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Explainin g preferre d menta l  model s i n Alle n inference s 

wit h a  metrica l  mode l  o f  imager y 

Bcttina Berendt 
GraduiertenkollegKognitionswissenschaf t 

(Doctora l  P rogramm e i n Cognitiv e Science) ,  Universit y o f  H a m b u r g 
Vogt-KOlln-Str .  30 ,  D-2252 7 Hamburg ,  German y 
b e r e n d t @ i n f o r m a t i k . u n i - h a i n b u r g . d e 

Abstrac t 

We present a simple metrical representation and algorithm 
t o explai n putativ e imager y processe s underlyin g th e empir -
ica l  menta l  mode l  preference s foun d b y Knauff ,  Rau h an d 
SchUeder  (1995 )  fo r  Alle n inference s (Allen ,  1983) .  Th e com -
putationa l  theor y i s compare d wit h on e base d o n ordina l  infor -
matio n onl y (Schlieder ,  i n preparation) .  Bot h provid e goo d fits 
wit h th e data .  The y diffe r  psychologicall y  i n backgroun d the -
ories ,  visualisatio n strategie s motivate d b y these ,  an d mode l 
constructio n processe s generatin g model s wit h th e propertie s 
indicate d a s desirabl e b y th e strategies .  The y diffe r  compu -
tationally  i n assumption s abou t  knowledg e strengt h (ordinal : 
weaker )  an d algorithmi c simplicit y (metrical :  simpler) .  Ou r 
theor y an d it s compariso n wit h th e ordina l  theor y provid e th e 
basi s fo r  a  discussio n o f  issue s pertainin g t o imager y i n gen -
eral :  Usin g th e assumptio n o f  imager y inexactness ,  w e develo p 
a sketc h theor y o f  menta l  image s an d motivat e a  ne w visual -
isatio n strateg y ('regularisation') .  W e demonstrat e systemati c 
method s o f  modellin g imager y processe s an d o f  analysin g suc h 
models .  W e als o outlin e som e criteri a fo r  compariso n (an d fu -
tur e integration? )  o f  cognitiv e modellin g approaches . 

Allen inferences, preferred mental models, and 

a c o m p u t a t i o n a l  t h e o r y b a s e d o n o r d i n a l 

i n f o r m a t i o n 

Alle n relation s ar e th e 1 3 'qualitative '  relation s whic h ca n 
hol d betwee n tw o intervals ,  correspondin g t o relation s be -
twee n th e start -  an d endpoint s o f  th e tw o intervals ,  betwee n 
whic h onl y th e ordina l  relation s '  i s  before/smalle r  than', '  i s 
equa l  to' ,  an d '  i s  after/large r  than '  ar e distinguished ,  se e fig. 
1.  The y hav e bee n discusse d b y Alle n (1983 )  i n a  logi c fo r 
reasonin g abou t  tempora l  event s an d hav e bee n use d als o a s 
a basi s fo r  spatia l  reasonin g calculi ,  e.g .  i n (Guesgen ,  1989 ; 
Mukerje e &  Joe ,  1990) .  Qualitativ e relation s ar e o f  inter -
est  t o Cognitiv e Scienc e becaus e the y migh t  b e employe d 
i n program s lik e Geographica l  Informatio n System s (GIS ) 
t o mode l  h u m a n temporal/spatia l  reasonin g mor e adequatel y 
tha n model s base d o n numerica l  specifications .  Alle n infer -
ence s ar e composition s o f  Alle n relation s answerin g th e fol -
lowin g question :  I f  th e Alle n relatio n betwee n interval s A  an d 
B i s R i  an d tha t  betwee n interval s 5  an d C  i s  ̂ 2 ,  the n whic h 
Alle n relation(s )  R 3 ca n hol d betwee n A  an d C ? I n som e 
cases ,  ther e i s onl y on e possibl e answe r  (relatio n ̂ 3 ) ;  i n oth -
ers ,  ther e ar e several .  Fo r  example ,  i f  A  finishes-invers e B 
and B  befor e C ,  the n A  ca n onl y b e befor e C .  I f  A  finishes -
invers e B  an d B  durin g C ,  i t  i s  possibl e tha t  A  start s C , 

name symtx) !  diagra m poin t  orderin g 
equal s A  =  B *A=sB<eB=e A 
befor e A<B sA<eA<sB<e B 
meets AmB sA<eA=sB<e B 
overlap s AoB sA<sB<eA<e B 
start s AsB sA=sB<eA<e B 
finishe s Af  B sB<sA<eA=e B 
durin g Ad B sB<sA<eA<e 8 
during-invers e A  d i  B sA<sB<eB<e A 
starts-invers e Asi B sA=sB<eB<e A 
finishes-invers e A  f i  B sA<sB<eB=e A 
overlaps-invers e A  o l  B sB<sA<eB<e A 
meets-invers e A m i B sB<eB=sA<e A 
afte r A>B sB<eB<sA<e A 

Figur e 1 :  T h e 1 3 interva l  relations ,  adapte d fro m (Schlieder , 
i n preparation) .  Whit e interva l  =  A ,  blac k interva l  =  B ; 
s A , s B , e A , e B =  Start -  an d endpoint s o f  A  an d B . 

overlap s C ,  o r  i s durin g C .  T h e secon d exampl e i s show n i n 
fig.  3 ;  th e first  ca n easil y b e reconstructe d fro m thi s drawing . 
For  ful l  details ,  se e (Allen ,  1983) . 

