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ABSTRACT OF THE DISSERTATION

Logarithmic capacity of Gδ subsets of [0, 1]

By

Fernando Quintino

Doctor of Philosophy in Mathematics

University of California, Irvine, 2021

Professor Anton Gorodetski, Chair

We study the logarithmic capacity of Gδ subsets of the interval [0, 1]. Let S be of the form

S =
⋂
m

⋃
k≥m

Ik,

where each Ik is an open interval with center ck in (0, 1) and with length lk that decrease

to 0 as k → ∞. We provide sufficient conditions for S to have full capacity, i.e. Cap(S) =

Cap([0, 1]). We consider the case when the intervals decay exponentially and are placed in

[0, 1] randomly with respect to some given distribution. We prove that the random Gδ sets

generated by such distribution satisfy our sufficient conditions almost surely. Hence, the

random Gδ sets have full capacity almost surely. This study is motivated by the Gδ set of

exceptional energies in the parametric version of the Furstenberg theorem on random matrix

products. Additionally, we also study the family of Gδ sets {S(α)}α>0 that are generated by

setting the intervals to lk = e−k
α
. We observe a sharp transition at α = 1 from full capacity

to zero capacity by varying α > 0.

Our re-distribution construction can be considered as a generalization of a method applied

by Ursell in his construction of a counter-example to a conjecture by Nevanlinna. Also, we

propose a simple Cauchy-Schwartz inequality-based proof of related theorems by Lindeberg
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and by Erdös and Gillis.
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Chapter 1

Introduction

For an in depth study of Potential Theory we refer the read to Potential Theory in the Com-

plex Plane [40] ([47, Appendix A] is a good source too). In this chapter, we will summarize

the basic definitions and results from [40].

1.1 The energy of a measure

The collection of all finite signed Borel measures on C form a vector space over R.

Definition 1.1. Given two finite singed Borel measures µ and ν on C we define their

interaction by

I(ν, µ) :=

∫∫
(− log |z − w|) dν(z) dµ(w).

The interaction is a bilinear form on the vector space of finite singed Borel measures on C

with the following properties:

1



1. I(ν, µ) = I(µ, ν),

2. I(ν, µ) > 0, if ν and µ are probability measures and the union of their support has

diameter of at most 1,

3. I(ν, µ+ µ′) = I(ν, µ) + I(ν, µ′) and I(ν, cµ) = cI(ν, µ).

This bilinear form is a generalization of the energy of measure µ:

Definition 1.2. Given a Borel measure µ on C we define the energy of µ by

I(µ) :=

∫∫
(− log |z − w|) dµ(z) dµ(w).

That is, I(µ) = I(µ, µ). We can think of the energy of a measure as self-interacting. To the

best of our knowledge, the bilinear form of the energy was first introduced in [30] and is

convenient in computations. The function − log |z − w| can be replaced by a non-negative

lower semi continuous function in Definition 1.1 (see [2, p. 109]) and Definition 1.2 (see [2,

Chapter 4]).

In physics, µ is a charge distribution on C and pµ(z) :=
∫

(− log |z−w|) dµ(w) is the potential

energy at z due to z (see [40, p. 56]). Then I(µ) is the total energy of µ. For a deeper

understanding of the physics behind logarithmic capacity see [2, Chapter 3].

Traditionally, a polar set is defined as a set on which some non-constant subharmonic function

takes values −∞ (see, for example, [26]). In the study of potential theory ([40, p. 56]) we

work with the following definition:

Definition 1.3. We say that a subset E of C is polar if I(µ) =∞ for every non-trivial finite

Borel measure with compact support contained in E.

The two definitions are the same (see [33, p. 1]). Given any subharmonic function u on

a domain D in C such that u 6≡ −∞, then {z ∈ D : u(z) = −∞} is a Gδ polar set ([40,

2



Theorem 3.5.1]). Hence, every subset of {z ∈ D : u(z) = −∞} is polar. Deny’s theorem (see

[12]) is a converse to this statement: every Gδ polar set is of the form {u = −∞} for some

subharmonic function u. It can be shown that every Borel polar set is a subset of a Gδ polar

set. For other links between these two definitions see [40, Section 3.5].

Trivial examples of polar sets are singleton sets and subsets of polar sets. Not only are polar

sets the smallest of sets in capacity, polar sets are sets of measure zero when the energy of

the measure is finite:

Theorem 1.1 ([40, Theorem 3.2.3]). Let µ be a finite Borel measure on C with compact

support. If I(µ) <∞, then µ(E) = 0 for every Borel polar set E.

Proof. By way of contradiction, let us suppose that E is a Borel polar set with µ(E) > 0.

Since µ is a regular measure, we may find a compact subset K of E with positive measure.

Restricting µ to the set K gives us ν := µ|K a finite Borel measure with compact support

contained in E. Let d be the diameter of K. Since ν is a non-trivial measure and E is a

polar set, then I(ν) =∞. However,

I(ν) =

∫ ∫
− log |z − w|dν(z)dν(w)

=

∫
K

∫
K

− log |z − w|dµ(z)dµ(w)

=

∫
K

∫
K

− log
|z − w|
d

dµ(z)dµ(w)− (log d)(µ(K))2

≤
∫ ∫

− log
|z − w|
d

dµ(z)dµ(w)− (log d)(µ(K))2

= I(µ) + (log d)(µ(C))2 − (log d)(µ(K))2 <∞.

By showing that I(µ) <∞ (with the corresponding measure), we get that every Borel polar

3



set E ⊂ C has 2-dimensional Lebesgue measure zero, every Borel polar set E ⊂ R has 1-

dimensional Lebesgue measure zero, and every Borel polar set has α-dimensional Hausdorff

measure zero for each α > 0 (see [40, pp. 56–57]).

Given a countable collection of Borel polar sets En and a finite Borel measure µ with compact

support in the countable union of En, then the only measures with finite energy I(µ) < ∞

are trivial measures by Theorem 1.1 (since µ(En) = 0 for every n):

Theorem 1.2 ([40, Corollary 3.2.5]). Every countable union of Borel polar sets is polar.

As a corollary, we have that every countable set is polar. A natural question that follows is

whether there are any uncountable sets that are polar. It turns out that the 1/3 Cantor set

is not polar. Nonetheless, it is possible to generalize Cantor sets in the following way to get

an uncountable set that is polar.

Example 1.1 (Generalized Cantor sets). Let s = (sn)n≥1 with 0 < sn < 1 for all n. In the

usual way of constructing the 1/3 Cantor set, begin with the unit interval. At stage 1, remove

the middle s1 of the unit interval and call what remains C(s1). At stage n, remove sn from

the middle of each interval of C(s1, s2, . . . , sn−1) and call what remains C(s1, s2, . . . , sn). By

induction we have constructed a descending chain of closed sets (See Figure 1.1):

C(s1) ⊃ C(s1, s2) ⊃ · · · ⊃ C(s1, s2, . . . , sn) ⊃ · · · .

Hence,

C(s) :=
⋂
n∈N

C(s1, . . . , sn)

is compact and non-empty. Since every point is a boundary point, we indeed have a gener-

alized Cantor set. If we allow sn := 1/3, then we get the usual C1/3, which is not polar. On

the other hand, if we take sn := 1− (1/2)2n , we get a set that is polar and uncountable (see

4



[0, 1]

C(s1)

C(s1, s2)

C(s1, s2, s3)

C(s1, s2, s3, s4)

︷︸︸︷s1of previous interval
︷ ︸︸ ︷s∗2 ︷ ︸︸ ︷s∗2

︷ ︸︸ ︷s∗3 ︷ ︸︸ ︷s∗3 ︷ ︸︸ ︷s∗3 ︷ ︸︸ ︷s∗3

s∗n := sn of previous interval

Figure 1.1: Generalized Cantor set

[40, Theorem 5.3.7]).

Definition 1.4. Let K be a subset of C. We define the Robin’s constant of K as

V (K) := inf{I(ν) : ν ∈ P(K)},

where the infimum is taken over the set of Borel probability measures with compact support

contained in K. If there exists a probability measure ν ∈ P(K) such that I(ν) = V (K),

then ν is said to be the equilibrium measure for K.

When K is compact, there is a unique equilibrium measure for K. But before we prove the

existence of such a measure, we need a useful lemma:

Lemma 1.1 ([40, Lemma 3.3.3]). Let K be a compact subset of C and let µn be a sequence

of Borel probability measures on K with weak* limit µ. Then,

I(µ) ≤ lim inf
n→∞

I(µn).

Proof. Let d be the diameter of K. We have that

lim inf
n→∞

∫
K×K

(
− log

|z − w|
d

)
µn(z)µn(w) ≥ lim inf

n→∞

∫
K×K

(min{− log
|z − w|
d

,m})µn(z)µn(w)

=

∫
K×K

(min{− log
|z − w|
d

,m})µ(z)µ(w),

5



where the last holds since min{− log |z − w|,m} is continuous for every m > 1. By taking

m→∞ we get

lim inf
n→∞

∫
K×K

(
− log

|z − w|
d

)
µn(z)µn(w) ≥

∫
K×K

(
− log

|z − w|
d

)
µ(z)µ(w),

The existence of equilibrium measures is immediate. Indeed, assume V (K) is finite (other-

wise any atom on K is an equilibrium measure). Let µn be a sequence of Borel probability

measures on K such that I(µn) → V (K) as n → ∞. Since K is compact, there exists a

subsequence that converges to a weak* limit µ. By Lemma 1.1, we have that

I(µ) ≤ lim inf
n→∞

I(µn) = V (K).

Since µ has compact support in K, then we also have that V (K) ≤ I(µ). Thus, we have:

Proposition 1 ([40, Theorem 3.3.2]). If K is a compact subset of C, then there exists an

equilibrium measure for K.

When K is compact, then the equilibrium measure for K is unique. Uniqueness is not as

easy as existence. The proof can be found in [40, p. 75].

1.2 Logarithmic capacity

Definition 1.5. The logarithmic capacity of a subset E ⊂ C is defined by minimizing the

energy:

Cap(E) = exp(− inf{I(µ)}),

6



where the infimum is taken over the set of Borel probability measures whose support is a

compact subset of E (we interpret e−∞ as 0). We can view capacity as

Cap(E) = e−V (E).

There are three immediate observations:

• Cap(E) = 0 if and only if E is polar.

• If A ⊂ B, then it follows that Cap(A) ≤ Cap(B).

• Cap(αE + β) = |α|Cap(E).

The first statement tells us that capacity gauges how far away a set is from being polar. The

last statement holds by considering the map z 7→ αz + β (see [40, Theorem 5.1.2] for the

proof).

In general, computing the exact capacity of sets is non-trivial. For less complicated sets such

as a line or a circle, it can be done. A line of length d has capacity d/4 and a circle of radius

r has capacity r. See [40, Table 5.1] for a table of the capacities of other sets. For more

complicated sets, we settle for estimates. See [14] for a paper on bounding the capacity of a

finite union of intervals and [44] for estimates on the union of two intervals. [41] is another

paper on estimates of the logarithmic capacity of compact sets.

It is tempting to think that capacity works like a measure. However, capacity is not contin-

uous and not additive.

Example 1.2 (Capacity is not continuous in two dimensions). Take the following descending

chain of sets (see Figure 4.7):

On := {z ∈ C : 1− 1

n
< =(z) < 1 and 0 < <(z) < 1}.
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The intersection ∩nOn = ∅ is a polar set. On the other hand, Cap(On) > 1/4 because each

On contains a translation of the unit interval with capacity 1/4. This shows that capacity

is not continuous. Also, notice that the unit square has finite capacity while containing

infinitely many translations of the unit line. Hence, capacity is also not additive.

Theorem 2 in [38] shows that capacity is not subadditive: there exists two compact sets A,B

such that

Cap(A) + Cap(B) < Cap(A ∪B).

See Section 4.6 for another example showing that capacity is not continuous on a bounded

interval. Nonetheless, capacity is continuous on compact sets:

Theorem 1.3 ([40, Theorem 5.1.3]).

1. Let {Kn} be a descending sequence of compact subsets of C:

K1 ⊃ K2 ⊃ · · · .

Then

lim
n→∞

Cap(Kn) = Cap(K∞),

where K∞ = ∩nKn.

2. Let {Bn} be a ascending sequence of Borel subsets of C:

B1 ⊂ B2 ⊂ · · · .

Then

lim
n→∞

Cap(Bn) = Cap(B∞),
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where B∞ = ∪nBn.

The next series of results answers the question how can we modify a set without changing

its capacity. This will allow us to work with a more convenient set. The first modification

of a set is the removal of a polar set. We are sure that the following theorem is known, but

could not find it in the literature.

Theorem 1.4. Let K be a compact set in C and P be a Borel polar set in C. Then

Cap(K) = Cap(K \ P ).

Proof of Theorem 1.4. If K is polar, then the statement is trivial. Assume K is not polar.

Let µ be the equilibrium measure for K. Since I(µ) <∞, then µ(P ) = 0 (see [40, Theorem

3.2.3]). If we set E := K \ P , then

1 = µ(K) = µ(E),

and

I(µ) =

∫∫
E×E

(− log |z − w|)µ(z)µ(w).

Since µ is a Borel measure, then µ is regular. Therefore, there exists a sequence of compact

sets Cn ⊂ E such that

µ(Cn)→ µ(E) = 1 as n→∞.

Additionally, by the dominated convergence theorem, we have

I(µ|Cn)→
∫∫

E×E
(− log |z − w|)µ(z)µ(w) = I(µ) as n→∞.
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Hence,

I

(
1

µ(Cn)
µ|Cn

)
→ I(µ) as n→∞.

Since each 1
µ(Cn)

µ|Cn is a Borel probability measure with compact support contained in E,

then

inf{I(ν)} ≤ I

(
1

µ(Cn)
µ|Cn

)
→ I(µ) as n→∞,

where the infimum is taken over Borel probability measures with compact support contained

in E. Since E ⊂ K and µ is the equilibrium measure for K, then we get the result.

As we mentioned above, if K ⊂ C, then Cap(K) = Cap(K + β) for any β ∈ C. Given two

sets K,L ⊂ C, define

K + L := {z + w : z ∈ K,w ∈ L}.

If K is a Borel polar set and K is countable, then K + L is a countable union of sets of

the form K + l where l ∈ L. Hence, Cap(K + L) = Cap(K) = Cap(L) = 0. The following

theorem provides the converse when K is compact:

Theorem 1.5 ([33, Theorem 1.1]). Let K,L be compact subsets of C. Then the following

are equivalent:

1. Cap(K + L) = 0 whenever Cap(L) = 0,

2. K is countable.
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Chapter 2

Initial motivation: exceptional

energies in the 1D Anderson Model

The initial motivation for studying Gδ sets is the set of exceptional energies in the parametric

version of Furstenberg’s Theorem studied by Gorodetski and Kleptsyn in [25]. In this chapter,

we will explore the connection of the set of exceptional energies with ergodic theory and

Anderson localization.

2.1 Furstenberg’s Theorem and positivity of the Lya-

punov exponent

In this section, we will formulate Furstenberg’s Theorem and follow the argument found in

[9, Section 4.3] to apply the theorem to a group of matrices that play a special roll in the

Anderson model. In this process, we will show the positivity of the Lyapunov exponent.

Denote the group of 2× 2 matrices with real coefficients and determinant 1 by SL(2,R).
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Theorem 2.1. (Furstenberg-Kesten Theorem [19]) Assume T : X → X is a µ-preserving

transformation and A : X → SL(2,R) is a measurable map such that:

∫
log ‖A(x)‖ dµ(x) <∞.

Then for µ-almost every x ∈ X, the following limit exists:

λ(x) = lim
n→∞

1

n
log ‖An(x)‖,

where

An(x) = A(T n−1x) · · ·A(x) (for n > 0).

The function λ : X → [0,∞) is T -invariant, µ-integrable, and its integral is given by

Λ =

∫
λ dµ = lim

n→∞

1

n

∫
log ‖An‖ dµ = inf

n≥1

1

n

∫
log ‖An‖ dµ.

When T is ergodic, then λ is constant almost everywhere. Thus, λ = Λ almost everywhere.

Furstenberg-Ketsen Theorem follows from the subadditive ergodic theorem (see [50, Section

3.2] for the proof).

Furstenberg-Kesten Theorem can be stated in terms of products of random i.i.d. matrices

(see [3, p. 14] for details). We say that a probability measure µ on SL(2,R) satisfies the

integrability condition if

∫
SL(2,R)

log ‖M‖ dµ(M) <∞. (2.1)

Given random independent matrices Y1, Y2, . . . with distribution µ, Furstenberg-Kesten im-
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plies that

λ := lim
n→∞

1

n
log ‖Yn · · ·Y1‖ exists a.s. and is constant.

λ is called the Lyapunov exponent. As any matrix in SL(2,R) has norm ≥ 1, the Lyapunov

exponent is non-negative. Furstenberg’s theorem gives us sufficient conditions to establish

λ > 0:

Theorem 2.2 (Furstenberg [18]). Let µ be a probability measure on SL(2,R) that satisfies

the integrability condition (2.1). Let Gµ be the smallest closed subgroup which contains the

support of µ. Assume that

F.1 Gµ is non compact,

F.2 there is no finite set ∅ 6= L ⊂ RP1 such that ML = L for all M ∈ Gµ.

Then λ > 0.

Proofs of Theorem 2.2 may be found in [4], [3], and [50, Section 6.3] (the latter two contain

other related results as well).

Let us see how we can apply Furstenberg’s theorem to a specific set of matrices that play a

special role in the Anderson model. Consider a probability measure µ on R with more than

1 point in its support and the map g : R→ SL(2,R) defined by

v 7→

E − v −1

1 0

 ,

where E is some fixed real number. The push-forward of µ by the map g, forms a probability
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measure µ̃ := µ∗g on SL(2,R). Notice that our matrices are of the form

Mx =

x −1

1 0

 .

