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THE LONGITUDINAL CRITICAL CURRENT IN
TYPE-II SUPERCONDUCTORS

R. G. Boyd

Inorganic Materials Research Division, Lawrence
Radiation Laboratory, University of California, Berkeley

ABSTRACT

The..longitudinal critical current of a bulk type-II superconductor
near the transition field H§2 has been calculated from the Ginzburg-Landau

equations via a simple exteénsion of Abrikosov's treatment of the mixed

_state, subject to the approximation that the self-field of the current

can be ignored. 'The critical current is given by . . h
(bmd e )= (2/3 312 (3, /n) (1-R/8_, P2 f(1-1/26P),

It is suggested that this expression may be apprbached for real wires in

the 1limit of small radius.
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1. INTRODUCTION AND DISCUSSION

We have calculated the longitudinal cr%tical current of a bulk
type~II superconductor near the transition field ch, subject to the |
approximation that the self-field of the current can be ignored. The cal-~
culation is a simple extension of the Abrikosov: treatment of the mixed Lo

state (based on the Ginzburg-Landau2 equations). The result is

(b g /e) - (2/3)/ 2(ch/x) (1-H/Hcg)3/2/a (i-1/26%). SR
This differs from the result obtained by a simple free energy argument3 { "v"-fﬁ.
only by a numerical factor of order unity. It is of the same form and

4,5

order of magnitude as the critical surface current density, except for
the substitution of ch for HE}' Altﬁough the result is derived subject\v
to the approximation H, - H << H_,, it is intere“stii‘ng to note that for
zero field the result is identicai to the Ginzburg-Landau critical current
of a thin film in zero field6 except for the numerical factor 6(1-1/2K2)
which is of order unity. | o
Unforttnately the current densities permitted by our equation are.so
large that in post circumstances it is a rather poor approximation to
ignore their self-field. For instance, if we consider a material with S
ch/x ~ 2.5x107 Oe/cm and H, % 80 kOe, then at 60 kOe we have J_ = 10° A/cma.
The self-field*of the current at the surface of a standard 10 mil wire o

~ would be-H = 5 kOe. If the current flows parallel to the axis of the
6

wire, then the product ¢ = |JxH| = 5x10° kOe A/cm? at the surface. '"Pinning R

strengths" of this order of magnitude can be achieved in some materials,

to whiche--unfortunately-- the theory -does not strictly apply, since such.

materials tend to be rather inhomogeneous. . Such scanty data as are available




"

-Hca-H << Hc

B

on longitudinal critical currents indicate that our predicted values are

. approached for materials with strong pinningS’7 but not for homogéneous

well-annealed alloys.8

The self-field of the current can be reduced considerably by making‘
the radius of the wire smaller and géing to higher longitudinal fields
(lower current densities). In this way we can to some extent replace bulk
pinning with surface pinning, and so should be able to see the predicted
behavior in more homogeneous materials. However; we then‘run into the
problem of separating the contribution of surface current59 from that of

the bulk. At Hcé itself, for instance, the current is carried entirely
by the surface.

Despite the difficulties we have mentioned, our expreési&n for the
bulk critical current should be correct in the limit of small radius and
ot

2. DERIVATION OF LONGITUDINAL CRITICAL CURRENT

We shall follow Abrikosovl closely. We assume an infinite super=- -

conductor. The external field HoAand vector potential A are assumed to

be directed along the z and y axes respeétively. The units of field and

length are the thermodynamic critical field J2 Héb and penetration depth

A respectively. In these units the Ginzburg—Landau?uequations can be

L I

- wx(wa) = Aly|® + —E.-i-(ww - \Mf*) - | (2\)

written

Near the transition field Mz << 1, so that we may approximate the

field with :
A =Hx., , (3)
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We include a phase factor exp(ijz) in ¥ to insure the presence of a longi-
tudinal current, but neglect throughout the magnetic field due to this
current, which amounts to neglecting A;. We assume that ¥ is otherwise a

function of x only:

¥ = exp(ijz) £(x).- : (k)

" Then, neglecting the term YIYIE, we obtain for f(x) the harmonic oscillator

equation

/e + (E-P) A E) e =0 (5)

which has solutions when H, = (k°- 32)/K(2n + 1). The nucleation field

is given by the largest eigenvalue

~ 2 : -
j H = (&% - §°)/k ‘ (6) i
and corresponds to the solution
. L2 2\ 25, ey
¥ = exp(ijz) exp[-(k"-j")x /2] . (7
Equaﬁion (1) is also satisfied by the functions . ,. L.
| (k2-32) K 2 -
Y = exp <ijz + iky - x = ——m—] . - (8)
5 PRI /

We choose a general solution of the form

¥ = ei,jz c ikny
% ne

4 0x),
2 2 T2y s
USRS L L S

(k2-3°)

where K, Cn are arbitrary constants.

