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ABSTRACT OF THE DISSERTATION

Poroelastic Effects on the Interpretation of Diagnostic Fracture Injection Tests
by

Jun Du

Doctor of Philosophy, Graduate Program in Mechanical Engineering
University of California, Riverside, June 2024
Dr. Guanshui Xu, Chairperson

Diagnostic Fracture Injection Tests (DFIT) are techniques that have been widely used in
hydraulic fracturing to estimate reservoir properties and parameters. A fully coupled
poroelastic model is developed to simulate hydraulic fracture initiation, propagation, and
closure using the finite element method. The pressure decline data after shut-in is analyzed
to estimate the leak-off coefficient, in-situ stress, permeability, and pore pressure. Results
are compared to previous DFIT techniques developed based on linear elastic fracture
mechanics and Carter’s leak-off model.

During the before-closure analysis, the pressure decline data is analyzed to estimate the
leak-off coefficient and in-situ stress through a special dimensionless time function called

G-function. With poroelastic effects taken into account, the leak-off coefficient can be



twice as large as the one obtained from previous DFIT techniques. Also, higher in-situ
stress estimates are obtained in the fully coupled model. The after-closure analysis involves
the identification of linear flow and radial flow regimes. The linear flow analysis can
significantly overestimate reservoir permeability, while the radial flow analysis can obtain
a reliable permeability estimate. Both the linear and radial flow analyses can provide
accurate estimates of pore pressure.

This study demonstrates that poroelastic effects cannot be ignored in some cases. The
previous DFIT techniques developed based on linear elastic fracture mechanics and
Carter’s leak-off model may result in inaccurate estimation of properties such as leak-off
coefficient and permeability, further affecting the optimization of hydraulic fracturing

treatment design.
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Chapter 1

Introduction

1.1 Hydraulic fracturing

Hydraulic fracturing is a stimulation technology that has been commonly used in the oil
industry to improve the well productivity from formations with lower permeability. This
technology has been exploited by the oil and gas industry to enhance hydrocarbon
production since the 1950s. By pumping a mixture of fluid and sand into a reservoir of low
permeability, it is possible to generate a network of fractures that connect the wellbore with
the large volume of the reservoir. The proppant is used to prop the fractures after the
fracturing fluid is leaked into the reservoir. The propped fractures serve as effective fluid
channels and therefore can considerably enhance hydrocarbon production.

Due to the difficulty of direct monitoring real fracture geometries, fracture modeling and
simulation play an important role in hydraulic fracturing treatment design. At the earlier
stage of development, three basic classical models, PKN model (Perkins and Kern, 1961),

KGD model (Geertsma and de Klerk, 1969), and the penny-shaped or radial model



(Savitski and Detournay, 2002), were proposed for the analysis of the hydraulic fracturing
process. These models assume that the reservoir is linear elastic solid, and the fluid flow
between fracture surfaces follows Reynold’s equation. As shown in Figure 1.1, these

models vary by simplifying certain fracture configurations.

Fluid Flow

Fluid Flow

(@) (b)

Sy

(©)
Figure 1.1: Fracture geometries (Li, 2023): (a) PKN model; (b) KGD model; (c) Penny-

shaped model
The KGD model assumes that the fracture height is constant and the fracture is at plane
strain condition in the horizontal plane. Besides the constant height assumption, the PKN
model also assumes that the fracture is at plane strain condition in the vertical plane and

the fracture toughness is negligible. The KGD model is suitable for fractures whose height



is much larger than its length, while the PKN model is suitable for fractures whose length
is much larger than its height. The KGD model and the PKN model were the first two
models that took both volume balance and solid mechanics into consideration (Economides,
2000). The penny-shaped model assumes that the fluid is injected from a point source. The
shape of the fracture is expected to be circular when the minimum in-situ stress is
distributed uniformly.

Although a variety of models have been proposed to investigate hydraulic fracturing, most
of them were established by using Carter’s one-dimensional model to represent leak-off.
The fluid flow from the fracture into the formation is over simplified. The fluid loss into
the reservoir will cause an expansion of the reservoir and an increase in fluid pressure,
which further induces the effective change in the rock matrix. The back stresses resulting
from the dilated reservoir will tend to oppose fracture opening (Salimzadeh, 2016).
Therefore, a fully coupled model taking poroelastic effects into consideration is required

to predict fracture geometries and fluid pressure more realistically.

1.2 Diagnostic fracture injection tests

One technique that can be improved by the fully coupled model is Diagnostic Fracture
Injection Tests (DFIT), which have been widely used to estimate reservoir properties and
parameters, such as leak-off coefficient, in-situ stress, permeability, and pore pressure. The
DFIT procedure involves pumping a small volume of fluid into a reservoir at a constant
rate for a short time to create a fracture then the well is shut-in, and the pressure falloff is

recorded and analyzed. However, existing DFIT techniques are developed based on linear



elastic fracture mechanics (LEFM) and Carter’s oversimplified leak-off model, which can
result in an incorrect estimation of reservoir parameters.

Pressure interpretation prior to fracture closure is known as before-closure analysis (BCA),
which was pioneered by Nolte’s work (1979 and 1986) with the development of G-
function. Assuming that the fracture surface growth follows the power law, Nolte noted
that pressure decreases linearly with the dimensionless G-function before the fracture
closes. Analytical techniques were also provided to estimate the fluid loss coefficient, fluid
efficiency, and time for the fracture to close.

Barree and Mukherjee (1996) and Barree et al. (2009) proposed a method to identify
closure pressure qualitatively using G-function and its derivatives. The closure is identified
by the deviation of the semi-log derivative of pressure (Gdp/dG) versus the G-function
from the straight line. This method is referred to as the tangent line method and has become
the standard practice for DFIT analysis.

Mayerhofer (1993 and 1995) introduced an alternative model to interpret the leak-off
process instead of using Cater’s leak-off model. In this method, pressure response is
considered from the fracture into the formation. By representing the pressure falloff data
in a specialized plot, which is referred to as the Mayerhofer plot, the filter cake resistance
and reservoir permeability can be estimated from the intercept and slope of the straight line
in the Mayerhofer plot.

McClure et al. (2016) presented the compliance method to estimate fracture closure

pressure, which is picked up at the point where the system stiffness starts to increase. The



compliance method results in an earlier and higher closure pressure estimate than the
tangent line method.

Wang and Sharma (2017) proposed the variable compliance method to estimate minimum
in-situ stress by averaging the G-time of the tangent line method and compliance method.
The variable compliance method leads to a more accurate estimation of minimum in-situ
stress without the consideration of poroelastic effects.

Zanganeh (2017) reinterpreted the facture closure dynamics using the cohesive zone model
for fracture initiation, propagation, and closure. A leak-off model that is pressure-
dependent and related to formation properties is used for simulation. The closure pressure
is picked up at the start of the tip closure, which is consistent with the compliance method
proposed by McClure.

Pressure interpretation after fracture closure is known as after-closure analysis (ACA),
which involves the identification of linear flow and radial flow. The boundary condition
along the fracture changes from constant pressure to zero flux after the fracture closure.
Nolte et al. (1997) presented the formula for pressure difference during the linear flow
period based on the heat transfer analysis (Carslaw and Jaegar, 1959). Reservoir parameters
such as fracture length and closure time can be estimated during the linear flow analysis.
The radial flow analysis was developed by Gu et al. (1993), which is known as the “impulse

fracture test”. Permeability and initial pore pressure can be obtained if a radial flow exists.



1.3 Dissertation outline

The primary objective of this research is to investigate the poroelastic effects on the
interpretation of DFIT for both the KGD model and the penny-shaped model.

Chapter 1 provides an introduction to hydraulic fracturing and a literature review of current
DFIT techniques. Chapter 2 presents the governing equations to model hydraulic
fracturing, the fracture propagation criterion, and the relevant theory about BCA and ACA.
Chapter 3 presents the finite element formulation for each governing equation and the
validation of the current model against several analytical solutions. Chapter 4 starts with a
leak-off comparison of different models. Then, the poroelastic effects on both BCA and
ACA for the KGD model are studied using six sets of parameters. Chapter 5 provides the

poroelastic effects on BCA for the penny-shaped model and the conclusion of this research.



Chapter 2

Mathematical model of hydraulic fracturing

2.1 Problem statement

Fracture models have been well developed over the past few decades based on the
following three relations: linear elastic fracture mechanics (LEFM), fluid flow in the
fracture, and continuity equation. Instead of using Carter’s leak-off model to represent fluid
flowing from the fracture into the formation, the formation can be modeled as porous
medium based on the theory of poroelasticity, which was developed initially by Terzaghi
for a one-dimensional problem. The term poroelasticity was first proposed by Geertsma in
his 1966 paper (Wang, 2000). Biot extended the theory to the three dimensions later.

Figure 2.1 shows the schematic illustration of a fluid-driven fracture in the porous medium,
which includes multiple physical processes: (i) fluid flow within the fracture, (ii) fluid flow
in the porous medium, (iii) deformation of the porous medium, (iv) fluid leaking into the
porous medium via the fracture surface, and (v) hydraulic fracture initiation, propagation,

and closure.



Porous
medium

Q/2

Figure 2.1: Schematic illustration of a fluid-driven fracture in the porous medium
(Monhammadnejad, 2016)
Figure 2.2 shows the sketch of a hydraulic fracture in the porous medium with domain Q
and boundary T'. The fracture is considered a discontinuity with two surfaces through which
the fluid flow inside the fracture is leaked into the formation. The differential displacement
between the two surfaces is the fracture width. The deformation of the porous medium is
coupled with the fracture flow through the fluid pressure applied to the fracture surfaces.

Py

Figure 2.2: Sketch of a fracture with domain () and boundary T’



2.2 Deformation of porous medium

The porous medium is assumed to be fully saturated with a compressible fluid. Under the
quasi-static conditions, the equilibrium equation of a representative elementary volume

takes the form
—JL b, =0 2.1)

where b; is the body force and o;; is the total stress which can be written as (Biot, 1941)
0;j = 0; — apdy; (2.2)

where g;; is the effective stress, p is the fluid pressure in the porous medium, §;; is the

Kronecker delta, which is defined as 6;; = 1 fori = j and §;; = 0 for i # j, a is the Biot

coefficient, which is given by

=1—— 2.3
a=1-¢ (23)

where K is the drained bulk modulus and K is the solid bulk modulus. The Biot coefficient
indicates the degree of coupling between deformation and fluid flow in the porous medium.