Thi s compositio n ca n b e see n a s a  three-ter m serie s i n th e 
sens e o f  Johnson-Lair d (1972) .  Bu t  h o w d o peopl e reaso n 
wit h Alle n relations ? Knauff ,  R a u h an d Schliede r  (1995 ) 
traine d subject s i n th e understandin g o f  Alle n relation s an d 
the n aske d the m t o provid e on e answe r  t o eac h o f  1 2 x  1 2 
Alle n inferenc e question s (the y exclude d th e trivia l  c o m p o -
sition s wit h equals) ,  i n case s wher e m o r e tha n on e Alle n 
relatio n i s a  correc t  answe r  ( '  non-uniqu e cases') ,  a  grea t  m a -
jorit y o f  subject s chos e th e sam e solution .  T h e author s inter -
pre t  thes e result s a s evidenc e o f  preferre d menta l  models : 
I n th e sequentia l  proces s o f  constructin g th e differen t  possi -
bl e menta l  model s ( = th e severa l  possibilitie s o f  arrangin g A , 
B an d C  suc h tha t  differen t  Alle n relation s R 3 hold) ,  a  strat -
eg y i s employe d whic h first  lead s t o th e constructio n o f  on e 
particula r  model ,  th e preferre d model .  Empirically ,  preferre d 
model s (aggregate d ove r  subjects )  wer e neve r  non-models ; 
i.e .  alway s yielde d correc t  solutions . 

W h en w e tr y t o find  a  computationa l  theor y o f  a  strateg y 
lik e thi s one ,  a n interestin g questio n concern s th e natur e o f 
th e knowledg e use d (cf. ,  fo r  example ,  (Huttenlocher ,  1968 ) 
vs .  (Johnson-Lair d &  Byrne ,  1991)) .  I f  on e assume s imager y 
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i n menta l  models ,  on e need s a n '  image '  a s mode l ,  wh ic h ca n 
b e model le d a s containin g metrica l  information .  T h e inpu t 

relation s R^ ,  R 2 an d th e interval s A , B , C linke d b y the m ar e 
give n a  metrica l  interpretation ,  i.e .  s o m e placemen t  i n th e 
image .  Thi s metrica l  representatio n i s the n inspecte d t o ob -
tai n th e require d answer ,  th e Alle n relatio n betwee n A  an d C . 
Thi s i s base d o n ordina l  relation s betwee n A' s an d C s start -
an d endpoints .  Considering ,  however ,  tha t  th e who l e concep t 
o f  Alle n relation s i s base d o n ordina l  information ,  o n e m a y 
w a nt  t o avoi d givin g a  metrica l  interpretatio n t o th e ordina l 

Alle n relation s an d tr y t o formulat e a  theor y withou t  imagery , 
i.e .  withou t  metrica l  representations . 

Schliede r  (i n preparation )  develop s a  computat iona l  the -
or y w h i c h operate s o n ordina l  informatio n only .  Devel -
o p m e nt  o f  th e theor y start s ou t  f ro m th e discussio n o f  forma l 
propertie s o f  Alle n inference s discusse d b y Ligoza t  (1990) , 
name l y t w o kind s o f  symmetr ie s o f  pair s o f  inferences .  Thes e 

forma l  propertie s we r e no t  satisfie d empirically :  T h e pair s o f 
inference s identifie d b y Ligoza t  ha d asymmetrica l  empirica l 
m o d el  preferences .  I t  i s  no t  importan t  t o g o int o th e detail s 
o f  th e forma l  argumen t  here ;  i t  suffice s t o not e tha t  th e obser -
vatio n o f  forma l  s y m m e t r y an d empirica l  asymmet r y implie s 
tha t  i n orde r  t o explai n th e data ,  a  m o d e l  mus t  generat e orde r 
effects :  a  relatio n R  i s somet ime s conceptualise d differentl y 
dependin g o n whethe r  i t  hold s betwee n A  an d B  o r  betwee n 
B an d C  (o r  B  an d A  0 1 C  an d B ) ,  i.e .  th e t w o interval s 
ar e place d differentl y wit h respec t  t o eac h othe r  (fo r  a n ex -
ample ,  se e fig.  2 ;  fo r  ful l  detail s o f  th e forma l  argument ,  se e 
(Ligozat ,  1990 ;  Schlieder ,  i n preparation)) .  Schliede r  gener -
ate s orde r  effect s b y assumin g a  focu s i n th e menta l  mode l , 
a poin t  wh ich ,  i n additio n t o th e start -  an d endpoint s o f  th e 
interval s alread y considered ,  i s  kep t  i n th e representation . 
Schliede r  ca n explai n al l  bu t  6  o f  th e 6 0 non-uniqu e empir -
ica l  preference s h e consider s (se e fig.  5) . ^  H e omit s c o m p o -
sition s o f  inverses ,  wh i c h ar e composition s o f  relation s lik e 
befor e an d after ,  i.e .  composition s w h o s e result s li e i n cell s 
alon g th e secondar y diagona l  o f  th e compositio n tabl e i n fig. 
5.  A  m u c h simple r  strateg y seem s t o b e applie d there :  "don' t 
think "  -jus t  assum e inverse s alway s lea d bac k t o th e original , 
i.e .  t o th e Alle n relatio n equa ls . 