Since the support of µ contains at least two points, then supp µ̃ ⊂ Gµ̃ does also. Then there

exists Ma,Mb ∈ Gµ̃. where a 6= b. Furthermore,

A := MaM
−1
b =

1 a− b

0 1

 ∈ Gµ̃.

By considering

An =

1 a− b+ n

0 1

 ∈ Gµ̃,

Gµ̃ is not compact, which is assumption F.1.

Suppose condition F.2 is not satisfied. Then there exists a finite and non-empty set L ⊂ RP1

that is invariant under left multiplication by Gµ̃. The line e1 = (1, 0)T ∈ RP1 is a fixed point

of the map A from above. Take any line x ∈ RP1, then Anx converges to e1. Hence, e1 ∈ L.

Suppose there is another element x1 in L that is distinct from e1. We have that Ax1 6= e1

since A−1e1 = e1. Since Ax1 ∈ L, there must exist another element x2 ∈ L that is distinct

from e1 such that Ax1 = x2. Continuing this argument and using the fact that L is finite,

we have that there exists x1, . . . , xk ∈ L \ {e1} such that

Ax1 = x2, Ax2 = x3, . . . , Axk = x1.

This shows us that {Anx1} is a sequence of points in L \ {e1}. Thus, there is a convergent

subsequence with limit point in L \ {e1}, a contradiction since Anx converges to e1 for all
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x ∈ RP1. Hence, L = {e1}. Let us consider another matrix in Gµ̃,

B := M−1
a Mb =

 1 0

a− b 1

 .

This matrix creates a contradiction since Be1 6= e1. Therefore, condition (2) is satisfied. If

the integrability condition is satisfied, then Furstenberg’s theorem, tells us the following:

Theorem 2.3 ([9, Theorem 4.3]). In the setting above, for every fixed E, we have

λ(E) = lim
n→∞

1

n
log ‖g(vn) · · · g(v1)‖ > 0 exists a.s.

2.2 The parameterized version of Furstenberg’s Theo-

rem and the set of exceptional energies

In this section, we will introduce a parameter E into Furstenberg’s Theorem (similarly

to Theorem 2.3). We will then take a look at the set of exceptional energies from the

parametrized version of Furstenberg’s theorem that was studied by Gorodetski and Kleptsyn

in [25]. The set of exceptional energies is the main motivation for our work.

Let (Ω, µ) be a probability space, J ⊂ R be a compact interval of parameters, and F :

Ω × J → SL(2,R) be a bounded measurable function such that for every any ω ∈ Ω,

a 7→ Fa(ω) ∈ SL(2,R) is a continuous map. For any ω̄ = (ωn)∞n=1 ∈ ΩN, define

Tn,a,ω̄ = Fa(ωn)Fa(ωn−1) · · ·Fa(ω1).
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Then, for every a ∈ J , there exists Ωa ⊂ ΩN with µ(Ωa) = 1 such that for any ω̄ ∈ Ωa,

lim
n→∞

1

n
log ‖Tn,a,ω̄‖ = λF (a) exists.

As we mentioned above, this follows from Furstenberg-Kesten. A collection of SL(2,R)

matrices {Mα}α∈A is called uniformly hyperbolic if there exists a constant η > 1 such that

for any finite sequence of matrices Mα1 , . . . ,Mαn , we have ‖Mα1 · · ·Mαn‖ > ηn. In the setting

above, if we restrict {Fa(ω)}ω∈Ω to be uniformly hyperbolic, then for µN − a.e. ω̄ ∈ ΩN the

limit

lim
n→∞

1

n
log ‖Tn,a,ω̄‖ = λF (a) > 0,

for all a ∈ J . Gorodetski and Kleptsyn in [25] worked in the case complimentary to uniform

hyperbolicity. The following are the assumptions in which Gorodetski and Kleptsyn worked

under:

P.1 (Furstenberg condition) Denote by µa the measure µa = (Fa)∗(µ). We assume that

for each a ∈ J the measure µa on SL(2,R) satisfies the (individual) Furstenberg non-

degeneracy condition, that is, its support is not contained in any compact subgroup of

SL(2,R), and there is no suppµa-invariant finite union of proper subspaces of R2.

P.2 (C1-boundedness) The maps Fa(ω) are C1-smooth in the parameter a ∈ J , with

uniformly bounded C1-norm, i.e. there exists M > 0 such that for all ω ∈ Ω and all

a ∈ J

‖Fa(ω)‖,
∥∥∥∥ ddaFa(ω)

∥∥∥∥ ≤M.

P.3 (Non-uniform hyperbolicity) For each a ∈ J the collection of matrices {Fa(ω)}ω∈Ω

is not uniformly hyperbolic.
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P.4 (Monotonicity) There exists δ > 0 such that

d

da
arg(Fa(ω)v̄) > δ > 0

for all a ∈ J, ω ∈ Ω, v̄ ∈ R2\{0}. In other words, as we increase the parameter, the

image of any given vector v̄ spins in the positive direction with a speed that is bounded

from below.

We can now state their main result:

Theorem 2.4 (PFT: Parametric version of Furstenberg Theorem). Under the assumptions

P.1-P.4 above, for µN-almost every ω̄ ∈ ΩN the following holds:

• (Regular upper limit) For every a ∈ J we have

lim sup
n→∞

1

n
log ‖Tn,a,ω̄‖ = λF (a) > 0.

• (Gδ-vanishing) The set

S0(ω̄) :=

{
a ∈ J | lim inf

n→∞

1

n
log ‖Tn,a,ω̄‖ = 0

}

is a (random) dense Gδ-subset of the interval J .

• (Hausdorff dimension) The (random) set of parameters with exceptional behaviour,

Se(ω̄) :=

{
a ∈ J | lim inf

n→∞

1

n
log ‖Tn,a,ω̄‖ < λF (a)

}
,

has zero Hausdorff dimension:

dimH Se(ω̄) = 0.
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Questions on switching the quantifiers in Theorem 2.3 is very natural in Anderson localization

proofs. Theorem 2.4 shows that for almost all ω’s, the Lyapunov limit fails to exist for

energies E from a dense Gδ subset of J :

0 = lim inf
n→∞

1

n
log ‖Tn,a,ω̄‖ < lim sup

n→∞

1

n
log ‖Tn,a,ω̄‖ = λF (a).

In other words, the sets of exceptional energies Se(ω̄) and S0(ω̄) are two dense Gδ subsets

of J for wich the Lyapunov limit fails to exist by switching the quantifiers. Additionally,

Theorem 2.4 tells us that Se(ω̄), which contains S0(ω̄), has zero Hausdorff dimension (see

[17, p. 21] for details of the Hausdorff dimension). Capacity is a finer measurement than

the Hausdorff dimension in the sense that any set E ⊂ C that has zero capacity has zero

Hausdorff dimension. A question of interest is the following one:

Question 2.1. What is the capacity of both Se(ω̄) and S0(ω̄)?

Both Se(ω̄) and S0(ω̄) are of the form

S =
⋂
m

⋃
k≥m

Ik, (2.2)

where each Ik is an open interval of length lk with center at ck ∈ (0, 1), and the sequence

{lk} decreases exponentially to 0 as k → ∞. This motivates the study of the capacity of

Gδ sets of the form (2.2). Additionally, the answer to Question 2.1 can be used to compare

the exceptional energies with the Forbidden Energies in [11] by comparing their logarithmic

capacities.
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2.3 Anderson Localization

2.3.1 1D Anderson Model

An important application of the parametric version of Furstenberg’s Theorem is the 1D

Anderson Model. The goal of the section is to introduce the Anderson model. We will need

to first recall some basic definitions and results from functional analysis that are tailored to

our setting. For an in-depth study on functional analysis, we refer the reader to [43]. For

a basic explanation of spectral concepts and fundamental results of the the discrete one-

dimensional Schrodinger operators, we refer the reader to Section 2.1 and Section 2.2 of [9]

([8] is a good resource too). [29] is also an introduction on random Schrodinger operators

that contains information about the physics behind the operators.

We say an operator (a linear map) H : `2(Z) → `2(Z) is bounded if there exists a constant

C ∈ R such that |Hx| ≤ C|x| for every x ∈ `2(Z). The smallest possible C is denoted as

‖H‖ and is the norm of H. We then define the resolvent set of H as

ρ(H) = {E ∈ C : E −H is a bijection with a bounded inverse}.

The spectrum of H is defined as σ(H) := C \ ρ(H). One of the properties of H being a

self-adjoint operator is that σ(H) ⊂ R. If there exists E ∈ R and a non-zero sequence

u ∈ `2(Z) such that Hu = Eu, then E ∈ σ(H). Such a sequence is called an eigenvector (or

eigenfunction) and the corresponding E is called an eigenvalue (or in the Anderson model

terminology, E is called energy). The set of all eigenvalues is called the point spectrum of H

and is a subset of σ(H).

A second benefit of working with a self adjoint operator is that we may apply functional

calculus. Given a Borel bounded function g : R→ R, there exists a unique bounded operator
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g(H) on `2(Z). By application of Riesz-Markov theorem, for every ψ ∈ `2(Z), there exists a

unique Borel measure µψ such that

〈ψ, g(H)ψ〉 =

∫
σ(H)

g dµψ.

The measure µψ is called the spectral measure associated with the vector ψ and may be

decomposed uniquely as

µψ = µψ,ac + µψ,sc + µψ,pp,

where µψ,ac is the absolutely continuous piece (with respect to Lebesgue measure), µψ,sc is

the singular continuous piece (its support is on a set of Leb. measure zero and gives zero

measure to singletons), and µψ,pp is the pure point piece (sum of Dirac measures). Using

this decomposition, we can define

`2(Z)ac = {ψ ∈ `2(Z) : µψ = µψ,ac},

`2(Z)sc = {ψ ∈ `2(Z) : µψ = µψ,sc},

`2(Z)pp = {ψ ∈ `2(Z) : µψ = µψ,pp}.

It turns out that each space is a closed subspace and invariant under H. Additionally, we

have the following direct sum

`2(Z) = `2(Z)ac ⊕ `2(Z)sc ⊕ `2(Z)pp.

The setup of the Anderson model begins with a probability measure µ on R such that its

topological support is bounded and contains at least two points. The Anderson-Bernoulli

model is the particular case when the support contains exactly two points. We can consider

the product space Ω = (suppµ)Z. For every ω ∈ Ω, we define the potential Vω : Z → R, by
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Vω(n) = ωn. Note that Vω is bounded since suppµ is bounded. The family of Schrödinger

operators on `2(Z), are defined as

[Hωu](n) = u(n+ 1) + u(n− 1) + Vω(n)u(n). (2.3)

For simplicity of notation, we write H = Hω and V = Vω. We say that H has purely pure

point spectrum if `2(Z)pp = `2(Z). Anderson localization is precisely, when for µ-almost every

ω ∈ Ω, the following two properties hold:

1. (purely pure point spectrum) there exist a basis {uk}k∈N of eigenvectors on `2(Z),

2. (exponential decay) for every k ∈ N, there exists C, γ > 0 such that |uk(n)| ≤ Ce−γ|n|

for all n.

2.3.2 The 1D Anderson Model and Furstenberg’s theorem

In this section, will motivate the study of the Lyapunov exponent in the Anderson model

and we will apply Furstenberg’s theorem to the 1D Anderson Model to obtain positivity of

the Lyapunov exponent.

To understand the connection between the Anderson model and the Lyapunov exponent, let

us recall that a sequence u ∈ `2(Z) is an eigenvector of H if and only if Hu = Eu for some

energy E ∈ R. Componentwise, that would mean,

u(n+ 1) + u(n− 1) + Vω(n)u(n) = Eu(n), n ∈ Z. (2.4)

The difference equation (2.4) is known as the time-independent Schrödinger equation. Equa-

tion (2.4) tells us that u(n + 1) depends only on u(n) and u(n − 1). Therefore, u and E
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satisfies the difference equation if and only if

u(n+ 1)

u(n)

 =

E − Vω(n) −1

1 0


 u(n)

u(n− 1)

 . (2.5)

By defining,

Πn,E,ω =

E − Vω(n) −1

1 0

 , (2.6)

then u(n+ 1)

u(n)

 = Πn,E,ω × · · · × Π1,E,ω

u(1)

u(0)

 , (2.7)

for n ≥ 1. We can obtain a similar equation for n ≤ 0 by multiplying by the inverse of

Πn,E,ω in equation (2.5). Thus, all solutions to the difference equation form a 2 dimensional

vector space and we have a way of generating every solution uniquely simply by determining

u(0) and u(1). It should be noted that by first determining u(0) and u(1) we will obtain a

sequence u that satisfies the difference equation, but u may not live in `2(Z). Conversely,

any eigenvector and eigenvalue will satisfy the difference equation. Equation (2.7) gives us

motivation to consider the growth of the product of matrices

Tn,E,ω = Πn,E,ω × · · · × Π1,E,ω.

Notice that the matrices Πn,E,ω are of the form

E − v −1

1 0

 . (2.8)
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In Section 2.1, we applied Furstenberg’s theorem to matrices of the form (2.8) to obtain

Theorem 2.3: for any E ∈ R, for almost every ω ∈ (suppµ)Z, there is a limit

lim
n→∞

1

n
log ‖Tn,E,ω‖ = λF (E) > 0. (2.9)

It turns out that Anderson localization proofs begin with the positivity of λF (E) from (2.9)

and by various techniques concluded the desired result.

2.3.3 Different proofs of Anderson Localization

In this section, we will see why different proofs of Anderson Localization begin with the

positivity of the Lyapunov exponent. We will end the section with a discussion on different

proofs of Anderson Localization.

In Section 2.3.2, we established the positiveness of the Lyapunov exponent (λ > 0) for every

E. Using the positiveness of λ and the fact that our matrices have bounded norm, we may

apply the following result:

Theorem 2.5 (Oseledec-Ruelle Theorem, [8, Theorem 2.8]). Suppose Tn ∈ SL(2,R) obey

lim
n→∞

1

n
‖Tn‖ = 0,

and

lim
n→∞

1

n
log ‖Tn · · ·T1‖ = L > 0.

Then there exists a one-dimensional subspace V ⊂ R2 such that

lim
n→∞

1

n
log ‖Tn · · ·T1x‖ = −L for x ∈ V \ {0},
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and

lim
n→∞

1

n
log ‖Tn · · ·T1x‖ = L for x 6∈ V.

Thus, our solutions to the difference equation

u(n+ 1) + u(n− 1) + Vω(n)u(n) = Eu(n),

either decay or increase exponentially. Solutions to the difference equations that also obey

|u(n)| ≤ C(1 + |n|)δ, for all n ∈ Z

for some constants C, δ are called generalized eigenfunctions and the corresponding E gen-

eralized eigenvalue. It turns out that the closure of the set of generalized eigenvalues of H

is the spectrum of H. Thus, we can focus on such E with polynomially bounded solutions.

Focusing on such u’s, we can exclude the case of exponential growth. Thus, every generalized

eigenfucntion decays exponentially.

Thus, we have shown that the desired property holds “for every energy E and for almost

every ω”. We want the desired property to hold “for almost every ω and for every energy

E”. Once that is accomplished, we can apply the following result which is known as “Shnol

Theorem” (see [45], [23], [24]).

Theorem 2.6 (Shnol Theorem). Let H : `2(Z)→ `2(Z) be an operator of the form

Hu(n) = u(n− 1) + u(n+ 1) + V (n)u(n),

with bounded potential {V (n)}n∈Z. If every polynomially bounded solution to Hu = Eu is

in fact exponentially decreasing, then H has pure point spectrum, with exponentially decay-

24



ing eigenfunctions. Similar statement holds for operators on `2(Z) with Dirichlet boundary

conditions.

Let

εω = {E ∈ R : λ(E) > 0,∃ solutions u± ∼ e−λ(E)|n|, n→ ±∞}.

Since for every energy E, for almost every ω, we have that λ(E) > 0 and there exist solutions

u± ∼ e−λ(E)|n| as n→ ±∞, then we may apply Fubini’s to concluded

Leb(R \ εω) = 0,

for µ-almost every ω ∈ Ω. Thus, we have that the desired property holds for “almost every

ω and for Lebesgue a.e energy E”. The question now is what happens on the set R \ εω

of zero Lebesgue measure. It is possible to have singular continuous spectrum. In the case

when the single-site distribution has a non-trivial absolutely continuous component, one can

use a method called spectral averaging to conclude Anderson localization (see [8, Theorem

3.3] and [9, Section 4.4] for details). Among proofs of this kind are found in [46] and [48].

This method does not apply to the Anderson Bernoulli model and does not extend to higher

dimensions. Another proof that is strictly one-dimensional is the Kunz-Souillard approach

used in [12], [31], [10].

There is another method which is applicable to higher dimensions and does not require

µ to have a non-trivial absolutely continuous component or to even be purely absolutely

continuous. This approach is called multi-scale analysis (MSA). The MSA approach uses an

inductive procedure where in the base case, the result of Theorem 2.3 is used. Proofs based

on MSA are [20], [21], [7], [13], [22], [15].

A more geometrical proof was done by Gorodetski and Kleptsyn in [25]. The parametric
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version of Furstenberg’s Theorem 2.4 is applicable to the Anderson model by taking Fa(ωn) =

Πn,a,~ω (see (2.6)). Then,

Tn,E,ω̄ = Πn,E,ω̄ × · · · × Π1,E,ω̄.

Assumptions P.1-P.4 apply to the 1D Anderson Model. Assumption P.1 is exactly Fursten-

berg’s assumptions F.1 and F.2, which have already been verified in the 1D Anderson Model

(see Section 2.1). Condition P.2 is satisfied since suppµ is compact. Johnson showed in [28]

that the set of energies E for which the collection of matrices {Πn,E,ω}ω∈(suppµ)Z is uniformly

hyperbolic, is equal to the resolvent set of Hω for µZ− almost every ω. Hence, P.3 is satis-

fied. For condition P.4 (monotonicity) does not hold in general for matrices Πn,E,ω, but it

does hold for a product of two consecutive matrices Πn,E,ωΠn+1,E,ω. See Section 1.3 in [30]

for further details.

