€ N’

3
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where the orthonormality of V4, V3 is used. Also, (3.20) implies

f

St = (S7) 2 (T, AW, (3.26)

where ()t represents the right pseudo-inverse. Thus, in an asymptotic sense,

Nt
e =TI M, () Hl%{TEWC (511/1T>

— 115, M, v (1) H (3.27)

M n(T1)

where n’ (t) = 113 n (t), ¢’ (t) = H ¢ (t) represent the weighted signals and

H= HﬁTngAT(AngT)”T;g. (3.28)

The direct effect of the left weighting matrix W, on the estimation error ¢ in (3.27) is
asymptotically eliminated. In addition, it will be shown in Section 3.4.3 that the unknown
matrix T, . doesn’t affect the optimal accuracy. Thus, we may choose W, = I, without
loss of generality, from an asymptotic perspective. Although only finite data is available, the
asymptotic properties are approximately preserved for a relatively large data length .
The vectorized version of above is vec (¢) 2 Ser.n (1) with the form denoted in Propo-
sition 2. According to Proposition 2, all the components of the error term ¢ will converge
to zero w.p.1 as N goes to infinity with the trace of the variance of vec (¢) decreasing at the
rate O (%) Thus, in order to minimize the variance of the estimation error regardless of the

data length N, we should multiply € by /N, which leads to the following scalar accuracy
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function

V(e)

Tr {Var {\/Nvec (5)}}

Tr {E {Nvec () Vec(g)T}} (3.29)
:fr {E {NSSQ/,N (1) S@’,N(Tl)T}}J-

g

V(e)

I

Note from (3.16) that ¢’ () can tune the variance via a weighting w;”". Thus, an ideal
optimization problem of finding the optimal IV £(¢) without introducing the freedom W,

can be summarized as

Iggl V(e)=Tr {Var {\/NS%N (71)}}
st. 0 (t) =15 n(t),¢ () =H (1), (3.30)

§(t) € 6, We =1,
where @ is a certain constraint satisfying the conditions in Section 3.2.2. However, the
analytic solution is intractable since H is typically a nonlinear function of £(t). Instead,

a tangible alternative of tuning ¢’ (¢) is to solve a new optimization problem based on the

positive definite freedom variable W..

mj? \7(5) =Tr {Var {\/NSLP’,N (Tl)}}

st. 0/ (t) =T n(t),¢ () = H e (1), (3.31)

E(t) € 6, W. > 0.

3.4.2 Results On the Scalar Accuracy Function V(e)

In order to solve the optimization problem in (3.31), one should derive an explicit rep-
resentation for the scalar accuracy function V(). The result is summarized in the following

theorem.
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Theorem 1. The following relation holds for the scalar accuracy function \7(5)

V(e)
= X T (M (7)) Tr {11, B (7)) (3:32)
= lim Vo ()
where
My (1) = H'Rg (r)'H (3.33)
Vi, (2) = %: T My (1)} Tr {115 R (—7) } (3.34)

with H defined in (3.28), and R, (—7), R, (—7) are defined in (3.3) and (3.4) with n (t)
giwen by (3.23). Note that Ré; (1) is a block l. x l. matriz with the t,s-th element being
}%& (T4+s—1t) € RP*? and [, = 79 — 71 — r + 2 is the number of the block columns of the

Hankel matrices in (3.5).

Proof. According to [46], we have

Var {\/Nvec () }

Z 1\/IH (T) X (HéTRnn (_7—) Hé'r)

[T|I<N-1

lim > My (1) ® (Héﬁnn(—ﬂ Hé,«)

T o0 <7,

1>

I

Then, (3.32) can be proved straightforwardly. ]

Remark 6. In (3.32), Vx, (¢) could be used as an approzimation of V (€) if two assumptions
are made. First, the summand should be negligible for |t| > 7,. Thus, either R, (—T) is
of finite support with || < 7,, or Ii’gg (1) tends to be around zero very quickly for |T| > 7,.
The former case is reasonable since n(t) can be seen as the output of a stable filter. 7, is

selected such that sufficient noise information is included. Note that the selection of T, is
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independent of T in (3.5). The latter case can be achieved by appropriately choosing the IV.

Second, R, (—7) is estimated by R (—7) under the assumption of ergodicity.

3.4.3 Least-Length Perturbation and Solution

From Theorem 1 and Remark 6, we could take the following approximation of \Y% ()

for a sufficiently large N

Vi(e)
~ V%n (€)
2 T {(070,) " (aW2AT) ' AW? (3.35)
-1 _%
(It DIy ) W2AT(AW2AT) ™ (0F0,) 77 }
Ms
where
> = Rgg(T)TTr{Hgﬁm(—T)} (3.36)
7l <P

and the relation T;gT;Eé(OEOT)_l [46], derived from (3.18) and (3.20), is used during the
second step in (3.35). Thus, the scalar accuracy function V (¢) and V;, () are asymptotically
invariant to T, . introduced by the similarity transformation during estimating the extended
observability matrix O,..

In practice, the accuracy function V(e) in (3.31) is replaced by Vs, (¢) since only finite
experimental data is available. Some existing results can be applied to solve the optimization
problem in (3.31) analytically as long as My, and W, in (3.35) are positive definite. However,
My, is rank deficient and appears to be positive semi-definite in the ideal case. Moreover,
it may sometimes have several small negative eigenvalues due to the approximation and

numerical errors in practice. Note that only information within |7| < 7, is included in the
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approximation \A/;n (¢) when finite data is available. Thus, My, may not be an ideal positive
semi-definite matrix as suggested by the construction of \7(6) We can split \A/fn (¢) into two
parts: one is with a positive definite matrix M, in the middle and has an analytic minimum
solution; the other one with the residue My — MY. On the other hand, it is appealing
to obtain an analytic solution by ignoring the residue at the cost of losing minor accuracy
instead of using nonlinear or non-smooth optimizations. Thus, the same idea of perturbing
the Hessian matrix in modified Newton methods is used here to perturb My into a positive
definite matrix MY%,. This procedure can be summarized into the following optimization

problem

min  |[[My — Mg
My (3.37)

s.t. cond (M%) <, Mg >0

where cond(-) denotes the spectral condition number and (5 is a specified positive constant.
The selection of S depends on the highest condition number that a digital device could
endure. Note that My, is symmetric and can be rewritten as My, = UEAEUXT; through eigen-
decomposition. We assume that Ay, = diag (A1, A2, -+, \yy) with the eigenvalues ordered
such that A\; > Ay > --- > \,;,. The lower bound of the expected smallest eigenvalue is then

given by o = A/ with A\; > 0.

Proposition 3. The solution for (5.37) is given by M& = Us ASUL | where Ay, = diag(N), N,

S, AL) and
/\i7 if )\1 Z g
A =

o, otherwise

Proof. This proposition can be easily proved by referring to [47]. Let Y = Ug M5Us. We
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have Y > 0 since M{, > 0. Then,

My = Mgz = As = Y]
=2y + 2 (N~ )
i i

2 /\;\1 (\i — yii>2
Note that the diagonal entries of a positive definite matrix must be positive, i.e., y; > 0.
Attaining the lower bound above implies y;; = 0 for ¢ # j and y;; = Ay > 0. In this
case, {y;;} are the eigenvalues of M§,. Also, the lower bound of the smallest eigenvalue of
MY is given by o = A/ since cond (M%) < 3. This implies min {y;} > o. Further, we
have S0 (A —wiu)® > 3 (A —0)?, whose lower bound can be uniquely achieved with

Ai<A1 \i<o

Y = AL = diag (A, Ag, -+ A). O

» s

Note that MY, is a positive definite matrix satisfying the given constraint and with
the least-length perturbation in terms of the Frobenius norm. Replace My in (3.35) by M&
calculated in (3.37) and denote the perturbed expression as V;n (€). A practical version of

the optimization problem in (3.31) can be written as

min V. (e)

W,

st. 0/ (t) =T n(t),¢ (t) = H e (1), (3.38)
E(t) € €, W, > 0.

Theorem 2. The analytic solution for (3.38) is given by

[NIES

W = (M)~ (3.39)

Proof. The optimal solution W for (3.38) can be obtained according to Appendix II.2 in

2]. O
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Remark 7. The derivation and the final optimal weighting matrixz for CoBRA are different
from the work in [42]. Weightings are applied based on the covariance data instead of the raw
data. Weighted CoBRA produces the optimal low-order deterministic model instead of the
possibly high-order innovation model. In addition, the matrix perturbation in Section 3.4.3

is needed to get an approximate but analytic optimal weighting for (3.31).

3.5 Two Stage Implementation of CoBRA for Closed-

Loop Identification

3.5.1 Approximation of System and Noise Information

The variance reduced open-loop identification via CoBRA has been investigated in
Section 3.4. In order to compute the matrix My in (3.35), one needs the system information
O, and sample covariance values Rm (—7) of the noise. This can be done by computing an
initial system model G (g™') through CoBRA without introducing the freedom {W,, W_}
as in (3.18). One can get an approximation of O, directly from a state-space representation

of G™(q~1). The noise signal v(t) in one experiment can be estimated by

vit)=y(t)=F () =y ) - G™ (¢7") u(®). (3.40)

All of the above discussions boil down to an iterative implementation of weighted

CoBRA for open-loop MIMO system identification:

(i) Given {u(t),y (t)}, we compute an initial system model G'™*(g~') by applying the

unweighted (i.e. W, =1, W, =1) CoBRA described in Section 3.2.2;
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(ii) Approximate v(t) using (3.40), construct n(t) in (3.23), and compute R, (—7) using

(3.4). In addition, O, is estimated from a state-space model of G (g™');

(iii) Compute the weighting matrices in (3.18) such that W, = I and W, = W as in

(3.39):

(iv) Given the same {u(t),y (t)}, apply the weighted CoBRA to obtain the estimated

{A,B,C,D} in (3.1).

The last three procedures can also be iterated to seek a possibly better performance. Ex-
cept for the weighting matrices, the other parameter settings (i.e., the model order, Hankel

matrices, etc) for weighted and unweighted CoBRA should be the same.

3.5.2 Summary of Two Stage CoBRA

The two stage technique described in Section 3.2.1 is implemented to cope with closed-

loop identification of MIMO systems. Relevant signals are denoted as follows:

rs (¢) y (t) y (¢)

where r(t) is the reference signal and y; (¢) is the noise-free version of the joint input-output
signal y s (t) contaminated by noise in a closed-loop setting. The iterative implementation of
the weighted CoBRA in Section 3.5.1 is applied at the first stage to identify a deterministic
model G;(q™!) from r(¢) to y;(¢). Then, y;(¢) is estimated through a simulation output
ys(t) =Gy (g r(t). At the second stage, the unweighted CoBRA is performed to identify
a deterministic model from @(t) to §(t), leading to estimates of the parameters {4, B, C', D}

for the plant G(¢~') in (3.1).
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3.6 Simulation Results

Suppose that the plant to be identified and the controller are given by

—1\ __ 0.03228¢—1+40.03164¢—2
Glg) = 1—1.781¢—1+0.926¢—2

- —1
Ca™") = 1goe

The noise signal v(t) is assumed to be generated by a stable filter H(¢™!) such that v (¢) =

H (g ') e(t) and

1 —1.55¢7 1 +1.045¢72 — 0.3388¢ 3
s . 0-6
1 —2.4q=1+2.2725¢=2 — 0.8303¢~3

H(q™")

where o, = 0.2. The reference signal ry(¢) = 0 and ry(¢) is a realization of Gaussian white
noise with zero mean and variance o2 = 32. Note that the signals {u (t),y (¢)} are heavily
contaminated by the noise in the closed-loop setting. The true open-loop poles of G(q™1)

and the closed-loop poles of the system G;(q~!) from r(¢) to y;(t) are respectively

pi'y = {0.8905 £ 0.3647i}

pily = {0.8531 £ 0.4200:} , p§ = 0.6424
A two stage CoBRA described in Section 3.4 is implemented. In (3.5), we choose r = 10,
71 = —20, 75 = 50, and 7 = 50 for both stages. At the first stage, the closed-loop model order
is known as n, = 3, the instrument is () = ry(¢) and we select 7,, = 100 in (3.36). The
optimal weighting W is computed as (3.39) with 8 = 10° in (3.37). At the second stage, the
open-loop model order is known as n, = 2 and the instrument is £(¢) = @(t). Different data
lengths NV are used to illustrate the efficiency of the proposed two stage CoBRA method.

For a given data length NV, 100 Monte Carlo simulations are performed each time. The Root
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Mean Square Error (RMSE) of the estimated poles is defined as

1 9
RMSE = , | — hi — i
E |pi — il

where m,, indicates the number of the estimated poles p; and true poles p;.

For the purpose of comparison, we perform six other closed-loop identifications simul-
taneously. Five of them are two stage methods but with unweighted CoBRA, ORT, CCA
[11], PO-MOESP [44], and N4SID/PEM method at the first stage, respectively. Note that
PEM is using an initial model estimated by N4SID. The last one is VARX-based PBSIDopt
method [48], which is a direct closed-loop subspace method. ORT expects to obtain a good
deterministic model since it decomposes the signal into deterministic and stochastic parts.
It should also be noted that CCA, PO-MOESP, and PBSIDopt implicitly assume that the
system to be identified is with an innovation model, which requires a higher order estimation
due to the incorporation of noise dynamics. The drawback is obvious: one needs to estimate
a higher order model at the first stage than actually needed for producing a deterministic
simulation output.

For a fair comparison at the first stage, CCA and PO-MOESP method are first used
to identify a 6th order closed-loop model, followed by a model order reduction to the true
order of the deterministic part. As for PBSIDopt, we directly identify a 5th order open-loop
model followed by a model order reduction. Note that the past window size p for PBSIDopt
has to be large (e.g., p = 25) to get asymptotic consistent estimates.

For the first stage, the RMSEs of estimated closed-loop real and complex poles are
illustrated in Fig. 3.2 and Fig. 3.3. It can be also observed that the total RMSEs can be

illustrated just by Fig. 3.2 since the errors in estimated complex poles are relatively small.
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Obviously, the proposed iterative implementation of weighted CoBRA produces much smaller
errors for both real and complex poles even when the data length N is relatively short.
However, to achieve a same level of estimation performance for an unweighted counterpart,
one needs to select a much larger length N. ORT method also shows a good estimate in
terms of total RMSEs but it is not good at estimating complex poles. CCA method is
struggling to capture the real poles. In view of a joint performance, the unweighted CoBRA
is intermediate. PEM is not always the best in practice since the estimated parameters may

run into local minima via nonlinear optimization.

L
2]
S 4 : ——
[an

&
Y !
102 M>

[ | —%— Unweighted CoBRA
[ |——ORT
CCA
L |- = -PO-MOESP
N4SID/PEM

I

0—3
1000 2000 3000 4000 5000 6000 7000
N

Figure 3.2: RMSE of real poles at the first stage.

For the second stage, the RMSEs of estimated open-loop poles, which are the poles
of the plant to be identified, are illustrated in Fig. 3.4. The inaccuracy of the estimates
from the first stage propagates to the second stage. Undoubtedly, the proposed two stage
CoBRA produces a rather more accurate estimate for a relatively short data. Although the
total RMSEs at the first stage are dominated by the real poles, it is interesting to observe

that the accuracy of both real and complex poles at the first stage will affect that of the
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Figure 3.3: RMSE of complex poles at the first stage.

6000 7000

second stage. Unweighted CoBRA is still intermediate at the second stage.

method PBSIDopt does not show a remarkable performance in estimating the low order
deterministic model. Although an exact conclusion can not be given, it is undoubted that

smaller errors in both real and complex poles estimation at the first stage will lead to, with

a bigger chance, a better estimate at the second stage.

—O— Weighted CoBRA
—%— Unweighted CoBRA
—*—ORT 1
- 4> -CCA

- - - PO-MOESP

1072 ~--3--- PBSIDopt
----- - <)~ - N4SID/PEM
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o
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N

Figure 3.4: RMSE of (complex) poles at the second stage.
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3.7 Conclusion

In this chapter, a variance reduced two stage CoBRA has been proposed to cope with
the closed-loop identification of MIMO systems. At the first stage, a weighted CoBRA is
applied to obtain an optimal closed-loop joint input-output model in terms of a minimum
variance. This model produces instruments for the identification at the second stage, where
a better estimate can be expected. An in-depth statistical analysis of a stochastic vector
signal with bounded covariance has been given in order to show how the noise term in the
CoBRA behaves as the data length goes to infinity and how the instrumental variable affects
the covariance. In order to obtain an analytic solution for the optimal tuning, a least-length
perturbation is performed at the cost of losing only minor accuracy. Simulation examples
demonstrate the efficiency of the proposed method.

This chapter is based on the following papers that were published:

Y. Hu and R.A. de Callafon, “Optimal weighting for covariance based realization algorithm,”
in Proceedings of IEEE 56th Annual Conference on Decision and Control (CDC), Melbourne,

VIC, Australia, Dec. 12—-15, 2017, pp. 5274-5279.

Y. Hu, Y. Jiang and R.A. de Callafon, “ Variance reduction in Covariance Based Realization

Algorithm with application to closed-loop data,” Automatica, vol. 113, pp.108683, 2020.
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Part 11

MIMO Volterra System Identification
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Chapter 4

Tensor Network-based Parameter

Estimation of Volterra Systems

This chapter investigates the multi-input multi-output (MIMO) Volterra system iden-
tification by using a Tensor Network (TN) technique. Volterra model serves as one of the
powerful alternatives to approximate nonlinear dynamics on the basis of input/output ob-
servations. The kernel representation of a Volterra model is attractive since it is linear in
the kernel coefficients and always stable. Although the kernel representation suffers from
the curse of dimensionality, the demand for storage requirements can be relieved by using a
TN representation. This allows one to approximate complicated coupled nonlinear dynamics

with high degree and even MIMO Volterra models.
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4.1 Introduction

The (truncated/finite support) Volterra model is very attractive among different non-
linear models since it is linear in the kernel coefficients and always stable. A simple least
squares solution can be obtained. The Volterra model is formulated based on the Volterra
series functional expansion and has been widely studied since the seminal work of Wiener
[49, 50, 51]. The Volterra model has been demonstrated to be effective in many applications
such as equalization [52], acoustic echo cancellation [53], loudspeaker modeling [54] and lin-
earization [55], speech modeling [56], distortion compensation in narrowband communication
system [57], distortion analysis [58], identification of nonlinear systems for control [59, 60],
active noise control [61], identification of an imaging system [62], and modeling of biological
and physiological systems [63]. These applications usually assume that the linear dynamics
still dominate although the nonlinear effects are nonnegligible. Thus, they did not exploit
the Volterra models of high degree or even the MIMO case to capture complicated coupled
nonlinear behaviors between signals. It has been pointed out in [64] that this is restricted
by the exponentially growing number of Volterra kernel coefficients as the degree increases,
i.e., the curse of dimensionality. This restriction is caused by the use of Kronecker product
based structure, which implies redundancy in the kernel coefficients but will simplify nota-
tion and matrix computations. The intense storage requirement may also explain why only
few contributions on the MIMO Volterra system identification can be found in the recent
years [64, 65, 66, 67].