H o w e v e r ,  thi s m o d e l  ha s th e d r a w b a c k o f  bein g rathe r 
complicated :  Ther e ar e 6  t o 1 4 (dependin g o n h o w 
on e counts )  scannin g rules '  an d rathe r  involve d 'insertio n 
schemes '  specifyin g differen t  processe s an d order s o f  th e in -
sertio n o f  start -  an d endpoints ,  an d th e focu s positio n ha s 
t o b e remembered .  Thes e complication s wer e ou r  motiva -
tio n t o devis e a  strateg y tha t  require s stronge r  information , 
namely ,  metrica l  know ledge ,  bu t  i s  m u c h simple r  i n term s o f 
scannin g an d insertion . 

Ati B AdI B 
BdC 

A di e nMUlt  A  d  C  .. .  comspond t  to.. . 

.. .  bu t  I n fa d tti e resul t  Is.. . A o l C 

'B y 'computationa l  theory' ,  w e mea n tha t  fo r  al l  compositions , 
model s ar e generated ,  i.e .  correc t  Alle n inferences .  B y 'canno t  ex -
plain *  ,  w e mea n tha t  th e computationa l  theor y doe s no t  generat e th e 
empiricall y preferre d menta l  mode l  fo r  a  give n composition . 

Figur e 2 :  Orde r  effect s (example) :  I f  th e Alle n relation s ar e 
alway s compute d i n th e s a m e way ,  an d invers e relation s ar e 
mirro r  image s o f  eac h other ,  i.e .  compute d b y invertin g th e 
operation s generatin g th e n e w interva l  i n a  composition ,  th e 

preferre d mode l  o f  A  finishes-invers e B  an d B  durin g C 
{ A f i B an d B d C )  implie s a  preferre d mode l  fo r  A  during -
invers e 5  an d B  finishe s C  {Adi B an d B f C ) .  However , 
empiricall y th e first  inferenc e ha s th e preferre d mode l  A  dur -

in g C  ( A d C ) ,  whil e th e secon d ha s A  overlaps-invers e 
C (AoiC) .  A n eas y explanatio n i s tha t  th e transformation s 
linke d b y th e curve d lin e ar e different :  /  i s  no t  th e mirro r 
imag e o f  fi . 

A c o m p u t a t i o n a l  t heo r y b a s e d o n metrica l 

i n fo rma t i o n 

Our main psychological background assumption is that 
menta l  image s ar e inexact .  A  simple  exampl e o f  empiri -
cal  evidenc e fo r  thi s clai m i s th e finding  tha t  discoverie s i n 
menta l  image s ar e c o m m o n i f  th e pattern s t o b e rotate d an d 
th e emergin g pattern s resultin g fro m thi s transformatio n ar e 
sufficientl y robus t  wit h respec t  t o sligh t  variation s i n shap e 
and/o r  noise ,  e.g .  (Fink e &  Slayton ,  1988) .  I f  th e give n pat -
tern s ar e mor e comple x an d emergenc e i s highl y dependen t 
on constructin g an d maintainin g a n exac t  representatio n o f 
th e give n patterns '  shape ,  however ,  menta l  discoverie s ar e 
not  th e rul e (Reisber g &  Chambers ,  1991) ;  fo r  discussion , 
see als o (Logic ,  1995) .  W e interpre t  thi s t o mea n tha t  im -
ager y canno t  represen t  and/o r  proces s fine  detail s whic h ar e 
sensitiv e t o smal l  metrica l  changes .  Imag e element s ar e rep -
resente d metrically ,  relativ e t o a  referenc e fram e specifyin g 
scal e whic h i s globa l  t o th e whol e image .  However ,  withi n 
thi s fram e o f  reference ,  the y ma y onl y b e represente d inex -
actly ,  wit h noise .  Inexactnes s m a y aris e durin g construction , 
maintenanc e and/o r  inspectio n o f  th e image . 

For  th e presen t  task ,  thi s implie s on e particula r  constrain t 
on wha t  th e image s o f  th e interval s shoul d loo k like :  The y 
shoul d b e regular .  T o understan d thi s concept ,  conside r  th e 
compositio n o f  A  finishes-invers e B  an d 5  durin g C .  On e 
solutio n i s A  Start s C .  However ,  thi s resul t  i s extremel y un -
stable :  A n y sligh t  deviatio n i n th e length s o r  placement s o f 
th e interval s create d b y imager y inexactnes s woul d lea d t o 
A overlap s C  o t  A  durin g C  (se e fig.  3) .  A s th e reade r 
m ay easil y verify ,  th e las t  tw o solution s ar e muc h mor e ro -

bus t  wit h respec t  t o change s i n metrica l  parameters .  W e cal l 
image s involvin g solution s whic h ar e 'stable '  i n thi s sens e 
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(lik e overlap s an d during )  regular ,  a s oppose d t o singula r 
image s involvin g '  unstable '  solution s lik e Starts .  Th e dat a 
can b e interprete d a s showin g a  preferenc e fo r  regula r  images : 
Out  o f  thos e composition s whos e solutio n include s a n unslu -
bl c relation ,  thi s solutio n i s th e preferre d mode l  onl y i n ver y 
fe w cases .  W e therefor e nee d a  mode l  constructio n proces s 
whic h (a )  generate s correc t  Alle n inferences ,  (b )  generate s 
orde r  effects ,  an d (c )  generate s regula r  images .  Th e easies t 
metrica l  proces s contain s 