Using similar techniques as in the proof of PFT, Gorodetski and Kleptsyn proved:

Theorem 2.7 ([25, Theorem 1.11]). Under the assumptions P.1-P.4 we have:

• For almost all ~ω ∈ ΩN, for all a ∈ J the following holds. If

lim sup
n→+∞

1

n
log |Tn,a,ω̄ ( 1

0 ) | < λF (a), (2.10)

then in fact |Tn,a,ω̄ ( 1
0 ) | tends to zero exponentially as n→∞. Namely,

lim
n→+∞

1

n
log |Tn,a,ω̄ ( 1

0 ) | = −λF (a).

• For almost all ~ω ∈ ΩZ, for all a ∈ J the following holds. If for some v̄ ∈ R2 \ {0} we

have

lim sup
n→+∞

1

n
log |Tn,a,ω̄v̄| < λF (a), and lim sup

n→+∞

1

n
log |T−n,a,ω̄v̄| < λF (a), (2.11)
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where

T−n,a,ω̄ := Fa(ω−n)−1 . . . Fa(ω−1)−1Fa(ω0)−1,

then both |Tn,a,ω̄v̄|, |T−n,a,ω̄v̄| in fact tend to zero exponentially. Namely,

lim
n→+∞

1

n
log |Tn,a,ω̄v̄| = −λF (a), and lim

n→+∞

1

n
log |T−n,a,ω̄v̄| = −λF (a).

Theorem 2.11 and Theorem 2.6 imply Anderson localization.

2.3.4 The history of Anderson localization

In this section, we will briefly narrate the history of Anderson localization from a mathe-

matical perspective.

The history of Anderson localization began in 1958 when Anderson introduced the model in

[1]. Anderson and his thesis advisor Vleck and Mott shared the Nobel Prize in Physics for

their work on disordered systems in 1977 (see [32]).

The first mathematical proof of Anderson localization came around 1980 by Hunz and Souil-

lard in [31]. The approach is strictly one-dimensional and is used in [10] and [12].

A few years later, Simon and Wolff (see [48]) pioneered a method called spectral averaging.

This method is also strictly one-dimensional. The method requires the single-site distribution

to have a non-trivial absolutely continuous component. Thus, the Anderson-Bernoulli model

is excluded.

The following year, a complete proof that covered the Anderson-Bernoulli model was finally

given by Carmona, Klein, and Martinelli in [7] using Multi-Scale Analysis (MSA). MSA was

originally introduced by Frohlich and Spencer in [20] and developed further in many papers

(see Chapter 2.3.3). The MSA approach is extendable to higher dimensions.
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About 20 years later, there came a series of proofs of Anderson localization in 1D without

the use of MSA for single-site distribution with compact support. One of those works was by

Bucaj, Damanik, Fillman, Gerbuz, Vandenboom, Wang, and Zhang in [5]. Soon afterwards,

Gorodetski and Kleptsyn in [25] provided a purely geometrical proof of Anderson Localization

1D using dynamical systems. At the same time, Jitomirskaya and Zhu provided a short proof

of Anderson localization in [27].

Recently, Rangamani recovered the result proved by Carmona, Klein, and Martinelli in 1987

without multi-scale analysis in [42]. In both papers the authors only required the single-site

distribution µ to have more than one point in its support and

∫
|x|t dµ(x) <∞ for some t > 0.
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Chapter 3

A connection between the h-volume of

a set and the capacity of a set

Our focus in this chapter will be on Nevanlinna’s conjecture, which aimed to be a link

between the h-volume of a set and the capacity of a set.

Part of the work in this chapter was published in Potential Analysis and were obtain in

collaboration with Victor Kleptsyn (see [30]).

3.1 Nevanlinna’s conjecture

In the early 1900’s, Erdös and Gillis [16], Lindeberg [34], Ursell [49], Carleson [6], and

Nevanlinna [36] were working on connecting the notion of the h-volume of a set with the

logarithmic capacity of a set.

A function h that is defined in some right neighborhood of 0 is called a measuring function

provided that h is continuous, positive, increasing, concave, and h(0) = 0. The h-volume of
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a set E ⊂ R is defined as

mh(E) := lim
ε→0+

inf
{(xj ,rj)j∈N}∈I(E,ε)

∑
j

h(rj),

where the infimum is taken over the set I(E, ε) of covers of E by balls of diameter less than

ε:

I(E, ε) =

{
(xj, rj)j∈N |

⋃
j

Urj(xj) ⊃ E, ∀j rj < ε

}
.

While the notion of h-volume of a set may be generalized to subsets of Rn, we will restrict

the notions to subsets of R. The h-volume of a set E is reduced to the α-Hausdorff measure

of the set E by taking h(r) = rα (see [17, p. 21] for details of the α-Hausdorff measure).

In [16], the following conjecture, going back to Nevanlinna’s paper [36] (and in a sense,

complementary to the results of Myrberg [35]), was mentioned:

Conjecture 1 ([36]; see also [16, (C), p. 186]). If for the function h the integral
∫ •

0
h(t)
t
dt

diverges and for a closed set E the h-volume mh(E) is finite, then Cap(E) = 0.

A series of papers showed that the conjecture holds for h0(r) := 1
| log r| and so, for any function

that dominates h0(r):

Theorem 3.1 (Erdös and Gillis [16, p. 187], generalizing Lindeberg [34, p. 27]). If for a

set E one has mh0(E) < +∞, then Cap(E) = 0.

Remark 3.1. In [16], Theorem 3.1 is stated in terms of transfinite diameter for compact

sets. The transfinite diameter of a compact set E is defined as the limit of ζn(E) of geometric

means of pairwise distances of n points in the set,

ζn(E) = max
z1,...,zn∈E

(∏
i 6=j

|zi − zj|

)1/(n(n−1))

. (3.1)
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For a compact set its transfinite diameter coincides with its logarithmic capacity (see [47,

Theorem B.1] and [40, Theorem 5.5.2]). A heuristic explanation is that taking a logarithm

transforms (3.1) to a sum similar to a double-integral of log |z − w| over the square of a

uniform point measure diffused on the points zj (with the exception of the diagonal).

This result generalizes the previous one by Lindeberg [34, p. 27], where zero capacity was

established under the assumption of a zero logarithmic measure. An alternate proof of

Theorem 3.1 was later provided by Carleson in [7, Theorem 2]. In Section 4.5, we will show

that the result holds for non-closed sets and is a corollary of the Cauchy-Schwarts inequality.

To see how Theorem 3.1 plays a role in computing the capacity of Gδ sets, see Corollary 4.1.

In his 1938 paper [49], Ursell disproved this conjecture, showing that it is false for all functions

h except those, for which the conjecture is implied by Theorem 3.1 above:

Theorem 3.2 (H.D. Ursell [49]). If lim inf h(t)| log t| = 0, then there exists a set E = Eh

such that

mh(E) <∞, Cap(E) > 0.

In Section 4.2, we use the same construction that we use for the proof of Theorem 4.1 (that

can be seen as an extension of Ursell’s approach) to show that for non-closed sets E this

conjecture fails even stronger:

Theorem 3.3 ([30]). Let h be a measuring function, such that 1
| log r| 6= O(h(r)) as r → 0+.

Then there exists a Gδ-dense subset S ⊂ [0, 1] with mh(S) = 0 and full capacity Cap(S) =

Cap([0, 1]).

For further study, we re fer the reader to [37, p. 161] and [40, p. 83].
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Chapter 4

Phase transition of logarithmic

capacity for the uniform Gδ-sets

In our first study of Gδ subsets of the interval [0, 1] we will consider a family of dense Gδ

subsets of [0, 1], defined as intersections of unions of small uniformly distributed intervals,

and study their logarithmic capacity. Changing the speed at which the lengths of generating

intervals decrease, we observe a sharp phase transition from full to zero capacity. Such a Gδ

set can be considered as a toy model for the set of exceptional energies in the parametric

version of the Furstenberg theorem on random matrix products.

Our re-distribution construction can be considered as a generalization of a method applied

by Ursell in his construction of a counter-example to a conjecture by Nevanlinna. Also, we

propose a simple Cauchy-Schwartz inequality-based proof of related theorems by Lindeberg

and by Erdös and Gillis.

The results of this chapter were published in Potential Analysis and were obtain with Victor

Kleptsyn (see [30]).
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4.1 Introduction

4.1.1 The setting

Our main focus will be the study of “uniform” Gδ-sets on the interval [0, 1]. That is, given

a (sufficiently fast) decreasing sequence rn → 0, for every n we consider a union of n equally

spaced intervals of length rn:

Vn :=
n−1⋃
j=0

Jj,n, (4.1)

where Jj,n is the open interval of length rn centered at cj,n = j+(1/2)
n

:

Jj,n :=
(
cj,n −

rn
2
, cj,n +

rn
2

)
, j = 0, 1, . . . , n− 1. (4.2)

See Fig. 4.1.

0 1

V1

V2

V3

V4

V5

V6

Figure 4.1: Sets Vn

Then we define the uniform Gδ-set S, corresponding to the sequence rn, by

S :=
∞⋂
m=1

∞⋃
n=m

Vn; (4.3)

it is immediate to see that S is indeed a Gδ-subset of [0, 1].

Our goal is now to study the properties of the set S. Once rn goes to 0 faster than any

power of n, this set is of zero Hausdorff dimension. However, this does not imply anything
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for its capacity — and one can consider the logarithmic capacity as a “finer” instrument to

describe its properties.

Such an example is interesting for us for two reasons. First, considering different decrease

speed for the lengths rn, we observe a sharp phase transition: while for a fast decrease this

set is of zero capacity, for a slower one it turns out to be of full capacity (that is, equal to

the capacity of [0, 1] itself). Second, such a situation, a Gδ-set generated by exponentially

small intervals, can be considered as a model case for the set of exceptional energies in the

parametric version of the Furstenberg theorem. The latter was our original motivation. We

will summarize the motivation (see Chapter 2 for the full details).

In the paper [25, Section 1.2], the authors have considered the parametric version of a

Furstenberg theorem, which describes the behaviour of the product

Tn,ω,a = Aωn(a) . . . Aω1(a)

of random i.i.d. matrices A·(a) ∈ SL(2,R), depending on a parameter a, taking values in

some interval J ⊂ R.

Under some assumptions, including the individual Furstenberg theorem for every parameter

value, it was shown in [25, Theorem 1.5], that though almost surely for Lebesgue-almost all

a ∈ J one has

lim
n→∞

1

n
log ‖Tn,ω,a‖ = λF (a) > 0,

for the parameters from some random exceptional subset of parameters Se(ω) this equality

is violated. Moreover, for the parameters belonging to some (smaller) Gδ-set S0(ω) one gets

lim inf
n→∞

1

n
log ‖Tn,ω,a‖ = 0.
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The set Se(ω) (and thus S0(ω)) in [25] were shown to have zero Hausdorff dimension. How-

ever, the question of their capacity is still open.

Due to their nature, these sets are very similar to those considered in this paper: they

are obtained as countable intersection of unions of exponentially small intervals, that are

placed in a (more or less) equidistributed way. Our theorem thus can be seen as a strong

indication for that the exceptional sets of parameters for random matrix products are also

of full capacity.

4.1.2 Statement of results

Recall that the sets Vn in (4.1) are unions of n intervals of length rn. At the moment, we

require only rn <
1
n

so that the intervals are pairwise disjoint; we will discuss possible speeds

of decrease for the sequence rn later.

Our first result is an easier version of Theorem 4.2. It is given to demonstrate the technique

and part of the proof will be used later on.

Theorem 4.1 (Subexponential uniform Gδ). If the sequence rn decreases subexponentially,

then the corresponding uniform Gδ set S, defined by (4.3), has full capacity. That is, if

| log rn| = o(n), then

Cap(S) = Cap([0, 1]) > 0.

Remark 4.1. As the reader will see, in the proof of this theorem we will not use the fact

that all the possible denominators n are used in the construction of the set S. Thus, the

same conclusion holds for the set S ′ :=
⋂∞
m=1

⋃∞
j=m Vnj , provided that on the subsequence

nj one has | log rnj | = o(nj).
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Theorem 4.1 is already interesting because it shows that there exists a uniform Gδ set of

full capacity. However, for a good model for the exceptional energies we need the speed of

the intervals to decay much faster. We thus modify it to a more powerful, though more

technically complicated, version. This upgraded version is stronger and observes the “phase

transition”.

Theorem 4.2 (Phase transition). For rn = e−n
α
,

1. if α > 2, then Cap(S) = 0,

2. if α < 2, then Cap(S) = Cap([0, 1]).

A good question is what happens when α = 2. We expect that S will still have full capacity,

but to establish that, one would have to adjust the averaged re-distribution procedure (see

Proposition 4), probably making the proof even more technical.

It is interesting to note that part (1) of Theorem 4.2 is a partial case of a more general

statement (Theorem 3.1), going back to Erdös and Gillis [16] and to Lindeberg [34] (see

Chapter 3 for full details).

A particular case of Theorem 3.1 is obtained by considering a set of the form

S̃ =
⋂
m

⋃
k≥m

Ik,

where Ik are intervals of length r′k. Such a construction includes any uniform Gδ set S by

enumerating all the intervals Ji,n and then adding them one by one instead of by groups

of Vn.

It is immediate to notice that if the series
∑

n
1

| log r′n|
=
∑

n h0(r′n) converges, the mh0-volume

of the set S̃ vanishes, thus implying the following corollary (from which the first part of

Theorem 4.2 immediately follows):
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Corollary 4.1. If the series
∑

n
1

| log r′n|
converges, then the set S̃ is of zero capacity.

The following remark is quite natural, but requires a formal proof, so we put it as a propo-

sition.

Proposition 2. If X is a subset of interval J such that Cap(X) = Cap(J), then given any

subinterval J ′ ⊂ J , one has Cap(X ∩ J ′) = Cap(J ′).

Corollary 4.2. In the same setting as Theorem 4.1 or Theorem 4.2 for α < 2, given any

interval J ⊂ [0, 1], we have

Cap(J ∩ S) = Cap(J).

4.1.3 Plan of the paper

We start with introducing the re-distribution technique and prove Theorem 4.1 in Section 4.2;

we then apply the same technique to show Theorem 3.3. We also prove Proposition 2

in the same section (thus ensuring that “full capacity” in inherited by restrictions on the

subintervals). Section 4.3 is devoted to the proof of Proposition 3 that describes the energy

of the re-distributed measure.

Due to a faster decrease of the intervals, we have to modify the proof of Theorem 4.1,

adapting it to the second part of Theorem 4.2; this is done in Section 4.4.

Though the statement of Corollary 4.1 is a particular case of Theorem 3.1 of Lindeberg and

Erdös and Gillis, we note that it can be easily obtained as a corollary of the Cauchy-Schwartz

inequality. Namely, with help of it one can obtain an upper bound for the capacity of a union

of intervals; under the assumption of Corollary 4.1 this bound converges to zero as m→∞.

Moreover, the same argument allows to get another proof of this theorem, which is, to the
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best of our knowledge, not yet known. We present this (short) proof in Section 4.5, thus

completing the proof of Theorem 4.2.

In the proof of Theorem 4.1, there is a tempting shortcut that cannot be taken. If the

capacity was continuous for a descending family of open subsets of [0, 1], the arguments of

the proof would be much simpler. As we found no examples in the literature demonstrating

such non-continuity for open subsets of [0, 1], we present such an example in Section 4.6.

4.2 Subexponential decay

In this section, we will demonstrate the technique needed to prove Theorem 4.2 in a simpler

setting by proving Theorem 4.1.

Both proofs are based on the idea of re-distribution. That is, given a measure µ that is

supported on an interval or on a finite union of intervals, and given a smaller union of

intervals Y ⊂ X, we can try finding a new measure µ′, supported on Y , close to µ and

with the energy I(µ′) close to I(µ). Then Theorem 4.1 will be proven by iterating such a

re-distribution on a “finer” and “finer” Vn’s.

The natural way to do so is to “move” the charge, given by the measure µ, to the closest

interval of Y , re-distributing it uniformly on each of these intervals; see Fig. 4.2.

0 1J0,n J1,n Jn−1,n

Figure 4.2: The idea of a re-distribution

However, for “good” (absolutely continuous with continuous density) measures µ and for the

set Y = Vn that is composed of equally spaced intervals of the same lengths, this operation

can be approximated by a simpler one, the one of taking the conditional measure. As it is

easier to work with, we will proceed with it.
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0 1J0,n J1,n Jn−1,n

Figure 4.3: Self-interaction (dark squares) and outer-interaction (light ones) parts of the
energy integral for the re-distributed measure R(µ|Vn).

Definition 4.1. Given a finite measure µ on set [0, 1] and measurable set Y with positive

measure, we define the re-distribution of µ on Y to be the conditional measure

R(µ|Y ) =
1

µ(Y )
µ|Y .

Now, let µ be an absolutely continuous measure on [0, 1] with continuous density. Let us

see how its re-distribution on some Vn changes its energy. The energy of a measure is given

by a double integral (see Definition 1.2), and the energy of the re-distribution R(µ|Vn) can

be naturally decomposed into two parts: for the variables x and y belonging to the same

interval Ji,n and to two different ones; see Fig. 4.3.