TN can relieve the curse of dimensionality by referring to techniques for multidi-

mensional arrays, i.e., tensors. For example, the storage cost of a square n¢ x n? matrix
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is typically n?¢, which can be prohibitively large as d increases. A linear TN called Tensor
Train (TT) or Matrix Product State (MPS) could reduce the storage cost to approximately
dn?r?, where r is the maximal TN-rank and usually low in practice [68, 65]. A TN rep-
resentation for the MIMO Volterra system was proposed in [64]. The Alternating Linear
Scheme (ALS) and the Modified ALS (MALS) algorithms were derived therein to compute
the TN-cores with low TN-ranks. The MALS algorithm can search the appropriate TN-ranks
automatically whereas the ALS algorithm is required to fix the TN-ranks. Both algorithms
are implemented to update the TN-cores in an iterative fashion. However, a particular initial
guess for the TN-cores to be estimated should be provided and there is no guarantee for both
algorithms to converge to an appropriate solution in the end via the alternating iterations.
In this chapter, a noniterative TN-based algorithm for MIMO Volterra system identifica-
tion is proposed to overcome these drawbacks. Two tuning factors are adjustable to obtain
low-rank TN-cores for the Volterra kernel coefficients. The resulting Volterra model shows
better prediction accuracy than those from the ALS and MALS algorithms as illustrated in
the simulation examples.

The remaining part of this chapter is organized as follows. Section 4.2 gives the tensor
description of a MIMO Volterra system. The problem formulation is presented in Section 4.3.
The noniterative TN-based algorithms are developed in Section 4.4. In Section 4.5, simula-
tion examples are given to demonstrate the efficiency of the proposed algorithms. Section 4.6

summarizes this chapter.
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4.2 The Tensor Description of Volterra System

The normal description of Volterra system can be found in [69] and the persistent
excitation condition was derived therein and also presented in Chapter 5. Besides the nor-
mal description, we can also use a tensor description of a Volterra system to reduce memory
storage and improve numerical computations. Tensors are referring to the multi-dimensional
arrays in this chapter. A d-way tensor is denoted as T~ € R"1*"2X"*"4 ywhere a boldface calli-
graphic letter is used to differentiate it from vectors and matrices. The integers ny,ng, -+ ,ng
are the dimensions and the entries of the tensor are referred to by 7T (1%2"%) via d integer

indices (i1i2 - - -iq4). Note that a vector is a 1-way tensor and a matrix is a 2-way tensor.

Definition 2. (The k-Mode Product [68]) For a tensor T € R™>*>XmXXnd qnd q matric

U € RPe*™  the k-mode product X =T X, U is defined as

ng
X(i1~"ik—1jik+1"'id) — E U(jik)T(il"'ik—likik+1"'id)

ip=1

and X E Rnlx--~><nk_1xpkxnk+1><~~~><nd.

Definition 3. (Tensor Train (TT) Decomposition [68]) The d-way tensor T can be repre-

sented by a linear Tensor Network (TN) such that
T(i1i2--~id) — Z 7—1(a0i10¢1)7—2(041i2a2) o E(ad—lidad)
a0 o

where T1, -+, Tq are called TT-cores. Each Ty, is a 3-way tensor of dimensions r_1 Xny X7y,

where r_1, 1) are called the TT-ranks and ro =14 =1 here.

The redundancy in kernel coefficients does not affect the characteristics of the specified

Volterra system whereas it allows one to represent it as a compact form. To represent the
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MIMO Volterra system via the tensor description, an alternative form is [64]
y (t) = Va, +w(t) (4.1)

where V € R™*®M+1? ¢ontains the kernel coefficients and

=W  -Qu) e RPM+1)¢
—_——

d terms

u, = [1,u}; (t)]T € RpM+1
wy (t) = [u”(t),- - ,uT(t—M%—l)}T € RPM
u(t) = [u® (), u® (t)]T c RP
The matrix V can be written into the (d + 1)-way Volterra tensor V of dimensions (pM +

1) x -+ x (pM + 1) x m satisfying

yi(t) =Vxiul xou! ---xgul +wr(t)
(4.2)
= (Vixou) ) (WVoxz ) - (Vaxo ug) +w'(t)

where Vy, - -+, V; are the TN-cores of the Volterra tensor V. Note that the last core Vy is of
dimensions r4_1 X (pM + 1) x m and the other cores V; are of dimensions r;_; X (pM +1) xr;
with 7o = 1. Thus, the TN representation Vi, ---,Vy here is actually a generalization of
the TT-decomposition with the last TT-rank r; = m. The (d + 1)-way Volterra tensor,
originally containing m(pM + 1)¢ elements, can be stored with O((d — 1)r*(pM + 1) +
mr(pM + 1)) elements via the TN representation, where r is the maximal TN-rank. The
storage requirement can be greatly reduced if the TN-ranks are small. For a MIMO Volterra

system of high degree, the TN representation in (4.2) is preferred considering a limited

memory.
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4.3 Problem Formulation

The MIMO Volterra system identification in this chapter is to estimate the TN rep-
resentation Vi, --- , YV, of the Volterra tensor V in (4.2), given the input and output data
{u(t),y(t)} for t =1,--- | N. In other words, the parameter estimation described in (4.1)
will be performed in the TN representation. Before we discuss the solution in the TN rep-
resentation, the original optimization problems in different scenarios are presented. Define

Y'=(y(1),y(2), . y(N)) e R™,
UT = (ﬁbﬁ2’ . ’ﬁN) c ]R(pM-H)dXN

and then we have to solve the following linear equations
Y'=vUu?’ (4.3)

from (4.1) if the noise signal w(t) is neglected. However, there will be modeling errors and
measurement noise in practice and thus least squares estimators are used.
First, solving (4.1) can be described by the linear regression (ordinary least squares

optimization) problem:

min|[Y" - VU5 (4.4)

Since the optimization problem (4.4) is inherently underdetermined due to the redun-
dant kernel formulation, one may resort to the ridge regression (le-norm regularization) as

below:

!
min [ V" = VUT|[E + AV (4.5)
whose closed-form solution is usually computed as
-1
V=Y"U (UTU + NAL 1 0) (4.6)
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or
V=YY" (UUT+NAIy) 'U (4.7)
with certain A > 0. Choosing the first expression (4.6) or the second expression (4.7) depends
on how (pM +1)¢ and N compare. The one corresponding to the smaller between (pM +1)4
and N is usually selected to reduce the storage requirement.
Finally, one may also want to emphasize the possible sparse structure of the Volterra

system. This corresponds to the LASSO regression (l;-norm regularization) as below
1
H{}DWHYT — VU7 + Bllvec (V) s (4.8)

where 5 > 0 and vec(-) is the vectorization operator. Without much effort, (4.8) can be

written into a normal LASSO regression over a vector variable as

1
min— [vec(Y") = (U @ L) v[3 + 5l1vll (19)

where v = vec(V). In general, there is no closed-form solution for (4.8) except for the
univariate case [70].

In this chapter, (4.4) and (4.5) will be solved in the TN representation in a noniterative
way and their numerical results will be used for comparison during the sparse Volterra system

identification.

4.4 Noniterative Tensor Network based Algorithm

4.4.1 TN-based Ordinary Least Squares

The Alternating Linear Scheme (ALS) and Modified ALS (MALS) were used to solve

(4.4) to determine the TN-cores in (4.2) in an iterative fashion in [64]. Both ALS and MALS
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estimate the TN-cores directly without referring back to the original V. This avoids the
complexity of computing the matrix inversion of U' and the infinite amount of solutions
caused by the redundancy in kernel coefficients. On the other hand, the ALS method requires
that the TN-ranks are fixed, which is less flexible. In addition, both methods require a
particular initialization and do not guarantee the convergence to an appropriate solution.
In this subsection, a noniterative approach involving four steps, described in Algo-
rithm 1-4 respectively, is proposed to calculate the solution for (4.4) with minimum Frobenius

norm in terms of the TN representation.

Lemma 1. If the Singular Value Decomposition (SVD) of UT is

Si ”ZlT] (4.10)
o] | ZT

where the diagonal entries of Sy consist of the nonzero singular values. Then, the solution

UT =LSz" = [Ll LQ]

of (4.4) with minimum Frobenius norm is
V=Y"Z;S;'L{ (4.11)
Proof. Follows from SVD properties. m

In order to obtain the TN representation of the matrix V, the SVD in Lemma 1
should be carried out in the TN form. We first calculate the TN representation of UT. Note
that

UTszT@...@fJT
dt;?ms

where ® denotes the column-wise Kronecker product, i.e., Khatri-Rao product, and Ut =

[ug,uy, -+ ,uy]. The TN representation of UT can then be efficiently constructed by (d —1)
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SVDs and Khatri-Rao products [65]. The upper bounds of the corresponding TN-ranks are
given in Lemma 2. In practice, these upper bounds are attained if the input signals are
persistently exciting. Different from [65], a d-truncated SVD is introduced in this chapter
during computing the TN representation of UT to actively remove less significant modes
and reduce the computational cost. For each SVD cycle, the sum of squares of all truncated
singular values is not greater than 2. The pseudocode following a MATLAB fashion is sum-
marized in Algorithm 1. Note that the idea of using SVD for low-rank system identification

is also used in subspace methods [71, 46, 72].

Algorithm 1: Compute the TN representation of UT

Input: UT e ReM+)xN , degree d, expected accuracy ¢, in percentage
Output: TN-cores Uy, --- , U, of UT

1 Initialization: rg < 1,74 < N

2 U + reshape(UT, [ro, pM + 1,74])

gforj=1,---,d—1do

T < reshape(U;, [rj_1(pM + 1),74))

T+ TeUT

T < reshape(T, [r;—1(pM + 1), (pM + 1)r,))

[L,S,Z] < SVD(T,‘econ’)

5 ISl

rj <= numerical TN-rank determined by é-truncated SVD

Ly < L(:;,1:7))

Si—S(:rj;1:7))

Zy <+ Z(:,1:1))

U; < reshape(Ly, [rj_1,pM + 1,7])

U; 1 + reshape(S1Z7, [rj, pM + 1,r4])

Lemma 2. The TN-ranks of UL have upper bounds

Jj+pM
ri < Lj=1,,d—1
pM
Proof. Similar to the proof of Theorem 4.1 in [65]. O
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Since the first (d — 1) tensors U, - - - ,Uy—1 are orthogonal via the SVD in Algorithm
1, only the last tensor Uy needs to be modified to get the TN-based SVD of UT. This

modification is summarized in Algorithm 2. Note that 7 = min(ry_1(pM + 1), N).

Algorithm 2: Compute the TN-based SVD of U"

Input: TN-cores U, -- ,U; of UT

Output: TN-cores L4, - , L, of orthogonal matrix L, diagonal matrix S, and

orthogonal matrix Z in (4.10)
1 forj=1,---,d—1do
L L5 < U,

2 T < reshape(Uy, [ra—1(pM + 1),r4))
3 [L,S,Z] < SVD(T, ‘econ’)
4 7« size(L, 2)
5 Ly < reshape(L, [rq_1,pM + 1,7))
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Figure 4.1: Illustration of the noniterative TN-based algorithm for estimating Volterra kernel
coefficients.

Then, the TN representation of (4.11) can be written out straightforwardly as in
Algorithm 3. It is worth noting that the TN-ranks of the obtained Vi,---,V; are not

changed and can be still very large. In practice, the TN representation of the Volterra tensor
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can be expected to be of low TN-ranks. Thus, a TT-rounding proposed in [68] is followed
to do the TN-recompression and summarized in Algorithm 4. It reduces the ranks with
a guaranteed accuracy. A d-truncated SVD is also performed during recompression. The
whole noniterative TN-based algorithm described as above for estimating the Volterra kernel

coefficients is illustrated in Fig. 4.1.

Algorithm 3: Compute the TN representation of the kernel coefficients
in (4.11)

Input: TN-cores Ly, -+, Ly, matrix S and Z obtained in Algorithm 2

Output: TN-cores Vi, -, Vy of the solution (4.11)
1 forj=1,---,d—1do

L Vi L

2 1 < numerical rank of UT determined from matrix S
3 S+ S(l:r1:7)
Z,—7Z(,1:7)
5 Vi< Ly x3(YYZ,[S74,0])

I

Algorithm 4: Perform TN-recompression [68]

Input: TN-cores Vi, -, VYV, obtained in Algorithm 3, expected accuracy ¢ in
percentage R
Output: TN-cores Vi, ---,V,; with reduced TN-ranks
1 Initialization: § <« \/dLTlHVHF
2 Right to left orthogonalization via LQ decomposition
for j=d,d—1,---,2do

A~

d1, da, d3] < size(V;)

L, Q] « lq(reshape(V;, [di, dads]))

V; « reshape(Q, [size(Q, 1), d2, d3])

\73‘71 — V-1 x3L
3 Left to right compression via d-truncated SVD

for j=1,2,--- ,d—1do

[dy, da, ds] < size(V;)
[L,S,Z] + SVD(reshape(\A)j, [d1ds, ds],‘econ’))
7; < numerical TN-rank determined by d-truncated SVD
\A)j < reshape(L(:,1: 7)), [dy, d2, 75])
Vi ¢ Vigr x1 (S(L:75,1:7)Z(:;,1: 7))
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Remark 8. The Volterra system identification can be seen as the corner case of identifying
the polynomial state-space model in [65] when the linear state sequence is ignored. However,
the algorithm in [65] can not directly handle the corner case. The first novelty of the proposed
algorithm in this subsection is using 0-truncated SVD to actively remove less significant modes

rather than the rank-gap as in [65]. The second novelty is introducing the TN-recompression.

Remark 9. Factors e, € [0,1) in Algorithm 1 and € € [0,1) in Algorithm 4 are adjustable
to reduce both computational cost and TN-ranks. Note that e, emphasizes the low-rank
expression by actively neglecting the less significant modes in the input matriz UT when the
degree d is high, whereas € focuses on the low-rank features or sparsity of the obtained kernels

during recompression.

4.4.2 TN-based Ridge Regression

Before solving the ridge regression in the TN representation, two types of block matrix

operations are introduced as below.

Definition 4. (The Strong Kronecker Product [13]) The strong Kronecker product between
a block r; x r; matriv X = [X;;] with X;; € R™*™ and a block r; x ri, matric Y = [Y ]
with Y j, € R™*™v is defined as

X|®Y =Ky =K
where K s a block r; X ), matriz with

Kik = Z Xij X ij € RNy XMy

J=1
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Definition 5. (The C-Product [73]) The core contracted product (C-product) between a block
r1 X 1o matriz X = [X;,4,] with X5, € R™P and a block r3 X ry matrix Y = [Y,,,] with
Y., € RP*™ is defined as

X |.| Y = [Zjljz] =17

where Z is a block 113 X rory matriz with Zj,j, = X, Yigi, € R, 1 =iy + (is — 1)1,

and jg = iQ + (Z4 — 1)7“2.

As shown in (4.6) and (4.7), there are two close-form expressions for the ridge regres-
sion. If (pM + 1)? > N due to the curse of dimensionality, the second expression should
be selected and implemented in the TN representation to alleviate the storage requirement.
Otherwise, one can just select the first expression and compute it in the original matrix form.
For the rest of this subsection, a noniterative approach to computing the second closed-form
expression in (4.7) is derived.

The large-scale matrix UT can be approximated by the TT decomposition U, - - - , Uy,
which can be obtained in Algorithm 1. As pointed out in [73], the TT decomposition can

be compactly represented as strong Kronecker products of block matrices, which leads to
Ut =[] |oUy™ (4.12)

where the block r;_; X r; matrix L{Jblk = [Ublk ], jge{l,---,d=1}, i3 €{1,--- ,rj1}, in €

Jyi12

{1, ,r;} with UPK, = reshape(U;(iy,:, i2), [pM +1,1]). Since r4 = N, one can write U

74112
into a block r4_; x 1 matrix instead such that U™ = | 5’}3‘;1} with U | = reshape(Uy(is, :
1), [pM + 1, N]) for iy € {1,--- ,74_1}. The reason for using the strong Kronecker products

is to simplify the computations between tensors. Similarly, the large-scale matrix U can

be represented as strong Kronecker products of block matrices by transposing the block
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components of U™ in (4.12), which leads to
U=u"" o] olU™" (4.13)

where U = [(UPX, )T, j e {1, -, d}.

J,81%2

Proposition 4. Given UT and U represented as strong Kronecker products in (4.12) and
(4.13), the matriz UUT + N X, whose inverse is required in (4.7), can be written in strong

Kronecker products of block matrices as below

UUT 1 NALy = € |@)|- - o] Ct* (4.14)
where the block 7’3\—1 X 7”; matrix C}ﬂk = [c.;?ylkklkZ]’ JE{L e dh k€ {1 ’T?_l}’ w2 €
{1, ,r;‘} for certain {ry,r?, -+, r)}.

Proof. The basic matrix operations can be efficiently computed by matrix T'T decomposition
for large-scale matrices [73]. Thus, the matrix UUT € R¥*Y can be computed based on the

C-product from (4.12) and (4.13) as below
UUT = WPk || - - - |@| Wik (4.15)

where WPk = 24" |o| U} is a block r2_; x r? matrix for j € {1,---,d — 1} and a block
r2_, x 1 matrix for j = d.

On the other hand, the diagonal matrix NAIy can be represented as
NALy = IY™ [®] - - - | ®| Z)™ (4.16)

where the block 1 x 1 matrices Z™ = [1] for j € {1,--- ,d — 1} and Z}™* = [NALy].

76



Finally, the addition of two matrices can be efficiently computed in terms of matrix

TT decomposition such that

blk

2
uu? + NIy = {Wialkl'})lk} |®| |®| ...
0 I
(4.17 )
i Wi
@ |®]
0 I o
where one can denote
Cllﬂk
blk _ blk __
c1 = lW}olk I}olk:| ,C 7 =
Iglk
and
blk Jb vo
blk
0 Ij

for je{2,---,d—1}. Notethatrézrg}:landr?:rjz+1forj€{1,~~,d—l}. ]

The TN-cores Cy,--- ,Cq of the matrix UUT 4+ NIy can be derived directly from
(4.14). Tts inverse matrix can be calculated by referring to the TN-based SVD described in
Algorithm 2. Since the final representation of UUT 4+ N Ay is an N x N matrix, which does
not suffer the curse of dimensionality, one can actually contract all the TN-cores to recover
the original matrix and then compute the matrix YT(UUT + NAIy)~! without referring
to its dual TN representation. To get the TN-cores Vi, ---,V, of the final ridge solution
as described in (4.6), one needs to connect the matrix YT(UUT + NAIy)™! to the TN
representation of U, which can be done in a similar way as for (4.11). The TN-ranks will

increase during matrix operations, so the TN-recompression is also required in the next step
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to obtain \/}1, e ,\A)d with reduced TN-ranks. Computing the TN-based ridge solution is

summarized in Algorithm 5.

