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NOTATIONS
X, ¥, Z ... coordinate system
U, ¥, w ... deflections in x, ¥, z-directions
CST-element --- constant strain triangle (membrane)

element with 6 DOF

LCCT9-element ... linearly constrained curvature triangle -
{bending 7 element with 15 DOF

DOF cee degree of freedom

Concrete Properties

Eo uniaxial initial tangent modulus
fé uniaxial compressive strength

f% uniaxial tensile strength
S strain corresponding to f&

€y ultimate strain in compression
Sty - ultimate strain in tension

v .».  Poisson’s ratio

8 -++  cracked shear constant (0.0 < 8 < 1.0)
Steel Properties

ES cee initial tangent modulus

Esh . strain-hardening modulus

f ... yield stress

g e stress in concrete

o stress in steel

AC e area of concrete cross-section

AS cen area of steel cross-section
A

PEE .. reinforcement ratio
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1. INTRODUCTION

Shells have many of the qualities of an ideal structure. Their
construction requires relatively 1ittle material. They permit spans over
large areas without intermediate supports, and they offer many possible
esthetic forms. Applications of shell roofs cover a broad scope. They
have been used for sport arenas, auditoriums, churches, supermarkets,
airplane hangars, theaters, and exhibition halls. .

Among the most common shell types are the hyperbolic paraboloid
shells. The hyperbolic paraboloid (HP) shells are transiational shells
generated either by parabolas or by straight lines (Fig. 1.1a).

HP shells are favored for several reasons. From an architectural
point of view, they offer the advantage that by using different arrange-
ments of the basic shape, a great variety of distinct forms can be deve-
foped (Fig. 1.1b). From an engineering point of view, mainly two advant-
ages are important. First, the doubly curved surface is advantageous
since a great part of the load is transmitted to the support by membrane
forces. Hence, stresseé are small and reguire only a thin cross-section.
The thickness of a shell is determined mainly by the necessary concrete
cover of the steel reinforcement and not by the stresses. (Recently, in
Stuttgart 111 a shelt, 31 m in diameter and made of fiber reinforced
concrete, was erected with a thickness of only 1 to 1.2 aml)

The second major advantage is that their forming is simple, even
though the doubly curved surface has the appearance of posing a compli-
cated forming problem. Because the surface is defined by two intersect-

ing systems of straight lines, the usual plywood framework requires only



straight wood joist supports.

A large number of these shells have been built during the past 20
years. Designs have been mostly based on membrane thecry with some
thought given to secondary effects. A Portland Cement Association Bulle-
tin {21 has been used as a design guide in many applications in the
United States. Several investigators (3, 4] have presented formulas for
special loading cases and different geometric configurations. Moreover,
Scordelis, et. al. {5, &, 71 have developed computer programs which per-
mit the membrane analysis of any HP shell.

Today, the finite element method is often used to take into account
both membrane and bending stresses. However, for the purpose of preli-
minary design, the membrane theory is still an excellent means to esti-
mate the required dimensions with 1ittle effort and to give an insignht
into the behavior. The analysis is usually based on the assumption that
the materials are uncracked, homogeneous, isotropic and Tinearly elastic.
Time-dependent environmental effects such as creep, shrinkage and temper-
ature fluctuations are also usually not considered, or, if so, only in
an approximate manner. However, there is a great interest fto get more
information on the influence of these parameters. For many structures,
long time behavior may prove to be more critical to the serviceability
requirements than short time loading effects. The failure of an HP gable
shell roof in Virginia (8] and the large vertical deflections at the
crown observed in two similar roofs in the same area underline the
importance of the application of realistic models.

Until now, the nonlinear behavior of such concrete shells was in-

vestigated experimentally on smali-scale reinforced microconcrete models
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and on polyvinylchloride (PVC) modeis. A review of a number of axperi-
mental investigations is given by White [9].

It is recognized that experiments on models can furnish valuable
insight into the behavior of prototypes, but, on the other hand, it is
known that tests are very expensive and time-consuming. This is parti-
cularly true when parameter studies are to be performed and a large
number of modeis needs to he tested. Therefors, it is assential to
develop general methods of analysis to complement and to reduce the num-
her of necessary physical experiments. Experiments can not be replaced
totally, since the accuracy and reliability of the numerical analysis
have to be confirmed by selected well controlied experiments.

A comprehensive state-of-the-art review of the finite alement method
for analyzing reinforced concrete structures was presented by Scordelis
[10]. More recently, Schnobrich [117, Wegner [12] and Eibi/Ivanyi i3]
have also surveyed the various applications of the finite element method
to predict the behavior of reinforced concrete structures. From these
surveys, the following conclusions can be drawn:

1. Numerical procedures to deal with all kinds of nonlinearities and
time dependencies have been developed. Some more work has to be done
to reduyce the computer time and to improve the convergence of these

solutions.

™~

Refore the finite element method can be expected to predict more
accurately the actual response of reinforced concrete structures,
additional basic experimental research must be conducted to obtain a
more realistic material description of concrete. Better information

on constitutive relations, failure criterias, creep and shrinkage,
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tensile strength, tension stiffening, cracked shear modulus and bond
are needed to improve the accuracy of future analyses.

3. Analyses have been performed mainly for beams, panels, slabs and
axisymmetric solids under <hort time loading. Time dependent effects

uch as creep and shrinkage were usually neglected. Little work has

V3

been done in treating free form shell structures and general three-
dimensional solids. Common types of shells such as HP shells have

been analyzed only by Lin [14] and Kabir [15].