It turns out (and this is a statement of Lemma 4.3 below) that the second part tends to the

initial energy I(µ). Meanwhile, the first (“self-interaction”) part behaves as

| log rn|
n

·
(∫

f 2 dx+ o(1)

)
;

see Lemma 4.2 below. Adding this together, one will get the following proposition.
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Proposition 3. Let µ = f(x) dx, where f ∈ C([0, 1]), and µn := R(f |Vn). Then

I(µn) = I(µ) + o(1) +

(∫ 1

0

f 2(x) + o(1)

)
| log rn|
n

. (4.4)

We postpone the proof of Proposition 3 until Section 4.3, and we will now use it to prove

Theorem 4.1. First, note that under the assumptions of this theorem we can omit the

self-interaction term:

Corollary 4.3. If | log rn| = o(n), then I(µn)→ I(µ) as n→∞.

Using this corollary, we immediately get a first full-capacity statement.

Corollary 4.4. If | log rn| = o(n), then we have

Cap

(
∞⋃
n=m

Vn

)
= Cap([0, 1]) for every m ∈ N.

Proof. Consider the measure µ[0,1] = f[0,1](x)dx, where

f[0,1](x) =
1

π
√
x(1− x)

.

It is known (see e.g. [47, Eq. (A.53)]) that this measure minimizes the energy for probability

measures supported on [0, 1]:

I(µ[0,1]) = inf{I(µ) | µ ∈ P([0, 1])},

and hence that Cap([0, 1]) = e−I(µ[0,1]).

Formally, we cannot apply Corollary 4.3 to this measure, as its density function is not

continuous at the endpoints of [0, 1]. To avoid this problem, note that there exists a family

of probability measures µδ = fδ(x) dx on [0, 1] with fδ ∈ C([0, 1]), such that I(µδ)→ I(µ[0,1])
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as δ → 0.

Indeed, consider a family of cut-off densities

f̂δ(x) =



x
δ
· f[0,1](δ), x ∈ [0, δ),

f[0,1](x), x ∈ [δ, 1− δ],

1−x
δ
· f[0,1](1− δ), x ∈ (1− δ, 1],

the corresponding (non-probability) measures µ̂δ := f̂δ(x) dx on [0, 1], and let

Zδ := µ̂δ([0, 1]) =

∫ 1

0

fδ(x)dx

be the corresponding normalization constants. Then (for instance, by dominated convergence

theorem) we have

I(µ̂δ)→ I(µ[0,1]), Zδ → 1

as δ → 0 (here we apply Definition 1.2 to non-probability measures µ̂δ). Hence, for the

family of probability measures µδ := 1
Zδ
µ̂δ we also have

I(µδ) =
1

Z2
δ

I(µ̂δ)→ I(µ[0,1]), δ → 0.

Now, let m ∈ N be fixed. For any ε > 0 the above arguments imply that there exists δ > 0

such that I(µδ) < I(µ[0,1]) + ε/2. Fix such δ > 0 and consider the family of re-distributed

measures µδn := R(µδ|Vn). As the measure µδ has a continuous density, due to Corollary 4.3

we have

I(µδn)→ I(µδ), n→∞.
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In particular, there exists n ≥ m such that

I(µδn) ≤ I(µδ) + ε/2 ≤ I(µ[0,1]) + ε.

As ε > 0 was arbitrary, we thus get that

inf

{
I(µ) | µ ∈ P

(
∞⋃
n=m

Vn

)}
≤ I(µ[0,1]),

and hence the desired

Cap

(
∞⋃
n=m

Vn

)
= Cap([0, 1]) for every m ∈ N.

It is known that capacity is continuous with respect to any increasing sequence of Borel sets

of C and decreasing sequence of compact subsets of C. Our sequence of sets (
⋃∞
n=m Vn)m∈N

is decreasing, but is not closed.

This is where it would be tempting to conclude by continuity. If the capacity was continuous

for a decreasing family of open subsets of [0, 1], Corollary 4.4 would immediately imply

Theorem 4.1.

For decreasing families of (open) subsets of C, it is known that such continuity does not

take place; however, all the examples that we found in the literature were essentially two-

dimensional. This naturally motivates a question of whether it holds for the subsets of a

bounded interval. However, it turns out that it is not the case; we construct a counter-

example in Section 4.6.

Thus, we continue the proof of Theorem 4.1 by iterating the re-distributions procedure.
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Namely, we have the following

Lemma 4.1. Let | log rn| = o(n), and U ⊂ [0, 1] be a finite union of intervals, and a measure

ν = f(x) dx be a measure with a piecewise-continuous density, supported in U . Then for any

ε > 0 and any m there exist n ≥ m and a measure ν ′ with a piecewise-continuous density,

such that

I(ν ′) < I(ν) + ε,

and the support of ν ′ is contained in U ∩ Vn.

Proof. As in the proof of Corollary 4.4, there exists a family νδ = fδ(x) dx of probability

measures, supported on U , such that fδ ∈ C([0, 1]) and such that I(νδ) → I(ν) as δ → 0.

Indeed, if intervals (ai, bi) ⊂ U are the intervals of continuity of the density f(x), we consider

a new (non-probability) density

f̂δ(x) =



x−ai
δ
· f[0,1](ai + δ), x ∈ [ai, ai + δ),

f(x), x ∈ [ai + δ, bi − δ],

bi−x
δ
· f[0,1](bi − δ), x ∈ (bi − δ, bi];

see Fig. 4.4. Then, define

ν̂δ = f̂δ(x) dx, Zδ = ν̂δ([0, 1]), νδ =
1

Zδ
ν̂δ.

As before, we get

Zδ → 1, I(ν̂δ)→ I(ν) as δ → 0,

and hence I(νδ) = 1
Z2
δ
I(ν̂δ)→ I(ν).
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U

f̂δ

f

ai bi

Figure 4.4: Transforming the density f(x) into a continuous one.

Now, if ε > 0 is given, take such a measure νδ that I(νδ) < I(ν) + ε
2
. Applying Proposition 3

to the re-distributions νδn := R(νδ|Vn) of this measure, we get that I(νδn) = I(νδ) + o(1).

Hence, for some n ≥ m we have

I(νδn) < I(νδ) +
ε

2
< I(ν) + ε;

by construction, the measure νδn is supported on Vn ∩ U and has a piecewise continuous

density.

Note that Lemma 4.1 suffices to prove Theorem 4.1:

Proof of Theorem 4.1. Fix an arbitrary ε > 0. We are going to construct a Borel probability

measures νn, satisfying I(νn) < I(µ[0,1]) + ε and concentrating on the set S. Start (as in

the proof of Corollary 4.4) with a measure ν0 with a continuous density on [0, 1], satisfying

I(ν0) < I(µ[0,1]) + ε
2
.

Recursively applying Lemma 4.1, we construct a sequence νk of measures with a piecewise

continuous density, and an increasing sequence of numbers nk, such that the measure νk is

supported on Vn1 ∩ · · · ∩ Vnk and that I(νk) < I(νk−1) + ε
2k+1 .

Then, we have

I(νk) < I(µ[0,1]) +
ε

2
+

k∑
j=1

ε

2j+1
< I(µ[0,1]) + ε.

Now, denote Ck := V n1 ∩ · · · ∩ V nk ; note that this set differs from the intersection of the
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corresponding open sets Vnj by at most a finite number of endpoints.

The family Ck is a decreasing family of compact sets, on which measures νk are respectively

supported. Hence, any weak limit point ν∞ of the sequence νk is supported on C∞ :=
⋂
k Ck.

Recall that passing to the weak limit does not increase the energy (see, e.g., [40, Lemma 3.3.3]).

Indeed, for a ∗-convergent sequence µj → µ of measures on [0, 1] one has

I(µ) = lim
C→∞

∫
FC(x, y) dµ(x) dµ(y), (4.5)

where FC(x, y) = min(− log |x− y|, C). Thus for any z < I(µ) there exists C such that the

integral on the right-hand side of (4.5) is at least z. For such C,

lim inf
j→∞

I(µj) ≥ lim inf
j→∞

∫
FC(x, y) dµj(x) dµj(y) =

=

∫
FC(x, y) dµ(x) dµ(y) ≥ z,

and as z < I(µ) was arbitrary, we get the desired

lim inf
j→∞

I(µj) ≥ I(µ).

In fact, that is exactly the argument that is used to show the capacity is continuous on

decreasing families of compact subsets.

Applying the above argument to our convergent subsequence µj := νkj → ν∞, we get

I(ν∞) ≤ lim
j
I(νkj) < I(µ[0,1]) + ε.

On the other hand, ν∞ is supported on C∞ ⊂ S ∪D, where D :=
⋃
k(∂Vk) is a countable set

of endpoints. As I(ν∞) is finite, this measure does not have any atoms hence ν∞(D) = 0,
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and thus the measure ν∞ is in fact supported on S. Hence, for an arbitrary ε > 0 there

exists a measure ν∞, supported on S, such that

I(ν∞) < I(µ[0,1]) + ε,

and thus Cap(S) = Cap([0, 1]).

Also, note that the same construction allows to establish Theorem 3.3.

Proof of Theorem 3.3. Indeed, assume that the relation 1
| log r| = O(h(r)) as r → 0+ does

not hold. Then there exists a sequence rj → 0 along which

h(rj) = o

(
1

| log rj|

)
as j →∞.

Extracting a subsequence if necessary, we can assume that

h(rj) · | log rj| < 4−j−1.

Choose now integer numbers nj =
[√

| log rj |
h(rj)

]
, roughly speaking, inserting nj multiplicatively

in the middle between | log rj| and 1
h(rj)

. Then (for all sufficiently large j) we have

njh(rj) < 2−j,
nj

| log rj|
> 2j. (4.6)

Consider now the Gδ-set

S̃ =
∞⋂
m=1

∞⋃
j=m

Vnj ,

where Vnj are still defined by (4.1)–(4.2); in other words, we are now using only the denomi-

nators nj with the corresponding radii rj. The first of inequalities in (4.6) then implies that

this set is of zero h-volume, as the series
∑

j njh(rj) converges. On the other, the second
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inequality in (4.6) ensures that | log rj| = o(nj). Hence the same technique as in the proof

of Theorem 4.1 is applicable, showing that the set S̃ is actually of full capacity on [0, 1].

We conclude the section with the proof of Proposition 2 (Corollary 4.2 follows).

Proof of Proposition 2. For any interval [a, b], let µ[a,b] be the probability measure with the

least energy on this interval, that is,

µ[a,b] = ρ[a,b](x) dx, ρ[a,b](x) =
1

π
√

(x− a)(b− x)
.

By assumption of the full capacity, there exists a sequence of measures νn, supported on X,

such that I(νn)→ I(µJ). Upon extracting a subsequence, we can assume that this sequence

of measures converges weakly. Again using the fact that passing to the weak limit does not

increase the energy, we get

I
(

lim
n→∞

νn

)
≤ lim

n→∞
I(νn) = I(µJ); (4.7)

as µJ is the unique minimum of the energy function on P(J), we thus have νn → µJ as

n → ∞. Moreover, the inequality in (4.7) turns into an equality. An equality in (4.7) is

equivalent to the uniform integrability of the function − log |x − y| w.r.t. these measures,

that is, to

∀ε > 0 ∃r > 0 : ∀n
∫∫
|x−y|<r

∣∣ log |x− y|
∣∣ dνn(x) dνn(y) < ε.

(If it does not take place for some ε > 0, the sides of the inequality in (4.7) differ by at

least ε, and vice versa.)

Now, for every δ > 0, take a continuous positive function fδ ∈ C(J), supported on J ′, such
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that the measures fδ dx|J ′ are probability ones and converge to µJ ′ , and so do their energies:

I(fδ dx|J ′)→ I(µJ ′); (4.8)

it can be done in the same way as the cut-off is done on the first step of the proof of

Corollary 4.4. These measures can then be re-written as

fδ(x) dx|J ′ =
fδ(x)

ρJ(x)
ρJ(x) dx =

fδ(x)

ρJ(x)
µJ ;

denote then f̃δ(x) := fδ(x)
ρJ (x)

.

Consider the measures

µ̂δ,n := f̃δ(x)νn,

and their normalized versions

µδ,n =
1

Zδ,n
µ̂δ,n, Zδ,n := µ̂δ,n(J).

For each δ, the measures µ̂δ,n converge weakly as n → ∞ to f̃δ(x)µJ = fδ(x) dx|J ′ ; as the

limit measure is a probability one, we have

Zδ,n =

∫
f̃δ(x)dνn(x) −−−→

n→∞

∫
f̃δ(x)dµJ = 1.

Now, as the function f̃δ is bounded, the function − log |x − y| is still uniformly integrable

w.r.t. these measures, and hence

I(µ̂δ,n) −−−→
n→∞

I(fδ dx|J ′).

Thus, we also have

I(µδ,n) =
1

Z2
δ,n

I(µ̂δ,n) −−−→
n→∞

I(fδ dx|J ′)
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Now, passing to the limit as δ → 0 and using (4.8), we get

lim
δ→0

lim
n→∞

I(µδ,n) = I(µJ ′).

As the measures µδ,n are supported on X∩J ′, and µJ ′ is the least energy probability measure

on J ′, we get the desired

Cap(X ∩ J ′) = Cap(J ′).

4.3 Energy of the re-distributed measure

This section is devoted to the proof of Proposition 3.

Proof of Proposition 3. First, note that the normalization constant µ(Vn) satisfies

µ(Vn) = nrn · (1 + o(1)).

Indeed, for any ε > 0 due to the uniform continuity of f(x) for all sufficiently large n we

have |f(x)− f(ci,n)| < ε for all x ∈ Ji,n. Hence,

∣∣∣∣∣
∫
Ji,n

f(x) dx− f(ci,n)rn

∣∣∣∣∣ < εrn;

summing over i = 0, . . . , n− 1 and dividing by nrn, we get

∣∣∣∣∣ 1

nrn
µ(Vn)− 1

n

n−1∑
i=0

f(ci,n)

∣∣∣∣∣ < ε.
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Now, 1
n

∑n−1
i=0 f(ci,n)→

∫
[0,1]

f(x) dx = 1; as ε > 0 was arbitrary, we thus get the desired

1

nrn
µ(Vn) = 1 + o(1).

Now, multiplying (4.4) by (1 + o(1)) does not change its right-hand side, so we can consider

(non-probability) measure 1
nrn

µ|Vn instead of R(µ|Vn) = 1
µ(Vn)

µ|Vn . It is also useful to extend

the definition of the energy, considering it as a bilinear form (see Definition 1.1). Let us

recall some of the immediate properties:

1. I(ν) = I(ν, ν),

2. I(ν, µ) = I(µ, ν),

3. I(ν, µ) > 0, if µ and ν are supported on [0, 1],

4. I(ν, µ+ µ′) = I(ν, µ) + I(ν, µ′); I(ν, cµ) = cI(ν, µ).

The measure 1
nrn

µ|Vn can be written as

1

nrn
µ|Vn =

1

n

n−1∑
i=0

µi,n,

where µi,n := 1
rn
µ|Ji,n . Thus, we can decompose I

(
1
nrn

µ|Vn
)

as

I

(
1

nrn
µ|Vn

)
=

1

n2

n−1∑
i,j=0

I(µi,n, µj,n)

=
1

n2

∑
i

I(µi,n) +
1

n2

∑
i 6=j

I(µi,n, µj,n).

Proposition 3 now follows from the next two Lemmas, 4.2 and 4.3, estimating the diagonal

and off-diagonal sums respectively.
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Lemma 4.2.

1

n2

n−1∑
i=0

I(µi,n) =
| log rn|
n

(∫ 1

0

f 2(x)dx+ o(1)

)
. (4.9)

Lemma 4.3.

1

n2

∑
i 6=j

I(µi,n, µj,n) = I(µ) + o(1). (4.10)

Proof of Lemma 4.2. Let us first estimate I(µi,n) for an individual i, comparing it with the

energy of the uniform measure 1
rn
dx|Ji,n . Indeed,

I(µi,n) =

∫∫
Ji,n

(− log |x− y|)f(x)f(y)
dx

rn

dy

rn
,

and hence

(min
Ji,n

f(x))2 · I
(

1

rn
dx|Ji,n

)
≤ I(µi,n) ≤

(
max
Ji,n

f(x)

)2

· I
(

1

rn
dx|Ji,n

)
. (4.11)

Rescaling and a change of variables immediately shows that

I

(
1

rn
dx|Ji,n

)
= log rn + I(dx|[0,1]) = log rn · (1 + o(1)). (4.12)

Fix an arbitrarily small ε > 0; for all sufficiently large n, the function f(x)2 then oscillates

less than ε/2 on any of the intervals Ji,n. Thus, from (4.11) and (4.12), for all sufficiently

large n we get

1

| log rn|
I(µi,n) ∈ (f 2(ci,n)− ε, f 2(ci,n) + ε).

Summing over i and dividing by n, we get

∣∣∣∣∣ 1

n| log rn|
∑
i

I(µi,n)− 1

n

∑
i

f 2(ci,n)

∣∣∣∣∣ < ε.

The second sum converges to the Riemann integral
∫ 1

0
f 2(x)dx; as ε > 0 was arbitrary, we
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get

1

n| log rn|
∑
i

I(µi,n) =

∫ 1

0

f 2(x)dx+ o(1).

Multiplying by | log rn|
n

, we get the desired (4.9).

Before proceeding with Lemma 4.3, let us estimate the interaction energy for uniformly

distributed measures on the subintervals, comparing it to the interaction energy between

point charges at their centers.

c c′J J ′

r
2

r′

2|c− c′| − r+r′

2

Figure 4.5: Two intervals J, J ′ and their centers.

Lemma 4.4. Let J, J ′ ⊂ [0, 1] be two disjoint intervals with centers c, c′ and with lengths

r, r′ respectively (see Fig. 4.5). Then the interaction energy between the uniform measures

on these intervals satisfies

− log |c− c′| < I

(
1

r
dx|J ,

1

r′
dx|J ′

)
< (− log |c− c′|) + ∆,

where ∆ = min(2, (− log(1− r+r′

2|c−c′|))).