Algorithm 5: TN-based ridge regression

Input: TN-cores Uy, - -

-, Uy of UT via Algorithm 1, l,-norm regularization

coefficient A, expected accuracy ¢ in percentage during TN-recompression

Output: TN-cores V1,

blk, T
u

.V, of the ridge solution in (4.7) with reduced TN-ranks
1 UK URK determlned by (4.12)

DO 7L{blkT < determined by (4.13)

3 for j=1,2,--- ,ddo

blk,T
ijlk — L{j o] Z/ljblk

Tk (1]
Vj <— Llj
1 IH% « [NALy]

5 CPK ... Chk « determined by (4.17)

¢ C %cblk‘®| |®|Cb1k
7 vd<_vd X3 (YTC )

8 Vl, Vd <— TN-recompression by Algorithm 4

4.5 Simulation Results

All simulations in this section were performed on an Intel Core 15-10210U CPU with

16 GB RAM.

4.5.1 SISO Volterra System

The SISO Volterra system with kernel coefficients being decaying exponentials in [64]

is used here for comparison. The degree d = 10 and the memory length M = 7. Thus,

pM + 1 = 8. Denote the noniterative TN-based algorithm proposed in Section 4.4.1 to solve

the linear regression (4.4) as NIteTN and that proposed in Section 4.4.2 to solve the ridge

regression (4.5) as ridgeTN. As in [64], the first 700 samples of the input/output signals
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are used for system identification and the 4300 remaining data points are used for model
validation. The output signal for identification is contaminated by Gaussian white noise

with a SNR of 25dB. Denote the relative residue of the output signals as

IY =Yl
res = ———- (4.18)
1Yl

where Y and Y are the practical and simulated output signals defined as in (4.3). As
suggested in Remark 9, NIteTN and ridgeTN algorithms are implemented with ¢, = 0.19
and € = 0.01 to obtain a Volterra model with both good prediction performance and low
TN-ranks. In addition, the regularization coefficient for ridgeTN is set as A = 1. Two
iterative algorithms proposed in [64], i.e., MALS and ALS algorithms, are implemented
for comparison. The TN-ranks determined by the MALS algorithm are used for the ALS
algorithm where fixed TN-ranks are required. The tolerance on the relative residual res
should be specified for both MALS and ALS algorithms to terminate the iterations. There is
a trade-off: if res is set too large, the fitting accuracy will be low; if res is set too small, it is
more likely to be overfitting since the resulting models also tend to fit the noise during system
identification. Setting the residue threshold res = 0.06 gives the best performance while
maintaining low TN-ranks for this example in our simulation. 100 Monte Carlo simulations
are performed and the results are showing in Fig. 4.2. The y-axis is the relative residue
between the true and simulated outputs. For the x-axis, the left four are for identification
data and the right four are for validation data. Table. 4.1 shows the estimated TN-ranks for
\71, e ,1710 and the average run time for four algorithms.

The TN-ranks for all four algorithms are small, whereas they are determined in dif-

ferent ways. The training performances are all acceptable. However, the MALS and ALS
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Table 4.1: TN-ranks and run time for the SISO example.
’/f'\l ?2 ?3 ;’\4 ;’\5 ?6 ?7 ?8 ;"\9 Run time [S]

NIteTN |6 |7 |7 |8 {919 19 |9 |8 |0.095

MALS 8|8 (8|8 |8 |8 |8 8|8 (0.849
ALS 8 (8 |88 |8 |8 |8 |8 (8 ]0.075
ridgeTN |6 |7 |7 [8 |9 |9 ]9 |9 |8 |2.386

algorithms are not performing well during validation. One explanation is that both MALS
and ALS algorithms are fitting the data in an iterative fashion and convergence to an appro-
priate solution is not guaranteed. In contrast, the NIteTN and ridgeTN algorithms intrin-
sically give solutions in Least Squares sense where the statistical features of the noise have
been taken into account. The ridgeTN algorithm show slightly better prediction accuracy
by using the regularization. The time costs shown in Table. 4.1 illustrate that the ridgeTN

algorithm is the most time-consuming since more TN operations are involved.

T T T T T T
0.6 -
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o o o
w N [6) ]
T T T
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.
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—_— =
e _+_§ —_—

0t | | | I | | | | -
NIteTN(id)  MALS(id) ALS(id) ridge TN(id) NIteTN MALS ALS ridgeTN

Figure 4.2: The box plot of the results of 100 Monte Carlo experiments for the SISO Volterra
system identification. The symbol ‘4’ denotes the outlier.
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4.5.2 MIMO Volterra System with Sparse Kernels
Consider a 2-input 2-output Volterra system of degree d = 4

y D (t)

y@ (t)

y(t) =

where

y U (1) =B1u® () + BrouD (1) + Brgu® (#)* + Brau® (t — 3)*

y? (t) =Boru? (t) + Bozu® (£)? + Bosu® (¢ — 1) uV (¢ — 2) + BoguV(t — 3)"
and 811 = Ba1 = 1,812 = Baz = 0.1,813 = Bo3 = 0.01, and Sy = [oy = 0.05. The
memory length M = 4. Note that the corresponding matrix V in (4.1) containing the kernel
coefficients is sparse. Also, pM + 1 = 9 in this example. The Gaussian white signals with
covariance matrix o2 = I are used as input signals. The input signals are scaled to be within
[—1,1]. The first 700 samples of the total 5000 generated input/output data are used for
system identification and the remaining 4300 samples are for validation as in Section 4.5.1.

The NIteTN, MALS, ALS, ridgeTN, and LASSO algorithms are implemented for
comparison. As suggested in Remark 9, NIteTN is implemented with €, = 0.001 and € =
0.05. Note that smaller £, helps maintain more input excitation information whereas larger
¢ emphasizes the sparsity within the kernel coefficients. Similarly, the TN-ranks determined
by the MALS algorithm are used for the ALS algorithm. The residue threshold res = 0.1
is selected, which takes into account the trade-off between the prediction accuracy and low
TN-ranks. Since the TN-ranks will increase in a square sense temporarily during running
TN-based ridge regression, one should select a larger ¢, to simplify the TN representation

at the beginning which incurs more approximation errors for Volterra coefficients. Thus,
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g, = 0.4 and ¢ = 0.05 are selected to compute the TN-based ridge solution. The Io-
norm regularization coefficient A\ = 107 is used to penalize the Volterra coefficients. The
estimation may be biased, but the variance may also be reduced. Larger A\ will smooth out

more Volterra coefficients. The LASSO regularization coefficient 8 = 107°.

Channel 1 Channel 2

0.25 0.25
— Positive
02 —1 Negative 02

— Positive
— Negative

0.15
0.1

0.05

Figure 4.3: The estimated kernel coefficients via the NIteTN algorithm.

Channel 1 Channel 2
0.25 0.25
0.2 0.2
0.15 0.15
01 0.1
0.05 0.05
0. 0
80 80

Figure 4.4: The estimated kernel coefficients via the MALS algorithm.

The estimated TN-ranks for 91, e ,\34 and the run time from one simulation are
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Figure 4.5: The estimated kernel coefficients via the ALS algorithm.

Table 4.2: TN-ranks and prediction errors for the MIMO example.

71 |72 |73 |Run time [s] |res (Train) |res (Validation)
NIteTN|5 |6 |6 [0.453 0.003 0.003
MALS |9 {9 |9 ]0.684 0.043 0.122
ALS 9 (9 |9 ]0.242 0.040 0.201
ridgeTN|6 |8 |10|5.211 0.017 0.023
LASSO |- |- |- |2.450 4e-4 6e-4

shown in Table. 4.2. The LASSO algorithm shows the most accurate prediction, because
it is based on an optimization over the original data while the TN-based algorithms imply
approximations of the data matrices. Among the TN-based algorithms, the proposed NIte TN
algorithm performs best during both training and validation periods in terms of low TN-ranks
and accurate output prediction. Both MALS and ALS algorithms stabilize to relatively low
TN-ranks and produce small prediction errors for the training data. However, their validation
errors are relatively large since the iterative algorithms do not guarantee to converge to an
appropriate solution. The proposed NIteTN algorithm is noniterative and will not suffer

from such problems due to iterations. In addition, the parameter ¢ emphasizes the inherent
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Figure 4.6: The estimated kernel coefficients via the ridgeTN algorithm.

sparsity of the given Volterra system and results in even lower TN-ranks than both MALS
and ALS algorithms. The training and validation errors for the model from the ridgeTN
algorithm are almost at the same level since the [,-norm regularization will help reduce the
overfitting.

Fig. 4.3-4.7 illustrate the estimated kernel coefficients for different algorithms. There
are (pM + 1)? = 6561 kernel coefficients in total for each output channel and they are re-
shaped into two 81 x 81 matrices. For better illustration, each kernel coefficient is shown
using its absolute value with a positive or negative indicator. For the TN-based algorithms,
the performance of the sparse estimation of the inherent kernel coefficients is different. Al-
though both MALS and ALS algorithms result in a model with relatively low TN-ranks for
Vi, -+, Vy, its dual representation V which contains the estimated kernel coefficients is not
sparse. One can observe from Fig. 4.4 and Fig. 4.5 that the iterative algorithms suffer from
overfitting problems. The ALS algorithm encounters more overfitting since it is refining the

parameters to further reduce the prediction errors based on the initial estimation from the
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Figure 4.7: The estimated kernel coefficients via the LASSO regression.

MALS algorithm. The NIteTN algorithm not only shows low TN-rank approximation, but
also maintains the sparsity of its dual representation as shown in Fig. 4.3. The distribution
of trivial kernel coefficients is very flat around zero. The distribution of the estimated kernel
coefficients by the ridgeTN is fluctuated as shown in Fig. 4.6 since more approximation errors
are introduced by setting a large ,. However, the ls-norm regularization has helped smooth
out insignificant kernel coefficients. Keeping increasing A will finally force the estimates of
all the kernel coefficients to zero. As expected, the LASSO algorithm produces the best
sparse estimation as shown in Fig. 4.7 and the distribution of trivial kernel coefficients is
even smoother than that in Fig. 4.3.

In terms of the storage requirement, all the kernel coefficients should be explicitly
listed in the LASSO regression, which will be likely infeasible as the degree is getting higher.
The TN-based algorithms perform all the calculations based on the TN-representation with-
out referring back to its dual matrix representation which suffers from the curse of dimen-

sionality. In addition, it is interesting to observe that the NIteTN algorithm implies a
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symmetric kernel constraint as shown in Fig. 4.3, while the LASSO algorithm does not obey
this constraint during optimization.

It is worth noting that the sparsity of the original kernel model is not guaranteed even
though a low TN-rank model can be obtained. In other words, all four TN-based algorithms
may not regenerate the original sparse kernel coefficients in general. However, the TN-based
algorithms allow one to seek the sparsity in the sense of simple TN representation which
can still give good prediction. When the data is noise contaminated and different amount
of data points N are used, the comparison of validation errors among the four different TN-
based algorithms is shown in Fig. 4.8. All the settings are the same except that €, = 0.4 for
the NIteTN to make it more robust to noise. It is interesting to observe that the ridge TN
algorithm can improve the prediction performance of the NIteTN algorithm when the SNR
is large. The MALS and ALS algorithms are more likely to fit the noise and result in a less
accurate model with even higher TN-ranks. For example, for a SNR of 15dB and N = 700,
the estimated TN-ranks (77,7s,73) are: NIteTN (6,8,13), MALS (9,77,18), ALS (9,77,18),
ridgeTN (6,8,13).

To illustrate the effect of different pairs of the hyperparameters (g,,¢), the esti-
mated TN-ranks and the average relative residues from the NIteTN algorithm are shown
in Table. 4.3 for a SNR of 25dB and N = 700. The tuning factor e, plays a more impor-
tant role in actively reducing the TN-ranks whereas ¢ will reduce the TN-ranks once the
TN-representation could be further simplified. In addition, low TN-ranks also mean low

computational complexities.
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- & - 15dB NiteTN
-~k - 15dB MALS
- % - 15dB ALS
- -4 - 15dB ridgeTN
—=— 250B NiteTN
—— 25dB MALS
—%— 25dB ALS
|—#—250B ridgeTN
B 35dB NiteTN

35dB MALS
*-— 35dB ALS

49— 35dB ridgeTN

Relative residue

N

Figure 4.8: Prediction errors for different TN-based algorithms.

Table 4.3: TN-ranks and prediction errors for different (e, €).

(Eus€) 7 |72 |73 |Run time [s] |res (Train) |res (Validation)
(0.001,0.01)|9 |45|18/0.369 0.047 0.246
(0.01,0.01) |9 [45/18]0.346 0.047 0.244
(0.1,0.01) |9 |41]18/0.264 0.047 0.245
(0.2,0.01) |9 |32]18/0.150 0.042 0.145
(0.4,0.01) |6 |8 |[13/0.031 0.023 0.029
(0.6,0.01) |2 |2 |2 |0.010 0.050 0.052
(0.001,0.05)|9 |45|18/0.369 0.047 0.246
(0.01,0.05) |9 |43|18/|0.332 0.053 0.249
(0.1,0.05) |9 [40/18|0.265 0.051 0.249
(0.2,0.05) |8 |27|18/0.150 0.201 0.243
(0.4,0.05) |5 |7 [10/0.031 0.027 0.031
(0.6,0.05) |2 |2 |2 |0.011 0.049 0.051
(0.001,0.1) |9 |39]18/0.344 0.075 0.252
(0.01,0.1) |9 |40|18/0.334 0.074 0.251
(0.1,0.1) 9 141]18]0.269 0.142 0.289
(02,0.1) |9 |27]180.147 0.940 0.955
(0.4,0.1) 5 |7 |10]0.031 0.037 0.040
(0.6,0.1) |2 |2 |2 |0.010 0.047 0.050
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4.6 Conclusion

Noniterative TN-based algorithms for either a linear or ridge regression are proposed
in this chapter to estimate kernel coefficients of a MIMO Volterra model. It is demonstrated
to have an advantage over the ALS and MALS methods by avoiding the need for iterations.
Two adjustable factors in the proposed algorithms help estimate a TN representation of the
Volterra kernel coefficients with both good prediction accuracy and low TN-ranks. The TN
technique relieves the curse of dimensionality and makes it possible to approximate compli-
cated coupled nonlinear dynamics via a high degree and even MIMO Volterra model. Note
that the TN representation is an approximation of the original kernel coefficients. The simu-
lation examples show the numerical efficiency and storage saving of the proposed noniterative
algorithms, and illustrate their potential for sparse Volterra system identification.

This chapter is based on the following paper that were submitted:

Y. Hu, L. Tan and R.A. de Callafon, “Noniterative tensor network-based estimation for
MIMO Volterra system identification,” IEEE Transactions on Automatic Control, under

review.
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Chapter 5

Persistent Excitation Condition with

Gaussian Distributed Input Signals

This chapter gives a persistent excitation condition for the parameter estimation in
MIMO Volterra system identification in the case of zero mean, Gaussian distributed (not
necessarily white) input signals. The persistent excitation condition shows that under those
input conditions a MIMO Volterra system can be identified consistently via an appropriately

sized input signal.

5.1 Introduction

The nonlinear systems to be modelled by a MIMO Volterra structure are usually as-
sumed to be persistently excited without further discussion in most of relevant contributions.
However, this assumption does not hold if the input signals are not appropriately selected.

For example, a Pseudo-Random Binary Sequence (PRBS), which is widely used for linear
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system identification due to its similar spectrum to a white noise and easy realization, is
inappropriate for nonlinear system identification in general [74]. More precisely, PRBS is
not persistently exciting for Volterra systems of degree higher than one [75, 76]. The system
is assumed to have symmetric Volterra kernel coefficients without loss of generality.

In this chapter, a symmetric constraint on the Volterra kernel coefficients is enforced
to handle the redundancy. In fact, the proposed persistent condition still holds as long as
the redundant part is constrained. The idea of moments to cumulants conversion in [77] is
extended to the MIMO case. It is shown in this chapter that each moments equation can be
equivalently split into several cumulants equations, from which we can appropriately select
one to simplify the original least squares problem. The given persistent excitation condition
is very easy to satisfy in practice and further demonstrates the persistence of excitation of
the Gaussian input signal for the MIMO Volterra model system identification. The derived
persistent excitation condition implies that a persistently exciting Gaussian signal will not
lose this property by feeding it through a standard linear filter, whose transfer function can
only have finite number of zeros on the unit circle.

The remaining part of this chapter is organized as follows. Section 5.2 provides the
notation and necessary preliminaries on the properties of the joint cumulant. The normal
description of Volterra system is described in Section 5.3. In Section 5.4, the moments to
cumulants conversion is applied to reformulate the problem and the persistent excitation
condition with the zero mean Gaussian input is given. Section 5.5 investigates a simulation
example to demonstrate the proposed persistent excitation condition. Section 5.6 summarizes

this chapter.
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5.2 Notations and Preliminaries of Cumulant

For the reference and convenience of the readers, only the properties of cumulants
relevant to this chapter will be listed in this section. Most notations are following the

convention in [78].

5.2.1 Notations

We use {-} to represent a set. Denote & (b) as the set of partitions of a finite nonempty
set b. An element m of Z2(b) is collection of nonempty and disjoint subsets (i.e., blocks) of b
such that their union equals b. |b| denotes the number of all possible partitions. For example,
{{1},{2},{3}} is an element of & ({1,2,3}). For every o,m € & (b), o V 7 denotes the join
of them. Each block of ¢ V 7 is the union of all the blocks of ¢ and 7 that have at least
one component in common. Thus, each component of o V 7 can be seen as the least upper
bound with respect to certain overlapped components of both o and 7w. Note that o V 7
is also an element of 22 (b). The trivial partition 1 = {b} is the maximal element of (b).
The minimal element of 2 (b) is the partition 0, each block of which consists of exactly one
component of b.

For n > 1, we denote X,; = (Xy,---, X},) as a vector of real-valued random variables
such that the moments E|X;|" < 0o,Vj = 1,--- ,n. Note that it is not necessary to be a
series generated from a single stochastic process. Without causing much ambiguity in the
following sections, two notations respectively with subscript and superscript are defined as
below:

Xb:(ij"',Xjk), Xb:XJlXjk
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where the set b = {j1,--- ,jx} C [n] = {1,--+ ,n}, X} is a vector, and X? is the product of

all components.

5.2.2 Properties of Cumulant

The joint cumulant of X, is denoted by cum (X,) and defined as

k
exp <z Z Hlle>]
I=1

where 7 is the imaginary unit for a complex number. If all £ random variables are the same,

k

Nk
% mE
(=) 960, - 00,

cum (Xb) = cuin (Xj17 to 7Xjk> =

01=--=0,=0

then it is actually the kth ordinary cumulant.

Lemma 3. (i) The joint cumulant with one random variable equals its mean and that of

two random variables equals their covariance;
(i) The application of X, — cum (Xy) is homogeneous:

cum (b X, -+, e Xj,) = (ﬁ hl> cum (Xp) (5.1)

=1

(111) The joint cumulant is multilinear:

cum (X, X Z1+ Zo) = cam (X5, -+, X, Z1) +cum (X5, -+, X, Zo) (5:2)

Jk?

(iv) If Y = {Y;,j € N} is a Gaussian family and Xy, is a vector obtained by justaposing

n > 3 elements of Y (with possible repetitions), then cum (X[n}) =0.

Proof. See [78] and [79] for reference. O

The following lemma presents two important relations between higher moments and
cumulants. It shows a potential way to perform certain transformations to simplify a relevant

problem.

92



Lemma 4. (i) The higher moments can be expressed as the sum of products of cumulants

over all possible partitions:

E [X’] = Z cum (Xp,) - - - cum (X, ) (5.3)
m={b1, ,bp }€Z(b)
(i1) For any partition m = {by,--- ,bp} € P (), a relation between cumulants is
cum (X", X%) = Z cum (Xy,) - - - cum (Xy,) (5.4)
o={t1, L} P (D), '
oVr=1
Proof. See Proposition 3.1 in [78]. O

We illustrate the results of the above Lemmas with an example.