2. AIM OF THE PRESENT STUDY

This study was performed during a stay at the University of Calif-
ornia, Berkeley. The author could spend only a relatively short time on
this study during his stay. Much more time would be required to make a
comprehensive investigation. Therefore, this report should be considered
as a pilot study in which all of the parameters have not been completely
studied.

For a study from which general conclusions could be drawn, many
detailed analyses would be necessary in which all of the parameters would
he varied to discover the most important ones. Linear anai&ses (15, 16]
show (Fig. §.1), for exampie, +hat the dimensions of the heams and even
their arrangement can have considerable influence on the deflections and,
thus, the behavior of the shells.

The present investigation will be performed using the following
steps:

1. Dimensions of the shells and edge beams for a given shell geometry

are determined on the basis of the membrane theory as is done in
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a preliminary design in practice.

Linear finite element analyses incorporating membrane and bending effects
P g

[

are performed to check the validity of the mesh layout and to get some
information on the shell behavior.

3. Tne structures are loaded incrementally up to the ultimate load to get
the nonlinear load-deflection relation.

4. The same as that in 3 is daone only including the +ime dependent effects of

creep and shrinkage.

The objective is to identify some orincipal properties of the behavior
of each type of shell and 1O get some knowledge of the infiuenba of time-
dependent behavior. Also, by virtue of the acquired experiences, it is ex-
cected that some recommendations for further studies may be given.

For the finite element analysis the computer program MOTACS is used.

A brief description of the program is given in the subsequent section.

3. BRIEF DESCRIPTION OF THE COMPUTER PROGRAM NOTACS (1s5]

The method of analysis is based on a finite alement tangent stiffness
formulation coupled with a time step integration scheme. Within a time
step, an incremental load procedure, with an jterative approach to solve
the equiiibrium equations for each load increment, 1S adopted to trace
the nonlinear behavior. All ioad changes are considered to occur at the

heginning of 2 time siep and the resultant state of stress is assumed 1O

prevail throughout the time step. The creep and shrinkage strains are

taken as initial strains and are assumed to occur at +he end of each time

step. The unbalancad forces at +the end of each jreration or load incre-

ment are treated as initial stresses in the following step.

PRAEa. HE s



Two types of finite elements are impiemented in the program: the = 4

triangular shell element for reinforced concrete shells and the boundary

-

slement. The shell eiement (Fig. 3. 1) is combined of a constant strain
trianqular (CST) membrane element and a linearly constrained curvature

triangular (LCCT9) plate bending element. Thus the element has only five
degrees of freedom at each node. The in-plane rotation is not considersd
as a degree of freedom. By constraining the appropriate degrees of free-
dom the element may be alsc used for panel-type and siab-type structures.

The boundary element is used to Timit nodal d?gpiaCQments or rotations
to specified values, to compute support reactions, to provide 1inear-
elastic supports to nodes and to overcome the oroblem of the missing sixth
degree of fresdom at coplanar shell nodes. The element is defined by 2
single directed axis through a specified nodal point and has an extensional
and/or rotational stiffness. The element stiffrnesses ara added directly
t5 the total structural stiffness matrix and hence have no effect on the
size of the stiffness matrix.

The reinforced concrete composite is represented as a layersd systom
(Fig. 3. 1) consisting of concrete and "equivalent smeared" steel layers.

yariations of properties through the depth of the member are due to dif-

oy
H
i

st

farent materials or level of deformation. Kirchhoff's assumption of plane
sections remaining plane is adopted to interrelate the displacements at
yarious levels through the section depth and thus reduce each layer to 4
two-dimensional problem.

The material behavior of concrete is characterized by a porilinear
4

constitutive relationship for the biaxial state of stress. he biaxial

state of stress is accounted for by a family of equivalent uniaxial
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tress-strain curves {(Fig. 3.2) depending on the biaxial stress ratio as

suggested by Darwin and Pecknold (see reference in [15]).
cive material properties of concrete have to be prescribed for the

construction

)

§ these curves: the uniaxial initial tangent modulus Egi

the uniaxial compressive strength f . Poisson’s ratio v, the tensile
3 c

1%}

strength f., and the ultimate strain in tension ¢
i

Lok

raken either from uniaxial load tests or code recommendations. The maxi-

mum compressive stresses Gﬁc and corresponding strain S £5c in the princi-

o

pal directions i = 1,2

‘Q}

re obtained from the well known biaxial failure
anvelope of Kupfer and Gerst t1e and equations proposad by Darwin, Pecknoid
and Rajagopal (references in rsly.

One of the most significant properties of concrete is its low tensile
strength. The tensile cracking reduces the stiffness of the concrete and
is a major contributor to the nonlinear behavior of reinforced concrete
structures. Herein a maximum stress criterion is used to determine con-

crete failure in tension. Whe

o
=
m
<
o
2
o

ne of the principal stresses exceeds
the unjaxial tensile strength of concrete a crack is assumed to form
perpendicular to the direction of that stress and the corresponding tangent
nodulus is assumed to be zero. Once the concrete is cracked in one direc-
tion, the formation of a new crack is restricted to a direction orthogonal
ta the first crack. To account for the rancion stiffening effect the

unbalanced stresses are released gradually depending on the strain level

[
{

as shown in Fig. 3.2. To est

st
i

mate the affective shear modulus along the

{

ronsile cracks due to the

4]

ffect of dowel action and aggregate interlock

a cracked shear constant is introduced. B8 can be given the values from



0.0 to 1.0. Usually & is chosen to be 0.5.