The relationship between total stress and strain can be expressed as
2G
O-ij = (K - ?) E6ij + ZGEij - ap(?l-j (24)

where G is the shear modulus, € is the volumetric strain which is equal to €y, €;; is the

strain, which can be expressed as

_ 1 aui au]
Eij—_ _+_ (25)

an axi



where u; is the displacement. Substituting equation (2.4) and (2.5) into equation (2.1), the

equilibrium equation in terms of displacements and pressure becomes

G\ 0% 9%y, @
(K ) N P _o (2.6)

2.3 Fluid flow in the porous medium

By combining the mass balance equation and Darcy’s law, the fluid flow in the porous

medium can be expressed as (Verruijt, 2016)

9 (0u; +Sap_k 0%p ’7
“ot\ox; ) T 0t~ u\axox (2.7)

where k is the permeability, u is the viscosity, S is the specific storage coefficient, which

is given by

a_
s=2, 29
K; ' K,

(2.8)

where K¢ is the fluid bulk modulus, and ¢ is the porosity. Equation (2.7) is denoted as the

storage equation and is often written as (Wang, 2000)

3 k( 8%
=) ®9)

ax]'ax]'

where d{ /0t is the change in fluid content. For the stiff materials, the first term in equation
(2.7) can be ignored since the second term may dominate the first one. In this condition,

equation (2.7) can reduce to

op k[ 0%*p
S=r= Z(ax]-ax) (2.10)

10



This decoupled form plays a vital role in reservoir engineering (Verruijt, 2016; Dake,

1978).

2.4 Fluid flow in the fracture

Figure 2.3 shows the sketch of a three-dimensional hydraulic fracture. The fracture width
w in the x5 direction is measured in millimeters and is significantly less than the fracture
length or fracture radius, which can be tens to hundreds of meters in the x; and x,
direction. The lubrication theory derived from the Navier-Stokes equation can govern the
fluid flow in such a geometry in which the dimension in one direction is much smaller than
the dimension in the other two directions. The lubrication theory was developed based on
the assumption of negligible body force, Newtonian laminar flow, no-slip condition, and

constant pressure and velocity in the x5 direction.

Figure 2.3: Sketch of a 3D hydraulic fracture

Using the cubic law derived from the lubrication theory, the volumetric flow rate inside

the fracture can be expressed as (Batchelor, 1967)

11



w3 Opy

~T27x, (2.11)

qp =

where the subscript § denotes the fracture propagation direction and can be 1 and 2, the
fracture width w is given by (u;” — u;) n;. In the latter expression, n; is the unit vector
normal to the fracture surface. Then the mass balance equation for the fracture flow can be

written as

d (w3 dpy _6W+ 212
dxg \12u0x5) ~ ot I (2.12)
where g, represents the leak-off flow from the fracture into the formation. By using

Darcy’s law, q;, takes the form

k op

=——n; 2.1

qL

Equation (2.12) governs the fluid flow within the fracture. For the KGD model, the
subscript g in equation (2.12) can be omitted for simplicity. The boundary conditions for

the fluid flow are

q(0,t) = Qo/2 (2.14a)
qix=1,t) =0 (2.14b)
wkx=1,t)=0 (2.14¢)

where [, is fracture half-length at time ¢t. Both the flow rate and the width at the fracture
tip are zero.
In contrast to Darcy’s law, Carter’s leak-off model can be derived from the solution of a

one-dimensional diffusion equation with the assumption of constant pressure drop between

12



the fracture surface and boundary. According to Carter’s leak-off model, g, is given by

(Howard and Fast, 1957)
2C;,

L e o

where C; is Carter’s leak-off coefficient, t is the time at which the fluid reaches the

(2.15)

location x. The coefficient 2 accounts for the leak-off over the two fracture surfaces.

2.5 Fracture propagation

The stress intensity factors (SIFs) can be calculated to indicate the stress concentration
around the fracture tip. The approaches used to calculate SIFs can be divided into two
categories: energy methods and direct methods (Nejati, 2015). In energy methods such as
J-integral (Rice, 1968), the energy release rate is calculated first and then converted to SIFs
using the relationship between them. On the other hand, in the direct methods, stresses or
displacements near the crack are calculated to obtain the SIFs. Figure 2.4 shows the
coordinate axis with the origin at the crack tip, r is the distance from the crack tip, and 6

is the polar angle.

Crack >
X

Figure 2.4: Coordinate axis with the origin at the crack tip
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The stress field near the tip can be expressed as (Anderson, 2005)

d N m
o = (F) s ®+ mz Anr™2g((6) (2.16)

where d is the constant, f;; is a dimensionless function of 8 in the leading term, A, is the
amplitude, and gi(}”) is a dimensionless function of 8 for the mth term. While the distance

r approaches zero, the leading term approaches infinity.
As shown in Figure 2.5, opening (mode 1), in-plane shear (mode I1), and out-of-plane shear

(mode I11) are the three types of loading that can be applied to a crack.

N — N

(@) (b) (©)

Figure 2.5: Three types of loading that can be applied to a crack (Sun, 2012): (a) Mode I;
(b) Mode I1; (c) Mode 1l

Fracture propagation is mode | dominated and the stress fields adjacent to the crack tip for

mode | are given by
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Oxy = ;IW cos (g) [1 — sin (g) sin (?)] (2.17a)

K (6) [1+ _ <9> . (36’)] 2 17b
Oyy = 27Trcos > sin 5 sin 5 (2.17b)
Tyy = 27_[rcos 5 )sin{3 | cos (= (2.17¢)

where K; is mode I stress intensity factor. The corresponding displacement fields for mode

| are given by
KT (6)[ 1+2'2(0)] (2.18a)
U, = °C 2ncos > K sin > .18a
Iy (9)[ +1-2 2(0)] 2.18b
uy_ZG S sin (5 K cos” |5 (2.18b)

where, k is the Kolosov constant, which is equal to 3 — 4v for the plane strain condition.

K, =l 2m Gy 2.19
YR T 20— v) (2.19)

The fracture propagation criterion is

When 0 = m,

where K, is the material toughness of the solid matrix.

2.6 Before-closure analysis (BCA)

During the before-closure analysis, the leak-off coefficient and in-situ stress can be inferred

through a special dimensionless time function called G-function developed by Nolte. With
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the assumption of Carter’s leak-off model, power law fracture evolution, constant fracture
pressure on the boundary, and constant fracture surface after shut-in, the pressure decline

after shut-in can be expressed as (Economides, 2000)

Ty, CLSf\/t_e
2

ps(Atp) = ISIP — G(Atp) (2.21)

where Atj, is dimensionless time, which is defined as

t—t
AtD: ¢

(2.22)

e

where t is the generic time, t, is the time at shut-in. ISIP is instantaneous shut-in pressure,
1, is the ratio of fracture of area that is subject to leak-off to the total surface area, which
is assumed to be one for simplicity, and S is fracture stiffness. S and C,, can be calculated
by using Table 2.1 and Table 2.2 (Valko and Economides, 1999), respectively. The
derivation of equation (2.21) is presented in Appendix A.

In Table 2.1 and Table 2.2, h¢, x;, and Ry are fracture height, fracture half-length, and
facture radius, respectively, my is the slope of the straight line, E’ is the plane strain

modulus, which is defined as

E

E' =
1—v2

(2.23)

where E is the Young’s modulus and v is the Poisson’s ratio.
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Table 2.1: Proportionality constant Sy for different fracture geometries

PKN KGD Radial
2E' E' 3mE’
T[hf T[.X'f 16Rf

Table 2.2: Leak-off coefficient C;, for different fracture geometries

PKN KGD Radial
T[hf T[xf 8Rf
(=my) (=my) ——(my)
47,y [t E’ N 21, [t.E’ N 311y [tE’ N

The G-function is defined as

4
G(Atp) = p [g(Atp) — g(0)] (2.24)
where g-function is given by
((1 + Atp)sin™'(1 + Atp) V2% + Atl:;/2 for low fluid efficiency
g(Atp) = (2.25)
3 [(1+ Atp)3/2 — Atg/z] for high fluid efficiency

The fluid efficiency is defined as
n= / 2.26
]Vi ( " )

where V; is the total injected volume, V is the fracture volume at the end of the injection.

Without the consideration of spurt, the fluid efficiency can also be estimated using the

following formula

(2.27)
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where G, is the value of G(Atp) at closure. The analytical solution for Carter’s leak-off

coefficient can be expressed as (Howard and Fast, 1957)

k
N (2.28)

where p; is the initial reservoir pressure, c; is the total compressibility, which is defined as

¢ =Cs+Cf (2.29)
where ¢, is the solid compressibility, which is equal to 1/Ksand ¢ is the fluid
compressibility, which is equal to 1/K. Yarushina (2013) presented another expression of
total compressibility, which takes the form below

2
¢ = 1¢_C"’¢ + f’_C; + ey = i (2.30)

where ¢, is the pore space compressibility, which is often considered identical to c, in the

literature. The ¢ in equation (2.30) is equivalent to ¢, in equation (2.29) when porosity is

relatively small.

2.7 After-closure analysis (ACA)

The after-closure analysis involves the identification of linear and radial flow regimes. As
shown in Figure 2.6a, the parallel flow in the formation indicates the existence of the linear
flow. In Figure 2.6b, the flow converging to the line located at the center of the wellbore
indicates the existence of the radial flow. During the DFIT analysis, the linear flow and the

radial flow can be identified based on the slope of the pressure derivative curve.
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==

(a)
N
(b)

Figure 2.6: Linear flow and radial flow (Economides, 2000): (a) Linear flow to fracture;
(b) Complete radial flow

2.7.1 Linear flow period

After the fracture closure, the boundary condition changes from a constant pressure
condition to a zero flux condition, which is referred to as the mixed boundary condition or
changed boundary condition (Nolte et al., 1997). Carslaw and Jaegar (1959) provided a
closed form solution for this kind of mixed boundary condition in the heat transfer analysis.
The pressure difference during the linear flow period can be expressed as (Talley et al.,

1999)
p(t) —p; = m,F (¢, t.) (2.31)

where m; is the slope, which is written as

U
kgc,

The linear flow time function is defined as
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2 e
F(t, t.) =—sin™ |7, t>t, (2.33)

where t. is the time to fracture closure. When t is significantly larger than t., F can be

2 |t.
F. (¢t t.) == |7 t>>t, (2.34)

Therefore, pressure versus linear flow time is equivalent to pressure versus reciprocal

approximated as

square root of time, and pressure versus square of linear flow time is equivalent to pressure

versus reciprocal time under these conditions (McClure, 2019).