1. distance parameters specifying the length of the 
separatio n ( < , > ) ,  th e overla p (o,ot) ,  o r  th e offse t 
(5,8i ,  f ,  fi ,  d ,  dt )  o f  th e relations ,  ( m an d m i  mus t  b e 'sep -
arated '  b y a  distanc e o f  0. )  W e us e 2  suc h parameters :  A „ 
("normal" )  an d A j  ("large") .  The y ar e associate d wit h re -
lation s dependin g o n whethe r  thes e ar e shifts '  o r  'defor -
mations '  an d prescrib e 'movements '  t o construc t  th e ne w 
interval' s  start -  an d endpoint s (se e fig.  4) . 

A model containing only distance parameters generates cor-
rec t  Alle n inferences ,  bu t  fail s  becaus e i t  canno t  generat e an y 
orde r  effect s (Schlieder ,  i n preparation) .  W e therefor e choos e 
th e secon d easiest ,  whic h als o contain s 

2.  a  correctio n paramete r  e .  Thi s i s associate d wit h re -
lation s dependin g o n h o w man y relation s hav e bee n pro -
cesse d before .  Usin g e  lead s t o slight ,  progressiv e adjust -
ment s i n th e movements '  and/o r  the  intervals '  lengths. ^ 

Thes e adjustment s generat e orde r  effects ,  becaus e Alle n 
relation s receiv e a  differen t  metrica l  interpretatio n de -
pendin g o n whe n the y ar e processed ,  i.e .  dependin g o n 
whethe r  the y hol d betwee n A  an d B  o r  betwee n B  an d 
C.  Th e adjustment s als o guarante e regularisation ,  becaus e 
newl y generate d start -  an d endpoint s canno t  b e equa l  t o 
existin g start -  an d endpoint s '  b y coincidence '  (o f  cours e 
the y mus t  b e equa l  whe n thi s i s specifie d b y relation s 
«.  si ,  f ,  fi ,  m ,  m i ) .  A s a n example ,  conside r  fig.  3  again : 
I f  A  finishes-invers e B  (A f iB )  an d B  durin g C  ( B d C ) , 
and w e move d A' s startpoin t  t o th e righ t  t o construc t  B  an d 
the n move d B' s startpoin t  t o th e lef t  b y th e sam e amoun t 
when w e construc t  C ,  w e woul d obtai n a  singula r  imag e 
wit h A  start s C .  B y movin g lef t  a  bi t  mor e tha n w e hav e 
moved right ,  w e obtai n th e empiricall y correc t  A  durin g 
C. 

By considerin g th e change s mad e t o th e interval s i n fig. 
3 a s 'shrinkin g o r  stretchin g intervals '  instea d o f  'movin g 
start -  an d endpoints' .  w e ca n se e tha t  regularisatio n an d 
(fo r  thi s composition )  th e sam e orde r  effec t  ar e generate d 
when interva l  length s instea d o f  movemen t  length s ar e in -
creased . 

I t  i s  no t  clea r  ho w t o decid e o n psychologica l  ground s 
whethe r  movement s and/o r  interval s shoul d b e shortene d 
or  lengthened .  W e shal l  therefor e motivat e th e decisio n t o 

A 

B 

CI 

C2 

C3 

Afl B 

B d C 

A s C 

AoC 

AdC 

'Whe n thi s affect s interva l  length ,  i t  correspond s t o scale d copy -
in g from  th e patter n activatio n subsyste m int o th e visua l  buffe r  i n 
(Kosslyn ,  1994) . 

Figur e 3 :  Exampl e o f  a n Alle n inferenc e wit h mor e tha n 
on e solution .  Thi s show s th e instabilit y  o f  singula r  image s 
containin g solution s lik e Start s  (s) :  Sligh t  variation s i n th e 
length s o r  placement s o f  th e interval s chang e th e obtaine d 
Alle n relation . 

lengthe n the m wit h a  computationa l  argument :  lengthenin g 
lead s t o a n algorith m satisfyin g th e specificatio n give n b y 
th e dat a best .  Computationa l  reasonin g als o make s u s pre -
fe r  movemen t  lengthenin g ove r  interva l  lengthenin g (se e 
below) . 

A„, A;, and e are defined relative to the standard interval 
length ,  i.e .  w e assum e a  scale-invarian t  imager y process . 

