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Abstract

Independence, Amalgamation, and Trees
by
Samuel Nicholas Ramsey
Doctor of Philosophy in Logic and the Methodology of Science
University of California, Berkeley

Professor Thomas Scanlon, Chair

This thesis is concerned with developing a theory of model-theoretic tree properties.
These properties are combinatorial properties of a formula or family or formulas that place
strong constraints on the behavior of forking and dividing yet are compatible with certain
forms of model-theoretic randomness. The most significant and intensively studied is the tree
property, whose negation characterizes the simple theories, and a successful theory for simple
theories was developed by Hrushovski, Kim, Pillay, and others, in the late 90s and early
2000s. Motivated by parallels with simplicity theory, we introduce a theory of independence
called Kim-independence and present a structure theory for NSOP; theories in terms of it.
This unifies and explains simplicity-like phenomena observed in several non-simple examples,
such as existentially closed vector spaces with a bilinear form and w-free PAC fields. This
machinery also gives a streamlined method for establishing that a given theory is NSOP; and
for showing that certain generic constructions preserve NSOP;. We also develop techniques
for the manipulation of tree indiscernibles to address several questions concerning the syntax
of the related model-theoretic tree properties TP, weak k-TP;, and the associated cardinal
invariants.

In the first two chapters, we develop the syntax of model-theoretic tree properties. We
consider two kinds of tree indiscernbles and establish several ‘operations’ on them that pre-
serve indiscernibility. Using these tools, we prove in Chapter 1, joint with Artem Chernikov,
that TP, is always witnessed by a formula in a single free variable, partially answering a
question of Shelah, and that TP, is equivalent to weak k-TP;, answering a question of Kim
and Kim. In Chapters 1 and 2, we study cardinal invariants of a theory T called kcqt(T),
Kset (1), and Kinp(7"), which measure approximations to TP, TPy, and TP,, respectively. We
address two questions of Shelah concerning which relationships between the model-theoretic
tree properties TP, TP, and TP, have quantitative analogues that are reflected in the val-
ues of these invariants. This is accomplished by a combination of model-theoretic techniques
related to tree indiscernibles and set-theoretic tools from infinitary combinatorics.

Next, we focus on the tree property SOP; and develop an interpretation of this property
in terms of independent amalgamation of types. This begins in Chapter 1, where we char-



acterize SOP; in terms of amalgamation and give a Kim-Pillay style criterion for NSOPq,
which is then applied to show many known examples are NSOP;. This is supplemented and
refined in Chapter 3, joint with Itay Kaplan, where we introduce Kim-independence, which
generalizes non-forking independence in simple theories, and corresponds to non-forking at
a generic scale. We show that in an NSOP; theory, Kim-independence is symmetric and
satisfies the independence theorem and that, moreover, NSOP; is characterized by these
properties. In Chapter 4, joint with Itay Kaplan and Saharon Shelah, we give a characteri-
zation of NSOP; in terms of the local character of Kim-independence. Then in Chapter 5,
we prove that SOP; is witnessed by a formula in a single free variable.

Finally, we focus on applying the theory of independence for NSOP; theories to obtain
new examples of NSOP; theories. Winkler showed that if 7" is a model-complete theory
eliminating the quantifier 3°°, then 7" has a model companion when viewed as a theory in
a larger language, or when the language of T is enriched with Skolem functions, which may
be viewed as the generic expansion of T' by new relations, functions, and constants, or the
generic Skolemization of T, respectively. In Chapter 6, we prove these constructions preserve
NSOP; and characterize Kim-independence in the expansion in terms of Kim-independence
in 7. We then specialize our analysis to the model companion of the empty theory in
an arbitrary language, arguably the simplest possible nonsimple NSOP; theory when the
language contains a function symbol of arity at least 2, and give a complete description of
forking and imaginaries in this theory. In Chapter 7, we relate model-theoretic tree properties
of a PAC field to those of its absolute Galois group. Chatzidakis has shown that if the theory
of the inverse system of the absolute Galois group of a PAC field is NSOP,, then so is the
field, for n > 3. As NSOP;, and NSOP, are defined very differently, extending this result
to the n = 1 and n = 2 case requires a different argument, but we show that Chatzidakis’s
result extends to these cases by applying the theory of Kim-independence in the NSOP; case
and analyzing strongly indiscernible trees in the NSOP, case.
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Chapter 0

Introduction

0.1 Background

Much of mathematical logic is concerned with asking what kinds of mathematical things
are the kinds of things we can classify. Figuring out what it means to classify something
is part of the question. Shelah’s Classification Theory [She90| begins by offering a pre-
cise and compelling suggestion for how to ask this question, and then proceeds to answer
it. The foundational results of Morley and Baldwin-Lachlan showed how to take a logical
hypothesis—N;-categoricity or strong minimality—and construct a theory of dimension from
it, which in turn allowed one to determine the identity of a structure in terms of this sin-
gle invariant. Shelah took this as a paradigm and proposed interpreting the classification
problem with ‘mathematical things’ understood as models of a first-order theory and ‘clas-
sification’ interpreted as the assigment of cardinal invariants. And after nearly 600 pages,
his book concludes by more or less completely characterizing when this is possible. It is an
astonishing human achievement.

From Shelah’s Classification Theory there emerged a general philosophy that, in classi-
fying first-order theories, one should look for dividing lines. These are properties of theories
that split the first-order theories into ‘tame’ and ‘wild’. From this perspective, one should
be able to prove interesting theorems about theories lying on either side—structure theorems
for tame theories, nonstructure theorems for wild ones. Additionally, one hopes to find inside
criteria for the dividing line, which characterize it in terms of syntax, and outside criteria,
that make reference only to semantics, that is, to the models. Despite the distance that
model theory has traveled from Shelah’s original motivation, the dividing lines philosophy
still forms the basis of the vocabulary in which we describe what model theory is ultimately
trying to do. Within stability theory, most dividing lines were isolated as the possible reasons
that a theory could fail to be classifiable, but their interest extended beyond their relevance
to the motivating classification problem. Consequently, it became interesting to look for di-
viding lines even among the unstable theories and simplicity was the first to receive extensive
study.
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Simplicity theory emerged out of the confluence of three lines of research within model
theory. The first came from work of Shelah, who named the simple theories in [She80| and
gave a preliminary analysis of independence in simple theories via the notion of weak dividing.
Although the tree property had been isolated by Shelah in [She90| in the course of his
development of forking independence in stable theories, this paper was the first place in which
theories without the tree property were studied in their own right. Shelah’s aim here was to
show that simplicity is a dividing line by giving an ‘outside’ set-theoretic characterization
of the class of simple theories. He showed that, in a simple theory, the Boolean algebra of
non-weakly-dividing formulas satisfies a certain chain condition. He then showed that, by
forcing with this poset, one can construct very saturated models of a simple theory. More
precisely, Shelah defined the saturation spectrum of a theory T to be the set of pairs (A, k)
where A > k are cardinals and every model of T of size < \ has a k-saturated elementary
extension of size A. A standard unions-of-chains argument shows that if A = A<*, then (), k)
is in the saturation spectrum of any theory. Shelah’s discovery was that, assuming a forcing
axiom Axgu, the simple theories may be characterized as those theories whose saturation
spectra contain some (A, k) with A # A<%. Although the question of what the saturation
spectra of first-order theories can be may appear rather arcane, Shelah’s chain condition was
later distilled into the S1 property of an ideal, a central notion in the work of Hrushovski
on approximate subgroups [Hrul2|, and Hrushovski’s letter to Shelah [Hru97], in which he
demonstrates that different simple unstable theories can have distinct saturation spectra,
opened up the study of generalized amalgamation, which continues to be a central topic
within pure model theory.

Secondly, work of Hrushovski [Hru91] and Hrushovski-Pillay [HP94| on structures related
to pseudo-finite fields led to many of the basic notions in simplicity theory. Pseudo-finite
fields where characterized by Ax as those fields that are perfect, have Galois group Z, and
satisfy an algebraic condition called being pseudo-algebraically closed (PAC). A field K is
PAC if every absolutely irreducible variety defined over K has a K-rational point. When
K is perfect, K may be viewed as a definably closed substructure of its algebraic closure
K& Hrushovski observed that the PAC condition can be reformulated model-theoretically
as the requirement that every multiplicity 1 formula (in the sense of the strongly minimal
theory Th(K®#)) with parameters coming from K is realized in K. This condition makes
sense and is elementary in an arbitrary strongly minimal theory with weak elimination of
imaginaries and the definable multiplicity property, so Hrushovski set out to analyze PAC
substructures of strongly minimal theories satisfying these additional technical conditions,
together with a boundedness condition on the model-theoretic Galois group. Working at
this level of abstraction required the analysis to center on the fundamental properties of
dimension and genericity that the PAC substructure inherits from the ambient strongly
minimal one. The work of Hrushovski and Hrushovski-Pillay proved many approximations
to fundamental results of stability and stable group theory in an unstable setting by working
locally and relating properties of the unstable structure to those of an ambient stable one.

The third line of model-theoretic research that led to simplicity theory came from Lach-
lan’s program of classifying smoothly approximable structures. The starting point for this
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theory was the pioneering work on w-stable Wy-categorical theories done by Cherlin, Har-
rington, and Lachlan [CHL85|. This provided a point of contact between Lachlan’s program
of classifying homogeneous stable structures and Zilber’s work on the geometric structure
theory of Ni-categorical theories. The Cherlin-Harrington-Lachlan analysis began with the
classification of strictly minimal sets—that is, strongly minimal Ny-categorical structures
satisfying an additional technical hypothesis—and then, using the ambient dimension the-
ory, to prove that an arbitrary w-stable Ng-categorical theory may be coordinatized in terms
of them. One of the goals of this theory was to prove the non-finite axiomatizability of
w-stable Wy-categorical structures and this was accomplished, in effect, by showing that they
are smoothly approximable. This suggested that a similar structure theory might exist at
the level of smoothly approximable structures. One significant obstacle to working at this
level of generality, however, was the appearance of unstable structures. Kantor, Liebeck, and
Macpherson [KLM]| classified the primitive smoothly approximable structures and showed
that they are all closely related to classical geometries over finite fields. These may be unsta-
ble: although an infinite dimensional vector space over ), is w-stable, an infinite dimensional
vector space over [F, equipped with a nondegenerate bilinear form has the independence prop-
erty. Replacements for the core notions of stability theory, such as stationarity and canonical
bases, as well as finer notions from geometrical stability theory, like minimality and local
modularity, had to be adapted to the setting of smoothly approximable structures in order
to carry out a parallel theory in which an arbitrary smoothly approximable structure could
be analyzed in terms of coordinatizing primitive geometries. This analysis was carried out
by Cherlin and Hrushovski [CHO3|.

Much of the model-theoretic content in these developments was organized and explained
by Kim and Pillay, who established a general theory of simple theories based upon the prop-
erties of the independence relation of non-forking [KP97| [Kim98] [Kim01|. They showed that
a single combinatorial hypothesis—not having the tree property—was sufficient to recover
almost all of the properties of non-forking independence observed in the special settings of
bounded PAC substructures of strongly minimal sets and smoothly approximable structures.
In particular, Kim proved Kim’s lemma, which established that forking in a simple theory
is always witnessed by a Morley sequence, from which the equality of forking and dividing
and the symmetry of non-forking independence easily follow. Subsequently, Kim and Pillay
proved the independence theorem and a characterization of non-forking independence in a
simple theory in terms of abstract axioms of an independence relation. These breakthroughs
clarified the fundamental phenomena at the heart of simplicity theory, allowing the theory
to deepen. This led to the proliferation of new fundamental notions, such as hyperimagi-
naries, generalized amalgamation, stable forking, etc., which served as a driver of further
model-theoretic research.
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0.2 Problems from non-simple theories

So to recap the historical sketch given above, after Shelah’s work, new examples and new
phenomena created the need for generalizations of stability theory. These generalizations
were subsequently systematized around properties of an abstract independence relation and
these properties were shown to characterize and be characterized by simplicity. This point of
view paved the way for the deepening of simplicity theory, which became a significant area of
model-theoretic research in its own right, and served as the basis for further developments in
the field. In what follows, we will explain how the theory presented in this thesis—the theory
of Kim-independence and the theory of model-theoretic tree properties—may be motivated
by a remarkably parallel situation in which previous work on non-simple examples can be
unified and explained by a theory of independence, which in turn allows for new applications
and suggests new structures to consider.

As in the case of the development of simple theories in the wake of stability, the new
examples and new phenomena created that created need for new tools beyond simplicity
were related to saturation, PAC structures, and classical geometries. The initial impetus to
develop tree properties beyond simplicity comes from the <i*-order introduced by Shelah to
compare the the relative difficulty of producing saturated models of two theories. In their
extensive study of this order [DS04|, Dzamonja and Shelah introduce the tree properties
SOP; and SOP,, as well as some variants of each, and study the relationship between these
properties and maximality in the order <*. They observe that the theory of parametrized
equivalence relations T7,, is neither simple nor maximal in <*, they show that maximality
in <* implies a property called SOPY, and also they observe that SOP, coincides with
the property TP; introduced earlier by Shelah. Later, Shelah and Usvyatsov showed that
SOP] was equivalent to SOP, [SU08]. A complete description, modulo GCH, of the <*-
maximal theories was given by Malliaris and Shelah who showed that they are exactly the
SOP; theories [MS15a]. This was one of the many byproducts of their cofinality spectrum
technology which also used to show SOP, theories are maximal in Keisler’s order [MS16].
Their work on related problems has greatly clarified the relationship between model theoretic
properties and the construction of saturated models, proving illuminating structure theorems
among the simple theories and non-structure theorems for those with SOP,. This points to
an intriguing gap in our knowledge of the properties of nonsimple NSOP; theories living
in-between.

A major source of new non-simple examples comes from unbounded PAC fields. Hrushovski’s
study of PAC substructures of strongly minimal sets imposed the hypothesis of boundedness.
In the context of a PAC field K, this is equivalent to the requirement that the field K have
finitely many degree n extensions for all n. Later, Chatzidakis showed that every unbounded
PAC field is not simple, hence a PAC field is simple if and only if it is bounded [Cha99|. How-
ever, Chatzidakis developed a Galois-theoretic interpretation of non-forking independence in
the context of w-free PAC fields and, more generally, Frobenius fields and introduced a re-
lated independence relation called weak independence |Cha02|. She proved that Frobenius
fields satisfy the independence theorem for weak independence. Moreover, this relation sat-
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isfies symmetry and extension, and therefore closely resembles non-forking independence in
a simple theory, despite the fact that w-free PAC fields and Frobenius fields are not simple.

Infinite-dimensional vector spaces over an algebraically closed field with a nondegenerate
bilinear form are an another important example of an non-simple tame structure. These were
given extensive study by Granger [Gra99|, who proved quantifier-elimination in a reasonable
language, showed that they are not simple, and developed a theory of independence for
them. He defined I'-independence in these structures and showed that it is symmetric,
transitive, and stationary. Stationarity is a very strong form of the independence theorem,
which can hold for non-forking independence only in a stable theory. Granger’s examples
represent one way of considering analogues of the classical geometries considered in the
smoothly approximable case over an infinite field. Another way comes from work of Liebeck,
Macpherson, and Tent who study and essentially classify primitive infinite ultraproducts of
finite permutation groups, finding again a close connection with classical geometries [LMT09].
They observe in the conclusion of their paper that these ultraproducts should give rise to
tame structures, but the appropriate notion of tameness and the associated structure theory
are lacking:

Initially, we hoped for a close connection between primitive ultraproducts (X*, G*)
of finite permutation groups and simple theories, analogous to the smoothly ap-
proximable structures... One might have hoped that there is a supersimple struc-
ture M* with domain X* such that G* = Aut(M*), or, better (to avoid problems
with field automorphisms), so that Aut(M*) < G < Ngym(x)(Aut(M)). The lat-
ter seems correct, with the exception of cases where ultraproducts of unbounded
L-rank symplectic, orthogonal or unitary groups, over unbounded fields, are in-
volved. It was shown by Grainger [sic| that the theories of infinite-dimensional
vector spaces carrying a non-degenerate sesquilinear form, over an infinite field,
parsed in a two-sorted language, do not have simple theory. In Grainger’s [sic|
thesis some independence theory is developed for such structures (over an alge-
braically closed field), so there may be a reasonable model theory for all such
structures M*.

A model-theoretic treatment of classical geometries over infinite fields, then, seems to require
an independence theory capable of generalizing and explaining the observations of Granger
in the test case of a bilinear form over an algebraically closed field.

0.3 What we do

Syntax

A well-known theorem of stability theory says that an unstable theory is unstable for one
of two conceptually distinct reasons. If T is unstable, then either T interprets a partial
order with infinite chains, i.e. T has the strict order property, or T interprets a graph that
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contains the random graph as an induced subgraph, i.e. T" has the independence property. In
other words, if a theory has a lot of types, then they must either come from something very
structured—cuts in an order—or something highly random—partitions of a random graph.
Remarkably, this kind of dichotomy reappears at the level of forking. A sequence of nested
intervals in a dense linear order may be taken as a paradigm for ‘structured’ forking, while
a choice of equivalence classes in distinct equivalence relations in the theory 77, of random
parametrized equivalence relations may be regarded as a canonical example of ‘random’
forking. Shelah proves that theories with lots of forking or dividing give rise to a pattern of
dividing that resembles one of these two examples. In order to state this precisely, we will
need the definitions for Shelah’s cardinal invariants related to the tree property:

Definition 0.3.1. 1. A cdi-pattern of height k is a sequence of formulas @;(z;y;) (i <
K, 1 successor) and numbers n; < w, and a tree of tuples (a,)ye,<+ for which

a) py = {@i(x;ay;) : i successor ,i < K} is consistent for n € w”

b) {pi(x;ap—(ay) : @ <w,i=1(n)+ 1} is n;-inconsistent.

2. An inp-pattern of height k is a sequence of formulas ¢;(x;y;) (i < k), sequences (a; 4 :
a < w), and numbers n; < w so that

a) for any n € w”, {pi(x;a;,@)) : i < Kk} is consistent.

b) For any i < k, {p;(z;a;4) : @ < w} is ni-inconsistent.

3. An sct-pattern of height k is a sequence of formulas ;(z;y;) (i < k) and a tree of
tuples (ay,)pew<s so that

a) For every n € w®, {pa(r;ay) : 0 < a < Kk, « successor} is consistent.

b) If n € w*, v € WP, a, B are successors, and v L 7 then {p,(7;a,), ps(z;a,)} are
inconsistent.

4. For X € {cdt,sct,inp}, we define k% (T") be the first cardinal x so that there is no
X-pattern of height  in n free variables. We define kx(T') = sup{x'% }.

A cdt-pattern is a combinatorial configuration that emerges from instances of dividing.
The sct-patterns and inp-patterns may be viewed as the extremal forms that a cdt-pattern
can take. An sct-pattern is a cdt-pattern in which inconsistency is maximized and an inp-
pattern is one in which inconsistency is minimized. Shelah proves that if k.q¢(7") = 0o then
either kget(7T") = 00 or Rinp(T') = oo [She90]. By the pigeonhole principle and compactness,
for X € {cdt,sct, inp}, saying that £ x(T') = oo is equivalent to saying that there is an infinite
X-pattern in a single formula. The assertions keq (1) = 00, Kset(1) = 00, and Kinp (1) = 00
may be taken as the definition of 7" having the tree property (TP), the tree property of the
first kind (TP;), and the tree property of the second kind (TP;), respectively.

One issue raised by Shelah in Classification Theory is the extent to which theorems about
the tree properties TP, TPy, and TPs have ‘quantitative’ analogues in terms of the cardinal
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invariants keat(T), Kset(T'), and Kinp(7T'). One particular question he asked in this vein is
whether the equality rcat(T) = Kset(T') + kinp(T) for all T. In Chapter 1, joint with Artem
Chernikov, we address this question in the case of countable theories. We introduce several
‘operations’ on indiscernible trees and show these preserve indiscernibility. Then using these
operations, we study the way that a cdt-pattern of a given height can be manipulated to
yield patterns with additional properties. In the case of a countable theory, the invariant
Keat(T) can only take on the values Ny, Ny, and co and we answer the question positively
for the countable theories with an argument tailored to the two cases not already covered
by Shelah’s theorem. In the finitary case sl (T) = Ry where T has arbitrarily large finite
cdt-patterns but no infinite one, we recover a quantitive form of Shelah’s dichotomy. But
we show that from an infinite cdt-pattern we can construct an infinite sct-pattern, hence
Keat(T) > Wy if and only if ke (7") > N;. This has the curious consequence that the natural
candidate for the definition of a ‘super-NTP;’ theory—mnamely kgt (1) = No—coincides with
supersimplicity. We also make use of the tree-indiscernible methods to prove that TP is
always witnessed by a formula in a single free variable, answering the local case of a another
question of Shelah, who asked if kgt (T) = KL (T).

In Chapter 2, we consider the question of whether kcqi (1) = Kset (1) + Kinp(1') Without any
restriction on the cardinality of T. We construct a family of counterexamples, using strong
colorings studied by Shelah in the context of pcf theory. From a strong coloring, we build
a theory which can be obtained as a union of theories in finite reducts of the (uncountable)
language, each of which is stable, Ng-categorical, and has quantifier-elimination. In some
sense, the gap between global complexity and local tameness is maximized in these examples
so that the formulas in a cdt-pattern can be carefully analyzed and large sct- and inp-patterns
can be ruled out. We also use a similar construction to answer a related technical question
of Shelah concerning the impact of these cardinal invariants on saturation of ultrapowers.

Kim-independence

The theory of Kim-independence and the associated structure theory for NSOP; theories
forms the heart of this thesis. To start, we give the definition of NSOP;:

Definition 0.3.2. A formula ¢(z;y) has SOP; if there is a collection of tuples (a;),ca<«
satisfying the following:

e Forall n € 2¢, {p(x;ay,) : n <w} is consistent.

e Forall n,v € 2<¥ if (nAv) ~ (0) <y and (nAv) ~ (1) = v, then {p(z;a,), o(z;a,)}
1s Inconsistent.

A theory T has SOP; if some formula has SOP; modulo T. We say T is NSOP; if does not
have SOP;.

This rather bizarre-looking property was introduced by Dzamonja and Shelah and later
discussed by Shelah and Usvyatsov, but it remained unclear if there were any meaningful
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consequences to either having or lacking this SOP;. We show that it may characterized in
several distinct ways in terms of a natural independence relation and that NSOP; provides
a worthwhile setting in which one can treat model-theoretically several structures of general
mathematical interest.

Kim showed that many of the desirable properties of non-forking independence in a simple
theory in fact characterize simplicity. A theory in which non-forking independence satisfies
symmetry, (right) transitivity, Kim’s lemma, or local character must be simple [KimO1].
Consequently, it is somewhat surprising that the property thought of as most characteris-
tic of simplicity-like behavior, the independence theorem, does not imply simplicity. This
was first explicitly observed by Chatzidakis, who showed that the independence theorem
for non-forking independence (in its usual formulation as well as a dual version) holds in
w-free PAC fields, which were known to be non-simple by her earlier work. Despite the
fact that the independence theorem does not imply simplicity, Kim observed, modulo the
existence of a measurable cardinal, that the independence theorem for non-forking indepen-
dence implies that the theory is NTP; [Kim01|. Later, Chernikov removed the set-theoretic
hypothesis [Chel4|. By a careful analysis of the proof, together with Chernikov, we noticed
that from a weaker hypothesis we could obtain a stronger conclusion: if 7" has SOP; then
the independence theorem fails in a strong way. Moreover, we showed this strong failure
of the independence theorem must always come from an instance of SOP;, yielding a new
characterization of the NSOP; theories in terms of amalgamation of types. As a corollary,
we obtained the following Kim-Pillay-style criterion for a theory being NSOP;:

Proposition 0.3.3. [Proposition 1.5.8] Assume there is an Aut(M)-invariant independence
relation | on small subsets of the monster M |= T such that it satisfies the following
properties, for an arbitrary M =T and arbitrary tuples from M.

1. Strong finite character: if a f, b, then there is a formula p(x,b,m) € tp(a/bM) such
that for any a' = (x,b,m), a" f | b.

Ewistence over models: M |=T implies a |, M for any a.
Monotonicity: aa” |, W' = a |, b.

Symmetry: a |, b <= b |, a

Independent amalgamation: c J/Mcl, b \J—/MCO’ by | . c1, bo =m by implies there

exists b with b =. nr by, b =c a1 b1

M

Then T is NSOP;.

This criterion was then used to show that the theory of parametrized equivalence rela-
tions, infinite-dimensional vector spaces over an algebraically closed fields, and w-free PAC
fields all have an NSOP; theory. In each case, the notion of independence for these structures
was ad hoc, defined in combinatorial or algebraic terms particular to the structures. In order
to complete the analogy with the theorem of Kim and Pillay, however, it was necessary to



CHAPTER 0. INTRODUCTION 11

develop a theory of independence in a general NSOP; theory, which would specialize to these
ad hoc notions of independence in these particular theories.

This challenge is met by the theory of Kim-independence, a notion of independence de-
fined in terms of dividing at a generic scale. The definition of Kim-independence emerged out
of an attempt to better understand an argument of Malliaris and Shelah that characterized
the NSOP; theories in terms of a notion they called a higher formula [MS15al. Though this
differs from their presentation, a higher formula may be described as a triple (¢(z,y), 4, q)
where A is a set of parameters, ¢ is a global A-finitely satisfiable type, and ¢(x;y) is a
formula that does not divide with respect to any Morley sequence in ¢ over A, or, to use
Hrushovski’s terminology, does not g-divide over A [Hrul2|. We observed that NSOP; is
equivalent to the statement that if ¢ and r are global A-invariant types with ¢|4 = 7|4,
then (p(x,y), A, q) is higher if and only if (¢(z;y), A, r) is higher. In the argument, A-finite
satisfiability was used merely to ensure A-invariance, so NSOP; is additionally equivalent to
the statement that if ¢ and r are A-invariant types with g|4 = |4 then, for any ¢, ¢(x;y)
g-divides over A if and only if ¢(x;y) r-divides over A. This can be viewed as a version of
Kim’s lemma for the following notion of dividing;:

Definition 0.3.4. We say that a formula ¢(z;b) Kim-divides over A if there is some A-
invariant global type ¢ O tp(b/A) and Morley sequence (b; : i < w) over A in ¢ so that
{o(x;b;) : i < w} is inconsistent. The formula (z;b) Kim-forks over A if ¢(x;b)
Vi ¥i(z; ¢') and each ¢;(x; ') Kim-divides over A. A type Kim-forks if it implies a formula
which does. If tp(a/Ab) does not Kim-fork over A, we write a J/f b.

In an NSOP; theory, Kim-dividing over a model M is dividing that is witnessed by some,
equivalently every, Morley sequence in global M-invariant types over M. The interpretation
of higher formulas and ¢-dividing in the NSOP; context in terms of the independence notion
J/K was inspired by a suggestion of Kim for a notion of independence in the NTP; setting
[Kim09]. This, together with the fact that | * satisfies an analogue of Kim’s lemma in
NSOP; theories, is why the notion bears Kim’s name.

In Chapter 3, joint with Itay Kaplan, we develop fairly comprehensive theory of Kim-
independence in the NSOP; setting. The following is our main theorem, which gives several
characterizations of NSOP; in terms of \LK, which gives compelling evidence that SOP; is
a dividing line:

Theorem 0.3.5. [Theorem 3.8.1] The following are equivalent for the complete theory T':

2. Kim’s lemma for Kim-dividing: For every model M = T and p(z;b), if o(x;y) q-
divides for some global M-invariant q 2 tp(b/M), then ¢(x;y) q-divides for every
global M -invariant q 2 tp(b/M).

3. Symmetry over models: for every M =T, then a \Lﬁ b if and only if b J/]\K4 a.
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4. Independence theorem over models: if M =T, a =y d, a J/AIZ b, a \L]\IZ ¢, andb J/AK/[ c,

. . K
then there is a” with a” =y a, a” =y a' and o \|/M be.

Additionally, we refine the Kim-Pillay-style criterion for NSOP; into an abstract charac-
terization of Kim-independence in an NSOP; theory:

Theorem 0.3.6. [Theorem 3.9.1] Assume there is an Aut(M)-invariant ternary relation
L on small subsets of the monster Ml = T which satisfies the following properties, for an
arbitrary M | =T and arbitrary tuples from M.

1. Strong finite character: if a f, b, then there is a formula p(x,b,m) € tp(a/bM) such
that for any a' = p(x,b,m), a" f .

Ewistence over models: M =T implies a |, M for any a.
Monotonicity: aa” |, W' = a |, b.

Symmetry: a | b < b |, a

. . / — ! ; ; iz
The M/L/dependenc/(f theorezn. a \|/”M b, a \LM c, b \LM c and a =y o implies there is a
with " =y a, a” =pe a' and a \LMbc

Then T is NSOP, and | strengthens | ™ —ie. if M = T, al, b then aLAK/[ b. If,
moreover, | satisfies

6. Witnessing: if a f ,, b witnessed by p(x;b) and (b;)i<. is a Morley sequence over M
in a global M -invariant type extending tp(b/M), then {@(x;b;) : 1 < w} is inconsistent.

then | = |*.

This theorem serves as a tool for characterizing Kim-independence in concrete examples,
even when finitely satisfiable and invariant types are not easy to directly understand. We
apply this method to characterize Kim-independence in several theories, showing that Kim-
independence coincides with the weak independence of Chatzidakis in Frobenius fields and
is closely related to Granger’s I'-independence in infinite-dimensional vector spaces over
algebraically closed fields with a nondegenerate bilinear form, which confirms the naturality
of Kim-independence in this setting.

Several new technical notions were required for these results. Kim’s lemma for Kim-
dividing is a consequence of a synactic reformulation of SOP; in terms of an array of pairs,
which is much easier to understand and manipulate than a tree. These syntactic reformula-
tions were also essential for proving that SOP; is always witnessed in a single free variable,
which is the content of Chapter 5. Familiar arguments from simplicity theory immediately
adapt to show the equality Kim-forking and Kim-dividing in NSOP; theories, so LK sat-
isfies existence and extension over models. But symmetry of Kim-independence is proved
after introducing tree Morley sequences which are indiscernible sequences sufficiently generic
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to witness Kim-dividing, but weaker than Morley sequences in invariant types and thus ex-
ist under more general hypotheses. The construction of tree Morley sequences is the most
technically involved part of this thesis, as it requires the use of indiscernible trees and an
inductive construction of certain ill-founded trees. These inductive constructions, and not
just the existence of tree Morley sequences, are used repeatedly, particularly in the proof of
the independence theorem for Kim-independence in NSOP; theories.

Chapter 4, joint with Itay Kaplan and Saharon Shelah, considers the local character of
Kim-independence. In a simple theory, local character states that every type is a non-forking
extension of a type of size |T'|. Informally, this suggests that all the essential information
about a realization of the type is contained in some small set of formulas. Despite the fact
that Kim-independence gives a robust generalization of non-forking independence in simple
theories, it lacks base monotonicity and this introduces subtleties into finding the right
analogue of local character for Kim-independence. In a simple theory, if p € S(B) does not
fork over some A C B, then p also does not fork over any set in the cone {C' C B : A C B}.
This fails in an NSOP; theory for Kim-forking, in general, but one would like to capture the
idea that, in an NSOP; theory, a type should not Kim-fork over a ‘large’ number of small
subsets. The appropriate notion of largeness is provided by the generalized club filter. Given
a set X and a cardinal x, a subset Z of [X]" is called club if it is closed under C-increasing
chains of length s and for any Y € [X]" thereis Y’ € Z with Y C Y’. Accordingly, Z C [X]*
is stationary if it intersects every club subset. With these definitions in hand, we prove the
following theorem:

Theorem 0.3.7 (Theorem 4.3.9). Suppose T is a complete theory. The following are equiv-
alent:

2. For any M =T, p € S (M), the set of elementary substructures of M of size |T'| over
which p does not Kim-divide is a stationary subset of [M]'Tl.

3. For any M =T, p € S (M), the set of elementary substructures of M of size |T'| over
which p does not Kim-divide is a club subset of [M].

This gives yet another distinct characterization of NSOP; in terms of Kim-independence.
We expect it will have applications in the future, in generalizing theorems from simplicity
that make use of both local character and base monotonicity.

Examples

In the final section, we apply the theory developed earlier in the thesis to produce new
examples of tame theories. In Chapter 6, joint with Alex Kruckman, we focus on ‘generic
structure’ methods for producing new NSOP; theories from old ones. The precedent for these
kinds of theorems was established by Chatzidakis and Pillay [CP98|, who showed that adding
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a generic automorphism or generic predicate to a stable theory resulted in a simple theory,
which was, in general, unstable. In the context of adding a generic predicate, it sufficed to
assume the underlying theory is simple to show that adding a generic predicte produces a
simple theory. In a different vein, Jerdbek studied the model companion of the empty theory
in an arbitrary language, showing that is not simple when the language contains a function
symbol of arity greater than 2 but is always NSOP3. In an early preprint of [Jefl7|, he
showed that this theory is NSOPj3 for every choice of language and asked if it must always
be NSOP;. We address this question by situating it in a broader context, in which it may
be viewed as a question about generic expansion. Given an L-theory T, we may view T as
an L’-theory, for any language L' containing L. An old theorem of Winkler shows that if
T is model complete and eliminates the quantifier 3°°, then T, considered as an L’-theory,
has a model companion [Win75]. We call this model companion the generic L'-expansion of
T. When T is the theory of an infinite set in the empty language and L' is any language,
the the model companion of T, considered as an L’-theory, is exactly the model companion
of the empty theory in the language L’. Consequently, Jefabek’s question may be viewed
as a special case of the following problem: given a model complete NSOP; L-theory T" and
language L’ containing L, is the model companion of 7" as an L’-theory also NSOP;?

We answer this question positively. When Winkler introduced the generic expanion of
T, he also showed that if T" is model-complete and eliminates the quantifier 4°°, then there
is a generic expansion of T' to a theory with Skolem functions. We give a uniform analysis
of Kim-independence in both constructions and show that they preserve NSOP;. This gives
a positive answer to Jefabek’s question (which was independently obtained by Jefabek) and
gives a general method for constructing new NSOP; theories. It also shows that NSOP,
theories that eliminate the quantifier 3°° may be expanded such that every type over an
arbitrary set has a global invariant extension, which greatly simplifies the analysis of Kim-
independence, which a prior: only makes sense over models.

In the final chapter, we show that PAC fields whose Galois group has NSOP; or NSOP,
inverse system characterize are NSOP; and NSOP,, respectively. Early work of Cherlin, van
den Dries, and Macintyre [CvdDMS80] show how to regard the inverse system of a profinite
group as a many-sorted first order structure with a sort X,, for each n consisting of cosets
of open normal subroups of index < n in a sufficiently rich language to encode the group
operation on each associated quotient and the maps between them. This approach to the
model theory of profinite groups was pursued further by Chatzidakis who showed that, in
this language, free profinite groups and, more generally, profinite groups with the embed-
ding property have w-stable theory [Cha98]. Later, Chatzidakis proved that independent
amalgamation in a PAC field is, in a precise sense, completely controlled by independent
amalgamation in the inverse system of the Galois group [Chal7|. From this, she was able to
conclude that a PAC field is NSOP,, if the theory of the inverse system of its Galois group is
NSOP,,, for n > 3. As SOP; and SOP, are defined differently from the SOP,, heirarchy for
n > 3, extending the result of Chatzidakis to NSOP; and NSOP; inverse systems requires
new arguments. Our proof in the NSOP; case relates Kim-independence in the field to Kim-
independence in the Galois group. This gives the ultimate form of the results in Chapter 1
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that w-free PAC fields are NSOP; and in Chapter 3 that Frobenius fields are NSOP;, since
w-free PAC fields are Frobenius fields and the absolute Galois group of a Frobenius field has
an w-stable (hence NSOP;) inverse system. The NSOP, case makes use of the analysis of
strongly indiscernible witnesses to SOP5 begun in Chapter 1.
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Chapter 1

Model-theoretic tree properties

This chapter is joint work with Artem Chernikov.

1.1 Introduction

One of the central tasks of abstract model theory is to understand what kinds of complete
first-order theories there are and how complicated they can be. In practice, this is achieved by
classifying theories according to the combinatorial configurations that do or do not appear
among the definable sets in their models. The most meaningful of these configurations,
the so-called dividing lines, have the property that their absence signals the existence of
some positive structure, while their presence indicates some kind of complexity. Dividing
lines come in two flavors: local properties, which describe the combinatorics of sets defined
by instances of a single formula, and global properties, which describe the interaction of
definable sets generally. Stability, simplicity, NIP are examples of the former, while w-
stability, supersimplicity, and strong dependence are examples of the latter (see e.g. [Con]).

In this chapter, we study some questions around Shelah’s tree property TP and its
relatives SOPq, TP, TP, and weak k-TP;, as well as their global analogues detected by the
cardinal invariants keqt (1), Kinp(T'), and ket (77). Our point of departure is the third chapter
of Shelah’s Classification Theory. There, Shelah investigates the global combinatorics of
stable theories in terms of a cardinal invariant x(7") quantifying the complexity of forking
in models of 7. In the final section of this chapter, he introduces variations on x(7") with
the invariants keqt(7"), Kset(T'), and kinp(T") and proves several results about how they relate.
In contemporary language, these invariants bound the size of approximations to the tree
property, the tree property of first kind, and the tree property of the second kind consistent
with T, respectively. Later as the theory developed, a property of stable theories that
forking satisfies local character was isolated and theories satisfying this condition, the simple
theories, were intensively studied [She80|. These theories are exactly the theories without
the tree property, which is to say those theories with r.qi(T") bounded. Nonetheless, until
recently, the aforementioned invariants have received very little attention and many basic
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questions remain unaddressed.

Here, we focus on two such questions. Shelah proved that a theory has the tree property
if and only if it has the tree property of the first kind or the tree property of the second
kind [She90]. In terms of the invariants, this amounts to the assertion that r.q(7) = oo
if and only if Kinp(T') + Kset(T) = co. It is natural to ask if this relationship persists when
keat(T') is bounded — in other words, if the equality Keqt(T) = Kinp(T') + Kset(T') holds in
general. Shelah also proved that x.q(7) = k is always witnessed by a sequence of formulas
in a single free variable when k is an infinite cardinal or co. Recently, Chernikov proved
an analogous result for si,,(7") [Chel4]. We consider here whether or not the computation
of Kset(T') similarly reduces to a single free variable. These questions were both raised by
Shelah (Question 7.14 in [She90]).

We do not give a complete answer to any of them, but for each of these questions there are
two model-theoretically natural special cases to consider: first, the case of countable theories
and, secondly, the case where one or more of the invariants in question are unbounded (which
reduces to a question about configurations in a single formula). In Section 1.3, we show that
Keat(T) = Kinp(T) + Kset(T) for countable T'. In Section 1.4, we show that if k(7)) = oo
then this will be witnessed by a formula in a single free variable by showing that TP is
always witnessed by a formula in one free variable. The main ingredient in our argument
is the notion of a strongly indiscernible tree, which is more easily manipulated than the
s-indiscernible trees used in other studies of the tree property of the first kind.

At the present state of the theory, the class of non-simple theories without the strict order
property is poorly understood even at the level of syntax. In their study of the order <*,
Dzamonja and Shelah introduced a weakening of TP, called SOP; [DS04]. Subsequently,
Kim and Kim introduced two infinite families of properties called k-TP; and weak k-TP;
for k > 2 and showed

TP, <— k-TP;, — weak 2-TP; — weak 3-TP; — ... =— SOP,

It was left open whether the properties weak k-TP; are inequivalent for distinct & and
whether or not weak k-TP; is equivalent to TPy [KK11]. In our work on proving that TP,
is witnessed by a formula in one free variable, we obtained unexpectedly a simple and direct
proof that the weak k-TP; hierarchy collapses and that they are all equivalent to TP;.

In the final two sections of the chapter, we study theories without the property SOP;.
We show that independent amalgamation fails in a strong way in theories with SOP; and
that they are in fact characterized by this feature. This gives rise to a useful criterion for
showing that a theory is NSOP; (and hence NTP;). Leveraging work of Granger |Gra99| and
Chatzidakis [Cha02], this allows us to conclude that both the two sorted theory of infinite-
dimensional vector spaces over an algebraically closed field with a generic bilinear form, as
well as the theory of w-free PAC fields of characteristic zero are NSOP;. Finally, we generalize
the construction of the theory of parametrized equivalence relations Tf, to give a general
method for constructing NSOP; theories from simple ones. We learned after this work was
completed that essentially the same construction had been studied by Baudisch [Bau02], but
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our emphasis is different. We show that the independence theorem holds for these structures,
allowing us to obtain a proof that 7§, is NSOP; as a corollary.

1.2 Preliminaries on indiscernible trees

We fix a complete first-order theory 7" in a language L, M | T is a monster model. In
several of the arguments below, we will make use of the notion of an indiscernible tree. For
our purposes, there are two different languages we will need to place on the index model:
Loy = {<, A, <jew, (Po : @ < A} and Ly = {<, A, <jer} where X is a cardinal. We may
view the tree K<* as an L, ,— or Lo-structure in a natural way, interpreting <1 as the tree
partial order, A as the binary meet function, <;., as the lexicographic order, and P, as a
predicate which identifies the ath level (we will only consider k = 2 and kK = w). See [KKS14]
and [TT12] for more details.

Definition 1.2.1. Suppose that (ay),c.<» and (@a,;)a<x,i<w are collections of tuples and C
is a set of parameters in some model.

1. We say (ay),en<r is an s-indiscernible tree over C' if

qftpLs)\ (nOv st ann—l) = qftpLS,A(VOa T Vn—l)
implies tp(ay,, ..., ay, ,/C) =tp(ay,,...,a,, ,/C), for all n € w.

2. We say (ay),ex<r is a strongly indiscernible tree over C' if

qftpLO(Tm’ R Jnnfl) = qftpLO (V07 cey anl)
implies tp(ay,, ..., ay, ,/C) =tp(ay,,...,a,, ,/C), for all n € w.

3. We say (Ga.i)a<ri<x 1s & mutually indiscernible array over C'if, for all a < K, (@ai)i<x
is a sequence indiscernible over C' U {ag; : B < kK, # a,j < A}.

Lemma 1.2.2. Let (a, : 1 € k<) be a tree strongly indiscernible over a set of parameters

C.

1. All paths have the same type over C: for any n,v € &, tp((aya : @ < N)/C) =
tp((avje 1 o < X)/C).

2. For anyn L v e rk=* and any &, tp(ay,, a,/C) = tp(ag~o, ag~1/C).
3. The tree (ag~, : n € k=*) is strongly indiscernible over agC'.

Proof. (1) This follows by strong indiscernibility of the tree as for any n, v € £<*, gftp, ((n]a :
a < A) = qftpy, (v|a:a < N)).
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(2) Let n L v € k<* be given, without loss of generality n <., v and let g = nAv. Then
there are ¢ < j < k so that u —~ (i) <n and u ~ (j) <v. Then qftp; (n,v) = qftpy, (© ~
(i), ~ (3)) = aftpy, (@ ~ 0,u ~ 1) = qftp, (§ ~ 0, —~ 1), and we conclude by strong
indiscernibility of the tree.

(3) Clear as qftp, (77) = aftpy, (7) implies gftp; (7,0) = aftp,, (7,0), provided () is not
enumerated in neither 7 nor 7. O]

Lemma 1.2.3. Let (a, : 7 € K<*) be a tree s-indiscernible over a set of parameters C'.
1. All paths have the same type over C: for any a,v € K*, tp((ayja)a<r/C) = tp((avja)a<r/C).

2. Suppose {n, : a < v} C k< satisfies no L 1o whenever a # o'. Then the array
(ba,ﬁ)a<%,3<,§ deﬁned by
ba,p = s (p)

1s mutually indiscernible over C.

Proof. (1) This follows by s-indiscernibility of the tree as for any n,v € k<%, gftp,_((n|o :
a < N) =gftp; ((v|a:a < A)).

(2) Fix @ < v and let A = {a,, , o # o <78 <r}UC. As the elements of
{Na : a < v} are pairwise incomparable, it is easy to check that for any fy < ... < f,-1 < K
and By < ... < B, <&k,

Aty (e ~Go)s - - - Gna(8a-1)/A) = AtpL, (Ane~(3), - - s Wpuisr,_ ) [A),
which proves (2). O
Now we note that s-indiscernible and strongly indiscernible trees exist.

Definition 1.2.4. Suppose [ is an L’-structure, where L’ is some language. We say that
I-indexed indiscernibles have the modeling property if, given any (a; : ¢ € I) from M, there
is an I-indexed indiscernible (b; : ¢ € I) in M locally based on the (a;): given any finite set
of formulas A from L and a finite tuple (t,...,t,_1) from I, there is a tuple (sg,...,S,_1)
from I so that

qftpL’<t07 s 7tn71> = qftpL’(807 R 31171)
and also

tPaA(bigy -5 b, ) = tPa(Gsgy -y s, )

Fact 1.2.5. [TT12,Scol12, KKS14| Let Iy denote the Lg-structure (w<¥, <, <je,, A) and I
be the L ,-structure (W<, <, <jez, A, (Pa)a<w) With all symbols being given their intended
interpretations and each P, naming the elements of the tree at level . Then strongly indis-
cernible trees (Ip-indexed indiscernibles) and s-indiscernible trees (I -indexed indiscernibles)
have the modeling property.
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In the arguments below, we will often argue by induction where at each stage it is
necessary to modify a tree of tuples in a way that maintains the indiscernibility of the tree.
A convenient way of organizing these arguments is to make a catalogue of operations on
indiscernible trees and prove that these operations preserve the relevant indiscernibility.

Definition 1.2.6. Fix k£ > 1.

1. (widening) The k-fold widening of (a,)new<w at level n is defined to be the tree (a; )yeu<o
where
a, if I(n) <n

Uy = (Qym (ki) 65 - -+ 5 Qo (it (k1)) ~¢ ) ifn= v i~ _
where v € Wi € w, & € W,

2. (stretching) The k-fold stretch of (a,)pew<w at level n is defined to be the tree (a; )pew<v

where
a, if l(n) <n
y = (@; Gy - Ay i) if l(n) =n
Ay —oh—1~¢ ifn=v ~&forveuw" {40

3. (fattening) Given a tree (a,),e2<+, define the k-fold fattening of (a,)pe2<~ to be the

tree (a%k) Jne2<~ by induction as follows: for each n € 2<* let a%o) =a,. If (a%”))nezq

has been defined, for each n € 2<%, let a,(7”+1) = (aéi)n, agﬂn). Let Cy, = {a, : n € 2<%},
the stump below k. Set Cy = 0.

4. (restricting) Given the tree (a,),ex<~ and W C &, we define the restriction of (a,)pex<s
to W to be the collection of tuples

{a, : l(n) € W and if 5 & W, then n(5) = 0}.

If the order type of W is «, the restriction of (a,),ex<+ may be naturally identified
with (an)ne/\<o¢.

5. (elongating) Given n € k<%, with [(n) = n, define 7 € K<“ to be the tuple with length
k(l(n) — 1) + 1 defined by

(i) = {n(z’/k) if ki

0 otherwise

Then define the k-fold elongation of (a,)pex<e to be the tree (b,)yex<e Where

bﬂ = (aﬁ, Af~0y - -+ aﬁmok_l).
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! : ; z j ; : ! W&ugth?

2-fold widening at level 1 3-fold stretch at level 1

Y YT

0-fold fattening 1-fold fattening 2-fold fattening

Proposition 1.2.7. 1. s-indiscernibility is preserved under widening, stretching, fatten-
ing, restriction, and elongating.

2. Strong indiscernibility is preserved under restriction, fattening, and elongating. More-
over, if (a,)pea<w is strongly indiscernible, then the k-fold fattening (a™)),co<w is strongly
indiscernible over Cl,.

Proof. The proofs of these facts can be found in Section 1.7. ]

1.3 Cardinal invariants and tree properties

Definition 1.3.1. Suppose T is a complete theory and ¢(x;y) € L is a formula in the
language of T

1. ¢(x;y) has the tree property (TP) if there is k£ < w and a tree of tuples (a,),ew<e in
M such that

o for all n € w, {p(x;a,a) : @ < w} is consistent,

o for all n € w<, {¢(z;a,—u) 11 < w} is k-inconsistent.

2. p(x;y) has the tree property of the first kind (TP;) if there is a tree of tuples (a;),ecw<e
in M such that

o for all n € w¥, {p(x;a,a) : @ < w} is consistent,

o foralln L vin w<¥, {p(z;a,), p(x;a,)} is inconsistent.

3. ¢(z;y) has the tree property of the second kind (TPs) if there is a k < w and an array
(@oi)a<w,icw in M such that

e for all functions [ : w — w, {Y(¥;aa,f«)) : @ < w} is consistent,
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o for all o, {p(x;a,,) 7 <w} is k-inconsistent.
4. T has one of the above properties if some formula does modulo 7.

It is easy to see that if a theory has the tree property of the first or second kind, then it
also has the tree property. Remarkably, the converse is also true.

Fact 1.3.2. [She90| A complete theory T has TP if and only if it has TPy or TPs.

The above theorem was first proven in different language, before any of the three prop-
erties were actually defined. The purpose of this section is to prove a refinement of this
theorem, by studying the relationship between approximations to the tree property and
those to the tree property of the first or second kind. In order to do so, however, it will be
necessary to return to the vocabulary in which Fact 1.3.2 was initially formulated.

Definition 1.3.3. The following notions were introduced in [She90].

1. A cdt-pattern of depth k is a sequence of formulas o;(z;y;) (i < k,i successor) and
numbers n; < w, and a tree of tuples (a,),e,<~ for which
a) py = {@i(x; ay;) : i successor ,i < K} is consistent for n € w",

b) {@i(x; ay—(ay) - @ <w,i=1(n) + 1} is n;-inconsistent.
A cdt-pattern with n; <n for all i < k, is called a (cdt, n)-pattern.

2. An inp-pattern of depth k is a sequence of formulas ¢;(z;v;) (i < k), sequences (a;q :
a < w), and numbers n; < w such that
a) for any n € w”, {pi(x;a;,@)) : i < Kk} is consistent,
b) for any i < k, {@i(%;a;4) : @ < w} is n;-inconsistent.
3. An sct-pattern of depth k is a sequence of formulas ¢;(x;y;) (i < k) and a tree of tuples
(ay)new<~ such that
a) for every n € w", {¢a(T;aya) : 0 < o < K, successor} is consistent,
b) Ifn € w®, v € WP, a, B are successors, and v L 7 then the formulas {¢,(z; a,), p5(z;a,)}

are inconsistent.

If instead of (b), we have: for any pairwise incomparable (1, : i < k), {@im(2; ar,) :
i < k} is inconsistent, then we call this a (sct, k)-pattern.

4. For X € {cdt,sct,inp}, we define k% (T) to be the first cardinal x so that there is
no X-pattern of depth x in n free variables, and oo if no such k exists. We define

kx(T) = suppe {ri }-
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Remark 1.3.4. We note that the notion of a (cdt,n)-pattern strengthens that of a cdt-
pattern by imposing a uniform finite bound on the size of the inconsistency at each level,
while the notion of an (sct, n)-pattern weakens that of an sct-pattern by only requiring any
n incomparable elements to be inconsistent rather than any 2. One can regard an (sct,n)-
pattern as an approximation to a witness to n-TP; (see Definition 1.4.1 below).

Observation 1.3.5. Fix a complete theory T'.

1. k2(T) >n, k

mp(T) > n and k2 (T) > n for all n.
(

2. a) Keat(T) = oo if and only if keqt(T) > |T|T if and only if T has TP.
b) kset(T) = oo if and only if ket (T) > |T|" and only if 7" has TP;.
¢) Kinp(T) = 00 if and only if kinp(T) > |T|T if and only if 7" has TPs.
3. maX{K‘sct<T)7 /ilnp( )} S H?dt<T)‘

Proof. (1) follows from the fact that “=" is in the language.

(2) As each case is entirely similar, we'll sketch the argument for (a) only. If Keqt (T7) >
|T|", then in the pattern witnessing it we may assume that ¢; (x,y;) = ¢ (x,y) and k; = k,
because |T'| > Ny. This is a witness to TP. And then using compactness we can find a
pattern witnessing that 7y (7') >  for any cardinal &.

(3) If wi(z;y:) (1 < K), (G0 : @ < W), (N;)i<, form an inp-pattern of depth x, obtain
a cdt-pattern of depth ~ with respect to the same formulas by defining (b,),e,<+ by b, =

i) m(U(m)—1)- u

Lemma 1.3.6. (1) If there is an sct-pattern (cdt-pattern) of depth k modulo T, then there
is an sct-pattern (cdt-pattern) oo (x;ya), (y)pew<s in the same number of free variables so
that (a,)yew<~ is an s-indiscernible tree.

(2) If there is an inp-pattern of depth k modulo T', then there is an inp-pattern pq(x; ya)
(a0 < k), (ka)a<nrs (Qa,i)a<nicw i the same number of free variables so that (aa.i)a<k,icw 15 @
mutually indiscernible array.

Proof. (1) By compactness and Fact 3.5.4.
(2) This is Lemma 2.2 of [Chel4]. O

Now we fix a complete theory 7" and for X € {cdt,sct,inp}, we write kx for rx(T).

Proposition 1.3.7. Assume that kgy, > No. Then either ki, > No or K, > Vo for some
k E w (i.e. there are (Kse, k)-patterns in n variables of arbitrary finite depth). In fact, if
Kinp < No, then one can take k = K.

Proof. If ki, > Ro does not hold, then in fact we have rf}, < k for some k € w.
Fix an arbitrary m € w, then by assumption and Lemma 1.3.6 we can find (a, : € w

an s-indiscernible cdt-pattern with |z| = n, i.e.:

<2m) ) (902' (37’ yi) s
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<2m)

1. (ay:n€w is an s-indiscernible tree,

2. {gi (z,a,;) : i < 2m} is consistent for every n € w?™,
3. {gpi (x, anAm) 1] € w} is k;-inconsistent for every i < 2m — 1 and n € w'.

For | < m and v € w' we define v* = (v(0),0,v(1),0,...,v(1—1),0) € w<?™. Let
{vo, ..., vk—1} Cw<™ be pairwise <J-incomparable, and let I; = I(v]).

Claim. {gpli (m, a,,i*) < k:} is inconsistent.

Proof. By definition of v/ and assumption on v;’s it follows that for any i,/ < k
the elements v} | (l; —1) and v} [ (l; — 1) are incomparable. Then by Lemma 2.2.4(2)
we see that the sequences a; = (ayi* -1 - J € w) are mutually indiscernible. But if
{Lpli (x, a,,;s) 1< k:} was consistent, this would give us an inp-pattern of depth k, contrary
to the assumption (as {gpli (a:, a,,;[(li,lﬂﬁ) 1] € w} is ky,-inconsistent for every ).

Now using the claim it is easy to see that {gpzl(n) (x,an):m € w<m} is an (sct, k)-pattern
of depth m. As m was arbitrary, we conclude that g, , > Ro. n

Proposition 1.3.8. Let k < w be fixed. Assume that for any n < w we have, in some fized
number of variables, an (sct, k)-pattern of depth n. Then there are, in the same number of
variables, (cdt, 2)-patterns of arbitrary finite depth.

Proof. Let m € w be arbitrary, and let (a, : n € w<™™), (¢; (z,y;) : 1 <m x m) be an s-
indiscernible (sct, k)-pattern - in particular this is a cdt-pattern such that for i < m x m,
{pi(z;ay) - l(n) =i} is k-inconsistent.

For ¢ < m, consider

Fz‘ (Z‘) = /\ (@iXm—H (I', a/oz‘x'm,\o,\olfl) VAN @ixm-+l (.T, aoixm,\l,\olfl)) .
l<m
Case 1. I'; (z) is consistent for some i < m.
Obtain an s-indiscernible tree, using Lemma 1.2.7(1), by first taking the 2-fold widening
of (@y)yewmxm at level @ x m + 1, then taking the restriction to {i x m +1: 1 < m}. Let
(¢, : 1 < m) be chosen so that

Vi (2, 001) = Pismti (T, Qgixm ~g 1) A Piscmy1 (T, Agixom~1~g1-1) -
Then (b, :n € w<™), (¢ : 1 <m) is a cdt-pattern of depth m such that, for all [ < m,
{wi(z;b,) : U(n) =1} is |4]-inconsistent.
Case 2. I'; (z) is inconsistent for every i < m.
Using Lemma 1.2.7(1), obtain an s-indiscernible tree (b,),cn<m by taking the m-fold
elongation of (ay),eu<mxm. Let (¢ : | < 'm) be chosen so that

Ui(w; bgr) = /\ Puxm-+r (T Agrxm ~or ).

r<m

Then (b;,)yew<m, (P : 1 < m) is an (cdt, 2)-pattern.
Repeating several times if necessary we conclude. O]
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For k < w, finding an sct-pattern of depth & is equivalent to finding a (cdt, 2)-pattern of
depth k.