Proof. The lower bound is implied by the Jensen’s inequality: as the function F (x, y) =

− log |x− y| is convex on the rectangle J × J ′,

∫∫
J×J ′

F (x, y)
dx

r

dy

r′
> F (c, c′) = − log |c− c′|.

Now, for any x ∈ J, y ∈ J ′ we have

− log |x− y| = − log |c− c′| − log
|x− y|
|c− c′|

= − log |c− c′| − log

(
1− |c− c

′| − |x− y|
|c− c′|

)
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and the upper bound by (− log(1− r+r′

2|c−c′|)) follows as it is the maximal possible value of the

second term.

To get a uniform upper bound by 2, consider first the interaction between a uniform measure

and a point charge. Note that for any y ∈ J ′ we have

∫
J

(− log |x− y|)dx
r

= − log |c− y| − |c− y|
r
·
∫ r/2
|c−y|

− r/2
|c−y|

log(1 + s) ds =

= − log |c− y| − |c− y|
r
·
∫ r/2
|c−y|

0

log(1− s2) ds;

as the function − log(1 − s2) is monotone increasing, the maximal value of its average will

be if it is averaged on the largest possible interval, that is, over [0, 1] (that corresponds to

|c− y| = r/2, in other words, y being on the boundary of J). In this case, a straightforward

computation shows that the second term is equal to

∫ 1

−1

(− log(1 + s))
ds

2
= 1− log 2 < 1.

Thus, for any y ∈ J ′ we have

∫
J

(− log |x− y|)dx
r
< − log |c− y|+ 1.

Finally, averaging with respect to y ∈ J ′, we get

∫∫
J×J ′

(− log |x− y|)dx
r

dy

r′
<

∫
J ′

(− log |c− y|) dy
r′

+ 1 < log |c− c′|+ 2.

Proof of Lemma 4.3. Fix an arbitrary small δ > 0, and let M := max[0,1] f(x). Let us

decompose the sum on the left-hand side of (4.10) into two parts, depending on whether the
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centers ci,n and cj,n are closer than δ to each other:

1

n2

∑
i 6=j

I(µi,n, µj,n) =
1

n2

∑
0<|ci,n−cj,n|<δ

I(µi,n, µj,n) +
1

n2

∑
|ci,n−cj,n|≥δ

I(µi,n, µj,n).

Note that the first sum can be bounded by an arbitrarily small constant by choosing an

appropriate δ > 0. Indeed, note first that

I(µi,n, µj,n) < M2I

(
1

rn
dx|Ji,n ,

1

rn
dx|Jj,n

)
.

Taking δ < 1/e2 and thus ensuring − log |ci,n − cj,n| > 2 once |ci,n − cj,n| < δ, we get

1

n2

∑
0<|ci,n−cj,n|<δ

I(µi,n, µj,n) <
1

n2
M2

∑
0<|ci,n−cj,n|<δ

I

(
1

rn
dx|Ji,n ,

1

rn
dx|Jj,n

)

< 2
M2

n2

∑
0<|ci,n−cj,n|<δ

(− log |ci,n − cj,n|)

Now, for each i we have

1

n

∑
j:

0<|ci,n−cj,n|<δ

(− log |ci,n − cj,n|) ≤
2

n

[δn]∑
k=1

(− log
k

n
) < 2

∫ δ

0

(− log s) ds, (4.13)

as the function (− log s) is decreasing on [0, 1]; see Fig. 4.6, left. Averaging (4.13) over i, we

get

1

n2

∑
0<|ci,n−cj,n|<δ

I(µi,n, µj,n) < 4M2

∫ δ

0

(− log s) ds.

As the integral on the right-hand side tends to 0 as δ → 0, for any ε > 0 we have

∃δ0 > 0 : ∀δ < δ0 ∀n ∈ N
1

n2

∑
0<|ci,n−cj,n|<δ

I(µi,n, µj,n) < ε. (4.14)

Now, for any fixed δ > 0, the function f(x)f(y)(− log |x−y|) is uniformly continuous on the
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x0 1
n

2
n

δ

− log x

x0 δ

− log x

Figure 4.6: Comparing integral sums and the integral for the − log x function: nonshifted
(left) and shifted (right) sums.

subset {|x− y| ≥ δ}, and hence

1

n2

∑
|ci,n−cj,n|≥δ

I(µi,n, µj,n) −−−→
n→∞

∫
{|x−y|≥δ}

f(x)f(y)(− log |x− y|) dx dy. (4.15)

The integral on the right-hand side of (4.15) tends to I(µ) as δ → 0. Hence, for any

sufficiently small δ it is ε-close to I(µ). Fixing such δ < δ0, from (4.15) for all sufficiently

large n we get ∣∣∣∣∣∣ 1

n2

∑
|ci,n−cj,n|≥δ

I(µi,n, µj,n)− I(µ)

∣∣∣∣∣∣ < 2ε,

and joining it with (4.14),

∣∣∣∣∣ 1

n2

∑
i 6=j

I(µi,n, µj,n)− I(µ)

∣∣∣∣∣ < 3ε.

As ε > 0 was arbitrary, we get the desired

1

n2

∑
i 6=j

I(µi,n, µj,n) = I(µ) + o(1).

This completes the proof of Lemma 4.3, and hence of Proposition 3.
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4.4 Phase transition

Let us move on to prove Theorem 4.2. The key ingredient in the sub-exponential case was

that the re-distribution of µn on a single level, Vn, of a given measure µ gave us a close

approximation of I(µ). If rn = e−n
α
, then Proposition 3 yields

I(µn) = I(µ) + o(1) +

(∫ 1

0

f 2(x) + o(1)

)
nα−1.

For 1 ≤ α < 2, a simple re-distribution does not suffice, as the self-interaction term has an

asymptotics of nα−1 and hence does not tend to zero. The re-distribution thus will have to

be done on multi-levels. Namely, let

Fm := {n = m, . . . , 2m− 1 : n is prime},

that is, the set of prime numbers in [m, 2m− 1], and denote by Nm = #Fm its cardinality.

Notice that Vp and Vq are disjoint for distinct p, q ∈ Fm. Indeed, this follows from the fact

that the centers ck,p = 2k+1
2p

are distinct for p ∈ Fm, and that

∣∣∣∣ a2p − b

2q

∣∣∣∣ =

∣∣∣∣aq − bp2pq

∣∣∣∣ ≥ 1

2m2
> e−m

α

.

Let µn be the re-distribution of µ on Vn, where n ∈ Fm. Given a collection of positive

numbers {pn}n∈Fm such that

∑
n∈Fm

pn = 1,
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consider a averaged re-distribution:

µm = R̃m(µ) :=
∑
n∈Fm

pnµn,

that is a convex combination of measures µn, supported on a finite union

V̂m :=
⋃
n∈Fm

Vn.

The averaging allows to regain control on the self-interaction term. That is, the energy of

the averaged measure µm satisfies

I(µm) =
∑
n∈Fm

p2
nI(µn) +

∑
i 6=j

pipjI(µi, µj). (4.16)

Take pi to be uniform: let pi = 1
Nm

for every i ∈ Fm. We have I(µn) = O(nα−1), and due to

the Prime Number Theorem Nm ∼ m
logm

as m → ∞. Hence, the first term in (4.16) can be

estimated as

∑
n∈Fm

p2
nI(µn) =

1

N2
m

∑
n∈Fm

I(µn) ≤ 1

Nm

max
n∈Fm

I(µn) =
O(mα−1)

m/ logm
= O

(
logm

m2−α

)
= o(1), (4.17)

as α < 2.

On the other hand, we claim that the interaction energy between different µn’s is close to

the one of the initial measure µ:

Lemma 4.5. Let µ = f(x) dx be a measure with a continuous density on [0, 1]. Then for

n, n′ ∈ Fm, n 6= n′ we have

I(µn, µn′) = I(µ) + o(1)
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(uniformly on the choice of n and n′) as m→∞.

Postponing its proof till the end of this section, note that it immediately imples

Proposition 4. Let µ = f(x) dx be a measure with a continuous density on [0, 1]. Then for

the family of its averaged re-distributions µm = R̃m(µ) we have

I(µm) = I(µ) + o(1).

Proof. Due to (4.16), the energy I(µm) is the sum of two terms; the first one is o(1) due

to (4.17), while the second is I(µ) + o(1) due to Lemma 4.5.

We then get

Lemma 4.6. Let rn = e−n
α
, where α < 2. Let U ⊂ [0, 1] be a finite union of intervals, and a

measure ν = f(x) dx be a measure with a piecewise-continuous density, supported in U . Then

for any ε > 0 and any k there exist m ≥ k and a measure ν ′ with a piecewise-continuous

density, such that

I(ν ′) < I(ν) + ε,

and the support of ν ′ is contained in U ∩ V̂m.

Proof. As in the proof of Lemma 4.1, we can find a measure νδ = fδ(x) dx with contin-

uous density on [0, 1], such that supp νδ ⊂ supp ν and that I(νδ) < I(ν) + ε
2
. Applying

Proposition 4 to µ = νδ concludes the proof.

Proof of part (2) of Theorem 4.2. We now deduce Theorem 4.2 from Lemma 4.6 in exactly

the same way, as earlier we have deduced Theorem 4.1 from Lemma 4.1. Namely, for any
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ε > 0 we iterate the re-distribution procedure, obtaining a family of measures νk with

piecewise continuous density on [0, 1], for which we control both the supports and the energy.

To do so, we start with the measure ν0 that is supported on [0, 1] and that satisfies I(ν0) <

I(µ[0,1]) + ε
2
. Now, if a measure νk−1 is already constructed, due to Lemma 4.6 there exists

a measure νk with

I(νk) < I(νk−1) +
ε

2k+1
and supp νk ⊂ supp νk−1 ∩ V̂mk

for some mk > k. Any accumulation point ν∞ of the measures νk is thus supported on a

intersection of closures ⋂
k

cl
(
V̂mk

)
⊂ S ∪D,

where D is a countable set of endpoints of Vn’s, and satisfies

I(ν∞) < (I(µ[0,1]) +
ε

2
) +

∞∑
k=1

ε

2k+1
= I(µ[0,1]) + ε.

As a finite energy measure, the measure ν∞ does not charge a countable set D, and is thus

supported on S. As ε > 0 was arbitrary, we thus get

inf
ν∈P(S)

I(ν) = I(µ[0,1]),

and hence the desired Cap(S) = Cap([0, 1]).

We conclude this section with the proof of Lemma 4.5.

Proof of Lemma 4.5. As in the proof of Lemma 4.3, fix an arbitrarily small δ > 0, and

decompose

I(µn, µn′) =
1

n · n′
n−1∑
i=0

n′−1∑
j=0

I(µi,n, µj,n′)
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into two parts, depending on the distance |ci,n − cj,n′|:

I(µn, µn′) =
1

nn′

∑
|ci,n−cj,n′ |<δ

I(µi,n, µj,n′) +
1

nn′

∑
|ci,n−cj,n′ |≥δ

I(µi,n, µj,n′). (4.18)

The sum over intervals whose centers are closer than δ from each other can be made arbi-

trarily small by a choice of δ and by taking sufficiently large m. Indeed, for any fixed j we

have

1

n

∑
i: |ci,n−cj,n′ |<δ

(− log |ci,n − cj,n′|) < − 2

n
log min

i
|ci,n − cj,n′| + 2

∫ δ

0

(− log s) ds, (4.19)

see Fig. 4.6, right. Due to the estimates above the minimal distance minj |ci,n − cj,n′ | is

at least 1
2m2 , so the first summand does not exceed 2

m
log(2m2) and hence tends to 0. The

second can be made arbitrarily small due to the integrability of the function log at 0. Finally,

averaging (4.19) over j, we get the desired (arbitrarily small) bound for the first summand

in (4.18).

On the other hand, for any fixed δ, the function f(x)f(y)(− log |x− y|) is continuous on the

set |x− y| ≥ δ, and the second summand in (4.18) behaves like its Riemann sum. Hence, we

have

1

nn′
·

∑
|ci,n−cj,n′ |≥δ

I(µi,n, µj,n′)→
∫∫
|x−y|≥δ

f(x)f(y)(− log |x− y|) dx dy

uniformly in n, n′ ∈ Fm as m→∞.

For any ε > 0, take δ sufficiently small so that the integral on the right-hand side is ε
2
-close

to I(µ), and that the first summand in (4.18) does not exceed ε
2

for all sufficiently large m.

Then, we have

|I(µn, µn′)− I(µ)| < ε

2
+
ε

2
= ε,

and as ε > 0 is arbitrary, this concludes the proof.
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4.5 Zero capacity: Lindeberg and Erdös-Gillis theo-

rems

This section is devoted to the Cauchy-Schwartz based proof of Corollary 4.1, as well as of

Lindeberg and Erdös-Gillis’ Theorem 3.1, and hence of the first part of Theorem 4.2. The

key step is the following.

Lemma 4.7. Let J ′1, J
′
2, . . . ⊂ [0, 1] be a sequence of intervals of length |J ′k| =: r′k, such that

the series
∑∞

k=1
1

| log rk|
converges. For any probability measure µ supported on

⋃∞
k=1 J

′
k, we

have

I(µ) ≥ 1∑∞
k=m 1/| log r′k|

.

Proof. We transform the union
⋃∞
k=1 J

′
k into a disjoint one by setting

Ṽ1 := J ′1, Ṽk := J ′k \
k−1⋃
i=1

J ′i .

Let µ be any probability measure supported on
⋃∞
k=1 J

′
k; denote pk := µ(Ṽk). Then

∑
k pk =

µ(
⋃∞
k=1 J

′
k) = 1. Without loss of generality, we can assume pk > 0 for all k, otherwise

removing the corresponding J ′k.

Let µ′k := 1
pk
µ|Ṽk be the corresponding conditional measures. Then,

µ =
∑
k

pkµ
′
k,

and thus

I(µ) =
∑
k,l

pkplI(µ′k, µ
′
l) ≥

∑
k

p2
kI(µ′k).
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Now, the measure µ′k is supported on J ′k, that is an interval of length r′k, and hence I(µ′k) ≥

| log r′k|. Thus,

I(µ) ≥
∑
k

p2
k| log r′k|.

Applying Cauchy-Schwartz inequality, we get

(∑
k

p2
k| log r′k|

)(∑
k

1

| log r′k|

)
≥

(∑
k

√
p2
k| log r′k| ·

1

| log r′k|

)2

=

(∑
k

pk

)2

= 1,

and hence,

I(µ) ≥
∑
k

p2
k| log r′k| ≥

1∑
k

1
| log r′k|

. (4.20)

This lemma immediately implies Corollary 4.1. Indeed, for any m the set S̃ is contained in⋃
k≥m J

′
k, and hence,

Cap(S̃) ≤ Cap

(⋃
k≥m

J ′k

)
≤ exp

(
− 1∑∞

k=m 1/| log r′k|

)
.

As m is arbitrary, and the tail sum of a convergent series tends to zero, passing to the limit

as m→∞ we get the desired

Cap(S̃) = 0.

Proof of Theorem 3.1. Assume that mh0(E) = R <∞. Then for an arbitrarily small ε > 0

there exists its cover
⋃
j Ij ⊃ E by intervals of length at most ε, such that

∑
j h0(|Ij|) =∑

j
1

| log |Ij | | < 2R. Estimate (4.20) then implies that for any probability measure µ on E one

has I(µ) ≥ 1
2R

. Moreover, actually (4.20) is a lower bound for the part of the integral ε-close
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to the diagonal (as x and y can be restricted to belong to the same interval):

∫∫
|x−y|<ε

log |x− y| dµ(x) dµ(y) >
1

2R
. (4.21)

Recall now that ε > 0 was arbitrary; if there was a measure µ on E with I(µ) <∞, the left

hand side of (4.21) would tend to zero as ε→ 0. On the other hand, the right-hand side is

a constant. This contradiction shows that for any measure µ on E one has I(µ) = +∞, and

thus that Cap(E) = 0.

Remark 4.2. Actually, the statements of Lemma 4.7 and Theorem 3.1 hold in any dimen-

sion, with balls replacing the intervals and their diameters taken instead of lengths, and the

proofs are the same word for word.

Proof of the first part of Theorem 4.2. Take the sequence J ′k to be an enumeration of the

family Jk,n. Then,

∞⋂
m=1

∞⋃
k=m

J ′k =
∞⋂
m=1

∞⋃
n=m

Vn;

for each n there are n intervals J ′k of length rn (that is, J0,n, . . . , Jn−1,n), and hence

∞∑
k=m

1

| log r′k|
=

∞∑
n=m

n

| log rn|
=

∞∑
n=m

1

nα−1
(4.22)

as rn = e−n
α
. As for α > 2 the series (4.22) converges, Cap(S) = 0 due to Theorem 4.1.

4.6 Non-continuity of capacity on bounded interval

As mentioned previously, in the proof of Theorem 4.1, there is a tempting shortcut that

cannot be taken. It is already known that capacity does not satisfy limit properties that a
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measure does. In particular, it is not continuous under descending collection of sets. Recall

Example 1.2, one can take the collection of open bounded sets

On :=

{
z ∈ C : 1− 1

n
< =(z) < 1 and 0 < <(z) < 1

}
.

0 1

On

0 1

B1

B2

B3

Figure 4.7: Discontinuity of capacity on [0, 1]2 and on [0, 1]

Then, each On contains a translation of the interval (0, 1); see Fig. 4.7, left. Hence,

Cap(On) ≥ 1/4. If capacity was continuous on descending open sets, we would have that

1/4 ≤ lim
n→∞

Cap(On) = Cap

(⋂
n∈N

On

)
= Cap(∅) = 0.

A question that appears naturally is whether capacity was continuous under a descending

collection of open sets contained in [0, 1]. If so, Corollary 4.4 would imply that Cap(S) =

Cap([0, 1]), where S is a Gδ-set of the form (4.3). Unfortunately, the answer to the continuity

question on [0, 1] is negative, as one can see from the following example.

