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ABSTRACT OF THE DISSERTATION

Essays in the Design of Experiments

by

Stefan Firaydun Faridani

Doctor of Philosophy in Economics

University of California San Diego, 2024

Professor Graham Elliott, Chair

This dissertation presents three essays in the design of randomized experiments.
Chapter 1 “Testing for Underpowered Literatures” proposes a novel estimator consistent
for the expected number of statistically significant results that a set of experiments would
have reported had their sample sizes all been counterfactually increased by a chosen
factor. An application to randomized controlled trials published in top economics journals
finds that doubling every experiment’s sample size would only increase the power of
two-sided t-tests by 7.2 percentage points on average. Chapter 2 “Linear Estimation of
Global Average Treatment Effects” studies the problem of estimating the average causal

effect of treating every member of a population, as opposed to none, using an experiment

Xiv



that treats only some. This differs from the usual average treatment effect in the presence
of spillovers. We find the fastest possible rate of convergence and provide experimental
designs and estimation procedures that achieve this rate. We also propose modifications
to the regression-based estimator common in applied work to guarantee its rate-optimal
consistency. Chapter 3 “Evaluation of a Teacher Training in Uganda: Specifications for
Endline” is a midline report for an ongoing field experiment in Uganda. The experiment
evaluates the impact of a general skills teacher training program in rural Uganda. In the

trial, we offer the program to a sample of 640 teachers in 39 secondary schools.
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Chapter 1

Testing for Underpowered Literatures

1.1 Introduction

A key tradeoff in experimental design is balancing the risk of drawing an erroneous
conclusion with project cost. Nearly all experiments published in top economics journals
use ¢-tests to interpret their results. Sampling variance means that the z-test can fail to
reject the null hypothesis of zero treatment effect even when there is in fact an effect
of meaningful magnitude. Every experiment therefore runs the risk of a false negative.
Increasing the sample size raises statistical power and reduces the probability of a false
negative but also requires additional funding. A central question faced by funders and
researchers is whether to concentrate resources into a small number of experiments or
to spread them across many.

This paper provides meta-analysts and research funding organizations with a
statistical procedure to estimate how much larger the expected fraction of statistically
significant z-scores would have been had every experiment in some collection been
counterfactually run with ¢? times the sample size where ¢ > 1. This power gain is a
number between zero and one that I call A.. If this quantity is large within a given
scientific literature or funding initiative, then the rejection decisions of z-tests reported
by that population of experiments are sensitive on average to sample size choices. In this

case, the returns to concentrating resources into fewer and larger experiments could be



relatively high.

To estimate A, with the proposed method, the meta-analyst needs a dataset of n
t-scores reported by a collection of experiments. The statistical procedure works by first
finding the distribution of true intervention treatment effects that best fits a smoothed
version of the empirical distribution of z-scores. The fitted distribution of true effects
is then integrated to calculate a point estimate of A.. I show that this procedure is
consistent, asymptotically normal, and converges in a power of n.

The main contribution of this paper is that it removes the reliance on functional
form assumptions made by related meta-analyses that study power. The methods of
Ioannidies et al. (2017), Brunner and Schimmack (2020), and others are only consistent
when the population distribution of true intervention treatment effects has a specific
shape. Functional form restrictions of this kind need not hold in practice. In contrast,
the only assumption made by this paper on the distribution of true treatment effects is
that it has a probability density function with bounded height.

A second contribution of this paper is to make its method robust to simple forms of
publication bias. Recent empirical evidence shows that statistically insignificant z-scores
are less likely to be published in academic journals (Franco et al., 2014; Andrews and
Kasy, 2019). Selective reporting can distort the distribution of reported ¢-scores and
potentially confound estimation. This paper addresses selective reporting by parameter-
izing a simple model of publication bias, estimating the model, and then reweighting the
observed ¢-scores to remove publication bias. Accommodating this first stage requires
that I use a particular smoothing method which results in a different estimator than
those used to solve mathematically related deconvolution problems like Carrasco and
Florens (2011).

An empirical estimate of A, is useful to meta-analysts and funders because they
may otherwise lack a way to evaluate how efficiently sample sizes are being chosen in

practice. Sample size decisions are typically made under high uncertainty. If funders and



researchers knew ex ante how quickly the statistical power of a proposed experiment
responded to its sample size, they could optimally balance power and cost. But power
also depends on how effective the treatment under study actually is, a quantity which is
ex ante unknown. Grant-giving organizations try to address this challenge by requiring
experimenters to collect samples large enough to guarantee at least 80% power to detect
a true effect larger than some chosen threshold (Gupta and Kopper, 2023). The aim of
these power calculations is to direct resources to projects that will only fail to detect an
effect when that effect is in fact small.

Power calculations may fall short of this goal in practice because they involve
a great deal of guesswork. Statistical power depends on many unknown parameters
besides the true effectiveness of the intervention, e.g. the degree of heteroskedasticity of
the outcome variable or how heterogeneous treatment effects are across individuals. If
the power calculations are inaccurate, then the choice of sample size made on their basis
may trade off power and cost sub-optimally.

Even ex post it is difficult to determine what the consequences of a larger sample
size would have been for a single experiment. This problem arises because it is not
in general possible to infer how powerful an individual experiment was. Plugging the
estimated treatment effect into the power function is known to be highly misleading
(Hoenig and Heisey, 2001). Experimenters and funders therefore lack a rigorous way to
assess how efficiently sample sizes are being chosen in practice. The method proposed in
this paper aims to address this need.

This paper applies its method to an empirical question of broad interest: how
sensitive are randomized controlled trials (RCTs) published in top economics journals to
counterfactual sample size increases? I use the data from Brodeur et al. (2020) which
contains 7-tests of main hypotheses reported by articles published in 25 top economics
journals during 2015-2018. I estimate that counterfactually doubling the sample sizes of

every RCT in that set would only increase the expected number of ¢-scores clearing the



critical value of 1.96 by 7.2 percentage points with a standard error of 2.5.

This power gain is small in comparison to several benchmarks. First, I estimate
that doubling the sample size of all non-RCTs in the same dataset would increase average
power by 17.3 percentage points which is significantly larger. As a second benchmark,
consider a hypothetical literature where every experiment is adequately powered to
detect the true effect. By conventional standards, a literature where every experiment
were powered at exactly 80% power would meet this criterion (Gupta and Kopper,
2023). For such a hypothetical literature, we can calculate that doubling every sample
size would increase power by 17.8 percentage points, which is much larger than the
empirical estimate.

I construct a third benchmark using data from the Many Labs systematic repli-
cation project (Klein et al., 2014). In this project, 36 laboratories each independently
attempted to replicate 11 published effects from laboratory psychology. We would expect
these replication experiments to be very well powered because they were designed
using previous experimental data and the consequences of failure to detect an already
published effect could be great. Yet I cannot reject the null hypothesis that A, is the
same for both RCTs in economics and the Many Labs replications. This means that RCTs
are on average about as sensitive to sample size as replication experiments that were
designed using a great deal of prior knowledge. The non-rejection is not simply from
high uncertainty because we can indeed reject the null that A, is the same for non-RCTs
in economics vs replications from Many Labs. I also leverage the fact that the Many Labs
experiments are replications to estimate power gain conditional on sample true effects.
The conditional Many Labs power gain is precisely estimated at 7.8 percentage points
with a standard error of 0.6 percentage points and is also statistically indistinguishable
from the A, for economics RCTs.

I conclude from this analysis that randomized trials in economics are on average

relatively insensitive to counterfactual sample size increases. The policy implication



is that funders and researchers in economics should broadly consider running more
randomized trials, not fewer, larger ones.

This paper is organized as follows. Section 1.2 discusses the contributions of this
paper to existing applied and theoretical literatures. Section 1.3 sets up the estimation
problem without publication bias. Section 1.4 shows identification, proposes an estimator,
and derives its rate of consistency. Section 1.5 introduces publication bias. Section 1.6
shows asymptotic normality and discusses inference. Section 1.7 uses simulations to
recommend tuning parameters. Section 1.8 presents two empirical applications and

Section 1.9 concludes.

1.2 Related Literature

This paper contributes to two literatures. The first is an applied literature that
empirically studies statistical power under strict assumptions. Ioannidies et al. (2017)
estimates median power in empirical economics under the assumption that papers can
be sorted into groups within which every study is estimating the same true effect. A
similar assumption is used by DellaVigna and Linos (2022), Arel-Bundock et al. (2022),
and Ferraro and Shukla (2023). Other methods instead assume that the distribution of
true effects has a specific shape (Brunner and Schimmack, 2020; Sotola, 2023; Lang,
2023). Assumptions like these need not hold in practice and are difficult to check. This
paper contributes to this literature by assuming only that the population distribution of
true effects has a probability density function with bounded height.

The second related literature is technical. The estimation problem studied in
this paper belongs to a class of problems called deconvolutions which aim to “de-blur”
a smooth probability density. The theoretical econometrics literature has proposed
a number of solution methods for deconvolutions (Fan, 1991; Carrasco et al., 2007;

Carrasco and Florens, 2011; Racine et al., 2014). But in the presence of publication bias



none of these methods will be consistent. There is growing evidence that statistically
insignificant ¢-scores are less likely to be reported in economics publications (Andrews
and Kasy, 2019; Elliott et al., 2022; Brodeur et al., 2020, 2016). Such omissions can
create a discontinuity in the probability density of ¢-scores at the significance threshold
(Gerber and Malhotra, 2008; Kudrin, 2023).

Addressing this problem is not as simple as concatenating some existing deconvo-
lution method with publication bias removal. This paper proposes a new deconvolution
step in order to manage the interactions between the two stages. The method begins
with the same singular value decomposition as Carrasco and Florens (2011) but uses
a different kind of regularization called spectral cutoff that prevents uncertainty about
the extent of selective reporting from magnifying the regularization bias. This choice of

smoothing method results in a new estimator that converges at a different rate.!

1.3 Setup

First define a key piece of notation. Let ¢(z) denote the probability density
function of the standard normal distribution. Adding a subscript ¢,2(z) denotes the
density of the normal distribution with variance 6. The absence of the subscript means

that the variance is unity.

1.3.1 Estimand

Consider a population of experiments. Each experiment studies a unique in-
tervention with its own treatment effect b € R. The treatment effect b is unobserved,
but the experimenter estimates it with an estimator b that is unbiased and normally
distributed. This means that: b|b ~ N (b,0?). The experimenter knows the standard

error 6 and summarizes the evidence against the null hypothesis of zero treatment

ISpectral cutoff regularization is used by Florens et al. (2017) in related but distinct setting. They
estimate an inner product, assume more smoothness than we do, and equip their domain and codomain
with the same inner product to construct eigenfunctions.



effect by reporting the 7-score: T = %. Defining h = %, makes it possible to express the
conditional distribution of T in terms of % only. I call & the “true effect.” The ratio T is
conditionally normally distributed centered on % with variance 1, i.e. T |h ~ N(h,1). Its

conditional probability density function fr (¢ | k) is the following:
fr(t[h) =t —h) (1.1

T is interpreted as the test statistic of a two-sided ¢-test of the null hypothesis
that 7 = 0. The power of a size-a test run by an individual experiment is the conditional
probability that |T'| exceeds the critical value cv(a). I suppress the dependence of the
critical value on « for ease of notation. I call this conditional probability the conditional

power. Conditional power can be written in terms of an integral over the normal density.

cv
Pr(|T| >cv|h)=1-— @(t—h)dt (1.2)
~——— _

Conditional Power Cv

Conditional power is always unknown. Since # is unobserved, the meta-analyst
never gets to condition on it. In practice this means that it is not possible to recover
the power of any individual experiment using only the z-score that it reported (Hoenig
and Heisey, 2001). To see why, notice that Jensen’s Inequality guarantees that even
though E[T | h] = h, nevertheless E [¢(t — T) | h]| # ¢(t — h). Invoking consistency and the
continuous mapping theorem does not help since the limit of conditional power as the
experimental sample size goes to infinity is either & or 1.

The meta-analyst does not need to know the true power of any individual exper-
iment. Instead the meta-analyst wishes to know the expected statistical power of an
experiment randomly drawn from a population of experiments. I call this expectation the
“unconditional power.” Unconditional power depends on the distribution of 4. Assump-

tion 1, states that the population distribution of % is continuous with probability density



function my. This density must have finite height. Assumption 1 is not as restrictive as
it seems because the distribution of z-scores under a discrete my can be arbitrarily well

approximated by the distribution of ¢-scores under a continuous .

Assumption 1. The distribution of h is continuous with bounded probability density function
7o (h).

Unconditional power is defined as the expectation of conditional power over the
distribution of 4. By Fubini’s Theorem, the order of integration can be exchanged and

unconditional power can be expressed in the following way.

Pr(|T| > ev) :1—/w " ol —hm(h)dhdr (1.3)
Unconditional Power T

Experimenters have some control over the power of their experiments even
though they do not know / because they can choose the sample size of the experiment.
Increasing the sample size of an experiment will increase its power whenever  # 0. The
meta-analyst wishes to learn how much larger unconditional power would have been
had the sample sizes of every experiment been counterfactually increased while holding
the distribution of true effects constant.

Define the random variable T, as a z-score randomly drawn from a counterfactual
population where every experiment has been run at ¢? times the actual sample size while
holding 7y constant. Since it is counterfactual, no draw of T, is ever actually observed.
Multiplying the sample size by ¢? shrinks the standard error and grows k by a factor of
c. Conditional on the true effect, T, is normally distributed but with a larger mean, i.e.
T.|h ~ N(ch,1). The unconditional counterfactual power is defined as the probability

that 7, exceeds the critical value. This can be expressed as the following double integral.

Pr(|T. > cv) :1—/CV /M (i — ch)mo(h)dhdr (1.4)
—— —cvJ—oo

Unconditional Counterfactual Power



The aim of this paper is to determine whether the unconditional power of a
given population of experiments is sensitive to sample size increases. This represents
an “opportunity missed” because there are in expectation many false negatives that
could have been avoided had the experiments been somewhat larger. The next step is to
quantify this idea. Define the estimand A, as the power gain resulting from increasing

every sample size in the population of experiments by a factor of ¢2.

A =Pr(|T;| > cv) —Pr(|T| > cv) (1.5)

A. will be the estimand throughout this paper. Example 1.1 illustrates why I interpret a
small value of A, as an indicator of an underpowered literature. The subsequent remarks

build further intuition for the estimand.

Example 1. The difference between status quo and counterfactual power depends on
the distribution of true effects my. When a true effect is extremely small or large, power
conditional on that effect is unresponsive to sample size. So literatures that contain many
extreme true effects will be less responsive than those with few extreme true effects.
The following example illustrates. Consider two different literatures each with their
own distribution of true effects. For both literatures, the standard error and sample size
are the same with ¢ =1 and /n = 100. So for both literatures # = 10b. In literature 1,
the intervention impact is distributed b ~ N(0.17,0.1). In literature 2, the intervention
impact b is a 50-50 mixture of two normals, one centered on 0.02 and the other centered
on 2, both with standard deviation 0.1. Figure 1.1 shows how unconditional power
(y-axis) responds to counterfactual sample size increases (x-axis). Increasing n leads to
rapid gains for literature 1 but not literature 2 because literature 2 is composed almost
entirely of extremely large or small true effects. The task of this paper is to use a sample
of t-scores to determine whether they were drawn from a population more like literature

1 or literature 2.



Remark 1. The estimand A, considers a counterfactual where the sample sizes increase
but the distribution of true effects my remains constant. This framework is flexible but
does have limitations. For example, if increasing the sample size of a field experiment
would entail increasing spillover effects then n is different under that counterfactual

and A, would not be the estimand of interest.

Remark 2. To build intuition it is helpful to study the possible range of values that the
estimand can take. A, is always non-negative because power is non-decreasing in sample
size. A, can be arbitrarily close to zero because 7y can place arbitrarily large probability
mass near zero. Finally, A, is maximized for each ¢ when n places all of its probability
mass near cv. The maximum possible value that A, can take on depends on ¢ and cv.
Figure 1.2 illustrates how the maximum possible value of A, varies with ¢ when we hold
cv fixed at 1.96. The figure shows for example that doubling of the sample size of every
experiment in a population increases the power gain of a two-sided 5% ¢-test by at most

0.292.

1.3.2 Convolution Operators

It is possible to think of the random variable T as the sum of 4 plus an independent
“noise” random variable that has the normal distribution, i.e. T = h+ Z. The sum of two
independent random variables is called a convolution and an operator that maps the
distribution of 4 into the distribution of 4 plus an noise is called a convolution operator. It
will be useful to express the distributions of 7' and 7 in terms of convolution operators.
The first step is to write down the densities of T and T, as integrals over the distribution

of true effects.

1@y = [ plt=mm(h)dh

. (0) /_ i ot — ch)my(h)dh
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Both densities are the outcomes of closely related mappings of m. This type of
mapping can be generalized. Consider the operator K> below that maps the density of &
to the density of 7+ 6Z where Z is a standard normal random variable independent of A
where ¢ > 0. The domain of this operator will be defined later on. For now it is enough

to point out that K > maps any probability density into another probability density.

(Kpm)ll] = [ oot~ h)m()dh

A key fact about normal convolutions is that they can be decomposed. Lemma

1 says that adding normal noise of variance 1 is equivalent to adding normal noise of

variance ¢ 2 and then adding further independent normal noise of variance 1 — ¢ 2.

Lemma 1. For any function & in the domain of K.-», and ¢ > 0:
Kin=K,_, 2K, &

Proof: Section 1.13.1.

This decomposition will be useful. It is immediate to see that fr = K|_.2K.27.
Lemma 2 expresses the estimand A, in terms of K,.m as well. The motivation for
this decomposition is that K-> turns out to be much easier to estimate than 7 itself
because it has already been smoothed out. The next subsection sets up the theory to

show why this is the case.

Lemma 2. If Assumption 1 holds, then:

ev/e

Ao = / " Ky, 2K ) [t — / (K. 27t0)[t)dt

—cv —cv/c

Proof: Section 1.13.2.
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1.3.3 Singular Value Decomposition

The meta-analyst observes draws from f; and wishes to estimate A.. To do this it
is sufficient to estimate my. The problem of recovering m, from f7 is severely ill-posed
because very large changes in 7y can result in very small changes in fr. The intuition is
that applying a convolution operator K produces smoothed-out version of the argument.
Since m is not necessarily smooth, many of its “high-frequency” features are destroyed
by convolution and are therefore difficult to recover from f;. However, the problem of
recovering K, »my from fr is much better-posed. This target density doesn’t have many
high frequency features because K, » has already destroyed them.

This intuition can be formalized using the singular value decomposition. Intu-
itively, the singular value decomposition expresses K. > as an infinite weighted sum of
components of my, where the weights are guaranteed to decay geometrically fast. This
decomposition reveals which features of m, are preserved by K.» and which cannot be
recovered. The singular value decompositions presented in this section are modified
versions of the decompositions in Carrasco and Florens (2011) and Wand and Jones
(1995).

The first task is to precisely define the domain and range of the two convolution
operators K,—» and K,_,—.. The meta-analyst must start by choosing the scalar o2 > 0.
This could be considered a tuning parameter but in this paper I always choose 6 = 1 and
never deviate from this choice. Define the following three Hilbert spaces of functions:

Ly, Lx, L.

F = {¢<x) such that / () (¥)dx < oo}
Zx = {q)(x) such that /w ¢(x)2(p63+1_c_2 (x)dx < oo}
Ly = {q)(x) such that /oo (;)(x)z(pcg+1 (x)dx < oo}

12



These spaces are all very large. Each contains every function in .#?(R) and every
probability density function of a real-valued random variable. Moreover, .4y C %x C %y .

Equip each space with the following integral inner products respectively:

G101 = [ 013)02(x) 93 ()
(01, 02)x = /0; $1(x)92(X) @524 1 2 (x)dx
0102w = [ 01(0)02(5) 9.1 ()

These inner products induce norms. So Hd)H%, = (¢,¢)y. Now the convolution
operators can be fully defined by specifying their domains and the spaces that they map

into.

K. Ly —

K17C72 : gx — XY

Both K. »,K,__.» are compact linear operators. This means that they have singular
value decompositions. In this case the singular value decomposition will express the
outcome of a convolution as a weighted sum of known orthonormal polynomials where
the weights are known to decay at an geometric rate. These decompositions are expressed

below.

[e)

Kem=Y n (xpmw 9
=0~~~ ~—
scalar polynomial

Ki_28=Y A (¢;,8)x V¥
=0~~~ ~~

scalar polynomial

The singular values 7n;, 4; are the sequences of scalars defined below. These decay

geometrically fast to zero. The fast rate of decay implies that the problem of recovering
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my from K 7 is ill-posed because components of m, with large j play a very small role in

Kim.

o 1+G)%—c*2 i
= 140}

o G)g il2
J G,%—Fl—c‘z

The singular functions x;, y;, ¢; are the generalized probabilist’s Hermite Poly-
nomials. Since the expressions for the polynomials are very long, they are relegated
to Appendix 1.12.1. There are four important properties of the Hermite polynomials
that the reader should take note of. First, the polynomials are normalized so that, for
example (x;,x;)w = 1. Second, each set forms a complete basis for its corresponding
Hilbert space, all of which are weighted .#? spaces (Johnston, 2014). This means that
for any two probability densities 7, m,, if () — m, x;)x = O for all j, then m; = m, almost
everywhere. Third, the polynomials are orthogonal, so (x;, xx)w = 0 when j # k. Fourth,
while these polynomials are themselves unbounded, they are uniformly bounded over all
t,j when multiplied by the kernels from their respective inner products (Indritz, 1961).
Formally this means that: sup, ; Po2 i1 ()xj(t)] < oo

Equation 1.6 below expresses the density of T as a linear combination of the
Hermite polynomial. Notice that the singular values A; and 7; are forcing higher order
polynomials to play a small role. The implication for the meta-analyst is that high-

frequency information about 7 is not easy to recover from fr.

(o)

fr=Y Am; ximow Y (1.6)
=0~~~ ~—
scalars polynomials

Lemma 3 expresses the target estimand A, in terms of the singular values and

Hermite polynomials. This gives insight into the ill-posedness. The sequence of coeffi-
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cients (y;, m)w is sufficient for both the distribution of the data and for the estimand A..
Equation 1.6 shows that the larger j is, the more difficult it is to recover (y;, m)w from
fr since it is damped away by the geometrically decaying n;A;. But on the other hand,
Lemma 3 shows that the larger j is, the smaller the weight that (y;, m)w is given in the
estimand because 7; is decaying as well. This illustrates why A, is fundamentally easier

to recover from f7 than m.

Lemma 3.
cv/e

A = im@jﬂ@w (?Lj /CCVV ¢j(t)a’t—/ ¢j(t)dt>

j —cv/c
Proof: Section 1.13.3.

1.4 Identification and Estimation without Publication
Bias

This section shows that m is identified and proposes a consistent estimator of
A. under the assumption that there is no publication bias. Econometric deconvolution
problems are well studied (Fan, 1991; Carrasco et al., 2007; Carrasco and Florens, 2011;
Racine et al., 2014). My estimator has an unusual motivation in that its real goal is to
recover A, and it must be set up in order to be compatible with an adjustment for publica-
tion bias later on. This motivates my choice of the spectral cutoff regularization method.
Spectral cutoff has two advantages in this context. First, it eliminates dependence of
the smoothing parameter on c. Second, when publication bias is introduced in the next
section, spectral cutoff will allow me to concentrate the objective function and estimate
publication bias and m, one at a time. But to avoid introducing too many ideas at once, I

first show how my deconvolution method works when every ¢-score is reported.

1.4.1 Identification

I prove that m is identified in the standard way by showing that it is the unique

minimizer of a population objective function (Newey and McFadden, 1994). I specify the
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objective function Qy(7) to be the integral of the squared difference between the true
density fr and the density of T implied by the argument distribution . The difference
is weighted by the normal density. Intuitively, minimizing this objective function is the

continuous analogue of a weighted least squares regression.

0o(n) = / Z (fT(t) _ ( / Z(p(t—h)ﬂ(h)dh))z(pog(t)dt 1.7)

By inspection the objective is non-negative and Qy(mp) = 0. So 7y is a minimizer.
There are several ways to show that this minimum is unique. The following paragraphs
provide an argument using the singular value decomposition.? This argument is anal-
ogous to checking whether a regression matrix in a least squares problem is full rank,
which can also be done using the matrix singular value decomposition.

Since the integrand is weighted by the normal density, the objective function is
actually the inner product of the difference in densities with itself. This is the norm in-
duced by the inner product (-,-)y. The expression below makes the analogy to regression

even more plain.

Qo(m) = || fr — Kim|[3

This new expression says that m is the unique minimizer of Qy if and only if
convolution cannot map two different densities into the same density. The singular
value decomposition reveals why this is the case. Just like in Euclidean space, norms
induced by inner products can be expressed as squared sums over orthonormal basis
vectors. The singular functions y; form a complete orthonormal basis for .%y. The
population objective function can now be written as the sum of squared differences in

basis coefficients.

(o)

Qo(m) = Y ((fr widy — Amyim, xiw)’ (1.8)

j=0

2An alternative argument using characteristic functions instead of the singular value decomposition is
provided in the subsequent Remark 3 for interested readers.
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The final step is to substitute f; = K;m and then substitute in the singular value
decomposition in for K, keeping in mind that the y; are orthonormal. The population

objective function can now be expressed as the following series.
Qo(m) =Y MiA; (xj, 0 —m)y (1.9)
j=0

The singular values 1, A; are all strictly positive even though they decay. Since
all of the summands are squared real numbers, Qy(7) = 0 if and only if (¥;, m— 7)w =0
for all j. But, since the generalized Hermite polynomials x; form a complete basis, any
function in %y that is orthogonal to all of the ); must be equal zero almost everywhere
(Johnston, 2014). This means that any 7« that satisfies Qg(7) = 0 must equal my almost
everywhere. If two probability density functions agree almost everywhere, then they are
the same density. This gives identification of m, which is stated formally in Proposition

1. Its proof formalizes the argument sketched in the preceding paragraphs.

Proposition 1. If Assumption 1 holds, then Qy(x) is uniquely minimized over £y by m.

Proof: Section 1.13.4.

Remark 3 provides an alternative proof of identification that does not use the
singular value decomposition. While the argument in the remark is more traditional and

accessible, its technique does not get us much farther than identification.

Remark 3. Identification can also be shown with characteristic functions instead of the
singular value decomposition. Briefly, Qy(7) will be zero if and only if the following

unweighted integral is zero.

/_i (fT(t) - (/w @(t—h)n(h)dh))zdt =0 < Qy(n)=0

—o0

By the Plancherel Theorem, the integrand can be replaced with its Fourier transform, i.e.

the difference in characteristic functions of the two distributions. By the Convolution
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Theorem, the characteristic function of a convolution of two densities is the pointwise
product of the characteristic functions. This yields the following integral in terms of the

characteristic functions {z,, (z

| e (Gnl@)~ Ga(@))*d0 =0 = Qu(m) =0

—o0

In order for the integral on the left-hand side to be zero, the characteristic functions

must be equal almost everywhere, which means that my, # are the same distribution.

1.4.2 Estimation

The meta analyst observes a sample of n t-scores f;; indexed by i € {1,---n}
reported by m studies indexed by k € {1,---m}. Let the number of t-scores per study
be uniformly bounded. 7-scores are independent across studies, but not necessarily
independent within a study. The k subscript will sometimes be suppressed. For now
there is no selective reporting. The meta-analyst wishes to construct an estimate 7, by
computing and minimizing a sample analogue Q,(x) of the population objective Qg ()
as in Newey and McFadden (1994). They then wish to use 7, to compute A..

Even though m is identified, estimating it is a severely ill-posed inverse problem
because the singular values A;n; decay to zero exponentially fast. This means that
information about the high-frequency components of 7 is severely attenuated in the
distribution of 7. The rate at which is is possible to estimate my depends on how we
measure the difference between the estimated density and the true density. If we take
this difference to be the %, norm, then the minimax rate is known to be logorithmic in
n (Fan, 1991). This is extremely slow.

Fortunately the %, norm is too high a standard for the meta-analyst’s purposes
because they only need to estimate the features of my that matter for counterfactual

power. I now propose a new metric that weights up the features of my that matter for the

18



estimand and weights down features that do not matter. Let p.(-,-) : Ly x Zw — R be

defined as the following:

pe(m,m) = Y ;| (X m)w — (), m2)w| (1.10)
j=0

This is connected to A.. Lemma 4 below says that if some sequence 7, is converging to
T at a certain rate in p.(-,-), then the meta-analyst can compute an estimate of A, that

converges at the same rate by plugging 7, into Lemma 3.
Lemma 4. For any random sequence 1, C Ly, if pc(mo, Tn) = O, (ry), then

cv/e

s Ltz min (3 [ oitoar— |

—cv/c

¢j<r>dr) — 0, ()

Proof: Section 1.13.5.

The next step is to propose an estimator 7, for my. My estimator will be the
minimizer of a sample analogue to the population objective function. There are many
ways to construct the sample version of Qy. The following method draws a direct
connection to the singular value decomposition, and is easy to regularize and compute.
Starting from Equation 1.8, notice that the inner products (fr, y;)y are integrals over
the probability density fr. Integrals over probability densities are expectations. So the

population objective can be expressed in terms of population moments:

o)

00(m) = ¥ (E [wi(1)0g ()] - Asmsim. 2w ) (111)

This immediately suggests a sample analogue to the population objective where
sample averages are plugged in place of the expectations. But some care is needed.
Instead of summing over all j I will regularize the sample objective by summing only up

to the integer J, which grows with n. This smoothing method is called “spectral cutoff.”
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The sample objective 0, (7) can now be expressed as:

I

2
A 1 &
On(m) = Zb (Z;Wj(fi)q’c;(fi) —Mn;(mxj)w) (1.12)
j= i=

The fact that the x; form an orthonormal basis for .4} guarantees that 0, can be
minimized at zero. Strictly speaking, spectral cutoff guarantees that there are infinitely
many sample minimizers, but this does not matter. I define my estimator 7, as the
minimizer of smallest norm. This is easily computed because it is a linear combination of

known Hermite polynomials where the weights are sample averages.
I Xy (1) @2 (1)

ﬁn(h) = .
j;o n4;

x;(h) (1.13)

The estimation error of %, in the metric p.(-,-) is straightforward to compute. It
is composed of two sums. The first sum is random sampling error which comes from
the difference between the sample means and their expectations. The second sum is the
deterministic “regularization bias” that is the price paid for cutting the sum off at J,,.

J, 1 n

Pe(mo, Bn) = ) o= |~ ) Wj(t) 93 () — E Vi (T) 0 (7)]

J=0"7 | i=1

7

+ Y nj[(m,xpw| (114
J=In+1

S | =

J/

-~ -~

Sampling Error Reg. Bias

To see why cutting the sum off at J,, is necessary, consider the variance of the
terms inside the first sum. Since A; is decaying to zero, if J, grows too quickly (or
is infinite) then the variance of 7, can explode. The expectation of the square of the
sampling error can be bounded by studying the rate of decay of the A; and by uniformly

bounding the functions I/Ij(l‘)(po% () over all j,# (Indritz, 1961). This argument yields a
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bound on the sampling error.

Jn
Z;L— 2 L V0950~ E |vi(T) oy (T)]

Sampling Error

The cost of cutting the sum off at J, is a (vanishing) regularization bias term. This
bias term can be bounded using the fact that since n is a probability density function
with finite height, all of its inner products can be uniformly bounded. This means that
the sum of regularization bias terms is bounded by a geometric series which is the same

order of its first summand.

Y, nj|{m,x)w|=0(n,)
=it

S/

-~

Reg. Bias

The meta-analyst wishes to tighten the regularization parameter at a rate that
maximizes the speed at which p.(m, 7,) converges in probability to zero. This means
balancing bias and variance. Surprisingly, the rate-optimal choice of smoothing parameter
does not depend on c. This is a consequence of the spectral cutoff regularization method.
Theorem 1 gives the optimized rate. At this optimized rate the regularization bias is

possibly of the same order as the sampling error.

Theorem 1. Let Assumption 1 hold and assume there is no publication bias. Then, for any

constant 62 > 0 and any sequence J, C N chosen by the meta-analyst,
. L.
pelmo, ) = 0p (w22, 1)

2 n/2
If the meta-analyst chooses J,, 6 such that n'/? (Gf—il> converges to a positive number,
Y
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then:

R g _ 1407 1+0}
pc(ﬂo,n?n) = OP (n 2) , where q= IOg (m) /log ( G)%

Proof: Section 1.13.6.

The rate of convergence may seem complicated but it contains several insights.
If the meta-analyst wishes to estimate A, without any sample size change, then they
set ¢ = 1. Then ¢ = 1 and the estimator achieves the parameteric rate n~'/2 in p.. As
the meta-analyst increases c, the rate of convergence slows down. This illustrates that
counterfactual power resulting from a larger sample size increase is harder to estimate.
The intuition is the following. The larger c is, the greater the difference between 7 =0 and
h close to zero. Therefore for large c, the high-frequency components of my matter more.
Since the high-frequency components are harder to estimate, the rate of convergence
slows down.

The meta-analyst now wishes to estimate A, by plugging 7, directly into Lemma
3. I call this estimator A, ,. It can be expressed compactly as a weighted sum of sample

means which makes Am fast to compute.

. I (1 2 cv 1 [ev/e
Acn=}, (;;%(ti)%g(fi)) (/ ROy _CV/Cij(f)df)

j=0 —c

Combining Theorem 1 with Lemma 4, it is immediate that Ac,n converges to A, at

the same rate as 7, converges to m in the metric p,.

Corollary 1. Under the same conditions as Theorem 1,

A

Ac—Acn =0, (n_%/ljzl +11]n>

)

Remark 4. One virtue of Aan is that the signs of the observations ¢; do not matter. This
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is useful because in many meta-data sets the ¢-scores have all been reported as positive.
To see why the estimator is unaffected by signs, look at the polynomial definitions in
Appendix 1.12.1 and notice that if j is odd then the polynomial ¢;(¢), v;(¢) are odd and if
j is even then ¢;(t), y;(t) are even. Since the integrals in A, over ¢;(t) are symmetrical
about zero, then the summands where j is odd are zero. For the rest of the summands,

the functions y;(¢) are even so the signs of the data points #; do not matter.

Remark 5. The researcher may wish to optimize the rate of convergence by choosing the

tuning parameter o2 that makes g as large as possible. By L’Hopital’s Rule, as 62 goes to

-4 . P
2, making the rate approach n™ 2. But, taking o7 to infinity

infinity, g converges to ¢~
also causes the optimal J,, to grow to infinity for a fixed n, which imposes computational
burdens. The choice of 62 is therefore a balance between rate of convergence and

computability. In my simulations and empirical application I always choose o7 = 1 for

reproducibility.

Remark 6. There are other methods of regularizing deconvolutions. For example
Carrasco and Florens (2011) use the Tikhonov or ||-|||, regularization which is the same
technique used in ridge regression. My choice of the “spectral cutoff” regularization
method is useful for this particular problem because when I add publication bias later
on, it will allow me to concentrate the sample objective function. This would not be so
straightforward for Tikhonov or other methods. Moreover, in this particular problem
the smoothing parameter for spectral cutoff does not depend on c. This reduces the

meta-analyst’s researcher degrees of freedom.

1.5 Publication Bias

It is not realistic in practice to assume that every z-score computed by an exper-
imenter is reported with equal probability. After z-scores are computed, only a subset

may be published. There is growing evidence that ¢-scores in economics and the social
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sciences are selected for publication partially on the basis of whether they cross certain
significance thresholds (Brodeur et al., 2016, 2020; Andrews and Kasey, 2019; Franco
et al., 2014). In this section I add publication bias to the problem. I show that m is
still identified and consistently estimable by adding a term to the objective function that

penalizes discontinuities in the t-curve.

1.5.1 Identification under Publication Bias

This paper approaches publication bias by specifying a parametric model of
selective reporting. Let R be the event indicating that the z-score T was reported. Let the

conditional probability of reporting be equal to:
Pr(R|T =t) =wg,(t) (1.15)

where the form of the function wg(7) is known to the meta-analyst and the parameter
6o is an unknown member of the compact set 8, € C C RX. I make several assumptions
about the publication bias model. Assumption 2 below requires that wg(z) be bounded
away from zero and from infinity. Without an assumption like this, 7 is not necessarily

identified.

Assumption 2. There is a constant 6 > 1 such that % <wg(t) <0 forall t € R and all

6 cC.

Under publication bias the meta-analyst observes only 7' conditional on R = 1.
This is problematic because the expectations E[y;(T) @, (T)] from Equation 1.8 are no
longer directly available in population. Instead the population distribution available
to the meta-analyst is the conditional distribution 7T | R. If the meta-analyst knew 6,
then to recover an expectation over T, they could weight the T|R and take the weighted

expectation. Lemma 5 computes this weighting.
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Lemma 5. If Assumptions 1 and 2 hold, then:

. _ g | ¥ (1) 9 (T) !
Elw) (1), (1) = £ [ YL 000 1o |

Proof: Section 1.13.7.

The meta-analyst must estimate 6. For 6, to be identified, publication bias must
always distort the distribution of z-scores in a way that could never happen “naturally.” I
now add an assumption on the shape of wg(#) to this effect. In the absence of publication
bias, T must always have a continuous probability density function. Most models of
publication bias specify that reporting decisions are made on the basis of statistical
significance, i.e. on whether T crosses certain thresholds. If publication bias introduces
discontinuities into the density fr, then it is possible to identify it. Assumption 3
stipulates that publication bias “reveals itself” through discontinuities at a finite set of
known points. These discontinuities are sometimes called “Caliper Gaps” and they have
been well studied by others (Gerber and Malhotra, 2008; Elliott et al., 2022; Kudrin,
2023).

Assumption 3. There is a finite set 2 C R and a constant L > 0 such that for all 6,,6, € C
we, (1)

the function WZ‘ 0l is uniformly continuous in t on 2°¢ and
2
1 1 1 € —&
sup—‘ - <161 — 62]|., < max L lim Wo (X HE) W (x—€)
er L |we, (1)  we, (1) xeZ e-0|wo(x+€) wo(x—g)

Assumption 3 is useful for the following reason. Suppose that the meta analyst has
a guess 0 for 6y and attempts to remove the publication bias by reweighting the density
fr|r by 1/wg. Then the meta-analyst can tell how close they got to fr by checking the
magnitude of the largest discontinuity left in the reweighted density. If the meta-analyst
has successfully removed every discontinuity, then 1/wg = 1/wg, and they have recovered

fr. Example 2 shows how the “illustrative example” of publication bias from Andrews
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and Kasey (2019) satisfies Assumption 3. This will be the model of publication bias that

I use in all of the simulations and empirical applications later on.

Example 2. Here is a simple parametric model of publication bias that satisfies all of the
assumptions in this paper. Suppose that the probability of publication depends only on
whether |T| falls above the critical value 1.96. The conditional probability ratio is equal to

P(R||T|<1.96)

the scalar 6y = PRIITI>1.96) © (%,5). This means that the weighting function is:

we, (1) = Oo1 {|t] < 1.96} +1{|¢r| > 1.96}

In this case the set 2" contains just {1.96,—1.96}, the set C is <%,5> and the Lipschitz

constant L is 0. This model is used by Andrews and Kasey (2019).

These assumptions are enough to identify mp, and 6y. To show this, consider
the following publication-bias-aware population objective function Qy(x,0). This is
similar to the objective in the absence of publication bias with two differences. First,
the weighted expectations conditional on R have been substituted for the unweighted
unconditional expectations. Second there is now a second sum that penalizes Caliper

discontinuities in the weighted density.

i (e [Pty ™) v iy 8] 2t
(fT|RX+8) Jrir(x— ))
eJ )

wo(x+€) wo(x—€

Proposition 2 says that 7, 6 are identified when the publication bias is correctly
specified. To see why, notice that Assumption 3 guarantees that the second sum is zero
if and only if 6 = 6y. Concentrating at the true 6, yields Qy(7,8y) which is uniquely

minimized over © by my by Proposition 1. So my and 6, are identified.
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Proposition 2. If Assumptions 1, 2, and 3 hold and publication bias follows Equation 1.15,

then Qy(x, 0) is uniquely minimized over %y by m, 6.

Remark 7. Andrews and Kasey (2019) identify publication bias by assuming that each
study’s standard error and estimand are independent. This is defensible in the context
of a specific and narrow collection of studies that are all estimating similar estimands
with similar methods. But for the applications in this paper this assumption is not
defensible because I examine literatures that contain highly heterogeneous studies. For
such literatures, correlation between standard errors and estimands can occur in many

ways, e.g. when different studies report results using different units.

Remark 8. The term penalizing discontinuities in derivatives can actually be dropped
from Qy(m, 0) and identification can still hold. However, the regularized plug-in estimator
suggested by this alternative population objective seems to perform poorly in simulation

so I do not study it in this paper.

1.5.2 Estimation under Publication Bias

The meta-analyst estimates 7, 6, jointly by minimizing a sample analogue of the
population objective function. As in the case without publication bias, the meta-analyst
obtains the sample objective by plugging sample averages in place of expectations and
regularizes using the spectral cutoff method by summing only over J, terms.

The sample analogue to the penalty for Caliper discontinuities is constructed in
the following way. The meta-analyst first chooses a bin width g, > 0 and computes a
histogram from the sample of published z-scores. The height of the histogram bars is
divided by &, so that the histogram approximates the density frz. Then the heights of
the histogram bars are weighted by wy(¢) such that weighted histogram would approach
continuous function as g, — 0 if 6 were equal to ). Finally, the differences between

pairs of histogram bars straddling the members of .2~ are penalized in the objective. This
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yields the following sample objective:

Iy 1 Z V’J tt)(PGy (t;)
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There is now a third tuning parameter €, to choose. If ¢, is large, then the penalty
is likely to be large even when we input the correct parameter 6 = 6,. This may lead
to substantial bias. If €, is small, then the penalty term will have high variance and be
unreliable. The optimal rate at which to decrease &, as n increases turns out to be n~1/3
which is the same as the optimal rate for pointwise convergence of the histogram. In
Section 2.7, I provide more specific recommendations.