Lemma 1.3.9. Let k < w, and let (a, : n € w<"), (¢; (z,y;) 1 1 < K) be a (cdt, 2)-pattern (i.e.

for everyn € w<* the set { o1 (@, ayy) : j € w} is 2-inconsistent). Forn € w<" define b, =

oGyt - - - Ay(a(n-1)0ny and i (T3Yi0, - Yii-1) = Njoi 05 (2,95). Then (by 1 n € w="), (Y5 (z,9:) 11 < k)
18 an sct-pattern.

Proof. If n € w™ for n < &, then the set {¢; (z,b,;) : i < n} contains only conjunctions of
formulas from {¢; (x,a,;) : 4 < n} which is consistent by assumption. On the other hand if
1,12 € w<" are incomparable, let n = 1 Ans. Then ¥y, (2, by, ) implies @y 11 (2, oy 1o +1))
and Yy(y,) (z, by,) implies ()41 (a:, anAnz(l(n)Jrl))? and these two implied formulas are incon-
sistent by assumption. 0

Combining Propositions 1.3.7 and 1.3.8 with Lemma 1.3.9, we have:

Proposition 1.3.10. If ki, > No, then either ki, > o or ki > No.

n oA
Remark 1.3.11. Inspecting the proof, we actually get the following bound: 7, > (%)%p.

sct

The next proposition is an analog of Proposition 1.3.8 for inp-patterns. It is not used in
this chapter, but we include it for reference.

Proposition 1.3.12. Let k < w be fired. Assume that for any n < w we have, in some
fixed number of free variables, an inp-pattern of depth n such that each row is k-inconsistent.
Then there are, in the same number of variables, inp-patterns of arbitrary finite depths in
which every row is 2-inconsistent.

Proof. Let m € w be arbitrary, and let <ai:j>i<m><mj€w (05 (T, Yi)) i <mxm D€ an inp-pattern
with mutually indiscernible rows such that every row is k-inconsistent. For ¢ < m, consider
I; (ZE) - /\i><m§l<(i+1)><m (QO[ (ZL’, al,O) N @ ('Ta al,l))'

Case 1. TI';(x) is consistent for some i < m.

Then for [ < m we take 1 (7,b10) = Pixm+1 (T, Qixmt1,0) N Piscmti (T, Qixmr,1) and by =
Qi xmA+1,2§ i xmA+1,25+1-

Case 2. I'; (z) is inconsistent for every ¢ < m.

Then for I < m we take ¢y (x,b.0) = N, -, Cixmtr (T, Qixmiro) a0d by j = (Qismarj 1 7 < M).

It is easy to see that in each of the cases (bi;);_,, i, (Vi (Z,%i));c,, IS an inp-pattern

of depth m, and moreover it is max { 2, [%W }—inconsistent ((%W -inconsistent in the first case
and 2-inconsistent in the second case). As m was arbitrary, this shows that there are inp-
pattern of arbitrarily large finite depth with max {2, (%W }—inconsistent rows. Repeating the

argument several times if necessary we conclude. O]
Now we consider the case of countably infinite patterns.

Proposition 1.3.13. &7, > Ny implies k7, > N;.
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Proof. Suppose (p; @ i < w), (ay)pew<w is a cdt-pattern. By replacing a, with b, =
(ag, ay1, - - ., Gyiey)—1, an) and @;(x; a,) by
Vil by) = [\ o3 an),
J<i

if necessary, we may assume that if v < n, then

= (Vo) [pum (5 an) = Qi) (75 00)].

Then by replacing (a,),ew<« by an s-indiscernible tree locally based on it, we may moreover
assume the (a,),e,<v are s-indiscernible by Fact 3.5.4.

By induction, we will construct cdt-patterns (¢} :i < w), (al

1 Inew<w so that

L. (ay)pew<w is s-indiscernible.

2. For alln € w<" and i < j,

{0011 (25 an—))s ity (25 @)}
is Inconsistent.

3. If v <7, then
= (V)i (23 ap) = @i (25 a)].

4. For all n, if n,n" > I(n), then a;; = azl. For all m < m/, o™ = o™,

For the base case, let ¢} = ¢; for all i and aj) = a, for all 7). (1) is satisfied by assumption, (2)
is vacuous, and (3) follows from the initial remarks above. Now suppose we have constructed
(¢} 11 <w) and (ap)pew<e. By definition of a cdt-pattern, there is a least & > 1 so that

U {ons145(@; agnﬁ<i>Aoj) 1J <w}

i<2k
is inconsistent. By compactness, there is N so that

U {902+1+j(333 aonm@'%oa’) 1j <N} (1.1)

i<2k
is inconsistent. Let (b;),cw<o be the N-fold stretch of (a"),c.,<v at level n. Let (¢;(z; 2;) :
i < w) be defined as follows: for i < n, z; = y; and ¥;(z;2;) = @i(x;y;). Let zp4 =
(yn+17 Yn42, - - - 7yn+N) and

wn+1($;zn+l>:: /\ @Z+&+j(y;yn+l+j)
j<N

Finally, for ¢ > n+ 1, let z; = y;xnv—1 and ¥;(x; 2) = @iyn—1(2;¥izn—1). By Lemma 1.7.4,
(by)yew<w 1s an s-indiscernible tree and, by construction, (¢;(x;2;) 1 i < w), (by)pew<w 1s a
cdt-pattern. Moreover, this cdt-pattern satisfies
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5. {¥nt1(z;bon~zy) @ < 2F} is inconsistent and
6. {Wnt115(m; bon—~giy~0i) 11 < 28715 <w} U {y(2;b0t) : | < w} is consistent.

Condition (5) follows by the inconsistency (1.1) and the definition of v,,1. To see (6), we
note that by the minimality of &,

{Wnr145 (@5 bon iy —~0s) 11 < 257 j < w}

is consistent. By (3) above and the definition of the ,,, this establishes (6).
Let (¢;)pew<e be the 2°7!-fold widening of (b,),cu<« at level n+1. Let (xi(z;w;) : i < w)
be defined as follows: if i < n+ 1, let w; = z; and x;(x;w;) = ¥i(x;2;). If i > n+1, let

w; = (20, sz_lfl) a tuple of variables consisting of 2¥~! copies of z;. Then put
Xi(zswi) =\ il 2).
j<2k—1

By Lemma 1.7.3, (¢;)yew<e is s-indiscernible and, by construction, (x;(z;w;) : i < w),
(€y)new<e is a cdt-pattern and, moreover, if i # j

{xn+1(z; CO"m(i))v Xnt1(T; CO"A<J‘>)}

is inconsistent. For all m < w and n € w<¥, define " = ¢, and a;‘“ = ¢,. We have
satisfied requirements (1)-(3) and since our construction did not modify the formulas and
parameters with level at most n, the construction never injures requirement (4).

o0

o new<e by @50 = ¢, and a;° = a”. Our

Finally, define a cdt-pattern (¢5° : n < w), (a
construction gives

7. (a5°)yew<w is s-indiscernible.

8. If n e w”, {p>(z;a3 ) : n < w} is consistent.

Unjn
9. If v < n, then |= (Vz)[of,) (x5 ai?) = o5, (23 a5°)].
10. For all n, and @ # j {4551 (7; afi ), o5 (@5 aga —jy) } is inconsistent.

By s-indiscernibility, (9) and (10) imply that if n L v, then

is inconsistent. This shows (¢} : n < w) and (a;°)yew<e form an sct-pattern. We have thus
shown w7, > N;. ]

We obtain the main theorem of this section.

Theorem 1.3.14. If T is countable, then k.u(T) = Kset(T) + Kinp(T). Moreover, Ky (T) =
Kot (T) + ki, (1), provided k7, (T) is infinite.

sct
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Proof. By Observation 1.3.5, k% (T) > n for any T and kcqt(7)) > |T|* if and only if
Keat(T') = oo. It follows that, for countable theories, the possible values of keqi(7), and
the only possible infinite values of k7 (T), are N, X;, and co. The case of Ny is treated in
Proposition 1.3.10, X; is handled by Proposition 1.3.13, and for oo the result follows from
Shelah’s theorem (Fact 1.3.2). O

1.4 TP; and weak k£ — TP,

Say that a subset {n; : i < k} C w<“ is a collection of distant siblings if given i # ', j # j',
all of which are < k, n; Ay = n; Anj.

Definition 1.4.1. Fix k& > 2.

1. The formula ¢(z;y) has SOP, if there is a collection of tuples (a,),c2< satisfying the
following.
a) For all n € 2¥, {¢(z; aya) : @ < w} is consistent.
b) If n,v € 2<“ and 1 L v, then {¢(z;a,), p(x;a,)} is inconsistent.
2. The formula ¢(z; y) has weak k-TP if there is a collection of tuples (a,),e.<« satisfying
the following.
a) For all n € w¥, {p(x;ayq) : @ < w} is consistent.
b) If {n; : i < k} € w<* is a collection of distinct distant siblings, then {¢(z;a,,) :

i < k} is inconsistent.

3. The formula ¢(z;y) has k-TP; if there is a collection of tuples (a,)ye.<« satisfying the
following.
a) For all n € w”, {¢(z;aya) : @ < w} is consistent.
b) If {n; : i < k} Cw<¥ is a collection of distinct pairwise incomparable nodes, then
{¢(z;ay,) : 1 < k} is inconsistent.
4. The theory T has either of the above properties if some formula does.

We remark that TP, is equivalent to SOPj in a strong way:

Fact 1.4.2. If a theory has TP; witnessed by a formula ¢, then the theory also has SOP,
witnessed by the same formula, and vice versa.

We recall the argument from [KK11|. Suppose ¢(z;y) witnesses SOPy with respect to
the tree of parameters (b,),ec2<w. Define a map h : w<* — 2<% recursively by h(0) = 0
and h(B —~ (i)) = h(B) —~ 1* ~ 0, where 1* denotes the all 1’s sequence of length i.
It is straightforward to check that o(z;y) witnesses TP; with respect to the parameters
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(bh(n) Jnew<w- The converse is obvious. Although SOP; and TP; are equivalent, it will be
important for us to notationally distinguish them, as various combinatorial constructions are
simplified by a judicious choice of the index set.

In [KK11], Kim and Kim show that k-TP; is equivalent to TP, for all k¥ > 2, but the
questions of whether weak k-TP; is equivalent to TP; was left unresolved. Using strongly
indiscernible trees, we settle this, as well as show that TP, is always witnessed by a formula
in a single free variable.

Finding and manipulating indiscernible witnesses

Lemma 1.4.3. 1. If T has weak k-TP; witnessed by o(x;y) then there is a strongly in-
discernible tree (ay)pew<w witnessing this.

2. If p(x;y) has TPy then there is a strongly indiscernible tree witnessing this.
3. If o(x,y) has SOP,, then there is a strongly indiscernible tree (a,)ne2<w witnessing this.

Proof. (1) This was observed in [TT12], but we sketch a proof here for completeness. Let
(by)yew<e be a tree of tuples with respect to which ¢(x;y) witnesses weak k-TPy. Let
(ay)new<e be locally based on the tree (by)ye,<w. Suppose 1o, ..., 7N,—1 € w<* lie along a path
and let ¥ (yo, . .., yn—1) denote the formula (3z) A,_, ¢(z;v;). Then there are vy, ..., v,_1 €
w<¥ so that

aftpr, (Mo, - - -, Ma—1) = aftpy, (vo, ..., Vno1)

and
tpd;(anoa s >a17n—1) = tpw(bl/m te 7an—l)'

The first equality implies that vy,...,v,_1 all lie along a path so {p(z;b,,) : i < n} is
consistent. By the second equality, {¢(z;a,,) : ¢ < n} is consistent. By compactness, this
shows that all paths are consistent. Showing that any k distinct distant siblings remain
inconsistent is similar. So ¢(z;y) witnesses weak k-TP; with respect to the tree (a,),ecw<w.

(2) This follows from (1) as weak 2-TP; and TP, are the same.

(3) By Fact 1.4.2, ¢(z,y) has TP;. Now by (2), we may find a strongly indiscernible tree
(@y)pew<e such that ¢ witnesses TPy with respect to (a,)pen<w. Making the identification
29 = {n € w=¥ : (k) € {0,1} for all & < I(n)}, it is easy to see that (2<%, <, <jez, A) i8
an Lg-substructure of (w<¥, <, <., A\) since 2<% is closed under the A-function and all the
symbols in Ly acquire their natural interpretation on 2<“ via restriction from w<“. It follows
that if ng,...,n,-1 and vy, ..., v, 1 are two sequences from 2<“ with

aftpr, (Mo, - 1) = aftpr, (vo, -, vn1)
in 2<%, then this equality also holds in w<* and hence

tp<an07 tee 7a77n—1) = tp(auoa ce 7al/n_1)a
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S0 (ay)ye2< is strongly indiscernible. Moreover, paths in 2¢ are paths also in w* and incom-
parables in 2<“ remain incomparable when considered as elements in w<* so it is clear that
o(x;y) will witness SOP, with respect to (a;),ea<e. ]

Remark 1.4.4. We aren’t making the (ostensibly) stronger claim that if ¢(z;y) witnesses
SOP, with respect to the tree (b,),c2<~ then there is a strongly indiscernible tree (a,,),ec2<w
based on it — the proof of the existence of a strongly indiscernible tree witness involved
going through TP; and then restricting.

Lemma 1.4.5. 1. If (a,)yew<e s a strongly indiscernible tree and p(x;y) is a formula
so that for some n € w*, {p(x;ay,) : n < w} is consistent and for some { € w<,
{p(z; ae—~0), p(x;ae~1)} is inconsistent, then T has TPy.

2. 1If (ap)ne2<w is a strongly indiscernible tree and p(z;y) is a formula so that for some n €
29, {o(;ayn) 1 n < w} is consistent and for some n € 25, {p(; ay~0), p(x; an~1)}
1s inconsistent, then T has SOP,.

Proof. Both parts are immediate by Lemma 1.2.2; (1) and (2). O

Lemma 1.4.6. (Path Collapse) Suppose k is an infinite cardinal, (a,)yco<~ is a tree strongly
indiscernible over a set of parameters C' and, moreover, (ape : 0 < a < w) is indiscernible
over cC'. Let

p(y; Z) = to(c; (ag~or 1 v < K)/C).
Then if
P(Y; (@007 )y<r) U P(Y; (@1~07)<n)

1s not consistent, then T has SOPy, witnessed by a formula with free variables y.

Proof. We may add C' to the language, so assume C' = (). With p defined as above, suppose

p(; (ao~ov : v < K)) Up(y; (a1~00 1 7 < K))

is inconsistent. Then by indiscernibility and compactness, there is a formula ¢ and n < w
so that

{¢(y; ao, - .., ag~on-1)} U{Y(y; a1, aro, - - - s @1 ~gn-1) }
is inconsistent. Let (b,),e2<~ denote the n-fold elongation of (a,),ec2<~. By Lemma 1.2.7,
(b, : m € 2=%) is strongly indiscernible. Since ¢ = {¢(y;boe) : @ < £} and ¥(y; bo) A ¥ (y; b1)
is inconsistent (by strong indiscernibility), by Lemma 1.4.5, ¢ witnesses SOPs. O

Remark 1.4.7. Tt is significant that the type p does not contain ay as a parameter. As by and
by are incomparable and v (x; by) and 1(x; by) are inconsistent, we can conclude that ¢ (z;b,)
and v (x;b,) are inconsistent for all incomparable 7, v by strong indiscernibility. But, for
example, strong indiscernibility does not guarantee by —gby~1 has the same type as byb; over
ag as 0 A 1= while 01 ~0A0"t ~1=0"""1

We now give two applications of the path-collapse lemma.
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Weak k£ — TP,
Theorem 1.4.8. Gwen k > 2, T has weak k-TP; if and only if T has TP;.

Proof. We will show that if T" has weak k-TP;, then T has SOP,. Let ¢(x;y) witness weak
k-TP; with respect to the strongly indiscernible tree (a;),ec.<~. Let n be maximal so that

{90(90; %')Aoa) r<n,a< w}

is consistent. By definition of weak k-TP;, n is at least 1 and at most £ — 1. Let C' =
{aiy~00 11 <n—1,a <w} (and put C' = @ in the case that n = 1). Given n € w<, let 7
be defined by

o n@@)+n—-1 ifi=0

i) = { n(i) otherwise,
for all ¢ < I(n). The tree (b,)ycw<w defined by b, = a; is strongly indiscernible over C. By
choice of n,

{p(@;am~00) 10 <m0 < w}

is consistent, so let ¢ realize it. By compactness, Ramsey, and automorphism, we may assume
(bpo : 0 < @ < w) (i.e. (ag—1y~00 : @ < w)) is indiscernible over c. Letting the type p be
defined by

p(y:Z) = tp(¢; (bo~oe - v < @) /C),
and unravelling definitions, we see that the type

P(Y; (bo~oe = 0 < w)) Up(y; (br-po : @ < w))

implies {¢(x; a5 ~0o) 14 <n+1,a <w} and is therefore inconsistent by the choice of n. By
path-collapse, we've shown that T" has SOP,, completing one direction. The other direction
is obvious. 0

Reducing to one variable

Proposition 1.4.9. Suppose T witnesses SOPy via p(x,y;2). Then there is a formula
wo(z;v) with free variables x and parameter variables v, or a formula p1(y;w) with free
variables y and parameter variables w so that one of pg and ¢, witness SOPs.

Proof. Let ¢(z,y; z) witness SOP, with respect to the strongly indiscernible tree (a,),co<e.
The first path is consistent and it is an indiscernible sequence so it follows that there is some
(c,c0) E {p(z,y;a00) : @ < w} and such that moreover (age : @ < w) is indiscernible over ¢
(by Ramsey, automorphism, and compactness).

Define the function h : 2<¢ — 2<% recursively by k() = 0 and h(n —~ (i)) = h(n) —~ 0 ~
(). Define the tree (by)yca<e by by = an(y). It is proved in Lemma 1.7.7(1) that (by)peo<e is
a strongly indiscernible tree. For each n, define a map h,, : 2<% — 2<% by

B h(n) if i(n) <n
ha(n) = {h(y) ~¢ ifn=v~&lv)=n.
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By Lemma 1.7.7(2), the tree (d,;)yec2<w defined by d,,,, = ap, () is strongly indiscernible as
well. Moreover, as paths in (by)pc2<w and (d, ,),ec2<~ are contained in paths in (a,),c2<v and
incomparable elements in these trees correspond to incomparable elements in (a,),ec2<w, ¢
witnesses SOP, with respect to these trees of parameters as well.

Assume that no formula in the variable y has SOP,. By induction, we will choose ¢, so
that

{o(@, cnydppim) : m < n}U{p(x, cridn o) @ < w} (*)
is consistent for every n € 25"
For this, consider (dﬁ{f%)nez@, the nth-fattening of (d,.,), and let C,, = (d,,,, : n € 2<7).
By induction we show:

Claim. There is ¢, such that ((d,(ﬁrll())a) ra < w) is indiscernible over ¢, 1C,, and

(n) — (n) — (n)
Cn (dn,oﬁomoa =d"c, Cn+l A, 0~0~00 =d"c, Cntl 0 ~1~00 ) -

Note that d")Cy, = Cpy1.
Proof: The base case is above. Let

Pu(y:2) = 1 (en, (@500t @ < ©)/(d0) Cs)

By the path-collapse lemma,

Dn (y, ((dszmo/\oa) o< W)) U P (y, <(d£:())m1noa) o< W))

is consistent. Let ¢, realize it. Moreover, as

n n n+1
(df@,()y\oﬁoaa dgL,(%Ap\oa) = (dq(q,++1,())a>
a<w a<w

is an indiscernible sequence, by Ramsey, automorphism, and compactness we may assume
that it is indiscernible over ¢,,+1C,,. This shows (*).
By the definition of the trees (d,,,)yc2<~, we have shown that

{p(@, cnsbypm) : m < n} U {p(x, cp; by~oe) : 0 < w}

is consistent for each n and n € 25". By compactness, we can find one ¢ which works
for all possible paths in 2 simultaneously, giving a tree (c,b,),co<« witnessing SOP, for

(w9, 2). O
Remark 1.4.10. The necessity of defining the trees (by)pec2<w and (dpy)ne2<w via h and hy,

respectively, stems from a technical obstacle in applying the path-collapse lemma: starting
with the tree (a,),c2<«, we cannot apply the path collapse lemma directly to the type

q(y; (age = @ < w)) = tp(co/(ape : a < w)),

as this type has ag as a parameter (see Remark 1.4.7 above). This is corrected by the offset
functions h and h,,, allowing us to apply the path-collapse lemma ‘higher’ in the tree, where
the parameters of interest are indiscernible over what we have constructed so far.
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Corollary 1.4.11. 1. T has SOP, if and only if there is some formula in a single free
variable witnessing this

2. T has TPq if and only if there is some formula in a single free variable witnessing this

At this point it is natural to ask if k!, = 2, holds for arbitrary n, at least for countable

theories. Corollary 1.4.11 resolves the case of co, and we remark that the case of N; follows
from a standard argument in simplicity theory.

Proposition 1.4.12. Any theory satisfies Ly, = K7, for alln € w.
Proof. The following are equivalent (see e.g. [Casll, Proposition 3.8]|).
1. kg < K.

2. For any type p (z) € S, (A), there is some Ay C A such that |Ay| < k and p does not
divide over Aj.

Clearly 2, > kly. Assume now that sl < k for some k. We show by induction
that (2) above holds for all n with respect to x. Given a;...ama,41 and A, it follows
by the inductive assumption that ay...a, | " A for some Ay C A with |A;] < k and

(i1 LAM . Aaj .. .a, for some A; C A with |A;| < k. Combined this implies (by left
transitivity and right base monotonicity of dividing in arbitrary theories, see e.g. [CK12, Sec-
tion 2|) that a; ... a,a,41 \LAOAI A and |Ag U Ay| < k. O
Corollary 1.4.13. If k", > Ny then rl, > N;.

sct

Proof. By Proposition 1.3.13, it is enough to show that sy, > Ny, which follows by assump-
tion and Proposition 1.4.12. O

The case of Ny appears to involve more complicated combinatorics and we leave it for
future work.

1.5 Independence and amalgamation in NSOP; theories

We recall the definition of SOP; from [DS04]:

Definition 1.5.1. A formula ¢(z;y) exemplifies SOP; if and only if there are (a,),ec2<« s0o
that

e Forall n € 29, {p(x;ay,) : n < w} is consistent,
o If n ~0<dve2<¥ then {p(z;a,-1),¢(r;a,)} is inconsistent.

Given an array (¢;;)icw,j<2, Write ¢; = (¢i, ¢;i1) and ¢<; for (¢;) ;<.
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Lemma 1.5.2. Suppose (¢;;)icw,j<2 i an array and ¢(z;y) is a formula over C with
1. For alli < w, ¢ =ce_, Ci;
2. {o(z;¢i0) 1 i < w} is consistent;
3. 7 <i = {p(z;cio), p(x;ci1)} is inconsistent,

then T 1s SOP;.

Proof. For each n, define a subtree T,, of 2<“ by
T,={n~0":ne2" a<wlu{n ~0*~1:7€25 a<w}.
Let P(T,,) C 2 be the set of infinite branches of 7},. Namely,
P(T,) = {n —~ 0¥ :n € 25"}

As a first step, by induction on n we build an ascending sequence of trees (I,,7,)yer,, SO
that:

L. if ne P(Tn)a (ln\aa Tn|oc)a<w =c (Ca,(b ca,l)a<w7
2. ifn ~0€T, then rp—o =,
3. if n < 2§n then (ZU"\()’ Tnﬁo) ECZS]Y]TS]U (lnf—\la 7“77/\1).

For the n = 0 case, define lpo = cay, oo = Ca1 and lpo—~1 = 79o—o for all a < w. For
each o < w, we can choose 0, € Aut(M/Ct.,) such that o,(ca0) = car. Let rga—y =
Oo41(Cat1,1) = Oay1(T0a—~0). This defines (I, 7,),en, satisfying (1)-(3).

Now by induction suppose (I, 7;;),er, has been defined. Suppose n € P(T,41) \ P(T}).
Then there is v € 25" so that n = v ~ 1 ~ 0¥. Then v ~ 1 € T}, and, by induction,

(lyf\(b TVAO) EClgyrgy (ll//\lu Tl//'\l)

and r, g = l,~1. Choose an automorphism o € Aut(M/Clq,r4,) such that o(l,~o,7,~0) =
l,~1,7,~1. Then define

(luﬁlﬁoa, Tumlﬁoa) = U(lunoﬂoaﬂ"uﬁoﬂoa) and

(luAIAOO‘r\h TW\1AoaA1) = CT(lonAoaAl, ryAOAO”‘rxl)

for all &« < w. This completes the construction of (,,, 7;,),er, ., properties (1)—(3) are satisfied
because of the inductive assumption. We obtain (I,),7,),c2<~ as the union over all n of
(n, To)net,-

Now we check that with respect to the parameters (I,)),c2<w, ¢ witnesses SOP;. Fix
any path n € 2¥, we have to check that {¢(z;l,.) : @ < w} is consistent. But given any
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n, lagny C Ty and by (1), lagin) =c¢ (Ca0)a<n hence {p(z;1,0) 1 @ < n} is consistent, as
{p(x;cap) : @ < n} is consistent, by hypothesis. Then {¢(x;l,.) : @ < w} is consistent by
compactness.

Now fix n L v € 2<% so that (n Av) —~ 0<nand (n Av) ~ 1 =v. We must check
{p(x;1,),¢¥(x;1,)} is inconsistent. As v = (nAv) —~ 1, we know that I, = [y ~1 = T(av)~0
by (2). Let £ = (nAv) ~ 0. Then £ In and [, = r¢ so it suffices to show {¢(z;1,), p(x;7¢)}
is inconsistent. Let n = l(n) and m = [({). Then m < n and by (1), we have (,,r¢) =¢
(€n,05 Cm,1). By hypothesis, this implies {¢(x;1,), ¢(z;7¢)} is inconsistent, so we finish. [

Definition 1.5.3. Suppose | is an Aut(M)-invariant ternary relation on small subsets of
M.

1. We say | satisfies weak independent amalgamation over models if, given M = T,
boco = bicy satisfying b; \LM cifori=0,1 and ¢y J/M c1, there is b satisfying bey =y
bCl =M bOCO-

2. We say | satisfies independent amalgamation over models if, given M =T, by = by
satisfying b; J/Mci for i = 0,1 and ¢ J/Mcl, there is b satisfying bcy =) boco and
bCl =M blcl.

3. We say | satisfies stationarity over models if: given M = T, if by =y by and
bo \LMC’ b1 \LMC then bo =Mec bl-

Definition 1.5.4. Suppose A, B, C' are small subsets of the monster M.

1. We say A \LZCB if and only if tp(A/BC) can be extended to a global type Lascar-
invariant over C. We denote its dual by | “ -ie. A |, B holds if and only if
B %A

2. We say A \J/Z B if and only if tp(A/BC) is finitely satisfiable in C'. We denote its dual
by |"-ie. A | Bifandonlyif B | % A.

Suppose ¢(x) and r(y) are global M-invariant types. Recall that the product ¢(z)®r(y) €
Szy(M) is defined by ¢(z) ® r(y) = tp(ab/M) where b |= r and a = ¢|up.

Proposition 1.5.5. Fiz a model M = T. Suppose ¢ J/E\/I Co, Cj J/;w bj for j = 0,1 and
boco = bica, but there is no b such that bey =y bey =y bocg. Then T has SOP;.

Proof. Let p(z;y) = tp(boco/M). Our assumption entails that p(x;cy) U p(x;cy) is inconsis-
tent. By compactness, there is some (z;y) € p(x;y) so that {p(z;co), ¢(x;c1)} is incon-
sistent. Fix a global M-invariant type r so that c¢q = 7| M, and a global M-invariant type
q so that ¢; | g|a,,. Then cico = (¢ ® 7). Let (€], ch)i<icw be a Morley sequence in
(q ® T)|Mb06001 and put (C(l)ﬂ CO) = (Cla CO)‘
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First, we note that by = {¢(z;ch) : 1 < w} so a fortiori {o(x;ch) : i < w} is consistent.
Secondly, for any N < w, we have

i
(cct) ... (el ed) | coen
M
so by M-invariance and the fact that ¢y =), ¢1, we know that

Co EMC&C}...CE—’J\’C{V C1

Next, as ¢l = q|arepe,, We have ¢ =y, ¢1 and therefore {¢(z; o), p(x;ci)} is inconsistent.
As (4, ¢})i<w 1s an M-indiscernible sequence, we’ve shown the following.

1. If X Cwandj <k forall k€ X, then {p(z;ck) : k € X} U {p(x;c))} is consistent
for i = 0, 1.

2. If X Cwand j <k for all k € X, then, writing ¢x for an enumeration of {cfc} : k €
X}, we have ¢ =pe, .

3. If j < k then {@(z; ), p(x; c4)} is inconsistent.

Now by compactness (reversing the ordering on the sequence of pairs), we can find an array
(d; j)i<w,j<2 such that the following holds.

L. Forall i <w, dip =p5_, dia;
2. {¢(x;d;p) : i < w} is consistent;
3. j<i = {p(z;dip), p(x;d;1)} is inconsistent.
By Lemma 1.5.2; this implies 7" has SOP;. ]

The following argument is an elaboration on [Chel4, Proposition 6.20], which, in turn,
was an elaboration on an argument of Kim |[Kim01, Proposition 2.6].

Proposition 1.5.6. Assume p(z;y) witnesses SOPy. Then there are M, ¢y, c1,bo, by so that

co Ly, c1co Ly, bos er Ly, 01, boco = bier and = ¢(bo, co) Ap(by, e1) but (x5 co) Ap(x; 1)
18 inconsistent.

Proof. Suppose T has SOP; witnessed by ¢. By compactness, we may assume that we have
a tree of tuples (a,),ca<~ for & large enough (> 271 suffices) so that

e For all n € 2%, {¢(x;ay) : @ < K} is consistent
o 1 —~ 0<v € 2<%, then {p(z;a,~1),¢(z;a,)} is inconsistent.

Fix a Skolemization 7% of T' and in what follows, we’ll work modulo this expanded theory.
We will construct a sequence (1;,v;)i<, of elements of 2<% satisfying the following.
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1. a,,,ay have the same type over a,_,, a,_,
2. If t < j then n; < n; and n; < v;.
3. (mi ANvy) ~0<n; and (n; Av;) ~ 1=,

Given n, suppose (n;,v; : ¢ < n) have been chosen satisfying (1)-(3). Consider the se-
quence (ap, ,~oo~1 @ & < k). As k is large enough, there are @« < f < K so that
Ay, ~02~1, Oy, ~0f~1 have the same type over (a,_,,a,.,). Let v, = 1,1 —~ 0% ~ 1
and 7, = 1,_1 —~ 0% ~ 1. Now (1) and (2) are clearly satisfied, and, as o < 3, (1, A v,) =
Mn—1 — 0% so (3) follows. This completes the construction.

Now we claim that (a,,, a,, )i<. satisfies:

4. {¢(z;ay,) i < w} is consistent,
5. a,,,a, have the same type over a,_,, a,_,,
6. {p(z;a,,),p(r;a,,)} is inconsistent for i # j.

Here (5) is immediate from our choice of the sequence and we get (4) since ¢ < j implies
n; < n; and paths are consistent. To see (6), notice that if ¢ < j then as n; < v; and n; L v;,
we have (v; Av;) = (n; Av;) and hence (v; Av;) ~ 0 <v; and v; = (v; Av;) —~ 1 from which
(6) follows, using SOP;.

By compactness and Ramsey, we can find b and (a,,, a,,)i<w+1 indiscernible over b, satis-
fying (4)-(6), and such that b = {¢(x;a,,) : i <w +1}. Let M = Sk(ay,, ay,)icw. Then we
have a,,,, | ), band a,, ||, a,,,, by indiscernibility. As a,,,a,, start an M-indiscernible
sequence, there is 0 € Aut(M/M) sending a,, +— a,,. Let ' = o(b). Then V' =) b,
ay, L5, (as a,, L}, b by indiscernibility) and = ¢(b'; ay,). But {o(z;a,,.,), ¢(z;a,,)} is
inconsistent by (5) and (6). As ¢ is an L-formula, M is, in particular, an L-model and | *
in the sense of T implies | “ in the sense of T O

Theorem 1.5.7. The following are equivalent.
1. J/Ci satisfies weak independent amalgamation: given any M =T, boco =pr bicy so that
c1 sz co and c; \uu b; for j =0,1, there is b so that bco =p ber =pr boco.

2. J/h satisfies weak independent amalgamation: given any M =T, byco =pr bicy so that
c1 L;& co and c; J/L b; for j =0,1, there is b so that beo =p ber =pr boco.

3. T is NSOP;.

Proof. (1) = (2) is clear.
(2) = (3) is Proposition 1.5.6.
(3) = (1) is Proposition 1.5.5. O
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Proposition 1.5.8. Assume there is an Aut(M)-invariant independence relation | on small
subsets of the monster Ml |= T such that it satisfies the following properties, for an arbitrary
M =T and arbitrary tuples from M.

1. Strong finite character: if a f b, then there is a formula p(x,b,m) € tp(a/bM) such

that for any o' = (x,b,m), a" £ b.
Ezistence over models: M =T implies a J/M M for any a.
Monotonicity: aa” | W' = a |, b.

Symmetry: a |, b <= b |, a

Independent amalgamation: c J/Mcl, b \J—/MCO’ by | . c1, bo =m by implies there

exists b with b =¢,nr bo, b = nr b1

M

Then T is NSOP;.

Proof. Claim Let M =T, thena | | b = a | b

Proof of claim. 1f a J’/Mb then by strong finite character, there is some ¢(x;m,b) €
tp(a/Mb) so that a’ f , b for any o’ with [= ¢(a’;m,b). However, as a | | b, it follows that
there is some o’ € M such that = ¢(a’;m,b). Then b J//M a’ by symmetry and b J//M M by
monotonicity, contradicting existence.

Now assume towards contradiction that 7" has SOPy, and let M, co, c1,bo, b1, p(z;y) as
given in Proposition 1.5.6. By the claim and symmetry of | wehaveco |, c1,00 |, 0,01 |
As | satisfies independent amalgamation over models, there is some b | vy €01 b=.m bo,
b =, ar bi. This contradicts the inconsistency of {¢(x;co), o(x; 1)}

Mcl.

1.6 Examples of NSOP; theories

Vector spaces with a generic bilinear form

Let L denote the language with two sorts V' and K containing the language of abelian groups
for variables from V| the language of rings for variables from K, a function - : K x V — V,
and a function [ ] : V x V — K. T, is the model companion of the L-theory asserting that
K is a field, V' is a K-vector space of infinite dimension with the action of K given by -, and
[ ] is a non-degenerate bilinear form on V. If (K, V) | T, then K is an algebraically closed
field.

The theory T, was introduced by Nicolas Granger in [Gra99|, who observed that its
completions are not simple, but nonetheless have a notion of independence called I'-non-
forking satisfying essentially all properties of forking in stable theories, except local character.

Definition 1.6.1. We are using the notation from [Gra99, Notation 9.2.4]. Let M = (V, K)
be a sufficiently saturated model of T,,. Let A C B C M and ¢ € M with ¢ a singleton.
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Let c J/E B be the assertion that K. | K\ Kp in the sense of non-forking independence for
algebraically closed fields and one of the following holds:

l.ceK
2. ce (A)
3. ¢ ¢ (B) and [c, B] is ®-independent over A,

where ‘[c, B] is ®-independent over A’ means that whenever {by,...,b, 1} is a linearly inde-
pendent set in By N (V'\ (A)) then the set {[c, bo],. .., [c,bn—1]} is algebraically independent
over the field Kp(K4.).

By induction, for ¢ = (cy, ..., ¢y) define ¢ J/Ex B by

r r r
c| B < (co,-.-y¢m-1) | Bandc,, |  Becy...Cpo1.
A A Acg...Cm—1

Fact 1.6.2. [Gra99, Theorem 12.2.2] Let M = (V, K) = Tw. Then the relation on subsets of
M given by I'-non-forking is automorphism invariant, symmetric, and transitive. Moreover,
it satisfies extension, finite character, and stationarity over a model.

Lemma 1.6.3. If ¢ is a tuple and A, B are small sets with c J//E B, then there is a formula
o(x;a,b) € tp(c/AB) so that

r

= p(d5a,b) = ¢ ) B.
A

Proof. Suppose ¢ = (cg, ..., c,—1) atuple and ¢ j/i B. Let k be maximal so that (¢, ..., cx_1) \Li B.

It follows that ¢ \,J//ECO . Bey ... ci_1, so one of the following possibilities occurs:
.iCl—1

ACF
1. KACQ.‘.C].C \X/ KBCO...ck,l

KAC()---Ck_l
2. Ck € <BC0 c. Ck,1> \ <ACO . Ck,1>

3. There is a linearly independent set {dp, . .., d;—1} from (Bcg . .. cx—1)vN(V\(Acp . . . k1))
so that {[ck, do], . . ., [ck, di—1]} is not algebraically independent over Kpe, e, 1 (Kacy...cr,)-

The existence of the desired formula requires an argument only in case (3). In this case, there
is a nonzero polynomial p(zo, ..., 2;—1;a,b, ¢y, . .., cx) with coefficients in Kpey. e, (Kaco..cr)
so that p([cg, dol, - .., [ck, di—1];a,b, co, . . ., ¢;;) = 0. By reindexing the d;, we may assume that
there is m <[ so that d; = ¢;, for j < m and d; € B for j > m. Let d = (d,,...,di—1).
Writing vy = (yo, - - -, Yx), let x(y;a, b, d) be the formula which asserts the following:

1. the polynomial p(zo,...,x;_1;a,b,y) is a nonzero polynomial;
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2. the set {vigs -+, Yi,_, } U{dm,...,d;_1} is linearly independent;

3. p([ykayio]a SRR [yka yim_l]a [yk7 dm]7 SRR [yk7 dl—l]; a, ba y) =0
Then x(y; a,b,d) € tp(c/B) and if = x(c¢; a, b, d) then it is easy to check ¢ X/E B. O

Corollary 1.6.4. The two-sorted theory T, of infinite dimensional vector spaces over alge-
braically closed fields with a generic bilinear form is NSOP;.

w-free PAC fields of characteristic zero

Definition 1.6.5. A field F is called pseudo-algebraically closed if every absolutely irre-
ducible variety defined over F' has an F-rational point. A field F' is called w-free if it has a
countable elementary substructure Fy with G(Fp) = I@‘w, the free profinite group on countably
many generators.

In [Cha99|, Chatzidakis showed that a PAC field has a simple theory if and only if it
has finitely many degree n extensions for all n so an w-free PAC field will not be simple.
Nonetheless, she showed that an w-free PAC field comes equipped with a notion of indepen-
dence which is well-behaved.

Fact 1.6.6. [Cha02] Suppose F'is a sufficiently saturated w-free PAC field of characteristic
zero. Given A = acl(A4), B = acl(B), C = acl(C) with C C A, B C F, write A J/ICB to
indicate that A JJACF B and A*¢B¥e N acl(AB) = AB. Extend this to non-algebraically
closed sets by stipulating a J/ b holds if and only if acl(aD) \|/ (D )acl(bD) Then |’

satisfies existence over models, monotonicity, symmetry, and 1ndependent amalgamation
over models.

It remains to check that J/I satisfies strong finite character. The proof of it was pointed
out to us by Zoé Chatzidakis, whom we would like to thank.

Lemma 1.6.7. Suppose F' is a sufficiently saturated w-free PAC field of characteristic zero.
If a,b, c are tuples from F and a \|/£ b then there is a formula p(z;b,c) € tp(a/be) so that if

F = p(d;b,c) then o ﬁlb.

Proof. If a \X/ACF b, then the existence of such a formula is clear, so we may assume a \LACF

Asa ic b, there are 3 € (ch)*®8, o € {ca)™® not in F such that F(a) = F(3) and 8 ¢ F(c)™s.
We choose them so that F(3) is Galois over F' (always possible since F' N (ca)&(cb)s is
Galois over (F'N (ca)®)(F N (cb)¥8) = acl(ca) acl(cb)).

Some of the conjugates of 3 over {cb) might lie in F(c)*# and this will be witnessed
by elements of acl(ch) = F N (ch)™®. We choose an element b of acl(ch) such that (cbd')
contains (cbfB) N F and (cbb') is closed under Aut(acl(cb)/{cb)). Let the formula 6(y;b, c)
isolate tp(b'/be).
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Let P(Y,b,c) be a minimal polynomial of ¥ over (bc), and let Q(Z,Y, b, ¢) be such that
Q(Z,V,b,c) is a minimal polynomial of 5 over (cbl').

Claim. If = 0(by,b,¢), then P(by,b,c) =0, Q(Z,b1,b,c) is irreducible of degree [(cbf) :
(cbt')] and a solution of @ defines a Galois extension, which is not contained in F{c)?®.

The first two assertions of the claim are immediate. For the last one, assume that
(b1, be) satisfies P(by,b,¢) = 0 A Q(bg, b1,b,¢) = 0, and that Q(Z, b1, b, c) is irreducible and
defines a Galois extension of the right degree (all this is expressible in tpy(b'/bc)), but that
by € F(c)¥e. Then there is a formula in tpp(b;/cb) which will say that such a b, exists, and
is therefore not in tp (¥’ /bc).

Similarly let a’ € acl(ac) be such that (cao) N F' = (cad’) and let R(W,T,c) be such
that R(W,a,c) is a minimal polynomial of a’ over (ca) and let S(X, W, T, c) be such that
S(X,d,a,c) is a minimal polynomial of « over (caa’).

The formula ¢(t,b, ¢) is a conjunction of the following assertions:

* 3y0(y b, ),

e R(W,t, c) is not the trivial polynomial,

o (Fw)R(w,t,c) =0 and S(X,w,t,c) is irreducible over F' of degree [(caa) : (caa’}],
o (V2)[Q(z,y,b,¢c) =0 — “F(z) contains a root of S(X,w,t,c)=0".

These statements are first-order using standard facts on interpretability of finite algebraic
extensions of a field in a field and definability of irreducibility.

Assume now that d satisfies ¢(t,b,¢). Let y = by and w = d; € F be as guaranteed to
exist by ¢, and let by be a root of Q(Z,by,b,c) = 0; then F(by) is a proper Galois extension
of F of degree [{cbf3) : (cbb')] which is not contained in F(c).

Because d satisfies ¢, if dy satisfies S(X,dy,d,c) = 0, then F(ds) = F(bs). As F(by) €
F{c)™# we necessarily have d € ()™ and, therefore, either d LfCF b or, otherwise, (cd)8(cb)?'sN

F # acl(cd)acl(cb). This shows d j/i b. O
Corollary 1.6.8. The theory of w-free PAC fields of characteristic 0 is NSOP;.

Examples via Parametrization

In this subsection, we show how to construct NSOP; theories from simple ones. We start with
a simple theory T obtained as the theory of a Fraissé limit satisfying the strong amalgamation
property and, by analogy with the theory of parametrized equivalence relations T¢, , form
the parametrization of this structure. We show that the resulting theories are NSOP; by
proving an independence theorem for a natural independence notion associated to these
theories. The construction we perform here was studied by Baudisch [Bau02| in the context
of arbitrary model complete theories eliminating 3>°. We expect that our results hold in this
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greater generality as well, but our setting already encompasses many interesting examples
and simplifies the study of amalgamation.
We begin by recalling some facts from Fraissé theory.

Definition 1.6.9. (SAP) Suppose K is a class of finite structures. We say K has the Strong
Amalgamation Property (SAP) if given A, B,C € K and embeddings e : A — B and
f: A — C thereis a D € K and embeddings g : B — D and h : C' — D so that the

following diagram commutes:

and, moreover, (img) N (imh) = imge (and hence = imhf, as well).
The following is a useful criterion for SAP:

Fact 1.6.10. [Hod93] Suppose K is the age of a countable ultrahomogeneous structure M.
Then the following are equivalent:

1. K has the strong amalgamation property.
2. M has no algebraicity.

Let K denote a Fraissé class in a finite relational language L = (R; : i < k) where each
relation symbol R; has arity n;. Let T the complete L-theory of the Fraissé limit of K.
We'll define a new language Lyg which contains two sorts P and O. For each i < k, there
is an (n; + 1)-ary relation symbol R! where x is a variable of sort P and the suppressed n;
variables belong to the sort O.

Given an Lyg-structure M, it is convenient to write M = (A, B) where O(M) = A and
P(M) = B. We will refer to elements named by O as objects and elements named by P as
parameters. Given b € B, we define the L-structure associated to b in M, denoted A,, to be
the L-structure interpreted in M with domain A and each relation symbol R; interpreted by
Ri(A). It b € B and C C A, write (C); to denote the L-substructure of A, generated by C
(as we assume the language is relational, this will have C' as its domain).

We describe a class of finite structures Ky to be the class defined in the following way.
Let

Kpte = {M = (A, B) € Mod(Lpg) : |[M| < Ry, (Vb e B)(3D € K) (A4, = D)}

From now on, we’ll assume K also satisfies SAP.

Lemma 1.6.11. K. is a Fraissé class satisfying the Strong Amalgamation Property (SAP).
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Proof. HP is clear and, as we allow the empty structure to be a model in Ky, JEP follows
from SAP. So we show SAP.

First, we may assume that 3 models in the amalgamation diagram have the same set of
parameters. Suppose (A, D), (B, E) and (C, F) are in Kjg and we have embeddings

(C, F)

e

(4,D)

N

(B, E)

By moving F' and E over D if necessary, we may assume that ¢ and j are just the inclusion
maps on parameters and that FNE = D. By SAP in K, for each d € D, there are embeddings
fa,94 and G4 € K so that the following diagram commutes,

Ca
N
Ay Gy
N
By

where ¢ and j are the induced maps, so that f;(Cy) N ga(By) = (fq01)(Ag). Since the
language is relational, HP implies that we may take Gy = f4(Cy) U ga(Dg4). Moreover, we
may choose f; and g4 so that they are the same functions for all d € D on the underlying
sets C' and B respectively. Call these functions f and g. Let G be the underlying set of G4
for some (all) d € B. Now define a structure (G, E U F') so that for all d € D = ENF,
Gy is as above, if a € E'\ F, G, is some structure in K extending ¢(B,) and, likewise, if
a € F\E, G, is some structure extending f(C,). The functions f and g extend to embeddings
f:(C,F)— (G,EUF)and g: (B,E) — (G,EUF) so that f and g are both inclusions on
parameters. By construction, it is clear that fi = gj. Moreover, fi(A) = f(C) N g(B) and
fi(D) = f(E) N g(F), which establishes SAP in K. O

As Ky is a Fraissé class, there is a unique countable ultrahomogeneous Li.-structure
with age K. Let Thg denote its theory. By Fraissé theory, this theory eliminates quantifiers
and is Ng-categorical.

Lemma 1.6.12. Suppose (A, B) = Tye. Then, for allbe B, Ay =T
Proof. Since the property that for all b € B, A, = T is an elementary property, it suf-

fices to check this when (A, B) is the unique countable model of Tyg. If d,e € A, satisfy
tp;(d) = tp,(e) then, by quantifier-elimination, it is easy to check tprfC(b, d) = tprfC(b, e)
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and ultrahomogeneity of (A, B) implies there is an Lpg-automorphism of (A, B) fixing b and
taking d to e. The induced L-automorphism of A, witnesses that A, is ultrahomogeneous. By
Fraissé theory there is up to isomorphism a unique countable ultrahomogeneous L-structure
with age K so Ay is isomorphic to a model of T, so A, = T. m

Suppose M = (A, B) is a monster model of Ty¢.. Given a formula ¢ € L and a parameter
p € B, define ¢, € Ly to be the formula obtained by replacing each occurrence of R; by R,
and giving the objects their eponymous interpretations in A, — formally, this defines ¢, for
atomic ¢ and then the full definition follows by induction on the complexity of the formulas.
If C C A is a set of objects and ¢ is an L-type over C' (considered as a subset of A,), we
define the type ¢, by

@ ={pp: ¢ € q}
Lemma 1.6.13. Suppose {p; : i < a} C B is a collection of distinct parameters and ¢' : i <
) is a sequence of non-algebraic L-types over C' C A (possibly with repetition), where ¢* is

considered as a type in A,,. Then the Lyg-type |, qzi)i 1S consistent.

Proof. By compactness, it suffices to consider the case where o < w and when the ¢* are all
finite types. Hence, we simply have to show

M = (32) N\ ¢, (@).

<o

Moreover, by quantifier-elimination in 7', we may assume that each ¢’ is quantifier-free.
For each ¢ < «, let C; € Age(A,,) the finite substructure generated by the elements of C

mentioned in all of the ¢*. So, the underlying set of each C; is the same, although the
interpretations of the relations may differ. Given any i < a, we know that

Ay, E (32) \ 4, (2)

so there is D; € Age(A,,) containing a witness d; to the above existential formula. By
non-algebraicity of each type, we may assume that d; € C; and, by HP, that D; = C U {d;}.

Now define an Lyg-structure £ with underlying set of objects C'U {*} where * is some
new element and its parameters are {p; : ¢ < a}, and the relations are interpreted so that for
each i < «, the map is the identity on C' and sends d; — * is an isomorphism of L-structures
from D; to E,,. It is clear that E € K¢ so there is a copy F' isomorphic over CU{p; : i < a}
to it in Age(M). Now

F = (32) \ ¢,(2)
<o

and hence this is satisfied in M, so we're done. O
Lemma 1.6.14. Suppose A, B,C C A are small sets of objects, FF C B is a small set of

parameters, AN B C C, and by, by € B satisfy by =cr b1. Then there is some b € B so that
b =ACF bg and b =BCF bl (CLH m Lpfc).



CHAPTER 1. MODEL-THEORETIC TREE PROPERTIES 46

Proof. Given a set D C A and p € B, recall that we write (D),, for the L-substructure of A,
with underlying set D. By compactness, it suffices to prove the lemma when A, B, C, and F
are finite. By quantifier-elimination, demanding some b € B so that b =40 by and b =g¢ by
is equivalent to asking that (AC), = (AC),, and (BC), = (AC),,. Now, as by =¢ by, (C)y,
may be identified with (C),,. We may view C, (AC),, and (BC);, as elements of K. In K,
we have inclusions i : C' — (AC),, and j : C' — (BC),,, so by SAP, there are embeddings
f,g and a D € K so that the following diagram commutes

(AC)y,

(BC)y,
where f(AC)Ng(BC) = C. By HP, D may be taken to have f(AC)U g(BC) as its domain.
Since AN B C C, D is isomorphic over C' to an L-structure with underlying set AU B U C,
so we may assume that f and g are both inclusions. Let b, denote some new parameter
element outside of F' and define a structure with parameter set {b,, by, b1} UF and AUBUC
as its set of objects so that (ABC),, = D. This clearly defines a structure in K. In the
substructure with only AU C' as the set of objects, there is an automorphism fixing F' taking
b, to by. This shows that b, =40F by and a symmetric argument shows b, =gcr by. It follows
that we can find such a b, in B. O

Towards proving an independence theorem for T}, we will define a notion of indepen-
dence for parameterized structures.

Definition 1.6.15. (J/pfc)

1. Suppose p € B is a parameter. Suppose A, B,C C A. We define | ” by
p
A| BinM < A | BinA,,
c c
where the undecorated | on the right-hand side denotes the usual non-forking inde-

pendence — i.e. tp(A/BC) does not fork over C.
2. If A,B,C C A and D,E,F CB, we define | ™ by

pfc
A,D | BJE <= DNECF, andforallpEFALB
C.F
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Proposition 1.6.16. Assume T is a simple theory. Suppose A, B C A are small sets of
objects and D, E C B are small sets of parameters and M = (C, F) is a small model of Ty
satisfying

pfc

A,D | B E

C,F
Suppose moreover that ag,ay are tuples from A and by, by are tuples from B satisfying
ag, bo pcf;A,D, ar, by Jf(’jf; B,E and ag,by =cr ai,bi. Then there are a from A and b

from B so that a,b =acpr ag, by and a,b =pcgr a1, by.

Proof. First, we solve the amalgamation problem for objects. Without loss of generality,
D, E,F are pairwise disjoint. By Lemma 1.6.12, we know that for each p € F, C, is a
model of 7. By definition of | **, we know that in A,, we have A L& B, ao Ly, A and
a, LZ,B. As T is simple, the independence theorem over a model implies that there is
some tuple a, in A, such that a, =L, ag, a, =%, a; and q, J/’é AB. For each p € F,
let ¢?(x) = tpy(a,/ABC) considered as an L-type in A,. By Lemma 1.6.13, denoting the
relativization of ¢” to the parametrized language with respect to p by ¢f, we know that the
type UpeF gb is consistent. Let a be a realization. Then a =4¢ ao and a =p¢ a1 in A, for
all p € F so a =acF ag and a =pcor a;.
Now we solve the problem for parameters. First assume that by, b; are singletons in
B. Without loss of generality by, b; ¢ F' (as otherwise they are equal by assumption, and
there is nothing to do). By quantifier-elimination, we need some b ¢ D U E U F' so that
(aAC)y = (agAC)y, and (aBC)y, = (a1 BC)y,. First, find by =acr by and by =pcr by outside
of DUFE UF so that (a¢AC), = (agAC)p, and (aBC)y, = (a1 BC)yp,. So aby =acr apby and
abs =pcr a1by. Now by =,cr b3 and aAC N aBC C aC, so Lemma 1.6.14 applies and we
can find a b so that (¢ AC), = (aAC),, and (aBC), = (aBC),,, and we can take this b to be
outside of DUFEUF. Now asb¢ DU FE U F, we have ab =4¢cpr agby and ab =gcgr a1b;.
Now let by = (bo; : @ < k),by = (b1; : i < k) be arbitrary tuples from B. Without loss
of generality, all of the elements in {b;; : i < k} are pairwise-distinct, for ¢ € {0,1}. Let
S ={i <k:b,; ¢ F} fort € {0,1}, note that Sy = S; = S as by =r b;. Repeatedly
applying the argument above for singletons, we can find pairwise distinct b, for i € S such
that a, b, =acpr ao,bo; and a, b, =gcgr a1,by,; for all i € S. Let b* = (bf : i < k) be defined
by taking bf = by; = by; for all i ¢ S and b = b} for all i € S. As there are no relations
in the language involving more than one element from the parameter sort except for the
equality, it follows that a,b* =acpr ag, by and a,b* =pcpr a1, b; — as wanted.
O

Theorem 1.6.17. Assume T is simple. Then | ™ is an Aut(M)-invariant independence
relation on small subsets of the monster Ml |= Tyg such that it satisfies, for an arbitrary
M }: Tpfc.‘

1. strong finite character: if a J//I]’; b, then there is a formula p(x,b,m) € tp(a/bM) such

that for any o’ = p(x,b,m), a Jﬁ;’jc b;
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2. existence over models: M = Ty implies a J/;’;C M for any a;
.. fc fc

8. monotonicity: aa’ |} b0 = a |} °b;

4. symmetry: a \Lﬁjcb <~ b J/I]’; a;

5. independent amalgamation: cg J/’;\’jc c1, by \Lﬁjﬁ co, by J/Ijjc c1, b =y by implies there
exists b with b =.,pr b, b=, b1.

Proof. Automorphism invariance and (1)-(4) are immediate from the definition of | P*,

using that T is simple and hence non-forking independence satisfies all these properties; (5)
was proven in Proposition 1.6.16. O

Corollary 1.6.18. Suppose T is a simple theory which is the theory of a Fraissé limit of a
Fraissé class K satisfying SAP. Then Ty ts NSOPy. Moreover, if the D-rank of T' is > 2,
then Ty 1s not simple.

Proof. By Proposition 6.2.4, T, is NSOPy, as \Lpfc gives an independence relation satisfying
all the hypotheses. So now we prove that T} is not simple, under the assumption that the
D-rank of T is > 2. This assumption implies that there is an L-formula ¢(z;y) and an
indiscernible sequence (a;);<, so that {o(z;a;) : i < w} is k-inconsistent for some k and
the set defined by ¢(x;a;) is infinite. Let M = T be some model containing the sequence
(@;)i<w- Construct an Lyg-structure N with domain w I M and relations interpreted so that
N E Ri(b) < M E R(b) for each tuple b € M, every i < w, and relation symbol R
of L. Extend N to N | Ty Let th(2;y,2) be the formula o, (z;y) and define an array
(bij)ijew by bij = (a;,7) € M x w C N?. Using Lemma 1.6.13, it is easy to check that for all
frw—=w, U {¥(x;bifu))} is consistent. Also {t(x;b;;) : j < w} is k-inconsistent for all 4
so 1 witnesses TPs. O

Remark 1.6.19. For the above argument to work, we used that the formula witnessing di-
viding was non-algebraic — this fails in many natural examples (e.g. the random graph).
However, given an L-structure M, define the imaginary cover of M as follows: let L’ be the
language L together with a new binary relation symbol E for an equivalence relation, and
let M be the L'-structure obtained by replacing each element of M with an infinite E-class
and defining the relations of L on M on the corresponding E-classes. Now it is easy to check
that Age(M) has SAP, the theory of M is simple of D-rank at least 2.

Corollary 1.6.20. T7,, is NSOP;.