Example 4.1. There exist pairwise disjoint open sets B1, B2, . . . contained in [0, 1] with

capacity bounded away from 0. In other words, there exists ε > 0 such that

Cap(Bn) ≥ ε,

for any n ∈ N.

Example 4.2. There exists a descending sequence W1 ⊃ W2 ⊃ . . . of open sets contained
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in [0, 1] such that

Cap

(⋂
n∈N

Wn

)
= 0 < ε ≤ Cap (Wk) ,

for some ε and every k ∈ N.

Construction of Example 4.2 out of Example 4.1 is immediate: take

Wm :=
⋃
n≥m

Bn,

where Bn’s are given by Example 4.1. Indeed, one then has
⋂
nWn = ∅, W1 ⊃ W2 . . . by

construction, as well as Cap(Wn) ≥ Cap(Bn) ≥ ε. This example shows the discontinuity of

example on descending sequence of open subsets of [0, 1] : one has Cap(
⋂
nWn) = 0 while

limn→∞Cap(Wn) ≥ ε. Let us pass to the construction proving Example 4.1.

To construct the desired sets Bn, consider the unions Vn = ∪iJi,n given by (4.1), taking the

decreasing speed for the lengths rn := 2−n. Take a subsequence nk of indices to be defined

by n1 = 210, nk = 2nk−1+1, and define (see Fig. 4.7, right)

Bk := Vnk \
k−1⋃
i=1

V ni .

The sets Bk are then open and disjoint by construction. To show that they satisfy the

conclusion of the proposition, it suffices to find probability measures νk, supported on Bk,

such that the energies I(νk) are uniformaly bounded. That is, there exists C such that

for all k one has I(νk) ≤ C. This implies Cap(Bk) ≥ e−C , and thus the conclusion of the

proposition holds with ε = e−C .

To do so, first consider the uniform measures ν◦k on Vnk , letting ν◦k := R(Leb |Vnk), where
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Leb is the Lebesgue measure on [0, 1]. Due to Proposition 3,

I(ν◦k) = I(Leb) +
nk log 2

nk
+ o(1) = 3/2 + log 2 + o(1).

Now, let

νk :=
ν◦k |Bk
ν◦k(Bk)

.

Then,

I(νk) =
1

ν◦k(Bk)2
I(ν◦k),

so it suffices to check that ν◦k(Bk) stays bounded away from zero. In fact, we will show that

ν◦k(Bk) ≥ 1/2. This will follow from a purely geometrical observation:

Lemma 4.8.

Leb(Vnk ∩Xk) = Leb(Xk) · Leb(Vnk),

where

Xk := [0, 1] \
k−1⋃
i=1

Vni .

Proof. Note that all the endpoints of Vni , i = 1, . . . , k − 1 are of the form

2j + 1

2ni
± rni

2
=

2j + 1

2ni−1+2
± 1

2ni+1
,

and hence can be represented as

a

2nk−1+1
=

a

nk
.
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Hence, Xk is (up to a finite number of points) a union of intervals of the form

(
a

2nk−1+1
,
a+ 1

2nk−1+1

)
=

(
a

nk
,
a+ 1

nk

)
. (4.23)

We have

Xk =
⋃
a∈A

(
a

nk
,
a+ 1

nk

)
∪ P,

where P consists of a finite number of points (See Fig. 4.8).

0 11
nk

a
nk

a+1
nk

Xk

Vnk

Figure 4.8: The set Vnk and the decomposition into dyadic intervals

On each interval of the form (4.23), the set Vnk cuts the same measure:

Leb

(
Vnk ∩

[
a

nk
,
a+ 1

nk

])
= rnk .

Hence,

Leb(Vnk ∩Xk) = rnk ·#A = (rnk · nk)
(

#A
nk

)
= Leb(Vnk) · Leb(Xk).

Due to this lemma, ν◦k(Bk) = Leb(Xk). On the other hand,

Leb(Xk) ≥ 1−
k−1∑
i=1

Leb(Vni) ≥ 1/2.

We have obtained the desired ν◦k(Bk) ≥ 1/2, and hence

I(νk) ≤ 4(3/2 + log 2 + o(1)),
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thus concluding the construction.
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Chapter 5

Logarithmic capacity of random Gδ

sets

In our second study of Gδ subsets of the interval [0, 1] we will consider more general Gδ sets

and provide sufficient conditions such for Gδ subsets to have full capacity, i.e. Cap(S) =

Cap([0, 1]). We will also consider the case when the intervals decay exponentially and are

placed in [0, 1] randomly with respect to some given distribution. The random Gδ sets

generated by such distribution satisfy our sufficient conditions almost surely and hence, have

full capacity almost surely. This study is motivated by the Gδ set of exceptional energies

in the parametric version of the Furstenberg theorem on random matrix products. We also

study the family of Gδ sets {S(α)}α>0 that are generated by setting the decreasing speed of

the intervals to lk = e−k
α
. We observe a sharp transition from full capacity to zero capacity

by varying α > 0.

The results of this chapter have been submitted (see [39]).
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5.1 Introduction

5.1.1 The setting

Our focus will be on the capacity of Gδ’s of the form:

S =
⋂
m

⋃
k≥m

Ik, (5.1)

where each Ik is an open interval of length lk with center at ck ∈ (0, 1). The sequence {lk}

is taken to approach 0 as k → ∞. It is immediate that S is a Gδ subset of [0, 1]. Under

certain assumptions, we will show that the set S has full capacity on the unit interval:

Definition 5.1. Let J ⊂ C. A set E ⊂ J is said to have full capacity on J if

Cap(E) = Cap(J).

The capacity of an interval J is Cap(J) = |J |
4

(see, e.g. [40, p. 135], [47, Example A.17]).

Our results and methods can be extended to higher dimensions, but we do not elaborate

on that here. In this paper, we will be focused on Gδ subsets of an interval of the real

line. We are mostly interested in one-dimension because our motivation came from the

one-dimensional random Gδ sets of exceptional energies in the parametric version of the

Furstenberg theorem. We will summarize this motivation in Section 5.1.3 (see Chapter 2 for

full details).

70



5.1.2 Main results

Our first main result is devoted to the random setting, being a “toy model” for the exceptional

energies in the parametric version of the Furstenberg theorem (see Section 5.1.3). Namely,

the set of exceptional parameters in [25] is generated by exponentially small intervals, that

are asymptotically distributed with respect to some (dynamically defined) measure.

A random Gδ set is obtained by viewing the centers {ck} as random variables. As a toy

model, it is reasonable to consider first the set generated by random intervals, that are

placed independently (with the same “reasonable” distribution of their centers) - instead of

some complicated definition coming from the random dynamical systems.

Theorem 5.1. Let {ck} be i.i.d. with an absolutely continuous distribution on any interval

J with almost everywhere positive and uniformly bounded density function. Take lk = e−λk

for some fixed λ > 0 and let S be the corresponding Gδ-set (5.1). Then, almost surely S has

full capacity on the unit interval:

Cap(S) = Cap([0, 1]) > 0.

Remark 5.1. Full capacity is a property that is inherited when restricted to subintervals

(see [30, Proposition 1.6]): If E is a subset of interval J such that Cap(E) = Cap(J), then

given any subinterval J ′ ⊂ J , one has Cap(E ∩ J ′) = Cap(J ′).

Remark 5.2. In Theorem 5.1 (and Theorem 5.3 below), the interval [0, 1] may be replaced

with any bounded interval J due to the fact that Cap(β ·J) = β ·Cap([0, 1]) for some β > 0.

Without loss of generality, we will only be working on the interval [0, 1]. So, we will take dx

to be the restriction to the unit interval: dx|[0,1].

Now, take the centers {ck} from Theorem 5.1 and let us vary the lengths of the intervals as

a function of the parameter α ∈ (0, 1]: lk = e−λk
α
. It turns out that at α = 1 the capacity
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undergoes a (sharp) phase transition:

Theorem 5.2 (Random phase transition). Let {ck} be i.i.d. with an absolutely continuous

distribution with density function that is bounded and positive almost everywhere with respect

to the Lebesgue measure. Let S be generated by lk := e−λk
α

for λ > 0 and α > 0. Then

1. Cap(S) = Cap([0, 1]) > 0 for 0 < α ≤ 1 almost surely,

2. Cap(S) = 0 for 1 < α.

Remark 5.3. The phase transition in Theorem 5.2 (and in Theorem 5.4 below) is analogous

to the one observed in [30] (see eq. (5.6) and Theorem 5.6 in Section 5.1.3). It is interesting

to note that in the present paper we actually establish the full capacity at the critical point

α = 1, while for the setting in [30] full capacity at the critical value α = 2 was only a

conjecture.

Theorem 5.1 and Theorem 5.2 follow from our deterministic results. Our first main deter-

ministic result provides sufficient conditions for a Gδ set S, defined by (5.1), to have full

capacity on the unit interval:

Theorem 5.3 (Sufficient conditions for full capacity). Assume that the intervals {Ik} from

(5.1) have exponentially decreasing lengths lk = e−λk for some fixed λ > 0 and satisfy the

assumptions A.1 - A.3 below. Then the Gδ set S has full capacity on the unit interval:

Cap(S) = Cap([0, 1]) > 0.

The assumptions that are imposed in this theorem, roughly speaking, state that these inter-

vals are sufficiently uniformly placed and sufficiently well-spaced (both in terms of “average”

and minimal distances between their centers).
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First, we will pack intervals {Ik} into groups with the indices from

An := {n, . . . , 2n− 1}, (5.2)

and then pack these into larger groups:

An,q(n) := An ∪ A2n ∪ · · · ∪ A2qn, (5.3)

where q ∈ N. We will assume the following:

A.1 (distribution) The centers are distributed with respect to some density function

ϕ(x) ∈ L1([0, 1], dx), where ϕ(x) > 0 a.e.. Namely, for every f ∈ C([0, 1]), we have

1

#(An)

∑
k∈An

f(ck)→
∫ 1

0

f(x)ϕ(x) dx as n→∞.

Also, there exists a sequence q(n) of integer numbers, such that q(n) → ∞ as n → ∞ and

that the following two conditions hold:

A.2 (log-average spacing) For every ε > 0, there exists δ > 0 such that for all n large

enough for any n′, n′′ ∈ {n, 2n, . . . , 2q(n)n} we have

1

#(An′ ×An′′)
∑

(− log |ci − cj|) < ε,

where the sum is over i ∈ An′ , j ∈ An′′ such that i 6= j and |ci − cj| < δ.

A.3 (gap control) For every ε > 0, for all large enough n, we have that for every i, j ∈

An,q(n) with i 6= j the following holds:

li + lj
2|ci − cj|

< ε.
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Applying Theorem 5.3, we obtain our next result, a deterministic phase transition for the

capacity. Again, take the centers {ck} that assumptions A.1-A.3 are satisfied for the choice

of lengths lk = e−λk for some fixed λ > 0 and varying the speed at which the lengths of

intervals decrease, we observe a sharp phase transition in the deterministic setting:

Theorem 5.4 (Deterministic phase transition). Let the centers {ck} be the same centers

from Theorem 5.3. Let S be generated by lk := e−λk
α

for α > 0. Then

1. Cap(S) = Cap([0, 1]) > 0 for 0 < α ≤ 1,

2. Cap(S) = 0 for 1 < α.

The next theorem states that both the random theorems (Theorem 5.1 and Theorem 5.2)

follow from the deterministic theorems (Theorem 5 and Theorem 5.4):

Theorem 5.5. Let {ck} be i.i.d. with an absolutely continuous distribution on any interval

J with almost everywhere positive and uniformly bounded density function. Take lk = e−λk

for some fixed λ > 0. Then, almost surely assumptions A.1-A.3 are satisfied.

5.1.3 Motivation and historical background

In this section, we will summarize the motivation behind our project and the historical

background. For full details see Chapter 2.

Gorodetski and Kleptsyn in [25, Section 1.2] studied the set of exceptional energies in the

parametric version of the Furstenberg theorem. Consider

Tn,ω,a := Aωn(a) . . . Aω1(a)

where matrices Aωk(a) ∈ SL(2,R) are i.i.d., depending on a parameter a, taking values in

some interval J ⊂ R. Furstenberg’s theorem implies that for every a ∈ J , for almost every
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ω, we get

lim
n→∞

1

n
log ‖Tn,ω,a‖ = λF (a) > 0. (5.4)

Questions on switching the quantifiers in the limit appear naturally in spectral theory, specif-

ically, in Anderson localization proofs.

In [25, Theorem 1.5], the authors proved that almost surely switching the quantifiers leads

to the occurrence of a different kind of behavior. Namely, under some technical assumptions,

it was shown that for almost every ω, there exists some random exceptional energies subset

of parameters Se(ω) ⊂ J such that (5.4) does not hold. Additionally, there also exists a

smaller set of parameters Gδ-set S0(ω) such that for all a ∈ S0(ω), we have

lim inf
n→∞

1

n
log ‖Tn,ω,a‖ = 0.

Both these sets are random Gδ’s of the form (5.1).

Additionally, in [25] it was shown that the set Se(ω) (and thus S0(ω)) have zero Hausdorff

dimension. Capacity is a finer measurement than the Hausdorff dimension in the sense that

any set E ⊂ C that has zero capacity must have zero Hausdorff dimension. The question as

to what is the capacity of both Se(ω) and S0(ω) is still open. If one can show that those sets

satisfy assumptions A.1-A.3 (and this is what we conjecture), our Theorem 5.3 will imply

that these sets have full capacity, that is Cap(Se(ω)) = Cap(S0(ω)) = Cap(J), in the same

way as we get full capacity in the “toy model” Theorem 5.2.

The capacity of such Gδ’s is also interesting because it showcases a phase transition. That
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is, a drastic transition from zero capacity to full capacity precisely when the series

∑
k

1

| log lk|
(5.5)

transitions from convergent to divergent. As we mentioned above, capacity gauges how far

away a set is from being polar. Hence, as we change the speed of intervals so that the

series (5.5) transitions from convergent to divergent, S goes from being polar to being as far

away as possible from polar, there is no middle ground. This transition was first noticed by

Kleptsyn and Quintino (see [30]) in the case when the centers {ck} are equidistributed in

the following way: for every n we consider n equally spaced centers:

cj,n =
2j + 1

2n
for every j = 0, . . . , n− 1,

and with the restriction that the corresponding interval Jj,n have the same length rn for

j = 0, . . . , n− 1. The uniform Gδ-set S̃, corresponding to the sequence rn, is given by

S̃ :=
∞⋂
m=1

∞⋃
n=m

n−1⋃
j=0

Jj,n. (5.6)

Any uniform Gδ set S̃ may be written in the generic setting (5.1) by ordering Jj,n and re-

labeling. They noticed that there is a “phase transition” in which S̃ goes from having zero

capacity to full capacity:

Theorem 5.6 (Phase transition [30, Theorem 1.2]). For rn = e−n
α
,

1. if α > 2, then Cap(S̃) = 0,

2. if α < 2, then Cap(S̃) = Cap([0, 1]).

We refer to α = 2 as the critical case because it is precisely when the sum (5.5) transitions

from convergent to divergent. Note that there are n intervals of length e−n
α

in (5.6), and
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that is why the critical case is α = 2 in Theorem 5.6 and not α = 1. Also, note that full

capacity of S̃ in the critical case in [30] was conjectured, but not proved; contrary to this, in

the setting of the present paper the analogous statement for the critical α = 1 is established

(see Remark 5.3).

The zero capacity part in all the theorems above goes back to the works in the first half of

twentieth century: a 1918 paper by Lindeberg [34] and 1937 by Erdös and Gillis [16] (see

Chapter 3 for full details and in particular Theorem 3.1). A corollary of Theorem 3.1 is

(see [30, Corollary 1.4] for the proof):

Corollary 5.1. Let S be defined by (5.1). If the series
∑

k
1

| log lk|
converges, then the set S

is of zero capacity.

In the same 1937 paper, Erdös and Gillis [16, (C), p. 186] have mentioned a conjecture, going

back to Nevanlinna’s paper [36], that aimed at generalizing Theorem 3.1 to other h-volume

settings. This conjecture was disproved by Ursell [49]; the re-distribution construction that

was used in [30] and that we are using in the present paper can be seen as an extension of

his technique.

5.1.4 Sketch of the proof and plan of the paper

In this section, we will give a sketch of the proofs and end with the plan of the paper.

The statement in the phase transition theorems 5.2 and 5.4 for α > 1 is a result from [30]

and does not require assumptions A.1 - A.3 (see Corollary 5.1 above).

Due to monotonocity of capacity, the statement in the phase transition theorems 5.2 and 5.4

for 0 < α < 1 follows by establishing full capacity for α = 1. For the deterministic phase

transition this is Theorem 5.3. For the random phase transition the result follows from

Theorem 5.3 by showing that assumptions A.1-A.3 hold almost surely, that is Theorem 5.5.
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In Section 5.2, we will show that the centers from the random phase transition satisfy

assumptions A.1 - A.3 for α = 1 (Theorem 5.5). Hence, the random phase transition holds.

Thus, the main task is to show that S has full capacity for α = 1 (Theorem 5.3). The method

that we will employ to show full capacity is the re-distribution technique under assumptions

A.1-A.3 for α = 1.

We introduce this technique in Section 5.3.1. Namely, we will begin with the equilibrium

measure νJ on the interval J , then we will construct a probability measure ν1 such that the

energy I(ν1) approximates the energy I(νJ) and whose support is a subset of supp νJ and

is a finite union of intervals {Ik}. Then we will construct another probability measure ν2

such that the energy I(ν2) approximates the energy I(ν1) and whose support is a subset

of supp ν1 and is a finite union of intervals {Ik}. Inductively, repeating this procedure, we

get a sequence of probability measures that have their energies that are arbitrarily close to

I(νJ) and such that their supports create a decreasing sequence of compact subsets. After

passing to the weak-limit we obtain a measure supported on S (Proposition 5), thus proving

the desired full capacity for the set S (see Section 5.3.2 for the proof). Proposition 6 states

that the above technique is applicable when assumptions A.1-A.3 are satisfied. Hence,

Theorem 5.3 follows from Proposition 5 and Proposition 6.