2.7.2 Radial flow period

There is no relation similar to equation (2.31) that has been proposed for a fracture with a
mixed boundary condition during the radial flow period. Gu et al. (1993) presented an after-
closure analysis based on the instantaneous line source solution to the diffusivity equation.

The pressure difference during the radial flow period can be expressed as (Talley et al.,

1999)

p(t) — p; = mpFr(t, t;) (2.35)

The radial flow time function is defined as

1 Xt
Fp(t, t,) =—1 (1 ) 2.36
R( c) 4 n + t — tc ( )
where y is defined as
16



For well-developed radial flow, y is equal to unity. The permeability can be estimated by

using the following equation

Q

mpg tc

kh
~ = 251,000 (2.38)

where permeability k is in md, net pay thickness h is in feet, viscosity u is in cp, t. is in
minutes, the injected volume is Q in bbls, and the slope my, is in psi. For the penny-shaped
fracture, h is twice the size of fracture radius. The term kh/u is the reservoir

transmissibility.
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Chapter 3

Finite element formulation of hydraulic fracturing model

3.1 Finite element formulation

The finite element method has been used extensively to model hydraulic fracturing because
of its ability to deal with irregular domains and heterogeneous material properties (Bao,
2014; Salimzadeh, 2016). Other numerical methods such as the phase field method
(Chukwudozie, 2016) and extended finite element method (Salimzadeh, 2015) have also
been proposed to simulate hydraulic fracture in saturated porous media.

The standard Galerkin method and the finite difference techniques are applied for spatial
and time discretization in this study, respectively. The finite element formulation for the
two-dimensional model is presented in this section. The finite element formulation for the

three-dimensional model can be obtained using the same approach (See Appendix B).
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3.1.1 The equilibrium equation

By multiplying the equilibrium equation (2.1) with the weight function « and integrating

over the domain, the weak form of the equilibrium equation can be written as

aO'ij
f w—2d0=0 (3.1)
o 0%

The body force was ignored in equation (3.1). Integrating by parts of equation (3.1) results

in
ow a(’LU'O'U)
—f —0j; dQ+f ——22d0=0 (3.2)
Q axj Q ax]
Using the Gauss divergence theorem, equation (3.2) becomes

Jw
Q ] r

Substituting the formula of total stress into equation (3.3) results in

ow ,
] —(aij — apSij) dQ = j wo;ndl + | wpn;dl (3.4)
Q Ty

For the first term on the right side of equation (3.4), a;;n; represents the traction applied at
the outer boundary, which is denoted as T;. The second term on the right side of equation
(3.4) represents the fluid pressure within the fracture applied at the fracture surfaces. By
writing the effective stress in terms of the fourth order elasticity tensor c;j, and

displacement, equation (3.4) becomes

Jwr Juy,

ow
—Cii —dQ) — —pdQ — n.dl — Al = _
jﬂ 5%, Cijkl o, d Jﬂa ox, pd thwaun]d frcwpnld 0 (3.5

The fourth order elasticity tensor c; j; can also be expressed as
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2Gv
Cijkl = Eaijakl + G(5ik5jl + 5il5jk) (3.6)

Substituting equation (3.6) into equation (3.5) results in

Jw 26V 5 s au"dn+fawa(5 51+ 6ud) 2 4
a0x;1—2v LTk 0x; q 0%; tkjt ik 0x;

ow
—f a—p dﬂ—f wpn;dl' = | wo;n;dl (3.7)
a 0x Te I,

The first term of equation (3.7) can be written as

ow 2Gv duy f 26v dw Jy;
Q

010 5 40 = 1—2v dx; dx;

— 3.8
a0x;1—2v X (3.8)

The second term of equation (3.7) can be written as

ow duy
fﬂ a_x] G(6ik6jl + Sil(sjk) a_xl d.Q
Jw duy, duy,

ow
= [ 2660602k 40 + | 22 66,65 =~ da
T P fﬂ ax; L%k By,

—J %% 1o 4 ow 0 3.9
- Q ax] ax] anj axi ( ' )

Hence, equation (3.7) becomes

] 2Gv awaude_I_J Gawauidﬂ +e awau,-dﬂ
ol —2v dx; dx; o 0x; 0x; q 0x; 0x;

Jw
Q ¢

xl Ft

Displacements, pressure, and weight function can be approximated over a finite element
by the expressions
e

~ e __ e e ~ e __ e ~ e __ e e ~ e
u; = up = U Ny, w; = uj =up Ny, p = p°® =ppNy, w = Ng (3.11)
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where uf,, uj,, and pj are the values of uf, u;, and p®at the bth node of the element,
respectively, NS and N; are shape functions. The summation sign is omitted because of

the repeated indices. Substituting equation (3.11) into equation (3.10) can obtain

2Gv ONE ONE . ONSANE dNg ONy
f dQuyy, +f G dQuy, +f G dQuyy,
ql—2v dx; 0x; o Ox; 0x; o Ox; 0x;

e

aN
—f a——N§g dQp§ —f NENEN;dTpg =f NEo;jn;dl (3.12)
o O0x Tc T:

where the subscript e stands for a typical finite element. From equation (3.12), the finite

element model of the equilibrium equation in the x direction takes the form
e
(K1)apuip + (K12)apusp — (Cna)anbp — (Cfl)abpg = (T (3.13)

The coefficient matrices in equation (3.13) are given by

2G(1—v) NS ONg _ONE ONg
Koe, = o) 14
(K11)ap jﬂ | 1-2v 0x; 0x; G dx, 0x, d (3.14a)
[ 2Gv ONg NG N ONf
Koye — a b a b [ .14
(K12)ap JQ 1 —2v dx; 0Ox, dx, 0x; d (3.14b)
. aNg

(Cmdap = | @ Np a0 G149

Q axl

T¢
(T)ap =J Ngt,dl (3-14¢)

Tt

Similarly, the finite element model of the equilibrium equation in the y direction takes the

form
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e
(K2)apuip + (K22)apuszp — (Cmz)anPh — (sz)abpg = (T)gp (3.15)

where
[ 2Gv AN ON{ IONE ONg
e a b a b
= 3.16
(K21)a fﬂ 1 —2v 0x, 0x; +o d0x, 0x, (3.16a)
[ ONE ONf 2G(1—v)dNE ONg
K8, = | |[6=—21=2 e dQ 3.16b
(Kz2)ap fﬂ_ dx, 0x, 1-2v 0x, 0x, ( )
. [ aNg
Cm2)ep = | « Ng dQ (3.16¢)
q 0x
(Cra), = j NENEn,dT (3.16d)
re
(T,)e, = | Net,dr 3.16e)
ab .

t

The coefficient matrices (K;,1)%,, (K15)%,, (K21)%,, and (K,,)¢, can also be expressed in
ab ab ab ab

terms of K and G using the following relations

2609 _ 26 3.17
1—20v 73 (3.172)
20V _ 2 3.17b
1-2v 3 (3.17b)

3.1.2 The storage equation

Multiplying equation (2.7) by the weighing function, «, and integrating over the domain

results in
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d (Ou; op k d%p
afw—(—)dﬂ+5 w—dﬂ——]w da=0>=

t \dx; g 0x;0x;
f a<a )da S f dQ j °P 40
“ ] o \ox w ox; 0xl
k dp
_k f w P dr = 0 (3.18)
plp o 0x;

Substituting u; = uf, Ng, p = pgNg, and w =~ N£ into equation (3.18)
ib''b b''b

fNea 0N\ e +5] aNﬁdekJaNgaN’fdne
ot \ ox, o @ BT o ok PP
K
T

ON§
fNe o, n;dlpg =0 (3.19)
From equation (3.19), the finite element model of the storage equation takes the form

(er;Ll)ab ot (ulb) + (Cr’lrwlz)ab ot (qu) + (Mm)ab ot (pb) + (Hm)abpb (L)abpg =0

(3.20)
where
ONg
(crDe, = aj Ne—2-4q (3.21a)
Q 0xy
ON¢
(Chn2den = f Ng— 2 d0 (3.21b)
X2
(Mp)ep, = SJNCf N¢ dQ (3.21¢)
ONZ ON¢ 6N§ ONE |
H Q 21
(Hrn Jlaxl 0x4 axz axz_d (3.21d)
R k . ONg . ONg ]
(L)ab = ;J; Na 6—361111 + Na a—xznz- dar (3216)

27



where the superscript T represents transpose.
3.1.3 The fracture flow equation

Multiplying equation (2.12) by the weighing function, «, and integrating over the domain

results in

f 0 (w” Oy dn—f awdﬂ+f a0 =
oxg \12uoxg) T )" o oo

ngawapd f dr — J dﬂ j dQ = 0
12p ) 0xp 0xp 12;1 w n w w n‘

(3.22)

For the two-dimensional model, the subscript g in equation (2.3) can be omitted for
simplicity. Substituting w = (uf —u;) n;, u; = u$,NE, p = ppNE, and w ~ N¢ into

equation (3.22)
ONEn, ONEn, w3 [ ONE ONE
N¢ dru$ N ———dTu$ dI'p;
jr T ”“’+JF T ”2”12#[F ox ox o Pb

(NG o ONS .
__j a a - N2 drpb - Q (3-23)
0x4 0x;

For the two-dimensional model, the finite element model of fracture flow equation can be

written as

(Cfl) ab 3t (ulb) + (sz) ab 9t (u2b) + (Hf) Pb (Lappy = Q° (3.24)

where
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(Cle)Zb = f NENgn, dT (3.25a)
r

(¢h), = fr NENEn, dT (3.25b)
e INE ONg
(Hf),, = 20 ). x ox dr (3.25¢)
_ONg
W = [ (N6 T + N5 T ar (3:250)

Equation (3.13), (3.15), (3.20), and (3.24) can be written in the matrix form, both the

superscript and the subscript are omitted for simplicity.