Proof. The theory T of an equivalence relation with infinitely many infinite classes is a stable
theory, obtained as the Fraissé limit of all finite models of the theory of an equivalence

relation. This class has no algebraicity, so it satisfies SAP. Ty is exactly T7,,, so it is
NSOP;. O

This result was claimed in [SUO08|, but the proof is apparently incorrect due to an illegit-
imate use of tree-indiscernibles. See the footnote on [HS14, p. 22| for a discussion.
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Theories approximated by simple theories

In her thesis [HS14|, Gwyneth Harrison-Shermoen considers theories that have a model
approximated by a directed system H of homogeneous substructures, each of which has
a simple theory. She proves that such theories carry an invariant independence notion
Lhm satisfying strong finite character, monotonicity, symmetry, and existence over a model
(existence over a model is implied by Claim 3.3.4 in [HS14]). Finally, she observes that if
non-forking independence J/f satisfies the independence theorem over algebraically closed

sets for each model in H, then so does J/lim for the approximated theory. Hence, we obtain
the following:

Corollary 1.6.21. Suppose T is a theory approzimated, in the sense of Harrison-Shermoen,
by a directed system of structures each with a simple theory in which J/f satisfies the inde-
pendence theorem over algebraically closed sets. Then T is NSOP;.

1.7 Lemmas on preservation of indiscernibility

Lemma 1.7.1. Suppose ng,...,m_1, Vo, ..., V_1 are elements of w<¥. Let 71 and U denote
enumerations of the N-closures of {n; : i <1} and {v; : i <1} respectively. Then if

thpLs (7)07 B 77ll—1) = thpLS<V07 ) Vl—l)a

then
qf ., (M) = qf iy, ¥).

Proof. Easy. See Remark 3.2 from [KKS14] O

Lemma 1.7.2. Let ng,...,m_1,V,...,V_1 € w<* be such that

aftpr, (o, - - - m—1) = qftpr, (vo, - -, vica).

Suppose i <l and n < n;, v < v; with [(n) = 1(v). Then, setting n, =n and v; = v, we have

(thpLs(nOa s anl> = qftpLs(VU7 ceey Vl)-

Proof. Without loss of generality, we may take {n; : ¢ < {} and {v; : i < [} to be A-closed,
by the previous lemma. Then {n; : ¢ <[+ 1} and {v; : i <[+ 1} are also A-closed. So we
need only to check that for any j,j' <[+ 1

/
1. n; Iny <= V; <= v;

2. N <iex Njr = Vj <iex Vj
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We have 3 cases.
Case 1: j,j' <.
(1) and (2) follow by assumption.
Case 2: j<land j =1

np<<m <= n; <n; and l(n;) < I(m)
= mann \/ Pn)
k<l(m)
= vy \| Pv)
k<l(v)
— Vv; <1y,
N <tex M == 1y Ani) <l(m) and 195 <iex 7
= \/ Pi(n; Ami) | Anj <iew mi
k<l(m)
S \/ Pk(Vj A l/i) N Vj <lex Vi
k‘<l(Vl)
< UV <lex Vj.

Case 3: j=1land j' <

m < (i Amj)
\/ Pi((mi A mj))

Um) <k<lU(n;)

\V By
l(ul)<k§l(ul)
v v

(I Ami) < L)) = 03 <iew M

m <1n;

M <ilex n;

rir 1t 1

\/ Pk(nj A 772) = N <lex N;
k<l(m)

[

\/ Pk(Vj A l/i) = Vi <lex Vj
k}<l(Vl)
Vv <lezx Vj-

[

]

Lemma 1.7.3. Let (a,)pew<e be an s-indiscernible tree. If (a;)ycn<w is the k-fold widening
of (ay)yew<w at level n, then (a;)pew<o is also s-indiscernible.
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Proof. Pick ng,...,m_1 and vy, ...,v_1 in w<¥ so that

qftpLs(ﬁm o M—1) = qftpLs(Voy o VZ1).

By Lemma 1.7.2, we may assume that {n; : i« < [} and {v; : i < [} are both A-closed
and closed under initial segment. Moreover, we may assume that these elements have been
enumerated so that for some m <1, I(n;),l(v;) < n if and only if i > m. So for each i < m,
we may write

no= pi &

vi = v~ B~ pi
where p;,v; € W™t a4, 8 € w, and &, p; € w<¥. For each i < m, let

To= (i~ (kow) ~ & ~ (ks +1) ~ &gy — (Roi + k= 1) ~ &)

and for m <i <, let m; = n;, V; = v;. Now we must show that

qftpLs (ﬁo, e 7ﬁl—1) = qftPLS (707 S :71—1)'

It is clear that the sets J,_,7; and |J,_, 7; are closed under initial segment. They are also
closed under A: this is obvious for elements of length < n and for elements of longer length
whose meet has length < n by our assumptions. On the other hand if, for some 7,7 < [
and 7,7 < k, 1((m;);),l((Zs)j) > n and I((7;); A (Ts)j) > n, then if j = 5/, we have
(M:); AN @)y = (i Amwr); and if j # j', then (7;); A (i); is equal to the common initial
segment of each element of length n — 1. In the first case, the meet is enumerated in one of
the tuples because our initial set of tuples was A-closed, in the second case because it was
taken to be closed under initial segment. To check equality of the quantifier-free types, we
have 3 cases:

Case 1: 4,7’ > m Follows by assumption, as for any i > m, 7, = n; and 7; = v;.

Case 2: i > m,i <mand j <k

0, <(My); = U< (Vn);
T <tex Mi)i = Vi <tex (M)
(ﬁi’)j <lex ﬁz <~ (ﬁi’)j <lex vi
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Case 3: i,/ <m and j,j < k

(M:); < (M) 0 n; < ny and j = j'
v vy and j = 7§
(mi); < (Vi)

M) <tex (M) (i <tex mj and (I(n; An;) <nor j=j')) or
(Il(mi Ang) > n and j < j')

(Vi <iex vj and (I(v; Avj) <nor j=j")) or
(
(

l(vi Nvy) >nand j < j')

P11ttt

Vi)j <tex (Vir) jr-
Il

Lemma 1.7.4. Let (ay)cn<w be an s-indiscernible tree. If (ay)new<w is the k-fold stretch of

" ) o :
(ap)newse at level n, then (ay),ew<w is also s-indiscernible.

Proof. Given n € w<¥, let

n if l(n) <n
=1 n~0,...,n~0"" if (n) = n
VAOk—l/_\g ifn:]//\&,Withl/ewn,é?é(b

Pick no,...,m_1,v0,...,_1 € w<¥ so that

qftpLS (7707 s ﬂ?l—l) = qftpLs(V07 R Vl—l)a

and, without loss of generality, we may suppose {n; : ¢ < [} and {v; : i < [} are both
A-closed. We must show that

aftpy, (Mg, - - -, M_1) = aftpy, (Do, ..., Vi—1).

Assume that {7, : i < [} is ordered so that ¢ < m if and only if I(7;) = n, and similarly for
{7; 1@ < l}. Clearly {7, : i <1} and {7; : i < [} are also A-closed, so we have to check that
the two sequences of tuples have the same quantifier type with respect to the relations <.,
and <. We'll show this by considering the various cases:

Case 1: i,7 > m. Then

1; < My ni <1 M
v; < vy
U; Uy
i <iex M
Vi <iex Vi

ﬁi <lex ﬁz

rreeey

vz‘ <lex vi"
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Case 2: i,7 <m and j,j’ < k. Then

(m=m) NG <J)

(vi=vi) A <J)

(Ti); < (¥);

Ni <tex N V (Vi = v Nj < j')
Vi <tex Vo V(i = vy Nj < j')
(vi)j <lex (Di’)j’-

(ﬁi)j < (ﬁi’ )j’

(ﬁz)] <lex (ﬁz’ )j’

[ A

Case 3: i <m, 7 >m, j<k.

i <1 My

v; < Uy
(7:); < 7;
Ny <1 n;

Vi < Y
(Ti); <7,
i <iexw My

Vi <iex Vi
(Vi) j <iex Uit

Vit <lex Vi

(ﬁi)j < ﬁi’

Ny < (7;);

(ﬁz)] <lex ﬁi’

Ny <iew (ﬁz)]
Vit <lex Vi

Uy <iex (V3);.

[ A A I I A

Lemma 1.7.5. 1. Each tuple aﬁ,”‘) may be enumerated as (a,~, : v € 2")

2. If (ayp)ne2<~ is strongly indiscernible, then for all n, the n-fold fattening (aﬁ,”)),,@@ 18
strongly indiscernible over C,

Proof. (1) This is trivial for n = 0. Then if true for n, we have
alr ) = (0§, 0 ) = (Ao ¥ € 2Y), (Aymim 1 v € 27)) = (agy : € € 27T,

(2) By (1) we have ai"™" = (au—p : p € 27). Let & = (1 € 25"). In order to show
indiscernibility over C), have to show that if ng, ..., 71,10, ..., 41 € 2<¥ and

qftpLo (7707 s 7771671) = qftpLo (V07 cey kal)

then qftpy, (71, (e = 1 € 27), ..., (Ap—n,_, : 1 € 2")) is equal to qftpy (7, (a,—v, : 1t €
2"), ..., (ay—~y,_, : p € 2")). To this end, we may assume {no,..., 71} and {vo,..., 41}
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are meet-closed. Then 25"U{p —~ n; : p € 2”0 < k} and 25"U{pu —~ v; : p € 2",i < k} is also
meet-closed and we just have to check that the tuples in the above equation have the same
time with respect to the language L, = {<, <e; }. Choose &y, & from the tuple (77, (@~ :
pe2™), . (A, o 1 €2")) and po, p1 from (77, (Gp—wy : pt € 2"), ..o, (Qpry_, 1t € 27))
so that & sits in the same position in the enumeration of the tuple as p; for i = 0,1. Now,
we must show that & <. & if and only if py <jer p1 and & < & if and only if py < p;.
Choose arbitrary g, 1 € 25", m;, 15, Vi, Vj.

Case 1: I(uo) = l(p1) = n, & = po — i, & = 1 — 1;, and hence py = po ~ v; and
p1 = H1 ™ Vj.

fo = prr A I,
po = p1 A v v,

to — 1y Sy 04

Mo ™ Vi < fh1 ™V
1o <iew 1V (to = p1 A1 <iew 1)
po <iew t1 V (fto = 1 A Vi <iex Vi)

Ho ™ Vi <yex 1 7 Vj

o ™ N <iex M1 T

rreeey

Case 2: § = o, & = fu, po = po, and pr = .
Clear.

Case 3: I(10) = n, {o = po — M5, §&1 = p1, po = Mo — Vi, p1 = [
It is never the case that ug — n; < g or g — v; < pq so it suffices to check <, :

o N <igex 1 = o <lex M1
< pHo ™ Vi <jex H1-

Case 4: [(j11) = n, §o = o, §1 = p1 — Vi, Ppo = Mo, P1 = K1 ™ Vj.

po Jpn ~my = po I
<~ podpu ~ Yy
Ho Siex 1 ™1 = fho Stex
= o Siex P17V

O

Lemma 1.7.6. If (a,)ye2<w is strongly indiscernible, then for all natural numbers k > 1, the
k-fold elongation (a;),ea<w of (ay)nea<e is also strongly indiscernible.

Proof. Given n € 2<% with [(n) = n, we defined 7 € 2<% to be the element with length
k(l(n) — 1) + 1 defined by

oy 1/k if k|u

o= {1

0 otherwise
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As the k-fold elongation of (a,)pec2<~ is defined to be the tree (b,),c2<« Where
b”] = (aﬁ, Ap~0y - - - ,aﬁhok—l).

Write 7 for the tuple (7,7 —~ 0,...,7 —~ 0¥71). We are reduced to showing that if o, ..., m_1,
Vo, - .., V—1 are elements of 2<% so that

qftpLO (7707 ce 7771—1) = qftpLO (VOa SR Vl—l)
then
aftpr, (Mos - - M—1) = dftpr, (o, - - -, V1)

We may assume that {n; : i < [} and {v; : ¢ < [} are both A-closed, from which it follows
that {7, : ¢ <1} and {7; : i <[} are both A-closed. So we must check that (7; : i < [) and
(7; : i < 1) have the same quantifier-free type with respect to the language L; = (<, <jey)-
We note

ﬁi/\olﬁﬁj/\()l/

!/

iy —~ 0 <pep 75 — 0

!/

SESERERRE
:
QZQI

Lemma 1.7.7. Suppose (a,),ea<« is a strongly indiscernible tree over C.

1. Define a function h : 2<% — 2<% by h(0) = 0 and h(n) = h(v) ~ 0 ~ (i) whenever
n=v ~ (i). Then (an))ne2<« 1s strongly indiscernible over C'.

2. For each n, define a map h, : 2<% — 2<¥ by

B h(n) if ln) <n
hn(n) = {h(y) ~& difn=v~E&lv) =n.

Then (ap,,(y))ne2<w s strongly indiscernible over C'.



CHAPTER 1. MODEL-THEORETIC TREE PROPERTIES 56

Proof. (1) At the outset, we note that n v <= h(n) <h(v) and 7 <jer v <= h(N) <jex
h(v). The only difficulty arises from A which is not preserved by h, because if n L v and
n A v =E¢ then h(n) A h(v) = h(§) —~ 0.

It suffices to show that if 7, 7 are finite tuples from 2<% with qftp, (%) = qftp,, (7) then
aftpy, (h(7)) = aftpy, (h(7)). Given such 7,7, it is clear that if gftp, (h(7)) # aftp,, (h(7))
then qftp, (h(77')) # aftp, (h(7')) where 77’ and 7’ are the A-closures of 77 and 7 respectively.
So we may assume 7] and ¥ are A-closed. We may assume that the tuple 7 = (1; : i < k) is
enumerated so that for some [ < k, if 7 < [, then there are n; L n; so that n; An; =n;. It
follows that the A-closure of h(77) may be enumerated as (h(n;) : i < k) —~ (h(n;) ~0:i <),
and, likewise, the A-closure of h(7) can be enumerated as (h(v;) : i < k) ~ (h(v;) ~0:i <
). Now we note that, by definition of h, if i,j < k

h(n:;) < h(n;) ~0

h(ni) <iew h(n;) —~ 0

rreeet

And similarly for v;,v;. As h respects <t and <je,, and qftpy () = qftpy, (7), it follows that

aftpr, (h(M)) = dftp,, (h()).
(2) is entirely similar. ]
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Chapter 2

Invariants related to the tree property

2.1 Introduction

One of the fundamental discoveries in stability theory is that stability is local — a theory
is stable if and only if no formula has the order property. Among the stable theories, one
can obtain a measure of complexity by associating to each theory T' its stability spectrum,
namely, the class of cardinals A such that T is stable in A\. A classification of stability
spectra was given by Shelah in [She90, Chapter 3]. Part of this analysis amounts showing
that stable theories do not have the tree property and, consequently, that forking satisfies
local character. But a crucial component of that work was studying the approximations to
the tree property can exist in stable theories and what structural consequences they have.
These approximations were measured by a cardinal invariant of the theory called x(T"), and
Shelah’s stability spectrum theorem gives an explicit description of the cardinals in which
a given theory T was stable in terms of the cardinality of the set of types over the empty
set and x(T'). Shelah used the definition of x(7') as a template for quantifying the global
approximations to other tree properties in introducing the invariants rcqq(7), kset(T), and
Kinp(T") which bound approximations to the tree property (TP), the tree property of the first
kind (TP;), and the tree property of the second kind (TPs), respectively. Eventually, the
local condition that a theory does not have the tree property (simplicity), and the global
condition that k(T') = keat(T) = No (supersimplicity) proved to mark substantial dividing
lines. These invariants provide a coarse measure of the complexity of the theory, providing a
“quantitative" description of the patterns that can arise among forking formulas. They are
likely to continue to play a role in the development of a structure theory for tame classes of
non-simple theories.

Motivated by some questions from [She90|, we explore which relationships that obtain
between the local properties TP, TP, and TPy also hold for the global invariants keqi(T),
Kset (1), and Kinp (7). In short, we are pursuing the following analogy:
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local | TP | TPy | TP,
glObal ‘ Kedt ‘ Rsct ‘ Kinp

This continues the work done in Chapter 1, where, with Artem Chernikov, we considered a
global analogue of the following theorem of Shelah:

Theorem. [She90, I11.7.11| For complete theory T', keat(T) = oo and only if ket (7T') = oo or
Kinp(1') = 00. That is, T" has the tree property if and only if it has the tree property of the
first kind or the tree property of the second kind.

Shelah then asked if feqi(T) = Kset(T) + Kinp(T) in general [She90, Question I11.7.14]'. In
Chapter 1, we showed that is true under the assumption that 7" is countable. For a countable
theory T', the only possible values of these invariants are Ny, Xy, and oo — our proof handled
each cardinal separately using a different argument in each case. Here we consider this
question without any hypothesis on the cardinality of T', answering the general question
negatively:

Theorem. There is a theory T" so that reat(1") # Kset(T') + Kinp(1'). Moreover, it is consistent
with ZFC that for every regular uncountable k, there is a theory T" with |T| = & and
Redt (T) 7é Ksct(T> + "finp(T)-

To construct a theory T so that keat(T) # Kset(T) + Kinp(T'), wWe use results on strong
colorings constructed by Galvin under GCH and later by Shelah in ZFC. These results show
that, at suitable regular cardinals, Ramsey’s theorem fails in a particularly dramatic way.
The statement keqi(T) = Kset(T) + Kinp(T') amounts to saying that a certain large global
configuration gives rise to another large configuration which is moreover very uniform. This
has the feel of many statements in the partition calculus and we show that, in fact, a
coloring f : [k]> — 2 can be used to construct a theory T}, such that the existence of a
large inp- or sct-patterns relative to 7}, ; implies some homogeneity for the coloring f. The
theories built from the strong colorings of Galvin and Shelah, then, furnish ZFC counter-
examples to Shelah’s question, and also give a consistency result showing that, consistently,
for every regular uncountable cardinal k, there is a theory T with |T'| = xk and keat(T) #
Kset(T') + Kinp(T'). This suggests that the aforementioned result of Chapter 1 for countable
theories is in some sense the optimal result possible in ZFC.

Our second theorem is motivated by the following theorem of Shelah:

Theorem. [She90, VI1.4.7] If T is not simple, D is a regular ultrafilter over I, M is an |[I|TF-
saturated model of T, then M’/D is not |I|*T-compact.

!This formulation is somewhat inaccurate. Shelah defines for x € {cdt,inp,sct}, the cardinal invariant
K1z, which is the least regular cardinal > k,. Shelah’s precise question was about the possible equality
KTcdt = KTsct + KTinp. For our purposes, we will only need to consider theories in which x, is a successor
cardinal, so we will not need to distinguish between these two variations.
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In an exercise, Shelah claims that the hypothesis that 7" is not simple in the above theorem
may be replaced by the condition ki, (7') > |I|* and asks if keat(T") > |I|" suffices [She90,
Question VI.4.20]. We prove the following:

Theorem. There is a theory T so kinp(T') = AT yet for any regular ultrafilter D on A and
A *-saturated model of T, M*/D is A**-saturated. On the other hand, for an arbitrary T,
if A = A" and ke (T) > AT, M is an AT -saturated model of 7" and D is a regular ultrafilter
over \, then M*/D is not A\**-compact.

This contradicts Shelah’s Exercise VI.4.19 and a fortiori answers Question VI.4.20 negatively.
Although Kinp(T) > |I|T and hence keat(T) > |I|T do not suffice to guarantee a loss of
saturation in the ultrapower, one can ask if k(7)) > |I|* does suffice. Shelah’s original
argument for Theorem 2.5.4 does not generalize, but fortunately a recent new proof due
to Malliaris and Shelah [MS15b] does and we point out how the revised question can be
answered by an easy and direct adaptation of their argument. These results suggest that the
rough-scale asymptotic structure revealed by studying the A\*"-compactness of ultrapowers
on A is global in nature and differs from the picture suggested by the local case considered
by Shelah.

In order to construct these examples, it is necessary to build a theory capable of coding
a complicated strong coloring yet simple enough that the invariants are still computable.
This was accomplished by a method inspired by Medvedev’s QACFA construction [Med],
realizing the theory as a union of theories in a system of finite reducts each of which is the
theory of a Fraissé limit. The theories in the finite reducts are Ny-categorical and eliminate
quantifiers and one may apply the A-system lemma to the finite reducts arising in global
configurations. Altogether, this makes computing the invariants tractable.

2.2  Preliminaries

Notions from Classification Theory

Definition 2.2.1. We recall the following definitions, introduced in [She90).

1. A cdt-pattern of height k is a sequence of formulas p;(x;y;) (i < K, successor) and
numbers n; < w, and a tree of tuples (a,),ecw<~ for which

a) py = {@i(x; ay;) : i successor ,i < k} is consistent for n € w"

b) {pi(x;ap—(ay) : @ <w,i=1(n)+ 1} is n;-inconsistent.

2. An inp-pattern of height k is a sequence of formulas ¢;(x;y;) (i < k), sequences (a;q :
a < w), and numbers n; < w so that

a) for any n € w”, {pi(x;a;,@)) : i < Kk} is consistent.

b) For any i < k, {p;(z;a;4) : @ < w} is ni-inconsistent.
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3. An sct-pattern of height r is a sequence of formulas ;(z;y;) (i < k) and a tree of
tuples (ay)pew<s so that

a) For every n € w®, {pa(x;ay) : 0 < a < Kk, « successor} is consistent.
b) If n € w*, v € WP, a, B are successors, and v L n then {p.(7;a,), ps(z;a,)} are

inconsistent.

4. For X € {cdt,sct,inp}, we define k% (7T) be the first cardinal x so that there is no
X-pattern of height x in n free variables. We define kx(7T") = sup{x% }.

Example 2.2.2. Fix a regular uncountable cardinal x and let L = (E, : @ < k) be a
language consisting of x many binary relations. Let Ty be the model companion of the L-
theory asserting that each E, is an equivalence relation and o < § implies Eg refines F,. Let
Tinp be the model companion of the L-theory which only asserts that each E,, is an equivalence
relation. Now Keat(Tsct) = Kedt(Teet) = £, and further fget(Tsct) = Kinp(Tinp) = k7. However,
we have Kinp(Tect) = No and Kget (Tinp) = Ny.

In order to simplify many of the arguments below, it will be useful to work with indis-
cernible trees and arrays. Define a language Lg) = {<, A, <jez, Pa : @ < A} where ) is a
cardinal. We may view the tree £<* as an L y-structure in a natural way, interpreting < as
the tree partial order, A as the binary meet function, <;., as the lexicographic order, and
P, as a predicate which identifies the ath level. See Chapter 1 for a detailed treatment.

Definition 2.2.3.

1. We say (ay),cq<» is an s-indiscernible tree over A if
aftpr, , (105 - - -, 1) = dftpy, (vo, -+, V1)

implies tp(anyy, - - ., an, 1 /A) =tp(avy, - - -, ap, ,/A).

2. We say (Ga,i)a<n,icw 1S & mutually indiscernible array over A if, for all v < K, (Gni)i<w
is a sequence indiscernible over AU {ag;: f < K, # o, j < w}.

The following facts are also in Chapter 1:

Fact 2.2.4. Let (a, : 7 € k<) be a tree s-indiscernible over a set of parameters C.
1. All paths have the same type over C: for any a, v € £*, tp((ayja)a<r/C) = tP((avja)a<r/C)-

2. Suppose {1, : @ < 7} C k<* satisfies 7, L 7o whenever a # o/. Then the array
(ba,ﬁ)a<'y,6<m deﬁned by

bawB = ana A(5>

is mutually indiscernible over C'.
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Fact 2.2.5. 1. If there is an inp-pattern of height x modulo 7', then there is an inp-
pattern (o (2;Ya) 1 @ < K), (Gai)a<nicw SO that (@q;)a<x i<w 1S @ mutually indiscernible
array.

2. If there is an sct-pattern (cdt-pattern) of height k£ modulo 7', then there is an sct-
pattern (cdt-pattern) ¢o(z;Ya), (ay)yew<s so that (a,)pew<s is an s-indiscernible tree.

Fraissé Theory

We will recall some basic facts from Fraissé theory, from [Hod93|. Let L be a finite language
and let K be a non-empty finite or countable set of finitely generated L-structures which has
HP, JEP, and AP. Such a class K is called a Fraissé class. Then there is an L-structure D,
unique up to isomorphism, such that D has cardinality < X, K is the age of D, and D is
ultrahomogeneous. We call D the Fraissé limit of K, which we sometimes denote Flim(K).
We say that K is uniformly locally finite if there is a function ¢ : w — w so that a structure
in K generated by n elements has cardinality at most g(n). If K is a countable uniformly
locally finite set of finitely generated L-structures and T'= Th(D), then T' is Ny-categorical
and has quantifier-elimination.

Fact 2.2.6. [KPTO05] Let A be a countable structure. Then A is ultrahomogeneous if and
only if it satisfies the following extension property: if B,C are finitely generated and can
be embedded into A, f: B — A, g : B — C are embeddings then there is an embedding
h:C — Asothat hog=f.

The following is a straight-forward generalization of [KPTO05, Proposition 5.2

Lemma 2.2.7. Suppose L C L', and K is a Fraissé class of L-structures and K is a Fraissé
class of L'-structures satisfying the following two conditions:

1. A € K if and only if there is a D' € K' so that A is an L-substructure of D' | L.

2. If A,BeXK, n:A— Bisan L-embedding, and C € K" with C = (A)Y,, then there is
a D € K with D = (B)?, and an L'-embedding 7 : C — D extending .

Then Flim(K') | L = Flim(K).

Proof. Let F' = Flim(K’) and suppose F' = F’ | L. Fix Ay, By € K and an L-embedding
7 : Ay — By. Suppose ¢ : Ay — F is an L-embedding. Let E = (p(4y))%,. Up to
isomorphism over A, there is a unique C' € K’ containing Ay so that C' = (A,)%, and
@ : C — F’is an L'-embedding extending ¢ and with £ = $(C). By hypothesis, there
is some D € K’ with By C D and D = (By)%, and there is an L'-embedding 7 : C — D
extending 7. By the extension property for F”, there is an L'-embedding ¢ : D — F’ so that
Yom = @ and hence Y om = ¢. As ¥ | By is an L-embedding, this shows the extension
property for F. So F is ultrahomogeneous, and Age(F) = K by (1) so F' = Flim(K), which
completes the proof. O



CHAPTER 2. INVARIANTS RELATED TO THE TREE PROPERTY 62

Strong Colorings

Definition 2.2.8. [She94] Write Pry (), i, 0, x) for the assertion: there is a coloring ¢ : [A\]* —
0 so that for any A C [A\|<X of size p consisting of pairwise disjoint subsets of A and any
color v < 6 there are a,b € A with max(a) < min(b) with c¢({a, 8}) =~ for all « € a, § € b.

Note, for example, that Pri(A, A, 2,2) holds if and only if A 4 (\)3 - i.e. A is not weakly
compact.

Observation 2.2.9. For fixed \, if p < g/, 0 <0, ¥’ < x, then
Pri(A, 1,0, x) = Pri(A 1, 0,X).

Proof. Fix ¢ : [AJ*> — 0 witnessing Pry()\, i, 0,x). Define a new coloring ¢ : [A\? — ¢
by d({o,B}) = c({a, B}) if c({e, B}) < € and ¢ ({a, 5}) = 0 otherwise. Now suppose
A C [N<X is a family of pairwise disjoint sets with |A| > p/. Then, in particular, A C [\]<X
and |A| > u so for any v < ', as v < 0, there are a,b € A with max(a) < min(b) with
d({a,B}) = c({a, B}) = 7 for all @ € a, B € b, using Pry(A, p1, 0, x) and the definition of ¢'.
This shows ¢ witnesses Pri(A, ¢/, 6, x'). O

Galvin proved Pr; holds in some form for arbitrary successor cardinals from instances
of GCH. Considerably later, Shelah proved that Pr; holds in a strong form for the double-
successors of arbitrary regular cardinals in ZFC.

Fact 2.2.10. [Gal80| If \ is an infinite cardinal and 2* = A*, then Pry(A*, AT, AT Ny).
Fact 2.2.11. [She97] The principle Pry(ATT, ATT AT* X) holds for every regular cardinal \.

2.3 The main construction

From strong colorings, we construct theories with ket(T) + Kinp(T) < Keat(T'). For each
regular uncountable cardinal x and coloring f : []* — 2 we build a theory T} ; which
comes equipped with a canonical cdt-pattern of height x, in which the consistency of two
incomparable nodes, one on level a and another on level 3, is determined by the value of the
coloring f({c, 8}). We then analyze the possible inp- and sct-patterns that arise in models
of T} ; and show that the existence of an inp- or sct-pattern of height x implies certain
homogeneity properties about the coloring f. If there is an inp-pattern of height s, we can
conclude that f has a homogeneous set of size k. In the case that there is an sct-pattern of
height x, we cannot quite get a homogeneous set, but one nearly so: we prove in this case
that there is a color v € {0, 1} and a collection (v, : @ < k) of pairwise disjoint finite subsets
of k so that given o < «, there are £ € v, ( € v, so that f({£,(}) = ~. This is precisely the
kind of homogeneity which a strong coloring witnessing Pry(k, , 2, Rg) explicitly prohibits.
The theory associated to such a coloring, then, gives the desired counterexample.
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Building a Theory

Suppose k is a regular uncountable cardinal. We define a language L,, = (O, P,, fas, Pa :
a < B < k), where O and all the P, are unary predicates and the f,3 and p, are unary
functions. Given a subset w C &, let L, = (O, P,, fap,Pa : @ < B,a, € w). Given a
function f : [k]* — 2, we define a universal theory T}, ; with the following axiom schemas:

1. O and the P, are pairwise disjoint;

2. fao is the identity function, for all o < 3,
(Vo) [(x & Pp — fap(x) = 2) A (z € Ps = fap(z) € Po)],
and if @ < 8 < 7, then
(Vi € Py)[fay(2) = (fap 0 f5y)(@)].
3. Forall a < k,
(V) [(z & O = palz) = ) A (pa(x) # 2 = palz) € Fa)].

4. Ifa < f < rkand f({a,B}) =0, then we have the axiom (Vz € O)[pa(z) # 2z Apg(z) #
2 = pa(2) = (fap o ps)(2)).

The O is for “objects" and |J P, is a tree of “parameters” where each P, names nodes of
level a. The functions f,3 map elements of the tree at level 5 to their unique predecessor
at level a. So the tree partial order is coded in a highly non-uniform way, for each pair of
levels. The p,’s should be considered as partial functions on O which connect objects to
elements of the tree. Axiom (4) says, in essence, that if f({«,8}) = 0, then the only way
for an object to connect to a node on level o and a node on level 3 is if these two nodes lie
along a path in the tree.

Lemma 2.3.1. Define a class of finite structures
Ky, = { finite models of T}, y | L}

Then for finite w, K, is a Fraissé class and, moreover, it is uniformly locally finite.

Proof. The axioms for T}, ; are universal so HP is clear. JEP and AP are proved similarly, so
we will give the argument for AP only. Suppose A includes into B and C' where A, B, C' € K,
and BNC = A. BUC may be viewed as an L,,-structure by interpreting each predicate @) of
L,, so that QPY¢ = QB U Q® and similarly interpreting ¢®“¢ = ¢® U ¢© for all the function
symbols g € L,,. It is easy to check that BUC is a model of T}, ¢ | L,,. To see uniform local
finiteness, just observe that a set of size n can generate a model of size at most (jw| + 1)n
in virtue of the way that the functions are defined. m
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Hence, for each finite w C k, there is a countable ultrahomogeneous L,-structure M,
with Age(M,,) = K,,. Let 7)) = Th(M,,).

Lemma 2.3.2. Suppose w C v C k and v,w are both finite. Then T, C T .

Proof. Suppose w is a finite subset of k and v € £\ w. By induction, it suffices to consider
the case when v = wU{y}. We will use Lemma 2.2.7. Tt is clear that if D € K,, and A is an
L,-substructure of D|y, then A € K,. For the other direction, suppose A € K, and we will
construct D € K,, so that A is an L,-substructure of D|.,. If 7 is the greatest element of
v, let D be the L,-structure expanding A with P7D = () and p, and each fg, interpreted as
the identity functions for all g € w. It is easy to check that D € K. If v is not the greatest
element of w, let a* be the least element of w greater than . Let D have underlying set
AU {4 :d € PA}, where the x4 denote new formal elements. Interpret the predicates of
L, on D so that P” = {*;:d € P}, OP = O% and Py = Pg for all f € v. If § < §
are in v, interpret fé%| pP = fﬁ;| PA and to be the identity function elsewhere. If § € v and
B>~ and c € Pé), define f%(c) = %y ., and to be the identity elsewhere. If 3 € v and
B < ~ then define fb% to be the identity outside of P7D and so, on P7D, fo(*a) = f8a.(d).
Finally, interpret fvl% to be the identity function. It is clear from the construction that A is
an L,-substructure of D|;, and easy to check that D € K,,. This shows that the condition
of Lemma 2.2.7(1) is satisfied.

To verify the condition of Lemma 2.2.7(2), must show that if A, B € K,, 7: A — B is
an L,-embedding, and C' € K, with C' = (A){ | then there is some D € K, with (B)? =D
and an L,-embedding 7 : C' — D extending 7.

Let A, B, 7 and C' as above be given, and we will construct D. We may assume that
CNB = (). The requirement that C' = (A)¢ implies that the only elements of the underlying
set of C' that are not already in A appear in P,(C). As a set, define D to be the set

D =BUP,(C)U{xq:d€E Py(B)\ m(Par(C))}

where a* is the least element of w greater than « (and if there is no such, then let D =
B U P,(C)) and, as above, the x4 denote new formal elements. Let 7 be the map extending
7 which is the identity on P, (C).

Let PP = P,(C)U{%q : d € P,-(B)\m(P.(C))} and interpret all other unary predicates
on D to coincide with their interpretation on B. Define the interpretations of the functions on
D as follows: for any pair a, f € w with o < 8, and b € B let f1;(b) = fZ;(b). Interpret fI).
on P, (D) so that ¢ € P,(C) then f2.(w(c)) = f5.(c) = T(fS,-(c)) and so that f,q-(d) = *q.
Then let f%* be the identity outside of P,-(D). Now the interpretations of the others are
forced: if @ > o* and § < (%, define % so that f?a = 7%* o fD and f% = fégﬂ* o fl?*v'
Finally, interpret p? = pZ for a € w and let pg be interpreted so that

otherwise.

pf(d) _ {pg(c) :j(pg(c)) if d =n(c),ce O°
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By construction p? () = x for all 2 outside of O(D) and p(x) # x implies p2 () = p°(y) €
P,(C) = P,(D) for some y € C with w(c) = x, so D satisfies axiom (3). It is clear that
7 : C' — D is a function which extends 7w and, moreover, it preserves all L,-structure so 7
is an L,-embedding. Finally, we check axiom (4). Suppose there are o < f with o, 5 € v
and f({a,f}) = 0, together with d € O(D), g € P.(D), h € P3(D) so that p,(d) = ¢
and pg(d) = h. We must show that f,3(h) = ¢g. If @, € w, then this is immediate,
as axiom (4) is satisfied in B. So consider the case that 5 = 7. Now p,(d) = h # d
implies, by construction, that there is some ¢ € C' so that d = 7(c). As p,(d) € P,(D) and
pp(d) € P3(D), it follows that p,(c) € P,(C) and ps(c) € Ps(C). As axiom (4) is satisfied
in C, we know that (fas 0 ps)(c) = pa(c). It follows that (fus o ps)(d) = pa(d) in D, which
shows fa3(h) = g in D. The case that o = ~ is entirely similar, so axiom (4) is satisfied in
D. O]

Lemma 2.3.2 shows that we may construct a complete L.-theory as a union of the theories
of the Fraissé limits of the K,, for w C & finite. Define the theory 77 ; as the union of the
T for all finite w C k. Because each 7T is complete and eliminates quantifiers, it follows
that 7} ; is a complete theory extending T ; which eliminates quantifiers.

2.4 Analysis of the invariants

For this section, we will fix k a regular uncountable cardinal, a coloring f : [x]? — 2, and a
monster model M = T} .

Rectification and other preparatory lemmas

Definition 2.4.1. Given X € {inp,sct}, we say an X-pattern (¢ (Z; %) : @ < k) of height
k is rectified if the following conditions hold:

1. There is a sequence of sets (w, : @ < k)ach ¢, (x;y,) is contained in the language L,
where w, C & is finite. The sets (w, : @ < k) form a A-system with root r so that for
all & < K, maxr < min(w, \ r) and if & < o/, max(w, \ 7) < min(w, \ r). Moreover,
each w, has the same cardinality.

2. The witnessing parameters are indiscernible in the relevant sense (s-indiscernible in
the case that X = sct, mutually indiscernible in the case of X = inp).

3. ©a(T;ys) isolates the L, -type of x over y,.

4. The tuples in the witnessing parameters are closed under the functions in the language
corresponding to their level: if X = inp and (p.(7;y,) : @ < k) is an inp-pattern
witnessed by the mutually indiscernible array (aq,i)a<s,i<w then for all @ < k and i < w,
g, is closed under the functions of L, . Similarly, if X = sct and (o (2;ya) @ @ < K)
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is an sct-pattern witnessed by (a,)new<~, then for all n € w<*, the tuple a, is closed

under the functions of L,, -

By the associated A-system of a rectified X-pattern, we mean the A-system (w, : o < K)
so that ¢, € L,,. We will consistently denote the root r = {«; : i < n} and the sets
Vo = W \ T = {Ba : © < m} where the enumerations are increasing.

Lemma 2.4.2. Given X € {inp, sct}, if there is an X-pattern of height k in T, there is a
rectified one.

Proof. Given an X-pattern (¢.(7;9a) : @ < k) one can choose some finite w, C  so that
©a(T;Ya) is in Ly,,. Apply the A-system lemma to the collection (w, : @ < k) to find some
I C k so that (w, : « € I) forms a A-system with root r. By pigeonhole and the regularity
of kK, we may assume |w,| = m for all a, for all @ < Kk maxr < min(w, \ r), and if & < &/,
max(w, \ 7) < min(w, \ 7). By renaming, we may assume [ = k.

If X = inp, we may take the parameters witnessing that (v.(z;9.) : @ < k) to be a
mutually indiscernible array (Ga,;)a<s,i<w by Fact 2.2.5(1). Moreover, mutual indiscernibility
is clearly preserved after replacing each a,; by its closure under the functions of L,,, and by
No-categoricity of Tp; this stays finite. Let b = {¢a(%;a40,0) : @ < k}. Using again the Ro-
categoricity of T}, replace ¢, (z;ya) by a complete L, -formula ¢, (2; ya ) so that ¢, (2; aa,)
isolates the type tpy, (b/aa0). By mutual indiscernibility, if f : k — w is a function, there
is 0 € Aut(M) so that 0(aa,0) = @a,f@) for all o < k. Then o(b) = {¢,(; a,f0)) 1 @ < K}
so paths are consistent. The row-wise inconsistency is clear so (¢!, (x;ys) : @ < k) forms an
inp-pattern.

If X = sct, we may take the parameters witnessing that (p.(;9.) @ @ < k) is an
sct-pattern to be s-indiscernible, by Fact 2.2.5(2). s-indiscernibility is preserved by re-
placing each a, by its closure under the functions of L,,,, and this closure is finite. Let
b = {va(z;000) 1 @ < K} and replace ¢, by ¢ (%;y,), a complete L, -formula isolat-
ing tpr,. (b/ag«). For all n € w®, there is a 0 € Aut(M) so that o(age) = ayjo. Then
o(b) = {¢,(z;am4) : @ < Kk} so paths are consistent. Incomparable nodes remain inconsis-
tent, so (¢l (7;ya) : @ < k) forms an sct-pattern. O

Computing k.4
Proposition 2.4.3. r.u(T} ;) = KT,

Proof. First, we will show /icdt(T,: f) > kt. We will construct a cdt-pattern of height x. By
recursion on a < k, we will construct a tree of tuples (a,)yew<~ so that {(n) = § implies
a, € Pg and if n <v with {(n) = § and [(v) = v, then fs,(a,) = a,. For a = 0, choose an
arbitrary a € Fy and let ag = a. Now suppose given (a,),e.<o. For each n € w®, choose
an infinite set {b; : i < w} C fi,1(ay,). Define a, ;) = b;. This gives us (a,),eyza+1 With
the desired properties. Now suppose 0 is a limit and we’ve defined (a,),c,<o for all o < 0.
Given any n € w’, we may, by saturation, find an element b € N, <5 ;51(an|a). Then we can

set a, = b. This gives (ay),c,<s and completes the construction.
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Given a < K, let @4 (x;y) be the formula p, (v) = y. For any n € w*, {¢a(@;apa) : @ < K}
is consistent and, for all v € w=", {¢p)4+1(2; av~p)) 1 @ < w} is 2-inconsistent. We have thus
exhibited a cdt-pattern of height & 0 feqi (1} f) > KT

Using quantifier-elimination, it is easy to check that each theory T is stable (in fact,
w-stable) for any finite w C . Hence T} ; is stable and therefore reqi(T}; () < [Ty (|7 = K7
This yields the desired equality. O]

Case 1: Ripp = K7

Lemma 2.4.4. Fiz a collection of ordinals < K (Bai)a<ric2 SO that if « < o < K, then
Bao < Bats Baro < Baras Bao < Baro and Boi < Bui. Suppose that there is a mutually

indiscernible array (Cok)a<wk<w SO that, with ¢.(z;y,) defined by (fﬁa,oﬁa,l op[ga,l)(x) = Yo,
(PalT;Ya) @ @ < K), (Cak)a<nk<w forms an inp-pattern of height k. Then for all a < o,

f({ﬂa,laﬁo/,l}) =1.

Proof. If a < o' and f({Ba,1,Bar,1}) = 0, then pg, , (7) = (fﬁa,lﬁa/,l Opﬁa/,l)@) for any x with
pﬂa,l <x> 7£ z a‘nd pﬁa’,l(x) ;é xZ, and hence

(fBa08a1 ©PBar)(®) = (fBuoBan © fparfurs ©Pp,)(T)
= (fﬁan)BQIJ Opﬁa/71)(x)
= (fﬂa,oﬁa/,o © fﬁa/,oﬁa’J © pﬁalyl)(l‘%

for any x with pg, ,(v) # z and pg_, (x) # . Consequently,

{(fﬁa,oﬁa,l © pﬁa,l)(”fc) = Ca7k7 (fﬁa/’oﬁa/’l © p/ga/J)(‘r) = Calyk/}
is consistent only if cox = f3, 08, ,(Carpr), Which contradicts the definition of inp-pattern. [

For the remainder of this subsection, we fix a rectified inp-pattern (. (z;vq) @ o < K),
(Goi)a<nicw and, by [Cheld, Corollary 2.9|, we may assume [(z) = 1. The associated A-
system is denoted (w, : o < k) with root 7 = {e; : i < n} and w, \r = vy = {fa; : j < m}.

Lemma 2.4.5. For all a < Kk, po(z;ys) F 2 € O.

Proof. First, note that we may assume that there is a predicate @ € {O, P,, : i < n} so that
Yal(T;Ya) B x € Q for all @ < k — if not, using that the w,’s form a A-system, there would
be some o < k so that ¢, (x;y,) implies that = is not contained in any predicate of L,
in which case it is easy to check that {y,(z;a4,) : ¢ < w} is consistent, contradicting the
definition of inp-pattern. So we must show that ¢, (x;y,) F P, for some ¢ < n is impossible.
Write each tuple in the array a,; as ao; = (b, Caiy daiy €a,i) Where the elements of b, ; are
in O, the elements of c,; are in predicates indexed by the root [, <n P, the elements of d
are in predicates outside the root | J i<m Fp.;» and the elements of e, ; are in any predicate
of Ly, . By quantifier-elimination, each ¢, (z;a,;) may be expressed as a conjunction of

1. x € P,
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2.« # (G, for all [ < l(aq,;)
3. (fyas () = (¢)1)t for all I < l(c,;) and v € w, less than «; and some ¢, ; € {0,1}.

For each k < i, let 74 be the least ordinal < &k so that ¢., (z;a,,0) F fare(x) = ¢ for
some ¢ € ¢y, 0 and 0 if there is no such. Let v = max{y, : k£ < i¢}. We claim that
{@y41(x;ay41;) 1 j < w} is consistent. For all j < w,

{ea(z;aao) : a <7} U{pym(z5ay415)}

is consistent so any equality of the form f,,.,(z) = ¢ implied by ¢ 41(x;a,41 ;) is already
implied by ¢, (2; aq,0) by our choice of v and any inequality of the form f,, o,(z) # ¢ implied
by @y41(2; ay41,;) is compatible with {p,(2;aq0) : @ < v}. Choosing a realization b |=
{@a(z;a00) : a < 7} satisfying every inequality of the form f,,.,(x) # ¢ implied by the
©y11(T; ay41,;) yields a realization of {¢p,41(x; ay41;) : j < w}. This contradicts the definition
of inp-pattern. O

Proposition 2.4.6. There is a subset H C k with |H| = k so that f is constant on [H|>.

Proof. By quantifier elimination and Lemma 2.4.5, for each o < Kk, 0 (%; Gap) is & conjunc-
tion of the following:

l.z€O0
2. x # (a);, for all I < (a)

3. (py(x) = 2)".

4. The values of the p, and how they descend in the tree:

a’) ((f(S'y Op”/)(x) - (ao,a)l)t for I < l(a07a), ) S Y n Wy .
b) ((fsy 0 py) (@) = (fsy 0 py)(2))" for 0,7, € wo with 6 <y < 9"

Let v < k be some ordinal so that for any a < « if there is a ¢ € a, so that v, (z;aa0)
(faiay © Pay)(x) = c for some i <4’ < n, then there is some o' < 7y so that Y (2;a4,0) F
(faiay © Pay)(x) = c. As the root r = {a; : i < n} is finite and the all 0’s path is consistent,
such a v must exist.

Claim: Given a < &, there are ¢, < €, € w, and pairwise distinct ¢, € aqo so that
alT; a0 n) F (ffaefm 0 per)(T) = Cayp-

Proof of claim: Suppose not. Then, by the description of ¢, (x;a,x) given above, the
partial type

{@a(z;a0)) kK <w}

is equivalent to a finite number of equations common to each instance g, (z;ap) and an
infinite collection of inequations. Then, it is easy to see then that {¢,(z;a0x) : k < w} is
consistent, contradicting the definition of an inp-pattern. This proves the claim.
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Note that, by the pigeonhole principle, we may assume that either (i) e,, €., € r for all
a < kK, (ii) € €1, €, € v, for all & < K, or (iii) €,,€, € v, for all & < k. Case (i) is
impossible by the choice of v and, again by the pigeonhole principle, we may assume that if
we are in case (ii), that €, is constant for all @. Then by rectification, we know that when
a < d, e <€ and €, <€, Because for all & < &, the ¢, are pairwise distinct and k
varies, the set of formulas

{(feaer, 0 Per ) (@) = Cae + k < w}

is 2-inconsistent. Moreover, if g : Kk — w is a function, the partial type

{(f€a€a/ OpEg)(I) - Ca,g(a) o< K/}

is implied by {@a(%;ag)) : @ < k} and is therefore consistent. It follows that ((fc,e, o
Per )(T) = Ya)a<rs (Cak)a<nk<w 15 an inp-pattern. By Lemma 2.4.4, f({€,, €, }) = 1 for all

ar ol

a < o. Therefore H = {€,, : @ < k} is a homogeneous set for f. O

Case 2: Kget = KT

In this subsection, we show that if k.(7}; ;) = & then f satisfies a homogeneity property
inconsistent with f being a strong coloring. In particular, we will show that if this homogene-
ity property fails, then for any putative sct-pattern of height «, there are two incomparable
elements in w<" which index compatible formulas, contradicting the inconsistency condition
in the definition of an sct-pattern. This step is accomplished by relating consistency of the
relevant formulas to an amalgamation problem in finite structures. The following lemma
describes the relevant amalgamation problem:

Lemma 2.4.7. Suppose given:

o Finite sets w,w' C k with wNw' = v so that for alla € v, f € w\ v, v € W'\ v, we
have o« < B < v and f({B,7}) = 1.

o Structures A € Kyuw, B = (d,A)1, € Ky, C = (e, A)r,, € Ky so that the map
sending d — e induces an isomorphism of L,-structures over A between (d, A)r, and

<€, A>Lu .

Then there is D = (f, A)fww, € Kuuw extending A so that [(f) = 1(d) = l(e) and (f, A)} =
B over A and (f, A>£’w, = C over A via the isomorphisms over A sending f +— d and f — e,
respectively.

Proof. Let f be a tuple of formal elements with I(f) = I(d)(= [(e)) with L,, and L, in-
terpreted so that (f, A)r, extends A and is isomorphic over A to B, and so that (f, A) ,
extends A and is isomorphic over A to C. Let D have underlying set

(F; Ay U A, Ulbae e w\v,ce B((F, A)p, )\ Py(A)},
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where 7 is the least element of w’\ v. We must give D an L, ,-structure. Let the elements
of A, (f,A)r,, (f,A)r,, in D inherit the interpretations from these respective structures.
Interpret the predicates on the new formal elements *, . by ensuring P, (*,,.) holds and no
other predicates hold on this element for all @ € w and ¢ € P,({f,A)r ) \ Py(A4). Given
a€w\vand c € P((f,A)r,,)\ P,(A), interpret f2 (c) = *a, and for any 8 € w'\ v, define

oy = f2 o f5 on PP and the identity on D\ Py. If a € w\ v and £ € v, interpret f£), so
that fg%(*a,c) = fg(c) Finally, interpret each function of the form pg for f € wUw' to be
the identity on the *, .. This completes the definition of the L,,,/-structure on D.

Now we must check that D € K, . It is easy to check that axioms (1) — (3) are satisfied
in D. As f{a, B}) = 1 for all @ € w\ v, € w' \ v, the only possible counterexample to
axiom (4) can occur when £ € v, f € (wUw') \ v and f({{, 8}) = 0. As the formal elements
%q,c are not in the image of O under the p,, it follows that a counterexample to axiom (4)
must come from a counter-example either in B or C, which is impossible. So D € Ky,
which completes the proof. O]

Lemma 2.4.8. Suppose (¢a(2;Ya) : @ < K), (ay)new<s is a rectified sct-pattern such that
[(z) is minimal among sct-patterns of height k. Then for all @ < Kk, @uo(z;ya) F (z); €
OUU;cp, Pa, for alll < ().

Proof. 1t is easy to see that if, for some [ < [(x) and all & < &, @o(2;ys) F (z); € O U
Uicn Poi WU, < Ps.. ;> then the only relations that ¢, (7;ys) can assert between (z); and the
elements of y, and the other elements of x are equalities and inequalities allowing us to find
an sct-pattern in fewer variables, contradicting minimality (or if I(z) = 1 a contradiction).
So there is some o < x and j < m so that o (2;9.) = (z); € Pp,, and therefore, for all
o # a, o (T;Yo) implies that (x); is not in any of the unary predicates of L, ,, as fa,;
is outside the root of the A-system. So (¢ (Z;y) : @ < K, # «) forms an sct-pattern
which falls into the first case considered, a contradiction. O

Proposition 2.4.9. Suppose (pq(7;ya) : o < K) is a rectified sct-pattern such that I(z) is
minimal among sct-patterns of height k and whose associated A-system is (w,, : @ < k), with
Vo = Wy \ 7, where r is the root. Then there is y so that for any o,/ with v < a < o/ < K

there is £ € v,,( € vy so that f({&,(}) = 0.

Proof. Suppose not. By Lemma 2.4.8, we know that up to a relabeling of the variables,
there is a k& < [(x) so that ¢, (%;y.) F (2); € U, Pa, for I < k and @ (7594) F (x); € O
for I > k. Choose v < & so that if § < s and ps(z;a0s) = fasa, ((2);) = ¢ for [ < k, or
ws(x3ags) F pa,(()1) = ¢ or ps(x;a05) F (fasa, © Pa,)((2)) = ¢ for I > k, for some ¢, then
this is implied by s (2;0%) for some § < 7 (possible as the root is finite). By assumption,
there are o, with v < o < o < K so that f({£,(}) = 1 for all £ € v,,( € vy. Choose
n € w, v e w sothat n L v. Let A = (a,,a,)r,,., , be the finite Ly, -structure
generated by a, and a,. By assumption and quantifier-elimination, it is possible to choose
d with ¢, (d;a,) and e with ¢ (e;a,) so that tp; (d/A) = tp, (e/A). Let B = (d,A)r,.
and C = (e, A)r, ,. By Lemma 2.4.7, there is a D € K, v, s0 that D = (g, A)7 SO

Lwa/ Lwa Uwa/
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w

that I(g) = I(d) = l(e) and (g, A)r,. = B over A and (g,A)r, , = C over A. It follows by
model-completeness that in M, ¢ = {¢a(z;a,), po(x;a,)}, contradicting the definition of
sct-pattern. This completes the proof. O

Conclusion

Theorem 2.4.10. There is a theory T' so that kea(T) # Kset(T) 4+ Kinp(T). Moreover, it is
consistent with ZFC' that for every regqular uncountable k, there is a theory T with |T| = k
and Keg(T) # Kset(T) + Kinp(T).

Proof. If k is regular and uncountable satisfying Pry(x, %, 2, Rg), then choose f : [k]> — 2
witnessing Pri(k, k,2,8g). There can be no homogeneous set of size k for f, using Ob-
servation 2.2.9, and, moreover, there can be no collection (v, : @ < k) of disjoint finite
sets so that, given a < o < k, there are £ € v,,( € vy so that f({{,(}) = 0. Let
T =T Then keat(T) = kT, by Proposition 2.4.3, but ket(T) < kT and kinp(T) < kT by
Proposition 2.4.9 and Proposition 2.4.6 respectively. By Fact 2.2.11 and Observation 2.2.9,
Pry (AT, A%, 2,8)) holds for any regular uncountable A\. Then 7" = T} , gives the desired
theory, for Kk = A™* and any f witnessing Pry(ATH, ATT 2 X;). For the “moreover” clause,
note that ZFC is equiconsistent with ZFC 4+ GCH + “there are no inaccessible cardinals"
which entails that every regular uncountable cardinal is a successor. By Fact 2.2.10 this
implies that Pri(k, k,2,8g) holds for all regular uncountable cardinals s, which completes
the proof. O

Remark 2.4.11. In Chapter 1, it was proved that keq (1) = Kinp(1')+£sct(T') for any countable
theory T'. The above theorem shows that in a certain sense, this result is best possible.

2.5 Compactness of ultrapowers

We say an ultrafilter D on [ is regular if there is a collection of sets {X, : a < |I|} C D
such that for all ¢ € I, the set {a : t € X,} is finite and D is uniform if all sets in D
have cardinality |I|. In this section we study the decay of saturation in regular ultrapowers.
Given a theory T, we start with a regular uniform ultrafilter D on A and a A\*"-saturated
model M = T. We then consider whether the ultrapower M*/D is A*-compact. Shelah
has shown [She90, V1.4.7| that if 7" is not simple, then in this situation M*/D will not be
AT*-compact and asked whether an analogous result holds for theories T with Kin,(T) > AT.
We will show by direct construction that ki,,(7) > AT does not suffice but, by modifying
an argument due to Malliaris and Shelah [MS15b, Claim 7.5|, kst(7) > AT is sufficient to
obtain a decay in compactness, by levaraging the finite square principles of Kennedy and

Shelah [KS02].
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A counterexample

Fix k a regular uncountable cardinal. Let L. = (O, P,,p, : @ < k) be a language where O
and each P, is a unary predicate and each p, is a unary function. Define a theory 7" to be
the universal theory with the following as axioms:

1. O and the P, are pairwise disjoint.
2. pe is a function so that (Vx € O)[p,(z) € P,| and (Vo &€ O)[pa(z) = x].

Given a finite set w C k, define L), = (O, P,,p, : @ € w). Let K/ denote the class of finite
models of 70 | L .

Lemma 2.5.1. Suppose w C k is finite. Then K. is a Fraissé class

Proof. The axioms of T). [ L,, are universal so HP is clear. As we allow the empty structure
to be a model, JEP follows from AP. For AP, we reduce to the case where A, B,C € K/,
A is a substructure of both B and C' and BN C = A. Define an L -structure D on BUC
by taking unions of the relations and functions as interpreted on B and C'. It is easy to see
that D € K/, so we're done. O

By Fraissé theory, for each finite w C &, there is a unique countable ultrahomogeneous
L! -structure with age K/ . Let 7} denote its theory.

Lemma 2.5.2. Suppose v and w are finite sets with w C v C k. Then T) C TJ.

Proof. By induction, it suffices to consider the case when v = w U {7} for some v € k \ w.
By Fact 2.2.7, we must show (1) that A € K/ if and only if there is D € K/, so that A is an
L! -substructure of D | L, and (2) that whenever A, B € K, 7 : A — B is an embedding,
and C € K/ satisfies C' = (A)%, then there is D € K/ so that D = (B)Y, and 7 extends to
an L -embedding 7 : C' — D. ’ ’

For (1), it is clear from definitions that if D € K, then D [ L, € K,. Given A € K,, we
may construct a suitable L,-structure D as follows: let the underlying set of D be AU {x}
and interpret the predicates and functions to extend their interpretations on A and so that
PP = {+} and p? is the identity on the complement of O” (= O*) and the constant function
with value * on OP. Clearly D € K,, and A is an L,-substructure of D | L,,.