Th e followin g algorith m an d fig. 4  summaris e h o w th e 
thre e parameter s contro l  th e constructio n process: ^ 

X : = firs t  interva l 
inser t  X  int o th e imag e a t  th e standar d firs t  positio n 
no-of-step s : = 0 
repea t 

no-of-step s : = no-of-step s +  1 
R : *  nex t  relatio n 
If  R  mark s a  shif t  (• » t f  ft  e  {< ,  m ,  o ,  o« ,  mi ,  >} )  the n 

A : = A i  els e A  : = A „ 
adjus t  an d plac e a  cop y o f  X  accordin g t o R  an d A , 

usin g e  an d no-of-step s 
inser t  th e obtaine d interva l  int o th e imag e a s Y 
X := ¥ 

unti l  n o mor e relation s ar e lef t 
retur n th e Alle n relatio n obtaine d fro m readin g 

th e start -  an d endpoint s o f  th e firs t  an d th e las t  interva l 

This theory, despite its great simplicity, fares extremely 
wel l  whe n compare d eithe r  t o th e dat a o r  t o th e fit  o f  th e ordi -
nal  theory .  Onl y 9  empirica l  mode l  preference s ou t  o f  6 0 ar e 
not  explaine d whe n movement s ar e lengthene d (se e fig.  5) . 
W h en interval s ar e lengthened ,  anothe r  4  preference s ar e no t 
explained .  A s i n th e ordina l  model ,  composition s o f  inverse s 
wer e no t  considered . 

We performe d a  sensitivit y analysi s o f  th e result s wit h 
respec t  t o variation s i n th e 3  parameter s o f  th e algorithm . 
We define d errors(A„ ,  A j ,  e )  t o b e th e numbe r  o f  empirica l 

^  Al l  LIS P progra m cod e use d t o comput e th e result s reporte d i n 
thi s pape r  ca n b e obtaine d from  th e autho r  o n reques t 
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Figur e 4 :  Constructin g a  n e w interval :  comput in g start -  an d 
endpoint s f ro m th e previou s interval ,  th e Alle n relation ,  an d 
th e thre e parameters ,  lengthenin g m o v e m e n t .  (Alternative : 
t o lengthe n intervals ,  shif t  th e boundarie s o f  th e n e w interva l 
obtaine d i n th e firs t  ste p outward s b y e  i n th e secon d step. ) 
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Figur e 5 :  Compos i t i o n tabl e fo r  preferre d mode l s i n Alle n 
inferences :  I f  A R i B (R i  a t  lef t  en d o f  r o w i )  an d B R ^ C 
(i? 2 a t  to p o f  c o l u m n j ) ,  the n A R ^ C ( R s i n cel l  ij) .  Tabl e 
s h o w s onl y composit ion s wit h non-uniqu e solutions ,  an d n o 
composit ion s o f  inverse s (se e text) .  Cell s containin g 1  Alle n 
relation :  entr y =  empirica l  preferenc e =  preferenc e generate d 
b y th e ordina l  theor y =  preferenc e generate d b y th e metrica l 
theory .  Cell s containin g 3  Alle n relations :  to p entr y =  empir -
ica l  preference ;  bot to m lef t  entr y =  preferenc e generate d b y 
th e ordina l  theory ;  bot to m righ t  entr y =  preferenc e generate d 
b y th e metrica l  theory . 

m o d el  preference s no t  explaine d b y th e algorith m fo r  a  give n 
choic e o f  parameters ,  e r ror s yield s "- "  i f  fo r  a  give n choic e 
o f  parameters ,  non-mode l s ar e produced ,  i.e .  incorrec t  solu -
tions .  W e compu te d er ror s fo r  th e relevan t  ranges ,  plotte d 
th e results ,  an d describe d th e constraint s t o ensur e th e bes t 
result s obtainabl e geometrically.' *  Thes e geometrica l  con -
straint s turne d ou t  t o b e qualitativ e constraints : 

e >  0 :  A n y valu e be lo w 0  lead s t o a  m a r k e d decreas e i n 

fit  (u p t o 1 2 error s m o r e fo r  m o v e m e n t ,  2  fo r  intervals) .  ( A 
valu e o f  exactl y 0  lead s t o singula r  images ,  wh ic h inaease s 
th e n u m b e r  o f  error s dramatically. )  I n othe r  words ,  computa -
tiona l  reason s sugges t  tha t  th e movements/interval s ge t  pro -
gressivel y 'slightl y lenghtened' ;  i t  i s  no t  jus t  an y deviatio n 
f ro m singula r  result s tha t  happens . 

Fo r  m o v e m e n t  adjustments ,  ther e i s on e constrain t  t o guar -
ante e n o non-models :  A /  <  [ 1 — ( 3 -( -  lOe)^ ]  -  A „ .  Thi s 
coul d b e interprete d t o m e a n tha t  A ;  -I -  A „  mus t  no t  b e mo r e 
tha n 1  ( remembe r  tha t  e  i s  suppose d t o b e small) .  Ther e ar e 
3 constraint s t o guarante e no t  m o r e tha n 9  errors .  A „  <  0.3 3 
(plu s s o m e seemingl y unsystemati c variation) :  Thi s coul d b e 

interprete d a s a n uppe r  b o u n d o f  5  fo r  A „ .  A /  >  0.5 1 -  2e : 
thi s coul d b e interprete d a s a  lowe r  b o u n d o f  ̂  fo r  A ( .  A n d 
A /  >  - 0 . 0 5 -1 -  2.5 e -I -  A „ :  A ;  shoul d reall y b e a  "large r 
movement '  tha n A „ . 