[0] [0] [0] Uy K11 Kiz =Gy — Cfl Uq T;
[0] [0] [0] T Uy |+ | K21 Koz —Cipp — Gy [uz = Tz]
Chi+Ch Cra+Ch My |” Lol [[0] [0] H,+H—L[lP] L@
(3.26)

Figure 3.1 shows the spatial discretization of porous medium and fracture for the KGD
model. The porous medium is discretized using black triangular elements and the fracture
is discretized using red linear elements. The linear elements are matched with the sides of
triangular elements that are connected to the fracture. They share the same nodes that are
represented by the blue points in the figure. Therefore, by extending the coefficient
matrices for the fracture flow equation with zeros so that all coefficient matrices have the
same dimensions, the coefficient matrices for the fracture flow equation can be added to
the corresponding coefficient matrices for the storage equation. In the fully coupled model,

the fracture flow equation is combined with the storage equation to serve as a constraint.
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Figure 3.1: Spatial discretization of porous medium and fracture for the KGD model

Similarly, for the penny-shaped model, the porous medium is discretized using eight-node
brick elements, and the fracture surface is discretized using rectangular elements. The
rectangular elements are matched with the faces of brick elements that are connected to the
fracture surface.

For both the two-dimensional and three-dimensional models, the local coordinate system
is used for the purpose of numerical integration. The element in a local coordinate system
is called master element. The integration limits of the integrals transform to the limits of
the local coordinates, which is from -1 to 1. In addition, for the three-dimensional model,
the integration over master rectangular element and master brick element can be

numerically evaluated through the Gauss-Legendre quadrature formulas.
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3.1.4 Time discretization

Equation (3.26) contains the first-time derivative of displacement and pressure. The
weighted average of time derivatives at two consecutive time steps is used for time

discretization, which takes the form (Reddy, 2019)

Asi1 — Ag

(1—P)As + Py, = , 0<y<1 (3.27)
Ats+1

where A is the value of A(t) attime t = tg = Y7, At;, Aty = tg — tg_4is the sth time step.
When y = 0, equation (3.27) can reduce to

)\s+1 - }\s

Ao = 3.28
S Ats+1 ( )

Equation (3.28) is known as the forward difference approximation since the value of the
function in the following step is used. When 1 = 1, equation (3.27) can reduce to

; Ast1 = As ; As —As—q
Ast+1 At As At (3.29)

Therefore, equation (3.29) is known as the backward difference approximation. The
backward difference approximation is chosen in this study because of its high stability,

then the time derivative of displacement and pressure can be expressed as

s—1

dy; _uf—w™ dp _p*-pT

dt At, ' dt At

(3.30)

The global matrix can be obtained by substituting equation (3.30) into equation (3.26)
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Ki4 K, —Ulm1 — Cfl uj
K31 K32 —Cinz2 — Cp2 u;
Chi+ChH Cho+Ch My + (Hy + Hp — L)At] |p°

[0] [0] [O]] [ui™ T,
= [0] [0] O] [|us™* |+ | T2 (3.31)
C77;11 + Cle C77;12 + CfTZ Mm ps_l QAtS

In the global matrix above, K is the mechanical stiffness matrix, C,, is the poroelastic

coupling matrix, and Cy is the hydro-mechanical coupling matrix.
3.2 Validation of the model
3.2.1 Line fracture

The first benchmark is the deformation of a line crack under the action of internal pressure.
As shown in Figure 3.2, a thin crack with a length of 21 is located at the center of an infinite

two-dimensional medium and a uniform pressure pj is applied to the crack.

4 N

w(x)

=V

. )

Figure 3.2: Line crack under uniform pressure

A
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The displacement along the crack in the y direction is given by [Sneddon, 1946]

_ 2(1 = v?*)p,

w(x) G

[2 — x? (3.32)

Figure 3.3 shows the opening profile of a line crack under a uniform pressure of 1 MPa,

the Young’s modulus and the Poisson’s ratio are set to 37.5 GPa and 0.25, respectively.

0101 = —— Sneddon
E Numerical
< 0.08
o
2
e
& 0.06
o
=
C
S 0.04
o
o
< 0.02
(18]
[
G

0.00

0.0 05 10 15 20

Length (m)

Figure 3.3: Line crack opening profile

3.2.2 Mandel’s problem

Mandel’s problem is a canonical example of linear poroelasticity, which is often used to
validate the computational model. Mandel’s problem is illustrated in Figure 3.4, which
shows a poroelastic medium that is located between two rigid and impermeable plates. A
uniformly distributed force is instantly applied to these plates at time zero and then held

constant. Free drainage is allowed in two lateral directions.
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Figure 3.4: The setup of Mandel’s problem

Because of the symmetry, one-quarter of the domain is selected as the computational
domain and is spatially discretized using 5,000 uniform triangular elements. The analytical
solutions of horizontal displacement, vertical displacement, and pore pressure are as
follows (Cheng and Detournay, 1988)

[ee]
Fv Fuy, z sin @; cos a; alc .
- _ exp|——t||x
2Ga Ga a; — sin@; cos a; P a?

i=1

+Fi cos q; Coax aizct 333
G 4 4 a; — sin a; cos a; S, &Xp a? (3:333)

1=
F(1-v) F(1-v)N\" sina;cosa; a’c
= |- + ——t 3.33b
v 2Ga Ga Z a; — sina; cos a; exp a? y ( )
i=

2FB(1 + 1) sin a; a;x alc

= E 2 cosa —Zt) (333

P 3a £ a; — sina; cos a (COS a  °° a‘) P\ T2 (3:33¢)
i=

where a; are the solutions to the equation

1—v

tan a; = a; (3.34)

vy, — v

34



and where B is Skempton’s parameter, v is the drained Poisson’s ratio, v, is the undrained

Poisson’s ratio and c is the hydraulic diffusivity, which is defined as

_20/WB*6(1 — )1 + 1)’

91— v) (Ve — ¥) (3:35)

The Biot coefficient and the specific storage coefficient can be obtained using the equations

below
3(Uu - U)
a= 3.36a
B(1-2v)(1+v,) ( )
2
a“(1-2v,)(1 - 2v)
S = “ (3.36b)
2G (v, —v)
The relevant parameters for Mandel’s problem are listed in Table 3.1:
Table 3.1: Input parameters for Mandel’s problem

Parameter Definition Magnitude Units
G Shear Modulus 20 GPa
v Drained Poisson’s ratio 0.2 -
vy Undrained Poisson’s ratio 0.4 -
B Skempton’s coefficient 0.8 -
k Permeability 1x1071° m?
u Viscosity 0.001 Pas
a Length 0.1 m
b Width 0.1 m
F Force 3 x 10° N/m

Figure 3.5 shows the numerical and analytical solutions of horizontal displacement, vertical
displacement, and pore pressure att =1s, 1255, 500 s, and 1000 s. The analytical solutions

are presented with dotted lines, and the numerical solutions are presented with solid lines.
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Figure 3.5: Horizontal displacement (a), vertical displacement (b), and pore pressure (c)
at different times for Mandel’s problem
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It should be noted that the pore pressure goes up in the center of the domain at earlier stages
before it starts to fall. This phenomenon is known as the Mandel-Cryer Effect, which has
been proved by the laboratory experiment (Verruijt, 2016). Figure 3.6 shows the surface

plots of horizontal displacement, vertical displacement, and pore pressure at time t = 500

S.
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a 3
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e [a)
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Figure 3.6: Surface plots of horizontal displacement (a), vertical displacement (b), and
pore pressure (c¢) at time t = 500 s for Mandel’s problem
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3.2.3 KGD model

According to the two competing energy dissipation mechanisms and the two competing

fluid storage mechanisms, the fracture propagation process can be divided into four

regimes under limiting conditions (Bunger, 2005). As shown in Figure 3.7, the bottom edge

is the storage-dominated regime, which is associated with the fluid storage within the

fracture. The top edge is the leak-off dominated regime which is associated with the leak-

off of fluid into the formation. The left edge is the viscosity-dominated regime which

corresponds to the flow of viscous fluid. The right edge is the toughness-dominated regime,

which corresponds to the creation of a surface area in the solid material.

Leak-off Edge

=t

Viscosity
Edge

M

~L

K

Storage Edge

Toughness
Edge

Figure 3.7: Propagation regimes of hydraulic fractures (after Bunger, 2005)

Using the scaling technique, analytical solutions of fracture opening w, net pressure p, and

fracture length [ for the KGD model can be expressed as (Detournay, 2004)
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w(x, t) = (LR[S, P(D)]
p(x,t) = e(OE'NE, P(D)]

1) = y[P@OIL()

(3.37a)

(3.37b)

(3.37¢)

where £ is the scaled coordinate and is equal to x/l, 2, I1, and y are dimensionless

quantities that represent opening, net pressure, and length, respectively, L denotes a length

scale of the same order of fracture length [, P(t) is the dimensionless evolution parameter

and y[P(t)] is the dimensionless fracture length that depends on t.

In the toughness-dominated regime, £(t) and L(t) take the form

= \E2g,e) 7 T\ Tk

where K’ is defined as

2\ 1/2
K=4(2) ki

The zero viscosity solution for the KGD model is

1/3 1/3
2 (1 - 52)1/2' HkO =

-Q_ko =

where (2, is equal to Qyo/¥xo-

In the viscosity-dominated regime, e(t) and L(t) take the form
/\1/3 , 1/6
o[ / L _(E Qat*
m E't room u

p=12u

where u' is defined as
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The fracture propagation regime can be distinguished by the dimensionless toughness x,
which is defined as

KI

T ER

(3.43)

For the KGD model, the fracture propagation regime is considered as toughness-dominated
when u is larger than 4 and viscosity-dominated when » is smaller than 1. The first order
approximation of zero toughness solution is (Garagash, 2005)

1-VI-§
Thire

(3.44a)

21— 824+ &2In

Qmo = ap1(1 — 2?3 + ag,(1 — &2)53 + aps

1 1 7 1
o = boy 2F4 (‘g» 1:5: 52) + bo2 2F1 (_g: 1251 €2> + bo3(2 — m[¢]) (3.44Db)

where ﬁmo i equal to Qmo/ymo, g = 173205, Aoy = _015601, Ap3z = 013264‘,
by =~ 0.475449, by, =~ —0.061178, by; =~ 0.066322, and ,F, is the hypergeometric
function.

The parameters used to validate the KGD model are listed in Table 3.2.

Table 3.2: Parameters used to validate the KGD model

Parameter Definition Toughness-dominated  Viscosity-dominated
G (GPa) Shear modulus 15 15
K (GPa) Prained bulk 25 25
u (Pass) Viscosity 0.001 0.2
t (s) Injection time 100 100
K;c (MPa-m®®) Fracture toughness 8 0.2
q (m3/s) Injection rate 5x107* 5x107*
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Figure 3.8 shows the finite element mesh for the KGD model. A domain with a size of
200%200 m is chosen to model the problem. Because of the symmetry of the problem, one-
quarter of the domain with a size of 100x100 m is selected as the computational domain
and is spatially discretized using 6,472 triangles. The fracture represented by the red line

is discretized using linear elements.