For (2), suppose A, B € K/, 7 : A — Bis an embedding, and C' € K! satisfies C' = <A)§;.
The requirement that C' = (A)¢, entails that any points of C'\ A lie in P,. Write O(B) =
7(O(A)) U E. Define an L -structure D whose underlying set is B U P, (A)U{*. :e € E}.
Interpret the relations on D so that all symbols of L/ agree with their interpretations on B
and define P, (D) = P,(A) U {*. : e € E'}. Finally, define p? by

b g(a) if v =m(a)
Py (T) = {p w, if x & 7(0(0)).
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Clearly D € K|. Extend 7 to a map 7 : C — D by defining 7 to be the identity on P, (C).
We claim this is an embedding: note that for all 2 € O(C), p2(n(x)) = pS () = n(p (x))
and 7 obviously respects all other structure from L. O

Define the theory T!I to be the union of T} for all finite w C k. This is a complete stable
L’ -theory with quantifier-elimination, as these properties are inherited from the 7%. Fix a
monster M |= T and work there.

Proposition 2.5.3. k;,,(T)) = k™.

Proof. For each a < k, choose distinct a, 5 € P,(M) for all § < w. It is easy to check
that, for all functions f : x = w, {pa(T) = @a,f@) : @ < K} is consistent and, for all a < &,
{pa(x) = anp : f < w} is 2-inconsistent. Thus (p(2) = Yo : @ < K), (@a,8)a<n, s<w forms an
inp-pattern of height k so kinp(T1) > k. The upper bound ki, (7)) < k™ follows from the
stability of T} O

Proposition 2.5.4. Suppose D is a regular ultrafilter on X\, k = \*, and M = T} is \*+-
saturated. Then M*/D is \*T-saturated.

Proof. Suppose A C M*/D, |A| = k = A*. To show that any ¢(x) € S'(A) is realized, we
have three cases to consider:

1. g(x) -2 € P, for some a < Kk
2. qx)Fx g Oand g(x) -z &€ P, for all « <
3. q(x) FxeO.

It suffices to consider ¢ non-algebraic and A = dcl(A4). In case (1), g(x) is implied by
{P.(x)} U{x # a : a € A} and in case (2), ¢(x) is implied by {=O(z) A =P,(z) : a <
k}U{z #a:a € A}. To realize q(z) in case (1), for each ¢ € A, choose some b, € P, (M)
such that by # aft] for all a € A, which is possible by the A**-saturation of M and the fact
that |A| = AT, Let b = (b)ier/D. By Los’s theorem, b |= ¢. Realizing ¢ in case (2) is
entirely similar.

So now we show how to handle case (3). Fix some complete type ¢(z) € Si(A) such
that g(z) - 2 € O. First, we note that by possibly growing A by x many elements, we may
assume that

dx) = {x € 0} U{r £a:aeO(A)}U {palx) = ca}.
since, for each o < k&, either ¢(x) F po(x) = ¢, for some ¢, or it only proves inequations of
this form. In the latter case, we can choose some element ¢, € P,(M?*/D) not in A (possible
by case (1) above) and extend ¢(x) by adding the formula p,(z) = ¢,, which will then
imply all inequations of the form p,(x) # a for any a € A, and this clearly remains finitely
satisfiable. So now given ¢ in the form described above, let X; = {a < k : M | P,(cu[t])}-
Let the type ¢;(z) be defined by

@(x)={reO0tU{x#aft]:a € O(A)} U{pa(z) = cu[t] : @ € X;}.
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By construction, if o # o € X; then M = P,(ca[t]) A Pu(co[t]) so this type is consistent
and over a parameter set of size at most , hence realized by some b, € M. Let b = (b;)en/D
and let J, be defined by J, ={t € A: M = P,(c4[t])}. As q(z) is a consistent type, J, € D
and, by construction, J, C {t € A : M |= pa(b;) = calt]} s0 MA/D | pa(b) = cq. It is
obvious that b satisfies all of the other formulas of ¢ so we’re done. n

Corollary 2.5.5. Suppose T is a complete theory, |I| = X\, D on I is a reqular ultrafilter,
and M =T is a Nt -saturated model of T. The condition that Ki.,(T) > |I|T is, in general,
not sufficient to guarantee that M* /D is not \*+-compact. In particular, the condition that
keat(T) > |I|T is, in general, not sufficient to guarantee that M* /D is not \*+-compact.

Proof. Given A, I with |I| = )\, and D, a regular ultrafilter on I, choose any A**-saturated
model of T},. By Lemma 2.5.3, kcas(T1,) > winp(T3,) = A** > |I|*, but, by Proposition
2.5.4, M1 /D is \*T-saturated and hence A\**-compact. ]

Loss of saturation from large sct-patterns

If T is not simple, then it has either the tree property of the first kind or the second kind -
Shelah argues in [She90, VI.4.7| by demonstrating that either property results in a decay of
saturation with an argument tailored to each property. The preceding section demonstrates
that the analogy between TPy and kinp(T') > |I|T breaks down, but we show that the analogy
between TPy and ket (T) > |I|" survives. The following is a straightforward adaptation of
the argument of [MS15b, Claim 8.5|:

Fact 2.5.6. [KS02, Lemma 4| Suppose D is a regular uniform ultrafilter on A and A = A<*.
There is an array of sets (us, : t < A, @ < AT) satisfying the following properties:

1w Ca

2. |urel < A

3. a €Uy = wpgNa=1U,

4. if u C AT, |u| < Vo then {t < A: (Fa)(u Cuy)} € D.

Theorem 2.5.7. Suppose |I| = X and A\ = X<*. Suppose rsu(T) > |I|*, M is an |I|7F-
saturated model of T and D is a reqular ultrafilter over I. Then M /D is not |I|TT-compact.

Proof. Let (¢a(7;ya) 1 @ < AT), (ay),cp<r+ be an sct-pattern. We may assume [(y,) = k for
all @ < A*T. Let (ute 1 t < \,a < AT) be given as by Fact 2.5.6. By induction on a < AT,
we'll construct (m:, @ @ < AT) such that ., € \* and no <M <= a € uz: suppose
(mp : f < ) has been constructed. The set {n: s : f € us o} is contained in a path since, if
B < " are elements of u;, then 8 € w o N B = u p so ng < p by induction. Then we
can pick 1., € A¥ so that 1.3 < n, if and only if § € u;,. For each o < AT we thus have
an element ¢, € M*/D given by ¢, = (¢o[t] : t < \)/D where ¢,[t] = a,,,, € M.
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Claim: p(z) := {pa(z;¢q) : @ < AT} is consistent.

Fix any finite uw C A", If for some ¢t < X\ and o < A", we have u C wu, then {n 4 :
peut C{mp: P € u} which is contained in a path, hence {¢g(z;cs[t]) : B € u} =
{os(x;ay, ;) + B € u} is consistent by definition of an sct-pattern. We know {t < A :
(Fa)(u C ury)} € D so the claim follows by Los’s theorem and compactness.

Suppose b = (b[t])tex/D is a realization of p in M*/D. For each a < AT define J, = {t <
A M E oa(blt], cqlt])} € D. For each «, pick t, € J,. The map a — ¢, is regressive on
the stationary set of o with A < o < A*. By Fodor’s lemma, there’s some ¢, so that the
set S = {a < AT :t, = t,} is stationary. Therefore p,(z) = {@a(z;ay, .): @ € S} is a
consistent partial type in M so {n, o : @ € S} is contained in a path, by definition of sct-
pattern. Choose an o € S so that [SNa| = A. Then, by choice of the 7 o, we have § € SN«
implies 1, g <1, o and therefore 8 € uy, o. This shows |uy, o] > A, a contradiction. O



Part 111
NSOP in detail

76



7

Chapter 3

Kim-Independence

This chapter is joint work with Itay Kaplan.

3.1 Introduction

The class of simple theories was one of the first classes of unstable theories to receive ex-
tensive study. The starting point is Classification Theory, where, in the course of studying
stable theories, Shelah isolates local character as a key property of non-forking independence
and observes a dichotomy in the way local character can fail, a theorem we now recog-
nize as saying that a non-simple theory must have the tree property of the first or second
kind [She90, Theorem II1.7.11]. Shortly after the publication of the first edition of [She90],
Shelah defined the class of simple theories and characterized them in terms of a certain
chain condition of the Boolean algebra of non-weakly dividing formulas, which in turn led to
consistency results on their saturation spectra [She80]. The aim of that work was to obtain
an ‘outside’ set-theoretic definition of the class to support the claim that simplicity marked
a dividing line. In separate developments, questions concerning concrete examples created
the need for new methods to treat unstable structures. Hrushovski and Pillay used local sta-
bility and S;-rank in the study of the definability of groups in pseudo-finite and PAC fields
in [HP94], and these methods were situated in the broader context of PAC structures studied
by Hrushovski [Hru91], where an independence theorem was proved. Moreover, Lachlan’s
far-reaching theory of smoothly approximated structures furnished examples of tame un-
stable theories. After Kantor, Liebeck, and Macpherson [KLMB89| classified the primitive
smoothly approximable structures, Cherlin and Hrushovski [CHO3| used stability theoretic
methods concerning independence and amalgamation to describe how these primitive pieces
fit together to form a quasi-finite structure.

Kim’s thesis and subsequent work by Kim and Pillay showed how to regard these de-
velopments as instances of a common theory, with non-forking independence at its cen-
ter [Kim98|, [KP97|. Kim proved that in a simple theory, forking and dividing coincide,
non-forking independence is symmetric and transitive, and Kim and Pillay proved that the
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independence theorem holds over models. Moreover, Kim showed that symmetry and transi-
tivity of non-forking both individually characterize the simple theories, and Kim and Pillay
showed that any independence relation satisfying the basic properties of non-forking in-
dependence must actually coincide with non-forking independence, giving both a striking
characterization of the simple theories and a powerful method for showing that a particular
theory is simple, namely by observing that it has an independence relation of the right kind.

Here, we study the class of NSOP; theories. These are the theories which do not have
the property SOP;, which form a class of theories that properly contain the simple theories
and which are contained inside the class of theories without the tree property of the first
kind. SOP; was defined by Dzamonja and Shelah in their study of the <*-order [DS04| and
later studied by Shelah and Usvyatsov in [SUO8|. The NSOP; theories were characterized as
the theories satisfying a weak independence theorem for invariant types in Chapter 1. This
characterization provided a point of contact between the combinatorics of model-theoretic
tree properties and the study of definability in particular algebraic examples. Chatzidakis
[Cha99], [Cha02] studied independence in w-free PAC fields and, more generally, Frobenius
fields and showed that the independence theorem holds for these structures even though they
are not simple. Similarly, Granger showed in his thesis that the model companion of the
theory of infinite-dimensional vector spaces with a bilinear form is not simple but nonetheless
comes equipped with a good notion of independence. The amalgamation criterion of Chapter
1 established that these structures have NSOP; theory by appealing to the existence of
these independence relations, but what was missing was a theory of independence in NSOP;
theories more generally. The purpose of this paper is to establish exactly such a theory.

One central tool in the study of forking in simple theories is Kim’s lemma: in a simple
theory, a formula divides over a set A if and only if it divides with respect to some Morley
sequence over A if and only if it divides for all Morley sequences over A. In [CK12|, this was
shown to hold over models in NTP5 theories, provided that the Morley sequence is a strict
invariant Morley sequence. In the setting of NSOP; theories, we find a new phenomenon:
forking which is never witnessed by a generic sequence. In fact, we show that any NSOP,
theory with a universal witness to dividing must be simple (Proposition 3.8.7 below) and
that forking need not equal dividing in an NSOP; theory. Nonetheless, we find that, by
restricting attention to the forking that is witnessed by a generic sequence, one can recover
many of the properties of forking in simple theories. We show moreover that this kind of
simplicity at a generic scale is characteristic of NSOP; theories.

There is considerable freedom in the choice of notion of generic sequence. One suggestion
which inspired our work is due to Kim, who proposed in his 2009 talk on NTP; theories
[Kim09] that one might develop an independence theory for NTP; theories or a subclass
therein by considering only formulas which divide with respect to every non-forking Morley
sequence. Compared to invariance or finite satisfiability, forking is a relatively weak notion
of independence and this notion proved unwieldy at the beginning stages of developing the
theory presented here. However, Hrushovski’s study of ¢-dividing [Hrul2| and Malliaris and
Shelah’s characterization of NTP; theories in terms of higher formulas [MS15a| provided
evidence that one might be able to build a theory around an investigation of formulas that
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divide with respect to a Morley sequence in a global invariant or finitely satisfiable type.
Building off this work, we introduce the notion of Kim-dividing — a formula Kim-divides
over a set A if it divides with respect to a Morley sequence in a global A-invariant type —
and the associated notion of independence, Kim-independence. Our first observation is that
a theory is NSOP; if and only if Kim-dividing satisfies a version of Kim’s lemma over models,
where a formula divides with respect to a Morley sequence in some global invariant type
extending the type of the parameters if and only if it divides with respect to every Morley
sequence in an appropriate invariant type.

From Kim’s lemma for Kim-dividing, many familiar properties of non-forking indepen-
dence follow: Kim-forking equals Kim-dividing, Kim-independence satisfies extension and a
version of the chain condition, etc. In subsequent sections, we investigate additional proper-
ties of Kim-independence in NSOP; theories and prove that, in many cases, these properties
are characteristic of NSOP;. In Section 3.4 we observe a form of local character for Kim-
independence in the context of NSOP; theories. In Section 3.5, we show additionally that
Kim-independence is symmetric over models. The argument there centers upon the notion
of a tree Morley sequence which is defined in terms of indiscernible trees. We show that tree
Morley sequences always witness Kim-dividing and prove a version of the chain condition for
them. In Section 3.6, we prove the independence theorem. In Section 3.7, we prove that in
an NSOP; theory a formula Kim-divides over a model if and only if it divides with respect
to every non-forking Morley sequence in the parameters and this too characterizes NSOP,
theories. This means that Kim-independence could have been defined from the outset in es-
sentially the way Kim proposed, but curiously, proving anything about this notion without
making use of invariant types seems quite difficult. In Section 3.8, we state our main theorem:
Kim’s lemma for Kim-dividing, symmetry over models, and the independence theorem both
hold in NSOP; theories and individually characterize NSOP; theories. We also show that
the simple theories can be characterized in several new ways in terms of Kim-independence.
In particular, we show that Kim-independence coincides with non-forking over models if and
only if the theory is simple, which means that our theorems imply the corresponding facts
for non-forking independence in a simple theory.

We conclude the paper with Section 3.9 where we describe Kim-independence explicitly in
several concrete examples. We show it may be described in purely algebraic terms in the case
of Frobenius fields, where Kim-independence turns out to coincide with weak independence,
as defined by Chatzidakis. We also show that in Granger’s two-sorted theory of a vector space
over an algebraically closed field with a generic bilinear form, Kim-independence is closely
related to Granger’s I'-independence and may be given a simple algebraic description. These
results suggest the naturality and robustness of Kim-dividing, but also serve to explain the
simplicity-like phenomena observed in these concrete examples on the basis of a general
theory. We additionally describe a combinatorial example of a NSOP; theory, based on a
variant of T7%,, introduced by Dzamonja and Shelah, which furnishes counter-examples to
some a priori possible strengthenings of the results we prove. In particular, we give the first
example of a simple non-cosimple type, answering a question of Chernikov [Chel4|, and the
first example of an NSOPj3 theory in which every complete type has a global non-forking
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extension but forking does not equal dividing, answering a question of Conant [C*17].

3.2 Syntax

In this section we will define SOP; and prove its equivalence with a syntactic property of a
different form. This will allow us to relate SOP; to dividing. We will often work with arrays
and trees. Suppose (¢;;)ickj<i 18 an array. Write ¢; = (¢; ;)< for the ith row of the array
and ¢.; for the sequence of rows with index less than i, i.e. (Cx)g<;. Suppose T is a tree,
(ay)yet is a collection of tuples indexed by 7. We write < for the tree partial order and <,
for the lexicographic order on 7. For a node n € T, write a<, for the sequence (a, : v <7),
and likewise a,, for (a, : v < n). We use the notation ay, and ay,, similarly. If the tree 7T is
contained in 2<% or w<", we write 0% to denote the element of the tree of length « consisting
of all zeros. Throughout the paper, 7" denotes a complete theory and M |= T is a monster
model of T'.

Definition 3.2.1. [DS04, Definition 2.2] The formula ¢ (z;y) has SOP; if there is a collection
of tuples (ay)pe2<w so that

e For all n € 2¥, {¢(x; aya) : @ < w} is consistent.
e For all n € 2<¢ if v >0 ~ (0), then {p(z;a,), p(x;a,~1)} is inconsistent.

We say T is SOP; if some formula has SOP; modulo T'. T is NSOP; otherwise.

The following lemma is close to Lemma [.5.2, but with a key strengthening which will
allow us to relax the 2-inconstency in the definition of SOP; to a version with k-inconsistency.

Lemma 3.2.2. Suppose (¢; ;)icw,j<2 @5 an array where ¢; ; = (d;;, e;5) for all i,j and x1(x;y)
and x2(x; z) are formulas over C. Write 1(x;y, 2) for x1(x;y) A x2(x; 2) and suppose

1. Foralli <w, €0 =ce.;peciy Cil-

2. {(x;¢ip) 1 1 < w} is consistent.

3. j<i = {xa(z;dip), x2(z;€;1)} is inconsistent.
then T has SOP;.

Proof. By adding constants, we may assume C' = (). By Ramsey and compactness, we may
assume (¢;);<,, is a C-indiscernible sequence. By compactness again, we may extend the
array to an array whose rows are indexed by the integers (¢;);cz. We will construct, for each
n < w, a tree (c,),co<n so that

1. If v € 2", then {¢(z;c,p;) : © < n} is consistent.

2. If v € 2" and v ~ (0) < n) then {¢(z;¢y), ¥ (x;c~y)} is inconsistent.
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3. Ifn €2", (¢)van Zec poec i (Ci0)-n<i<o-

To define (cy),ca<0, We put ¢y = co. Now suppose we are given S, = (¢;),e2<n satisfying
the requirements. There is an automorphism o taking e_, o to e_,; fixing cc_, pe<_n1.
Define Sy, 11 = (¢ )peasntr by ¢ = c_(nr1)0 and, for all n € 257, ¢jy = ¢y, ¢y, = o(cy).
Clearly all branches have the same type over c<_(n11),06<—(n+1)1 85 (Ci0)—(nt1)<i<o- Write
¢, = (d,ep) for all n € 25"+ Now note that in both S, and ¢(S,) conditions (1) and
(2) are preserved and that ¢ (z; ;) is inconsistent with v (z; ¢, ) for any n € 25" since
X2(z;e_n1) AX1(;d,) is consistent if and only if x2(x; ey, 1) Axi(x; d;p) is consistent, for i =
l(n) —n. Likewise, instantiating ¢ (x;y) along any branch through this tree yields something
consistent: any branch in S, or o(S,) has the same type over c_(,41),0 as (¢i0)—n<i<o and
{(x;ci0) - —(n+1) <i <0} is consistent. We conclude by compactness. O

Lemma 3.2.3. Suppose ¢(x;y) is a formula, k is a natural number, and (¢;);c; is an infinite
sequence with ¢; = (¢, ;1) satisfying:

1. Foralli €I, ¢;o =¢_, Cia-

2. {p(x;cip) 17 € 1} is consistent.

3. {o(x;¢;1) 10 € I} is k-inconsistent.
Then T has SOP;.

Proof. By compactness and Ramsey, it suffices to prove this when I = Q — so suppose
(€¢i0, Cin)icq is an indiscernible sequence with ¢; 0 =z_, ¢;1, {¢(z;¢;0) 1 @ € Q} is consistent,
and {¢(z;¢;1) : ¢ € Q} is k-inconsistent.

For integers | < I’, define a partial type I';(x) by

{p(x;cip) i€ (l4+ml+m+1),mewm<l —1}U{p(x;cim1) :m<U'—1,m e w}.

Let T';(z) = 0. Note that if T,y (x) is consistent then I'yy,pi.(x) is consistent for any
integer z by indiscernibility of the sequence (¢;);cq. Let n € w be maximal so that I'g,(x) is
consistent. Note that I'g () is consistent, as it is the empty partial type and we have

Lor() F{o(r;cin) ri € w,i <k},

which is inconsistent, so 0 < n < k. So now we know I'_,, o(z) is consistent and I'_, ;(x) =
I'_,o(z) ULy () is inconsistent. By indiscernibility and compactness, we may fix some
integer N > 0 so that

Fono(@) U{p(;con)} U{e(w;cing) sj €w,j <N -1}
is inconsistent. Now choose A(x) C I'_,, o(x) finite so that

Alz) U{p(r;con) U{w(w;cing) 1 €w,j < N =1}
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is inconsistent. Let z indicate the tuple of variables (yo,...,yn_2) and let x(x;z) be the
formula x(x;2) = A,y ©(z;vi) A N\ A(x). Let (a;)icw,j<2 be defined as follows:

ai,O = (Ci,O; d@o) = (Ci,O; Ci—i—%,()? Ce ,CiJrN—l,O).

Now choose d; 1 so that ¢;od; o =¢_, ci1d;p — this is possible as ¢;0 =z_, ¢;1. Then we put

a1 = (ci1,dig). Let (z;yz) = o(z;y) A x(w;2).
To conclude, we have to establish the following:
Claim: The array (a;;)i<w,j<2 and the formulas p(z;y), x(z; 2) satisfy the following:

L. G0 =ac;igecin @it
2. {Y(x;a,0) : i <w} is consistent.
3. It I <V then {¢(z;¢1), x(z;dy o)} is inconsistent.

Proof of claim: (1) follows from the fact that a0 =z_, a;; and both a-;¢ and c.;; are
enumerated in ¢;. Note that I"_,, o(z) is consistent so, by indiscernibility,

T _o(x)U{p(x;cip) i €0,00) NQ}
is consistent, which establishes (2). Finally, if [ <, then {¢(x; 1), x(2;dp o)} implies
(ol )} U (s cpye) 7 € w0, < N = 1} UAG)
By indiscernibility of (¢;);cq and the fact that I <, this set is consistent if and only if
{o(scon)} Ufp(scing) 1 j €w,j <N =1} UA(z)

is consistent. As this latter set is inconsistent, this shows (3), which proves the claim. The
lemma now follows by Lemma 3.2.2. O]

Finally, we note that the criterion for SOP; from Lemma 4.2.2 is an equivalence. This was
implicit in Chapter 1, at least in its 2-inconsistent version, but we think that the property
described by Lemma 4.2.2 is, in most cases, the more fruitful way of thinking about SOP,
and therefore worth making explicit.

Proposition 3.2.4. The following are equivalent, for a complete theory T':
1. T has SOP;.
2. There is a formula ¢ and an array (¢;;)icw j<2 S0 that:

a) ¢io =e_, Cip for alli < w.
b) {o(x;cip) 1 i <w} is consistent.

c) {e(x;ci1) i <w} is 2-inconsistent.
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3. There is a formula ¢ and an array (¢;;)icw j<2 S0 that:

a) o =e_, Cin for alli < w.
b) {o(x;cip) i <w} is consistent.

c) {e(x;ci1) i <w} is k-inconsistent for some k.

Proof. (3) = (1) is Lemma 4.2.2.
(1) = (2). This follows from the proof of Proposition 1.5.6.
(2) = (3) is obvious. O

Remark 3.2.5. Though the configurations described in (2) and (3) are not obviously preserved
by expansion, SOP; as defined in Definition 3.2.1 clearly is. It follows, then, that one can
take (¢;);<. to be indiscernible with respect to some Skolemization in the language L°* of T
and, moreover, obtain ¢; o EELik ¢;q for all i < w (in fact, this is what the proof of Proposition
[.5.6 directly shows).

3.3 Kim-dividing

Averages and Invariant Types

Definition 3.3.1. A global type ¢ € S(M) is called A-invariant if b =4 V' implies p(x;b) € ¢
if and only if ¢(x; ') € q. A global type q is invariant if there is some small set A such that
q is A-invariant. If ¢(z) and r(y) are A-invariant global types, then the type (¢ ® r)(z,y)
is defined to be tp(a,b/M) for any b = r and a = ¢lyp. We define ¢®"(xo,...,2,-1) by
induction: ¢®!' = ¢ and ¢®""! = ¢(z,) ® ¢®"(z0,...,7p_1). When M is a model, write
a \L;VI b to mean tp(a/Mb) extends to a global M-invariant type.

Fact 3.3.2. [Sim15, Chapter 2| Given a global A-invariant type ¢ and positive integer n,
¢®" is a well-defined A-invariant global type. If N D A is an |A|"-saturated model and
p € S(N) satisfies p(x;b) € p <= ¢(x;V) € p whenever b,b' € N and b =4 V', then p
extends uniquely to a global A-invariant type.

Definition 3.3.3. Suppose ¢ is an A-invariant global type and I is a linearly ordered set.
By a Morley sequence in q over A of order type I, we mean a sequence (b,)qer such that
for each o € I, by = qlap., where bo, = (bg)s<q. Given a linear order I, we will write
¢®' = ¢®! (24 : a € I) for the A-invariant global type so that if b = ¢®/ then b, = q|us.,, for
all v € 1.

The above definition of ¢®! generalizes the finite tensor product ¢®" — given any global
A-invariant type ¢ and linearly ordered set I, one may easily show that ¢®! exists and is
A-invariant, by Fact 3.3.2 and compactness.
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Definition 3.3.4. Let I C M" be a collection of tuples, A C M a set, and D an ultrafilter
over I. We define the average type of D over A to be the type defined by

Av(D,A) ={¢(x;a):ac Aand {be€ I : M = ¢(b;a)} € D}.

Fact 3.3.5. [She90, Lemma 4.1] Let I € M" be a collection of tuples and D an ultrafilter
on [.

1. For every set C, Av(D, C) is a complete type over C.
2. The global type Av(D,M) is I-invariant.

3. For any model M |= T, if p € S*(M), there is some ultrafilter £ on M"™ so that
p=Av(E, M).

One important consequence of Fact 4.2.4 for us is that every type over a model M
extends to a global M-invariant type: given p € S(M), one chooses an ultrafilter D so that
Av(D, M) = p. Then Av(D,M) is a global type extending p which is M-invariant. In the
arguments below, it will often be convenient to produce global invariant types through a
particular choice of ultrafilter.

Fact 3.3.6. [CK12, Remark 2.16] Write a | ', b to mean that tp(a/Ab) is finitely satisfiable
in A — the u is for “ultrafilter" as this is equivalent to asserting tp(a/Ab) = Av(D, Ab) for
some ultrafilter D on A. The relation | “ satisfies both left and right extension over models:

1. (Left extension) If M is a model and a | | b then for all d, there is some 0’ =p, b so
that ad || b

2. (Right extension) If M is a model and a | | b then for all ¢, there is some a’ =y a
so that a’ | | be.

Definition 3.3.7. Suppose M = T and @ = (a;)i<, is an M-indiscernible sequence. A
global M-invariant type ¢ 2 tp(a/M) is called an indiscernible type if whenenver @ |= ¢, @
is M-indiscernible.

Definition 3.3.8. A collection of sequences (Gg)a<x Where G, = (an; @ 1 < A) is called a
mutually indiscernible array over a set of parameters C' if, for each a < k, the sequence @,
is an indiscernible sequence over Ca.,.

The following two lemmas are essentially [Adl14, Lemma 8]. We include a proof for
completeness.

Lemma 3.3.9. Ifa = (a;)i<, is an M-indiscernible sequence, there is an indiscernible global
M -invariant type q 2 tp(a/M).
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Proof. Let N be an |M|-saturated elementary extension of M of size x and let r O tp(a/M)
be an arbitrary global M-invariant type extending tp(a@/M). Let b = (b;)ico = 7|n. By
Ramsey and compactness, we may extract from b an N-indiscernible sequence (¢i)icw- Clearly
tp(¢/N) extends tp(a/M). It is also M-invariant: if not, there are n =) n’ in N, an
increasing k-tuple i from w, and a formula ¢ so that

= (e n) < —o(e,n').

Then there is an increasing k-tuple j so that
= o(byin) < —p(byn'),

since the sequence ¢ is extracted from b. This contradicts the fact that b realizes an M-
invariant type over N. By Fact 3.3.2, the type tp(¢/N) determines a unique M-invariant
extension to M. Call it q. Then ¢ is an indiscernible type. O]

Lemma 3.3.10. Suppose M = T, @ = (a;)i<w is an M-indiscernible sequence, and q 2
tp(a/M) is a global M -invariant indiscernible type. Let (@;)i<., |E ¢®¥|p with @ = @, where
G = (0 j)j<w- Then (@;)icy is a mutually indiscernible array over M.

Proof. We prove by induction on n that (@;);<, is mututally indiscernible over M. For n = 1,
there’s nothing to prove. Suppose it’s been shown for n and consider (a;)i<n+1. As ¢ is an
indiscernible type, @,41 is Ma<,-indiscernible. For ¢ < n, we know, by induction, that
@; 18 MG;Q;41 ... ap-indiscernible. As @41 = ¢|ma.,, this entails @; is indiscernible over
Ma_ ;@ ...a,+1, which completes the induction. - O

Kim-dividing
In this subsection, we define Kim-dividing and Kim-forking, the fundamental notions ex-

plored in this paper. To start, we will need the definition of ¢-dividing, introduced by
Hrushovski in [Hrul2, Section 2.1]:

Definition 3.3.11. Suppose ¢(y) is an A-invariant global type. The formula ¢(x;y) g-
divides over A if for some (equivalently, any) Morley sequence (b; : i < w) in g over A,
{¢(z;b;) : © <w} is inconsistent.

We note that we will consistently use the letters p, ¢, r to refer to types, n, m, k, [ to refer
to numbers. In this way, no confusion between ¢-dividing and the more familiar k-dividing
will arise.

The related notion of a higher formula was introduced by Malliaris and Shelah in [MS15a]
on the way to a new characterization of NTP; theories:

Definition 3.3.12. [MS1b5a, Definition 8.6] A higher formula is a triple (¢, A, D) where
¢ = p(x;y) is a formula, A is a set of parameters, and D is an ultrafilter on A'¥) so that, if
q=Av(D,M) and (b; : i <w) | ¢®“|a then {¢(z;b;) : i < w} is consistent.
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We can rephrase the above definition as: (¢, A, D) is a higher formula if, setting ¢ =
Av(D,M), ¢(z;y) does not g-divide over A.

Definition 3.3.13. We say that a formula ¢(z;b) Kim-divides over A if there is some A-
invariant global type ¢ D tp(b/A) so that ¢(x;y) g-divides. The formula ¢(x;b) Kim-forks
over A if p(z;0) -V, ¥i(x; ¢") and each v;(z; ¢') Kim-divides over A. A type Kim-forks if
it implies a formula which does. If tp(a/Ab) does not Kim-fork over A, we write a J/f b.

We call this notion Kim-dividing to make explicit the fact that this definition was inspired
by a suggestion of Kim in his 2009 BIRS talk [Kim09|, where he proposed an independence
relation based on instances of dividing that are witnessed by every appropriate Morley se-
quence. A rough connection between Kim’s notion and ours is provided by Theorem 3.3.16
below, which shows that, in an NSOP; theory, dividing with respect some invariant Morley
sequence is equivalent to dividing with respect to all. An even tighter connection is estab-
lished by Theorem 3.7.7, which shows that we can drop the assumption that the Morley
sequences are generated by an invariant type. (We note that for technical reasons our notion
is still different from Kim’s — the proposal of [Kim09] forces a kind of base monotonicity and
we do not).

In general, we only know that a type over A has a global A-invariant extension when A
is a model. Thus, when working with Kim-independence below, we will restrict ourselves
almost entirely to the case where the base is a model.

The next two propositions explain how the notions of higher formula and ¢-dividing
interact with SOP;.

Proposition 3.3.14. Suppose T has SOP;. Then there is a model M = T, a formula
o(x;b), and ultrafilters Dy, Dy on M with

Av(Dy, M) = Av(Dy, M) = tp(b/M),
so that (v, M, Dy) is higher but (¢, M, Dy) is not higher.

Proof. Fix a Skolemization T°% of M. As T has SOP;, there is, by Proposition 5.2.1, a
formula ¢(z;y) and an array (¢;;)i<w+1,j<2 such that

1. (¢)i<w+1 is an indiscernible sequence (with respect to the Skolemized language)

_LSk
2. cupo =2, Cwl-

3. {¢(z;¢i0) 1 i < w+ 1} is consistent.
4. If i < j, then {p(z;¢i1), p(x;¢1)} is inconsistent.

Put M = Sk(¢.,). For j = 0,1, let D; be any non-principal ultrafilter on M, concentrating
on (¢;; : 1 < w) and set ¢; = Avy(D;,M) for j = 0,1. Note that go|ns = tpy(cuo/M) =
tps(cwa1/M) = q1|am by (2). By (3), ¢(z;y) does not go-divide, hence (¢, M, Dy) is higher.
However, by (4), {¢(z;¢j1) 1 j < w} is 2-inconsistent hence ¢(z;y) ¢i-divides, so (¢, M, Dy)
is not higher. O]
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Proposition 3.3.15. Suppose A is a set of parameters and ¢(x;b) is a formula which q-
divides over A for some global A-invariant type q O tp(b/A). If there is some global A-
invariant v 2 tp(b/A) such that ¢(x;y) does not r-divide, then T has SOP;.

Proof. As ¢(x;y) g-divides over A, there is k so that instances of ¢(z;y) instantiated on a
Morley sequence of ¢ are k-inconsistent.

Let (ci1,ci0)iez E (q27)%%| 5. We have to check that the sequence satisfies the following
properties:

1. {p(z;cip) i € Z} is consistent
2. {¢(x;¢;1) 1 i € Z} is k-inconsistent
3. Ci0 =¢s; Cijl for all 7 € Z.

Note that (¢;0)iez = 7%%|a so (1) follows from our assumption that ¢(x;y) does not r-divide.
Likewise, (ci1)icz E q¢®Z|ar so (2) follows from the fact that ¢(z,y) g-divides. Finally, for
any i € Z, we have ¢-; realizes a global M-invariant type over Mc¢; oc; 1. Hence (3) follows
from the fact that c;o =n ¢;1. ]

Theorem 3.3.16. The following are equivalent for the complete theory T':

2. Ultrafilter independence of higher formulas: for every model M |= T, and ultrafilters D
and € on M with Av(D, M) = Av(E, M), (v, M, D) is higher if and only if (¢, M,E)
1s higher.

3. Kim’s lemma for Kim-dividing: For every model M = T and p(z;b), if o(x;y) q-
divides for some global M-invariant q 2 tp(b/M), then ¢(x;y) q-divides for every
global M -invariant q 2 tp(b/M).

Proof. (1) = (3) is the contrapositive of Proposition 3.3.15.
(2) = (1) is the contrapositive of Proposition 3.3.14.
(3) = (2): Immediate, since every type finitely satisfiable in M is M-invariant. ]

Remark 3.3.17. Note that the proof gives a bit more: if 7" is NSOPy, (2) is true over arbitrary
sets and (3) is true over an arbitrary set A as well, though this may be vacuous if tp(b/A)
does not extend to a global A-invariant type.
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The basic properties of Kim-independence

Theorem 3.3.16, a kind of Kim’s lemma for Kim-dividing, already gives a powerful tool for
proving that in NSOP; theories Kim-independence enjoys many of the properties known to
hold for non-forking independence in simple theories.

We will frequently use the following easy observation. The proof is exactly as in the case
of dividing. See, e.g., [GIL02, Lemma 1.5] or [She80, Lemma 1.4].

Lemma 3.3.18. (Basic Characterization of Kim-dividing) Suppose T is an arbitrary com-
plete theory. The following are equivalent:

1. tp(a/Ab) does not Kim-divide over A.

2. For any global A-invariant g 2 tp(b/A) and I = (b; 1 i < w) = ¢®“|a with by = b, there
18 @' =4 a such that I is Ad'-indiscernible.

3. For any global A-invariant g 2 tp(b/A) and I = (b; 1 i < w) = ¢®¥|a with by = b, there
18 I' =4y I such that I' is Aa-indiscernible.

Note that in an NSOP; theory, by Kim’s Lemma for Kim-dividing, we could have replaced
(2) by: there is a global A-invariant ¢ D tp(b/A) and I = (b; : i < w) | ¢%“|4 with by = b,
so that for some o' =4, a I is Ad'-indiscernible (and similarly for (3)), provided tp(b/A)
extends to a global A-invariant type.

The following proposition is proved by the same argument one uses to prove forking =
dividing via Kim’s lemma, as in [GIL02, Theorem 2.5| or [CK12, Corollary 3.16].

Proposition 3.3.19. (Kim-forking = Kim-dividing) Suppose T is NSOP,. If M = T, if
o(x;b) Kim-forks over M then p(x;b) Kim-divides over M.

Proof. Suppose ¢(x;b) =\, ¥;(x;¢?) where each t;(z;¢') Kim-divides over M. Fix an
ultrafilter D on M so that (b,c°,...,c* 1) = Av(D, M). Let (b;,c,...,c" )i, be a Morley
sequence in Av(D,M). Then (b;)i<, is an M-invariant Morley sequence. We must show
{e(x;b;) : 1 < w} is inconsistent. Suppose not — let a = {p(x;b;) : i < w}. We have
p(zibi) F Vo ¥;(x;c}) so for each i < w, there is j(i) < k so that = 1;u (a; cg(i)). By the
pigeonhole principle, there is 7, < k so that X = {i < w : j(¢) = j.} is infinite. Then (CZ*)Z@(
is an M-invariant Morley sequence in tp(¢/*/M). As T is NSOP;, Kim-dividing over M is
witnessed by any M-invariant Morley sequence so {¢;. (z;c") : i € X'} is inconsistent. But
a = {4;.(z;¢]") - i € X}, a contradiction. O

Proposition 3.3.20. (Eztension over Models) Suppose M is a model, and a \|/]\K4 b. Then

S r | K
for any c, there is a’ =y a so that a J/M be.

Proof. This is exactly as in the usual proof that forking satisfies extension. Let p(z;b) =
tp(a/MDb). We claim that the following set of formulas is consistent:

p(x;0) U{=(x;0,¢) : (x;b,¢) € L(Mbc) and ¥(z; b, ¢) Kim-divides over M}.
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If this set of formulas is not consistent, then by compactness,

p(z;b) \/ Yi(x; b, ¢;),

i<k

where each 9;(x; b, ¢;) Kim-divides over M. It follows that tp(a/Mb) Kim-forks over M, a
contradiction. So this set is consistent and we may choose a realization a’. Then o J/ﬁ bc
and @' =y a. O

Proposition 3.3.21. (Chain Condition for Invariant Morley Sequences) Suppose T' is NSOP;
and M = T. If aiﬁb and q¢ 2 tp(b/M) is a global M-invariant type, then for any
I=(b:i<w)pE ¢y withb = by, there is a’ =y a so that o’ || I and I is Ma'-
indiscernible.

Proof. By the basic characterization of Kim-dividing, Lemma 3.3.18, given a J/JI\Z b, ¢ O
tp(b/M) a global M-invariant type, and I = (b; : i < w) E ¢%¥|y with b = by, there
is @’ =pm a so that I is Ma'-indiscernible. To prove the proposition it suffices to show
a J/‘Z by, for all n. Given n < w, let r(z;90,...,yn_1) = tp(a’;bo,...,by_1/M). Then
((Bkntn—1, bknan—2y - - bgn) * k < w) = (¢®™)®|n and, by indiscernibility,

a = U (%3 Okntn—1, Okntn—2s - - -, Okn)-

k<w

As T is NSOP;, this shows a’ | ¥ b O

Section 3.5 will be dedicated to the proof that | * is symmetric in NSOP; theories. The
argument will require more tools, but at this stage we can already observe the converse: even
a weak form of symmetry for J/K will imply that a theory is NSOP;.

Proposition 3.3.22. The following are equivalent for a complete theory T':
2. Weak symmetry: if M =T, then b J/E\/[ a = a \L]\IZ b.

Proof. (1) = (2). Suppose T is NSOP;. As b \I/éw a, there is a global M-invariant type
r D tp(b/Ma). We can find a Morley sequence I = (b; : i < w) in ¢|p with by = b. Then [
is Ma-indiscernible, so no formula in tp(a/Mb) divides with respect to the sequence I. But
by Kim’s lemma for Kim-dividing, this implies a \LZ b.

(2) = (1). Suppose T has SOP;. Then by Theorem 1.5.1, there is a model M |= T,
apby =y arby with b; || a; and by | bo, but, setting p(z;by) = tp(ag/Mbo), we have
p(x;bo) Up(x; by) is inconsistent. As by =y by and by J/;W bo, (bo, by) starts a Morley sequence
in some M-invariant type, (b; : i < w). As |J,_, p(x;b;) is inconsistent, we have ag J//AIZ bo.

Since by J/;w ag, weak symmetry fails. m



CHAPTER 3. KIM-INDEPENDENCE 90

3.4 Local character

In this section, we prove local character for J/K in NSOP; theories: for every NSOP,
theory, there is a cardinal x so that, given a model M = T and a type p € S(M), there is
an elementary submodel M’ < M of size < k such that p does not Kim-fork over M’. We
give a simple and soft argument showing first that x can be taken to be the first measurable
cardinal above |T'|. Then, in a more difficult argument, we show that x can be taken to
be (27)*. The argument involving large cardinals is, of course, implied by the stronger
result, but we thought that the conceptual simplicity of the first argument might be helpful
in understanding the second. Lastly, we show that for any regular x, we can construct a
model which satisfies local character—this clarifies the situation for cardinals between |T'|
and 2/71.

In order to prove our first theorem, we will use the following facts about measurable
cardinals:

Fact 3.4.1. [Kan03, Theorem 7.17| Suppose that > |T| is a measurable cardinal and that
U is a normal (non-principal) ultrafilter on p. Suppose that (a;);<, is a sequence of finite
tuples in M, then for some set X € U, (a;);ex is an indiscernible sequence.

Fact 3.4.2. [KLS16, Fact 2.9] If A = |J,_, A; C M is a continuous increasing union of sets
where |A;| < pu, B € M is some set of cardinality < p, and (a;);<,, U are as in Fact 3.4.1
with a; tuples from A, then for some set X € U, (a;);ex is fully indiscernible over B (with
respect to A and (4;);<,), which means that for every ¢ € X and j < ¢ in X, we have a; C A4,
, and (a;)i<jex is indiscernible over A; U B.

Theorem 3.4.3. Suppose that T is NSOP;, and that |T| < p is measurable. Suppose that
M = T. Then for every p € S (M) there is a model N < M with |N| < u such that p does
not Kim-fork over N.

Proof. Suppose not. Construct by induction on i < g a sequence ((M;,b;, b}, ¢i))i<, such
that:

(M;)i<, is an increasing continuous sequence of models.

For i < p, ¢; (z,y;,v;) is a formula in L.

b, € M; and b; € M\ M,.

¢ (x,b;,b;) € p witnesses Kim-dividing of p over M;.

For i < p, M; is some model containing {b; : j < i} of size |T'| + |i|.

We can construct such a sequence by our assumption.
Note that all clubs E' C p are in U (see the proof of Fact 3.4.2 in [KLS16, Fact 2.9]).
By Fodor’s lemma for normal ultrafilters [Kan03, Exercise 5.10|, applied to the function
F :lim (u) — p such that F'(§) = min{i < 0 : b5 € M;}, there is some Xy € U (consisting
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of limit ordinals) such that for all i € Xy, b, = b’ is constant. For convenience assume that
b e M.

By Fact 3.4.2, there is some X; C X in U such that (b;);cx, is fully indiscernible with
respect to (M;)i<,-

Let X5 C X, in U be such that for all i € X, if 7 < ¢ then there is j < a < ¢ such that
a € X; (as X; is unbounded, the set of all i < p such that for all j < i there is such an « is
a club, so in U).

Let ag € Xo. Then (b;);>q0.icx, is an indiscernible sequence such that b; \quwao b~; for all

ap < i € Xy. To see this, suppose that v (b;, b~;, m) holds where m € M,,. Then m € Mjg
for some 5 < ag (as ag is limit). So by definition of X5, there is some § < j < «ap in Xj.
But then (b.).>; is indiscernible over Mz by choice of X1, so ¢ (b;, b~;,m) holds as well. But
b; € M,, by construction.

We get a contradiction, since {¢ (x,b;, ') : i € X5,i > ap} is in p but also inconsistent
since ¢ (x, by, V') Kim-divides over M,,. O

Lemma 3.4.4. Suppose that N is some model and that p € S (M) is a global type finitely
satisfiable in N which extends tp (¢/N). Given any set A C N, there is some B < N of size
< |T| + |A] such that A C B and p®¥|p is a type of a Morley sequence generated by some
global type finitely satisfiable in B.

In particular, if ¢ (x,c) Kim-divides over N then ¢ (x,c) Kim-divides over B.

Proof. Let p € S (M) be a global type extending tp (¢/N), finitely satisfiable in N.

Let By be any model containing A of size < |A|+|T|, and let ¢ = p®¥|y. Let N O B} D By
be such that for every n < w and every formula v (y, c.,) over By, if M |= ¢ (¢, c<,,) then
¥ (y, c<p) is satisfiable in B/ and let B; be any model containing B of size |T'|+|A|. Continue
like this, and finally, let B = J._, B;. Then ¢ is still a Morley sequence sequence over B in

1<w

a B-finitely satisfiable type (note that it is indiscernible). ]

Theorem 3.4.5. Suppose T is NSOP,. Then for any M = T and p € S(M), there is
M' < M so that p does not Kim-fork over M' and |M'| < 2171,

Proof. Let k = (2T1)*—k is a regular cardinal, greater than 2/”!, and p < x implies /"l < &
(these are the only properties of x we will use).

Suppose not. Then there is some p € S (M) witnessing this. Clearly |M| > k. For every
i < k we can find ¢;, d;, N;, and ; (x,y;, z;) such that:

)
e ¢, € N1 \ N,y di € Ny (N; 14 < k) is 1ncreas1ng continuous, |N;| < |T| + |i| < &,
vi (x,y;, z;) is a formula such that ¢; (z, ¢;, d;) Kim-divides over N; and is in p.

Let S be {6 < s :cof (0) = |T|"}. Then S is a stationary set.

For every § € S, fix some global coheir g5 € S (M) over Ns extending tp (cs/Ns). Given
a partition of a stationary subset of x into < k parts, one of these has to be a stationary
set. Hence, we may assume that for every § € S, ps = ¢ and ¢ (x,¢;, d;) is k-Kim-dividing
for some fixed k, witnessed by any Morley sequence in gs. Define the regressive function
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f:S = kby f(6) = min{i < § : ds € N;} (this set is non-empty by continuity of
the sequence). By Fodor’s lemma, we may assume that f is constant on S, and further
restricting it, we may even assume that ds = d is fixed for every 6 € S. This allows us to
assume for simplicity that d = (0.

By Lemma 3.4.4, for every § € S there is some My < N of size |T| such that ¢ (z, c5)
Kim-divides over M;, and moreover, such that ¢;*|y;, is a type of a Morley sequence of some
global coheir rs over Ms.

As cof () = |T|" for every § € S, for each such § there is some i < § such that Ms < N;.
Hence by Fodor’s lemma, there is some i < k and a stationary S’ C S such that for every
0 € 8, Ms < N;. Then we can find some model Mg, a global coheir r; over M and a
stationary Sy C S’ such that for every § € Sy, My = M (note that the number of possible
My's is < |Ni|'"™! < k) and 45 Iy = 75|z = 767z (the number of w-types over M is
<2l < i as | M| = |TY).

Let dp = min Sy and ey = c;,.

By Lemma 3.4.4, for every § € S\ {do} there is some Mjcs, € My < N of size |T|
such that ¢ (z,cs) Kim-divides over Mg, and moreover, such that ¢“|y;, is a type of a
Morley sequence of some global coheir over My. Thus, as above, we can find some stationary
S1 € So\ {do}, M; and r} such that for every § € Sy, My = M and q5*|ar = 71| as;. Let
01 = min Sy and e; = ¢y, .

Continuing like this we find and increasing sequence (§; : ¢ < w) of ordinals in s, an
increasing sequence of models (M;" : i < w), e; € M for i < w and global coheirs (over M})
r? such that:

e M} contains e, ¢ (z,e;) is k-Kim-dividing over M} for every i < j, r} is a global

coheir over M;" such that for all i < j, r; extends tp (e;/M;) (in particular, e; = e
for all j > i) and 7“;®w’M; = 7”:®w‘Mi*'

Denote € = (e; : i < w). Note that {¢(z;e;) : i < w} is a subset of p, hence consistent.
Claim: Suppose ig < ... < i,-1 < w and for each j <n, f; = rfj|M_* ef-;- Then
i

L e =ei_,f<s fjforall j <n
2. {p(x; f;) : j < n} is k-inconsistent.

Proof of claim: By induction on n, we prove that if iy < ... < 4,7 < w, then

Ci; EM;eai, fe fj- For n = 0 there is nothing to prove. Suppose the claim is true for n and
we are given ig < ... < i, and (fj)j<n+1 With f; = T;kle;jgf>]. for all j < n+ 1. Then clearly
fo =u;, Cig- For 0 < j < n+ 1, by induction f; =M eci, feny) G hence f; =M eci, feny) G
As fo J’Lo €f>0, we get that f; =ap e, ., €. This shows (1). To see (2), note that
(faet1s fa—2s -, fo) E ri| M = q?;:\Mg, hence {¢(z; f;) : j < n} is k-inconsistent, by our

assumption that ¢(z;cs,) k-Kim-divides with respect to Morley sequences in g, . O
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By compactness, we can find an array (¢; o, ¢;.1)i<w S0 that {¢(z;¢;0) : ¢ < w} is consistent,
{e(z;ci1) @ < w} is k-inconsistent, and ¢; 0 =¢_, ¢;1 for all ¢ < w. By Lemma 4.2.2, we
obtain SOP{, a contradiction. n

Corollary 3.4.6. Suppose that T is a complete theory. The following are equivalent.

1. For some uncountable cardinal k, there is no sequence (Ny, o; (x,y;),¢; 1 i < K) such
that (N; : i < R) is an increasing continuous sequence of models of T, ¢;(x,v;) is a
formula over Ny, ¢; € Niyq, such that p;(x, c;) Kim-forks over N; and {o(z,¢;) 11 < Kk}
15 consistent.

Proof. (2) implies (1) by the proof of Theorem 3.4.5 (with x = (2/71)%).

(1) implies (2). This is a variation on the proof of Proposition 3.3.14. Suppose T has
SOP; as witnessed by some formula o(z,y). Let T** be a Skolemized expansion of 7. Then
T** also has SOP; as witnessed by ¢(z,y). Thus by Proposition 2.4, we can find a formula
(x,y) and an array (¢; ;)icw j<2 such that ¢; o =z_, ¢;1 for all i < w, {¢(z,c;p) 1 1 < w} is
consistent and {¢(z,¢;1) : i < w} is 2-inconsistent (all in M**). By Ramsey and compactness
we may assume that (¢; : i < w) is indiscernible (with respect to M**). Extend this sequence
to one of length k.

For i < k, let N; = dcl(c.;) (in M**). Then for every limit ordinal § < &, ¢(z,cs1)
Kim-divides over Ns as the sequence (c;; : § < j < k) is indiscernible and for all § < j,
C; L?v(; Csj. As cs1 =a_, Cs0, it follows that c¢;1 =n, ¢50, and hence ¢ (z,¢;50) also Kim-
divides. As k is uncountable, otp (lim (k)) = &, so (Ns, ¢(z,y),c50 : § < k) contradicts
(1). O

Theorem 3.4.7. Suppose that T is NSOP;. Then for every reqular cardinal k > |T| there
is a model M of size k such that for allp € S (M) there is N < M with |[N| < k such that
p does not Kim-fork over N.

Proof. Let I = (a;)i<x be an indiscernible sequence with respect to T — a Skolemized
expansion of T'. Let M = dcl(I). Let p € S(M). For i < k let

N; = del ((aj);<i) -

Suppose for contradiction that for every i < x, p Kim-forks over V;.

This means that for every ¢ < k there is a formula ¢;(z, ¢;(b;, b})) witnessing Kim-dividing
over N;, where ¢; is a Skolem term, b; C {a; : j > i}, b, C {a; : j < i}, and both are increasing
tuples.

Let E' C & be the set of limits o €  such that for all i < o, b; C (a;)j<q. Then E'is a club
of k. Define F': E — k by F (o) = max{j : a; € b,}. By Fodor’s lemma there is a stationary
set S C F on which F'is constant 7. Reducing to an unbounded subset of S, we may assume
that for every a € S, o = ¢, t, = t and b, = b’ (all the b, come from {a; : j < v} which has
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size |y| < |S| = k). By choice of E, for all & </ from S, b, < bs (i.e., every coordinate of bg
is greater than every coordinate of b,). Hence (t(ba,0'))ag<acs is an indiscernible sequence
over Ny, such that t (ba, V') [}, t(bsa,b) for every ag € S by the construction of Ny, and

0
hence, as ¢(z,t(ba,, V")) Kim-divides over Ny, {¢o(z, t(by, b)) : g < a € S} in inconsistent,
but it is contained in p. O

Remark 3.4.8. Note that this theorem is most interesting for the case |T| < x < 271 as this
is not covered by Theorem 3.4.5.

3.5 Symmetry

Generalized indiscernibles and a class of trees

For an ordinal «, let the language L, be (I, A, <jex, (P5)g<a). We may view a tree with a
levels as an L, o-structure by interpreting < as the tree partial order, A as the binary meet
function, <., as the lexicographic order, and Pjs interpreted to define level 3. For the rest
of the paper, a tree will be understood to be an L, ,-structure for some appropriate a. We
will sometimes suppress the « and refer instead to L,, where the number of predicates is
understood from context. We define a class of trees 7T, as follows.

Definition 3.5.1. Suppose « is an ordinal. We define 7, to be the set of functions f so that
e dom(f) is an end-segment of «, possibly empty unless « is a limit.
e ran(f) Cw.
e finite support: the set { € dom(f): f() # 0} is finite.
We interpret 7, as an L, ,-structure by defining
e fJdgifandonlyif f Cg. Write f L gif =(f <g) and =(¢g < f).

o fAg= fliga) = 9l Where 8 =min{v : f|j;.0) = 9ljy,0)}, if non-empty (note that 8
will not be a limit, by finite support). Define f A g to be the empty function if this set
is empty (note that this cannot occur if « is a limit).

o [ <i,gifandonlyif f<gor, f L gwithdom(fAg)=[y+1,a)and f(y) < g(7)

o Forall 8 < a, Ps={f €7, :dom(f) =[5,a)}. P, is only defined on 7, if a is a
successor, in which case it only contains the empty function.
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Figure 3.1: Illustration of the trees 7,

It is easy to check that for all n < w, 7, & w=". For « infinite, however, 7, will be
ill-founded (as a partial order). In particular, ) names the level at the top of the tree, Psy4
names the level immediately below Pg, and so on.

As many arguments in this paper will involve inductive constructions of trees of tuples
indexed by 7,, it will be useful to fix notation as follows:

Definition 3.5.2. Suppose « is an ordinal.

1. (Restriction) If w C a, the restriction of T, to the set of levels w is given by

To w={n€T,:min(dom(n)) € w and € dom(n) \ w = n(5) = 0}.

2. (Concatenation) If n € 7T,, dom(n) = [6 + 1,«), and i < w, let n —~ (i) denote the
function n U {(8,7)}. We define (i) —~ n € Toi1 to be nU {(a,i)}. We write (i) for
0~ (3).

3. (Canonical inclusions) If o < [, we define the map to5 : To — T3 by tap(f) =
fU{(n,0):vep\a},

4. (The all 0’s path) If 5 < a, then (s € 7, denotes the function with dom((sz) = [5, «)
and (z(y) = 0 for all v € [B, ).

The function ¢, includes 7, into Tz by adding zeros to the bottom of every node in 7.
Clearly if o < B < 7y, then 1oy = tgy0top. If B is a limit, then 73 is the direct limit of the 7,
for a < B along these maps. Visually, to get T,.1 from 7, one takes countably many copies
of T, and adds a single root at the bottom.

Definition 3.5.3. Suppose [ is an L'-structure, where L’ is some language.
1. We say (a; : i € I) is a set of I-indezed indiscernibles if whenever
(053 8n-1), (to,...,tn_1) are tuples from I with
aftpr(Sos - -5 Sn—1) = qftp (to, - - -, ta1),

then we have
tp(asoa - 7asn71) = tp(atoa SR a/tnfl)'
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2. In the case that L' = L,, for some «, we say that an I-indexed indiscernible is
s-indiscernible. As the only L, ,-structures we will consider will be trees, we will often
refer to I-indexed indiscernibles in this case as s-indiscernible trees.

3. We say that I-indexed indiscernibles have the modeling property if, given any (a; : i € I)
from M, there is an I-indexed indiscernible (b; : i € I) in M locally based on (a; : i € I)
— i.e., given any finite set of formulas A from L and a finite tuple (o, ...,t, 1) from
I, there is a tuple (sg,...,s,_1) from I so that

aftpy (to, - -« tn1) = dftpr (o, - -+, Sn_1)

and also
tpA(btoa e 7btn—l) = tpA<a807 <. 7a3n—1>'

Fact 3.5.4. [KKS14, Theorem 4.3] Let denote I, be the L; ,-structure (w<, <, <jez, A, (Pa)a<w)
with all symbols being given their intended interpretations and each P, naming the elements
of the tree at level a. Then I,-indexed indiscernibles have the modeling property.