Example 1. Consider a simple setb = {1,2,3,4,5}. If the partitions m = {{1},{2},{3,4,5}}
and o = {{1,3},{2,4}, {5}}, then ovm = 1 = {b}. If the partitions ™ = {{1},{2}, {3}, {4,5}}
and o = {{1,4},{2,5},{3}}, then o vV = {{1,2,4,5},{3}} # 1.

These properties in Lemma 3 and Lemma 4 will be repeatedly used in the following

analysis.

5.3 The Normal Description of Volterra System

A discrete-time single-input single-output (SISO) Volterra model of degree d can be

described as

(1) =ho+ Z_ i (k- k) [Tt = k) 0 1) (5.5)

where {u(t),y(t)} are the scalar input and output sampling signals, v(¢) is an independent

noise signal, M; is the memory length, and h;(-) is called the ith Volterra kernel. Although
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we are investigating the persistent excitation condition for a MIMO Volterra system, it is

enough to consider a MISO one as below

d i—1 p—1 17
y(t) =ho + Z Z Z hi (ki onsee s ki, aq) Hu(aiﬂ) (t—kj)+v(t) (5.6)
i=1 ki, ,k;=0 a1, ,0;=0 j=1

where u(®(t) is the ath component of the vector input signal u(t) € R?. We assume that

the Volterra kernels are symmetric sequences, i.e.,

hi (kv on; o s ki oq) = ha (Ko 0y 5 Koy ) (5.7)

where p(-) is an arbitrary permutation of {1,---,i}. Obviously there is a redundancy in
the unknown kernel parameters due to the symmetric structure. However, this redundancy
enables us to rewrite the model into a neat linear regression form via Kronecker product as
follows:

y(t)=®T () H+v (1) (5.8)

The regressor vector ®(t) is defined as

where

The coefficients vector H is defined as

d .
1+ Miz
H:[h(]’H?’.."H;lF]TGR igl(p )
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where

i (M= 1,p—1;-+ s M; = 1,p— )]

If the stationary stochastic signal is chosen to be the excitation (input) signal, the model in

(5.8) leads to the following equivalent expression
RooH = Ra, (5.9)

where Roo = E [® (1) 7 (¢)] and Re, = E [® (¢) y (t)] denote the auto- and cross-correlation
functions between the regressor and the output observation. The expression in (5.9) effec-
tively illustrates the possibility to use least squares minimization to estimate the coefficients
vector H.

Note that the noise effect is eliminated since it is independent of the input signals.
The matrix Rgg is singular due to the redundancy. But (5.9) can have a unique solution
if the symmetric constraint in (5.7) is taken into account. In this chapter, we are trying to
establish a condition for a unique solution H to the model (5.8) under the assumption (5.7),

i.e., the persistent excitation condition.

5.4 The Development of Persistent Excitation Condi-
tion

Redundancy in the model usually exists for a compact model description and thus
infinite solutions exist. For this reason, the persistent excitation condition is said to be

satisfied if the kernel coefficients can be uniquely determined with the redundancy being
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constrained in some way. Also, the normal description in (5.6), rather than the tensor
description, is used in this chapter since it is easier to develop the persistent excitation
condition. Without loss of generality, the symmetric constraint in (5.7) is assumed. Each
channel of the inputs is chosen to be a zero mean Gaussian signal, not necessarily independent

of each other.

5.4.1 Moments to Cumulants Conversion
Two problems make it hard to determine whether (5.9) has a unique solution:

1. Rgo is typically a full square matrix and will not reflect the invertibility obviously;

2. Rgo is singular due to the redundancy in the kernel coefficients as formulated.

For the first problem, we will transform the full matrix into a block triangular square matrix
whose invertibility can be determined by the diagonal blocks. For the second problem, the
symmetric condition (5.7) will be used to rearrange the components in the diagonal blocks
corresponding to the symmetric kernels to remove the redundancy effect and make it possible
for the linear equations to have a unique solution.

Denote the scalar term z(t) = ®T (¢) H. Then, (5.9) becomes

E [ (1) E [y (1)
Elp (02 (0] | | Elpy (03 (0]
= (5.10)
Elp(Wr®)] | | Elea®y )

where the jth block row is corresponding to all the possible jth order moments of input

signals with z(t) or y(t). Each row of the block entry E [p, (t) z ()] € R®*)" can be written
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in the form

E[X®] = Blu©) (¢ — kp) - al®HD (8 — k) 2 (2)] (5.11)
\ ~— (. ~ B ad
X1 X Xit1

where the indices set ;b = {1,--- ,4,7+ 1}. Similarly, the corresponding row in E ¢, (t) y ()] €

R®M)" s written as

E[X] = Eul®™) (t — ky) -t (¢ — k) y (¢)] (5.12)
\ ~— / ~ ~ 7 N~
X1 X; Xit2

where the indices set ;' = {1,--- 4,5+ 2}, E[X*] = E[X**], and |;b] = |;}'|. Lemma 4
tells us that the higher moments in both E[Xi*] and E[X*'] can be split into the sum of
|;b| different products of cumulants terms. Then, each moments equation E[X*] = E[X:"']
produces |;b| different cumulants equations since the |;b| terms of both can be paired via one-
to-one correspondence. For each cumulants equation, the unknown coefficients H within
x(t) could be extracted by using the multilinear and homogeneous properties in Lemma 3,

which leads to a raw cumulants based linear system equivalent to (5.9):

1 Rgm - Ry || ko 5
Rip™ Ry™ - Ry || H| Qe
RG™ Ry™ - Rgr | | He| o | Qe
- ~ _/\ = _/ \_ — ﬁ—
Rcum H chm
Denote
d ‘ d ,
=1 =1

The number of the unknown kernel coefficients is N,. Note that there are N, equations in

(5.9) whereas Neu, equations in (5.13). Arbitrary Ny, of the Ny, linear equations in (5.13)
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that guarantees a unique solution under the symmetric constraint is sufficient to provide the

persistent excitation condition.

Example 2. Among the |;b| different cumulants equations from each E[Xi®] = E[X], the

one corresponding to a minimal partition 0 is

cum (u(‘“H) (t—ky), -, u @D (¢ — k), ®" (1) H
(5.14)
=cum (ul® ) (t —ky), - uT (= k), y (1))

which forms one equation in (5.13).

We could possibly sift out from (5.13) those special equations that can reduce the
complexity of the problem. If we can reduce R into a block triangular square matrix,
then it would be much easier to tell the invertibility by only looking at the diagonal blocks.
Another lemma is given before we show that all the N, cumulants equations corresponding

to a minimal partition 0 as in (5.14) are such special equations.

Lemma 5. Let the set b = {1,--- i,i + 1,--- ,i + j} and X® be a vector obtained by
Juxtaposing elements of a zero mean Gaussian family (with possible repetitions). Consider a

partition

Ifi > j or (i+j) is odd, then

cum (Xbl, e ,Xb'i, Xb"“) =0.
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Ifi < j and (i + j) is even, then
cum (Xbl, coe X0 Xbi“)

=> D> cum (X, Xpiay) - -eum (X, X)) (5.15)
s p

X cum (X 5641)), Xyoat2))) - - cum (Xo 1)), Xq00))

where the #LZ), possible ways to select v elements from j elements in b; 11 without putting

back are denoted as

{ié(l)w 76(2)b{6(2+1)7 75(3)}} S y(bz—&-l)

iele‘n;nts
the 1! possible permutations of {6 (1),---,9 (i)} are denoted as p(-), and the %
possible unordered ways to pair elements of {d (i +1),---,0(j)} are denoted as ~(-) .

Proof. For elements from a Gaussian family, only the first and second cumulants are nonzero
via the item 4 in Lemma 3. Since it is also of zero mean, only the second cumulants remain
nonzero via the item 1 in Lemma 3. Thus, further using the item 2 in Lemma 4, we could
express cum (Xbl, cee X0 Xb”l) as the sum of products of all possible second cumulants
satisfying the given condition oV« = 1. If (1 4 j) is odd, o can never be arranged into a
partition with only pairs and thus the sum will be zero.

Then, let’s consider the case when (i+j) is even. If i > j, one can never find a ¢ both
including only pairs and satisfying ¢ V7 = 1. See Example 1 for a simple demonstration.
If i < j, the partitions being only pairs and satisfying ¢ V 7 = 1 can only be formulated in
the following way: pair each element in {by,--- ,b;} with a different element in {b;;1} and
the remaining (j — ) elements are paired with each other without specifying an order. This

turns out to be (5.15). O
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Remark 10. Lemma 5 only assumes that each random variable is of zero mean and Gaussian

distributed. It does not require that they are from the same channel of Gaussian processes.

5.4.2 Reduction of Cumulants Equations

It has been pointed out in Section 5.4.1 that the moments to cumulants conversion
produces at most N, different linear equations. In fact, we only need N, of them to
determine the unknown kernels. Theoretically speaking, we have C’ﬁfum different choices.
But we prefer a structure that would simplify the problem of determining a unique solution.

For each original equation described as (5.12), now we only choose the cumulants
equation (5.14) from |;b| different options, which is corresponding to a minimal partition
0. Then, the row number of R®™ and Q™ in (5.13) will be reduced to Nj,. Denote the

reduced N, cumulants equations as
l:_{cumH — chm (516)

where R®™ is a square matrix of the same dimension as Rge.

Lemma 5 implies that matrix R°™ can be further reduced to a block triangular form

10 cum ()

0 Ry™ 0 Ry

~ 00 cum ()
Re — (5.17)
00 0 RS

o0 0 0 ... Rgm
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Note that R°™ is still singular due to the redundancy of kernel coefficients but it is possible
to have a unique solution if the symmetric condition in (5.7) is enforced. The columns in
R"™ corresponding to the symmetric kernel coefficients are regarded as identical and can be
rearranged to make the modified R®™™ able to be nonsingular without changing the solution

in the sense of symmetric kernel coefficients. One only needs to take care of the block

cum
(2

diagonal entries R{™ and develop the persistent excitation condition to make the modified

block diagonal entries nonsingular.

Proposition 5. Consider the reduced cumulants equation (5.16) with R®™ being a matriz
of dimension Ny, x Ny, given by (5.17). If the symmetric constraint in (5.7) is assumed, then

(5.17) can be replaced, without affecting the solution H, by

1 0 Rom 0

0 R{™ 0 Ry"
R 00 R 0
Rewn — (5.18)
00 0 Ry

00 0 0 ... Rowm

where the modified block diagonal entries are
Ri™

:i!\cum (wnr, (B) wyy, (1)) @ -+ - @ cum (uay, () uy, (t)), (5.19)

i terms

=ilE [uy, () gy, (0)] @ @K [up, (¢) uy, (1)]

and uyy, (t) is defined as in (5.8).
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Proof. Let’s look at the (r,c)-th component of the matrix R{™ € R®M)'*(®M)"  Firgt, the

row index r can be written as a grouped index (k1,aq;- - ; ki, «;) such that
r—1=(kp+a) (M)

+ 4 (kiap + aisn) (PM)' + kip + a;
where 0 < kb < M — 1,0 < oy < p— 1. Similarly, the column index ¢ can be written as a
grouped index (ky,aq; -+ ; ki, a;). Then, the (7, c)-th component could be represented in the

following form:

(RG™), .
_ (a1+1) (a;+1)
_cum(u (t—ki), - ,u (t — ki),
~ 4 —_—— .2
Y Y (5.20)
@t (t _ ];;1) cooql@ ) (t _ ]%l))

Using Lemma 5 and Remark 10, one further has

Rcum = Z cum Xl, (5(1 ))) -+ - cuim (Xi, Xp(g(i))) (5.21)
P

where there is only one way for the selection ¢ and there are no partitions introduced by ~
since j = ¢ in this case. There are ¢! items, some of which are possibly identical, to add up
n (5.21). For each row r, it can be observed from (5.20) that there is a redundancy in the

columns. All the components in the column ¢ satisfying
d—1= (]_fp(l)p + @p(l)) (pM)i_l
7 _ 1
+ o (Bpanp + @) (PM)
+ FoiyP + Qi
are exactly with the same value as in the column ¢, where p(+) is a permutation of {1,--- ,i}.

There are at most 4! possible columns with the same value if each pair (k;, &;) is different.
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Note that there will be less than i! identical columns if some of (k;, @;) are with the same
values. But this also implies repeated variables in {X; 1, -+, X;4;} and thus will not affect
the results of the following manipulation. We can interchange the terms under summation
among these identical columns such that all the equal terms are gathered together and the

(r, ¢)-th component of the modified ﬁ‘z?i“m is

()
=jlcum (Xl, Xi+1) c .- cum (XZ, Xz-‘,—z)
=i!cum(u(a1+1) (t — ky),u(@+D (t — k1))

~cum (w8 — k) u @ (8= k)

which is actually the (r, ¢)-th component of Re™™ in (5.19), where the last step is obtained

by using the item 1 in Lemma 3. Note that cum(X;, Xs) = cum(X;X) for zero mean

signals. ]

YYVYYY
uuiii

ﬁcum ﬁcum

Rcum

Figure 5.1: Illustration of the moments to cumulants conversion to simplify the original
problem.

The whole procedure for moments to cumulants conversion and relevant modifications

is illustrated in Fig. 5.1.
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5.4.3 Persistent Excitation Condition

All above discussions show that the original system (5.6) is persistently excited if

RewH = Q"™ has a unique solution, where R s defined in (5.18).

Theorem 3. Assume that each channel of the input signal for a Volterra system (5.6) is
a zero mean Gaussian signal and not necessarily independent of the other channels. Let
M = max{M,---,My}. The equation ReH = Q< ynder the symmetric condition (5.7)
has a unique solution if and only if f{fzum,z =1,---,d are nonsingular. A sufficient condition
is that the power spectrum matriz of the input signal u(t) is positive definite at least at M

distinct frequencies.

Proof. The unique solution implies that the matrix R should be nonsingular. Thus, the
block diagonal matrices f{flum,z = 1,---,d should be nonsingular. Note that the multiple
Kronecker product has the property (A; ®---® Ai)_1 =A'®---® A" So matrices
Eluy, (t)ujy, (t)],4 = 1,--- ,d should be positive definite. This is equivalently requiring
that matrix E[uy, (t) u}; (¢)] is positive definite since those matrices are its leading principal

minors. Select an arbitrary vector

T
g = (901, s Gopy s d(M-1)1, 7 7g(M—1)p)

and define a matrix transfer function

G(g")=[Ci(¢7"), .Gyl )]
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M-1
where G; (¢7') = Y gq7" and ¢! is a time delay operator. Then,
=0

0<g"E [uy (t)u}, (t)] g
¢ u(t)’]

E[(G(
= % /_7T G (e‘jw) Guu (w) GT (ejw)dw

where ¢, (w) is the power spectrum matrix of the input signal u(¢). Since there are at most
(M —1) zeros for Gy (e77*), the integral must be strictly positive if @y, (w) is positive definite

at least at M distinct frequencies. n

5.5 Simulation Results

The 2-input 2-output sparse Volterra system in Section 4.5.2 is still used here for
demonstration. In this example, only the NIteTN algorithm is implemented to test if the in-
put signal is persistently exciting. The nonzero kernels will be estimated and compared with
the true ones. Note that the coefficients corresponding to the symmetric kernels should be
combined together for comparison. We set ¢, = 0.001 and € = 0.001 so that all information
is maintained during system identification except machine errors. Gaussian white signals,
filtered Gaussian signals, and PRBS are used as different excitation signals. The first 1500
samples of the total 5000 generated input/output data are used for system identification
and the remaining 3500 samples are for validation. The output signals for identification are
noise-free.

The covariance matrix of the Gaussian white signals is chosen as 0% = I. The filtered

Gaussian signals are generated by feeding the above Gaussian white signals through the
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Table 5.1: The estimated nonzero kernel coefficients.

B bz P13 B4 P Baz Das Baa
True 1 0.1 0.01 [0.05 |1 0.1 0.01 ]0.05
White |1.000 |0.100 |0.010 {0.050 |1.000 [0.100 [0.010 |0.050
Filtered|1.000 [0.100 [0.010 {0.050 |{1.000 |0.100 |0.010 |0.050
PRBS ]0.092 [0.092 |-0.013[0.002 [0.082 |-0.044 |-0.000 |0.001

following low-pass filter Gy (z) = ZE'(;%. The PRBS signals for the two input channels are

generated independently such that they are randomly switching between +1 for the first
2499 samples, £0.9 for the range [2500,3749], and +1.1 for the range [3750, 5000].

The estimates of those nonzero kernel coefficients for different excitation signals are
given in Table. 5.1. The Gaussian white signals and filtered Gaussian signals are persistently
exciting as suggested. Note that the estimates of the kernel coefficients that are supposed
to be zero, are around machine precision level. The PRBS signals can not produce correct
estimates since they are never persistently exciting for Volterra systems of high degree. It
is also interesting to observe that the estimates of both f;; and ;5 are the same. The
reason is that u"(¢) and u¥(¢)? are indistinguishable under PRBS with magnitude 1 and
thus considered as symmetric kernels during system identification. Fig. 5.2 compares the
true and simulated y(V)(¢). The identified model fails to predict the output when the input

magnitude changes.
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Figure 5.2: The comparison for the first output channel. Starting from sample 2500, the
input magnitude changes to 0.9. Starting from sample 3750, the input magnitude then
changes to 1.1.

5.6 Conclusion

It is shown that the least squares solution typically solved for Volterra models can be
simplified via moments to cumulants conversion. A symmetric constraint is enforced during
the least squares estimation to handle the redundancy in the kernel coefficients and allows
for the formulation of a persistent excitation condition. It is worthwhile to note that the im-
posed constraint does not have to be symmetric, as the persistent excitation condition applies
naturally to cases where the redundant kernels are constrained in other ways. Techniques
like tensor network exploit the potential to capture complicated coupled nonlinear behaviors
via higher degree and even MIMO Volterra models. The resulting persistent excitation con-
dition in this chapter demonstrates that Gaussian distributed input signals provide sufficient
excitation to a MIMO Volterra system. Such a persistent excitation condition may not hold
for non-Gaussian distributed input signals, such as a pseudo-random binary sequence.

This chapter is based on the following papers that were published or submitted:
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1752-1757.

Y. Hu, L. Tan and R.A. de Callafon, “Noniterative tensor network-based estimation for
MIMO Volterra system identification,” IEFEE Transactions on Automatic Control, under

review.
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Chapter 6

Estimation of Microgrid Power Flow

Dynamics via CoBRA

This chapter considers the application of the Covariance Based Realization Algo-
rithm (CoBRA) to microgrid dynamic modeling. More specifically, we propose a data-driven
approach to modeling Distributed Energy Resources (DERs) power flow dynamics within
a microgrid by using the discrete-time dependent covariance between active and reactive
power flow. The microgrid network with its DERs is regarded as a multi-input multi-output
(MIMO) linear dynamic system concatenated by a static nonlinear part to model power loss
within the microgrid. The linear part is identified by the CoBRA that can handle noisy
power flow data and focus on identifying a low-order dynamic model, where a static gain of
the model can be enforced during the estimation. The nonlinear part is formulated by the
estimation of the admittance matrix of the microgrid network. The proposed model struc-
ture takes the physical characteristics of the microgrid into account and will be suitable for

a relatively wide range of operating conditions even if the parameter estimation is performed
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from surrounding one local equilibrium. It is shown via a simulation and an experimental
study that simulated and measured power flow transient effects can be matched with high

accuracy.