The key to estimation under publication bias is that 7 can easily be concentrated
out of the sample objective function. To avoid confusion with the previous estimator I
call the estimator under publication bias #F°. Once again because there are infinitely

many 7 that set the sample objective to zero, I define 7, > as the function of smallest

norm which is expressed below in terms of 6,,.

! ;i (i) oy (1i)
ﬁ.pb 1 " n l 1 We, (ti) x ‘
n T 1 . J
Zl 1 w (%) ] 0 nJAJ

Since 7 has been concentrated out of the sample objective and everything but
the Caliper penalty sum has been set to zero, minimization proceeds by minimizing the
penalty over 6. The sample minimizer 6, expressed below can be plugged back into the

b
previous equation to obtain #}".

2
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Theorem 2 shows the consistency of #/ b The rate of convergence has slowed
down to n~9/3 compared to the case without publication bias. This is because a small
change in the histogram near a point in x can change the weight that every ¢; gets in
each of the sample averages in the sample objective. The previous remarks 4, 5, and 6

also apply here.

Theorem 2. Let Assumptions 1, 2, and 3 hold and assume that publication bias follows

1
3

Equation 1.15. If the meta-analyst chooses €, o< n

Pe (no,fr,ﬁ’b) =0, (7%1”_% +njn>

2

)2
If the meta-analyst also chooses J,,67 such that n'/3 (ﬁ—:ﬁl) converges to a
Y

positive number, then:

g 1+ o2 1+ o2
c n,ﬁpb):0 ( 31), where g =log [ ———~+— ) /1 Y
p ( 0y *n P\ q 0og 1+G}%—C72 /Og G%

Proof: Section 1.13.9.

Just as in the previous section, the meta-analyst can proceed to estimate the
unconditional counterfactual power by plugging 7, into Lemma 3. Since the sample
objective function can be concentrated, it is possible to express the estimator A{?fi, in

terms of sample averages just as in the case without publication bias.

A v ev/e V(1) Poy (1)
Zj‘:O <f—cv (Pj (t)dl - ij f—c{//c (Pj (t)dt> % i=1 ’ W, (f:/)
1 yn 1
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U

Combining Theorem 2 and Lemma 4, gives us the rate of consitency for A..

Corollary 2. Under the same conditions as Theorem 2,

A—Ah — 0, <n*%>
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1.6 Inference

Next I show asymptotic normality of Aﬁf} and derive a consistent variance estimator.
Asymptotic normality is shown using several Taylor approximations. I will need to assume
that the estimator does not converge so fast that the Taylor residuals become leading
terms.Since the regularization bias can be of the same order as the sampling error, I will

b b

also need to center A}, on a deterministic sequence A‘ZC that converges to A. but is not

necessarily equal to it.3

1.6.1 Asymptotic Normality

Publication bias makes the estimator nonlinear. This is dealt with in the usual way
using Taylor approximations. In order for Taylor approximations to be valid, wg(¢) needs
to be sufficiently smooth in 6. This motivates Assumption 4. It says that the gradient of

wg(t) in 6 is Lipschitz continuous in 6.

Assumption 4. There is an L > 0 such that for all 6,6, € C, the K x 1 gradients of wg(t)

satisfy:

Regularization bias will affect the centering of the estimator. The centering term

1 1

Vo —Vp
Wo, (1) We, (t)

<L[|6; - 6|

[

is non-negligible because Aﬁf’c contains smoothing bias from two different sources. First,

since only the first J, terms of the singular value decomposition are used, the set the
rest of the terms are set to zero and this incurs regularization bias. Second, since the
meta-analyst only observes a sample of 7-scores, they estimate the discontinuities in fr|g
by looking in a window of width g, on either side of each possible point of discontinuity.
Since the PDF can change over this interval, smoothing bias is incurred here as well.

I call the centering term Afﬁ. Its expression is lengthy and is relegated to Appendix

30ngoing work aims to lower bound the variance of the estimator, allow for undersmoothing, and
remove these caveats.
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1.12.2. The important point for now is that Aé’f; converges to A, at least as fast as Aff;l

converges. Lemma 6 proves this.

Lemma 6. If Assumptions 1-4 hold, then:

c,n

Ja/2
o ) = O(1), then

If the meta-analyst chooses €, = O (n_l/ 3) and n'/3 (—

op+1
A~ A2 =0 (n9?)

Proof: Section 1.14.2.

After centering properly, it is possible to linearize the estimator Aé’f;. Our goal is
to construct a triangular array of sample means. Lemma 7 below uses Taylor’s Theorem
several times to rewrite the estimator as a sample mean plus a vanishing term. The
function Z, j,(¢) is deterministic. Since it is lengthy to write down, its expression is

relegated to Appendix 1.12.3.

Lemma 7. If Assumptions 1-4 hold, and the meta-analyst chooses €, < n~1/3, then there
exist deterministic functions Z, j, : R — R such that (i) max, sup,cg n*1/37LJn|Zan ()] < oo

and (ii) max,n~'3A} Var (Z,,(T) | R) < = and
b % 1 & 2/3
A = Ben =Y Zua (1) = E (20, (T)) + Oy (22,
i=1

Proof: Section 1.14.3.

Next I show that the triangular array of sample means %Z;’:l Z, 4, (t;) is asymptoti-
cally normal. In order for this to guarantee that the estimator Afﬁ is itself also normal,

the sample means must dominate the Taylor residuals. To guarantee this I add the next
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assumption. Assumption 5 says that the estimator does not converge much faster than

its guaranteed rate.

Assumption 5.

lim inf n°/°2 Var () = oo

To show asymptotic normality of the triangular array of sample sums rll Y1 Zng, ()
I use a Lindeberg-Feller type Central Limit Theorem. The key step is to verify the
Lyapunov Condition. While verifying this condition is a common tactic in ill-posed
problems, my argument is quite different than Carrasco and Florens (2011). Using the
bounds on the magnitude and variance of the Z, ;, from Lemma 7, we can verify that
Assumption 5 is sufficient to guarantee the following Lyapunov Condition that uses the

fourth moments.
E[(Zos,(1))?]

5> —0
nE |(Z10,(T))’]

Since each observation of T'|R is identically distributed and independent of all
but at most C other observations, the dependence is weak and the sample means are
asymptotically normal. Theorem 12 shows that the assumptions so far are enough to
satisfy all of the hypotheses of the central limit theorem in Theorem 2.1 of Neumann

(2013).

Theorem 3. If Assumptions 1-5 hold and the meta-analyst chooses €, < n~'/3, then:

>

A —
ot R - SR g N(0,1)
Var(Ac,)

Proof: Section 1.14.1.

1.6.2 Variance Estimation

The next step is to derive an estimator consistent for the variance of 1 Y2, Z, ; (1;).

Under Assumption 5, this sample mean dominates the other random terms in Aﬁ,bc and it
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is enough to estimate its variance. In other words, Assumption 5 guarantees that the

ratio of the variances converges to one:

Var(An.c)

— 1
Var (% Y1 Zn, (fi))

The variance of the sample mean in the denominator is straightforward to derive.
The variance of the sum is the sum of the covariances. Since two 7-scores drawn from
different studies are independent, the covariances are zero across studies. Let the
symmetric n x n adjacency matrix A equal 1 when two ¢-scores are from the same study.

This gives us the following expression for the variance:

1 1 &1nn
Var Z ZZan (l‘,‘) = E Z Z A Cov (Zan (ti),Zan (l‘k))
i=1 i=1k=1

Since the functions Z, ;, depend on the true 6, and m, the meta-analyst does
not know them. But there is a sample version Z, j, that the meta-analyst does observe
and can be used for variance estimation. Its expression is once again very lengthy
and is relegated to Appendix 1.12.3. Theorem 4 guarantees that variance estimation
is consistent by proving that Z, ; () converge uniformly to Z,, (¢) fast enough for a

variance estimator to converge faster than the variance itself decays to zero.

Theorem 4. If Assumptions 1-5 hold and the meta-analyst chooses €, o< n~'/? then:

Ac,n - Ac,n
n]_z i1 Xt AiZng, () Zns, (1)

—d N(07 1)

Proof: Section 1.14.4.

Theorem 4 says that the meta-analyst can construct valid confidence intervals
covering the centering sequence A.,. Lemma 3 showed that the centering sequence

converges to A, at the same rate as the variance decays. In theory, this could affect the
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coverage of the confidence intervals for A, itself. A natural solution is to “undersmooth”
or to change J,, &, more quickly than the optimal rate in order to force A., to converge
to A, faster than the variance decays. Ongoing work aims to lower bound the variance of
the estimator to allow for undersmoothing. The simulations and empirical applications

in this paper choose not to undersmooth.

1.7 Simulations

To compute Aﬁf}, the meta-analyst must choose three tuning parameters: g,, J,,
and oy. To guarantee the optimized rates of convergence in Theorems 1 and 2 the meta-
analyst sets &, = Cn~!/? and J,, = log <Dn*1/3> /log (0}/ (1+07)) where C,D > 0. This
means that the meta-analyst’s choice is actually over the triple of constants {C,D, oy }.
The theorems in the preceding sections provide no specific guidance on how these
constants are to be chosen and we must turn to simulations.

I recommend that the meta-analyst should always at least disclose results using
the following tuning parameters: C =2, D = 104, and oy = 1. These choices of tuning
parameters yield good confidence interval coverage of A, in simulation for a very wide
variety of data generating processes. I have found that using a larger D sometimes
leads to reduced coverage and that decreasing D widens confidence sets with no gain.
Choosing a larger oy increases computational costs with no obvious gain in simulation.

I generate simulated data in the following way. First I use the simple model of
publication bias from Example 2 where ¢-scores are reported with probability 6 if they
do not clear 1.96 and are reported with certainty otherwise. This matches the illustrative
example from Andrews and Kasey (2019). In the simulations in this section I set 6, = 0.9
but the results are not sensitive to this.

The small sample performance of the confidence intervals could depend on the

distribution of true effects m. I report simulations for data generating processes where
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I expect coverage to be poor. Theory predicts that coverage could be low in three
situations. First, if the distribution 7 is not very smooth, then the coefficients (), m)
decay slowly in j and regularization bias is large. Similarly, if 7y has large maximum
height, then ||m||w is large which could also increase regularization bias. Third, if the
density fr is close to zero or has steep slope at the critical threshold 1.96 then 6, is poor
and this could in theory affect coverage of A.. I report simulations against five different

distributions 7, four of which meet some or all of these criteria.

* First consider a situation where every true effect is very close to zero. I call this the
“Null” density and specify it to be i ~ Unif (—1073,10%). This density is tall and
non-smooth so regularization bias may be high. In addition, the density is small at

1.96.

* Second consider a case where the distribution of true effects has thick tails. Outliers
are common in my empirical applications and it is useful to confirm that the
confidence sets are robust to extreme ¢-scores. I specify 4 ~ Cauchy. This has low

density at 1.96.

* Third consider a case where the distribution of /4 is bimodal. Brodeur et al. (2020)
documents bimodality in the empirical distribution of ¢-scores in economics. For
the bimodal distribution I specify that % is a 50% mixture between two normals.
One normal is centered at zero and another at 2.8 and both have variance one. I
choose this centering because when /# = 2.8 then conditional power is close to 80%
for a size 5% test which is the standard target for power calculations. This bimodal
distribution models a situation where conditional power is either close to 80% or

close to 5%.

 Fourth consider the distribution that brings A, close to its maximum. The “Large”

distribution is 4 ~ Unif (1.96 — 1073,1.96 + 10~3) and makes the estimand A, = 0.28

35



which is large and different from the rest of the simulations. This density is tall

and non-smooth so regularization bias could be high.

* The fifth distribution puts the confidence sets to a severe test. For the “Slope”
distribution I set 4 ~ Unif (0.96 — 1073,0.96 + 10~3). This increases the bias of 6,

by maximizing the slope of the density fr near the critical value 1.96.

I compare performance for these five choices of my under two different meta-sample
sizes, a small meta-sample of 50 7-scores versus a large meta-sample of 1000 z-scores.
The simulation results are reported in Table 1.1. The first column reports the
meta-sample size n. The second column reports the distribution of true effects m, that was
used to generate the data. The third and fourth columns report unconditional power and
the power gain A, from a counterfactual doubling of every sample size in the population
of experiments. This means that ¢ = v/2. The fifth column reports the mean over 2000
simulation repetitions of the estimate Ac,n. The sixth and seventh columns compare the
standard deviation of the estimator and the average standard error. The final column
reports coverage of A. by the 95% confidence set centered on Aqn. Coverage is close to
95% for all of the m for both large and small n. This is not necessarily the case for other

choices of D and C.

1.8 Empirical Applications

I apply Affil to two real world settings. First I present an empirical exercise using
data from a multi-site replication study in laboratory psychology (Klein et al., 2014). This
setting is special because counterfactual power can be credibly and precisely estimated
by other means. I find that the confidence sets produced by my method contain a credible
alternative point estimate. This exercise provides evidence that this novel method can
perform well with real data. Second I present an empirical application where I use my

method to answer a broad question of practical interest: are randomized controlled trials
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published in top economics journals underpowered? My method provides evidence of
the opposite: the power of r-tests reported by RCTs published in these outlets are on

average quite insensitive to sample size increases.

1.8.1 Replication Studies in Laboratory Psychology

While the simulations in the previous section show good coverage for the confi-
dence intervals against a variety of artificial data generating processes, I cannot know
from those results how realistic the simulations are or how well the method performs
when it is used on real world data. In this section I present an exercise that takes place in
a special empirical environment where it is possible to construct a credible and precisely
estimated alternative point estimate for A, that I can benchmark my confidence sets
against.

The Many Labs systematic replication project is an ideal environment for this ex-
ercise. Klein et al. (2014) recruited 36 independent research teams who each attempted
to replicate 13 effects from experimental psychology. Each team collected their own
independent data and ran some or all of the thirteen experiments on their respective
samples. Every sample contained at least 80 participants and many contained far more
for a total of 6344. Eleven of the experiments were analyzed using -tests of the equality
in means between a treatment group and a control group and I will limit my analysis to
these. This yields a meta-sample of 385 z-scores. The aim of all of the experiments run
by Many Labs was to replicate effects that had been published in top psychology journals
and to investigate how consistently effects could be replicated across study sites.

This environment is special because it is plausible to assume that all of the research
teams were investigating the same (or very similar) true effects. A key conclusion
reported by Klein et al. (2014) is that variation in the true effect size across study sites
was found to be very small compared to the variation in the effect sizes across the

experimental treatments. This finding is plausible because the experiments took place in
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controlled laboratory environments, the researchers were all using the same protocols,
and the primary aim of every experiment was to replicate existing results consistently.
Given that the research teams had no incentive to selectively report their results, it is
also reasonable to assume that there was no publication bias in this setting.

Assuming that the true effects did not vary across study sites makes it possible to

estimate AC°NP | which is the power gain conditional on sample realizations of A.

AP = =Y [Pr(|T,| > 1.96|h = ;) — Pr(|T| > 1.96| h = h;)] (1.16)

S|
1=

i=1

Notice that E [AE")] — A. and in large samples, A" —p Ac. Even though A" is not

identical to A, in every sample, its meaning and interpretation are similar enough to use
as a benchmark.

To estimate AS") we proceed as follows. For each of the 11 experimental treatments,
I take the mean of the reported effect sizes across the 36 study sites to estimate the true
effect b for that treatment. Then I replace each of the 386 7-scores with the ratio s% where
s; is the standard error used to compute the ith 7-score. To compute unconditional power,
I plug each ratio s% into the power function for the size 5% t¢-test and take the mean.
To compute power were the sample sizes all to have been counterfactually doubled, I
plug \/ES% into the power function instead. Taking the average yields the point estimate:
AE.”) = 0.078. This estimation technique is a simplified and unweighted version of those
used by loannidies et al. (2017); Arel-Bundock et al. (2022) and employs the same
basic assumption. Computing the standard error under the conservative worst-case
assumption that two experiments in the same lab have covariance 1 yields standard error
0.006. The alternative point estimate AE") is quite precise.

I test the coverage of the confidence sets proposed by this paper by checking

whether they contain AS”). Table 1.2 presents the results. The third row of Table 1.2

reports the 95% confidence interval in square brackets. The confidence interval contains
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the benchmark value 0.078. This exercise complements the simulations by arguing that
inference is likely to work reasonably well in a real-world environment.

To show that the results are not sensitive to reasonable choices of the tuning
parameters, I present four specifications. In columns 1 and 2 I scale J,, &, by the number
of experimental study sites. In columns 3 and 4 I instead scale the tuning parameters by
the total number of 7-scores. In columns 1 and 3 I use the recommended values of the
constants C,D from Table 1.1. In columns 2 and 4 I vary these choices to show that the
confidence sets do not change much even when the changes to C,D are large.

AE”) is not identical to A, except in large samples. Nevertheless I argue that the
benchmark is still very useful because it demonstrates that the confidence intervals

produce plausible results in a well-understood empirical environment.

1.8.2 Randomized Controlled Trials in Economics

I apply Aé’fil to answer an empirical question with policy implications: Are random-
ized controlled trials published in top economics journals underpowered? Experiments
are lauded as the “gold standard” of empirical evidence in social science because their
design allows them to credibly control the rate of type-I errors. But what about type-II er-
rors? If the conclusions reported by influential RCTs are sensitive to reasonable increases
in sample size, then funders and researchers should consider running experiments with
fewer treatment arms and allocate more resources toward data collection.

This is an empirical question and the answer will depend on the population of
experiments under study. Here I study the experiments that have the most influence
in academic economics: those published in top journals. The data source is Brodeur
et al. (2020). This meta-study examined the universe of 684 articles published in top
economics journals during 2015-2018. The data contain 21,740 test statistics of which
20,419 were t-scores that I can use. All test statistics corresponded to main hypotheses

of interest and excluded regression controls, robustness checks, placebo tests, and the
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like. Every ¢-score was produced using one of four empirical methods: Randomized
Controlled Trials (RCTs), Difference in Differences (DID), Discontinuity Designs (DD),
and Instrumental Variables (IV).

I estimate the sensitivity of tests conducted by RCTs to hypothetical sample size
increases in Table 1.3. The estimate in column 1 says that counterfactually doubling the
sample sizes of every RCT published in top economics journals would only increase the
expected number of z-scores clearing the critical value of 1.96 by 7.2 percentage points
with standard error 2.5.

This result can be interpreted by comparing it to other empirical estimates of A,.
First I return to the Many Labs result from the previous section as our first benchmark.
The Many Labs A, should be very low because Many Labs consisted of deliberate labo-
ratory replications of previously published results and used samples chosen to ensure
adequate power. Since experiments published in top economics journals are usually
novel in some way, the researcher knows less in the design phase and the sample size
choice is less likely to be optimal.

Table 1.3 shows that I fail to reject the null hypothesis that A, is equal across eco-
nomics RCTs and the Many Labs replications (p = 0.18). This is not simply a consequence
of high uncertainty because the confidence intervals involved are small enough to make
other meaningful comparisons. Column 2 of Table 1.3 provides an example. It reports
that among tests conducted by non-RCTs, doubling sample sizes would increase power
by 17.3 percentage points which is significantly different from Many Labs (p = 0.00).

These results are not very sensitive to the choice of tuning parameters. Columns
3 and 4 of Table 1.3 show a robustness check where the tuning parameters J, ¢ are
scaled by the number of articles instead of the number of t-scores. These confidence
intervals are smaller but at greater risk of bias. The results are largely unchanged. The
only comparison that changes is that RCTs and the Many Labs A. become marginally

significantly different (p = 0.04). This may be because scaling by number of articles
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makes confidence intervals less likely to cover. Otherwise the results are qualitatively
unchanged.

Figures 1.3, 1.4, and 1.5 visualize these comparisons over many possible sample
size increases ¢2. Figure 1.3 shows how power climbs much faster for non-experiments
than RCTs in the Brodeur et al. (2016) sample even when we increase sample sizes by
less than double. Figures 1.4 and 1.5 show that the Many Labs experiments respond at a
pace indistinguishable from the economics RCTs. These figures reinforce and visualize
the results from the tables.

As a final benchmark, consider a literature where every experiment is run at
exactly 80% power. Then we can calculate that doubling every sample size would
increase power by 17.8 percentage points. We can easily reject the null hypothesis that
RCTs in the Brodeur et al. (2016) data are this sensitive.

I conclude from this exercise that RCTs published in top economics journals are
relatively insensitive to counterfactual sample size increases. The policy implication
is that funders and researchers should generally consider devoting more resources to
running more experiments or adding treatment arms rather than raising sample size
standards.

There is one important caveat to mention. The estimand A, is the change in
unconditional power and is therefore an average over many highly heterogeneous
studies. This estimand likely masks important heterogeneity. Future research could use
the method in this paper to identify sub-populations of experiments that are relatively

sensitive to counterfactual sample size increases.

1.9 Conclusion

This paper proposed an estimator consistent for the fraction of 7-scores that would

have been statistically significant had every experiment in a given collection had its

41



sample size counterfactually increased by a chosen factor ¢ > 1. The only assumption
imposed on the distribution of true effects was that it had a probability density function
with bounded height. The proposed estimator is asymptotically normal and robust to
simple forms of publication bias. The key insight of the paper was that even though it is
not feasible to estimate the distribution of true effects m it is feasible to estimate enough
components of 7, to recover counterfactual power. The key technical step was to use
the spectral cutoff regularization method to concentrate the publication bias out of the
sample objective function.

I provided tuning parameter recommendations that yielded good small sample
coverage for the confidence sets across many simulations. An empirical exercise using
the Many Labs dataset confirmed that the confidence interval contained a point estimate
computed using an alternative method that the Many Labs environment made possible. In
a second empirical application I found that the power of randomized trials in economics
would only increase by 7.2 percentage points on average if every sample size had been
doubled. I argued that this number is small. The policy implication is that funding
organizations should in general fund more randomized trials rather than fewer, larger

ones.
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1.10 Tables for Chapter 1

Table 1.1. Simulations

Parameters Results

nom Un.Pwr. A, MeanA., SDA., MeanSEA., Coverage

50 Null 0.05 0.00 0.01 0.18 0.18 0.95
50 Cauchy 0.45 0.09 0.07 0.15 0.15 0.94
50 Bimodal 0.57 0.12 0.09 0.16 0.15 0.94
50 Large 0.78 0.28 0.26 0.15 0.15 0.95
50 Slope 0.27 0.11 0.11 0.17 0.17 0.94
1000 Null 0.05 0.00 0.00 0.04 0.04 0.95
1000 Cauchy 0.45 0.09 0.08 0.03 0.03 0.96
1000 Bimodal 0.57 0.12 0.12 0.03 0.03 0.95
1000 Large 0.78 0.28 0.28 0.03 0.04 0.96
1000 Slope 0.27 0.11 0.12 0.04 0.04 0.95

Notes: Table showing simulation results. Each row is a parameterization. Each parameterization was run
for 2000 repetitions. All simulations used the tuning parameters: C =2, D = 107, and oy = 1. The first
column in the table is the number of t-scores. The second is the distribution of true effects and each of
these is described in Section 2.7. The third column is unconditional (mean) statistical power at the status
quo. The fourth column is the increase in unconditional power resulting from doubling the sample size
of every experiment, so ¢ = /2. The Fifth and sixth columns are the mean and standard devition of the
point estimates. The seventh column is the mean of the estimated standard errors and the final column is
the fraction of confidence intervals that contained the true A,.
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Table 1.2. Empirical Exercise: Many Labs Replication Project

By Number of t-scores By Number of Sites
Main Rob. Check Main Rob. Check
Ac .005 .033 .005 .033
(.042) (.026) (.039) (.030)
[0,.088] [0, .083] [0,.082] [0, .092]
0 .92 1.20 1.03 0.86
(.70) (.73) (.30) (.67)
D le-4 3e-4 le-4 3e-4
C 2 1 2 1
J 16 15 15 13
£ 27 .07 .61 15
Al 0.078 0.078 0.078 0.078
0.006 0.006 0.006 0.006
Unconditional Power .61 .61 .61 .61
t-scores 385 385 385 385
Sites 36 36 36 36
Treatments 11 11 11 11

Notes: Table reports estimates A of gain in unconditional statistical power of a two-sided
size 5% ¢-test resulting from counterfactually doubling every study’s sample size from the
status quo. Columns 1 and 2 report results where J, € are scaled based on the number of
t-scores while in columns 3 and 4 these tuning parameters are scaled based on the number
of study sites. The confidence intervals in columns 1 and 2 are more conservative. Columns
1 and 3 use the preferred choice of C, D while columns 2 and 4 present a robustness check
where we have significantly altered C,D. We always set oy = 1. Standard errors are reported
in round brackets and 95% confidence intervals are in square brackets. Standard errors
clustered by study site and treatment type. The bottom five rows report the estimate and
standard error of A" using the method of means, the fraction of -scores larger than 1.96,
the number of ¢-scores in total, the number of unique experimental research sites, and the
number of unique experimental treatments. Data from Klein et al. (2014).
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Table 1.3. Empirical Application: Randomized Trials in Economics

By Number of t-scores By Number of Articles
RCT non-RCT RCT non-RCT
A .072 173 .095 .164
(.025) (.028) (.020) (.021)
[.02,.12] [.12,.23] [.06, .13] [.12,.20]
0 1.04 .93 73 .59
(0.11) (.10) (.20) 17)
J 18 18 15 16
£ .10 .08 46 .38
= RCT (p-value) 0.01 0.02
= A. Many labs (p-value) 0.18 0.00 0.04 0.02
— A" Many labs (p-value)  0.81 0.00 0.40 0.00
Status Quo Power .38 .55 .38 .55
t-scores 7569 14171 7569 14171
Articles 80 145 80 145

Notes: Reports estimates A of the gain in unconditional statistical power of a two-sided size
5% t-test resulting from counterfactually doubling every study’s sample size from the status quo
(c=+/2). Compares -scores testing main hypotheses from randomized trials published in top
economics journals versus those reported by studies using difference in difference, regression
discontinuity or instrumental variables. Tuning parameters are D = 107#, C =2, and oy = I.
Table compares results when J, € are chosen based on the number of articles (less conservative)
vs the number of r-scores (more conservative) in the meta-sample. Standard errors are reported
in round brackets and 95% confidence intervals are in square brackets. Standard errors clustered
by article. The bottom four rows report the outcome of a test for equality of the RCT vs non-RCT
values of A, the fraction of ¢-scores larger than 1.96 in each sample, the number of 7-scores in
each sample and the number of distinct research articles in each sample. Data from Brodeur et

al. (2020).
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1.11 Figures for Chapter 1

— Literature 1
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o

Unconditional Power
5
|
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Figure 1.1. Underpowered literature vs well-powered literature.
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Figure 1.2. Maximum possible values of A, when cv = 1.96.
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Figure 1.3. Compares power gain (y axis) of Economics RCTs vs non-RCTs over many ¢?
(x-axis). Data from Brodeur et al. (2016).
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Figure 1.4. Compares power gain (y axis) of Many Labs vs Economics RCTs over many
¢? (x-axis). Data from Brodeur et al. (2016) and Klein et al. (2014).

0.3
c
.g

0.2 .
5 Literature
=
8 Many Labs
% === RCTs
§ 0.1
<

0.0

100 125 150 175 2.00
Sample Size Increase Factor

Figure 1.5. Compares power gain (y axis) of Many Labs vs Economics RCTs over many
2 .
¢~ (x-axis).
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1.12 Detailed Expressions

This section contains explicit expressions for terms that are too lengthy and

involved for the main text.

1.12.1 Hermite Polynomials

The generalized and scaled probabalist’s Hermite Polynomials are written explic-

itly below:

=21
1 L2 @201/ j x
0= Y 05 (1) )

\/ 1+ 07
LU o o

1.12.2 Centering term A,

When we do inference we must center the estimator on a sequence A, ,. While
A, does converge to A, it may still be large enough to matter for inference. The full

expression is below.

Ac,nEAC'i' Z nj<ll/j77t0>Waj
jmdt1

o Vi (T) 0o, (T)By, (T) | R| [G(60) G(60)] ' G(60)EV(T) | R

y 2
j=0 AJE [—wﬂol(r) \R}
Ac _
+ B, [G(60)'G(60)] ' G(60)EV(T) | R]
E[ LR
we, (T)
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where q; is shorthand for:

cv cv/c
;=1 (Pj(s)ds—/ 0;(s)ds

—cv —cv/c

The expression references the gradients B and B which are defined as the Kx 1

vectors:

The | 2| x K population gradient matrix G is defined as:

frir(x+€) d frir(x—¢) d

0). , — — lim &~ 17 & R =22 _
GO == lim e ae" o O e ae 0 )

v,(t) is a function that maps 7 € R to a | 2| x 1 vector with components:

Varlt) = i <l{t € (x,x+¢&]} B 1{r e (x—en,x]})

s wo, (X + &) wo, (x — €&,)
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1.12.3 Linearized Functions Z, ;, ()

Lemma 7 expresses estimation error in terms of a sample average of % "1 Zng, (i)

The functional form is written down below:

L 3 w090 ()

Zng () = ———= ). 7=
E [m \R} =0t we(1)

 ZoHE [W(T)¢a, (T84, (7) | R] [G(E0) Go(80)]* G(60)'v(1)

2
1
E | | B
N A, 1
2
we, (T)
A. _
+ B [G(60)'Ga(60)] ' G(60)'¥(1)
E | | 8]
we, (T)

where q; is shorthand for:

cv cv/c
aj=»A; ¢j(s)ds—/ O;(s)ds

—cv —cv/c

The meta-analyst doesn’t know Z, but in Theorem 4 they use an estimate Z, to do

inference. The function Z, is written down below:
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Jn
2, _ aj y. (1) Poy (1)
-,Jn(l) Z, IW o ; )L] We (l)

Lo F [%( )90, (T)BY, (T) | R] [G(8,)'Ga(8,)] ' G(6.)'v, (1)

(525)
n l:l Wén(tl)

. Acn : 1
(l n 1 > Wen(t)
n ~i=1 Wén(li)
AC,n / AVe (AN ard Y
+ 7B [G(0,)'Gu(0n)]  G(6,) v, (2)

1.13 Proofs for Chapter 1
1.13.1 Proof of Lemma 1

We show this using characteristic functions. K; 7 is the PDF of the random variable
h+Z where Z ~ N(0,1) and Z is independent of 4. By the Convolution Theorem, the
characteristic function of the sum of any two independent random variables is the
pointwise product of the characteristic functions of the summands. The characteristic
function of a normal random variable with mean zero and variance 62 is ¢®/2°. Let
{n(w) denote the characteristic function of 4. The characteristic function of A+ Z is
/2 &

Now consider K;_.»K.»>x. This is the PDF of the random variable h+c¢~'Z; +
V1 —c¢=2Z, where h,Z,,Z, are all independent and Z;,Z, ~ N (0,1). To find the character-
istic function of the sum, we take the pointwise product of the chacteristic functions of
the summands which is: e~®*/2¢ 7= @?/2(1=¢) ¢, — 0=0*/2¢, S0 Kym and K,_, 2K, »7 are
PDFs that share the same characteristic function. So they must agree almost everywhere

and be the same distribution.

52



1.13.2 Proof of Lemma 2

It is easier to first decompose A, into the difference of the type-II error probabili-

ties:

Ac - ﬁl - Bc
Be= [ fr(tyr

—CV

B Z/Cv fr(t)dt

—CcV

We begin with the definition of .. Then we do a change of variables of integration.

Then we substitute in the definition of K ».

Bo= [ fr(yar

—CcV

CcV oo

= ©(t — ch)my(h)dhdt
—cvJ —oo
cvje oo

_ / o(ct — ch)mo(h)dhd
—cv/cJ —eo
cv/e oo

_ / @, »(1 — h)mo(h)dhd
—cv/cJ—eo
cv/e

= Kc—z ﬂo(h)dl‘
—cv/c

By an identical argument:
cv
,31 = K ﬂo(h)dl
—CV
Taking the difference:
cv ev/e
A= / (Ky oK. 20)[t]dr — / (K, 270)[t]dt
—cv —cv/e
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1.13.3 Proof of Lemma 3

As in Lemma 2, is easier to first decompose A, into the difference of the type-II

error probabilities:

Ac - ﬁl - Bc
Be= [ fr(tyr

—CV

B Z/Cv fr(t)dt

—CcV

Using the same argument as in Lemma 2, we do a change of variables of integra-
tion. Then we substitute in the definition of K.-.. Then we substitute in the singular

value decomposition from (Carrasco and Florens, 2011).

Bo= [ fu(t)di

—CV

- /Ccvv /Z @(t — ch)mo(h)dhdt

cvfc oo
= ) ¢(ct — ch)my(h)dhdt
cv/e  poo
= ) @2 (t —h)mo(h)dhdt
ev/e
= K > mydt
—cv/c
cvfe =@
= Y. (%, moyw ;(t)dt
—ev/e i

We would like to exchange the sum and the integral with Fubini’s Theorem. To

do this it is sufficient to show that:

had cv/e
Z’?j|<%j77fo>w|/ |9(1)|dt < oo
j=0 —cv/c
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By the Cauchy Schwarz Inequality:

[ ewar< [ o0

—cv/c —cv/c
cy [ev/e

<2— (t)%dt
¢ ) oerse ()

The singular functions are normalized in their respective Hilbert spaces so
|¢j||x = 1. This is the same as taking the inner product with itself: ||¢;||x = (¢;,9;)x =
[2.0i1)%, +o2+c? (t)dt = 1. Since the integrand is non-negative, this implies that
bounded integral is less than one. [° wc/v ‘/C ()%, topre2(t)dt < 1. Now we use the

fact that the normal density is bounded below on this compact set:

min ‘P1+03+c*2(t> = Qg 2(ev/c) = \/2 =
7'L' G

te—cv/cev/e

)

Since the minimum of ¢, o242 (t) is bounded below, the integral without the
normal kernel can be bounded above:

CV2

CV/C ec2(l+6%+672)
/ ¢;(t)%dt <
—ev/e \/27r(1 + 0% +c72)

Combining this with the Cauchy Schwarz bound from before:

Ccv 2

/cv/c “P ( )’dt _ 2CV 662(1+c}2,+c—2)
; <2
/e ¢ \/27r(1+6§—|—c*2)

This bound applies uniformly to all of the integrals for all j. This gives us the
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following bound on the absolute sum of the absolute values.

2

(9%

2 2.2
cv e (1+op+c%) ©0

¢ \/27r(1+cr$+c—2) j=

) ev/e
Zz)”f‘%’”@‘”}/_ ) |9 (1)|dr < | 2 Onj}<xj,no>w|
j= cv/e

Since my is a PDF: |(x;,m)w| < 1 by Holder’s Inequality for all j. Since the n; are a

positive power series, their sum converges. So we have proven that:
o ev/e
an|<Xj77T0>W|/ |9j(1)| dt < o
j=0 —cv/c

Since the absolute sum of the absolute integrals is finite we can use Fubini’s

Theorem and exchange the sum and the integral to obtain the 3. as a sum.

cv/e

ﬁc = i nj<Xj77r0>W/ (Pj(t)dt
j=0

—cv/c

An identical argument with ¢ = 1 yields:
Bi=) njlj<9€ja7f0>w/ ¢;(r)dt
=0 —cv

We can use this formula to convert back into A,:

cv/c

A, = g‘om(xj,nww (Aj/c:v%(t)dt—/ ¢j(t)dt>

—cv/c
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1.13.4 Proof of Proposition 1

This proof formalizes the argument in Section 1.4.1. We start with the definition

of Qp. We then rewrite this in terms of the inner product.

” e 2
Qo(m) = /oo (fT(t)— (/W(P(t—h)ﬂ(h)dh>) 003 (1)dr
= [ (i) - (Kim) ) g3 1)
= (Kymy — K170, Ky my — Ky )

= ||K17170—K17'L'||Y

= [[Ki(m0 —7)lly
Next we substitue in K; = K;|_.-1K.> from Lemma 1:
1K1 (70 —7)|ly = | K1 Koz (m0 = )]

Recall the singular value decompositions of K;_,. 1 and K. » from Section 1.3.3:

K=Y n;x,mwo;
=0

Ki_28=Y Aj(0;,8)x V¥,
=0

Substituting in the expressions for the singular value decomposition and then
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using the fact that the ¢; are orthonormal in (:,-)x:

Ki_ 1K 21m= Z 7Lj <¢j, KC—27L'>X U4

[l
~.
M8 I

<¢]7 an X, T W¢k> Y

X

~.
Il
o

Il
s

%TIJ (X >W1Vj

T
o

Substituting the SVD into the objective function:

Y A mo — myw
=0

HKI—C*IKC*Z(EO - 75>HY -

Y

Since y; are orthogonal in (-,-)y we can use the Pythagorean Formula to write the
norm as the sum of inner products. Then we can use the orthonormality of y; a second

time to eliminate the cross terms.

2

N Xk, T — WW]

Z <Z MM js oo — )W‘lfk,‘l/j>

Y

2
( (M (X j, Mo — T0)w Wi, llfj>y>

WMS s

2"]2 <Xj77[0 - ﬂ>§/

The singular values n;, 4; are all strictly positive. Since the generalized Hermite
polynomials y; form a complete basis, any function in % that is orthogonal to all of
the x; must be equal zero almost everywhere (Johnston, 2014). This means that any
7 that satisfies Qp(7) = 0 must equal my almost everywhere. If two probability density
functions agree almost everywhere, then they are the same density. So Qy(x) = 0 if and

only if my = 0. Since Qg is everywhere non-negative this gives us identification of .
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1.13.5 Proof of Lemma 4

First we decompose A, into the difference between type-II error probabilities as

we did in the proof of Lemma 3:

Ac - 131 - lgc
Be= [ fr(tydr

—CV

B Z/Cv fr(t)dt

—CcV

In the proof of Lemma 3 we showed that:

cv/e

Be = i 7?]'<Xj7ﬂ0>w/ ¢;(t)dt
=0

j —cv/c

Bi =Y nAi(xj, mo)w N ¢;(t)dt
j=0

—CV

In the proof of Lemma 3 we also showed that:

2

(4%
2(1+0p+c72)

cv/e
| Il <222
—ev/e ¢ \/27r(1+c$+c—2)
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This means that for any n € %y,

- [ oyt

—cv/c

oo cv/e
< X im0 — mhw| ’/ ) 9;(t)dt
=0 —cv/c

CV2

cv/e
me I CE

ev/e

682(1+0'2+c_2) =)
< 2— Y | o — 7w
¢ \Jr(1+ 03 +c2) | i
(,\2
(o)
= 2— Pe(0, 70)
\/27r (1402 +c2)
By an identical argument:
CV2
e(1+a}%+c—2)
Z njAj{x;, @ ‘7’1( Ydt| < | 2cv pe(To, 70)
—er V271407 +1)

Since the constant in front does not depend on x, for any sequence of 7,

Pe(0, ) = Op (rp) = A Z Nj{Xjs Tn)w ( / 9;(7) dt—/w/c ¢j(l)dt> = O0p(ra)

—cv/c

1.13.6 Proof of Theorem 1

From definition of p,:
pc(nOa ﬁn) = Z nj | <Xj77r0>W - <Xja ﬁn)W‘
j=0

The spectral cutoff regularization of 7, sets: (x;, ,)w =0V~;,. So we can split
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p. into the sampling error and regularization bias parts

Jn -
=Y 05| moyw — (g, Fyw |+ Y, nj [ To)w|
It

Pc(7T07 ﬁn)
j=0

Now we bound the first sum which comes from sampling error. The first step is to

substitute in 7, from Equation 1.13. Then we use the linearity of the inner product and

the fact that the x; are orthonormal in (-, -)w
J b Y ' '
A n o L k() 952 (1)
Y 1|y moyw — (X Audw| = Z n; | Mo)w — <Xf’ > A R
= k=0 Nk W
Jn Jn lZ?—] ll’k(ti)(pdz (tl)
= n; <x~,7'[0>w— '771 — . Xk>
j;) o kg{)< ’ MMk W
% P 7 X1 W (1) P (1)
_ A, modw —
-1 J|\Xj nik;
Jn w iy v (1) 962 (1)
- Z nj<%j77t0>W_ 21
j=0 /

We now wish to substitute in an expectation over T for 1n;(x;, m)w. We can do

this with equation 1.6 which says

fr="3 4m;x;, mo)wv;

j=1

Since the y; are orthonormal

(fr-wj)y = Ami(x, mo)w

)y product is an integral and fr is a PDF. The integral over a PDF is

The inner (-,-
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an expectation. So we have:

E[Wi(T)95p(T)] = Aimjt, mo)w

E|y(T)pg(T)|
py = Nj{Xj> To)w

Substituting this into our expression for the sampling error:

)y Calim Wi(0)eg ()|

Aj

E|yy(T) oo (T }—li V()93 (1)

n

n;i{Xj To)w

j=0

The observations ¢; are identically distributed draws of T. While they are not all
independent, each observation is independent of at least n — C other observations. So,

the variance is bounded by:

ar (% i ‘l’j(li)q)g; (h’)) = iz i i Cov <l[/j(tl-)q)6% (), ‘/’j(ll)(PG;(ll))

i=1 i=11=1

The distribution of T is not changing. Furthermore, we upper bound Var (wj(T)(pG%(T)>

by 1 using Holder’s Inequality and the fact that ||y||y = 1.

Var (w(T)go(T)) <E [(%<T>%&<T>)2]
:/ij(t)z(pcy fr(t)dt
< [ vi0eg

= (¥, ¥)y
=1
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This lets us upper bound the variance of the sums:

1 & C
Var (; ._IWj(ti)(Pc%(ti)> <

]

By Chebyshev’s Inequality:

1 & _
p ; Wi (1) @2 (1)) = Op(n™'/?)