Remark 3.5.5. Note that the tree w<“ is not the same tree as 7, which is ill-founded.

Corollary 3.5.6. For any «, T,-indezed indiscernibles have the modeling property.
Proof. By Fact 3.5.4 and compactness. O
Definition 3.5.7. Suppose (a,)qe7, is a tree of tuples, and C' is a set of parameters.

1. We say (ay)ne, is spread out over C if for all n € 7, with dom(n) = [5+1, ) for some
B < a, there is a global C-invariant type g, 2 tp(as,~)/C) so that (asy—())icw is a
Morley sequence over C'in g,.

2. Suppose (a,)yer, is a tree which is spread out and s-indiscernible over C' and for all
w,v € [a]<¥ with |w| = |v|,

(an)neTatw =c (an)neTatv
then we say (a,),e7, is a Morley tree over C.

3. A tree Morley sequence over C' is a C-indiscernible sequence of the form (%) g<a for
some Morley tree (ay)ye7, over C.

Remark 3.5.8. If (a,)ne7, is s-indiscernible over C, then, in order to be spread out over C, it
suffices to have global C-invariant types as in (1) for all 7 identically zero—i.e. those nodes
in the tree of the form (g for some 3 < a. Note that the condition in (2) forces (a¢,)s<a to be
C-indiscernible—in fact, (1) and (2) together can be shown to be equivalent to demanding
that the tree is indiscernible with respect to the language L = (I, <oz, A, <ien), where <;e,,
is interpreted as the pre-order which compares the lengths of nodes in the tree. Finally, in
(3) we speak of (a¢,)s<a, the sequence indexed by the all-zeroes path in the tree, simply
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because this is a convenient choice of a path. In an s-indiscernible tree over C', any two
paths will have the same type over C. Hence, (3) may be stated more succinctly as: a tree
Morley sequence over C' is a path in some Morley tree over C'.

Lemma 3.5.9. Suppose (a;)i<. is a tree Morley sequence over C.

1. If a; = (b, ¢;) for all i < w, where the b;’s are all initial subtuples of a; of the same
length, then (b;)i<. is a tree Morley sequence over C.

2. Given1 <n < w, suppose d; = (Qp.i, Qpit1s - - - Qpisn_1)- Then (d;)i<, is a tree Morley
sequence over C'.

Proof. (1) is immediate from the definition: s-indiscernibility, spread-outness, and being a
Morley tree over C' are all preserved under taking subtuples.

(2) Suppose (a,)yeT, is a Morley tree over C' with a¢, = @;. Define a function j : T, — T,
so that if n € T, with dom(n) = [k,w), then dom(j(n)) = [n(k + 1),w) and

i = {76 e

otherwise

for all [ € [n(k+ 1),w). Define (b,),e7, by

by = (@j(m)s Qi ~0)s - - -+ Aj()—~0n—1)-

It is easy to check that this is also an s-indiscernible tree over M (more formally, this
construction corresponds to the n-fold elongation of the tree (a,),e7, as defined in Chapter
1 so (by)yer., is s-indiscernible over M by Proposition 1.2.1(1) there). It is also easy to check
that (b,),e7, is spread out over M. Finally, the tree (b,),c7, is also a Morley tree over M:
given w € [w]<¥, let w' ={n(k+1)—1:k € w,l <n}. Then if w,v € [w]< and |w| = |v],
then |[w'| = V'] so (a)netiw =c (an)nert 50 (by)neriw =c (by)yer,v- It follows that
(b¢,)i<w is a tree Morley sequence over C. We have

bCz‘ = (a<n(i+1) ) aCn(i+1)*\>0>7 ce 7a<n(i+1)/—\0n_l)
= (an(i+1), An(i4+1)—15 - - - 7an(i+1)f(n71))7

so by reversing the order of the tuple, we deduce that (d;);<, is a tree Morley sequence over
M. m

From the existence of a sufficiently large tree which is spread out and s-indiscernible
over M, one can obtain a Morley tree which is based on it. The proof is via a standard
Erdés-Rado argument. We follow the argument of [GIL02, Theorem 1.13].

Lemma 3.5.10. Suppose (a,)yeT. is a tree of tuples, spread out and s-indiscernible over M.
If k is sufficiently large, then there is a Morley tree (b,)yer., so that for all w € [w]|<¥, there
is v € [k so that

(an)neTito =n (On)neT, tw-
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Proof. Let A = 2MHT1 and set k = Jy+(\). Given a tree (a,),e7. s-indiscernible and spread
out over M, let

Ly = {tp((an)pertw/M) - w & [£]"}.

By induction on n, we will find a sequence of types p, € I',, so that

A(mn:ne’];):U U Po(xy:in €Ty [ w)

n<w wew]™

is consistent. Construct by induction on n cofinal subsets F,, C A* and subsets Xen € K SO
that

1. Fypq C F,.

[\)

. | Xen] > 3a(X) when € is the ath element of F,.

3. fwe [ngn]”, then (an)nenm = D
| EL] = AT

W

For n = 0, we let Fy = A" and X¢o = & for all £ < AT. Suppose F,, and (X¢,)eer, have
been constructed. Write F,, = {&, : a < AT} where the £, enumerate F,, in increasing order.
Then for all o < A7,

|X§a+n+1,n‘ > :a+n+1 (/\)

For a moment, fix £ = &,4,11. Define a coloring on [X¢ ,|"*! by

w — tp((ay)neTsw/M).

This is a coloring with at most A many colors so by Erdés-Rado there is a homogeneous
subset X¢ 41 C Xe, with [Xepi1| > Ja(A). Let pri1aini1 denote its constant value. By
the pigeonhole principle, as the set of possible values is A and {a+n+1:«a < AT} has size
AT, there must be some subset Y C {a+n+1:a < A"} of cardinality A* so that 5,5 € Y
implies py115 = Pnr1,p- Let ppy1 = Puy1p for some/all B € Y. Put Flp = {5 : € Y}
Then ppy1, Frg1, and (X¢ 41)eer,,, clearly satisfy the requirements.

By compactness, this shows that A(z, : n € 7,) is consistent. Let (b,)ne7, be a re-
alization—now to show (b,),e7, is a Morley tree over M, we must show that (b,),er, is
s-indiscernible and spread out over M. To see that it is spread out over M, fix any n € 7T,
with dom(n) = [n + 1,w). Setting w = {0,...,n}, thereis v € [K]¥, v = {ap < ... < a,}
so that (b,)ver,iw =m (@)veriw- If v € T, has domain [y, k), vi(ag) = ¢ and v; is iden-
tically zero elsewhere, (as,, : i < w) is a Morley sequence over M in an M-invariant type.
It follows that (bsy, (¢ @ ¢ < w) is also a Morley sequence in an M-invariant type, which
establishes spread-outness of the tree. Checking that the tree is s-indiscernible over M is
entirely similar. O]
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The symmetry characterization of NSOP,

In this subsection, we prove a version of Kim’s lemma for tree Morley sequences and use
it to prove that Kim-independence is symmetric over models in an NSOP; theory. Lemma
3.5.11 is the key step, showing that tree Morley sequences exist under certain assumptions.
The method of proof is an inductive construction of a spread out s-indiscernible tree, from
which a Morley tree (and hence a tree Morley sequence) can then be extracted. This basic
proof-strategy will be repeated several times throughout the paper.

Lemma 3.5.11. Suppose T is NSOPy, M =T, and a J/ﬁ b. For any ordinal o > 1, there
is a spread out s-indiscernible tree (c;)yer, over M, so that if n < v and dom(v) = o, then
CyCy =m ab.

Proof. We will argue by induction on «. For the case a = 1, fix ¢ D tp(b/M), a global
M-invariant type. Let (b; : i < w) = ¢®“|y. As a J/K b, we may assume this sequence is
Ma-indiscernible. Put ¢; = a and c% b;. It is now easy to check that (c ),7671 is a spread
out s-indiscernible tree satisfying the requlrements

Suppose for a we have constructed (c )neT/s for 1 < 8 < « such that, if v < § < «

and n € T, then ¢ = cfgﬂ(n). By spread-outness, we know that (¢, : i < w) is an M-
invariant Morley sequence which is, by s-indiscernibility over M, M cj-indiscernible. There-
fore, cj J/ (¢24y)i<w- By extension (Proposition 6.3.18), we may find some ¢’ =y

so that

B ppli<e

Cl

2=

(Cg)n€7&-

Choose a global M-invariant type q 2 tp((cy)ner./M). Let ((c5,)per, 11 < w) ): q%¥|p with
cpo = ¢y for all n € 7. By the chain condition (Lemma 3.3. 21) we can find ¢’ =prea) !

n€Ta

so that c” \L (o i )neTai<w and ((cp;)per, © @ < w) is Mc"-indiscernible. Define a new tree
(dy)neTin by setting dyp = ¢’ and d,,,, ;) = ¢ for all n € T5. Then let (¢§™),e7.,, be a
tree s-indiscernible over M locally based on (d,),e7,. By an automorphism, we may assume

?ailﬂ = ca for all n € T,. This satisfies our requirements.

Finally, suppose for § limit we have constructed (c )WGTB for 1 < 8 < ¢ such that, if
¥ < p <dandn €T, then ] = c’fw(m. If n € 75, then for some 8 < 9, there is v € T3 so

that ¢g5(v) = 1. Then put cf] = c8. This defines for all 3 < § an s-indiscernible tree (cg IneT,
satisfying our requirements. ]

Figure 3.2: The construction of the tree indexed by 75 in stages.
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The figure displays the construction of the tree indexed by 75 in stages: 1. The tree
indexed by 7;. 2. Using extension to obtain a new base point. 3. Taking a Morley sequence
in the given tree, indiscernible over the new base point. 4. Extracting an s-indiscernible tree
to obtain a spread out, s-indiscernible tree indexed by 75.

Lemma 3.5.12. Suppose T' is NSOPy, M =T, and a J/f\{/[ b. Then there is a tree Morley
sequence (a;)i<, which is Mb-indiscernible with ay = a.

Proof. By Lemma 3.5.11, for arbitrarily large cardinals s, there is a tree (¢,),e7, which is
spread out and s-indiscernible over M so that if n < v and dom(v) = k then ¢,c, =) ab.
Note that 7/ = T, \ {v € T : dom(v) = k} = {n € T, : dom(n) C [1,x)} is isomorphic
to T.. So we may enumerate (c,),e7 as (d,),e7.. Note that for all n € 7Ty, d,, =y a and
d¢, = ¢¢ ., for all @ < k. By Lemma 3.5.10, there is a Morley tree over M (d;),e7, so that
for all w € [w]<¥ there is v € [K]*“ so that (dy)neTiio =0 (d))neTs -

Let p(z;a) = tp(b/Ma). We claim |J,_, p(x;d;,) is consistent. Given n, let w =
{0,...,n — 1}. Find v € [s]~ so that (dy)perito =0 (d))neritw. I v = {ao,...,an 1},
then for ¢ < n we have d¢, = c14¢, . Then because ¢, c¢, =m ab for all i < n, we have
co F Uicnp(x5de,, ). This shows U, p(x;de, ) is consistent and hence |J;_, p(z;dy,) is
consistent. The claim follows by compactness.

Let V' |= U, p(z; d;,). Extract from (d,)i<., an Mb-indiscernible sequence (a;)i<.,. As
(a7)icw =M (d,Ci)i<w’ we know (a;);<, is a tree Morley sequence. By an automorphism, we
may assume b’ = b and ag = a. O

Proposition 3.5.13. Suppose T is NSOP; and M |= T. Suppose (a;)i<, is a tree Morley
sequence over M. Then {p(z;a;) 11 < w} is inconsistent if and only if p(x;ay) Kim-divides
over M.

Proof. Suppose (a;)i<., is a tree Morley sequence over M. Let (a,),e7, be a Morley tree over
M with a¢, = a;. Let n; € T, be the function with dom(n;) = [¢,w) and

L1 =y
m(J)—{O

otherwise.

Consider the sequence I = (ay,,ac,)i<.. Because (a,),e7, is a Morley tree over M, I is an
M-indiscernible sequence. Moreover, by s-indiscernibility, a,, =ur., a¢,- By indiscernibility,
for all i, we have a,, =y, a¢,. By NSOPy, it follows that {¢(z;a,,) : i < w} is consistent
if and only if {¢(x;a¢,) : ¢ < w} is consistent: if exactly one of them is consistent, then we
have SOP; by Proposition 5.2.1.

Because (a,),c7, is a spread out tree over M, a,, J/?W a,_, for all 7. Using the fact that
(@, )i<w is an M-indiscernible sequence and the compactness of the space of M-invariant
types, we have (a,,)i<, is a Morley sequence in some global M-invariant type extending
tp(a/M), so p(x; a) Kim-divides over M if and only if {¢(z;a,,) : i < w} is inconsistent. [

Corollary 3.5.14. (Kim’s lemma for tree Morley sequences) Suppose T is NSOP; and
M = T. The following are equivalent:
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1. p(x;a) Kim-divides over M.

2. For some tree Morley sequence (a;)i<., over M with ag = a, {¢(x;a;) i < w} is
mconsistent.

3. For every tree Morley sequence (a;)i<, over M with ag = a, {p(x;a;) 1 i < w} is
inconsistent.

Corollary 3.5.15. (Chain condition for tree Morley sequences) Suppose T is NSOP; and
MET. Ifa \L]\K/[ b and I = (b;)i<w s a tree Morley sequence over M with by = b, then there

is a' =y a so that ' | X I and I is Md'-indiscernible.
M

Proof. The proof is identical to Proposition 3.3.21 above, since, by Lemma 3.5.9, {(bxn1n—1, bkntn—2, - - - » bkn)
k < w) is a tree Morley sequence over M. O

Theorem 3.5.16. (Symmetry) Suppose T is a complete theory. The following are equivalent:

2. J/K is symmetric over models: for any M =T and tuples a,b from M, a J/AK/[ b <—
b J/ﬁ a.

3. J/K enjoys the following weak symmetry property: for any M =T and tuples a,b from
M, a |, b impliesd |} a.

Proof. (1) <= (3) is Proposition 3.3.22 and (2) = (3) is immediate from the fact that
a |, bimplies a J/f\; b.

(1) = (2). Suppose T is NSOP;. Assume towards contradiction that a J/]I\;b and
b j/ﬂKﬂ a. By Lemma 3.5.12, there is a tree Morley sequence over M with ay = a which is

Mb-indiscernible. Since b \,J//AI; a, there is some ¢(z;a) € tp(b/Ma) which Kim-divides over
M. By Corollary 3.5.14, {¢(z;a;) : i < w} is inconsistent. But = ¢(b;a;) for all i < w by
indiscernibility, a contradiction. O

Corollary 3.5.17. Assume the complete theory T is NSOP, and M |=T. Then

aj{/b = acl(a)jb = aj(/acl(b).

Proof. By symmetry, it is enough to prove acl(a) J/]I\; b, assuming a J/Z b. If a J/]I\(/[ b, there is
a Morley sequence in an M-invariant type (b; : i < w) with by = b which is M a-indiscernible.
Then it is automatically Macl(a)-indiscernible so acl(a) J/f\; b. O
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3.6 The independence theorem

The full independence theorem will be deduced from a weak independence theorem, which
has an easy proof:

Proposition 3.6.1. Assume T is NSOP,. Then LK satisfies the following weak indepen-
dence theorem over models: if M =T, a =) ', a \LAK/[ b, a \L]\K/[C and b J/L c, then there

. . K
is @’ with a" =y a, @’ =y d' and a” \LM be.

Proof. Suppose T is NSOP; and fix M | T and tuples a,d’, b, c so that a =p; @', a J/Z b,
K u
a" [,,cand b | c
Claim: There is ¢ so that ac’ =), d’c and a J/Z bc’.
Proof of claim: By symmetry, it suffices to find ¢ with ac’ =j; da’c and b \Lﬁ a. Let
p(z;ad’) = tp(¢/Md'). By invariance, we know p(x;a) does not Kim-fork over M. We have

to show
p(x;a) U{—¢(z,b;a) : p(z,y;a) € L(Ma) Kim-divides over M }

is consistent. If not, then by compactness and Kim-forking = Kim-dividing, we must have

p(z;a) = o(x,b;a),

for some ¢ where ¢(z,y;a) Kim-divides over M. By symmetry, b J/AK/[ a, so there is some
M-invariant Morley sequence (a;);<, with ag = a which is moreover Mb-indiscernible. Then
we have

Up(:z:;ai) F{o(z,bya;) 11 < w}.

<w
As p(z;a) does not Kim-fork over M, we know |J,_, p(;a;) is consistent. But, by Kim’s
lemma for Kim-dividing, we know {¢(z,y; a;) : i < w} is inconsistent and a fortiori {p(z, b; a;) :
i < w} is inconsistent, a contradiction. So the given partial type is consistent. Let ¢ realize
it. Then ac’ =) d’c and b J/ﬁ a, which proves the claim. H

As b |}, ¢ by left extension, there is ¢’ =y, ¢ with b || ¢”. Then by right ex-

tension and automorphism, we can choose some b’ so that bd =,; "¢’ and bc J/“M b’
As bd J/“M b’ and bd =, V', it follows that (b'c”,bc’) starts a Morley sequence I in
some global M-finitely satisfiable (hence M-invariant) type. As a Lﬁ b, we may, by the
chain condition (Proposition 3.3.21) find some a, =pe a so that I is Ma,-indiscernible
and a, LZ I. Then, we obtain a, =y a, a.c’ =y d'c, and a, J/AKﬂ bd”. By construction,
" = ¢ so there is 0 € Aut(M/Mb) with o(¢”) = ¢. Then o(ay) \Lﬁ be, o(a) =mp a,
and o(a,) =pe @', which shows that the weak independence theorem over models holds for
T. O

Lemma 3.6.2. Suppose T is NSOP;, M = T, and aj/]\lz b. Fiz an ordinal o and any
q 2 tp(b/M), a global M -invariant type. If (by)ner, is a tree, spread out over M, so that,
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for allv € Ta, by, = qlmwy,, then, writing p(x;b) for tp(a/Mb), we have

U p(l‘? bn)

N€Ta
15 consistent and non-Kim-forking over M.

Proof. The proof is by induction on a. For a = 0, there is nothing to show. For a limit, it
follows by induction, using that 7, is the direct limit of the 73 for 8 < « along the maps
tgo. Now suppose given (b,),c7,,, as in the statement. We know that byc, = (biooir(m))neTa
is a tree spread out over M so that, for all v € Ta, b, F ¢me (bip oy (n)sv- NOte that

) ~ (0) = (,. By induction, then,

U (b))

v>0~(0)

is consistent and non-Kim-forking over M. By spread outness over M, (bog—;) 17 < w) is a
Morley sequence in some global M-invariant type. By the chain condition,

U U

<w 1/l>®m (3)

is consistent and non-Kim-forking over M. As by = q|um,.,), it follows by Proposition 3.6.1

that
J} b@ U U

<w l/|>@/\ >

VDV)

is consistent and non-Kim-forking over M. Unwinding definitions, this says

U p($; bn)

n€Ta+1
is consistent and non-Kim-forking over M, completing the proof. O]

Remark 3.6.3. In the above proof, the hypothesis that b, = ¢|us,., is used to apply the
weak independence theorem (Proposition 3.6.1). Once one has proved the full independence
theorem (Theorem 3.6.5), the same proof gives (J, - p(x;by) is consistent and non-Kim-
forking over M, just under the hypothesis that (b,),c7, is s—indiscernible and spread out
over M, since b, \L]\K/[ b, in any tree s-indiscernible and spread out over M.

Lemma 3.6.4. (Zig-zag Lemma) Suppose the complete theory T is NSOPy, M = T and
b J/AIZ b'. Then for any global M -invariant type q 2 tp(b/M), there is a tree Morley sequence
over M (b;,b))i<., starting with (b,V') so that

1. Ifi < j, then bb, =y bb'.
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Proof. Fix q 2 tp(b/M) and let p(z;b) = tp(b'/Mb). By recursion on «, we will construct

trees (cp, dy)yeT, so that, for all

1. If n € T, then
Cf; ): Q\Mcgndgn

ay b= U s e

vBn

2. If n € 7,, then

3. (¢, dy)neT, is spread out and s-indiscernible over M

4. If f < a then (c* a7 ) = (cB,dP) for all n € Ts.

tga(n)? “tpa(n n>on

To start, define (¢}, dj) = (b,0'). This defines (c), d))per-

Now suppose given (cp,dy),er,. Let ((c,;,dy;) © i < w) be an M-invariant Morley

sequence with (cpg, dp o )ner, = (c5, d5))neT,, - Pick ¢, so that

Cx ): q|M(cg,ivd?]’i)n€Ta,i<w .

Then, by Lemma 3.6.2, we may choose d, so that

d ): U €, nz Up &5 C*)
n€Ta
<w
Define a tree (ey, fy)ne7a: By
(6®7f®> = (C*,d*)
(e~ fay~n) = (chidy,).

Finally, let (c¢g*', d2*'),er.,, be a tree s-indiscernible over M locally based on this tree.

By an automorphlsm we may assume that c"”rl () = G for all n € T,. This satisfies the
requirements.
Finally, arriving to stage § for § limit, we simply define (¢ ch, dg)ne% by stipulating (¢ Coos () d‘fw (n)) =

(cf,df) for all § < 6. By the coherence condition (4), this is well-defined, and satisfies the

requirements. We conclude by extracting a Morley tree, by Lemma 3.5.10. [
Theorem 3.6.5. Suppose T is a complete theory. The following are equivalent:

2. J/K satisfies the independence theorem over models: z'f MET, a=yd,a J/ﬁ b,
a J/Z c, and b J/AI; c, then there is a” with @’ = a, " =y d' and a” J/f\; be.
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Proof. (2) = (1) follows from Theorem 1.5.1, using that | * implies | *.

(1) = (2): Assume T is NSOP;. Suppose M =T, a =y d, and a \L; b, a \L;c and
b LJ\IZ c. We must show there is a” with a” =y, a, a” = @’ and a” J/AIZ be. Let po(z;b) =
tp(a/Mb) and p;y(z;c) = tp(a’/Mc). Suppose towards contradiction that py(z;b) U pi(z;c)
Kim-forks over M. Let ¢ O tp(b/M) be a global type finitely satisfiable in M. In particular,

q is M-invariant so, by Lemma 3.6.4, there is a tree Morley sequence over M, (b;, ¢;)iecz SO
that

(a) If ¢ S j, then bl’Cj =M be.
(b) Ifi > j, then b; = q|ase;-

Then both (ba;, ¢2i11)icz and (bo;, c2;1):ez are tree Morley sequences over M by Lemma 3.5.9.
By (a), we know po(x;bo) U pi(x; ¢1) Kim-forks over M so

U po(@; ba;) U p1(x; c2i11)
i€z

is inconsistent. However, because by | | c-1 by (2), Proposition 3.6.1 gives that po(z;by) U
p1(z; c—1) does not Kim-fork over M. Therefore

U po(@; ba;) U p1(2; c2i-1)

1E€EL

is consistent. And this is a contradiction, as these two partial types are the same. This
completes the proof. O

Corollary 3.6.6. Suppose T is NSOP,, M =T, b=y b and b J/]\K/I b'. Then there is a tree
Morley sequence (b;)i<., over M, with by =b and by = V.

Proof. Let p(z;b) = tp(t'/MDb). By induction on ordinals o > 1, we will build trees (b)),
spread out and s-indiscernible over M so that

1. v < n then byby =y b'b.

a —}B
2. If1§6<a,thenbLﬂa )_bn‘

(n
To start, let b = (b;)i<,, be an M-invariant Morley sequence—as b \L]\IZ b, we may assume
this sequence is MV-indiscernible. Define (b ),er; by by = b’ and b%@ = b;. Then (by)yer; is
spread out and s-indiscernible over M and clearly satisfies (1).

Now suppose given (by),e7,. Let (b5 ;),er, : @ < w) be an M-invariant Morley sequence

with (b3 0)ne7, = (b3)ner,. Choose b” | (b3),e7,, with

v = | b)),

N€Ta
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(this is possible by Remark 3.6.3). By the chain condition, we may assume the sequence
((bg i JneT, i < w) is Mb"-indiscernible and that 0" \LJ\K/[(b?],i)ne’l'a,i<w- Define a tree (c;)ne7.,
by cp = b" and ¢y~ = b2, Then let (b2*),c7. ., be a tree which is s-indiscernible over M
and locally based on (c;),e7.,,,. By an automorphism, we may assume that bf‘;il(n) = by for
all n € T,. This satisfies the requirements.

Finally, if § is a limit and we are given (b3),c7, for all a < 4, define (bf7),7€7;S as follows:
if n € Ts, choose any a < § and v € T, so that = 145(v). Then define bg = b%. By the
coherence condition, this is well-defined and clearly satisfies the requirements.

To conclude, let k be big enough for Erdés-Rado and consider (b),c7, given by the above
construction. Apply Lemma 3.5.10 to find (¢,),e7,, a Morley tree over M, based on this
tree. By an automorphism, we may assume c¢, = b and ¢, = 0'. The sequence (c,)i<w is
the desired tree Morley sequence. O]

3.7 Forking and witnesses

Basic properties of forking

Definition 3.7.1. 1. The formula ¢(z;b) divides over A if there is an A-indiscernible
sequence (b; : i < w) with by = b so that {p(z;b;) : i < w} is inconsistent. A type p(x)
divides over A if it implies some formula that divides over A. Write a J/j B to mean
that tp(a/AB) does not divide over A.

2. The formula ¢(z;b) forks over A if ¢(z;b) implies a finite disjunction \/, 1;(z; ¢;) where
each ;(z;¢;) divides over A. A type p(z) forks over A if it implies a formula which
forks over A. We write a J/J; B to mean that tp(a/AB) does not fork over A.

The following facts about forking and dividing are easy and well-known — see, e.g., [GIL02]
[Ad105].

Fact 3.7.2. The following are true with respect to an arbitrary theory:

1. a J/Z b if and only if, given any A-indiscernible sequence I = (b; : i < w) with b = by,
there is @’ =4 a so that [ is Ad’-indiscernible.

2. J/f is an invariant ternary relation on small subsets satisfying:
a) (Extension) If a LZ b, then, for all ¢, there is a’ =45 a so that o J/i be.

b) (Base Monotonicity) If a J/Q be then a \wa c.
c) (Left Transitivity) If a Lib cand b \Lf; ¢ then ab \LQ c.

3. For any model M,
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Remark 3.7.3. | “ may fail to satisfy (2)(a) in an arbitrary theory, but always satisfies (2)(b)
and (2)(c).

As a warm-up to the theorem in the next subsection, we note that these properties easily
give a weak form of transitivity for J/K:

Lemma 3.7.4. Suppose a \L‘]jw be and b \LAIZ c. Then ab \Lf\; c.

Proof. Assume a J/L bc and b Lﬁ c. Asb \LIAZ ¢, for any M-invariant Morley sequence I =
(€i)icw With ¢ = ¢, there is I = (});<, with I" =z, I which is, moreover, Mb-indiscernible.
By base monotonicity of | ¢, a J/ib ¢ so there is an Mab-indiscernible sequence 1" = (¢/');<.,
with I” =ppe I'. Thus I” is an M-invariant Morley sequence with ¢f = ¢ which is Mab-
indiscernible. By an automorphism, we obtain a’b’ =, ab so that I is Ma'b’-indiscernible.

As I was an arbitrary M-invariant Morley sequence over M, it follows that ab \L]I\(/[ c. O

Morley Sequences

Definition 3.7.5. Suppose M = T. An \LK-Morley sequence over M is an M-indiscernible
sequence (b; : i < w) satisfying b J/AK/I b.;. Likewise, an | /-Morley sequence over M is an
M-indiscernible sequence (b; : i < w) satisfying b; J/L bei.

Lemma 3.7.6. Suppose the complete theory T is NSOPy, M | T, and ¢(x;b) does not

Kim-divide over M. Then for any | ™-Morley sequence (b; : i < w) over M with by = b,
{o(x:b;) 1 i < w} is non-Kim-forking over M. In particular, this set of formulas is consistent.

Proof. By induction on n, we will show that {¢(z;b;) : i < n} is non-Kim-forking over
M. The case of n = 0 follows by hypothesis. Now suppose {¢(x;b;) : i < n} is non-
Kim-forking over M. Fix o € Aut(M/M) with o(by) = byy1. Let a = {po(z;b;) i < n}
with a L]\i b<n. Then o(a) =y a and = p(o(a); byi1). We know by, q LJ\K/] b<n, so by the
independence theorem, there is a’ with a’ =yp_, @ and o’ =pp,,, 0(a) so that o’ J/; bentt-
As o = {p(x;b;) : i < n+ 1}, this completes the induction. The lemma, then, follows by
compactness. O

Theorem 3.7.7. Suppose the complete theory T is NSOP, and M |=T. The following are
equivalent:

1. ¢(x;b) Kim-divides over M.

2. For some | !-Morley sequence (b;)ic, over M with by = b, {@(x;:b;) : i < w} is
inconsistent.

3. For every | ’-Morley sequence (b)ic, over M with by = b, {p(x;b;) : i < w} is
inconsistent.
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Proof. (3) = (2) is immediate, as a Morley sequence in a global M-invariant type is, in
particular, an | ’-Morley sequence and such sequences always exist.

(2) = (1) follows from Lemma 3.7.6, as an | /-Morley sequence is an | *“-Morley
sequence.

Now we show (1) = (3). Suppose not—assume that ¢(x;b) is a formula which Kim-
divides over M, but there is some \|/f -Morley sequence over M with by = b so that
{p(z;b;) : i < w} is consistent. By induction on n, we will construct a sequence (b;);<,
and an elementary chain (V;);<, so that

1. Foralln <w, by...b, =p bf...0,.
2. Foralln <w, M < N, < N1 <M.
3. Foralln <w, b, J/;\CJN,L

4. For all n < w, b, € Np4q.

For the n = 0 case, set b, = by and Ny = M. Now suppose we are given (NN;);<, and
(0.)i<n. Let Np41 be an arbitrary (small) elementary extension of IV,, which contains /,. By
invariance and extension of | /| we may choose some b/, 41 80 that by ... 0, =pbo ... bnpa
and 0/, , LL Ny11. This completes the recursion.

Set N = Ui<w Nz

: . 7 f
Claim 1: For all n <w, (b)i>n L3, Nn-
Proof of claim: Fix n. We will argue by induction on & that ¥/, ... b, \LL N,,. For k =0,

this is by construction. Assume it has been proven for k. Note that b], ., ., \u\; Nyikr1. Now

N,, and (b})i<n+x are contained in N, 41 so, in particular, we have b, \L@ Npby - b
By base monotonicity, we have
, f
n+k+1 \L Nn‘
Mbj..b

This, together with the induction hypothesis, implies

!
bo - bnirsr L Nn
M

by left-transitivity. The claim follows by finite character. O

Let D be any non-principal ultrafilter on {b; : i < w} and (¢;);<, be a sequence chosen
so that ¢; = Av(D, Nc,;), i.e. a Morley sequence over N in the global (b});,-invariant type
Av(D,M).

Claim 2: (¢;)ic |7, N.

Proof of claim: Suppose not. Then by finite character, there is [ so that (¢;)i« J//L N
so we choose some ¢(xg,...,x;_1;d) € tp(co,...,c_1/N) which forks over M. Choose n
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so that d € N,,. By definition of average type, we may find i > ... > 4,1 > n so that
M = o(b;,, ..., b, ;d). Then (b))i>n \X/L N, contradicting Claim 1. O

Let ¢ O tp((¢i)icw/M) be a global M-invariant and indiscernible type, as in Definition
3.3.7. Let ((cki)icw : k < w) be a Morley sequence over M in ¢ with ¢y; = ¢; for all i < w.
By Lemma 3.3.10, (¢x)k<w is @ mutually-indiscernible array over M. By Claim 2, we know
%o LL N hence ¢, LJ\IZ N, so we may assume the sequence (¢x)r<, is N-indiscernible by
symmetry. We know that {p(z;b;) : i < w} is consistent so {¢(z;b}) : i < w} is consistent,
and therefore {¢(x;¢p;) 1 i < w} is consistent. The sequence (cg;)i<. is also an N-invariant
Morley sequence so ¢(x;co) does not Kim-divide over N. But as coo =n b, (¢io)icw 18
an M-invariant Morley sequence over M, and ¢(x;b) Kim-divides over M, we know that
{p(z;¢i0) 1 i < w} is inconsistent.

Let (d;)i<. be a mutually indiscernible array over N, locally based on (¢;);<, (exists by
[Chel4, Lemma 1.2]), with (d;);<,, an N-indiscernible sequence. By Lemma 3.3.10, we have
(di0)icw =m (€i0)icw- Also, because (¢;);«,, was taken to be N-indiscernible and ¢, was an V-
invariant Morley sequence, we know each ¢; is an N-invariant Morley sequence, and therefore
each d; is an N-invariant Morley sequence. By choice of the array, {p(z;d;;) : j < w} is
consistent for all 7, so p(z; d; o) does not Kim-divide over N. Also, we have {p(z;d;0) : i < w}
is inconsistent. Thus, to derive a contradiction, it suffices by Lemma 3.7.6 to establish the
following:

Claim 3: (d;)i<., is an J/K—Morley sequence over N.

Proof of claim: As the (d; ;); j<., forms a mutually indiscernible array over N, we know
that for each i < w, d; is an Nd;-indiscernible sequence. But it is also an N-invariant Morley
sequence so d; \Lﬁ d;o. By symmetry, this yields in particular that d; \LIA{T doo...di—1p.
This proves the claim and completes the proof. O

Witnesses

Definition 3.7.8. Suppose M is a model and (a;);<, is an M-indiscernible sequence.

1. Say (a;)i<w is a witness for Kim-dividing over M if, whenever ¢(z;ag) Kim-divides
over M, {¢(x;a;) : 1 < w} is inconsistent.

2. Say (a;)i<w is a strong witness to Kim-dividing over M if, for all n, the sequence
((Gpeiy Qpoiats - -+ Qpoign—1) : 1 < w) is a witness to Kim-dividing over M.

Corollary 3.5.14 and Lemma 3.5.9 show that tree Morley sequences are strong witnesses
for Kim-dividing. The following proposition shows the converse, giving a characterization of
strong witnesses as exactly the tree Morley sequences.

Proposition 3.7.9. Suppose T is NSOP; and M |=T. Then (a;)i<,, is a strong witness for
Kim-dividing over M if and only if (a;)i<. is a tree Morley sequence over M.
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Proof. If (a;)i<. is a tree Morley sequence, then (an.i, Gn.it1, - - - Gpit(n—1))icw 1S also a tree
Morley sequence over M by Lemma 3.5.9. It follows that (a;);<, is a strong witness to
Kim-dividing by Corollary 3.5.14.

For the other direction, suppose (a;);<, is a strong witness to Kim-dividing over M. Given
an arbitrary cardinal x, we may, by compactness, stretch the sequence to (a;);<, which is
still a strong witness to Kim-dividing over M. By recursion on a < x, we will construct
trees (ay)ye7, so that

1. For all i < « a‘é‘i = a; and also af = a, for o successor.

2. (ap)yer, is spread out over M and s-indiscernible over M(a;)i>a-

a_ B
3. If a < 3, then aj = @ o(n) for all n € 7T,.

For the case a = 0, put a8 = ag. This satisfies the demands. Suppose (aﬁ)neﬁ3 has been
defined for all f < a. By Ramsey, compactness, and an automorphism, we may assume
(@i)isa is M (a5 )peT,-indiscernible. As I, = (a;)i>q is also a strong witness to Kim-dividing
over M, we have

K
(a?)neﬁ 1L Lo
M

Let J = ((a;)ne7, @ < w) be a Morley sequence in an M-invariant type with ay, = a5
for all n € T,. By symmetry, I, J/ﬁ(af;)neq;l so we may assume J is M I ,-indiscernible.

Define the tree (a2™),e7.,, by af*' = aq41 and az_;i = ap; for all n € T, and i < w. Note

" "
in particular, this definition gives af‘atil(n) = ag‘ib = ay for all n € T,. The tree we just

constructed is clearly spread out. By an automorphism, we may further assume (a9*'),e7, .,
is s-indiscernible over M1 ,.1. This completes the successor step.
Now suppose given (af])neffﬁ for all 5 < §, where ¢ is a limit. Define (ag)ne% by setting
afaé(n) = ay for all a < ¢ and 7 € 7. Condition (3) guarantees that this is well-defined.
Taking k to be sufficiently large, we may extract a Morley tree from the tree we just
constructed by Lemma 3.5.10 — in particular, we may obtain a Morley tree (b,),e7, so that
(b¢;)icw =m (a;)icw. This shows that (a;)i<. is a tree Morley sequence over M. O

Corollary 3.7.10. Suppose T is NSOP, and M =T. An J/f-Morley sequence over M s
a tree Morley sequence.

Proof. Suppose (a;)i<, is an \|/f -Morley sequence over M. Arguing as in Claim 1 of the
proof of Theorem 3.7.7, for all n < w, a~, LL a<y,. Therefore,

(i, Qpoigts - -y Qpinn—1) 1 < w) is an \Lf—Morley sequence over M, hence a witness to
Kim-dividing over M by Theorem 3.7.7. This shows (a;);<, is a strong witness to Kim-
dividing over M. By Proposition 3.7.9, (a;)i<. is a tree Morley sequence over M. O
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In any theory, if (a;);<. is an \Lf -Morley sequence over A, then, as the proof of Corollary
3.7.10 shows, that a-, J/fx a<y for all n < w. As base monotonicity and left-transitivity do

not necessarily hold for \LK, we give a Morley sequence with this stronger behavior a name:

Definition 3.7.11. Say the M-indiscernible sequence (a;);<, is a total \LK—Morley sequence

if as, LZ a<y for all n < w.

3.8 Characterizing NSOP; and simple theories

The Main Theorem

Before continuing with the rest of the paper, we pause to take stock of what has been shown:

Theorem 3.8.1. The following are equivalent for the complete theory T ':
1. T is NSOP,

2. Ultrafilter independence of higher formulas: for every model M =T, and ultrafilters D
and € on M with Av(D, M) = Av(E, M), (p, M, D) is higher if and only if (@, M,E)
15 higher

3. Kim’s lemma for Kim-dividing: For every model M = T and @(x;b), if o(z;y) q-
divides for some global M -invariant ¢ O tp(b/M), then p(x;y) q-divides for every
global M -invariant g 2 tp(b/M).

4. Local character: for some infinite cardinal k, there cannot be a sequence (N;, ¢; (x,y;) , ¢; :
i < R) such that (N; : i < K) is an increasing continuous sequence of models of T,
wi(z,y;) is a formula over N;, ¢; € Niy1, such that @;(x,c;) Kim-forks over N; and
{op(x,¢;) i < K} is consistent.

5. Symmetry over models: for every M =T, then a \|/AK4 b if and only if b \|/]\K4 a.

6. Independence theorem over models: if M =T, a =) d’, a \LJ\K/[ b, d \L][\(/I c, and b \L]\IZ c,

. . K
then there is a” with a’ =y a, d =y d' and a” be.
) M

Proof. (1) <= (2) <= (3) is Theorem 3.3.16.
(1) <= (4) is Corollary 3.4.6.
(1) <= (5) is Theorem 3.5.16.
(1) <= (6) is Theorem 3.6.5. O
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Simplicity within the class of NSOP; theories
Definition 3.8.2. [Chel4, Section 6] Suppose p(z) is a partial type over the set A.

1. Wesay pis a simple type if there is no ¢(z;y), (ay)pew<e and k < w so that {¢(z; a, )
i < w} is k-inconsistent for all nn € w<* and p(x) U {¢(z;a,;) : i < w} is consistent for
all n € w¥. Equivalently, p(z) is simple if, whenever B D A, ¢ € S(B), and p C ¢, then
q does not divide over AB’ for some B’ C B, |B’| < |T| (for the definition of dividing,
see Definition 3.7.1 above).

2. We say p(x) is a co-simple type if there is no formula ¢(z;y) € L(A) for which there
exists (ap)pew<e and k < w so that {¢(z;a,~) 1 i < w} is k-inconsistent for all
n € w¥ and {¢(z;ay;) : i < w} is consistent for all € w* and moreover a, |= p for
all p € w=v.

Proposition 3.8.3. Assume T is NSOP; and let w(x) be a partial type over A.

1. Assume that for any ¢(x;a) and any model M 2O A, n(z) U{¢(x;a)} divides over M
if and only if U {p(z;a)} Kim-divides over M. Then mw(x) is a simple type.

2. Assume that if M O A, then for any a and for any b = 7(z), a \Lﬁ/[b if and only if
K . .
a |, b Then m is a co-simple type.

Proof. Fix a Skolemization T°* of T. Throughout the proof, indiscernibility will be with
respect to the language L°* of the Skolemization. (1) Suppose 7 is not simple. Then by
compactness, there is a formula p(x;y) over A and a tree (a,),e,<w+1 s-indiscernible over A
so that for some k < w

e For all n € w*t!, 7(x) U {o(x;aya) : @ < w + 1} is consistent
e For all n € w~“, {p(z;a,-4) : @ < w} is k-Inconsistent.

Moreover we may assume (ape : o < w + 1) is an A-indiscernible sequence. Let b |
m(x) U{p(z;a0) : @ < w+ 1}. By Ramsey, compactness, and automorphism, we may
assume (ago : @ < w+ 1) is Ab-indiscernible. Let C' = {ago : @ < w}. Then s-indiscernibility
implies (agw—~p : f < w) is indiscernible over AUC and {p(z; agw—g) : B < w} is k-inconsistent
by our assumption. As b = ¢(z; age (), we have b J’/j o @o=~(0)- But by indiscernibility,
age—~(0) \I/:cb so in particular age— (o) \L[]\;b and bL]\IZ age—~(0), where M = Sk(AC), by
symmetry.

(2) We argue similarly. Suppose (a,),e,<w+1 is a collection of realizations of 7, forming a
tree s-indiscernible over A, with respect to which ¢(z;y) witnesses that 7 is not co-simple.
Let a = {¢(x;bpa) : @« < w+ 1}. By Ramsey, compactness, and automorphism, we may
assume (bpa : @ < w + 1) is a Ba-indiscernible sequence. Setting M = Sk(A(bpa)a<w), We
have a X/(L bow ~(0) but bow (o) LE a so a \LAK/[ bow ~(0)- O
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In a similar vein, we have:

Proposition 3.8.4. The complete theory T is simple if and only if T is NSOP; and J/f =

K
L7 over models.

Proof. 1f T is simple, then \|/f = J/K over models by Kim’s lemma for simple theories
[Kim98, Proposition 2.1], as a Morley sequence in a global invariant type is, in particular,
a Morley sequence in the sense of non-forking. On the other hand, by [Kim01, Theorem
2.4] forking is symmetric if and only if 7" is simple and, by [Chel4, Lemma 6.16], we even
have that if forking is symmetric over models then T is simple. If T"is NSOPy, then J/K is

symmetric so | * = | 7 implies T is simple. O
We also can give an interesting new proof of the following well-known fact:

Corollary 3.8.5. The complete theory T is simple if and only if T is NSOP; and NTP;.

Proof. In an NTP, theory, if ¢(x;b) divides over a model M, there is a Morley sequence
sequence over M in some global M-finitely satisfiable type witnessing this [CK12, Lemma
3.14]. So | “= | *, which implies T is simple. O

Definition 3.8.6. [YC14, Definition 2.5] We say (a;);e, is a universal Morley sequence in
p e S(A) if

e (a;)icx is indiscernible with a; = p
o If p(z;y) € L(A) and p(z;ag) divides over A then {¢(z;a;) : i € Kk} is inconsistent.

Proposition 3.8.7. Suppose T is NSOPy. Then T is simple if and only if, for any M =T
and p(x) € S(M), there is a universal Morley sequence in p.

Proof. Tf T is simple, then in any type p(y) € S(M), there is a J/f—Morley sequence in p(y).
By Kim’s lemma for simple theories [Kim98, Proposition 2.1|, this is a universal Morley
sequence in p.

If T is not simple, then there is some formula ¢(x;b) € L(Mb) which divides over M
but does not Kim-divide over M, by Proposition 3.8.4. Suppose there is a universal Morley
sequence in tp(b/M )—Dby compactness we can take it to be (b;);cz indexed by Z. Then given
1 € Z, we have b_; is Mb;-indiscernible so b_; Li/[ b; so b; \J—/]\K4 bo; by symmetry. So (b;)iez
is an | "-Morley sequence. By Lemma 3.7.6, {¢(z;b;) : i € Z} is consistent. But o(x;b)
divides over M and (b;);cz is a universal Morley sequence so {¢(z;b;) : ¢ € Z} is inconsistent.
This is a contradiction. O

If a JJAIZ bb', it does not always make sense to ask if a J/AK/H) b/, since it is not always
the case that tp(d'/Mb) extends to a global Mb-invariant type. This can occur, however,
whenever MV is a model, for instance. Say J/K satisfies base monotonicity over models if,

whenever a LZ Nb where M, N =T, then a J/I]\(fb
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Proposition 3.8.8. The NSOP; theory T is simple if and only if J/K satisfies base mono-
tonicity over models.

Proof. Tt T is simple, this follows from Proposition 3.8.4, using Fact 3.7.2(2b). On the other
hand, suppose \LK satisfies base monotonicity over models. We will show that \LK = \Ld
over models. It follows then that 7' is simple, by Proposition 3.8.4. So suppose towards
contradiction that a J/Z b but a iﬁL b, witnessed by ¢(z;b) € tp(a/Mb) and I = (b;)icwi1
an M-indiscernible sequence with b, = b and {p(z;b;) : ¢ < w + 1} inconsistent. Fix a
Skolemization T°% of T. By Ramsey and automorphism, we may assume (b; : i < w + 1)
is L°*-indiscernible over M. As a J/]\IZ b, we may, by extension, assume a \LI]\; Sk(MTI). Let
N = Sk(MI.,). By base monotonicity over models, we have a J/Jl\([b But stretching I to

(bi)i<w+w, we have that (b,yi)i<. 1S a N-invariant Morley sequence (in the reverse order) in
tp(b/N) and {@(x;by:) - ¢ < w} is inconsistent. So a \,J//[]é b, a contradiction. O

3.9 Examples

A Kim-Pillay-style characterization of J/K

We are interested in explicitly describing J/K in concrete examples. As in simple theories,
this is most easily acheived by establishing the existence of an independence relation with
certain properties and then deducing that, therefore, the relation coincides with J/K. The
following theorem explains how this works. The content of the theorem is essentially the same
as Proposition 1.5.8, where a Kim-Pillay style criterion for NSOP; theories was observed,
but we point out how this gives information about Kim-independence.

Theorem 3.9.1. Assume there is an Aut(M)-invariant ternary relation | on small subsets
of the monster Ml = T which satisfies the following properties, for an arbitrary M =T and
arbitrary tuples from M.

1. Strong finite character: if a f, b, then there is a formula p(x,b,m) € tp(a/bM) such

that for any o' = (x,b,m), a" £ b.
Ezistence over models: M =T implies a J/M M for any a.
Monotonicity: aa” |, W' = a |, b.

Symmetry: a |, b <= b |, a

. . ! — ! : ; "
The zr/z/dependencg theorezn. a J///M b, a J/M c, b J/M c and a =y o implies there is a
with " =y a, a” =pe a and a J/Mbc

Then T is NSOP, and | strengthens | ™ —ie. if M = T, al, b then a\L]\K4 b. If,
moreover, | satisfies
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6. Witnessing: if a [ , b wilnessed by o(x;b) and (b;)i<,, is a Morley sequence over M
in a global M -invariant type extending tp(b/M), then {¢(x;b;) : i < w} is inconsistent.

then | = |

Proof. 1t was shown in Proposition 1.5.8 that if there is such a relation | , then T"is NSOP;.
The proof there shows that if | satisfies axioms (1)-(4), then a | | bimpliesa | , b. Now
suppose a |, b. Let p(z;b) = tp(a/Mb) and let ¢ be a global coheir of tp(b/M). By the
independence theorem for | , if (b;);<. is a Morley sequence over M in ¢ with by = b, then

U< P(@;b;) is consistent. But then a \LAIZ b. The “moreover" clause follows by definition of
1x O
Remark 3.9.2. The condition (6) can be weakened to quantifying only over global coheirs of

tp(b/M), or asserting the existence of one such coheir — this is sometimes slightly easier in
practice.

Remark 3.9.3. Axioms (1)-(5) do not, by themselves, suffice to characterize | **. See Remark
3.9.37 below.

Combinatorial examples

In this section, we study some combinatorial examples of NSOP; theories which are not
simple. They are structures which encode a generic family of selector functions for an
equivalence relation. The theories defined below provide a different presentation of a theory
defined by Dzamonja and Shelah in [DS04] (where it was called T}, — though this name
is now typically reserved for a different theory) and later studied by Malliaris in [Mall2]
(where it was called 7). We give a family of theories 7' as n ranges over positive integers,
but we will only be interested in the case of n = 1,2. Among non-simple NSOP; theories,
the theory 77 is probably the easiest to understand, and we show that already 77 witnesses
many of the new phenomena in our context: with respect to this theory, we give explicit
examples of formulas which divide but do not Kim-divide, formulas which fork and do not
divide over models, and types which contain no universal Morley sequences.

We use T} to answer a question of Chernikov from [Chel4| concerning simple and co-
simple types and a question of Conant from [Conl4| concerning forking and dividing. A
type is simple if no instance of the tree property is consistent with the type and a type is
co-simple if the tree property cannot witnessed using parameters which realize the type (see
Definition 3.8.2 above for the precise definition). For stability, no such distinction arises, but
Chernikov was able to show that, in general, there are co-simple types which are not simple.
In fact, examples can be found in the triangle-free random graph. It was asked if there can
exist simple types which are not co-simple and he showed that there can be no such types
in an NTPy theory. In [Conl4|, Conant gave a detailed analysis of forking and dividing in
the Henson graphs and showed that forking does not equal dividing for formulas, though
every complete type has a global non-forking extension. As the Henson graphs all have the
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property SOPj3, Conant asked if there could be an NSOP3 example of this behavior. We

show the answer to both questions is yes already within the class of NSOP; theories.
Lastly, we use T3 to give a counter-example to transitivity for \LK Because Kim-dividing

does not behave well with respect to changing the base, the normal formulation of transitivity

does not necessarily make sense. Nonetheless, there is a natural way to formulate a version
which does make sense. Suppose T is NSOPy, M |= T and both a \LAIZ bc and b LJ\IZ c. Must

it also be the case, then, that ab \L]\K/[ c? We show the answer is no.

For the remainder of this subsection, if A is a structure in some language and X C A,
write (X)# for the substructure of A generated by X. We write just (X) when A is the
monster model.

For a natural number n > 1, let L,, = (O, F, E, eval) where O, F' are sorts, £ is a binary
relation symbol, and eval is an n + 1-ary function. The theory T,, will say

e O and F are sorts—QO and F' disjoint and the universe is their union.
e [/ C O? is an equivalence relation on O.

e eval : F" x O — O is a function so that for all f € F" eval(f,—) is a function from
O to O which is a selector function for £ — more formally, for all b € O, we have
E(eval(f,b),b) and if b,b" € O and E(b, V") then we have

eval(f,b) = eval(f, V).

The letter F' is for ‘function’ and O is for ‘object’—we think of a tuple f € F™ as naming
the function eval(f, —). Let K,, be the class of finite models of T,,.

Recall that a Fraissé class K is said to have the strong amalgamation property (SAP) if,
whenever A, B,C € K, and e: A — B and f : A — C are embeddings, then there is a
structure D € K and embeddings g : B — D, h : C'— D so that ge = hf and, moreover,
(img) N (imh) = (imge) (and hence also = (imhf)).

Lemma 3.9.4. The class K,, is a Fraissé class with SAP. Moreover, it is uniformly locally
finite.

Proof. HP is clear as the axioms of 7}, are universal. The argument for JEP is identical to
that for SAP, so we show SAP. Suppose A, B,C € K,, where AC B,C and BNC = A. It
suffices to define a L,-structure with domain D = BUC extending both B and C. Interpret
OP and FP by OP = OP U QY and FP = FB U FC. Let EP be the equivalence relation
generated by EZ U EC. Tt follows that if b € B, ¢ € C and (b,c) € EP, then there is some
a € A so that (a,b) € EP and (a,c) € EC and, moreover, (OP, EP) extends both (OF EP)
and (0°, EY) as equivalence relations.

We are left with interpreting eval”. Let {a; : i < ko} enumerate a collection of rep-
resentatives for the E“-classes in A. Then let {b; : i < k;} and {¢; : i < ky} enumerate
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representatives for the EP- and E¢-classes of elements not represented by an element of A,
respectively. Then every element of OF is equivalent to a unique element of

X:{CI,ZZ<k0}U{b12<k1}U{Cll<k2}

Suppose d € X. If f € (FP)", define eval®(f,d) = eval®(f,d) if d € B and eval®(f,d) = d
otherwise. Likewise, if f € (F)" and d € C, put eval?(f,d) = eval®(f,c) if ¢ € C' and
eval®(f, c) = ¢ otherwise. If f € (FP)*\ ((FP)" U (F®)"), put eval®(f,d) = d. This defines
eval on (FP)"x X. More generally, if f € (FP)" and e € O, define eval”(f, e) = eval”(f, d)
for the unique d € X equivalent to e. This is well-defined as B and C agree on A and the D
defined in this way is clearly in K,.

Finally, note that a structure in K, generated by k elements is obtained by applying
< k™ functions of the form eval(f, —) to < k elements in O, so has cardinality < k"*! + k.
This shows K,, is uniformly locally finite. m

It follows that there is a complete Ny-categorical theory T extending 7;, whose models
have age K,, [Hod93, Chapter 7|. By the uniform local finiteness of K,,, T* has quantifier-
elimination so 7} is the model completion of 7},. Let M, = T be a monster model.

Definition 3.9.5. Define a ternary relation | * on small subsets of M, by: a | b if and
only if

1. dcl(aC)/ENdcl(bC)/E C del(C)/E.
2. dcl(aC) Ndel(bC) C del(C).

where X/E = {[z]g : © € X} denotes the collection of E-classes represented by an element
of X.

Lemma 3.9.6. The relation | * satisfies the independence theorem over structures: if M =
T, (not necessarily Tyy), a =y o/, a |, B, " |}, C and B | C then there is a" with
a' =y a, d' =yc d, and a” J/*M BC.

Proof. We may assume M is a substructure of M,,, M C B, C and that B and C are definably
closed. Write a = (do, ..., dk—1,€0, ..., €—1) with d; € F' and e; € O and likewise

a = (d,...,d_y, €, ...,€_;). Fix an automorphism o € Aut(M,,/M) with o(a) = a’. Let
U={us: fedcd(aB)\ B} and V = {vs : f € dcl(a’C) \ C} denote a collection of new
formal elements with u, = v, for all h € (aM) \ B. Let, then, a, be defined by

A = (Udg, -+ 5 Udy_y Uegs -+ 3 Uey_y) = (Vayy -+ Va5 Vel)y o3 Ve )

We will construct by hand an L-structure D extending (BC) with domain UV (BC') in which
a*=pa,a* =cad and a* || BC.

There is a bijection ¢ : dcl(aB) — BU given by ¢o(b) = bfor all b € B and ¢o(f) = uy for
all f € dcl(aB)\B. Likewise, we have a bijection ¢; : dcl(a’C)) — CV given by ¢;(c) = ¢ for all
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c e Candu(f) =wvgforall f € dcl(a’C')\C. The union of the images of these functions is the
domain of the structure D to be constructed and their intersection is ¢o({(aM)) = ¢1({a'M)).
Consider BU and CV as L,-structures by pushing forward the structure on dcl(aB) and
dcl(a’C') along ¢p and ¢1, respectively. Note that to|ary = (t1 0 0)|anr)-

We are left to show that we can define an L,-structure on UV (BC') extending that of
BU, CV, and (BC) in such a way as to obtain a model of T*. To begin, interpret the
predicates by OP = OBV U OV U OBC) and FP = FBU U FCV U F{BO | Let EP be defined
to be the equivalence relation generated by EBY, E€V and E‘FC). The interpretation of the
predicates is well-defined since if f is an element of to((aM)) = 11({a’M)) then (5 (f) is in
the predicate O if and only if ¢;*(f) is as well, and, moreover, it is easy to check that our
assumptions on a,a’, B, C' entail that no pair of inequivalent elements in BU, CV, or (BC)
become equivalent in D.

All that is left is to define the function eval” extending eval®V U eval® U eval P, We
first claim that eval®V Ueval®’ Ueval®®) is a function. The intersection of the domains of
the first two functions is (in a Cartesian power of) to((aM)) = t1({aM)). If b,b" are in this
intersection, we must show

eval®U (b, 1)) = ¢ <= eval?’ (b, V) = c.