Finally, in Section 5.4 we develop the tools to prove Proposition 6. In Section 5.4.5 we

conclude with the proof of Proposition 6.

5.2 In the random setting A.1-A.3 are a.s. satisfied

This section is devoted to the proof of Theorem 5.5: we assume that the centers {ck} are i.i.d.

random variables and show that if their distributions are nice, then assumptions A.1-A.3

are satisfied.
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The distribution immediately follows from the law of large numbers:

Lemma 5.1. Under the assumptions of Theorem 5.5, assumption A.1 is almost surely

satisfied.

Now, take q(n) = [log2(log n)]. The uniform gap control can be obtained by a straightforward

estimate of the probability of two random centers being close to each other:

Lemma 5.2. Under the assumptions of Theorem 5.5, for q(n) = [log2(log n)], assump-

tion A.3 is almost surely satisfied.

Proof. Let K be the upper bound for the density of the distribution, and let ε > 0 be fixed.

For any i 6= j, i, j ∈ An,q(n), if

li + lj
2|ci − cj|

< ε

does not hold, it implies that

|ci − cj| ≤
li + lj

2ε
<

1

ε
e−λn,

and the probability of such an event (for any given i and j) does not exceed 2K
ε
e−λn. As

there are less than 2q(n)+1n < 2n2 possible indices i and j, the total probability that the

condition is violated for a given n does not exceed 4n4 · 2K
ε
e−λn. The series

∑
n

4n4 · 2K

ε
e−λn

converges, and the application of the Borel-Cantelli Lemma concludes the proof.

Finally, the log-averages of spaces also can be controlled quite directly:

Lemma 5.3. Under the assumptions of Theorem 5.5, for q(n) = [log2(log n)], assump-

tion A.2 is almost surely satisfied.
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Proof. Given ε > 0 be given and set

G(X, Y ) = (− log |X − Y |)1(0,δ)(|X − Y |),

where δ > 0 and G(X,X) = 0. We have that

1

#(An′ ×An′′)
∑

0<|ci−cj |<δ

(− log |Ci − Cj|) =
1

#(An′ ×An′′)
∑

i∈An′ ,j∈An′′

G(Ci, Cj).

Suppose the law of large numbers holds for G(X, Y ): as n→∞ we have

1

#(An′ ×An′′)
∑

i∈An′ ,j∈An′′

G(Ci, Cj)→ EG(C1, C2),

where for n′, n′′ ∈ {n, 2n, . . . , 2q(n)n}. Then we may find a δ such that A.2 holds.

The law of large numbers holds by considering the difference:

H(x, y) := G(x, y)− c− E[G(x, y)− c|y]− E[G(x, y)− c|x],

where c = EG(x, y) and their average

1

n′n′′
Sn′,n′′ =

1

n′n′′

∑
i 6=j

H(x, y). (5.7)

Now, consider the fourth power of Sn′,n′′ and take its expectation:

E(Sn′,n′′)
4 =

∑
E[H(ci1 , ci2)H(cj1 , cj2)H(ck1 , ck2)H(cl1 , cl2)]. (5.8)

The function H(x, y) has the property that E[H(x, y)|y] = E[H(x, y)|x] = 0. Hence, if a
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term has an independent random variable, say ci1 , then

E[H(ci1 , ci2)H(cj1 , cj2)H(ck1 , ck2)H(cl1 , cl2)] = 0.

On the other hand, when every random variable is depended on another random variable,

we can count the non-vanishing terms. There are (n′n′′) terms of the form E[H(ci1 , ci2)
4].

There are (n′n′′)2 terms of the form

E[H(ci1 , ci2)
2H(cj1 , cj2)

2].

There are at most (n′n′′)(n′ + n′′)4 terms of the form

E[H(ci1 , ci2)
2H(cj1 , x)H(ck1 , y)],

where x, y ∈ {ci1 ci2}. Lastly, there are at most n′n′′(n′ + n′′)2 terms of the form

E[H(ci1 , ci2)H(ci1 , cj2)H(ck1 , ci2)H(ck1 , cj2)].

Since E[H(x, y)4] <∞, then

ES4
n′,n′′ ≤ C ′max{(n′n′′)2, n′3n′′, n′n′′3},

where C ′ > 0 is some constant. An application of the Chebyshev inequality implies that

P (|Sn′,n′′| > ε(n′n′′)) ≤ E(Sn)4/(ε(n′n′′))4

≤ C ′

ε4
max

{
1

(n′n′′)2
,

1

n′n′′3
,

1

n′3n′′

}
.
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Since n ≤ n′, n′′, then

P (|Sn′,n′′ | > ε(n′n′′)) ≤ C ′

ε4

1

n4
.

We have that

∞∑
n=1

2q(n)n∑
n′=n

2q(n)n∑
n′′=n

P (|Sn′,n′′ | > ε(n′n′′)) ≤ C ′

ε4

∞∑
n=1

22q(n)

n2

≤ C ′

ε4

∞∑
n=1

(log n)2

n2
,

which is finite. By Borel-Cantelli lemma, |Sn′,n′′ | > ε(n′n′′) does not occur infinitely often

with probability 1. Let εk be a sequence of positive numbers that decreases to 0 as k →∞.

For each εk, |Sn′,n′′ | > εk(n
′n′′) does not occur infinitely often with probability 1. Since

the countable intersection of sets of full measure has full measure, then for all ε > 0, there

exists n0 ∈ N such that for any n ≥ n0, for every n′, n′′ ∈ {n, 2n, . . . , 2q(n)n}, we have

|Sn′,n′′ | < ε(n′n′′) with probability 1. That is, the average (5.7) goes to 0 as n→∞.

Together, lemmas 5.1, 5.2, 5.3 imply Theorem 5.5.

5.3 The re-distribution technique

5.3.1 Introducing the technique

Our main tool for establishing full capacity for a set S (what is needed for the proof of

Theorem 5.3) will be the re-distrubtion technique that was introduced in [30]. We will recall

the method in this section. The main property that allows it to work will be the following
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one:

Definition 5.2. We say that S (in the generic setting (5.1)) is re-distributable if the following

holds: for every probability measure ν with piecewise bounded continuous density that is

supported on a finite collection of intervals in [0, 1] and for every ε > 0 and every m ∈ N,

there exists another probability measure ν ′ with piecewise bounded continuous density such

that

1. I(ν ′) < I(ν) + ε,

2. ν ′ is supported on supp ν ∩ Vn for some n ≥ m,

where Vn is a finite union of Ik’s with k ≥ n.

The following proposition then allows us to establish full capacity:

Proposition 5. If S is re-distributable, then S has full capacity on the unit interval:

Cap(S) = Cap([0, 1]).

Proposition 6. Assume A.1 - A.3 for interval lengths lk = e−λk for some λ > 0. Then

the set S is re-distributable.

Section 5.4 is devoted to the proof of Proposition 6.

5.3.2 Proof of Proposition 5

In this section, we will prove that S has full capacity when S is re-distributable.

As we have mentioned in Section 5.1.4, the proof of Proposition 5.3 is obtained by inductively
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constructing a sequence of measures with smaller and smaller support. Let us make these

arguments formal:

Proof of Proposition 5. The density function for the equilibrium measure for the unit interval

is

f[0,1](x) =
1

π
√
x(1− x)

,

for x ∈ (0, 1) and 0 otherwise (see e.g. [47, Eq. (A.53)]). Given ε > 0, there exists a

continuous density function f such that

I(f(x)dx) < I(f[0,1](x)dx) + ε.

Let dν0(x) := f(x) dx with support [0, 1]. Applying Definition 5.2 to ν0, there exists ν1 with

support Vn1 and

I(ν1) < I(ν0) + ε/22.

Apply Definition 5.2 to ν1, there exists ν2 with support Vn1 ∩ Vn2 and

I(ν2) < I(ν1) + ε/23.

and n1 < n2. By induction and applying Definition 5.2, for each m ∈ N there exists a Borel

probability measure νm that is supported on

Cm := Vn1 ∩ · · · ∩ Vnm .

We consider the telescoping sum:

I(νm)− I(ν0) =
m∑
i=1

(
I(νi)− I(νi−1)

)
<

m∑
i=1

ε

2i+1
.
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It follows that

I(νm) < I(ν0) + ε.

As in [30], any weak* limit will work. Assume that ν∞ is a weak* limit of {νm}. Passing to

a weak* limit can only decrease the energy (see [40, Lemma 3.3.3]):

I(ν∞) ≤ lim inf
m→∞

I(νm) < I(ν0) + ε < I(f[0,1](x) dx) + 2ε.

Since ε > 0 is arbitrary, we have that

I(ν∞) ≤ I(f[0,1](x) dx).

If ν∞ has compact support contained in S, then we are done. The weak* limit only allows

us to conclude that ν∞ has compact support contained in

C̄∞ :=
⋂
m

Cl(Cm).

However, C̄∞ differs from

C∞ :=
⋂
m

Cm ⊂ S,

by at most a countable set P (the collection of boundary points of each Cm). Since I(ν∞) <

∞, then ν∞(P ) = 0 (see [40, Theorem 3.2.3]). By regularity of Borel measures, we may find

a Borel probability measure with compact support contained in C∞ that differs from I(ν∞)

as small as we want. Hence,

I(f[0,1](x) dx) = inf{I(ν) : ν ∈ P(C∞)}.
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Since C∞ ⊂ S, then S has full capacity:

Cap(S) = Cap([0, 1]).

5.4 Proving Proposition 6: A.1-A.3 imply re-distribution

5.4.1 Properties of assumptions A.1-A.3

In this section, we will discuss some of the properties of assumptions A.1-A.3 that will be

needed in the proofs.

The gap control property (assumption A.3) is aimed at controlling the gaps between two

distinct intervals in a collection of intervals in a uniform way. Let I, I ′ ⊂ (0, 1) be two

disjoint intervals with centers c, c′, then the gap between I and I ′ is

dist(I, I ′) = |c− c′| − 1

2
(|I|+ |I ′|) > 0. (5.9)

We will control the gaps by controlling the ratio of the average of the lengths and the distance

between their centers (see A.3).

Remark 5.4. Notice that by letting ε < 1 in A.3, we get (5.9). Hence, gap control implies

that the intervals in

{Ik : k ∈ 2n, . . . , 2q(n)n− 1},

are pairwise disjoint. Each measure that we construct in Section 5.4.2 will be supported on
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pair-wise disjoint collection:

{Ik : k ∈ An} = {In, In+1, . . . , I2n−1}.

In Section 5.4.5, we will construct a measure that is an average of measures from Section

5.4.2. Hence, the average measure will be supported on:

{In, In+1, . . . , I2n−1}

{I2n, I2n+1, . . . , I22n−1}
...

{I2q(n)−1n, I2q(n)−1n+1, . . . , I2q(n)n−1}.

Assumption A.3 allows the collection of intervals above to be disjoint.

The distribution property (assumption A.1) requires the centers to be distributed with re-

spect to some function ϕ(x) ∈ L1([0, 1], dx), where ϕ(x) > 0 a.e.:

1

#(An)

∑
k∈An

f(ck)→
∫ 1

0

f(x)ϕ(x) dx as n→∞, (5.10)

for every continuous function f ∈ C([0, 1]). This definition is a generalization of equidis-

tributed sequences.

Remark 5.5. Note that (5.10) will hold for piecewise continuous functions f since we may

approximate such functions from above and below by continuous functions in L1. Equation

(5.10) extends to 2-dimensions: Let f be any piecewise continuous function. Then

1

#(An ×An′)
∑

i∈An,j∈An′

f(ci)f(cj)→
∫ 1

0

∫ 1

0

f(x)f(y)ϕ(x)ϕ(y) dxdy, (5.11)

as m→∞ and n, n′ ≥ m.
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To show that S is re-distributable (see Definition 5.2), we will show that the following

statement holds:

P.1 For each positive continuous function f on the interval [0, 1], there exists a sequence of

probability measures {µn} so that each µn has a piecewise bounded continuous density

with support contained in a finite union of disjoint Ik’s with k ≥ n and with asymptotic

behavior:

I(µn) =
I(f(x) dx)

(
∫ 1

0
f(x) dx)2

+ o(1).

With the distribution assumption A.1 and log-average spacing assumption A.2, we can see

that the centers have the asymptotic behavior that is needed in P.1:

Lemma 5.4. Under assumptions A.1 and A.2, for every f ∈ C([0, 1]), as n → ∞ and

n ≤ n′, n′′, we have that

1

#(An′ ×An′′)
∑
i 6=j

(− log |ci − cj|)f(ci)f(cj)→ I(f(x)ϕ(x) dx), (5.12)

where the sum is taken over (i, j) ∈ An′ ×An′′ and i 6= j. Moreover,

I(f(x)ϕ(x) dx) <∞.

Remark 5.6. The density function ϕ(x) in assumption A.1 is not to be confused with the

continuous density function f in Definition 5.2 and in P.1. Once the centers are distributed

with respect to ϕ(x), the function ϕ(x) is fixed. The continuous density function f in

Definition 5.2 and in P.1 is arbitrary.

Proof of Lemma 5.4. Given ε > 0, let δ > 0 satisfy assumption A.2. For s > 0, define
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fs(x) = − log x for x ≥ s and 0 otherwise. Using Fatou’s lemma, we get

∫∫
|x−y|<δ

(− log |x− y|)ϕ(x)ϕ(y) dx dy ≤ lim inf
s→0+

∫∫
|x−y|<δ

fs(|x− y|)ϕ(x)ϕ(y) dx dy.

Using assumption A.1 for n′, n′′ ∈ {n, 2n, . . . , 2q(n)n}, we have

lim inf
s→0+

∫∫
|x−y|<δ

fs(|x− y|)ϕ(x)ϕ(y) dx dy = lim inf
s→0+

lim
n→∞

∑
0<|ci−cj |<δ

fs(|ci − cj|)
#(An′ ×An′′)

≤ lim
n→∞

∑
0<|ci−cj |<δ

(− log |ci − cj|)
#(An′ ×An′′)

≤ε,

where the last holds by assumption A.2 for some δ > 0. Hence, for every continuous function

f , we have finite energy:

I(f(x)ϕ(x) dx) =

∫∫
(− log |x− y|)f(x)ϕ(x)f(y)ϕ(y) dx dy <∞.

Note that

∑
i 6=j

(− log |ci − cj|)f(ci)f(cj)

#(An′ ×An′′)
−
∑
i 6=j

(− log |ci − cj|)fδ(ci)fδ(cj)
#(An′ ×An′′)

=
∑

0<|ci−cj |<δ

(− log |ci − cj|)f(ci)f(cj)

#(An′ ×An′′)
.

Let n→ inf, then by assumptions A.1 and A.2, we have

∣∣∣∣∣ lim
n→∞

∑
i 6=j

(− log |ci − cj|)f(ci)f(cj)

#(An′ ×An′′)
−
∫∫

fδ(|x− y|)f(x)f(y)ϕ(x)ϕ(y)

∣∣∣∣∣
≤ ε · (max |f |)2.
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By letting δ → 0, we have that

∣∣∣∣∣ lim
n→∞

∑
i 6=j

(− log |ci − cj|)f(ci)f(cj)

#(An′ ×An′′)
− I(f(x)ϕ(x) dx)

∣∣∣∣∣ ≤ ε ·max |f |.

Since ε > 0 is arbitrary, we get (5.12).

5.4.2 Construction of a single-level re-distribution

Our first step in constructing the probability measures in P.1 is to construct a single-level

re-distribution probability measure. This section is devoted to the construction of such

probability measures.

We begin with a “re-distribution” type of measure f(x) dx|[0,1] onto a single interval:

µk =
f(x) dx|Ik
|Ik|

.

We do not call this a re-distribution as in [30] because the measure is not necessarily a

probability measure. We consider the average of µk’s:

µAn :=
1

#An

∑
k∈An

µk,

where An are defined in (5.2) and satisfy the gap control property A.3. Recall that gap

control implies that for large enough n, our collection of intervals are disjoint (see Remark

5.4). Notice that each measure µAn is not necessarily a probability measure. To correct that,

let us define

Vn =
⋃
k∈An

Ik.
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Then, we consider the single-level re-distribution probability measure:

µ̂n :=
µAn

µAn(Vn)
, (5.13)

which is supported on Vn and it’s energy is

I(µ̂n) =
1

(µAn(Vn))2
I(µAn).

Thus, we are interested in the asymptotic behavior of µAn(Vn) and the asymptotic behavior

of:

I (µAn) =
1

(#An)2

∑
k∈An

I(µk) +
1

(#An)2

∑
i 6=j

I(µi, µj). (5.14)

The first sum is referred to as the self-interaction sum because in I(µk) = I(µk, µk) the same

measure is interacting with itself. The second sum is referred to as outer-interaction sum

because we have two measures with disjoint supports interacting with each other in I(µk, µj).

In Section 5.4.3, we will discuss the asymptotic behavior of the outer-interaction and in

Section 5.4.4 we will work on controlling the asymptotic behavior of the self-interaction

sum. In Section 5.4.5, we will put the two together. We will finish the section with the

asymptotic behavior of µAn(Vn) :

Lemma 5.5. If A.1 and A.3 hold, then

µAn(Vn) =

∫
f(x)ϕ(x) dx+ o(1).
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Proof. Since for large n the intervals in

{Ik : k ∈ An}

are disjoint due to A.3 (see Remark 5.4), then µk(Vn) = 1
|Ik|

∫
Ik
f(x) dx. Hence,

µAn(Vn) =
1

#An

∑
k∈An

1

|Ik|

∫
Ik

f(x) dx.

