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ABSTRACT

The moments of the préjected angular distribution of the single-
scattering process are shown to be derivable from the‘emergen.t angular
distribution of a beam that has traversed a thick absorber. Since very
small deflections do not contribute to the observed moments, ambiguity is
avoided by a‘dobpting a formulation of the electronic screening that leads to a
definite total sgattering cross section, The theory is applied to an exper-
iment in Whiqh 2-BeV muons are incident on an iron scatterer 18 in, thick.
The observed angular distributions is analyzed. It is shown that the nuclear
electromagnetic form factor derived from the muon data is consistent with
that found from electron scattering, and is completely incompatible with a

point-nucleus model,
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PROPAGATION OF THE SINGLE-SCATTERING DISTRIBUTION - -
IN MULTIPLE SCATTERING: MUON SCATTERING IN IRON"

Norris A, NiékolsT and Walter H, Barkas
ﬂ Lawrence Radiation Laboratory
‘University of California

Berkeley, California

August 1962

I. INTRODUCTION

Because they are vt-hought to interact only with the distri.}sutiélrl of
charges and ;:ufrents in an atomic nucleus, chargedjleptons ﬁé.ve been con-
sidered excellent pro’bes fdr a" sfudy of t'he detailed structurevo_f afornic
nuclei, Ektensive use has already been made of electroné fo r this pu’rpose°
In éorﬂe r.espec:.tsbmuo..ns shduld be even bettevr‘ suited for this task, but until
recently the dnly "beams”'of muons available were those of the cosmic ré.ys.
A complication élso was introduced when muons were i:eported to scatter
anofnalously,z’ 3 Sufpri,singly, the scattering seemed to be describablev by
the Moliére theory. 4 This theory is inappliczible if the nucleus cannot be
represented by a point charge. The expected cohérent séattering of a high-
energy muon from an exténded nucleus is descriﬁed by an electromagnetic
form factor not different from that derived by observing electron scattering.

After a Béam of'particles has penetrated a finite thickness of
matter, its angular distribution inevitably is contaminated by a component
of plural or multiple-scattering events, The magnitude of the effect increases
with the absorber thickneés. T§ study thé fare large single deflections of
high-energy mu.ons‘p howe\l/er, it is most ﬁrécticél to ﬁse a relatively thick

absorber because it will tend to keep the required intensity and/or time of
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exposure'moderate' But then the prlmary scatterlng dlstrlbutmn may’ be
largely obscured by the plural and multlple small angle scatterlng

The muxtlple—scatterlng d1str1but1on can be calculated from a
known elementary (single) scattef»ing distribotion if.one uses the method in-
troduced by Snyder and Scott, 5 It is lifnited to small angles, however.

Suppose that in an elementery;soattering event the probability that
the particle be deflected between a projected angle w and w + dwis p (w)} d\w.
(Whether an angular distributionis projected or not is immaterial; to trar;s-
form a projected distribution to the corresponding spatial distribotion, one
inverts en integral eqoation of a standard Abei type. ) We shall assume tha.t
p is en even function of w ==tﬁe disoussion of the scattering of polerized
beame:would require odd terms in addition, Let the total scattering cross
section be 0, so that in e‘.patltl t the average nurﬁber of times the particle
experiences adeflection between w and oﬁ—dw 1s Notp (9’5 dw, the number of
atome per uoit volume 'loeing N, Then, after the pe,rticle has penetrated the
scattering materiai a distance t, the probability_that it will have been de- |
flected in the projected angular intervai ¢ top + d¢ is f(q>,.t) dé. By use of

the method of Snyder and Scott, we can calculate f(¢p,t) from

£(p,t) = S.’EB%:M J cos(¢s exp[NO‘tf (@) cos(Sw)dw] ds.