Choose by, bf,, co € (aM) and by, b}, c; € (a’M) with ¢;(b;, b}, ¢;) = (b,¥',¢) for i = 0,1. Then
since 1o = t1 o o on (aM), we have

M, [ eval(by,by) =co <= M, Eeval(a(by),a(by)) = o(co)
< M, [ eval(by, b)) = c1.

Since eval®V and eval®’ are defined by pushing forward the structure on (aB) and (a’C
along 1y and ¢y, respectively, this shows that eval®V U eval®” defines a function. Now the
intersection of (BC) with BU U CV is BC and, by construction, all 3 functions agree on
this set. So the union defines a function.

Choose a complete set of EP-class representatives {d; : i < a} so that if d; represents
an EP-class that meets M then d; € M. If e € OP is EP-equivalent to some €’ and (f,¢’)
is in the domain of eval®V U eval®V U eval P! define eval” (f,e) to be the value that this
function takes on (f,€’). On the other hand, if f € (FP)"\ (FBY)" U (FCV)" U (FEBO))
or e is not EP-equivalent to any element on which eval”(f, —) has already been defined,
put eval” (f,e) = d; for the unique d; which is EP-equivalent to e. This now defines eval”
on all of (FP)" x OP and, by construction, eval”(f, —) is a selector function for E? for all
f € (FP)". This completes the construction of D and we have shown D is a model of T,,. By
model-completeness and saturation, D embeds into M,, over BC'. If we can show a, J/jw BC
in D, then this will be true for the image of a, in D.

We have already argued that BU and C'V are substructures of D—it follows that every
EP_class represented by an element of a, can only be equivalent to an element of B or
C' if it is equivalent to an element of M. Moreover, our construction has guaranteed that
(a,. M)P N (BC) C BUN(BC)P C B and, by similar reasoning, (a,M) C C. This implies
{(a,M)YP N (BCYBNC C M, so a, LLBC’. O
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Proposition 3.9.7. The theory T is NSOP, and, moreover, if M |= T, then a J/Lb if
and only if a \|/]\K4 b.

Proof. In Lemma 3.9.6, we showed | * satisfies the independence theorem over a model, and
the other conditions (1)-(4) in Theorem 6.2.4 are clear for | *. To show (6), notice that if
A ijw B with A, B definably closed and containing M, then either there is some a € A and
b € B so that = E(a,b) and the E-class of b does not meet M or a = b for some b & M.
Suppose (b;)i<. is a Morley sequence in some global M-invariant ¢ O tp(b/M). If the class
of b does not meet M, then —E(b;,b;) for i # j by M-invariance so {E(x;b;) : i < w} is
2-inconsistent. Likewise, if b is not in M, then b; # b; for i # j so {z = b; : i < w} are
2-inconsistent. It follows that | * = | ® over models. O

We note that | ® satisfies (a form of) local character in T%:

Proposition 3.9.8. For any model N |= Ty and p € S(N), there is a countable M < N so
that p(x) does not Kim-fork over M.

Proof. We use the characterization of | * from Proposition 3.9.7. Let a }= p and choose
My < N to be an arbitrary elementary submodel. By induction, construct an elementary
chain (M;);<. of countable elementary submodels of N so that dcl(aM;) " N C M;,; and
every equivalence class in dcl(aM;)/E N N/E is represented by an element of M; ;. Since
M, is countable, dcl(al;) is countable, there is no problem in choosing M, 1, by downward
Lowenheim-Skolem. Let M = J,_, M;. We claim a LZ N. Given ¢ € dcl(aM) N N, there
is n so that ¢ € dcl(aM,,) N N hence ¢ € M,, C M. This shows dcl(aM) NN C M. Arguing
similiarly, we have dcl(aM)/ENN/E C M/E. This shows a J/]I\(/I N. O

Lemma 3.9.9. Modulo Ty}, the formula O(x) aziomatizes a complete type over () which is
not co-simple.

Proof. That O(x) implies a complete type is clear from quantifier-elimination. In O(M;),
choose an array (aqp)as<w Of distinct elements so that, for all & < o < w, given S, ',
M, E E(aap, o p) and My = =E(aqp, ao g). Let o(x;y) be the formula eval(z,y) = y. It
is now easy to check

e For all functions f: w — w, {¢(%;aa,f) : @ < w} is consistent
o For all o < w, {¢(x;a,p3) : f < w} is 2-inconsistent,

so p(z;y) witnesses TPy with respect to parameters realizing O(z). This shows O(z) is not
co-simple. O

Lemma 3.9.10. Suppose A C M. Then acl(A) = (A) = AU eval(F(A) x O(A)).

Proof. The equality of acl(A) and (A) follows from SAP for K; [Hod93, Theorem 7.1.8]. The
axioms of T} imply that every term of L; is equivalent to one of the form z or eval(z,y), so
(A) = AUeval(F(A) x O(A)). ]
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We will see that | * characterizes dividing when elements on the left-hand side come
from O. The following lemma is the key ingredient in proving this:

Lemma 3.9.11. Suppose A = dcl(A) C My and A = (a,B) for some a € O(A) and
B = dcl(B) C M, where l(a) = 1. Given a sequence (B;)i<n of substructures of M
isomorphic to B over C = dcl(C) where fori # j, B;NB; = C. Then if a J/*C B, then there
is a structure D |= Ty and some a' € D so that

1. ((Bi)i<n) € D.
2. {d', B;)P = {a, B) for alli < N.

Proof. Suppose A = (a, B), (B;)i«y and C are given as in statement, satisfying (1). If
a € C, the lemma is clear so assume it is not, and therefore a ¢ B by our assumption that
Al a#bforallbe B\ C. Moreover, we may assume By = B. Note that the underlying
set of Ais BU{a} Ueval(F(B),a). Let X = ((B;)i<n)-

Case 1: A = E(a,c) for some ¢ € C. In this case, the underlying set of A is BU {a} U
eval(F(B),c) = BU {a}. Let D be the extension of X with underlying set X U {a} with
relations interpreted so that D = a € O A E(a,c¢) and the function eval defined to extend
eval® and so that eval”(d,a) = eval®(d,c) for all d € OP. It is easy to check that this
satisfies (2).

Case 2: A= —FE(a,c) for all ¢ € C. By our assumption that A satisfies (1), it follows
that A = —F(a,b) for all b € B and hence the underlying set of A is the disjoint union of
B and {a} Ueval*(F(B),a). Let Y = {a} Ueval*(F(B),a). We will define an L,-structure
extending X with underlying set X UY. Interpret the sorts F'P = FX and OP = OX UY.
Define the equivalence relation so that EX C EP and Y forms one EP-class.

Fix for all ¢ < N a C-isomorphism o; : B; — By (assume oy = idp,). Note that
FX =J,_y FP. Interpret eval” to extend eval® and so that, if b € FP and e € Y,

eval? (b, e) = eval®(0;(b), a).

This defines D |= T} and, by construction, the map extending o; and sending a — a induces
an isomorphism (a, B;)? — (a, By)? = A for all i < N. This completes the proof. O

Corollary 3.9.12. Suppose F is a substructure of M. If a € O(My) and l(a) = 1, then
a J/f? B if and only ifa |}, B.

Proof. If a J//’; B then clearly a j/}i B, so we prove the other direction. Suppose a \L; B and

a j/i B and we will get a contradiction. Suppose p(x; ¢, b) witnesses dividing, so ¢(x;c,b) €
tp(a/FB) with ¢ € F and b € B, and there is an F-indiscernible sequence (b; : i < w)
with by = b so that {p(z;¢,b;) : i < w} is k-inconsistent for some k. As a |} B we may,
by growing the tuple ¢, assume that every equivalence class represented both by b and a
is represented by an element of c¢. Let B; = (¢, b;), C = By N B; for some/all i # 0 (by
F-indiscernibility, this is well-defined and contains ¢) and A = (a,b,c). As a J/*CB, the
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structures A, C, and (B;)i<k+1 satisfy (1) of Lemma 6.3.17, and therefore there is D € K4
and some @’ € D so that ((B;)i<rs1) € D and (d/, B;)Y = (a, B)* for all i < k + 1. By
embedding D into M over ((B;)icrs1)” we see that, in My, {o(z;c,b;) : i < k+ 1} is
consistent by quantifier-elimination. This is a contradiction. O

Corollary 3.9.13. The theory Ty is NSOP; and the formula O(x) aziomatizes a complete
type which 1s simple and not cosimple.

Proof. Lemma 3.9.9 shows that O(x) axiomatizes a complete type which is not cosimple.
To show O(x) is simple, we have to show that | ¢ satisfies local character on O(x). So fix
any a € M with M; | O(a) and any small set B C M;. We may suppose B = dcl(B).
Notice that dcl(a) = a. If a € B thena |’ B. If a ¢ B but M = E(a,b) for some b € B

then a | ; B. Finally, if a not E-equivalent to any element of B then a L; B. Corollary

3.9.12 showed a | ¢, B if and only if a J/dc B for any a with M = O(a), so | ¢ satisfies local
character on O. Therefore O is simple. m

Remark 3.9.14. This answers Problem 6.10 of [Chel4].

Remark 3.9.15. Given a model M |= T}, one can consider the complete type p(z) over M
axiomatized by saying

e O(x)
e —FE(xz,m) for all m € O(M)
e eval(m,z) # z for all m € O(M)

In a similar fashion, one can check that this is simple, non-co-simple so, in particular, nothing
is gained by working over a model. In fact, in this situation, we get another proof of the
corollary, using Proposition 3.8.3, as we have shown that if a = p, then a \LL b if and only

if a |, b so pissimple.
Proposition 3.8.7 above shows that in any non-simple NSOP; theory, there are types over
models with no universal Morley sequences in them. The following gives an explicit example:

Proposition 3.9.16. Given M = T, there is a type p € S(M) with no universal Morley
sequence.

Proof. Pick b € O(M) not in M and let p(z) = tp(b/M). Towards contradiction, suppose
(bi)i<w is a universal Morley sequence in p.

Case 1: M = E(b;,b;) for all i, j < w.

The formula E(x;b) divides over M: choose any M-indiscernible sequence (¢; : i < w)
with ¢ = b and =E(c;, ¢;11) — then {E(z;¢;) : i <w} is inconsistent. But {E(z;b;) 1 1 < w}
is consistent, a contradiction.

Case 2: M = —E(b;, b;) for i # j. The formula eval(x,b) = b divides over M — choose
any M-indiscernible sequence (¢; : i < w) with E(¢;,¢;) for all ¢,j and ¢ = b. Then
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{eval(x,¢;) = ¢; : i < w} is inconsistent (as for any a, the function eval(a, —) takes on only
one value on elements of any equivalence class). But {eval(z,b;) = b; : i < w} is consistent,
a contradiction. ]

Proposition 3.9.17. In T, forking does not equal dividing, even over models.

Proof. Fix M |= Tf. Let ¢(z,y;z) be the formula eval(z,z) = 2V E(y,z). Given any
b € O(M;) not in M, we claim the formula ¢(z,y;b) forks but does not divide over M.
The proof of Proposition 3.9.16 shows that both E(z,b) and eval(x,b) = b divide over M
so ¢(x,y;b) forks over M. Given any M-indiscernible sequence (b; : i < w) starting with b,
either all b;’s lie in a single equivalence class, in which case {E(y,b;) : i < w} is consistent,
or they all lie in different classes, in which case {eval(x,b;) = b; : i < w} is consistent. Either
way, {p(z,y;b;) 1 i < w} is consistent, so ¢(z,y;b) does not divide over M. O

Lemma 3.9.18. Any a be a tuple in F, b a tuple in O, and C = dcl(C) C M. Then
tp(a,b/C) extends to a global C-invariant type.

Proof. Write a = (ag,...,a,-1), b = (bg,...,bx_1). We may assume that no equalities occur
between the elements of a and of b, or between a,b and C. We define a C-invariant global
type p(z,y) € S(M) as follows. The type p(x,y) contains all formulas of tp(a,b/C) together
with the following axiom scheme:

Y

for all i <n,m e M\ C.
,y) forall i < j <n,m € M with m/E ¢ C/E.

eval(x;,m) #m p(z,y)
p(z,y)
p(z,y) foralli <n,j <k,meM\C.
p(z,y)
p(z,y)

eval(x;, m) # eval(z;, m)
eval(z;,y;) #m
eval(m,y;) # y;

—E(y;,m)

for all j < k,m e M\ C.
for all j < k,m € M with m/E ¢ C/E.

Y

M M M M M

Y

It is clear that this type is consistent and C-invariant. We claim it implies a complete
type over M: note that because eval(z,eval(y, z)) = eval(z, z), every term is equivalent
to z or eval(x,y). Because E(x,eval(y, z)) is equivalent to FE(z, z), every atomic formula is
equivalent to an equality of terms or of the form E(z,y). Equalities of the form eval(z;, y;) =
eval(zy,y; ) are implied or negated by tp(a,b/C'), so the truth value of every atomic formula
in the variables z,y with parameters in M is determined by the above. O]

Corollary 3.9.19. The theory Ty is an NSOP; theory for which forking does not equal
dividing, yet every type has a global non-forking extension.

Remark 3.9.20. This answers Question 7.1(1) of [Conl4|, which asked if forking = dividing
in every NSOP3 theory in which every type has a global non-forking extension, as every
NSOP; theory is NSOP3 [DS04, Claim 2.3].

Finally, the following proposition gives a counter-example to the form of transitivity
mentioned at the beginning of the subsection.
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Proposition 3.9.21. For any model M |= Ty, there are f, g, and ¢ so that f J/f\; gc, g L]\K/[ c,
and fg JQZ c.

Proof. Given M |= T3, choose any ¢ € My \ M in an E-class represented by an element m
of M—Ilet {m; : i < a} enumerate a set of representatives for the remaining F-classes of M.
Then choose distinct elements f, g € F so that

1. eval(f,g,m) =eval(g, f,m) = c.
2. eval(f, h,m) = eval(h, f,m) =m and
eval(f, h,m;) = eval(h, f,m;) = m;
for all h e FMU{f}.
3. eval(g, h,m) = eval(h, g,m) = m and
eval(g, h,m;) = eval(h, g,m;) = m;
for all h € FM U {g}.

Then we have

aa(fM) = MU{f)
del(gM) = MU{g}
del(eM) = MU{c}
del(fgM) = MU{f g,c}
del(geM) = M U{g,c}.

It follows that dcl(fM) Ndel(geM) and dcl(gM) N del(cM) are contained in M so f | gc
and g | | c. However, ¢ € (dcl(fgM) Ndcl(cM)) \ M, showing fg [ c. As Proposition

3.9.7 showed | ® = | *, we are done. O

Frobenius Fields

In this section, we study a class of NSOP; fields. If F' is a field, we write F*& and F* for
the algebraic and separable closures of F', respectively.

Definition 3.9.22. Suppose F is a field.

1. We say F is pseudo-algebraically closed (PAC) if every absolutely irreducible variety
over F' has an F-rational point.
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2. We say F'is a Frobenius field if F'is PAC and its absolute Galois group G(F') has the
embedding property (also known as the lwasawa property), that is, if o : G(F) — A
and §: B — A are continuous epimorphisms and B is a finite quotient of G(F"), then
there is a continuous epimorphism v : G(F') — B so that oy = « as in the following
diagram:

The free profinite group on countably many generators F, has the embedding property so
the w-free PAC fields are Frobenius fields. However, there are many others—see, e.g., [FJO8,
24.6].

Definition 3.9.23. Suppose G is a profinite group. Let A (G) be the collection of open
normal subgroups of G. We define

s@ =[] G/

NeN(G)

Let Lg the language with a sort X, for each n € Z*, two binary relation symbols <, C', and
a ternary relation P. We regard S(G) as an Lg-structure in the following way:

e The coset gN is in sort X, if and only if [G : N] < n.
e gN < hM if and only if N C M
o C(gN,hM) <= N C M and gM = hM.
® P(g1N1,92N2,93N3) <= N; = Ny = N3 and g1 N1 = g3 V1.
Note that we do not require that the sorts be disjoint (see [Cha98, Section 1] for a discussion

on the syntax of this structure).

Interpretability of S(G(F)) in (F™8, F') is proved in [Cha02, Proposition 5.5]. The “more-
over” clause is clear from the proof.

Fact 3.9.24. Both F' and S(G(F)) are interpretable in (K, F') where K is any algebraically
closed field containing F'. Call the interpretation 7. Moreover, if L C F' is a subfield so that
F' is a regular extension of L, then the restriction of 7 to (K, L) produces an interpretation
of S(G(L)), contained in S(G(F')) in a natural way.

Lemma 3.9.25. Let F' be a large sufficiently saturated and homogeneous field (i.e. a monster
model of its theory) and M < F a small elementary substructure. Suppose A = acl(A),
B = acl(B) are subsets of F with M C AN B.
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2. If (A})i<w is an M -indiscernible sequence with Ay = A, then (S(G(A;)))i<w is S(G(M))-
indiscernible.

5. IfA LY B in F, then S(G(A) LY, SG(B)) in SG(M)).

Proof. (1) If A=) B in F, then there is an automorphism o € Aut(F/M) with o(A) = B.
The map o has an extension & to F'8 which is, then, an automorphism of the pair (F2, F)
taking A to B and fixing M pointwise. It follows A =), B in the pair (F®8 F). Since
A = acl(A) and B = acl(B), we know F'is a regular extension of A and of B (see, e.g., [Cha99,
Section 1.17]). By Fact 7.1.7, we have S(G(A)) =sgm)) S(G(B)).

(2) If (Ai)icw is an M-indiscernible sequence with Ag = A, given ig < ... < i
and jo < ... < jy_1, we know A;, ... A, =m A, .. A, so acl(A;, ... A ) =u
acl(Aj, ... Aj, ;). Then by (1) S(G(acl(Aj, ... A, 1)) =s@mry S(G(acl(Aj, ... 45, 1)),
which implies (S(G(A4;)))i<w is S(G(M))-indiscernible.

(3) In any theory, if 7 is an interpretation of the structure X in the structure Y, and

A L BinY, thenr(A) \L:(C) m(B). Tt follows that if A | % Bin F, then S(G(A)) J/?S‘(Q(M)) S(G(B))

by Fact 7.1.7. [

Proposition 3.9.26. Suppose F' is an arbitrary field and, in an elementary extension F* of
F,a L? b. Then the fields A = acl(Fa) and B = acl(Fb) satisfy the following conditions:

1. A and B are linearly disjoint over F

2. F* is a separable extension of AB
3. acl(AB)N A°B° = AB.

Proof. In [Cha99, Theorem 3.5|, Chatizdakis proves (1)-(3) for an arbitrary theory of fields
under the assumption that a L; b. She deduces from a \L]; b that there is an F-indiscernible
coheir sequence (B;);<y, i.e. an F-indiscernible sequence with B_; L; B; for all i, so that
AB; =p AB for all i (rather, she proves this with a heir sequence, but the argument is
symmetric). She then proves that (1)-(3) follow from the existence of such a sequence. Note,
however, that this follows merely from the assumption a \L? b. O

Remark 3.9.27. Note (1) and (2) are equivalent to saying A J/‘;CFB [Cha99, Remark 3.3],
where SCF denotes the complete (stable) theory of which F* is a model.

Lemma 3.9.28. Suppose F' is a Frobenius field. If A = acl(A), B = acl(B) contain F' and
A | % B then S(G(A)) J/f;(g(F))S(Q(B)) in Th(S(G(F))).

Proof. Chatzidakis [Cha98| shows that the Galois group S(G(F')) is w-stable. Let (B;);<. be
a Morley sequence in a global type finitely satisfiable in F' extending tp(B/F). As A J/;f B,
we may assume (B;);<, is A-indiscernible. Then (S(G(B;)))i<w is a Morley sequence in a
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global type finitely satisfiable in S(G(F’)) which is moreover S(G(A))-indiscernible. This im-
plies S(G(A)) J/?(g(p)) S(G(B)). As Th(S(G(F)) is simple, this implies S(G(A)) Lé(g(p)) S(G(B))
by Kim’s lemma [Kim98, Proposition 2.1]. H

Fix a field F' and let SCF denote the complete theory of which £ is a model.

Definition 3.9.29. Suppose A = acl(A), B = acl(B), and C = acl(C) in the field F. We
say A is weakly independent from B over C' if

LALY'B
2. S(G(A)) J/‘j;(g(F)) S(G(B)), where | ¥ denotes non-forking independence in Th(S(G(F)))

Extend this to arbitrary tuples by stipulating a is weakly independent from b over c if and
only if acl(a, ¢) is weakly independent from acl(b, ¢) over acl(c).

Theorem 3.9.30. [Cha02, Theorem 6.1] Let F be a Frobenius field, sufficiently saturated,
and E = acl(E) a subfield of F'. Assume, moreover, that acl(S(G(E))) = S(G(FE)) and if the
degree of imperfection of F is finite, that E contains a p-basis of F. Assume that the tuples
a,b,ci,co of F satisfy:

1. a and ¢y are weakly independent over E, b and co are weakly independent over E,

€1 =g C2
2. acl(Fa) and acl(Eb) are SCF-independent over E.

Then there is ¢ realizing tp(acl(Ea)) U tp(cy/acl(Eb)) such that ¢ and acl(Eab) are weakly
dependent over E.

Theorem 3.9.31. Suppose F' is a Frobenius field and a,b are tuples from an elementary
extension of F'. Then a J/;( b if and only if a and b are weakly independent over F.

Proof. Given a,b, and F, set A = acl(aF') and B = acl(bF’). It suffices to show A \L?B
if and only if A is weakly independent from B over F. If A \L? B, then A LiCFB by

Proposition 3.9.26 and S(G(A)) Lé(g(F))S(g(B)) by Proposition 3.9.26. Hence A and B

are weakly independent over F. For the other direction, suppose A and B are weakly
independent over F. Let (B;);<, be a Morley sequence in a global F-invariant type with
By = B and set p(X; B) = tp(A/B). We will show by induction that (J,., p(X; B;) has a
realization weakly independent from (B;);<, over F. For n = 0, this is by the assumption that
A and B are weakly independent over F'. If it has been shown for n, then note that, because,
B L; By ...B,, we have, in particular, B,;; and (B;);<, are weakly independent over
F. By Theorem 3.9.30, p(X; Byt1) U U, p(X; B;) has a realization weakly independent
from (B;)i<nt1. By compactness, we conclude (J,_, p(X; B;) is consistent. As (B;);<, was
arbitrary, this shows A J/;f B. O
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Vector spaces

The theories of a vector space over a field equipped with a symmetric or alternating bilinear
form have model companions—they are the theories of an infinite dimensional vector space
over an algebraically closed field equipped with a generic nondegenerate alternating or sym-
metric bilinear form. We use T, to refer to both the model companion where the form is
symmetric and where it is alternating, as this choice makes no difference for our analysis
below. The language is two-sorted: there is a sort V' for the vector space, with the language
of abelian groups on it, a sort K for the field, equipped with the ring language, a function
K xV — V for the action of scalar multiplication, and a function [,] : V x V' — K for the
bilinear form. In this subsection, we write M = T, for a fixed monster model of T,.

Fact 3.9.32. Given a set X C M, write X for the field points of X and Xy for the vector
space points of X. For Y a set of vectors, write (Y) for the M-span of V.

1. T, eliminates quantifiers after expanding the vector space sort with an n-ary predi-
cate 0, interpreted so that = 0, (vg,...,v,_1) if and only if vg,...,v,_1 are linearly
independent for all n > 2 |Gra99, Theorem 9.2.3].

2. For any set A C M), the field points of dcl(A) contain the field generated by Ag,
{la,b] : a,b € Ay}, and for each n, and every set {ay,...,a,_1} such that there are
Vo, .-,V € Ay with M E 6, (vo,...,v,-1) and v, = aovg + ... + ap_1v,-1. The
vector space points of dcl(A) are the (dcl(A))x-span of Ay. The field points of acl(A)
are the algebraic closure of (dcl(A))x and the vector space points of acl(A) are the
(acl(A))g-span of Ay |Gra99, Proposition 9.5.1].

Definition 3.9.33. Write \LACF to denote algebraic independence, which coincides with
non-forking independence in the theory ACF. Suppose A C B and c is a singleton. Let

c \Lz B be the assertion that (dcl(cA)) g J/éi(c’f A))K(dcl(B)) x and one of the following holds:

1. ce MK
2. c€e <Av>
3. ¢ ¢ (By) and [c, B] is ®-independent over A,

where ‘[c, B] is ®-independent over A’ means that whenever {by,...,b, 1} is a linearly inde-
pendent set in By N(My \ (A)) then the set {[c, bo), ..., [c, b,—1]} is algebraically independent
over the compositum of (dcl(B))g and (dcl(Ac)) k.

By induction, for ¢ = (co, ..., ¢,,) define ¢ \LZ B by

r r r
c| B < (co,---y¢m-1) | Bandc,, |  Bey...cm1.
A A

Acg...Crm—1
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Fact 3.9.34. [Gra99, Theorem 12.2.2] The relation | ' is automorphism invariant and
symmetric. Moreover, it satisfies extension, strong finite character, and the independence
theorem over a model. Consequently, T, is NSOP;.

Proposition 3.9.35. Suppose M |=T,,. Then if A= acl(A), B = acl(B) and ANB 2 M,
thenAJ/f\ij if and only if AN B = M.

Proof. The right to left direction is trivial and holds in any theory. Suppose M is a model,
A =acl(A), B =acl(B),and ANB C M. Let C = acl(AB) and let (C});<., be an M-invariant
Morley sequence over M with Cy = C. Fix 0 € Aut(M/M) with ¢(C;) = Cy44 for all i < w.
By restricting the sequence (C;);<, to a subtuple, we obtain an M-invariant Morley sequence
(B;)ice with By = B. Let D = acl((B;)i<,). Let K = (acl((Cy)iw))k. Let {u; - i < a} be a
basis for My. Let {v; : i < S} complete this set to a basis for Ay and let (wy ;)< complete
it to a basis for (By)y, then let (w;;);<, be the set of vectors completing {u; : i < a} to
a basis for (B;)y corresponding to the (wg;)j<s—i.e. w;; = o'(wp;). By our assumptions,
{w; i < afU{v; 1 < fYU{w;; 1 i <w,j <~} isaset of linearly independent vectors in My .
Let V be the K-vector space with basis {u; : i < a}U{v; i < S} U{w,; i <w,j <7} To
define the model N = (V, K), we are left with definining the form on V—for this it suffices
to define the form on a basis. First, interpret the form so that N extends the structure on
D—i.e.
[ui,ui/]N =k <— [ui,ui/]D =k

[Ui, wz-/J]N =k <= [Ui, wi/J]D =k
[wi,j; ’LUZ'/J'/]N =k <— ['LUZ'J',UJi/,j/]D = k.

And likewise, interpret the structure so that it extends the structure on A—i.e.

[Ui,’l)i/]N =k <— [Ui,UZ'/]A =k

[Ui,’UZ'/]N =k <— [’Ui,Ui/]A = k.

Then finally, we interpret the form so that the structure generated by AB; does not depend
on i: put [v,wo ] =k < [vi,wp;]° =k and set

s N — k if [v, wo, ] =k € A
[Uu wz/,]] — {O‘z/(k‘) T [Ui’woyj]c e g A

This defines N. By quantifier-elimination, there is an embedding ¢« : N — M over D into
M. Let A" = +(A). By quantifier-elimination, we have ABy =), A’B; for all i. This shows
tp(A/B) does not Kim-divide over M. O

Proposition 3.9.36. Suppose M |=T,,. Then
1. aLLb = aiﬁb.

2. There are a and b so that a J/]\IZ b and a j/z b.
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Proof. (1) Suppose a \LL b. By transitivity of | ", (dcl(aM))g J/J‘A/I(;F(dcl(bM))K SO

ACF
acl(aM) g | (acl(bM)) g

Mg

since the field points of the algebraic closure of any set X are just the field-theoretic alge-
braic closure of (dcl(X))g. Similarly, transitivity of independence for vector spaces forces
é(g]\g?v} N((bM)y) C (M). This shows acl(aM)Nacl(bM) = M so a J/AIZ b, by Proposition

(2) Given any M = T, choose two vectors by, by € My that are M g-linearly independent
over M. By model-completeness, we can find some vector a so that acl(aM ) Nacl(bybeM) C
M, soa J/Z b1by, and also [a, b1] = [a, bs]. Then we clearly have {[a, b1], [a, bo]} algebraically

dependent, as they are equal, hence a j/; b1bs. O

Remark 3.9.37. This observation implies that axioms (1)-(5) in Theorem 6.2.4 do not suffice
to characterize | ¥, since | " satisfies these axioms and | ' # | * by Proposition 3.9.36(2).
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Chapter 4

Local character

This chapter is joint work with Itay Kaplan and Saharon Shelah.

4.1 Introduction

A well-known theorem of Kim and Pillay characterizes the simple theories as those theories
with an independence relation satisfying certain properties and shows that, moreover, any
such independence relation must coincide with non-forking independence. As the theory of
simple theories was being developed, work of Chatzidakis on w-free PAC fields and Granger
on vector spaces with bilinear forms furnished examples of non-simple theories for which
there are nonetheless independence relations satisfying many of the fundamental properties of
non-forking independence in simple theories. These properties include extension, symmetry,
and the independence theorem. In Chapter 1, we proved an analogue of one direction of
the Kim-Pillay theorem for NSOP; theories, showing essentially that the existence of an
independence relation with these properties implies that a theory is NSOP;. To establish
the other direction, we introduced Kim-independence and showed that it is well-behaved
in any NSOP; theory. The theory of Kim-independence provides an explanation for the
simplicity-like phenomena observed in certain non-simple examples and a central issue of
research concerning NSOP; theories is to determine the extent to which properties of non-
forking independence in simple theories carry over to Kim-independence in NSOP; theories.
This chapter addresses the specific issue of local character for Kim-independence.

Simple theories are defined to be the theories in which forking satisfies local character.
Local character of non-forking asserts that there is some cardinal  (7') so that, for any
complete type p over A, there is a set B C A with |B| < x(T') over which p does not
fork. An analogue of local character for Kim-independence in NSOP; theories was proved in
Theorem I11.4.5. It was shown there that if 7" is NSOP; and M |= T, then for any p € S (M),
there is N < M with |[N| <k = (Z‘T‘)Jr such that p does not Kim-fork over N.

However, this result was an unsatisfactory generalization of local character in simple
theories for three reasons. First, with respect to non-forking, it follows almost immediately
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that if x(T) exists at all, it can be taken to be |T|™: given a type p € S(A) with no
B C A of size < |T|" over which p does not fork, one can find a chain of forking types of
length \T]Jr and then by the pigeonhole principle, some formula must fork infinitely often
with respect to the same disjunction of dividing formulas. This equivalence is no longer
immediate when considering Kim-independence, because of the added constraint that the
formulas must divide with respect to Morley sequences and it was asked [KR17, Question
4.7] if (2‘T|)+ can be replaced by |T'|* in an arbitrary NSOP; theory. Secondly, non-forking
independence satisfies base monotonicity, which means that if p € S (A) does not fork over
B, then p does not fork over B’ whenever A C B’ C B. In other words, local character
of forking implies that every type does not fork over an entire cone of small subsets of its
domain. However, in an NSOP; theory 7', Kim-independence satisfies base monotonicity if
and only if T is simple. One would like an analogue of local character for NSOP; theories
that shows that types over models do not Kim-divide over many small submodels. Finally,
local character of non-forking independence characterizes simple theories. Many tameness
properties of Kim-independence are known to characterize NSOP; theories, e.g. symmetry
and the independence theorem, so it is natural to ask if local character does as well.
Our main theorem is:

Theorem 4.1.1. Suppose T is a complete theory with monster model Ml = T'. The following
are equivalent:

2. There is no continuous increasing sequence of |T'|-sized models <J\4Z |z < |T|+> with
union M and p € S (M) such that p | M1 Kim-forks over M; for all i < |T|".

3. Forany M =T, p € S (M), the set of elementary substructures of M of size |T| over
which p does not Kim-divide is a stationary subset of [M]'Tl.

4. Forany M =T, p€ S(M), the set of elementary substructures of M of size |T| over
which p does not Kim-divide contains a club subset of [M]",

5. For any M =T, p € S(M), the set of elementary substructures of M of size |T'| over
which p does not Kim-divide is a club subset of [M]|T|.

6. Suppose that N =T, M < N and p € S(N) does not Kim-divide over M. Then the
set of elementary substructures of M of size |T'| over which p does not Kim-divide is a

||

club subset of [M]"".

The equivalence of (1) and (2) was noted in Corollary I11.4.6 with |T|* replaced by
(2|T‘)+, which is considerably weaker than the theorem proved here.

In particular, this theorem implies that if 7" is NSOPy, M = T, and p € S (M), then
the set of N < M with |N| = |T| such that p does not Kim-fork over N is non-empty.

However, by demanding a stronger form of local character, we obtain a new characterization
of NSOP;.
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Remark 4.1.2. In the first draft of this chapter, published online as a preprint on July 2017,
we did not yet have (5) or (6) above. Shortly after that draft was available, Pierre Simon
have found an easier proof of (1) implies (4), and we thank him for allowing us to include his
proof here. Later we found a proof of (6). These proofs uses symmetry of Kim-independence,
but are not straightforward as in the proof in simple theories, and our original proof.

Our original proof assumes towards contradiction that local character fails and reaches a
contradiction to NSOP; as is done in e.g. simple theories. For this approach to work we used
stationary logic. This logic expands first-order logic by introducing a quantifier aa interpreted
so that M |= (aaS) ¢ (9) if and only if the set of countable subsets X C M such that M, when
expanded with the predicate S interpreted as X, satisfies ¢ (S) contains a club of [M]*. This
logic was introduced by Shelah in [She75| and later studied by Mekler and Shelah [MS86]
who showed that the satisfiability of a theory in L (aa) implies the satisfiability of a theory
in a related logic, where the second-order quantifiers range over uncountable sets of a certain
size. This theorem, which may be regarded as a version of the upward Lowenheim-Skolem
theorem, provides a tool for “stretching" a family of counterexamples to local character in
such a way that preserves the cardinality and continuity constraints needed to produce SOP;.

After further review, we noticed that our original proof gives rise to a new phenomenon,
which we call dual local character.

4.2 Preliminaries

NSOP; theories, invariant types, and Morley sequences

Definition 4.2.1. [DS04, Definition 2.2] A formula ¢ (z;y) has the 1-strong order property
(SOP,) if there is a tree of tuples (a, |n € 2<“) so that

e For all € 2¥, the partial type {¢ (z;a,,) |7 < w} is consistent.
e For all v,n € 2= if v ~ (0) <7 then {<p (z;a,),¢ (m; aym<1>)} is inconsistent.

A theory T is NSOP; if no formula has SOP; modulo 7.

Fact 4.2.2. Proposition I11.2.4 T has NSOP; if and only if there is a formula ¢ (z;y), k < w,
and a sequence (¢; |7 € I) with ¢; = (¢;0, ¢;1) satistying:

1. For all 7 € I, Ci0 =z, Cil-
2. {¢(z;¢i0) |t € I} is consistent.
3. {¢(z;¢i1) |t € I} is k-inconsistent.

We also use following notation. Write a | | B for tp (a/M B) is finitely satisfiable in
M, in other words it is a coheir of its restriction to M. A type p € S (M) is an heir of its
restriction to N < M if for every formula ¢ (z;y) € L(N) and every b € M, if ¢ (z;b) € p
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then ¢ (z;0') € p for some O’ € N. We denote this by ¢ J/};/ M. This is equivalent to saying
that M | c.

Definition 4.2.3. A global type ¢ € S (M) is called A-invariant if b =4 b' implies p (z;b) € ¢
if and only if ¢ (x;0') € q. A global type q is invariant if there is some small set A such that
q is A-invariant. If ¢ (z) and r (y) are A-invariant global types, then the type (¢ ® r) (z,y)
is defined to be tp (a,b/M) for any b = r and a = ¢|yp. It is also A-invariant. We define
" (xg, ..., T,_1) by induction: ¢®' = ¢ and ¢®" ™' = ¢ (z,,)) ® ¢*" (20, ..., Tn_1).

Fact 4.2.4. [She90, Lemma 4.1 If T" is any complete theory, M =T, and p € S (M), then
there is a complete global type ¢ extending p which is, moreover, finitely satisfiable in M.
In particular, ¢ is M-invariant.

Definition 4.2.5. Suppose ¢ is an A-invariant global type and I is a linearly ordered set.
By a Morley sequence in q over A of order type I, we mean a sequence (b, | & € I) such that
for each o € I, by = qlap., where bo, = (bg |5 < a). Given a linear order I, we will write
q®! for the A-invariant type in variables (z,|a < I) so that for any B D A, if b |= ¢®!|p
then b, = ¢l for all a € I. If ¢ is, moreover, finitely satisfiable in A, then we refer to a
Morley sequence in g over A as a coheir sequence over A.

The above definition of ¢®! generalizes the finite tensor product ¢®" — given any global
A-invariant type ¢ and linearly ordered set I, one may easily show that ¢®! exists and is
A-invariant by compactness.

Definition 4.2.6. Suppose M is a model.

1. Given a formula ¢ (z;b) and a global M-invariant type ¢ 2 tp (b/M), we say that
¢ (x;0) k-Kim-divides over M wvia q if, whenever (b; |1 < w) is a Morley sequence over
M in g, then {¢ (z;b;) |i < w} is k-inconsistent.

2. If ¢ is a global M-invariant type with g 2 tp (b/M), we say ¢ (z;b) Kim-divides over
M wvia q if ¢ (x;b) k-Kim-divides over M via ¢ for some k < w.

3. We say ¢ (z;b) Kim-divides over M if ¢ (z;b) Kim-divides over M via ¢ for some global
M-invariant ¢ D tp (b/M).

4. We say that ¢ (x;b) Kim-forks over M if it implies a finite disjunction of formulas,
each Kim-dividing over M.

5. We write a \LAIZ B for tp (a/M B) does not Kim-fork (or Kim-independent) over M.

Note that if a | | B then a J/L B (i.e. tp (a/BM) does not fork over M) which implies
a LAIZ B.
Fact 4.2.7. Theorem II1.3.15 The following are equivalent for the complete theory 7™

1. T is NSOP;.



CHAPTER 4. LOCAL CHARACTER 134

2. (Kim’s lemma for Kim-dividing) Given any model M = T and formula ¢ (z;b), ¢ (x;b)
Kim-divides via ¢ for some global M-invariant ¢ O tp (b/M) if and only if ¢ (z;b) Kim-
divides via ¢ for all global M-invariant ¢ D tp (b/M).

From this it easily follows that Kim-forking is equal to Kim-dividing Proposition I11.3.19.
The notion of Kim independence, denoted by LK, satisfies many nice properties which turn
out to be equivalent to NSOP;.

Fact 4.2.8. Theorem III1.8.1 The following are equivalent for the complete theory 7"
1. T is NSOP;.
2. Symmetry of Kim independence over models: a L]\IZ biff b J/]\I; a forany M =T.

3. Independence theorem over models: if A | B, c | A ¢ |, Bandc=py ¢ then

there is some ¢ | | AB such that ¢ =jr4 ¢ and ¢ = ¢)p.

Fact 4.2.9. Lemma II1.7.6 Suppose that T is NSOP; and that (a; |7 < w) is an | *-Morley

sequence over M in the sense that a; J/]\K4 a-; and the sequence is indiscernible. Then if
¢ (x,a9) does not Kim-divide over M, then {¢ (z,a;)|i < w} does not Kim-divide over M,
and in particular it is consistent.

The generalized club filter

Definition 4.2.10. Let  be a cardinal and X a set with |X| > x. We write [X]" to denote
Y < X||Y] = n}.

1. A set C C [X]" is unbounded if for every Y € [X]", there is some Z € C with Y C Z.

2. A set C C [X]" is closed if, whenever (Y;|i < o < k) is a chain in C, i.e. each Y; € C
and ¢ < j < a implies ¥; C Y}, then |J,_, Y; € C.

3. A set C' C [X]"is club if it is closed and unbounded.

4. A set S C [X]" is stationary if SN C # ( for every club C' C [X]".

The club filter on [X]" is the filter generated by the clubs. If | X| = k, then the club filter
on [X]" is the principal ultrafilter consisting of subsets of [X]" containing X.

Example 4.2.11. If M is an L-structure of size > k > |L|, then the collection of elementary

substructures of M of size x is a club in [M]".

Remark 4.2.12. In the literature, e.g. [Jec13, Definition 8.21|, the above definitions are given
instead for subsets of P+ (X) ={Y C X ||Y] < T} but note that [X]" is a club subset of
P+ (X), hence all definitions relativize to this set in the natural way.

Fact 4.2.13. Let k be a cardinal and X a set with |X| > k*.
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1. The club filter on [X]" is k™-complete [Jec13, Theorem 8.22].

2. For every club C' C [X]", there is a collection of finitary functions f = (f; : i < k) with
fi + X" — X such that C7 == {Y € [X]"| f; (Y™) C Y for all i < x} is contained in
C. Equivalently, there is a function F': X<¥ — [X]" such that Cr C C [Jec13, Lemma
8.26).

3. Conversely, given a collection of finitary functions f = (f; : i < k) with f; : X™ — X,
the set C5 is club in [X]".

4. When k = w, for any club C' C [X]", there is a function F' : X<“ — X such that
Cr C C [Jecl3, Theorem 8.28|.

We leave the proof of the next lemma to the reader.

Lemma 4.2.14. Suppose \ is a cardinal, X is a set with | X| = AT, and (Y, : a < AT) is an
increasing continuous sequence of sets of cardinality \ with union X. Then {Y, |a < AT} is
a club of [X]*. In particular, if X = AT and C C AT\ X is a club of At, then C' is a club of
Ryg

4.3 The main theorem

A short proof of (1) implies (4) in Theorem 4.1.1 using heirs

Here we give a short proof of (1) implies (4) in Theorem 4.1.1, due to Pierre Simon. We
thank him for allowing us to include this proof.

Lemma 4.3.1. Supposep(x) € S (M), M |=T. Then the set of N < M such that |[N| = |T|
7]

and p is an heir of p|y is a club subset of [M]
Proof. 1t is easy to verify that this set is closed under increasing unions, so it is enough to
show that it contains a club.

Consider the L,-structure M, expanding M by forcing p to be definable — i.e. for every
L-formula ¢ (z;y) add a relation R, (y) interpreted as {b € M | (z,b) € p}. Note that
|L,| = |L|. Then if N" < M, then its L-reduct N is such that p is an heir of p|y. Thus we
are done by Example 4.2.11. O]

Theorem 4.3.2. Suppose T' is NSOP,. If M =T andp € S (M), then the set of elementary
substructures N < M with |N| = |T| such that p does not Kim-divide over N contains a
club.

Proof. By Lemma 4.3.1, it suffices to show that if p is an heir of p|y, then p does not Kim-
divide over N. But if p is an heir of p|y, then, given ¢ = p, M \qu\r ¢, hence M \Lﬁc by
symmetry of Kim-independence (in fact one needs only a weak version of symmetry, see
Proposition I11.3.22) which implies ¢ \Lg M. This shows that p does not Kim-divide over
N. m
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A proof of (1) implies (6) in Theorem 4.1.1

Lemma 4.3.3. Suppose T is an arbitrary theory and M = T with |M| > |T| = k. Given
any global M -finitely satisfiable type q, let C, denote the set of N < M with |N| = k such
that ¢®“|ny = r®*|y for some global N-finitely satisfiable type r. Then:

1. Cy is in the club filter on [M]".

2. Given any set A, there is some N < M of size < |T|+|A| such that A C N and ¢**|n
1s a type of a Morley sequence generated by some global type r finitely satisfiable in N
and if ¢ (x,c) Kim-divides over M wvia q then ¢ (x,c) Kim-divides over N wvia r.

Proof. One proof of (1) essentially follows from the proof of Lemma II1.4.4, so we also give
an alternative one. Let a = (a; : i < w) be a coheir sequence generated by ¢ over M. Then,
N e C, it N < M and a is a coheir sequence over NV in the sense that tp (a;/a<;N) if finitely
satisfiable in V. Thus it is easy to see that Cj is closed under unions.

Note that if N < M is such that tp (a/M) is an heir extension of its restriction to N,
then N € Cy: if ¢ (a;, a<;) holds when ¢ (x,y) is some formula over N, then for some ¢ € M,
¢ (¢, a<;) holds, and by choice of N, we may assume that ¢ € N. Now Lemma 4.3.1 finishes
the proof.

(2) is immediate from (1), applied to the theory 7" (A) obtained from 7" by adding con-
stants for the elements of A. O

Theorem 4.3.4. Suppose T is NSOP; with |T| = k and M |=T. Then for a finite tuple b
and any set A, the following are equivalent:

1AL

2. There is a club C C [M]" of elementary substructures of M such that A Li b for all
Nec(C.

3. There is a stationary set S C [M]* of elementary substructures of M such that A \LI; b
for all N € S.

Proof. (1) = (2) Suppose that A J/f\; b. Let ¢ D tp (b/M) be a global M-finitely satisfiable
type and choose (b; : i < w) = ¢®¥|p with by = b. By Lemma 4.3.3, there is a club C, of
elementary substructures N < M with |N| = |T'| so that ¢®“|y = r®*|y for some global N-
finitely satisfiable type r. Fix N € C, a a finite tuple from A and ¢ (z;b,n) € tp (a/ND). As
a J/AIZ b, we know {p (x;b;,n)|i < w} is consistent. As (b; : i < w) is also a Morley sequence
over N in a global N-finitely satisfiable type, it follows from Kim’s lemma for Kim-dividing
(Fact 4.2.7) that ¢ (z;b,n) does not Kim-divide over N. As ¢ (x;b,n) was arbitrary, we
conclude a \L]I\([ b. Since this was true for any a, we have that A \Lﬁ b.

(2) = (3) is immediate.

(3) = (1) Suppose a J//AIZ b for some finite tuple a from A. Let ¢ (z;b,m) € tp (a/MDb)
be a formula witnessing this. Fix ¢ O tp (b/M) a global M-finitely satisfiable type and
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by ti<w) Eq¢®|m. Let C'={N < M||N|=|T| and m € N}. The set C’ is clearly club
so the intersection C” = C, N C" is in the club filter on [M]". If N € C” and ¢*¥|y = r®*|y
for some global type r finitely satisfiable in N, then ¢ (x;b,m) € tp (a/Nb) and (b; : i < w)
realizes r®|y. As {p (z;b;,m)|i < w} is inconsistent, we have a j/ﬁ b. As S is stationary,
it must intersect C”, so we get a contradiction. ]

Corollary 4.3.5. Suppose T is NSOP, with |T| = k and M = T. Then for a finite tuple a
and any set B, the following are equivalent:

K
l.a ;B
2. There is a club C C [M]" of elementary substructures of M such that a J/[A{[ B for all
N eC.
3. There is a stationary set S C [M]" of elementary substructures of M such that a J/]I\(f B
for all N € S.
Proof. Follows immediately from symmetry of Kim-independence and Theorem 4.3.4. [

Lemma 4.3.6. Suppose T is NSOP,. Assume M < N. Suppose that a \I/AI; N and ¢ (x,a)
Kim-divides over N for ¢ (x,y) € L(M). Then ¢ (z,a) Kim-divides over M.

Proof. Let (a; : i < w) be an indiscernible sequence over N starting with ag = a such that
a; L}];ag- and {¢(z,q;)|i < w} is inconsistent (to construct it, let (b; : i € Z) be a coheir
sequence in the type of tp (a/N), so in particular b; | | b<; for @ < 0, hence b~; | bi by
transitivity of | “, and let a; = b_; for i < w).

Then (a; |i < w) is an | *-Morley sequence over M in the sense that a; \L; a<;. To see
this, suppose not, i.e., by symmetry suppose that a; J//AIZ a;. Then for some formula ¢ (z, x)
over M, ¢ (a<;, a;) holds and ¢ (2, a;) Kim-divides over M. Since a; J/“N a;, for somen € N,
¥ (n,a;) holds. However, since a; =y a, by symmetry N J/AIZ a; — contradiction.

Suppose that ¢ (z,a) does not Kim-divide over M. Then by Fact 4.2.9, {p (z,a;) |1 < w}
is consistent — contradiction. ]

Lemma 4.3.7. Suppose T is NSOP;. Suppose that (M;|i < «) is an increasing sequence
of elementary substructures of a model N, that M, = |J{M;|i < a} and that p € S(N).
Assume that p does not Kim-fork over M; for all i < . Then p does not Kim-fork over M,.

Proof. Let a = p. We want to show that a \Lﬁ N, so by symmetry it is enough to show

that N J/AK/[ a. Suppose not. Then there is some formula ¢ (z,y) in L (M,) and some

b € N such that ¢ (b,a) holds and ¢ (z,a) Kim-divides over M,. Let ¢ < «a be such that
v(x,y) € L(M;). Since M, € N and aJ/AK/[_N by assumption, aifj\; M,. Hence by

Lemma 4.3.6, ¢ (z, a) Kim-divides over M;. Hence b j/ﬂKﬂ a. But this is a contradiction since
a J/A[; N so by symmetry b J/AK/[ a. O]
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We can now prove (1) = (6) from Theorem 4.1.1.

Theorem 4.3.8. Suppose that T' is NSOP,. Suppose that a is a finite tuple, a \LAI;N and
M < N. Then the set E of M' € [M]"" such that M' < M and a J/f/[, N is a club.

Proof. The family F is closed under unions by Lemma 4.3.7. Hence to finish we only need
to show that E contains a club, and this follows from Corollary 4.3.5 (1) = (2). O

The equivalence (1)—(6)
We finish the proof of Theorem 4.1.1 with the following.
Theorem 4.3.9. Suppose T is a complete theory. The following are equivalent:

1. T s NSOP;.

2. There is no continuous increasing sequence of |T|-sized models (M; |i < 7" with
union M and p € S (M) such that p | M;1 Kim-forks over M; for all i < |T'|*.

3. Forany M =T, pe S (M), the set of elementary substructures of M of size |T| over
||

which p does not Kim-divide is a stationary subset of [M]
4. Forany M =T, p e S (M), the set of elementary substructures of M of size |T'| over

which p does not Kim-divide contains a club subset of [M]".

5. Forany M =T, pe S(M), the set of elementary substructures of M of size |T| over
which p does not Kim-divide is a club subset of [M]'".

6. Suppose that N =T, M < N and p € S (N) does not Kim-divide over M. Then the
set of elementary substructures of M of size |T'| over which p does not Kim-divide is a
club subset of [M]'",

Proof. (1) = (6) is Theorem 4.3.8.

(6) = (b)) = (4) = (3) is trivial (for (6) implies (5), note that for p € S (M), p
does not Kim-divide over M trivially).

(3) = (2) By Lemma 4.2.14, C = {M; |i < |T|"} is a club of [M]". As T is NSOP;,
there is a stationary set S C [M ]'T‘ such that N € S implies p does not Kim-fork over N.
Choose any M; € C'N S to obtain a contradiction.

(2) = (1). Suppose T has SOP; as witnessed by some formula ¢ (z,y). Let T°* be
a Skolemized expansion of T. Then T** also has SOP; as witnessed by ¢ (z,y). Thus
by Proposition 4.2.2, we can find a formula ¢ (z,y) and an array (¢;;|i <w,j < 2) such
that ¢;0 =z_, ¢;1 for all i < w, {¢(x,cip) |7 <w} is consistent and {p (z;¢;1) |7 < w} is
2-inconsistent (all in M**). By Ramsey and compactness we may assume that (¢; |i < w) is
indiscernible (with respect to M**) and extend this sequence to length |T|".
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For i <|T|*, let N; = dcl (c<;) (in M**). Then for every limit ordinal 6 < |T|*, ¢ (z,cs1)
Kim-divides over Nj as the sequence <cj71 ‘ d<j<|T |+> is indiscernible and for all 6 < j,
Cj \L?vé Csj. As cs1 =z, Cs0, it follows that c;1 =n, ¢50, and hence ¢ (z,¢;50) also Kim-

divides. Let p € S <N|T|+> be any complete type containing {¢ (z,cs0) |0 < £}, which is

possible as this partial type is consistent. The sequence <N5 | 0 € lim (|T|+)> is an increasing
and continuous sequence of elementary substructures of Nyp+ of size |T| with union Np+
witnessing that (2) fails.

Corollary 4.3.10. Suppose T is NSOP,, M =T, M < N, and p € S(N). Then p does
not Kim-fork over M iff for every k with |T| < k < |M]|, the set of elementary substructures
of M of size k over which p does not Kim-divide is a club subset of [M]".

Proof. Suppose that p does not Kim-fork over M. Let A C M be any subset of M of size
r and apply Theorem 4.1.1 to the theory 7T (A) obtained from 7" by adding new constant
symbols for the elements of A.

For the other direction, apply the left hand side with k = |T'| and use Corollary 4.3.5. [

Corollary 4.3.11. Suppose T is NSOP; and M |=T. Then given any set A, there is a club
E C [M]'TH'A‘ such that N € E iff A LﬁM

Proof. Let k = |A| +|T'|. By Corollary 4.3.10, we know for each finite tuple a from A, there
is a club E, C [M]" so that N € E, if‘fa¢§M. Let B = (),c4 Fa- As |A| < k and the

acA —a
club filter on [M]" is kT-complete (Fact 4.2.13(1)), E is a club of [M]". By the strong finite

character of Kim-independence, we have A J/JI\([ M iff N € E. O

A sample application
Proposition 4.3.12. Suppose T is NSOP; and A = T. Given any set C, there is some

C' O C with |C'| = |C| + |T| such that C" N A is a model and C’ J/,}:mC’ A.

Proof. Let k = |C| + |T|. Let Cy = C and, by Corollary 4.3.11, we may let Ey C [A]" be
a club of elementary substructures of A such that N € Ej implies C) \Lﬁ A. By induction,
we will choose sets C;, clubs E; C [A]", and models X; < A such that

1. Xl S ﬂjfi Ez and Oz NA g Xz
3. For all N € E;, we have C; J/]I\(]A

Given (C;, X;, E; |1 < n), let C,11 = C,, UX,,. By Corollary 4.3.11, we may let E,,; C [A]"
be a club such that N € E, ; implies C), 14 J/ff A. As

(X € [A|Copn NAC X}
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is a club of [A]", we may choose X,, 11 €
induction.

Let C, = ;- Ci- By construction, C, N A = |
1 > n implies X; € E,, it follows that

i<nil E; containing C, ;1 N A. This completes the

X;. As i < j implies X; C X, and

<w

qu:U&em

>n

for all n, as F, is club. Also as each X; is a model, this additionally shows that C,, N A
is a model. Moreover, if ¢ € C,, is a finite tuple, there is some n so that ¢ € C,,, hence
c \LIC{ 4 A by the choice of E,. Setting C" = C,,, we finish. ]

4.4 A proof using stationary logic

More on clubs

Definition 4.4.1. Suppose  is a cardinal and A C B, S C [A]", and T' C [B]". We define
SBe[A]" and T | A € [A]" by

S = {ye[B"|lYynAeS}
TIA = {X €[A]"] thereis Y € T such that X =Y N A}.

Fact 4.4.2. [Jec13, Theorem 8.27| Suppose « is a cardinal, A C B, S C [A]", and T C [B]".
1. If S is stationary in [A]", then S? is stationary in [B]".
2. If T is stationary in [B]", then T [ A is stationary in [A]".

Lemma 4.4.3. Suppose X is a set and \ and k are cardinals with A < k < |X|. Suppose,
moreover, we are giwen a stationary subset S C [X]* and, for every Y € S, a stationary
subset Sy € [Y]". Then S’ = Uyes Sy is a stationary subset of X

Proof. Suppose D C [X]" is a club. We must show §'N D # (). By Fact 4.2.13(3), there is a
sequence of finitary functions f = (f;|i < A\) where for all i < A, f; : X™ — X and the set
CrC[X ])‘ of A-sized subsets of X closed under f is a club with C7 C D. The subsets of X

of size x closed under f form a club C% C [X]", hence C} NS#0. FixY € C% NS. Define
a sequence of functions g = (g;|i < A) by g; = f; | Y™ for all i < A. This definition makes
sense as Y is closed under the functions f; so that 7N [Y]’\ = (7, the subsets of Y closed
under g, hence is a club of [Y]". Therefore Cr N [Y]* N Sy # 0. In particular, this shows
DN S # (), which completes the proof. n

The club filter on [X]* was characterized by Kueker in terms of games of length w [Kue72].
The natural analogue for games of length A determines a filter on Py+ (X), which, in general,
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differs from the club filter. In generalizing stationary logic to quantification over sets of some
uncountable size A, it turns out that this filter provides a more useful analogue to the club
filter on [X]* than the club filter on [X]*.

Definition 4.4.4. Suppose X is a set and A is a regular cardinal. Given a subset F' C
Py+ (X), we define the game G (F'), to be the game of length A where Players I and II
alternate playing an increasing \ sequence of elements of Py+ (X). In this game, Player II
wins if and only if the union of the sets played is in F. The filter D, (X) is defined to be
the filter generated by the sets F' C Py+ (X) in which Player II has a winning strategy in
G (F). We say Y C P+ (X) is Dy (X)-stationary if Y intersects every set in D, (X).

It is easy to check that every club C' C [X]* is an element of Dy(X) and, therefore, that
every S C [X]* that is D, (X)-stationary is also stationary with respect to the usual club
filter on [X]*. It was remarked in [MS86] that if A = A<*, then Dy (A1) is just the filter
generated by the clubs of AT intersected with the set of ordinals of cofinality A (considered
as initial segments of AT). More precisely, we have the following fact. (We omit its proof
since it is not necessary for the rest.)