Due to the uniform continuity of f on the interval [0, 1], for every ε > 0, there exists δ > 0

such that

|f(x)− f(y)| < ε if |x− y| < δ.

Since the lengths of the intervals Ik approach 0, then there exists N ∈ N such that for every

k ≥ N we have

|f(x)− f(ci)| < ε if x ∈ Ik.

Therefore, for every n ≥ N and every k ∈ An, we have

|f(x)− f(ck)| < ε if x ∈ Ik.

It follows that for large enough n, we have

∣∣∣∣∣µAn(Vn)− 1

#An

∑
i∈An

f(ci)

∣∣∣∣∣ < ε.

As the centers are distributed with respect to ϕ(x) A.1, it follows that

∣∣∣∣µAn(Vn)−
(∫

f(x)ϕ(x) dx+ o(1)

)∣∣∣∣ < ε.

Since ε > 0 was arbitrary, then the result holds.
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5.4.3 Asymptotic behavior of outer-interaction

In this section, we are interested in the asymptotic behavior of the outer-interaction sum:

1

(#An)2

∑
i 6=j

I(µi, µj),

where the sum is taken over i, j ∈ An and i 6= j. It is the outer-interaction sum that gives

the limit point in P.1:

Lemma 5.6. We have

1

(#An)2

∑
i 6=j

I(µi, µj) = I(f(x)ϕ(x)dx) + o(1), (5.15)

where i, j ∈ An.

To show Lemma 5.6, we want to estimate (− log |x− y|) by (− log |c− c′|) where x and y are

in intervals with centers c and c′, respectively. The next lemma allows us to do that.

Lemma 5.7. Let f be any continuous function on [0, 1] and let J, J ′ be two disjoint intervals

in [0, 1] with lengths r, r′ and centers c, c′, respectively. Define

µ :=
1

r
f(x) dx|J and µ′ :=

1

r′
f(x) dx|J ′ .

Let ε > 0. If

r + r′

2|c− c′|
≤ (1− e−ε), (5.16)

then

|I(µ, µ′)− (− log |c− c′|)f(c)f(c′)| ≤ (2K(− log |c− c′|) +K2)ε,
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where K = ‖f‖∞.

Proof. Let us first prove that for a, b > 0, if |a− b| ≤ b(1− e−ε), then

| log a− log b| ≤ ε.

The above inequality holds if and only if

−ε ≤ log(a/b) ≤ ε,

if and only if

be−ε ≤ a ≤ beε,

if and only if

−b(1− e−ε) ≤ a− b ≤ b(eε − 1).

Since (1− e−ε) ≤ (eε − 1), then

| log a− log b| ≤ ε

holds when

|a− b| ≤ b(1− e−ε).

For any two disjoint intervals J, J ′ ∈ [0, 1] with centers c, c′ and with lengths r, r′ respectively,
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we have

||x− y| − |c− c′|| ≤ |(x− c) + (c′ − y)| ≤ r + r′

2
.

Since assumption (5.16) is equivalent to

r + r′

2
≤ |c− c′|(1− e−ε),

then

|(− log |x− y|)− (− log |c− c′|)| < ε.

Since f is uniformly continuous on [0, 1], then there exists δ > 0 such that |f(a)− f(b)| < ε

if |a − b| < δ. If 0 < r, r′ < δ, we have that |f(x) − f(c)| < ε and |f(y) − f(c′)| < ε. We

would like to combine the three inequalities.

Suppose A, a,B, b ∈ R and εa, εb > 0 such that

|A− a| < εa and |B − b| < εb.

We have that

|AB − ab| ≤ |AB − Ab|+ |Ab− ab| ≤ (|A|εb + |b|εa).

One application of the above gives

|f(x)f(y)− f(c)f(c′)| ≤ 2Kε,
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where K = ‖f‖∞. A third application yields

|(− log |x− y|)f(x)f(y)− (− log |c− c′|)f(c)f(c′)| < (2Kε(− log |c− c′|) +K2ε).

Integrating by

1

r
dx|J and

1

r′
dy|J ′

finishes the proof.

Now that we can estimate (− log |x − y|) by (− log |c − c′|) where x and y are in intervals

with centers c and c′, respectively, we are ready to estimate

1

(#An)2

∑
i 6=j

I(µi, µj),

by

1

(#An)2

∑
i 6=j

(− log |ci − cj|)f(ci)f(cj).

Let us go back to Lemma 5.6 and prove the asymptotic behavior of the outer-interaction:

Proof of Lemma 5.6. Let ε > 0 be given and let K = ‖f‖∞. The gap control A.3 guarantees

that there exists N ∈ N such that for every n ≥ N and every i 6= j, where i, j ∈ An, we have

li + lj
2|ci − cj|

≤ (1− e−ε),

which is the condition (5.16) in Lemma 5.7. Since lk decrease to 0 as k → ∞, then for all
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large enough n we may apply Lemma 5.7 to get

|I(µi, µj)− (− log |ci − cj|)f(ci)f(cj)| ≤ (2K(− log |ci − cj|) +K2)ε,

for every n ≥ N and every i 6= j, where i, j ∈ An. Adding this up for i 6= j where i, j ∈ An

and then dividing by (#An)2, gives us:

∣∣∣∣∣ 1

(#An)2

∑
i 6=j

I(µi, µj) −
1

(#An)2

∑
i 6=j

(− log |ci − cj|)f(ci)f(cj)

∣∣∣∣∣
≤ 2Kε

(#An)2

∑
i 6=j

(− log |ci − cj|) +K2ε.

We will apply Lemma 5.4 twice to the last two sums. We apply the lemma to the last sum

by taking f = 1 in Lemma 5.4, and then we apply the lemma again for arbitrary f in Lemma

5.4 to get:

∣∣∣∣∣ lim
n→∞

1

(#An)2

∑
i 6=j

I(µi, µj)− I(f(x)ϕ(x)dx)

∣∣∣∣∣
≤ (2KI(ϕ(x)dx) +K2)ε.

Lemma 5.4 also informs us that the energy of ϕ(x)dx is finite, hence 0 < (2KI(ϕ(x)dx) +

K2)ε <∞. As ε > 0 is arbitrary, it follows that

1

(#An)2

∑
i 6=j

(− log |ci − cj|)f(ci)f(cj)→ I(f(x)ϕ(x)dx).

Lemma 5.6 holds.
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5.4.4 Asymptotic behavior of self-interaction

In this section, we will to control the self-interaction:

Lemma 5.8. If lk = e−λk where λ > 0, then

1

(#An)2

∑
k∈An

I(µk) = O

(
1

(#An)2

∑
k∈An

k + o(1)

)
.

Proof. By shifting and a change of variables, we get

I(
1

lk
dx|Ii) = − log lk + I(dx|[0,1]) = − log lk · (1 + o(1)).

If lk = e−λk, then adding the above over k ∈ An gives us our result.

If the self-interaction sum vanishes in the limit, then we will be able to finish the proof with

a single-level re-distribution. Let us see what the self-interaction tells us:

Lemma 5.9. If An := {n, . . . , p(n)− 1} where p(n) is an integer-valued function such that

p(n) ≥ 2n, then

1

(#An)2

∑
k∈An

k =
p(n) + n− 1

2(p(n)− n)
.

If p(n) >> n, then the right-hand side is close to 1
2
.

Proof. Let

S =
∑
k∈An

k.

Then the arithmetic sum becomes

S =
(p(n) + n− 1)(#An)

2
.
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Since #An = p(n)− n, then dividing by (#An)2 we get what we want.

Remark 5.7. Lemma 5.9 tells us that no matter how many intervals are included in our

single-level of re-distribution, the self-interaction sum will never vanish.

But since we can bound the self-interaction sum uniformly for all n, we will be able to apply

a multi-level re-distribution in Section 5.4.5. That is, we will take the average of measures

µ̂n to handle the self-interaction sum.

5.4.5 The proof of Proposition 6

In this section, we will use a multi-level re-distribution to show P.1 holds and prove Propo-

sition 6.

Let us first see where the asymptotic behavior of a single-level re-distribution leads:

Proposition 7 (Single-level re-distribution). Let lk := e−λk and λ > 0. If assumptions

A.1-A.3 are satisfied, then

I(µ̂n) =
I(f(x)ϕ(x) dx)

(
∫
f(x)ϕ(x) dx)2

+O

(
1

(
∫
f(x)ϕ(x) dx)2

)
+ o(1) = O(1),

where each µ̂n is the corresponding measure defined in (5.13).

Proof. We have that

I(µ̂n) =
1

(µAn(Vn))2
I(µAn).

Breaking down the last, we get

I (µAn) =
1

(#An)2

∑
k∈An

I(µk) +
1

(#An)2

∑
i 6=j

I(µi, µj).
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Applying Lemma 5.6 to the outer-interaction sum and Lemma 5.9 to the self-interaction

sum, and lastly, applying Lemma 5.5 to the normalization µAn(Vn) completes the proof.

Remark 5.7 tells us that using a single level re-distribution will not render S to be re-

distributable no matter how many intervals are included in {Ik : k ∈ An}. We will need to

take the average of q(n) single-level re-distribution measures, where q(n) is an integer-valued

function such that q(n)→∞ as n→∞.

Let µ̂n be a single-level re-distribution as defined in (5.13). For each n, we consider a multi-

level re-distribution probability measure:

µm :=
1

#Bm

∑
s∈Bm

µ̂2sm,

where

Bm := {0, . . . , q(m)− 1}.

Since each µ̂n is supported on

Vn :=
⋃
k∈An

Ik =
2n−1⋃
k=n

Ik,

then µm is supported on

Vn, V2n, V22n, . . . , V2q(n)−1n.

See Remark 5.4 for details.

Our convex measure can now be partitioned into a new self-interaction sum and a new
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outer-interaction sum:

I(µm) =
1

(#Bm)2

∑
s∈Bm

I(µ̂2sm) +
1

(#Bm)2

∑
s,t∈Bm
s 6=t

I(µ̂2sm, µ̂2tm).

Proposition 7 tells us that

I(µ̂n) = O(1).

Hence,

1

(#Bm)2

∑
s∈Bm

I(µ̂2sm) =
1

(#Bm)2

∑
s∈Bm

O(1)

≤ O(1)

(#Bm)
→ 0 as m→∞.

That is, the self-interaction sum vanishes. The outer-interaction sum gives what we aim:

Lemma 5.10. Assume A.1-A.3. As m→∞ we have that

1

(#Bm)2

∑
s6=t

I(µ̂2sm, µ̂2tm)→ I(f(x)ϕ(x) dx)

(
∫
f(x)ϕ(x) dx)2

,

where the sum is over s 6= t and s, t ∈ Bm.

We will leave the proof of Lemma 5.10 to the end of the section. Note that the vanishing of

the self-interaction sum and Lemma 5.10 gives us:

Proposition 8. For every f ∈ C([0, 1]), we have that

I(µm) =
I(f(x)ϕ(x) dx)

(
∫
f(x)ϕ(x) dx)2

+ o(1).

Notice that with Proposition 8 we can show that S is re-distributable when ϕ(x) ≡ 1. In

order to remove ϕ(x), we will need to apply Proposition 8 to a continuous approximation of
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1/ϕ(x) and take an appropriate subsequence:

Proposition 9. Suppose for each continuous function f , there exists a sequence of probability

measures {µn} so that each µn has a piecewise continuous density with support Vn, where Vn

is a finite union of disjoint Ik’s with k ≥ n with asymptotic behavior:

I(µn) =
I(f(x)ϕ(x)dx)

(
∫
f(x)ϕ(x) dx)2

+ o(1). (5.17)

Then property P.1 holds.

Let us go back to show that S is re-distributable using a multi-level re-distribution before

we prove Proposition 9.

Proof of Proposition 6 . Since ϕ(x) > 0 almost everywhere, then combining Proposition 8

and Proposition 9 shows P.1 holds.

Given any probability measure ν with piecewise continuous density that is supported on a

finite collection of intervals in [0, 1] and given any ε > 0, we may apply P.1 to a continuous

L1 approximation of the density function of ν to show that there exists a probability measure

ν ′ satisfying properties (1) and (2) in Definition 5.2. Thus, S is re-distributable.

Now, let us analyze the asymptotic behavior of the new outer-interaction sum:

Proof of Lemma 5.10 . The goal is to show that

I(µ̂n, µ̂n′) =
I(µAn , µAn′ )

µAn(Vn) · µAn′ (Vn′)
→ I(f(x)ϕ(x) dx)

(
∫
f(x)ϕ(x) dx)2

,

as m→∞ and independently of our choice of n, n′ ∈ {2sm : s ∈ Bm}. Once we accomplish
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this, then

1

(#Bm)2

∑
s6=t

I(µ̂2sm, µ̂2tm)→ I(f(x)ϕ(x) dx)

(
∫
f(x)ϕ(x) dx)2

,

as m→∞.

Lemma 5.5 shows that

1

µAn(Vn) · µAn′ (Vn′)
→ 1

(
∫
f(x)ϕ(x) dx)2

,

as m→∞ and independently of our choice of n, n′ ∈ {2sm : s ∈ Bm}.

Let us focus on I(µAn , µAn′ ). Given n 6= n′ where n, n′ ∈ {2sm : s ∈ Bm}, we have that

I(µAn , µAn′ ) =
1

(#An)(#An′)
∑
i 6=j

I(µi, µj), (5.18)

where (i, j) ∈ An × An′ . By the gap control assumption A.3, we know that for all large

enough m and every i 6= j, where i, j ∈ {m, . . . , 2q(m)m− 1}, we have

li + lj
2|ci − cj|

≤ (1− e−ε),

which is the needed condition (5.16) to apply Lemma 5.7 for all large enough m. Lemma

5.7 gives us

|I(µi, µj)− (− log |ci − cj|)f(ci)f(cj)| ≤ (2K(− log |ci − cj|) +K2)ε,

for every i 6= j where i, j ∈ {m, . . . , 2q(m)m− 1} and for all large enough m. Adding this up
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over (i, j) ∈ An ×An′ and then dividing by (#An)(#An′) gives us:

∣∣∣∣∣ 1

(#An)(#An′)
∑
i 6=j

I(µi, µj) −
1

(#An)(#An′)
∑
i 6=j

(− log |ci − cj|)f(ci)f(cj)

∣∣∣∣∣
≤ 2Kε

(#An)(#An′)
∑
i 6=j

(− log |ci − cj|)

+K2ε.

We remark that the inequality holds independently of our choice of n, n′ ∈ {2sm : s ∈ Bm}

for all large enough m. By the distribution assumption A.1 and the log-average spacing

assumption A.2, we can apply Lemma 5.4 twice to the last two sums above. One application

yields:

1

(#An)(#An′)
∑
i 6=j

(− log |ci − cj|)f(ci)f(cj)→ I(f(x)ϕ(x) dx),

as m→∞ with n, n′ ≥ m. For the second application we take f = 1 in Lemma 5.4 to get

1

(#An)2

∑
i 6=j

(− log |ci − cj|)→ I(ϕ(x) dx) <∞,

as m→∞ with n, n′ ≥ m. Therefore, for n, n′ ∈ {2sm : s ∈ Bm}, we have

∣∣∣ lim
m→∞

I(µAn , µAn′ )− I(f(x)ϕ(x) dx)
∣∣∣

≤ 2KεI(ϕ(x) dx) +K2ε.

Since ε > 0 is arbitrary and I(ϕ(x) dx) <∞, then for n, n′ ∈ {2sm : s ∈ Bm}, we have

∣∣∣ lim
m→∞

I(µAn , µAn′ )− I(f(x)ϕ(x) dx)
∣∣∣ = 0.
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Therefore, as m→∞, then

I(µ̂n, µ̂n′)→
I(f(x)ϕ(x) dx)

(
∫
f(x)ϕ(x) dx)2

,

where n, n′ ∈ {2sm : s ∈ Bm}, which completes the proof.

Proof of Proposition 9 . For every continuous function h, set

f(x) :=
h(x)

ϕ(x)
,

when ϕ 6= 0 and 0 otherwise. For each ε > 0, there exists a continuous function f ′ such that

∣∣∣∣∣ I(f0(x)ϕ(x) dx)

(
∫ 1

0
f0(x)ϕ(x) dx)2

− I(f(x)ϕ(x) dx)

(
∫ 1

0
f(x)ϕ(x) dx)2

∣∣∣∣∣ < ε/2.

Applying (5.17) to f0, gives us that for each ε > 0, there exists N such that for every n ≥ N

we have

∣∣∣∣∣ I(f0(x)ϕ(x))

(
∫ 1

0
f0(x)ϕ(x) dx)2

− I(µn)

∣∣∣∣∣ < ε/2,

where each µn is a probability measure with a piecewise continuous density with support in

Vn, where Vn is a finite unions of disjoint Ik’s with k ≥ n. Since f(x)ϕ(x) = h(x) a.e., then

for every ε > 0, there exists n ∈ N as large as we need such that

∣∣∣∣∣I(µn)− I(h(x) dx)

(
∫ 1

0
h(x) dx)2

∣∣∣∣∣ ≤
∣∣∣∣∣I(µn)− I(f0(x)ϕ(x))

(
∫ 1

0
f0(x)ϕ(x) dx)2

∣∣∣∣∣
+

∣∣∣∣∣ I(f0(x)ϕ(x))

(
∫ 1

0
f0(x)ϕ(x) dx)2

− I(f(x)ϕ(x))

(
∫ 1

0
f(x)ϕ(x) dx)2

∣∣∣∣∣
<ε.

Hence, there exists a subsequence nk and probability measures µnk with piecewise continuous
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density supported in Vnk such that

I(µnk) =
I(h(x) dx)

(
∫ 1

0
h(x) dx)2

+ o(1). (5.19)

Each µnk is a probability measure with a piecewise continuous density with support contained

in Vnk , that is a finite union of disjoint Ij’s with j ≥ k. Hence, these {µnk} satisfy P.1.
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