Now we want to bound the sum of the centered sample means over j in the

sampling error. use the fact that A; is a power sequence, i.e.
_ 3 J/2

This gives us the identity:

Combining this with the order of the centered sample means we can control the
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order of the sampling error part:

E[w,( )02 (T }—li W (1) @2 (1)

n

_ p<ljzln_l/2>

Next we bound the second sum that comes from regularization bias. Since 7 is a

1
Eo Aj

PDF, its .4} norm is 1. Since the normal density with variance greater than 1 is always

itself less than 1 the || - ||y-norm is less than the .} norm and ||m||w < 1. Using the

Cauchy Schwarz Indequality and the fact that the n; = né/ %

Y il mw| <[ Y 07 Y (o)

Jn+1 Jn+1 Jn+1

I 2
nj

Jat1 n12n+1
) ]/2
m
=Mty L | 75575
\Jn+1 (nz(JnH)/z)

=MNJ+1 an/z
\/ 0

1
_nz

= 771”+1\

= anJrl1

< NJ,+1
T 1l-m
=0(ny,)

Combining the bounds on the sampling error and regularization bias we have

proven the first claim in Theorem 1:

oo ) = 0, (35772 )
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Now we prove the second claim in Theorem 1. Our goal is to choose a growth

rate for J, given o} > 0 such that the order 4; 'n~!/2

+ 1y, is minimized. To do this it
is sufficient to set the orders of the two summands equal to each other. A sufficient

condition for this is that for some d > 0,

nJ,

——
AT n—1/2
Jn

Recall the definitions of the singular values A; and 7n; from Section 1.3.3.

o H—G)%—c_2 if?
nj= 1+ 07

Which makes the ratio:

j/2
U :( oy )J/ /2
12 \T+a?

2 ],1/2
So if the meta-analyst chooses J, such that for some ¢ > 0, nl/2 <Gg—il> —c,
Y

then:

nJ,

—— —C
AT n—1/2
Jn

So the order of n;, and n~!/ 2%;1 are the same and the order of the sum is
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minimized. Next we compute this order exactly. To do this we compute:

(o-;i 1)’"/2 =0 <”71/2>

Jn/2=0|log 5 (n_1/2>
G)%Jrl
log 52 (n_l/z)
n . 0 1+ G)% - Ciz G%):Ll
I 1+ 0

Using the change of log base:

2
—-1/2\ _ 1+GY
log (n / ) p
Y
op+1 10g1+c)%—c*2 (G)%+1>
1+c}%

This lets us rewrite:

log - (n_'/z) 1
1+ 0-1% —c? G%il _ 1+ G)% —c? I+07
1+0} 1+07

o
e 2 (35)

_ (n—l /2) o

O,

2
— Y
1/2log 1022 (G)%+1>

2
I+<>'Y

2
O,
log (721/ >
oy +1

2_ .2
I+o0y—c
1°g<Y72)
n 1+0'Y

=n

B —
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As claimed in Theorem 1.

1.13.7 Proof of Lemma 5

By Bayes’ Rule:

-0
ot = fr(t|R)E[(vtV)eo(T)]
W90

For any measurable function y : R — R,

E) = [ ysrdr
= [y IR

(t)
| D)
=F |:W90(T) |R:| E[W@O (T)]

dtE[we,(T)]

To compute E[wg,(T)] by taking an expectation of over T'|R, we use the following

trick:
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1.13.8 Proof of Proposition 2

Recall the population objective function:

00(m,0) = ; (E [% IR] JE [Weol(T) !R} —ljnj(%,xj>w>2

© Y tim (fT|Rx+8) fT|R(X_£)>2

w60\ wo(x+€) wo(x —€)

As in the case without publication bias, Qy(m, 6p) = 0 and Qy(x, 0) is everywhere

non-negative. To show identification we must show that the objective cannot equal zero

for any other arguments. First we show that if 8 # 6y then Qg (7, 6y) > 0 for any n. Using
Bayes’ Rule:

frioie) = 2

Since fr must be continuous,

Y i (fTR(x+e> _fT|R<x—s>>2

e €0 wg(x+€) wo(x—€)
1 . frix+e)we (x+&)  frix—e)wg(x+e))
B E[Weo(T)] )Z’grg% ( we(x+€) wo(x—€) )
Wgo(x+8) _ Wgo(x-i-é‘) 2
weo ;’%g% (we(x—l—s) we(x—s))

wey(x+€)  wey(x+€))?
—E[we()(T)]?é%i“%f“")< e ees))

Now recall the inequality form Assumption 3:

E —&
max lim L| 2% (te)  we(x—€)
xc€2e-0 |wo(x+€)  wo(lx—

> 116 — 6|,
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Substituting this in:

(weo(x+8)_we0(x+€))2 1

2 .
wo(x+€)  wo(x—¢) = E[we, (T)] |’9—90||w5161131&;fr(x)

max lim fr(x) ~ Elwg, (T

E[Wgo (T)] xeZ €0

Since 2 is finite and fr is supported everywhere, min,c o f7(x) > 0. Moreover,

1
Elwg,(T)]

Assumption 2 guarantees that 0 < < o0. So, the second sum in the objective

function is zero if and only if 6 = ;.

Y lim (fT|R(x+3)  Jrirlx—¢€)

2
=0 <= ||6-6 =0
wo(x+€) wo(x—€) ) ] ol

xe%s—m

This means that in order for Qy(x,0) = 0, it must be Q(x, 6y) = 0. Concentrating

the objective function gives:

Qo(7, 60) = i (E {M |R} /E {

j:() W@o (T)

Now we use Lemma 5 to substitute in the unconditional expectations:

[}

0o(.00) = X (E [ (T) 9o, (7] —Amimaw)’

By Proposition 1, this is uniquely minimized at my. So m, 6 are the unique

minimizers of Qy(7,0) and are therefore identified.

1.13.9 Proof of Theorem 2

This proof consistes of two steps. In the first step we show the consistency of 8,.
In the second step we use this find the rate of convergence of p.(m, & b).
Step 1

6, is the minimizer of the following sample objective function (which is 0,(x,6)

69



with the 7 concentrated out).

wo(x+¢&,) wo(x— &)

2
(% ot e (x,x+8)} % ?]l{tie(x—sn,x]})

This is the analogue of the concentrated population objective function.

6o ZmeinQo(ﬂ'o,G)

—mmZ( i l{n e (extal}l o ?ll{tiE(XSn,x]}>2

weo(x+&,) wo(x— &)

Next we show that the objective functions converge.

n*3supg |On(#4, 0) — Qo(mo, 0)| = . We will call this fact (i).

By Assumption 3, ||6y — 6,|2 < LQO(n:O, 6,). Call this fact (ii) Moreover, it is clear
by inspection that Qg (7, 6y) = 0. Call this fact (iii).

Now we will successively apply facts (i), (iii), the definition of 6, as the minimizer,

(iii), and (ii):

n*3)|60 — 8,]12 < n*/*LOy(mo, 6,)
= n*3LQ, (70, 6,) +0,(1)
<n*PLO, (7, 60) + 0,(1)
= n*3LQo(m0,60) + 0, (1)

= 017(1)

So
1160 — 6,|| = O, <n—1/3>
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Step 2

Using an argument identical to the proof of Theorem 1 we can obtain:

I 1 n (1) Qg2 (1) -
=L Tyn 1 Z WA(I,Y) —E\yj(T)ox (T } +.Z ;| (70, x)w|
j=0"" |1y, i=1w, (1) i=1 6, \"i j=Ja+1
We can further break up the first sum into
/N 1 n (1) 9oz (1)
— | Ten —E|yj(T)9x(T)
=0 lj n% i=1 l(t,-) 1:21 Wén(t,) [ J Oy ]
I ] 1 n (i) Qg2 (1)
<) T —E |\ yi(T)9z(T)
j=0 AJ. n, Z?_] Wénl(z,-) 1:21 W@o(ti) [ / oy }
L 1 n, () @op (i) 1 n (1) 92 (1)
L X L Z wan 1)
j=0""J ny Y we, (1) =1 6, \" ny Zl Lwg (@) =1 Op \Mi
= [A]+[B]

First we bound sum [A]. Using Lemma 5 we can replace the unconditional

expectation with the ratio of conditional expectations:

Jn 1 1 n tl (P(yz(tl)
_ —E|\w(T T
];)A‘] n% . Wél ; wey (1) [%( )QDG%( )}
vi(T) o, (T)
B i 1 1 i%‘(ti)%g(ti) E [_j oo T) |R}
- . 1 vn 1 . N
=0 Aj ”ﬁZi:IW"ZI wep (1) E [mm]

Assumption 2 guarantees that wg, () is bounded away from zero. By the same

71



arguments as Theorem 1,

In the proof of Theorem 1 we showed that A;, Y o )L — 7 20 So we have:

Al =0, (A,;ln—l/z)

Bounding term [B] requires bounding the convergence of §,. We already proved

1

in step 1 that ||, — 6p|| = O,(n"'/3). Now by Assumption 3, sup, m ~ | =

0, (n_1/3). This implies:

1 Z Vi) @op (1) 1 Z Vi) 9o (1) _ 0, <n*1/3)

ny Zl lw1 i=1 WO t’) n, Zl 1wa li i=1 W90<tl)

l

JI‘L

Again using the fact that A, ¥.7" /l — %,

18] =0, (2,07
The regularization bias identical to the one in Theorem 1. So we have:

pe(m, %) = 0, <7LJ,, "1y ﬂfn)

2 Jn/z
If the meta-analyst chooses J, such that for some ¢ > 0, n!/3 (63 1) — ¢ then
Y

again by an identical argument to the one in the proof of Theorem 1, with % exchanged
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1
for 3

1.14 Additional Proofs
1.14.1 Proof of Theorem 12

We want to invoke Theorem 2.1 from Neumann (2013). To do this we need
to show (i) weak dependence and the (ii) Lindebergh condition. Weak dependence is
immediate because each observation is independent of all but C other observations and
C is fixed. Next we check the Lindebergh condition. The following Lyapunov condition is

sufficient for the Lindebergh condition:

E {(zjno 74T, 9@)1

5 =0
o1 2
nE {(2;0 £2/(T,00)) }
.. . o} iz
Next we show that the Lyapunov condition holds. Since 4; = (W) ,we
Y

Y

can bound the sum: A;, ):5” % = Zj": oA < % Combining this fact with (i) of
J _
1= 1465 +c2

Theorem 7, there is an M > 0 such that ‘Zj )Liij(T, 90)‘ /(Mn'/32; ) < 1. If we multiply

4
A
E (zﬁ';o%;n*‘ﬁzj(ﬁeo)/M) }

the numerator and denominator by M—#A} n~*/3, we obtain 5.

2
nE (zﬁ';o%n““Zj(T,eo)/M)

Since ‘Zj”: 0 %’}n*l/ 3Z,(T,60)/M ’ < 1, the fourth moment is smaller than the second
]

E {(Zﬁ"—o /szj(Tveo))? |

2
(zﬁoszj(mo)) }

moment. So, . By Assumption 5, the

2 =

2
nE (zfioizj(wo)) } n'33j,E
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sum of Z; dominates the other terms and

2 2
liminfrn*/*A7 n~'E [(Z » (T, 90) ] = liminfn'/3A} E [(Z —Z;(T, 90) ] = oo

So the Lyapunov condition holds.

1.14.2 Proof of Lemma 6

Using the statement from Appendix 1.12.2 for A, ,:

Ac,n_AC: Z 77j<‘lfja7TO>Waj
j=dnt1

L E|yi(T)9e, (T)By (T) | R] [G(60) G(60)] ™' G(8)E[¥(T) | R

=0 WE [ | 8]
A B [G(8)G(6)] T GO EN(T) | R
E [W |R]

where q; is shorthand for:

cv/e

aj=»>A; _C:V (])j(s)ds—/ ¢;(s)ds

—cv/c

First we bound the first sum. We showed in the Proof of Lemma 3 that the

cv/c

integrals [©° ¢;(s)ds and [, ¢;(s)ds are bounded uniformly in j which means that
sup; |a;| < oo. We also showed in the proof of Lemma 3 that |[(y;, m)w| < 1 for all j. We
also showed in the proof of Theorem 1 that 7, 1w o) n°>w‘ <my,. By Holder’s Inequality

and the properties of geometric series, the regularlzatlon bias term is:

i n](Wj77[0>Waj:0< Z m)— (nJ,)

j=Ih+1 J=Jn+1
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Next we bound the second and third sum. This involves bounding the |.2| x 1
vector E[v(T) | R]. It will be enough to bound its infinity norm since the number of
element does not change. Recall from Appendix 1.12.3 that v,(¢) is a function that maps

teRtoa|Z|x1 vector with components:

L (1{te(xx+e)) 1{te€(x—g,x}
Vie(t) = & ( wo, (X + &) wo, (X — &) )
For each x,
1 (Pr(T € (x,x+&]|R) Pr(T € (x—g,x||R)
E[Vn,x(T) | R] - g_n ( WOO(X+£n) - WGO(X—gn) )

Using the same argument as the proof in Lemma 5,

slnpr(r € (x,x+&]|R)=E {“T < (2”8"]}%0@)} m
- {1{T € (x,x—i—sn]}] wo, (X + &)
En E[WB()(T)]
B[ HE e e vt g
Since f7 is continuous,
1{T € (x,x+ &,|} 1 L[ HT elx—é&x)} 1 B
e T B e i =0

The leaves the term: E [%;M(WQO(T) — we, (x+ 8,,))] m

Since wg(t) is by Assumption 3 uniformly continous except on a finite set,

. [I{TG (x,x + €]}

S (1) - ey 4+ 80)| o =0l

Elwg,(T)]

So we have: E|[v, .(T) | R] = O(¢,) and since the number of elements isn’t changing
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E[¥a(T) | R]|leo = O(&n).
Now we bound the vectors that E[v,(T) | R] is multiplied by. In the second
sum, first recall that the integrals over ¢ are uniformly bounded over j. The matrix

[G(6p) G(t9o)]_1 G(6p)' is not changing so we don’t need to bound it. It remains to bound

the sum of vector norms:
Z ||E [w;(T) 9o, (T) B, (T) | R]||..

We can write this in terms of inner products:

Jn

ZHE Wi(T)0oy (T)By, (T) | R]|[ .= ).

Jj=0

[eS)

d 1
<l//]>fTTd9 m>

Assumption 3 says that wg(z) is everywhere differentiable in 6 and that the

derivatives are uniformly bounded. So HfTIRdek G HY <||frrlly < 1. So,

ZHE vi(T) o, (T)BYy (T) | R]||_ < |Z]

In the third sum, ﬁ—B’e0 [G(6))'G(6y)] ' G(6)' is a fixed vector.

E{ |R}
Weo
Since all three terms are now bounded:

Ac.,n —A:=0 (an + £n)

1.14.3 Proof of Lemma 7
Since it minimizes the sample objective at zero, f,, must satisfy:

1 V() @oy (1)
Ll g )

m(xj,frn)w:f Tyn I
J n ~i=1 Wén(ti)



Let the deterministic sequence r; , be:

oo cv cv/e
rna= Yy, N mo)w </1j _w%‘(S)dS—/ ‘Pj(s)dS)

j=dnt1 : —ev/e

Using Taylor’s Theorem for some wg such that £ [

] is between E [
and E [ | R]

1 1 ]
wg(T) w, (T)

n Vit)@oy (1)
1L —@5

b I )

1yn  Yilti)Poy (1)
1 nki=l "y )

Aj E[mm}

¢ 1 11 & y;(t) @oy (1)
- [W} (52% {WGO(T)lR});L_jZi_ZI ]Wé,,(ti)

E i
I vn  Yit) oy, (1)
1Rl g
Y I
i E [WBO(T) |R
1 1 1 1 U1\ w5(0) @oy (1)
S R _E Rl | 2y AW ror iy
E |: 1 |R]2 (I’li_z‘iweo(ti) |:W90(T) | :|> A’an:Zl Wén(ti)
wey (T)
1 <12 1y ) L1y 3090, (1)
E[wgl(T) |R}2 niaw 0n ti) ni=1 WGO = Wén(ti)
Since m - W =0, (n_l/ 3) and wg(t) is uniformly bounded away from
zero and uniformly bounded above by Assumption 2, —1—; — L__ =0 <n_1/ 3).
“lat] el

We have already shown that Var(y;(T)¢s, (T)) < 1so Ly w E [w} =

(tl) W90 (ti)

0,(n"1/3). So we have:
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n Vilti) oy (1) V;(T) 9oy (T)
g [

ni{xj» fon)w — M (Xj> To)w =
! E |l | B

Term [E] can already be written as a sample mean minus its expectation. For
the other two terms, we need to establish the following facts. We will use the Taylor

Theorem. To do so, first define the following two K x 1 gradient vectors:

Since the gradients and 6, are K x 1, B’60 0y is a scalar. With the gradients defined, we

can use the Taylor Theorem:

1 1
Wén (l‘,’) we, (ti)

= Bgo (%) (én - 90) +0, ((én - 90)2>

Since we assumed that each element of By is uniformly bounded:

78



|2 X% Bo(t;) —E [Bg,(T) | R]||.. = Op (n_1/2>. This gives us:

|R}

;A I
Aj E| 2 Beo<9n_90)+0p<n2/37tj>

W@O

To linearize term [D]. First consider its numerator.

1 Z IVJ 14 ¢Gy(tl) _E {WJ(T)QDGY(T) |R} —

n WQO(T)

y ¥ Vi(ti) @oy (1) = [vf, <pcy R}
ni= W, (tl) W90

1

n.= we, L
1i V(i) Qo (1) Z V(i) oy (1)
nis wg (4) ni= we(t)

= [D1] + [D2]
Term [D1] is a sample mean minus its expectation. Term [D2] can be written as:

] ! !
2] =~ Y (1) 9oy (1) (Wéﬂ (1) wey(ti)

i=1

1 ¢ . . .
=Y V() @o (1) B, (1) (6 — 6) + O (8 — 60)?)
i=1
=E [WJ(T)q)Gy (T)EIGO(T) | R] (én - 90) + Op <n_2/3>
To keep things concise we will need to define the following shorthand. We showed

in the proof of Lemma 3 that the integrals are uniformly bounded over all ;. Since the 4;

are decreasing this means that sup; |a;| < c.

cv/e

=2 [ osas— [ o5)ds

—cv/c
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No we can write the entire esimation error as:

niZj= we, (1) =0

A i 1 "_] Vit (pgy(t,)_f aj  [wi(T)@e, (T)
Ac,n Ac+ LnE[+Ri|< ZZ)L ZAJE{ WOO(T) |R:|>

L DhoiE Wi(T) 96, (T)B, (T) | R]
2

- : (én - 60)
E | wey(T) |R}
Ac 1 1 1
Tt (‘ Z —E l |R
I n = we, (i) we, (T)
E [wﬂom | R| L '
A, A
AL
E [ 1R
W90

1
O (AJ 112/3)

To proceed we must now linearize 6, — ;. Using the result from section 1.14.3

below, where the | 2| x K matrix G and K x 1 vector g, are defined there:

Substituting this into the first term and using the facts that sup;|a;| < e and

WX ort=0(1):

X0 S [WiT) oy (T)B (T) | R]

E[ﬁlR]z (6, — 60)
X0 2E |Wi(T)9e, (T)By (T) | R] [G(60)Gu(00)]' G(60)'2a(60) |
_ E [ 18] v (W)
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Linearizing the second term:

A . A L
) 2B,90 (en - 90) = ﬁBleo [G(Oo)/Gn(QO)} 1G(90)'gn(90)
E s IR E | | B
+0, (n_2/3>

Putting all of these pieces together:

Ac,n _Ac+r1,n
B Ly 3 45 Y000, (1) JZ" [ 1)g, (T) |R}
E [; |R} nSSA welt) wey(T)
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Now we write down the function Z, ;, explicitly:

Zon (1) = —— ¥ G ¥iO90, (1)
B[y IR A wal)
wey (T) /

| TR [V (1)1, () ] 6(00) (@) G600

2
1
E |l | B
N A. 1
2
1 we, (1)
EL%m|ﬂ ’
A, _
+ 5By [G(60)'G(60)] ' G(60)'¥(r)

Where v,(¢) is an | 27| x 1 vector with components:

Vi x(t)

1<1&e@x+&H_lﬁeu—&ﬂﬁ)

T e\ we(x+&) Wy (X — &)
We will establish two facts:

. sup,7nn’1/37tjn\Zn7jn(t)| < oo,

* sup, Qtjzzn_l/g’Var(Zan(T)) < oo

First we show that sup, ,n~1/32;,|Z,,(t)| < . First, consider [G]. The functions
V;(t) Qo (t) are called the “Hermite Functions.” They are uniformly bounded by Cramér’s

Inequality which can be found in Indritz (1961) and Bateman (1953):

sup | (1) 9oy (1)] < @'/

gt
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We have already shown that A;, Zj”: 0 ;Li = O(1). So we can conclude:
]

1
Gl < —
6155,
For the same reasons:
Jﬂ aj A , 1 /< 1
)y T E [Wi(T) 9o, (T)Bg,(T) | R] [G(60)'Ga(60)] ~ G(80)' < .
j=0 ] n
By Assumption 2,
1
Vix(t) S — S n'l?
&n

So we conclude that sup, |[H]| < % Assumption 2 guarantees that sup, |[/]| < 1.
Finally, using the same arguments as the for the other parts: sup, |[J]| < »'/3. Putting all

three parts together,
al/3

sup max |Zjj (1) S ——
sup max, 12,,,(1)] <

Now to show sup, A; *n~'/3Var(Z,,(T)) < e. The variance of the sum of four
terms is no greater than sixteen times the largest of their variances. So we need only show
that [G], [H], [I], and [J] all have variances of order }%2”71/ 3. For [G] and [I], the upper
bounds already established suffice since the variance cannot be greater than the square

of the maximum. For [H] and [J], it is sufficient to establish that max, Var(v,.(T)) <

~

W13

. To do this, first use Assumption 2 to bound 1/wg,. Then notice that v, (7T) is
n'/3 times a bounded number times the difference of two Bernoulli random variables.
The variance of a Bernoulli is p(1 — p). Since T must have a continuous distribution

P(T € (x,x+&)]) S & S =5 S0 Var(vy.(T)) < % _ u1/3. Since there are only finitely

~ n1/3
many x, max, Var(vy(T)) S n!/3 and we have established that [H],[J] have variance of
order A; *n~!/3, which is enough to guarantee that sup, A; *n~"/3Var(Z, ;,(T)) < .

Notice that 1Y | Z, ; (t;) — E[Z,,,(T)] is not asymptotically equivalent to Bc,n -
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Be.. because E[v,.(t)] # 0. We need to subtract this bias term off on the left-hand side.

E[vux(t)] = P

wo, (x+ &) we, (x — &)

1 <P(t€(x,x+8n]) P(IE(X—‘%X]))

Now define the bias terms as:

Ko 32E [Wi(T) 9o, (T)B (T) | R| [G(60)'Ga(80)) ' G(80)EIV(T) | R
2
E [W |R}
A B 660 Ga(6)] " G EM(T) | R

E [m 14

on=

This expectation is E[||v(T)||] = O(g,) = O (n_1/3). So we can conclude:

A

12
Ac,n_AO_rl,n_rZ,n:;l

23, (15) = E Zu,(T)] + Op (1721, )

i=1
Linearization of 6, — 6,

Next we study the convergence of ,. Since the first term of the sample objective

is zero at its minimizer with probability approaching 1, 6, satisfies

wo(x+ &) wo(x—&,)

6, = are min E
n g b y
xex

2
(L e (vxtel) L ?zll{rieu—enax]})

This form coincides with a classical minimum distance estimator and we can show
its asymptotic normality in the standard way from Newey and McFadden (1994). Let

8,(0) be a | 27| x 1 vector with components equal to the summands:
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we (x+&,) wo(x—&,)

(};ﬂzyll{zie(x,ws,,]}_ L ;'ll{tie(x—s,,,x]}) So
M 5

0, = argngngn(e)’gn(e)

Since wg(r) is assumed to be everywhere continuously differentiable in 6, &,(0) is
also everywhere continuously differentiable in 6. Let G(8) be the |.2"| x K matrix of first

derivatives of g,(0) with respect to the K components of 6.

G(e)x,k
Lyr 1{t; e (x,x+&]} 4 Lyr 1{te (x—g&,x]} g
ne, i=1 1 ) n a ne, i=1 1 ns a .
Wwolx+ €)? g et en)t wolx— )2 20" 0 &)
The population gradient G(0) is:
. frir(x+¢€) d frir(x—¢) d
G(6)yy = —lim 22 = R S e (x—
(6)k eg%we(x—l—en)zdewe@ ) we(x—8)2d9we<x )

The sample gradients converge uniformly to the population gradient:
max supn1/3‘é(9)x7k—G(9)x7k} =0,(1)

xeZ ke{l, K} ¢

So at the solution the FOC is satisfied:
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Substituting this into the FOC:

Solving and using the nonsingularity of G,

(én - én) = [G(én)lén(én)] G(én)lgn(QO)
Since (én —6) —, 0 and 0 is a mean value and the derivatives of wg in 6 are

continuous and the fact that matrix inverses are continuous in the 2-norm at invertible

matrices:

6by|| =0

2

Since the dimensions of G are fixed and each dimension is converging with n=!/3,
n'/3||G(6,) — G(8y)||r = 0,(1). Since the Frobenius norm upper bounds the 2-norm,
n'/3||G(8,) — G(60)||2 = O,(1). Since matrix multiplication and inversion are Lipschitz

continuous with respect to the 2-norm:

n!/? H [G(60)'Gu(60)] ' G(60) — [G(6,)Gn(8,)] " G(B,)

Since n'/38,(60) = 0,(1),
03 (8, — B,) = [G(80)'Gn(80)] " G(80)'n"*8x(60) + 0, (n*1/3)

But g,(6p) is a vector of sample averages.
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1.14.4 Proof of Theorem 4

Define:
. 1 Jn aj V/j(t)(PO’Y(t)
(1) = T 1 A 5 (1)
n i=1 Wé”(tt) j=0""J Wen
a ] 5] ! )
L0 B [Wi(1) 9oy (T)B, (T) | R] [G(8,)Gu(0)] ' G(8,)'v4, (1)
(Lzﬂ ! )2
n i=1 Wen(tl)
4 Ac,n 1
(1 no )ZWén<t)
n&i=1w, (1)
t B, [G(8)Gu(6,)] T GV, (1)

The proof proceeds in two steps. First we show that sup,.gn'/3A;,|Z,/, (¢) —
Zy1,(t)] = O,(1). Then we show that the variance estimator converges faster than the
variance decays.

Step 1

First we want to show that: sup,cgn'/?As,| 2.1, (t) — Z,.1,(t)] = O,(1). We will show
that each term above converges at this rate one by one.

First, we have already shown in Theorem 1 that A., —A. = 0, (ljnn_l/ 3). We

I
we, M way0)

\Z (1) — véo(t)||m = 0,(1). By the law of large numbers, % ’ W@nl(ti)
1| —1/2
B[] =0, (117
1

By Assumption 2, - > 6 for all ¢,0, so

showed in step 1 of the proof of Theorem 2 that sup, n'/3 ‘

= 0,(1). This im-

plies that sup, n'/3|

= 0y(n'/3).

e~ F ]

nLizt g @)

2
L —E || = 0pn1).

i iy Wél(m weo (1)

n
A o1

)pxayag%ﬂ

Finally, since we assumed that Vg—(t) is Lipschitz-continuous in 6, sup, n'/3

Since all quantities are uniformly bounded by 6,

1/3 G(én)/

a0, <

Next, we showed in the proof of Lemma 7 that n

L= 0p(1).

1
]
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oo, Combining this with the fact that y;(¢)@o, (t) < x'/* from Indritz (1961),

HE["’J T)9oy (T)Bj ()lR} [%-(T)%Y(T)I%O(T)|R]H1:o(n—l/3>

Combining all of these facts, we conclude that sup,cgn'/3As,| 2.1, (t) — Zn1,(t)| = O, (1).
Step 2

Now we show the main result. n°/ 67LJ2n times the difference between variance

estimator and the variance estimator if we knew Z, ;, is bounded by:

1 n n 1 n n
n5/67tjzn —222 AikZn 1, (ti) Zn s, (1) —;ZZ AitZn3, (1) Zn, 1, (1)

k=1 i=1k=1

1
Op (I’ls/6l Z)

— 0, (n22)

=0p(1)

But by Assumption 5, liminfn®/ 67L12nVar(An7c) = oo, 50 this difference must be domi-

nated by the variance itself.
Now consider the estimation error.

Since Var (Z, 4, (t;)) = 0(7LJ:2n1/3), then Var (Z, ,,(1)*) = O(A~*n*/3).

1

1n n n n n2/32‘J;2
;ZZ sznJ tl nJ z‘k _ZZAzkE nJ(tk)]_ P W

i=1k=1 i=1k=1
_ 1/64 —2
=0, (n /ljn >

3

So dividing by a further n yields:

1 n n 1 n n _ _
n—zz Z AikZn,g, (1) Zn, 1, () ——22 Z AkE([Zy g, (1) Zn g, (k)] = < 5/611,12)
i=1i=1 =it



Multiplying by n>/A} :

i—1k=1 L

1 A2 1 L2
n5/6l‘]2n (;ZZ lanJ,Z tl nJ,, tk __ZZZ lkE n,Jn tl)ZnJ,,(tk)]> 0p(1)

Again by Assumption 5, liminfn3/6A7 Var(A,,.) = =, so this difference is also dominated

by the variance itself. So we can conclude,

o Tt Xy Mg, (1) Zus, (1)
Var(An’C)

—pl
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Chapter 1, in part is currently being prepared for submission for publication of

the material. The dissertation author was the sole author of chapter 1.
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Chapter 2

Linear Estimation of Global Average
Treatment Effects

with Paul Niehaus

2.1 Introduction

Experimental program evaluations typically treat a subset of the relevant units in
order to determine whether or not more of them should then be treated. Miguel and
Kremer (2004)’s results on the impacts of deworming medication in a sample of 2,300
schoolchildren in Kenya, for example, helped shaped subsequent debate (the so-called
“worm wars”) over whether or not to administer similar medication to all schoolchildren
in Kenya, and beyond. In such settings a parameter of interest is the “global average
treatment effect” (GATE), i.e. the (average) causal effect of treating all units within some
given class under consideration vs treating none of them.

Learning the GATE is challenging because it compares two counterfactual states—
those in which everyone and no one is treated—neither of which is directly observed in
any experiment. Some sort of extrapolation is necessary. The key to this turns out to be
how to handle interference or “spillovers” between units. In the past the predominant

approach has been to assume that any spillovers are “local” in some sense, so that
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treating one unit affects only a small number of neighboring units (Manski, 2013).1
For example, one might assume that spillovers are contained within villages, in which
case comparing fully treated to fully untreated villages yields consistent estimates of
the GATE. But such assumptions are often in uncomfortable tension with economic
logic. Equilibrium models in economics typically have the property that everyone’s
behavior affects everyone else to some degree—through prices, unpriced externalities,
strategic interactions, and so on. Recent field experiments conducted at relatively large
scales have illustrated precisely these kinds of far-reaching general-equilibrium effects
(Muralidharan and Niehaus, 2017). Reforming a public workfare program in India, for
example, affected market wages and employment, land rents, and firm entry, among
other outcomes (Muralidharan et al., 2021). Causal channels like these seem hard to
reconcile with strictly local spillovers.

The result is that practice in this area has moved ahead of its theoretical underpin-
nings. Recent analyses of large-scale field experiments have specified estimators based
on OLS regressions of a unit’s outcomes on both its own treatment status and the mean
treatment status of other units within some specified distance (e.g., Miguel and Kremer,
2004; Muralidharan et al., 2021; Egger et al., 2022). There is of course no more reason
to believe that economic spillovers stop after some fixed number of kilometers than to
believe they stop at administrative boundaries. These estimators do raise the hope that
one might achieve asymptotic consistency by growing the relevant distances with the
sample. But it is currently unclear whether and under what conditions this is the case,
including in particular what is required of the experimental design. Regression-based
estimators also embed an assumption that potential outcomes are linear in treatment,
and it is unclear whether this is necessary for consistency or beneficial for performance.

Overall, it is unclear how to choose designs and estimators likely to perform well.

IThe “Stable Unit Treatment Value Assumption” (SUTVA) assumption is a very strong version of this,
implying that no other units are affected.
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This paper examines what can be achieved under the assumption that the effect
on one unit of treating others decays with the “distance” between them. This idea seems
intuitive enough; it is part of the justification for the estimators mentioned above, and also
appears to be consistent with modern spatial general equilibrium modelling techniques
in economics. Endogenous economic interactions decay geometrically with distance in
the gravity (Allen et al., 2020) and market access (Donaldson and Hornbeck, 2016)
traditions, for example. Defining a concept of “distance” appropriate for causal analysis,
however, turns out to be somewhat subtle. The “distance” between two units that governs
their economic interactions need not be a proper metric even if they themselves interact
in Euclidean space—a point we illustrate with a simple economic example. Given this,
we work with a generalized notion of distance that can be asymmetric and must satisfy
only a loosened version of the triangle inequality. Our results are thus available both to
practitioners comfortable making reduced form assumptions about the spatial decay of
spillovers, and also to those working from a foundation of equilibrium theory.

For concreteness we work with a bound on spillovers that decays with at least a
geometric rate 17 > 0. We pair this assumption with mild requirements on population
dynamics that ensure the population does not become arbitrarily dense or dispersed
as it grows. We also allow for arbitrary cluster-randomized designs in order to study
performance with respect to the choice of design as well as estimator.

Our first set of results characterizes the optimal rate of convergence across all
estimators that are linear in the outcomes with bounded weights and across all cluster-
randomized designs, and shows that it is achievable. No such estimator can be guaranteed
to converge to the GATE at a geometric rate faster than n_m. The fact that this quantity
increases in 1) illustrates the intuitive idea that the GATE is easier to estimate when the
population is economically less interconnected (so that 7 is large). At the same time, the
fact that estimators cannot converge at the n=z parametric rate quantifies one sense in

which the problem is relatively difficult. The optimal rate can be achieved using inverse
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probability weighting (IPW)-based estimators (a standard Horvitz-Thompson estimator
or a refinement in the spirit of Hajek (1971)) paired with an experimental design from
a “Scaling Clusters” class which we define. This class is broad enough to encompass
many designs used in practice, and the conditions that define it are straight-forward
to check. The essential idea is to let clusters grow with the population in such a way
that the probability of any one unit having all of its neighbors (within some growing
radius) treated or untreated is bounded below. These initial results build on and extend
an important recent contribution by Leung (2022b), who demonstrates that when using
a Horvitz-Thompson estimator in R? space the optimal rate is achievable using clusters
that take the form of growing squares if 1 > 1. We extend this result to non-Euclidean
spaces required for economic applications, optimize over estimators as well as designs,
and allow 1 € (0,00).

While the latter feasibility result is positive, it does not apply directly to existing
applied work. None of the applied papers referenced above use IPW estimators; all use
estimators based on OLS regressions that include the share of treated neighbors as a
regressor. This may reflect the fact that IPW estimators use only a small part of the data
and are thus thought to perform poorly in small samples, especially in experiments with
small clusters. Regardless, it raises the questions whether a linear regression can yield
consistent estimates of the GATE, how exactly it must be designed to do so, and whether
this does in fact yield performance benefits.

To address these questions we introduce a second core assumption, implicit in
regression-based estimators, of linear causal effects: potential outcomes are linear in
the treatment status of all units. The effect on i of treating j is thus independent of the
treatment status of k. We also show that it is sufficient for the existence of a consistent
regression-based estimator. Here, however, the details matter. Estimators like those in
the literature based on a regression of outcomes on the share of treated neighbors, for

example, concentrate around a weighted average of the treatment effects of interest, not
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around the (unweighted) GATE. The weights are positive, and in this sense the problem
is less dire than that recently identified in two-way fixed effect designs (de Chaisemartin
and D’Haultfeeuille, 2020; Goodman-Bacon, 2021). However, since the weights depend
on both the treated unit and the affected unit, they have no welfarist interpretation. This
problem is relatively straight-forward to correct: a regression of outcomes on the number
of treated clusters in a neighborhood (divided by the mean number of clusters across all
neighborhoods) yields a consistent estimator of the unweighted GATE.?

As for performance, the assumption of linear causal effects has no impact on
the best guaranteeable geometric rate of convergence as long as the experimenter can
control cluster size; this remains n_ﬁ, and can be achieved using our recommended
regression-based estimator paired with a Scaling Clusters design. Where linear potential
outcomes shine is in settings where the researcher is constrained to run an experiment
with clusters that are (asymptotically) small; here OLS can be made to converge faster
than Horvitz-Thompson or Hajak estimators. In this sense one can view the linear
potential outcomes assumption as a substitute for the freedom to choose a design with
large clusters. Regression-based approaches are also amenable to the introduction
of additional prior information the researcher may have about patterns of economic
interaction—who usually shops in which markets, for example, or which firms buy
and sell from each other. As an extension we illustrate how such information can
be incorporated using a two-stage-least-square approach and (potentially) improve
performance.

Our third set of results return to the world of nonlinear potential outcomes and
provide guidance regarding which approaches are likely to perform well in a given finite-

sample study. Generally speaking this is a difficult problem, a point we illustrate with an

2The re-weighting problem is similar in its fundamentals to Borusyak and Hull (2023). However, their
results cannot be used in our setting because we do not observe the endogenous regressor and their
identifying moment assumption is only satisfied asymptotically at a rate that depends on the experimental
design.
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initial admissibility result: any pairing of a clustered design and a Hajak estimator with
equal radius performs better, in mean absolute deviation terms, than any alternative
pairing of a clustered design and IPW or regression-based estimator for at least one set of
potential outcomes. This implies that choosing a particular design and estimator requires
either (data-informed) priors or a decision criterion for choosing a design-estimator pair
that does not require knowledge of the data-generating process. We consider minimizing
the worst-case risk, defining risk as the mean absolute deviation and taking the worst
case over all DGPs satisfying mild, plausible conditions.> We provide a result that allows
the researcher to compute the worst-case risk for any (design, estimator) pair, and thus
to choose a pair that minimizes it.

Finally, we provide asymptotically valid inference methods for both the [IPW and
regression-based estimators. Our confidence intervals are bias-aware and honest in the

sense of, for example, Armstrong and Kolesar (2020).

2.1.1 Related Literature

We provide a theoretical foundation for and reinterpretation of the literature
on program evaluation in the presence of spillovers. At least since Miguel and Kremer
(2004) it has been well-understood both that capturing spillover effects is potentially
crucial to getting policy inferences right, and that the decay of spillover effects with
distance can be exploited to construct estimators that capture them (e.g. Muralidharan
et al., 2021; Egger et al., 2022) at least in part (Baird et al., 2016). But it has been
unknown whether these estimators are in fact consistent for any estimand of interest,
if so under what conditions, or whether they are efficient in any sense given available
information. We address each of these questions, providing conditions under which
commonly-used estimators are consistent at the optimal rate for the GATE as well as

adjustments to improve their performance by attenuating finite-sample bias.

3These are bounded outcomes and a requirement that networks not be too connected.
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As noted above, our first set of results in Section 2.3 builds on and extends recent
theoretical work by Leung (2022b), who studies the case where units are located in R?.
Under the assumption that spillovers decay faster than geometric rate 1 = 1 he provides a
Horvitz-Thompson estimator that is consistent for the GATE and an experimental design
based on growing squares that is rate-optimal over all cluster-randomized designs. We
generalize this result to a larger class of spaces, including both arbitrary-dimensional
Euclidean spaces as well as non-Euclidean spaces such as directed networks relevant
for studying inter-firm dynamics; extend it by characterizing the optimal rate over all
linear estimators as well as all clustered designs; and weaken the key decay assumption
by allowing for arbitrary rates of decay n. The remainder of the paper then considers
performance gains from alternative estimators including those currently used in practice.

Other recent work has focused on estimands other than the GATE, such as the
average causal effect of receiving some specific level of neighborhood exposure to treat-
ment (Aronow and Samii, 2017; Leung, 2022a). The estimators studied in these papers
have some attractive properties (e.g. they are consistent for that estimand even when
the exposure mapping is mildly mispecified (Zhang, 2023; Savje, 2023)), but are not
consistent for the GATE since they require designs in which the the probability of univer-
sal exposure does not vanish as the population grows. More generally, Basse and Airoldi
(2018) show that there is no consistent estimator of the GATE under the assumptions
made in these papers.

Finally, the results we obtain under linearity contribute to the literature on linear
models of peer effects. These usually specify that outcomes are linear in exogenous
and endogenous variables and that the coefficients are known to the researcher up to
scale (Manski, 1993; Lee, 2007; Goldsmith-Pinkham and Imbens, 2013; Bramoullé et al.,
2014). Others use exposure mappings which rule out any treatment effects by faraway
units (Jagadeesan et al., 2020; Sussman and Airoldi, 2017). We show how one can

consistently and rate-optimally estimate global average treatment effects without such
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assumptions.

2.2 Setup

Notational conventions are as follows. We denote vectors in bold Latin letters Y,
fixed deterministic scalars as lowercase Latin or Greek letters n, p, and matrices as capital
letters A. A subscripted vector b; denotes the ith element while a subscripted matrix
A; denotes the ith row. A letter with round brackets denotes a scalar-valued function
0(-). A script letter .4” denotes a set. A script letter with arguments in round brackets
A () denotes a set-valued mapping. Fixed universal constants that do not change
across populations are also denoted with the letter K subscripted by the number of the
assumption that introduced them, e.g. Assumption 3 introduces K3. A K subscripted by a
letter is not linked to an assumption. Where there is little risk of confusion, we suppress
subscripts notating dependence on n.

A researcher observes a finite population .4, = {1,2,--- ,n} of n units indexed
by i. The researcher assigns an n x 1 random vector of treatments {d;}}_, € {0,1}" and
observes realized unit outcomes {Y;}7_, € R". The potential outcome for household
i given the entire treatment assignment is denoted Y;(d) where the argument is the
full n x 1 vector of realized treatment assignments d. Since our estimand is the causal
effect of treating an entire population and not a random sample, we model potential
outcomes as deterministic functions and the treatment assignment d as random (and
correspondingly will study asymptotics with respect to a growing population).* We
remain largely agnostic about the origins of the potential outcomes Y;(-), which could be
the outcome of nearly any spatial process, and in particular we do not require that the
spillover effects are sparse.

Our estimand of interest is the average causal effect of assigning every unit in the

4Fixing potential outcomes is standard in this literature, see for example Aronow and Samii (2017);
Sussman and Airoldi (2017); Leung (2022a,b).
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entire population to treatment vs assigning no units at all to treatment. This is called the
global average treatment effect (GATE) because it sums both the own-effects and spillover

effects of treating all units (within some relevant class).