The steel] reinforcement is stressed only in one direction. The
material is represented by a bilinear model which may either be
elastic -perfectly plastic or strain- hardening with a Bauschinger-type

effect as shown in Fig. 2.3.

For concrete, time-dependent effects such as creep and shrinkage are
included. The effects of stress history are accounted for by the applica-
tion of the linear superposition method in the calculation of creep strains.
Variations of creep compliance due to siump of concrete mix, size of mem-
bers, relative environmental humidity and high stress or temperature
levels can be considered on the basis of available experimental data or
code recommendations. Creep under biaxial state of stress is represented
by the introduction of the creep Poisson's ratio observed in a uniaxial
sustained 1oad test. The incorporated computational procedure involving
the stress stata of only the last time step is very efficient in the sense
that it reduces the computation time and storage considerably. Shrinkage
strains are assumed to be uniform in each element. The values at each

time step can either be read in from experimental curves available or can

be nredicted by code recommendations.

4. THE STRUCTURES AND THEIR DESIGN ON THE BASIS OF MEMBRANE THEORY

4.1 Geometry of the Shells:

The shell geometries (Fig. 4.7a) are mainly described by the half-span
L/2, the ratio of half-span to rise (L/Z)/h and the ratio of half-span to
thickness (L/2)/t. Following the examples of Lin [14] and Kabir [15] the

e Lo w

values were chosen as:
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(L/2)/h

% (L/2)/t = 120
t =4 in. (10 cm) |}
and h have medium values whereas the thickness seems to be a iittle bit

large. As mentioned before, the thickness is usually not determined by

the compressive forces but by the required cover for the reinforcing s

and thus is aiso dependent on the environmental conditions.
The dimensions of the beams and the amount of reinforcing steel for

i

hoth the shells and the beams are determined by membrane theory.

4.2 Membrane Theory
jvation of the differential equation for the membrane theory

The der
of HP shells was given by Pucher [17] as early as 1934. For a rectanguiar

shell segment as shown in Fig. 4.2a having three corners on the same level

and loaded with a uniformly distributed Toad q the problem raduces to the

very simple equation for the shgar force

. gab ‘
ﬂxy h (41)
d

s aned
D
o
[fo)
o
pon g
173
o
iy
¢ %
o
i3
D
[Ew}
=
D
pote
(e d
[/
o3
o
o
b
b
f
Ty
casnsed]
Lo
=3
[14]

where a and b are the projecte

and h is the rise.

For this particular loading, the shell is in a state of pure shear

parallel to the straight line generators. This causes equal principal

tensile and compressive stresses in the diagonal directions. Along the

accumulate and are picked up

o o

edges of each shell segment, these siresses

by the edge beams which transfer the load to the supports, In case of the

addle shell with no beams in the interior all forces flow to the edge

[

beam and from there to the supports. The edge beam is loaded by

i i N R T Y . - " N )
AR W&:wmmﬁﬁ'mwswmwwwammmummmmmmmwwémmatqmw&%m%mwﬁmmWf{%@ﬁﬁé@%&%@%ﬁ%ﬁ%ﬁ%ﬂ%ﬁﬁ@mWiﬁﬁ%%%%wmmm%m

s a constant
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excentrically acting normal force. Bending stresses, not accounted for by

membrane strasses, can be expected particularly in the vicinity of the free
corner where the curvature of the shell is still small. The gable shell
has edge beams as well as (inner) crown beams. The normal forces in these

beams have only half the value of those of the saddle shell. The inverted

umbrella shell differs from the other two shell types in as much as the

exterior adge beams are in tension. The inner valley beams are in com-

pression and transfer the load to the only support in the center.

oroblems are obvious: the tensile stresses in the edge beams, the

£

cCOrners an

Th

4]

cections. Recommended formulas in the PCA Bulletin [2] were used.

membrane analysis is presented in Fig. 4.3 to determine the

Three

flat

the concentrated force at the support {punching shea r).

According to these, the required cross section for the compreassion beams

is calculated as:

Ao ey (D)
Lo hel

where G. = 0.225 fé

o, = 0.332 fy

N . . . normal force

o . . . reinforcement ratio
With £ = 3 ksi (20.7 N/’ ) f, = 60 ksi (413 N/mmS) and p = 2.7%
average stress of 940 psi (6.5 memz) acts on the cross section whic

close to the often used value of about 1000 psi (6.9 N/mm™). The ul

normal compressive force is caiculated by

Eor tensile forces the allowable stress in the steel is set to

an

£ross
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y . , .
5 = 0,333 f (= 20 ksi = 138 N/mm”). Concrete is assumed not £0 contribute

in tension. Dimensicns determined on the hasis of these assumptions are

iliustrated in Fig. 4.1.

5. [DEALIZATIONS FOR THE FINITE ELEMENT ANALYSIS

g

5.1 Mesh Layout

Fig. 5.1 to Fig. 5.4 show the finite alement ideaiizations. Due to
ymmetry the apalysis can be performed on 1/4 th or 1/8 th of the shells.
for all three types approximately the same mesh is chosen. Triangular
shell elements (CST + LCCT9) represent both the shells and beams and are
concentrated in the vicinity of the beams. The beam elements are con-
centric with the shell elements. The cross sections are idealized by 10
concrete layers and two steel layers (Fig. 5.6).