6.1 Introduction

Microgrids typically consist of a set of power producing DERs interconnected with
multiple power consuming loads such as lighting, HVAC system, Electric Vehicles (EV),
etc. The DERs may include fossil fuel generation, sustainable energy generation (e.g., wind,
solar, etc.), and energy storage system (e.g., battery powered inverters). The micrigrid can be
working in either grid-connected mode or islanded mode when the microgrid is disconnected
from the main grid [80]. This flexibility allows autonomous operation of the microgrid
during main grid faults possibly due to events such as extreme weather, blackouts, and
attacks on the power infrastructure and thus increases the resiliency of the whole power
systems [81, 82, 83]. In addition, DERs created by modern inverters with fast transient
dynamics can balance and reduce fluctuations in power flow within the microgrid in real-
time by absorbing and providing energy [84, 85, 86]. This further mitigates the need for
volatile modulations of any fossil fuel powered generators to improve efficiency.

The ability to control power flow within a microgrid becomes a very important task
in order to stably and optimally operate the microgrid [87]. Real-time feedback control of
both active and reactive bi-directional power flow between the main grid and local microgrid
allows seamless mode transition between grid-connected and islanded modes [88]. For such

feedback power control, a dynamic model describing the power flow from DERs to the
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point of common coupling (PCC) is desired to design control algorithms with guaranteed
stability or robustness margins. Although component- and physics-based modeling may
provide a dynamic model of the microgrid, uncertainty in component specifications and
model complexity may render the resulting model unsuitable for actual feedback control
design. In contrast, a data-driven approach tailored to learn or estimate DER and microgrid
dynamics provides an alternative to both identify a low-order model and capture the relevant
dynamics for control [2, 3].

Synchronized phasor data (voltage, current, and frequency) obtained via Phasor Mea-
surement Units (PMUs) [89] can be exploited in a data-driven approach for microgrid dy-
namic modeling. For example, in [90], it has been demonstrated that dynamic system
identification can be used to identify the model of the power dynamics around a working
equilibrium. In [88], a synchrophasor based model estimation is implemented to design the
controller for seamless mode switching, whereas the model can be updated for auto-tuning
controller parameters. The work in this chapter builds on these observations, but the ob-
jective is to develop a data-driven approach that support modeling of microgrid dynamics
with a multitude of DERs operating simultaneously and incorporate power loss though the
microgrid. The end result is a MIMO microgrid dynamic model that consists of a linear dy-
namic part and a static nonlinear mapping that is suitable for (distributed) feedback control
design. It will be shown that the proposed microgrid dynamic model will capture power flow
dynamics in the microgrid for a large range of operating conditions.

MIMO system identification methods are instrumental for the development of micro-
grid dynamic model when DERs are operating simultaneously. Within the class of MIMO

methods, subspace methods are popular due to the computational robustness and noniter-
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ative feature compared to the prediction error methods (PEM) [11, 10]. Among different
subspace methods, the CoBRA has been demonstrated to be quite efficient in estimating
the inherent low-order deterministic model of the given system and handling a large amount
of input/output data heavily contaminated by noise with unknown and possibly high-order
spectral characteristics [28, 35, 29]. An optimal implementation for the CoBRA is pro-
posed in [46, 72] and shows the best performance among different subspace methods under
closed-loop settings as illustrated in Chapter 3.

The remaining part of the chapter is organized as follows. In Section 6.2, the problem
of microgrid dynamic modeling is formulated and a novel model structure is proposed. In
Section 6.3, we apply the CoBRA to estimate the linear part of the proposed model. Some
practical issues during application of the CoBRA are discussed in Section 6.4. Section 6.5
presents the estimation of the nonlinear part of the proposed model. A simulation example
is illustrated in Section 6.6 and a practical experiment is investigated in Section 6.7. Finally,

a conclusion is drawn in Section 6.8.

6.2 Problem Formulation

6.2.1 Framework of Microgrid Network

To formalize the data-driven approach for microgrid dynamic modeling, consider a
microgrid with a network structure as shown in Fig. 6.1. The figure illustrates that the
microgrid can be either connected or disconnected (islanded) from the main grid through the

PCC and consists of a hybrid collection of DERs interconnected with loads. The multitude
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of DERs in the microgrid may include: (a) A battery energy storage system (BESS) with
a source switchable battery/inverter structure which can operate either in grid following
(current source) or grid forming (voltage source) mode [91]; (b) An emergency synchronous
diesel generator to support the microgrid when working in the islanded mode [92]; (c) Photo
Voltaic (PV) or solar inverter that outputs AC power from DC solar power [93]. The loads
include day-to-day residential or industrial appliances that could be modeled as resistive and

inductive (R-L) elements.

Figure 6.1: The microgrid framework with a multitude of DERs.

DERs and loads within the microgrid are assumed to be tied to individual buses,
which are further connected to the main bus at the PCC through distribution lines with
certain values of admittance to model power loss. As mentioned in [88], fast switching
between islanding and grid connection is a strict requirement for the microgrid to survive
under main grid or microgrid faults [94]. In addition, a model based controller design can be
used for quick and smooth transition from grid-connected mode to islanded mode without the

need for load shedding. The islanded to grid-connected transition can be smoothly realized
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by referring to phase angle control [95]. Clearly, modeling the dynamics of power flow is

instrumental in understanding grid-connected to islanded power flow transitions.

6.2.2 Identification Problem

Given a simultaneous operation of DERs and PMU-based measurements of the flow
of active power P and reactive power () within the microgrid, the objective is to model
the dynamics of the power flow from the DERs to the PCC, while taking into account
nonlinearities associated with power loss within the microgrid. This problem formulation can
be stated as MIMO system identification or estimation problem, which will then be solved
by the CoBRA. Note that PMUs typically measure the pair of complex-valued (positive
sequence) current I and voltage V phasors and the corresponding pair of active power P
and reactive power () represent the same information via P = Re{S}, @ = Im{S}, where
S = VI*. The identification problem can then be stated as: given the requested DER active
and reactive power set points ug(t) and PMU-based measurements of the DER active and
reactive power output y(¢) in the microgrid, identify a model of the active power Ppcc(t)
and reactive power Qpcoc(t) flow at the PCC.

Referring back to Fig. 6.1, the input signal uy(t) is a vector of DERs set points, while
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y(t) is a vector of the PMU measurements of the DERs output power flow according to

k0 0
() (1)

uo(t) = Pifln(t) yi=| (6.1)
0 3 (1)
P (1) P ()
Q) | Q) |

The discrete-time nature of the signals is represented by ¢ = kAT, k € N with AT being
the sampling time, and P,/Q,, P4/Qq, and Ps/Q; represent active/reactive power flow for
inverter based battery system, diesel generator, and solar inverter, respectively. The corre-

sponding PMU measurements of active and reactive power flow at PCC are Ppce(t) and

Qprcc(t).

6.2.3 Proposed Model Structure

It is worth recognizing that DERs may have imposed power ramp constraints to limit
requested power flow fluctuations. In addition, different DERs may have different transient
dynamics and the outputs may not reach the set points immediately. Last, but not least,
transmission lines with complex admittance within a microgrid may impose coupling between
active and reactive power, along with power loss at the PCC. These effects can be modeled
in a data-driven approach by a careful selection of dynamic and static components in the
microgrid model as summarized in Fig. 6.2.

Consistent with the definition of signal in (6.1), the input uy(¢) is a vector of DERs

set points, but u(t) is an intermediate signal after the multi-input rate limiter. The different
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Figure 6.2: Model structure for dynamic microgrid network model.

transient dynamics observed in the the PMU measurements of the DERs power outputs
y(t) are modeled by the MIMO linear coupled DER dynamics. Finally, the possible static
nonlinear coupling and power loss effects due to transmission lines within a microgrid are
modelled by the static network nonlinearity included in the model structure of Fig. 6.2. The

effect of the power loss is inherently nonlinear, since it is proportional to the current squared.

6.3 Linear Dynamic Model Estimation

6.3.1 Formulation of Covariance Data Equation

In order to obtain the input/output data depicted in Fig. 6.2, the DERs should be per-
turbed around their working equilibrium by small power excitation signals without affecting
the stability of the microgrid. Simultaneous excitation of all DERs to reduce experimenta-
tion time is allowed, but to guarantee indentifiability of the linear MIMO dynamic model
part, the DER power perturbations should ideally be uncorrelated. Since typically only small
power perturbations are allowed, the signal-to-noise ratio (SNR) of the measurement data
may be relatively low due to existence of measurement noise and/or possible random load
changes. The CoBRA serves as a powerful tool to extract a low-order deterministic model

from noise contaminated data by first averaging the time-dependent covariance between the
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data.
Let the dynamic relation between the input/output signals u(¢) and y(¢) in Fig. 6.2
be described by a MIMO linear time-invariant minimal system G(¢~!) with the following

state-space form:

x(t+1)= Ax (t) + Bu (t)
(6.2)

y (t)=Cx(t) + Du(t) +v(t)

where A € R™" B € R™? (' € R™" D € R™*? and v(t) is a stochastic noise signal of zero
mean, with unknown spectral properties, and uncorrelated with the input u(¢). The objective
is to estimate the model parameters {A, B,C, D} (up to a similarity transformation) as a
low-order deterministic dynamic model for the sampled input/output data {u(t),y(¢)}.

As described in Section 3.2.2 from Chapter 3, one can introduce an instrumental vari-
able (IV) £(t) € RP*! satisfying certain conditions to perform the covariance pre-processing
for the CoBRA. Note that £(¢) can also be of the dimension higher than p. However, one can
simply select £(¢) = u(t) in practice. Then, we can come up with the following equations

using sample expectation defined in (3.4):

Rae (T +1)= ARye () + BRye (1)

(6.3)
Rye (1)= CRug (1) + DRy (7) + Rug (7)
One can finally formulate the following covariance data equation:
f{yg = O,«Rzg + \I/]?{ug + Rvg (6.4)
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where
T
O, = [ cT (CcAT ... (oA }
ng = Hankel (in (1), 1,7, 79 — 1+ 1)

R = Hankel (Rff (7),m, 71772) fe{y,u,v}

h (1) h(m+1) - h(m—T1+1)
Hankel (h (7) , 70, 71, 72) = himn+1)  h(n+2) - h(m—1+2)
h(7'1+7'0—1) h(Tl+T0) h(7_2)

and the Toeplitz matrix ¥ is including the unknown Markov parameters to be identified.

Note that the extended observability matrix O, consists of the information of the system

matrices {A, C'}.

6.3.2 Estimation of Matrices A and C via Covariance Data

As mentioned in Chapter 3, the noise effect Rvg will be asymptotically eliminated.
In addition, one can easily obtain a shifted version of the covariance data equation in (6.4).

The two modified equations are rewritten as follows:
Ryé = Orf{zg + \I/Rug (65)

Rt = O, AR + TR, (6.6)

where R;E = Hankel(}?yg (r),r,mm+ 1,79+ 1) is the one-step time-shifted version of f{yg
and U is the corresponding shifted Toeplitz matrix. As will be illustrated in the following
derivation, there is no need to pay much attention to the detailed structures of both ¥ and
U
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An orthogonal projection

A

N N n —1
HJﬁT =1- Rg‘f [RuﬁRgg] Rué (67)

(%3

is introduced to remove the part containing the information ¥ and ¥. Thus, (6.5) and (6.6)

can be further reduced to

ftygnﬁEg = orf{mgnlétgs (6.8)
Rygnﬁgg = o,nARgcgnﬁEg (6.9)

The matrix A can be approximated by solving the optimization problem

min |0, AR IT; — Ry (6.10)

ug ellp

where an estimation of O, and Rxgﬂﬁa are required. Directly solving (6.10) is typi-
cally impossible. However, as mentioned in Section 6.3.1, the estimated model parame-
ters {A, B,C, ﬁ} are just required to be equivalent to the true ones in the sense of being
within a similarity transformation. The reason is that both of them are equivalent from the

perspective of the input-output description. Their mathematical relation is
A=MAM' B=MB,C=CM*,D=D

where M is a certain nonsingular matrix. Thus, it is sufficient to solve the following relaxed
version of (6.10) instead

min |0 ARGrTg, — Ry, (6.11)

ENFE

where O, = O, M and % (t) = M~'x (t). One appropriate selection of the pair {OT, f{jgﬂﬁzg}
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is obtained through the singular value decomposition of (6.8)

o 20| |
Ryellgr = (U1, U

0 S| (v
L (6.12)

~ Un 2 slPvr

—— ——

O, RigngT

ug
where ¥; € R™ " contains the n dominant singular values and thus can be used to determine
the system order n. The matrix A can be computed by solving (6.11) and the matrix C is

directly given as the first m rows of 0O,.

Even if the actual dynamic system is stable, the estimated matrix A may be unstable

due to poor SNR conditions of the experimental data. A stable approximation of matrix A

can be guaranteed by solving a modified version of (6.11) with the pole location constraints

.i.
0,Q — Ryl (Rﬁgnﬁa) P

min
Q.P
F
t. P+b bt T>0
S AaQ@P+bQ+b0 Q" > (6.13)
P=P">0
Tr(P)=n
0 1

wherea =1-4,6 € [0,1], b = , and ()T represents the right pseudo-inverse. Denote

0 0
the optimum of (6.13) as {Q*, P*}. Then, matrix A is estimated by A = Q*P*! and the

eigenvalues of A are enforced to be within the disk with radius (1 — ) in the complex plain.

One can find other different pole location constraints in [32].

121



6.3.3 Estimation of Matrices B and D

Once the matrices A and C' have been estimated through the extended observability
matrix, the estimation of B and D is about solving a linear regression optimization based
on either the covariance data {Rye(7), Rye(7)} or the time-domain data {u(t),y(t)}. In
addition, the identified model is expected to be applicable for a wide range of working power
levels although the data for identification is obtained by exciting the system with small
perturbations around a given equilibrium. Thus, a priori information of the system should
be taken into account to guarantee a reliable model structure.

From the physical perspective, the DERs have unit static gains since the output active
and reactive power will always be adjusted to be equal to the set points. For this reason, the
unit static gain will be enforced during the estimation of B and D. On the other hand, the
mean values will usually be removed beforehand from the covariance data { Rye(7), Rye(7)}
to focus on the dynamics. Thus, the raw data {u(t),y(¢t)} will be a better choice for the

optimization with a gain constraint. The constrained optimization to be solved is then given

as follows -~ _
vec (xg)
05D (6.14)
vec (D)
i dlle

A

A1
st.  [C,—A) B+ D]y, ., = Gaing, )

where (k,, k) represents the index of a matrix element in row &, and column k., Gaing, .

~

is the corresponding predetermined static gain from the k.th input to the k,th output, A
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and C are estimated from Section 6.3.2, and

y (0) ¢ (0)
y (1) e (1)
Y = X =
| y(N=1) | P (N-1)
o (k) =| CA* 'fu(i)T@éAk—i—l u(k)' @1,

Note that there is no need to specify the static gains for all the subsystems. In our case,
only the six diagonal elements of the transfer function matrix is required to be constrained,
ie.,

Gaing ;) = 1,5 € {1,2,--- ,6} (6.15)

6.4 Issues Related to Application of CoBRA

6.4.1 Persistent Excitation

As one important part in system identification, input signal design should be carefully
considered to meet persistent excitation requirement. For the traditional subspace methods

using (6.2), the persistent excitation is defined as follows [10]:

Definition 6. [PFE for (6.2)]. Denote the input signal as u(t) fort € [0, N — 1] and build a
Hankel matriz as below:

U,, = Hankel (u(¢),r,0,N — 1), (6.16)

where r and | = N —r+ 1= O(N) are the numbers of block rows and columns respectively.

Then, input signal u(t) is persistently exciting of order r if the following r X r block matriz
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has full rank pr:

1
PE, = TUNUEJ (6.17)

If u(t) is a stochastic signal, column number [ in the above definition should go to
infinity or be sufficiently large. In addition, the dimension of U,; in (6.16) will become
extremely large as the data length N goes to infinity. This is quite challenging for limited
memory storage.

However, the CoBRA will have much less storage trouble. Although only the values
of sample covariance functions {Rye (1), Rye (1)} for bounded 7 are used to construct the
Hankel matrices, all the information up to ¢t = N — 1 is compressed into the covariance
functions. The dimensions of Hankel data matrices are pre-determined and will not increase
as the data length N goes to infinity. It would be interesting to get an insight into the

persistent excitation condition for the CoBRA.

Definition 7. [PE for (6.3)]. Denote the input signal as u(t) for t € [0, N — 1] and the

instrumental variable as £(t) with the same dimension, and build a Hankel matriz as below:
Ru{ = Hankel (Rué (7_) , Ty T1, 7_2> (618)

where Ry (1) is defined as in (3.4), and —7 < 7 < 75 < 7. Note that matriz Rye has r
block rows and l. = 7o — (11 + 1 —2) = O(1) block columns. Then, {u(t),&(t)} is persistently

exciting of order r if the following v X r block matrix has full rank pr:
PE, = R,Ri; (6.19)

Note that the dimension of f{ug is fixed as long as r, 7, 7o are chosen, regardless of

the data length N.
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An intuitive idea is to apply the excitation signals for traditional subspace methods
to the CoBRA. One of the most popular options is the white noise input u () ~ .4 (0, o*I).
To make £(t) be correlated with u(t), we simply choose £(t) = u(t). Then, we have
Ru¢ (1) = 0?16 (7). Since the stochastic signals are considered, PE; and PFE5 should take
their asymptotic version as N goes to infinity. It is well known that PFE; must be of full
rank since it becomes an identity matrix multiplied by o2. As to PFE, for the CoBRA, 11, 7>

should then be carefully chosen to make R, take the form:

R, = (6.20)

where the positive definite component R,¢ (0) = oI should appear in every block row.

6.4.2 Arbitrary Data Segments

As mentioned in Section 6.4.1, white noise input can serve as a good excitation signal
if the Hankel data matrices are appropriately constructed. In some cases, a long period of
excitation signal is not available. For example, in some working conditions, it is possible that
the system shows dynamics for some time segments where the input suddenly changes, but
stays around a steady state for most of the time. It will be suitable to use those unsteady
segments for system identification. Similar as the idea in [96], we come up with a modified
CoBRA which can handle arbitrary data segments. In the following discussions, we assume

that data series in each segments are sequential and with relatively large length.
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Denote the chosen time segments where the system shows dynamics as [t;, t; + L;) €
[0, N — 1], where L; is the length of the ith segments. Using the definition of sample expec-
tation in (3.4) and the ith data segments, one can obtain the following equations similar as

(6.3):

e (T+1)= ARL, (1) + BRL, ()
(6.21)

R (T)= CRL, (7) + DR (1) + Rl (7)

Then, the above equations for different segments can be combined together into one form:

Y R (r+1)=AY Ri(r)+B> Ric(7)
Rye(m+1) Rye(7) Rye(7) (6.22)
DB (N)=C3 R (N +DY R (1) + 3 Rig (7)
’L%/_/ 1 - -_— K3 - 1 -
Rye(r) Rye(T) Rug(T) Rye (1)

where ) Rjjg (7) can still be regarded as small in practice and the same notations of (6.3)
are used here to unify the equations. Note that there is no need for different segments to
be overlapped as in [96]. The reason is that the overlapped data are duplicate information

when using the sample covariance functions calculated as (3.4).