Definition 1. Global Average Treatment Effect (GATE)

The GATE is often the estimand most relevant for policy decisions; a policymaker
using RCT data to decide whether to scale up a program to the control group, for example,
would base this decision on the GATE rather than the ATT. Note that we assume the
researcher observes outcomes for the entire population for whom she wishes to estimate
the GATE.> Results concerning the limiting properties of our estimators will require a
notion of a growing population, and our estimand 6, can change as the population
grows. Later assumptions will characterize precisely what conditions the sequence of
populations must follow.

To solve the core identification challenge we consider restrictions on the magnitude
of spillovers, which are economically plausible, rather than on their support. Specifically,
we consider a restriction on the (maximum) impact that faraway treatments have on
each unit. Let p, : .4; X .4, — R measure the “distance” between any two units. We
require p,(i,i) = 0 and p,(i,j) > 0Vi # j, but place no further restrictions on p,: we
do not require symmetry (p(i,j) = p(j,i)) or that the triangle inequality hold exactly,
for example. In mathematical terms, p, is a “premetric” but need not be a metric or
semimetric. As we discuss below, this will allow us to capture the structure of economic
models in which the terms that govern the strength of interaction between units need

not satisfy the requirements for a metric (even if the units themselves are located in

>We expect the extension to to settings where the study population is a subset of the entire population
to be straightforward, but defer this to a subsequent version of the paper.
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Euclidean space).

The distance function induces a natural notion of neighborhoods as s-balls:

iy s) ={j € M puli,j) <s} 2.1)

Here s > 0 is a real number which parameterizes the radius of the neighborhood. This
will allow us to study estimators that make use of increasingly large neighborhoods as
n grows. Note that every unit is a member of its own neighborhoods (i € .4;(i,s)) and
that for any given n,i there is an s > 0 such that .4;(i,s) = {i}. Note also that while it is
intuitive to think of neighborhoods as being generated in this way, our results hold under
any definition of neighborhoods that satisfies these two properties, whether they were
induced by a distance function or not.

Our first assumption captures the idea of spatial decay in the spillover effects.
Heuristically, it says that when s is large and when all of the units in .4,(i,s) are
(non)treated, then unit /s outcome is close to its potential outcome under universal
(non)treatment. Formally, call a neighborhood “saturated” when all of its members
are treated and “dissaturated” when none of its members are treated. Define the
random variable §; as the largest s for which i’s s-neighborhood is fully saturated or fully

dissaturated.

Definition 2. Largest (Dis)Saturated Neighborhood

Si=max{s >0} s.t. d; =1V je M(i,s) ordj =0V j € Mp(i,s)

Because i € .4;(i,s) the largest such neighborhood will be (dis)saturated if i is
assigned to (non)treatment. Assumption 6 then states that the difference between unit
i’s realized outcome and its potential outcome under universal (non)treatment decays

geometrically with §;.
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Assumption 6. Near Epoch Dependence

There exist universal constants 1n,Kg > 0 such that:

¥i(d) —d;Yi(1) — (1 —d;)Y:(0)| < Ke5; 7,  VneN,ie A, de{0,1}"

We assume geometric decay as this is consistent in a broad sense with the large
body of applied general equilibrium modelling in the “gravity” and “market access”
traditions, and mild relative to alternatives such as exponential decay. Faster rates of
convergence might of course be achievable under exponential decay, which could also be
of interest to study to the extent it can be given micro-economic foundations. Geometric
decay will also simplify the statement of results and (we will see) help to make salient
the relationship between the rate at which spillovers decay spatially and the rate at

which estimators of the GATE converge asymptotically. We do not require any particular

geometric rate 717, however.

Remark 9. Assumption 6 is closely related to Assumption 3 of Leung (2022b). It
is weaker in two ways. First, we bound only interference outside of (dis)saturated
neighborhoods while Leung bounds all interference. Second, we do not require that
n > 1.5 We are able to relax this rate bound by showing that (while the pairwise spillover
effects between any two units must indeed decay faster than the square of s) the sum of

all outside-neighborhood spillover effects can be allowed to decay at any geometric rate.

Remark 10. In the language of Definition 1 of Jenish and Prucha (2012), we could say

that Assumption 6 guarantees that “Y; is uniformly L;-NED with respect to d; with size

”

1.

Remark 11 (Pairwise Bounds on Interference). An alternative way of embodying the

idea that spillovers decay, which might at first seem more conservative, is to assume that

®Note that n > 1 in our notation is equivalent to 1 > 2 in Leung’s.
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the (absolute value of the) effect on unit i of changing a single treatment assignment
outside unit i’s s-neighborhood is less than s~7 for some y > 0. This assumption turns out
to be stronger than Assumption 6, however, provided the geography of the neighborhoods
is well-behaved. Formally, suppose that for any s > 0 and two treatment vectors d,d’
that differ only at component j where j ¢ 4;,(i,s), we have |Y;(d) — Y;(d')| < Kos~7. If
the maximum size of any s-neighborhood is upper bounded by s® and y > @ > 0, then
Assumption 6 holds with Kg = KO},,% and n = y/w — 1. Proof: Section 2.11.1. The spatial
model in Equation 1.3.6 of Kelejian and Piras (2017) satisfies these conditions with y =2
and w = 2. In addition, the spatial moving average model in Equation (3) of Leung

(2022b) satisfies these conditions with his y equal to our y and o = 2.

Assumption 6 ensures that spillover effects decay with space. If in addition the
space between units were itself to increase too rapidly as the population grows, then
spillovers would become asymptotically irrelevant to the GATE. To focus attention on
(more realistic) cases where spillovers are a meaningful challenge, we next introduce an
assumption that prevents the population from becoming unboundedly sparse.

To do so we use the concept of an s-covering of a set of units Q C .4;,: this is a
subset Q' C Q such that for each i € Q, there is a unit ¢ € Q' such that i € .4,(q,s). The
s-covering number of Q is then the number of units in the smallest possible s-covering of
Q. This conception of the s-covering number always exists. Using this concept we can

state Assumption 7.

Assumption 7. Covering Number
There exists a universal constant K7 > 0 such that, for any Q C Ay, and for all s > 0

and all n € N, the s-covering number of Q is no greater than K7%.

Assumption 7 means that it takes no more than K7% neighborhoods of members
of a subset to cover the entire subset. This guarantees that units are not so sparse

that spillovers cease to matter asymptotically. If instead we studied a sequence of
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populations where the units rapidly grow farther and farther apart, so that Assumption 7
was violated, the GATE could converge to the ATE, making the problem trivial. Example
3 below illustrates that Assumption 7 holds in familiar Euclidean applications.

Our next assumption controls the distribution of the vector of treatment assign-
ments d. Define an “experimental design” as a mapping ¥ : A, X p,(-,-) — F(d) from
any pair of a population and distance function to a distribution function for the vector
of treatments d. For a familiar example, the Bernoulli design maps any population and
distance function into the CDF of n i.i.d. Bernoulli random variables. However, i.i.d.
randomization is unlikely to perform well, since (by the law of large numbers) it tends
to generate few large neighborhoods in which most units are treated (or untreated)
and which thus approximate the counterfactual scenarios of interest. This motivates

examination of a larger class off cluster-randomized designs:

Assumption 8. Cluster-Randomized Design

For all populations .4, and distance functions p,(-,-), d ~ 2 (A, pu(+,-)) and:

d; ~ Bern(p)

In addition, there exists a partition of .4, consisting of ¢, € N clusters called { Z.}" | such

that:

di=djas. ifi,j € P, for some c

d;,d; independent otherwise

Let c(i) denote the cluster that contains unit i.

This assumption allows for a wide variety of cluster-randomized designs used in
practice, including those in recent large-scale experimental work. It rules out stratifica-

tion which (intuitively) we expect to be unnattractive for GATE estimation. Stratification
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can create problems for identification because it ensures that the units within a given
stratum are never all (un)treated, which in turn means that neighorhoods containing
such a stratum can never be entirely (un)treated.”

Our final assumption is a regularity condition common in the literature that
uniformly bounds potential outcomes. While less restrictive assumptions could be
sufficient to prove our results, Assumption 9 eases exposition and is standard (e.g.

Aronow and Samii, 2017; Manta et al., 2022; Leung, 2022b).

Assumption 9. Bounded Outcomes
Y:(d)| <Y < oo, VneN,ie A,,de{0,1}"

2.3 Rate-Optimal Linear Estimation

We study estimators that are linear, i.e. that take the form of weighted averages
of observed outcomes Y; where the weights w;(d) are bounded functions of the full vector

of treatment assignments d. Such estimators can thus be written as

6,=) Yo (d),  suplnw;(d)| <eo (2.2)

i=1 i,nd

The IPW estimators commonly used in theoretical analysis take this form, as do most
regression-based estimators used in applied work—and all of the estimators studied in

this paper (with exception of one which we study in Theorem 9, where we consider a

’Notice the absence of an overlap (or “positivity”) assumption bounding away from zero the probability
that any given unit experiences full exposure to treatment or to control conditions in some relevant
neighborhood. Such restrictions on the design are often used when the estimand compares the effects of
“local” exposures. In these settings it (helpfully) ensures that the probability that the researcher observes
both units whose relevant neighborhoods are fully treated and units whose relevant neighborhoods are
fully untreated goes to one, and that the researcher can construct consistent estimators by comparing
these unit. In our setting, however, the relevant neighborhood is the entire population, so we can never
observe both such units at once: if one unit’s is exposed to universal treatment, then there cannot be a
comparison unit that was exposed to universal non-treatment. As a result the positivity assumption would
hurt rather than help us, and we will need to identify our estimand by other means.
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special circumstance where the researcher is extremely limited in their choice of design).

We can now state our first main result.

Theorem 5. Optimal Geometric Rate

Let Assumptions 6 and 9 hold. Consider any sequence of populations with distance
functions p, satisfying Assumption 7, any sequence of estimators 8, of the form in Equation
2.2, and any sequence of experimental designs satisfying Assumption 8. Then for every

o, € > 0 there exists 6 > 0 such that:

1

. It A
limsup sup P | n*'7 ’9,, - Q,l‘ >e| >0
n—e  Ye%,

Proof: Section 2.11.2

This result states that no estimator taking the form of a weighted mean of
outcomes as in (2.2) and no cluster-randomized experimental design can be guaranteed
to converge to 6, at a geometric rate that is strictly faster than n_ﬁ for all potential
outcomes satisfying Assumptions 6 and 9.8 Notice that the result applies to any set
of neighborhoods satisfying Assumption 7, and thus is not driven by any pathological
configuration of units in space. As the proof illustrates, the potential outcomes that
guarantee this rate are also not particularly pathological: they are simply unweighted
means of the treatment statuses of nearby neighbors.

When 7 < o the convergence allowed by Theorem 5 is slower than the parametric
rate n—2. The result thus illustrates a sense in which GATE estimation in the presence
of spillovers with arbitrary support is a more difficult problem than estimation with
localized spillovers where the n!/2 rate can be guaranteed (Aronow and Samii, 2017). It
also links the spatial rate of decay of the spillover effects with the asymptotic rate of
convergence of linear estimators. The economic principle this suggests is that estimators

based on Assumption 6 will tend to converge faster in less integrated economies where

8Additional log(n) terms are possible.
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distance is an important constraint on economic interactions, and converge slower in
highly integrated ones where all units are “close” in some sense to each other.

The result builds on Theorem 2 of Leung (2022b) and extends it in several ways.
First, we generalize from the case in which the population is contained in a circle in R?
to the more general set of spaces defined by Assumption 7, which nests R? among other
spaces. Second, we find the optimal rate over all linear estimators, as well as over all
clustered designs. This is of particular interest given that applied work generally uses
linear estimators other than IPW. Third, we relax the requirement that spillovers (are
bounded by a function which) decays at the specific geometric rate 1 = —1 and instead

accommodate arbitrary geometric decay.

2.3.1 Achieving the optimal geometric rate

We next show that the optimal rate is achievable provided that neighborhoods and
population structure are sufficiently “well-behaved.” This requires selecting a suitable
experimental design, and we will in fact go a bit further and define a class of “Scaling
Clusters” designs all of which will permit rate-optimal estimation. This will be useful
since many standard designs used in real-world experiments can be interpreted as
members of this class.

Clusters must grow with the population size, as will the neighborhoods we use to
construct estimators. A fixed cluster size design combined with growing neighborhoods
would cause the mean treatment status in any neighborhood to converge rapidly in
probability, eliminating the variation of interest. We therefore study clusters that grow
with n, governing their rate of growth using an increasing sequence of positive numbers

{gn}_; CRT as follows:

Definition 3. Scaling Clusters Designs
Consider any increasing sequence {g,}_; C R*. A cluster-randomized design is

called a “Scaling Clusters” design when there is a Kp > 1 such that for every cluster &,
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there is a corresponding unit q. € A, such that (i) q. € &, C N,(qc,2:.Kp) and (ii) the set

of {q.} form a g,-packing of the population.

Condition (ii) refers to the standard concept of an s-packing, i.e. a subset of the
population such that for all i, j in the packing, p(i, j),p(j,i) > s, and is straightforward
to verify in practice. To see more transparently that this will require clusters to grow,
one can show that (under the assumptions stated later in this section) condition (ii) is
satisfied by any design where each cluster contains the neighborhood %(qc,Kl’OlK 2n)-
One can thus think of the Scaling Clusters class as including any design in which clusters
both contain and are contained by neighborhoods that grow in proportion to g,.

In Euclidean spaces it is straightforward to show that a Scaling Clusters design
achieves the optimal rate when paired with an appropriate estimator and provided
population dynamics are suitable (see Example 3 below for related discussion). Our next
assumption defines a class of spaces that are “close enough” to Euclidean for this result
to generalize—specifically, loosening the triangle inequality and symmetry properties.
It states that if there is a neighborhood that contains both i and j, then the distance
between them is bounded by an amount that does not depend on i, j, n, or the absolute

size of the neighborhoods.
Assumption 10. Overlap
There is a universal constant Ky > 1, such that

i,j € Mk,s) = p(i,)),p(j,i) < Kios,  Vi,jk€ A, VneN,Vs>0

Slight weakenings of this Assumption (as well as Assumption 11 below) are
possible, but as these weaker versions become quite technical we state here versions
which are relatively easy to check in application. Assumption 10 is automatically satisfied,

for example, in any metric space (due to symmetry and the triangle inequality) with K;p =
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2. Allowing for a wider range of Kj(s allows us to accommodate settings where distances
are not metrics, while maintaining a link between coverings and packings. Example 5
below illustrates one case in which this is useful. On the other hand, Assumption 10 rules
out neighborhoods that are totally random: it will clearly be violated as the population
grows if each distance p (i, j) is an i.i.d. random number, for example.

Assumption 10 ensures that a Scaling Clusters design always exists no matter
how abstract the space. Algorithm 1 demonstrates how to find one. The algorithm first
constructs a g,-packing of cluster centers called Q. Then the algorithm converts the
Kpgn-neighborhoods of each element of Q into clusters until the entire population is
assigned to clusters. Since Assumption 10 guarantees that the neighborhoods of the
elements of Q are a Kpg, cover, this algorithm is guaranteed to assign every unit to

exactly one cluster.

Algorithm 1. Creating a Scaling Clusters Design

Require: Kp > Kjo,n > 0, population .4,
Let Q = {x} where x € .;,
while 3q € .4, such that p(¢',q),p(9.4") > g, Vyco do
Add g to Q
end while > Q is a g, packing and a Kpg, covering
while Jg € Q such that ¢ is not assigned to any cluster do
Create a new cluster consisting of ¢U (.4#,(¢,Kpg,) \ Q) minus any units already in
a cluster.
end while

The final assumption we will need to achieve the optimal rate controls popu-
lation dispersion as n grows, ensuring that the membership of neighborhoods scales

(approximately) linearly in s.

Assumption 11. Bounded Density

There exist universal constants K1, > K, > 0 such that:

Kis+1<|M@i5)| < Kis+1 Vs>0,neN,ije A,
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For fixed n one can of course always pick constants such that this holds; what
gives it meaning is the restrictions it imposes as n grows. Intuitively one can think of the
upper bound as saying that increasing the population means “growing the map” and not
solely adding units to a map of a fixed size, in which case it would not be possible to
have both saturated and dissaturated neighborhoods of increasing size. The lower bound
controls the number of clusters that a Scaling Clusters design can produce by ruling out

large numbers of “isolated” units.
Discussion: notions of space

With all the key spatial assumptions (i.e. 7, 10 and 11) now stated, we can take
stock of the breadth of application they let us address. Example 3 first verifies they are

consistent with standard Euclidean applications:

Example 3. Spatial Designs

Suppose that units are all located in m-dimensional Euclidean space. Let p(i,j) =
i — J| |;/m Since this is a metric, Assumption 10 is met immediately with Ky = 2. If no two
units can be closer than € together and the entire population is contained within a 2-ball of

radius n'/™ Assumption 11 is also met. Finally, Assumption 7 is met with K; = 16™.°

As a simple example of a case in which the flexibility to extend results to non-
Euclidean spaces is useful, consider a setting in which there are multiple channels
over which spillovers might propagate. For example, training small business owners
might lead to business knowledge spillovers within a social network (for which the
social network defines the relevant notion of distance), business stealing spillovers

for competing firms in the same industry (for which physical distance and product

9To see this final point, note that the packing number of a 2-ball of radius n'/™ in balls of radius s'/™ is

upper bounded by (1 +4(2) 1/ m)m. The §-covering number of a subset of a 2-ball is no greater than its
0 /2-packing number. So the covering number is upper bounded by (1 +8(%) 1/ m)m. If we restrict s < 2n,

then 8 ( ’EI) fm > 16. So the covering number is upper bounded by 16™ (%) and so K7 = 16™. This constant
can be sharpened.

109



substituability define distance), input demand effects on suppliers (for which the buyer-
supplier network defines distance), and so on.'® Which notion of distance should a
researcher use? Fortunately they need not choose; our spatial assumptions are flexible
enough that they could (for example) work with the minimum across all these metrics,

which preserves the essential properties they need:

Example 4. Multiple Distance Notions

Suppose that we have two distance functions py,p> and a universal constant C such
that py(i, j) < Cpa(i,j) and vice versa. If py,p, satisfy Assumptions 7, 10, and 11, then
p3(i,j) =min{p; (i, j),p2(i,j)} does as well (possibly with different constants). Notice that
p3 does not necessarily follow the triangle inequality, even if p; and p, do. Proof: Section

2.11.4.

As a fully micro-founded example, we develop in Appendix 2.14 a simple spatial
general equilibrium model of a small open economy, and consider the problem of
estimating the effects of transfers from a foreign source on total output in the economy.
(This setup is designed to roughly parallel the empirical setting and research question in
Egger et al. (2022), which we use to discipline our simulations below.) The following

example outlines the main ideas, with full details in the appendix.

Example 5. A Gravity Model

Consider a region composed of n locations, each of which produces a distinct, trade-
able service using a production function that is linear in labor. Consumers derive utility from
a Cobb-Douglass aggregate of their consumption of each of these services, of a numeraire
good imported from outside the region, and leisure. Trade between locations incurs iceberg

trade costs such that a share 7;; of good shipped from i reaches j; these are related to the

10We thank David McKenzie for suggesting this example.
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geographic distance d(i, j) between units according to

Tij < W (2.3)

with v > 2. Each household receives a transfer T; denomoinated in units of the numeraire

good. For reasonable parameter values one can show that

1. Equilibrium trade flows X;; between locations have the “gravity” formulation
Xij o< T,'jYin (24)

where Y; is total output in location i;
2. Spillover effects decay geometrically with distance (i.e. Assumption 6 holds), if we
define the distance between two units as

p(i,j) = eij-d(i, j)* (2.5)

where e;; is an aggregate of economic parameters of the model.
3. The distance measure p(i, j) as defined in (2.5) satisfies Assumptions 7, 10 and 11;

4. Potential outcomes are linear functions of the vector of treatment assignments (i.e.
Assumption 12 holds); there exists an exogenous n X n matrix A such that the vector

of location-specific household expenditures E = (Ey,...,E,) satisfies

E=A(T +1) (2.6)

The salient feature of this example is that the measure of distance p(i, j) under

which Assumption 6 is satisfied is not a proper metric, even though it is influenced by
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the Euclidean metric d(i, j). This is because both economics and geography matter in
the model. If location i’s population is larger than location j’s, for example, then ceteris
paribus e;; will be greater than ej;, so that p(i, j) is asymmetric even if d(i, j) is not. p(i, j)
does satisfy Assumptions 7, 10 and 11, however, and hence the results developed here
are available for studying this economy. Interestingly, potential outcomes are linear in
treatment assignment, so that the methods we characterize below in Section 2.4 are also
available.

This example considers a sequence of increasingly spatially dense populations.
Accommodating a wider range of spatial-economic relationships would be possible if our

assumptions were modified in future work.
Consistent estimators

The last step is to define estimators. We consider here the Horvitz-Thompson (HT)
and Hajek (HJ) inverse probability weighting (IPW) estimators, which are standard in
theoretical work on network effects (see for example Aronow and Samii, 2017; Sussman
and Airoldi, 2017; Leung, 2022b). To define them, fix a sequence of neighborhood radii
K, C R™, which will grow to infinity with the sample size. The researcher can choose this
sequence, and we will study later how to optimize this choice. Define T;;, T}y as indicators

that all of i’s neighbors within distance «;, are treated or untreated:

= [ 4 To= [] (-4

JEM(i,K) JEM (i, k)

The HT estimator is the weighted difference in outcomes between units with fully

treated vs fully untreated neighborhoods.

f— il i0
_lyvy B 2.
1K nizzi l(]P)(Tﬂ:l) ]P’(Tiozl)) e

While standard, this may perform poorly because the probabilities in the denominators
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can be small. It is also sensitive to adding a constant to all outcomes. The HJ estimator
makes an adjustment to (partially) address such issues, ensuring that the sum of weights
given to units with fully saturated neighborhoods equals the sum of weights given to

units with fully dissaturated neighborhoods.
Ti Tio

n
NHI — g —
Ok, = ZIY (P : T T ) (2.8)

Tn=DYicipmeny P (To= DX s

We can now state Theorem 6, which shows that under our assumptions either estimator

paired with a Scaling Clusters Design achieves the optimal rate from Theorem 5.

Theorem 6. Inverse Probability Weighting
Let Assumptions 6-11 hold. If the researcher uses a Scaling Clusters Design with

gn < K, then:

A ¢

6l —6,=0, <@/7n+1<n_")
~ K _
61—, 0, (2 +x7)

71 . . .
When «;, o< n21+1, the optimal rate is achieved:

__ 1
\/%—FK;n:O(n 2+’17>

Proof: Section 2.11.3.

Unlike the HJ estimator for local effects studied in Aronow and Samii (2017),
the HJ estimator of the GATE here converges at a subparametric rate. Unlike the HT
estimator in Leung (2022b), our result applies beyond R?, allows for n € (0,1), and (in
conjunction with Theorem 5) shows that the researcher cannot improve on the IPW
+ Scaling Clusters rate with another pair of linear estimator and cluster-randomized

design.
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2.4 Estimation under linearity

The IPW estimators studied above have not (to our knowledge) been used in
practice to estimate the effects of large-scale economic experiments. Instead applied
work has typically relied on OLS regressions of outcomes on measures of neighborhood
treatment saturation. We turn next to defining and studying the properties of such
estimators.

We consider a class of OLS estimators that regress unit-level outcomes on a
weighted average of the treatment statuses of nearby clusters. Formally, let b denote
the ¢, x 1 vector of i.i.d. Bernoulli(p) cluster treatment assignments and let v=b — p be
the demeaned cluster treatment assignments. Consider a sequence of n x ¢, matricies
B, of real numbers between 0 and 1. Given such a sequence (and suppressing the
subscript from now on) we can define an OLS estimator obtained from a regression of
the outcomes on By as follows:

HOLS _ Cov(BV,Y)

nK, —

_ LVBY-BVY
Cov(Bv,Bv) 1v'B'Bv — (B_V)2

(2.9)

While it is defined in terms of weighted averages across clusters, this class of estimators
nests the common specification in which outcomes are regressed on a weighted average
of treatment status across units. Specifically, setting B to the “unit-weighted” matrix BV

defined by
BU _ i1 1{j € (i, ) N P}
“ R ]

(2.10)

yields the estimator used in Miguel and Kremer (2004), Muralidharan et al. (2021), and
Egger et al. (2022). Notice that we interpret the neighborhoods over which treatment
status is averaged as growing with n (since k;, grows), an interpretation not explicitly
discussed in the original papers but which admits the possibility of their being consistent

for the GATE.
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An important idea implicit in regressions of this sort is that treatment effects
are linear, in the sense that the effect of treating unit j has the same impact on unit i
regardless of any of the other treatment assignments. Assumption 12 formalizes this

idea:

Assumption 12. Linear Potential Outcomes

Ifd,d’' € {0,1}" are disjoint treatment assignment vectors, then:
Y;(d+d') - Y;(0) = Yi(d) + Yi(d') — 2Y:(0)

As an immediate consequence of the Riesz Representation Theorem, for every
population .4;, there exists an n x n matrix A of real numbers with rows denoted A; such
that

n
Y,(d)=fo+Ad+e, Y &=0 (2.11)
i=1

The residual term ¢; is non-random and sums to exactly zero in all populations by
construction; since treatment is randomly assigned, E[d | €] = p1. The OLS estimator will
be consistent no matter how ¢ is related to the neighborhoods.

While linearity is (arguably) a strong assumption in an economic sense, adding
it does not change the optimal rate of convergence that we derived in Theorem 5. The
following modification of Theorem 5 states that no estimator that takes the form of a
weighted average of outcomes and no cluster-randomized design can guarantee a rate of

1
L .
convergence to 0, faster than n **7 when Assumptions 7 and 12 hold.

Theorem 5’. Optimal Rate Under Linearity
Requiring that potential outcomes also satisfy Assumption 12 does not change the

conclusions of Theorem 5. Proof: Section 2.11.5.

In other words, the researcher cannot guarantee asymptotic performance any

better with linearity than without it. This somewhat surprising result turns out to hinge
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on the researchers ability to select any cluster size. We will see below that if the choice of
cluster size is constrained then an OLS estimator (which requires the linearity assumption
for consistency) may asymptotically outperform other estimators that do not.

With Assumption 12 in hand, we can analyze the convergence of OLS for different
choices of B. Theorem 7 provides a convergence result that applies for a broad class of B

matrices and for all cluster-randomized designs.

Theorem 7. Convergence of OLS

Let Assumptions 6-12 hold and let the design be a Scaling Clusters design with cluster
radius g,. Let k,,g, < n. Let the n X ¢, matrix B satisfy the following three properties: (i)
Bj. €10,1], (ii) there is a scalar K < oo such that B1 < K1 for all n and (iii) B;. = 0 if cluster

¢ is not intersected by .4, (i, ;). Then:

Cov(Bv,Y) tr(BAP) (max{xn,gn}ﬁ>
Cov(Bv,Bv) tr(B'B) g gntr(B'B)

Proof: Section 2.11.6.

Theorem 7 provides two insights. First, the rate of convergence of OLS depends
principally on the column sums of B. In our two examples, the column sums both

correspond to how influential each individual’s treatment status is on the rest of the

tr(B'AP)

T @F) This lets us

population. Second, OLS concentrates around the ratio of traces

see that the workhorse estimator in the applied literature (i.e. that using BY) yields a
weighted average of treatment effects with weights that are positive but sensitive to the

exact specification of the clusters. We call this estimand 6Y. Specifically, some arithmetic

yields
Y e i) NP }
r(BYAP) g g BN EED) _ U
tr(BUBY)  HAE =~ | wn o (Tl lUesm)nZ )2
Effects m=1 Zczl ACKD]
We;grhts
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Here the causal effect of treating unit k£ on unit i receives a weight that depends on both
k and i. This means that it is not generically feasible to obtain an OLS estimate that is
consistent for the unweighted GATE using BY after first re-weighting the observations.
An exception is when randomization is i.i.d. and neighborhoods are of uniform size, in
which case the weights are uniform.

A consistent OLS estimate of the GATE can be obtained by regressing on the
number of treated clusters within the neighborhood and dividing by the mean number of

clusters intersected by each neighborhood. To do this, set B equal to:

£ _ L{An(i, K0) O P # 0}

A _ (2.12)
n Lt Tty H{Pne N (i) # 0}

This guarantees that the difference between the ratio of traces and the GATE
converges to zero at the appropriate rate.

tr(B*'AP)

r(B7B) 6, =0p (K, ") (2.13)

So we can conclude with Theorem 8 which states formally the estimands and rates of
convergence when we use the weighting matrix B*, showing that the latter achieves

rate-optimal consistency for the GATE.

Theorem 8. OLS Estimands

If Assumptions 6-12 hold and we use the Scaling Clusters design with scaling sequence

gn and max{z—f, Kn}/(\/ﬁ\/ﬁ) — 0, then:

2

—_ Kn
Cov(BDY) o _ (™S

— =0 + 1, 1
Cov (B*b,B*b) VanV/n

Proof: Section 2.11.7.
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1
Remark 12. The rate %’(ﬁ’fi’“} +x, ! is optimized by setting K, o< g, o< n™171 which yields

-1
the optimal n* 7 rate of convergence from Theorem 5.

Per Theorem 5’ the rates achieved here are also the best that can be guaranteed
under the same assumptions. This result provides some reassurance that the OLS
estimators used in earlier studies are close to (though not exactly) consistent and rate-
optimal for the GATE.

That said, these results do not tell us whether OLS estimators provide any ad-
vantage over HT and HJ given that they are guaranteed to be consistent only under
the additional linearity assumption, and yet converge no faster asymptotically. One
key differentiating factor here is the degree of flexibility the researcher has to choose
the experimental design. Without linearity it is essential that clusters grow quickly;,
because the only way to learn about the potential outcomes of units surrounded by
large (dis)saturated neighborhoods is to actually observe such units. Linearity implies,
however, that we can also learn about these potential outcomes from observing units
surrounded by large neighborhoods that are only partially (dis)saturated. This means
that in a scenario where the researcher cannot grow cluster sizes as fast as she would
prefer, so that HT or HJ estimators diverge, she can still obtain consistent estimates
assuming linearity and using OLS. Our next theorem illustrates this point by imposing a

constraint on the rate of growth of cluster sizes, measured by g,,.

Theorem 9. Small Clusters
If Assumptions 6-12 hold and we use a Scaling Clusters design but set g, = n4, where

1
q< PIESE then

* The bias of Oy, 0, dominates the standard deviation and cannot be guaranteed to

decay faster than n~—"4.

14+3g . .. A .
* If we set K, o< n*21, then the bias and standard deviation of 6prs both converge with
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_ 143¢ . i
n 4m+2, which is faster than n= 4.

Proof: Section 2.11.8.

This scenario is practically relevant since in many applied settings researchers do
not have total control over the experimental design. In policy experiments, for example,
a government may stipulate the administrative level at which the rollout of a reform may

be randomized.!!

Remark 13. Under certain conditions, OLS can be consistent even without Assumption
12, albeit at a slower rate. Consider for example a setting where units are located on a
Euclidean plane and treatment clusters are a tessellation of squares of length n‘“ﬁ Then
we can show that Assumptions 6-11 are enough to guarantee that OLS with k, = T
converges at a (slow) rate of n_m. This is a consequence of the geography of this
setting and would not necessarily hold if clusters were not tessellations of identical squares.

Proof: Section 2.11.9.

Remark 14. If the researcher has additional information about the structure of the spillovers,
it is possible to construct a shrinkage estimator that exploits this extra information. Suppose
that the researcher does not know the true spillover matrix A, but does have a guess A.
Appendix 2.10 describes a TSLS estimator where B*d is used as an instrument for Ad. When
A meets some minimal conditions, the TSLS estimator is consistent and when the guess
is “good enough” in a sense that we specify, the TSLS estimator can show much better

small-sample performance than OLS.

2.5 Admissible and Minimax Design-Estimator Pairs

The convergence results above generally have the following form: if the researcher
1

. . . . T
sets the sizes of the neighborhoods that determine the estimator such that k;, = Cn*'7,

!Notice also that when the number of clusters in .4 (i, k,) is increasing, so the bound on the standard
deviations in Equation 2.2 does not apply and the assumptions for Theorem 5 do not hold.
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1
and the sizes of randomization clusters such that g, = gnﬂ, then for a sequence of
growing populations the corresponding estimator converges rate-optimally to the GATE.
But in practice the researcher must choose k, g for a given fixed population. We call this
the problem of choosing the best “design-estimator-pair” (EDP) for a given experiment.
In this section we will provide guidance for choosing a pair of cluster-randomized design
and Hajek or Horvitz-Thompson estimator. This guidance may heuristically also apply to

the OLS estimator.

2.5.1 Admissibility

Because we impose only weak restrictions on spillover effects, the problem space
we must consider when choosing an design-estimator pair is large, making the choice
difficult. To illustrate this point we begin by showing that a large number of design-
estimator pairs are admissible, even if the researcher knows all of the parameters for
all of our assumptions as well as the locations and neighborhoods of every unit in the
population. To this end, fix the distance function p and the population .4". Since we
are dealing with a fixed population, suppress all n subscripts for the rest of this section.
Let the risk of an design-estimator pair be its expected absolute difference between the
estimate and the truth for a given set of potential outcomes. We choose this as our
definition of risk because it makes it straightforward to find the risk-maximizing set of
potential outcomes given an estimator and cluster-randomized design.

PO
0——-) (Y(1)-Y(0))

#(6,2,Y(-)=E - | 2,Y(") (2.14)
i=1

where the expectation is taken with respect to random assignments over the distribution
induced by the design 2. An design-estimator pair 6, Z is said to “dominate” another
pair 8/, 2" if R(8,2,Y(-)) < R(0',2',Y(-)) for all potential outcomes Y(-) satisfying

Assumptions 6 and 9, and the inequality is strict for at least one such set of potential
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outcomes. An design-estimator pair is “admissible”with respect to some set of alternatives

if no other pair within that set dominates it. Now we can state Theorem 10.

Theorem 10. Admissibility of Hajek-SCD Pairs

Let Assumptions 6 and 9 hold. Consider the class of all design-estimator pairs
consisting of (i) a Hajak, Horvitz-Thompson, or OLS estimator with radius k > 0, and (ii)
any cluster-randomized design. Any design-estimator pair consisting of a Hajek estimator
and a Scaling Clusters design with equal radius (i.e. k = g) is admissible with respect to
this class.

Proof: Section 2.12.1

Theorem 10 says that a pairing of a Hajek estimator and a Scaling Clusters design
of the same radius is admissible with respect to (essentially) all other pairings of IPW
or OLS estimators and cluster-randomized designs. Thus, a large number of design-
estimator pairs are justifiable relative to all the other design-estimator pairs considered
in this paper. And similar results can be obtained for Horvitz-Thompson results (at the
cost of some tedious algebra).

This result is surprising as it shows that even extreme choices like placing all units
in a single cluster can be justified. To see why, consider an example where every outcome
is zero unless the entire population is treated, in which case every outcome equals a
number M > 0. We can choose M small enough to satisfy all of our assumptions, even
if n is large so that spillovers are known to decay rapidly. Risk is then minimized by
placing all units in a single cluster. See the proof of Theorem 10 for detailed examples.

While many design-estimator pairs are admissible, not all of them are. The next
example illustrates that pairings of an IPW estimator and a cluster-randomized design in

particular may be inadmissible.

Example 6. Not all EDPs are admissible
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Consider an experimental design in which p = 1/2 and there are C clusters, all of
which have at least one member within distance x of every member of the population.
Pair this with the Hajek estimator with radius k¥ > x. The estimator equals zero with
probability 1 — 5, equals Y(1) with probability 5 and equals —Y(0) with probability 5,
for a risk of ‘W—m’ (1 — 2%) + 2% <‘W) + ’WD So increasing C decreases the

risk regardless of the potential outcomes.

2.5.2 Minimizing worst-case risk

In the absence of any additional information, a natural way to select among the
large set of admissible design-estimator pairs is to minimize the worst-case-scenario risk.
We specify risk here as the expected absolute difference between the estimator and the
truth, which has a similar practical interpretation to expected root mean square error and
makes maximization tractable. Specifically, we provide below a computable expression
for the maximum possible risk of the better of the two of the Horvitz-Thompson and
Hajek estimators, given a design 2 and a radius k for the estimator. This allows a
researcher to choose those parameters to minimize maximum risk.

To achieve the result, we employ one additional assumption on the structure
of the neighborhoods. Assumption 13 says that we can partition the population into
a “north” half and a “south” half that have a number of intersections that are small

compared to the size of the population.

Assumption 13. North-South
The sequence of populations can be partitioned into two halves Ni,N, with equal

membership such that for some constant K3 > O:

Y i) N2} + L Y 1{ A (i) N} < Kipsn™
n

nien, iEN>

This is violated by very connected networks (e.g. “small worlds”), but like
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Assumption 10 will typically hold in any application that is similar enough to Euclidean.

With this in hand we can now state Theorem 11.

Theorem 11. Maximum Absolute Deviation for IPW
Let Assumptions 6, 7, 11, and 13 hold. Assume also that |Y;(1)|,|Y;(0)| <Y for all
1
units i. Then for any sequence k, «<n 2t1/1 and any sequence of Scaling Clusters designs

.
satisfying g, o< n t/n,

max p T mln{% (AT . 9.Y), %(éﬁj,@,Y)}

T i: { (P(Tll) +P(T£o)>]

where ¢;; denotes the number of clusters intersected by both A, (i, k,) and A, (j, Ky)-

Proof: Section 2.12.2

The non-vanishing quantities on the right-hand-side depend only on the constants
in the assumptions, on the design 2 and on the choice of k,. The researcher can
therefore compute the non-vanishing terms on right-hand-side, e.g. by simulation. Doing
so for each of a set of candidate k, Z pairs then allow the researcher to choose a risk-
minimizing design. Note that the theorem per se does not obviously imply that the
Hajek estimator should be preferred to the Horvitz-Thompson estimator, as the proof
demonstrates that they are asymptotically equivalent under at least once sequence of

DGP’s that aymptotically maximizes the risk of the minimum of the two.
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2.6 Bias-Aware Inference

This section presents a method to construct confidence sets covering the GATE.
These confidence set are “honest” in the sense that they are bias-aware and achieve
adequate coverage without undersmoothing, as in e.g. Armstrong and Kolesar (2020).
We focus on ensuring valid coverage without substantially strengthening the assumptions
above. Alternative approaches that are simpler to express, or that achieve greater power,
at some cost on these first two dimensions may also be possible; a full analysis of these
trade-offs is a fruitful direction for further analysis.

There are two principal challenges. To see these, let .%; denote the c-algebra
generated by the treatment assignments of all units in .4, (i, k;,). We can then decompose
the difference between the GATE and any linear estimator as defined in Equation 2.2
(including all those studied above) in the following way:

n

Y o, 6, = (2 OE[Y| F] - iE[Yia»]) + Y, (V- ElY| 7))+ Y Eloy] -6,
i=1 i=1 i—=1

i= i=1 i=1
N N 7 N

] 1B] C]

J/

Each of these terms will present its own challenges. Term [A] will turn out to be
asymptotically normal, but with variance that is not identified. This is well-known
consequence of heterogeneous treatment effects in a fixed-population setting (and not
a consequence of spillovers or of the choice of estimator per se). Term [B] is zero
in expectation and can be interpreted as a random term induced by spillovers across
faraway units, as the influence of nearby units have been conditioned out; we cannot
control its distribution because of the high amount of dependence across units. Term
[C] is a bias term which, when cluster sizes are set to increase at the optimal rate, will
converge to zero at the same rate as [A] and so cannot be ignored.

The key decisions are then how to bound the values of the troublesome terms
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[B], [C] and the variance of [A]. It is possible to achieve both of these goals using
only Assumption 6. We suggest, however, using the following strengthening of that
assumption, as this yields substantially tighter confidence intervals without much loss of

generality.

Assumption 6. For every treatment assignment d’ and every s > 0,
Yi(d") —E[Yi(d)|d; = d},5; > 5]| < Kemin{max{s~",5;(d")""},1},  Viey,

Assumption 6’ implies Assumption 6 and strengthens it by requiring that (i) the
bound on spillover magnitude does not diverge as § gets close to zero, and that (ii) the
expectation of ¥; over all the treatment assignments conditional on saturation level s
does not fluctuate too much as s grows.The risk-maximizing potential outcomes from
Theorem 11 still satisfy Assumption 6'. 12 Assumption 6’ says that potential outcomes
settle down quickly as we increase §.

Assumption 6’ implies the following bounds on [B] and [C] in terms of observable

quantities.

n
[B]] < K1 ) |oy| min{;, 7, 1}
i=1

€]l < Kq ZE []a)i\min{fi_”,l}]

i=1

The triangle inequality then yields a bound on the entire difference:

n n
oY, — 6, < |[A]| +Ks Y E [|a)i]min{s";n,1H + |y min{x 7,1} (2.15)
=1 =1

1=

1

This bound will be useful for Horvitz-Thompson or Hajek weights ®;, but can be very

2Assumption 6’ depends on the experimental design; if a researcher wants a condition un-
der which it is guaranteed to hold for any design, the following is sufficient: |¥;(d)—Y;(d)| <
Kemin{max{5;(d)"",5(d")""},1}, Vic s aacfo,1}» = Assum. 6’
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conservative in the OLS case because for the OLS weights w; # 0 does not imply that §;
is large. In the OLS case we instead use the linearity assumption to construct a tighter

bound:

Proposition 3. Deviation Bound for OLS. If Assumptions 6’ and 12 hold,

< |[A]| —I—KGZn:min{l,Kn’n}max{p,l—p}(\a),-H— 1/n) (2.16)
i=1

n
Z a)iYi - 6n
i=1

Proof: Section 2.12.3.