The supports are simuiated by the use of boundary elements with a

]

rqe extensional and/or rotational stiffness. The saddle shell and the

q
H
i

2

inverted umbrella shell are assumed to be completely fixed into the

abutments whereas the gable

3

hell is simply supported at the four corners.

Boundary elements are aiso fixed at nodes along the symmeiry lines to
iccount for the boundary conditions. A last group of boundary elements

having no extensional stiffness but a large rotational one is used to

A R o

overcome the prohlem of the missing sixth de These

(e}
-5
)]
[§7]
@]
~h

+
g
9]
]
i
jo]
=

boundary elements are fixed at 211 shell nodes and are directed perpen-
dicular to the shell surface. However, analyses with and without this
group of boundary elements compared weil, i.e., the boundary elements at
the shall nodes are not mandatory for this special problem.

ldealizations for other soclutions which will be used for control of
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the results are presented in Fig. 5.6 and Fig. 5.7.

5.2 Material Properties

The material properties are chosen as fo1lows (Fig. 5.8)

Concrete:

unit weight . 150 pcf (2400 ka/m°)
uniaxial initial tangent modulus: E, = 3330 ksi (23.0 <N /m’)
uniaxial compressive strength f; = 3.0 ksi {20.7 N/mm }
strain at compressive strength @ €. 7 0.0018

uniaxial tensile strength f% = 471 psi (3.25 N/mmz)
ultimate strain in tension DoEy, T 0.0005

Poisson's ratio v =0.15

cracked shear constant : B =0.5

iy being 0.0005 a slight tension stiffening effect is taken into account.
Steel: {elastic-perfectly plastic)

modulus of elasticity before yielding: ES = 29000 ksi (199.8.KN/mm2)

modulus of slasticity after yielding : th= 0
yield strength : fy = 60 ksi (411.6 N/mm )

5.3 Consideration of Creep and Shrinkage

1t is assumed that the structures are subjected to a dead locad DL
from 28 to 180 days after casting. Then they are 1oaded by multiples of
uniformly distributed live load LL. The time period is divided in 6 time
steps: 28 - 32 - 40 - 80 - 100 - 140 - 180 days. Within the time steps
the stresses are assumed to be constant. Standard values recommended by

ACT Committee 209 [18] based on extensive studies by Branson and his
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olleagues [21] have been used to describe the time dependent behavior.

-
L

6. SADDLE SHELL

-~

5.1 Linear Analysis

linear analyses are performed

a} to check the reliability of the finite element model

b) to study the behavior of the struciures in the linear regime

The structures are loaded by dead load DL 150 = pcf (2400 kg/mS} and live

Toad LL = 20 psf (960 N/m
In Fig. 6.1 some results obtained with NOTACS are Cﬁmpﬁradkwiﬂh other

<olutions based on SAP and NARCS (see [14]). The finite element discretiza-

sions for these solutions are shown in Fig. 5.6. The NOTACS solution com-

nares well with the SAP solution, which can be expected to be the best

approach. Compared to the NARCS solution, which uses the same element, a

W

considerable improvement is achieved.

Analyses were also carried out for nodal loads instead of distributed
ioads and without boundary elements fixed at the shell nodes. The dif-
ferences in the results were less than 10%. The following analyses are
all based on the original idealization.

The sketch in Fig. 6.2 serves as a rough check of the equilibrium.
The agreement is considered to be satisfactory.

In Fig. 6.3 separate solutions for dead load of shell, dead load of
beam and live load demonstrate the big influence of the edge beam weight.
Undoubtedly the edge beam is carried by the shell structure. Without
support of the shell the beam deflections due to its weight wouid be six

times as large and the bending moments would be even larger, namely ten
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TARLE 6.4 SADDLE SHELL 'DAD -DEFLECTION EELATION, NODE AD

LoAD ToTAL MUMBER oF DEFLECTION DEFLECTION
BICREMENT # LoAD = ITERATIONS NORE AG INCRZEMAENT
DL+ ML 4 {(m. = 285 mm) {im. = 25.4mm)
7,750 LL 7750 LL 4 A.7LT

2 L.AGD C.LiE

3 h.264 5.06%

2.425 || 7.875 [ L 4 4.307 0.046

2 4,344 0,007

3 L 346 0.0092

D.AZE 1L 8.000 LL A4 4 3ok 0.0LB

2 Lagg 0.004

. AZS L a.425 [ 4 LoLAg 0.050

2 g.lzs 0,007

3 L4234 0,006

b L.L37 0.006

5 SN o.007

) L Lss ©.0AA

7 L Lo 0.045

2 4 436 0.026

3 4,563 O.0LY

AD LeTh 0.ARA

AA 5. AAA 0437

A7 5.75% a6l

A3 5443 Q.258

AL 8.256 a2h3

AS 6.0 0. AAL

A6 £.8340 0,420

A o777 0.A88

AR 7.047 0.349

13 7.544 . 4Ak

20 7. 97L o.Lked

2 8, LAl aLLko

¥y 874G 03537

23 q.034 0288

24 4,374 G337

25 9,827 45 A

28 A0. k272 8,600

27 AQ. 309 0,287

28 AA.ALG 0,237

25 AAB33 0,387

%0 AA 28BS 0.35¢6

0,425 1L 2250 LL A AZ2.30Lo (SR

2 AZ.85LY 0.207

3 AZ2.6% 0, A4S

b A2 768 T.AQE

5 AZ.BBA 0443

8 A2. 897 0AAL

7 A3.08¢ £.089

STOoP 7 AR 205 D.A02

# ... MRLTIPLES oF LIVE LoAD LLam 20ps{ (= 360 N]nf)

A R
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A rough estimate on the hasis of yisld line thaory is made in Fig. 6.14.

vield lines are assumed paraliel to the center arc between the abutments.