100+

80 1

60 4

40

20

0 20 40 60 80 100

Figure 3.8: Finite element mesh for the KGD model

Figure 3.9 and Figure 3.10 show the fracture opening, wellbore pressure, and fracture
length versus injection time for a toughness-dominated case and a Vviscosity-dominated
case, respectively. The dimensionless toughness # is 5.77 for the toughness-dominated
case and is 0.038 for the viscosity-dominated case. With the same injection rate and time,

the viscosity-dominated case yields higher fracture width and lower fracture length.
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Figure 3.9: Fracture opening, wellbore pressure, and fracture length versus injection time
for toughness-dominated case
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Figure 3.10: Fracture opening, wellbore pressure, and fracture length versus injection
time for viscosity-dominated case
Bunger (2005) presented the analytical solution for a toughness-dominated regime with
leak-off, which can be expressed as

w=¢eLQ(¢,T), p=¢cE'lI¢,T), l=y@)L

(3.45)
where

t=t1 x=10t)¢ (3.46)
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where the timescale t, is given by

K03
6= e (3.47)
where
C'=2C (3.48)

For a toughness-dominated regime with leak-off, the small parameter and the lengthscale

can be expressed as

CIZ K/ 2
=5 L= (E,g‘;> (3.49)

For small value of 7, the fracture opening and pressure can be written as

0= 2—1/2y1/2(1 _ 52)1/2’ Il = 2—5/2)/—1/2 (350)
where
n
y(@ =1F Z Vi T% T« 1 (3.51)
i=0

where § = 2/3 and a = 1/6 for the KGD model. The first five coefficients of y,; for the
small time asymptotic solutions (equation 3.51) are yyo = 0.9324, v, = —1.714, 4, =
2.196, yx3 = —1.863, and y,, = 0.7093.

Figure 3.11 shows the comparison between total injected volume and fracture volume. The
leak-off coefficient C; is set to 7 X 1075 m/+/s in this simulation, other parameters are
same as those listed in Table 3.2 for the toughness-dominated case. A fluid efficiency of
33.3% can be obtained using equation (2.26). Figure 3.12 shows the fracture opening,

wellbore pressure, and fracture length versus injection time for a toughness-dominated case

with leak-off.

43



—— Injected Volume
—— Fracture Volume

&> 0.02

E

[}

£

3

°

> 0.01

0.00 T T
0 20 40 60 80 100
Time (s)

Figure 3.11: Fracture volume versus injected volume
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Figure 3.12: Fracture opening, wellbore pressure, and fracture length versus injection
time for toughness-dominated case with leak-off

3.2.4 Penny-shaped model

Similarly, analytical solutions of fracture opening w, net pressure p, and fracture radius R

for the penny-shaped model can be expressed as (Savitski and Detournay, 2002)

44



w(r,t) = () L(t)Q[p, P(t)] (3.52a)
p(r,t) = e(t)E'II[p, P(t)] (3.52b)
R() = y[POIL(®) (3.52¢)

In the toughness-dominated regime, &(t) and L(t) are written as

K'6 1/5 Q§E’2t2 1/5
) e e

The zero viscosity solution for the penny-shaped model is

1/5

3 T/ T
— (= _ A2)1/2 — (L

2/5

1/5 3
» Yko = (m) (3.54)

The fracture propagation regime is distinguished by dimensionless toughness #, which is

defined as

:2 1/18

Unlike the KGD model, the dimensionless toughness in the penny-shaped model also
depends on time. The value of » will change from the viscosity-dominated regime to the
toughness-dominated regime. The fracture propagation regime is considered as toughness-
dominated when x is larger than 3.5 and viscosity-dominated when » is less than 1.

Figure 3.13 shows the finite element mesh for the penny-shaped model, one eighth of the

domain is selected and spatially discretized using 6,048 eight-node brick elements.
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Figure 3.13: Finite element mesh for the penny-shaped model

Figure 3.14 shows the fracture opening, wellbore pressure, and fracture radius versus
injection time for toughness-dominated case. The fluid is injected into the facture with a

constant rate of 1 x 1072 m3 /s, other parameters are as same as those listed in Table 3.2.
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Figure 3.14: Fracture opening, wellbore pressure, and fracture radius versus injection
time for toughness-dominated case
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The general consistency between the analytical and numerical solutions for both KGD
model and penny-shaped model demonstrates that current model can deal with the

hydromechanical coupling process in fracture propagation.
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Chapter 4

Poroelastic effects on DFIT analysis in the KGD model

4.1 Leak-off comparison

Most current DFIT techniques were developed based on Carter’s leak-off model.
Poroelastic effects are usually not considered due to the reservoir's low permeability. Leak-
off calculated with and without the consideration of poroelastic effects is studied in this
section.

Figure 4.1 shows the schematic diagram of one-dimensional leak-off. A constant pressure
of 35 MPa is applied to the left boundary and lasts for 100 hours. The solid bulk modulus
and the fluid bulk modulus are 45.4 GPa and 2.25 GPa, respectively. Shear modulus,
drained bulk modulus, and viscosity are listed in Table 3.2. With permeability ranging from
4x 10719 m? to 4 x 107" m? and porosity ranging from 0.01 to 0.1, four hundred
combinations of permeability and porosity are chosen for simulation by holding other
parameters constant. Biot coefficient is also set to zero and denoted by the “Decoupled

Model” to compare with the fully coupled model.
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Figure 4.1: Schematic diagram of one-dimensional leak-off

Figure 4.2a shows the fluid loss per unit length calculated using the analytical solution of
Carter’s leak-off model for different combinations of permeability and porosity. By
employing Darcy’s law, the fluid loss in the coupled model is shown in Figure 4.2b. Figure
4.2c¢ shows the relative difference between Carter’s model and the coupled model. The
coupled model yields a higher leak-off in general. When porosity is smaller than 0.03, the
difference for most corresponding combinations falls within the range of 35% to 105%.
Similarly, Figure 4.2d and Figure 4.2e show the leak-off in the decoupled model and the
difference between Carter’s model and the decoupled model, respectively. The decoupled
model leads to a slightly lower leak-off for most combinations, which falls within the range
of negative 4% to 12%.

Figure 4.3 shows the leak-off comparison of different models at t = 1000 hours. As shown
in Figure 4.3c, compared with Carter’s model, leak-off is underestimated when porosity is

smaller than 0.03, which is consistent with the conclusions obtained from Figure 4.2.
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Figure 4.2: Leak-off comparison at t = 100 hours: (a) Leak-off calculated using Carter’s
model; (b) Leak-off calculated using the coupled model; (c) Difference between Carter’s
model and coupled model; (d) Leak-off calculated using the decoupled model; (e)
Difference between Carter’s model and decoupled model
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Figure 4.3: Leak-off comparison at t = 1000 hours: (a) Leak-off calculated using Carter’s
model; (b) Leak-off calculated using the coupled model; (c) Difference between Carter’s
model and coupled model; (d) Leak-off calculated using the decoupled model; (e)
Difference between Carter’s model and decoupled model
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4.2 Poroelastic effects on BCA in the KGD model

In this section, the poroelastic effects on BCA are studied through 6 cases defined in Table
4.1. Case C1 is considered as the base model, and the poroelastic constants in C1 are
selected from Cheng (2016). The well is injected for 100 seconds at a rate of
5x 10~*m3/s. For each case, the Biot coefficient is also set to zero to eliminate the
poroelastic effects for comparison, which is denoted by “Decoupled”. In addition, the
permeability in the x direction is set to zero in the decoupled model since Carter’s model

assumes that leak-off occurs only in the direction that is normal to the fracture surface.

Table 4.1: Simulation settings for different cases

Parameter C1 C2 C3 C4 C5 C6
G (GPa) 15 15 15 15 15 15
K (GPa) 25 25 25 25 20 25

K, (GPa) 45.4 45.4 45.4 45.4 70 45.4

K/ (GPa) 2.25 2.25 225 2.25 225 2.25
o) 0.01 0.1 0.01 0.1 0.01 0.01

k (m?) 4%x1071°  4x107°  4x107Y  4x107Y7  4x1071° 4x1071°

u (Pa-s) 0.001 0.001 0.001 0.001 0.001 0.001
K;c (MPa-m®®) 8 8 8 8 8 8
Oinsita(MPa) 35 35 35 35 35 35
p; (MPa) 20 20 20 20 20 30

4.2.1 BCA for case 1

Figure 4.4 shows the wellbore pressure response in the fracture injection and falloff test

for the base model. The initial pore pressure is 20 MPa and the in-situ stress is 35 MPa.
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The fracture closure occurs at about 1.74 days, followed by the linear flow at 1.80 days.

The linear flow ends at 10.71 days, and the radial flow starts at a late time of 146.44 days.
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Figure 4.4: Wellbore pressure response in the base model

Figure 4.5 shows the results of G-function plots for the fully coupled model and decoupled
model in case C1. The slope of the line in the left plot is —0.0112 MPa/G with an intercept
of 36.50 MPa. The leak-off coefficient is estimated to be 7.06 x 10~7 m/+/s using the
equation in Table 2.2 while Carter’s analytical solution (equation 2.28) yields a leak-off
coefficient of 4.00 x 10~7 m/+/s. Similarly, for the decoupled model, the slope of the line
in the right plot is —0.0066 MPa/G with an intercept of 36.19 MPa. A leak-off coefficient
of 4.27 x 10~7 m/+/s is obtained, and the analytical value of the leak-off coefficient is

4,02 x 1077 m//s.
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Figure 4.5: G-function plots for fully coupled model and decoupled model in C1

In the left plot, the tangent line method indicates that the fracture closes at a G-time of 97.2
(Point A) and a pressure of 34.87 MPa. In the right plot, the tangent line method shows that
the fracture closes at a G-time of 179.8 (Point B) and a pressure of 34.80 MPa. The spike
in the derivative indicates that the fracture is fully closed. Also, in the fully coupled model,
the interaction between the formation and the fluid leaking into the formation is taken into
consideration. Therefore, a higher shut-in pressure and closure pressure are obtained in the
fully coupled model because of the poroelastic effects.