The bounding term on the right hand side is always observed by the researcher.
This bound will tend to be loose when k;, is small, unlike Equation 2.15, but this is
arguably not a major concern in practice since (as we have seen) OLS is attractive
relative to IPW estimators precisely when x;, is large compared to the size of the clusters.
To control the asymptotic distribution of [A] we use the following central limit

I
theorem. Let o, denote the variance of n2t/1[A]. Then

Theorem 12. Central Limit Theorem
Let Assumptions 6-11 hold. If the researcher uses a Scaling Clusters design and sets

&n, Ky o< n21+1 and liminf o, > 0, then for the Horvitz-Thompson and Hajek estimators:

1 n n
o, 'nZm (Z WE[Y; | Fi] — ZE[Yi(Di]) —a N(0,1)
=1

i=1 i

If in addition Assumption 12 holds, then this result is also true of the OLS estimator. If in
addition Assumption 14 holds, this result is also true of the TSLS estimator.

Proof: Section 2.12.4.

This is similar to the CLT in Leung (2022b), stated separately here to match our
assumptions and notation. If we knew o7 it would (in conjunction with Equation 2.15

or 2.16, as appropriate) allow us to construct valid confidence intervals covering the
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GATE. The challenge is that o, is unidentified. This is true (even in the no-interference
and no-treatment-clustering case) due to unobserved heterogeneity of treatment effects
in fixed populations. Specifically, the unidentified term in the variance of any linear

estimator is

iZ i i}/\ij (E[(Din' | 351] —E[é]) (E[(Dij | co/\,] —E[é])

where A denotes the adjacency matrix that connects two units if and only if their
k,-neighborhoods intersect a common cluster. As this expression illustrates, %, is
unidentified because we cannot identify the treatment effect of any unit individually.
Moreover, its sign is not known, as A usually has both positive and negative eigenvalues.

A few approaches to solving this problem have been suggested in the literature.
One can always bound %, using Young’s Inequality (Aronow and Samii, 2017), but this
can lead to very conservative confidence sets when treatment clusters are large. An
alternative is to require that treatment effect heterogeneity is positively correlated over
large enough neighborhoods, in which case %, vanishes in large samples (Leung, 2022b).
This is attractive when it is defensible. In some of the settings of particular interest to us,
in which treatment effects in one large region may be systematically different from those
in another. Muralidharan and Niehaus (2017) document, for example, that the effects of
the reform studied by Muralidharan et al. (2021) varied substantially across districts in
India (see Figure 2). If spillovers are potentially negatively correlated across space, then
2%, could be negative.

We therefore take a new approach, applying Assumption 6’ again to construct a
bound on %,. This yields the following variance estimators (the last three terms of each
of which is the bound on %,). The expressions are admittedly quite involved to state,
but the important point is that they can always be computed and are guaranteed to be

conservative in large samples. Let Q denote the block-diagonal adjacency matrix that con-
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nects two units if and only if they are in the same cluster. We call the Horvitz-Thompson
estimator the variance estimatorVar (Y/_, /T E[Y;| %), the Hajek variance estimator
\721\1*( ? of’E[Y;|.%]), and the OLS variance estimator \751’( " 0PBSEY;| #]). State-
ments of the variance estimators is relegated to Appendix 2.9 because they are lengthy.
Theorem 13 says that these variance estimators are guaranteed to be conservative for

the variance of [A].

Theorem 13. Variance Estimation

If Assumptions 6-11 and 6’ hold and g,, K, =< nz"ﬁ, then:

v

0

hr?_l)lgfnzﬂ/n (Var (Z a)HTE[Y | 7 ]) Var (Z (x)HTE [Y; | F ]))

i=1

n
HJ
11}51_1>1°£1fn2+1/n (Var (Z(o E[Y;| l]) —Var (Z w;

i=1

T
o
~
=
=
A
~_
N——
AV
(@)

If in addition Assumption 12 holds,

e oLS oLS
11}g1£fn+"<Var<Za) ElY;| ]) Var(Za) E[Y;| .7 ]))ZO

i=1 i=1
Proof: Section 2.12.5.

We can now combine all of the previous results to state the following 95%

confidence interval for the Horvitz-Thompson estimator:

Clyr = [0 — 8y, 0" + Sur]
P n
Syr =1.96, | Var | Y ofITE[Y;| 7))
i=1

+K6ZE[\w,ymm{ m 1H+]a),-\min{1(,;”,1}
i=1

The confidence set for the Hajek estimator is identical except for the variance estimator.
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For the OLS estimator the radius of the confidence interval is:

n n
dors = 1.96, | Var (Z wPBEY; | 3";]) + K¢ Zmin{l, K, "} max{p,1 — p} (|o;| +1/n)
i=1 i=1

If we combine Theorems 12 and 13 with Equation 2.15 or Proposition 3, then

Corollary 3 is immediate. It states that our confidence sets achieve at least 95% coverage

asymptotically.

Corollary 3. Inference

If Assumptions 6-11 and 6’ hold and the researcher sets g, = a/k;, < P with o0 > 0

1imsupP(9 € CIHT) >0.95

n—oo

limsupP (6 € CIyy) > 0.95

n—soo

If in addition Assumption 12 holds,

limsupP (6 € Clprs) > 0.95

n—soo

2.7 Simulations

This section uses simulations to study the small-sample performance of the Horvitz-
Thompson, Hajek and OLS estimators, as measured by the mean absolute difference
between the estimate and the truth, as well as the coverage and radius of the correspond-
ing 95% confidence intervals.

The specification of the simulations is as follows. We first assign units uniformly at
random to positions within a two-dimensional circle with radius \/n.'®> We define p(i, /)

as the square root of the L, distance between units i and j. This satisfies Assumptions

13We do enforce an minimum Euclidean distance of 0.1 between units by dropping and resampling.
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7, 10, and 11. We then generate outcome data using four different data-generating
processes (DGPs) selected to contrast the performance of different estimators under
different conditions.

The “IID” DGP is a benchmark case with homogeneous treatment effects and no
spillovers. It thus trivially satisfies Assumptions 6, 6/, and 12. The bounded (here, uni-
form) distribution for the error terms ensures that |¥;(1)|,|Y;(0)| < 2, which by Theorem
11 guarantees that DGP 1 will have no more risk in large samples under HT and HJ than
the worst-case DGP we will introduce shortly (DGP 4). Note that we draw the residual
terms € once at the start of the simulation and hold them constant over each draw of the

treatment assignments.

DGP 1. IID

Yi(d)=d;+¢€
&S U(-1,1)

The “Linear” DGP adds spillovers, spatial autocorrelation in the error terms, and
some treatment effect heterogeneity, while maintaining linearity in treatment effects. It
too satisfies Assumptions 6, 6’, and 12. In order to ensure again that this DGP has less
large-sample risk than DGP 4 we again choose error terms such that |¥;(1)],]¥:(0)| <2,

here via a normalization.

DGP 2. Linear Spillovers

Yi(d) = Aid + p;
Aij= 1{i=j}+1{i# j}K6max{1,p(i,j)}72(n+1)
AiS
Mi = m (2—A;1)
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The “Nonlinear” DGP is specified to specifically demonstrate potential drawbacks
of OLS with large neighborhoods (large x;). Here the global average treatment effect
is always zero, but units receive a “relative” effect when their nearby neighborhood is
fully treated which diminishes to zero as the width of this neighborhood grows. This is
thus a “zero sum” environment when a unit’s treatment effect diminishes as more of its

neighbors are treated. It satisfies Assumptions 6 and 6, but not Assumption 12.

DGP 3. Nonlinear Spillovers
Y,(d) = (Zdl - 1>K6 min { 1,5,'_” } + &

Finally, DGP 4 is the worst-case-scenario DGP that asymptotically maximizes
expected absolute deviation for the better of the Horvitz-Thompson and Hajek estimators
as in Theorem 11. Because of this (and unlike the other DGPs) it depends on the
experimental design and the radius of the Horvitz-Thompson estimator. It serves as
a useful benchmark for assessing to what extent (if any) there is a tradeoff between
controlling worst-case risk and controlling risk in other more typical scenarios. This DGP
satisfies Assumptions 6 and 6’, but not Assumption 12. Moreover, we have |Y;(1)],|¥;(0)| <
2, as under the previous DGPs; by Theorem 11 this implies that DGP 4 will have the
(weakly) greatest HT and HJ risk of the four in large samples. Note, however, that this

guarantee holds only asymptotically, i.e. for n large relative to x, g.

DGP 4. IPW Risk Maximizer

e; = 41{i north of median y-coordinate} — 2

n
Y;i(d) = Sign (Z eja)]HT> (2d; — 1)Kemin {1,571} +e;
j=1

After generating potential outcomes once as above, we simulate observed out-
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comes for 500 experimental assignments. We assign treatment using a Scaling Clusters
design generated using Algorithm 1. We then calculate estimates using the HT, HJ and
OLS, estimators. We set K, = C,(nﬁ and g, = anﬁ, matching the optimal rate of
scaling, while varying the scaling constants.

We first examine how performance varies with sample size. We expect slower-
than-parametric rates of convergence for all the estimators; specifically, Theorems 6 and
7 imply that their risk should decay with n~!/3. Table 2.1 shows that for all three DGPs,
the expected absolute deviation and radius of the confidence intervals shrink as the
sample size grows, and that risk decays at a slower-than-parametric rate. If in contrast
the estimators were converging at the parametric rate, then increasing n from 250 to
1000 would cut risk in half.

Table 2.1 also confirms the assertions of Theorem 11 that the risk of HT and HJ
are the same for the maximizer DGP, and larger than for the other DGPs for all values of
K, g. Thus choosing x, g to minimize risk of the maximizer DGP does minimize worst-case
risk over the DGPs in these simulations, as predicted. Notice also that OLS performs
just as well as Hajek even under the nonlinear DGPs; this is because when g, = k;, in
two-dimensional Euclidean space, the two estimators typically nearly agree.

Since we cannot avoid using conservative confidence intervals, coverage is at least
95% for all parameterizations (and is in fact frequently close to 100%). We can quantify
how conservative the confidence sets are by comparing them to the expected absolute
deviation. If X ~ N(u, o), then inverting a 7-test yields an exactly 95% confidence interval
covering u that has radius 1.960. The expected absolute deviation of X from its true
mean is 1/2/7c. So the radius of the confidence interval covering p is 1.96,/7/2 = 2.45
times larger than its expected absolute deviation. Table 2.1 shows that for the IID and
Linear DGPs and n = 1000 the confidence interval is about 12-13 times larger than the
expected absolute deviation, so these intervals are wide. But for the maximizer DGP this

ratio is only 2.59, quite close to the benchmark example—so these confidence sets can
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be quite tight.

The second simulation exercise illustrates the strengths and weaknesses of the
OLS estimator. For this exercise we force the researcher to randomize with only unit
per cluster, setting g, = 0. Recall that Theorem 9 implies that—assuming linearity
(Assumption 12) holds—OLS has advantages in such scenarios. The first half of Table 2.2
illustrates this: both risk and the radius of the 95% confidence interval are minimized
by using the OLS estimator with a large k. In the second half of the table, on the other
hand, the DGP is nonlinear and the risk of OLS is higher than that of HT or HJ, with
the difference particularly large. This is noteworthy since in applications randomization
clusters often are in fact small relatively to neighborhood sizes, as for example in Miguel
and Kremer (2004); Egger et al. (2022), and researchers use OLS estimators as a way of

compensating for this.

133



2.8 Tables for Chapter 2

Table 2.1. Convergence

Risk CI width
DGP n gn Ky HT HJ OLS HT HJ OLS
iid 250 3.00 3.00 0.09 0.02 0.04 0.50 0.39 0.39
iid 500 3.78 3.78 0.08 0.02 0.03 0.44 0.32 0.31
iid 1000 4.76 4.76 0.06 0.02 0.03 0.34 0.26 0.25
Linear 250 3.00 3.00 0.11 0.06 0.06 0.54 0.41 0.39
Linear 500 3.78 3.78 0.10 0.05 0.05 048 0.34 0.32
Linear 1000 4.76 4.76 0.09 0.03 0.04 042 0.26 0.26

Nonlinear 250 3.00 3.00 0.12 0.11 0.12 0.44 0.39 0.32
Nonlinear 500 3.78 3.78 0.10 0.10 0.10 0.39 0.33 0.27
Nonlinear 1000 4.76 4.76 0.08 0.07 0.08 0.32 0.26 0.22
Maximizer 250 3.00 3.00 0.53 0.53 0.53 1.40 1.38 1.32
Maximizer 500 3.78 3.78 0.48 0.48 048 1.21 1.19 1.13
Maximizer 1000 4.76 4.76 0.42 0.42 0.42 1.04 1.03 0.98

Shows the convergence of three estimators over four DGPs. Risk is mean absolute deviation from
the AGE. Width of the confidence intervals is displayed in the last three columns. We use 1 = 1
and K¢ = 0.33 for all parameterizations. The smallest coverage for any parameterization and any
estimator was 94.2%.
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Table 2.2. Relative performance of OLS and IPW with small clusters

Risk CI width

HT HJ OLS HT HJ OLS
0.27 0.27 0.27 0.93 0.90 0.69
0.24 0.24 0.23 1.04 0.95 0.80
0.16 0.11 0.11 0.75 0.55 0.50
0.21 0.09 0.08 0.74 0.46 0.42
0.27 0.08 0.06 0.83 0.39 0.37
0.34 0.09 0.06 0.89 0.37 0.35
0.42 0.43 043 0091 0.90 0.69
0.33 0.34 0.35 0.98 0.95 0.77
0.20 0.20 0.28 0.59 0.54 0.47
0.15 0.15 0.25 049 0.43 0.37
0.13 0.12 0.24 0.46 0.37 0.32
0.15 0.10 0.24 0.52 0.37 0.31

DGP no g
Linear 1000
Linear 1000
Linear 1000
Linear 1000
Linear 1000
Linear 1000
Nonlinear 1000
Nonlinear 1000
Nonlinear 1000
Nonlinear 1000
Nonlinear 1000
Nonlinear 1000

Coococooocococooo
TRAWNRO AW R oD

Shows advantages and disadvantages of OLS vs IPW when cluster size is constrained. These
simulations use 1 = 1 and K; = 0.33. Risk is expected absolute deviation. Coverage of the
confidence intervals is larger than 95% in all cases except for the Horvtiz-Thompson CI for the
Linear DGP and k =5 for which coverage is 89%.

135



2.9 Lengthy Statements

This appendix includes statements of quantities that are too lengthy to include in

the main text.

For the Horvitz-Thompson estimator the variance estimator is:

G (Fotmeini ) = L £ o (o100 T
A 1 n n
_eHT;;jZIA,,(zw Y — Our)
1 L2 -
+;ZIZI(AU Qi) Ki(5; 7)(5; %)
i=1j=
Il & v 2d;— 1 A 2d;i—1 .
__ZZZ(AIJ Ql])( l Yi_eHT)( YJ—GHT>
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For the Hajek estimator:

1 & TaY,
n=Yi—~ Y k1 Y
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For the OLS estimator:

€ =X ()’i _xié)
. 1
= 2
(i I E [x])
- n D I
Var Z (Dl-OLSE[Y,' | ﬁl] = E Z Z A,-jeiej
i=1 i=1j=1

D2 >
) Y ) (Aij—Qip)Kis s,
i=1j=1
D & ¢ 2d; — 1 2d;i—1 A
— =2 ) (A= Qij)( Y — 90LS) ( / Yj—GOLS)
L | P p
2D & ¢ 2di—1_ A _
T Y Y (Aij—0Qij) [——Yi—Oos| Ki5; "
i=1j=1

2.10 A TSLS Estimator

The OLS estimator based on B* makes no use of any information about the
structure of spillovers beyond that contained in the distances p,(i, j). In practice, the
researcher may have additional information about the patterns of interaction between
units. For example, a researcher studying cash transfers to households might have infor-
mation on where households shopped or worked prior to the intervention; a researcher
studying the effects of export taxes might observe input-output linkages between firms
as well as their geographic proximity. A natural question is whether the researcher can
use such auxiliary information to improve performance.

We examine here an estimator based on two-stage-least-squares regression, where
geographic exposure to treatment is used as an instrument for a “guess” for treatment
exposure based on auxiliary information. Using geography as the instrument for the
guess (as opposed to the other way around) creates flexibility for the guess because the

potential outcomes need not satisfy satisfy Assumption 6 under the weighted distances
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it implies. We think of this as a shrinkage estimator as it “shrinks” the OLS estimate
towards one implied by the auxiliary information. When the quality of the auxiliary
information is high in a sense that we specify, this estimator can have smaller bias than
OLS.

We start by making precise what we mean by “auxiliary information.” Under
linearity (Assumption 12), spillovers can be described in terms of the n x n weighted
adjacency matrix A from Equation 2.11. The researcher does not observe A but does
observe another n x n matrix A, which we refer to as a “guess” (rather than an estimate)
as it need not converge to A and is not random. We require instead only that A meet the
four requirements described in Assumption 14. First, the guess A must be deterministic
in the sense that it is unrelated to treatment assignment. For instance, A could be a the
outcome of a calibrated general equilibrium model that might be misspecified, or it could
be based on survey data collected before treatment was assigned. Second and third, the
guess must itself satisfy conditions such that if it were the true spillover matrix then our
assumptions of geometric decay (Assumption 6) and bounded outcomes (Assumption 9)
would hold. These are easy to meet, in the sense that a researcher with a guess that did
not satisfy them could always modify that guess to impose them. Finally, the sum of the
elements A must be bounded away from zero. This last requirement, when combined
with the second, will be sufficient for the instrument strength requirement for TSLS

regression.

Assumption 14. Requirements for the guess A
For each population .4, there is an n x n matrix A, (for which we will from now on

suppress the subscript) which satisfies:

1. Fixed: A is deterministic.

2. Geometric Interference: Y s ;) |Ai j| < Kgs™ forallie A, and all s >0
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3. Bounded Outcomes: }!_,|4;;| <Y  foralic 4,

e
4. Instrument Strength: ‘lnﬂ > K4 for some K14 >0

With a valid A in hand, the researcher can construct a TSLS estimator for the

GATE. If we define a transformation of the outcomes as

?EY(IISI) (2.17)

we can specify the TSLS estimator as the result of a TSLS regression of the transformed
outcome Y on APv, instrumented with B*v, where P is an n x ¢, matrix such that P,

indicates whether unit i belongs to cluster c:

OTSLS — Cov (B'v.Y)

= _—— _ 2.18
R Cov (B*v,APv) (2-18)

This estimator is consistent even when the guess A is very far from the truth; in
fact, for any guess A satisfying Assumption 14 it converages at the optimal rate, just as

OLS does:

Theorem 14. Convergence of TSLS Estimator
If Assumptions 6-14 hold and we use a Scaling Clusters design and set g, k;, o< nmﬁ,

then:

1
Proof: Section 2.12.6.

The choice between TSLS and OLS thus depends on their bias and variance. This

comparison is complicated by the fact that TSLS does not have a defined expectation
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(as it is a ratio with a random denominator whose support includes zero), so that
standard measures of performance such as MSE are not applicable. We therefore make
the comparison by examining analytically the limiting amount by which each estimator
differs from 6, when we hold x;, and g, constant while increasing » to infinity. This
thought experiment corresponds to fixing the research design and estimators actually
used by the researcher for a given finite population, and asking how they perform in
populations large enough for moments to converge to their limits.

To implement this approach, let the matrix A(k,) denote the part of A (and
analogously A the part of A) that captures spillovers onto unit i coming from units j in

clusters that do not intersect i’s k,-neighborhood:

s 0 c(j)nAuli, i) #0 ~
A,’j(Kn) = A,’j(Kn) =
A;; otherwise A, ;  otherwise

0 c(j)NAnliskn) #0
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Using this notation, =

denotes the portion of the estimand that is due to spillovers
that occur outside of clusters that intersect the k;,-neighborhoods. Suppressing the x;,

argument for simplicity, we can now state:

Theorem 15. Comparing OLS and TSLS Estimators
Under Assumptions 6-14, if x, = k* > 0 and g, = g* > 0 are fixed constants and

A1 # 1'A1, then:

R 1Al 1
£§§—9n+< ) —0,(n})
n
Vi1 1Al
A 1'A1 TAl — 7aq 1
o () (M) <ot
’ " 1 - Al
A1

Proof: Section 2.12.7

Theorem 15 sheds some light on when to use TSLS rather than OLS, and in doing
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so on what makes a good guess A. It reveals that the difference between the estimators
VA1
A1

depends on how well the guessed fraction of spillovers that are off-neighborhood
approximates the true fraction of spillovers that are off-neighborhood }:—ﬁ}. If the ratio of
off-neighborhood spillovers to on-neighborhood spillovers is the same for the guess and
for the truth, the “bias” term for the TSLS estimator is zero, making the TSLS estimator
preferable in this sense. More generally, if every entry of both matrices is positive, i.e.
A;j>0and A;; > 0, then one can show that the absolute value of the “bias” of the TSLS

estimator is smaller than the absolute value of the “bias” of OLS if and only if:

/A1 - A1\ ! _y
1A1 1Al

This result can be interpreted in the following intuitive way. OLS “misses” all the

off-neighborhood spillovers. The TSLS estimator tries to correct this error by scaling
up the OLS estimate by the proportion of spillovers that, according to the guess A,

are off-neighborhood. When this proportion is close to the true proportion, so that

2]
% (};ﬁ}) ~ 1, the TSLS estimator thus targets a quantity closer to the truth than OLS.

2.11 Proofs for Chapter 2

2.11.1 Proof of claim in Remark 11

Under the proposition’s hypotheses, the quantity |¥;(d) — Y;(d’)| when d,d’ differ
only off of the .4;(i,s) is upper bounded by the sum over all x > s of x~? times the number
of possible members of the x neighborhood but not the x — 1 neighborhood. Regardless
of the population size, this is upper bounded by Y';> x~7(x® — (x—1)®). This sum is a
lower Riemann sum and is upper bounded by the integral: fs°°x*7’/ Odx = % which

implies Assumption 6 with K¢ = y_iw and n =7y/w—1when y> o > 0.
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2.11.2 Proof of Theorem 5

First define the following notation: Let ¢,(i,s) denote the number of clusters that

intersect the s-neighborhood of unit i. Let ¥, (¢,s) denote the number of s-neighborhoods

that intersect cluster c¢. Formally,

0u(i,5) = Y 1{ P01 i (i5) # 0}
c=1

1o(es) = Y 1{Pe Milivs) £ 0}
i=1

We omit the i or ¢ argument when we wish to denote the maximum over a population.
0(s) = max (i)

Yu(s) = max ¥, (i, )

ceP,

To prove this theorem, we need this lemma. Its proof is in the next appendix.

Lemma 8. If 6,6, = O, (ay) for all potential outcomes allowed under Assumptions 6, 9,

and 12 under some sequence of designs satisfying Assumption 8, then for every € € (0, %)
and every 6 >0

Proof: Section 2.13.1.

Here is the proof of Theorem 5.

>

1
. . . . . —yTE
Consider potential outcomes Y;*(d) that is zero for units where ¢, (z,an 1 )

a; 9. This does not violate any of our assumptions. Since 6, is still consistent at rate a,:

-

1Yi* (d)@;(d) — 6, = Op(an)

142



y v @aa@t{o, (o) <a’} -0 = 0,00

i=1

We will show that in order for the estimator to be a,-consistent for these potential
1
: oL
outcomes, a, cannot shrink faster thann *'7.

Now use Assumption 7. Our goal is to upper bound the number of clusters that
1

: : : . —g e
contain units with nonzero treatment effects. Assumption 7 guarantees that the a, " -

covering number of the set of units with nonzero treatment effects is no greater than

K7—1—. By construction, each of the neighborhoods in the cover cannot intersect more

An

than a;, % clusters. So the total number of clusters intersected by this set is no greater

than K7 —"—

n

ann

—L+e

intersect units that satisfy ¢, (i, an " ) < a; 9. Call the number of clusters that intersect

this set ¢,,. Call each cluster &, . indexing clusters by ¢ and populations by n.
1
Consider the following potential outcomes. Let Y;(d) = 0 when ¢, (i, a, n+8) >
a, S Otherwise, let Y;(d) = y.d. where |y.| <Y and c is the index of a cluster that unit j

belongs to. Then we can write the sum in terms of the clusters:

= Z Yede Z ; (d)

c=1 ieyﬂ,c
Cn
= Z ycdcwc (d)
c=1

Under these potential outcomes:

{«pn ( ia '“) za,;5} MEN
1 c=1

neh

i

:I'—k
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1 C
=- Z | Pnelye
Ly

1 i
-1
LT (] el

Where y, is equal to the sequence below. Notice that y, is deterministic, is

observed by the researcher, and does not depend on the potential outcomes:

_1
. Cn ’c@nc| +Z {(Pn (l,an 1’]+€> 2 a;S}

Y [ Puel Zi’;l | Pncl

Xn =

Notice that Lemma 8 guarantees that Y. | | %, .| = O(n) and therefore yx, = O(1),
a fact that is crucial later.
If we take the hypothesis of the theorem that 6,— 6, = O,(a,) and multiply both

sides by the sequence y,:

1

Zycd (Dc W Z n,c =0 (an>
1
Xn ) Yedc O (d T T 1 Pclye = Op (anin
C:Zl () 5 7 le p (@nXn)

Now we move ), inside the sum and recall that y, = O(1).

=0, (an)

1
Zyc %nwc ) TZ’L@nc

Notice that m Yo | Pclye is a convex combination of ¢, deterministic real
numbers y.. Notice that y.d. is a Bernoulli(p) sample of the y.. Finally, notice that
xn®;(d) are random weights that do not depend on y.. It is not possible to construct a
set of weights or a covariance matrix for the d, that is guaranteed to yield an estimator

that converges to a specific convex combination of y,. for every set of y. such that |y.| <Y
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7%+£+5
An

that converges faster than O,(c, 1/ 2). We have already seen that ¢, = O ( 1 > . So

now we can solve for a bound on a,,.

—2+1t+e+5
n=0 (an 1 )
_ 1

n 2+%7sfﬁ — O(an)
Since this holds for arbitrarily small €, 5, we have that for every £ > 0,
1 !
1, (ﬁ% >
a, n n =0(1)
Now suppose for the sake of contradiction that for some &’ > 0:

1 8/

- .
Then n**" = a, and by the previous result we must have for any & > 0:

n~m n m =0(1)

n—8'+5’ _ 0(1)

Which is a contradiction since this cannot be true for all ¢ > 0 when &' > 0 is
fixed.

Which gives us that for every a,b > 0 there exists ¢ > 0 such that:

—Lta
limsup sup P (n”}? |6, — 6| > b) >c

n—e  Ye%,
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2.11.3 Proof of Theorem 6

First we show the convergence of HT and then we show that the Hajek adjustment

does not alter the convergence.

Consider the following sum which we will show is close to the HP estimator:
- _1& (Y)T Y(0)T
On,;c,, = ;l:ZI (qun(i,rcn) - (1 _p)¢n(i:Kn)

Consider the difference between 6, ., and the IPW estimator 6/ :

~ gre _ 1 —Y)Tn  (Yi(0) —Yi)Tio
GVL,K',, l’l Kn T ;l ( p¢n i Kn (1 _p)¢n(i7Kn)

Assumption 6 guarantees that:

Y;(1) = Yi|Th < Kk, "

Y:(0) — Yi|Tio < Kok, "

We can use this to control the distance between ém,(n and é,f,fn . All of these

statements hold almost surely.

16, — O | < lzn: (Yi(1) =Y)Tn  (Yi(0) —Yi)Tip
K =g = p¢n(i»’<n) (1 —p)q)n(iv’(n)

12": Yi(1) =Yi|T: | [¥i(0) —Yi[Tip

T n Py pq)n(i”(n) (1 —p)q)n(iv’(n)
1< 1 1
— —-n

S n i_ZlK6K (p¢n(ia5) T (1 _p)%(l}s))
1< 1 1

< - ) K¢k, " ( + >
”l; (p(1=p))*)~ (p(1=p))*t)
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Next we analyze the convergence of 6, . We will show that it is unbiased for our
estimand and that its variance shrinks at a certain rate. Then we will use Chebysev’s
Inequality to find its rate of convergence to our estimand.

First, notice that the expectation of ém,(n equals our estimand: 6,,.

e R DG bV A Yi(0)Tio
£ [6n] = ZZZTE { ponis) } N Z;iE {(1 —p)"’"(””‘)}
1 & 1 &
- Zgiyz(l) - ZEYI(O)
= 9}’!

Now for the variance of , ., . For ease of notation, define Z; ., as the summands

of B, x,

5 . (YT Yi(0)Tio
P\ (i) (1 — p)9n(ikn)

n
On . = Z

We can then write the variance as:

Var (6, nzziZCOV ik Zj.k)
i=1]

The variance of a random variable cannot exceed the square of its maximum
absolute value. Since Assumption 9 stipulates that potential outcomes are uniformly

bounded by Y and T}, T)y are mutually exclusive indicators:

__— ()T | Yi(0)Ty
Var(Z; x,) —Var( 00 + (1= p)on®

Y2

S min (pz(bn(’(n)’ (1 —p)2¢n(’€n)’)
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YZ

= (1= )0

Since covariances cannot exceed the maximum of the two variances:

Y2

5 5\«
COV(Z17K,,7Z],K,1) =0 _p))2¢n(Kn)

We can bound the sum of covariances by noticing that if the s-neighorhoods of i, j

do not share a cluster, then 7;1, Tj is independent of 7}, Tjo

Z COV( lKn7Zj7Kn):0
Nn(iy%,) M (j, %, )don’t share a cluster

How many pairs of neighborhoods touch? We can upper bound this by summing
over the clusters. Each cluster can connect no more than the square of the number of
neighborhoods intersecting that cluster. So there are at most ¥, %:(c, k,)* neighbor-

hoods that share a cluster. This helps us bound the covariance terms.

Var( é =7, Z Z COV Zi,, j,Kn)
i=1j=
2
Y
< Y :
Ny, (i $)Ny(j,s)share a cluster n’ (p(l o p))2¢n(1’Kn)

< Y’ ZC | (e, K,,)2
n2(p(1— p))29n(x)

We will now show the convergence of the HT estimator. Consider any sequence

0, > 0:

P (|8 — 0] > 8:) = P (|8, — B + B — 6] > 8,)

<P (|6, — O,

(B, — 6] > 82)
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2K6 K,

SP(G@?@T—"%m 9'>5>

- ~ 2K Kn n
SRS

Now we use Chebyshev’s Inequality:

Kk Py mes)?
), 2 —p))2%n(s)
P(\Gn,xn—en\ > &y — 6K ) < < 2 (p(1-p))*

(p(1—p))®0) 5 2Kery" )2
" (p(1=p)ont)

. This gives us

V2 ycn 2
Now choose any € > 0 and set §, = \/lg 1;2 5}21’;’)(;2’:;’&) o (le";)”) e

an upper bound on the convergence of the IPW estimator (recall that this probability is

smaller):

. Y'Y (e, k)2 2Kek, !
P |6l —6, > c=1 <eg
O, = ] f\/ )P0t = |

Which is equivalent to:

2Kk |
HT 68n
P |9n Kn 9n| > L + (1 _ L) (p(1—p))n <e
P mlen) kg VE VE) [PEm miem)? | ke
n2(p(1—p))29n(s) (p(1—p))#n(s) n2(p(1—p))2n(s) (p(1=p))#0)

Since the fraction on the right hand size is less than one, we can increase the

right-hand-side by writing:

6%, — 6n| 1
VXl kn)? 2K Ve a
n?(p(1—p))?nl) T (p(1—p))on()
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So we have the rate of convergence:

6iT _g9 — 0 Y’ Z?Izl Ya(c, Kn)? 2Kek, !
n,Ky n p nz(p(l _p))2¢n(s) (p(l _P))q)"(s)

We can remove the constant coefficients without changing the result:

Zzi Ya(c,Kn)? -
6% —6,=0 ]" L
mE TP (p(1=p)) )

By Lemma 10, ¢,(k,) is bounded. By Lemma 11, @ = 0( ﬁ)

A K]
6!l —6,=0, (M;n+1<n_")
,%
6 —6,=0, <n “n)

Next we show the same result for the Hajek estimator. First we asymptotically

1
When k, = n2+1,

approximate the Hajek estimator using a first-order Taylor expansion of % Y % about

its expectation of 1:

n n Tn_y. n
5 _ &=l P ]
Y of7v—6=——% — = Y EN|Th=1]
i=1 i=1 P(T;)) i=1
ZI*IP(T;?)YI 1 &
— i0
— 71—+ Y EYi|To=1]
i=1 P(Ty) =1

i=1pr) 1l 1 1 T
—— —;ZIE[Yi|Ti1:1]:(;led,“))’i—E[mTil:l]
= 1=

i=1 P(T;y) i
1 i I )1 d
n 5 P(Ta) iz
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We can use the previous result for Horvitz-Thompson estimators to derive:

<% o P(T}:l) — 1) = 0,(y/ ). To see this, set ¥; = d;. This yields:

n T;) Y n n
i=1 (i 1 1 T

i1
i=1 BT i=1 ni=

(= E¥ | Ta = 1)+ 0, ()

So the Hajek estimator is asymptotically equivalent to running the Horvtiz-

Thompson estimator, resdiualizing, and then rerunning HT on the residuals.

SI'—k

n 1 n
Y o Yi= Y (E[Yi| Ty = 1] = E[Yi| T = 1])
= i=1

ZP(T}] (E—%EE[YHTM = 1])

=1 ll

1 n
PTg) <Yi - Z];E[Yk | Tio = 1])

~.

Kn
%(5))
+0Op "
The sum 1 y7 | P ( —1yn | E[Y¢|Tio = 1]) has expectation zero.
Since ( i — %Zkzl Y | To = 1]) form a set of potential outcomes that satisfy

Assumptions 6 and 9, then the variance of this sum must by the previous arguments
be O (%). By Assumption 6, 1Y | (E[Y;| Ty =1]—E[Y;|To=1]) = 6,+0 (K{n) So we

have for the Hajek estimator:

1
When «, = n21+71,
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2.11.4 Proof of Example 4

Assumption 7: The neighborhood under the minimum distance is the union of
the neighborhoods under the py,py: A73(i,s) = Ap,1(i,s) U Ap2(i,s). So any covering
under p; is a covering under p3. So if p; satisfies Assumption 7, then p3 does as well.
Assumption 10: Since .A4; 3(k,s) C A;, 1(k,Cs), if i,j € A, 3(k,s), then p;(i, j) < K1oCs
and thus p3(i, j) < KjoCs.

Assumption 11: Using the union bound: | 4;,3(i,s)| < [An2(i,s)| + [ An1(i,8)] S s. Since

M (iys) C | Ans(i,s)], we have s S [ A1 (1,5)] < [ An3(05)]
2.11.5 Proof of Corollary 5’

Notice that in the proofs of Theorem 5 and Lemma 8, all of the examples of
potential outcomes satisfy Assumption 12. So, the conclusions of the theorem apply even

when we restrict to potential outcomes that satisfy this assumption.

2.11.6 Proof of Theorem 7

Define v; = b; — p. First notice that Cov (Bv,Bv) = Cov (Bb,Bb) and 50\\)(Y,Bv) =

Cov (Y,Bv). Now we show the convergence of Cov (Bv,Bv). By Lemma 12:

E

nt n?

p(1 —P)”’(B'B))2

(507 (Bv,Bv) —

/1114 Cy ! )2 / /
:ﬁ<||B1H2)+ﬁ(ZCI(BB)CCthr(BBBB))

We can analyze each of these. First consider the term Y"  (B'B)Z, . Use the
fact that B;. € [0,1], ¥ (B'B)?. < ||B'1]]3. By hypothesis, B;. is less than one and

always zero when cluster ¢ is not intersected by the x;, neighborhood of unit i. So

/ n 2 /ycn 2
HBan2 < Zc:lzl/"(cﬂcn) . By Lemma 11, ZCZIZ”(C’K”_) =0 <—mi;g(’\l/’%”}> . Now consider the

trace. tr(B'BB'B) =Y. ¥}, ((BB); j)z. By assumption, B;. equals zero if cluster c is not
within distance k, of unit i. So (BB');; equals zero if i, j do not have «,-neighborhoods

that intersect a common cluster. In order for i, j to have k;,,-neighborhoods that intersect
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a common cluster under a Scaling Clusters design, by Assumption 10, p(i,j),p(j,i) <
Klzo (gn +2K;,). By Assumption 11, for each unit i, there can be at most K; 1K120(gn +2kK,)
units that satisfy this. Since B;; € [0, K], this implies that: tr(B(B)'B(B')) < K*nK11K?y(g,+

2x;,). Thus, for lim, . g,n < 1 we have:

E

n gnh

p( —P)IF(B'B))z

(a; (Bv,Bv) —

_ s (max{gn, n}>

Let P be n x C matrix where P, . indicates that unit i is in cluster ¢. Assumption 12

lets us rewrite Y; as:

KY) = Bo+ (AP)Y -+, Y =0

So we have 50\\/(Y Bv) = fo\v(APv Bv) +Cov (u,Bv)

[.iBV

Analyzing Cov (u,Bv) = . This has expectation zero. We bound the variance

/! 2 / / /
using Assumption 9: E {(F‘B") ] — % <p(1 _p)YZHBH# —0 (w) By

n ngn

Lemma 12:

E

p(1 = p)tr(B'AP) ) 2

_ ﬁ(HB’IH%||(AP)’1H%)

nt

(Eo\v (APv,Bv) —

» ( Y (BAP)2. +tr(B'APB'AP) +tr(P'A’ BB’AP))
2
n

By Assumption 6, ||(AP)'1||3 < nY. Bounding: Y"_ (B'AP)...

2 2
n n
2
Bz,i<AP>i,c> Z(Z >=YHB’III%

= =1

c=1

Next we bound the sum of the traces.

[ Cn Cn
tr(B'APB'AP) +tr(B'APP’A'B) Z Y (B'AP.y) gt Y Y BAPBAP,
c=1k=1 c=1k=1
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If x is the vector of values of B'AP.; and y is the vector of values of B'AP; ., then
tr(B'APB'AP) +tr(B'APP'A'B) = ||x||5 + (x,y). By Cauchy-Schwartz, this is less than
|1x]15 + ||x]|2l|y||]2- But since ||x||» = ||y||2, we have: tr(B’APB'AP) + tr(B'’APP'A’B) <
PININD D (B’APcyk)Z. We can now bound this sum using the fact that by Assumptions 9

and 12, the absolute row sums of AP are no greater than Y.

Cp Cp Cp Cn 2 Cp n Cp 2
Y. Y (BAP,)’ <Y, (Z |B/APc,k|) <) (Z ZB’C,iIAPi,k|> <7*||B'1}3
c=1k=1 c

c=1 \k=1 =1 \i=lk=1

Putting all of these results together:

E

(a’\v v,y - U= P);V(B’AP))z

|1B'1]|3 max{K;, g
— 0 — o ( MK, 8 s
( n? ngn

. 1 1
Next use a Taylor expansion of v BV EY) about —— -
. _ Cov(Y,BV) Cov(Y ,Bv) p(1—p)ir(B'B) = )
Define X,, = TPy BB n T p=p)r (BB ( . —Cov (Bv,Bv)). By Taylor’s
Theorem:
Cov (Y, BV)

X 0o max{g%,l(,%} n?
newe gnh tr(B'B)?

max{K;, g}
=0
ngn tr(B'B)?

Cov (Bv,Bv)

()

E
tr(B'B)

2.11.7 Proof of Theorem 8

First we check that BV, B* satisfy the hypotheses of Theorem 7. By inspection of
their definitions, both matrices clearly have elements that are non negative, no greater
than unity, and equal to zero when unit j is not in a cluster that is intersected by .4, (i, k;,).

Next we show that B1 < K1 for some K. This is true for BV because the row sums are
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always equal to unit. To show that this is true for B*, use Lemma 10.

Bi1< max; ¢ (i, ) _ max; 9, (i, ) < (K11gn+1) (K11 Kfp(k0+280) +1)

¢,(k,)  — min; @, (i, Ky) (KjiKn+ 1) (Kj18n+1)

. K11K3 (6,280 +1
The ratio £ ”g”ﬂ is bounded because g, > 0. If i—” is bounded, then —- 11‘31(1,’; +f”) must
n 0 n

be bounded as well. So Bf1 is bounded. So B*, BV satisfy all the conditions of Theorem

7.

Next we compute the estimand using B*.

r(B"B") _ '?_126" (B _ B 0ui k)8 5

((BYAP) | EL T BL(AP)

c=1"ic
n n

A Z 1{k € PA1{ (i, k)N P # 0}
c=1

Il
S|
o

N

~
I
—_
x~
I
—_

(ngE

I
_
-
I

1

c=1

Au (Z 1{ke P L{AM(i, %) N P £ @})

SI= I

D=
D=

AL {0, %) O Py # 0}

~
i
I
T
I

By Lemma 10, ¢ = O (?—Z) By Assumption 6, + Y Yi_ Al { A (i, 16,) N Ppy £ 0} =

—1 : 1. tr((BY)'AP) _ -1
6,+0 (K‘n ) So the estimand when we use B* is: (BB — 6,+0 (K‘n >

Next we compute the estimand when we use BY. Computing traces:

tr((BU)’AP i e M) NP} &

1
D v e WL

12 i 1{je ‘/%l(l’ k) N Fe}
Zzikz’]Alkalﬂ{kG(@} RAED]

tr((BY)'BY) L X (BG)?
n B n
1&g i 1{j € Al Kn)m'@c})z

:Z,._ZIC_ZI( SRR AR]
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So the estimand when OLS is run with BV is

1{je M (i,k)N P}

o Y 1{jEeAn,
tr((BYYAP) & & Yl ke P} ==—s,
UV RUY Z ZAik ” . 2
tr((B ) B ) i1 k=1 n Cn jzl]]-{lef/%t(mﬂ(n)mf@c}
1Ll ( FACKS] )

2.11.8 Proof of Theorem 9

If there is an € > 0 such that n_g% — oo, then n=¢¢,, — o because Assumption 11
guarantees that there are at least Kk, members of each ., (i, k;,) but at most KK,g,
members of each cluster. If n=¢¢, — o then for each unit i, having P(7}; = 1) is for
large enough n less than p"*. By the Bonferroni inequality P (max;T};) < np™ — 0. So
if n_E% — oo then the HT and HJ estimators converge in probability to zero and are
inconsistent. So in order to use an IPW estimator, the researcher must set k, to be
proportional to g, and neither HT nor HJ can converge at a geometric rate faster than
the maximum bias which is & (g,f n) = 0, (n1"). Moreover the standard deviation
of these estimators is of the order of the square root of the number of clusters or
Z (M) =0 (n‘(l_Q)/z). Since ¢ < 5y, n 4" is slower than n~(179)/2. So the bias
dominates the variance.