>

The internal moment is calculated by summing up the products of the uitimate

r arm. The ext

Al hids e

o

ﬁ)

D

normal force (yield force) and the appropriate Tev rna
moment is determined as bafore in the statical check of the linear analysis

ram the internal ultimate momen the external moment and the

et
jon ]
<
4o
m.!
v

[t

Jltimate bending moment capacity oFf the beams are compared. It can be seen
that up to a distance of ¥ =16 ft {torsional moment not considered) from
the tip the totai ioad of DL + 8.0 LL can be carried by the beams. Then

up to x 7 30 ft the intarnal moment capacity due to the shell membrane
forces is a 1ittle smaller than the external moment. For % > 30 ft the

ralation is reverse. That means, that according to yield line theory the

[N

ultimate load is of about DL + 3.0 LL and the yield lines can be expecte
to be in the region between 16 1 < T < 30 ft. This result is in good

agreement with the result obtained by nonlinear anaiysis where yielding

~h

gccurred at a dlstanae of T =27 ft from the tip (Fig. 6.13).
The previous comparisons have syoked no contradiction, hence it can

assumed that the ultimate 1gad is DL + 8.0 LL.

o

I
Sl

5.3 Nonlinear Analysis Including Creep and Shrinkage

treep and shrinkage is taken into account as described in Chapters
3 and 5. ‘
n Fig. 6.15a the load deflection curve of the tip point is compared
with the curve for instantaneous Joading. The main difference is that the
sransition to the crackad state occurs at an earlier load level. As the

rainforcing steel at that 1oad level is not yet yielded an increase of the

ipad up to DL + 8.0 LL is still possibie.
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stresses is shown exemplarly in Fig. 6.20 to 6.2

concrete layer 10 in Fig.
stresses increass. Since creep

compression, creep and

ion changes

deflects downwards the tip point moves upwards.

First cracks form alre

ase is approached (Fig. 6.18 and 56.19).

If only the

would draw the conclusion that there

and crown point as they

the deflection of

In Fig. 6.16 it is demonstrated that it is necessary %o compare the

tip point wouid

is only a minor

tion of the first cracks is different from

ady under dead load (Fig.

mainly the edge beam and not the shell.

180 days the crack pattern of

creen and shrinkage compression stresses in concrete

is assumed to be the

Obviously the shrinkage effects in the top layer

™

greater than the creep effects {Fig. 6.20). Du

forces would be dacreasing. The effect on the

e
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days increases to almost 4 times its value.
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t can be seen that the redistribution of

However
the instantaneous
The redistribution of

> o]
2
A N

Jayers

£.20) on the other hand steal

same in tension as in

shrinkage are acting against each other in tension

1 for t = 40 days are
1o creep alone the tension
ress vresuitants is shown

stresses is

the normal force acting on concrete after 180 days is

alf the vaiue of 28 days whereas the steel normal Torce at 28
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Another exampie for 2 <pell element is given in Fig. §.22. There,

s

+

he top concrete layer 1 35 subjected to larger tension stresses , therefore

P

creep effects have more influence rhan shrinkage € effects.

in Fi .23 the stress redistribution in the shell cross section

[{w]
[

= ( between the abutments reveals +hat the tensile forces acting on con-

crete increase and <imultaneously the normal force in steel changes sign

and becomes negative. The concrete compression force near the edge decreasss.

A statical check as done in paragraph 6.1 proves that equilibrium condi-
tions are catisfied at 28 days as well as at 180 days.
6.4 Numerical ExP Experiences

In the subsequent section some experieances are compiled to demonstrate
+hat the solution of a nonlinear analysis is very censitive and must be
checked critically.

i

First of all it is important that the ynbalanced forces at the end
of a load increment remain small compared o +he total nodal forces other-
wise the resuylt may he completely wrong. Fig. 6.24 shows &.G. a solution
where the number of permitted sterations was chosen to0 small, namely ©
for the rejatively large 1pad increments of 0.25 LL to 1.0 11 (see also

[i9l)-

Tn Fig. 6.25

,..

fus

it can be seen wha' happens it a load increment 1S

[
pn

osen too large, 1.e. that within one increment toC many elements crack.
In this example {creep and shrinkage was inciuded) the increment Trom

oL + 6.5 LL to DL 7 7.0 LL was too large. Within this increment cracks
propagated through the shell thickness causing a significant change in the

overall stiffness. For the same X ample ascillations of deflection incre-

ments and unbalanced forces are i1lustrated (Fig. 65.26). Compared with
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the Joad level DL + 7.0 LL the iteration at the ioad level DL + 4.0 LL
shows a fast convergence.
One big problem results from Tocal failure of a structure. The numer-

ical procedure will try to shift the load to areas still capable of carry-

fJ%

inag additional lead, i.e. the iterations will not converge. In such
o] =

je1}

case engineering reasoning has 1o assist the numerical solution. (The
failure of this shell is also initiated by local failure of the tip region.)
Here 2 method - applying springs in the pathological areas - described 1in
[207 might nelp to overcome the problem.