S= -» - 00
(1)

The inverse process of obtaining the elementary-scattering distri-
bution from the observed distribution of multiple—scattering angles has bheen
much more d1ff1cu1t to Carry out in a pract1ca1 way. Therefore, to relate

the observed multlple scatter1ng distribution to the elementary scattering

W
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distribution,-‘we. studied the propagat;ion of the moments of the -.elementary-
scattering distribution through many elementary acts of scattering. We
found a set of simple and important connectidns existing between the moments
of the single- and multiple-scattering distributions, These are of wide gen-
eral applicability, as will be seen in Sec., IL, | o

| To in&éstigatte the scatfering of muons in carbon, lead, and e'.mufi.—
sio‘n, Masek‘et al, 6 énd Kim etv?;Ll'o 7 recvent‘ly develoi;éd a beam oflz;O—.Bie.\./'
muons, Such muons have a shorter wavelength't‘han any .ovtl.'.xer bmachir.i'e.-; .:
accelerated leptons previously used for nuclear probes, and in principle can
yield more detailed information aBout nuclear structure, if the basic assump-
tions regarding the nuclear scattering of muons are correct;

The existence of the Masek beam led us to examine its multiplé
scattering in iron. - We have found on analyzving't‘his distribution that the
method of propagated moments is practical, In particular, when we apply:
the appropriate equatigns to our data, they disclose that the scavt;tvering from
the iron nucleus differs greatly from the Moliére distribution. We find
agreement with the scattering éxpeéted :from an extended nucleus having a

form factor approximately as deduced from electron scattering,

II, RELATIONS BETWEEN THE MOMENTS OF
THE SCATTERING DISTRIBUTIONS

Suppose w; is a typical independent projected angle of deflection
in the elementary-scattering process. Then, after n deflections, the resul-

ant angle of deflection ¢, is the algebraic sum of the W
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The expectation value of the rthmoment of ¢ accordingly is'

J
Now the 2mth moment of the elementary scattering distribution is the ex-
pectatlon value <w 2m> of the 2mth power of a typical elementary scat-
tering deﬂectlon All the moments of the multlple scattenng distribution,
therefore, can be derived from the elementary-scattering distributions.
Thus,
2 o .
@& -aid. R
4 2 /2\2 ; :
(07 = n(sHsam <> | (4)
-<¢6>‘ = n <w6>+15 <w >< 4> + 15n 3( Z>3 -
2
(%) = n () + 2800 6>@2>+ 35n 2<w4> 24 210n 3<w4><w2>2+105 4< >4
etc., for n >1,
~ For unpolarized particles odd moments do not occur a:‘nd, in general,
é 2 & 20, 2(m-j
d m> - Z (Zm)'<w'><¢ (m J)> C (5)
dn o 2D (@) '
The above equations can be easily inverted so-that from the moments
of the multiple-scattering distribution, we obtain the moments of the elementary
distribution: .
2 2\
(&*) = {o?) /m, N
4 4 2\2 S - | @
(6 = 21 =367 )7, )

(a9
(%

L0¢e®) <1566 +30 (62)37, -
—-[<¢8> 2288 §2)-35 (%)% + 420 (4H62)? - 630 <¢2>4
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When n ‘is the average number of deflections Not in path t, it
is directly related to the total-scattering cross section. This éross section
is uﬁdéfinéd, 'h.o:vwéx;ejr, ‘unless a definite prescriptiéh for cutting off tlh)e b.Very.'
small deflections is adopted., These deflections do not contributét’“oﬂth:ej ’
moments of the multiple-scattering distribution, and the <¢2m> are insensi-
tive to the method adopted for treating the small deflections. The details of
the electronic screening of the nucleus are uncr1t1ca1 except that p (w) must
be normalized so that the total cross section o is given by "0 =n/.Nt. As an
examplé, Scott8 gives an effective number of' collisioﬂs |

-20

. 147><1o Ntz Z 1/3(z+1) | )
s + (z z/75

in path t. Therefore, the total cross section with this screening is

147510720 ;2 2 Y/3z241) 2

= cm

e+ (22/75)°

H

regardless of the character of the nuclear scattering.