If we set K, o< n% then the bias of any of our estimators decays with x;, "

_ 143¢
n *m+2. To see that OLS converges with &, <

14+3q
gn =n4 and k, = n*2 into the result of Theorem 8. To show that this is faster than ng,

1+3¢g

2+4/n>. This can be seen by plugging

solve the inequality 4:[;1‘{1 > ngq for g and see that this is equivalent to ¢ < 2n 7> Which is

the hypothesis of this theorem.

2.11.9 Proof of Remark 13

Consider a setting where units are located on a Euclidean plane and p is the

square root of the Euclidean distance, clusters are a tessellation of squares of length
I

77157 Define Y; = (1—d;)Yi(0) +d;Y;(1). By Theorem 7, CorBvY) _ 6,=0, (n_2+1/'7>.

Cov(BV Bv)

156



Define a sequence o, where o, € (0,1) and a, — 0. Consider the set A of all

7] . .
units within distance (1 — a,)n227+0) of the centerpoint of their own treatment cluster.

The members of A are at least distance ocnnWIW of the nearest unit with a different

treatment status than their own. By Assumption 6, for all members of A, we have

Y, —¥i| < Keotw My 2t 7 Moreover, by Assumption 11, there is some constant K such

that the fraction of the population not in A is at most Ka2. So ‘a;(Bv, Y) - a;z(Bv, Y) ‘ <

oy ”nm + a?. Finding the a, that maximizes the rate of decay of this sum yields
Cov(Bv,Y)

S B . S L
o, = n 22+/m@in This guarantees that —<—-=—6, = 0, (n <2+1/ﬂ>(2+ﬂ>), which is
Cov(Bv,BvV)

slower than if Assumption 12 had held.

2.12 Additional Proofs
2.12.1 Proof of Theorem 10

This proof involves finding examples of DGPs for many cases. Often we use
a strange or pathological DGP as an example. This is because the expected absolute
deviation of the Hajek estimator is hard to calculate unless we use a specific DGP. We
don’t choose pathological counterexamples because those are the only counterexamples.
We choose them because they are easiest to analyze.

Recall that given 2, A;; is the adjacency matrix linking units with neighborhoods

that share a cluster.
Aij=1{3c| PN AM(i,x) #0 and PN A (j, k) # 0}

First we show that no pair of k', %2’ with a Hajek estimator dominates k, 2
paired with a Hajek estimator. This requires handling four cases. These four cases are
collectively exhaustive. Ruling out cases 1 and 2 rules out any change in the clustering
scheme. Ruling out case 3 means not decreasing k enough to change the estimator. If

the clustering scheme does not change and case 4 is ruled out then x cannot increase
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enough to change the estimator. So the four cases are collectively exhaustive.

Case 1: Fewer clusters

Consider the case where there are fewer clusters under k’, 2’ than k, 2. Consider
the DGP where every outcome is equal to ¥; = d, for all i € .4#". So the Hajek estimator is
equal to the GATE unless [T\, 7;; = 0 in which case the absolute deviation is equal to one.
Since ¥ is a scaling clusters design with k¥ = g under «, Z there is at least one unit per
cluster with neighborhood entirely contained within that cluster. So Pr([T"_; T;; = 0) = p©
where C is the number of clusters. Since 2’ has fewer clusters this probability must be

higher so k’, 2’ has greater risk.

Case 2: A cluster splits

Consider the case where there exist units i, j € .4; that were in the same cluster
under 2 but are in different clusters under 2’. Consider the DGP where all outcomes
are equal to ¥ = cdy|d; —d;| where ¢ > 0 is small enough to satisfy Assumption 6. Then
under 7 all outcomes are zero almost surely and the risk of the Hajek estimator is zero.
But under 2’ there is a positive probability that d; # d;. Conditional on this event any
Hajek estimator has a positive probability to equal ¢ unless k’ is large enough such that
d; # d; implies that Ty, Tio = 0 for all units k. If this is not the case, then risk is larger
under 7', k.

Suppose instead that x’ is large enough such that d; # d; implies that T;;, Ty =0
for all units k. Then every unit’s k’-neighborhood intersects both clusters under 2’ that
contain i and j. Consider another DGP where Y; = d for all units k. Under 2, k, the
Hajek estimator equals the GATE except for the event where all clusters are untreated
which has probability at most (1 — p) on which it has absolute deviation 1. The risk
under 7,k is less than (1 — p)c. But under 2’, ¥/, the Hajek estimator will equal zero and
have absolute deviation c if either of the two clusters containing i and j are untreated

which happens with probability 1 — p? which is greater than 1 — p. So risk under Z', ¥’ is
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greater than under 7, k.

Case 3: An exposure shrinks

Consider the case where there is a pair of units i, j such that under x, 2, A;; = 1,
but under x’, 7', A;j = 0. Consider the set of potential outcomes where all outcomes
are zero except Y;, which equals zero unless d; = 1 —d; = ¢ where c is small enough to
satisfy Assumption 6. For this DGP, the estimator under k, ¥ is almost surely equal to
the true GATE of zero but under k', 2/, the estimator does not equal zero on the event

that d; # d;. So under this DGP the risk is strictly higher under «’, 7'.

Case 4: k grows

If we rule out all previous cases and the case where the two design-estimator pairs
are equivalent for all DGPs, this means that 2 = 2’ but ¥’ > k and for at least one unit
¢! > ¢;. Since 2 = 2’ but ¥’ > «k, every ¢; (weakly) is larger under x’. Consider the DGP
where all outcomes are zero except for unit j. Choose unit j such that q) /¢; =min; ¢/ /9.
Let Y; equal zero unless every unit is treated in which case every outcome equals ¢
where c is small enough such that Assumption 6 is satisfied. Then the Hajek estimator
equals zero unless every unit is treated in which case it equals "lﬁ Since 2 = 7/,

i=1 P(T;

the probability of every unit being treated is the same under ¥ a;1(11> 2' so we need

only consider the absolute deviation conditional on the event that everyone is treated

whichisc (1 — + =c(il- q,; . Because of how we have chosen unit
n P Zl lP n jzn —Q;

J, p% YR p9 < pYi Z” P~ %. So the absolute deviation is larger under «’.

No HT estimator dominates HJ

Next we show that no Horvitz-Thompson estimator dominates the Hajek estimator.
To do this we consider two subcases. First consider the subcase where the HT estimator
is paired with a cluster-randomized design 2’ with at least as many clusters as 2. Now

consider the DGP where every outcome is equal to zero unless all units are treated in
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which case every outcome is equal to ¢ where c is small enough to satisfy Assumption
6. Then the absolute deviation Hajek estimator is equal to ¢ unless either every unit
is treated in which case its absolute deviation is equal to zero. The Horvitz Thompson
estimator also has absolute deviation equal to c if not every unit is treated. If every
unit is treated then the Horvitz Thompson estimate is greater than ¢/p. So the absolute
deviation of HT is larger on this event which has at least as likely under %’. So the
expected absolute deviation of HT is higher.

Next consider the subcase where the HT estimator is paired with a cluster-
randomized design 2’ with strictly fewer clusters than 2. Now consider the DGP
where all outcomes are equal to ¥; = d;. In this case the Hajek estimator equals the
GATE unless all outcomes are untreated. So its expected absolute deviation is equal to
p¢ where C is the number of clusters under 2. The Horvitz-Thompson estimator will
also equal zero if no unit is treated but since 2’ has fewer clusters this is more likely
under 2’. So no Horvtitz-Thompson estimator paried with a cluster-randomized design

dominates the Hajek estimator paired with a scaling clusters design.

No OLS estimator dominates

Consider the DGP where Y; = 1{5; < k,} k, " Keq; for all units i where |¢;| < 1. So
the GATE is zero. The Hajek estimator will always equal the GATE and has zero risk. The
OLS estimator can be nonzero. For example if g; = ﬁ where x; is the demeaned OLS
regressor and c is chosen to be small enough such that Assumption 6 is satisfied, then
the OLS estimator is positive unless every unit has a fully saturated or fully dissaturated
neighborhood. If this happens with probability 1 then OLS equals zero always for any

DGP and does not dominate Hajek.
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2.12.2 Proof of Theorem 11

This proof has four steps. In step 1, I provide an upper bound on the expected
absolute deviation of the Horvitz-Thompson estimator. In step 2, I provide a set of
potential outcomes Y~ that achieve this bound asymptotically. In step 3, I show that
under Y, the Horvitz-Thompson and Hajek estimators are asymptotically equivalent.

Step 4 completes the proof by putting these pieces together.

Step 1: Upper bound on risk of HT

First decompose the estimate. Define ¥; = 4;Y;(1) + (1 — d;)Y;(0).

n n ~
Y o (Yi—T)

n
Y oYi=Y ofi+
i=1 i=1 i=1

By the triangle inequality:

n n n
E||Y 0Yi—6,/| <E||Y ofi—6,|| +E Zw,-(Yi—Yi)]
i=1 | i=1 ] i=1
i n - T n
<E Zwi i — 6y +K6ZE[|wi|§i_n}
| |i=1 | i=1

The second term does not depend on potential outcomes. The first term still

71 End . .
depends on potential outcomes. By Theorem 12, n>/7 (Y1, &;¥; — 6,) is asymptotically
normal with expectation zero . The expected absolute value of a mean-zero normally

distributed random variable is equal to 1/2/7 times its standard deviation:

n
Zini_ Gn

i=1

1
n2+i/n g

n n
] — 0 %Z Y Cov(aF;, w¥;) +o(1)
i=1j=1

For the Horvitz-Thompson weights the covariance is:

nCov (07, 0f'"Y))
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_ g | Th@) Th¥; @) | ToXi(0) Tio¥;(0)  TuXi(1) Tje¥;(0) _ Tio¥i(0) Tjn¥;(1)
P(T;) P(Tp)  P(To) P(Tj)  P(Th) P(To)  P(To) P(Tjh)

— (Y;(1) = Yi(0)) (¥;(1) — ¥;(0))

_ Yz(lp);j(l) 4 Yl(o;qu 1 {(Pl] — 0} —|—Yl~(0)Yj(1))
—Y;(1)Y;(1) = Y;(0)Y;(0) + Y;(1)Y;(0) + Y;(0)Y;(1))
= 105> 0} (1) +50m0) (5 —1) 10K +OmW)

Each covariance is therefore maximized by:

nCov (0f"%;, 0/"7;) <1{¢;; > 0} ¥ PO

And the expected absolute deviation for the HT estimator is upper bounded by:

[<ro2 L E 10000 1

llj

This gives us the asymptotic upper bound on risk:

|

<n2+1/n2_ Z Zl{(]),] >0}—+n2“/"—ZE [|wHT‘S ] ( )

ll]

n
) oY, -6,

i=1

1
nZnE

Step 2: Outcomes Y* achieve the bound
Next we find a set of potential outcomes Y*(d) that achieve the upper bound on
HT risk asymptotically. Use Assumption 13 to find two mutually exclusive and collectively

exhaustive subsets of the population of equal size .47,.45 such that:

l Z {1 (1.7‘5')m]\72}'|'l Z 1{A (i,s)NN; } < K13sn_%

iEN] ieN,
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Given any choice of design Z and radii x, define Y*(d) as:

7 =Y@21{ie M}—1)

n
Y =¥7(d) +sign <Z ini*> (2d; — 1)K$; "
i=1

Now we show that Y*(d) achieves the upper bound on the Horvitz-Thompson risk
from step 1. First notice that under these outcomes the GATE is zero, i.e. 6, =0. Then

notice that a;(d; — 1) = ||

n
=E || ofT¥} +sign ( a),-f/,-*)
i=1 i—1

1

n
Z oY -6,
i=1

E

(ngE

n
Ko Y of'"(2d;—1)5; "

et 7|
|

Notice that the two terms inside the absolute value are scalars that always have the same

n

n n
=E ||Y of'T¥; +sign (Z a)if/i*) KeY lof' |5 "
= i=i

i=1

sign. So the triangle inequality holds with equality. Then by the linearity of expectations:

n
Z oY -,
i=1

n
i=1

n
E —E +Ks Y E [[wf”[ﬁ;”}

i=1

By Theorem 12:

1 n
PRy HT %
n*tinEg E ;Y

i=1

1 2 & & - -
] = nZH7m — Y ) Cov (a)in-*, w,-Y;‘) +0(1)
i=1j=1

If ¢;; =0, then Cov (co,-ﬁ*,wif) =0. If ¢;j=1and i,j € A4 ori,jec .4, then
Cov <a),~l7i*, ;Y J?"> = %} So each covariance is equal to its upper bound unless i and j
p 1

come from different halves. By Assumption 13, this happens for only O pairs of units.
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1{¢,j>0}

1=
1=
@)

o

<

B
=
g
N
v
Sl\)l —_
1=
1=

p¢z]

N
I
—_
~.
I
—
-
I
-
—

{¢z]>0}1{l€,/Vﬂj€Ji/2}

|
3, =
1=

{¢,,>0}1{zeﬂéﬂ]eJV}

N
I
—_

|
:l\)l,_.
M= T
TwMﬂM: T

If1 {(]),-j > 0} 1{i € 41N je€ A} then since this is a Scaling Clusters design and
by Assumption 10, j € A,(i,Ki0(k, + &tg,)). Invoking Assumption 13 we can show that

these two overlap terms disappear:

izzn‘.zn‘.l{q)ij>O}(1{i€J‘/lﬂje%}+1{i€%ﬂj€%})
i=1 j=1

3
< K13(K’n + chn))n_2+2+1/n

13, 172
< pF1 2T 20/
~Y

-3n—1/24n/2
=n 2n+1

=o(1)

Which means that:

S I RO Sk 5 Ly y
n2+1/m Z Z Cov (CO,'YZ-*,(D,'Y;() = I’L_2 Z Z 1 {¢l] > O} 0

i=1j=1 i=1j=1 p%

So the potential outcomes Y* achieve the upper bound on Horvitz-Thompson

expected absolute deviation asymptotically:

|

n
Y o'y —6,

i=1
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_1 27 6 1 HT | ~—
=n2t/n — 1 >0 —+n2+1/’7 E[(o §; n]—l—o 1
n zZl ]Z {(PIJ } ; ‘ i ‘ i ( )
Step 3: Equivalence of HT and HJ under Y*
Now we turn to the Hajek estimator and show that it is asymptotically equivalent
to Horvitz-Thompson under Y*. To see this, first we decompose the estimate into two

sums.

n n
nZrim Z a)lﬂfy,* — p2+i/m Z 0 Jy* n2+ Z
i=1 i=1 i=1

n n 1 i
— T Z (x)HJY* +sign <n2+1 Z ) Ken2t1/m Z |a)l!’11|§;77

i=1

I 5 1 - .
Next we show that n>1/m Y | 0f/Y* and n>/m y" | 0¥+ are asymptotically

equivalent. To see this, define the random variables X, Z for convenience.

z": 0, — X 1{x(1) = }(_—12 L 1{Y() = -7} 5
L T T =) e LD = 7
X—-Z
X+Z

Take the Taylor expansion about the expectations of X and Z.

X-Z7Z E[X]-E[Z]
X+Z E[X]+E[Z]

2E(Z
(E[X]+E[Z])

2E[X]

— (X —E[X]) (E[X]+E[Z])?

- (Z-E[Z])

+0((X —E[X])*) + O((Z ~ E[2))*) + O((X — E[X])(Z ~ E[2]))
= (X —E[X])2E[Z] - (Z- E[Z])2E[X]

+0((X —E[X])*) +0((Z - E[2))*) + O((X ~ E[X])(Z—~ E|2]))
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Under Y*, E[X] = E[Z] = }. This means that,

rzex-gozegeo((x-4) o[ (2-4) ) ro (x-3) (=-4))

—1
Since X — % =0, <n2+1/n>,

But X — Z is the Horvitz-Thompson estimator! This means that:

n N n _ 5
Y 0¥ = Y of 'Y +0, (n77)
i=1 i=1

Which implies that:

1 n B 1
n2+im Z a)lHJYi* — p2ri/n
i=1

leTYi*"’Op(l)

B

1

~.

71 ~ . K
This also means that as long as n2¥17/7 Y7, @fT¥* does not converge in probability

to zero:

1 n - 1 n 5
Pr (sign <n2+1/n Y a)l.HJYi*) — sign <n2+1/n Yy wﬁﬁ@*)) 1
i=1 i=1

Which means that:

Step 4: Concluding the proof
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Steps 1 and 2 show that under Y* the risk of HT is asymptotically maximized:
sgpnmﬁ (617, 2,Y) T (67, 2,Y") =o(1)
By Step 3:
W% (01T 9.Y*) = n¥ 2 (817, 2,Y) +o(1)

If Y* did not maximize risk up to o(1) then there would be some other set of
potential outcomes Y’ under which the minimum of HT and HJ risk is higher by a
non-vanishing amount. Since HT and HJ risk are equal under Y* by step 3, then Y’
would have to raise the risk of both in order to raise the risk of their minimum. But this

is impossible since by steps 1 and 2 the risk of HT cannot go any higher.

2.12.3 Proof of Proposition 3

Using Assumption 12

Y; = Bo+Ad+ L
E[Y|¢6/\,] = ﬁo —f-A[d—I—p(Ai—Ai)l—i—u,'

iE Y] — 6, ==Y (A — A1

=1 i=1

Now using Assumption 6/,

éwi(Yi—E[YiI%]):i‘i i(Ai —A;)(d— pl)
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B +1C]= Y (4~ &) (o(d— p1) + 1/m)

|[B]+[C]yg1<6ilmm{1;< M (- p1)+ /]|
§K6n in{l,Kn_n}maX{p,l—p}(|a)l-|—|—1/n)
1

1

The final result comes from the triangle inequality.

2.12.4 Proof of Theorem 12

Let Z; = L wE[Y; | 7] — LE[@Y}]. The terms E[Z;] have expectation zero and depen-
dency graph A. The maximum degree of A is < k, + g,. So the maximum degree of the
dependency graph ¥, satisfies: ¥, < K, + gx.

Since the weights and outcomes are uniformly bounded, all of the moments
exist. E[|Z]’] < f—; and E[Z}] < f—; So we can use Lemma B.2 from Leung (2022b)
(a.k.a. Theorem 3.6 from Ross (2011)) to bound the Wasserschein distance between
a standardized version of the distribution of [A] and the standard normal distribution.

Define 62 = Var ([A]). By assumption, liminf, .. 629, 2% >0and £ = O(1).

N 3/2
1)/ ) <8 i+ Y2 [ iz

3/2
<n3/21<,f+ i/ ’n <«/1<n+ 1 o
S e S R

2.12.5 Proof of Theorem 13

Variance for HT

For the Horvitz-Thompson weights:

HT ar il
;" EY;| | = EY; |\ Ty =1]—
1 [l| l] P(]*ll) [l| il ]
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E(o!TY| = E[Y;|Tjy = 1] —E[Y;| Tjp = 1]
By substitution:

n
Y oE[Y;| #] - E[o]"Y)]
i=1

=%§K}35-*)Em“h:”-<pﬁb-*)“K“b:”

By substitution:

2
E (ZwFTE[m%]—E[wﬁTn)
i=1
Lyy P(TqTj) )
7 X L AGEl T = 1D | T (i
1 A 2 (T4 T,
1=1j= ;

AEY; | Ty = 1|E[Y; | Tjo = 1]

_|_
3,
-

M:

~
—
~.
—

Let C be the n x n block diagonal adjacency matrix that links two units if and only

if they are in the same cluster. The variance can be further decomposed as:

0 =EY:| Ty = 1] - E[Y;| To = 1]
~ 1
6 =—) Ei|Ta = 1]—E[Y;|Tp = 1]

1

1

Continuing:

2
e |(Eomemi =1 riomn)

- iZAijE[mTh:l]E[YﬂTﬂ:l]( P(T1Tj) )

P(Ti)P(Tj1)
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1 & v P(TiTj)
+ — AGEY: | T = 1E[Y; | Tio = 1 (—
2 n n .
+-3). ) Aij0ib;
L e |
Var | ¥ ofTE[Y;| .7 | = = A EY; | Ty = 1)E[Y; | Tj = 1] (—’
(Z& PEMIAT) =7 b L AED = U B ()

+n_2izljzlA”E[Y' | Tio = HE[Y; | Tjo = 1] (m)
L1 Ao - I R - ~
_GEZZAijGi_GﬁZZAU( i_e)
i=1j=1 i=1j=1
1 n n - ~ ~ ~
_;ZZ(AU Qij)(6;—0)(6,—9)
i=1j=1
1 A2 - - ~
—EZZCU( i —6)(6;,—0)

N
Il
_
~
I
_

The first four sums can be estimated with the following consistent Horvitz-

(o )

P(Tio)P(Tjo)
P(Ti1Tj)
=1 (i)

B P(ToTjo)
=1 (P<T20>P<Tjo>)

Thompson estimators:

1
n2

T:1Th
Ti1)P(Tj)

n
Y ) Ay

i=1j=1

n

. 1 n n - 1 n n ~
QHT_Z Zl ZﬁAiijTYi —p 9; Zl ZlAijel
i=1j= ==
R 1 L2 n ~ 1 & n ~ ~
9HT$ Z ZAij(wz Ty, — Our) —p 9; Z ZAij(et —0)

—_

N
I
~
I

—_

The last term is unidentified but guaranteed to be negative because it is a quadratic

form in a positive semi-definite matrix C. So if we ignore the last term we are guaranteed
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a conservative variance estimator. The second-to-last term is cannot be estimated and
is not guaranteed to be negative. Instead we will bound it in the following way using

Assumption 6’:

i = EfY;[di = 1] - E[Y; |d; = 0]

"u, - 9i| < Klf;n
1 & & - . B 1 A2 ~ 5
52 ) (A= 0i))(0:—0)(6;—6) < —— ) ¥ (Aij— Qij) (i — 6)(1; — 6)
i=1j=1 i=1j=1
2 n n 5 =
+ 3 2 Y (A= )l — 0]K15;

N
I
—_
.
I
—_

(Aij— Qip)Ki5; "5

_|_
3N| —
B

~
—

~
—

While the last two terms are not necessarily guaranteed to vanish asymptotically,

they tend to be small in simulation. The first term can be estimated:

1 2i—1. 4 2di—1 .
E ﬁZZ(AU_Ql])( Yi_GHT>< / Yj_eHT>
i=1j=1 P p
1 Lo 5 3
ZEZZ(AU_QU)(M 0)(nj—0)
i=1j=1
7 N 2d; — 1 i o
E n_z.Z‘i.Zl(Aij_Qu) Y,—06 Klsjn|s]
=1 j=

Putting all these terms together we have an estimator for Var (¥}, oTE[Y;| %))

that is guaranteed to be asymptotically conservative in expectation.

Var( $ ot k0 7)) = 53 5 Aty (i et )
~ i i i n2i:1j:1 ijtilj P(Tl )P(Tj) P(Tl )P(TJ)
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>

|
e
~N
3, =
™-
-
's
~
~
£
=
|
e
-5

1 n n B =

) Y Y (A Qipkis; 5T
i=1j=1

l & ¢ 2di—1_ 4 2d;—1 R
) 2 (A Qu)( : Yi_GHT)( ’ YJ—GHT>

izl = p

2 ¢ v 2di—1_ =« -
+;ZZ(AU_QU) ZTYz—OHT K1Sj17

I
—_
~.

I
—_

Next we must show that n2+1/7 times the variance of the estimate of the variance
converges to zero. By Slutsky’s Theorem and consistency we can ignore variance coming
from 7 Notice that each sum can be written as the following sum for a deterministic

n x n symmetric adjacency matrix A random vectors X, U.

1 n n
; Z Z A,‘inUj
i=1j=1

The variance of this sum is:

1 A2 1 &
Var ;ZZAUXI'XJ. =n—4
=1 —

i=1j

n n

n
Y ) AijACov(XiUj, X Uy)
lk=1/4=1

1

1)

X;,U; must be uniformly bounded. In addition, if Ajy = A;; = Ay =Aj, =0 then
Cov(XiU;j,X;Uy) = 0. That is, A;jACov(X;U;,X;Uy) is nonzero only if i, j are neighbors

and j,k are neighbors, and either i or j is a neighbor of j or k.

1 non 1 & non
Var <E Z A,‘inXj> S — Z Z Z ZAijAkZ(Aik + Ay +Ajk +Ajg —|—Akg)
i=1j=1 =1

In the sums above A = A or A= A —C. So for each unit we can use Assumption
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10:

AjjArAi =1 = p(i,)),p(k,0)p(i,k) < Kio(Kgn + Kn)

= p(j.k) < Kio(Kgn+ Kn)

Applying this multiple times we must have:

AijA (A + A+ Aj+Aj+Ar) = 1 = p(i,),p(i,k)p(i,0) < Kio(Kgn + Kn)

= j,k,0 € Ny (i,Kio(Kgn+Kn))
By assumption 11,

| A (i.KGo(Kgn+ %)) | < K11Kio(Kgn + &)

Which implies:
3
) | nononon n2+ti/n
nzﬂ/n%z‘iz"l;éz’lfx,}fx“ A+ Ait +Aje+Aju+A) S —3— =0
i=1j=1k=1/(=

Thus,

2 1
n2+/nVar (Var (n Z Z A XiX; )) —0

i=1j=1

Now combining Chebyshev’s Inequality with the fact that the variance estimator is
1 . . .
conservative in expectation and the n2+1/7 -consistency of the Horvitz Thompson estimator

yields:

hrgglorolfnzﬂ/n (Var (Z ol'TEY;| Z ]) — Var (Z o' TE[Y; |ﬁ])>

i=1 i=1
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This argument will work for the variance estimators for Hajek and OLS as well

What remains to show is that those variance estimators are asymptotically conservative

Variance for Hajek

First we asymptotically approximate the Hajek estimator using a first-order Taylor

expansion:
T
a ~ 1Y 1
F o= gy
i=1 =1 P(ry  ti=l
n 1P(10) n
1=
—n—+nZE [Yi | Tio = 1]
i=1 P(Tj) i=1
n ll Y n n
i=1 P(T;y) 1 1 T
ﬁ—;XE[YiITn:l]: (ﬁZP(lT-l)Y’_E[K'T”:”
i=1P(Ty) i=1 i=1 l

li n liE[Y-\T ~1]+0 (nzﬁz/n)
n{= P(Th) nig ! !
by Ty gy =1 0, (n77

_ — +1/n

o X iy i EDGI T = 1)+ 0y (777

So the Hajek estimator is asymptotically equivalent to running the Horvtiz-

Thompson estimator, resdiualizing, and then rerunning HT on the residuals

n

Y oY LY ([T = 1]

il 4i _E[YI|T1():1])
i=1 i
Il Th
— Y—— EY T =1
,l;p(zl)( Z el Tia ]>

1 & Ty -2
- Y,— - E Yk Tiwn=1]4+0 <n2+1/’7>
”;P(Tlo) < Z I Tio ]> P

=1
The expression for the variance of Hajek is therefore equal to the expression of

the variance of Horvtiz-Thompson with E[Y; |T;; = 1] — %ZZ=1 E[Y) | Ti1 = 1] substituted

174



for E[Y;|Tyy = 1] and E[Y; | Tjp = 1] — 1 Y0_, E[¥; | Txo = 1] substituted for E[Y; | T;p = 1] and

0; — 6 substituted for 6; and zero substituted for 6. The result is:

i1 [Y\Tl_l——ZEYk|Tk1_1]

T
Aij6i1511( T ]1 )

~
I

3| =

1=

~
Il
_
~.
Il
_

n
Var (Z oE[Y;| .F;

i=1

A;ij6i00jo (

+
Sl\)l —_
7=

N
I
_
~.
Il
_

o L X (8- 00)(B-0)(3,-9)
i=1j=
LYY CylBi— 88— 8)+ 0 (i)

N
I
_
~.
I
_

This variance can be estimated (conservatively) in a similar way to the HT

variance:
1 & TaYx
r -
e n,;P(Tkl)
1 & ThoYk
roi =Y — -
e nkzl P(Ty)
[ n 1 & & ThTy
Var COHJE[Y‘lgz] _ Aiiritrio (#)
(; FUED 2 & L oo (B acr)

Ao ToTjo

- 5
- T
1= ID1=

N
I
—_
~.
I
—_

2 (Nij— Qij)K7 (5, M)(5; M)

N
I
_
~.
Il
_

(Aij— Qij) (diriy — (1 —d)rio) (djrj1 — (1 —dj)rjo)

_|_
:Nl —_
M:

N
I
—_
~.
I
—_

> (Aij = Qij)ldirnn — (1= di)rio| Ky (57)

_|_
:Nl o
(ngE

N
I
_
~.
Il
_
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Variance for OLS

First define the following terms for ease of notation:

Using linearity:

Y; = Bo+Aiv+ Wi, Z ui=0
=1

AijEAiinj
yi=Po+EAV|Fi]+ 1

=Po +xi5ﬁ +p(Ai— A1+
l

Which makes the expectations:
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U\ pr2 — 521p
~) Elg]=p(1-p)¢ "Bl

ni=
—1
=p(1—p)¢
1 vn
1 - E YR 1~
n12,;1 [xl)z’t] — A1
ari Elx;] on
=0

Similarly to Hajek, we can approximate the OLS estimator using a first-order

Taylor expansion:
1 yvon 1
OLS iy | 7l _ f — n&i=1\XiYi— ii_z?zl'z_ i
S @OLSE[y;| 7] — 6 — 2L 1y —Elxiyi]) (i 7 —E [x7])
(] i i -
L E [x7] Ay E[2])? n&

n

i=1
+0, <nﬁ>
Ivyn v (v.— Oy
_ nzll:lnxl (yl 29x1)+0p <n2+l/n>
2 i1 E [xi}

This means that we can approximate the variance as:

ri = x; (yi — xi0)

Lyn xi (vi—xi0) _
n LI E [

1

~.) _ ﬁz?ZIZ?ZIE[Fﬂ’j] L0 <n2+713/n>
1yn 21)? ’

(ﬁ i:lE[xiD

Now use the fact that ' | E[r;] =0,

(E[rirj] — E[ri]E[r)])

_

-
|

~.
|

N
I

_
~
|

3, —
M=
=
=
>
\\

|

3| —
=
™=

=
=
&
\ﬂ

_|_
3| —
=
1=

I
_
~.

I
—_

AijE[ri]E[r]

I
=N| —
D=
D=

g
IS

)

3

|

§N| —

1=

1=

N
I
_
~.
I
_
~
I
_
~.
Il
_
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The second sum is guaranteed to be negative because C is positive-semi-definite. We
need only construct and estimate a bound on the first sum. This can be done with the

same Horvitz-Thompson estimator as in the previous part. This results in the following

varianc

The first sum can be estimated easily but the second sum is not identified.

E[ri] = E [xE[yi — x;0 | xi]]
— E [x%(A,l — é)]
=F [xﬂ (~i—é)

N
I
—_
~
Il
—_

e estimator. Keep in mind that E[x?] is always known to the researcher because it

is an RCT.

(l
" D
) o EY| yf]) =32 ) Aiir

i=1
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2d;—1

Y, — 90LSK1( PRl

2.12.6 Proof of Theorem 14

By the same arguments as for Theorem 7, we have that:

- —_— P/A |2+Cn
Cov(BV,APV) +Cov(BV, 1) _ b4 Op ( )
Cov(Bv,APY) wErh) o (Hanm)
BP’A )10, ( )

- tr(BP'A)

n

Now substitute in B* use the uniform boundedness of ¢.

n n n

HBPA) | g, (Wliten) w_%JrOp( Zi’imn(cmn)z)

tr(B.P'A) - Vil 1
n T - n

1

So the whole estimator is:

A1 1Al T (c,Kkn)?
T tO0p <—

~SHR "
0,"" =

| _ Vi1
VAl

. . . . 1'A1 _ .
Rearranging and noticing that by Assumption 6, == = O(s~ ") and by Assumption

14 part 2 141 — (i, M),

n n

! _ Cn c 2
Al L ok, M)+ 0, (—Z“‘ hic ) )

SHR _ \
" O(l(n n)
VAL/n
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Using part 4 of Assumption 14:

[17A1]
— > Kn
n
O(ic,
NIV
1’A1/n

This lets us simplify the rates:

! - on n 7n2
AL 4 0(k, ") + 0, (—ZC—IZ(”‘) )

9SHR _
. 1+o(1
n - T —Yp

~ \/Z 17nCKn
05k 9, =0, | kK;1+ 1"

By Lemma 10, ¢,(k;) is bounded. By Lemma 8, Y=o ZE"ZIZ”(C’K")Z —

1
K’n — n2n+1’
1
A T L
00— 6,= 0, ( )

2.12.7 Proof of Theorem 15

We start from a line in the proof of Theorem 14:

Al 1Al T (e, Kn)?
st o, (YIS

R n n
GSHR —
. _rA1
A1
! I'x C,
VAL _ VAL, Yo Yale, Kn)?
- T O n
1AL

180

0(\/%). When



A1 [1-YA1 Yo (e, Kn)?

!
L +o,
n | _ VA1 n
1'A1
A1 141
_ra + VAL [ 34y — Tl \/ZC RGOk
n n l’Al
141

The last term vanishes when «;, is constant and »n goes to infinity.

2.13 Lemmas
2.13.1 Proof of Lemma 8

Choose any 6 > 0 and any ¢ € (0, ) Now consider the following potential

1
n
outcomes:

e 5 alNE gL nE
=t (i) 200 ﬁ Lo v
¢n l,dp -t

And the variance of the Y; decays quickly. Since the covariance of cluster treatment

statuses cannot be positive, the variance is maximized when cluster treatment statuses
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are uncorrelated.

2(1-ne)
Var (Yl/) < an p(1

1
. T
¢n <l7al’l 1 )

By hypothesis we know that:

ap

—r) _ 0( 2(1_n8)+5>

n al—ne n te
Z(D,(d)Yl/— - Z]l{¢n (iyann ) Zana}zop(an>
i=1 noi3

Dividing by a, "°:

ale=! i w;(d)Y/ — ! i 1 {q) (,- a‘f'ﬁs) > 0—5} = 0,(a)?)
n i i n n y¥n = *n — Y p\"n
i=1

i=1

So the same should be true of the expectations:

n 1 n _1
4 L E @] Y {0 (") 2 =0t
h i—1

i=1 i

Let’s analyze the order of the first term. Since E[Y/] = 0, the expectation of the
product equals the covariance. The covariance can be no greater than the square root of
the product of the variances.

E [w;(d)Y!] = Cov(wy(d),Y})

1

[Cov(@i(d), ¥})| < y/Var(e(d))Var(¥))

_ %‘ Nar (@ (d))a) 1675/
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Thus,
a1y E [m(d)Y]] < 3/22\Wm (or(d
i=1

By hypothesis, Y, /Var(w;(d)) = 0,(1). So since § >0, a;* ! " E[w(d)Y]] =

o(1). So we have:

1
Which can only be true if 1y7 |1 {¢n <i,an n+€) > an‘S} =o(1).

2.13.2 Lemma 9

Lemma 9. If Assumptions 10 and 11 hold, then there is a universal constant Cy such that

the s-packing number of A, (i,as) is less than Coa+ 1 for all s,a > 0,i € A,,n € N.

Proof. Let {0y,--- 0y} be a maximal s-packing of .4, (i,as). By maximality, for each unit
J € M(i,as), there is at least one 6 such that min{p(j, 6),p(6k,j)} < s. By Assumption
10, max{p(j,6k),p(6k,j)} < Kiomin{p(j,6k),p(6k,j)} < Kjps. So, {6y, -0y} are a Kjps
covering of 4, (i,as).

Again by Assumption 10, each .4}, (6, K1os) C A, (i, Kjopmax{a,Kjo}s).

Now notice that since it is a packing, p(6,6,) > s. By the contrapositive of
Assumption 10, A, (6, K y's) N An (6, Ky s) = 0.

By Assumption 11, each 4;(6;,K;,'s) contains at least K, K;, s+ 1 units. All
of these are disjoint and must be contained in .4, (i, Kjomax{a, Ko }s) which itself has

by Assumption 11 at most K1;Kjomax{a,Kjo}s+ 1 units. Since a,K;o > 1 the packing
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number M must be less than:

N7 X 2 V7 3
< K11K10max{a,K10}s+l < K11K10max{a,K10} L1< K“Kloa

M< a < < +1
K 1Ky s+1 Ky Ky

2.13.3 Lemma 10

Lemma 10. Bounding ¢

If Assumptions 10 and 11 hold, then for a Scaling Clusters Design with sequence g,

max{%, 1} < Pu(iys) < KHKEI(ISg—:igIH) 1 Vi,n
Proof. ¢,(i,s) is upper bounded by the number of cluster centers with Kpg, neighbor-
hoods that intersect the s-neighborhood of i. Applying Assumption 10 twice, ¢,(i,s)
is upper bounded by the number of cluster centers inside .4;(i,K7,(s + gx)). The g-
neighborhoods of all of these cluster centers must be contained within A, (i, K3, (s +2gx)).-
Assumption 11 guarantees that each of these g,-neighborhoods must contain at least

K8, + 1 units. Since this is a scaling clusters design, these g,-neighborhoods must be

. K11 Ky (s+2gn)+1
mutually exclusive. So there can be at most ”I‘(‘)IET‘?)

2 n
fll[(]zo(s+2gl1)+]

Kl ]gn"‘]

of these g, neighborhoods
and 9, (i,s) <

Now for the the lower bound. By assumption 11, each cluster contains at most

KHS-FI

units. O
Ki1gnt1

K118, + 1 units and .4;,(i,s) contains at least K ;s + 1 units. So ¢,(i,s) >

2.13.4 Lemma 11

Recall that 7, (¢,s) denotes the number of s-neighborhoods that intersect cluster c.

Lemma 11. Bounding Cluster-Neighborhood Intersections
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If Assumptions 10, and 11 hold, then under a Scaling Clusters design with scaling

sequence g, :

yn(c,s),imax{s,gn}, VHENCE{L"'C”}

Zinzl ’}/n(C,S)z < max{s,gn}

< , VneN
n N

Furthermore, for a sequence k, where g, o< k;,, then:

C’L ncaan /
n n

Proof. We first bound each individual ¥,(c,s). Under a Scaling Clusters design, each

cluster is contained within a Kpg,-neighborhood of some unit. If unit ¢ is contained
within 4;,(i,Kpg,) and A,(j,s), then i € A4;(q,K10Kpg,) and j € A;,(q,Kyos). Invok-
ing Assumption 10 again, j € A, (i, K, max{s,Kpg,}). By Assumption 11 there are at
most E”K]zo max{s,Kpg,} + 1 units j that meet this criterion for each i. So y,(c,s) <
K11K}ymax{s,Kpg,} < max{s,gn}-

Now using this bound and the fact that the scaling clusters design requires that
each cluster contain a g,-neighborhood and using Assumption 11, we can conclude that

the number of clusters is at most ¢, < gl. This lets us bound:

\/ 17/" C, s 1 n
- < —y/cepmax{s,g,}? < < max{s gn} = max{s gn}
n n\ gn

N

The final result is obtained by substituting in ;.
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2.13.5 Proof of Lemma 12

Lemma 12. Moments of the empirical covariance
Let v be a C x 1 vector of mean gero i.i.d. random variables. Denote their second
moment as U and their fourth moment as uy. Let M,W be n x C matrices of real numbers.

Denote Q = M'W and assume that tr(Q) = O(n). Then,

EO\V(WV,MV)

prr(@) (1WAl 1]l V(s =303 XE Q2+ 131r(Q%) +4531r(Q'Q)
- n P I’Lz

n

Here is the proof.!*

First, notice that:

vW'Mv 1'Wv1'Mv
n n n
vVOov 1Wv1'Mv
n n n

C/’o\v(Wv,Mv) =

Since E[v] =0,

|:1/WVj| {I’le
E =F =
n n

We can bound the variance as well, using the fact that v are iid:

Var(I'Wv) = i, ’'WIw'l

= w1'WW'1

4Proof sketch for the following section is from lecture notes found here. But these notes contain errors
which I have fixed. https://www.math.utah.edu/ davar/math6010/2011/QuadraticForms.pdf
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Which gives us the convergence

1w 'ww’l

||W’1|!zHM’1H2)

/
Cov(Wv,Mv) = V—QV 0, ( 5
n n

Now we need only study the convergence of V/% By Chebyshev’s Inequality:

5[] o, fvur(“2))
n n n

Using the fact that v are mean zero and i.i.d,

n n

& [V/QV} _ ch-zlf.lc:l QijVivj
_ WY | Qi
n

_ otr(Q)

n

Now we only need to compute Var <Vlgv> .

() e[ (12] e 12
n n n

(v’Qv)z' ()’

=K
n n?

Evaluating the expectation of the squared quadratic form:

E

2
n L gy ey |

(V/QV>2] - ii i )y ZC: Qi j Ok mE [ViV jViVin]




Notice that each term of the sum falls into one of the following nine categories:

(

U i=j=k=m
W oi=j#k=m
E[V,’VijVm] = ‘u22 i=k#j=m

i=m#j=k

0 otherwise

Now we can rewrite the sum:

C C
Z Z Z Q,]ka VleVka}

1 j=1k=1m=1

c c C c C c C
N4ZQ,,+IJ ZZQi,iQk,k+uZZZZQ%,j+FL222ZQIEJ'QJ'J

i=1 i=1 ki i=1 j#i i=1 j#i

WMQ

Now we can simplify the first of the double sums:

™o

c C C C
Y 0iiQii=Y 0ii Y Q=Y. 0
e i

i—1 k£i i=1
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We can simplify the third double sum in this way:

ZZQWQ/’_ ZZQl,ijl ZQ”

i=1 j#i i=1j=

Putting these terms together we have:

E

v'ov ? _ a2 < 2 2 2 2 /
( . ) = (us —3u3) Y Of i+ 15 (tr(Q)* +1r(Q7) +1r(Q'Q))

i=1

We can get rid of the t7(Q)? term in the variance by noticing that it is equal to the

square of the expectation term

E {g] *_ ir(0)?

n n?