6.4.3 Sample Approximation and Imperfect Data

In practice, we may not produce ideal white noise with infinite length. Instead,
some other signals with approximately the same spectra of white noise can be used. For
example, the finite pseudo-random signals or pseudo-random binary sequences (PRBS) can
approximate the white noise quite well. In a worse case, only signals within a given frequency
band may be available. Also, the covariance functions in the CoBRA are computed for the

finite data using the sample approximation given in (3.4). All these cases will cause the
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Covariance values under ideal and approximate white noise input
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Figure 6.3: The values of covariance functions when using ideal white noise and PRBS as
input respectively. Due to sample approximation and imperfect data, those nonzero values
indicated in the figure show up in practice.

components, which are zero in ideal case, to be nonzero. For example, those zero components
of Ry in (6.20) may also become nonzero. See Fig. 6.3 for an illustration of a single-input-
single-out system. However, the equality relations in (6.3) hold rigorously since the sample
calculation in (6.3) can be interpreted as a computation of weighting and sum on (6.2). This
also means that we don’t care about the real covariance values for a possibly stochastic input.
Thus, it should be noted that those nonzero data are not approximation errors. Rather,
they are containing parts of system dynamics and can be used for parameter estimation
in the CoBRA. In addition, power spectrum of a stochastic signal is not used here, so the
overlapping technique to reduce the estimation variance in Welch method [97] is not needed.

This also implies that data segments overlapping is not needed as mentioned in Section 6.4.2.
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6.5 Modeling of the static nonlinearity

6.5.1 Admittance Matrix of the Microgrid Network

Following the conventional definition of the (positive sequence) voltage phasor V. =

Vrmsei?” and current phasor I = I"™%¢7%" along with the (positive sequence) apparent power

S = VI = Ve (9-9) — Py jQ (6.23)

where rms denotes the root mean square of a signal and is omitted in the following discussions
for notational simplicity. The static coupling between phasors and power loss at the PCC
can be characterized by the admittance matrix of the microgrid network. In particular for

the microgrid framework of Fig. 6.2, the relation between the phasors is given by

V, I,
Vg I
M - (6.24)
V; I,
Vpce Ipce

where I, I;, and I, are the currents going through the BESS, diesel, and solar/PV respec-

tively, Ipcc = —I, — I; — I;. The admittance matrix M in (6.24) is defined by

Y, 0 0 =Y,
0 Y, 0 Y,
M = (6.25)
0 0 Y —Y
=Y, =Yy =Y, V+Yat+Ys

and it should be noted that only the power flows between the main grid and DERs are

considered since we are only interested in the dynamic modeling from the DERs to the
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PCC. The load is regarded as either known or constant during a relatively short period for
system identification. Any slight change of the power flow through the load can be regarded
as the disturbance.

The admittance matrix M of the network is dependent on the structure of the local
transmission lines and can be approximated by using (6.24). Only the admittance between
PCC and each DER is taken into account here. A more general case is also considering
the admittance between the DERs, which results in a similar admittance matrix. However,
for the structure (6.25) used in this chapter, each line admittance can be simply estimated

separately instead of computing the whole admittance matrix as

Ly

Y= —F
"7V = Vece

k="b,d,s (6.26)

6.5.2 Estimation of the Power Loss

The transmission line with admittance Y;, (k = b,d, s) is modelled as a serial con-

nection of a resistor Ry and an inductor L, where Y, = The total power loss is

1
Ry+jLy "
computed as I (Ry + jLy), which is proportional to the through current squared. Since the

main grid is working as the voltage source while in grid-connected mode, one can denote the

nominal voltage at the PCC as

Virce = Vpoce!Pree = Vit + iVt (6.27)
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Similar notations can be defined for Yy, Vi, k = b,d,s. Then, the following nonlinear equa-

tions can be obtained by combining (6.23), (6.24), (6.26), and (6.27)

Yre (Vie)® = (Y Viee — YimViee) Vie
re im\2 rey/im imyY/re m
+Y (V™) = (Y Vete + Y Viee) Vi = by
. (6.28)
=Y (Vie)? + (Yo Viee + YimViee) Ve

m im)2 rey/re mY/im m
_Yk (Vk ) _(Yk PCC_Yk PCC)Vk = Gk

\

where k = b, d, s to represent the battery, diesel, and solar channel respectively. Thus, there
are actually 3 pairs of nonlinear equations in total to solve Vi, = V"¢ +jVi™ k = b, d,s. The
practical solution can be obtained directly by solving (6.28) via nonlinear optimization with
the initial value as (Vi&q, VEEo). The values of Py, Q) can be obtained from the outputs of

the linear DERs system identified using the techniques in Section 6.3. In terms of Fig. 6.2,

(

Pb = P(gutv Qb = qut
Py =P Qq = Q5 (6.29)

Ps = P(s)uta Qs = QOUt

S

\

It is worthwhile to mention that the problem can be further simplified by ignoring

the wire inductance if it is much smaller compared to the resistance. Thus, Y, ~ Rik by
neglecting the imaginary part and (6.28) can be further reduced to
rey/re im\2 imy/i
(Vi) = Vi Vieo + (Vim)" = VimVigo = Ri Py
(6.30)

ViVige = Vi Vieo = RiQx
The corresponding currents I = I7¢ + jI;™ can be computed from (6.24) once (V;¢, V™) is

obtained. The active power loss going through each power channel is then P8 = [(I7¢)? +
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(I')?)Ry. The reactive power loss is Q% = [(I7¢)? + (I/™)?]Ly. Note that Q% can be
neglected for the case of small inductance in the transmission lines and then Q{°** = 0. The

total active power loss reflected at the PCC is P&, = >, Pl while the total reactive

power loss Qp&s = >, Qi (=0).
Denote the initial active and reactive power levels at the PCC as P&l and Qb

when the three channels are neither producing or consuming power. Then, the active and

reactive power at the PCC shown in Fig. 6.2 considering the power loss are estimated by

Ppec = Ppéc — > Pr + Piec (6.31)
k

Qpce = Qpdc — Z Qr + Qpe (6.32)
k

6.6 Simulation Examples

In this chapter, a microgrid that is connected to the main grid and consists of a
hybrid collection of DERs interconnected with transmission lines and loads as shown in
Fig. 6.1 is considered. The detailed component microgrid model is constructed using the
toolbox Simscape Power Systems™ in MATLAB/Simulink. Simscape simulator allows one
to produce simulation data under realistic conditions and validate identification and control
techniques under practical scenarios.

The transmission lines are all modelled as a serial concatenation of a 1 §2 resistor and
10e~° H inductor. The corresponding impedance can be approximated as 1 2 by neglecting
the inductance. Thus, the admittance Y, ~ 1 S for £ = b,d, s, load and the reduced version
(6.30) can be used. Note that Q% = 0 in the simplified case. The nominal voltage at the

PCC with the phasor form in (6.27) is set as Vpoe = 480 V and ¢ = 10 degree with
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nominal frequency 60 Hz. Note that, in practice, the frequency within the microgrid will
not be constant but oscillating around the nominal value regulated by the voltage source.
The magnitude and angle of the PCC voltage also show a similar behavior. We will still use
the nominal PCC values to solve (6.30) and the estimation result will show that the small
oscillation is not a problem. The load is modelled as the parallel RLC load with 20 kW
nominal active power, 4 kVAR nominal inductive reactive power, and —100 VAR nominal
capacitive reactive power. In addition, the rate limiter is not considered in the simulation
example for easy discussion. However, the rate limiter will be taken into account in the next
section where the practical data is used.

Five working scenarios, with 100 seconds total simulation time and corresponding to
different power levels, are considered and described in Table. 6.1. The initial power levels at
the PCC are PR, = 18.3 kW and Q& = 3.45 kVAR. The nominal power set points of the
solar inverter are assumed to be constant during the whole simulation. There will be only
one DER power level step change between two scenarios. For example, the nominal active
power level of the battery inverter system will drop down to —20 kW from 0 kW at ¢t = 60s

while the other set points are not changed.

Table 6.1: Nominal values for five scenarios.
Input  Initial 1 (0-60s) 2 (60-70s) 3 (70-80s) 4 (80-90s) 5 (90-100s)

pin 0 kW 0 kW —20 kW 20 kW —20 kW —20 kW
in 0kVAR  0kVAR 0kVAR -5kVAR -5kVAR -5kVAR

pin 0 kW 0 kW 0 kW 0 kW 40 kW 40 kW
in 0kVAR  0kVAR 0kVAR 0 kVAR 0 kVAR 10 kVAR

pin 0 kW 30 kW 30 kW 30 kW 30 kW 30 kW

Qn 0kVAR  0kVAR 0kVAR 0 kVAR 0 kVAR 0 kVAR
Output Initial
Ppcc 18.3 kW
Qpcc  3.45 kVAR

Six independent PRBS signals with magnitude 3 kW /kVAR are added around the

132



nominal set points to excite the system. The data of the first 50 seconds under the scenario
1 is used for identification by using the techniques proposed in Section 6.3 and 6.5. The
remaining data including all five scenarios is used for validation. The measurements are
sampled at 60 Hz and contaminated by Gaussian white noise with SNR=25 dB.

For the sake of comparison, we also use the CoBRA method to directly identify a linear
model from the DER set points to the output power Ppoc and Qpcc without compensating
the transmission line loss. The corresponding results are shown in Fig. 6.4. The model
output is not precisely matching but acceptable for scenario 1 as expected since the model
is identified by using scenario 1 data. However, the model is getting off when the microgrid
system is moving to other working power levels. Thus, one can use a single linear model
without considering the power loss if the microgrid system is working within a relatively
small range of power levels. Otherwise, the nonlinearity caused by the power loss due to the
transmission line impedance should be taken into account.

For the proposed method in this chapter, the parameters in the covariance data
equation (6.4) are chosen as r = 30,71 = 0,75 = 150. The linear DERSs system is identified
as a 14th order model. The final active and reactive power at PCC are estimated as in (6.31)
and (6.32), where the power loss due to transmission lines is compensated. The estimation
results are illustrated in Fig. 6.5. The identified model by using the proposed method shows
high accuracy under not only scenario 1 but also the other scenarios. This is desirable in
practice since one would like the model identified around one working power level to be

applicable for other levels.
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Figure 6.4: The estimation results of direct identification from the input set points to the
output power at the PCC without compensating the line loss. The vertical black dashed line
separates the time window into the five scenarios given in Table. 6.1.
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Figure 6.5: The estimation results of the proposed method using (6.31) and (6.32). The
vertical black dashed line separates the time window into the five scenarios given in Table. 6.1.

6.7 Experimental Results

The proposed algorithm is also applied to data obtained from a local area distribution

network (LADN), operating as a grid-connected microgrid where DERs are placed behind
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local distribution transformer. A schematic overview of the LADN with its Point of Inter-
connect (POI) or PCC is shown in Fig 6.6, illustrating the presence of a BESS DER and a
PV DER each behind their own distribution transformers. In addition, a non-controllable
but measurable load is present in the LADN behind a distribution transformer. The data
of this LADN is chosen to illustrate that presence of local distribution transformer can be
taken into account in the microgrid dynamic model by estimating the dynamics and power
loss as part of the dynamic model.

VBUS1 = P,QPOI

=\

VBUS2 P,Q BESS vyBuUsS3 P,Q PV VBUS4 P,Q MAIN
— DER DER LOAD
ouT ouT

PQ BESS P,Q PV
DER IN DER IN LOAD

Figure 6.6: Schematic overview of Local Area Distribution Network.

The BESS DER is rated at 250 kW and the PV DER at 500 kW. The BESS DER is
excited by random step perturbations on the active and reactive power, while the PV DER
is excited with slowly changing random power variations, curtailing solar power production.
In terms of notation, these excitation signals correspond to Pi* Qi*, P QI as discussed
earlier, while there is no diesel generator in the system under test. The network is connected
to a main load that can be up to 1.5 MW. The BESS, PV, and load power outputs are

measured on bus 2,3,4 respectively and can be denoted as Pp™, Qptt, P, Qo Pout - and
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Q. accordingly. The admittance of the transmission line between bus 1 and bus 2,3,4 is
then denoted as Y}, Y, and Yu4.

The nominal Vpor = 12 kV in the voltage phasor Vpor = Vpore/®ror at the POI
similar to (6.27). It is worthwhile to note that the positive sequence voltage angle ¢%,; at
the POI is not constant due to the time variations in the AC grid frequency to which the
LADN is connected via the POI. However, since the active and reactive power components
of the apparent power S in (6.23) are used, only cos(-) and sin(-) of the angle difference

Yor — ®or are relevant. All PMU data is sampled at 30 Hz and data is collected over a
time window of 1 hour long. For estimation and modeling purposes, only the first 11 minutes
are used as training data and the rest for validation.

It is obvious that the network under test is similar to the one in Fig. 6.1 and the
proposed method can be implemented. Similar to (6.1), the input/output signals for system

identification is modified as

Py (1) Py (1)
b'(t) b ()
ug(t) = y(t) = (6.33)
P () P2 ()
Q' (1) QM (#)
The initial active and reactive power at the POI are computed as Pl = —Po and QY =

—Qpt,. The admittance Y;, Y, and Yjouq can be determined by (6.24). As shown in Fig. 6.7,
the rate limiter for BESS and PV DERs can be determined from the slope of two selected
points in the power output when there is a high rate input change. The intermediate signal
u(t) illustrated in Fig. 6.2 can be then computed. An 11th order linear state-space model

from u(t) to y(t) is identified by the CoBRA. This model can be used to predict y(t) given
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Figure 6.7: Determine the rate limiter from the input/output data by calculating the slope
between the two selected points denoted by ‘4.

any u(t) without using PMUs. The active and reactive power losses, denoted as P&, and

o8, are calculated as PRy = Y, Ploss, Qs = >, Qi%, where k = b, s, load for this test

and (6.28) will be solved in the process. Similar to (6.31) and (6.32), the active and reactive

power at the POI can be estimated as

Pro =PIl — (PR +P2") + P, (634
Qpor = Qror — (QA™ + Q™) + Q?%SI (6.35)

The comparison between the model prediction from simulation and the true power
output at the POI is illustrated in Fig. 6.8. The model prediction considering the power

loss in the transmission line is more accurate, as also demonstrated in the earlier simulation
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Figure 6.8: The comparison between the model prediction and the true power output at the
POI. Compensating the power loss in the model leads to a more accurate prediction.

example. It is worth noting that the CoOBRA can accurately capture the coupling between

different channels as shown in Fig. 6.9.
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Figure 6.9: The identified model by the CoBRA is able to capture the coupling between Pp"

and QpU'.

6.8 Conclusion

A model structure combining a linear dynamic system and static nonlinearity due to

the power loss is proposed to model the power flow dynamics of a microgrid with multiple

DERs. The linear part is identified via the CoBRA while the nonlinear part is formulated

by the estimation of the admittance matrix of the network of the microgrid. The model

parameters are estimated by using power flow input/output data obtained via PMUs using

small perturbations of power flow around an operating condition of the microgrid. The

simulation and experimental results demonstrate that the resulting model is suitable for
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not only the current working power levels but also the other operating conditions. This
is desirable in practice since we would like a model identified around an equilibrium to be
applicable when the system is moving to another equilibrium. Ignoring the nonlinear part
results in a model that can not capture the nonlinear feature due to the line loss and is
only acceptable within a small range around the current operating level. Once the proposed
model is formulated, one can carry out the model based controller design to manipulate the
set point values of DERs to achieve the desired objective and dynamic performance at the
PCC while taking the power loss at transmission lines into account.
This chapter is based on the following papers that were published or submitted:

Y. Hu, S.A.R. Konakalla and R.A. de Callafon, “Covariance based estimation for reduced
order models of microgrid power flow dynamics,” in Proceedings of IFAC 18th Symposium

on System Identification (SYSID 2018), Stockholm, Sweden, Jul. 9-11, 2018, pp. 903-908.

Y. Hu and R.A. de Callafon, “Microgrid dynamic modeling with power flow covariance data,”

IEEE Transactions on Power Systems, under review.
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Chapter 7

Tensor Network Based MIMO
Volterra Model for Lithium-ion

Batteries

In this chapter, we develop a Tensor Network (TN) based Volterra double-capacitor
(VDC) model for lithium-ion batteries to improve the prediction performance of the nonlinear
double-capacitor (NDC) model. It is shown that the VDC model maintains the advantages
of the NDC model to account for the rate capacity effect and the voltage recovery effect.
In addition, the VDC model is capable of predicting both static and dynamic nonlinearities

simultaneously in a more accurate way.
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7.1 Introduction

Rechargeable batteries have become a major driver for applications ranging from
portable consumer electronics to electric vehicles and microgrid applications. Among them,
lithium-ion batteries (LiBs), having a high power /energy density, a long life span, high energy
storage efficiency, and environment friendliness, are attracting more and more attention in
both research and application fields [98, 99, 100, 101, 102]. There are roughly two major
developed efforts in LiBs: one is focusing on the battery cell design, materials selection for
electrodes and electrolytes, pack structure optimization etc., to develop high-performance
batteries; the other one is implementing advanced battery management systems (BMS) to
maximize the utilization efficiency and safety for given types of batteries generally based on
estimation of the State-of-Charge (SoC), State-of-Power (SoP), and State-of-Health (SoH).

Algorithms for BMS generally require mathematical models that describe battery
physics and dynamics. Two main types of battery models have been intensively investigated:
physical models based on electrochemical principles and equivalent circuit models (ECMs)
by referring to electric circuit theory and system theory [103, 104, 105, 106, 99, 107, 108,
109, 110, 111, 112, 113, 114, 115, 116, 117]. A brief comparison between the two models can
be found in [115], where the NDC model was proposed to bridge the gap between physical
models and ECM. The NDC model is a modification of a linear double-capacitor model
[118] while maintaining feature to account for rate capacity effects and energy recovery
effects. The nonlinear mapping introduced in the NDC model is based on the observation
of the nonlinear SoC-OCV (Open Circuit Voltage) curve. However, the SoC-OCV curve is

a static feature for the LiBs fully at rest and does not reflect the full nonlinearity when the
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batteries are used dynamically. As shown in the validation experiment for identification 2.0
in [115], the resulting SoC-OCYV curve identified by the NDC model does not fully match the
measured curve when the training process was trying to capture both the static and dynamic
nonlinearities. Despite the less accurate static prediction, the dynamic prediction was still
improved by using the NDC model. This observation provided the motivation for this chapter
to propose a new model to account for the two types of nonlinearities simultaneously.