Fact 4.4.5. Suppose ) is an infinite cardinal and write S3* for the stationary set {a < A* | cf () = A}.
1. If C C A" is a club, then C NS} € Dy (AT).

2. Suppose A = A<*. Then Dy (\") is generated by sets of the form C N Sgw, where
C C A" is a club.

Lemma 4.4.6. Suppose X is a set of size A*, and (X, | a < A\T) is an increasing and con-
tinuous sequence from Py+ (X) with union X. Suppose S C Py+ (X) is Dy (X)-stationary.
Then the set S, = {a < AT | cfla) =\, X, € S} is a stationary subset of AT.

Proof. As |X| = AT, we may assume X = AT. Let C' C A" consist of the ordinals o < A"
such that X, = a. This set is easily seen to be a club.
Let C, € AT be a club. We must show C, N S, # (). By Fact 4.4.5(1), C,nCN S§‘+ c

D) (X), hence (Si+ nenN C’*> NS # (. Pick Y in this intersection. Then by definition of
C,Y =X, = aforsome a € S3". As X, € S, we have o € S,. This shows S,NC, # 0. [

Lemma 4.4.7. Suppose A C B and S C P+ (B) is Dy (B)-stationary. Then the set
STA={XNA|X € S} is D, (A)-stationary.

Proof. Tt is enough to show that if F € Dy (A) then FP = {X e P\« (B)| X NA€ F} €
Dy (B). We may assume that there is some winning strategy f for Player II in the game
G (F), since F' € Dy (A). That is, the function f is defined so that if, at stage i, Player I
has played (A4;|j <) then f ((A;]j <)) outputs the play for Player II.
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Now we will define a winning strategy for Player II in the game G (F B ) At stage i, if
Player I has played (A;|j <), Player II plays B; = A, U f ((A4; N A|j <1i)). As the rules
of the game require that the sets are increasing, we have

ANAC F({A;N AL <) C A
hence B;N A= f((A;NA|j <i)). It follows that

I |A4nNnA ANA
II | BynA BiNnA

is a play according to f in G (F'). Therefore,

(UAiUBi> NA=JAnAU(BNA EF,
i<\ <A
which shows (J,., 4; U B; € FP. We have shown that Player II has a winning strategy in
G (FB) so FP € D, (B). O

Stationary logic

The stationary logic L (aa) was introduced in [She75| (where it was called L (Q§)). The
logic is defined as follows: given a first-order language L, expand the language with countably
many new unary predicates {5; | < w} and a new quantifier aa. The formulas of L in L (aa)
are the the smallest class containing the first-order formulas of L, closed under the usual
first-order formation rules together with the rule that if ¢ is a formula, then (aaS;) ¢ is also
a formula, for any new unary predicate .S;. Satisfaction is defined as usual, together with
the rule that M | (aaS) ¢ (S) if and only if M = ¢ (S) when SM = X for “almost all”’
X € [M]"—that is, {X € [M]”] if SM = X then M = ¢ (S)} contains a club of [M]. We
define the quantifier stat dually: M | (statS) ¢ (S) if and only if M = —(aaS) ¢ (9).
Note that M | (statS) ¢ (S) if and only if {X € [M]*] if SM = X then M = ¢ (9)} is
stationary. Given an L-structure M, we write Th,, (M) for the set of L (aa)-sentences
satisfied by M. We refer the reader to [BKM78, Section 1] for a detailed treatment of
stationary logic.

Later work by Mekler and Shelah extended stationary logic, which quantifies over count-
able sets, to a logic that permits quantification over sets of higher cardinality [MS86]. For
A a regular cardinal, the logic L (aa)‘) is defined analogously to L (aa), with semantics de-

fined so that M k= (aa*S) ¢ (S) if and only if {X € [M]A‘ if SM = X then M | @(S)} €
D, (M). The quantifier stat” is also understood dually: M k= (stat*S) ¢ () if and only if
M = = (aa*S) ¢ (S). If T is an L (aa)-theory, one obtains an L (aa%)-theory by replac-
ing the quantifier aa with aa®. We call this theory the \-interpretation of T. By working
with Dy (M) instead of the full club filter on [M]*, one is able to relate satisfiability of an
L (aa)-theory to the satisfiability of its A-interpretation. Below, the “moreover” clause about
A-saturation is not stated in [MS86], but is immediate from the proof.
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Fact 4.4.8. [MS86, Theorem 1.3] Suppose A = A<* and T is a consistent L (aa)-theory of
size at most A. Then the M\-interpretation of 7" has a model of size at most A*. In fact, there
is such a model which is, moreover, A-saturated.

The following easy observation is also useful:

Lemma 4.4.9. Suppose ¢ is a first-order formula, possibly with parameters from M and
lo (M)| > Rg. Then if M' = Tha, (M) in the A-interpretation, then o (M')] > A.

Proof. Suppose not. Then {S e (M ’ (M ) } is a club of [M']* hence an element

of Dy (M'). Therefore M’ |= (aa*S)Vz (¢ (z) — S (2)). As M’ = Tha, (M’) in the A-
interpretation, M = (aaS)Vz (¢ (x) — S (z )) so ¢ (M) is countable, a contradiction. [

Reduction to a countable language

Remark 4.4.10. Suppose that T"is an NSOP; theory in the language L. Suppose that M = T
and ¢ (x,y) is any formula. Then for any language L' C L containing ¢, and any b € M,
¢ (x,b) Kim-divides over M in L iff ¢ (z,b) Kim-divides over M’' := M | L’ (in the sense of
T | L'). Indeed, this follows from Kim’s lemma for Kim-dividing (Fact 4.2.7) and the fact
that if b is a coheir sequence in L over M starting with b, then it is also in L'.

Lemma 4.4.11. Suppose T' is an NSOP; theory in the language L, M |= T and for some
p € S(M), the set

S={N < M||N|=1T|, p Kim-divides over N}

18 stationary in [M]|T|. Then there is a countable sublanguage L' C L and a stationary set
S" C [M]” so that, setting p' = p | L, we have that for all N' € S', p' Kim-divides over N'.

Proof. For each N € S, choose some ¢y (z;by) € p such that ¢ (x;by) Kim-divides over
N. By Fact 4.2.13(1), the club filter on [M]"! is |T'|*-complete, so for any a partition of a
stationary set into |7'| many pieces, we may find some piece which is stationary. Therefore we
may assume there is some formula ¢ so that ¢y (z;0y5) = ¢ (z;by) for all N € S. Let L' be
any countable sublanguage of L containing ¢. By Remark 4.4.10 and (the proof of) Theorem
4.34, for each N € S, there is a club Cy C [N]* of countable L'-elementary substructures
over which ¢ (z;by) Kim-divides. By Lemma 4.4.3, S’ = (g Cn is a stationary subset of
[M]*. By definition of S’, if N’ € S’, then there is some ¢ (z;by/) € p such that ¢ (x;by)
Kim-divides over N'. O

Stretching

Lemma 4.4.12. Suppose T is NSOPy, |T| =Ry, M =T, and there is p € S(M) so that
the set
So={N < M ||N| =Ry and p Kim-divides over N}
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is stationary. Then, given any reqular uncountable cardinal X = \<*, there is a model
M =T, |M'| =X, a formula ¢ (z;y), and a type p. over M’ so that

Sy ={N" < M'||N'| =\, there is p(x;aly) € p. that Kim-divides over N'}

is Dy (M')-stationary.

Proof. As no type Kim-divides over its domain, it follows that M is uncountable. For each
N € Sy, there is some formula ¢y (z;ay) € p and ky < w so that ¢ (z;ayn) ky-Kim-divides
over N via a Morley sequence in some global N-finitely satisfiable type. As the club filter on
[M]* is Ny-complete, Fact 4.2.13(1), there are ¢ and k so that for some stationary S C S,
we have N € S implies ¢y (z;an) = ¢ (2;an) and ky = k.

Let | = |ay| for all N € S and let M be an Ni-saturated elementary extension of M.
Let x be a sufficiently large regular cardinal so that all objects of interest are contained in
H (x). In particular, we may choose x so that M,“M, T, L, and p are contained in H (y),
together with a bijection to w witnessing the countable cardinality of L, and we consider the
structure

H:(H(X),G,M,M,L,T,p>.

By Fact 4.4.2(1), the set S, = {X € [H]” | X N M € S} is a stationary subset of [H]*.

Let @ (X) be the formula in the language of H together with a new predicate X that
naturally asserts: there exists ¢ € M', such that ¢ (z;¢) € p and such that there exists
fev (]\7[l>) such that:

X N M is an elementary substructure of M.

f = {(fi]i <w) is an (X N M)-indiscernible sequence such that tp (f;/ (X N M) f-;) is
finitely satisfiable in (X N M).

f(0)=c

{¢(z; f;) | 1 < w} is k-inconsistent.

We first show the following;:

Claim. H = (statX) @ (X).

Proof of claim. As S, is stationary, it suffices to show that if X € S, and S* = S, then
H | @ (S). Recall that if X € S,, then X N M € S so X N M is a countable elementary
substructure of M, and ¢ (z;axny) is a formula in p that k-Kim-divides over X N M. As
M is R;-saturated, there is a coheir sequence (a; |1 < w) over X N M in M with ag = axma
and {¢ (z;a;) |7 < w} k-inconsistent. Put ¢ = ag and let f € “(M") be defined by f; = a;,
we easily have (1)-(4) satisfied, proving the claim. O

By Fact 4.4.8, there is H' which is a model of the A-interpretation of Thy, (H) with |H'| =
AH = (H’, e, M, M, L’,p’). As L and T are coded by natural numbers, the language

L is contained in L’ and thus the definable set {x eH ‘ ze M } may be regarded as the

domain of an L’-structure whose reduct to L is a model of T" and likewise for M. Moreover



CHAPTER 4. LOCAL CHARACTER 145

M’ <, M’ and |M’| = A*, by Lemma 4.4.9. As H' = (stat*X) @ (X), there is a Dy (H')-
stationary set S/ C [H']" witnessing this. Let S’ = S/ | M'—ie. &' = {XNM'|X € S'}.
By Lemma 4.4.7, S" is D, (M')-stationary. Let p, = p’ [ L. To conclude the proof, it suffices
to establish the following:

Claim. p, is a type over M’ and if N € S’ then p, k-Kim-divides over N via some ¢ (x;dy) €
D

Proof of claim. It is clear that p, is a consistent type over M’. Now fix N € S’. By definition
of §', N = X N M for some X € [H']* such that H' = @ (S) when S* = X. Tt follows
that for some b € M’, there is an N-indiscernible sequence (b; | i € I) with by = b, such that
tp (b;/Nb.;) is finitely satisfiable in N, ¢ (z;by) € p’ and {@ (x;b;)|i € I} is k-inconsistent,
where I denotes the (possibly non-standard) natural numbers of H'. By indiscernibility,
(b; |i € I) is a Morley sequence over N in a global N-finitely satisfiable type, which shows
¢ (x;by) k-Kim-divides over N. This completes the proof. O

The main lemma

Lemma 4.4.13. (Main Lemma) Suppose T' is a complete theory, M |= T is a model with
|M| > |T|, and for some p € S (M), the set

So = {N e [M]™ ‘ N < M,p Kim-divides over N}

is stationary. Then T has SOP;.

Proof. Towards contradiction suppose 1" is NSOP;. By Lemma 4.4.11, there is a countable
sublanguage L' C L and a stationary set S C [M]” such that if p’ = p | L’ then for all
N € S, N <y M and p' Kim-divides over N. Therefore, we may assume for the rest of the
proof that T is countable.

By forcing with the LATvy collapse Coll ()\J“, 2)‘) for a sufficiently large cardinal, we may
assume there is some an uncountable cardinal k = k<%, namely k = A", while preserving the
situation. By Lemma 4.4.12, there is a model M’ = T with |M’'| = k* and a type p’ over
M’ so that

Sg ={N € [M']"| N < M and some ¢ (z;cy) € p’ Kim-divides over N}

is D, (M')-stationary. Let (M, |« < k1) be a continuous and increasing sequence of x-sized
elementary substructures of M’ with union M’. The set S = {a < k1 | cf () = &, M, € S}
is a stationary subset of kT by Lemma 4.4.6. By intersecting with a club, we may also
assume that for all « € S, M, contains cy, for all 5 € anS.

From here, the proof closely follows the proof of Theorem II1.4.5. For each a € S, let
¢, denote ¢y, and let r, be a global M,-finitely satisfiable type extending tp (c,/M,). By
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reducing S, we may assume that there is some k& < w such that r witnesses that ¢ (z;c,)
k-Kim-divides over M,. For each a € S, apply Lemma 4.3.3(2) to choose a countable
N, < M, such that r%¥|y,_ is the type of a Morley sequence in some global N,-finitely
satisfiable type and hence such that ¢ (x;¢,) k-Kim-divides over N,. Define p: S — k* by
p(a) =min{f < a|N, C Mg}. This is well-defined and pressing down on S as  is regular
and uncountable. By Fodor’s lemma, there is S" C S such that p is constant on S, say with
constant value 3y. As |[Mg,| = k, there are < k™ = k many choices for N, C Mg, so there is
a stationary S” C S" and N/ so that N, = N| for all « € S”. As there are < 2% < g choices
for 75|y, there is a stationary S, C S” such that r§“|y; is constant, with value s§*|y; for
some global coheir sy over Nj. Let dyp = min Sy, ey = ¢s,-

Repeating this process w many times, we find an increasing sequence (; |7 < w) of or-
dinals in k", an increasing sequence of models (N/|i < w), ¢; € M’ for i < w and global
N/-finitely satisfiable types s; such that:

N] contains e.;, ¢ (z;e;) is k-Kim-dividing over N/ for every i < j, s; is a global coheir
over N/ extending tp (e;/N]) and e; =x: ¢; for all j > 4. In addition, 57|y = 57|y, for all
J =i

Denote € = (e; : i < w). Note that {¢ (z;¢;) |7 < w} is a subset of p/, hence consistent.
Now, exactly as in the claim in the proof of Theorem II1.4.5, we can show that if iy <
... <p_1 < wand for each j < n, f; = sij\N{ngj then e;, =il fj for all j < n and

{¢(x; f;)|j < n} is k-inconsistent. By compactness, we can find an array ((c;o,¢i1) |7 < w)
so that {¢ (z,¢;0) |7 < w} is consistent, {¢ (x,¢;1) | < w} is k-inconsistent, and ¢; 9 =z_, ¢;1
for all i < w. By Fact 4.2.2, we obtain SOP1, a contradiction. O

Corollary 4.4.14. Theorem 4.1.1 (1) = (4) holds.

4.5 Dual local character

Definition 4.5.1. (T any theory) Say that a formula ¢ (z,a) strongly Kim-divides over a
model M if for every global M-invariant type ¢ 2 tp (a/M), ¢ (x,a) Kim-divides over M
VG q.

Remark 4.5.2. By Fact 4.2.7, strong Kim-dividing = Kim-dividing iff 7" is NSOP;.

Definition 4.5.3. A dual type (over A) in z is a set F of (A-)definable sets in  such that for
some k < w, it is k-inconsistent. Say that F' dually divides over a model N, if every X € F
which is not definable over N divides over N. Similarly define when F' dually Kim-divides
over N and when F' strongly dually Kim-divides over N.

Theorem 4.5.4. The following are equivalent for a complete theory T'.
1. T is NSOP;.
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2. There is no continuous increasing sequence of |T'|-sized models <J\4Z |z < |T|+> with
unton M and a dual type F over M such that F' | M;.1 does not strongly dually
Kim-divide over M; for all i < |T|.

3. Assume that M =T and F a dual type over M. Then there is a stationary subset S
of [M]‘T| such that if N € S then N < M and F strongly dually Kim-divides over N.

4. (Dual local character) Same as (3) but S is a club.

Proof. The proof is essentially dualizing or inverting the proof (using stationary logic) of
Theorem 4.1.1 (1) = (4), but we go into some details.

(1) = (4). We follow the proof of “(1) implies (4)” of Theorem 4.1.1 as described in
Section 4.4. Namely, assume that (2) fails. This means that there is a stationary subset S
of [M ]'T‘ such that if V € S then N < M and there is some X € F' which is not definable
over N but still does not Kim-divide over N. Using the same proof as in Lemma 4.4.11, we
may assume that the language L is countable and that there is a single formula ¢ (x,y) with
|z| = n such that if N € S then for some b € M\N, ¢ (z,b) does not Kim-divide over N
(and ¢ (x,b) is not N-definable). Now we repeat the same procedure as in Lemma 4.4.12.
Thus, for a regular uncountable cardinal A = A<*, we get a model M’ =T, |[M'| = AT, a
formula ¢ (z,y), and a k-inconsistent family F, of definable formulas over M’ so that

Sy ={N'" < M'||N'| =\, Fp (x;dy) € F, not N'-definable and does not Kim-divide over N’}

is Dy (M')-stationary. Now we repeat the proof of Lemma 4.4.13. The contradiction we will
arrive at the end will be the same contradiction, but the roles of the sequences e; and f;
are reversed. Now {¢ (z,¢;) |7 < w} is k-inconsistent (note that the formulas ¢ (z,e;) must
define distinct definable sets from F}) and (¢ (z, f;) | j < n) is consistent.

(4) = (3) = (2) is exactly as in the proof of Lemma 4.3.9. The proof of (2) =
(1) is just dualizing the proof of “(2) implies (1)” in Theorem 4.3.9 in the sense that the
sequences (c;o |7 < w) and (¢; 1|7 < w) exchange places. O

Question 4.5.5. Is there a proof of the dual local character which does not use stationary
logic? Such a proof may reveal some new properties of Kim-dividing.
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Chapter 5

SOP in one variable

5.1 Introduction

This chapter is concerned with showing strong order property 1 (SOP;) is witnessed by a
formula with only one free variable. SOP; was introduced by Dzamonja and Shelah in their
study of the <*-order and they observed the class of NSOP; contains the simple theories
[DS04]. Our subsequent work with Artem Chernikov in Chapter 1characterized NSOP; in
terms of independent amalgamation of types, which gave a Kim-Pillay-style criterion for
NSOP; that, in turn, implied that many nonsimple examples of interest lie within this class.
Later in Chapter 3, with Itay Kaplan, we introduced the theory of Kim-independence which
provided evidence that NSOP; is a meaningful dividing line, admitting a structure theory
close to simplicity theory.

SOP; is distinctive among dividing lines because of the difficulty of showing that a theory
is NSOP; directly by syntactic means. In essentially all known examples of non-simple
NSOP; theories, one first shows that the theory has a well-behaved notion of independence
and then makes use of the Kim-Pillay-style criterion from Corollary 1.4.1 to show that this
implies the theory is NSOP;. In algebraic examples, such as Frobenius fields or bilinear forms
over an algebraically closed field, this strategy is natural and closely parallels the established
strategy for showing the simplicity of similar theories, such as bounded PAC fields or ACFA.
However, in combinatorial examples, this approach can seem rather cumbersome or indirect.

We simplify the syntax of SOP; by proving that SOP; is always witnessed by a formula
in a single free variable. One-variable theorems have been proved for almost all of the major
dividing lines, both because it makes it easier to check whether a theory has the given
property, and because it is a natural test question for one’s understanding of the dividing
line’s behavior. Yet these theorems can sometimes be difficult to discover. For example, the
questions of whether there are one-variable theorems for the strict order property or the tree
property of the second kind were both posed as open problems by Shelah; the former was
settled later by Lachlan [Lac75|, the latter much later by Chernikov [Chel4|. In some cases,
the analysis can be simplfied by considering generalized indiscernibles, e.g. indiscernible
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arrays for TP, or indiscernible trees for TP;/SOPs, but these are of little direct use in
studying formulas witnessing SOP; (see [HS14, p. 29nl] for a discussion). The argument
below instead makes use of an equivalent formulation of SOP; in terms of a sequence of pairs
to conclude by a direct combinatorial argument.

5.2 The proof

We begin by noting some equivalent formulations of SOP; in terms of arrays that will be
useful. In referring to an array (¢;;)icw,j<2, We write ¢; = (¢i0,¢i1) and ¢<; = (Cr)r<i. We
write L(C') to denote the collection of L-formulas with parameters from the set C'. We always
assume T is a complete theory with monster model M = T'.

Fact 5.2.1. Proposition I11.2.4 The following are equivalent:
1. T has SOP;—that is, there is a formula ¢(x;y) and a tree of tuples (a,),e2<w so that

a) For all n € 2¥, {¢(z; aya) : & < w} is consistent.
b) For all v ~ (0) < n € 2, {p(z;a,), p(x;a,~y)} is inconsistent.

2. There is a formula p(z;y) and array (¢;;)icw j<2 SO that

a) Ci,0 =e.; Cil for all 7 < w.
b) ¢(z;¢i0) 11 < w} is consistent.
¢) {p(z;ci1) i <w} is 2-inconsistent.

3. There is an array (¢; j)icw j<2, With ¢; ; = (d;;, €;;) for all ¢, j, and formulas x;(z;y) and
X2(x; z) so that, writing ¢ (z;y, 2) for x1(z;y) A xa(z; 2), the following conditions are
satisfied:

a) For all i <w, €0 =ce.,gecsy Cil

b) {¥(x;cip) 1 i <w} is consistent;

c) 7 <i = {xi(x;dip), x2(x;€j1)} is inconsistent.
Remark 5.2.2. Although conditions (1)-(3) are not, in general, equivalent at the level of
formulas, if one of the conditions is true for a formula ¢(x;y), then for any of the other
conditions, there is a formula ¢’(2’;y') witnessing this with [(z) = [(2’). Hence we say T" has

SOP; witnessed by a formula in a single free variable if there is a ¢(z;y) with {(x) = 1 for
at least one of the conditions (1)-(3).

Lemma 5.2.3. If T has SOP,, there is a formula ¢(z;y) and an array (¢ o, ¢i1)icw SO that
1. {p(x;cip0) 11 < w} is consistent.

2. {p(x;¢i1) 1 i < w} is 2-inconsistent.
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3. (€)i<w 1s an indiscernible sequence.
4. Cio Ze, G for alli < w.
5. (Cko)k>i 1S C<iCiq-indiscernible.

Proof. If T has SOPy, then by Fact 5.2.1(2), Ramsey, and compactness, there is a formula
o(x;y) and an array (b;o,b;1)i<w satisfying (1)-(4) in the statement. Define ¢; o = bait10
and ¢;; = by for all i < w. The array (¢, ¢i1)i<w clearly satisfies (1)-(3). (5) is also
clear, since (bgo)k>2i41 18 bop1-indiscernible. To see (4), note bait1,0 =p_,, b2it11 and hence
baiv1,1 =5_,, bain by (3) so, by definition, ¢; ¢ =¢_, ¢;1. O

Lemma 5.2.4. Suppose T does not witness SOPy with any formula in the variables x.
Suppose b is a tuple of the same length as x, C' is some set of parameters, and (¢; o, Ci1)icw
1S an array satisfying

1. (¢;)i<w s a C-indiscernible sequence.
2. (Ci0)icw is Cb-indiscernible.

3. ¢ip =ce_, Cip foralli < w.

4. (Cr0)k>i is CCeyciq-indiscernible.

Then
tp(b/C(ci0)icw) U{p(x;cip) <> p(w5ci1) 11 <w,p € L(C)}

18 consistent.

Proof. Suppose not. Let N be maximal so that
tp(b/C(ci0)icw) U{p(x;cip) ¢ p(x5ci1) i < N,p € L(C)}

is consistent. By compactness, we may fix x(z;c<nro) € tp(b/C(cip)icw), @ finite A(x) C
{p(z;¢i0) <> p(z;¢:1) 11 < N,p € L(C)}, and a formula ¢ € L(C') so that

X(x;c<pro) A /\ A(z) F p(z;eno) < mp(z;ena).

Necessarily by the choice of N, we have M > N, and, without loss of generality, x(z; c<ar0) -
o(x;enyg). Put C" = CUCy and let

a;o = (C(M—N)i+N,0;C(M—N)z‘-}—N—f—l,O;---7C(M—N)z'+M,O)
bi,() = C(M—N)i+N,0

@il = C(M—N)i+N,1-
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Unravelling definitions, we have b; g =, b;1 for all 7. Therefore, we may choose, for

a<i,OB<i
all © < w, some a;; so that a;obio =

Y(z;2) € L(C") by

aciobeo @i1bi1. Set 2 = (zo,...,2y-n) and define

Y(x;2) = x(@; cenp, 20, - - 2M—N) A /\ A(z).

Write pu(z;y, 2) = o(x;y) Ap(x;2) € L(C"). Setting d; ; = (aiy,bij), for i < w,j < 2, we
obtain an array (d;o,d;1)i<w 50 that dip =cra_, obe;, di-
Since x(z;¢c<n0,CN0;s -5 o) € tP(V/C(cip)icw) and (¢;0)icw is Cb-indiscernible, we
have
{X(@5 cano, CM=N)i+N0s - - - CM—NYitM0) 21 < w} CStp(b/Clcip)icw)-
By construction, A(z) U tp(b/C(c;0)icw) is consistent. Unravelling definitions, we have
{m(x;d;p) : i <w} is consistent. By our choice of N, we know

X(z5 N0, CNOs - - -5 Cr0) N /\ Az) Nop(x;enp) N p(zien)

is inconsistent. By indiscernibility of the sequence (¢;);<, for all i < w,

X(x; C<N,0; C(M—N)i+N,05 - - 7C(N—M)i+M,O> A /\ A(«T) A 80(1'; C(M—N)i+N,O) A <P(913; C(M—N)z’—i—N,l)

is inconsistent. Then as the sequence (c,0)k>(m—Nyitn 18 CCc(ar—N)it NC(M—N)itN,1-indiscernible,
it follows that, for all j > i,

X (23 CaN,0s COM—NYj+N,05 - - -+ C(N—M)j+M,0) N /\ A(x) N o(z; cor—nyjen0) A o(T; cr—nyitn,1)

is inconsistent. Unravelling definitions again, this shows that for i < j, u(x;d;o) A p(z;b;1)
is inconsistent. By Fact 5.2.1(3), this shows 7" has SOP; (in some formula in the variables
x). O

Theorem 5.2.5. If T' has SOP;, there is some formula in a single free-variable with SOP;.

Proof. Suppose ¢(z,y; z) is a formula witnessing SOP;. So there is an array (¢; o, ¢i1)icw
satisfying conditions (1)-(5) of Lemma 5.2.3 with respect to ¢(z,y; z). We will suppose T
does not witness SOP; in the free variables y and we will exhibit a formula witnessing SOP;
in the free variables x. Let C,, be the set enumerated by ¢.,,. For n < m < w, define the

partial type g, (y) by
G (y) = {0 (y; cmo) > (5 ema) 1 € L(Cy)}-
By induction on n < w, we will choose b,, so that
L. {p(x,by;cip) 1 i < w} is consistent.

2. b, realizes g, for all kK <n and m > k.
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3. (Ck)k>n is Cpb,-indiscernible.

To begin, choose an arbitrary (ag,bo) = {p(z,y;ci0) @ ¢ < w}. By Ramsey, compactness,
and automorphism, we may assume (¢;);<,, is bp-indiscernible. Next, suppose we are given
b, so that {p(z,b,;ci0) 1 i < w} is consistent, b, realizes gy, for all & < n and m > k,
and (Cx)k>n is b,Cp-indiscernible. We additionally know cxo =c,z., ck1 and (co)i>k is
Cyc<kcp-indiscernible for all £ > n. Therefore, we may apply Lemma 5.2.4 to conclude

tP(bn/Cr(cin)icw) U{Y(Y; cmo) <> V(Y; ema) :m > n,9 € L(C,)}

is consistent. Let b,y; realize this partial type. By Ramsey, compactness, and an au-
tomorphism over C,, we may assume (¢x)r>n is Cpb,1-indiscernible, hence (¢x)g>ni1 is
Ch+1by41-indiscernible. It follows, then, that {¢(z, byi1;¢ip) 1 ¢ < w} is consistent, (Cx)r>n+1
is b,41Cy41-indiscernible, and b, realizes gi,,(y) for all K <n+1 and m > k.

By compactness, then, we obtain a tuple b so that {¢(z,b;¢;0) : ¢ < w} is consistent
and b realizes ¢, (y) for all n < k < w. It follows that ¢, o =z_,p s for all n. Setting
d;j = (b,c; ) for all i <w,j < 2, we obtain an array (d; o, d;1)i<w S0 that {¢(x;d;0) : i < w}
is consistent, {¢(x;d;1) : i < w} is inconsistent, and d; =;_, diy for all 4. This shows there
is a formula in the variables x witnessing SOP;. This shows we may reduce the number of
variables in the formula witnessing SOP; and, by induction, we conclude. O
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Part 1V

Examples and Applications
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Chapter 6

(Generic expansion and Skolemization

This chapter is joint work with Alex Kruckman.

6.1 Introduction

Many of the early developments in the study of simple theories were guided by the thesis
that a simple theory can be understood as a stable theory plus some ‘random noise.” This
loose intuition became a concrete recipe for creating new simple theories: start with a stable
theory, and, through some kind of generic construction, add additional random structure in
an expanded language. This strategy was pursued by Chatzidakis and Pillay [CP98], who
showed that adding a generic predicate or a generic automorphism to a stable theory results
in a simple theory which is, in general, unstable. In the case of adding a generic predicate,
it suffices to assume that the base theory is simple; that is, expansion by a generic predicate
preserves simplicity. The paper [CP98| spawned a substantial literature on generic structures
and simple theories, which in turn shed considerable light on what a general simple theory
might look like.

We are interested in using generic constructions to produce new examples of NSOP; the-
ories. The class of NSOP; theories, which contains the class of simple theories, was isolated
by Dzamonja and Shelah [DS04| and later investigated by Shelah and Usvyatsov [SUO0S|.
Until recently, very few non-simple examples were known to lie within this class. A cri-
terion, modeled after the well-known theorem of Kim and Pillay characterizing the simple
theories as those possessing a well-behaved independence relation, was observed in Chapter
1. This criterion was applied to show that the theory of an w-free PAC field of charac-
teristic zero and the theory of an infinite dimensional vector space over an algebraically
closed field with a generic bilinear form are both NSOP;. That chapter also showed, by a
variation on a construction of Baudisch, that a simple theory obtained as a Fraissé limit
with no algebraicity may be ‘parametrized’ to produce an NSOP; theory which is, in gen-
eral, non-simple. Chapter 3 developed a general theory of independence in NSOP; theories,
called Kim-independence, which turns out to satisfy many of the familiar properties of fork-
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ing independence in simple theories (e.g. extension, symmetry, the independence theorem,
etc.). In this chapter, we apply this theory of independence to verify that certain generic
constructions preserve NSOP;.

In Section 6.2, we review the theory of Kim-independence in NSOP; theories and make
some technical contributions to this theory. We establish strengthenings of the extension
property, the chain condition, and the independence theorem for Kim-independence, obtain-
ing additional instances of algebraic independence in their conclusions (see Definition 6.2.8,
and Theorems 6.2.15, 6.2.18, and 6.2.21). The main deficiency of Kim-independence is the
failure of base monotonicity, and this work can be viewed as an effort to circumvent that
deficiency, since the instances of algebraic independence that we need would be automatic
in the presence of base monotonicity (see Remarks 6.2.9 and 6.2.10).

Section 6.3 is dedicated to an analysis of the theory Tg of the generic L-structure (the
model completion of the empty theory in an arbitrary language L). The work in this section
was motived by a preprint of Jefabek [Jer17|. In an early draft of [Jer17], JeFabek showed that
Tg is always NSOPj3, regardless of the language. He asked if this could be improved to NSOP,
and if T’ 2 weakly eliminates imaginaries. We give positive answers to these questions, and
we characterize Kim-independence and forking independence in this theory. In a subsequent
draft of [Jer17|, Jerabek also independently answered both questions.

But Jerabek’s first question suggested a much more general one. An L-theory T may
be considered as an L’-theory for any language L' that contains L. A theorem of Winkler
[WinT75]| establishes that, as an L'-theory, the theory 7" has a model completion T}/, provided
that T" is model complete and eliminates the quantifier 3°°. The theory T}, axiomatizes the
generic expansion of T' by the new constants, functions, and relations of L’. Using the theory
developed in Section 6.2, we show that if 7" is NSOPy, then T}/ is as well; that is, generic
expansions preserve NSOP;.

In [Win75], Winkler also showed that if 7" is a model complete theory eliminating the
quantifier 3°°; then 7" has a generic Skolemization Tg. More precisely, if T" is an L-theory,
one may expand the language by adding a function f, for each formula ¢(Z,y) of L. And
T, together with axioms asserting that each f,(7) acts as a Skolem function for ¢(Z,y), has
a model companion. This result was used by Niibling in [Niib04|, who showed that one may
Skolemize algebraic formulas in a simple theory while preserving simplicity. Niibling further
observed that, in general, adding a generic Skolem function for a non-algebraic formula
produces an instance of the tree property, and hence results in a non-simple theory. We
show, however, that generic Skolemization preserves NSOP;. By iterating, we show that any
NSOP; theory eliminating the quantifier 3°° can be expanded to an NSOP; theory with built-
in Skolem functions, and we also characterize Kim-independence in the expansion in terms
of Kim-independence in the original theory. This result is of intrinsic interest, but it also
provides a new technical tool in the study of Kim-independence in NSOP; theories, which,
at least at its current stage of development, only makes sense when the base is a model.
Preservation of NSOP; by generic expansion and generic Skolemization is established in
Section 6.4.
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6.2 NSOP; and independence

Preliminaries on NSOP;

Throughout this section, we fix a complete theory 7" and a monster model M |= T

Definition 6.2.1. A formula ¢(z;y) has SOP 1 modulo T if there is a tree of tuples (a,),c2<«
in M so that:

e For all n € 2¥, the partial type {¢(x;aya) | @ < w} is consistent.
e For all v,n € 2« if v ~ (0) <7 then {¢(z;ay), ¢(z;a, )} is inconsistent.

The theory T is NSOP; if no formula has SOP 1 modulo 7. An incomplete theory is said to
be NSOP; if every completion is NSOP;.

Definition 6.2.2. We call any p € S(M) a global type. A global type p is A-invariant if,
for all formulas p(z;y), if b =4 b, then ¢(x;b) € p if and only if p(z;b") € p (equivalently,
p is invariant under the action of Aut(M/A) on S(M)). If p is a global A-invariant type, a
Morley sequence in p over A is a sequence (b;)ier from M so that b; = plaw,),.,- We denote
by p®"|4 the type tp(bs,...,b;, /A) when i; < iy < --- < i,. By invariance, this type does
not depend on the choice of Morley sequence (b;);c; or indices iy.

Definition 6.2.3. Fix a model M < M.

1. A formula o(x;b) Kim-divides over M if there is an M-invariant global type ¢ 2
tp(b/M) so that if (b;);<. is a Morley sequence over M in ¢, then {p(z;b;) | i < w} is
inconsistent.

2. A partial type p(x) Kim-divides over M if p(x) implies some formula which Kim-divides
over M.

3. We write a \LZ b for the assertion that tp(a/Mb) does not Kim-divide over M.

A well-known theorem of Kim and Pillay characterizes the simple theories as those theo-
ries with a notion of independence satisfying certain properties—this serves both as a useful
way to establish that a theory is simple and as a method to characterize forking indepen-
dence for the given theory. An analogous criterion for establishing that a theory is NSOP;
was proved in Chapter 1. Later, it was observed in Chapter 3 that this criterion gives rise
to an abstract characterization of LK.

Theorem 6.2.4. Proposition 1.5.8, Theorem II1.9.1 Assume there is an Aut(M)-invariant
ternary relation | on small subsets of Ml satisfying the following properties, for an arbitrary
M < M and arbitrary tuples from M:

1. Strong finite character: if a [, b, then there is a formula ¢(z,b,m) € tp(a/Mb) such
that for any o' = o(x,b,m), a" £ b.
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Ezistence over models: a |, M.
Monotonicity: if aa" |, bV, thena |, b.

Symmetry: ifa |, b, thend | a.

The independence theorem: if a \LM b, d \LM ¢, b \LM c and a =y d, then there exists

a” with a’ =y, a, @’ =y d', and a” J/M be.

Then T is NSOP, and | strengthens |~ i.e. if a Ly b then a J/J\K/I b. If | satisfies the
following additional property, then | = \LK over models, i.e. a \LM b if and only if a J/;{J b:

6. Witnessing: if a { , b, then there exists a formula ¢(z,b,m) € tp(a/Mb), such that
for any Morley sequence (b;);<., over M in a global M -finitely satisfiable type extending
tp(b/M), {p(z,b;;m) | i <w} is inconsistent.

The following is a reformulation of some of the main results of Chapter 3:

Theorem 6.2.5. IfT is NSOP, then J/K satisfies the properties (1)-(6) in Theorem 6.2.4,
as well as

7. Extension: if a LM b, then for any c, there exists a’ such that a’' =y a and o J/M be.

8. The chain condition: if a \LMb and I = (b;)i<w, s a Morley sequence over M in a
global M-invariant type extending tp(b/M), then there exists a' such that a’ =y a,
a" L, I, and I is Md'-indiscernible.

We will also be interested in the relation of algebraic independence, | “. Algebraic
independence comes close to satisfying the criteria in Lemma 6.2.4 in any theory, but it
typically does not satisfy the independence theorem.

Definition 6.2.6. For any set C' C M and any tuples a and b, we define

a i b <= acl(Ca)Nacl(Ch) = acl(C).

Lemma 6.2.7. In any theory T, | “ satisfies extension, existence over models, monotonic-
ity, symmetry, strong finite character, and witnessing.

Proof. Extension for algebraic independence is proved in [Hod93, Theorem 6.4.5|. Existence
over models, monotonicity, and symmetry are immediate from the definitions.

For strong finite character and witnessing, note that if M = T, a J//L b, and ¢ €
(acl(Ma) Nacl(Mb)) \ M witnesses this, then one can choose x(z;a,m) € tp(c/Ma) and
¥(z;b,m) € tp(c/Mb) which isolate these types. In particular, for some k, ¥’ < w, we may
choose y and v so that for all ¢/, there are at most k realizations of x(z;a’,m), and for all ¥’,
there are at most k' realizations of ¢ (z;b', m). Note that, since ¥(z; b, m) isolates tp(c/Mb),
if b =) b, then none of the realizations of ¥ (z; V', m) are in M.
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Let p(z,b,m) be the formula 3z (x(z;x,m) A (z;b,m)). For any o’ satisfying ¢(z,b, m),
the witness to the existential quantifier also witnesses a’ J [a]pb. This verifies strong finite
character.

We use the same formula ¢(x,b,m) for witnessing. Let (b;);<, be a Morley sequence
over M in a global M-finitely satisfiable type extending tp(b/M). If M |= 3z (¢¥(2; bi,m) A
Y(z;b;,m)) with ¢ < j, then by finite satisfiability, there exists m’ € M such that M |=
Az (Y(z;b;,m) A p(z;m';m)). But every realization of ¥(z;m/,m) is algebraic over M and
hence in M, while no realization of ¥(z; b;,m) is in M. It follows that the sets {¢(M; b;, m) |
i < w} are pairwise disjoint, and thus the partial type {¢(z,b;,m) | i < w} is inconsistent,
since for any a’, the set x(M;a’, m) intersects at most k of the sets (M b;, m). ]

In Section 6.4, we will need strengthenings of the extension property and the independence
theorem, which tell us that Kim-independence interacts with algebraic independence in a
reasonable way. Along the way to proving the strengthening of the independence theorem,
we will need a similar strengthening of the chain condition.

Definition 6.2.8. Using the same notation as in Theorem 6.2.4, we define the following
properties of an abstract independence relation | :

o Algebraically reasonable extension: if a J/M b, then for any ¢, there exists a’ such that
a = a and o \J/M be, and further o Lj/[b c.

e The algebraically reasonable chain condition: if a \LMb and I = (b;)i<, is a Morley
sequence over M in a global M-invariant type extending tp(b/M), then there exists a’
§uch.that a=ypa,ad | o [ and I is Ma'-indiscernible, and further b, J/La, b; for all
1% 7.

e The algebraically reasonable independence theorem: if a \LM b, a J/M c, b \LM ¢, and
a =p a, then there exists a” such that a” =y a, @’ =ye d, and a” J/Mbc, and
farther a” | ¢, a” [, b and b |

a
Ma C.

Remark 6.2.9. If T is simple, then by Proposition 111.8.4, J/K coincides with forking in-

dependence \Lf over models, and the “and further” clauses of Definition 6.2.8 follow easily
from the basic properties of forking independence.

Remark 6.2.10. In any theory, forking independence satisfies base monotonicity and strength-
ens algebraic independence. So for any set A and tuples a, b, and ¢, a J/i bc implies a \Lgb c,
which implies a J/ij c. Even in an NSOP; theory T', however, it is possible to have a model

M =T and tuples a, b, and ¢, with a J/]\IZ bc and a J//‘Jlm) c. See Example 6.3.15 below.
In the remainder of this section, we will show that in an NSOP; theory, Kim-independence

satisfies the algebraically reasonable properties in Definition 6.2.8. The reader who is not
interested in the technicalities of these proofs may skip directly to Section 6.3.
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An improved independence theorem

We will first establish a slight improvement to the conclusion of the independence theorem,
removing the apparent asymmetry between a, b, and ¢ in the conclusion. Asin Remark 6.2.9,
this improved statement is easy in the context of a simple theory, where it follows from the
basic properties of forking independence.

Definition 6.2.11. Suppose T is NSOPy, M < M, and (a;);<, is an M-indiscernible se-
quence.

1. Say (a;)i<w is a witness for Kim-dividing over M if, whenever ¢(z;ag) Kim-divides
over M, {¢(x;a;) | i < w} is inconsistent.

2. Say (a;)i< is a strong witness to Kim-dividing over M if, for all n < w, the sequence
(Gnoiy Qpoists - -+ 5 Qeitn—1)i<w 1S @ Witness to Kim-dividing over M.

3. If I is any ordered index set, we say (a;);cs is a strong witness to Kim-dividing over M
if it has the same EM-type as a strong witness to Kim-dividing over M indexed by w.

By Proposition I11.7.9, in an NSOP; theory, the class of strong witnesses to Kim-dividing
over M coincides with the tree Morley sequences over M. As we will not need the Morley
tree machinery of Chapter 3, we will refer only to strong witnesses. The following facts are
all contained in Chapter 3:

Fact 6.2.12. Suppose T is NSOP; and M = T.

1. Suppose (a;, b;)ier is a strong witness to Kim-dividing over M and J C [ is an infinite
subset. Then (a;);c; and (b;);cs are strong witnesses to Kim-dividing over M.

2. b=V and b \LZ b, then there is a strong witness to Kim-dividing over M, (b;);cz,
with bg = b and by = U'.

3. a LAIZ b if and only if there is an Ma-indiscernible sequence (b;);<,, which is a strong
witness to Kim-dividing over M with by = b.

4. If a L]\K/[ b, and I = (b;);ez is a strong witness to Kim-dividing over M with by = b,

then there exists @’ =), a such that I is Ma'-indiscernible and o’ J/I;I 1.

Theorem 6.2.13. Suppose T is NSOP{, M < M, ay \L]\K/[ b, ;1 \Llj\f[ c, b J/A[; c and afg = a.
Thez there exists a with a =y ag, a =pe a1, and a\LMbc, and further bJ/Mac and
c L, ab.

Proof. Applying the independence theorem, we obtain ay with as =5 ag, as =y a1, and
s J/]\K4 be. Since b LJ\IZ ¢, by extension and an automorphism, there exists b with b =;. b
such that b \L; b'c. By symmetry, b'c \L]I\(/[ b, and by extension and an automorphism again,

there exists ¢ with ¢ =, ¢ such that V¢ LJ\K/I bd. Altogether, b'c =) bc =y b, so by
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Fact 6.2.12(2), there is a strong witness to Kim-dividing over M, I = (b;,¢;)iez, so that
(bo, co) = (b, ") and (b1, 1) = (V' ¢).

Choose a3 such that asbd =, asbc. Then ag J/ﬁ bc’, so by Fact 6.2.12(4), there exists
a =pme a3 such that I is Ma-indiscernible and a LJ\K/I I. By monotonicity, a LZ be. And we
have a =y, az =y a2 =up ag, and by indiscernibility, ac =5 ad =y asd =y ase =y aqc,
SO a = e Q1.

By Fact 6.2.12(1), (b;);<o is a strong witness to Kim-dividing over M with by = b which is
M ac-indiscernible, so b J/AK; ac by symmetry and Fact 6.2.12(3). Likewise, (¢;);>; is a strong
witness to Kim-dividing over M with ¢; = ¢ which is Mab-indiscernible, so ¢ J/Z\IZ ab. This
completes the proof. O

As an immediate corollary of the strengthened independence theorem, we get the follow-
ing form of extension.

Corollary 6.2.14. Suppose T' is NSOPy and M =T. Ifa J/AI; b and c J/AI; a, then there is

d =1 ¢ such that a J/AK/[ bc’ and J/AIZ ab.

Proof. By extension, choose ¢, =,; ¢ with ¢, \LZ b. Then by Theorem 6.2.13, there exists

K K K S
c such that ¢ =pq ¢, ¢ =up s, € LM ab, a \LM bc’, and b LM ac, which is more than we
need. O

Kim-independence and algebraic independence

We are now ready to show that Kim-independence satisfies the algebraically reasonable
conditions of Definition 6.2.8 in any NSOP; theory.

Theorem 6.2.15. If T is NSOP,, then J/K satisfies algebraically reasonable extension.

Proof. Suppose we have a model M and tuples a, b, ¢, with a \|/]\K4 b. Let b be a tuple
enumerating acl(Mb), and let ¢ = (¢;);er be a tuple enumerating acl(Mbc) \ acl(Mb). Then
we also have a J/Zl_j (Corollary I11.5.17). And for any o', we have o’ f [a],;;¢ if and only if
there is some index ¢ € I such that ¢; € acl(Ma'b).

Let k = |acl(Mab)|. Since b enumerates an algebraically closed set, we can find pairwise
disjoint tuples (€%),<+ such that ¢ =, ; ¢ for all a. By extension, there exists a” =,,; a such
that a” LAIZ b(*)qert- In particular, for every a, a” J/ﬁl_)éo‘. And since |acl(Ma"b)| = &,
there is some « such that ¢* is disjoint from acl(Ma"b), so a” | | -

Let ¢ be an automorphism moving ¢ to ¢ and fixing b, and let @’ = o(a”). Then o’ J/ﬁ be
and a’ | % ¢

Mb ™

Lemma 6.2.16. Suppose T is NSOPy and M = T. Ibe/AK/[a and CJ/]\IZ a, then there is

¢ =n1a ¢ such that bd \Lﬂia and b |5 c.
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Proof. We build a sequence (b;);<, by induction, such that for all i < w, the following
conditions hold:

1. bz =Ma b.
2. bi+1 J./]\K/[ CLbSi.
3. bi+1 \J—’(JlWa bgi.

Set by = b, and given b<;, as b\L]\IZ a, use algebraically reasonable extension to find
bi+1 =Ma b such that bi+1 J_/][\; Cbbgi and bi—i—l \L?\/la béz‘.

In particular, note that b; J—/?Wa b; for all i # j.

Define a partial type I'(x; a,b) by

[(x;a,b) = tp(c/Ma) U {—p(z,b;a) | p(z,y;a) Kim-divides over M}.

Claim: For all n < w, ;. I'(z;a, b;) is consistent.

Proof of claim: By induction on n, we will find ¢, J/IA; ab, so that ¢, = U<, ['(7;a,b),
l.e. ¢, =pq ¢ and b;c \LAK/[ a for all i < n.

For n = 0, the existence of such a ¢y is given by Corollary 6.2.14. Suppose we have
Cn \LAIZ abs,, realizing | J;.,, I'(z;a,b;). By extension, choose ¢ =) ¢ with ¢ LAIZ bpi1. As
bpt1 J/]\IZ ab<,, we may apply the strengthened independence theorem (Theorem 6.2.13), to
find ¢,11 = tp(cn/Mab<,) Utp(c'/Mb,41) with ¢,41 Lﬁ ab<pi1 and by 1cp 4 J/ﬁ ab<,. In

particular, b, 1¢,41 LZ a, $o ¢u1 | I(x;a,byyq). This gives ¢,11 Ui§n+1 [(x;a,b;). O
Let k = |acl(Mac)|, and let (V),)a<n+ be an Ma-indiscernible sequence locally based on
(bi)i<w- Then we have b, | | b for all @ # B, and U, .+ I'(%;a,b;) is consistent, by the
claim. Let ¢, realize this partial type, so ¢, =y, ¢ and b ¢, \LZ a for all a.
Since the sets acl(Mabl,) are pairwise disjoint over acl(Ma), and |acl(Mac.)| = k, there
is some o < £ such that acl(Mab,,) is disjoint from acl(Mac) over acl(Ma), so V), ||, c.
Since b, =pq b, we can find an automorphism o fixing Ma and moving b/, to b. Taking

K .
' = o(c.), we have ¢ =1, ¢ =pq ¢ and b’ \LM a, as desired. O

Corollary 6.2.17. Suppose T is NSOPy and M =T. Ifb J/]\I; a, then for any cardinal K,
there is an Ma-indiscernible sequence I = (by)a<r with by = b, such that b, J/?wa bs for all

a # 3, cmdfj/ﬁa.

Proof. We first build a sequence (¢;);<, by induction, such that for all i < w, the following
conditions hold:

1. ¢; =pa b

a
2. ¢ \LMQ Cei
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3. C<i LJ\K/[ a.

Set ¢y = b, and given c<;, as c<; J/Za and b J/A[; a, we may apply Lemma 6.2.16 to find
Ciy1 =ma b such that c;q J/;m c<i and c<iqq \L]\IZ a.

Now let I = (by)a<x be an Ma-indiscernible sequence locally based on (¢;)i<,. By
condition (1), we may assume that by = b. Condition (2) implies that ¢; | | ¢; for alli # j,
50 bo |}, bs for all a # B, and I J/Z a by condition (3) and the strong finite character of
Kim-dividing. O]

Theorem 6.2.18. If T' is NSOPy, then J/K satisfies the algebraically reasonable chain
condition.

Proof. Suppose a Lﬁ b, and let I = (b;);e, be a Morley sequence over M in a global M-
invariant type q 2 tp(b/M).

Claim: For all n, there exists (co,...,c,) | ¢®"F |y such that ¢; =y, b for all i < n,
Ci \J—/(]l\/[a ¢; for all i # j, and (¢;)i<n J/AIZ a.

Proof of claim: By induction on n. When n = 0, taking ¢y = b suffices. So suppose we are
given the tuple (co, ..., ¢,) by induction. Let x = | acl(Mab)|, and, applying Corollary 6.2.17,
let J = (do.a)a<x+ be an Ma-indiscernible sequence with doy = b, such that dg, LZ@ do. s

for all o # (5, and JLJ\K/[ a.

Let (dy, ..., dp.1) realize ¢®FV| ;5. Since do o = qlas for all a, we have (doo, di, - - ., dny1)

q®"+|y, for all a. Let o € Aut(M/M) be such that o(c;) = diy; for all i < n, and let
a =o(a). Nowa=y d, a Lf\; J (by choice of J), d’ Lﬁ(dl, ..., dpy1) (by invariance), and
(dy,...,dpys1) \L; J (since tp(dy, ..., dn+1/MJ) extends to a global M-invariant type).

Applying the independence theorem, we find a” with " =y a, " =pa,..a,,, @', and
a”’ Lﬁ Jdy...d,y1. Then we still have d; J/j/[a,, d; for all 1 < i < j < n+1, and since
the sets acl(Ma"dy,) are pairwise disjoint over acl(Ma”), and |acl(Ma"d;)| = & for all
1 < i <, there is some o < kT such that acl(Ma"dy ) is disjoint from each of these n sets
over acl(Ma"). So setting do = doq, we have d; |7, , d; for all i # j.

It remains to move a” back to a by an automorphism o € Aut(M/M). The tuple
o(dp, . ..,d,1) has the desired properties. O

By compactness, we can find I' = (¢;);<,, E ¢®¥, i.e. a ¢-Morley sequence over M, such
that ¢; =y, b for all i < w, ¢ \L‘]lwa cjforall i # j, and I’ J/f\; a. In fact, we can assume that
I" is M a-indiscernible, by replacing it with an M a-indiscernible sequence locally based on it.

As I' and I are both ¢g-Morley sequences over M, we can move I’ to I by an automorphism
o € Aut(M/M), and take @’ = o(a). O

Lemma 6.2.19. Suppose (a;)i<,, is a Morley sequence for a global M -invariant type, which
is moreover Mb-indiscernible. If b \L?W( ) o, then'db |, . b.
A4 )i<w a

Proof. Suppose there is some element ¢ € acl(Magb)Nacl(Magb’). We would like to show that
c € acl(Map). What we have is that ¢ € acl(M(a;)i<w), and in particular ¢ € acl(Magh) N
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acl(Maga, .. .a;,) for some 0 < iy < --- <i,. Now (a;);>1 is indiscernible over Manb, hence
indiscernible over acl(Magb), which contains c¢. So ¢ is also in both acl(Maga .. .a,) and
acl(MagGpy1 - - . agy).

But tp(anii, ..., a2,/ Maga; ... a,) extends to a global Mag-invariant type, so we must
have d,41 ... as, J/Lao aj...ay,. Hence ¢ € acl(May). O

Lemma 6.2.20. Given a LZ b and global M -invariant types p(x) and q(y) extending tp(a/M)
and tp(b/M) respectively, there exist mutually indiscernible Morley sequences (a;)i<., and

(bi)i<w n p and q, with ag = a and by = b, such that (a;)i<. L;(bi)i@,, and a; J/Lb a; and

bi L5, 0 for alli#j.

Proof. Let (a;)i<, be a Morley sequence in p, with ag = a. By the algebraically reasonable

chain condition, there is some ' =), b, such that (a;);<,, is M¥b'-indiscernible, b’ \Llj\fj(ai)i@,

and a; | |, a; for all i # j. At the expense of moving (a;)i<., by an automorphism fixing

Ma, we may assume that b’ = b.

Now let (b;);<., be a Morley sequence in ¢, with by = b. Since (a;);<., Lf\(/[ b, we can find
some (a})i<w =mp (@;)i<w, such that (b;);<, is M (a});<,-indiscernible, (a});<, Lﬁ(bz)z@, and
bi L5, (@), b; for all i # j. Further, we may replace (a});<, with an M (b;);<.-indiscernible

i)i<w
sequence (a} )., locally based on it, and at the expense of moving (b;);<., by an automorphism
fixing Mb, we may assume that (a})i<, = (a;)i<w-

The result is that (a;);<, and (b;);<, are mutually indiscernible Morley sequences in p and
q with ap = a and by = b and (a;);<w \L;(bi)i@. We have also ensured that a; J/i/l\/[b a; for
all 1 # j and b; \L‘;W(ai)i@ b; for all i # j. By Lemma 6.2.19, also b; | |, b; for alli # j. [

Theorem 6.2.21. If T' is NSOP,, then J/K satisfies the algebraically reasonable indepen-
dence theorem.

Proof. We have a model M and tuples a,d’,b, ¢, with a \Llj\ff b, a LAIZ ¢, b J/A[; ¢, and a =y
a’. Let p(x), q(y), and r(z) be global M-invariant types extending tp(a/M) = tp(a’/M),
tp(b/M), and tp(c/M), respectively.

Apply Lemma 6.2.20 to ¢(y) and r(z), obtaining Morley sequences (b;);<, and (¢;)i<y-
Then apply it two more times, to p(z) and ¢(y), obtaining Morley sequences (a;);<, and
(l;;)Kw, and then to p(x) and r(z), obtaining Morley sequences (a});«, and (¢;);<,. At the
expense of moving (a;)i<, and (a})i<, by automorphisms over M, we may assume that
(bAi)Kw = (bi)icw and (&)i<w = (¢i)i<w- Note that (a;)i<, and (a});<, are both p-Morley
sequences over M, so (a;)icw = (a))icw-

We now apply the independence theorem to the sequences (a;)i<y, (a})icw, (b;)icw, and
(¢i)i<w, Obtaining a sequence (af);«., such that (a))ic, =nmp,)ice, (@i)icw, (@])icw =M(e)icw
(a})icw, and (a]);<, \L]\IZ(bi)Kw(Ci)Kw- The sequences (a)i<w, (bi)i<w, and (¢;)i<, are pair-
wise mutually indiscernible over M and have the property that any pair from one sequence
is algebraically independent over any element of another sequence.
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Let xk be a cardinal larger than the sizes of M, the language, and the tuples a, b, and
c. We can stretch the (b;) sequence to have length x* and stretch the (¢;) sequence to
have length x**, while maintaining their mutual indiscernibility and algebraic independence
properties.

Fix a, = aj. For any i < k%, |acl(Ma.b;)| < k. Since the sets {acl(Ma.c;) | j < v}
are pairwise disjoint over acl(Ma,), we can remove any c; such that there exists an ¢ < k*
such that b; f [a]ya.cj, and we are still left with a sequence of length x*.