In the expression-fof the total scattering cross seétion, ze is the
charge carried by the moving particle, Z is the atomic number of the scat-
tering element, and Bc is the velocity éf the mloving particle. In the Molidre
formula we have followed the procedure of Bethe and Ashkin in putting Z(Z+1)
for Z2 to allow something for incoherent scattering by electrons, 9

A Gaussian in ¢ satisfies the condition

<¢4>/<¢2§ZV s, n | (é)

and for any elementary distribution
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[<¢ DY >2 -3J<¢>

-is a pos1t1ve constant that is 1ndependent of n. Since <¢Z> increases with

n, the factor

[{o*) /{6%)? "'-3
‘must decrease In. accord with the Cectrai L;mat Theorern 10 it tends to
satisfy the Gau551an condltlon A d1str1but10n for wh1ch <¢ >/<¢ >2
greater than 3 is called leptokurtlc _11 All rnult1ple scatter1ng dlstrlbutlons
have the characterlstm, and tend toward Gaussians for large n, For a
fi.nit'e absorber tfﬁckness, however, each ev;eﬁv‘r:r.:.iciiie;itﬂofi f.}ie multiple-
scattering distribution retains information regardicg the elementary-scat—
tering divstri‘bu;tion.- The highef ‘morhents are 'moié sens‘i.ti\}-e to the ‘kl‘lvl“thSiSF
of the distribution than are the lower moments. -

Thus far it has been assumed that the momehts of p(w) do not
depend on n, When the particle énergy-loss rate is significant,v hewever,
p (w) depends explicity on t, ’I‘hen we must write

o\

2 2{m-j 2_] S
d% ) Not) (Zr[nz)('m<<§>]:(zj>>|< )

Cu

The magnitudes <¢2m> . can be found by integrating these-equations, : given

the dependence of p(w) on t. It is not then possible, however; to reconstruct

the moments of p(w) at all t from the observed moments of f(,t) at a

single t.
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1II. EXPERIMENTAL , T

A, Beam and Scatterer

The projected angular distribution in the vertical plane of the beam
of monoenergetic muons was measured before and after penetration of 18 in,
of iron., The experimental arrangement is shown in Fig, 1. Muons, of
median momentum 2,0+ 0,03 BeV/c, are incident upon the il;on absorber which

is behind the targets used by Masek et al. in their counter experiment. Emul-

-sion stacks were placed ahead of and behind the first 18-in., portion of the ab-

sorber to determine the projected angular distributions of the beams at those
points. Since an accidental burst of pions in the beam would have contaminated
the emulsion enough to ruin the experiment, two separate runs were made,
each in complete compatibility with the counter experiment. Each run lasted
about 3 days, during which the counter‘ experiment was done with carbon tar-
gets With lead targets, and with no target. No accidental pion contamination
was detected in either run by the counters or the emulsions., All the data in

this study are from the first run,

B. Plate Sandwiches

To eliminate the background of old coémic-ray,tracks from our
experiment, pairs of large 3X14-in.X600p Ilford K.5 emulsion plates were
clamped face to face during the exposure, After processing, the pair of
plates could be accurately reassembled in their original relative position.’
Then, only the tracks that continue in the second layer of emulsion after
crossing the interface were part of the beam in this experiment. A cross
section of the emulsion sandwich is shown in Fig. 2. Holes around the edge
for the tight-fitting alignment pins and small holes in the center for fiducial

marks were drilled in each pair of brass plates while they were clamped
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together. The sandwiches weré bolted together in the darkroom with the
alignment pins in place. With the edges taped lighttight, each fiducial hole
was exposed to the light from a small flashlight for a féew seconds and then
taped. The exposures produced small fiducial marks on the glass side of
each emulsion layer, These marks facilitated their subsequent realignment,
After processing, emulsion pairs were bolted together in the same
orientation with small steel frames glued to the ends of each glass mounting
plate--a layer of immersion oil provided optical contact between the emulsions
and we made final adjustments by aligning the prongs of stars traced through

the interface, using thumbscrews affixed to the steel plates,

C. Scanning Procedure

Koristka 30X objectives of 3000 work’ing distance w‘ere used Witi’l'
'ZOX ana 30X oculafs. This pérfnitted the observation of minimum-ionizing
tracks thrdugh the mounﬁng glass in both pellicles., The projected angle of
each minimum-ionizing track crossing a line perpendicular to the beam was
recorded. Tracks at angles greater than 4,5° to the average beam direction
were tested to see if.they could be traced through the interface. A vtrack that
terminated at the interface was presumably not part of the beam, Each track
was examined over a length sufficient to distinguishknock-on electrons,

Area scanning for pion stars in emulsion stacks placed in front of
and behind the iron ''foil" ‘provided an estimate of the pion contamination

independent of that of Masek ‘et al, 6 and Kim et al. !