Interva l  lengt h adjustment s produc e simila r  results ,  bu t  ar e 
slightl y les s robus t  an d produc e a  wors e fit  wit h th e dat a (a t 
leas t  1 3 errors) .  Her e too ,  lengthenin g i s superio r  t o short -
ening .  Fo r  reason s o f  space ,  w e d o no t  giv e detail s abou t 
constraint s an d error s here . 

T h e cas e fo r  preferrin g movemen t  adjustmen t  (lengthen -
ing )  ove r  interva l  adjustmen t  i s quit e clea r  o n computationa l 
grounds :  T h e forme r  produce s a  bette r  fit. 

What can this case study tell us about imagery 

i n g e n e r a l ? 

A s w e mentione d above ,  ou r  psychologica l  backgroun d the -

or y i s tha t  menta l  image s ar e inexact .  I t  i s  likel y tha t  peo -
pl e w h o reaso n wit h menta l  image s k n o w abou t  thi s inexact -
ness .  W e woul d therefor e wan t  t o propos e a  ne w approac h 
t o inspectio n processes ,  whic h w e cal l  th e sketc h theor y o f 
menta l  images :  Eve n thoug h everythin g i n th e pictur e i s de -
termined ,  th e pictur e a s a  whol e i s treate d a s a  sketch, '  no t 
t o b e take n literally '  . ^  I n othe r  words ,  th e meta-knowledg e 

Î t  i s  straightforwar d t o detemiin e absolut e uppe r  an d lowe r 
bound s fo r  th e A s t o ensur e tha t  adding/subtractin g the m from  start -
and endpoint s generate s th e prescribe d Alle n relations ,  e  wa s onl y 
examine d systematicall y i n th e rang e (-0.1,0.1 )  becaus e first,  i t  i s 
suppose d t o mar k a  'sligh t  adjustment '  an d second ,  becaus e large r 
value s showe d n o interestin g chang e i n behaviour . 

The constraint s shoul d b e regarde d a s approximations ,  sinc e w e 
onl y inspecte d th e value s a t  a  certai n resolutio n (dow n t o 0.00 1 fo r 
th e A s an d e )  an d di d no t  perfor m regressio n analysi s  etc .  How -
ever ,  th e demarcation s betwee n level s o f  goodness-of-fi t  wer e quit e 
regular ,  an d onl y th e qualitativ e relation s wer e o f  interes t 

^Thi s ide a originall y occurre d i n th e contex t  o f  a n exploratio n 
of  th e importanc e o f  sketche s i n interaction s betwee n architect s an d 
thei r  customers :  A  recurrin g proble m o f  preliminar y design s pre -
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'thi s i s  a  sketch '  induce s a  differen t  inspectio n process ,  whic h 
migh t  be :  'onl y notic e whic h entitie s ar e i n th e pictur e an d 
tak e thi s a s a n indicatio n o f  whic h entitie s ar e i n th e repre -

sente d scene' ,  'onl y notic e ho w entitie s ar e ordere d i n th e 
pictur e an d tak e thi s  a s a n indicatio n o f  ho w thes e entitie s ar c 
ordere d i n th e represented  scene' ,  o r  don' t  tak e metrica l  re-
lation s t o b e exact' .  I n term s o f  spatia l  knowledg e content , 
thi s correspond s to: '  extrac t  onl y containmen t  relations', '  ex -
trac t  onl y orde r  relations',  o r  'extrac t  metrica l  relations,  bu t 
at  a  relativel y coars e leve l  o f  granularity'. ® Th e thir d kin d o f 
sketc h interpretatio n i s importan t  wheneve r  metrica l  distinc -
tion s count .  I t  i s importan t  i n ou r  example ,  an d constructin g 
regular  image s aid s i n thi s process .  Fo r  i t  i s  essentia l  tha t 
th e menta l  image s ca n als o depic t  intende d equalitie s (i f  A 
finishes-invers e B ,  thei r  endpoint s ar e th e same) .  S o a  vi -
sualisatio n strateg y mus t  enabl e th e inspectio n proces s t o dis -
tinguis h betwee n entitie s intende d t o b e equa l  an d entitie s no t 
intende d t o b e equal .  Ther e ar e tw o principa l  way s o f  solv -
in g thi s problem :  (1 )  A  mode l  constructio n strateg y generat -
in g regula r  image s safeguard s agains t  inexactnes s bot h durin g 
model  constructio n an d durin g mode l  inspection :  Entitie s no t 
intende d t o b e equa l  ar e move d fa r  enoug h apar t  b y choosin g 
a larg e enoug h e .  S o eve n if ,  i n construction ,  placemen t  i s 
inexac t  (i.e .  ma y deviat e fro m th e valu e compute d wit h th e 
hel p o f  e) ,  th e relativ e placemen t  o f  entitie s no t  intende d t o b e 
equa l  wil l  stil l  diffe r  enoug h fro m th e relative  placemen t  o f 
entitie s intende d t o b e equa l  t o distinguis h non-intende d fro m 
intende d equalit y durin g inspection :  I n th e image ,  intende d 
equalitie s ar e characterise d b y n o gap s (i f  constructio n i s ex -
act )  o r  b y smal l  gap s (i f  constructio n i s  inexact) ,  othe r  rela -
tion s (no t  intende d t o b e equalities )  ar e characterise d b y larg e 
gaps .  Thi s ca n b e distinguishe d bot h b y exac t  inspectio n pro -
cesse s (th e valu e rea d i s  th e valu e depicted )  an d b y inexac t  in -
spectio n processe s (th e valu e rea d m a y deviat e fro m th e valu e 
depicted) .  (2 )  Th e alternativ e woul d b e t o annotat e intende d 
equalities .  I n th e image ,  intende d equalitie s ar e the n charac -
terise d b y annotations ,  othe r  relations  b y n o annotations ,  an d 
gaps ca n b e zero ,  smal l  o r  larg e i n bot h cases .  Obviously ,  (1 ) 
i s mor e parsimoniou s an d easil y explainabl e b y mode l  con -
suiictio n processes ,  a s w e ca n sho w i n th e presen t  cas e study . 
We woul d therefor e assum e tha t  regularit y i s  generall y a  de -
sire d propert y o f  menta l  images .  Th e imag e constructio n 
proces s take s th e easies t  rout e toward s achievin g thi s goal . 
Ther e i s a  preferenc e fo r  copyin g metrica l  prototype s fro m 
long-ter m memor y int o th e imag e o r  withi n th e image .  I f 
thi s i s recognise d a s leadin g t o undesire d imag e properties , 
movement s ar e lengthene d durin g copyin g and/o r  scale d 
copyin g i s performed ;  wit h th e adjustmen t  i n length/siz e o f 
th e movement s and/o r  imag e element s bein g a s smal l  a s pos -