2

£.5 Influence of Material properties on the Solution

As already discussed in [19] the assumptions of the tensile strength
of concrete f%, t

tension stiffening effect have considerable influence on the load deflection

the yield strength ry, the reinforcement ratic o and the

relations and also on the convergence of the numerical procedure.
particularly, numerical problems arise for underreinforced structures

for which the following conditions holds:

First it might happen that the true ultimate capacity {depending on fv)

is overestimated. Second, the convergeance can he expected to be much
slower since the load which cannot be carried any more by the cracked
element has to be shifted to the neighboring elements.

For conditions

additional load can be carried by the cracked element, however strains and

deformations become much larger. A large reinforcement ratio is beneficial

to the numerical procadure since the released unbalanced forces after



mall ratios.

174

cracking are smaller than for

o}

As also emphasized in [19] residual unbalanced forces, ever so small,

-t

should be transmitted to the next load increment. The value of the tensile
strength is mainly responsible for the beginning of cracking, i.e. the non-
linear behavior.

In Fig. 6.27 load deflection curves for different assumptions of the
material properties of concrete in tension are presented. The sclutian of
Lin [14] was obtained for a 20% smaller tensile strength and far a tension

0 zero at a ultimate strain of (.00C5.

oF

stiffening curve decreasing cubically
The sharp bend of the load deflection curve occurs already at DL + 5.5 LL.
Two reasons are responsibie for this. First the tensile strength s
smaller and hence the abrupt change in stiffness is reduced to about
DL + 5.0 LL. Second, because of the coarser mesh used, a larger area is
affectad, once cracking has started, i.e., the mesh size is already a
parameter which affects the nonlinear curve. The difference in the deflec-
tion below this load level can be attributed to the same reasons.
The solution of Lin was stopped by arbitrarily chosen tolerances at
DL + 6.0 LL. Since neither concrete yielding nor steel yielding was
observed at this load level the load capacity was obviously not yet reached.
The other two solutions were obtained assuming no tension stiffening
at all. The different beginning of the flat branch of the load deflection

curve is due to the differant sizes of load increments. Although both

other because it is inaccurate- one can learn that the tension stiffening
assumption is a major parameter which has to be investigated thoroughly.

Again, numerically the same ultimate load can be expected as for the case

:
:
|
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similar to the crack pattern determined before (Fig. 6.13) for OL + 8.0 L
From a practical point of view, Timitations of the deflections would
probably reduce the permissibple load.

The cracked shear constant 3 was taken as 0.5 as well as 1.0. No

assentially different behavior could be observed due to this effect.

same program but using more elements. The agreement is excellent if the
support is simulated by boundary elements fixed at the inner ncde (aiter-

ced at the corner

et}

native b in Fig. 5.6). If the boundary element is pi

ooint {alternative a ) defiections are completely different. This was also

found out by Kabir [15] who, for this reason, has given the corner element

a fictious high stiffness. This example makes it clear that one has to be

V]

very careful in order to simulate properly a boundary condifion,

o

y1e and rough statical check to prove that the loads are trans-

[a%

mitted to the supports is presented in Fig. 7.

Studies on the behavior of gable shells based in linear analyses
were made by Schnobrich [18]. The following conclusicns may be drawn from

[
3
3

The size and 1 i

[

ca v of the crown beam have a considerable influence

o5
1]
oy

on the deflections and the bending moments. The deflections increase with

the size of the beam. A crown beam with its centroid above the shall



TABLE 7.4 GABRLE SHeL[ LOAD-DEFLECTION RELATION, NODE A4

LOAD RICREMENT ToTAL LoaD NUMBER OF DEFLECTION BEFLECTION
* * ITERATIONS MORE A4 WNCEEMENT MODE A4
Mo+ L (in=25.4mm) | (in =25.Lmm)
4z.0 LL Aaz.¢ LL A 0.385 0.385
2 o518 0. 430
3 a.56k 0.049
Ao Ll Az o Ll A C.e03 D.0LS
2 0.627 O.CAR
3 .6k 0.024
b 0.672 c.024
5 0,702 <.030
Ao LL Ao LL 4 0,773 0.076
2 0.738 0.020
3 0.807 0.008
b O.8A7 0.040
5 0.826 0.009
AD LL As.0 LL A ©.930 0.4k
Z 0,385 D.055
3 2.988 ©.003
0.5 LL AS 5 LL A A.030 0.402
2 A.360 0.276
3 A5l 0.478
4 A.TA2 0,468
5 2.350 0,638
0.5LL Ao.0 LL 4 L.e50 2.200
2 A397.0 A292.35

% MULTIPLES

OF LAE 1LOAD L
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reduces the deflections. A variation in the size ¢

f the edge beam has

[t}
%
]
e
o}

1ittle influence. Bending moments in the crown bDeam

es the novrmal forces con-

o

in the edge beam. Membrane theory overestima

ecially for the crown beam. That means, that a design on

o
anmed
ful
D

K
=t
o
o

S
®
54
L

=

eam cross sections

fwa

the basis of the membrane theory ends up with the
being too large which has an unfavorable influence on the deflections.
The need for crown beams is questionable; possibly a thickening or strength-
ening of the shell would be sufficient. |

The above conclusions agree with the few results obtained by Xabir

[15] and the author (Fig. 7.3 to 7.6).