J
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IVv. MEASUREMENTS -

A, Structure of the Incident Beam

The density of minimum tracks incident on the forward stack was
Z.9X104 cqu at the median plane of the beam and 1‘,5>(104 cm-2 10 in. from
the median plane, The projected angular distribution at the median plane is
shown in Fig, 3(a). Tracks in the extremes of this distribution must be those
of particles which suffered scatterings in the targets and scintillators of the

counting experiment, which were traversed prior to reaching the first emul-

sion detector,

B. The Pion Contamination

In the forward stack 22 stars with a minimum-ionizing prong paral-
lel to the beam and at least one heavy prong were found in an area 31.5X6 cm
in a 600u pellicle, Assuming all of thesé to be interactions of beam pions,
and using 40 cm as the pion mean free path for interactions of this type gives
880 cm of pion track in the volume, or a pion densi\ty of = lO2 c'm_2 in the
beam, Over the same region the average density of minimum-ionizing tracks

is Z‘,5><104r cm—z, leading to a pion contamination of approx.1/2%at this point.

Kim et al. deduce a pion contamination of (i.,3:t 002)%7 at this position for
tracks within + 1° of the central beam direction, and Masek et al, measured
th.e pion contamination of the beam incident on the tragets to be 3%, 6 In the
area scan in the stack behind the scatterer, only 12 stars with minimum-
ionizing prongs were found in 3 cm3 of emulsion. - Since the angular distribu-
tion of these minimum tracks was consistent with isotropy, no measurement

of the pion contamination could be made at this position, We take 2%as an

approximate upper limit on the pion contamination ahead of the scatterer,
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Since approx 90%of the pions are absorbed in the 18 in. of iron, the con-
tamination behind the iron is less than about 0.2%  Therefore it is not a sig-

nificant contributor to the moments,

C. The Emergent Beam

‘The angular distribution of 3475 tracks after traversal of the scat-
terer is shown in Fig. 3(b). Small corrections have been made for the tracks
that could not be tested by tracing them through the interface. Some went out

the edge of the pellicle or for other reasons could not be tested.

V. CALCULATIONS

A, Calculation of the Moments of the Observed Distributions

The moments of the observed distributions are given by

¢2m = Z)ln = nivAlzm, where Al is the deviation of the ith interval from the
i

mean and n, is the number of events in this interval. The moments of the

observed distributions needed to calculate primary distribution rﬁoments up

to the eighth and their errors are shown in Table I. Sheppard's correction

has been applied to the second and fourth moments, The moments of the
multiple-scattering distribution in the iron can be related to the moments of
the observed distributions ahead of and behind the scatterer by a derivation
analogous to that given in Sec, II. This derivation gives the following relations,
where ¢ refers to the distribuﬁion_in the scatterer and ¢1 and ¢2 refer to the

observed distributions before and after traversal of the scatterer:

(%) = <¢22> - <¢'12> ;

(%) =,") (0, - 606D, ®)

< 4’6 > - <¢26> h <¢16> '15(<¢12><¢4>+'15<¢14><¢2,>)’

<¢8> = <¢28> - <¢18> =70 <¢14><¢4> ‘28(<¢16><‘?2> +<¢12><4’6> ), ete.
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These expressions, combined with the equations of Sec. II, give the following

for the moments of the primary scattering distribution in iron:

n (%)= <¢22> ‘<¢12> '’
n<°°4>= <¢24> 3,5 - (0D 3G, )%,
n<‘*’6>= <¢26> ‘15<¢z4><1’zz> * 30<¢22> 3f <¢16>+ 15<¢14><¢12> '3O.<¢12>3’ (10)

and
n<‘°8>= <¢28> 28<¢2 ><1’22> 35<¢24 2+420<¢24><¢2 630<¢2 )* - <¢ 8>

+28 <¢16><¢12> +35 (¢ 1‘_1>2 - 420§ 1‘%’ 12>+ 630 (o 1Z>4'

The variances of these quantities are given by

2

2 >m- /. 2m 2 ,
o (n<‘° m>) ZZ \a(nalu\)lli )) Z (8(n : ) Np; -

The values of the n <w2m> are:

< > (2.33 + 0.06) X 10 3 rad?,
n (o *) = (1.42 £ 0.81) x 107 raa®, (11)
< > = (3.04 % 1.17) X 108 raa®,

and

n <w8> = (-7.4 + 27.8) X 10—10 rad8,

B. Moments of the Single Scattering Laws

The projected-angle single scattering law for a point nucleus as

given by Moliére4 may be written

1 , (12)
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where w_ is the atornic-screening constant, -
To allow for a finite nucleus, Rainwater and Cooperl modify this

to

1 Fy (w/wg)

(w2+w
S Tm

where F(w/mo) is the nuclear form factor and wy = x/R. The quantity

2m X is the wavelength of the scattered particle and R is the radius of the
target nucleus. Energy loss in the iron was allowed for by using the average
effective momentum of the muons in the expressions for w and w,. Itis

0
1700 MeV/c.

For the nuclear form factor, Rainwater and Cooper give

C C
F(e@/wg) = F ot (1/Z)(1-Fp), | (14)
FCN: 1, 0.82, 0.50, and 0.15 for (w/w,) =0, 1,2,3,

and

FCN: le./(w/t.oo)4 for (w/wo) =z 4.,

We approximated this with the expression

FS =1 - 0.0733(w/w,) - 0.125(w/w.) 2+ 0.0183(w/w.)>, for (w/w.) < 3,
N 0 0 0 0
and »
FS = 12(w/w )4 for (w/w,)>3
N o) 0> 3



-13- UCRL-10306

The moments are then given by

(15)

The upper limit of these integrations, B, reflects the biases of our observa-
tions. The intensity of the incident beam decreases slowly to one-half max-
imum at 25 cm from the centerline, and our measurements on the emergent
beam were miade within 5 cm of the centerline. Therefore, since the pro-
jected rms displacement of the beam is only approx 1.3 cm after traversal of
the scatterer, we have no appreciable geometrical bias, We used for B the

larges}: angle actually observed, 15 deg. We have not considered the proton

form factor in calculating these moments. In Table II, we compare these

moments with the elementary-scattering distribution moments calculated
from the data, using expression (7) to calculate the effective number of colli-

sions., It gives n = 4.09)(106. Also, in Table II the ratios

(B (o - 362362
) &) - (o)D)

and

<w6> i <¢26> - 15<¢24><¢22>+ 30<¢22 . <¢ 16>+ 15<¢ 14><¢ 12> - 3O<¢ 12>3
<“’Z> <¢22> - <¢12>

are compared with those calculated for the two elementary distributions.
These quantities are independent of the effective number of collisions,
Although some of the experimental uncertainties are comparable

to the magnitude of the measured quantity, these errors are all much less
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than the moments predicted for a point-nucleus model. The experiment also
serves very well to illustrate how the theory of moment propagation may be

applied practically.
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m

(o%)
(s%)
(6%

(6%

(19
(o'%
O
(66

“Incident

0.783

2,75
22.5
272
3970

6.45x10%

Emergent

8.52
231

1. 18)(104

9.16X10°

9.08x10"

1,03x101°

1.27><1012

1.63><1014
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Table II, Comparison of Elementary Scattering Moments.

Experimental Rainwater, Cooper Moliére
<w2> (5.70£0.15) x 10”0 rad® -~ 5.88x107 1" 7.74x10" 10
4 _ _ ]
&9 3.522.0)x 10713 raa? 2.37%107 13 24.1x10713
6 _ _ _
() (7.4+2.9) x 10713 rag® 4.01x107 1> 82,7 x1071°
8 ] _ _
(8 (-1.8%6.8)x 10 10raq8 1.6 x10710 38 x 10710
4 .
“’2> (6.2%5.8) x 10” % raa? 4.03x107% 31.1 x1074
w
6 .
<‘” (1.2£0.5) X 1072 raq* 0.682X107° 10. 7 x107°

(7
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FIGURE CAPTIONS

Fig, 1. Geometry of beam, scatterer, and detecting plates,
Fig, 2. Assembly of detecting plates. The beam was general parallel

to the plane of the emulsion,

Fig. 3. Projected angular distribution of the beam: (a) incident, and

(b) emergent,

o
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report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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