sente d a s C A D graphic s i s tha t  the y conve y th e impressio n o f  bein g 
finished,  worked-ou t  designs .  Hand-draw n sketches ,  o n th e othe r 
hand,  conve y th e intende d impressio n o f  bein g unfinished ,  o f  no t 
havin g th e fixed  detail s  that ,  i f  th e sketc h wer e looke d a t  a s a  pic -
ture ,  ar e o f  cours e fixed  (StroUiott e e t  al. ,  1994) . 

^(Hobbs ,  1985) :  se e (Habel ,  1991 )  fo r  a n exampl e o f  a  computa -
tiona l  treatmen t  o f  granularit y  i n knowledg e abou t  space . 

sible . 
A secon d visualisatio n strateg y employe d i n additio n t o 

regularisation  mg\\{\x .  partitioning :  Relevan t  portion s o f  th e 

imag e ar e o f  equa l  siz e o r  smal l  intege r  multiples .  Thi s i s no t 
directl y linke d t o th e argumen t  emanatin g fro m menta l  im -

age inexactnes s an d wil l  therefor e b e discusse d i n a  separat e 
paper . 

Open questions and further research 

A ver y straightforwar d applicatio n an d tes t  wil l  b e th e com -
pariso n o f  th e theory' s result s wit h th e dat a an d th e ordina l 
theor y prediction s o f  Alie n four-ter m series .  Thes e exper -

iment s ar e currentl y carrie d ou t  b y th e author s o f  th e three -
ter m serie s paper ,  a s ar e th e generation s o f  algorithmi c pre -
diction s fro m bot h theories . 

W h at  coul d b e a  psychologica l  explanatio n fo r  con -
structio n involvin g m o v e m e n t  o r  Interva l  lengthening ? 
Thi s distinctio n reflect s a  differenc e eithe r  i n th e wa y i n 
whic h tempora l  aspect s o f  menta l  mode l  constructio n ar e re -
garded ,  o r  th e questio n wha t  ca n b e inspecte d i n a n image : 
imag e elemen t  propertie s o r  imag e elemen t  relations .  Bot h 
constructio n processe s chang e propertie s o f  imag e elements . 
Adjustin g interva l  length s i s '  static '  i n th e sens e tha t  th e in -
formatio n neede d t o construc t  th e nex t  imag e elemen t  ( = th e 
previou s interval' s length )  is '  i n th e picture' ,  i s a  propert y o f 
an imag e element .  Adjustin g movement s i s 'dynamic '  i n th e 
sens e tha t  th e informatio n neede d t o construc t  th e nex t  imag e 
elemen t  ( = th e previou s movement' s length )  i s 'betwee n th e 
pictures' ,  i s a  propert y o f  a  relatio n betwee n imag e elements . 
Onl y i f  imag e elemen t  relation s ca n b e inspecte d jus t  lik e im -
age elemen t  propertie s ca n thi s b e considere d 'static '  i n th e 
same sens e a s interva l  lengt h adjustment .  (O f  course ,  bot h 
method s als o nee d acces s t o th e parameter s A „ ,  A/ ,  e ,  whic h 
ar e no t  usuall y '  i n th e picture' .  W e assum e thi s doe s no t  cre -
at e a  problem. )  I t  woul d b e interestin g t o investigat e furthe r 
ho w possibl e dynami c effect s i n imager y coul d b e formalised . 
I n ou r  assumptio n tha t  dynami c effect s exist ,  w e follo w th e ar -
gument  o f  Logi c (1995) ,  w h o explicitl y  introduce s a  spatia l 
componen t  int o th e visuo-spatia l  scratc h pa d o f  Baddele y an d 
Lieberma n (1980) .  Logi c regard s movemen t  a s th e centra l 
featur e an d mechanis m o f  spatia l  workin g memory/imagery . 
I t  seem s plausibl e t o assum e tha t  Alle n inference s ar e a s goo d 
an exampl e o f  typica l  spatia l  task s a s i s Logic' s mai n exam -
ple ,  th e Brook s matri x tas k (Brooks ,  1967) .  However ,  thes e 
thought s d o no t  answe r  th e questio n wha t  th e psychologi -
cal  reason s coul d b e fo r  preferrin g movemen t  o r  interva l 
lengthenin g ove r  shortening . 