Both electrochemical models and ECMs have physical explanations for the under-
lying processes happening inside of the battery during charging/discharging. However,
due to the limited knowledge about the complicated dynamic processes involved in charg-
ing/discharging, they are impossible to model all the processes. Pure data-driven model-
ing approaches such as system identification or machine learning provide an alternative to
first-principles modeling [2, 3, 119, 46, 72]. Instead of figuring out the detailed electro-
chemical and physical processes, data-driven modeling uncovers the underlying relationship
between the historical input/output data from the perspectives of statistics and optimization.
These techniques have been demonstrated effective in different battery modeling applications
(120, 90, 121, 122, 123, 124, 125]. However, a large amount of data is generally required to
guarantee such an effective model, and the resulting model can easily suffer overfitting prob-
lems.

In this chapter, a hybrid combination of an ECM and TN-based supervised learning
is used for battery modeling to enable physics-informed data-driven learning of the unknown
nonlinear dynamics inherent to batteries. For the ECM part, the linear double-capacitor
model is used to extract the voltage and SoC features within the battery. These features

are then fed into a supervised learning framework as shown in [126] to learn the nonlinear
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dynamics between the raw input features and output terminal voltage. However, compared
to [126], this chapter introduces a new modification that the input features are further
encoded into a feature map described by a Volterra model which can also be equivalently
written into a TN representation for better computational efficiency. The reason for using TN
representation is that it can mitigate the curse of dimensionality encounterd by a normal
Volterra model with a large memory length and a high model degree [64]. Thus, a TN
representation allows the Volterra model to capture complex coupled nonlinear dynamics
from the numerical perspective. In addition, we propose the bond core sweeping algorithm,
which uses the e-truncated singular value decomposition (SVD) [68], to ignore less significant
modes and seek the low-rank property intrinsic to data to avoid overfitting.

The contributions of this chapter can be summarized as follows.

First, a novel TN-based VDC model is developed. A linear double-capacitor model
proposed in [118] with the currents as the input signals is used as an initial feature extrac-
tor. The raw features produced by the linear double-capacitor model are then fed into a
supervised learning structure described by a TN-based Volterra model to predict the output
terminal voltages. The proposed VDC model maintains some advantages of the linear double-
capacitor model such as capturing the rate capacity effect and the voltage recovery effect.
On the other hand, there are different sources of the dynamic nonlinearities including the
hysteresis for charging/discharging, unmodelled dynamics, etc. The linear double-capacitor
model or the NDC model, as an approximation of the true dynamics inherent to a LiB,
involves model mismatch inevitably. The proposed VDC model then has an advantage over
the NDC model proposed in [115] in terms of accounting for both static and dynamic non-

linearities simultaneously in a more accurate way by incorporating a data-driven technique.
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To our best knowledge, this study is the first to apply TN-based Volterra techniques in the
application of battery modeling.

Second, a bond core sweeping algorithm is developed to estimate the TN-cores of
the proposed VDC model. The proposed algorithm is developed by modifying the sweeping
optimization algorithm in [126]. The first major difference is that a least squares technique
is used to estimate each bond core instead of using gradient descent algorithm. The reason
is that the convergence of the gradient descent algorithm can be rather slow for a problem
in which the gradient is rank deficient. This problem is encountered in our application. The
second major difference is that an e-truncated singular value decomposition is used when
splitting the bond core into two individual TN-cores. The advantage is that the model
complexity can be adjusted and simplified by emphasizing the low-rank estimation. Seeking
a low-rank approximation is important to avoid overfitting.

Third, experimental validation is performed to assess the performance of the proposed
VDC model. The approach to generating the training data for a nonlinear dynamic battery
modeling is presented. The effect of the range of current magnitudes and SoC values swept
by the training data on the model prediction is also investigated. A comparison of the VDC
model with the NDC model is also given to show the efficacy of the proposed VDC model.

The remaining part of this chapter is organized as follows. Section 7.2 reviews the
TN representation of a MIMO Volterra model. Section 7.3 presents the modeling and pa-
rameter estimation of a LiB. We propose the bond core sweeping algorithm to estimate the
parameters in the VDC model. The formulation of training data is also discussed to facil-
itate the parameter estimation. An experimental validation is investigated in Section 7.4.

We summarize the chapter in Section 7.5.
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7.2 MIMO Volterra Model in the TN Representation

In this section, the TN representation of a MIMO Volterra model is recalled. Denote
the output signal as y(¢) € R™ and the input signal u(¢) € R?. The ath element of a vector
x(t) is written as 2(®(¢). Assume that there is a nonlinear relationship between u(t) and
y(t) that can be described by a MIMO Volterra model.

A normal description of a discrete-time p-input m-output Volterra system of degree

d can be described as

d

MORSTED SED DI i e A 1) 7.1

1=1 ki, ,k;=0 a1, ,0;=0

where M is the memory length, ¢}:*(u(t)) € R and h};* € R™ are the ith Volterra kernel
function and corresponding kernel coefficient. Specifically, ¢%:* and h¥* are the abbreviations

of functions of {ki, ay; ks, ae;- - ; ki, oy} such that

() = [Tu ™ —ky) (7:2)
j=1
Y = b (kyy s ko, a5 ki, ) (7.3)

The kernel function ¢}:*(+) is a multiplication of different degrees among the possibly different
input components at possibly different time instants. This allows one to capture high order
nonlinearity and even coupled dynamics among different input channels and past states.
Thus, this model structure has great potential for nonlinear system identification.
However, it should be noted that the number of all the kernel coefficients is 1 +
Zle (pM )Z and suffers from the curse of dimensionality as the degree d goes up. Avoiding
the choice of a large d prevents an overburdened storage requirement for a computer, but

limits the model’s capability of capturing complex and even coupled dynamics. On the

146



other hand, even if the storage demand is not a problem, recording every detailed kernel
coefficient may be unnecessary since not every kernel will be dominantly active in practice,
which motivates us to seek a low-rank representation of (7.1).

TN representation can be used to address this issue. Following the discussion and
formulation in [64], one can incorporate all the kernel coefficients into a (d+ 1)-way Volterra

tensor Y € REM+1L)xx(pM+1)xm gl that,

yi(t) =Vx, u;rxgu;r---xdutT
(7.4)
= (Vixo u) ) (Vaxa u)) -+ (Vaxo uy))

where

w=[Lut (1), u (t—1),- uT (t—M+1)]" € RPMH!

and {Vy,---,V;} are the TN-cores of the Volterra tensor V. Note that the last core V; €
Rra-1x@M+1)xm and the remaining V; € RTi-1XPM+Ix7i with o = 1. In fact, the TN-
representation used here is a generalization of the T'T-decomposition with r4 = m. Once the
TN-cores are obtained, one can simulate the system using the second row of (7.4) without
referring back to its dual representation V, which suffers from the curse of dimensionality.
The number of stored elements in the TN representation {Vy,-- -, V;} is at a magni-
tude of O((d—1)r?(pM +1)+mr(pM +1)), which will greatly reduce the storage requirement
if the maximal TN-rank r = max{ry,--- ,rq} is sufficiently small. Fortunately, a low value
for the maximal TN-rank r is very common in practical applications, as is the case with
battery modeling. Thus, (7.4) computed with the TN representation {Vy,---,Vy} serves
as a low-rank representation of (7.1). The corresponding computational complexity of using

(7.4) is approximately O(d(pM + 1)r?).
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7.3 Battery Modeling and Parameter Estimation

7.3.1 Linear and Nonlinear Double-Capacitor Model

The original linear double-capacitor model for a battery was proposed in [118] and
consists of two serial Resistor-Capacitor circuits in parallel (i.e., Ry-C, and R,-C,) and a
resistor Ry, as shown in Fig. 7.1(a). The resistor R, represents the collected instantaneous
ohmic resistance. The R,-C| circuit corresponds to the electrode surface region exposed to
the electrolyte, while the Ry-C to the bulk inner part of the electrode. The double-capacitor
structure can capture both the rate capacity effect and the voltage recovery effect since it
is modeling the charge migration between the near-surface and bulk inner domains of an
electrode from the perspective of a single-particle model (SPM) [127, 128, 110].

However, the linear double-capacitor model is unable to describe a defining charac-
teristic of batteries, for instance, the nonlinear SoC-OCV curve. Thus, the linear double-
capacitor model is working well only around a certain SoC range so that the linear ap-
proximation is reasonable. In order to resolve this issue, the NDC model was proposed
in [115], where a nonlinear mapping of V, was introduced to approximate the SoC-OCV
curve. A parallel RC circuit R-C; was also introduced there to account for the voltage
transients related to the charge transfer on the electrode/electrolyte interface and the ion
mass diffusion in the battery [129]. The NDC model is shown in Fig. 7.1(b). Two scenarios
can be considered for the parameter estimation of the NDC model: constant-current charg-
ing/discharging; variable-current charging/discharging. Experiment validation illustrated
that the NDC model can have higher accuracy than other different ECMs under compari-

son. Also, the basic NDC model without the R;-C; part is almost comparable to the full
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Figure 7.1: Illustration of different double-capacitor models. The components within the
rectangle are treated as a whole. In (b), h(-) is a nonlinear function. In (c), Gsoc(s) is a
linear filter and y is the voltage prediction of the part within the rectangle.

model, especially if the product R;C' is small.

7.3.2 Hybrid Double-Capacitor Model Development

Despite the advantages of the NDC model, the validation results in [115] indicate a
space for further improvements: the validation data show current-dependence of the param-

eters, which is not considered by the model; the NDC model is estimated independently for
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constant and variable current scenarios, and the model estimated for one scenario offers less
predictive accuracy for the other; the SoC-OCV curve identification for the scenario of vari-
able current matches the true one with relatively limited accuracy since the identifiability
of this defining characteristic becomes less with many parameters to be estimated therein.
As a final remark, the SoC-OCV curve is a static feature for batteries when they are fully
at rest. Thus, the simple nonlinear mapping introduced in the NDC model may not fully
account for the nonlinear transient dynamics. Also, when the battery stops discharging, the
true terminal voltage transient takes a long time to reach the full rest state whereas the
predicted one by the NDC model arrives at the steady state almost instantaneously. This
phenomenon implies that additional dynamics can be modelled within the battery after the
discharging is stopped and before it achieves the fully steady state.

To improve the above mentioned points of the NDC model, a hybrid double-capacitor
model is proposed in this chapter as shown in Fig. 7.1(c). A linear double-capacitor is used to
extract meaningful features of the batteries and a multi-input single-output (MISO) Volterra
system is followed to synthesize all important features to predict the voltage. The proposed
model is referred to as the VDC model in the following discussion.

The state-space equation of the linear part in Fig. 7.1(b) or Fig. 7.1(c), which corre-
sponds to a modified version of the linear double-capacitor model appended with one R-C

component, is given by

_ Vi (t) - _ Vi () _
V,(t) | =A| v,@) | +BL() (7.5)
Vi(t) Vi (t)
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similar to [115], where

—1 1 0 Rs
Cb(Rb-‘rRs) Cb(Rb-i-Rs) Cb(Rb-i-R;)

A= 1 -1 0 , B = Ry
Os(Rb+Rs) Cs(Rb+R5) Cs(Rb+Rs)

—1 1

0 0 R1Ch C1

Note that I > 0 for charging, I < 0 for discharging, V;, =V, =1V forSoC=1,V, =V, =0V
for SoC = 0, and SoC is computed as

o C(b‘/b + Cs‘/s
SoC=—"r"¢

(7.6)

Additional dynamics, which is not captured by the NDC model, can be attributed to
the slow charge diffusion process inside the battery. The battery becomes fully at rest when
the the process reaches its equilibrium. The additional and slow dynamics is not obvious by
using the cycling data with a high switching frequency. This phenomenon can be modeled

as SoC dynamics formulated as a first-order model

1

GSOC(S) - as +1

(7.7)

shown in Fig. 7.1(c). The static gain of the first-order model is normalized to 1, since the
SoC as a whole within the battery remains the same whereas it takes some time for all the
charges to diffuse toward a steady state. From the electrochemical perspective, it describes
the dynamics of the lithium concentration at the surface of the particle around the average
lithium concentration in the solid. The time constant o would change in practice and thus
requires to be adjusted during the parameter estimation. Denote the output of Ggoc($) in
(7.7) as SoCy(t) at the time instant ¢.

The battery impedance is typically a function of SoC [130]. However, one can break

it down into a constant part Ry due to the materials of current collectors and the inside
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impedance which is related to the SoC. The inside impedance can be attributed to the SoC
status.

The V; is the reflection of the surface charge and related to the major part of the
terminal voltage. Different current profile will affect the dynamic changing of V; and SoCy.
Thus, the current dependence of the model parameters mentioned in the experimental vali-
dation in [115] can be described by the nonlinear interaction between V; and SoCjy.

Finally, the voltage V; and SoC dynamics SoCy are selected as the input features for
the nonlinear mapping described by the Volterra system. The transient voltage V; due to
charge transfer and the constant resistance R, are separated from the nonlinear mapping.

The input vector u(t) of the Volterra system is given as
u(t) = [SoC; (1), Vi (0)]" (7.8)

One should be careful about the initial state when simulating SoC () using the filter Gsoc(s).
For example, for a fully charged battery, the initial SoC(0) = 1 and it should be set as the
initial state of Gisoc(s). The other approach is to filter the signal SoC(t) — 1 instead for a
fully charged battery if the initial state of Gisoc(s) is set as zero.

Note that the VDC model consists of a linear double-capacitor model and a Volterra
system. The linear part can be determined separately by parameter estimation, where Ry
along with other parameters within the linear model will be determined. Then, the Volterra
system serves as a nonlinear correction to improve the voltage prediction.

The terminal voltage V' (t) consists of Vi(t), I(t)Ro, and the output y(¢) of the non-

linear mapping described by the Volterra system, i.e.,
y(t) = V(t) = I(t)Ro — Va(2) (7.9)
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The Volterra model is capable of grasping the nonlinearity and complex coupling among the
input features. TN-based representation makes it possible to capture nonlinearity of high
degree while seeking the low rank to simplify the parameterization and prevent overfitting.
Moreover, a Volterra system is always bounded-input bounded-output stable, allowing a

reliable learning of parameters in battery applications.

7.3.3 The Bond Core Sweeping Algorithm

Given the input features u(¢) and the output prediction y(¢), the next is to estimate
the TN-cores {V;,---,V;} in (4.2). Although a MISO Volterra system identification is
required for our application, the estimation algorithm will be presented in terms of a MIMO
one for general purpose. The idea of sweeping optimization proposed in [126] is used in this
chapter. However, the inherent ill-condition feature of the Volterra structure in this chapter
will result in a very slow convergence rate for the gradient method, which is used during
sweeping in [126]. Thus, the local optimization during sweeping will be modified to handle
the ill-condition problem.

Note that the dual representation YV, which suffers from the curse of dimensionality,
will not be referred to during the whole estimation process. Instead, the TN-cores are opti-
mized directly, and the TN-ranks grow and shrink adaptively during training to concentrate
resources on the most useful correlations within the data for learning.

The cost function to be minimized is

Zf} FO (1) -y (1)) (7.10)

t=1 =1

l\DI»—t

where f®(u(t)) := g (t) is the Ith prediction output y(¢) of the proposed Volterra model
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in (4.2). The outline of the bond core sweeping algorithm is illustrated in Fig. 7.2. In order
to adaptively estimate the internal TN-ranks, two neighboring TN-cores are merged into a
bond core during each local optimization whereas the other TN-cores are fixed. The local
optimization will sweep left and right to iteratively minimize the cost function. The output
branch will be moving along with the bond core so that the parameters can be adjusted
regarding different outputs during each local optimization.

The original representation of TN-cores are shown in Fig. 7.2(a). The sweeping
algorithm starts from the rightmost. Thus, the rightmost TN-core is firstly modified by
adding one more dimension and isolating the output branch as shown in Fig. 7.2(b). Then,
the rightmost two TN-cores {V,;_1, V;} are merged to formulate a bond core By_; as shown
in Fig. 7.2(c). The bond core parameters are estimated by minimizing the cost function
(7.10) while fixing the other TN-cores. The estimated bond core should be split up back
into two updated TN-cores. Similar steps are then implemented for the next two TN-cores
{Vi_2,V41}. When the bond core sweeping reaches the leftmost, the sweeping continues
by changing to a right direction. The sweeping procedures go left and right for several
iterations of local optimizations until the estimation error is below a given threshold. In
order to maintain the original TN structure shown in Fig. 7.2(a), the sweeping algorithm
should also stop at the rightmost finally.

For simplicity of notations, denote p, = pM + 1. In terms of an intermediate it-
eration shown in Fig. 7.2(d) where the TN-cores {V, Vi41} form the bond tensor By €

R7k=1XPuxmxpuxTit1 - the output prediction y(¢) can be computed as

§(t) = By <1 wi(t) xowy () x4 Wy (1) x5 W, (1) (7.11)
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(d) Four fixed parts {wy(t), wa(t), ws(t), ws(t)} during the local optimization to estimate an

intermediate bond core Bj. Note that the output branch is shifting along with B.

Figure 7.2: Hlustration of estimating the bond cores.
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where

wi (1) = (V1 x2uf) -+ (Vie1 x2 1))
wy (1) = w3 (t) = wy (7.12)
wy (1) = (Vk+2 X o ug) (961 X utT>
and \N)d € Rra-1xPuxl js 3 modified final TN-core with the output branch on V,; € Rrd-1xpuxm
shifted to the bond core B;.

The local optimization is to fix the other TN-cores {V1, -+, V1, Viio, -+, Va} and
estimate the bond core By, from (7.11). Due to the ill-condition feature of the Volterra model,
the gradient method as in [126] is not used here. Instead, one can solve the local optimization
via least squares. Similar ideas were also used in [64]. Denote B,(Cl) € RMe-1XPuxXIXPuxTii1 gg
the lth sub-tensor of By, corresponding to the [th output, where [ = 1,2, --- ,m. Also, denote

the pseudo-inverse operator as pinv(-). Then, By, can be estimated as

By (i, 0,00) :B,(gl) (7.13)
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where

B](gl) - reShape<VeC(B]E;l))7 [rk—hplu ]-7pu; Tk-i-l])

VeC(B,(cl)) = pinv (W)Y,

wi (1) ®@wy (1)@ ws (1) @ wy (1)
wi (2) @ wy (2) @ wy (2) @ Wy (2)
W =
(7.14)
| Wi (V) ?WE (V) @wy (N) @wi (N) |
y @ (1)
y© (2)
Y, =
y® (N)

and N is the number of available training data points. Note that W only needs to be
computed for once during each iteration.

Once the bond core By has been updated, one can split it up into two new TN-
cores and move the output branch to the next TN-core. The singular value decomposition
(SVD) is used to collapse the bond core while the TN-rank ry is updated by observing the
number of dominant singular values. In order to determine the dominant singular values, an
e-truncated SVD [68], presented in Algorithm 6 following a MATLAB fashion, is performed
with the sum of squares of the truncated singular values not being greater than a percentage
of €2 of the total one. The next step is then to update the bond core Bj_; if sweeping left or
By if sweeping right. The implementation of splitting up the bond core and shifting the

output branch for both left and right sweeping is illustrated in Fig. 7.3, and the complete
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Tk+1 Tk+2

Pu

(b) Sweeping from left to right.

Figure 7.3: Illustration of shifting the output branch during bond core sweeping. The
rectangular box drawn with dashed lines is showing the pair of TN-cores to be merged into
a bond core.

algorithm in a MATLAB fashion is summarized in Algorithm 7. In the figure, a tilde sign

will be added over the notation of the TN-core whose dimension is different from its original
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one. Since the algorithm is set to stop sweeping at the rightmost TN-core, V,; should be

permuted back to the original three-way tensor with TN-rank r4 = m in the final step.