So the variance is:

wlfe] 2|2 ] o[
n n n
_ (e —3p3) X, OF + 131r(0%) + p31r(Q'0)
)
Putting all the pieces together:
EO\V(WV,MV) - %(Q)
(Ma —313) X, O+ u5tr(Q?) + u3tr(Q'Q) W12 |M'1]]2
=0p 2 +0p 2
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If we know that £79) — O(1), then we can rewrite as:

n

EO\V(WV,MV)

_wtr(Q) \/ (M4 —3p3) L5 OF; + H3tr(02) + 31r(Q'Q)
- p

n 2

W||||M"1
o, (L)

n

n2
2.14 Gravity Trade Model

We provide here a geographic model of trade within a small regional economy that
corresponds to Example 5. The model illustrates how the impact of an exogenous cash
transfer from outside the region to a subset of the population diffuses throughout the
economy. In equilibrium the model induces an “economic distance function” d(i, j) that
describes how the impact of the cash transfer to location j on consumption expenditure
in location i tapers off as the locations get farther apart. Economic distance increases
with spatial distance due to trade costs, but also depends on the relative populations of
locations i and j, as well as household tastes for the services that location i exports. This
relationship is closely related to the well-known gravity equation, but it describes the
causal effects of a cash transfer instead of trade volume.

The economic distance function d(i, j) is not merely a rotation or dilation of
Euclidean space. It is asymmetric and does not generally obey the triangle inequality. Yet
it retains enough features of Euclidean spatial distance that it satisfies our Assumptions
1-7 from the main paper.

While economic distance increases with spatial distance ceterus paribus, the two
distance notions induce spaces that the researcher needs to treat quite differently. Since
each location produces its own unique tradable service, as locations are added to the

economy, household tastes for variety reduce the volume of trade (and increase economic
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distance) between every pair of locations. Therefore, adding locations to a circle of fixed
diameter will increase geographic density but decrease economic density.

A researcher who wishes to consistently estimate the Global Average Treatment
Effect must sample in such a way as to keep density constant in terms of the relevant
distance function. The implication is that order to grow the study population while
keeping density constant in economic space, it is necessary to sample more densely in
terms of geographic space. This implies asymptotics of “zooming in”, i.e. first studying
trade across states, then counties, then census blocks, and so on as n grows. This contrasts
with a researcher who wishes to combine our estimators with a purely geographic
distance function—who would need to increase their sample size by “zooming out”, e.g.

by adding more and more census tracts.

2.14.1 Model Setup

Consider a region composed of N locations. Each location j contains m; house-
holds and one firm. There are N locally produced services, one for each location,
produced exclusively by that location’s firm. The numeraire good cannot be produced
locally and each household has an endowment of it.

Utility for Household i € {1,2,---N} is Cobb-Douglas in consumption of service j
called C; ; and leisure ¢; € [0, 1]. The imported good is F;. The utility function is identical

for both households. Let a =Y, ;.
Ui ({Cz-.,j}]f:l,Fi,&) = (Hyzlcf‘;) Foyl=o-9 (2.19)

All households are endowed with one unit of time and face identical budget
constraints. Each household supplies labor only to its own location. Each household
is paid wage w; which differs by location. Consumption of the numeraire good in

location i is F; and the price of services i € {1,2,---N} are denoted p;. Trade of services
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between locations i and j faces iceberg transportation costs 7; ; € (0, 1] with 7; ; = 1. Each
household i has an endowment of one unit of the numeraire good and also receives an

exogenous cash transfer 7; denominated in the numeraire imported good.

N .

l—I—Ti—FWi:E'—FZ <&> C,-j+w,-€i (2.20)
j=1 \",j

The N firms indexed j € {1,2,---N} each produce their own service with produc-

tion functions equal to labor 1 —¢;. The locally produced services cannot be exported

outside the region. Let there be m; identical households in each location i. The market

clearing condition for the service produced in location j is:
N
ZmiCiJ:mj(l—Ej) (221)
i=1

Since production is equal to labor, zero profit means that the wage is equal to the

price of the service:

Define household expenditure E; as the sum of consumption of the numeraire

good plus spending on services:
N /p
Ei=F+ Z <T—’> Cij
]71 L]

To guarantee that an equilibrium exists for all values of the transfer T, we must
make the following Assumption 15. The assumption essentially states that no one region
is too large or takes up too large a share of the economy’s expenditures and that transport

costs face their own kind of “triangle inequality.”

Assumption 15. There are constants M;,M3 € (0, 1), and M, > 1 such that for all j:
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* %Z?:lfl‘jSleOT'allj
. ",;l—-ngzforalli,j

My % 1 ;
2 < s S g For all j

i O<r,-krkj§fl~jforall i, ],k
e ;= 1foralli

Assumption 16 says that locations exist in two-dimensional Euclidean space and
face transport costs that increase with Euclidean spatial distance p (i, j). We will see later
that the “economic distance” induced by these transportation costs is not spatial (does

not satisfy the triangle inequality).

Assumption 16. Units are located in two-dimensional Euclidean space with Euclidean

. .. 1 .
distance p(i, j) and 7;; < R with y > 2.

In order for density in terms of economic distance to remain constant, the ge-
ographic density must increase. Assumption 17 requires that the spatial setting is
becoming rapidly denser, perhaps through a combination of a smaller spatial setting,
denser sampling, and disaggregation of units (smaller m;). In other words, the researcher
is “zooming in” on a smaller and smaller region that they see at higher and higher

resolution.

Assumption 17. There are constants M4 > Ms > 0 and Mg > 0 such that every circle of
radius s has at most Myn*'s?> and at least Msn*Ys* units inside and for every subset Q of the

population to construct an s-cover in squared Euclidean spatial distance p(-,-)* consisting of

-y .
"s units.

at most Mg

Theorem 16 says that under Assumption 15 (and no others) there is a sensible

equilibrium and that treatment effects are linear in the vector of cash transfers. It also
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provides upper and lower bounds on the treatment effects. Direct effects are always
larger than unity, implying that the nominal multiplier effect is greater than one. All
effects—direct and spillover-must be non-negative. Finally, all effects are bounded above

by a quantity that declines as transport costs tighten.

Theorem 16. Linearity of Treatment Effect on Household Expenditure
If Assumption 15 holds, then there exists an N x N exogenous matrix G with non-
negative entries that do not depend on the N x 1 vector of transfers T such that for every

equilibrium, the N x 1 vector of household consumption expenditures E satisfies:

E=G(T+1)

The elements of G satisfy the bounds:

1

(047
- o490

Hi=j} <Gy <1{i=j}+ 5ty
o m;

While the nominal multiplier effect is positive, it is denominated in units of the
imported good. Since the relative prices of all the services must rise in response to
increasing the transfers, it is not clear whether consumption quantities are all positively
affected.

Theorem 17 shows that our model admits a gravity equation similar to those in
the trade literature (CITE). This gravity equation is not directly relevant to the problem
of estimating the GATE, but is provided here to make explicit the fact that our model

belongs to the “gravity” family of trade models.

Theorem 17. Gravity

Let Assumption 15 hold. If X;; is the total expenditure by location i on the service
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produced in location j, then for large enough N:

YiY;

MRS VIR 7

Theorem 18 defines the “economic distance” function and verifies that spillover
effects satisfy Assumption 1 from our main paper with respect to this notion of distance.
Notice d(i, j) has several unusual properties. First, since it depends on ,’Z—;, it need not
satisfy the triangle inequality or be symmetric. This is because a cash transfer to everyone
in a big city will affect the small nearby village a great deal, but not vice versa.

Since the taste parameters o; must sum to a < 1, then as n grows, all o; must
shrink. This means that, holding geographic positions and m; constant, adding more
locations to the economy forces d(i, j) to eventually rise for every pair of units because
the o; are shrinking. The purpose of Assumption 17 is to counteract this by requiring the
economy to become more geographically dense. This results in an asymptotic framework
suited for studying very geographically dense and economically integrated settings. A
researcher who did not have an economic model and wished to use spatial distance
as their distance notion could not study a sequence of increasing geographically dense

populations at all.

Theorem 18. Decay of Spillover Effects
2y
Let d(i,j) = <§ﬁ> p(i, )% If Assumptions 15, 16, and 17 above hold, then

a;mj
v/2
d(-,-) satisfies Assumption 1 with n =y/2—1 and K; = M3 (%MJ . Neighborhoods
: : : : L\ — 1 \Y?
induced by d(-,-) also satisfy Assumption 11 with K|, = Ms <5—M]> and K1y =My (5—M]>

2y 2y
and Assumption 10 with Kio = 2 (LMQ) (%) and Assumption 7 with Ky =

(06+5)M3
5\
M (Mg 5 5) .
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2.14.2 Proofs of Model Results

Proof of Theorem 16

The Cobb-Douglas utility function guarantees that budget shares are spent as:

W
—LCij=oj(1+T;+w;)
Tij

wil; = (1—&—5)(1+E+Wi)

Rewriting consumption:

Ti,j

C,'J:Otj (l-l—Ti-l-w,-)

Wj

Substituting into the consumption market clearing condition:

T. .
Zo‘jmif(l +Ti+wi) =mj(1-¢))
i J

a; Y mii (14T +wi) = mjw; —mw;l;
i

ajzmifi,j(l +T;+w;) =m; (Wj— (I—a—0)(1 +Tj+Wj))

Some more rearranging yields:

m; m:;
E{(a+5)Wj = miTiJ(l —|—T,) + a—j<1 —o— 5)(1 —I—TJ) +Zmifi,jwi
J i=1 J i

We wish to rewrite this into matrix form. Let the N x N matrix A be diagonal with

entries:
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Let the N x N matrix 7 be:

Tij=mjTi;

Now we can rewrite the wage equation in matrix form:

(a+8)Aw—Tw= (T +(1—a—8)A)(1+T)
(a+8)A—T)w=—((a+8)A—T)A+T)+A1+T)

w=((a+8)A—T) 'A-DA+T)

= ((@+8)a-7)"a-1) (1+T)

=D(1+T)

We wish to show that this equilibrium is sensible, i.e. that each entry of w is
non-negative. By inspection, each entry of A and .7 are non-negative. To show that each
entry of ((a¢+ 8)A —.7)~! is non-negative it is sufficient to show that (o + 8)A — .7 is
diagonally dominant. Diagonal dominance is equivalent to:

.oc+6 1

m; ‘ >Zm,~fi7j, Vj
o -1

Now we use Assumption 15. Since the m;/m; are bounded above and the limit of sum of

7 is also bounded:

n ml
Z —1;,; < nMM;
i1 mj

The second part of Assumption 15 guarantees that:
o 1

<
a+6 — nM|M,
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So we have diagonal dominance:

oc+6 1

i Ti.js v

Diagonal dominance means that each entry of ((a+8)A —.7)~! is non-negative.

This in turn implies that each non-diagonal element of D is also non-negative.

We show that the diagonal elements of (I TA! o 5) are all greater than

a+8. IfB=7A"! then this is the same as showing that I+ B;; + (B?);; +--- is

pam
greater than a + 6 which must be true since the elements of B are non-negative.

To calculate the effect on expenditure:

Ei = (1+Ti+w;) —wil;
=(a+8)(1+Ti+wi)
E=(a+8)(D+I)(1+T)

E=G(1+T)

G=(a+8)(D+I)

_(r—ga L B
oa+0

Let B= FA! a;+5 or Bjj = 5% m /1. To lower bound G;; we can use the fact that

G;i=1+B;j;+((B?);;+---. Since the elements of B are non-negative, G;; > 1+ B;; + (B;;)*> +

..:1;:%>1

-Bi 11—
a+d
Now we wish to compute an upper bound. We want to show that: (B2);; < ¢B;;

where ¢ < 1. If this is true, then:

1
(I B) < l{l—]}+szl
o m; T

<1l mj
< 1{i ]}+a+5mil—c
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Using 7y T; < T;j and Y o = &

n
(BYij =Y BubB;

k=1
o; m]Z
a+6m, oc+6 tij

a+Smoa+s tij
a
= (%) 5

So we have:

B.
(I-B);' <Hi=jt+i—=
e
11— & ..
_l{l—J}+(l_L>(a+5)miTu
a+o

.o, imy
=1{i=j}+ 511

1

This gives us the final bound:

1
T 1{t—J}<Gu<1{l—J}+ Tij
Co+s § mi

Proof of Theorem 17

Total export of service j to location i is:

minCiJ = m,"L'l'jOCj(l + T,'+W,'>

Define GDP as the amount produced prior to transportation costs:

Yl' = m,-(l —K,-)w,
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We can use Cobb-Douglas budget share to express GDP as the budget share:
Yi=mi(a+6)(1+T; +w;)

Substituting this in:

Y;
miwiCij = Tj0 s

Goal: relate «; to the size of economy ;.

For trade to balance:

Yj = mk—ij
=1 Tj
N
=0 ) mi(1+ T+ wy)
k=1

Y:
- S J
a] (a+ )Z}];LZI Yk

Substituting this in:

YiY;

minCl'J = Tl‘jm
=1

Which is the traditional gravity Equation. We call X;; = m;w,C;; the total expendi-
ture on service from location j by location i.

Proof of Theorem 18

We can bound the sum by instead summing over rings and forcing every unit with

each ring to be as close to the center as possible:

Y, G <Y MG s+ 1)\ A(i,s)| max Gy
jid(i,j)>t s=t Jrd(i,j)=s
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First we bound the number of units that are not within distance s of unit i but are
within d-distance s — 1. In other words, what the the largest number of units that can be
in A (i,s)\ A (i,s —1).

If j € A4 (i,s), then

o m; ;82 o
(am) a2 <s

pli,j) < \/E(%@y

5ml~

A necessary requirement for j € 4;,(i,s) is:

I’l5M1

p(m')éﬁ( : )y

The largest number of j that could satisfy this is equal to a constant times sn>Y~2?. This

yields a bound on the neighborhood size:

1 /2 1 /2
_ < Q)| < _
M5(5M1) s_|m<z,s>|_M4(5Ml) ;

This verifies Assumption 11.

We can use our bound on the elements of the matrix G to see that:

om;i 1
max G;; < max N D—
j:d(i,j)>s N (ﬁm | >7z/y>s o m; p(i, )
T\ mi pl)? =
o; mj 1
= max —
(%1 —y2 6 m; p(i, )7
i (§ ki) < ’
— 512

201



Using our bounds on the elementso of G and the size of the neighborhoods:

Y Gy<YlAlis+ )\ Alis)| max Gy
jod(i,j)>t s=t jid(ij)>s

= i | M, s+ 1)\ Ap(i,s)|s~1?

s=t

1 /2 oo
< Mj (5—]‘/[1) ZS_W2

s=t

Using an integral bound:

is—?’/z < /ws—Y/zds
s=t t

— t_(Y/z_l)

Thus,

1 /2
Y Gii<M; (57) ¢~ /270

jud(ij)>t !

This implies that Assumption 6 is satisfied. Next we check Assumption 10.

If d(k, j),d(k,i) < s then p(k, j)?,p(k,i)* < (%)2%. Since p follows the triangle
inequality, then p (i, j)? < 2 (%)2}/&

Substituting yields d(i, j) < 2 (%%)2}/ <%>2ys <2 (ﬁ]‘h) 2y <A%>2Ys =
2 (WMQ 27/ <%> 2Ys which is a constant times s, satisfying Assumption 10.

Next we check Assumption 7. We have that d(i, j) < (Mzno%é> 2 p(i, j)?. We have

already assumed that it is possible for every subset Q of the population to construct

nlfzy
s

2 units. So an

2y

n
s

an s-cover in squared spatial distance p(-,-)- consisting of at most Mg

-2y . . . .
n-2v (Mz %) s-cover in Euclidean distance would contain at most Mg (M2ai+5)
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Y
units. If p(i,j)> <n~7 (MzaLM> s, then d(i, j) < s and this must be an s-cover in d(-,-).

. - 2y .
So we have found an s-cover in d(-,-) containing at most Mg <M2 %) % units.
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Chapter 2, in part is currently being prepared for submission for publication of
the material. The dissertation author was one of two primary authors of this material.

The other was Professor Paul Niehaus.
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Chapter 3

Evaluation of a Teacher Training in
Uganda, Specifications for Endline

with Moustafa El-Kashlan, Vesall Nourani, and Sara Restrepo-Tamayo

3.1 Introduction

While 49% of Ugandan children enter secondary school, fewer than 10% enter
the final year (Rooke, 2014). In 2007 Uganda eliminated most secondary school fees
as part of its Universal Secondary Education (USE) subsidy program. Yet completion
rates stagnated three years after USE implementation (World Bank, 2024). Low quality
teaching driven by inadequate teacher training may be partly to blame. Although 90%
of Ugandan secondary teachers have the required formal qualifications (Vasiliev and
Demas, 2018), teachers in schools receiving USE subsidies scored 0.5 standard deviations
lower on a numeracy test and 0.28 standard deviations on aa literacy test than teachers
in non-implementing schools (Najjumba and Marshall, 2013). Recent reforms to the
Ugandan national secondary school curriculum and teacher training standards reflect
policymaker awareness of the teaching quality challenge (Businge, 2019).

Kimanya Ngeyo Foundation for Science and Education (Kimanya) was founded
in 2007 and has offered a teacher training in primary schools since 2014. The program

trains teachers (i) to describe scientific concepts with clarity, (ii) to teach in a participatory
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and student-centered manner, and (iii) to reflect on the purpose of education and the
importance of what they are doing for their students. These objectives target both general
skills and intrinsic motivation. Kimanya training occurs in three rounds of about 11 days
each over the course of a school year. In addition, Kimanya tutors visit participating
teachers monthly. A randomized evaluation of Kimanya training in primary schools
found school-level intention-to-train raised student scores on the high-stakes primary
leaving exam by 0.5 standard deviations which raised the pass rate from from 51% to
75% after two years (Nourani et al., 2023).

The present experiment is a separate randomized controlled trial that differs from
the first in two key respects.! First, the present trial randomizes at both the teacher
and school level while (Nourani et al., 2023) randomized only at the school level. The
teacher-level design allows us to study teacher-to-teacher spillover effects and also to
check whether the program effect remains when teachers cannot easily self-select in
training. Second, the present trial takes place in secondary schools and not primary
schools. This new setting will allow us to check whether the treatment effect can be
replicated in a related but distinct context with older students and a distinct professional
class of teachers.

The experiment is ongoing and Figure 3.6 presents the full study timeline. This
document is a plan that describes six main research questions that the trial will answer
by the end. The plan specifies empirical methods to answer each question. The three
datasets needed to answer our questions will be collected at endline in fall 2024 after all
treatment teachers have been given the opportunity to train. However, we have already
collected midline versions of each of these samples in 2022 and 2023. This document
runs our specifications on the midline data in order to demonstrate that our empirical
methods are fully specified and sufficiently precise.

We detect no midline effects on student exam scores, possibly because student

LAEA registriation is here: https://www.socialscienceregistry.org/trials/12347
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exposure to trained teachers was still low or because about 15% of teachers in our study
left their jobs prior to 2022 training. However, we do detect changes in teacher attitudes
at midline—particularly among teachers who were randomly assigned to train in groups
of friends. We will re-run all of these analyses on endline data once it is collected at the
end of 2024.

Whatever its findings, this trial will contribute to the literature on improving
teaching quality in developing countries. Supply-side interventions often need to come
alongside improved teaching to be effective (Glewwe et al., 2009; Kremer et al., 2013;
de Ree et al., 2017). Meta-analyses on the impact of teacher training and professional
development have yielded promising but highly heterogeneous results (McEwan, 2015;
Popova et al., 2021). Recent randomized evaluations find that teachers in developing
countries can be quick to effectively adopt innovative new teaching practices (Nourani
et al., 2023; Alan and Mumcu, 2024). The present experiment will contribute to
understanding of when and how teacher training can improve learning outcomes in
developing countries.

The rest of this plan is organized as follows. Section 3.2 specifies six main
research questions. Section 3.3 describes our study population, the randomized design,
and teacher compliance. Section 3.4 describes our data and discusses balance and
attrition. Section 3.5 specifies the empirical methods that we will use to answer each of
the six research questions. Section 3.6 runs these methods on midine data to demonstrate
that they are fully specified and calculates power for when our methods are re-run on
endline data. The remaining sections list the members of the research team, describe our

intended deliverables, present the full study calendar, and list our IRB approvals.
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3.2 Research Questions

Six primary research questions are enumerated below. Research questions Q1
a, Q1 b, and Q1 c ask whether Kimanya’s teacher training program affected student
exam scores. Research questions Q2 a, Q2 b, and Q2 c ask whether the training affected
teacher attitudes towards gender and the purpose of education. Questions Q1 a, Q1 c,
and Q2 a study main effects. Questions Q1 b, Q2 b, and Q2 c study teacher-to-teacher
knowledge spillover effects. In Section 3.5.6 we will link each research question to a

single primary hypothesis test.

Q1 Student Learning

(a) Can we replicate the impact on student learning outcomes found by (Nourani
et al., 2023) in secondary schools? Does the program effect remain when

teachers do not self-select into training?

(b) Does training with a friend improve program effectiveness on student exam

scores?

(c) What is the program effect on girls’ exam scores in particular?
Q2 Teacher attitudes towards the purpose of education for girls vs boys.

(a) Do trained teachers change their perceptions of the differences in ability or

the purpose of secondary education between their male and female students?

(b) Does training with a friend magnify the program effect on teacher gender

attitudes?

(c) Are untrained teachers’ gender attitudes affected by training their colleagues?

Does training enough teachers affect school culture?

Several more research questions will be added in the team’s final pre-analysis
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plan. To meet the deadline of Faridani’s dissertation defense, this plan considers only the

six questions above that he provided leadership on.

3.3 Research Design
3.3.1 Study Population

Our study consists of 39 secondary schools located in the Jinja and Buikwe
districts of southeastern Uganda. We chose the schools in the following fashion. In
April-June 2021 we obtained teacher rosters from the 52 secondary schools in both
districts and conducted a baseline telephone survey of the teachers on the roster. The
survey is described in Section 3.4.1.

We used these survey responses to determine eligibility criteria for teachers. We
deemed a teacher to be eligible for training if they (i) taught at least one of the first
three years of secondary school and (ii) reported spending at least four hours per week
at the school on whose roster they appeared.? This left us with 879 eligible teachers.
Then we removed the 15 schools with fewest eligible teachers to arrive at 39 schools
containing 807 eligible teachers. From these we selected 640 teachers to be part of our
randomization.

The set of teachers included in the randomization was chosen to meet two criteria.
First, Kimanya wanted to invite approximately 100 teachers per year to train over three
years. Second, our research team wanted each school to contribute approximately the
same percentage of its eligible teachers to the training, which turned out to be about
60%. We prioritized including teachers who said that they worked more hours on our
survey.

Table 3.3 compares teachers not in the randomization to those whom we chose for

2Since the survey was taken during the COVID-19 pandemic, four hours worked per week was above
the mean in our survey. A national lockdown was implemented on June 7th, midway through our baseline
survey.
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the randomization. Compared to the other 524 teachers, our chosen 640 teachers were
on average 1.4 years older, 8 percentage points more likely to be female, 5 percentage
points more likely to be married, 8 percentage points more likely to teach only at the
school where they were surveyed, and worked one more hour per week in their surveyed

school.

3.3.2 Assignment to Treatment

We randomized at the school and teacher level. The aim of our design was to
not only identify the program effect on individual teachers, but also to study teacher-
to-teacher spillovers and effects on school culture. We therefore randomize not only
who receives training, but also whether teachers are trained in groups of friends or
not. To achieve this, the experimental design consisted of four steps: constructing
teacher clusters, constructing school triples, school-level randomization, and within-
school randomization. Figure 3.1 visualizes the experimental design and the following
paragraphs explain the four steps.

The first step in our design was to partition the teachers within each school into
four equally-sized treatment clusters using two different methods. For each school we
first sorted teachers into what we called clique clusters. Clique clusters were chosen in
order to maximize the number of teacher-to-teacher social ties within each cluster. Then
for each school we sorted those same teachers into four different clusters that we called
anticlique clusters. Anticlique clusters were chosen in order to minimize the number of
social ties within each cluster. The result is that each teacher belonged to one Clique
cluster and one Anticlique cluster.

Figure 3.2 visualizes an example of the teacher-level randomization in a small
school that sends 2 teachers per year—the minimum and modal number of sent teachers
in our sample. The picture visualizes how the teacher social network maps into the

Clique and Anticlique clustering schemes. The baseline data used to construct teacher
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social networks is described in Section 3.4.1.

In the second step, we sorted the schools into thirteen matched triples of three
schools each. Triples were chosen in order to make the number of eligible teachers
per school roughly the same within each triple. This was to guarantee that for every
realization of the randomization, roughly the same number of teachers would be invited
to training.

The third step was to randomize at the school level. Within each triple we
randomly selected one school as a Pure Control, one as a Clique school, and one as an
Anticlique school. In the 13 Pure Control schools, no one would be invited to train. In
the 13 Clique schools, teachers would be invited to train in groups of friends. In the 13
Anticlique schools, teachers would be invited to train in groups with few social ties. Thus
our school-level design has three experimental arms: two different treatments and one
pure control. We refer to both Clique and Anticlique schools as “treatment schools.”

The fourth and final step is to randomize within schools. Each treatment school’s
teachers were already partitioned into four treatment clusters depending on the school’s
assignment. In Clique schools we use the four Clique clusters and in Anticlique schools
we use the four Anticlique clusters. From each treatment school, one cluster is randomly
invited to train in 2022, one cluster is invited to train 2023, one cluster is invited to train
in 2024, and the last cluster is kept as a control. See Figure 3.1 for a flowchart.

It is crucial to realize that Clique vs Anticlique assignment has no effect on the
conditional probability that any individual teacher is invited to training. Conditioning on
Clique vs Anticlique assignment affects only the joint distribution of teacher invitation
probabilities but not the marginal distributions. So, if a teacher-level SUTVA holds
where each teachers’ outcomes depend only on their own training invitation, then any
difference between Clique and Anticlique schools could be interpreted as a violation of

SUTVA. This special design allows us to detect teacher-to-teacher spillover effects on
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student exam scores even when we cannot link individual students to specific teachers.?

Two schools changed ownership between our baseline survey and the second
training in April 2023. Consequently both schools experienced very high faculty turnover.
Before training began, we re-randomized the 2023 teacher invitations for both schools

using the post-ownership-change teacher rosters.

3.3.3 Compliance at Midline

While teacher invitations were randomized, actual attendance at Kimanya’s train-
ing is voluntary and therefore cannot be randomized. Moreover, our context includes
relatively high teacher employment turnover. To account for imperfect attendance at the
trainings, all of the estimands studied later on in this plan are intent-to-treat. In this
section we summarize teacher attendances as reported by Kimanya.

While most invited teachers attended significant portions of the training during
the first two years of the campaign, some did not. By far the most common reason for
non-attendance was that the invited teacher had stopped working at the school that we
had initially surveyed them at. Table 3.1 displays all of the compliance information for
2022 and 2023. By the end of 2023, 176 teachers had been invited to training and 131
(75%) of these had attended at least three days of training. Moreover, 79 (45%) of the
invited teachers had attended for at least twenty days. Figure 3.3 shows the full CDF of
days of training attended for teachers who had been invited by the end of 2023. All 26
treatment schools had sent teachers to train for at least three days by the end of 2023.
Among invited teachers, those who attended for at least 3 days were slightly more likely
to be female, but did not differ in age from teachers who did not attend training for at
least 3 days. Table 3.2 quantifies these comparisons.

The most common reason for noncompliance was that the teacher had stopped

3We have attempted to link students to teachers via classrooms, but the links so far are conservative
and the resulting networks are quite dense. We therefore do not discuss this kind of analysis in this plan.
Our team is working on improving this match and we hope to be able to do this kind of analysis soon.
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working at the school where we had initially surveyed them at. Out of 33 invited teachers
whom headteachers told us would not attend in 2022 or 2023, for 72% the reason given
was that the invited teacher had left the school. This kind of noncompliance will decrease
our intent-to-treat effects in a way that is likely unrelated to the impacts of Kimanya
training.

In addition, several teachers came to training even though they were not invited.
By the end of 2023, 17 uninvited teachers had attended for at least three days and 5 of
these had attended at least twenty days.

Teacher attendance patterns suggests that teachers talk to one another about the
training and raises the possibility of teacher-to-teacher spillover effects. All 17 uninvited
teachers who attended anyway for at least three days worked at treated schools. Nine
were from Clique schools and eight from Anticlique.

To avoid wasting capacity, Kimanya wished to minimize the number of empty
seats at its trainings due to noncompliance. When a teacher is unavailable or declines an
invitation, we invited a replacement teacher from a prepared list. Prior to randomization,
for each treatment cluster we prepared an ordered list of “replacement” teachers in the
school that were not otherwise part of the randomization. As teachers from a treated
cluster declined invitations, we invited replacement teachers in order down the list
associated with the cluster of the declining teachers. A total of 65 teachers had been
invited from replacement lists by February 2024. Replacement teachers are not included

in Table 3.1 or any of the analyses in this plan.

3.4 Data, Attrition, and Balance

This plan discusses five data sources: standardized exams administered by the
Uganda National Education Board (UNEB), a teacher survey administered by our team

at baseline, an exam given by our team to students, and a midline survey given by our
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team to teachers. A similar sample for each dataset will be collected again in Fall 2024.
Table 3.4 enumerates all of the datasets discussed in this plan, including future samples.
Sections 3.4.1-3.4.4 later on discuss each dataset in detail.

We face significant data attrition in our context. Teachers sometimes change
schools or exit the study sample, and one school did not allow its students to sit for
our exam. This means that all of our midline and endline datasets are samples, not
populations. If treatment causally affects who appears in our data, then this can confound
our estimates of treatment effects. We will need to assume that this is not the case.

Assumption 18 states that treatment does not affect which students, teachers, and
schools attrit out of our sample. Importantly, Assumption 18 would be violated both by
imbalance in the number and the kind of observations across treatment arms. Without

Assumption 18, the estimands studied later on do not have causal interpretations.

Assumption 18. The sample of units observed in each of our datasets would have been the

same under any counterfactual treatment assignment.

Assumption 18 is not verifiable but we can try to falsify it with balance checks. A
balance check tests for differential rates of attrition by treatment arm within each sample.
The primary statistic of interest for each balance check is the p-value of a Fisherian exact
test, sometimes called “Randomization Inference” (Young, 2018). Here Assumption 18 is
the sharp null hypothesis that Fisher’s test is testing. The test statistic is always the overall
F-score of a regression of treatment status indicators on demographic characteristics. The
critical values for the Fisherian exact test are calculated by re-randomizing, computing
our test statistic under the counterfactual randomizations, and calculating the percentiles
of the distribution of permuted statistics. This test would reject its null hypothesis if, for
example, men were over-represented in followup surveys of treated teachers but not
control teachers.

The following sections describe how each baseline or midline dataset was col-
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lected, provide summary statistics, and check for balance. Assumption 18 is never

rejected in any of our samples.

3.4.1 Baseline Teacher Survey

During April-June 2021 our team surveyed 1164 teachers from 54 secondary
schools in Jinja and Buikwe. Our survey team was contracted with Innovations for
Poverty Action. 834 teachers were surveyed in person and the rest were surveyed
over the telephone due to COVID-19 lockdowns. Survey questions included teacher
demographics, grades taught, and how many hours they worked at the school that they
were surveyed at, and whether they taught at any other schools.

Table 3.3 presents summary statistics for the demographic characteristics of
teachers surveyed at baseline. We used this data in November 2021 to select our study
population of 640 teachers as described in Section 3.3.1. The summary statistics in Table
3.3 are partitioned into teachers whom we chose to be part of our randomization and
teachers whom we did not choose.

We check for balance at baseline by comparing school characteristics across
treatment arms. Table 3.5 compares characteristics of treatment schools to pure control
schools. Table 3.6 uses the same data to compare Anticlique schools to Clique schools.
The Fisherian exact test (randomization inference) fails to reject the null hypothesis of
balance at baseline for both comparisons.*

The baseline survey was used to get the social networks used to construct the
teacher clusters discussed in Section 3.3.2 and illustrated in Figure 3.2. The survey
elicited teacher social networks in the following fashion. For each surveyed teacher
(called the “ego”) we randomly chose fifteen other teachers (called “alters”) at the same

school. For each alter, we asked the ego whether they had spent 30 minutes talking to

4The test statistic for the exact Test is the overall F-score of a regression of school baseline characteristics
on school treatment status.
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the alter during the last academic term. If the ego answered in the affirmative, then we

asked the following three followup questions:
* Have you and [ALTER] spoken about how to better manage your classroom?

* Have you or [ALTER] visited any of each others classroom to help improve teaching

practices?
* Have you planned classroom activities together with [ALTER]?

We considered two teachers to be “linked” if they both answered in the affirmative
about the other to at least one of the three followup questions. Teacher clusters in the
Clique schools described in Section 3.3.2 were chosen to maximize links and clusters in

Anticlique schools were designed to minimize links.

3.4.2 Student Assessment proctored by IPA

In October and November of 2022 we gave an exam to 11,495 students. One
school (assigned to Anticliques) did not allow us to give the exam, so our exam data
comes from 38 schools. The exam was administered by a team contracted with Innova-
tions for Poverty Action. The exam-takers were every student, from S1 to S4,° present
at the school on the day that the IPA team arrived to give the assessment. The students
weren’t forced to participate in the assessment but the teacher was present while the
students were taking the assessment, increasing the participation of the students on the
assessment. Table 3.7 provides summary statistics for the demographics of students who
took our assessment.

Our exam consisted of 24 multi-part questions and students had one hour to
complete it. A subset of questions were designed bespoke for this project by El-Kashlan

and Nourani, while the remaining were taken from the 2011 TIMSS standardized

SThe first year of secondary school is called S1, the second S2, and so on.
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examination, which at the time of study was the most recently available version of the
exam available to researchers. The objective of the exam was to measure students’
ability to use scientific language and to apply critical thinking skills to scientific problems.
The exam questions were similar in spirit to those that the teachers are asked during
Kimanya’s training sessions. Figure 3.4 provides an example of a question from the
“Use of Language” section where students are asked to decide when to use the word
“science” and when to use the word “technology”.® Figure 3.5 shows an example of a
question from the “Critical Thinking” section where students are asked to construct a
simple experiment to test a hypothesis.

We computed exam scores by taking 35 question-parts that had single correct
answers and adding up the number of correct answers per exam. Then we subtracted
the mean and divided by the standard deviation over all exams.

Since one Anticlique school did not take our assessment, we are concerned that
student exams might not be balanced between treatment and control. Table 3.7 compares
the demographic characteristics of students who took our assessment across treatment
and control schools. We check for balance in the following characteristics: student age,
student gender, indicators of whether the student was in year 2, 3, or 4 of secondary
school, and the mean UCE score for the student’s school prior to baseline.

To check for balance overall, we run a Fisherian exact test using the overall F-score
of a regression of the treatment indicator on the six characteristics in Table 3.7 as our
test statistic. The test fails to reject Assumption 18.

We gave a similar exam in Fall 2023 but has not been digitized yet and so we

cannot analyze it here. We will give a third exam in Fall 2024.

6Since the S4 students were preparing for their UCE exam, we solely administered Section 1 - Use of
Language to them.
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3.4.3 UNEB Exam Scores

Students in the fourth year of secondary school (called S4) take the Uganda
Certificate of Education (UCE) exam every year. The exam is administered by the Uganda
National Board of Education (UNEB). The exam is mandatory and high-stakes and is
comparable to the “O-level” exam in the United Kingdom.

The UCE exam contains six mandatory subjects: Mathematics (150 minutes),
Biology (120 minutes), English language (120 minutes), Chemistry (120 minutes),
Physics, (120 minutes), and either Geography (150 minutes), or History (120 minutes)
or Religious education (90-120 minutes).” Scores are aggregated across all subjects
by UNEB. We process aggregate scores by subtracting the mean and dividing by the
standard deviation.

We attempt to match student’s UCE exam scores to their score on the Primary
Leaving Exam (PLE). The PLE is a high-stakes exam taken in the last year of primary
school that is used for admissions into secondary school. We use standardized PLE
scores as a student-level covariate in our analyses because they were determined prior to
treatment and are strongly correlated with UCE exam scores. Similar to the UCE, our
PLE scores have been aggregated across all subjects by UNEB.

UCE and PLE scores were provided and matched by UNEB. We obtained data by
requesting that UNEB provide scores for exams taken by students attending schools in
our study area. Unfortunately, UNEB’s data is linked not to students’ schools but only
to the testing center that serviced that school. To solve this problem, we asked schools
to provide the index numbers and testing centers of exams taken by their students. We
then use students’ names to improve the match.

We have matched data from 2018-2020 and 2022. The exams prior to baseline

are processed differently than exams after baseline, so we will discuss them separately.®

7http://nada.uis.unesco.org/nada/fr/index.php/catalogue/47
8While we do have 2023 data from UNEB in hand, we need to obtain more information from schools to
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UCE Prior to Randomization

Our data contain 12731 UCE exams taken at 49 testing centers during 2018-2020.
These testing centers were selected to correspond to the schools in our randomization.
Since these exams were taken before randomization we treat them as pre-determined
covariates. We were able to match 11483 out of 12731 pre-baseline exams to 37 out of
our 39 schools. One missing school was assigned to Cliques and the other to Anticliques.

Since not every exam was successfully matched to a school, we may be concerned
that Assumption 18 was violated somehow. We do not find evidence that the number of
observations differed by school treatment status. 3623 scores were from Clique schools,
4080 from Anticlique schools, and 3780 from Pure Control Schools. Fisher’s exact test
does not reject the null hypothesis that the number of exams per school was unaffected
by school treatment status.

We use these pre-baseline exam scores as covariates in our analyses. We do this
by taking the mean of standardized UCE exam scores within each school-year and then
meaning the school-years within each school. For the two schools without any baseline
scores, we impute their mean standardized scores as zero. Imputation does not affect the
validity or interpretation of our analyses because these means are used as predetermined
covariates in the doubly robust estimators described in Section 3.5.5. Balance remains
even after imputation. School mean standardized scores are only .04 standard deviations
higher in treated schools than control schools. Fisher’s exact test finds that this difference

is statistically insignificant.
UCE Scores in 2022

Our data contain the universe of exams in Buikwe and Jinja districts taken in

2022, which is 14,595 exams.’? Since these exams were taken post-baseline we treat

complete the match. We anticipate receiving 2024 data from UNEB in March 2025.
"We have data from a significantly larger area in 2022 than in previous years. This makes the sample
size of matched data is somewhat larger (4456 in 2022 vs 3782 in 2020).
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2022 scores as an outcome variable. We were able to match 4456 exams to students in
38 out of 39 of the schools in our randomization. The missing school did not provide
index numbers for their students in 2022.

The number of matched exams does not seem to differ by treatment arm. Our
matched data contain 1462 exams from Clique schools, 1436 from Anticlique, and 1558
from Pure Control. These do not differ significantly from the 1485 exams per treatment
arm that we would expect under perfect balance.

Table 3.8 shows balance for our sample of 2022 UCE test-takers. Treatment and
control schools are very similar in this sample across all pre-baseline characteristics. The
Fisherian exact test finds no evidence against Assumption 18.

We have UCE exam scores from 2023 but the data has not been fully matched to
schools in our randomization and is therefore not analyzed in this plan. We anticipate to

receive 2024 exam scores from UNEB in March 2025.

3.4.4 Teacher Survey

In October and November of 2023 our team surveyed 1153 teachers at all 39
schools. We attempted to reach all 640 teachers in the randomization but only reached
455. The other 698 survey responses were from teachers not in the randomization and
will not be discussed further in this document.

The key outcome variables discussed in this document are the responses to one
particular survey module that asks teachers the extent to which they agree with each
of eight statements about how gender shapes the purpose of education. The purpose
of these questions is to determine whether training changes teachers’ attitudes towards
boys’ and girls’ education. The statements are listed below. Table 3.9 provides summary

statistics.

1. Boys have more ability than girls to learn science subjects.
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2. Boys need more education because they are better suited than girls to find high-

paying jobs.
3. Parents should maintain stricter control over their daughters than their sons.
4. Girls should attain higher education so that they find better husbands.
5. Boys should attain higher education so that they find better wives.

6. Boys should be just as capable as girls at preparing a meal for visitors when guests

visit.
7. Girls have more ability than boys to learn science subjects.

8. Girls need more education because they are better suited than boys to find high-

paying jobs.

Since 185 teachers from our randomization are missing, we must test whether
this attrition violated Assumption 18. Our first piece of evidence in favor of Assumption
18 is that 65% of survey respondents come from treated schools which is very close to
the 66% of the study population of 640 teachers were in treatment schools. Second, 53%
of survey respondents had been invited to training by 2023 which is very close to the
50% of the study population that was assigned to receive an invitation. This suggests
that treatment had no influence on the number of survey responses.

We next wish to check that treatment did not change who responded. Table 3.10
compares characteristics of survey respondents across pure control and treated schools
while Table 3.11 compares characteristics of respondents who had been invited by 2023
to uninvited respondents. We do not find statistically significant differences for any one
characteristic. To check for balance overall, we run the Fisherian exact test using the

overall F-score of a regression of the treatment indicator on the teacher characteristics as
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our test statistic. Fisher’s test finds no evidence against the null hypothesis of Assumption
18.
We plan to collect another round of teacher survey data in October and November

of 2024.

3.5 Emprical Methods
3.5.1 Primary Outcome Variables

We study effects on three primary outcome variables:

* Research questions Q1 a, Q1 b, and Q1 c consider student scores on two exams:

— The fraction of correct responses on our student exam described in Section

3.4.2.

— All-subject aggregate score on the Uganda Certificate of Education standard-

ized exam described in Section 3.4.3.

* Research questions Q2 a, Q2 b, and Q2 c consider indicators of whether teachers
agreed with eight gender-related statements on our teacher survey described in

Section 3.4.4.