We shoul d als o addres s th e questio n o f  wha t  criteri a coul d 
be use d t o compar e cognitiv e modellin g approaches .  W e 
sho w h o w ou r  psychologica l  backgroun d assumption ,  tha t 
menta l  image s ar e inexact ,  motivate s ou r  visualisatio n strat -
egy 'regularise' ,  whic h i n tur n motivate s ou r  mode l  construc -
tio n proces s o f  movemen t  o r  interva l  lengthening .  Schliede r 
(i n preparation )  show s ho w hi s psychologica l  backgroun d as -
sumption ,  tha t  searc h processe s i n menta l  model s shoul d b e 
as simpl e a s possible ,  motivate s hi s visualisatio n strategy '  lin -
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earis e an d center' .  whic h i n tur n motivate s hi s mode l  con -
structio n proces s o f  scannin g an d insertio n i n a  memor y struc -
tur e describin g th e ordina l  position s o f  interva l  start -  an d end -
point s an d a  focus .  I t  seem s necessar y t o relat e th e ordi -
nal  an d th e metrica l  theories ,  whic h raise s psychologica l 

as wel l  a s computationa l  issues .  H o w d o th e psychologi -
cal  argument s an d thei r  stage s relate ? I n particular :  ( H o w ) 

ca n th e theorie s explai n eac h other' s visualisatio n strategy?' ^ 
By wha t  criteri a shoul d th e computationa l  tradeof f  '  knowl -
edg e strengt h vs .  computationa l  simplicity '  b e judge d i n th e 
contex t  o f  cognitiv e modelling ? Thes e issue s nee d furthe r 
discussion . 

C an w e hop e t o b e abl e t o generalis e thes e method s 
an d result s t o othe r  domain s o f  imagery ? Th e advantag e 
of  th e dat a underlyin g th e algorith m presente d her e ar e tha t 
the y provid e a  yardstic k tha t  i s  ver y eas y t o employ :  Th e 
tas k (Alle n inferences )  i s a  sufficientl y simpl e visuo-spatia l 
task ,  sinc e th e entitie s ar e abstrac t  entities .  Thei r  abstractnes s 
als o allow s u s t o assum e tha t  th e entitie s ar e conceptualise d 
i n 'screen-space '  *  an d onl y there .  Direc t  extensio n o f  th e re -
sult s an d method s coul d b e possibl e i n th e analysi s o f  simila r 
tasks .  Thi s could ,  fo r  example ,  involv e task s wit h informatio n 
learne d fro m books ,  fro m program s (scree n layout) ,  mayb e 
th e layou t  o f  machines ,  contro l  panel s an d othe r  instrument s 
(althoug h a  larg e tactil e componen t  m a y b e involve d here ) 
an d possibl y als o som e o f  th e task s designe d t o tes t  spatia l 
abilities . 

Extendin g th e result s an d method s t o a n analysi s o f  les s ab -
strac t  an d large r  space s require s som e mor e abstraction .  Thi s 
i s becaus e th e representation s ar e probably "  contaminated '  b y 
a lo t  o f  othe r  informatio n associate d wit h th e entitie s reasone d 
abou t  (e.g .  aestheti c an d functiona l  propertie s o f  landmark s 
alon g a  route) ,  becaus e i t  i s  a  generall y ope n questio n wha t 
representationa l  an d processin g assumption s m a y b e trans -
ferre d between'spaces '  (e.g .  from'screen-space '  to'large -
scal e space') ,  an d becaus e i n large-scal e spac e a t  least ,  long -
ter m m e m o r y i s involved .  Nevertheless ,  som e principle s ap -
pea r  transferable :  W e ar e currentl y investigatin g th e questio n 
of  h o w th e method s presente d i n thi s pape r  and ,  mor e gen -
erally ,  th e sketc h theor y o f  menta l  image s ca n b e use d i n th e 
analysi s o f  distanc e cognitio n i n large-scal e spac e (Berendt , 
i n preparation) .  Th e result s o f  thi s wor k wil l  b e importan t  fo r 
Alle n inference s too ,  i f  thes e inference s ar e t o b e regarde d no t 
as abstrac t  scree n tasks ,  a s the y ar e here ,  bu t  a s foundation s 
fo r  entitie s i n th e worl d t o b e reasone d about ,  e.g .  geographi c 
entitie s i n GIS . 
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