¥

The linear analysis indicatas that the ultimate load must be very

Ly
<O
o3
P
&
ponr
oo
<3

nigh. The maximum tensile stress in the shell due to DL + LL 1
psi (= 12 N/mm") of which about 1/6 th is due to tL. For that reason
cracks are to be expected for a load level of about DL + 11 LL. Hence, the

first load step is chosen as DL + 12 LL followed by three increment

[
]
3

1.0 LL and 4 increments of 0.5 LL.

.

From Table 7.1 and Fig. 7.7 it can be seen that up to DL + i5.0 LL

=

the behavior is only slightly nonlinear. First cracks occur along the

i)

diagonal near the support at DL + 12 LL. The spreading is limited up to
BL + 15 LL. In the next load increment the cracks propagate through the
denth but failure is caused by exceeding the concrete compression strength

in the edge beams at the supports (Fig. 7.8}, hence the ultimate capacity

Yield 1ine theory (Fig. 7.9) predicts an ultimate load of DL + 16.8 LL.

However in this case yield line theory is based on the wrong idea that
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the failure is caused by yielding © £ the stesl whereas the nonlinear

analysis predicted failure of concrete. This exam
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line theory has to be applied carefully, 1.

tions are sometimes necessary. In this case a rough estimate of the

f}.

yltimate capacity of the edge Deam Proves that it will fail prior to the

o

<hell reinforcement. he maximum normal force for DL is N°- = 135 kips

ce is nEb = 20 kips (Fig. 7.5). Assuming an

-y

and for LL the normal

9]

-3

ultimate normal force of N = 750 kips (Fig. 4.3) the ultimate load capacity
would be DL + 15 LL which is less than predicted by yield line theory and
comes close to the value obtained by nonlinear analysis

7.3 MNonlinear Analysis Including (reep and Shrinkage

-

ig. 7.10 and Fig. 7.11 compare load deflection curves for instanta-
necus loading with those obtained for sustained loads. One can observe

a great time-dependent influence. Within 180 days deflections have
increased to about 4 times their values at 28 days. However, One must
admit that the deflections are still small.

Tn this structure the stresses originating from dead Toad are rela-

o

of minor importance compared to

¥

tively small and nhence creep effects ar

shrinkage effects. The additional deformations are therefore mainly
affected by shrinkage. Shrinkage causes tensile stresses in the shell
and hence additional compressive forces are evoked in the stiffer edge
members which resist the shrinkage deformations of the shetl. This re-
distribution can be seen in Fig. 7.12. These additional forces are
responsible for the reduction of the yltimate load capacity to about
oL+ 14 LL.

The crack propagation starts carlier and is more intense (e.g



/8

cracks through the thickness along the diagonal) than for instantansous

i

loading (Fig. 7.13).

-
i

/.4 Comparison with other Soclutions

The example ana

length L =806 ft (24 m) |
[ (L2yh =520
rise : h=28ft (2.4 m) g

L (L72)/t = 60
thickness : t =2 14n. (7.5 cm)

cross section edge beam : 16 in. x 12 in. = 192 sq in.
- 2
(40 cm x 30 cm = 1200 cm®)

cross section crown beam: A: 8 in. x 24 in. = 192 sq in.
; 2
(20 cm x 60 cm = 1200 cm”)

i

i

B: 12 in. x 48 in.= 576 sq in.

- 2
(30 cm x 120 cm = 3600 cm™)
The shell reinforcement is the same but the reinforcement ratio is higher,

namely © = 0.53%.

The reinforcement ratio for the beams are:

edge beam 1 b= 5.3%
crown beam & o = 5.3%
crown beam B o = 3.8%

The material properties are the same except for the tensile strength which
was assumed by Kabir to be f% = 270 psi (1.9 N/mmg),

The uitimate load for the examples calculated by Kabir are about half
the value of the examplie of this study. An explanation is given by the

.
!

yield line theory. ne yield Tine thecry is better applicable for the
example of Kabir since the shell is flatter and the thickness and the ten-

sile strength are smailer too, i.e. failure will occur by yielding as

R A i s
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sresumed. Due to yield line theory the uitimate load is proportional to
the rise of the shell, i.e. that for half the rise the ultimate ioad is

reduced to half the value. For this example the ultimate
Ty

approximately DL + 8 LL which is close %o the soly

ifé

for the gable shell with the smaller crown beam A. For the gable with the
larger crown beam B he determines a lower yltimate load. In the opinion

of the author both systems should have the same ultimate load since for
flat shells the ultimate load depends essentially on the amount of shell
reinforcement which is the same for both structures. However cracking

wi1l start earlier in the case of the larger crown beam (larger defl aections)
which causes a more distinct nonlinear load deflection curve with a faster

decreasing slope. It is believed that the prediction of the ultimate ioad

wmis

n [15] is based on arbitrarily chosen tolerances which stopped the solu-

tion prior to its failure. A further investigation of the results for

1“?

this load step would prove that the structure wouid be able to pick up

dditional load even though the deflections were quite large.