3.5.2 Notation

Consider a sample of m teachers and n students who appear in our data. Let Tj;
be the treatment assignment of teacher j at school s in year ¢ and let T be the full 3m x 1
vector of all teacher treatment assignments for all three years of the study. Let Y;(T)
be the potential exam score for student i in year ¢ of the study attending school s under
teacher treatment assignment vector T. Let D(T) be the assignment of school s (Clique,
Anticlique, or Pure Control). For brevity we will sometimes suppress the argument T.

In our framework, potential outcomes are fixed and treatment assignment is

random. This means that expectations are taken over all treatment assignments and not
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over any sampling procedure. This requires Assumption 18 to hold, i.e. that treatment
assignment does not change who is observed.

The following sections describe our estimands and hypotheses. These are sub-
scripted according to the following convention. The first part of the subscript corresponds
to the research question that the estimand or hypothesis is meant to address, and the
second part of the subscript is a unique identifying number. So @3, is a treatment
effect that addresses question Q1 b. Clicking on the first part of the subscript will take
the reader to the specification of the research question. Clicking on the second part of

the subscript will take the reader to the definition of the estimand.

3.5.3 ITT Effects on Student Exam Scores

The following treatment effects attempt to address the main research questions
Q1 a, Q1 b, and Q1 c by studying treatment effects on student exam scores Y;;;. We
will study effects on both our own assessment that we give to the students described in
Section 3.4.2 and the UCE exam described in Section 3.4.3.

All of these are intent-to-treat effects, meaning that they are the causal effects of
receiving an invitation to train, not the effect of attending training. Recall that in our
framework treatment assignment is random, but under Assumption 18 the sample is
fixed and non-random. So Assumption 18 guarantees that all of the treatment effects in
this section are identified even when some units from the randomization do not appear
in the sample. Take note however that these are effects only on the (fixed) sample of
units who appear in our data.

The estimand @g,3.1 captures the school-level causal effect of receiving training
on student test scores. It most closely resembles the effect estimated by Nourani et al.

(2023). It compares assessment scores across treatment vs control schools within a single
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year ¢.10

12
®Q1a.3.1 = ; ZE [Yits ’Ds 7£ CTL] —-E [Yits |Ds - CTL] (31)
i=1

The next estimand studies teacher-to-teacher knowledge spillovers. Estimand
Og1».3.2 leverages the special design of the experiment to compare schools where teachers
who trained with a friend (Clique schools) to schools where those who did not (Anticlique
schools) within a given year r. If we find that ®;; 3, # 0 then we will have found
evidence of teacher-to-teacher spillover effects on students without needing to link

students to teachers—a difficult data task.
1 n
(E)Q”,&z = - ZE [Yi,s |DS = CLIQUE] —E [Y,-ts |DS = ANTI] (3.2)
i=1

The third estimand @33 captures the school-level causal effect of receiving
training on student test scores for female students only. It compares girls’ scores across
treatment vs control schools within a single year ¢.

1 1{FEMALE;} (E [Yy, | Dy # CTL] — E [Yy, | Dy = CTL)])
Y7, 1{FEMALE,}

Opi1c33 = (3.3)

3.5.4 ITT Effects on Teacher Survey Responses

The next three estimands study the effect of invitation to training on teacher
attitudes towards the purpose of secondary education for boys vs girls. They each
correspond to one of the research questions Q2 a, Q2 b, and Q2 c. Let Z;, be a dummy
variable indicating that teacher i at school s responded with agreement to the gender
statement u on the teacher survey in year ¢. The survey questions are described in Section
3.4.4.

The estimand ®,, 3.4, compares the rate of agreement among invited teachers

10The expectation is over randomized teacher invitations within each school, not over a sampling
process.
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to teachers in pure control schools. By excluding uninvited teachers in treatment schools

we avoid diluting the treatment effect with spillovers.

1 &
®Q2a.3.4.u = Z Z E [Zitsu | Tjts - 1} —E [Zitsu |Ds - CTL] (34)

i=1
The estimand @y 35, compares average agreement rates for question u for

invited teachers across Clique and Anticlique schools. This captures the effect of training

with friends vs training with co-workers who are not friends.

1 n
®Q2b3.5.u = Z ZE [Zitsu |Ds = CLIQUEﬂ Tjts = 1} —E [Zitsu |Ds = ANTIN Tjts = 1} (3.5)
i=1
The estimand @gy. 36, compares average agreement rates for question u by
uninvited teachers across treatment and pure control schools. This comparison captures

the effect of being exposed to trained colleagues on teachers who were not themselves

invited to train.

1
®Q2c,3,6,u = Z Z E [Zitsu |Ds 7é CTLN Tjts = 0] —-E [Zitsu |Ds = CTL] (36)
i=1

3.5.5 Estimation

We estimate ® in Sections 3.5.3-3.5.4 with the regression-adjusted estimator
from Wooldridge (2010) on pp. 930-931. The relevant STATA command is: “teffects
ipwra.” We describe here the estimation procedure for ®¢;; 32, but the procedure is
nearly identical for all of the estimands. There are two steps. In the first step we run the
OLS regression in Equation 3.7. No weights are necessary because the true propensity

scores are all constant.

Yis = 1{Ds = CLIQUE} X;; 81 + 1 {Dy # CLIQUE} X;sBo + €irs (3.7)
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To increase precision, we include the k x 1 vector of baseline covariates X;;. These
always include a constant, pre-baseline UCE exam scores meaned within each school,
student (or teacher) age, student (or teacher) gender, and (when estimating effects on
students) student cohort indicators. When we estimate effects on UCE scores we also
include student PLE scores as an additional covariate. The regression in Equation 3.7
predicts outcomes using the covariates separately among students in Clique schools and
those in Anticlique schools. The regression yields the two k x 1 vectors coefficients ﬁ’l , 30.

In the third step, we compute the final estimate by taking the difference in the

predicted values of Y;; under the two treatment conditions.
A 1 & ~ ~
Op1p32 = p ZXis (ﬁl - Bo)
i=1

In order for (:)le.g.z to be consistent for @32, we must verify the overlap
and unconfoundedness conditions. The experimental design guarantees that every
student and teacher has a chance to be in any group that the estimands compare, so
overlap is satisfied. Since all treatments were randomly assigned, if we could observe
data from every teacher and student at every school, unconfoundedness would hold
whenever we condition on covariates pre-determined at baseline. Since we only observe
a sample of teachers and students, we need Assumption 18 to hold in order to have
unconfoundedness.

We use the regression-adjusted estimator because it has the double robustness
property. Since we know the true treatment probabilities of each student, school, and
teacher, our propensity score model is true by design. This means that we can adjust
for any covariates using any model so long as the covariates are determined prior to
randomization and Assumption 18 holds. We choose to specify a linear model for the
outcomes in Equation 3.7. Even if the linear model is false, we can still consistently

estimate all of our estimands because of double robustness.
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Adjusting for covariates is vital in our case because they greatly increase precision
by explaining much of the variation in our outcome variables. For example, student PLE
scores from primary school explain 44% of the UCE exams scores taken in secondary
school. The doubly robust estimator allows us to exploit these powerful covariates

without imposing any additional assumptions on how outcomes are determined.

3.5.6 Primary Hypotheses

While we will test many hypotheses, we specify only one “primary” test for each
of our six research questions from Section 3.2. These tests are enumerated in Table 3.12.
All six primary tests will be tested exclusively using outcome data from 2024—which has
not been collected at the time that this report is written. The table makes explicit the
sharp null hypothesis being tested, provides an interpretation in plain English, and notes
the test statistic to be used. We do not adjust for multiple hypothesis testing across the
six distinct research questions because they are of separate interest. Since each research
question is associated with only one primary test (sometimes a joint test), there is no
need to adjust for multiple testing within any research question.

The first three primary tests in Table 3.12 check for effects of training on student
exam scores. The primary null hypothesis for Q1 a is that school treatment status will
have no effect on any student’s score on the 2024 UCE exam. The primary null hypothesis
for Q1 b is that school assignment to Clique vs Anticlique will have no effect on any
student’s score on the 2024 UCE exam. The primary null hypothesis for Q1 c is that
school treatment status had no effect on any female student’s score on the 2024 UCE
exam.

The last three primary tests in Table 3.12 consider effects on teacher attitudes
toward gender and the purpose of education for girls and boys. The primary test for Q2
a tests the sharp null hypothesis that receiving an invitation to training did not affect

any teacher’s responses to any of the eight survey questions in our gender module from
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Section 3.4.4. The primary test for Q2 b tests the sharp null hypothesis that no teacher’s
responses to the gender module were affected by whether they were invited to train
alongside friends or not. The primary test for Q2 c tests the sharp null hypothesis that
no uninvited teacher’s responses to the gender module were affected by whether any

other teachers at their school had been invited to train.

3.5.7 Hypothesis Testing Methods

Next we describe how each of these sharp null hypotheses will be tested. We will
not use ¢-tests for inference because the number of treatment clusters is small. While we
report robust standard errors clustered at the school level for all estimates ® discussed
above, these standard errors are unreliable because the number of clusters (38 or 39
schools) is small.

Our solution is to exploit the randomized design to use a Fisherian exact test
known to economists as “randomization inference” (Young, 2018). This procedure only
tests the “sharp” null hypotheses under which all outcomes used to construct a particular
test statistic are known. Table 3.12 explicitly lists each sharp null that is being tested.
The validity of Fisher’s test requires only Assumption 18, i.e. that treatment never causes
(non)attrition from the sample. Fisher’s test is exact and requires no other assumptions
or asymptotic approximations and will control the type-I error rate regardless of the
number or size of the treatment clusters.

Table 3.12 lists the statistics that we will use to test each research question. For
the three research questions concerning student outcomes Q1 a, Q1 b, and Q1 c we
specify the test statistics to be the point estimates of the treatment effects, @Qla_3_1,
@le&z and @Q]C.gg respectively.

The research questions Q2 a, Q2 b, and Q2 c consider several outcome variables
each. To produce a single test statistic per hypothesis, we use the following three F-

scores. Define the statistic Fp), 38 in the following way. First run the OLS regression
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in Equation 3.8 below. Exclude all teachers in treatment schools who had not yet been
invited to train in year ¢. Let T} indicate that teacher j at school s had been invited to
train by year 7. Let Zjy,, indicate that the teacher agreed with the statement in question u.
Include that teacher’s baseline age and gender, as well as school s mean UCE score prior
to randomization as covariates. Define Fyy,33 as the F-score from the usual F-test of
the null hypothesis that every v, coefficient is equal to zero where standard errors were
clustered at the school level. This F-score will be large when teacher gender question
responses predict whether the teacher had been invited to training or was in a pure

control school.
FQZa.3.8 : Tjts = ﬁO + ﬁlAGEjs + ﬁZMALEjs + ﬁ3UCEs + Z /Yqustu + Ejts (38)

To test the null hypothesis for Q2 b, define Fy,, 39 as the F-score from the usual
F-test of the null hypothesis that every ¥, coefficient is equal to zero in Equation 3.9
below. Teachers in pure control schools are excluded. This F-score will be large when
gender question answers predict whether the teacher was invited to train in a Clique or

an anticlique.

Foopso: 1{Dy;=CLIQUE} = By+ B1AGEj; + BoMALE s + B3UCE + Y %uZjstu + €jts
' (3.9
Finally, to test the null hypothesis for question Q2 ¢, define Fy. 3.19 as the F-score
from the usual F-test of the null hypothesis that every ¥, coefficient is equal to zero in
Equation 3.10 below. Teachers who were invited to training are excluded. This F-score
will be large when gender question answers among teachers who were never invited to

train nevertheless predict whether their school was assigned to pure control.

FQZC.3.10 : 1 {Ds ?é CTL} = ﬁO + ﬁlAGE]s + ﬁZMALE]s + ﬁ3UCEs + Z '}/uzjstu + Ejts (310)
u
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3.6 Midline Results and Endline Power

We will test the six primary hypotheses in Table 3.12 at endline once the 2024
teacher survey and student exam scores are collected. To demonstrate that the testing
and estimation methods are fully specified, we present here results using midline data
collected at the end of 2022 and 2023. We detect no midline effect on student exam
scores, likely because student exposure to trained teachers at midline was still low.
We do detect midline effects on teacher gender attitudes. This effect is significantly
larger in Clique schools, implying teacher-to-teacher spillovers. Midline results are not
used to draw final conclusions about the intervention, but they do provide a full set of

specifications for endline.

3.6.1 Effects on Student Exam Scores

Table 3.13 shows estimates of ®¢;,.3.1 which compares student exam scores in
treated to untreated schools. Table 3.14 shows estimates of @, 3, which compares
student exam scores in Clique to Anticlique schools. Table 3.15 shows @3, which
is the treatment effects for girls. The columns of each table show the point estimate,
cluster-robust standard error, and the p-value of the Fisherian exact test that uses the
point estimate as the test statistic. The top row of each table uses data from our 2022
student assessment described in Section 3.4.2 and the bottom row uses the 2022 UCE
exam scores described in Section 3.4.3. While the point estimates are nearly always
positive, Fisher’s test does not reject any of the three null hypothesis on either of the two
exams.

The null midline effect on exam scores is unsurprising for two reasons. First,
Nourani et al. (2023) also did not find program effects on exam scores after only one
year. Second, when students took our assessment in 2022, the first cohort of teachers

were still going through Kimanya training.
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We expect larger effects on exam scores at endline. By the end of 2024, three times
as many teachers will have been trained as 2022, the treated teachers will have been
trained for longer, and therefore more students will have had more years of exposure
to trained teachers. We calculate power to detect a larger effect in the following way.
We simulate endline samples by resampling the midline data with replacement within
each school and adding a hypothetical treatment effect to the resampled scores. Power
is calculated as the fraction of bootstrapped samples in which our tests reject their
sharp null hypotheses at the 5% level. Resampling in this way overstates within-cluster
correlations and is likely to understate true power.

The right panel of Table 3.13 shows the results of the power calculations. Here
the null hypothesis is that school assignment to treatment or pure control had no effect
on any exam score. We calculate at least 92% power to detect an endline effect .38
standard deviations larger than midline on our assessment and an effect .24 standard
deviations larger than midline on the UCE exam.

The right pane of Table 3.14 shows power to reject the sharp null hypothesis that
Clique and Anticlique treatment have the same effect on exam scores for all students.
We find 90% power to detect a Clique effect of .38 standard deviations on scores for our
student assessment and 95% power to detect an effect of .19 standard deviations on the
UCE scores.

The right pane of Table 3.15 shows power to reject the sharp null hypothesis that
treatment affected girls’ exam scores. We find at 93% power to detect a Clique effect of
.25 standard deviations on scores for our student assessment and 95% power to detect
an effect of .39 standard deviations on the UCE scores. We conclude that fir girls’ exams,
our assessment is much more likely to detect an effect than for UCE exams.

These detectable effect sizes are significantly smaller than the effects found by
Nourani et al. (2023) of 0.5 standard deviations on high-stakes exam scores. Moreover

these power calculations are likely to understate true statistical power because resampling
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within schools overstates within-cluster dependence for small schools. Finally, these

effect sizes, while still large, are detectable with very high probability.

3.6.2 Effects on Teacher Attitudes

We do find significant effects at midline on teacher attitudes towards the purpose
of education for boys vs girls. Table 3.16 shows estimates of @y, 3.4, which compares
trained teachers to pure control teachers. While Fisher’s test fails to reject the null
hypothesis for any individual survey question, the joint null hypothesis of no effect on
any question is rejected with p = .01. We are interested to see whether the endline survey
yields more insight but not much can be said based on the midline data.

Table 3.17 shows much stronger effects. Here we estimate @y, 3.5, which com-
pares invited teachers in Clique schools to invited teachers in Anticlique schools. The
joint null hypothesis of no effect on any of the eight survey questions is rejected with
Fisher’s p = .02. In particular, we find that trained teachers from Clique schools are

significantly less likely to agree with each of the following three statements:

* Boys need more education because they are better suited than girls to find high-

paying jobs. (p =.00)
* Girls should attain higher education so that they find better husbands. (p = .00)

* Girls need more education because they are better suited than boys to find high-

paying jobs. (p = .04)

The fact that midline effects on Clique vs Anticlique invited teachers are larger than
effects on invited vs pure control teachers leads us to hypothesize that training with a
friend is more effective than not training with a friend. We look forward to confirming
this result with the endline survey.

We do not find evidence of spillovers onto untrained teachers at midline. Table

3.18 shows estimates of @, 36 Which compares uninvited teachers in treatment vs
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control schools. Neither the joint test nor the individual tests reject their sharp null
hypotheses of no spillover effect of having trained colleagues on untrained teachers.
Since the joint p-value of .12 is relatively low, we are interested to find out whether
spillover effects appear at endline when more teachers are trained.

We wish to calculate power to reject the three joint null hypotheses in Table 3.12
at endline. In contrast to students, we will not collect a new sample of teachers in 2024
but rather re-survey the same set of teachers as before. To calculate power, we ask two
questions. First, how much would teacher responses have to change in order for us to
fail to detect effects on already seen at midline? Second, how much would the spillover
effects on untrained teachers in 2024 have to be for us to detect it at midline? In other
words, we run power calculations that condition upon midline survey responses.

Power calculations suggest that the finding in Table 3.16 might be difficult to
replicate. In a simulation we randomly chose 15% of teacher-questions and changed
their survey responses at random. Then for two survey questions, we changed 35% of
“Agrees” among teachers trained in or before 2024 to “Disagrees”. In 76% of simulations,
Fisher’s test using Fp, 3.3 still rejected the null. This suggests that if even a modest
amount of noise is added to teacher responses, then the program effect in year 3 would
need to be very strong for us to replicate the p-value at the bottom of Table 3.16.

In contrast, conditional power calculations suggest that we are very likely to
replicate the rejection of the joint null hypothesis in Table 3.17 even if survey responses
are noisy. In a simulation we randomly chose 15% of teacher-questions and changed
their survey responses at random. But here we did not add any program effects at all
for teachers newly trained in 2024. Fisher’s test still rejected the joint null hypothesis in
98% of simulations. This suggests that a contrast between Clique and Anticlique schools
is likely to hold up at endline—even if the endline survey is noisy and third year program
effects are small.

While Table 3.18 does not show midline effects on uninvited teachers, we wish to
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know what magnitude of effect is likely to be detectable at endline. A simulation exercise
showed that if every teacher-question answered by a teacher still uninvited in 2024 has
a 40% chance to change from agree to disagree, then Fisher’s test using Fpy..3.10 only
rejects the sharp null hypothesis 66% of the time. This is because only one quarter of
teachers in treatment schools will remain uninvited in 2024. Although the true spillover
effect is likely highest when most teachers are trained, the sample used to detect that
spillover is at its smallest when most teachers are trained. Power to detect an endline
effect on untrained teachers will depend on whether the spillover has become large by

that time.

3.7 Research Team

The lead principal investigator is Vesall Nourani. Nourani is responsible for
coordinating the study and building relations with Kimanya, the Echidna Foundation,
and other partners. Moustafa El-Kashlan and Sara Restrepo-Tamayo lead data collection
and survey instrument design. Stefan Faridani developed the experimental design and
leads the quantitative data analysis. All four will contribute as co-authors to writing
academic papers and other deliverables. We are greatful for the field and data assistance

given by Faith Babirye and Jiya Nair’s research coordination.

3.8 Deliverables

We expect the data and analysis from this experiment to result in two articles
published in academic journals. The authors for both articles will be El-Kashlan, Faridani,
Nourani, and Tamayo. The first article will study spillover effects of the training across
teachers and students. The second article will study how training affects teachers’
thoughts and behavior. In particular the second article will focus on the alignment

between teacher’s stated purpose for each pedagogical technique that they use and
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students’ perceived purpose of the pedagogical techniques that their teachers use. Both
articles will consider how changes in the Ugandan national secondary school curriculum
interacts with training to affect teachers practices and what they report the purpose of
those practices to be. We expect that both articles will be submitted to academic journals

in Fall 2025.

3.9 Calendar

The timeline in Figure 3.6 shows all completed and upcoming tasks. The most
important dates are the following. Baseline surveys began in May 2021 and endline
surveys are scheduled to be complete in August 2024. Randomization occurred on
November 29, 2021 and teacher training consisted of three waves beginning in April

2022, December 2022, and December 2023.

3.10 TIMSS Citation

Several questions on our secondary school assessment described in Section 3.4.2
used modified versions of questions from the TIMSS 2011 exam. While these TIMSS
questions are in the public domain, it was requested that we include the following special

citation:

SOURCE: TIMSS 2011 Assessment. Copyright © 2013 International Association
for the Evaluation of Educational Achievement (IEA). Publisher: TIMSS &
PIRLS International Study Center, Lynch School of Education, Boston
College, Chestnut Hill, MA and International Association for the
Evaluation of Educational Achievement (IEA),

IEA Secretariat, Amsterdam, the Netherlands

3.11 Figures for Chapter 3
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Matched
Triples
13 Control ‘ 13 Clique ‘ 13 Anticlique
Schools Schools Schools
2022 | 2022 |
'M Train 20% Teachers. l‘ Train 20% Teachers
2023 | 2023 |
l Train 20% Teachers l Train 20% Teachers
2024 | 2024 |
l Train 20% Teachers l Train 20% Teachers
Figure 3.1. School-Level Design Flowchart.
1
| |
] / i
Clique Anticlique /
Cluster 1 i " i
Cluster 2 i L
Cluster3 & # :
Cluster 4 ] i -

Figure 3.2. Example clustering of teachers. The left panel shows the clustering scheme
and the right panel shows the social network.
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CDF of Attendance for Invited Teachers
Years 1 and 2

0 10 20 30 40
Days Attended

Figure 3.3. CDF of Teacher Attendance by end of 2023

2. Choose one of the following option choices to fill each of the sentences a to d that follow:
OPTION CHOICES: science, technology, both, neither.
a. science helps us discover how diseases operate.
b. Medicine is a __science(full-credit)/both(half-credit)  that helps us prevent disease.
c. Vaccines are a_technology  that help us prevent diseases.

d. The science  of nutrition can help us maintain good health.

Figure 3.4. Example of questions from the Use of Language section of the 2022 student
assessment with correct answers highlighted in yellow.
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1. Susie has a potted plant. She sets up an experiment that shows that water travels through

a plant into the air.

Which experiment would show this?| E the one correct answer]
[ ] A. Put water in a container under the pot; water will disappear from the container.
[ ] B. Cover one of the stems of the plant with a plastic bag and water the plant; drops of
water will be seen in the bag.
[ ] C.Place a cut stem from the plant in a plastic bag; water will be seen in the bag.
[ ] D.Place a cut stem from the plant in a glass of colored water; the plant’s leaves will

change color.

Figure 3.5. Example of questions from the Critical Thinking section of the 2022 student
assessment. The correct answer is B.
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Baseline Data Collection (Complete)
June 2019 -e Collect Initial Baseline Information

May-November 2021 -e
November 29, 2021 -

Collect Baseline Teacher Survey/Assessment

Randomize Schools and Teachers

Intervention Year 1 (Complete)
November 30, 2021 - KN begins calling teachers

January 2022 -e Beginning of Term 1, 2021 Academic year
April 2022 i Cohort 1: Term 2 Training
July 2022 i Cohort 1: Term 3 Training

Oct-Nov 2022 -e Midline 1 data collection

Intervention Year 2 (Complete)
December 2022 -e Cohort 2: Term 1 Training

April 2023 -e Cohort 2: Term 2 Training
July 2023 T Cohort 2: Term 3 Training
-@

August-September 2023 -e¢ Midline 2 data collection

Endline(Future)
December 2023 -e Cohort 3: Term 1 Training
April 2024 —o‘ Cohort 3: Term 2 Training
July 2024 -e Cohort 3: Term 3 Training
-0 E

July-August 2024 ndline data collection

Figure 3.6. Study Timeline
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3.12 Tables

Table 3.1. Compliance Tabulations.

Compliance by end 2022 Compliance by end 2023
Not Inv. 22 Invited 22 Total || Not Inv. ‘23 Invited ‘23 Total
< 3 days 549 24 573 447 45 492
> 3 days 6 61 67 17 131 148
< 20 days 549 42 591 459 97 556
> 20 days 6 43 49 5 79 84
Total 555 84 640 464 176 640

Notes: Columns divide teachers by intention to treat in 2022 (left panel) and 2023 (right panel).
Rows show number of teachers who actually attended more than 3 days (or 20 days) of Kimanya

training.

Table 3.2. Differences between non-attendees (left) and attendees (right).

Demographics of Invitees by Compliance
(Attended < 3 days) (Attended > 3 days)  (Diff)

Teacher Age 40.233 38.714 -1.518
(10.851) (10.388) (2.094)

Teacher Male 0.814 0.683 -0.131*
(0.394) (0.467) (0.066)

Observations 45 131 176
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Table 3.3. Summary statistics for teachers at baseline.

(Not) (In Randomization) (Difference)

Teacher Age 37.332 38.689 1.357%*
(9.976) (10.045) (0.590)
Teacher Male 0.761 0.678 -0.083*x*
(0.427) (0.468) (0.026)
Teacher Married 0.714 0.769 0.055%**
(0.452) (0.422) (0.026)
Teacher holds Undergraduate  0.771 0.789 0.018
(0.421) (0.408) (0.024)
Hours worked per week here  3.403 4.394 0.991%***
(2.906) (1.496) (0.132)
Teach at other schools? 0.189 0.106 -0.083**
(0.393) (0.309) (0.039)
Teachers 524 640 1,164
Schools 53 39 54

Notes: Standard deviations are in parentheses in the first columns. Standard errors are in
parentheses in the third column. Hours worked per week were low due to COVID-19.

Table 3.4. Summarizes datasets discussed in this plan—present and future.

Dataset Section Unit Year Collected & Clean? N
UCE Exam 3.4.3 Student ’18-20 v 12474
UCE Exam 3.4.3 Student 22 v 4456
UCE Exam Student 24
Assessment 3.4.2 Student 22 v’ 11495
Assessment Student 23
Assessment Student 24

Baseline 3.4.1 Teacher 21 v 640

Teacher Survey 3.4.4 Teacher 23 v’ 455
Teacher Survey Teacher  ’24

Notes: The second column displays the section of this document that describes the sample.

The final column reports the number of observations that are non-missing and linked to a
member of our randomization. Note: the 23 student assessment has been collected but not
yet digitized.
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Table 3.5. School Balance at Baseline: Treated vs Pure Control

(Control) (Clique and Anticlique) (Difference)

Enrolment 534.231 612.038 77.808
(345.558) (430.436) (137.525)
Mean UCE ’'18-'20 0.064 0.098 0.034
(0.636) (0.415) (0.169)
Private School 0.462 0.731 0.269
(0.519) (0.533) (0.180)
No. Male Teachers 20.923 23.077 2.154
(14.857) (10.840) 4.174)
No. Femaile Teachers 8.846 8.500 -0.346
(4.776) (5.736) (1.849)
No. Teachers Eligible 20.692 20.692 0.000
(14.285) (12.985) (4.559)
No. invited per year if treated 4.077 4.115 0.038
(2.660) (2.422) (0.850)
Observations (schools) 13 26 39
RI p (Fisher’s) 0.62

Notes: Standard deviations are reported in parentheses under group means and standard errors are
reported under the differences. Fisher’s exact p-value was calculated using the overall F-score of a
regression of an indicator of whether a school was treated at all on the baseline characteristics in the
rows.
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Table 3.6. School Balance at Baseline: Anticlique vs Clique

(Anticlique) (Clique) (Difference)

Enrolment 639.385 584.692 -54.692
(459.384) (416.336) (171.950)
Mean UCE ’'18-'20 0.125 0.070 -0.054
(0.369) (0.470) (0.166)
Private School 0.846 0.615 -0.231
(0.555) (0.506) (0.208)
No. Male Teachers 23.154 23.000 -0.154
(9.848) (12.159) (4.340)
No. Female Teachers 8.385 8.615 0.231
(5.810) (5.895) (2.296)
No. Eligible Teachers 19.231 22.154 2.923
(11.039) (14.994) (5.164)
No. invited per year if treated 3.846 4.385 0.538
(2.075) (2.785) (0.963)
Observations (schools) 13 13 26
RI p (Fisher’s) 0.52

Notes: Standard deviations are reported in parentheses under group means and standard
errors are reported under the differences. Fisher’s exact p-value was calculated using the
overall F-score of a regression of an indicator of whether a school was treated at all on the
baseline characteristics in the rows.
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Table 3.7. Balance of baseline characteristics for students who took our 2022
student assessment.

(Control) (Clique or Anticlique) (Difference)

Student Age 16.285 16.299 0.014
(1.740) (1.501) (0.229)
Student Male 0.450 0.522 0.073
(0.498) (0.500) (0.135)
S2 0.303 0.306 0.003
(0.460) (0.461) (0.019)
S3 0.259 0.268 0.009
(0.438) (0.443) (0.020)
S4 0.023 0.034 0.012
(0.149) (0.182) (0.007)
School Mean UCE '18-20 -0.192 0.117 0.309
(0.753) (0.379) (0.303)
Observations (students) 3,774 7,721 11,495
Schools 13 25 38
RI p (Fisher’s) 0.39

Notes: Standard deviations are reported in parentheses under group means and standard
errors clustered at the school level are reported under the differences. Fisher’s exact p-value
was calculated using the overall F-score of a regression of an indicator of whether a school was
treated at all on the baseline characteristics in the rows.

Table 3.8. Balance for our sample of 2022 UCE Test-Takers

(Control) (Clique or Anticlique) (Difference)

Student PLE Score 0.058 -0.031 -0.089
(1.015) (0.991) (0.249)
Student Male 0.566 0.469 -0.097
(0.496) (0.499) (0.105)
Student Age 18.995 19.003 0.008
(1.432) (1.376) (0.188)
Schoom Mean UCE ’18-20  -0.065 0.176 0.241
(0.690) (0.382) (0.245)
Observations 1,558 2,898 4,456
Schools 13 25 38
RI p (Fisher’s) 40

Notes: Standard deviations are reported in parentheses under group means and standard errors
clustered at the school level are reported under the differences. Fisher’s exact p-value was
calculated using the overall F-score of a regression of an indicator of whether a school was
treated at all on the baseline school characteristics in the rows. Baseline UCE scores from '18-20
contain imputations for two schools.
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Table 3.9. Summary statistics for 2023 teacher survey

mean sd min max
School Mean UCE Score 2018-2020 -0.08 0.59 -1.43 0.87
Teacher Age 39.52 9.70 0.00 70.00
Teacher Male 0.67 0.46 0.00 1.00
Fraction agreeing with each statement:
Boys have more ability than girls to learn science sub- 0.29 0.45 0.00 1.00
jects
Boys need more education because they are better 0.18 0.39 0.00 1.00
suited than girls to find high-paying jobs
Parents should maintain stricter control over their 0.49 0.50 0.00 1.00
daughters than their sons
Girls should attain higher education so that they find 0.36 0.48 0.00 1.00
better husbands
Boys should attain higher education so that they find 0.27 0.44 0.00 1.00
better wives
Boys should be just as capable as girls at preparinga 0.85 0.36 0.00 1.00
meal for visitors when guests visit
Girls have more ability than boys to learn science sub- 0.21 0.41 0.00 1.00
jects
Girls need more education because they are better 0.26 0.44 0.00 1.00
suited than boys to find high-paying jobs
Observations 455

Notes: Mean UCE score was imputed as zero for two schools. Teacher age and gender were imputed at

their means for nine teachers. No survey response was imputed.
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Table 3.10. Balance of 2023 Teacher Survey by School Treatment Status

(Pure Control) (Clique or Anticlique) (Difference)

Teacher Age 40.447 39.019 -1.427
(8.409) (10.303) (1.640)
Teacher Male 0.623 0.703 0.080
(0.486) (0.450) (0.063)
School Mean UCE '18-20 -0.320 0.054 0.373
(0.787) (0.396) (0.342)
Observations (teachers) 159 296 455
Schools 13 26 39
RI p (Fisher’s) 0.30

Notes: Standard deviations are reported in parentheses under group means and standard errors
clustered at the school level are reported under the differences. Fisher’s exact p-value was calculated
using the overall F-score of a regression of an indicator of whether a school was treated at all on the
baseline characteristics in the rows

Table 3.11. Balance of 2023 Teacher Survey by Invitation Status

(Not Invited) (Invited) (Difference)

Teacher Age 39.664 39.236 -0.428
(9.285) (10.476) (1.317)
Teacher Male 0.649 0.725 0.076
(0.475) (0.440) (0.054)
School Mean UCE '18-20 -0.148 0.061 0.209
(0.658) (0.400) (0.199)
Observations (teachers) 300 155 455
Schools 39 26 39
RI p (Fisher’s) 0.55

Notes: Standard deviations are reported in parentheses under group means and
standard errors clustered at the school level are reported under the differences.
Fisher’s exact p-value was calculated using the overall F-score of a regression of an
indicator of whether a teacher had been invited in years 1 or 2 (2022 or 2023) on
the baseline characteristics in the rows.
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Table 3.12. Primary Hypothesis Tests for 2024.

Question Test Stat Interpretation Sharp Null Hypothesis

Qla Opia3.1 School assignment to treat- Yj3,(T) = Yis(T) if
ment (Clique or Anticlique) 1{D,(T)= CTL} =
did not affect any student 1{D,(T')=CTL} and
exam scores on the ’24 UCE T,T’ have same teacher
exam. cluster assignments

Qlb B®p1p32  Clique vs Anticlique school  Y3,(T) = Yi3,(T') if Ds(T) #
assignment did not affect CTL and D,(T’) # CTL and
any student exam scores on T, T have same teacher clus-
the 24 UCE exam. ter assignments

Qlc Opic33 School assignment to treat- Yj3,(T) = Yi3,(T) if
ment did not affect any girls’ 1{D,(T) = CTL} =
exam scores on the 24 UCE 1{D,(T’) = CTL} and
exam. T, T have same teacher

cluster assignments for girls

Q2a Fpoa3s  Aninvitation to training did  Zj34,(T) = Ziew(T') for all
not affect any teacher sur- T,T ,u
vey responses to gender-
related questions in "24.

Q2b Foop39  Clique vs Anticlique assign-  Zj34,(T) = Zizsu(T)
ment did not affect any if DyT) # CTL and
survey responses to gender- Dy (T’) # CTL and T,T’
related questions among in- have same teacher cluster
vited teachers in '24. assignments

Q2c Froac310 Teacher training assign- Zje(T) = Ziew(T') if Tj3 =

ments did not affect teacher
survey responses to any
gender-related questions for
uninvited teachers in ’24.

771'/3 =0

Notes: Every hypothesis will be tested using Fisher’s Exact Test using the test statistic in the middle
column. Additional followup exploratory tests will be run, but these tests are specified in advance so
they are non-exploratory.
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Table 3.13. Midline results and endline power calculations for Q1 a:
main effects on student exam scores.

ITT effect of treatment school vs control school on 2022 exams
Midline Estimate Power Calc

Estimand Exam N Estimate (se) RIp \ Effect Pwr

®p1a3.1 Ours 11495 .096 (.119) .74 | .32 92%
®p1qs31 UCE 4456 .014 (.067) .89 24 93%

Notes: Compares exams scores of students in treatment (clique or anticlique) schools
to students in pure control schools. The outcome is the student exam score expressed
in standard deviations from the sample mean. Standard errors are clustered at
the school level and reported in parentheses. The left panel shows the midline
estimate. The ITT was estimated by regression-adjustment. The top row uses our
2022 assessment as the outcome and the bottom row uses the 2022 official UCE
exam scores. When the outcome variable is our assessment, covariates included
school mean baseline UCE scores and student age, gender and cohort. When the
outcome variable is the UCE exam, covariates include school mean baseline UCE
scores, student PLE score, and student age and gender. The right panel shows a
conservative power calculation based on resampling the 2022 data with replacement
within schools and adding an additional effect to treated schools.

Table 3.14. Midline results and endline power calculations for Q1 b:
effect of Clique training on student exam scores.

Midline Estimate Power Calc
Estimand Exam N Estimate (se) RlIp \ Effect Pwr

@les.z Ours 7721 .190 (158) .49 .38 90%
Opi1r32 UCE 2898 .109 (.082) .53 19 95%

Notes: Compares scores of students in Clique schools to students in Anticlique
schools. The outcome is the student exam score expressed in standard deviations
from the sample mean. Standard errors are clustered at the school level and
reported in parentheses. The left panel shows the midline estimate. The ITT was
estimated by regression-adjustment. The top row uses our 2022 assessment as the
outcome and the bottom row uses the 2022 official UCE exam scores. When the
outcome variable is our assessment, covariates included school mean baseline UCE
scores and student age, gender and cohort. When the outcome variable is the UCE
exam, covariates include school mean baseline UCE scores, student PLE score, and
student age and gender. The right panel shows a conservative power calculation
based on resampling the 2022 data with replacement within schools and adding
an additional effect to treated schools.
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Table 3.15. Midline results and endline power calculations for Q1 c:
main effects on girls’ exam scores.

Midline Estimate Power Calc
Estimand Exam N Estimate (se) RlIp \ Effect Pwr

®pic33 Ours 5765 -.016 (.067) .84 25 93%
Opic33 UCE 2214 .031 (.100) .94 39 95%

Notes: Compares exams scores of girls in treatment (clique or anticlique) schools to
girls in pure control schools. The outcome is the exam score expressed in standard
deviations from the sample mean. Standard errors are clustered at the school level
and reported in parentheses. The left panel shows the midline estimate. The ITT
was estimated by regression-adjustment. The top row uses our 2022 assessment as
the outcome and the bottom row uses the 2022 official UCE exam scores. When the
outcome variable is our assessment, covariates included school mean baseline UCE
scores and student age and cohort. When the outcome variable is the UCE exam,
covariates include school mean baseline UCE scores, student PLE score, and student
age. The right panel shows a conservative power calculation based on resampling
the 2022 data with replacement within schools and adding an additional effect to
treated schools.
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Table 3.16. Midline results for Q2 a: main effects on teacher gender attitudes.

Estimand Survey question Estimate (s.e.) RIp

®p2a3.44 Boys have more ability than girls to .019 (.080) .80
learn science subjects

®p2434.4 Boys need more education because -.042 (.076) .57
they are better suited than girls to
find high-paying jobs

®p2a3.44 Parents should maintain stricter -.032 (.04) .52
control over their daughters than
their sons

®p2a3.4.4 Girls should attain higher educa- .022 (.053) .82
tion so that they find better hus-
bands

®p2a3.44 Boys should attain higher educa-  -.035 (.052) .51
tion so that they find better wives

®p2434.4 Boys should be just as capable as .021 (.047) .68
girls at preparing a meal for visitors
when guests visit

®p243.4.4 Girls have more ability than boys 131 (.073) .10
to learn science subjects

®p2434.4 Girls need more education because -.101 (.097) .20
they are better suited than boys to
find high-paying jobs

Fpou3s  Overall test of Hy: no effect on any 01**
teacher or question
N Teachers (excluding non-invitees in 314

treated schools)

Notes: Compares invited teachers vs teachers in pure control schools. Outcomes are the
fraction of teachers agreeing with different gender-related statements. Covariates were
teacher age, teacher gender, and school mean baseline UCE score. Standard errors clustered
at the school level in parentheses. Data: midline 2023 teacher survey.
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Table 3.17. Midline results for Q2 b: Clique effects on teacher gender attitudes.

Estimand

Survey question

Estimate

(s.e.)

RI p

®02v.3.5.u

O02v35.u

O02v.35.u

O02v.3.5.u

©025.3.5.u

O02v35.u

O02b3.5.u

©02b.3.5.u

Boys have more ability than girls to
learn science subjects

Boys need more education because
they are better suited than girls to
find high-paying jobs

Parents should maintain stricter
control over their daughters than
their sons

Girls should attain higher educa-
tion so that they find better hus-
bands

Boys should attain higher educa-
tion so that they find better wives

Boys should be just as capable as
girls at preparing a meal for visitors
when guests come to visit

Girls have more ability than boys
to learn science subjects

Girls need more education because
they are better suited than boys to
find high-paying jobs

-.186

-.255

-.121

-.278

-.084

.026

-.127

-.209

(.071)

(.068)

(.071)

(.076)

(.065)

(.059)

(.056)

(.071)

11

O 0 FOSCROR
wWKK

.10*

JOBOROR
00 odkok

.28

.67

.19

044. o
W

Foop3.9

N

Overall test of Hy: no Clique effect
on any teacher or question
Teachers (excluding pure control
schools)

O 2 JORS
WK

155

Notes: Compares invited teachers in Clique vs Anticlique schools. Outcomes are the fraction of

teachers agreeing with different gender-related statements. Standard errors clustered at the
school level in parentheses. Covariates included school mean baseline UCE score and teacher
age and gender. Data: 2023 teacher survey.
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Table 3.18. Midline results for Q2 c: spillovers on teacher gender attitudes.

Estimand Survey question Estimate (s.e.) RIp

®p2c364 Boys have more ability than girls to .065 (.075) .41
learn science subjects

Opc36u Boys need more education because -.074 (.055) .28
they are better suited than girls to
find high-paying jobs

®p2c364 Parents should maintain stricter  -.009 (.041) .85
control over their daughters than
their sons

®p2c364 Girls should attain higher educa- 115 (.081) .16
tion so that they find better hus-
bands

®p2c364 Boys should attain higher educa-  -.052 (.061) .30
tion so that they find better wives

®p2c364 Boys should be just as capable as .061 (.044) .20
girls at preparing a meal for visitors
when guests visit

®p2c364 Girls have more ability than boys .092 (.054) .20
to learn science subjects

®p2c3.64 Girls need more education because -1 (.057) .21
they are better suited than boys to
find high-paying jobs

Fooc3.10  Overall test of Hy: no spillover ef- 12
fect on any uninvited teacher for
any question
N Teachers (excluding invitees) 300

Notes: Compares uninvited teachers in treatment vs control schools. Outcomes are the
fraction of teachers agreeing with gender-related statements in second column. Standard
errors clustered at the school level in parentheses. Data: 2023 teacher survey.

252



Chapter 3, in full, is an unpublished report issued midway through a multi-
year field experiment. The dissertation author wrote the full text of this chapter and
provided technical work at many stages of the field experiment from October 2021

until the present. The co-authors are Moustafa El-Kashlan, Vesall Nourani, and Sara

Restrepo-Tamayo.
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