Algorithm 6: e-Truncated SVD

Input: Matrix B, expected amount ¢ in percentage to be truncated

Output: Estimated rank r; truncated {L;,S1,Z;} via SVD

[L,S,Z] <~ SVD(B,‘econ’)

2 1 < numerical rank determined by removing at most ¢ portion of insignificant
singular values in S such that their sum of squares is not greater than £2||S||%

Ly« L(:1:7)

S; <~ S(1:r1:7r)

Z,+—Z(:;,1:71)

=

(S SN

7.3.4 Acquisition of Training Data

We have proposed a VDC battery model to capture the complex and coupled dy-
namics and the bond core sweeping algorithm to estimate its parameters. In addition, the
experiments to acquire the training data should be carefully designed to excite the major
dynamics within the battery. An accurate prediction of the static SoC-OCV characteristic is
also desired for the proposed model since the batteries are usually in a storage state for most
of its life time in practice. Thus, we would like to train a model with both good dynamic
and static predictions.

In order to achieve an accurate dynamic prediction, the model should be fed with
data containing rich modes. This requirement is also known as persistent excitation in the
field of system identification [2, 69]. A white excitation input signal sweeping the whole
working range is desired but not practical in many applications. Instead, a relatively small
data set with several different variable-current profiles are sufficient for the proposed VDC

model. Denote this part of training data as Dynamic Training Data (DTD).
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The proposed VDC model is a hybrid model with both physically meaningful modeling
and complexity-adjustable nonlinear mapping. One advantage of the Volterra structure is
that the nonlinear mapping is always stable, and thus there is no need to worry about
a divergent prediction during validation or in real-time battery monitoring. The adaptive
adjustment of the TN-ranks of the proposed model during training also reduces the overfitting
problem since the low-rank feature within the data is explored. Thus, it is unnecessary to
use a very large data set as in training pure black-box models such as deep neural networks.

In order to capture the static feature, the SoC-OCV information should also be fed
into the VDC model. Thus, a characterization experiment should be performed to obtain
the SoC-OCV curve, denoted as OCV = h(SoC). Let {SoC;,OCV;},i = 1,---, Ny be the
Ny sampled points of the SoC-OCV curve. Then, the corresponding training data for the
static feature can be constructed such that, for each pair {SoC;, OCV;}, the input/output

data {u(t),y(t)} in (7.8) and (7.9) is formulated as

Vi (t) = SoCy (t) = SoC;

(7.15)
y (t) = h (SoC;)

for a time interval with certain duration, i.e., ¢t € [L;, R;]. The duration depends on how
much emphasis we would like to put on the static feature during training. Since there are
Ny pairs of {SoC;, OCV;}, there will be N, such individual subintervals for (7.15). Denote

this part of training data as Static Training Data (STD).
The reason why (7.15) reflects the static relation between the SoC and OCV is that the
proposed VDC model is capable of describing the state of the battery when it is fully at rest.

The battery will be at equilibrium when it is fully at rest after stopping charging/discharging.

Thus, the current I(¢) and the transient voltage V;(t) will become zero and the other inner
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states Vi(t), SoC(t), and SoCy(t) will become the same. This inherent property makes the
VDC model more powerful in simultaneously capturing both dynamic and static features of
the battery.

In sum, two types of training data are required: DTD and STD. The first part focuses
on the dynamics and the second part focuses on the static feature. The STD is constructed
based on the SOC-OCV curve and its duration can be selected based on how much weight

to put on the static feature.
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Algorithm 7: Bond Core Sweeping Algorithm

Input: N input/output sampled data {u(t),y(¢)} in (7.8) and (7.9), memory
length M, degree d, expected accuracy ¢ in percentage
Output: TN-cores {Vi, -+, V;} in (4.2) minimizing (7.10)

1 Initialization: Construct u; in (4.2); ro < 1,74 <= m; initialize left orthogonal
TN-cores {Vy,---,V,;} of ranks 1, i.e.,, r; < 1,0 =1,2,--- ,d — 1; the starting
index k <— d — 1; sweeping direction R2L < ‘left’

2 Vy < reshape(Vy, [ra—1, pu, m, 1])

3 rg+1

4 while the termination criterion is not satisfied do

Compute {w (), wa(t), ws(t), wy(t)} in (7.12)

for(=1,--- ,mdo

| B, 5:) < BY asin (7.13)

if R2L is ‘left’ then

By < reshape(By, [rk_1pum, puTri1))

{r,Ly,S1,Z;} + e-truncated SVD on By

T < T

Split By, while keeping left orthogonal:

Vi, < reshape(LiSy, [rh—1, pu, m, 7))

Vi1 reshape(er, (ks Pus Tt 1))

if £ > 1 then
(I Ry —
else

| R2L<+‘right’
else
By < reshape(Bky, [rk—1Pu, MPuTri1))
{r,Ly,S1,7Z;} < e-truncated SVD on By
T < T
Split By, while keeping right orthogonal:
Vi, < reshape(Ly, [rx—1, Pu, %))
Viy1 < reshape(S1Z7, [re, m, pu, Ti11])
if k <d—1 then

| k+k+1

else
L R2L«‘left’

5 V; < permute(Vy, [1,3,2,4])
6 Ig M
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7.4 Experimental Validation

This section presents the experimental validation of the proposed TN-based VDC
model and the comparison with the other relevant methods. All the experiments in this sec-
tion were conducted on a PEC SBT4050 battery tester. It can support charging/discharging
with arbitrary current-, voltage-, or power- based loads up to 40 V and 50 A. A dedicated
server prepares and configures a test offline and collects sampled experimental data online via
the associated software, LifeTest. Charging/discharging tests were performed on a Panasonic
NCR18650B lithium-ion battery cell, which was also used in [115], to generate experimental
data. Note that the battery cell was set to operate between 3.2 V (fully discharged) and 4.2
V (fully charged). In this section, only the discharging case is considered.

Two perspectives of validation are performed in the rest of this section. The first one
shows the arrangement of training and validation data, the parameter estimation of TN-cores
via the bond core sweeping algorithm, and the prediction accuracy of the estimated VDC
model. The second one shows the requirements about training data to ensure the success of

the identification algorithm, serving as a note for practitioners.

7.4.1 Training and Validation Results

The proposed hybrid VDC model consists of a linear double-capacitor model and a
Volterra model. The parameters of the linear double-capacitor can be directly identified or
using the linear part extracted from the identified NDC model in [115]. Note that the linear
double-capacitor model here serves as a feature extractor to produce useful features that

are fed into the Volterra system. Thus, slight distortion of using a different identified linear
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model is not a problem and will be accounted for during training of the Volterra model. As
presented in Section 7.3.4, two types of training data, i.e., DTD and STD, are required.

In order to persistently excite the VDC model, the dynamic modes in the training
data should be sufficiently rich. Thus, variable-current discharging data should be included.
Since the VDC model describes the nonlinear dynamics among the current I(t), the voltage
Vs(t), and SoC dynamics SoCy(t), the training data should sweep across the preset working
range of current and SoC. Otherwise, the prediction of the nonlinear model outside the
uncovered working range will show unexpected behaviors due to unmodeled dynamics. This
phenomenon will be illustrated in Section 7.4.2.

In order to maintain the static SoOC-OCV feature of the lithium-ion battery, additional
training data described in (7.15) should also be included. This portion of training data will
guarantee that the voltage prediction of the VDC model arrives at the corresponding value
according to the SoC-OCV curve when the battery is fully at rest.

In order to better describe the low-frequency dynamics, at least one constant-current
discharging data set should be included in the training data. The reason is that the variable-
current discharging data focuses on the high frequency dynamics due to fast switching and
thus contains little information about the modes lying in the low-frequency band.

Finally, the training data should include three parts: DTD1 (variable-current profile
for high frequency dynamics), STD (SoC-OCV characteristics for static features), and DTD2
(constant-current profile for low frequency dynamics).

In our experiment, DTD1 consists of two variable-current profiles (0~3 A and 0~6
A) shown in Fig. 8 and Fig. 9in [115]. Note that the second one sweeps mainly across about

2~6A. Thus, the two profiles allow the nonlinear dynamic modeling for working range 0~6 A.
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STD describing the static features is formulated as in (7.15) with {SoC;, OCV;},i =1,--- 21
being the 21 equidistantly data points sampled every 5% SoC from the SoC-OCV curve and
the duration R; — L; = 500 seconds. DTD2 consists of one constant-current profile (3.5 A).

The resulting physical parameters were estimated by the 2.0 identification approach
in [115] and are given as follows: C, = 10,031 F, C; = 979F, R, = 0.063Q, R, = 09,
R,y = 0.00392, C7 = 2,449F, and Ry = 0.069€). These parameters determine the feature
extractor described by the linear double-capacitor model in (7.5). Then, the TN-based
Volterra model with input/output {u(t),y(¢)} defined in (7.8) and (7.9) was estimated using
the bond core sweeping algorithm proposed in Section 7.3.3 with memory length M = 3,
degree d = 5, filter time constant v = 1/0.003, and £ = 0.4. Note that the truncation factor
¢ is adjusted to seek the low-rank estimation as much as possible while maintaining the
prediction accuracy. This procedure will prevent the resulting model from being overfitted.
In practice, one should increase ¢ if the available dynamic modes are getting richer with
increasing model complexity. The estimated TN-ranks are illustrated in Table 7.1. The
training algorithm takes about 23 seconds on an Intel Core i5-10210U CPU with 16 GB

RAM. The training results are shown in Fig. 7.4, Fig. 7.5, Fig. 7.6, and Fig. 7.7.

Table 7.1: Estimated TN-ranks for {Vy,---, Vs}.
TN-rank ?1 ?2 ?3 Ty
value 4

For variable-current profiles, the VDC model produces the best voltage prediction
both during cycling and resting. The NDC model uses a static nonlinear mapping estimated
to balance the trade-off between the nonlinear dynamics and static SoC-OCV relationship.

Despite the improvement in the dynamic prediction, the trade-off is obvious: the NDC model
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Figure 7.4: Ilustration of the voltage prediction by the proposed model for the variable-
current profile 0~6 A in the training data set DTDI.

cannot, fit the dynamics and static feature simultaneously. Thus, the NDC model shows
better prediction accuracy than the Thevenin model during discharging, whereas the voltage
prediction of the NDC model is less accurate when at rest. Fig. 7.6 shows the prediction
of SoC-OCV relationship using VDC model. It illustrates that the VDC model can be
used to produce a more accurate dynamic voltage prediction without deteriorating the static
prediction of the SoC-OCV feature. For the constant-current profile (3.5 A), one can observe
that the Thevenin model is doing its best to minimize the error during discharging but is

limited due to the lack of model fidelity. The VDC model is the best and can accurately
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Figure 7.5: Illustration of the voltage prediction of the proposed model for the variable-
current profile 0~3 A in the training data set DTDI.

capture the diffusion dynamics during the idling period.

The validation data consists of four constant-current profiles (1 A, 1.5 A, 2 A, 2.5
A) and one variable-current profile (1.5~2.5 A). The prediction accuracy for the validation
data is shown in Fig. 7.8 and Fig. 7.9.

For the constant-current profile in the validation data, the VDC model is showing
the best voltage prediction for all four cases in the following aspects as shown in Fig. 7.8:
the dynamic nonlinearities are being accurately predicted during discharging; the transient

diffusion dynamics are being accurately tracked during the idling period; the errors of static
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Figure 7.6: The model prediction of SoC-OCV relationship for the training data set STD.

4.2 T T T T T T T
True
e Thevenin
----NDC
4 N TP VDC 7
] ] ] ] ] ] ]
0 500 1000 1500 2000 2500 3000 3500 4000

Time (s)

Figure 7.7: The voltage prediction for the constant-current profile (3.5 A) in the training
data set DTD2.
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Figure 7.8: The voltage prediction for the constant-current profiles (1 A, 1.5A, 2 A, 2.5A)
in the validation data set.

voltage predictions when at rest are small. As expected, the NDC model is showing the
largest bias in the voltage prediction when at rest. The Thevenin model is struggling to
predict the true dynamics. For the variable-current profile in the validation data, the VDC
model performs the best during both the discharging period and idling period. Similar to
the training result, the NDC model is better in dynamic prediction than the Thevenin model

whereas it produces still relatively large bias during resting.

7.4.2 The Effect of Training Data Range

Section 7.4.1 has demonstrated the efficacy of the proposed method. Since nonlinear
dynamics is modelled, it should be mentioned that the VDC model, due to its data-driven

nature, will only capture the nonlinearity within the observed range of input current magni-
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Figure 7.9: Illustration of the voltage prediction of the proposed model for the variable-
current profile 1.5~2.5 A in the validation data set.

tudes and SoC values. Thus, it is necessary to select the training data sweeping across the
normal working range. The nonlinearity is directly related to the input current magnitude
and the battery dynamics keeps changing along with the SoC. For this reason, the current
profiles should cover those common magnitudes in practice, and the training data should
spread from full SoC to almost empty.

In order to demonstrate the effect of training data range, the investigation of pa-
rameter estimation was performed on the two variable-current profiles in DTD1. The 0~3

A variable-current profile spreads from SoC = 100% to SoC = 14% (almost empty). The
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Figure 7.10: Hlustration of the effect of training data range on the model fitting. The training
data includes STD and a variable-current profile 0~6 A with the SoC spreading from 100%
to 47%.

0~6 A variable-current profile spreads from SoC = 100% to SoC = 47%. The STD and
the experimental data corresponding to 0~6 A were used to train the TN Volterra model.
The other one (0~3 A) was used for validation. The results are shown in Fig. 7.10. The
figure shows the voltage prediction on the validation data and the black vertical dashed line
indicates the time instant where SoC = 47%.

For the stage when the SoC is above 47%, the voltage prediction is good. However,
when the SoC is dropping below 47%, the voltage prediction is getting worse. The reason
is that no training data is sweeping below SoC = 47%. Thus, the VDC model is not
persistently excited in the SoC range below 47%. This observation indicates a common and
important need when performing nonlinear modeling: the training data should cover the

normal working range of the batteries.
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7.5 Conclusion

This chapter proposes a novel TN-based VDC model. The VDC model consists of two
parts: a linear double-capacitor model and a TN-based Volterra model to capture nonlinear
dynamics. The proposed VDC model has the advantage to model both static and dynamic
nonlinearities simultaneously in a more accurate way. It is by nature an SoC-dependent
model, which will capture the changes in the battery dynamics as the SoC is varying. Pa-
rameters of the VDC model are estimated via the bond core sweeping algorithm. It allows
the Volterra model to seek a low-rank representation during training which also reduces the
overfitting problem. The experimental results show that the VDC model produces a much
more accurate voltage prediction than the Thevenin model and NDC model. The prediction
error of the proposed model can be less than 0.5% as shown in the experimental validation.
It is illustrated that the TN-based VDC model can serve as a powerful tool in modeling
unknown and complex nonlinearities within the batteries using a data-driven model.

This chapter is based on the following paper that was submitted:

Y. Hu, R.A. de Callafon, N. Tian and H. Fang, “Tensor network based MIMO Volterra
model for lithium-ion batteries,” IEEFE Transactions on Control Systems Technology, under

review.
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Chapter 8

Conclusion and Future Work

8.1 Conclusion

This dissertation presents both theoretical and applied research on low-rank approx-
imations for estimation of multivariable dynamics by using MIMO system identification
techniques. Regarding MIMO linear systems, an in-depth study on the CoBRA, a branch of
subspace methods, is conducted and the CoBRA is implemented in microgrid dynamic mod-
eling. Regarding MIMO nonlinear systems, TN-based algorithms on MIMO Volterra systems
are investigated and applied in battery modeling. Throughout the work in this dissertation,
the SVD tool plays an important role in low-rank approximations, which result in low-order
models or simplified parameterization, during estimation of multivariable dynamics.

The CoBRA has been demonstrated to be effective in obtaining low-order models
in practice using input/output data heavily contaminated by noise with unknown spectrum
characteristics in previous work. Noting the advantages of the CoBRA in handling a large

amount of noise-contaminated data and focusing on low-order model estimation, we did
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several further research in the CoBRA. First, we incorporated the CoBRA into LTP sys-
tem identification and accurately captured the periodic dynamics from data. This research
expands the scope of application of the CoBRA. Second, we carried out a comprehensive
statistical analysis on the CoOBRA and illustrated how the noise effects were reduced by in-
troducing covariance functions and the instrumental variable. An optimal implementation of
the CoBRA by using weighting matrices based on these results was then developed therein.
It was shown in a closed-loop setting that the optimal CoBRA shows higher accuracy in pa-
rameter estimation than other competitive subspace methods. Finally, we used the CoBRA
to estimate a linear dynamic model in the application of microgrid power flow estimation
and further demonstrated the efficacy of the CoBRA in practice.

A MIMO Volterra model is attractive in nonlinear system identification due to its ca-
pability to describe complex coupled nonlinear dynamics. In addition, it is always bounded-
input bounded-output stable, which makes it a good model candidate for many real-world
applications. Noting that the TN representation proposed in previous work enables us to
exploit a more powerful Volterra model of high degree and long memory length, we did
several studies in the TN-based algorithms and input excitation signal selection for MIMO
Volterra system identification. First, we modified the existing iterative TN-based algorithms
and proposed noniterative implementations. The noniterative TN-based algorithms are ad-
vantageous over the iterative ones such as the ALS and MALS which require an initialization
and do not guarantee the convergence to an appropriate solution. In addition, the proposed
noniterative algorithms actively remove less significant modes and emphasize low-rank ap-
proximations. Second, we derived a persistent excitation condition in the case of zero mean,

Gaussian distributed (not necessarily white) input signals and illustrated it in a simulation
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example. Finally, we used the TN representation of a Volterra model to learn a nonlinear
mapping in the application of modeling a lithium-ion battery and showed improved pre-
diction accuracy compared with other competitive methods. This provides insights into
applying TN-based MIMO Volterra model to other applications where nonlinear mappings

may need to be estimated.

8.2 Recommendations for Future Work

This dissertation derives several useful results for system identification and demon-
strates the efficacy by two interesting applications. However, there are still potential direc-
tions for future research.

First, it would be interesting to investigate the implementation of the CoBRA for a
linear parameter-varying (LPV) system and a more general nonlinear model. This motivation
is obvious since most systems in practice are nonlinear by nature although they can be
approximated by a linear model around an equilibrium. In addition, it is worth studying the
CoBRA in the frequency domain since the covariance data can be equivalently transformed
into power spectrum.

Second, the TN representation can be incorporated in other different system identi-
fication problems, where either a large-scale data matrix or a large-scale parameter vector
needs to be formulated. This attempt will further exploit the potential of certain model
structures to describe complex behaviors in the data. This is promising especially nowadays
since more and more data is available and all kinds of complicated phenomena are being

modeled.
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Finally, it is interesting to look at more control relevant applications such as au-
tonomous driving, aircraft flight control, robotic control, etc, where a good model is typically
required for an effective controller design. System identification will play an important role
in the modeling process and facilitate the feedback controller design thereafter. Exploring
specific applications will bring up important inherent modeling problems in practice and

push forward the development of system identification.
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