Figure 4.6 shows the G-function plot for the decoupled model in simulation C1 with a
permeability of 4 x 1071° m? in the x direction. In Figure 4.6, the tangent line method
indicates that the fracture closes at a G-time of 161.4, which means that setting the
permeability to 4 x 10~ m? in the x direction will accelerate the fracture closure. A leak-

off coefficient of 4.75 x 10~7 m/+/s can be inferred in this situation, which is larger than

the one (4.27 x 10~7 m/+/s) obtained from the right plot in Figure 4.5. The difference
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between the two leak-off coefficients is due to the assumption of one-dimensional

diffusion.
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Figure 4.6: G-function plot for decoupled model in case C1 with a permeability of
4 x 1071° m? in the x direction

Figure 4.7 shows the fracture openings and pressure profiles along the fracture after shut-
in for the coupled model in simulation C1. In the left plot, the fracture length is about 15.56
m at shut-in, which corresponds to a G-time of 0. The fracture opening decreases with the
increase of G-time and facture closure starts at the tip and moves gradually toward the

wellbore. The fracture length is about 11.56 m at the G-time of 90.
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Figure 4.7: Fracture openings and pressure profiles after shut-in in case C1
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Figure 4.8 shows the pressure distribution after shut-in at the G-time of 30, 60, 90, and 120,
respectively. The fracturing fluid is leaked into the reservoir through the fracture surface.
Therefore, the fluid pressure near the fracture surface decreases with the increase of time.
Figure 4.8c shows the pressure contour at the G-time of 90 at which the fracture is partially
closed. Figure 4.8d shows the pressure contour at the G-time of 120 at which the fracture
is fully closed. The pressure at the wellbore is 29.30 MPa currently, which is less than the
in-situ stress. Figure 4.8d indicates that the pressure will continue to decrease after the
fracture is fully closed.

20 36 20 36

15 32 15 32
© ©
—_ =1 —_ a
£ = £ =
£10 28 £ £10 28 2
2 n 2 o
2 & 2 ¢
5 24 % 24 %
0+ u y ; 20 0+ u y ; 20
0 5 10 15 20 0] 5 10 15 20
Length (m) Length (m)
(a) (b)
20 36 36
15 32 32
& &
£ = £ =
£10 28 £ < 28 2
° n =2 a
2 & 2 ¢
a a

N
B~

20 20

0 5 10 15 20 0 5 10 15 20
Length (m) Length (m)
() (d)

Figure 4.8: Pressure distribution near the fracture in case C1: (a) G-time = 30; (b) G-time
= 60; (c) G-time = 90; (d) G-time =120
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4.2.2 BCA for case 2

In simulation C2, the porosity increases from 0.01 to 0.1 so that the specific storage
coefficient increases from 1.41 x 107! to 5.21 x 10~1*. Compared with simulation C1,
the second term Sdp/dt plays a more important role in the storage equation since all other
constants are the same as those in C1. The leak-off coefficients for the coupled model and
decoupled model are 1.14 X 10~® m/+/s and 1.13 x 10~® m/+/s, respectively. The
corresponding analytical values of the leak-off coefficient are 1.26 x 10~ m/+/s for both
the coupled model and the decoupled model. Simulation C2 indicates that the poroelastic
effects are ignorable when the second term Sdp/dt in the storage equation is large

compared to the first term.
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Figure 4.9: G-function plots for fully coupled model and decoupled model in C2

In the left plot, the tangent line method indicates that the closure occurs at a G-time of 62.2
and a pressure of 34.95 MPa. In the right plot, the tangent line method shows that the

closure occurs at a G-time of 66.0 and a pressure of 34.60 MPa.
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Figure 4.10 shows the G-function plot for the decoupled model in simulation C2 with a
permeability of 4 x 1071° m? in the x direction. The fracture closes at a G-time of 65.4,
which is close to the closure time observed from the right plot in Figure 4.9. The
corresponding leaf-off coefficient is 1.14 x 10~¢ m/+/s, which is close to the two leak-off
coefficients obtained from Figure 4.9. One conclusion is drawn from Figure 4.6 and 4.10
is that the leak-off coefficient is even underestimated for the decoupled model when

poroelastic effects cannot be ignored.
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Figure 4.10: G-function plot for decoupled model in case C2 with a permeability of
4 x 1071° m? in the x direction

4.2.3 BCA for case 3

The effect of higher permeability is investigated in simulation C3. Figure 4.11 shows the
G-function plots for fully coupled model and decoupled model in C3. A change of

permeability does not affect the weight of the two terms in the left side of the storage
equation. Similar to simulation C1, the leak-off coefficient (6.88 x 10~® m/+/s) in the

coupled model is higher than that (4.18 x 107° m/+/s) in the decoupled model. The
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corresponding analytical solutions are 4.02 x 10~° m/+/s for both the coupled model and

decoupled model.
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Figure 4.11: G-function plots for fully coupled model and decoupled model in C3

The accuracy of the leak-off coefficient obtained from BCA is investigated through large
injection time. Figure 4.12 shows the fracture volume comparison between the fully
coupled model (poroelasticity) and the Carter’s leak-off model for simulation C3. The
injection time increases from 100 seconds to 100 minutes. The black line represents the
total injection volume versus time. The parameters used for the fully coupled model are
the same as those for simulation C3. In Carter’s leak-off model, the leak-off coefficient
(6.88 x 10~° m/+/s) that obtained from the BCA is used for simulation.

The fluid efficiency calculated using equation (2.26) is 75.0% for the fully coupled model
and 78.5% for the Cater’s leak-off model, which is consistent with each other in general.
In the left plot of Figure 4.11, the fracture closure occurs at a G-time of 8.62 which results

in a fluid efficiency of 81.2% using equation (2.27).

59



1.57 —— Total Injection
—— Poroelasticity
—— Carter
"o
£ 1.0
[0}
£
=
S
0.0 " T y y
0 20 40 60 80 100

Time (min)
Figure 4.12: Fracture volume comparison with large injection time for C3
Figure 4.13 shows the fracture opening, wellbore pressure, and fracture length comparison
between the fully coupled model and the Carter’s leak-off model. The black line represents
the analytical solutions of fracture opening, wellbore pressure, and fracture length for the

toughness-dominated case without leak-off.
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Figure 4.13: Fracture opening, wellbore pressure, and fracture length comparison with
large injection time for C3
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4.2.4 BCA for case 4

In simulation C4, the permeability is set to 4 x 10~1” m? and the porosity is set to 0.1. A
larger porosity makes the second term dominate the first term, which means that it is
reasonable to ignore the poroelastic effects. As expected, the leak-off coefficient in the left
plot is 1.24 x 107> m/+/s and the analytical value is 1.27 x 10~° m/+/s. The leak-off
coefficient in the right plot is 1.19 x 10~> m/+/s and the analytical value is also

1.27 x 1075 m/+/s.
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Figure 4.14: G-function plots for fully coupled model and decoupled model in C4

Figure 4.15 shows the fracture volume comparison between the fully coupled model
(poroelasticity) and the Carter’s leak-off model for simulation C4. The fluid efficiency for
the fully coupled model and Cater’s leak-off model are 64.3% and 66.5% respectively,
which is consistent with each other again. The fluid efficiency calculated from the G-time

at closure is 72.8%.
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Figure 4.15: Fracture volume comparison with large injection time for C4

Figure 4.16 shows the fracture opening, wellbore pressure, and fracture length comparison
between the fully coupled model and the Carter’s leak-off model for simulation C4. Similar

to C3, the fully coupled model leads to a higher net pressure due to the poroelastic effects.
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Figure 4.16: Fracture opening, wellbore pressure, and fracture length comparison with
large injection time for C4
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4.2.5 BCA for case 5

In simulation C5, the drained bulk modulus is set to 20 GPa and the solid bulk modulus is
set to 70 GPa so that the Biot coefficient increases from 0.449 to 0.714. For the coupled
model, the leak-off coefficient calculated using slope is 8.21 x 10~7 m/+/s, which is 91.8
percent higher than the one for the decoupled model (4.28 x 10~7 m/+/s). Simulation C5

demonstrates that an increase in Biot coefficient will further underestimate the leak-off

coefficient.
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Figure 4.17: G-function plots for fully coupled model and decoupled model in C5

4.2.6 BCA for case 6

The effect of higher pore pressure is studied in simulation C6. Carter’s leak-off coefficient
was derived based on the assumption that the fluid net pressure (py — 0jyiry) IS Much
smaller than the far-field effective stress (i, — p;). Compared to previous simulations,

the fluid net pressure at shut-in (1.34 MPa) accounts for a much larger fraction of far-field

63



effective stress (5 MPa). With a leak-off coefficient of 2.94 x 107 m/+/s in the left plot
and a leak-off coefficient of 1.49 x 107 m/+/s in the right plot, simulation C6

demonstrates that poroelastic effects cannot be ignored for formation with a high pore

pressure.
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Figure 4.18: G-function plots for fully coupled model and decoupled model in C6

4.3 Poroelastic effects on ACA in the KGD Model

This section presents the poroelastic effects on ACA in the KGD Model. In the decoupled
model, the permeability in the x direction maintains its corresponding value in each case
since the radial flow analysis was developed based on the two-dimensional diffusion
equation. It should be noted that an initial estimate of pore pressure is required for both the
linear and radial flow analyses. In addition, the slope of the pressure derivative will not be

affected by the estimated value of pore pressure (Barree et al., 2009).
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4.3.1 ACA for case 1

The left plot in Figure 4.19 shows the log-log plot of pressure difference and derivative
versus the square of linear flow time function in simulation C1. Two characteristics can be
observed to identify the linear flow period. One is the 1/2 slope of the derivative curve.
The other one is that the pressure difference is twice the magnitude of the pressure
derivative. The linear flow starts at a square of linear flow time of 0.8, which is about 43.11
hours after shut-in.

The right plot in Figure 4.19 shows the log-log plot of pressure versus linear flow time
function. An extrapolation of the pressure curve gives a pressure estimation of 20.0 MPa,
which is exactly the input value for the pore pressure. Equation (2.32) yields a permeability
of 1.45 x 10718 m?, which is 3.6 times higher than the input value. The discrepancy is
mainly due to the difference between the leak-off coefficients calculated from the G-
function method and equation (2.28).