Similarly, since for all i < x™, the sets {acl(Mb;c;) | j < kTT} are pairwise disjoint over
acl(Mb;), we can further remove any c; such that there exists an i such that a / [a]am,c;,
and we are still left with a sequence of length x**. Fix a ¢, from this sequence.

Finally, since the sets {acl(Mb;c,) | i < kT} are pairwise disjoint over acl(Mc,), we can
remove any b; such that a, [ [a]ye, bi, and we are still left with a sequence of length £*. Fix
a b, from this sequence.

It remains to move b,c, back to bc by an automorphism o fixing M, and set o’ =
o(ay). O

6.3 The model companion of the empty theory

The theory Tg

Let L be any language. Then the empty L-theory has a model completion, which we call
Tg. As the theory Tg may be regarded as the generic expansion of the theory of an infinite
set in the empty language, this fact is a special case of Theorem 5 in [Win75| (see Fact 6.4.2
below), and it was reproven by Jefabek in [Jef17]. We include a proof, following the idea
of [Win75]|, for completeness and to fix notation.

Definition 6.3.1. A partial diagram A is a set of atomic and negated atomic formulas. A
is flat if each formula in A has the form R(Z), —=R(Z), or f(Z) = 2/, where Z is a tuple of
variables and 2’ is a single variable. We view constant symbols as 0-ary function symbols,
so this includes formulas of the form ¢ = 2’.

In a flat diagram, we always intend distinct variables to refer to distinct elements.
Definition 6.3.2. A flat diagram A is consistent if, for each tuple of variables Z,

1. At most one of R(Z) and —R(Z) is in A, where R is a relation symbol.

2. There is at most one variable 2’ such that f(Z) = 2’ is in A, where f is a function
symbol.

Definition 6.3.3. A consistent flat diagram A in the variables w is complete if, for each
tuple of variables Z from w,

1. Either R(Z) or =R(Z) is in A.
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2. There is some variable 2’ in w such that f(Z) = 2’ is in A.

Let A be any L-structure. Then there is a complete flat diagram diag;(A) in the variables
(Wq)aea, which contains a formula 1)(w,,, . .., w,, ) of one of the allowed forms if and only if
A E¢(ay,...,a,). The following easy lemma establishes the converse.

Lemma 6.3.4. Suppose A is a consistent flat diagram in the nonempty set of variables
(wq)aca- Then there is an L-structure with domain A such that for all Y(we,, ..., w,,) € A,

AEYar... ay).

Proof. First, we extend A to a complete flat diagram A’ as follows: For each n-ary relation
symbol R, and for each n-tuple Z such that neither R(Z) nor —R(%) is in A, add ~R(Z) to A'.
Now fix an arbitrary variable w,. For each n-ary function symbol f, and for each n-tuple z
such that no formula of the form f(Z) = 2" isin A, add f(Z) = w, to A’

We define an L-structure with domain A, according to A’. If R is an n-ary relation
symbol, we set R* = {(a1,...,a,) € A" | R(wa,, . ..,w,,) € A’}. If f is an n-ary function

symbol and (ai,...,a,) € A", we set f4(ay,...,a,) = a’, where @ is the unique element
of A such that f(wg,,...,w,,) = wy € A’. Consistency ensures that this L-structure is
well-defined and satisfies all the formulas in A’ (and hence in A). O

For the purposes of axiomatizing the existentially closed L-structures, we will be inter-
ested in a class of finite partial diagrams, which we call extension diagrams.

Definition 6.3.5. Let w be a finite tuple of variables, partitioned into two subtuples T and
Y. An eztension diagram in (T,7) is a consistent flat diagram A in the variables w, such that
for each formula R(Z), =R(Z), or f(Z) = 2’ in A, some variable in Z is in 7. In particular,
no constant symbols appear in extension diagrams.

A tuple @ = (a;)ies is non-redundant if a; # a; for all i # j. Given a finite tuple of
variables Z = (z1,...,2,), let 6(Z) be the formula which says that Z is non-redundant:

/\ Zi 7é Zj-

1<i<j<n

Given a finite partial diagram A in the finite tuple of variables w, let pa(w) be the
conjunction of all the formulas in A, together with 6(w):

N ©@ | Ad(w).

P(Z)EA

Lemma 6.3.6. Let A be an extension diagram in (Z,7), and let A be an L-structure. If
@ is a non-redundant tuple from A of the same length as T, then there is an L-structure B
containing A and a tuple b from B of the same length as 7y such that B |= pa(@,b).
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Proof. Consider the flat diagram diag,(A) U A(%a,, ..., Tap, Yo - - - > Yb, ), Where we identify
the variables 7 in A with the variables in diag;(A) enumerating @, and we index the variables
7 in A by a new tuple b. This diagram is consistent, since diag;(A) and A are individually
consistent, and for every formula R(Z), ~R(Z), or f(Z) = 2’ in A, some element of the tuple
Z is in y, while diag f(A) does not mention the variables in 3. Hence, by Lemma 6.3.4, there
is a structure B with domain A U {by,...,b,}, such that B satisfies diag,;(A) (so A is a
substructure of B), and B = pa (@, b). O

Lemma 6.3.7. If an L-structure A is not existentially closed, then there is a non-redundant
tuple @ from A and an extension diagram A in (T,7y), such that A = —37pa(a,q).

Proof. Since A is not existentially closed, there is a quantifier-free L-formula ¢(7,7), an
L-structure B containing A, and tuples @ € A and b € B, such that B = ¢(a,b), but
A = —-3yp(a,y). We may assume the the tuples @ and b are non-redundant and that
b; € B\ A for all i. Writing ¢ in disjunctive normal form, one of the disjuncts is satisfied
by (@,b) in B, so we may assume that ¢ is a conjunction of atomic and negated atomic
formulas. Let A be the finite partial diagram containing these formulas. Then @a(T,7) is
equivalent to ¢(Z,7) A 6(Z,7), and we have B = ¢a(a@,b), but A |= -3 oA (@, 7).

We will transform A into an extension diagram. This process will involve adding and
deleting variables and making corresponding changes to the tuples @ and b, but we will
maintain the invariants that A is finite, A = =37 oA (@,7), B |= ¢a(@,b), and b; € B\ A for
all i. We write w for the tuple (z,7) and ¢ for (@, b).

First, we flatten A. Suppose that there is an n-ary function symbol f such that the term
fwiy, ..., w;) (where the w;; are variables) appears in a formula in A which is not of the
form f(w;,, ..., w;) = w' for some variable w’. Let d = f5(c;,, ..., ¢;). If d = ¢, for some
ik+1, then we simply replace this instance of f(w;,, ..., w;,) with w;,,, and add the formula
f(wiy, ... w;,) = w;,,, to Aif it is not already there. If d is not in the tuple ¢, we introduce
a new variable w’ (a new z if d € A and a new y otherwise), add d to ¢ (as anew a if d € A
and a new b otherwise), replace this instance of f(w;,, ..., w;, ) with «’, and add the formula
fwiy, ... w;,) =w to A,

Repeating this procedure, we eventually ensure that every formula in A has the form
w=w, w#uw, Rw,,...,w,), "R(w;,,...,w;,),or f(w,...,w;,)=uw.

Next we remove the equations and inequations between variables. Since the tuples @ and
b are non-redundant, A does not contain any equalities between distinct variables, and the
equalities of the form w = w can of course be removed. Further, we may assume that A
does not contain any inequalities w; # w; between variables either, since these inequalities
are all implied by §(Z,7) and hence by wa. The set of formulas A is now a flat diagram. It
is consistent, since it is satisfied by the non-redundant tuple €.

Finally, let A’ be the extension diagram obtained by removing from A any formula R(Z),
—R(Z), or f(Z) = 2’ in which none of the variables in Z are in §. Note that in the case of
f(z) = 2/, if all of the Z are in Z, then their interpretations come from A, and since A is
closed under the function symbols, 2’ is in T as well.
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So pa(T,7) is equivalent to oa/(T,7) A /\j\f:1 1;(T), where each 1); is atomic or negated
atomic. But since N
A ): _E|§ <¢A’(aa y) A /\ %(5)) )
j=1

also A = -3y pa(a@,7), as was to be shown. O

Given an extension diagram A in (Z,7), let 1o be the sentence
vz (6(7) = Fypal(Z, 7)),

and let T? = {4)a | A is an extension diagram in (7,7)}.

Theorem 6.3.8. Tg 1s the model companion of the empty L-theory.

Proof. 1t suffices to show that the class of existentially closed L-structures is axiomatized by
T? [CK90, Proposition 3.5.15].

Suppose A is an existentially closed L-structure, and let A be an extension diagram in
(Z,7). Let @ be any non-redundant tuple from A of the same length as Z. By Lemma 6.3.6,
there is an L-structure B containing A and a tuple b from B such that B = ¢a(@,b). So
B = Jyva(a,y). But since A is existentially closed, also A = 37 pa(a,y). Hence A = a,
and since A was arbitrary, A = T?.

Conversely, suppose the L-structure A is not existentially closed. By Lemma 6.3.7,
there is a non-redundant tuple @ from A and an extension diagram A in (7,7) such that

A= -3 pa(@,7). Hence A [~ ha, and A = TP, O
Lemma 6.3.9. The class of L-structures satisfies the disjoint amalgamation property.

Proof. Let fi: A — Band fy: A — C be embeddings of L-structures. Let B’ = B\ f1(A) and
C" = C\ f2(A), and consider the diagrams diag;(B) = Ap((Z4)aca; (Tp)pep’) and diag;(C) =
Ac((x4)aea, (Tc)eecr), where we use the same variables (z,)4,ca to enumerate fi(A) and
f2(A).

Then ApUAc is consistent, since the two diagrams agree on diag,(A). By Lemma 6.3.4,
we get an L-structure D with domain A U B’ U C’, and the obvious maps g;: B — D and
go: C'— D satisfy g1 o fi = g9 o fo. These maps are embeddings, since D satisfies Ag and
A¢, and the images of B and C' are disjoint over the image of A. m

The following corollary now follows from standard facts about model completions (see
[CK90, Proposition 3.5.18]).

Corollary 6.3.10. Tg 1s a model completion of the empty L-theory, and it has quantifier
elimination. The completions of Tg are obtained by specifying (by quantifier-free sentences)
the isomorphism type of the structure (()) generated by the constants. Such a completion T
is the model completion of the theory of L-structures containing a substructure isomorphic
to (). If there are no constant symbols in L, then TP is complete.
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Corollary 6.3.11. Let M be a monster model for some completion of Tg. For any set
A CM, acl(A) =dcl(A) = (A).

Proof. Since (A) C dcl(A) C acl(A), it suffices to show that acl(A) C (A). Suppose ¢(a,y)
is an algebraic formula with parameters @ from A, which is satisfied by exactly k elements
of M, including 6. By Corollary 6.3.10, we may assume that ¢ is quantifier-free. Suppose
for contradiction that b ¢ (A), so that (A) is a proper substructure of B = (Ab). Let
Cy = B and, by induction, apply Lemma 6.3.9 to obtain a disjoint amalgam C;,; of C;
and B over (A). Let B; denote the image of B in C;. Then Cjyq contains (A), together
with substructures By, ..., Bg.1, pairwise disjoint over (A) and each isomorphic to B over
(A). Then, by quantifier elimination and saturation, Cx;; embeds in M over (A4), and we
may identify the B; with their images in M. Each B; contains an element b; such that
qftp(b;/A) = aftp(b/A), so M |= ¢(a, b;) for all i, which is a contradiction. O

Independence and NSOP;

For the remainder of this section, we fix a monster model M |= T?. As there is a monster
model for every choice of completion of Tg and M is arbitrary, to show that Tg is NSOPy, it
suffices to establish this for Th(M).

Theorem 6.3.12. | “ satisfies the independence theorem over arbitrary sets.

Proof. Suppose we are given C' C M and tuples a,d’,b,c, with a | (,b, ' [ (¢, b ] ¢ ¢,
and a =¢ o'. Let z¢ be a tuple enumerating (C), let z,, x, and x. be tuples enumerating
(Ca) \ (C), (Cb) \ (C), and (Cc) \ (C), respectively, and let z.p, Tae, and xp. be tuples
enumerating (Cab) \ ((Ca) U (Ch)), (Cd'c) \ ((Ca’y U (Cc)), and (Cbe) \ ((Cb) U (Mc)),
respectively.

Observe that (z¢, x4, Tp, Tqp) enumerates (Cab) without repetitions. The only thing to
check is that no elements of z, and z;, name the same element of (Cab), and this is exactly
the condition that a | ¢,b. Similarly, (z¢,%a, Z¢, Tac) enumerates (Ca'c) (where we view
as enumerating (Ca’) \ (C) via the isomorphism (Ca) — (Cda’) induced by a +— d’), and
(xc, Ty, T, Tpe) enumerates (Cbe).

Let pay = diag;({(Cab)), pa. = diag;((Cd’c)), and py. = diag;({(Cbc)). The flat diagram
Pab (T, Tay Toy Tap) U Pac(Tos Tay Tey Tae) U Doe(To, o,y Te, Tpe) 18 consistent, since pap, Pac, and
pre agree on diag,({(Ca)) = diag;((Cda’)) (again, allowing z, to enumerate (Ca’) \ (C)),
diag;((Cb)), and diag;({Cc)). So by Lemma 6.3.4, it extends to the flat diagram of an
L-structure X with domain zc Uz, U xp Uz, U xg U Tee U Tpe.

Having constructed X, which agrees with M on the substructure generated by the empty
set, we can embed it in M by 7: X — M. Further,

qftp(i(l'c), i(xb)v i<xc>7 Z(xbc)) = qftp(<CbC>),

so by quantifier elimination

(i(zc),i(xp),i(x.), i(xp)) = (Che),



CHAPTER 6. GENERIC EXPANSION AND SKOLEMIZATION 169

and, by an automorphism of M, we may assume that i(xc, Ty, 2., Tp.) = (Cbc). Let a” the
subtuple of i(z¢, z,) corresponding to the subtuple of (z¢, z,) enumerating a.
Now qftp(i(xc), i(za), i(zp), i(za)) = qftp({Cab)), so a” =cp a, and similarly

aftp(i(ze), i(xa),i(7e), 1(xac)) = aftp((Cac)),

so a" =c. . Finally, a” |/ be, since i(z,) enumerates (Ca”) \ C' and is disjoint from

(i(xp),1(2¢), i(2pe)), which enumerates (Cbc) \ C. O
Corollary 6.3.13. T? is NSOP, and | * = | “ over models.
Proof. By Theorem 6.3.12, Lemma 6.2.7, and Theorem 6.2.4. [

On the other hand, except in trivial cases, Tg has TPy and therefore is not simple. For
definitions of simple and TP see, e.g., [Chel4].

Proposition 6.3.14. If L contains at least one n-ary function symbol with n > 2, then Tg
has TPy, and is therefore not simple.

Proof. In M |= TP, choose a set of pairwise distinct (n — 1)-tuples B = {b; : i < w} and a set
of pairwise distinct elements C' = {¢; j : 4,7 < w} so that B and C' are disjoint. Note that:

e Foralli <w, {f(x,b;) =¢;;|j <w} is 2-inconsistent.
o Forall g:w — w, {f(x,b;) = cigu | i <w} is consistent.

Hence the formula p(x; y, 2) given by f(x,y) = z has TPy, witnessed by the array (b;, ¢; ;)i<w,j<w-
O

Forking and dividing

Next, we analyze forking and dividing in 7?. See [Ad105, Section 5] for the definitions of fork-
ing and dividing. We begin with an example of the distinction between forking independence
and Kim-independence.

Example 6.3.15. Suppose L contains an n-ary function symbol f with n > 2. Let M
T? let b be any (n — 1)-tuple not in M, let ¢ be any element not in (Mb), and let a
be an element satisfying a J/’]IM be, but f(a,b) = c¢. By Corollary 6.3.13, a LAK/[ bc. But
c € ((Mab)y N (Mbc)) \ (Mb), so a J [a]ppc. Then also a f [f]arbe, since otherwise we would

have a \LLb c and hence a | | . ¢, by base monotonicity.

This example is closely related to the TP, array in Proposition 6.3.14. The formula
f(x,b) = ¢ divides along any sequence (bc;);<,, where b is constant but the ¢; are distinct
(like the rows of the TPy array). But this formula does not Kim-divide, since in any Morley
sequence (b;c;)i<, for a global M-invariant type extending tp(bc/M), the b; are distinct (like
the columns of the TPy-array). See also Proposition 6.3.20 below.



CHAPTER 6. GENERIC EXPANSION AND SKOLEMIZATION 170

Definition 6.3.16. For subsets A, B, and C of M, we define

M a
A ] B < forall C CC'Cacl(BC),A | B.
C C/

We will show that | " agrees with dividing independence | ¢ in T? (Proposition 6.3.17).

The notation J/M comes from Adler [Adl05], who calls this relation “M-dividing indepen-
dence”. Adler shows that algebraic independence | “ satisfies all of his axioms for a strict
independence relation except possibly base monotonicity (which it fails in Tg whenever there
is an n-ary function symbol, n > 2).

The relation J/M is obtained from | “ by forcing base monotonicity, and it satisfies
all of the axioms of a strict independence relation except possibly local character and ex-
tension. If we go one step further and force extension, we get the relation J/b of thorn
forking independence [Adl05, Section 4], just as we get the relation \|/f of forking indepen-
dence by forcing extension on J/d. But, as we will see, \LM already satisfies extension in
Tg (Proposition 6.3.18), so M-dividing independence, thorn forking independence, dividing
independence, and forking independence all coincide in Tg . Of course, when L contains an
n-ary function symbol with n > 2, these independence relations lack local character, since Tg
is not simple, so T? is also not rosy. In contrast, | * = L™ has local character but lacks base
monotonicity. This tension between local character and base monotonicity is characteristic
of the difference between forking independence and Kim-independence in NSOP; theories.

Proposition 6.3.17. InT?, | *= | ™.

Proof. In any theory, if A \de B, then A J/Jg B [Adl05, Remark 5.4.(4)|. So suppose A \Lg B.
We may assume B = acl(BC') = (BC), since A Lg B implies A J/]g acl(BC') and A \de acl(BC)
implies A J/é B.
Let b be a tuple enumerating B, and let (b;);<., be a C-indiscernible sequence, with by = b.
Let B; be the set enumerated by b;. Let C’ be the set of all elements of B which appear
in some b; for i # 0. Then C C C" C B, every element of C’ appears in every b;, and
C" = (C"). Letting ¢ enumerate C" and writing b, = (¢, b}) for all ¢, we have that (b});,, is
a ("-indiscernible sequence, and b} and b’; are disjoint for all i # j.
Let the tuple  enumerate (AC’) \ C’, and let the tuple yy enumerate (AB) \ ((AC") U B).
By assumption, we have ALZ,B, so (z,yo0,c,b,) enumerates (AB) without repetitions
(since no elements of  and by, are equal). Let D = (J,_,, B;), and let d enumerate D\ J,_, B;.
Let p(z,yo, ¢, b) = diag;((AB)), and let ¢(c, (b})i<w,d) = diag;(D). Consider the flat
diagram ¢(c, (b})icw,d) U U, -, p(@, yi, ¢, b;), where the y; for i > 0 are new tuples. This
is consistent, since any two copies of p agree on diag;((AC")), and the copy of p indexed
by i agrees with ¢ on diag;(B;). So by Lemma 6.3.4, there is an L-structure X with this
diagram, and we can embed X in M over D by i: X — M) since qftpy (¢, (0))icw,d’) =
aftpy (¢, (07)icws d).
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Letting A’ be the subset of (i(z), ') corresponding to A as a subset of (x, ), we have by
quantifier elimination that tp(A’/B;) = tp(A/B) for all i. So A J/Cé B. O

Proposition 6.3.18. The relations J/M and \Ld satisfy extension over arbitrary sets, so
LY=1"and 7= 7.

Proof. By Proposition 6.3.17, it suffices to show that J/M satisfies extension. Suppose we

have A J/Ag B, and let B’ be another set. We may assume that C C A, C C B C B’, and
A, C, B and B’ are algebraically closed. We would like to show that there exists A’ =5 A
such that A’ J/f B'.

Let D = (AB) ®p B’, the fibered coproduct of (AB) and B’ over B in the category
of L-structures. We can give an explicit description of D: Let Dy be the disjoint union
of (AB) and B’ over B, i.e. with the elements of B in (AB) and in B’ identified. Any
term with parameters from Dy can be uniquely simplified with respect to (AB) and B’,
by iteratively replacing any function symbol whose arguments are all elements of (AB), or
whose arguments are all elements of B’, by its value (as usual, we view constant symbols
as 0O-ary functions). Then the underlying set of D is given by the simplified terms with
parameters from Dy, i.e. those terms with the property that no function symbol appearing
in the term has all its argument in (AB) or all its arguments in B’. The interpretation of
function symbols in D is the obvious one (compose the function with the given simplified
terms, then simplify if necessary), and the only instances of relations which hold in D are
those which hold in (AB) or in B’

Note that (AB) and B’ embed in D, by sending an element a to the term a € Dy, and
(AB) N B’ = B in D. ldentifying these structures with their isomorphic copies in D, there
is an embedding i: D — M which is the identity on B’. Let A" = i(A). Then (A’'B) is
isomorphic to (AB), so A’ =g A. In particular, A’ J/Jg[ B. Of course, (A’B’) is isomorphic
to <A/B> ®B B/.

Towards showing that A’ J/Ag B’, pick C" with C C ¢’ C B’. We may assume that C’ is
algebraically closed. Let C=0n B, which is also algebraically closed. We will prove by
induction on terms with parameters from A’C’ that:

1. If such a term evaluates to an element of B’, then that element is in C".

2. If such a term evaluates to an element of (A’B), then that element is in (A'C').

First, we handle the base cases. The constant symbols are automatically in C’ and in

(A'C). The parameters from C” are already in C”, and if they are also in (A’B), then since

C" C B, they are in (A’/B) N B' = B, and hence in C C (A’C). On the other hand,
the parameters from A’ are already in (A’ 5), and if they are also in B’, then they are in
(A’B)N B'= B, hence in ANB=C (as A" |, B), and C C C".

So suppose our term is f(ti,...,t,), where ti,...,t, are terms with parameters from
A'C" satisfying (1) and (2). Suppose t; evaluates to ¢; for all i, and let b = f(cq,...,¢,).
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Case 1: ¢; € B’ for all i. Then by induction, ¢; € C’ for all ¢, and hence b € C’. And if b

is also in (A’B), then by the argument for parameters in C’, it is in (A'C).

Case 2: ¢; € (A'B) for all i. Then by induction, ¢; € (A’C) for all i. (2) is immediate,
since also b € (A’C). For (1), suppose b € B'. Then b € (A’'BY N B' = B. But since
Al \LgB, we have A" | =B, so b€ ccc.

Case 3: Neither of the above. Then writing each ¢; in its normal form as a simplified
term in (A'B) ® B’, the element b does not simplify down to a single parameter from (A’B)
or from B’, since it is not the case that all of the arguments of f come from (A’B) or from
B’. So (1) and (2) are trivially satisfied.

Of course, condition (1) establishes that A" |, B’, as desired. O

Remark 6.3.19. If we define a new relation | ® on subsets of M by A J/? B if and only if
the natural map (AC) ®cy (BC) — (ABC) is an isomorphism, then we can interpret the
proof of Proposition 6.3.18 as a “mixed transitivity” statement. If C C B C B’, then:

d ® d
Al Band A | B = A | B.
c B c

Thanks to this form of transitivity, | ¢ inherits extension from | .

It may be worth noting that a similar pattern occurs in Conant’s analysis of forking
and dividing in the theory T,, of the generic K,-free graph [Conl4|, which has SOP 3 (and
hence also has SOP 1) when n > 3. Conant defines a relation \LR which satisfies extension

([Conl4, Lemma 5.2]), and the proof of [Conl4, Theorem 5.3] shows that | ¢ and | ™ enjoy
the same mixed transitivity property:

d R d
Al BandA | B = A | B.
C B C

As a consequence, | ® inherits extension from | ®, and hence | “= | 7 in T},.

Proposition 6.3.18 tells us that forking equals dividing for complete types. On the other
hand, forking does not equal dividing for formulas, even over models.

Proposition 6.3.20. Suppose L contains an n-ary function symbol f with n > 2. For any
set A, there is a formula which forks over A but does not divide over A.

Proof. Let b = (b, ...,b,—1) be an (n — 1)-tuple such that by ¢ (A), and let ¢ be an element
such that ¢ ¢ (Ab). Then the formula p(z;b,c) given by f(z,b) = ¢V f(z,z) = by forks over
A but does not divide over A.

First, we show that the subformulas f(z,b) = ¢ and f(z,x) = by divide over A. For the
first, let (b;c;)i<w be any sequence of realizations of tp(be/A) such that b; = (bio,...,bin-1)
and b;,7 = b; for all i < w and j < n, but ¢; # ¢; for all i # j (this is possible, since
¢ ¢ acl(Ab)). Then {f(z,b) = ¢; | i < w} is 2-inconsistent. For the second, let (b;);<, be a
sequence of realizations of tp(b/A) with b;, 0 # b;,0 for all i # j. Again, {f(z,z) =b; | i <w}
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is 2-inconsistent. Since p(x; b, ¢) is a disjunction of two formulas which divide over A, it forks
over A.

To show that this formula does not divide, let (b;¢;);<. be any A-indiscernible sequence
with bocy = be. If b; = b for all i < w, {p(z;b;,¢;) | i < w} is consistent, witnessed by any a
such that f(a,a) = b. On the other hand, if b; # b; for all ¢ # j, then we can find some a
such that f(a,b;) = ¢; for all i < w, so {p(z;b;,¢;) | i <w} is consistent in this case too. [

Elimination of imaginaries

Definition 6.3.21. The theory T has weak elimination of imaginaries if for all imaginary
elements e, there is a real element a € acl®l(e) with e € dcl®¥(a).

We prove weak elimination of imaginaries for Tg. The argument follows the standard

route to elimination of imaginaries via an independence theorem as in [Hru91, Proposition
3.1] and [CP98, Subsection 2.9].

Proposition 6.3.22. Tg has weak elimination of imaginaries.

Proof. Suppose we are given an imaginary element e, and suppose a is a tuple from M and
f is a O-definable function (in M®) with f(a) = e. Put C' = acl®*d(e) "M and ¢ = tp(a/C).
We may assume tp(a/acl®(e)) is not algebraic, because, if it is, we're done.

Claim: There are a,b = g with a |, b with f(a) = f(b) = e.

Proof of claim: tp(a/acl®d(e)) is non-algebraic so, by extension, we can find b |= tp(a/acl®l(e))
with b \I/cheq 0@ in M. Note that also f(b) = e. Since acl®(a) N acl®l(b) = acl®i(e), by
intersecting with M, we obtain acl(a) Nacl(b) = C, that is, a |, b. O

Let a,b be given as in the claim. If e is definable over C', we are done. If e is not
definable over C, there is ¢’ = tp(e/C) with €’ # e and we can find ¢, d’ |= ¢ with ¢ |/, d
and f(d) = f(d') = €, again by the claim. As ¢ Lédl we may, by extension, choose
¢ =ca ¢ with ¢ | ad'. In particular, this gives ¢ |/, a and f(c) # f(a).

As a,c |= ¢ we have a =¢ ¢. Moreover, we have a | ,b and ¢ | ;,a so there is a. =
tp(a/Cb)Utp(c/Ca) by the independence theorem (Theorem 6.3.12). Then we have f(a.) =
f(b) = f(a) # f(as), a contradiction. O

Remark 6.3.23. TP does not eliminate imaginaries, since it does not even code unordered
pairs. That is, there is no definable binary function f(x,y) such that f(a,b) = f(c,d) if
and only if {a,b} = {c,d}. To see this, note that, by quantifier elimination, every definable
function is defined piecewise by terms. Let Fy be the L-structure freely generated over ()
(the substructure generated by the constants) by two elements, a and b. Then if ¢ is a
term, considered in the variable context {z,y}, such that ¢(a,b) = t(b,a), then ¢ does not
mention the variables, i.e. t evaluates to an element of ((}). For any copy of Fy embedded
in M, tp(a,b) = tp(b,a), since the automorphism of F, swapping a and b extends to an
automorphism of M. So any function f coding unordered pairs must be defined by the same
term ¢ on (a,b) and on (b,a). Then t(a,b) = t(b,a) € (). But this is a contradiction, since
there are automorphisms of M which do not fix {a, b} setwise.
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6.4 Generic expansion and Skolemization

The theories Ty, and T},

Definition 6.4.1. Given a language L, define the language Lg, by adding to L, for each
formula ¢(x;y) with I(z) = 1, an [(y)-ary function symbol f,. The Skolem expansion of T
is the Lgi-theory T', defined by

Ty =T U{vy Tz e(ziy) = o(fo(y):v) | ¢(2:y) € L, l(z) = 1},

Note that the Skolem expansion of T contains Skolem functions for every formula of L,
but does not contain Skolem functions for every formula of Lgy.

Fact 6.4.2. Suppose T is a model complete theory in the language L that eliminates the
quantifier 3.

1. The Skolem expansion 7', of 7" has a model completion T, [Win75, Theorem 2|. We
will refer to the theory Tgy as the generic Skolemization of T.

2. For any language L’ containing L, T, considered as an L'-theory, has a model compan-
ion Ty, [Win75, Theorem 5|. We will refer to the theory T} as the generic L'-expansion
of T.

Fact 6.4.3. [Win75, Corollary 3 to Theorem 4| Under the hypotheses of Fact 6.4.2, Ty also
eliminates the quantifier 3°°.

Preservation of NSOP,

In this subsection, suppose T is a fixed model complete theory in the language L that
eliminates the quantifier 3°°, and let L' be an arbitrary language containing L. We may
choose monster models Mg, | Ts, and My, = T, We may assume that both monster
models have a common reduct to a monster model M |= T'. Note that we do not assume T
is complete, so reasoning in Ml amounts to working in an arbitrary completion of 7.

Definition 6.4.4. Let MI* denote either Mg, or M, and let L* denote the corresponding
language, either Lgy or L. For a,b € M* and M <« M*, define

« K
a | b < aclp-(Ma) | aclp-(Mb) in M.
M M
Theorem 6.4.5. Let M* denote either Mgy or My, and let L* denote the corresponding

language, either Lg, or L'. If T is NSOPy, then |~ satisfies the independence theorem.

Proof. We're given M < M* and tuples a,d’,b, ¢, witha |} b,a" |} ¢, b |, ¢, anda =y
a'. Let z); be a tuple enumerating M, let x,, 2., x;, and z. be tuples enumerating acly- (Ma)\
M, aclp«(Ma')\ M, aclp-(Mb)\ M, and acly«(Mc)\ M, respectively, and let 24, Zor¢, and zp,
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be tuples enumerating acly«(Mab) \ Mx,xp, aclp(Ma'c) \ Mzyx., and aclp«(Mbc) \ Mxyx.,
respectively.
We have z, \L; Ty, Tor Lﬁ Z., and J/]I\; 2. in M. By the algebraically reasonable

. . ; _L L
independence theorem in 7T, we can find z,» in M such that z,» = May, Tas Tar =ipe, T,

T Lﬁ Ty, and further xq» \l/jl\/[xb Te, Tar \L?V[xc xp, and xp LLx % By algebraically
reasonable extension, at the expense of moving x,» by an automorphaism in Aut(M/Mzyz,),
we may assume that z,» J/AIZ TpToTpe and Ty J/?wszc The-

Pick an automorphism o € Aut(M/Mx;,) moving x, to xur, and set zomp = 0(x4), SO
T Ta'h Eﬁhb ToTqp. Similarly, pick an automorphism o’ € Aut(M/Mz.) moving x, to x4,
and set Tore = 0'(Tyre), SO TgnTane Eﬁmc TaZae. Now there are subtuples vy, C xqmp and
Yarre C xor. enumerating acly (Mxgnxy) \ Mxgrzy and aclp(Mxgiz,) \ Mz, respectively.
The algebraic independencies obtained so far imply that the tuples xy;, Tor, o, Tey Yarp,
Yare, and xp. are pairwise disjoint.

By two applications of extension for algebraic independence over algebraically closed
bases, we can find tuples 2,7, and z,/. such that z,, Eﬁ@cawbyawb Torp and zgr, Eﬁ/[%”xcyaﬂc
Tarre, an(i\so that the tuples xy, xor, Ty, Tey Zarp, Zare, and xp. are pairwise disjoint. -

Let M < M be a small model of T containing all these tuples. We will expand M
to an L*-structure, in order to embed it in M*. Let p,n = diag,(acly-(Mab)), pare =
diag(aclz-(Mad'c)), and py. = diags(acly-(Mbc)). We define interpretations of the relations,

functions, and constants of L* according to

pa”b(IMa Lqy T, Za”b) U pa”c(xMy Lay Le, Za”c) U pbc(pr Ty, Lo, xbc)a

for the tuples that these diagrams refer to. This is consistent, since pyrp, pare, and py. agree
on diag;(acly-(Ma)) = diag;(acly-(Ma')) (allowing . to enumerate both acly-(Ma) \ M
and aclp-(Ma') \ M), diag;(acly-(Mb)), and diag;(acly-(Mc)). In the case that L* = Lgy,
we observe that the values of the functions specified by these diagrams really give Skolem
functions, since we have preserved the underlying L-types of all the tuples. For tuples not
referred to by these diagrams, we define the interpretations of the relations and functions
arbitrarily, taking care in the case that L* = Lg; to satisfy the Skolem axioms (this is always
possible, since M is a model).

Having expanded M to an L*-structure, we can embed it in M* by ¢: M — M*. Further,
we may assume that ¢ is the identity on (z, Ty, e, Tpe), Since

qftp% (va Ly, Le, $bc) - qftp&[** (xMa Ly, Le, Ibc)'

Let a” be the subtuple of i(xys, x,) corresponding to the subtuple of (zj,x,) enumerating
a.
Now qftp(zar, i(zar), Ty, i(zams)) = aftp(@ar, Ta, Tp, Tap), S0 @’ =ppp @, and similarly

thp(fﬂM, i(xa’/)> L, i(za”c)) = qftp(*TMa Laly L,y xa’c);

so a” =y, o' And a” |} be, since i(z,) (which enumerates aclp-(Ma”) \ M) is Kim-
independent over M from zpx.xp. (which enumerates acly«(Mbc) \ M). O
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Corollary 6.4.6. Suppose T 1s NSOP, Then:
1. T, is NSOPy, and | * = | *.
2. Ty is NSOPy, and | = | *.

Proof. We use Theorem 6.2.4. By Theorem 6.4.5, | * satisfies the independence theorem.
Existence over models, monotonicity, and symmetry follow immediately from the definition
and the corresponding properties of J/K in the reduct.

Now suppose a [ [*]pb, witnessed by o' € aclp«(Ma) and 0 € acly«(Mb) such that
a f[K]|ub in the reduct. Let ¢(2';0,m) be the L-formula given strong finite charac-
ter for | ® in the reduct. Let x(2',a,m;) isolate tp,.(a’/Ma), and let ¢(y, b, ms) isolate
tpy«(b//MDb). Then the formula ¢ (x; b, m, my, mo) given by 32’ Jy’ (x (2, z, m1) A (y', b, ma)A
o(a',y',m)) gives strong finite character for | *. Similarly, if ¢ gives witnessing for | * in
the reduct, the same formula ¢’ gives witnessing for | *. ]

Remark 6.4.7. By [Niib04, Lemma 3.1], T will never be a simple theory.

Iterating to get built-in Skolem functions

Definition 6.4.8. An L-theory T has built-in Skolem functions if, for every formula ¢(x;y) €
L with I(z) = 1, there is a definable [(y)-ary function f, so that

T =Yy 3z p(zr;y) = o(fo(y);y)).

Corollary 6.4.9. Any NSOP; theory T which eliminates 3°° has an expansion to an NSOP;
theory Tgy in a language L, with built-in Skolem functions. Moreover, if Mg, is a monster
model for Tgy, and M is its reduct to L, then for every M < Mg, and tuples a and b,

K K
a [ bin Mg <= aclyx(Ma) | aclpe (Mb) in M.
M M

Proof. We define Tgy by induction. Let Ty be the Morleyization of 7" in the expanded
language Ly, so Tj is model complete. Given T, which we may assume by induction to be
a model complete NSOP; theory which eliminates 3, let L, 1 = (L,)sk, and let 1), =
(T,)sk- Then, by Fact 6.4.3 and Theorem 6.4.5, T,,+1 is again a model complete NSOP;
theory which eliminates 3°° and has Skolem function for formulas in the language of T;,.
And by Theorem 6.4.5 and induction, if M,,,; is a monster model for 7},,1, and M is its
reduct to L,

K K
a | bin M,y < aclg,,,(Ma) | aclg,,, (Mb) in M,
M M

K
< aclg,,,(Ma) | acly, ., (Mb) in M,
M
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since a set which is acly, . ,-closed is also acly,, -closed.

Then the theory T§Z = (J,,.,, Tn is NSOP; and has built-in Skolem functions. It remains
to lift the characterization of Kim-independence to this theory.

If ¢(z;b) is a formula in L, possibly with parameters in M, there is some n so that
@(x;y) € Ln. Let I = (b;)<. be an M-finitely satisfiable sequence in tp e (b/M). Then I
is also an M-finitely satisfiable sequence in tp; (b/M). By Kim’s lemma for Kim-dividing
Theorem I11.3.15, ¢(x;b) Kim-divides over M if and only if {¢(x;b;) | ¢ < w} is consistent,
hence ¢(x;b) Kim-divides over M in M, if and only if ¢(x;b) Kim-divides over M in Mg;.
It follows that a \LZ bKin Mg if and only if a J/Z bin M, foi( all n.

Now we show a |} bin Mg if and only if aclre (Ma) |, aclpg (Mb) in M. If

K
aclpe (Ma) f aclpg (MD)
M

in M, then there is n so that acl,, (Ma) j/ﬁ acly, (Mb) hence there is some formula ¢(z;b) €
tpr, (a/Mb) that Kim-divides over M in M,. This formula witnesses a i{f\; b in Mg;. Con-
versely, if a J//f\;b in Mg, then there is some formula ¢(z;b) € tppe(a/Mb) witnessing
this. Then for some n, p(x;b) € tpy, (a/Mb) and this formula witnesses a &]\Iz bin M,. Tt

follows that acly, (Ma) \,J//]I\; aclg, (Mb) in M, and therefore aclpe (Ma) j/ﬁ aclpe (Mb) by
monotonicity. O
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Chapter 7
SOP; and SOP> in PAC fields

Theories of fields have provided a fertile testing ground for many notions in abstract model
theory and, among fields, the pseudo-algebraically closed fields were especially significant
examples for simplicity theory and beyond. A field K is pseudo-algebraically closed (PAC)
if every absolutely irreducible variety defined over K has a K-rational point. This class of
fields was isolated by Ax in his celebrated characterization of pseudo-finite fields. Ax showed
that an infinite field K is a model of the theory of finite fields if and only if K is perfect, the
absolute Galois group of K is Z, and K is PAC. Cherlin, van den Dries, and Macintyre gave a
comprehensive study of PAC fields, characterizing the completions of the completions of the
theory of PAC fields and giving a description of types [CvdDMS80]. The central observation
underlying their work was that definable sets are controlled by algebraic data, encoded by
sets definable in the stable separable or algebraic closure, together with first-order properties
of the inverse system of the absolute Galois group.

Duret had observed that a PAC field which is not separably closed has the independence
property and therefore is not stable, and a graph-coding construction of Cherlin, van Den
Dries, and Macintyre had showed that theories of PAC fields can, in general, be as wild as
possible. In subsequent developments, much attention was given to the problem of finding
meaningful descriptions of the tame theories of PAC fields and connections were found be-
tween classification-theoretic properties of a PAC field and properties of its absolute Galois
group. For example, one of the most satisfying results in this vein is the characterization of
simple PAC fields. A field is called bounded if it has finitely many extensions of degree n for
all n. Hrushovski showed that a perfect bounded PAC field has simple (in fact, supersimple)
theory [Hru91| and later Chatzidakis and Pillay extended this result, establishing the sim-
plicity of possibly imperfect bounded PAC fields [CP98]. Chatzidakis later proved that an
unbounded PAC field has the tree property of the second kind, hence a PAC field is simple
if and only if it is bounded [Cha99|.

A remarkable theorem of Chatzidakis provides a powerful engine for proving theorems
of this kind. She shows that, in a precise sense, independent amalgamation in a PAC field
is completely controlled by independent amalgamation in the Galois group [Chal7|. Many
of the important classification-theoretic dividing lines between simplicity and NSOP can be
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understood as describing the constraints on amalgamation within a given theory and, she
shows, for n > 3, that if the theory of the inverse system of the absolute Galois group of a
PAC field is NSOP,, then so is the field. The SOP,, hierarchy as initially defined by Shelah
begins at n = 3 but Dzamonja and Shelah later introduced SOP; and SOP,, which are
defined in a very different way from the rest of the hierarchy. Consequently, a new argument
was needed to extend Chatzidakis’s result to handle SOP; and SOP; (also known as TP).
In this short chapter, we explain how to use the results of this thesis to handle these cases.

To show that a PAC field with NSOP; Galois group (in the inverse system language) has
NSOP; theory, we show that Kim-independence in the field can be characterized in terms
of Kim-independence in the Galois group. In the NSOP, case, a theory of independence
is not available but we can instead make use of strongly indiscernible trees to reduce the
analysis of possible witnesses to SOP, to concrete amalgamation problems, which in turn
reduce to amalgamation problems in the Galois group. In both cases, the work we do here
amounts to reformulating the problem of showing a field is NSOP,, to one that Chatzidakis’s
amalgamation theorem shows how to solve.

7.1 Preliminaries

Model theory

The properties we will be interested in are SOP; and SOPs:

Definition 7.1.1. A formula ¢(z;y) has SOP; if there is a collection of tuples (a;),eca<«
satisfying the following:

e Forall n € 2¢, {p(x;ay,) : n <w} is consistent.

e Forall n,v € 2<¥ if (nAv) —~ (0) <nand (nAv) ~ (1) = v, then {p(z;a,), o(z;a,)}
is inconsistent.

A theory T has SOP; if some formula has SOP; modulo 7. We say T is NSOP; if does not
have SOP;.

Definition 7.1.2. A formula ¢(z;y) has SOP; if there is a collection of tuples (a;),co<e
satisfying the following:

e For all n € 2¥, {¢(x; ayn) : n < w} is consistent.
e Foralln L ve2<w {p(x;a,),¢(z;a,)} is inconsistent.

A theory T has SOP5 if some formula has SOP5 modulo T. We say T is NSOP, if does not
have SOP,.

We will also make use of generalized indiscernibles. For a detailed treatment, see Chapter
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Definition 7.1.3. Suppose [ is an L’-structure, where L’ is some language.

1. We say (a; : i € I) is a set of [-indezed indiscernibles if whenever

(S0y--+Sn-1), (to,.-.,tn_1) are tuples from I with

aftpr (S0, - - -y Sn_1) = aftpy (to, -+ -, tn1),
then we have
tp(asys -« -5 as, ;) = tplagy, ..., ay,_,)-

2. In the case that L' = (<, <je, A) and I = k<*, viewed as an L/-structure in the natural
way, then an [-indexed indiscernible is called a strongly indiscernible tree.

3. We say that I-indexed indiscernibles have the modeling property if, given any (a; : i € I)
from M, there is an /-indexed indiscernible (b; : ¢ € I) in M locally based on (a; : i € )
— i.e., given any finite set of formulas A from L and a finite tuple (o, ...,t, 1) from
I, there is a tuple (sg,...,s,_1) from I so that

qftpy (to, - - tn—1) = aftpy (So, -+ -y Sn_1)
and also

tpA(btoﬂ cee 7btn_1) = tpA(aSoa cee 7a’sn_1)-

The following was shown in Chapter 1:

Fact 7.1.4. If p(x,y) has SOP,, then there is a strongly indiscernible tree (a,)yco<e Wit-
nessing this.

Fields

Definition 7.1.5. Suppose F' is a field. We say F' is pseudo-algebraically closed (PAC) if
every absolutely irreducible variety over F' has an F-rational point.

Definition 7.1.6. Suppose G is a profinite group. Let N(G) be the collection of open
normal subgroups of G. We define

s@= [ G/

NeN(G)

Let Lg the language with a sort X, for each n € Z™, two binary relation symbols <, C', and
a ternary relation P. We regard S(G) as an Lg-structure in the following way:

e The coset gN is in sort X, if and only if [G : N] < n.

e gN < hM if and only if N C M
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o C(gN,hM) <= N C M and gM = hM.
o P(g1N1,92N2, g3N3) <= N; = Ny = N3 and g192N1 = g3N5.

Note that we do not require that the sorts be disjoint (see [Cha98, Section 1] for a discussion
on the syntax of this structure).

If K is a field, we write K for the separable closure of K, K2 for the algebraic closure
of K, and we write G(K) for the absolute Galois group of K. Interpretability of S(G(F))
in (F?e F) is proved in [Cha02, Proposition 5.5|. The “moreover” clause is clear from the
proof.

Fact 7.1.7. Both F' and S(G(F)) are interpretable in (K, F') where K is any algebraically
closed field containing F'. Call the interpretation 7. Moreover, if L C F' is a subfield so that
F' is a regular extension of L, then the restriction of 7 to (K, L) produces an interpretation
of S(G(L)), contained in S(G(F)) in a natural way.

Lemma 7.1.8. Let F' be a large sufficiently saturated and homogeneous field (i.e. a monster
model of its theory) and M < F a small elementary substructure. Suppose A = acl(A),
B = acl(B) are subsets of F with M C AN B.

1. IfA =M B in F, then S(Q(A)) ES(Q(M)) S(Q(B))

2. If (Ay)ier is an I-indezed indiscernible over M in tp(A/M), then (S(G(A;)))ier is an
I-indezxed indiscernible over S(G(M)).

5. IfA LY B inF, then S(G(A) LY, SG(B)) in S(G(M)).

Proof. (1) If A=), B in F, then there is an automorphism o € Aut(F /M) with o(A) = B.
The map o has an extension & to F'®8 which is, then, an automorphism of the pair (F2, F)
taking A to B and fixing M pointwise. It follows A =); B in the pair (F*# F). Since
A = acl(A) and B = acl(B), we know F'is a regular extension of A and of B (see, e.g., [Cha99,
Section 1.17]). By Fact 7.1.7, we have S(G(A)) =s@)) S(G(B)).
(2) Suppose (4;);er is an I-indexed indiscernible over M, given two k-tuples ¢ = (ig, ..., ix—1)
and j = (jo, ..., jx_1) from I with qftp(i) = qftp(j), we know A, ... A;, , =p Ajy ... Aj_,
so acl(A;, ... Ai,_ ) =m acl(4j,...A; ). Then by (1) S(G(acl(Ay ... A, 1)) =s@on)
S(G(acl(4j, ... Aj,_,))), which implies (S(G(A;)))ier is an I-indexed indiscernible over S(G(M)).
(3) In any theory, if 7 is an interpretation of the structure X in the structure Y, and

A L BinY, thenm(A) J/Z(C) m(B). It follows thatif A | | Bin F', then S(G(A)) \J/Z(Q(M)) S(G(B))

by Fact 7.1.7. O
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A theorem of Chatzidakis

Theorem 7.1.9. [Chal7] Let F' be a PAC field, E < F, and A, B, C}, and Cy be alge-
braically closed subsets of F', with E contained in A, B, C1, and Cy. Assume that ANB = FE,
that A J/;CF Cy, B LECF Cy. Assume further that there is an E°-isomorphism ¢ : C7 — C3
such that p(Cy) = Cy, and that there is Sy € S(G(F')) and Lg-elementary isomorphisms

SWy:(S(G(C1)), S(G(A)) — (S0, 5(G(4)))
SWy 1 (S(G(C)),S(G(B))) — (S0, 5(G(B)))-

such that

1. SV is the identity on S(G(A)), SV, is the identity on S(G(B)), SV;(S(G(C;))) = So
fori=1,2,

2. If SO : S(G(C1)) — S(G(Cy)) is the morphism double dual to @, then

SU5® = S [s(g(ony)-

Then, in some elementary exstension F* of F, there is C with S(G(C)) = Sy such that
C=4Cy, C=5CyandC | 3" AB.

What we will use in the following arguments is actually a consequence of this theorem,
which may easily be deduced from it: suppose F' is a sufficiently saturated PAC field and
E < F is an elementary submodel. Suppose further that A, B, 1, and Cs be algebraically
closed subsets of F, with E contained in A, B, C;, and C5. Assume that AN B = E,
that A | 5%y, B | 5% Cy, and €1 =p C,. Then if in Th(S(G(F))), there is Sy with
S() ES(Q(A)) S(g(Cl)) and S() ES(Q(B)) S(g(CQ))), then there is C' with S(Q(C')) = SO such
that C =4 C1, C =p Cy and C | " AB.

7.2 SOP1 and SOPQ
SOP,

To begin, we will recall the definitions and main facts for Kim-independence. These are
given a detailed treatment in Chapter 3.

Definition 7.2.1. Suppose ¢(y) is an A-invariant global type. The formula ¢(x;y) ¢-divides
over A if for some (equivalently, any) Morley sequence (b; : i < w) in q over A, {p(z;b;) :
i < w} is inconsistent.

Definition 7.2.2. We say that a formula (z;b) Kim-divides over A if there is some A-
invariant global type ¢ D tp(b/A) so that ¢(x;y) g-divides. The formula ¢(x;b) Kim-forks
over A if o(x;b) F \/,_, ¥i(z; ¢") and each ¢;(z; ¢') Kim-divides over A. A type Kim-forks if
it implies a formula which does. If tp(a/Ab) does not Kim-fork over A, we write a Lf b.
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Theorem 7.2.3. [Theorem I11.8.1] The following are equivalent for the complete theory T':

2. Kim’s lemma for Kim-dwiding: For every model M = T and p(z;b), if o(x;y) q-
divides for some global M-invariant ¢ O tp(b/M), then ¢(x;y) q-divides for every
global M -invariant q 2 tp(b/M).

3. Symmetry over models: for every M =T, then a J/ﬁ b if and only if b J/]I\; a.

4. Independence theorem over models: if M =T, a =y d, a LZ b, a \L]\IZ ¢, andb J/AI; c,

. . K
then there is a” with a" =y, a, " =y ' and a” J/M be.

The following definition of an independence relation will be our candidate for Kim-
independence in a PAC field with NSOP; absolute Galois group. It is the conjunction
of non-forking indepenence in the ambient separably closed field and Kim-independence in
the sense of the Galois group.

Definition 7.2.4. Suppose F' is a field and Th(S(G(F))) is NSOP;. If a,b are tuples in
some elementary extension of F', we say a and b are weakly independent over F' if, letting
A = acl(aF') and B = acl(bF),

1L A|"B

2. S(G(A) L SG(B)).

Remark 7.2.5. This differs from the definition given by Chatzidakis [Chal7| in the context
of Th(S(G(F'))) having simple theory, as we use Kim-independence and Chatzidakis used
non-forking independence in the definition of weak independence. If the base is a model,
these definitions agree, and the definition we give here is well-behaved in the broader context

of NSOP; Galois groups.

Theorem 7.2.6. Suppose F is a PAC field and Th(S(G(F))) is NSOPy. Then given L =
Th(F), a \Lfb iof and only iof a and b are weakly independent over L.

Proof. Let A = acl(al) and B = acl(bL).

First, assume A \Lf B and we will show A and B are weakly independent over L. Let
(B;)i<w be a Morley sequence in a global type finitely satisfiable in L extending tp(B/L).
As A Lf\; B, we may assume (B;);«, is A-indiscernible. Then by Kim’s lemma in the sta-

ble theory SCF, we know A \LiCF B. Also (S8(G(B)))i<w is a Morley sequence in a global
type finitely satisfiable in S(G(L)) which is moreover S(G(A))-indiscernible. This implies
S(G(A)) Lggry SG(B)). As Th(S(G(F)) is NSOPy, this implies S(G(A)) L g, S(G(B))
by Kim’s lemma for Kim-dividing. In other words, A and B are weakly independent over L.

Now assume A and B are weakly independent over L and we will show A J/f B. Let

(Bi)i<w be an L-finitely satisfiable Morley sequence over L with By = B. Put C,o =
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acl(By, ..., Byn—1) and Cp1 = acl(Byn, ..., Bynt11). Note that C,y || Cnpo and Cpp =f
Cy1 for all n < w. By induction on n, we will choose A,, so that Ay = A and for all n > 1
the following conditions are satisfied:

1. An+1 Ecn’o,cn’l An
2. A, is weakly independent from acl(C), o, Cp1) = Chq1,0 over L.
3. AnCn,O = Ancml.

Suppose we are at stage n > 1 of the induction. Pick A/, so that A,C110 =1 A,,Cni11.

Then, in particular, S(G(A,)) Zsg(wy SG(A,). SG(A)) LX) SG(Curnn)). and SGA) L5

Moreover, because Cy11,1 |} Cni1,0, we have S(G(Cry11)) \I/i*((g(L)) S(G(Cht10))- As Th(S(G(F)))

is NSOP;, we may apply the independence theorem for J/K to obtain S so that S =g5(g(c,.,1.0))
SG(A)), S Zscicrrny SOA) and S 15 S(G(Coira))SG(Crira). Note that
S(G(Chi20)) 2 S(G(Cri10))S(G(Cry1a)) so, by extension, we may assume S has been cho-
sen so that S J—/?(Q(L)) S(G(Cr20))- By Theorem 7.1.9, there is A, with A, 11 =¢,,, , An,

Ayt =Cpan An Annr J/iCF Crt10Cn411 and S(G(A,11)) = S. Note that this implies

At L7 Curao because Crigo = acl(CoaroCrirr) and S(G(Ans1)) L g, S(G(Crsao))
by the choice of S so A,4+1 and C 49 are weakly independent over L. This completes the
induction.

Let p(X; B) = tp(A/B). Observe that, by construction, A, = (J, 4. p(X; B;) so U, p(X; B;)
is consistent by compactness. As the sequence (B; : i < w) is an arbitrary L-finitely satisfi-
able Morley sequence over L, this shows A \Lf B. O

Corollary 7.2.7. If F is a PAC field such that Th(S(G(F))) is NSOPy, then Th(F) is
NSOP;.

Proof. A theory is NSOP; if and only if | ¥ is symmetric by Theorem 3.8.1. If Th(S(G(F)))
is NSOPy, then | in Th(S(G(F))) is symmetric and | °°" is symmetric by stability of

the theory of separably closed fields. Therefore | * is symmetric in Th(F) by Theorem
7.2.6. O

SOP,

In the SOP, case, we do not have a theory of independence as in the SOP; case, but we can
find amalgamation problems from strongly indiscernible trees. The basic principle we will
use is that if we have a complete type p(z;b) and a strongly indiscernible tree (b,),c2<w, then
if U, <., P(%;bon) is consistent, then p(x;by,) U p(;b,) is consistent for any two n L v € 2<%,
Otherwise, by compactness and indiscernibility there would be a formula in p witnessing
SOP,. This weak form of amalgamation in an NSOP, absolute Galois group suffices to
prove that the field is also NSOP,.
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Proposition 7.2.8. Let F be a PAC field. Then Th(F') is NSOPs if Th(S(G(F'))) is NSOP;.

Proof. We may suppose F' is a monster model of its theory and fix a Skolemization of F'.
Then, formally, we work in F* with a predicate for F' and these Skolem functions—in the
proof, indiscernbility will always mean with respect to this structure, though acl means
model-theoretic algebraic closure in F', as a pure field. Towards contradiction, suppose F
has SOP, witnessed by some formula ¢(x;y) in the language of rings. By compactness, we
may suppose ¢(x;y) witnesses SOP; via the parameters (b,,),co<w+v, which form a strongly
indiscernible tree. In F, choose a so that a = {p(z;bee) : @ < w + w}. By Ramsey,
compactness, and automorphism, we may assume (bge )a<wtw 18 a-indiscernible.

Let E be the Skolem hull of b.,, in F. Define A = acl(aF) and set B,, = acl(Eby~—,) for
n € 2<¥. Then (B,),ec2<w is strongly indiscernible over E, (Bpe)a<w is A-indiscernible, and
(Boe )a<w 1s an E-finitely satisfiable Morley sequence, enumerated in reverse. Then by Kim’s
lemma in the stable theory SCF, we have A \L%ECF By. By strong indiscernibility, (Bye)a<w
is also Bj)-indiscernible, so also By J/%CF By. Choose A’ so that A'By =g AB,.

Let q(X; S(G(By))) = tp(S(G(A))/S(G(By))). We know (S(G(B,)))yea<s is a strongly
indiscernble tree over S(G(E)) and S(G(A)) &= U, ¢(X;S(G(Bon))) as (S(G(Bon)))n<w
is S(G(A))-indiscernible. As Th(S(G(F))) is NSOP,, ¢(X; By) U ¢(X; By) is consistent.
Let Sy be a realization. Then by Theorem 7.1.9, there is A, with A, =p, A, A. =B
A’, and S(G(A,)) = Sp. By the choice of A and definition of By and By, this implies
{o(x;bow~0), @(; bow ~ (1) } is consistent. This contradicts the definition of SOP,, completing
the proof. O
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