oY)
b

8. INVERTED UMBRELLA SHELL

3.1 Linear Analysis

For this shell the finite element mesh of the gable shell can be

used. The only thing required to change is the boundary conditions. Again

o3

rough statical check of the linear analysis is made and presented in

Fig. 8.1.

i
[Fa

ig. 8.2 the behavior of the individual members, beams and the

1

il

[

1tse

)
anh
"

shel

(/v

f is demonstrated. From this it can be seen that the edge beam

has the greatest influence on the deflections. Membrane theory predicts
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normal forces which are oo large but
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case for the gable shell

8.2 Nonlinear Apalysi

This structure shows a marked nonlinear behavior from the very begin-
ning (Fig. 8.4). Responsible for this is the early cracking of the edge
Seam. First cracks are observed under DL + LL. Later on at the load level
DL + 3.0 LL cracks propagate into the shell (Fig. 8.5). At about DL +
6.5 LL the cracking is essentially terminated but the load capacity is not
yet exhausted. The further behavior is approximately linear up to DL +
7.75 LL. At this load level the steel in the edge beam yields and the con-
crete in the valley beam reaches its compressive strength {Fig. 8.6).

Fig. 8.7 shows deflections at several load Teveis. The shape of the

iy

curves compares well with the deflection profiles observed in tests [91.

These deflection profiles give also an idea for the assumption of the

L

jeld lines. The yield line theory is applied in Fig. 2.8. The yieid

out to be a very uncertain means

[s %

line theory for this type of shell tur

=3

2
to determine the ultimate Toad which is proportional to the lever arm 3

of the total compressicn force C. This lever arm may take values between

1 ft and 2 ft and thus the ultimate load capacity may differ by 100%. Here,
with the lever arm assumed to be 1.7 ft an uitimate load of DL + 5.5 LL

is calculated.

8.3 Nonlinear Analysis Including Creep and Shrinkage

i

Until now only one run could be made. Unfortunately the program was

-

stopped too early at a load level of DL + 3.0 LL (Fig. 8.9). It is assumed
that approximately the same ultimate load is reached as for instantaneous

Toading since the failure is essentially caused by yielding of the steel
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reinforcement. Creep and shrinkage effects are of about the same order.

P

In areas where tension dominates these effects are

(=]

pposite. This can be

seen in Fig. 8.10. At times less than 40 days creep strains are larger,

-~
g
<

therfore concrete tension stresses decrease. Afte ) days shrinkage
redominant and cause concrete stresses to grow. Since the
stee] stresses become negative the average concrete stresses 0f a

must be increasing, i.e. that shrinkage is more effective than cresp. A

comparison of the crack patterns with (Fig. 8.11) and without creep and
f Lo J

shrinkage (Fig. 8.5) show that the time-dependent effects cause a much
more intensive cracking.

8.4 Comparison with other Solutions

White reports in [9] on a test series performed on PYC- and microconcrete
models. Investigated was a shell of square plan with

L= 24 Ft (7.2 m)
(L/2)/n = 4

i

ho= 3 ft (0.9 m) g
(L/2)/t = 96
t = 1.5 in. (3.8 cm)

The cross saction of the edge beam is 6 in. x 4 in. (15 cm x 10 cm) = 24

g 2 , . : o
sq in. (150 cm™). The valley beam 1s specified as a thickened rib with
increasing width.

The reinforcement ratio of th

[ty

shell is p = 0.6% and that of the edge beam

) o L, 2.
is 5 = 3.2%. The yield strength of steel was 48 ksi (331 N/mm™).
The ultimate load was reached at 145 psf (7 KN/mZ) which corresponds

to approximately DL + 6 LL. The failure was initiated by yielding of the

edge beam reinforcement followed by intense cracking along the diagonal.

g

- ) , . - . . _ ! . .
The rupture took place along a circle with a diameter r = L/4V/2 (see ig. 8.8).

-

For a yield strength of 60 ksi (414 N/mm~) the ultimate load would be
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approximately DL = 8.0 LL which corresponds with the value obtained in this
study. However, it should be kept in mind that the structure studied here
is quite different and cannot really be compared with the structure investi-

gated experimentally.

9. COMPARISON AND RECOMMENDATIONS FOR FURTHER STUDIES
Even though the few results of this investigation cannot be considered
comprehensive, a useful summary of the information obtained is given in
Fig. 9.1 and Fig. 9.2.
Recommendations for further studies are Jisted below:

I. Improvement and extension of the program NOTACS.

Some ideas are given in [19].

o

Variation of the shell geometry.

This means, variation of the shell thickness t, the rise n, and the

tength L.

3. Variation of the beam cross sections and eventually their location
(above or below the shell mid-depth).

4. Variaticn of the reinforcement ratios of the shell and the beam cross

sections.

5. VYariation of the material

R

roperties,

Re
)]

1743

e.g. ratio f%/fy, tension stiffening, cracked shear modulus.

(o)

Yariation of creep and shrinkage input data,

i.e. different load histories, load intensities, envirommental conditions

atc.
7. Variation of loadings

Concentrated loads, unsymmetrical loads, support deflections



The aim should be:

To get information on the yariability of the nonlinear behavior and
the ultimate ioad for different shell and beam geometries as well as dif-
ferent reinforcement ratiocs.

2. To get information on the influence of tensile strength and tension
stiffening.

e
1

3. To get information on the influence of creap and shrinkage effects.
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