Figure 4.20 shows the linear flow identification and analysis for the decoupled model in
simulation C1. The permeability is determined to be 6.38 X 10~1° m? using equation
(2.32). The difference between the estimated permeability and the input value is mainly
due to the pressure dissipation in the x direction. By extrapolating the pressure trend, a
good estimate of pore pressure (19.86 MPa) can still be obtained even though the
characteristics of linear flow in the decoupled model are not as apparent as those in the

coupled model.
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Figure 4.19: Linear flow identification and analysis for fully coupled model in C1
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Figure 4.20: Linear flow identification and analysis for decoupled model in C1

Figure 4.21 shows the pressure distribution at the start and end of linear flow for the
coupled model in simulation C1. The pressure contour in the left plot clearly shows that
the fracturing fluid is dissipated into the formation in a direction that is normal to the
fracture surface, which means that the fluid flow is parallel to each other during the linear

flow period.
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Figure 4.21: Pressure distribution at the start and end of linear flow for fully coupled
model in C1

The left plot in Figure 4.22 shows the log-log plot of pressure difference and derivative
versus the radial flow time function. There are also two characteristics that can be used to
identify the radial flow period. One is the unit slope of the pressure derivative. The other
is the approximate overlying of pressure difference and pressure derivative curves. The
radial flow starts at a radial flow time of 0.003, which is about 146.44 days. The right plot
shows the log-log plot of pressure versus radial flow time function. For the coupled model,
the fracture closure time ¢t is 2,516.5 minutes, and the slope my in the plot is 25,476.8 psi,
then a permeability of 3.74 x 1071 m? can be determined using equation (2.38).

Similarly, for the decoupled model, the time to fracture closure is 6,841.7 minutes and the
slope in the plot is 8,888.4 psi so that the estimated permeability from the radial flow
analysis is 3.95 x 1071 m2. Compared to the decoupled model, the poroelastic effects
result in a shorter closure time but a larger slope. However, the multiplication of closure

time and slope in the coupled model is close to that in the decoupled model, which leads
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to a consistent estimate of permeability in both models. In addition, an extrapolation of the

pressure curve gives a pressure estimation of 20.0 MPa in both models.
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Figure 4.22: Radial flow identification and analysis for fully coupled model in C1

4800

—— Decoupled (2D)

103
4400

- -

S
o
=}
S

102

Pressure (psi)

\

\

Start of Radial Flow '
\
\

Pressure Difference and Derivative
w
(2]
(=]
o

3200
101{ — Pressure Difference
——- Pressure Derivative
. . . : 2800 ; , .
1072 101 10° 0.00 0.05 0.10 0.15 0.20
Radial Flow Time Function Radial Flow Time Function

Figure 4.23: Radial flow identification and analysis for decoupled model in C1

Figure 4.24 shows the pressure distribution at the start of radial flow for the fully coupled
model in simulation C1. The flow converging to the injection point indicates that the flow
regime is radial flow. The pressure at the injection point is about 20.53 MPa, which is close

to the initial pore pressure.
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Figure 4.24: Pressure distribution at the start of radial flow for coupled model in C1

4.3.2 ACA for case 2

Poroelastic effects are not significant in simulation C2 due to the high porosity. Both the
after-closure linear flow identification and analysis plots are almost identical for the two
models. The linear flow starts at a square of linear flow time of 0.7 in both models. A
permeability of 3.88 x 1071 m?and 3.90 x 1071° m? is inferred for the coupled and
decoupled model, respectively. A pressure estimation of 20.13 MPa and 20.17 MPa is
determined for the two models by extrapolating the pressure trend. Simulation C2 shows
that linear flow analysis can obtain an accurate estimate of permeability and pore pressure

when poroelastic effects are ignorable.
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Figure 4.25: Linear flow identification and analysis for fully coupled model in C2
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Figure 4.26: Linear flow identification and analysis for decoupled model in C2

Both the after-closure radial flow identification and analysis plots are also close for the two
models. The closure time and slope for the coupled model are 1,050.2 minutes and 66,067.2
psi, respectively. For the decoupled model, closure time and slope are 1,157.9 minutes and
58,868.0 psi, respectively. The corresponding permeability estimates are 3.46 x 10~1° m?
and 3.53 x 10~1° m?. The initial pore pressure estimates from the radial flow analysis are

20.03 MPa and 20.02 MPa, respectively.
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Figure 4.27: Radial flow identification and analysis for fully coupled model in C2
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Figure 4.28: Radial flow identification and analysis for decoupled model in C2

4.3.3 ACA for case 3

In Figure 4.29, due to the poroelastic effects, the linear flow analysis in simulation C3
yields a permeability of 1.38 x 1071 m? while the input value is 4 x 1077 m?. Pore

pressure can still be inferred accurately based on the extrapolation of the pressure curve.
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In Figure 4.30, the permeability estimate from the linear flow analysis is 6.34 x 10717 m?

and the pore pressure from the linear flow analysis is 19.86 MPa.
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Figure 4.29: Linear flow identification and analysis for fully coupled model in C3
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Figure 4.30: Linear flow identification and analysis for decoupled model in C3

With a closure time of 28.2 minutes and a slope of 22,673.0 psi, permeability is determined
to be 3.76 x 10717 m? for the coupled the model. For the decoupled model, the closure
time is 79.1 minutes and the slope is 7,610.0 psi so that the permeability is

3.99 X 10717 m?,
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Figure 4.31: Radial flow identification and analysis for fully coupled model in C3
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Figure 4.32: Radial flow identification and analysis for decoupled model in C3

4.3.4 ACA for case 4

Because of the larger porosity, poroelastic effects are not apparent in simulation C4 even
though the permeability in C4 is larger than that in the base model for two orders of
magnitude. The permeability estimates from the linear flow analysis for the two models

are 4.50 X 10717 m2.and 4.46 x 10717 m?, respectively.
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Figure 4.33: Linear flow identification and analysis for fully coupled model in C4
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Figure 4.34: Linear flow identification and analysis for decoupled model in C4

Compared with previous cases, the larger porosity and permeability in simulation C4 lead
to shorter closure times, which are 13.8 minutes and 15.2 minutes respectively. Radial flow
analysis yields a permeability of 3.43 x 10717 m? for the coupled model and a

permeability of 3.51 x 10~17 m? for the decoupled model.
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Figure 4.35: Radial flow identification and analysis for fully coupled model in C4
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Figure 4.36: Radial flow identification and analysis for decoupled model in C4

4.3.5 ACA for case 5

Poroelastic effects enlarge with the increase of the Biot coefficient. With a leak-off
coefficient of 8.21 x 10~7 m/+/s inferred from the G-function method, the permeability is

determined to be 1.89 x 1078 m?2 from the linear flow analysis, which is 4.7 times higher
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than the input value. In figure 4.38, a permeability of 6.32 x 107 m? can be obtained

from the linear flow analysis.
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Figure 4.37: Linear flow identification and analysis for fully coupled model in C5
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Figure 4.38: Linear flow identification and analysis for decoupled model in C5

For the coupled model, given the closure time of 1901.0 minutes and the slope of 34,931.1
psi, the radial flow analysis gives a permeability estimate of 3.62 x 10~1° m?. For the
decoupled model, the radial flow analysis yields a permeability of 3.76 x 1079 m? with

a closure time of 7428.2 minutes and a slope of 8,607.0 psi.
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Figure 4.39: Radial flow identification and analysis for fully coupled model in C5
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Figure 4.40: Radial flow identification and analysis for decoupled model in C5

4.3.6 ACA for case 6

In Figure 4.41, the permeability is estimated to be 2.14 x 10718 m? and the pore pressure
is estimated to be 30.0 MPa. As shown in Figure 4.42, the linear flow regime was not

observed in simulation C6 for the decoupled model.
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Figure 4.41: Linear flow identification and analysis for fully coupled model in C6
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Figure 4.42: Linear flow identification and analysis for decoupled model in C6

A higher initial pore pressure will delay the closure time. The closure time for the coupled
model is 14,420.8 minutes and the closure time for the decoupled model is 39,589.4
minutes. The corresponding slopes are 4,342.7 psi and 1,535.4 psi, respectively. The
permeability estimates determined from the radial flow analysis are 3.84 x 10719 m? and

3.95 x 10719 m?, respectively.
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Figure 4.43: Radial flow identification and analysis for fully coupled model in C6
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Figure 4.44: Radial flow identification and analysis for decoupled model in C6
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Chapter 5

Poroelastic effects on DFIT analysis in the penny-shaped model

5.1 Poroelastic effects on BCA in the penny-shaped model

The poroelastic effects on BCA in the penny-shaped model are presented in this section.
The conclusions obtained for the KGD model from the before-closure analysis also work
for the penny-shaped model. Case C1 and C2 are performed to demonstrate this point. For
the rest four cases, the conclusions drawn from each of them are analogous to those
obtained from its corresponding case in the KGD model. The well is injected for 120

seconds with a constant rate of 3 X 1073 m3/s.
5.1.1 BCA for case 1

Figure 5.1 shows the G-function plots of simulation C1 for the penny-shaped model. In the

left plot, the slope of the line is —0.0343 MPa/G and the shut-in pressure is 37.82 MPa.
The leak-off coefficient calculated using the equation in Table 2.2 is 6.64 x 10~7 m/+/s

and the analytical solution is 4.34 x 107 m/+/s. The fracture radius is about 10.0 m at
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shut-in. In the right plot, the slope of the line is —0.0218 MPa/G and the shut-in pressure
is 37.19 MPa. The leak-off coefficient calculated using the equation in table 2.2 is
4.65 x 1077 m/+/s and the analytical solution is 4.19 x 10~7 m/+/s. In the decoupled

model, the facture has a radius of 11.0 m at shut-in.
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Figure 5.1: G-function plots for fully coupled model and decoupled model in C1

Figure 5.2 shows the fracture openings and pressure profiles at different times after shut-
in. Figure 5.2a shows that the fracture is still fully open at the G-time of 35, Figure 5.2b
shows that the fracture is partially closed at the G-time of 55, and Figure 5.2c shows that
the fracture is fully closed at the G-time of 75. At the G-time of 75, the pressure at the
wellbore is about 29.56 MPa, which is below the in-situ stress. The pressure will keep
decreasing until it reaches the initial pore pressure, which is equal to 20 MPa in the

simulation.
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Figure 5.3 shows the G-function plot for decoupled model in simulation C1 with a
permeability of 4 x 1071° m? in both x and y direction. As shown in Figure 5.3, the
fracture closes at a G-time of 88.3 using the tangent line method. The leak-off coefficient
is determined to be 5.28 x 1077 m/+/s using the equation in Table 2.2. Similar to
simulation C1 in the KGD model, the leak-off coefficient is even underestimated in the

decoupled model because of the pressure diffusion in both x direction and y direction.
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Figure 5.3: G-function plot for decoupled model in case C1 with a permeability of
4 x 1071 m? in both x and y direction

5.1.2 BCA for case 2

Figure 5.4 shows the G-function plots of simulation C2 in the penny-shaped model. Similar
to simulation C2 in the KGD model, poroelastic effects are ignorable in this case. For the

coupled model, the leak-off coefficient calculated using slope is 9.05 x 10~7 m/+/s, which

is close to the one for the decoupled model (8.97 x 10~7 m/+/s).
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Figure 5.4: G-function plots for fully coupled model and decoupled model in C2

Figure 5.5 shows the G-function plot for decoupled model in simulation C1 with a
permeability of 4 x 1071% m? in both x and y direction. The leak-off coefficient calculated
using the slope is 9.16 x 10~7 m/+/s. Again, setting permeability to 4 x 10~*° m? in both

x and y direction does not have significant effects on estimation of leak-off coefficient

when poroelastic effects are ignorable.
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Figure 5.5: G-function plot for decoupled model in case C2 with a permeability of
4 x 1071% m2 in both x and y direction
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5.2 Conclusions

By using the fully coupled hydraulic fracturing simulator, the poroelastic effects on DFIT
analysis are studied based on the theory of poroelasticity. Conclusions drawn from the
analysis are listed below.