Let A.O be the vector potential at the nucleation field,

‘Ad = (kP-3%)x/x . - (10)
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- equation satisfied by ¥

We note the useful identity
3Y/3x = -k [(1/k) dfdy + A1 Y (1)
which may be easily verified by differentiation of Eq. (9).

We substitute ¥ and A  into the equation for the current, Eq. (2), .

to obtain the first order correction to A. On making use of the identity

Eg. (11), we get

Ra/nd - - (120 (3/3) [¥2 7 .»' (12)
H= 3/ = H_ - (1/2¢) |¥[° (13)
A=Hx - (l/QK)L/p |2 axt | (1k)

which are identical to Abrikosov's results, since the phase j is contained

only in l?]e. The constant Ho was shown by Abrikosov to be the external

field strength

(1),

We now add to the factors C ¥ in Eq. (9) small terms ¥,

(0 1 ikny 1) :
[ \1/:\1/( )+ \1/( ) - 3 e (cny/n +¢n( ). (15)
We substitute ¥ together with A given by Eq. (1) into Eq. (1). ' Keeping

terms of first order in small guantities, and subtracting the linear

(0)

» We obtain

[(gen ) o] - [l n) - () - 10075 w
On miltiplication by exp(~ikny) and integration over y, we get an S

inhomogeneous equetion for wh(l). For a solution to exist, the in-

homogeneous part must be orthogonel to the solution of the corresponding

-~ homogeneous equétion. But this is simply ¢h° We multiply the inhomow-
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geneous part by Wh’ integrate over x, and set the result equal to zero:

ﬂu@e [-—-+A> <—~+A>-|‘1'F.:l‘l"=0 (17)

We discard the superscript on V¥ hereafter. .
Setting Ab + A& 2Ab and discarding V * A, we get from Eq. (17) after

applying Eq. (11)

| ﬂe'm wn[ - % (A~ 'M%x‘“mﬂ =0 . (lla)'

At this point some caution is necessary. We wish to obtain a.polynomial

¥* . :
in lY]g under the integral after we multiply by Cn and sum over n. For

this purpose we must transfer the derivative to the term (Ao- A) by par—i

tial integration, which eliminates % as a coefficient. However, we must"
do this before performing thé sum if the evaluated term is to be zero.

The order of operations is as follows: we partially integrate half the

derivetive term, then mﬁltiply by Cn* and sum ovef n. vAfter adding‘the o

complex conjugate equation, we finally get

21 4 2
ﬂ[w] [;(--—d—;(Ao- A) - |y ] = 0. - (19)
The phase J appears explicitly only in the derivative term. On evaluation

we obtain Abrikosov's relation

K2 32 kH ' - ’
——2¥%+ ( & - > ¥ | (20)

K .
in which the quantity (Ka-dz)/x bas taken the place of k as the bulk

nucleation fleld. From this we obtain

SIS
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. |‘1’I2 / 2« =‘ [(Ke-ae)/x - Ho]/(24<2- 1) B | | (21)

wnere I ‘ _ S |

p=l¥*/ (13 (e

“

and B is independent of Hﬁ'

The natural unit of current is

which ensures that J = VXH in this syétem of units. Then the mean longi=-

tudinal current is given by

T= @IE <2 (P2 k- BT f2- 1) B (23)

H

(.
\

We differentiate J with respect to J and set the derivative equal to zero .
to find the value of J for which J is a maximum:
2 : -
3IRI = K=k H =352 = 0 (k)
or ' S BT
2 1,2 . ‘ o -v"-'.jf:”ﬂ
R ‘ j = 3‘ (K - K Ho>o . . ¢

. The maximum occurs at a value of § only LA/3 of the maximum possible

value of J.

! In ordinary cgs units, the critical current is then given by S "EJQ?L

- =

- kg <g_5/2 Hy (1-5/E,)
c

=-\5) = (25)

8(1 - 1/2K2)
The magnetlzation at the transition falls to two-thirds of its equilibrium
value in the absence of current. The smallness of the change in the mag-
netization accounfs for the fact that a simple free energy argument'gives

very nearly the same.result for the crifical current.
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