1. The poroelastic effects on DFIT analysis cannot be ignored when porosity is relatively
small and Biot coefficient is relatively large. During the before-closure analysis, the leak-
off coefficient can be twice as large as the one without the consideration of poroelastic
effects.

2. Permeability estimated from the linear flow regime can be significantly overestimated,
which is mainly due to the underestimated leak-off coefficient obtained from the before-
closure analysis. The radial flow analysis can obtain a reliable permeability estimate.

3. Both the linear and radial flow analyses can provide accurate estimates of pore pressure.
4. This study demonstrates that the conclusions obtained for the KGD model from the

before-closure analysis are also applicable for the penny-shaped model.
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Appendix A

Derivation of the pressure decline equation

The derivation of the pressure decline equation is presented in this section (Economides,
2000). With the assumption of power law fracture growth, the fracture area a at a time t

can be related to total fracture area A at the current time ¢
" Al
where @ is the area exponent. In contrast to equation (2.15), the rate of fluid loss per unit

area can be expressed in a more general form

2C,

U, = —————
Lo e—)e

(A.2)

where o is the fluid loss exponent. Equation (A.1) can take both Newtonian filtrate and
non-Newtonian filtrate into consideration. The leak-off volume per unit area can be

obtained through the time integration of equation (A.2)

t 2C,
v, = f udt =— (0t —1)% (A.3)
0 o

Substituting equation (A.1) into equation (A.2), then the rate of fluid loss over an elemental
leak-off area da takes the form

erCL dC_l
1-¢ = /=\1—@
te (t&D - fl/a)

q.(da,t) = (A.4)
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where

taD = t_ (A Sa)
e

-2 A.5b
where Ay is the fracture surface area at the end of pumping. Integrating over the fracture

area can obtain the total rate of fluid loss

2r,C, A B
q.(4s,t) = :1_¢ Lf(tap, @, @) (A.6)
e
where
1 d{j_

f(tapﬁ,cp)=f (A.7)
0

(tap — Sa/a)l_q)
Substituting equation (A.5a) and (A.5b) into equation (A.3) and integrating over the
fracture area can obtain the fluid leak-off volume V; ¢

Vie = 21,Citd Arg(tap, @, @) (A.8)

where
_ 1 1 F1/a o .=
M%maw)=5f(%p—€ ) dé (A.9)
0

Using the dimensionless time Atp, equation (A.7) and (A.9) can be written as

1 dé
(1+ Aty — Eva)' ™

ﬂMD&@)=f (A.10)
0

1
g(Atp, @, @) = lf (1 + Atp — EY/0)* 4 (A.11)
®Jo
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By substituting the bounding values of @ (1/2, 1) into equation (A.10) and (A.11) and
integrating the resulting expressions. Equation (A.11) will be as same as equation (2.25)

and equation (A.10) can be written as (Nolte, 1979)

sin (1 + Atp)~1/? a=1/2
f(Atp) = (A.12)
2[(A+ a2 Aty a=1
Based on the material balance, it follows that
dVy(At) dw
_ = A, — = A. 13
dAt fane U (A-13)

where w is the average fracture width. From the liner elastic theory, the net pressure is
proportional to w in the form of

Pnet = Sfw (A.14)
Combing equation (A.6) and (A.13) with the differentiation of (A.14) results in

dpnet _ er CLSfAf

—A = At A.15
Integrating equation (A.15) from At, = 0 to At, can obtain
1, Cp Seq/t
ps(Aty) = ISIP — %f‘/—e G(Atp) (A.16)
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Appendix B

Finite element formulation for the penny-shaped model

The finite element formulation for the penny-shaped model is presented in this section.
From equation (3.12), the finite element model of the equilibrium equation in the x
direction can be written as

(K1) aputp + (Ki2)gpusy + (Ki3)gpusy — (C)apPp — (Cfl)szg =(T)g (B.1)

The coefficient matrices in equation (B. 1) are given by

. _j 26(1-v)ONg ONF  ONg ONS  ONEONF] o
wab =]l 1-2v ax; ax 0x, 0x, 0x3 0x3 (B.22)
e _f 26v NG ON§  ONg ONF] -
12dab = ) |1 —2v ax, ox, Ox, 0x; | (B.2b)
. _f'zc;v ONg ON§  ONg ONg] -
13lab = ) [1—2v ax; 0x; dx3 0xq | (B.2¢)
e _ aNg
(Cndap = | @ Ny dQ (B.2d)
q O0x;
(Cr), = f NENEn, dr (B.2e)
I¢
()% = [ Netar (8.26)
It
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Similarly, the finite element model of the equilibrium equation in the y direction can be

written as

e
(KaDapuip + (Ka2)apusp + (Ka3)apusy — (Cmz)apbh — (sz)abpg = (T)a (B.3)

The coefficient matrices in equation (B. 3) are given by

2Gv ONf ON¢ ONE ON¢
Kyn)S, = @ ~ b ¢ P lda B. 4
(K21)a fnll—Zv 0x, 0x, 0x; 0x, d (B.4a)
[ ONE ONZ  2G(1—v)INE ONE  ONE ONE
K e — a b a b a b .Q. B4‘
(K22)ap fQ _G 0x; 0x; 1—-2v 0dx, 0x, 0x3 0x3 d (B.4b)
[ 2Gv ONE ONf ONE ON¢
K e a b a b Q B4
(K23)ap jﬂ 11— 2v 0x, 0x3 0x3 0x, d (B.4c)
e
ey = | @5 Mg do (B. 4d)
qa 0x
(Cra), = f NENEn,dr (B. 4e)
I¢
()% = [ Net,ar (B.4)
I't

The finite element model of the equilibrium equation in the z direction can be written as

e

(K31)

apUip + (K32)

e

apUsp + (K33)

e
a

e
pUsp — (Cn3)apPp — (Cf3)abpf, = (T3)gp (B.5)

The coefficient matrices in equation (B. 5) are given by

(K31)gp = jﬂ
(K32)qp = fﬂ

(K33)ap :f _G

Q

(2Gv_ONg ON§ | ONgONF "y
1 —2v dx3 0x; 0x; 0xs | (B.63)
26v NG ON§  ONg ONP] .
11— 2v 0x3 0x, 0x, 0x3 | (B.6b)
ONE ON§ ONZ ONf 2G(1 —v)INE ONf
a b a b ( ) a b do (B. 6C)
| 0x; Oxg dx, 0x, 1—2v 0x3 0x;
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e

ON
()% = f « 2% Ng 4 (B.6d)

(Cr3)°, = f NENEn,dl (B. 6€)
ab r,

(T3)ap = f Ngtsdl (B. 6f)
It

From equation (3.19), the finite element model of the storage equation can be written as

(C;u)ab 9t (ugy) + (CT’IYWLZ)ab 9t (usp) + (617;13)ab 9t (usy) + (M)e, 3t (Pb)
+(Hn)appr — (L) eppy =0 (B.7)
where
aN®
(Ch =a [ Ne5do (B.8a)
qa  0x
NS
(o = | NgZ2do (B.8b)
qa  0x;
NS
(Ch) = f NeSTan (B.80)
3
(M,)%, =S J NENE do (B.8d)
ONg ON; _ ONg ONg _ONg o
B.8
(Hm)a f lax1 ax, | ox, 0x, | 0xs 0, (B.8e)
JONg INE
L)y = f g NEé———n, + NS ns|drl’ (B. 8f)
a x ox, Fro
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For the fracture flow equation, the finite element model can be written as

e O
( ) ab 3t (u1b) ( sz)aba(u&;) ( f3) ab 9t (u3b)+(Hf) Pb (Lappy = Q°

where
e
@ﬁ%b=fMﬂﬁnﬂF
r
e
(Csz)ab = fr N¢ N¢n,dr
e
@@M=ijmﬂr
r
f ONE ON¢ aNgaNg ar
f ab 12u dx; 0x; 6x2 dx,
Nf aNg
L)¢ + N ——
( ) f[ a a 1 a a 2 a a 3

n3l dar

(B.9)

(B.10a)

(B.10b)

(B.10c)

(B.10d)

(B.10e)

Equation (B.1), (B.3), (B.5), (B.7), and (B.9) can be written in the matrix form below, both

the superscript and the subscript are omitted for simplicity.

[0]
[0]
0]

Coa + CfT1 Cz + Csz Csz + CfT3 M, |

K14

K1 Ky
+

K31 Ks

[0] [0]

K12

[0]
[0]
0]

Ki3
K23
K33

[0]

- sz
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[0]

— Cfl "
= Cr2 [|u,
_C;B —
H,, + Hf

Cfs
—L

(B.11)



By using the finite difference method for the time discretization, the global matrix for the

three-dimensional model can be written as

K11 K1z Kis —Cn1 = Cp uj
K34 K>, K>3 —Cmz2 = Cpa [uﬂ
K34 K3, K3 —Cr, — CfT3 u;3
T T T T T T
lle +Cr1 Cma+ Gy Gz + Cp3 M, + (Hm + Hf — L)AtJ sz

[0
[0

— e
—
(@]
[S—]
—
(@]
[S—]
—
o
[y iy |

|chy+Cl Ch,+Cl, Chs+Cly My
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